KERNEL-BASED NONPARAMETRIC TESTING IN HIGH-DIMENSIONAL DATA
WITH APPLICATIONS TO GENE SET ANALYSIS

By

Tao He

A DISSERTATION
Submitted to
Michigan State University
in partial fulfillment of the requirements
for the degree of
Statistics — Doctor of Philosophy

2015



ABSTRACT

KERNEL-BASED NONPARAMETRIC TESTING IN HIGH-DIMENSIONAL
DATA WITH APPLICATIONS TO GENE SET ANALYSIS

By
Tao He

The ultimate goal of genome-wide association studies (GWAS) is understanding the un-
derlying relationship between genetic variants and phenotype. While the heretability is
largely missing in univariate analysis of traditional GWAS, it is believed that the joint anal-
ysis of variants, that are interactively functioning in a biological pathway (gene set), is more
beneficial in detecting association signals. With the fast developing pace of sequencing tech-
niques, more detailed human genome variation will be observed and hence the dimension of
variants in the pathway could be extremely high. To model the systematic mechanism and
the potential nonlinear interactions among the variants, in this dissertation we propose to
model the set effect though a flexible non-parametric function under the high-dimensional
setup, which allows the dimension goes to infinity as the size goes to infinity.

Chapter 2 considers testing a nonparametric function of high-dimensional variates in a
reproducing kernel Hilbert space (RKHS), which is a function space generated by a positive
definite or semidefinite kernel function. We propose a test statistic to test the nonparamet-
ric function under the high-dimensional setting. The asymptotic distributions of the test
statistic are derived under the null hypothesis and a series of local alternative hypotheses,
the explicit power formula under which are also provided. We also develop a novel kernel
selection procedure to maximize the power of the proposed test, as well as a kernel regular-
ization procedure to further improve power. Extensive simulation studies and a real data

analysis were conducted to evaluate the performance of the proposed method.



Chapter 3 is theoretical investigation on the statistical optimality of kernel-based test
statistic under the high-dimensional setup, from the minimax point of view. In particularly,
we consider a high-dimensional linear model as the initial study. Unlike the sparsity or in-
dependence assumptions existing in related literature, we discussed the minimax properties
under a structure free setting. We characterize the boundary that separates the testable
region from the non-testable region, and show the rate-optimality of the kernel-based test
statistic, under certain conditions on the covariance matrix and the growing speed of dimen-
sion.

Our work in Chapter 4 fills the blank of kernel-based test using multiple candidate kernels
under the high dimensional setting. Firstly, we extend the test statistic proposed in Chapter
2 to an inclusive form that allows the adjustment of covariants. The asymptotic distribution
of the new test statistic under the null hypothesis is then provided. Two practical and
efficient strategies are developed to incorporate multiple kernel candidates into the testing
procedures. Through comprehensive simulation studies we show that both strategies can
calibrates the type I error rate and improve the power over the the poor choice of kernel
candidate in the set. Particularly, the maximum method, one of the two strategies, is
shown having potential to boost the power close to one using the best candidate kernel. An
application to Thai baby birth weight data further demonstrates the merits of our proposed

methods.
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Chapter 1

Introduction

With the advances in genotyping technologies and the cataloging of millions of single nu-
cleotide polymorphisms (SNPs) in the past decades, genome-wide association studies (GWAS)
become increasingly popular for investigating the relationship between genetic variants and
the phenotypic traits of interest. The reason that SNPs are chosen as the genetic markers is
because they are the most fundamental type of genetic variation and provide comprehensive
coverage of the whole genome variation. In a typical genome-wide association study, hun-
dreds of thousands of SNPs are firstly assayed among hundreds or thousands of individuals,
then the single-SNP analysis, where individual SNPs are tested one at a time, is performed
to seek possible association signals between SNPs and a trait.

In spite of tremendous knowledge gain and excited findings due to GWAS (Hirschhorn
and Daly , 2005; Gardon and Bell, 2001; Edwards et al., 2005; Yasuda et al., 2008), it has
been pointed out that the discovered genetic risk factors can only explain a small fraction
of heritability for many complex traits, either individually or collectively (Manolio et al.,
2009). The mystery of the missing heritability has been hotly discussed in the genetic
research community and several credible opinions and search directions has been proposed
(Eichler et al., 2010). Firstly, genome-wide genotype assays often fail to adequately cover
the copy number variation or the rare variates (Manolio et al., 2009; Mefford and Eichler,
2009), which potentially play important roles in the genetic structure of the traits. Secondly,

a failure of considering epigenetic factors such as imprinting, is a possible source of missing



heritability (Kong et al., 2009). Another possible explanation is named by the interaction
between genetic variants and environmental factors. From statistical testing perspective,
the correction for multiple testing problems normally leads to a stringent threshold such
that SNPs with small marginal effects are not able to be claimed significant (Gibson, 2010).
Finally, the missing heritability is a consequence of single-variant-based analysis, while the
true architecture of generic effects is potentially a highly complex interacted network of
variants for the manifestation of complex traits (Zuk, et al., 2012). Hence novel statistical
methods with a systems biological perspective are needed to identify more genetic risk factors
and therefore to explain more fraction of heritability. Moreover, testing the effects of multiple
variants jointly immediately reduces the multiple testing burden.

Testing biological meaningful set of variants simultaneously has been proposed as the
new strategy. The introduction of biological structure not only provides a potential boost
of power, but also grants researchers meaningful interpretation and possible utilization in
the future (Wang, et al. 2010). One of the attractive sets is gene, which is well annotated
for human and mutations in which are known to directly impact the functionality of human
organism. Another more frequently used unit is biological pathway, which represents a group
of genes that form a complex network to regulate a particular outcome coordinately. Similar
to genes, pathway information has been provided in a variety of online resources, such as
such as Kyoto Encyclopedia of Genes and Genomes (KEGG) (Kanehisa, 2000; Reactome
(Joshi-Tope et al., 2005) and Gene Ontology (Ashburner et al., 2000).

A broad range of methods have been developed for the association analysis of sets of
SNPs or other variants, targeted towards the detection of significant pathways (or gene
sets). One important class of the approaches in pathway association is combined p-value

methods. Namely, the effect of SNPs is individually tested and the signal of a pathway is



then evaluated by combing p-values corresponding to the marginal tests of all SNPs within
the pathway, in a certain way. For example, in the gene-set enrichment analysis proposed
by Wang, Li and Bucan (2007), the strongest signal (i.e., the smallest p-value) within a gene
is assigned to the gene, then the pathway is accessed by a weighted Kolomogorov-Smirnov-
like running sum statistic, which is used to combine the signals of genes that in a pathway.
Recently Yu et al. (2009) introduced an adaptive rank truncated product statistic which
extends the truncation rank from one (only the smallest p-value is utilized) to an adaptively
selected number. However, the combined p-value method shares the disadvantage with the
traditional single-variant-based GWAS: the effect of SNP is estimated independently of all
others. Moreover, since only the p-values of individual tests enter the higher-level analysis,
researchers are taking the risk of losing important information.

Being independent with the single-variant testing results and capable of simultaneously
considering the multiple variants, kernel methods are introduced to address the pathway-
association issue. The basis of kernel methods is a positive definite or semidefinite kernel
function (Hofmann et al., 2008), which not only can be used to measure the genetic similarity
for all pairs of subjects, but also can flexibly model certain (linear or non-linear) relationship
between the variants and a trait. Kernel machine regression method is one of the well-
known example from the category (Liu et al., 2007; Liu et al., 2008). Note that the kernel
methods can be also generalized to many approaches using notions of pairwise similarity
(Mukhopadhyay et al., 2010; Schaid, 2010; Tzeng et al., 2009; Wessel and Schork, 2006).

Known as a very complex network where enormous genetic factors are involved, path-
way is of great dimension and this dimension might be getting extremely large with the
development of sequencing technology in the coming years. Under such a high-dimensional

setup, all the existing kernel methods do not consider effect of data dimension on the test



statistic, hence are of lack of unified theoretical investigation under the high-dimensional
setting. In the dissertation, we mainly develop the kernel-based testing procedures and the
corresponding methodologies under the high-dimensional setting, aiming at the detection of
significant pathways (or gene sets) that are associated with a continuous trait of interest.

In Chapter 2, we consider testing a high-dimensional nonparametric function in a repro-
ducing kernel Hilbert space (RKHS), which is generated by a positive definite or semi-definite
kernel function. A test statistic is proposed to test the nonparametric function under the
“large p, small n” setup. The asymptotic distributions of the test statistic are studied under
the null hypothesis and a series of local alternative hypotheses. We also develop a novel kernel
selection procedure to maximize the power of the proposed test via maximizing the signal-
to-noise ratio. Moreover, a test with regularized kernel is constructed to further improve
the power. It is shown that the proposed test could nearly achieve the power of an oracle
test if the regularization parameter is properly chosen. Extensive simulation studies were
conducted to evaluate the finite sample performance of the proposed method. We applied
the proposed method to a Yolkshire gilt data set to identify pathways that are associated
with trilodothyronine level.

In Chapter 3, we attempt to study the statistical optimality of the kernel-based test
statistic in a linear model from the minimax point of view, under the high-dimensional setup.
In particularly, we consider a high-dimensional linear model as the initial investigation. After
introducing the basic notation and definition for minimax testing problem, we establish a
lower bound of the detection boundary that separates the testable region and non-testable
region, followed by the upper bound. We show that the introduced kernel-based test statistic
is rate-optimal, under certain conditions on the covariance matrix of variants and increasing

speed of dimension.



In Chapter 4, we extend the kernel-based test statistic such that covariants adjustment
is allowed. We provide the asymptotic distribution of the new test statistic under the null
hypothesis. Moreover, we proposed two practical and efficient strategies to utilize multiple
kernel candidates in the test. We demonstrated in simulation studies and real data analysis
that under high-dimensional setting both strategies not only calibrates the type I error but
also leads to the improvement of the power over the poor choice of the kernel candidate
in set. Especially, the maximum method we proposed is observed to enable the power to
be close to the one using optimal kernel function out of the candidates, while the multiple
kernel strategy (Wu et al., 2013) proposed under the kernel machine framework suffers from

power loss under a high-dimensional setting.



Chapter 2

Testing high-dimensional
nonparametric functions in RKHS

using single kernel

2.1 Introduction

High-dimensional data arise nowadays in a wide range of areas, such as biology, imaging
and climate. In genetic studies, millions of single nucleotide polymorphisms (SNPs) can be
measured simultaneously using the high-throughput technologies. The identification of genes
that are associated with certain traits, such as blood pressure and grain yield, is increasingly
important in health and agriculture sciences. While the traditional methods focus on the
single gene based analysis, the limitation of single gene based method has been realized by
many researchers (Manolio et al., 2009). Gene-set based analysis (Subramanian et al., 2005;
Newton et al., 2007) holds great promising because gene regulation is often very complex
and genes tend to work together in a non-linear way (Liu et al., 2007; Li and Cui, 2012) to
achieve certain biological functions. To model the association between certain trait Y and a

gene set, we consider the following nonparametric regression

Vi=p+hX)+e, i=1,---.n (2.1.1)



where X1,---, X, are IID p-dimensional variates generated from a probability measure P
on RP and ¢; are IID random errors with zero mean and variance o2. For model identification
purpose, we assume F{h(X;)} = 0. Since the number of genes p in a gene-set could range
from a few to a few thousand but the sample size n in a genetic study is often limited, we
consider a “large p, small n” setup to allow p to be much greater than n. Our interest in
this chapter is on testing

Ho:h(-)=0vs Hy : h(-) £ 0 (2.1.2)

under the “large p, small n” setup where p(n) — oo as n — oc.

The hypothesis testing for a non-parametric function (2.1.2) in a fixed dimensional case (p
fixed) has been well studied in the literature (Héardle and Mammen , 1993; Chen et al., 2003;
Gao and Gijbels, 2008). A vast majority of them applied either a kernel smoothing method
or a local polynomial method to construct test statistics. However, all of these methods suffer
the “curse of dimensionality” (Fan and Gilbels, 1996) and can not be easily generalized to
test functions in a high-dimensional space without a specific structure. Recently, Liu et al.
(2007) proposed a score test for functions in a reproducing kernel Hilbert space by using
the relationship between (2.1.1) and a linear mixed effect model (see also Liu et al., 2008).
These methods can be regarded as a generalization of the score test proposed by Goeman
et al. (2006). See Goeman et al. (2011) for a similar test in a generalized linear model.
Nevertheless, the existing methods do not consider testing functions in the “large p, small
n” setup and the effect of data dimension on the test is largely unknown.

The focus of the current chapter is on testing non-parametric functions in a “large p,
small n” setup. The hypothesis testing for a high-dimensional parameter vector has received

increasing attention recently. Zhong and Chen (2011) and Lan et al. (2014) considered



testing high-dimensional regression coefficients in a linear regression model which is a special
case of (2.1.1) by setting h(X;) = XZTB (Wang and Cui, 2013; Feng et al., 2013). However,
none of the above methods can be applied to test a high-dimensional non-parametric function.

Because of the curse of dimensionality, it is very challenging or even impossible to esti-
mate a high-dimensional non-parametric function without imposing any specific structure.
However, it is interesting to find that hypothesis testing for high-dimensional non-parametric
functions is still feasible without specific structures. Our method can be applied to assess
any nonparametric functions in the RKHS generated by a positive semi-definite kernel. By
introducing the RKHS, we show that the high-dimensional non-parametric function evalu-
ated at data points can be represented as a function in a linear manifold generated by the
kernel. This successfully translates the problem of testing nonparametric functions into a
test for a high-dimensional vector. We then propose a U-statistic based test statistic to test
the high-dimensional vector. The asymptotic distributions of the test statistic are obtained
under the null hypothesis and a series of local alternatives without a specific distribution
assumption.

Kernel selection is an important issue in a kernel machine based testing procedure (Liu
et al., 2007). However, less work is done in this direction. We propose a new procedure for
selecting kernels in the hypothesis testing context. By obtaining an explicit power function
of the proposed test, we choose the kernel that maximizes the power function. Unlike the
BIC criterion proposed in Liu et al. (2007), our procedure is tailored to the hypothesis
testing problem and is particularly designed for improving the power of the proposed test.
Moreover, we are able to construct a regularized kernel to further improve the power of the
test. A novel method for choosing the regularization parameter is introduced. We show that

the proposed test with regularized kernel could achieve the power of an oracle test if the



regularization parameter is properly chosen.

The rest of the chapter is organized as follows. In Section 2.2, we introduce the expansion
of the nonparametric function in the RKHS at data points and the equivalent hypothesis.
Section 2.3 proposes a new test statistic and establishes the main asymptotic distribution
of the proposed test statistic under the null hypothesis and local alternatives. The kernel
selection and regularization are discussed in Section 2.4. The finite sample performance of
the proposed test statistic is evaluated by extensive simulations in Section 2.5. In Section
2.6, we apply the proposed method to a Yolkshire gilt data set to identify gene sets that
are associated with triiodothyronine level. A brief discussion is given in Section 2.7. All the

technical details are relegated to the final section.

2.2 Functional space and equivalent hypothesis

In this chapter, we consider functions h(-) that belong to a functional space % generated
by a kernel Ky (-, ) where 0, are tuning parameters that possibly depend on n. For notation
convenience, we suppress n in 6, in the rest of the chapter. The kernel Ky(z1,z9) : RP x
RP — R is any symmetric and positive semi-definite function defined on RP x RP. A kernel
Ky(z1,z9) is said to be positive semi-definite if the associated kernel matrix (Ky(x;, xj))%zl
is an M x M positive semi-definite matrix defined on any M distinct points x1,--- , x5/ €
RP. Some commonly used kernel functions include linear kernel Ky(z1,29) = Z%—‘ZQ /6 and
Gaussian kernel Ky(z1, z2) = exp(—||z1 — 22|%/6). More examples of kernel functions could

be found in Liu et al. (2007).

The functional space ¢ is determined by the kernel function Ky. For the purpose of



defining the functional space 7%, we define the following normalized kernel

K1, 79) Kp(r1,29)
e VE{Ky(X1, X 1) }E{Kp(X2,X2)}

where X1 and X9 are independent copies of X with probability measure P. It is then obvious
to see that F{Ky(X;,X;)} =1 and Ky(z1,x2) is still positive semi-definite and symmetric.
The above normalization ensures E{/Cy(X,X)} < oo so that the eigen-decomposition of
Ky can be properly defined according to Lemma 1 in the last section. The normalization
is needed because F{Ky(X,X)} could diverge in the high-dimensional case. For instance,
if Kg(X,X) = XTX and Var(X) = 3, then E{Ky(X,X)} > tr(X) which implies that
E{Ky(X,X)} is at least at the order of p if all the eigenvalues of ¥ are bounded away from
0.

By Lemma 1 in the last section, we can write Kg(z1,22) = oo AK07m¢97m(x1)¢9’m (x9)
where {tg ,,,(-)} form a complete orthogonal normal system on L?(P). Without causing
much confusion, we will use Ax ,, and 9p(-) to denote Akg,m and Vg,m(+), respectively.

Then the space % is defined to be (Poggio and Shelton, 2002)

H ={f(x Z amm(z) for am, Wlchozm//\;Cm o0}

Let o = (e, ..., o) be the coefficients in the representation of A(+), i.e., h(+) = > 0°_1 amm(-).
To distinguish Hg from H7p, one need to find a measure to quantify the distance between

h(-) and 0. Here we define a norm | - ||[x below as a measure,

Il = 2 Ama?, 221)

10



where Ay, = E{Ky(X,X)}\g,, that may be considered as the eigenvalues of the kernel
function Ky(z,y). Obviously, the null hypothesis in (2.1.2) is true if and only if Hh\]%{ =0,
and HhH%{ >0 under the alternative hypothesis.

For ease of the presentation, in the rest of this chapter, we consider a centralized kernel Ky
that satisfies pp = E{Kp(X1,X2)} = 0. The centralized kernel Ky can be constructed from
any positive definite kernel function Kj by setting Ky(x1,%2) = Kp(x1,%2) — Kfﬁ(xl) —
Ki"ﬁ(XQ) + pp+ where Kfﬂ(xl) = E{Kj(x1,X2)} is the first order projection of K. By
Lemma 1 in the last section, Kjy is still semi-positive definite with only one zero eigenvalue
Apx = 0 corresponding to eigenfunction ¢,,«(z) = 1, if K} is positive definite. Some benefits
of a centralized kernel are discussed in Lindsay et al. (2008). The practical construction
of a centralized kernel will be discussed in the next section. We will use Ky and bold

font K to denote, respectively, the kernel function and an n x n kernel matrix defined by

K = (KQ(X%X ))zy 1

2.3 Asymptotic distributions

By the orthonormal expansion of ICgy(z,y) in Section 2.2, we observe that

o0
E{(Y; — ) (V) — ) Ko(Xy, X )} Z = |1l
m=

for any (i, j) pair such that ¢ # j. Motivated by this observation, we consider the following
test statistic

T =0 > Ep(X, X)) (Y; = Vo) (V) = Ya) /67 (2.3.1)
i#]

11



where Y, = n=1 3" 1 Y; is the sample mean and 62 = (n — 1)71 327, (Y; — V;,)? is the
sample variance estimator of o2 under the null hypothesis (2.1.2). It then can be checked
that E(Ty) = o(1) under the null hypothesis and E(T},) = S°2°_; Apa2,/o?{1+0(1)} under
the alternative. Therefore, the test statistic T}, is able to distinguish the null and alternative
hypotheses in (2.1.2).

Define 7, = E(*) as the k-th moment of random error ¢, Vi, = S.00_; Ak for integers

k=1,2,.... The following theorem summarizes the asymptotic distribution of 7}, under Hy.

Theorem 1. Under the null hypothesis Hy in (2.1.2) (i) Assume 14 < oo. Then n'ly,/Vq 4
Sy )\;C,m(xgn — 1) where A\, are the eigenvalues of Ky, the normalized kernel of Ky
and X72n are independent chi-square distributions with 1 degree of freedom; (ii) If we further

assume that

V4/V22 — 0 as p(n) — oo, (2.3.2)
then Ji}nTn LA N(0,1), where U%n =2V5.

Remark 1 If the centralized kernel Ky is unknown and is constructed from a kernel function
K, it will contain unknown quantities ji g+ and K7 ,e(xl). Thus, T}, is not directly applicable.
In this case, we can replace Ky(X;, X;) by K, ¢(X;, X;), which is the (7, j) element of
K, = K; — (n— 1) J(K})? — (n— 1) HK)OT +n~(n— 1)1 J(K})°T. Here J is an
n x n matrix with all elements as 1 and A? = (Agj) is a zero-diagonal matrix with Agj = Ajj
for i # 7 and A?Z. = 0. Let T}, be the test statistic with corresponding kernel Ky 9. It can
be shown that (nTy, — nTp)//Va = op(1) (see the proof of Remark 1 in the last section).

Therefore, nT}, /V1 has the same limiting distribution as nT},/V].
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If condition (2.3.2) holds, then an « level test rejects the null hypothesis if
6iinTn > 20 (2.3.3)

where z1_, is the lower 1 — a quantile of the standard normal distribution, 6%71 =2(n —
1)~2tr(HKYHKY) is a ratio consistent estimator for a%n.

The null distribution of T}, in the first part of Theorem 1 is applicable even if (2.3.2)
does not hold. However, since the asymptotic distribution is a weighted sum of chi-square
distributions, obtaining accurate estimators for all the eigenvalues Ax p, (m=1,2,---))
simultaneously is difficult. Nevertheless, one can apply a Satterthwaite approximation to
the mixture of chi-squares by a scaled chi-square distribution &Xg / \71 — 1, where g = Vl /a,
a= 6%11 /(2V1) and Vi = n~Mr(HK,,) is a consistent estimator of V4. Then an asymptotic

a level test rejects the null hypothesis if
(nThy + Vl)/d > X?],l—oz (2.3.4)

where X;,l— o 18 the 1 — a quantile of a chi-square distribution with g degrees of freedom.
To achieve better accuracy in size approximation, we provide an adjustment to the vari-

ance estimator &%n using the high order moments of € in (2.1.1). The adjusted variance

estimator 62 - was used to replace the estimator 62, in the simulation study in Section
Th,ady Th

2.5 and real data analysis in Section 2.6. Assume the density function of € is symmetric

around 0. The adjusted variance estimator 2 - is
Th,adj

~

R 1 12 6A 9 A R
0 ady = m{(z -5+ —)tr(HKYHKY) — (> + )tr?(HKY) + Atr(A o A)},

n n
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where o denotes the Hadamard product, A = HKYH, and A = n~! Y —Y,)/6]*-3.
The derivation of a%n’a dj is provided in the last section.
The next theorem studies the asymptotic distribution of the test statistic 7T}, under a

sequence of local alternative hypotheses
Hyy, 2 h(x) = dp(x) (2.3.5)

where dj,(x) is any unknown function that possibly depends on n. For the purpose of model
identification, we assume E{dn(X)} = 0. As usual, we consider local alternatives that are
close to the null hypothesis, which is more challenging to be detected than fixed alternatives.

More specifically, assume that dj,(-) satisfies the following two conditions

ndx = O(v/Va) and n’B{d5(X)} = o(VE/VH) (2.3.6)

where 6 = E {Ky(X1, Xg)dn(X1)dn(X2)}-

Theorem 2. Assume that E{@ZJ%(X)} < oo for all integers m. Under the local alternative

hypothesis Hy, in (2.5.5), we have

(0.}
_ d,
V(0T = o3, () 5 D7 Mem i = 1),
m=1

where Y (dy) = ndK/(UZUTn) is the signal-to-noise ratio (SNR). Moreover, if (2.3.2) holds,

then o7 0Ty, — W(dy) % N(0,1).

Applying Theorem 2, the power of an a-level test for the rejection region in (2.3.3) under

the local alternative (2.3.5) is Q(dy,) =1 — @(zl_a — \I/(dn)>, where ®@(-) is the CDF for
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standard normal distribution. Therefore, the power of the proposed test is determined by
the SNR W(d,). If the a-level rejection region in (2.3.4) is used, the power of the test is
Adn) = P(x5 > X51_o — 01,V (dn) /).

Let dp(x) = bpAp(x) such that E{Ky(X1, X9)An(X1)An(X9)} is a constant. Then
the proposed test has a non-trivial power if b, = V21/ 1 /v/n. If Vo is a constant, then the
proposed test is able to detect alternatives of order 1/y/n. In the high-dimensional case,
however, if Vo — oo at certain rate, the proposed test is only able to detect alternatives
of order V21/ y /v/n, which is larger than the order 1/4/n. This reveals an adverse effect of
dimensionality on the test. We can also observe that as long as V5 = 0(n2), the proposed test
is consistent so that the power of the test converges to 1. This implicitly imposes condition on
p and n since Vo = E{K, g(Xl, X9)} depends on p. For example, if Kj is a linear kernel and
3 has all the eigenvalues bounded, then V5 ~ p. In this case, the proposed test is consistent
if p = o(n?) for functions h(z) = dy(x). To further improve the power, we consider the

choice of kernel function and the construction of a regularized kernel in the next section.

2.4 Kernel selection and regularization

2.4.1 Kernel selection

In Sections 2.4.1 and 2.4.2, we assume that the kernel K which generates the functional space
Hy is known in reality. However, the functional space .7} is typically unknown. Therefore,
an important question in practice is on how to select kernels. Kernel selection problem has
been studied for Fisher discriminant analysis (Kim et al., 2006) and semi-supervise learning
(Dai and Yeung, 2007). However, no kernel selection method is tailored to the hypothesis

testing problem (Liu et al., 2007).
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We propose to select kernels by maximizing the SNR of the proposed test. To emphasize
the role of the kernel Ky, we write ¥(dj,) as ¥ Ka(d”)' Given a family of candidate kernels

FKk, the kernel Ky may be selected by maximizing the SNR as follows

Ky = a ax Uy (d 2.4.1
0= arg max K, (dn) (2.4.1)

where @KQ (dy) is an estimator of ‘I’Kg(dn) = nog/ (020Tn). For a candidate kernel Ky €
K, the unknown parameters ok, o, and o2 can be substituted using estimators, SK(dn) =
1 % V). 6 -1 % 5
a1 2t Ko(Xi, X5) (Yi = Yo ) (Y = Ya), 6% = (n—1)"" 1L (Y; — Yn)? and 67, , re-
spectively. The following Proposition 1 shows that dz and o2 can be consistently estimated,

hence the SNR can be consistently estimated.
Proposition 1. Under condition (2.5.6), &° L 62 and afnl(gK —0g) Lo,

The proof of proposition 1 is given in the the last section.

2.4.2 Kernel regularization

In this section, we show that the power of the proposed test could be further improved by
using a regularized kernel. The power function is determined by the SNR W(dy,), which can

be written as follows

U(dn) =n Y Amag,/(0 0,

m=1
where a;;, = E{d; (X)), (X)} is the projection of d,(X) onto the m-th eigenfunction 1, (X)
of Ky. We observe that the numerator of ¥(d,) (the signal part) is determined by the
magnitude of eigenvalues A, and the projections a,,. For a given set of eigenfunctions

{¢m(X)}>°_; and a function dy(x), the projections a;, are fixed. To enlarge the numerator
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of ¥(dy,), one could adjust the eigenvalues ), associated with projection a,, so that larger
non-zero projections receive higher weights than small projections.

To adjust the eigenvalues of the kernel without changing the eigenfunctional space, we
introduce a regularized kernel in the following. For any centralized kernel matrix K, define

the regularized kernel matrix Kp - as
Kp,=K-KmI+K) 'K, (2.4.2)

whose similar version in a two-sample problem was discussed in Harchaoui et al. (2006).
Let Kp, be the kernel function corresponding to the kernel matrix Kp ,. It can be proved
(see Lemma 3 in the last section) that the eigenfunctions of kernel function Kp . are still
{4m(X)}°_;, which are the same as that of Ky. However, the corresponding eigenvalues of
KR are {yAm/(Am +7)} =1

We now show that how a regularized kernel K -, could improve the power of the proposed
test. To see the point, we compare the SNRs ¥(dy,) and Vg(dy,y) corresponding to the

kernels Ky and Kp ., respectively. Let C, =n/ (v26?%). Then we have

o0 2 o0
\p(dn) =C M and qu(dny Cn Z =1 )‘mam/()‘m + '7) ‘ (2.4.3)

Vs> VI 3 O+ )2

By comparing the above two expressions, we see that sup, ¥g(dn,v) > ¥(dy). Because we

observe that

¢zmlx /O /7 +1)2

as 1y — 00,
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the regularized kernel K'p - is the same as the non-regularized kernel K if v — oo. Thus,
the introduction of the regularization parameter v allows us to strike a balance between the
numerator and denominator so that Wp(dy, ) is larger than ¥(d,,) for some ~.

To select the best regularization parameter v, it is natural to consider maximizing the
SNR ¥ (dp, 7). That is 4 = arg max, s U p(dp, ), where S = {s1, ..., s} is a set of positive
candidate regularization parameters ordered in an increasing order. It may be noted that
the denominator of ¥ p(dy, ) in (2.4.3) goes to infinity and the numerator of SNR in (2.4.3)
increases as 7 — 0. A reasonable estimate for the numerator of (2.4.3) should be non-
decreasing as v — 0. However, the numerator may not be well-estimated if the sample
size is small. We therefore propose a modification to the above approach. Let s7 € S be
the smallest regularization parameter in S such that 5K,7(dn), the numerator of W p(dy, ),
achieves its maximum value in S. We then put our attention to the tuning parameters
that are larger than s; in the set of S. Given the samples, we can find the optimal tuning

parameter by maximizing the following criterion

¥y=arg max  Up(dy,~). (2.4.4)
76{377-“’33}

For the stability selection consideration, we propose the following procedure to select the

tuning parameter y
1. Randomly divide the sample {Y;, Xi}zn:1 into L parts with the same sample size.

2. We drop the Ith (I = 1,2..., L) part of the sample, select the tuning parameter 4; using

the remaining L — 1 parts of sample based on the criterion (2.4.4).

3. Repeat step 2 for [ = 1,...,L. The stabilized tuning parameter is defined as 7 =

18



median{41, ..., 91}

Simulation studies in Section 2.5 demonstrate that the above tuning parameter selection
method works well in practice. Based on our experience in simulation, one could choose L
between 4 and 8.

The regularization is most effective in the “sparse” case where the non-zero projections
reside only in the first N coordinates corresponding to the N largest eigenvalues. To appre-
ciate that, we hereafter consider the setting where A\, = ¢, A1 and ~{cﬂ~L}$nO:1 is a decreasing
sequence satisfying ¢y = 1. Let {a?n ~ Bp,m € S1} be the set of non-zero projections whose
squares are of the same order as B, and 57 is a subset of {1,--- , N}. Here a ~ b means
that a and b are of the same order.

To show the effectiveness of regularization, we compare the SNR W p(d),, v) to an “oracle”
SNR \Ifg(dn, ) using regularized kernel. The oracle SNR is an ideal SNR which eliminates
all the coordinates with zero projections. The oracle SNR is used for comparison purpose
but it cannot be realized by any test procedure in practice. The oracle SNR \I/g(dn,v) is

defined as

Ymes; Amaz/Am +7)
Vo mesy ¥/ Om +7)?

VG (dn,y) = Cn-

The following theorem provides the maximum orders of \I/g(dn, v) and U R(dp, 7).

Theorem 3. Let |Sy| be the cardinality of signal set S1. Assume that the regularization
parameter v* satisfies v* = o(An), 7" = O(An,), ANy = 0(77), and Ro/N~*2 = o(1) where
Ny = [Nloglog N], Ny = [Nlog N], and Ry = 300y, Apy- Then (i) maxy V9 (dy,v) ~

\I/%(dn,v*) and both at the order \/|S1|CnByp for large p; (i) there exist constants Jy, Ji
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and Jo such that, for large p,

J1|Sl|Can

Jo|S1|C B
< Up(d, ~*) < P
NlogN — R(dn,77)

B \/N{l +Jy logN(CNQ/CNl)Q}‘

From Theorem 3, if |S1| ~ N, we have

Jl V ‘Slyanp <y

Vieg S|

J2/|51|Cn B
R(dn,7") < VIS L —
1+ Jolog|Sil(eny/eny)

Therefore, the SNR U i(dy,v*) of the proposed test with regularized kernel can attain the
SNR W%(dn, ") of the oracle test within a factor of a slowly varying function log(V).

The above regularization could enhance the dimensionality that the proposed test could
handle. Recall the local alternatives considered in Theorem 2. Let dp(x) = bp ,(7*)An(x)
where Ay (x) is a function such that E{Kyp(X1, X2)A,(X1)A,(X2)} is a constant. Using

the regularized kernel with regularization parameter v*, the proposed test has a non-trivial
1/4

V
power if b ,(v*) is at the order b ,(7*) = —2—p*/4(+*) where
K k) n

(5 2 O + 1) v -
o) = (i 2 om0 (S, )

Assume v* satisfies the conditions in Theorem 3. Then we have

N
PO~ o (Y em)?
15112 =
1
If [S1] ~ N and ¢, = m™® for a > 1/2, then p(v*) = O(N~min{2a—L1}y — 5(1). This
means that the smallest detectable order using a regularized kernel is smaller than that of a

unregularized kernel. The improvement is significant when NV is large and a > 1. Moreover,
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the test is consistent if Vo = o{n?p~1(y*)}. Comparing to the unregularized case which
requires Vo = o{nz}, the regularized kernel is powerful for higher dimensional functions

since p(v*) — 0.

2.5 Simulation study

The simulation studies were designed to evaluate the finite sample performance of the
proposed test, kernel selection and regularization methods. We simulated IID samples

{X;, Y} from the following model
Yi=p+h(X;)+e i=1,---,n (2.5.1)

where the random error ¢;s were chosen to be N(0,1) or Laplace(0,/2/2) distribution. To
generate the covariates X, we first generated a p-dimensional normally distributed random
vector Z with mean 0 and covariance 3 = (O.6|i_j |)]Z =1 Then we obtained the covariates
X = (Xq,--- ,Xp)T by setting the j-th component by X; = F,;(Z;) for j = 1,--- ,p.
Here F},; is the empirical cumulative distribution of j-th component given by F,;(z) =
n~1 I (Zij < z). We considered two settings regarding the relationship between n and
p: (i) p < nand (ii) p >> n with n = 40,60 and 100. Specifically, p = (3,5, 10) in setting
(i), p = (150,200, 250) in setting (ii).

We wish to test Hy : h(-) = 0. To assess the empirical size of the proposed test, we chose

h(x) = 0 under Hpy. To evaluate the empirical power, we chose h(x) = hy(x) — E(hp) in
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setting (i) and h(x) = hg(x) — E(hg) in setting (ii), where

hp(x) = c1 (w1 + 22 — 23) + co{exp(—x3) Ha(r2) + exp(—23) H5(13)} + ca{w123 + cos(x3)},

100 100
hi(x)=c1 > (—DFay +co > {exp(—a}/p)Ha(wy/p)} + cs{w1zs + cos(a3)}
=1 k=1

where Hj(-) is the kth order Hermite polynomial and c¢q,cy and cg are constants specified
below. For each setting, we designed two scenarios S;, with different values of ¢, co and c3 for
each setting. Specifically, in setting (i), we used S1 = {¢1 = 0.002, 2 = 0.2, ¢3 = 0.002} and
So = {c1 = 1.2,¢c9 = 0.012,¢c3 = 0.012} and, in setting (ii), we chose S3 = {¢] = 0.01,¢y =
10,¢3 = 0.01} and S4 = {¢1 = 100u, cg = 0.1u, c3 = 0.1u,u = 0.0015}. In scenarios S1 and
S3, c9 are chosen to be much larger than ¢; such that the non-linear parts dominate the
functions while in Sy and &4, ¢1 are much larger than c9 so that the linear parts dominate.

All the results for evaluating empirical power are based on 1000 simulation replicates and
that for empirical size are based on 5000 simulation replicates. Three types of commonly
used kernels were compared in all the simulations: linear kernel K, (x,y) = x! y /6, Gaussian
kernel K¢ (x,y) = exp{—|/x —y||?/6} and the exponential kernel K (x,y) = exp{—(||x||* +
3|x =yl + |ly||?)/0}, where tuning parameter 6 was set to be p.

To illustrate the finite sample null distribution, the histograms of the standardized test
statistic under the exponential kernel were plotted in Figures 2.1 and 2.2. The corresponding
asymptotic chi-square approximations are plotted as density curves. It can be seen that the
approximation performs reasonably well for various dimensions. Table 2.1 summarizes the
empirical size of the proposed test with normally and Lapalce distributed errors at the
nominal level 5%. We can see that the empirical size of the proposed test was reasonably

controlled at the nominal level for all three types of kernels and different error distributions.
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Figure 2.1 The null distribution of the standardized test statistic (Xz —§)/v/2g with Gaussian
error €; and independent covariants, using centralized exponential kernel K, where X?] =

(nTy, + Vl) /a. The corresponding asymptotic chi-squared approximation are plotted as
density curves.

Table 2.2 and 2.3, respectively, contain the empirical power of the proposed test for
scenarios 81 and S under the setting (i). Several observations are given below. (1) There
is a clear difference in power among the three types of kernels K, K and K7, especially
when p and n are relatively small. The power difference was especially striking in Table 2.2
for scenarios §1. The power based on the exponential and Gaussian kernels were both higher
than that using the linear kernel. This is understandable since the non-linear parts dominate
the function h (x) in scenarios S1 and exponential kernel and Gaussian kernel contain richer
non-linear eigenfunctions than that of the linear kernel, which can capture more information
of non-linear functions; (2) The power increased as the sample size increased in all the cases;
and (3) The proposed test was very robust to the change of error distributions. Similar

patterns can be observed from Table 2.4 and 2.5 under setting (ii).
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Figure 2.2 The null distribution of the standardized test statistic <X§ —§)/v/2g with Laplace
error €; and dependent covariants, using centralized exponential kernel K, where X?] =

(nTy, + Vl) /a. The corresponding asymptotic chi-squared approximation are plotted as
density curves.

2.5.1 Kernel selection

We observed from Table 2.2-2.5 that the empirical power of the test corresponding to different
kernels could be very different. This naturally motivated us to select a kernel to improve the
performance of the test. We applied the kernel selection method proposed in Section 4.1 to
choose the optimal kernel among K, K and K, for each simulation replicate.

We reported the percentage of each kernel being selected in 1000 simulation replicates
among three candidate kernels K, K and Kj. We can see that almost in all cases in
Table 2.2 and 2.4, the kernel selection method could choose the kernel with the highest

power. This shows that the proposed kernel selection method worked very well in selecting
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Table 2.1 Empirical size of the proposed test for Gaussian and Laplace errors with dependent
covariates using different kernels

Gaussian Error Laplace Error
40 3 0.058 0.055 0.056 0.051 0.046 0.047
) 0.060 0.058 0.059 0.049 0.048 0.048
10 0.060 0.062 0.062 0.047 0.044 0.046
150 0.059 0.058 0.059 0.042 0.042 0.040
200 0.064 0.064 0.064 0.047 0.047 0.047
250 0.057 0.055 0.056 0.049 0.047 0.047
60 3 0.055 0.054 0.056 0.046 0.046 0.046
) 0.058 0.055 0.056 0.053 0.054 0.055
10 0.056 0.054 0.056 0.046 0.048 0.048
150 0.054 0.053 0.053 0.049 0.047 0.048
200 0.057 0.059 0.058 0.041 0.040 0.041
250 0.060 0.059 0.059 0.049 0.047 0.048
100 3 0.053 0.054 0.056 0.048 0.046 0.047
5 0.053 0.053 0.053 0.043 0.040 0.041
10 0.055 0.053 0.054 0.049 0.045 0.046
150 0.053 0.054 0.054 0.050 0.050 0.050
200 0.055 0.054 0.054 0.054 0.052 0.053
250 0.054 0.054 0.055 0.049 0.048 0.049

the optimal kernel. When the power among different kernels were similar, the percentages
were evenly distributed among three kernels. To further confirm the validity of the proposed
kernel selection method, for each simulation replicate, we estimated the theoretical power
of the test using (2.4.1) for each kernel K, K, and K. In Tables 2.2-2.5, we reported
the mean of the estimated power for three kernels based on 1000 simulation replicates. We
observed that, the estimated power was very close to the empirical power. In summary, the

proposed kernel selection method is reliable for practical use.

2.5.2 Regularization

To show the impact of kernel regularization on power improvement, we generated data
according to model (2.5.1) with random error e following a Laplace distribution and the

covariates X; were IID random vectors with independently Uniform (0,1) components. The
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Table 2.2 Empirical power of the proposed test for Gaussian and Laplace errors with de-
pendent covariates using different kernels in the setting of p < n under scenario §;. The
estimated theoretical power is given in the parenthesis, and the percentage of a kernel being
selected among the three candidate kernels using the proposed kernel selection method is
displayed underneath it.

Gaussian Error Laplace Error

40 3 0.726 (0.655) 0.105 (0.173) 0.296 (0.374) 0.760 (0.675) 0.117 (0.190) 0.320 (0.392)
(96.8%) (0.0%) (3.2%) (95.9%) (0.0%) (4.1%)

5 0.270 (0.348) 0.099 (0.167) 0.152(0.241) 0.262 (0.340) 0.108 (0.175) 0.155 (0.241)
(79.5%) (0.0%) (20.5%) (84.2%) (0.2%) (15.6%)

10 0.149 (0.218) 0.096 (0.160) 0.115 (0.186) 0.158 (0.231) 0.104 (0.168) 0.136 (0.200)
(63.1%) (1.7%) (35.2%) (64.1%) (1.9%) (34.0%)

60 3 0.992 (0.934) 0.126 (0.213) 0.704 (0.597) 0.990 (0.929) 0.139 (0.222) 0.708 (0.609)
(99.5%) (0.0%) (0.5%) (98.6%) (0.0%) (1.4%)

5 0.515 (0.514) 0.117 (0.193) 0.241 (0.322) 0.523 (0.524) 0.124 (0.196) 0.249 (0.330)
(90.9%) (0.0%) (9.1%) (93.2%) (0.0%) (6.8%)

10 0.185 (0.264) 0.098 (0.170) 0.124 (0.209) 0.196 (0.270) 0.109 (0.177) 0.142 (0.209)
(72.0%) (0.4%) (27.6%) (70.5%) (0.2%) (29.3%)

100 3 1.000 (1.000) 0.286 (0.359) 1.000 (0.988) 1.000 (1.000) 0.303 (0.367) 1.000 (1.000)
(100.0%) (0.0%) (0.0%) (100.0%) (0.0%) (0.0%)

5 0.982 (0.888) 0.178 (0.266) 0.646 (0.577) 0.958 (0.871) 0.129 (0.272) 0.630 (0.578)
(97.9%) (0.0%) (2.1%) (97.8%) (0.0%) (2.2%)

10 0.365 (0.420) 0.150 (0.218) 0.222 (0.300) 0.347 (0.404) 0.136 (0.207) 0.194 (0.285)
(81.2%) (0.1%) (18.7%) (80.1%) (0.0%) (19.9%)

function h(x) was chosen to be 0 under Hy. Under the alternative, we chose h(x) = hg(x)
with constants cq, cg and c3 being set according to the scenario Sg. In this simulation, the
sample size was n = 60 and data dimension was p = 200. All the simulation results reported
in this part are based on 1000 simulation replicates.

For each kernel K, K and K¢, we constructed the regularized kernels with regular-
ization parameter 7 using (2.4.2). We selected a sequence of regularization parameters of
different orders (y = 107%/n, a € (—5,2)) to check their effect on testing power. For each
of the regularization parameter, we constructed the corresponding regularized test statistic
and applied the test, respectively, to data generated under Hy and Hj.

Figure 2.3 shows the empirical power and size of the proposed test using regularized kernel
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Table 2.3 Empirical power of the proposed test for Gaussian and Laplace errors with de-
pendent covariates using different kernels in the setting of p < n under scenario Sg. The
estimated theoretical power is given in the parenthesis, and the percentage of a kernel being
selected among the three candidate kernels using the proposed kernel selection method is
displayed underneath it.

Gaussian Error Laplace Error
40 3 0.605 (0.605) 0.621 (0.610) 0.634 (0.623) 0.602 (0.610) 0.610 (0.605) 0.621 (0.618)
(37.5%) (32.3%) (30.2%) (37.9%) (35.5%) (26.6%)

5 0.496 (0.495) 0.494 (0.498) 0.507 (0.511) 0.434 (0.462) 0.450 (0.465) 0.463 (0.478)
(38.6%) (30.2%) (31.2%) (37.7%) (29.6%) (32.7%)

10 0.338 (0.375) 0.329 (0.368) 0.346 (0.379) 0.298 (0.353) 0.315 (0.355) 0.329 (0.364)
(39.7%) (33.3%) (27.0%) (36.6%) (32.7%) (30.7%)

60 3 0.793 (0.782) 0.790 (0.776) 0.803 (0.788) 0.786 (0.774) 0.781 (0.771) 0.791 (0.783)
(38.5%) (29.4%) (32.1%) (35.6%) (29.6%) (34.8%)

5 0.668 (0.656) 0.694 (0.663) 0.705 (0.678) 0.698 (0.683) 0.703 (0.685) 0.725 (0.700)
(35.1%) (24.3%) (40.6%) (33.9%) (25.0%) (41.1%)

10 0.492 (0.501) 0.499 (0.507) 0.517 (0.520) 0.498 (0.505) 0.506 (0.506) 0.518 (0.519)
(35.0%) (29.9%) (35.1%) (35.0%) (30.7%) (34.3%)

100 3 0.971 (0.956) 0.969 (0.956) 0.974 (0.961) 0.968 (0.960) 0.965 (0.960) 0.968 (0.964)
(39.4%) (23.2%) (37.4%) (35.0%) (26.2%) (38.8%)

5 0.921 (0.897) 0.928 (0.905) 0.932 (0.912) 0.896 (0.877) 0.897 (0.876) 0.907 (0.886)
(33.2%) (18.2%) (48.6%) (34.4%) (18.2%) (47.4%)

10 0.786 (0.756) 0.800 (0.766) 0.810 (0.777) 0.781 (0.750) 0.780 (0.757) 0.794 (0.769)
(31.4%) (23.3%) (45.3%) (32.7%) (20.1%) (47.2%)

KR . The x-axis represents the —logjg(7) and y-axis is the empirical power or size. The
power with large regularization parameters v was not displayed in the graph for a better view
for small v range. When ~ is large (—logo(7) € (—3.222,1.778), not shown in Figure 2.3),
the power of the test was initially the same as the one using non-regularized kernels (0.769,
0.674, and 0.672 for K, K and K7,), and then started to grow slowly. As for —logyyy €
(1.778,3.778), the power peak (0.810, 0.720 and 0.710, for K, K and K, respectively) of
the proposed test can be observed for all the three kernels. It can be seen from Figure 2.3
that the empirical size of the regularized test was all reasonably controlled.

To evaluate the method for selecting regularization parameters proposed in Section 4.2,

we also marked the regularization parameter selection results in Figure 2.3. The three
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Table 2.4 Empirical power of the proposed test for Gaussian and Laplace errors with de-
pendent covariates using different kernels in the setting of p >> n under scenario §3. The
estimated theoretical power is given in the parenthesis, and the percentage of a kernel being
selected among the three candidate kernels using the proposed kernel selection method is
displayed underneath it.

Gaussian Error Laplace Error

n_p

Kg Ky,

Ka

Kg Ky,

Ka

40 150
200
250

60 150

200

250

100 150

200

250

0.706 (0.716) 0.640 (0.648)
(94.8%) (2.9%)
0.427(0.507) 0.396 (0.457)
(89.4%) (3.4%)
0.261 (0.371) 0.238 (0.334)
(81.8%) (4.4%)
0.890 (0.869) 0.842 (0.815)
(96.6%) (2.4%)
0.596 (0.615) 0.535 (0.560)
(89.7%) (6.2%)
0.402 (0.457) 0.353 (0.419)
(81.9%) (8.9%)
0.992 (0.984) 0.985 (0.969)
(99.2%) (0.8%)
0.885 (0.857) 0.842 (0.818)
(94.1%) (3.9%)
0.618 (0.631) 0.584 (0.590)
(84.3%) (10.7%)

0.639 (0.653)
(2.3%)
0.396 (0.463)
(7.2%)
0.265 (0.340)
(13.8%)
0.841 (0.818)
(1.0%)
0.531 (0.564)
(4.1%)
0.354 (0.423)
(9.2%)
0.986 (0.970)
(0.0%)
0.844 (0.820)
(2.0%)
0.585 (0.593)
(5.0%)

0.710 (0.726) 0.654 (0.726)
(95.3%) (1.9%)
0.390 (0.481) 0.344 (0.432)
(86.6%) (4.8%)
0.270 (0.383) 0.246 (0.348)
(82.9%) (5.0%)
0.898 (0.876) 0.861 (0.826)
(96.9%) (2.4%)
0.591 (0.613) 0.538 (0.562)
(89.6%) (5.2%)
0.350 (0.430) 0.321(0.395)
(82.7%) (8.1%)
0.990 (0.982) 0.984 (0.969)
(99.1%) (0.8%)
0.870 (0.840) 0.828 (0.798)
(94.9%) (3.6%)
0.638 (0.640) 0.600 (0.602)
(87.4%) (8.1%)

0.653 (0.665)
(2.8%)
0.348 (0.437)
(8.6%)
0.246 (0.353)
(12.1%)
0.864 (0.828)
(0.7%)
0.534 (0.566)
(5.2%)
0.321 (0.400)
(9.2%)
0.984 (0.969)
(0.1%)
0.829 (0.799)
(1.5%)
0.599 (0.604)
(4.5%)
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Table 2.5 Empirical power of the proposed test for Gaussian and Laplace errors with de-
pendent covariates using different kernels in the setting of p >> n under scenario S4. The
estimated theoretical power is given in the parenthesis, and the percentage of a kernel being
selected among the three candidate kernels using the proposed kernel selection method is
displayed underneath it.

Gaussian Error Laplace Error

40 150 0.671 (0.691) 0.673 (0.682) 0.674 (0.687) 0.667 (0.687) 0.675 (0.680) 0.672 (0.684)
(47.8%) (20.8%) (31.4%) (44.8%) (22.1%) (33.1%)

200 0.595 (0.616) 0.605 (0.626) 0.604 (0.631) 0.594 (0.634) 0.600 (0.632) 0.600 (0.637)
(53.9%) (14.2%) (31.9%) (53.8%) (13.6%) (32.6%)

250 0.544 (0.597) 0.541 (0.580) 0.543 (0.587) 0.527 (0.589) 0.534 (0.600) 0.525 (0.584)

(62.4%) (8.8%) (28.8%) (63.1%) (9.6%) (27.3%)
60 150 0.903 (0.871) 0.903 (0.871) 0.904 (0.873) 0.860 (0.841) 0.865 (0.841) 0.866 (0.842)
(36.1%) (34.6%) (29.3%) (36.7%) (33.1%) (30.2%)

200 0.817 (0.810) 0.821 (0.808) 0.823 (0.811) 0.824 (0.809) 0.832 (0.807) 0.833 (0.810)
(46.6%) (27.6%) (27.8%) (44.2%) (26.6%) (31.2%)

250 0.733 (0.761) 0.733 (0.757) 0.744 (0.764) 0.768 (0.762) 0.773 (0.768) 0.772 0.765)
(51.2%) (19.7%) (20.1%) (50.7%) (20.1%) (29.2%)

100 150 0.993 (0.986) 0.991 (0.985) 0.992 (0.986) 0.989 (0.979) 0.990 (0.980) 0.990 (0.980)
(24.9%) (45.8%) (29.3%) (26.2%) (46.4%) (27.4%)

200 0.983 (0.972) 0.986 (0.973) 0.986 (0.973) 0.985 (0.966) 0.985 (0.967) 0.985 (0.967)
(31.6%) (39.1%) (29.3%) (31.1%) (41.9%) (27.0%)

250 0.980 (0.960) 0.981 (0.960) 0.981 (0.960) 0.972 (0.951) 0.972 (0.951) 0.972 (0.951)
(33.3%) (38.3%) (28.4%) (35.2%) (34.8%) (30.0%)
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vertical lines correspond to the first quantile (()1), median and third quantile (Q3) of the
stabilized 7 obtained from the 1000 simulation replicates, where L. = 5 were chosen in
stability selection. It can be seen from Figure that the vertical lines were all very close
to the place where the maximum power was achieved. This suggests that the proposed
regularization selection method can locate the optimal regularization parameter to maximize

the power of the proposed test.

2.6 An empirical study

We applied the proposed test to a Yolkshire gilt data set to find gene sets that are associated
with triiodothyronine (73), which is an important thyroid hormone affecting growth and
metabolism in the body. A total of 24,123 gene expressions were measured using liver tissues
for 24 six-month-old Yolkshire gilts, whose T3 levels in blood were also recorded. All the
genes in the Yolkshire gilt data set were classified into 6176 Gene Ontology (GO) terms (gene
sets), where each gene could be assigned to several GO terms according to its gene attributes
in one of the three domains: cellular component, molecular function, and biological process.
More details about the data set can be found in Lkhagvadori et al. (2009).

x k)

Let Y; and ng) = (X(k) X i

il X s )T be, respectively, the measure of Ty level for
the i-th gilt and the standardized gene expression vector of the k-th GO term for the i-th
gilt, where py. is the total number of genes in the kth GO term. We consider the following

nonparametric regression model

¥ = p®) 4 h®xWy g (WG oa k=1, 6176, (2.6.1)
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Figure 2.3 The empirical power (left panel) and size (right panel) for regularized kernels,
where the vertical purple lines in the left panel denote the first, second and third quantile of
the selected regularization parameters among 1000 simulation replicates. For each replicate,
the regularization parameter was selected by the method introduced in Section 4.2.
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For the k-th GO term, we are interested in testing

Hy: () =0vs Hy - hF) () 0. (2.6.2)

We conducted the proposed test to 6176 GO terms using four different centralized kernels:
exponential kernel K, Gaussian kernel K, linear kernel K, and polynomial kernel Kp,
where Kf, K and K, were defined in Section 5 and Kp(x;,%;) = (x;xj/Q)Q. In all the
kernels, the tuning parameter  was set to be pi. For each kernel, we obtained 6176 p-
values and Benjamini-Hochberg procedure was applied for multiple test correction with false
discovery rate controlled at the 1% level.

The proposed test with exponential kernel detected 43 significant GO terms, which con-
tains all the GO terms detected by the other three kernels. Among the 43 significant GO
terms, 28, 6, 6 were detected by Gaussian kernel, linear kernel and polynomial kernel, respec-
tively, with 5 in common. The fact that more GO terms were detected by the exponential
kernel might indicate a strong non-linear relationship between Y and X, i.e., h(X) is a

non-linear function of X.

2.7 Summary and discussions

In this study, we modeled the joint effect of high-dimensional variates in a set through a
nonparametric function in an RKHS. We proposed a nonparmetric test for assessing the sig-
nificance of the nonparametric function. Different from previous investigations, our method
is applicable to the “large p, small n” setting. Our test is powerful in testing a non-parametric

function even when the dimension p is much larger than the sample size n. We derived the
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asymptotic distribution of the test statistic under the null hypothesis and a sequence of local
alternative hypotheses under the “large p, small n” set up. Based on the obtained explicit
power function, we proposed a kernel selection method which was designed to improve the
power of the proposed test. Moreover, we introduced a test with regularized kernel which
can further improve the power and enhance the dimensionality the test could handle. It was
shown that the regularization kernel plays a similar role as a re-weighting method which adds
higher weights to non-zero projections of the nonparametric function to the orthogonal bases
of the RKHS. With a properly chosen regularization parameter, we demonstrate that the
proposed test could achieve almost the same power as the oracle test. A practical method

for selecting regularization parameter was also introduced in the chapter.

2.8 Lemmas and Proofs

Lemma 1. Assume that K is a positive semi-definite and symmetric kernel defined on

X x Z. Let u be a finite measure on Z . If

/K(m,x)du(x) < 00, (2.8.1)

then K(z,y) = 2721 A\jvj(a)i(y), {4;()} C L?(p) form a complete orthogonal normal
system i.e., E(Yj(X)Yp(X)) = 053 where 65 = 1if j = k; 05, = 0 if j # k, and 3521 \j <

Q.

Proof: Given a positive definite kernel K(z,y), we can construct a reproducing kernel

33



Hilbert space (RKHS) %, and the reproducing property implies that

K(ZL’,y) =< K(ZL‘, ')aK(yv ) ><%ﬂK::< K$7Ky >%K '

Since for any K, € %, || K| = \/< Ko, Ko >0, = K(z,x), we have

(K (z,y)| =< Ky, Ky ><%”K§ | Kz ||| Kyl = \/K(:v,x)K(y,y),

and

/%X%KQ(%y)dM( z)dpu(y) / K(x,z)dp(x / K(y,y)du(y) < oo. (2.8.2)

Therefore, K (z,1) generates a compact operator on L2(y) through the integral operation
= [y K fy)du(y). Let {A; } ° 1 and {;(- )}]O‘;l be the eigenvalues and cor-

responding complete orthogonal normal system of kernel K under measure u, i.e.,

/K(%y)%(y)du(y) = \i(x), i=1,2,--- 00, (2.8.3)

Since K(z,y) € L*(u@pu), Kp(-) = K(z,) € L?(n), ie., there exist {cp(z)}5_; such
that K(z,y) = Kz(y) = >, cm(2)¥m(y), then we have Ky(-) = >, —1 cm(-)¥m(y). Be-
cause Ky(-) € L*(u) and {¢m(y)}>°_; can be considered as constants once y is given,
then ¢;,(-) € L?(p) and can be expanded using bases {1, (-) o°_1. Therefore, we have

K(z,y) = Z;?j'zl a;;ji(x)Yi(y), where ZZ] a . < 00 is due to (2.8.2).

It will be shown in the following that a;; = A;d;;, which implies K (2, y) = > 721 Ajib;(2)1;(y)-
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Actually,

[ [ Kt wautinty //Zam () @) () du(@)du(y)

where left hand side is [ A\j;(y)¢j(y)du(y) = A;d;; by using the eigen-decomposition prop-
erty (2.8.3), and right hand side is >y ;ag0g;0;; = aj;. Moreover, we could conclude
SN < oo, since K(z,2) = Y; My2(x), and S25°, \; = [ K(z,x)du(z) < oco. This

finishes the proof of Lemma 1. [J

Proof of Theorem 1: (i) Under the null hypothesis, Y; = pu+¢;. Because the test statistic
T}, is invariant to location shift, without loss of generality, we assume p = 0 in the following

proof. Then Tg =T, Y, the reduced version under null hypothesis, can be written as

2 2

S - D= Thl+ (G - 1] (284)

Ty = m Y KX, X) (6 — (e — )1 + Z
i7#J

Since 02/62 — 1 = 0p(1), under the null, we have T = Tgl{l +op(1)}.

We now study the asymptotic distribution of Tgl /V1 using the U-statistic theory (Lee ,
1990). By plugging in the full expression of € = n~! > i1 €, the leading order of Tgl /i
can be written as the sum of three U-statistics of different orders

2l Ul + U + U + A0, (2.8.5)
1
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where UT(LQ) = P% ZZ#] ‘11(2)(27,7 Z])a

n
1 1

0 = o5 Y vZz.7), U = o Y vW(2,2,.2,,2)),
itk " ik jEkAl

AY = Op(Uy(LQ)+U7'(13)+U7f(L4))7 and Z = (X €). P,]f is the number of k-permutations of n, U(*) is
the kernel function of k-th order U-statistic UT(Lk) for k = 2, 3,4 and of the following symmetric
form W3)(Z;,2;) = K(X;, X;))lejej — n e + ¢))?] /0%, (2,25, Z) = B (i, 5, k) +

90(3) (j, k1) + QD(S) (1,k,j) and

V(Zy, 75,24, Zy) =W (i, 4, k1) + 0Dk, 3,0 + oD (6,1, 5, k) + 0D, k6, 1)

+ oW, L k) + oW (K, 11, 9).

where o) (i, j, k) = —(302) LK (X, X)) [eseptejep—e/nl, and o (i, 4, k, 1) = (60%) 71C(X5, X )epey.
To study the distribution of Tgl /Vi, we will look at the asymptotic properties of each U-

statistic Uék) respectively. Specifically, we are going to show the following

(@): U5 ST MmO - 1), (2:8.6)
m=1

®): P Ro, (2.8.7)

(€ : nU® B, (2.8.8)

To see (a), we define the first-order and second-order projections of the kernel W(2)(.) as
2 2 2 .
0P (z) = B{V®) (2, 2))} = 0 and 65 (z1,2;) = E{U®) (2;,2))} = U (2;,2)), and their
corresponding variances o3 | = Var[¢§2)(zi)], 03y = Var[gzﬁéQ)(Zi, Z;)]. It is not difficult to

prove that U7§L2) is first-order degenerated, i.e., 0%1 = 0 and 0%2 = 2V 2{1 +o(1)} # 0.
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2) d
U 5 5% e, — 1), where {\, ), are

By the classical U-statistic theory, n
the eigenvalues of kernel function KC,(z1, 23) = K(x1, x9)e1 €2 with respect to the distribution

function F}, i.e., solution of integral equations

/ Ko (21, 22) 0, pm(21)dF(22) = Mcymmticam(z2)m =1, .00, (28.9)

It remains to prove that A, ,,, = A View kernel K~ (21, 22) as the product of kernel
KLl(z1,2) = K(z1,22) and kernel Kg(zl,zg) := €1€9, where IC% has only one non-zero
eigenvalue 1 with eigenfunction g(e) = €¢/o under the null hypothesis. Through equations
(2.8.9) above, it can be verified that eigenvalues and eigenfunctions of K. (21, 22) are { A\ }
and {¢m () - g(e) }o°_; respectively. (b) and (c) can be achieved similarly by proving means

and variances of the first- and second-order projections of U7g3) and Ur(l4) are all zero.

(i) Let Qm = Mcm(xZ — 1) for m € N, Sp = Y01 Q. oo = {Var(Ss0)}1/2 =
V2V 2 and {Qp} is the sum of independent random variables. Moreover, it is not difficult
to see that E|Qm|* o Vic.a. By part (i), nTY/Vy has the same distribution as 300 1 Qpy.
According to Lyapunov’s Theorem, if ago4 S g E|Qm|* converges to 0 as p — oo (i.e.,
condition (2.3.2)), then we can conclude asymptotic normality for n7},, under the null hy-
pothesis. In summary, O’%;TLT n weakly convergences to the standard normal distribution

under condition (2.3.2).

Proof of Theorem 2: Under the alternative hypothesis Hy,, Y; = p+ dn(X;) + ¢;, where

Ed,(X;) = 0, E(¢;) = 0, and Var(e;) = 0. Without loss of generality, we also assume z = 0
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in the following proof. Similar to (2.8.4), considering the following expansion

o2 o2
Tn = m > KX X ) (Y = V) (Y = Yo) L+ (5 — D)) =T [1 + (%3 -1l
i#]

&2

Under condition (2.3.6), 2 L 2 (Proposition 1 in the last section), hence it is enough to
study the behavior of 7). By plugging in expression of ¥; and Y; under Hyy, Tj,1 could be
decomposed into two parts: Tgl and Tgh where asymptotic distribution of Tgl is the null
distribution and has been studied in Theorem 1. The remainder term 7' r?l can be expressed

as the sum of the following three terms
70 = {07 + 0\ + ol {1+ op(1)}, (2.5.10)
where

2 1 1 2
o) = — 5 D Ko(Xi, X)) [Ui + Usej + Ujei — (Ui + Uj)* = ~(Us + Uj)(ei + )],

75
3 % 1
o) n3—(172 > Ko(Xi. X)) [ = (Ui + Uj) Uy + €) — (65 + €j)Ug + E(U;? + 2Ukeg)]
i#) 7k
4 V;
o) = 5 S Ko(Xi XUy + Upe + Upey).
g
i kA

and U; = dn(X;). Denote the eigenvalues of normalized kernel Kq(x,y) as {Ac et

where » Mg, = 1 and A, > 0 for each m. Notice that kernel Ky and Ky have the

same eigenfucntions {1, (X)} ;.

Besides, for centralized kernel, p;, = E(¢¥m (X)) = 0
for m € N'\ {m*}, where p,,+ = 1 corresponds to zero eigenvalue (\,,« = 0) (See Lemma

in the last section). Let G = {m : Ay, > 0}, then Ky(z1,22) = > _,,cq Am¥m(21)¥m(r2)
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and py = 0 for all m € G. Define ay, = E(wm(X)dn(X)) representing the projection of
function dy,(X) onto the eigen-function ¢, (X).

In the following we will show that (a) E(ai}nTgl) —U(dp) = o(1), and (b) Var{nT?;} =
O(Var{nTgl}). To prove (a) and (b), let us study the asymptotic behavior of each term in

naiifgl = noi} (@7(12) + @7(13) + @%4)). Firstly split

Ufén@g) = n(S11 + 2512 + 2513 + 2514) {1 + 0p(1)}, (2.8.11)
where
5 Vi 5 Vi
S11i= 55— > Ko(Xi, X;)U;Uj, Si2 = G > Ko(Xi, X)Use;,
Tn izj Tn i
5’13 = 4! Z/CQ(X‘ XHUZ, Sy = h ZK@(X X ) Use
n30-20Tn poy (2t Vg A 2n302UTn po 14X )

We want to show nSj; = U(dy) and nS’lj L0 for j = 2,3,4. Actually, E(nS11) =

oz Vi 51 a2 A m = W(dn){1+ o(1)}, and

- V2
n*St = —n204102 D Mg Mg Py (Xi)¥my (X)) ¥me (X)) mg (X)) Ui U UpUy.
T . .
n i#£j,k#l
m1,moeG

Define index subsets I. = {(¢, 7, k, D) ||{i, 7} {k, I} = ¢,1,5,k, L € {1,--- ,n},i # j, k # 1} for
¢ =0,1,2, where | - | denotes the set cardinality. For example, I represents set {(i, j, k,1) €

i, k1€ {1,--- ,n},i# j#k#1}. Then n®S?) = Jy+ Jy + Jo, where

V2
chm D Memy Mg Cmy (Xi) by (X5)me (Xp)me (X)) UU; Ui Uy
Tn i7j7kal€IC
ml,mQEG
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By using the orthogonal and centralized properties of eigen-functions, it can be proved that

E(Jo) = E*(nS11){1 + o(1)} = ¥*(dn){1 + o(1)},

4V2
E(JD) =515 Y. My MomgB{Cmy (Xi)tmy (X)UZ} - B{tbmy (X5)U;} - E{thmy (X, Uy}
i#j#k
m1,moeG

— 4nv120—405n2( > )\,le)\lc’mﬂmlam?bml’mQ) {1+0(1)},
ml,mQGG

E(Jy) = 20120 452( 3 Anmlm,mb%l,mg){l+o<1>},
m17m2€G

where by my = Elm, (X)zﬁm?(X)d%(X)]. Under condition (2.3.6), we can prove that

1/8

lam| < Dy [Ed%(X)] ; and |bmy mo| < Do [Ed%(X)]l/4 for some finite constants D and

Do, by using Cauchy-Schwartz inequality. Therefore, E(J;) < 40_4D%D2-n [Ed%(X)] 1/ 2V12 [2Vy =

1/2‘/12/2‘/2 = 0(1), and Var(nS11) = o(1) under condition

o(1), E(Jp) < 2071D3 -n[EdS(X)]
(2.3.6). Hence nSq; L\ U(dy,) = O(1). It remains to prove nglj L0 for j =2,3,4in
(2.8.11).

It is easy to see that E(nS12) = E(nS13) = E(nS14) = 0 by using the centralized kernel

property. Moreover, it can be proved that Var(n5'12) = Var(nglg) — Var(nS14) = o(1).

Actually,
~ V2
Var(nS1o) = =L 3 AR nbman{l +o(1)} < (V20) 2 Da[Edy (X)),
o’ aTn meG
~ V2
Var(nSi3) = ﬁ Z )‘IC mem + Z A’Caml)"Cvab?n17m2 {1+0(1)}
o0, | meG mi,mo
< (V2no?) T EdS (X)]V2(D3 + D3VE/Vy)
~ V2
Var(nSiy) = —1 > A/cmbmn{lJrO( )} < (V2no) 2Dy [EdS (X)])1/4,
UTn meG
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where e, = E[p2,(X)d(X)] < D3[EdS(X)]'/2 for some constant D3 > 0. The variance

above are all of order o(1) under condition (2.3.6). For the triple sum terms @%3) in (2.8.10),

~ V v
21 = 5 > Ko(Xi X)) Uiep, Spo= P > KXy, X[)UUy,
I i M ik
~ V V
98 = B3 S K(Xi. X)) Upei, Soq = . S Kp(Xi, X)) Uper,
"iFjF#k " iFjF#k
So5 = n > Ko(Xi, X[)UR.
nto2op J

" itj#k
Similarly, it is not difficult to see that E(nggj) =0 for j = 1,...,5. Furthermore, up to a

factor of {1 + o(1)}, we have the following

. VP
Var(nSo1) = 2V Z )‘IC m am 120" b, m)
meG
- Vi -
Va’r(nSQQ) :20'41V Z /\IC,ml )‘]C,mz (a’72nl CL2 1d72nl m2E[d%(X>] + 2n laml Cm2dm1,m2)
2 m1,moeG
Vi - _
2(741‘/2 Z )‘IC m a E[dz (X)] +n 1bm7mE[d%(X)] +n 107271)’

Var(nSas) =(2n0®) " (V5 V2 D 7N ar, + Elda (X)),

Var(n5'24) :(n30—4)_1E[d12’L(X)]’

Var(nSas) =(2n%c?) ™! (EQ[d,%(X)] + 2n_1E[d%(X)]) + ﬁ Z )\Izc’ma,zn,

where ¢, = E[thn(X)d2(X)], and dmy,mg = Elmq (X)Pmy(X)dn(X)]. Under condition

(2.3.6), all the triple sum terms are of small order. Finally consider the following quadruple
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sum terms @%4) in (2.8.10),

~ V V
S31 = nio Z Ko(Xi, X)) Up Uy, Ss9 = A2 Z Ko(Xi, X;)Uge.

0T, i#j kA OTn i 2kl

It can be shown that E(nS31) = E(nS31) = 0, and

. V2 9
Var(nSs1) :m Z /\IC ma + ( Z ACmam)” + EQ[d%(X)]VK’Q){]. +o(1)},
meG meG
V2
Var(nSsp) = 207V, () A%t + Eldn(X)Vic 2) {1 + o(1)},

meG

are of order o(1) under condition (2.3.6). Therefore, nop. T0 4, U(dy,) under the local
hypothesis Hy,, (2.3.5). This finishes the proof of Theorem 2.
Proof to Theorem 3: First proving part (i). Consider the regularized oracle location shift

\If%(dn, ), whose order is proportional to

2mesy 9m(7)

\/Zmesl gm )

fy) =

where gm(v) = Am/(Am + 7). It can be shown that function f(7) is maximized when
gm/(7y) is a non-zero constant for m € S;. Denote fi(y) = Zmesl gm(0), and fo(y) =
\/Zmesl 95 (7). Since fi = Y gp(y) and f5 = 3 gm()gn(7)/ f2, then f'(y) = 0

(i.e., f1f2 — f1/5 = 0) is equivalent to

5 o ) (0 5) = sy ) =0

ml#m2651
where 4 = 0 (i.e., gm(¥) = 1) is one of the solutions. Then we can show that sgn(f")

=4 =
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sen( 1 fo = f1fY)y=4, where (f{ fo = [1f5)y=4 = = Xmes, A 19117 + (Cmes, Am')?151]
is strictly less than zero when there exists at least one m € S such that \;, # 1, by using
Cauchy-Schwarz inequality. For the case where Ay, = 1 for all m € Sy, f(v) = +/]S1]
does not depend on 4. On the other hand, using the Cauchy-Schwarz inequality, we have
|£(7)] < +/]S1]. Therefore, max \Ilg(dn,fy) ~maxy f(7)CnBp = f(7)CnBp = V1S11Cn By.
Furthermore, if v* = o(Ay), then g, (7*) at the order of 1 for m < N and u%(dn,y*) ~
\/WC’”BP. Hence max- \I/g(dn, ) ~ dn, \/|S_1(]an

(ii): It is not difficult to see for a regularization parameter v* satisfying conditions in

Theorem 3, g (7*) = 1form =1,--- | N, and g (7*) — 0 for m > Ny. Since v* = o(Ay),

: |51’ Am
th t > 0 11 h st. v < e1Ay, h < — <
ere exists € small enough s.t. = €1 AN, hence 11 = Zmesl S
Ry
|S1|. Similarly, there exists e > 0 small enough s.t. /\N2 < €9vy", and W <
Am 2 Ry
oo Ny ()\ P ) < 7*2 Then, we have
J1151|Cn B
U p(dn7*) > — 15U B (2.8.12)
V/Nlog N + Ry /v*2
for some positive constant J;. Assuming v* = JyA Ny> then
J91S1|Cn B
U g (dn, " 2151/Cn By . (2.8.13)

) <
\/N(l +e2)2/(1+e1)? + (Nlog N — N)Jg 2(eny/en, )2 + Ro /72

Since ¢; and ey go to 0, and Ry/7*2 = o(N), we obtain the conclusion in part (ii) by

combining (2.8.12) and (2.8.13).

Lemma 2. If kernel Kg(xl,m) s a positive definite kernel, then the centralized kernel

Ky(z1,z9) is positive semi-definite.

Proof: Assume kernel function Kp(x,y) has eigen-deposition {\},,¥5,(-)}7_q, and cen-

m=1
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tralized kernel Ky(z,y) has eigen-decomposition { Ay, ¥m(-)}oo_;. Since the kernel can be
normalized, we assume the sum of eigenvalues are bounded without loss of generality. Recall

the definition of the centralized kernel function
Ky(x1,%x2) = Kg(x1,%2) = K g(x1) — K7 g(x2) + pues.
Then we have E[Ky(x1, X2)] = E[Kj(x1,X2)] — K] 4(x1) = 0, or equivalently,

/ 1+ Kp(x1, x2)dpu(xcz) = 0,

which implies that ¢, «(-) = 1 is one of the eigenfunctions corresponding to zero eigen-
value. Due to the orthogonality of the system, E{¢y,(X)} = 0 for m # m*. By the

eigen-decomposition equality (2.8.3), we have

Amtm (x1) = E{Ky(x1, X2)m(X2)} = E{Kp(x1, X2)m(X2)} — B{KT (X2)vm(X2)}

+{ngr — K7 (1) JE{m (Xa) } = B{KG (x1, Xo)thm(X2)} = B{KT y(X2)¢m(X2)},

for any m # m*. By plugging in Kj(x1,x2) = ooy AR (x1) ¢, (x2), and multiplying

m(X1) to both sides, we have

At (x1) = Y Nl (xa)dm (1) E{v§ (Xo)m (X2)} — E{AT o(X2)tm (X2) Ym (x1).

for m # m*. Taking expectation with respect to Xj and using the orthogonal normal
property,

A=Y A B (X)m(X)] > 0, m #m”".

m=1
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In addition, A, = 0, then the positive semi-definiteness of centralized kernel function can

be achieved. [J

Proof of Remark 1: Let T}, = m iz Ko(X, X5)(V; = Y)(Y; = V)/62, and Ty =
ﬁ >ij Ko(Xi, X;) (Y;—Y)(Y; —Y) /o2 be the statistics using the true centralized kernel

Ko, Tn = 51y Zitg Ko (Xi. X)) (Vi=Y)(Vj=Y) /6% and Ty = Sy s K (X Xj) (i~
Y)(Y; -Y) /o2 be the ones using empirically centralized kernel K, . Using the similar
arguments in proof of Theorem 2, nT,//Va = nTn1/v/Va{l + op(1)} and nTy,/\/Va =
nTp1/vV2{l + op(1)}. To show nT,/\/Va = nTn/v/Va{l + op(1)}, it remains to show
(nTh1 — ”Tnl)/\/VQ = op(1).

In fact, A, p = V271/2(nTn1 —nTp) = ﬁ >ii Dig (Vi = Y)(Y) — Y)/o?, where

D = v, XK -K,), Dy =V, '/

{Kig(Xj) —(n— 1)_1 Zk;&j K];kj + KT,Q(XQ —(n—
D s Ky 7t = )7 0, Ky — g} and Ky = K*(X;,X;). Viewing A, p
as a special case that was considered in proof of Theorem 2, it is not difficult to see that
EA, p = 0, and the asymptotic variance of A, p is 2E(Dz2j) < CVQ_I(QO'QA’I + O'QA72) for
some constant C', where 02A71 = E[Kf’a(Xj) —(n—1)"1 Dokt K,;"j]z and ‘72A,2 =E[n(n
n1 Dok Ky — pige«)%. In the following we will show that V2_1(20'2A71 + U2A,2) =o(1).

Let {Ay,, i }o°_; be the eigen-decomposition of kernel K*. Denote V5 = >0 | Ai2,
fm = B{0E (X))}, v1 = 3,1 Myk2, and vy = S M2k2, . Since the Ap j is invariant
when the kernel is scaled, we can assume max,, \};, = 1 without loss of generality. Then it
can be shown that 02A,1 = n_l(VQ* — v9) and O'QA’Q = 4n"luy + n_QVQ*. Moreover, it has

been studied in Lindsay et al. (2014) that Vo = V5" — 219 + V%, where 19 <1 <1< /VSf,
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Therefore,

_ 2V +1m
Vo (2031 +oA 1) = - 2V2 {1+0(1)}

2 Vy+ VS
< - )
- nVQ*—ZVQ—{—VQQ

which is o(1) no matter V5" is infinite or finite. [J
Proof of Proposition 1: Under alternative Hy,, : h(x) = dp(x), we have Y; = pu+d,(X;)+

¢; for i = 1,2...,n, where E(Y;) = 0 and E(YZQ) = 02 + E{d%(X;)} = 0%{1 + 0(1)}, under

condition (3.11). Therefore, by the law of large number

1< 1 &
~2 2 2 2 P2
*gZ(Yz—Y) *EZY; -Y) =0
1=1 1=1
Moreover,
o — 05 (nTh —ndg )62\ 62 62 p
Ty 0Ty n n

under condition (3.11). O

Derivation of the adjusted variance o2 .2 Consider
Tnvadj

2
n(n—1)Ty1 = 5 Y HK'HY — YTHK'HYYTHY 2 G — Gy,
g

ot(n—1)

46



By using results from Zhong and chen (2011), we have E(G1) = 2tr(HK?),

E(Gqe) = n i 1 [tr(HKO)tr(H) + Qtr(HKO) + Atr(HKOH o H)J,

Var(G1) = 8tr(HK"HK") + 4Atr(A o A),

Cov(G1,Ga) = & i 5 [16tr(HK"HK") + 4tr>(HK?) + 4tr(HK"HK")tr (H)]
2A

(n—1)

(76 — 15 — 6A)

+ =1 tr(A o A o H)

[tr(HK")tr(A o H) + tr(H)tr(A o A) + tr(A% o H) + 2tr(A o A)]

y —
where 1, = E(Tﬂ)k for any k € N. Applying the results from (Bao and Ullah, 2010),

1
E(—YTAYYTAYY'HYY'HY)
g
= tr?(HK")tr2(H) + 10tr?(HK)tr(H) + 2tr?(H)tr(HKHK?) 4 20tr(HK HK)tr(H)

+24tr2(HKY) + 48tr(HK"HK") + R,,

where Rn = ")/2f72 + ")/4ffy4 + 76f'y6 + Py%f’}/%’ Yo = T4 — 3 = A’ Y4 = T — 15A — 15,

Y6 = T8 — 2874 — 35A% — 210A — 105, and

5(n —1)2

+ 8+ 24@} + tr(HKOHKO){ 10<nn_ 1)2 n 64(nn— 1) }

2(n —1)? 16(n — 1) }

frg = tr2(HKO){

+tr(AoA){(n—1)2—|— £ 16(n — 1) + 48 +

fou = 2tr2(HK0)(nT_1)2 + At (HKHKO) (" N2y t(ao A)("T_l)(zn +18),
fog = tr(A 0 A" )2
gt D ) rutaeafs 4 0T

+ tr(HK'HKDY) (24 . % + %)
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1 1 1

Var(Gs) = o 1)2E($YTAYYTAYYTHYYTHY) - W{E(Gg)}Q
6 20 20 48 R
2 0 0 0 n
— tr’(HK tr(HK"HK"){2
r( ){n—1+(n—1)2}+r( ){ +n—1+(n—1)2}+(n—1)2
ﬁ{ZLAtr(HKO)tr(A o H) + A%tr?(A o H) + 2Atr(HK ) tr(H)tr(A o H) }.
/rL ——
Denote
12
2 0 0 0
S1 = tr"(HKY) (= —) + u(HK'HK") (2 — —),
and
Sy = tr(HKY) (- é) + tr(HK"HK") (%) + Atr(A o A),
n n

then we have

Var(G1 — Gg) = S1 4+ So + 0(S1 + S2)

2 _é}

— tr(HKYHK"){2 —
x it n—1 n

(ni—zl)Q + %} + tr2(HK0){—

+ Atr(A o A) + o(Sy + S9),

_ 20(K?) 1 o o0 2 N
where it can be proved tr(A o A) = {——— — —tr*(HK") — —tr(HK"HK") } {1 + o(1)}.
n n n
Therefore,
1
Var(nT,1) = (n— 1)2Var(G1 — (),

which is an adjustment for the variance of test statistic nTy, since Var(nTy,) = Var(nT,1){1+

o(1)}. This finishes the proof. O
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Let T, be the integral operator defined using kernel K, i.e., T f = [ K(z,-)f(x)du(x)
for f € L2(u). Then the eigenvalues corresponding to kernel function K are actually the

ones correspond to integral operator, and we denote them by A(T) in the following.

Lemma 3. For the given reqularized kernel Kp ~ in the chapter, we have

7)‘m<1K)
A T = .
m( KR»'V> A (T )

Proof: Applying the result from Dauxois et al. (1982), we have
I (K) = An(Tr) 30, n— oo (2.8.14)

and

a.s

nIAn(Kpy) — (i ) =30, = 00 (2.8.15)

for any integer m. Next we will show that A(Kg ) = YA(K)/{\(K) + ~}. If we assume

kernel matrix K has eigen-decomposition QAQT, where A = diag{A1, ..., A}, then

Kr, = QAQ' - QAQT (mQQT + QAQT)'QAQ”
= Q{A - A(mI+A)ANQT,

A%@ YAm

— = . Hence we have
ny+Am v+ Ap/n

which implies A, (Kpg ) = Am

Am(Tr)  — 7Am(K)/n Am(Tk)  as.

-1
ey _ _ 1), 2.8.16
m(Kpg ) Y+ dIn(Tk) v+ AIn(K)/n v+ An(Tk) ( )
Am (T
Combing (2.8.15) and (2.8.16), we can see )‘m(TKR,fy) = % O

49



Chapter 3

A rate-optimal test for

high-dimensional linear model

3.1 Introduction

In the previous chapter, we proposed a test statistic to test the nonparametric function of
high-dimensional variates in a RKHS generated by a kernel function K. In particular, the
functions are of form h(x) = 2%21 amWm (), where {1/1m()}§1:1 correspond to the eigen-
decomposition of kernel function K and form a complete orthogonal normal system, S is the
total number of positive eigen-values of kernel function K. Testing the nonparametric func-
tions is essentially equivalent to the problem of detecting whether the unknown coefficient
vector a = (v, ..., ag) is zero (i.e., Y; are independent of covariants X;) or not. Specifically,

given a predefined norm || - || on RS, let us consider testing the hypothesis
Hy:aa=0 vs Hi(e2):|la| > e (3.1.1)

where e, > 0 is the separation radius. As we can observe, the smaller ¢, is, the more
difficult to distinguish between Hy and Hi (5%) An interesting question is: what is the
smallest rate e, such that it is still possible to successfully detect the alternative Hi(e2) in

(3.1.1)7 Moreover, is the kernel-based test able to achieve the detection boundary?
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As an initial investigation, in this chapter we mainly focus on a high-dimensional linear

regression model as follows:

p
Yi=p+ Y BunXim+ei=1..n, (3.1.2)

m=1

where (3, € R are unknown coefficients, X; = (X1, ..., Xip)T is a p-dim Gaussian random
variable with mean vector 0, and covariance matrix 3; the dimension p goes to infinity as
n goes to infinity; ¢; are IID random Gaussian errors with mean 0 and known variance o2
(then assuming 0 = 1 without loss of generality); ¢; are independent of X;(1 < i < n).
This optimal testing problem in (3.1.2) is closely related to several existing works on
detection boundary for Gaussian models (Donoho and Jin, 2004; Donoho and Jin, 2008;
Donoho and Jin, 2009; Hall and Jin, 2010; Ingster et al., 2010; Ingster et al., 2009). Specifi-
cally, Donoho and Jin (2004), Hall and Jin (2010) and Ingster et al. (2009) considered the
model with X;; = 1g;_j and dimension p = n, and Donoho and Jin (2008, 2009) inves-
tigated the model (3.1.2) with X;; = Zil{i—jy (Z; = £1 is class label) and p = n under
a classification setting. As an extension to linear regression under high-dimensional setting
p >> n, the detection boundary of model (3.1.2) with the covariance matrix ¥ = I was
studied in (Ingster et al., 2010)). However, those works were all developed under sparsity
assumption that the majority of the coefficients are zero (e.g., the proportion of the nonzero
coefficients is p~7, 7 € (0,1)). The major contribution of the present work lies on the in-
vestigation of detection boundary under a general structure-free (no sparsity assumption)
high-dimensional linear model with correlated variables, which have been more commonly

seen in practice.

The rest of the chapter is organized as follows. After introducing the basic notation
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and definition for minimax testing problem in Section 3.2, we establish a lower bound of
the detection boundary e, in Section 3.3. Section 3.4 introduces the kernel-based test and
provides its asymptotic distributions under the null and a general alternative hypotheses,
which leads to the establishment of its non-trivial power at the detection boundary ¢, under

certain conditions. Summary and further discussions are given in Section 3.5.

3.2 Minimax testing problem

Assume the covariance matrix has decomposition & = QAQ7L, A = diag(A1, ..., Ap) is a di-
agonal matrix, and A\ > Agp > ... > A; > 0. Noting linear transformations X = A_l/QQTX
can generate p-dim Gaussian random variable X with mean 0, and identity covariance ma-
trix, we can see that (X7, ...,Xp) forms orthogonal normal system (i.e., E(XZXJ) = 1gi—j)
i,7 =1,...,p). Moreover, linear kernel function K (X;,Xs) = X?Xg has alternative expan-
sion K(X1,Xo) = X,{AXQ. The above two observations together imply that the function

space generated by the linear kernel includes functions of form

h(XZ> = QTXZ = aTA/\_l/Q(QT)(i7 7 = ]_’ ey n,

which is equivalent to the model (3.1.2) by letting 8 = QA_l/ 2. Therefore, testing the
high dimensional linear function is equivalent to testing the high dimensional coefficient
vector a = 0. In the following, we will formalize this problem from an asymptotic minimax
point of view.

For any coefficient vector o € RP, we define norm HozH?X = ol Aa, and incorporate it
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into the following testing problem

2 2 2 2
Hy:llefly =0 vs Hi(eg) : lallp > &5, (3.2.1)

under the high-dimensional setting where p — oo as n — oo.
We denote a test based on the n observations as ¢, € {0, 1}, where ¢, = 1 represents a
rejection of Hy, and ¢, = 0 indicates a decision of retaining Hy. Therefore, the type I error

of the test is

Oé<¢n) = P0(¢n = 1)7

which is assumed to be asymptotically controlled at level «, i.e., a(¢n) < a+ o(1) and the

minimax type II error of the test is defined as

7T(¢TL7 5%) = sup Ph<¢n = 0)7
hEHl (E%)

where Py and P}, are the probability measures that correspond to observations under the null
hypothesis o = 0 and the alternative hypothesis h(X;) = a?X; = ol A=12QTX,;. Then
the minimax power, i.e., the worst power against Hy(g2) is 1 — 7(¢n, £2). Following Guerre
and Levergne (2002), we call a test ¢, has an asymptotically trivial power against Hi(e2)
if the minimax power is no larger than the significance level a € (0,1), i.e., 1 — 7(¢p, e2) <
a + o(1). Accordingly, a test ¢, has an asymptotically non-trivial power against H; (57%) if
1 —7(dn.eq) > a+o(1).

We want to find a separation rate &, such that for any rate ¢, that goes to zero faster
than &, (i.e., e, = 0(én) ), any test will have trivial power against Hy (5%), while there

existing a test ¢¥ that has non-trivial power against Hq(e2) if e2 = ké2 for some constant
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x > 0. This special separation rate &, and the test ¢ are normally called optimal minimax

rate (or detection boundary) and rate optimal test, respectively.

3.3 Lower bound of separation rate

In this section, we establish a lower bound for the optimal minimax rate &, as stated in the

following theorem.

Theorem 4. Let 2 = \,/\/n and assume that logp = O(n/2). For any test ¢, with

a(pn) < a+ o(l), the minimaz type Il error W(qﬁn,e%) >1—a+o(l) when e, = 0(&p).

Proof. Note that it is enough to show m(¢n,e2) + a(pn) > 14 o(1). Following the lower
bound investigations in Cai and Ma (2013) and Guerre and Levergne (2002), we consider a

least favorable subset of the alternative hypothesis Hy(e2) in (3.2.1)
Hi(e2) = {aTi,a c @(a%)}, (3.3.1)

where

—-1/2 —-1/2 —-1/2
@(5%) = {ay Qy =Epl,V € {)\1 / 81,>\2 / €9, ...,)\p / ep}},

where ey, is the p-dim vector with kth element being 1 and others being 0. It is not difficult

to verify that for any oy, € O(c2), ol A, = 2.

Under a Bayesian setting, we introduce a prior probability over alternative Hy(c2) as

I (h(x) = aT Xl € O(e)) = -
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By using the Bayesian prior measures, we can obtain a lower bound of the sum of errors

alpn) + m(dn,e2) = Polgn=1)+ sup Py(¢n =0)
heHy (e5)

> Pylon=1)+ /PheHl(E%)(an =0)dIlj,(h),  (3.3.2)

where the lower bound represents the Bayes error of any test ¢, which is larger than the
error of the optimal Bayesian likelihood ratio test given below.

Let X = {X;}!' 1, Y = {Y¥;}I' |, and denote pp,(X,Y) as the density function of (X,Y),
where the subscript h acknowledges the dependence of X and Y through the regression
function h. Plugging in the prior measures on the function h, we can define the joint

densities po(X,Y) and p1,(X,Y), associated with Hy and Hy(e2) respectively, as

PO(X.Y) = po(X.Y) and pi(X,Y) = / pp(X, Y)dIIy, (h).

The optimal Bayesian likelihood ratio test rejects the null hypothesis if

[ _ PXY) _ pin(YX)
"7 poXY)  po(YIX) T

and the corresponding Bayesian error is

1-2 / / P1a(X. Y) = po(X, Y)|dXdY

= 14 [ (1811 ot pixiax

— 1- %Ex [Eo{yLn - 1|\x}] (3.3.3)
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where E is the conditional expectation with respect to pg(Y|X), and Ex is the expectation
with respect to the marginal density of p(X). Then through (3.3.2) and the optimal Bayesian
error (3.3.3) we can get another lower bound

T(én,e2) + aldy) > liminf {1 — %EX [EO{|Ln — 1|‘X}] } +o(1),

n—oo

which is based on the likelihood ratio L,. By Fatou’s lemma, it remains to show E0{|Ln —
1||X} — 0 in probability, or equivalently, EO{(Ln — I)Z‘X} L 0, which can be further

reduced to E (L%‘X) L1 since Eg (Ln‘X) = 1. Hence to complete the proof, we need to

verify
Eo(L2]X) & 1. (3.3.4)
. . S . . pln(Y|X) .
In the following we will focus on the likelihood ratio L, = m, where the denomi-
0
nator

po(YIX) = (2n) " Zexp { ~ 33 V2,

i=1

and the numerator is

plYp = 02 [ lew{ - 20 BOX)? (1)
= (2m) ”/2/ {exp{ — 1§;YE - %ihz(xz) +Z§;Yzh(X1)Hdﬂln(h)
= ooV [ e { - —éh%xi) +§;mh<xi>}}dnm<h>. (33.5)
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Specifically,

n

n n
S X)) =D (@l X)? = Xla,elX;
=1 =1 =1
n

n
D OVik(X) =) Vi X;.
=1 =1

Hence (3.3.5) implies that

1 1< - B n .
L= Y e (- 33 K avalX;+ Y vial X,) 3.36)
. i=1 i=1
and
1 L - 1O B n i
B=bY e ( S el X, - LY Kl X Y Vil + %OTX@M)
v! =1 i=1 i1

Under the null hypothesis, Y; = ¢; follows a standard normal distribution. Then ;" ; €; (o +
ay/)Tf(i is the sum of n independent centered normal random variables with variance
S X (e + e ) (e + ) TX;, conditioned on X. It is known that for any centered
normal random variable Z with variance ag, E{exp(Zy)} = exp(ag /2). Therefore, (3.3.7)

yields
1 1< ~
E(L2|X) = — ) _exp <§ZXZT{ayaZ,+aV/aZJ;}X,-).

Before proceeding further, let us denote ap, = nA, 12 and by, = nA, 24 On one hand,

1 LT T T 1 - o5
_2 Z eXp (5 ZXZ {ayay/ + ay/al/ }X’L = p Z eXp Z \/WXZkXZk/ = MTL7

b v#u! i=1
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where for any fixed k # &',

2 n 2 n

€ ~ ~ £ ~ ~
E{—n Xip X, /}20, Var{ L E Xip X, /}Sb .
/Ak)\k, lz; 1 ik /)\kAk/ — 7 ik n

Since by, = o(1) if €2 = 0(22), M, L 1+ p~1. On the other hand,

N | —

o

/

no ~ 1 p XQ
ZXz‘T{O‘VO‘Z/ + ay/ag}Xi) = ]? Z exp (5% Z )\Zk> = Rp.
i=1 =

v=vr

Actually,

1 p nox2
0<R,< p Z exp (5% Z )\Zk — logp), (3.3.8)

and

no 2

X:

exp (5% E )\—Zk—logp) i)Wk, k=1,..,p,
i=1 P

where {WV}, }izl are independent log-normal random variables with mean

1
prN = exp(ay + 51)” —logp)
and variance
U%N = {exp(bn) - 1}#%]\[,

where ppn = o(1) and U%N = 0(1) when €2 = 0(£2) = o(~L). Because the upper bound

N
1.2

in (3.3.8) asymptotically converges to a distribution with mean y,n and variance p~ o7
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we can obtain R, = op(1) through (3.3.8), and conclude

E(L2|X) = My, + Rp 5 1,

under a high-dimensional setup. This finishes the proof.

]

Remark 3.1 (a). In the context of testing functions of specific forms under a fixed di-
mensional set-up, the minimax rate depends on the smoothness of the function class (Guerre
and Levergne, 2002; Ingster, 1993). According to Guerre and Lavergne (2002), if the smooth
index s > p/4, then &2 = n~4s/(p+4s) and g2 = 1/y/nif s < p/4, when the norm was
defined as HhH%; = E(h?(X)) = ol a. If assuming all the eigenvalues are bounded in the
sense 0 < m < Ay < A1 < M < oo, then the norm considered in our setting is of the same
order as HhHé ;- Besides, the class of linear functions essentially has smooth index s = 1 and
gives rate £2 = 1/y/n when p > 4. Hence the lower bound in Theorem 4 is well connected
to existing results.

(b). Although X; is assumed to follow a multivariate normal distribution in our model, the

lower bound result in the above theorem still holds for any distribution with E(X;lk) < 00,

3.4 Upper bound of separation rate

In this section, we derive the upper bound of the separation rate by showing the existence
of a test whose minimax power is nontrivial against Hi(k£2) for some constant s > 0. The

lower and upper bounds together characterize the detection boundary, which can be then
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used as a minimax benchmark to evaluate the performance of a test asymptotically.

3.4.1 Test statistic

Given a random sample {X1, Y7}, {Xo, Yo}, ..., {Xy, Y}, we consider a test statistic

1 _ _
On = ooy 2 X1 X (Yi = Ya) (¥ = Yo (3.41)
i#J
Denote Vj, = tr(2F) for k € Z*. In parallel to the results in Chapter 2, we can similarly

give the asymptotic distribution of ), under the null hypothesis, which is given in Theorem

5. The asymptotic distribution of (),, under a single alternative hypothesis
Hyi(a) Y= p+ ha(X;) + ¢ (3.4.2)

is discussed in Theorem 6, where ho (X;) = >0 _, amXim (1 <i < n). It should be pointed
out that those results are derived based on some mild moment assumptions on X or €, as
described below.

Al E(X})<oo,i=1,..,nk=1,..p.

A2. E((—:;L) <oo,i=1,..,n

Theorem 5. Assume V4/V22 — 0 as p(n) — oo. Then under assumptions A1 and A2, we

have

Zg_‘g 4 N(0,1) (3.4.3)

under the null hypothesis.

Therefore, an « level test rejects the null hypothesis if (2V2)_1/ 2nQn > 21—q, Where 21,
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is the lower 1 — « quantile of the standard normal distribution. Denote ¥, (X;) = Xim, and
;= <¢1(Xz’)a¢2(xi), ...,wp(XZ-)>, 1 <m <p,1<i<n. Then we can see that p; enjoys

the nice properties of Etp; = 0 and Cov(¢p;) =L

Theorem 6. Assume V4/V22 — 0 as p(n) — oo. Then under assumptions A1 and A2, we

have

nl/Q((TQ?a_) Oo) d N(0,1), (3.4.4)

under the alternative hypothesis Hq (o), where

p

2

O = > Admap,
m=1

p p
m=1

m1,mo=1

p P
2207 ST Ay g g (@) +2 37 A2 (@) + Vi — 93},
m=1

my,mo=1

and by my () = E{?ﬁml (X)wmg (X)ha(x)} Jormy,mg =1,...,p.

Proof. Tt is not difficult to see @y, = QY{1 + 0p(1)}, where the leading order term is

Q) = ye— > XX (ha(X)) + €) (ha(X;) + €)). (3.4.5)
i#]

To use the classical results of U-statistic (Lee, 1990), let us denote Z = (X,¢) and de-
fine the first-order and second-order projections of the symmetric function ¢(Z1,Z9) =

X{ Xo(ha(X1) + €1)(ha(X2) + €2) as

o W(z1) = B{p(z1,Z2)}, ¢ (21,22) = p(z1,22)
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and their variances

oy = Varlolon Z2). oy = Vor{s o ).

Plugging the expansions

p
ha(Xi) = Z am¢m(Xi)
m=1

and

p
X?Xg = Z Amtm (X1)Pm (Xs)

m=1

into the function ¢(Z1,Z>), we can see that the first-order projection and its variance are

p
eW(z1) = 3 Anamtm(x1) (h(x1) + e1),

m=1
D p
Fy= > A gama by, () — 65+ > N202,
m,m/=1 m:l

The variance of second-order projection is

p
0(22) = B> Ay ¥m (X)) vm (X2, (X))t (Xa)

m,m/=1

(H2(X1)RA(X2) + WA(X1)e + hE(Xa)el + eFed) } 2

p p
> )\mAm/bfn’m,(a) +2)  Abbmm(a) + Vo — 05,

m,m/=1 m=1

According to the classical results on U-statistic (Lee, 1990), Var(Q¥) = {4n_10(21)+2n_20(22) H1+

o(1)}, and

n1/2(Q7QL —ba) d
Var(QD) — N(0,1).
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Letting 02 (a) = 40(21) + Qn_laé), we can obtain the claim. O

With the normal assumption on X; and ¢; in model (3.1.2), assumptions Al and A2
automatically hold. Moreover, we can obtain a further characterizations for the asymptotic

variance o2 (a).

Corollary 1. Assume X; follows a Gaussian distribution for i = 1,2, ...,n, then
o2(a) = (4+6n HalAa)? + A+ sn Hala+1)(a’A’2a) + 20 (ol a + 1)Vs.

Proof. Based on normality assumption, 1; ~ N(0,I), i = 1,...,n. Rewrite 2bmymy as a

product of two quadratic forms

mel,mQ (@) = E[¢1T(emle£2 + emQlel)’(/)l(b{aaT'(/)l],

where ey, represents the p-dim vector with the k-th element 1 and others 0. By using classical

results on expectation of quadratic forms in Kumar (1973), we have

T T

2bm17m2(a) = (e%lem2 + e%Qeml)a o+ 201T(emle%2 + eerml)a,

which yields bmlmQ(a) = 20y, gy for my # mg and bmm (o) = 204%1 + oL, Thus, we
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obtain

p
2 2 2
oW = D gty Gmgbing o (@) + Z Am @i — Vo
my,mo=1
= 2 Z )\ml)\mQOéml am2 + Z )\mam aTa + Qam +1) Z )\mam
m1#m9

— (Z)\ma?n)Q (a’a+1) Z)\mam
m

= (aTAa)2 + (a o+ 1)(aTA2a),

and
2 & 2 2
@) = Z )‘ml)‘m2 my.mg(€) +2 Z Ambm.m(e) + V2 — b
my,mo=1 m=1
= 4 )" Ay Amgain,a +Z>\2 202, + al a) +2Z>\2 (202, + o’ a)
mi#meg
2
+Vo = (D Aman,)
m
= 3( Z )\ma?n)Q + (efa+1)Vs + (4ol a + 4) Z A2 a2,
m m
= 3(a’Aa)?® + (ala+1)* Vs +4(a’a+ 1) (e Aa).
Noting that a,%(a) = 40(21) + 2n*10(22), we complete the proof of the claim. H

3.4.2 Rate-optimality of the test

Equipped with the asymptotic behaviors stated in Theorems 5 and 6, we now study the mini-
max power of the proposed test (denoted as ¢}) against the composite alternative hypothesis
H 1(5%). In particular, we confirmed the existence of the constant x > 0 such that the test
has nontrivial power against H 1(/@57%), when the decreasing speed of eigenvalues is not too

fast. Specifically, we put the following two assumptions on the decay speed of eigenvalues.
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A3. M\ /Xy = o(y/n).

A4. There exists a constant b* > 0 such that (nwp)_l < b*, where wy = )\12) /Va.

Theorem 7. Under assumptions A3 and A4, ¢y, is rate-optimal, i.e., for any given signifi-

cance level o € (0, 1), there exists a constant k > 0 such that

1—m(¢f, kE2)=1—  sup  Py(¢f =0) > a+o(1).
heHy (rké2)

Proof. According to the definition (3.2.1), for any h € Hq(ké2), there exists 7 > & such that

||a||P = o' Aa = 722, Suppose & is large enough such that

1/2 1/2 3
(52 ez () hz e (346

Consider the type II error of test ¢y, against single alternative Hi(a) where ||0¢||?x = 782

(ie., ol Ao = 782)

Py, =0) = Py (\%L—‘Z < Zla) = Py <n1/2Qn <n~l2%y 2‘/221704)
= P, (nl/z(Qn - aTAa) < n_1/2\/2V2z1_a - n1/2aTAa>

= P <|n1/2(Qn TAOé ) <|n 1/2\/ 2Voz1_ o — nt2aT Aa |) )
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By using Chebyshev’s inequality,

Py, <|n1/2(Qn —aAa)| < n 12,2V _o — n'2aT Ac |)

O'2 «
< () {1+ 0(1)
|:\/<2V2/n>2’1_a — \/ﬁaTAa}
- non(a)/(2V5) S(1+0(1)) (3.4.7)

[zlfa — n(QVQ)fl/QaTAa}

where the numerator

2 T 2 T T A2
4 A 4 1 A
noj (o) _ n(a’Aa)* +4n(a’ a+ 1o’ Ao +@la+ 1) {1+o)}. (348)
2Vo 2V
. T ) 7'/\p . .
Since a” Aax = 7€;, = —=, it is not difficult to see
vn
2
T TES T T A2 o TAMAp
< —=— Aa< T = . 3.4.9
o a N VR o N a < TNES T ( )
Plugging (3.4.9) into (3.4.8), we can see
2 242
no’n(a> 4T )\p + 47’)\1)\1)(7' + \/ﬁ) T 2
< —+1 1 1)}. 3.4.10
2, S e +(\/ﬁ+) {1+0(1)} (3.4.10)
On the other hand, (3.4.6) implies
< 2nal Ao
Z _ f—
=3
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hence the denominator

2 2
nal Aa B lnalAa|” 7172/\]2, (3.4.11)
N e R T -
Combine (3.4.8) and (3.4.11), the upper bound in (3.4.7)
non(e)/(2V2)
2
[zlfa — n(2V2)_1/2aTAa}
< 47202 + AT\ Mp(7 + /) L 2Walr/ v+ 1)2
- I TLTQ)\% 717'2)\129
4 11\ A 11\? 2
— 9 —+4(—+ )—1+(—+—> =
n no TVn) A vnooT) nwp
4 11\ A 1 1)?
— 9 —+4(—+—> Ay (—+—> (2b*)]
n n o Kyn/) Ap n o K
= oo+ (L 1Y @ (3.4.12)
= 0 N 4.

under assumptions A3 and A4. Noting that there exists a constant k = r(a, b*) > 0 such
that the bound in (3.4.12) is uniformly controlled by 1 — «a, we can reach the conclusion that

the test ¢, is rate-optimal in the sense that

1—m(¢f, kE2)=1—  sup  Py(¢f =0) > a+o(1).
heHy (rké2)

This finishes the proof. O

Remark 3 (a). Assumption A4 sometimes implicitly puts restriction on the dimension
order. For example, in the special case where all the eigenvalues are bounded constant, then

Assumptions A4 indicates that at most p/n — r € (0, 00).
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(b). Assumptions A3 and A4 might not be necessary for the rate-optimality of test ¢ .
The upper bounds given in (3.4.9) are probably too loose to get assumptions weaker than
A3 and A4. However, it is not easy to bound the two quantities in (3.4.9) sharply without
specific assumptions on the decay speed of eigen-values.

Recall in (Ingster et al. 2010), the authors consider the high-dimensional sparse linear

model with independent and standardized variables (i.e., X; = X; and A\ = ... = Ap =1).
R
i N
proportion of non-zero coefficient is p_ﬁ (% < f < 1). Comparing our detection boundary
r . : - : pt/4 :
=i (if A\p = 1) to y,, our rate does not contain the minimum with the —= term. As is

NG

discussed in Cai and Ma (2013), the optimal test or detection boundary against a structured

They derive the detection boundary e;, = in moderately sparse case where the

En

alternative is quite difficult from the one without structural assumption. Intuitively, with
more information about the signals, the detection boundary is potentially tighter than the
one against the structure-free alternative, which is also observed here. However, we can see
that the difference disappears as the order of dimension p gets larger. This shows an adverse

effect of dimensionality on the high-dimensional detection boundary.

3.5 Summary and discussion

In this chapter, we consider the detection boundary problem in testing a general linear
model under the high-dimensional setting, where the p-dim variables are correlated and the
dimension p can go to infinity as n goes to infinity. The problem is studied from a minimax
point of view. We firstly establish the boundary that separates the detectable region and
non-detectable region. Then a test is introduced and shown to be rate-optimal under certain

conditions on the eigenvalue decay speed.
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One of the most important directions of the future research is the study of detection
boundary for a general model where h(x) = anzl amUm(x), {wm(-)}fnzl correspond to
the eigen-decomposition of kernel function K and form a complete orthogonal normal sys-
tem. We want to extend the optimal results under linear model (associated with linear

2 is normally unknown

kernel) to the general case. In addition, since the variance of noise o
in many applications, finding a consistent estimator for o2 under both the null and alter-
native hypotheses is of great importance. Finally, it is still unclear if assumption A3 and
A4 are violated, whether the current lower bound is still sharp enough and what is the cor-

responding optimal test. Answering these two questions is another interesting project for

future investigation.
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Chapter 4

Testing high-dimensional
nonparametric functions in RKHS

using multiple kernels

4.1 Introduction

Driven by advancements in microarray and next generation sequencing technologies, increas-
ing number of genetic variants including small variations in single nucleotide polymorphisms
(SNPs) and large variations, such as indel and copy number variation, are generated in a
daily basis. The traditional genome-wide association studies (GWAS), aiming at detecting
the SNPs that are associated with complex traits and accessing the effect of each SNP one at
a time, has been proven to be a powerful tool to unveil the genetic architecture of a variety
of complex traits. Although the traditional single-variant-based GWAS have successfully
detected many genetic variants that are associated with the traits of interest, their power is
still limited because of the weakness of individual signals and the lack of consideration of
potential interactions among genetic variants.

The limitation of single variants analysis was overcome by the recent wave of set-based

association studies. Such extension to set-based analysis is a natural choice because genetic
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variants or genes in a set (i.e., a pathway) tend to work coordinately to fulfill their task. On
one hand, the subtle effects in multiple variants can be combined so that the joint signal of
the set could be potentially boosted. On the other hand, the set-based strategy improves the
power to capture the complicated interactions among variants. There are a variety of public
resources available to create the SNP-set or gene-set, such as the annotated gene models (for
SNP-set), Kyoto Encyclopedia of Genes and Genomes (KEGG) (Kanehisa, 2000), Reactome
(Croft et al., 2010) and Gene Ontology (Ashburner et al., 2000).

Kernel-based testing (KBT) framework, which measures the similarity between genetic
variants through a kernel function and comparing it to the phenotype similarity, is one of the
most popular and powerful methods in set-based association studies (Liu et al. 2007; Liu et
al. 2008). Moreover, KBT is a very general framework so that many other similarity based
approaches (e.g., Reiss et al. 2010; Wessel and Schork 2006; Mukhopadhyay et al. 2010;
Tzeng et al. 2009) are closely related to it. In Chapter 2, we have built a KBT framework
with a single kernel function for quantitative traits, under the high dimensional setting where
the total number of variants could be extremely large. As is observed in our simulations in
Chapter 2 and other literature (Wessel and Schork 2006; Wu et al. 2010; Lin et al. 2011),
the power of kernel-based test generally depends on the choice of kernel. Specifically, if
the true function comes from the function space generated by the kernel, then utilizing the
corresponding kernel will achieve high power. However, the underlying genetic architecture
(the true function) is typically unknown. Given a few candidate kernels, one simple way is to
choose the one with the smallest p-value. This, however, will inflate the type I error rate due
to kernel selection. Based on the kernel machine testing proposed by Liu et al. (2007), Wu
et al. (2010) proposed a perturbation method under multiple candidate kernels. However,

this strategy is over-conservative in high-dimensional case and needs computational intensive
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procedures to evaluate statistical significance.

Our interest in this chapter is to find an efficient multiple-kernel testing procedure that
can maintain nominal type I error rate while achieving high power in a high-dimensional
setting (i.e., p > n), under the KBT framework we developed in Chapter 2. Here we mainly
focus on a high-dimensional setting and assume a set of candidate kernels are given. In the
subsequent sections, we firstly extend our model in Chapter 2 by integrating covariates into
the test statistic, and access the asymptotic distribution of the adjusted test statistic. We
then propose two effective and efficient testing procedures when multiple kernel candidates
are available. In the first procedure, we propose a test using the average of the standardized
kernels in the candidate set, which is referred to as the simple average kernel method. In the
second procedure, we introduce a new test statistic taking the maximum of the test statistics
using the standardized kernels across the candidate set. We demonstrate the performance
of the two strategies through a real data application and extensive simulation studies under
both continuous and discrete variable settings. We show that under a high-dimensional
setting, the proposed approaches not only calibrate the nominal type I error rate, but also
enable the power to be close to the one using the best candidate function in the set, while
the perturbation method proposed by Wu et al. (2010) suffers power loss. To make the work
self-contained, some of the notations given in the earlier chapters are defined in this chapter

again.

4.2 Statistical model

We assume that n unrelated subjects from a population were observed in a study design,

where a quantitative (continuous) trait is of interest. For the ith subject, let Y; be the
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quantitative measurement, W; = (W1, Wa, ..., W; )T be the L-dim covariates, where L
is finite and ¢+ = 1,2, ...,n. In this chapter, we focus our attention to a p-dim SNP-set or
gene-set, where p is assumed to be large and even allowed to be larger than sample size n.
Let X; = (Xj1, s Xz-p)T € X be the vector of measurements of the set for subject 7, which
could be the genotype values for the SNPs in the SNP-set, or the gene expression profile for
the genes in the gene-set (or pathway). For genotype values of SNPs, X;; is typically coded
as the number of minor alleles that subject 7 possesses at the jth specific position, hence a
discrete variables takes three possible values 0, 1, or 2. The gene expression levels of gene-set
are generally continuous measurements. Throughout the chapter, we do not assume specific
assumption on the distribution of Xj.

To model the relationship between the quantitative trait and the SNP-set (or gene-set),

we consider the following semi-parametric regression model,

Yi=p+al W; +h(X;)+¢, i=1,2,..n, (4.2.1)

where h is an unknown function, ¢; is a random subject-specific error term following a
certain distribution (not necessarily normally distributed) with E(e;) = 0, Var(e;) = 0% and
independent of (X;,Z;). The identifiability of the h function is assured by side condition
E[h(X;)] = 0. We want to test the existence of association between the SNP-set (or gene-set)

and the continuous trait of our interest, i.e.,

Ho:h(-)=0 wvs Hp:h(-)#0. (4.2.2)
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4.2.1 Kernel function

Before proceeding to the test statistic, we want to introduce kernel function, which is widely
used to measure the similarity between two subjects, as well as the functional space that is
generated by the kernel function. A function K : X x X — R is called a kernel function if it
is symmetric and positive semi-definite (i.e., K(x1,x9) = K(x9,x1), and the kernel matrix
K defined by K;; = K(x;,2;) is positive semi-definite, for any z1, 29, ...,z € X). In our
context, K (X;, Xj) is a measure of similarity between the ith and the jth subject based
on the genotypes of the SNPs in the SNP-set or the expression levels of the genes in the
gene-set.

For any positive definite kernel K* with corresponding matrix K*, we can defined its

centralized kernel

K(z1,22) = K™ (21, 29) — K7 (21) — K{(22) + ppes (4.2.3)

satisfying E{ K (X1, X2)} = 0, where K{ (21) = EK*{(21, X2)}, and i+ = E{K* (X1, X2)}.

Empirically, centralized kernel matrix K. can be replaced by its estimator

Kep =K' —(n—1)""IEKH? + (KT +n " n—1)"1I3KHT,

where J is an n x n matrix with all the elements as 1, and DY = D — diag(D) is a zero-
diagonal matrix sharing all non-diagonal elements with D. For notation simplicity, hereafter
we use K*, K and K,, to represent the original kernel function, centralized kernel function
and the empirical version of centralized kernel matrix.

Some commonly used kernel functions include linear kernel K*(z1,z9) = x{xz, polyno-
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mial kernel K*(v1,29) = (21 29 + ), Gaussian kernel K*(z1,29) = exp(—|jz1 — x9]|%/p),

and IBS kernel (for discrete genotype data only) K*(z1,x9) = (2p)_1 Z?:l IBS(x1j,29;) =
(2p)~ 1 2?21(2 — |x1j — w9;4|), where ¢, p > 0,d € N are tuning parameters. For a review of
genomic similarity and more kernel functions, please refer to Schaid (2010a, 2010b).

In this chapter, we will utilize centralized kernel in the testing, as the asymptotic dis-
tribution shape of the test statistic using non-centralized kernel is fully determined by the
centralized kernel. More benefits of using centralized kernel can be found in Lindsay et al.

(2008, 2014). Furthermore, we can define the standardized kernel
Ky, w2) = K(r1, 22) /E{K (X, X)}

from which it is easy to verify that E{/C(X,X)} = 1. Next let us briefly look at the
eigen-decomposition of kernel function, which is an important way to characterize the kernel
function. Assume K (-,-) is a kernel function defined on & x X', and  is a probability measure
on X. Then the spectral decomposition theorems (Lemma 1 of Chapter 2, Steinwart and

Scovel, 2012) implies that the standardized kernel K (-, -) enjoys the following representation

S
K(x1,29) = Y A mWm(e1)dm(ra), Vay, oz € X,
m=1

where the eigenfunctions {¢,,(-)} form a complete orthonormal system (i.e., E{¢2,(X)} = 1
for any m, E{¢m (X)), /(X)} =0 for m # m’), and A\¢ ;1 > Ao > ... > Mg g > 0 are the
non-zero eigenvalues satisfying Z%:l Akc,m = 1. The standardization is required because
E{K (X, X)} could diverge in the high-dimensional case, and it ensures E{K(X, X)} < oo so

that the eigen-decomposition can be properly defined. By denoting Ay, = E(K (X, X)) Ak i,
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we can get the pseudo eigen-decomposition of kernel function K (-, )

s
K(x1,w2) = > Antbm(r1)¥m(x2), Var, w2 € X,

m=1

It should be noticed that the eigen-decomposition not only depends on the expression of the
kernel, but also implicitly depends on the space X’ (e.g.,dimension p).

A functional space H -, named reproducing kernel Hilbert space (RKHS), can be gen-
erated for any kernel function K(-,-), and the form of the functions that reside in Hp is
characterized by the choice of the kernel K. Here we assume that the h function in model
(4.2.1) is a member of the RKHS Hp. Therefore, by specifying the kernel function, we
are assuming some relationship between the trait and the SNP-set (or gene-set). For ex-
ample, linear kernel indicates that the overall genetic effect is a linear combination of the
individual effects in the set, i.e., h(X;) = BTX;; polynomial kernel with (¢,d) = (1,2) im-
plies a quadratic model h(X;) = BTX@- + XZTAXZ', where simple product interactions and
quadratic effects are modeled in addition to the linear effects. Now we can see the exciting
and changeling aspect: many choices of kernels empower the model flexibility, while the
truth in nature is largely unknown. It can be expected that the power is limited where a
kernel is incorrectly assumed, i.e., the model is mis-specified. In the following sections we
will start with the hypothesis testing using single kernel function, followed by the one using
multiple kernel functions, through which the power can be greatly boosted over the choices

of kernel functions in the candidate set.
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4.2.2 Hypothesis test based on a single kernel

Consider the following kernel-based U-statistic (KU)

Ty = S KX X))V - V)Y - V) 6

n(n . 1) 27&] J (4.2.4)

where f/; and 62 are the sample estimates under the null model Y; = pu + ol W; + ;.
Specifically, let an<L+1) = [1n,W,x1], A = W(WTW)_le, then Y = AY and
2 =YTI—-A)Y/(n—L—1). Define V;, = 3.5 ¥ for any positive integer k. Then
the asymptotic normality of the test statistic 73, under the null hypothesis is stated in the

following theorem.

Theorem 8. Assume the density function of error € is symmetric around 0 with E(ef) =

T4 < 00, then under the null hypothesis of no genetic effect,
Ty, 4 N(0,1 425
oq, nTn = N(0,1), (4.2.5)
if the following condition is satisfied

Vi/VE =0 as p(n) — oo, (4.2.6)

where a%n 15 the variance of nTy, and can be estimated by the following estimator

61, = %{(2 -2 @)tr(BQ) _ 24 %)tﬂ(B) + Atr(B oB)},

n2 n n

where B = HK%H, H =1- A, o denotes the Hadamard product (elementwise product) and
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~

A=n"l S (Y - Vi) 6]t - 3.

Given the asymptotic normality, we can then obtain the p-value for testing Hy : h(.) = 0,
ie.,

p-value = 1 — \Il(aiinTn), (4.2.7)

where W(-) is the cumulative density function for a standard normal distribution. As we
can see from the theorem, asymptotic normality relies on the key condition (4.2.6). It was
mentioned earlier that this value depends on the kernel function, the dimension p of the
space where the kernel is defined, and the probability measure p. To highlight the effect
of dimension, define 7, = Vy/ V22. In the following, let us take a further discussion on this

condition.

Proposition 2. Consider linear kernel K*(x1,x9) = l‘{Ig, and assume a multivariate

random variable X; = (X1, ..., X;p) follows some distribution with covariance matriz X,
i=1,...n. Then mp = tr(Z4)/t?(2?).

Proposition 3. Consider the quadratic kernel K*(x1,x9) = (x?xz +1)2, which is a special
polynomial kernel. Denote XZ = (Xi217 e Xgp, V2Xi1 X, -, \/iXi(pfl)XZ.pv V2Xi1, .. \/§Xz-p)
as a J-dim random vector with covariance matriz X, where J = (p? + 3p)/2. Then Tp =

tr(X4) /12 (32).
Proposition 4. Consider the IBS kernel
p
K*(IlaxQ) = (2]9)_1 Z IBS(x1m, vom) = (2]?)_1 Z (2 = [21m — m2m])-
m=1 m=1

Denote XZ = (X1, - Xip, 1{Xz'1:1}’ e 1{Xip:1}) as a 2p-dim random wvector with covari-
ance matriz 3. Then mp = tr(24) /tr?(22).
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The proofs to Proposition 2-4 are relegated to the last section. From the above propo-
sitions we can see that under the three widely-used kernels, condition (4.2.6) is equivalent
to a condition on the covariance matrix of a random vector whose length depends on p.
Besides, it is a weak condition that brings little constraint to the growth rate of p relative
to n. Moreover, if the covariance matrix is of constant order elementwisely, then it is not

L' p=2 and p~! for linear kernel, quadratic kernel

difficult to see that m, is of orders p—
and IBS kernel respectively, and m, — 0 as p — 0. For more discussion on the condition
tr(34) /tr?(X2) — 0, please refer to Chen et al. (2010).

Unfortunately, for most of the complex kernel functions, the explicit condition in terms
of a covariance matrix is still unknown or very difficult to derive. However, there do exist
consistent estimators for Vo and Vj that can provide us the empirical version of m,. Specif-

ically, Vo = (P2)" 1 {(K%)?}, Vi = (PH e {(K))4}, 7 = V4/V22, and P¥ is the number

of k-permutations of n.

4.2.3 Hypothesis test under multiple candidate kernels

In the previous section, we proposed a test statistic based on a single kernel candidate, and we
showed its asymptotic normality under a high-dimensional setting. Since the overall optimal
kernel is always unknown, here we consider a set of M (finite) candidate kernel functions
K1(-+), Ka(+,+), s Kpg (-, ) with kernel matrix K, 1, K, 2, ..., K, a7 Two testing methods
are proposed under this setting. In the first one, a new kernel function is generated by taking
the simple average of the normalized kernel candidates and then applied into the single-kernel
testing procedure. The second method uses a maximum test statistic and the well-developed
results on multivariate normal distribution. Both methods are computationally efficient and

easy to implement in practice.
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4.2.3.1 Test based on kernel average

Without any prior knowledge of the nonparametric function A(-) in (4.2.1), taking the simple
average among a set of normalized kernels is a natural choice, where the normalization is
necessary for equal-metric consideration. In particularly, denote the standardized kernels

with their empirical matrix forms as

Km('a') nKp.m
E{Kn(X, X)) " a®pm) T

]Cm(.7 )

and the simple average kernel with its matrix form as

_ 1 & 1 ¢
m=1 m=1

Intuitively, the performance of the test using K is most likely a compromise between the
best and the worst ones. Its power will not be close to the optimal one among a candidate

set, but it is a conservative option to improve the power over the weakest choice in the set.

4.2.3.2 Maximum test among a candidate set

An alternative idea to the average kernel testing is to perform test and obtain the p-value
for individual kernels, then taking the minimum among all the p-values. Such a minimum
p-value strategy has been proposed in literature. However, the minimum p-value method
often requires computationally expensive techniques such as permutation or perturbation to
evaluate the null distribution. Here we propose a maximum statistic among all the candidate
kernels and take advantage of the derived asymptotic normality under the large dimensional

assumption. Let T}, », and a%n m be the test statistic and the corresponding variance using
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the mth kernel function, and denote ,, = JillmnTn’m form =1,...,M. As we can see
from (4.2.7), the p-value is fully determined by @y, hence minimizing p-values is essentially

equivalent to maximizing )y,. Therefore, we focus on the maximum statistic

= max .
Qmax 1<meM Qm

Let ppp = cov(Qy, Q) and ppy , — pgl as n — oo, k,l = 1,..., M. The following theorem
states the the asymptotic distribution of the maximum statistic Qyqz.

Theorem 9. Assume condition (4.2.6) is satisfied for each candidate kernel Ky, then

where Z = (Z1, Za, ..., ZM)T follows a multivariate normal distribution with mean 0p; and

covariance matriz Q0 = (,021).

Based on Theorem 9, the p-value of maximum test is given by

P(Qmam > Qmax) =1- P(Qmam < Qmax) = [1 - P<Z < Qmale)] {1 + 0<1)}7

where the leading order term can be efficiently and accurately calculated in many popular
platforms (e.g., muvnorm package in R). Although the true covariance matrix Q0 is unknown,

it can be approximately substituted by its consistent estimator €2, = (Pkin), where

>

12 6A

X 1 _ 2 - - o -
prin = {2 =5+ =2)u(ByBY) —  + 2)u(By)u(By) + Atr(By 0 By) |,

n

where B,, = HKQL’mH/(%Tn’m, 1 =1,..., M. This maximum statistic strategy enjoys several
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merits. Firstly, the nature of maximum strategy tends to detect the most significant signal
among all the kernels in the set. Moreover, the asymptotic normality results obtained under
high-dimensional setting greatly reduce our computational burden, and protects the size
from being inflated or over-conservative. It should be noted that the maximum method is
designed for high-dimensional case only. Under the low-dimensional case, the distribution of
Qmaz can be approximately viewed as the maximum among M correlated chi-square random
variables, whose asymptotic behaviors are still unclear to us, and we need to seek for Monte

Carlo techniques like perturbation method to evaluate its significance.

4.3 Applications to real data

In this section, we illustrate our methods via the analysis of a Thai baby birth weight
data to investigate the significant pathways that are associated with the birth weight. As
part of Hyperglycemia and Adverse Pregnacy Outcome (HAPO) study, this data collect
genotype and phenotype information for 1209 Thai infants and their mothers. For more de-
tails about the HAPO study, see http://www.ncbi.nlm.nih.gov/projects/gap/cgi-bin/
study.cgi?study_id=phs000096.v4.pl&phv=163690&phd=2831&pha=&pht=2446&phvi=&phdf=
&phaf=&phtf=&dssp=1&consent=&temp=1. In the data cleaning step, infants with large pro-
portion of missing SNPs (> 10%) were removed, and SNPs with minor allele frequency
(MAF) less than 0.05 or showing deviation from Hardy-Weinberg equilibrium (p-value<
0.001) were also excluded. The final data set contains 970,342 SNPs in 1189 infants (580
males, 509 females). The pathways were defined by Kyoto Encyclopedia of Genes and
Genomes (KEGG) (Kanehisa and Goto, 2000). SNPs that are within 5kb up- and down-

stream of a gene were firstly assigned to the corresponding gene based on Human Genome
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Build v38, and then grouped into 186 SNP-sets using the KEGG pathway information re-
trieved from the Molecular Signature Database (MSigDB) (Subramanian et al., 2005). The
length of the SNP-sets ranges from 167 to 9912, where > 86% of the gene sets are of dimen-
sion higher than 500.

We test each pathway (SNP-set) for the association with birth weight, adapting gender
(1=male, 2=female) and baby’s gestational age at delivery (in weeks) as two covariates.
Since we have little knowledge about the underlying true model, we applied three different
kernels in the test, including IBS kernel, linear kernel and polynomial kernel (¢ = 1,d = 2).
In addition, we also applied simple average kernel test, perturbation method and maximum
statistic method, with the three kernels as candidates. The false discovery rate was controlled
using g-value (Storey and Tibshirani, 2003) significance levels (0.05, 0.1). Table 4.1 sum-
marizes the significant KEGG pathway indexes using different methods. The corresponding
p-values and information of the significant pathways are reported in Table 4.2.

Table 4.1 shows that the perturbation method (Wu et al. 2010) failed to detect any
signal, which was probably due to the over-conservative behavior under the high-dimensional
setting. Among the seven distinct pathways detected by the three kernels at ¢-level 0.1, the
maximum test was able to capture five (71.4%) of them, while individual kernel and simple
average kernel identified four (57.1%) and three (42.9%) of them, respectively. At g-level
0.05, the observations were quite similar. Pooling the significant pathways resulted a union
of four, where the maximum test detected three (75%) of them, and the best kernel and
simple average kernel identified three (75%) and one (25%) of them, respectively. From
Table 4.2, we can obtain the impression that the p-value order of maximum test is generally
close to the smallest p-value among the three kernels, which implies that the maximum test

tends to improve the power over the weak choices of kernel.
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Table 4.1 Significant KEGG pathway indexes using different methods.

g-level I1BS Linear Poly SimAv Perturb Max
0.10 36,44,101,169 36,80,123,169 36,48,80,169 36,80,169 NA  36,44,80,101,169
0.05 101,169 36,80,169 36,169 169 NA 36,101,169

Table 4.2 List of significant KEGG pathways and the p-values using the corresponding kernel
functions.

idx # of SNPs Name* 1BS Linear Poly SimAv Max

169 485 KTC 1.93E-05 1.42E-07 1.32E-08 1.95E-07 1.32E-08
101 914 KP 1.71E-04 2.27E-02 2.38E-02 5.50E-03 2.84E-04
36 785 KGBCS  3.13E-03 8.14E-04 5.25E-04 9.76E-04 8.54E-04
80 914 KPSP 1.16E-02 1.06E-03 1.53E-03 2.20E-03 1.77E-03
44 1052 KAAM  1.38E-03 8.06E-02 8.28E-02 2.68E-02 2.32E-03
48 419 KGBLANS 3.55E-02 5.18E-03 3.19E-03 7.56E-03 5.41E-03
123 555 KNLRSP 1.32E-02 3.78E-03 7.43E-03 6.02E-03 5.99E-03

*KTC: KEGG thyroid cancer; KP: KEGG peroxisome; KGBCS: KEGG glycosaminoglycan biosynthesis
chondroitin sulfate; KPSP: KEGG ppar signaling pathway; KAAM: KEGG arachidonic acid metabolism;
KGBLANS: KEGG glycosphingolipid biosynthesis lacto and neolacto series; KNLRSP: KEGG nod like
receptor signaling pathway.

4.4 Simulation studies

Extensive simulation studies were conducted to evaluate the type I error rate and the empir-
ical power of the proposed methods. The continuous trait are simulated from the following

model

Y; = 0.03W;1 + 0.5W;0 + h(X;) + ¢, i=1,...,n,

where ¢; are independent and identically distributed random errors generated from N (0, 1)
distribution, W;; ~ N(2,1) and W;9 ~ Ber(0.6) are independent covariates, and X; is p-dim
continuous or discrete vectors representing the genotypes of the SNP-set or the expression
profile of the gene-set, ¢ = 1,...,n. To evaluate the type I error, we generate data sets un-

der the null hypothesis of no genetic association (i.e., h(-) = 0), and record the proportion
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that (incorrectly) reject the null hypothesis. To assess the power, we generate data sets by
specifying the h function, and record the proportion that (correctly) reject the null hypoth-
esis. For both power and type I error evaluations, we generate 1000 data sets, and set the
significance level as 0.05. In the following two sections, we will assess the performance of the

proposed methods under the continuous and discrete variant settings separately.

4.4.1 Continuous variants

Under the continuous variants setting, we simulate X; = (X1, ..., Xj;) from a multivariate
normal distribution with mean 0, and covariance matrix I' = (O.6|j _k|), where p = 100
and ¢ = 1,...,n. We allow the sample size to vary as n = 500, 1000,2000. The candidate
set consists of three commonly used kernels, including linear kernel, polynomial kernel (¢ =
1,d = 2) and Gaussian kernel K*(z1,z9) = exp(—||z1 — x2/|%/p). Besides, simple average
kernel method, perturbation method and maximum method were also applied. Table 4.3
reports the type I error rates of tests with varying sample size. We can see that under this
setting type I error was not well-protected using the perturbation method, and others are
reasonably controlled (close to the nominal level 0.05). This finding implies that perturbation
method is over-conservative under the high-dimensional setup, while our methods can control

the size.

Table 4.3 Empirical type I error rates of testing with single kernel or multiple kernels under
continuous variants setting

n Gaussian Linear Poly SimAv Perturb Max
500 0.055 0.051 0.063 0.051 0.012 0.058
1000 0.055 0.055 0.056 0.053 0.015 0.058
2000 0.052 0.051 0.046 0.051 0.021 0.047
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For the power evaluation, we considered four different scenarios and under each scenario

h function was set differently as follows:

A: h(z)=04xiz3,
B: h(z)=0.1z1 + 0.1z3 + 0.4z123
C: h(z)=0.1(xq1 — x3) + 0.8 cos(z3) exp(—x%/ﬁ)),

S
D: h(z) =Y {(~0.01)*z) + 2exp(—a}/100) Hy(x),/100) } + 0.01{z 23 + cos 23},
k=1

where Hj(-) is the kth order Hermite polynomial and S = 30. For each scenario, 1000
data sets were simulated to estimate the empirical power. Figure 4.1 shows the empirical
power under different scenarios. We can see that different kernels result in different powers,
depending on the underlying trait architecture. Simple average kernel gives intermediate
power among the candidate kernels, and the power of maximum test under each scenario
was generally close to the optimal kernel. For example, under scenario A polynomial kernel
was the best kernel in the sense of having highest power among the three candidate kernels,
and the other two kernels experienced considerable power loss relative to the polynomial
kernel. Particularly, the relative power loss for Gaussian and linear kernels were (67%, 71%),
(80%, 85%), (87%,93%) at sample size of 500, 1000 and 2000 respectively, while correspond-
ingly the relative power loss for the simple average kernel, maximum test and perturbation
methods were (66%,24%,90%), (80%, 25%,95%), (87%,11%,60%). Thus, the maximum
test suffered the least power loss when compared to the one with the highest power (the
polynomial kernel in this case). This trends were quite similar in other scenarios. Therefore,
the maximum test was demonstrated as a good solution in practice to maintain proper power

over the weak choices of kernels, under the high-dimensional setting.
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scenario A scenario B

1 1
a9 0.9
c.8 0.8
Q.7 N Gau 0.7 B Gau
0.6 B Linegar 0.6 M Linear
0.5 H Poly 0.5 HPoly
04 BSimplyAv g4 W SimplyAv
03 u Max 0.3 B Max
0.2 W Perth 0.2 W Pertb
0.1 0.1
0 0
n=500 n=1000 n=2000 n=500 n=1000 n=2000
scenario C scenario D
1 1
0.9 0.9
N Gau B Gau
B Linegar M Linear
N Poly W Poly
W SimplyAv W SimplyAv
u Max B Max
u Perth H Pertb
n=500 n=1000 n=2000 n=500 n=1000 n=2000

Figure 4.1 Empirical testing power with single kernel and multiple kernels with continuous
variants.
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4.4.2 Discrete variants

For the discrete variants setting, we generated genotypes based on 378 HAPMAP SNPs
located within the KEGG thyroid cancer pathway, which is detected as a significant pathway
associated with birth weight in our real data analysis part, using the HAPGEN software
(Marchini et al. 2007). Then we simulate the quantitative traits for n = 1000, 2000, under

scenarios E, F, and G. Under scenario E, we let the h(:) function take the form of
h(z) = 0.2(x1 — x4) + cos(zy4) exp(—xi/5)

where the first and fourth SNPs in the set are causal with a nonlinear interaction effect,
in addition to the main effects of different directions. To mimic the scenarios where large

number of causal SNPs contributes to the trait variation, we consider the following model,

h(z) = aps Z Brry +ar Z QI TRT 1
kGSM (k;,k‘/)ES[

where Sy is a pre-defined set of 30 causal SNPs with main effects, S consists of 60 SNP-
pairs representing 60 simple interactions. Both {8,k € Sy} and {ay,/, (K, k') € Si} are
independently generated from Uniform(0,0.02), and are fixed once generated for all simula-
tion replicates. We set the coefficients (aps,ar) = (0.01,1.5) under scenario F, indicating
the combination of (weak) main effects and (relatively strong) interaction effects. We let
(aps,ar) = (3.5,0) under scenario G, which implies a pure main-effect model.

In addition to linear and polynomial kernels, we add the IBS kernel to the candidate set,
since it is commonly used to measure the SNPs similarity between two subjects. Similar to

the previous section, the simple average method, perturbation method and maximum method
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Table 4.4 Empirical type I error rates of testing with single kernel and multiple kernels under

the discrete variants setting

n 1BS Linear Poly SimAv Perturb Max
1000 0.052 0.050 0.047 0.050 0.037 0.054
2000 0.053 0.045 0.046 0.043 0.038 0.050

were all applied. Table 4.4 displays the type I error rates of tests under different sample sizes.

Similar as what we observed under the continuous variants setting, the perturbation method

tends to be conservative under the discrete setting, while the average and the maximum

methods maintain reasonable nominal level (aw = 0.05). The power simulation results are

shown in Table 4.5, where the best and second best powers among all the tests are shown

with the underline and bold font, respectively. Again, we observed the power difference of

applying different kernels. Among the different methods, the perturbation method has the

smallest power which might be due to the issue of high-dimensionality. The perturbation

method cannot handle the high-dimensional case well. The maximum test has the second

highest power. All the powers were improved as sample size increases from 1000 to 2000.

Table 4.5 Empirical power of testing with single kernel and multiple kernels under the discrete

variants setting*

n Scenario 1BS Linear Poly SimAv Perturb Max
1000 E 0.526 0.457 0.429 0.480 0.388 0.488
F 0.397 0.412 0.475 0.428 0.383 0.452

G 0.390 0.423 0.444 0.422 0.356 0.431

2000 E 0.967 0.932 0.913 0.954 0.927 0.961
F 0.738 0.753 0.813 0.781 0.745 0.796

G 0.769 0.790 0.808 0.798 0.748 0.799

* The best power cross all the tests is underlined, and the second best is shown with bold font.

In summary, the simulation results indicate that it is generally safe to apply the maximum

test strategy given a set of candidate kernels. The maximum test can control the type I
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error well, while it also maintains relatively high power compared to the best one. Without

knowing the underlying truth, one can apply the maximum test in practice.

4.5 Discussions

In this chapter, we developed testing procedures to test relationship between multiple vari-
ants in a gene set and a quantitative trait, while adjusting for other covariates’ effects. We
considered a general setting where the variants work coordinately in a non-linear way, and
the dimension of the variants p is high in the sense that p can go to infinity as sample size
n goes to infinity. We first proposed a test statistic based on a single kernel function, and
derived its asymptotic distribution under the null hypothesis. Based on this, we proposed
two practical and efficient testing strategies to when multiple candidate kernels are avail-
able. We demonstrated, via extensive simulation studies and real data analysis, that under
a high-dimensional setting both the simple average method and the maximum method can
reasonably control the false positive rate while they can also substantially improve the power
over weaker choices of kernels. In particular, the maximum method performs as good as the
optimal one given a set of candidate kernels. Compared to the perturbation method (Wu et
al., 2013) based on the kernel machine framework, the maximum method outperformed it
uniformly in various simulation settings.

Our methods enjoy several advantages as described below. The first advantage lies on
the ability to accommodate high-dimensional variants and to maintain reasonable type I
error rate, even if the utilized kernel functions do not reflect the underlying relationship
between the variants and the trait. Another advantage is the flexibility, which is revealed

in two aspects. On one hand, we consider a general model which can potentially capture
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any complex interaction mechanism and is different from many models restricted to linear
relation and/or linear interactions. On the other hand, when there are a range of kernels that
can be selected to form the candidate set, the proposed maximum kernel testing strategy is
shown to maintain improved power over the poor choices of kernels in the set, without the
prior knowledge of the genetic system. Thirdly, our method is easy to implement and is free
of computational burden, by applying the asymptotic result of the test statistic. This feature
can greatly facility the applications in pathway (or gene-set) associations studies where the
variants (SNPs or gene expression profiles) are typically in high dimensions. However, it
should be noted that our method relies on the asymptotic results where the dimension of p
is large. In low dimensional cases, the perturbation method by Wu et al. (2010) works well.

In our proposed methods, we only consider continuous responses. Therefore, it is one
of our major interests to study the test procedures under a dichotomous response. Besides,
our current methods were developed without prior knowledge. However, the kernel function
actually allows for the inclusion of known information, such as the minor allele frequencies
or association signals from an independent study. For example, weighted linear, quadratic,
or IBS kernels can be constructed by assigning weights to variables individually. Thus,

extension to weighted kernel is another direction that needs further investigation.

4.6 Proofs

Proof of Proposition 2: By the definition of centralized kernel in (4.2.3), we can obtain the

o

centralized linear kernel as K (z1,29) = (v1—p)" (x9 — p), where p = (uy, po, ..., up)T is the

mean of random vectors X;, ¢ = 1,...,n. Assume the covariance matrix has decomposition

> = QTAQ with A being the diagonal matrix. Let X; = A_1/2QT(XZ- — ), where it
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is obvious to see E(X;) = 0 and Var(X;) = I, for i = 1,...,n. Noting that the centralized

kernel can be written as

p
K(z1,29) = X{AXy = Y A X1 X,

m=1

we can obtain our claim by letting Ay, = Ay, and ¢ (1) = Xim, m=1,..p.

Proof of Proposition 3: Let us firstly derive the closed form of the centralized kernel
function for the quadratic kernel K*(x1,x9) = (x?xg + 1)2. Decompose the kernel K* into
the sum of three parts

K*(x1,29) = (m{xg)Z + 2:10{:102 + 1. (4.6.1)

In the following we will study each part separately, because the centralized function of the
K* essentially is the sum of the individual centralized functions. For the constant 1 part, the
corresponding centralized version is 0. Since we have studied the centralized version of inner
product l‘{l‘g in Proposition 2, it remains to investigate the first term (56{1'2)2. Obviously,

we have

E(IL‘F{XQ)Q = xlTRxl,

E(X{X3)? = E{X{RX1} = r(RZ) + p’ Ry,

where R = (R;;) = X + ppl is a constant matrix, and p, 2 are the mean and covariance
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matrix of X; respectively, ¢ = 1,...,n. Thus the centralized version of (:ElTa:Q)Q is

(x{xg)Q — x?Rxl — x%RxQ +tr(RXg) + T Ry

= Y (xyx1; — Rij)(woiwa; — Rij)
ij=1

p
= > (2% — Rij)(a%; — Rij) + Y _(V2wy5m15 — V2R;)(V29w95 — V2R;j).
i=1

1<J

Combing the centralized expansions for the three terms in (4.6.1), we can rewrite

K(zy,29) = Y (af; — Ry)(@3; — Rig) + > (V2xy21; — V2Ri5) (V21959 — V2R;))
=1 i<y
p
+ > (V215 — V20) (V295 — V25).
i1

Assume S-dim random vectors

Xi = (X7, s Xy V2Xi1 X, oo V2Xp 1) Xipy V2Xi1, 0, V2X ), i =1,

follow some distribution with covariance matrix ¥ = QTAQ, then we can achieve our
conclusion, i.e., mp = tr(24) /tr2(22), by performing the similar orthogonal transformations
we proposed in the proof of Proposition 2.

Proof of Proposition 4: IBS kernel, taking the form of

1
K*(xl,xg) = 2_]7 Z (2 - |$1m - x2m|)
m=1

is defied based on the total number of alleles shared identical by state (IBS) by two subjects

at the SNPs within a SNP-set. Noticing X;,, € {0,1,2}(1 < i < n,1 < m < p), it is not
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difficult to verify that K* has an alternative form of

L 1
Z §($1m - 2>(x2m - 2) + §$1m$2m + 1{x1m:1}1{x2m:1}a

3
Il

hence the centralized kernel has the following expansion

P
1
K (21, 22) = =% > (1m — 2qm) (@2m — 2qm) + [1{fﬂ1m:1} —Qm} [1{$2m:1} —9m]7
m=1

where ¢y, is the minor allele frequency of the mth SNP, and 0,, = P(xj, = 1) = 2q;n(1—qm)-
Using the similar arguments as the proofs of Proposition 2, we can obtain the result.
Proof of Theorem 9: Assume condition (4.2.6) is satisfied for each candidate kernel K,
then

Qm i} Zm, m = 1,...,M.

By using Cramer-Wold device, (Q1, ..., Q M)T £> Z. Then the conclusion can be immediately

obtained through the continuous mapping theorem.
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Chapter 5

Conclusions and future directions

“High-dimension” is one of the new characteristics of high-throughout data. A common
feature of high-dimensional data is that the number of features could be much larger than
the sample size, the so-called “large p, small n” problem. A specific example in genomic
studies is encountered when detecting the significant genes/gene sets that are associated
with certain trait, where the number of genetic variants within a gene or gene set could
range from a few to a few thousand or even larger, but the sample size is often limited.
Such a setup fails most existing methods which are developed for a fixed dimensional case,
or do not consider effect of data dimension on the test statistic. To model the systematic
mechanism and potential complex interaction among the genetic variants, we proposed to
model the gene set effect via a flexible non-parametric regression function under a “large p,
small n” setup.

In Chapter 2, we proposed a nonparametric U-statistic for testing the high-dimensional
non-parametric function in a reproducing kernel Hilbert space generated by a positive definite
or semi-definite kernel. We derived the asymptotic distributions of the test statistic under
the null hypothesis and a sequence of local alternatives under a “large p, small n” setting
without assuming specific error distribution. We derived the explicit power function of
the test based on which we can empirically select optimal kernel function that provides a
solution to a long-standing question in literature about optimal kernel selection. To further

improve the testing power while maintaining appropriate testing size, a kernel regularization
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technique was proposed. Unlike the BIC criterion proposed for kernel selection in kernel
machine testing procedure, our approach is tailored to a hypothesis-testing problem and
particularly designed for improving the power of the proposed test. Both simulation and
real data analysis demonstrate the power of our method. In addition to strong practical
motivation, our method contributes to the theory and methodology of kernel-based testing
of nonparametric functions, especially under the “large p, small n” set up.

Chapter 3 considers the optimality of test procedure we proposed in the previous chapter,
from the minimax point of view. Especially, we discuss the optimal test under the high-
dimensional linear model (corresponds to the linear kernel), where the p-dim variables are
correlated and the dimension p can go to infinity as n goes to infinity. Without the sparsity
assumption that only a small proportion (goes to zero as sample size goes to infinity) of the
variants contribute to the phenotype or the independent variants assumption presented in
existing literature, we consider a structure-free scenario. We firstly establish the boundary
that separates the detectable region and non-detectable region. Then the test statistic using
linear kernel is introduced and shown to be rate-optimal under certain conditions on the
increasing speed of dimensional p and the decay speed of eigenvalues of the covariance matrix.

We start Chapter 4 by upgrading the kernel-based test proposed in Chapter 2 to a general
version that allows the adjustment of covariants, under the high-dimensional setting. Then
we provide the asymptotic distribution of the general test statistic under the null hypothesis.
Motivated by the testing problem using multiple kernel candidates, we develop two practical
and efficient testing procedures: simple average method and maximum method. Unlike
other computational-intensive approaches using Monte Carlo p-value to evaluate significance,
both strategies are purely based on the asymptotic results and easy to implement. In the

application to Thai baby birth weight data, we demonstrated that both strategies lead
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to the detection of more signals than testing using the poor choice of kernel, as well as
more findings than the perturbation method (Wu et al., 2013) that is proposed under the
kernel machine framework. We further confirm the merits of our strategies through the
comprehensive simulation studies under continuous or discrete variants settings, where the
maximum method further displays its competitive performance in the sense that only a small
difference in power versus using the best candidate kernel.

In this dissertation, we focus on continuous traits. However, many traits of interest in
practice are qualitative. For example, the traits in case-control studies might be the disease
status for individuals. Therefore, extension to dichotomous traits is an important direction
of our future research.

As observed empirically in our simulation studies in Chapter 2, the high-dimensional
non-parametric test intuitively suffers from power loss when lots of “noise” variables are
included under a sparse alternative. Therefore, it is natural to consider removing those noise
variables to enhance the power, where the challenge remaining is how to perform the test
and to eliminate the noises at the same time. The exploration of simultaneously testing and
removing the influence of noise variants can be an area of potential future research.

Another direction of my interest is to introduce the kernel-based testing into gene-
environment interaction context. It has been increasingly recognized that many complex
disease are not triggered by genetic factor only, but rather through interaction between ge-
netic and environmental factor. However, most of current methods on gene-environment

interaction are not applicable under high-dimensional setting.
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