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ABSTRACT
RADICALS IN STANDARD RINGS
By
Larry J. Zettel

A stesndard ring is s non-sssocistive ring, &L , which
satisfies:

(x, y, z) + (2, x, 3) - (x, 2, §y) = O3

(x, y, wz) + (w, y, x2) + (2, y, wx) = 0; end

(x, y, x2) =0
for sll w, x, y, ¢ in A, where (&8, b, ¢) = (8sb)c - a(be).

We consider stsndsrd rings OL for which if x€ &, a
subring of O, then there exists s unique y € 8 fdlr which
2y = Xo

In this paper we consider vsrious radicsls for standard
rings.

A rsdicsal property is a property'F>which 8 ring may
possess which satisfies the following:

1, A homomorphic image of & ring which hss propertyp

also hss property P,

2. Every ring contains a °-ideal which contains all

other P-idesls. This idesl is celled the P-rsdicel.

3. Any ring modulo its P-radical has zero FP-redicel.

We begin by deriving the basic identities which we will
use throughout the paeper. We then prove theorems which are
spplicable for any choice of & redicel property. Finslly, we
list known results for the nil, Behrens, snd Smiley radicsels

for generel non-sssocistive rings.
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In chspter 2, we define a prime ideal end show the
existence of a prime radicel in 8 stendard ring. We charsc-
terize the prime rsdical of e standsrd ring OU es the mini-
mel ideal Q such that 0@“} has no non-zero nilpotent ideals.
We show that if the stendsrd ring has 8 meximum nilpotent
idesl, then it is equasl to the prime radicsl.

In chapter 3, we prove the equivalence of locel solva-
bility end locel nilpotence in a8 stenderd ring. Thils leads
to the existence of a meximal locelly nilpotent idesl,
celled the Levitski radicsl. We show thst the Levitski
redicel contains éhe prime radical and is contained in the
nil radicel. Also, we show thet the Levitskl radicsl con-
tains 81l locelly nilpotent one-sided ideals.

In chapter |, we give two generalizations of the
Jacobson radical for essociative rings. The first stems
from the definition of an element, x, 8s being quasi-
regular if there exists sn element y such that x ¢+ y - xy =
0, snd follows that for Jordan rings. The radicsl obtained
by this process is celled the Jascobson-MacCrimmon redicel.
The second generslizstion is thet of Brown's, snd is true
for eny non-sssociative ring. This is cslled the Jacobson-
Brown radicsl. We show thet in & stendard ring, it mekes no
difference if the Jacobson-Brown radical is defined in terms
of left or right ideals. We show thst the Jacobson-
MacCrimmon rsdicsl contains the nil radicel, snd is con-
teined in both the Behrens and Jacobson-Brown radicals.

Finslly, we show thst the Smiley radicsl contsins all other
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radicels considered.

In chaspter 5, we consider the relstionship of the
different redicals under various chasin conditions. If the
ring satisfies the descending chsin condition on right
ideals, then the prime snd Levitski rsdicsls sre equal, ss
well ss the Jecobson-Brown snd Smiley radicsls. If every
subring of the ring setisfies the descending chain condi-
tion on right idesls, then in sddition to the sbove, the
nil, Jecobson-MacCrimmon, snd Behrens rsdicals are equsl.

If the ring setisfies sn sscending chsin condition on sub-
rings, then the prime, Levitski, snd nil rsdicsls sre equsl.
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INTRODUCTION

A stendsrd ring (L is & non-sssocletive ring satis-
fying:

1) (x, y, 2) *+ (2, x, §y) - (x, 2, §J) = O;

2) (x, y, wz) + (w, y, xz) + (2, y, wx) = 0; and

3) (x, 5, x2) =0
for ell x, y, 2z, w in OL, where (x, y, z) = (xy)z - x(yz).

It is easy to compute thst in sny non-associative
ring, the following identity holds:

(x,y,2) + (2,x,5) - (x,2,y) = [xy,z] - [x,3]y - x[y,z]
where [x,y] = xy - yx. Thus identity(l} is equivalent to:

4) {xy,z] = {x,z]y + x{y,z]-

That is, for esch z in O, the mapping xg[x,z] is @& derive-
tion of &.

Identity (3) is known ss the Jordsn identity, for s
commutative ring which sstisfies identity (3), is called @
Jorden ring. Also, identity (3) is equivelent to identity
(2) unless O possesses an element 8 # 0 such thst
@ +a+8 =0. Thus it is clear from the definition that
any assoclative ring end any Jordsn ring sre standsrd rings-.

In sddition throughout the psper we shasll sssume thst
ifr B8 is any subring of A end x 68, then there exists s
unique y € 8 such thet 2y = x.
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The concept of s stsnderd ring was first introduced
by Albert [1] where he considered 8 finite dimensionsl
stendsrd eslgebrs over 8 field. He showed that e finite
dimensional stendsrd nil slgebra is nilpotent &nd in s
finite dimensionsl stendsrd elgebra over 8 field of
cherscteristic # 2, sn idesl is solvseble if end only if it
is nilpotent. Then he called the maximsl solveble ideel
of A, the redicel of A end showed that if A is any
finite dimensionsl stsndard slgebre over 8 field of chsarac-
teristic # 2, then the quotient slgebrs JI/R where R is the
redicsl of R, is semisimple. Furthermore, sny semisimple
stendsrd slgebrs is @ finite direct sum of simple idesls.

Kleinfeld [7] showed thet & simple standsrd ring is
either associstive or commutstive Jordsn. Thus, combining
these, we see thst s finite dimensionsl standard algebra
modulo its rsdicsl is the finite direct sum of simple
gssocistive or commutstive Jordsn elgebras.

The problem we consider is derived by removing the
condition of an slgebrs over 8 field. With the relexstion
of this condition we hasve verious choices for the redicsl
of the ring. All of our choices will be masde so ss to
furnish informstion sbout the structure of the ring in the
following menner. We introduce the redicsel as sn idesl such
thet the ring modulo its redicsl hes zero radicel. Then we
cherescterize rings which have zero rsdicel. Since we have
dropped Albert's condition of a finite dimensionsl algebrs,
we cen no longer hope for 8 result such as s finite direct

sum of simple rings. However, we sre sble to represent
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rings with zero rsdicels as subdirect sums of certsin types
of rings. Thus we study the structure of s standsrd ring &,
by cheracterizing sn idesl I, then investigating aZ/I.

Seversl redicels heve been studied for sssociative rings
and we cen show the existence of similsr ones in'a standard
ring. The prime radicel, Q(AR), is the intersection of all
prime ideels (Chespter 2). The Levitski rsdicsl, L(A), is
the msximel locelly nilpotent idesl (Chspter 3). Corres-
ponding to the Jscobson redicel of essociative rings, we
heve two rsdicals for stenderd rings. One, JM(A ), follows
thet considered by MacCrimmon [6] end Tsei [11] for Jordsan
rings, and the other, JB(gr), hes been introduced by Brown[}]
for s genersl non-sssocietive ring. In sddition, there sre
other redicels which hsve been studied for srbitrery rings:
S(@), the Smiley redical {10]; B(4), the Behrens radicsl
{2]; end K(@), the maximel nil idesl or nil redicel [2].
For en srbitrery stsnderd ring, the relstionship of these is
shown by the following diegrsm where esch rsdicsl is contasined

in those sbove it in the disgram.

sS(a)
/ \JB(“)
\Jn(a)/

B(®)
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When verious chein conditions on the idesls of Ol sre

present, we hsve the following.

If Ol satisfies 8 descending chein condition on right

idesls, then:
s(ar) = JB(o2)

B(R)

N(ot)

L(oz) = Q)

If R setisfies 8 strong descending chsin condition [9],
that is eech subring of Ol satisfies 8 descending chain con-
dition on right idesls, then:

S(oar) = IB(r)
B(ar) = M(oe) = K(om)

L) = Q(r)

If Ot sstisfies sn sscending chein condition on sub-

rings, then:




Chepter 1. PFoundations

A. Besic Identities

We begin by deriving some identities which will be used
in the remsinder of the psper. Recslling the defining
jdentities, (1-3), we see that by setting x = z in (1) we
obtein thet s stendsrd ring is flexible and this combined
with (2) gives that s stenderd ring is s non-commutative
Jordsn ring, in perticulsr it is power-sssociative.

Using flexibility, we msy rewrite (2) ss

5) (wx,y,2) - (w,y,xz) + (wz,y,x) = O or ss

6) (wx,y,z) + (xz,y,w) - (x,y,wz) = 0.
Interchenging x end z in (2) snd subtrecting, we see thst

7) (w,y,[x,2]) = 0.
Using (7) end flexibility on (6), we see that

8) (x,y,zw) - (xz,y,w) + (z,y,xw) = O,
Now by considering (6) end (8) as operstions of left snd
right multiplicetions, we hsve:

9) Ry(xz) = RyRy, + Ry(Ry, - RyR,.) + Ry(Ry,-R.R,) end

= +
10) L(xz)y = Lnyz L,(Lzy - LzLy) + Lz(ny-Lny).
Identity (1) considered ss opersting on z gives:

11) ny - Lny + Rny - ny - Lny + Rny = 0.
B. Genersl Redicsl Theory

Before studying stendsrd rings, we discuss some generasl
properties of radicsls. Let P be @ property which e ring

mey possess. A ring is a #-ring if it possesses property P.
An idesl I of O is 8 P-idesl if I is s P-ring. A ring

5




6
which does not contesin sny non-zero P-ideels is P-semisimple.
‘,13 celled 8 radicel property if the following hold:

1) A homomorphic imsge of af-ring is s P-ring.

2) Every ring R contains s P-idesl S which conteins

every other f-idesl of the ring.

3) The quotient ring, R/S, is P-semisimple.

We will use two methods for specifying s radicel
property. The first is to explicitly define the property.
This will be done in Chapters 3 and 4. The second is to
begin with 8 cless of rings N end construct a new class of
rings N 8s follows. A ring is seid to be of degree one over
N if it is zero or s homomorphic imsge of some ring in N. A
ring, R, is sgid to be of degree two over N if every homo-
morphic imsge of R conteins a non-zero idesl which is & ring
of degree one over N. PFor sny ordinsl number ﬁ, ir ﬁ-l
exists, & ring is ssid to be of degree ﬁ over N if every
non-zerc homomorphic imege of R contsins & non-zero idesl
which is 8 ring of degree @ -1 over N. IfB is o limit
ordinel, then R is of degree p over N if it is of degree
over N for some “'ﬂ. If N is the class of 8ll rings which
are of sny degree over N, then define & ring to be s Pﬁ ring
if it velongs to N. It cen be shown.[h, Pe. 12] thst F%-is 8
redicsl property. The radicsl determined by this property is
called the lower redicel determined by the clsss N. We shsll
use this spprosch st the end of Chspter 2 with N as the class
of nilpotent rings., We shsll show thst this process yields
the ssme result ss the prime redicsl end thus in this specisl

cese is & rsdicsl property.
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Using the concept of e radicsl property, we can avoid

reproving the same theorems seversal times.

Theorem 1,1: If Resd(g) is the P-radicasl of JZ end if

I is eny idesl of OL such thet /I is FP-semisimple, then
I2 Red(ez).
PROOF:
Let R = Red(Z). Since (I + R)/I 1;“1somorphic
to R/(INKR), it is 8 P-ring by property 1) end thus is
a P-ideel of AR/I. However, sir;ﬁe &/1 is P-semisimple,
(I + R)/I = 0, that is, I2 R.

We will chsrscterize semi-simple rings as subdirect
sums, A subdirect sum is s subring of the complete direct
sum such thst the nstursl projections sre onto esch co-
ordinete summsnd. The following theorem which we use to

obtein our representations is well-known [l;, pPe. 6!4].

Theorem 1.2: A ring g7 is isomorphic to & subdirect

sum of rings ﬂl‘-‘ if end only if Ol contsins s clsss of
idesls {8‘} such thst NK, = 0 snd 02/6“ ga;‘.

Theorem 1.3: A subdirect sum of P-semisimple rings is

p—semisimple.
PROOF:

Let Ol be s subdirect sum of O, where each I
contains no non-gzero P-idesls. Let 7], be the pro-
jection map onto ﬂl‘(. Let R be the P-radicsl of O.
Then ﬂ“(R) is the homomorphic imsge of s -ideal snd
thus is e P-idesl of A, . ThusJ, (R) = O for esch« end
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so R = 0 and A is P-semisimple.

C. Known Results

Behrens [2] showed thet being nil is e redicsel prop-
erty, thet is, if N(g ) is the sum of 8ll nil idesls of s
ring O, then N(gz) is e nil idesel end N(dL/N(ozr)) = O.

One method of obtesining rsdicsl properties is to
essign to esch element 8 of & ring Ol en idesl F(s) for
which P(s+b)C F(s) + P(b) for esch 8 end b in &A. An
element, 8, is cslled P-reguler if & € F(e) snd sn idesl is
P-regulsr if ell its elements sre F-regulsr. For each
choice of F(s), there is sn P-radicsl R(AX ), which con-
sists of all elements, 8, of Ol for which the idesl (s)
is P-regulsr, where (A) is the smsellest idesl of containing
the set A.

Behrens showed thst the choice of F(s) = (a2 - a)
sstisfies the desired property eand lesds to the Behrens
redicel B(A), which is the set of sll elements, 8, such
thet b€ (b2 - b) for esch b € (8). He 8lso showed thst e
ring Ol is B-semisimple if snd only if it is 8 subdirect sum
of rings a-“ where 01,( hes e non-zero idempotent genersting
its minimel idesl. 1In his psper, it follows eesily thsat
B(Al) conteins no non-zero idempotents.

Smiley [10] chose for F(s), the ideel ({ax -x +
yve -y | x, yE R }). Thus S(AR ), the Smiley radicsl of
R is the set of 8ll elements 8 of O such thst if b€ (a),
then b € ( {bx-x+yb-y | =x, yéQ}). He showed
the following:




Theorem 1.l:
a) S(e/sS(er)) = 0.

b) gris S-semisimple if snd only if it is isomorphic
to e subdirect sum of simple rings with identity.

¢) If the descending chein condition holds for idesls
of en S-semisimple ring R, then O is isomorphic
to the full direct sum of 8 finite number of

simple rings with identity.

Behrens slso showed [2] thet for sny non-sssocistive

ring N(OL)C B(aA)S s(a).




Chepter 2. The Prime Radicsl

In this chapter, we shgll first introduce the concept
of prime idesls which generslizes thet of sssocistive rings
snd thst of Jordsn rings given in [13]. The prime rsdicsl
of 8 stendsrd ring Ol, which is defined to be the inter-
section of ell prime ideels of A, will be investigsted.
Finselly, & chsrecterizetion of the prime rsedicel will be

given,

Lemma 2.1l: If A end B sre idesls of O, A#B = AB2 +
B2A + B(BA) + B(AB), snd A#B = ABZ + B2p + (AB)B + (BA)B,
then A#B = A#B.
PROOF:
It suffices to show thst B(BA) end B(AB) are con-
tsined in A#B, eand thet (AB)B snd (BA)B are contsined
in A#B,.
Let e € A, b, b'¢ B, Then by the flexible lsw,
(b, b', 8) + (8, b', b) = 0, we have b(b's) € B2A +
(AB)B + AB2C A#B, i.e. B(BA)C A#B. Furthermore, by
identity (1), (b, e, b') + (b', b, 8) - (b, b', a) = 0,
thus we hsve b(sb')€ (BA)B + B2A + B(BA) 4+ (AB)B C
A#B. Thus B(AB) is elso contsined in A#B.
The seme identities slso show thet (AB)B snd (BA)B

are conteined in A#B,

Theorem 2,1: If A snd B sre sny idesls of (R, then

A*B is en idesl of 2.

10
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PROOF:

We first show thet A#B is & left idesl of &X.

Let x€L, s € A, snd b, b' € B. Then x(a(bb')) =
=Ry o1y - x(RgRypt + RpRypt = RyRgRyy + Ry iRy -

Ry 1R R ) by identity (9). Hence, x(a(bb')) = 8(bb') +
B(sb') - (ba)b' + b'(ab) - (b'e)b A#B where & =

x8, b = xb, end b = xb', Thus x(AB2) € A#B. Using
the ssme identity with the eppropriste substitutions,
we obtein x(B(AB)) € A#B end x(B(BA)) € A#B.

In order to show thet A#B is & left idesl, it
remsins to show thst x(B2A) € A#B. The following two
steps sre used for that purpose:

(8) x(Ryp1R, = Lyy Ry )€ AB; end

(b) XL(bb')ae A#B for 8ll b, b'€ B snd 8 € A.

We can verify (s) by direct computstion using identity
(1), for -x(Ryy Ry = LypiRy) = - x(bd') - (bb')x ] 8
=[+ (x, b, b') * (xb)b* + (b, b', x) + b(b'x)] & =
+f(r, x, b") *+ (x0)b' + b(b'x)] & = ¢[(bx)b’ - b(xb')
« (xb)b' + b(b'x)]a € B2A € A#B. 1Identity (b) c‘an be
verified using identity (10), for xL(bb')s = x(LaLbb,
* Tplyrg = Tplyily * Tyilp = Lyid,Ly) = (00003

(b's)b - a(b'b) + (ba)b' - b(seb') € A#B where 8

+

b = bx, 8and B' = b'x.
We now return to showing thst x(B2A)S A#B. Let

b, b'€ B snd @ € A. Then, by identity (11), we hsve
x({bb')s) = xR(pp1)e = X L(bb1)a = Lalypr * FopiBe

- IypiBg + Bolype = XL(ppi)e * %Ryt = LypiRy) -
(bb*)a + (bb')es* where @ = sx snd e# = xs. Thus by
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(s) end (b) we see thet x((bb')s) € A#B.
A#B cen be shown to be & right ideel by similsr

techniques.

Corollsry 2.1: If A is sn idesl of &, then A3 = A=A

end A3 is en idesl of aL.

We now proceed to define a prime idesl snd the prime

rsdicsl for & stsndsrd ring.

Lemme 2.2: Let P be sn idesl of Ol. Then the follow-
ing ere equivselent:

e) Whenever A snd B sre ideesls of @& with A#B € P, then
ACPorBS P,

b) Whenever A snd B sre idesls of & with A N c(P) #¢
end B N c(P) # ¢, then (A#B) N c(P) # Puhere c(P)
is the complement of P,

c) If 8, b € c(P), then ((8)#(b)) N c(P) # ¢, where
(x) is the smallest idesl of Ol contsining x.

PROOF:

a)E b): One is merely the contraspositive of the
other.

b)=)ec): Let A = (a), B = (b). Then 8 € A /) c(P)
#§ end b€ B N c(P) #@f. Thus ((e)2(b))
N c(P) = (A5B) N c(P) # 4. |

c)=)b): Let A snd B be idesls with AN c(P) # @ snd
BN c(P) #ﬁ. Thus we mey choose 8 € A/)
c(P), b€ BN c(P). Then by c)@P# ((a)x
(b)) N c¢(P) € A% N ¢(P). Thus b) holds.
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Definition 2.1t An idesl P of a standerd ring is e

prime idesl if it sstisfies sny one of the stetements in
Lemms 2,2, An idesl P of an sssocistive ring A is an A-
prime idesl of O if whenever A snd B sre idesls of X such
thet ABS P, then AS P or B& P. An idesl P of & Jordsn
ring A is J-prime if whenever A end B sre idesls of & such
thet AU £ P, then A S P or B € P where AUy is the set of
8ll finite sums of elements of the form aiUbi for a; € A
and b1€ B and U, is the quadratic operstor defined by

Uy = 2R,% - R_,.

Theorem 2,2: If Ol is en associstive ring, then en

ideel P is & prime idesl if end only if it is an A-prime
idesl, If QU is s Jorden ring, then en idesl P is e prime
idesl if and only if it is e J-prime idesl.
PROOF:
8) Let AL be an essocistive ring.
Assume thst P is & prime idesl of & send thst
A 8snd B sre idesls of A such thst ABS P. Now
(BA)#(BA) = (BA)3 = B(AB)ABA € BPABAC P. Thus
BAC P. So A#BC P snd hence A € P or B € P. That
is, P is sn A-prime idesl of OL.
Conversely, sssume that P is gn A-prime idesl
of O end thst A and B sre idesls of @& such that
A#BS P. Then, since AB2C A#B and both A and B2
sare ideels, we heave AS P or B2S P, But if B2C P
then BS P, so AS Por BC P, Thet is, P is g

prime idesl.
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b) Let & be & Jordan ring.

Assume thst P is s prime ideel of Ot.ﬂand A and
B ere idesls of Ol such thst AUBS P. Then C =
AN B is an idesl of Ol contsined in P or else C3 =
C#C = CU,E AUg & P contradicts the fect that P is
e prime idesl. However, if C = ANn BS P, then
A#B € CE P s0 either AS Por BS P, Thus P is a
J-prime idesl.

Now, essume that P is 8 J-prime idesl of & snd
thet A snd B sre idesls such thet A#*B & P. Then
AUBSA*B C P sand so either AS P or BC P. Hence P
is 8 prime idesl of O¢.

Definition 2.2: A non-empty subset, M, of OL is s Q-

system if whenever A snd B sre ideals of O such thet A/ M

end BN M sre non-empty, then (A%#B) /) M is non-empty.

Theorem 2.3: If P is en idesl of X, then c(P) is a

Q-system if and only if P is & prime idesl.
PROOF:

This is psrt b) of Lemms 2.2.

Definition 2.3: Let A be an idesl. The rasdicel of A

is AQ = (r , eny Q-system contsining r meets A ).

Theorem 2.l4j: Let A be sn idegl of R. The rsdicsl of

A is the intersection of all prime idesls contsining A.
PROOF:

Let b € AQ and let P be 8 prime idesl contsining
A. Then c¢(P) is 8 Q-system missing A and so b¢ c(P).
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Thus b € P and hence b is in the intersection of all
prime idesls containing A.

Now assume b¢ AQ, Thus there exists a Q-system M
with b€ M end MN A = 4. Let f be the femily of
jdesls of O contsining A but disjoint from the set
M. Now A is en idesl with AS A and AN M =@ s0
A €4 and { is non-empty. Next, let I € I; < «-- .
be 8 chsin of elements or.ﬁ. Let I =\IIJ. Since A
€CI;, AS I. Also if x € I /) M, then there exists a
J such that x € Ij and the Ij NnM# ¢, so Ij ¢‘£ which
is 8 contrediction. Thus I 68. and& is sn inductive
set, snd Zorn's Lemms mey be spplied to obtsin s mexi-
mel element P, We claim thst P is s prime idesl. Let
B end C be idesls with B& P snd C & P, thus P& B +
P end PS C + P, So, by the maximality of P, (B + P)
N M# @, end (C + P)) M # J. Then, since M is 8
Q-system, (B + P)#(C + P)N) M # . But ((B + P)»

(c + P)) € (B%C) + P, thus (B-H-C)_¢ P or else P& .
But then P is & prime idesl snd b€ M snd MN P = @
mesns that bf‘ P. Thus b is not in the intersection of

8ll prime ideels contsining A.

Definition 2.4: An idesl P is semi-prime if for any

idesl A with A#A & P, we must heve A € P. A non-empty sub-
set S of O is sn SQ-system if for eny idesl A with AN S
# @, then (AsA) ) S # (.

Note thet eny prime ideel is slso semi-prime.
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Lemma 2,3: If P is sn idesl, the following sre equiva-

lent:
a) P is semi-prime.
b) c(P) is en SQ-system.
¢) If a € c(P), then (a)=(a) N c(P) # @.
PROOF:
Similer to Lemma 2.2.

Definition 2.,5:¢ Let A be an idesl, AQ = {r € 02/ sny

SQ-system contsining r meets A} .

Theorem 2.6: Let A be sn idesl of & . Then

a) AQ is the intersection of 8ll semi-prime idesls
contsining A.

b) Ag is a semi-prime idesl.

c) A is semi-prime if end only if A = Aq.

PROOF:

a) If b € Ay end P is » semi-prime idesl with A< P,
then c¢(P) is an SQ-system missing A snd thus b¢
c(P) or b € P. Thus b is in the intersection of
2ll semi-prime idesls conteining A.

Ir b¢ Ag, let S be an SQ-system missing A with
b€ S. Now let ,§ be the femily of all idesls con-
teining A which sre disjoint from S. A GJ so£ is
non-empty end we can slso show as in Theroem 2.l
thet Zorn's Lemme may be spplied to get & meximal
element P, Since b€ S end PNS = @, b g P. To

show thst P is a semi-prime idesl, suppose th‘at B 1is
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en idesl with B P. Thus PG B + P, 30 by the
meximelity of P, (B + P) N S # ¢. Now since S is
en SQ-system, (B + P)#(B + P)N S# @. 1If (BwB)
C P, we would have P # (B + P)#(B + P) N S S((Bx=B)
+ P)N SC PN S, which would imply that P¢J.
Thus P is semi-prime.

b) By psrt s) , Aq is an idesl end if B is en idesl
with B#B € AQ = () P, where P, runs -over all semi-
prime idesls containing A, then B#B < P, and thus
BS P, for esch P,., Thus BS NP, = Aq, thet is,
AQ is semi-prime.

c) Since Ay is semi-prime, Ay is the smsllest semi-
prime idesl contsining A. So A is semi-prime if

end only 1if A = Aq.

Lemma 2.4: If 8 € O end S is sn SQ-system with 8 € S,
there is a8 Q-system M with a € M and M S S.
PROOF:

Construct M = ial, 85, ---} a8 follows. Let 8, =
8. Choose 8,€ (al)*(al)h S, **°, 8y € ((ay)%(s,))
N S. This is slwsys possible since S is an SQ-system.
Clesrly, s = ;€ M end MS S. We now show that M is
a Q-system, that is, “’i’*"j”n M #¢. Now a,,,
€ ((8,)#(s,)) & (8y), so thet (s,,,) S (e;) end more
generslly, (s, ) C (at) whenever t < k. Now let r =
mex(i, J). 8Ly € ((8,)%(e,))N S8 C “’1’*"3)) ns
since (s,) S (8;) end (ar)S (aj).

Theorem 2.7: For sny idesl A of JI, AQ = A

Qc
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PROOF:

Esch prime idesl is slso semi-prime so, AQ =) P,
€ NP* = AQ where Py runs over sll semi-prime idesls
contgsining A snd P# runs over 8ll prime idesls which
contein A,

Also, if x € AR snd if S is sn SQ-system containing
X, then by Lemms 2.4, there is a Q-system, M, with
X ¢ Mend MSS. But x € AQ implies that P# AN M

CA NS, thet is,x € Aq. Therefore, AQ = Aq.

Definition 2.6: For any idesl A, AQ ( =AQ) is the prime
redicsl of A. The prime rsdicel, Q(&€ ), of s stenderd ring |
Ol is the prime redicsl of the zero idesl in A. A stsnderd
ring is Q-semisimple if end only if Q(&) = O.

Theorem 2,8: If A& is s stenderd ring, snd I is en

idesl of A, the quotient ring, A/I is Q-semisimple only
ir 12 Qla).
PROOF:

Let 7 : o[--)i = A /I be the nstursl homomorphism.
Consider the correspondence between the idesls of
A /1 snd the idesls of Ol which contsin I. Suppose P
is o prime ideel of A contsining I. Let P = P/I.
Suppose A end B sre idesls of ‘g with A#B € P. Then
A =7L'1(I), B =7Z"1(§) sre ideels of  with AB =
’)_’l(x)*?[l(ﬁ) =1‘1(A*B)S Q'l(l’) =TZ"1("Z (P))E P +
I &€ P. Now since P is prime, either AS P or B € P,
but then either A< P or B € P, that is, F = P/I is a

prime idesl of &X/I. Now suppose P/I is & prime idesl
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of A/I snd A snd B are idesls of A with A%B € P,
Then (A + I)/I % (B + I)/I € ((A#B) + I)/I € P/I end
so by the primeness of P/I either (A + I)/I € P/I or
(B + 1)< P/I, so either A € P thet is,.(A + I)EP or
(B + I)6P, or B € P. Thus we hsve shown thst if I C P
C A, then P/I is a8 prime idesl in A/I if end only if
P is 8 prime idesl of A&.

Now, /1 is Q-semisimple if end only if /) P/I = 0O
where the intersection runs over gll P/I, prime idesls
of R/I, if end only if NP = I where the intersection
is over ell prime idesls P which contein I. Thus, if
Ol/1 is Q-semisimple, Q(a ), the intersection of all
prime idesls of & is contsined in I.

Corollsry 2.2: The quotient ring, a/Q(a), is Q-

semisimple, that is, Q(@/Q(a&)) = O.

PROOF:
In the previous proof, it wes shown thst &/I is

Q-semisimple if &nd only if I contsins the intersection
of gll prime idesls which contsin I. Now let I = Q(a&).
Q(Jl) is the intersection of 8ll prime ideals, so each
prime idesl of Ol contsins Q(A) end thus @/Q(xR) is
Q-semisimple.

Definition 2.7¢ A ring is s prime ring if end only

if (0) is & prime idesl.

Theorem 2.9: A prime ring is Q-semisimple.

PROOF':
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If (0) is & prime idesl, then Q(CX), the inter-
section of sll prime idesls is zero, thst is,&is Q-

semisimple.

Theorem 2,10: An idesl P of & is prime if and only if

is 8 prime ring.
PROOF:

If A/P is 8 prime ring, suppose A and B are idesls
with A B€ P, Then A#BS P =0, so A =0or B =0,
thet is, A€ Por BC P.

If P is 8 prime idegl snd A end B esre idesls of
/P with A#B = 0, then since A#B = 0 = P, we have Ax*B

€P gnd thus A € P or BEC P, thet is, A =0 or B = 0.

Theorem 2.11l¢ A ring is Q-semisimple if snd only if

it is 8 subdirect sum of prime rings.

r¥ €

PROOF:

Apply Theorem 1.2.

Lemma 2.,5: If A is an ideel of & snd r € AQ, then
A for some positive integer k.
PROOF:
We will show thst M = {r, r3, r32,---,p3kn.}
is en SQ-system. If C is sn idesl and r3de ¢ n M,
then r33*l € (cxc)N M. So M is en SQ-system contsin-

ing r snd thus M N A # ¢’ so rK € A for some k.

Theorem 2.12: Q(A) is 8 nil idesl of XA.
PROOF:
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Ifre Q) = (0)q, then for some k, rk € (0),
thet is rX = 0.

Definition 2.8: An idesl I of X is nilpotent if

there exists 8 positive integer k such that the product of

eny k elements of I in sny aessocistion is equsl to zero,

that

is,1¥ = o,

Theorem 2.13: (L is Q-semisimple if end only if

contsins no non-zero nilpotent idesls.

that

PROOF:
A is Q-semisimple if end only if (0) = (0)Q if end
only if (0) is semi-prime. Suppose K is & non-zero
nilpotent ideel. Then there is 8 t such thst K3t =0,
but K3%"1 # 0. Hence K3t-lug3t-1 = (k3t-1)3 = g3t = o,
which shows thst (0) is not semi-prime. Now if (0) is
not seni-prime, then there exists s non-zero idesl K

with K3 = K#sK = 0.

Corollsry 2.3: Q(ARA ) is the smsllest idesl I of & such

A /1 hes no non-zero nilpotent idesls.
PROOF:

Since Q(R/Q(R)) = 0, ®/Q(AR) hes no non-zero
nilpotent idesls, If AR/I hss no non-zero nilpotent
ideels, then A/I is Q-semisimple, end by Theorem 2.8,
I12Qla).

Theorem 2.1y: A prime stendsrd ring O is either

sssociative or Jorden.

PROOF:
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If in identity (2), we interchange x end z and then
subtrect, we obtsin: (w, y,[x, 2] ) = 0. Thus each
stendsrd ring i1s an sccessible ring es investigseted
by Kleinfeld [7], snd thus we hsve:

(8) [(u, X, ¥)» z] =0 for ell w, x, y, z inA.

Now,following Kleinfeld, let A be the set of sll
finite sums of elements of the form (x, y, z) or of
the form w(x, y, z). Let B consist of 8ll finite sums
of elements of the form [x, y] or of the form [x, sz.
Then in s stsnderd ring A end B sre idesls such thsat
OU/A is essocistive snd ®/B is Jordsn. Kleinfeld
showed thst if Ol possesses no non-zero nilpotent
idesls, then AB = O,

Now suppose thet AB = 0. We clsim thet BA = O.

Let 8 represent sny sssocistor, thst is, s = (x, y,
z). Then A consists of sums of elements of the form
either 8 or wa. By (8) bs = sb for sny b € B, end
since AB = 0, we have Bs = 0. Also, b(ws) = [b, wa] +
(wo)b = [b, wa] = -[ws, b] = -w[a, b] - [w, b]a € Ba
= 0., Thus if AB = 0, BA = 0, end hence A®B = 0,

Now, since & prime ring is Q-semisimple, it hss no
non-zero nilpotent ideels snd thus AB = 0 = A#B, But
then the primeness of A mesns that A = 0 or B = 0.

If A = 0, then X is sssocistive, end if B = 0, A is

Jordsn,

We now proceed to give snother chsrecterizstion of the

prime rsdicsl. Given & ring A, let No = Z'Ia such thst Ia
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is 8 nilpotent idesl of &. Next choose N; such thet N;N,
= ZI"/NO where Ic' is & nilpotent idesl of A /Ng. 1In
genersgl, suppose thst s is sny ordinel number. If & is not
8 limit ordinel, select Ny such thst N,/N,_, is the sum of
all nilpotent ideels of a/Na_l. If 8 is 8 1imit ordinsl,
let N, =2‘Np for ell B<s. If A has ordinsl number Y, then
this process stops in st most ¥ steps. Let 7 be the smellest
ordinsl such that N, = Ny, ( = N2 = ess). Let N, =N
O/N hss no non-zero nilpotent idesls snd is the smsallest

idesl in this chsin with this property.

Lemma 2.6: N =) Q; where Q; is st;éh tl'fat: A/Q4 hes
no non-zero nilpotent idesls.
PROOF:

A /N has no non-zero nilpotent idesls, so /1 Q; C N.
Let Q3 be sn idesl such thst A/Q; hes no non-zero
nilpotent idesls. Thus N, < Qs. We will show by
trensfinite induction thet N, S Q;. If & is 8 limit
ordinal, N, = fpeanﬁ < Q. If & is not a 1limit
ordinel, by induction N__; € Q; end if N, ¢ Q;, then
there is & nilpotent ideel I/N,_; € & /N,_; with
I/Ng_y & Q;/N__;, s0o T ¢ Q4 end (I +Q;)/Q; # 0. Now
I is nilpotent gnd thus so is I {) Q4s but then (1 +
Qi)/Qj_ (¥1/(1n Q;) is nilpotent which contrasdicts
the choice of Q;. Thus Ng & Qi for each ordinsl

number a. Hence N& Q; for esch i, snd thus NENQ;.

Theorem 2.15: The prime redicsl of O is equsel to N.
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PROOF:

Q(AR) is the intersection of 8ll prime idesls of X.
If P is a prime idesl, then OZ/P is & prime ring and
hence Q-semisimple. Thus by Theorem 2.13, /P hss no
non-zero nilpotent ideels. So by the preceeding lemms,
NEC P, Thus NS Q(ax) = NP.

Also, 1if Qi is such that az/qi hss no non-zero nil-
potent idesls, then by Theorem 2.13, (R/Q; is Q-semi-
simple snd then by Theorem 2.8, Q4 2 Q(A). Thus

Qa) S Ne =N,

Corollisry 2.4: The prime redicel of OZcontsins sll

nilpotent idesls of OL.
PROOF
By definition, esch nilpotent idesl of X is con-

tained in Ny € Q(an).

Corollary 2.5 If U possesses a meximsl nilpotent

idesl, W(Or), then Q(or) = W(wr).
PROOF':
W(OL) = R, end Ol/N, hes no non-zero nilpotent
idesls, thst is, Ny = Nj = Q(dt). So W(ge) = qloz).



Chapter 3. The Levitski Redicsl

In this chspter, we show first that a finitely gener-
ated stendsrd ring is nilpotent if snd only if it is solvable.
This implies the existence of 8 msximsl locelly nilpotent
idesl celled the Levitski radicsl. Thus local nilpotence is
e redicsl property in the sense of chepter 1. We chsarsac-
terize rings with zero Levitski radicel and show the rela-
tionship between the Levitski snd prime radicels. Finslly,
it is shown thst the masximsl locselly nilpotent idesl contains
8ll locelly nilpotent one-sided idesls.

Let X be sn ordered subset of a stenderd ring O, snd
let X be the set of all words genersted by X. If s € X,
then let deg & be the X-length of a. Order X ss follows:
If 8, 8'c¢ X, then a < a' if

1) deg & < deg 8'; or

2) deg 8 = deg 8', 8 = 8 8,' a' = 81'82', end 8, C a,'

or a) = 8y' 8nd 32< 32'.

e.g. ((xlxz)XB)Xh) (ylyz)(y3yh) for ell x;, y; in X since
deg (xlxz)x3> deg (ylyz). Let Y be the set of right and
left multiplicestions by elements of X, that is, Y = {

R,, L, , x€ X 8and let Y be the set of ell (associstive)

x’
words genersted by Y. For s¢ X, let 'l'a denote either Ra or
Lge If W= TleszyB---Tyn is an element of ¥, then deg

W =Y deg y; end t(W) = n = the T-length of W. Order Y end
Y as follows:

1) If y) < y, sre elements of X, then Ryl< Lyl< Ryz;

25
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= LI ) 1 =
2) If W =Ty, Ty «+-Ty end W' =Ty T

W< W if

z2' . -sz, then

s8) n¢ m, or

b) m = n, Tyl = '1‘zl = Tzl, '1'ya = Tzz, see, Tyk =
Tyk+l and Tyk+1< Tzk+l for some k =0, 1, 2, =+
n-lo

yz‘l‘zz' . °Tyn'1‘zn where

Tyl < Tyz < ...(Tyn end T21< T22<"'< Tzn ( possibly Tyl

does not sppesr.) A word W in Y can be normalized if +2kw

A word W in Y is normsl if W = Ty, Tz, T

can be written ss s sum of normasl words each of degree

equsl to deg W, for some non-negstive lnteger k.
For the following, let X be & generating set for & .

Lemma 3.1l: If s' is 8 product of st lesst 2n + 1
elements of X, then ' = saYW; for some s € X, Wi€ Y where
t(W;)2 n.

PROOF:

It is possible to choose a such that a' = gW where

deg W = 2n. Thus it suffices to show that if b is @

product of three elements of X, then Tb cen be written

8s 8 combinstion of words of T-length 2 or 3, each of
degree equsl to deg b.
Rewriting identities (9) snd (10), we hsave:

Ry(yz) = BxByz + Ry(R - RR ) + R (R, o - R,R ) end

L(xy)z = Lzny + Lx(Lyz - I‘zLy) + L (L__- LzLx).

y ' “xz
From (11) we obtein: ny - ny = (lZ.x - R]I[)Ry + (Ly -
Ry)Lx.

Replacing y by yz we obtsin:

1
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;:x(yz) = Rx(YZ) + (Lx - Rx)Ryz + (Lyz - Ryz)Lx end

replscing x by xz:
R(xz)y - L(XZ)Y * (Lyy - sz)Ry * (LY - RY)sz'
Thus the first two ceses imply the desired result for

the remaining two ceses.

Lemms 3,2: For every s, b, c¢c €d., we heve the follow-

ing:

8) RgLy L, = -LolyLg + RpReg = Rp(ca) * Raleb * Lelgns

b) RgRp - Rgp = Lglp - Lpas

c¢) LgRy - Rplg = Lgp - Rgp + RgRp - Iplg.

PROOF:

a) This is (2) considered ss opersting on x with the
following substitutions: z = a, y =b, w = c.

b) This is the linesrized flexible law.

c¢) This is (1) operating on z with x = a and y = b.

Lemms 3.3: If W€ ¥, then W =3 W; +3 Ry, +X Sy uhere
Wil is e word involving only Ly's snd S, is either s RyLz
or 8 Ly 2°
We shall prove this by induction on the T-length of
w.
If W= Rny, we use Lemms 3.2b. FPor sll other ceses
where t(W) equsls 1 or 2, the result is immediate.
Now sssume the result is true for ell words of T-
length less then n. Let S denote sny word (or sum of

words) of T-length less thsen n, thet is, words to

which the induction hypothesis masy be spplied.
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Let W = T{T5-+-T,, where nwz 3 snd each Ty is either

L or R, .
8y

83
CAST 1: T, T, = L.L

vz

If esch T; is equsel to sn in, then we sre done
immedietely. If not, let Tk = Ry, be the lsst
right multiplication occuring in W, thst is, Ty =
R implies t £ k, k< n-1. Using Lemms 3.2a, we
have
W=T1Ta* TyTys1Tie2" " *Tn =

= Ty T3 (RgIpLg )Ty g3e o Ty

= Ty *Ty_1(-LelpLy + RpReg = Rp(ca) *+ Ralen

¥ LcLab)Tk+3"’Tn

= Tyo T LelplaTiee3® " Ty + S
Now repest the sbove process on the first term of
the sbove and continue until k = 0, thst is
W= Ly Ly, oLg + 8.

CASE 2: T, 1T, = Rsz
Apply Lemma 3.2b.
W= T1°-°Tn_1(LyLz - Lyy + Ryz) = Ty Tp-2LyLz+ S.
Now spply Csse 1.
CASE 3: T, _oTh.1Th = RnyLz

Apply Lemms 3.2b.
W =TTy 3{Iyly = Loy + Ry )L,

= Tl"'Tn-BLxLyLz +8S.
Apply Csse 1.

CASE 4: Ty pTp )Tp = LyRyL,

Apply Lemme 3.2c.
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= T1+++Th-3(RyRx + RxRy - LyLx)Lgy + S.
Apply Csses 1 end 3.
CASE 5: Ty oTp 1Tp = LyL.R,
Apply Lemms 3.2b.

W= Tl"’Tn-3(Rny - R + L )Rz

xy yx
Apply Csse 2.
CASE 6: Tn_ 2Tn-lTn = RxLsz
Apply Lemms 3.2c.
W= Tlo--Tn_B(LyRx - Lyx + Ryx - Rny + LxLy)Rz
Apply Csses 2 and 5.
Thus we have considered sll possibilities for the
finel factors of W and hsve either proven theses cases

or reduced them to ones slresdy proven, and therefore

the proof is complete.

Lemms 3.L: Any word W in Y involving only left multi-
plicetions csn be normelized.

PROOP:

This follows by induction on t(W) by using:

LxLyLy = -LpLyly # LyLyxy + LxLzy + LzLxy - L(xz)y &nd
These sre both merely reststements of identity (10).
Note thet in the resulting words which sre of the ssme
T-length 8s thet we sterted with, none of the subscripts
increese in degree. Thus if W = LalLblLaszg"'Laann:
suppose thet by is the largest element of by, by, b,
with respect to the ordering of X. Then using the

sbove identities we obtsin #2Kw = LcyLgy *+*Lepla, *+ S

where ¢1, ¢5, **°,c, is a reordering of 815°°°*»8p,
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dl”"’% is 8 reordering of by, °°*, bp, d; = by end
S is 8 sum of words of T-length less thsn t(W) (perhsps
the first word does not sppesr.) Then the induction
hypothesis msy be aspplied to LclLdl-HLdn-chn. Since
d, is lsrger than sny other d;, we hsve the desired

result.

Theorem 3.1: Any word in Y cen be normslized.

PROOF:

Any word of length 1 or 2 is normal, so the

result follows from the two preceding lemmas.

Definition 3.1t Rg = A, = A3, - Ryay =043,

Also, let a(O) = A end a(i-fl)“: a(i) “(1)' For any
integer k 2 1, uk is the set of all sums of elements which

sre products of k elements of . Thus in sgreement with
Definition 2.8, & is nilpotent if there exists a positive
integer k such thet akx = o. O is solvaeble 1if there
exists 8 positive integer t such thst a(t) = 0. Clesrly,
ifax is nilpotent, it is solvsble. Also for esch n,

RoSA(n)-

Note: By Theorem 2.1, esch ai is en idesl of OL.

Theorem 3.2: If Ol is s standsrd ring generated by s

finite set X, then for esch integer m, there exists an
integer f(m), depending on|X|, such thst af(")sazm.
PROOF:
By induction on m.

Ifm =1, let £(1) = 3.
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Now gssume the existence of f(m-1l), so thst
m_f‘m'l)g Olp-1- Let Py be the number of distinct
words of length k genersted by X, end let M =§ {(m‘l)Pk
end let N = 2{{(m'l)kPk. Thus M is the number of dis-
tinct words of length less than or equsl to f(!m-l) end
N is twice the number of elements of X used in the
expression of these M words. Suppose W & Y is a word
with t(w)2 [2N(M+2) + f(m-l)] . By inserting psren-
thesis, write W as WoW;Wo°*°Wy,> where t(Wj) = 2N,
1=1, 2, ***, M+2 end t(Wy)2 f(m-1). Bach Wy can be
normalized by words of the form u = Tleleszzz---
TYszk where deg u = deg Wiz t(W;) = 2N. ThusX deg y; .
+rdeg z3 ) 2N, so either Y deg y; 2 N orJ deg zy 2 N. .

Now TYl < '1'y2 < ---<Tyk end T, < '1'22 < **°<T and

z z
becsuse of the ordering of ¥ etch y; end esch z: can
occur st most twice in esch sequence. If we sssume
that esch sequence contsins only elements of O which
are of degree less thst f(m-1) end that eech of these
elements sctuslly occurs twice in each sequence, we
have deg y3 =¥ {(m-l)-l 2xP, € N end similerlyz deg
23 < N, which is & contresdiction. Thus either deg
yk2 f(m-1) or deg zk2 f(m-1)., that is, yke‘ﬂm-l
or zy € A1, Hence u = Tg Te," " Te ToTt ,, With b
€ alm_l snd where Tts-i-l need not appesr. So the sub-
word, WiW,e--Wyyo is a sum of words of the form J =
2nt )Tt(o,l)Tt(o,z)"‘Tt(o,ko)Tbth(l,l)Tt(l,z)'"sz’"
Toms2Te (Me2,1) “hETE t(i, e A, b, € A, _, end
possibly Tg(M+2,1) does not sppesr.



32
Lemma 3.5: TbTxTy’ b sn element of en idesl B of O,
X, § € Ol cen be written es & sum of words of the form
Tx1Ty1Tpty, Tp1Txts Tx1Tpr, Tpt where x'e &, b'€ B.
PROOF':

This 1is proven by considering 8ll combinations of
left snd right multiplicetions possible in TbTxTy°
We do this by first considering the case involving
only left multiplicastions or only left multiplicstions.,
This is done by using (9) and (10).
RxBsz ='RzRny M Rnyz + Rnyz + RzRyx - Ry(xz)
LxLyLz = 'LzLny + Lnyz + LxLzy M Lzny - L(xz)y'
We check the remaining csses by reducing them to

ones alresdy considered by mesns of the identities

used in the proof of Csses 3-6 in Lemms 3.3.

Now apply this lemma repestedly to J, sterting with
TbH+1Tt(H+1,1)Tt(M+1,2)’ so that J may be written ss s sum
of words of the type:

I. J' = STbTb's'; or

" - e oo ]
. v 5Tb) TayTo, a5 " " "Toyyy Tayyy Toy, oS
where S, S'€ Yend b, b', by € X, 5, 8, € X, 4. Thus
W= Wol Wyt + wj") where W;' sre of type I end Wj" sre
of type II.

Let J be & word of type II. Jd = STblTsl"'TbH+2s"

8 ¢ A y_1. By the choice of M end since o £(m-1)¢ Rom-1°
there sre less then M possible distinct choices for the sy,

so two of the Sy must be equsl.

Lemme 3.6: Ty1TgTpTg1Tpn = Tp1Tg1TpTgTp" plus words
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of type I.
PROOF:
Similer to the proof of Lemms 3.5 by considering
possibilities for TsTst,.
Lemms 3.7: Tp1TgT,TgTy" is @ sum of words of type I.
PROOF':

Similar to the sbove,

Applying the lest two lemmas asnd the previous
comment sbout equslity of two s, 's, we see that W =
WOQWI'), where each W;' is of type I.

Now, let f(m) = [2(2N(M+2) + £(m-1))]+ 1 end let
atedf(m), Then by Lemma 3.1, a' is & sum of words
of the form aW where t(W) 2 2N(M+2) + f(m-1). Now
sprlying the sbove, a' is 8 sum of words of the form
awowi' where the Wi' sre of type I snd t(Hb);é f(m-1).
Thus aW, Gam_l. Now let Wy' = ST,T,:S', b, b'C
Q&]. Since A, _, is sn idesl, (8W,)sS €A, 1, so 8' =
ZeWgWs 't € am_lg'b'rb.s's ((am-lam-l)mm-l" Hn-1

(am-l ”Zm-l)s' Sams' ¢ am
Thus (¢ f(m) C Otm,

Theorem 3,3: If is e finitely genersted stgndsrd

ring, then O is nilpotent if end only if JZ is solvsble.
PROOF:
o £ Rt €A (m) S 2.

Definition 3.2: A stendsrd ring OU is locally nil-

potent if every finitely genersted subring is nilpotent.
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It is locslly solveble if every finitely genersted subring
is solveble., An idesl I of A is locselly solveble (nil-
potent) if it is locally solveble (nilpotent) when con-

sidered ss s ring.

Lemmg 3,8: Let X ve & finitely genersted stsndsrd
ring. Then for sny m, Clm is finitely genersted.
PROOF':

It suffices to show thet 611 is finitely generated,
for then the result follows essily by induction.

Let X = { X1, X3y *°°) xn} be 8 finite generating
set for L. By Theorem 3.2, there is an integer f(2)
such thet ¢ T2V Can, = (@ ))&, + Ay (R y).

Now let Y be the set of words in 611 of X-degree less
then f£(2). Since X is finite, Y is e finite subset

of Aly. Also, if 8€0Ly, 8 =u + Vv +e--+ w is & finite
sum of X-words of 511. Suppose deg n £(2), then by
the choice of £(2), u E'az, 80 u =Z(Pisi)ti +)ry!
(sy'ty'), ry, 83, ty, P’y 85" t;'€ O ond deg ry +
deg sy + deg t; = deg ri' + deg 84' + deg ty' = deg u.
Continuing this process, we see thst @ is an element of
the subring of 011 genersted by the elements of 621
which sre of X-length less then f(2), thet is, &, is

finitely genersted.

Theorem 3.4: If I is locelly solvable idesl of I and

A/1 is locelly solveble, then O is locsaslly solvsble.
PROOF:
Let B be 8 finitely genersted subring of . B =
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(B + I)/I is e finitely genersted subring of Z/I end

hence solvsble. Thus, there is sn N so thst (§)N = 0,
thet is BNSI. By the preceding lemme, By is a
finitely genersted subring of the locelly solvable
idesl I. Thus By is solveble, so there exists sn M

so thet (By)y = O. Thus By,y = O.

Corollary 3,1: If I is 8 locslly nilpotent idesl end

Ol/1 is locelly nilpotent, then O is locelly nilpotent.

Theorem 3,5: The sum of two locslly solvable idesls

is 8 locslly solvable idesl.
PROOF:
Let I end I' be locelly solveble idesls., I/(I 1I')
is the homomorphic imsge of the locsally solvable ring
I end hence is locslly solvsble. Thus (I + I')/I!
(£ I/In 1I') is locelly solveble. Since I' is locally
solvable, by the preceding Theorem, we have thst I + I!

is locselly solvsble.

Corollsry 3.2: A finite sum of locelly solvable idesls

is locslly solvsble.

Theorem 3.6: The sum of &ll locelly solvsble idesls is

the unique meximsl locslly solvsble idesl of (Z.
PROOF:
Let{I*} be the collection of locslly solvsable
idesls of L . Let L(®R) =) I,. Cleerly, if L(J)
is locelly solveble, then it is the unique meximsl

such idesl of (R. Let A be & finitely genersted
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subring of L(gt). Since A is finitely genersted,
n
ASZI Iai for some choice of the s;. But by the
above,}:f Iai is locselly solveble. Thus A is solvsble.

Therefore, L(gz ) is 8 locelly solvsble idesl.

Definition 3.3: The meximsl locelly solvsble (nil-

potent) idesl of a stsnderd ring ®, L(&), is called the
Levitski radicsl of A, O is L-semisimple if L(c&Z) = O.

Theorem 3.7: The quotient ring, & /L(Z) is L-

semisimple, that is, L(&/L(z)) = 0.
PROOF:

Suppose thst I/L(Jl) is & locselly nilpotent idesl
of A/L(oL). Since L(2) is locelly nilpotent, I is
locslly nilpotent by Corollsry 3.1. Hence by the
meximelity of L(®R ), IS L(a) or I/L(X) = O.

Corollary 3.3: Locsl nilpotence is s rsdicel property.

PROOF:

The only pert of the definition given in Chapter 1
which we have not shown is the essily verified fect
thst the homomorphic imege of 8 locally nilpotent idesl

is locsally nilpotent.

Corollery 3.4: If /I is L-semisimple, then I 2 L(cZ).

PROOF':
Since locel nilpotence is 8 redicsl property, this

follows from Theorem 1l.1l.

Theorem 3.8: The Levitski rsdicel of s stendsrd ring
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Ol is equel to the intersection of gll prime ideels P8 such

thet 6!/Pa is L-semisimple.

PROOT™:

By the preceding corollery, L(ZZ ) is contsined in
esch Py, so L(X)SNP,.

Now sssume thet x§ L(cZ). We will find & prime
idesl P, such thet /P is L-semisimple &nd xf P.

By the msximslity of L(A ) snd since x¢ L(ax), (x)

is not locelly solvsble, so there is & finitely
genersted subring S £ (x) with S not solvsble. Now
letﬁ be the collection of 8ll ideels Q such thst Sm$
Q for 8ll m. Since (0) GJ,Jis non-empty end to see
thet Zorn's Lemms mey be epplied, let A} £ A,S -+ be
8 chsin of elements of,&. Let A =UA;. A is en
idesl &nd if SmS A, then since S, is finitely gener-
sted, SmS Ay, for some k, which is 8 contrsdiction.
Thus A €. Now let Q be & meximsl element of of. Sg =
s € (x), xﬁ‘ Q.

We claim thet Q is 2 prime ideel, for if not, there

ere idesls A snd B with A £ 0 and B¢ @ but A%B S Q.
Then Q $ A +Q=A' end Q§S B + Q = B' so by the mexi-
melity of Q, A', B! ﬂ J « Thus for some m gnd n,
Sp & A' end S, & B'. Without loss of generslity, m<
n soS, &S < A'end thus Sy S A'N B'. Now Spy) =
(Sp)3 = Sp=s € A'#B' € (A=B) + @ € Q which contre-
dicts the choice of Q.

We now clsim thet ®&/Q is L-semisimple. If not,
let (0) # N = N/Q be 8 locslly solvsble idesl of Z/Q.
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The meximelity of Q means thet S; € N for some t. St
is finitely genersted by Lemms 3.8 end hence (S; + Q)/Q
CN/Q = N is finitely genersted snd thus solvsble. So
for some m, (S; + Q/Q)m = 0, thet is, (Sy + Q) €o
80 (S¢)y € Q or Sg4y € Q which is & contrediction.

Corollery 3.5: For s stsndsrd ring (X, the prime

redicsl, Q(X ), is contsined in the Levitski rasdicsl L(AXZ).
PROOF:
Since Q(AA) is the intersection of sll prime idesls,

the result follows from the sbove.

Corollsry 3.6: Ol is L-semisimple if snd only if it is

a subdirect sum of prime L-semisimple rings.

PROOF:

Theorem 1.2.

Lemms 3.9: If X is L-semisimple, then O conteins no
non-zero locelly nilpotent one-sided idesls.
PROOF:

Suppose A # O is 8 locselly nilpotent one-sided
jdesl of X, Since L(A) = 0, 0{13_ g8 subdirect sum of
UZ/Pa where a/Pa js L-semisimple end prime with np, =
0. By Theorem 2.1lh, each ﬂl/Pa is either sssocistive
or Jordsn. Now, (A + P )/P, is & locslly nilpotent
one-sided idesl of a/Pe‘ Ir a/Pa is Jorden, then
A + Pa/Pa is 2 locelly nilpotent two-sided idesl of

the L-semisimple ring A/P,. Thus A S P Ifél/Pa

e.
is essocistive, then it contsins no locally nilpotent
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one-sided idesls, [h, p. 127], so AS P,. Thus for
esch 8, A C P, or'AS{}Pa = 0,

Theorem 3.9: The Levitski redicsl, L(Ol) conteins sall

locelly nilpotent one-sided idesls of .
PROOF:

If A is 8 locslly nilpotent one-sided idesl of &,
then (A + L())/L(R) is & locslly nilpotent one-
sided idesl of the L-semisimple ring AA/L(A& ) so
(A + L(R)/L(R) =0, or A S L(A).



Chapter 4. The Jascobson-MascCrimmon Redicsl snd the Jacobson-

Brown Radicsl

In this chepter, we obtgsin two generslizstions for the
Jecobson redicsl of sssocistive rings. The first follows
that for Jordsn rings given by MecCrimmon [6], end 1s true
for sny non-commutstive Jordan ring. The second is that
given by Brown [3] for sny non-gssociative ring. We show
that the possibility illustreted by Brown for eny arbitrery
non-gssocistive ring, the inequselity of the redicel defined
in terms of right idesls with thst defined by left idesls,
csnnot hold in s stendsrd ring. Finally, the position of
esch of these rsdicals in relestion to other rsdicsels is

shown.

Definition 4,1: If Ol is & non-commutetive Jordan

ring with identity, 1, then en element 8 € L is regulsr
with inverse b € O if eb = bsa = 1, end (s, a, b) = 0.

Note thet is 8 is regulsr sccording to the sbove,
then 82b = (a, 8, b) + a(sb) = a*1l = a, snd bs2 = (ba)a -
(b, 8, 8) = 18 + (8, 8, b) = 8. Thus this definition
corresponds to the definition given by MscCrimmon [8] where

he showed:

Theorem L.1: If g € 02, then & is regulsr with in-

verse b if and only if 8 is regulsr in A* with inverse b.

For esch element & of & non-commutetive Jordsn ring,

consider the operstor U, = RgLg + Ra2 - Rg2. By identity

4o
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(11) we also heve, Uy = LgRy + Lg? - Lg2. In the com-
mutgtive Jorden ring gt*, we hesve the quedrstic operator
Ug* = 2Rg*2 - Rg2*, where R,* is right multiplicetion by
x in clf} Since Ry* = %(Ry + Ly), we heve: Ugt = 2R,*2
- Rgo* = 2[%(Rq + L,)2] - %(Rg2 + Ly2) = 5(382 + R,Lg +
LgRy, + Lg2 - Rg2 - Lg2) = %[(RgLg + Rg2 - Rg2) + (LgRy +
Lg2 - LQZ)] = Uy, Thus the identities for quedrstic
operstors in Jordsn rings sre slso true in the non-

commutetive Jorden case.

Theorem Lj.2: Let a, b be elements of 8 non-commutstive

Jordsn ring with 1. Then the following sre equivslent:
a) 8 is regular with inverse b;
b) 1 is in the rsnge of Ug;
c) Ua-l exists;
d) %(sb + bs) =1, bU, = s;
e) bUg = 8, b2U, = 1.
PROOF:

This follows since it is true in & * (See Tsai[ll] )
end esch of the stated conditions is velid in O if
end only if it is velid in A *.

Lemms l.1: Let @ be & non-commutstive Jorden ring
with 1. Let s, b € O, Then aU, is regulsr if snd only if
both 8 end b sre regulsr.

PROO®:

Agsin this is true in %, thus it is true in &,

Definition }j.2: An element 8 of O is quesi-reguler

with quesi-inverse b if 8 + b = gb = bs end (s, 8, b).
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Lenms L.2: If 1 € A, s is quasi-regulsr with qussi-
inverse b if and only if (1 - &) is reruler with inverse
(1 - b).

PROOE:

(1-8){1-v) =1 - (a + b - gb) and (1-b)(1l-a)

1 -(a2 +b - bag), Thus (l-8)(l-b) = (1-b)(1l-8)

1
if snd only if a + b = gb = ba, Also, (l1-a, l-8, 1-b)
= -(e, 8, b) since the asssocistor is linesr snd sny

gssocistor involvineg 1 is equsl to zero.

Given e stsnderd ring O, we cen embed (% in a ring
with identity, O, as follows: Let a, =7 ® COl. Define
eddi: ~n comporent wise snd multiplicetion by (n,a)(n',a')

= (en', na' + n'a + es')., Elements of sz’will be denoted

ty n + a where n€Z snd s €A,

Temma .3, If X is sn idael of (X, (AA/X)y = (Z1/K)
and (0% = (¢ly)+. If Ol is e non-ccrmutative Jordan
shendsri) rirz, then 521 is & non-commutative Jordsn
(standerd) ring.

FROOT:

The first iscmorphism is e¢iven by: n + (8 + K)-=)

(n - a) + ¥, The second statement is true since both

are comnosed of the ssme vectar space snd it can

egsily be verified thst th2 multiplicstion is the

sama, The lest pert is also essily verified.

~

Lemma L. s I e € ¢Z and 8 is queasi reguler in&fl,

then a is qussi-reculsr in %,
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PROOF:

Since & is quasi-regulsr in CZI, l-8 is reguler
with inverse x € “1- Now x = n + x' where x' € O,
1 = (l-g)(n+tx') =n + x' - san - gx' son =1 and thus
the quesi-inverse of a8, l-x = x!' is in, 8nd so 8 is

quesi-regular in X.

Theorem L.3: If 8 €, then & is quesi-reguler in a

if end only if 8 is quasi-regular in @+,

PROOT:

Since (0[1)* = (%)), the following stetements sre
equivslent:

s is quasi-regulsr in O%;

8 is qussi-regular in O7;

(1-8) is regulsr in 621;

(1-g) is regulsr in (O )% = (QZ+)1;

e is quesi-regulsr in 7*,;

a is qussi-regulsr in A%,

Definition }.3: An idesl is qussi-reguler if esch of

its elements is qussi-regular.

Theorem lj.l;t+ No non-zero idempotent of &L is qussi-

regular., Tvery nilpotent element is quesi-reguler. If for
scme n, 2" is quasi-reguler, then z is qussi-regulsr. The

sum of two quesi-reguler idesls is & qussi-regulsr idesl.

FRONT

This follows from the precedingz theorem snd the
fact thsgt they sre sll known to be true in s Jorden

rine {11].
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Corollary L ,1: The sum of all quasi-regulsr idesls

of 8 standsrd ring (T is the unique msximsl quasi-regular

idesl.

Definition l.t: The maximsl quesi-regulsr idesl of

will be denoted by JM(Z) end called the Jscobson-MacCrimmon

radicsl. O is JM-semisimple if JM(AZ) = O.

Lemms L.5: If 1 € L gnd K is 8 qussi-regulasr idesl of
OL, suppose thst W is & qussi-regular element of A = X/K.
Let w be any pre-imsse of W in . Then w is quasi-reguler
in L,

PROOQOF:

Since w is quasi-regulsr, (I-w)is regulsr in
so there exists z € Ol with (T-w)U01=3 = T or equiva-
lently (1-w)U;_, =1 - y for some y€ K, Since K is
8 quesi-regulsr ideel, 1l-y is regulsr snd thus by
Lemme 4.1, both 1-w end 1-z gre reguler, thus w is

quasi-rersulsr,

Theorem .5 L /IM(JL) is JM-semisimple.

PRONT:

i

Let & be e quesi-reguler idesl of A = AX/M(x ).
Let ACL be the pre-image of A, We will show th;t A
C M™M(0v) end thus A = 0, Clesrly, A is sn idesl so
it suffices to show thst A is quesi-reguler, But & =
(4 + JM(0L ))/IM(OL) is qussi-regulsr in A /IM(X) end
hence in (R/IM(2)) X /M(A). So by the preceding

lemms, A is qussi-reguler in & snd thus by Lemma l.l,

qusesi-reculsr in A,
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Corollery L.,2: Quasi-regulerity is s rsdicsl property

of stenderd rings.
PROOF':
This follows from Corollery L.l, Theorem 4.5, end
the essily verified fact that the homomorphic image
of & quaesi-regulsr element is qussi-regular. Thus sgll
conditions for & redicel property given in Chapter 1

sre satisfied.

Theorem L,6: If /I is JM-semisimple, then I 2 JM
(gr).
PROOF:

Corollsry 4.2 snd Theorem 1.1,

We now turn to the generslizstion of the. Jacobson
radical given by Brown [3]. We begin by listing some of

nis results.

Definition L.5:

a) Let I be e right idesl of A, 1! = {a €N | (a)C 1)
I: 00 = { aGECEIJZs S.I}.

b) Ifr s €0, Q(a) is the minimal right idesl contsining
{ex - x| xGﬂZ}.

c) An element & of Ol is Brown quesi-regulsr (B.g.r) if
s € Q(a).

d) An idesl (right, left, or two-sided) is Brown quesi-
reguler if esch element is B.q.r.

e) (L) = { 8 €] () 1s B.g.r.}.

f) A right ideel I is moduler if there is &an element
e €Ml with ex - x € I for easch x €A,
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g) Ol is primitive if O conteins s modulsr meximel
right idesl M such thst M' = O,

Theorem l,7¢

a) If I is 8 right idesl of A, then I' is the lsrgest
two-sided idesl of OL contsined in I.

b) If I is e right jdeel end I:0 £ I, then I' =
I: AR,

c) If I is » modulsr right idesl, then I: Ol S I end
hence I:OL = I°',

d) JB(gr) = N M' such thet M is e moduler meximsal
right idesl of &,

e) JB(R) is the meximsl B.q.r. idesl of OZ.

£) JB(A/IB(AL)) = O,

g) JB(AA) = 0 if end only if A is isomorphic to s

subdirect sum of primitive rings.

Theorem ,8: Brown qussi-regulsrity is e rsdicsl

procperty,

Corollsry 4.3: If JB(R/I) = 0, then JB(OZ) < I.

PROOF':

Theorems 1,1 end 4,9,

Theorem 4.9: A primitive stendard ring is either

primitive sssocistive or 8 simple Jorden ring with indentity.
PROOF:
Kleinfeld [7] showed thet e primitive stendsrd ring
is either essocistive or commutstive. If O is

gssocistive, then it is primitive sssocistive. If
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is commutetive, it is thus Jorden snd primitivity

implies thst Ol conteins & moduler meximsl right

idesl M contsining no non-zero tﬁo-sided idesls. But
under commutetivity the concepts of one-sided end two-
sided idesls sre equivselent end thus (0) is e modulsr
meximal ideel of OL. (0) being meximel mesns thst

hss no non-trivisl idesls, thst is, JU is simple.

(0) being moduler implies thast there exists e& such
that ex = x = 0 for e8ll x€A, that is, ex = x = xe,

or e is en identity for .

As Brown stetes, & similsr theory cen be derived in
terms of left idesls. He presents sn exsmple to show thst
for en erbitrasry non-sssocistive ring, the left rsdicsl snd
the right rsdicel mey not be equsl. We now show that this

is not possible for stendsrd rings.

Theorem [.10¢ A right (left) JB-semisimple stsnderd

.

ring is s subdirect sum of right (left) primitive standsrd
rings. A right (left) primitive stsnderd ring is either
associative or Jorden,

PROOF:

The statement with "right™ is merely Kleinfeld's

result snd the proof for "left™ is similsr.

Lemms L4,6: Let A bve 8 stenderd ring. & is right
JB-gsemisimple if end only if it is left JB-semisimple.

PROOF:

The proof follows from the fects that for commuta-

tive rings the two concepts coincide end that for
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sssocistive rings the result is known [5, pP. l}].
Thus if A is right JB-semisimple, it is s subdirect
sum of commutstive end sssocistive right primitive
rings which sre both right end left JB-semisimple.
Thus & is 8 subdirect sum of left JB-semisimple
rings snd hence left semisimple itself. Similarly,
if O is left semisimple, it is right JB-semisimple.

Theorem [,11¢ Let JBr be the redicel in terms of
right idesls snd let JB; be the redicel in terms of left
ideels, then JB, = JBI'

PROOF:

dl/JBr is right JB-semisimple snd thus by the sbove
lemmg, it is left JB-semisimple. Hence JBr.Q JB; by

Corollsry L4.3. Similerly, JB, 2 JB,. Thus equslity

holds,

We now show the position of these two generslizstions
in relstion to the redicsls we have previously considered.
Recall thst the nil rsdicel of JL is the lsrgest idesl of
g contsining only nilpotent elements. Also the Behrens
radical is the idesl such thet & is e subdirect sum of rings
in which every idesl conteins e non-zero idempotent.
Finslly, the Smiley redicel of & ring is zero if snd only
if the ring is e subdirect sum of simple rings with identity.

Theorem L4,12: JM(AA) conteins N(Zi), the nil radicel
of .

PROOF:
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By Theorem L., each nilpotent element is quesi-
regular, Thus N(AX) is s quesi-regulsr idesl end con-
tsined in the meximel quesi-reguler idesl, JM(Z).

Theorem L4,13: JM(AA) is conteined in the Behrens

redicel, B(a ).

PROOPs

We first essume thst A is B-semisimple. Then
is s subdirect sum of A, where &  hes s non-zero
idempotent genersting its minimsel ideel. Thus each
idesl of a. conteins 8 non-gero idempotent end thus
cennot be quasi-regulsr. Thus JM(A,) = O, end hence
M(A) = o.

Now let & be sn erbitrery stendsrd ring. O /B(OL)
is B-semisimple end thus by the sbove, JM(AA/B(Z)) =
0. So by Theorem 4.6, JM(A) € B(&R).

Theorem 4,15: JB((R) contsins JM(AZ).
PROOF:

JM(OL) is & quesi-regular idesl end we will show
that s guesi-regulesr element is B.q.r., snd thus the
result will follow from the meximslity of JB(OL).

T:ae‘t e be s quesi-regulsr element of A, Then there
exists sn elemeni b €E0l, with 8 + b - ab = 0, that is
8 =gb «b, Thus s is sn element of Q(a), the right
idesl genersted by [ax -x ' x 6’02}. Thus & is

B.q.r.

Theorem l,16¢ '8(02) contains JB(OL).
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PROOF:
Pirst, let A be S-semisimple, that is, S(AZ) = 0.

Then O is e subdirect sum of &, , simple rings with
identity, Since Ol is simple, JB(&, ) =0 or Xy .
But Q(1) = ( { lx = X } ) =0 s0 1 is not B.q;r. Thus
JB(tﬂl) = 0 end esch 0%»13 JB-semisimple. Therefore
Ol 1s JB-semisimple. )

Now if X 318 en srbitrery stenderd ring, JB(AR/S(A))
= 0, snd so JB(A) € S(Rw).

Thus we hsve completed 8ll psrts of the disesgrsm given

in the introduction snd reproduced below.

S(® )
BR) \.na(au
™ot
N(or)

L)

()



Chepter 5. Chain Conditions

In this chapter, we study the relstionship of the
redicels we hsve previously considered when the ring satis-
fies 8 chein condition, O is ssid to sgtisfy the DCC if
every descending chsin of right idesls of A hes 8 minimal
element, U is seid to satisfy the strong DCC [9] if every
subring of A setisfies the DCC.

Theorem 5,1: If U setisfies the DCC, then Q(AA) =
L),
PROOF:

We hsve that Q(®R) € L(A).

Now let & = R/Q(A). A is Q-semisimple end thus
is @ subdirect sum of My = QL/Py vhere NP4 = O snd
esch m“ is either prime sssocistive or prime Jorden.
Now since O, is Q-semisimple end sstisfies the DCC, if
Ol is either essocistive [h] or Jorden le] then L(Z, )
=Q(ay) = 0. Thus R 1s e subdirect sum of L-semi-
simple rings end thus L-semisimple itself, i.e. L(R)
= L(R/Q(A)) = 0, So, LIOAR)S QAR). Thus equslity
holds,

Theorem 5,2: If O setisfies the DCC, then JB(JZ) =
s(aL).
PROOF:

We have JB(®R® ) € S(ot).
Consider ¢/JB(AR). Since this is Brown semisimple,

it is e subdirect sum of simple commutstive Jordsn

51



52
rings with 1, end primitive essocistive rings. But
since the DCC is preserved under homomorphisms, esch
of the subdirect summends saetisfies the DCC. Also,
8 primitive sssocistive ring is s simple ring with 1.
Thus R/JB(R) is e subdirect sum of simple rings
with 1 end thus by Theorem 1.3b, S(R/JB(AR)) = 0,
or S(R) € JB(R). Thus equslity holds.

Thus if X setisfies the DCC we heve the following

diegrem,
sS(A) = JB(AR)
B(R)
JM(R)

N )

Lir) = )

Corollsry S.1: If O sstisfies the strong DCC, then

LAR) = QAR) snd S(R) = IB(2).
PROOF:

This is true since if lsatisfies the strong
DCC every subring of A, including OC itself ssetis-
fies the DCC. Thus we merely spply the above.

Theorem 5,3t If A setisfies the strong DCC, then
B(AA) = MMR) = N(R).
PROOF:
We hsve N(A) & M(z )€ B(AR).
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Now suppose thst xf N). . We will show that

x¢ B(AA). x¢ N(JZ ) implies thatm(x) is not & nil
idesl so there exists y € (x) which is not nilpotent.
Since A is power-sssocistive, {yk} genersates an
essocistive subring of & which sccording to our
hypothesis sstisfies the DCC. But then this subring
conteins s non-zero idempotent,e, [5, p.22]. Since
e € (y)€ (x) end B(R ) is en ideel which conteins no
non-zero idempotents, xﬁ' B(Oot). Thus B(R)E N(az),
snd the ststed equality holds.

Thus if Ol setisfies the strong DCC, we have the
following,
s(a) = JB(R)

B(R) = M) =N®R)
LR ) = Qlor)

Theorem 5.4: If (X setisfies an sscending chain

condi tion on subrings, thst is, every sscending chein of
subrines has o msximel element, then Q(&R) = L(R) =
N(A).
PROOF:
We heve Q(R) € L(A) & N(on).
Let AL = AR/Q(OL). It suffices to show thsat N(&)
= 0, thet is il hes no non-zero nil idesls. Since
R is Q-semisimple, it is s subdirect sum ofdg‘=
ﬁ/P‘( where R, ere either sssocistive or Jorden.

Esch 01“ is Q-semisimple and thus possesses no
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non-zero nilpotent idesls. Let K be 8 nil idesl of

M. (K+P)/P 1s & nil idesl of K. If Oy is
Jorden then (K +R, )/P‘ is nilpotent [lh.} ar"x.d thgs
K+P=0or K S_P‘. Ir a.‘ is sssocistive t:he;n
(K + P)/P is nilpotent [h] end so sgein K € «Pog o
Thus for escha«, K & Py or KE/ P, = 0. Therefore,
N(A) = Na/alr)) = o. o

Hence if Ol sstisfies en ACC on subrings, we have:

S(oe)
B(ae) JB(Or)
\ /
.mian
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