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ABSTRACT
SURFACE-WAVE TRANSDUCER MODELING

by Albert O. Simeon

It is the aim of this research to find useful equivalent circuit
models which are developed specifically for surface-wave transducers and
to show their relation to the already-proven crossed-field model of Smith
et al [1].

In order to accomplish this the surface-wave problem is somewhat
simplified to obtain a closed form solution. This is done by considering
only particle displacements in the sagittal plane. This solution is
applied in a new approach to defining dynamic variables and the
characteristic impedance for piezoelectric transmission lines: The
surface potential is selected as the cross variable. The power flux is
calculated from the surface-wave solution and is also related to the
cross variable directly. This defines the characteristic admittance of
the transmission line.

The response of an alternate phase array of Coquin and Tiersten
[2] 18 extended to frequencies other than the synchronous frequency.

This is made possible by considering only the short-circuit current
response at first which permits the conformal mapping of the semi-
infinite strip and the residual solution of the potential even if the
first zeros of its even part are not located halfway between two

electrodes.
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(;/ With the aid of reciprocity the admittance matrix of a basic
section is obtained and the corresponding equivalent circuit consisting
of a transmission line section and voltage dependent current sources,
plus a parallel circuit for the electrical part consisting of a
capacitance in parallel with current sources, depending on the cross
variable which is the particular solution of the potential problem.

By duality the transmission line part of this circuit is changed
and the crossed-field circuit model of Smith et al [1] is obtained. The
difference lies in the frequency dependence of the characteristic
impedance. However, over any frequency range of practical interest the
performance of this circuit resembles theirs very closely so that all
the established analysis and design procedures based on the crossed-
field model apply here as well.

Applications included are the detection and excitation of surface
waves by means of the dependent generator model. The calculation of
radiation admittance and the scattering parameters is done with the dual
circuit.

The principal contribution of this research is that it relates
transducer models directly to surface waves and does not rely on the

equivalent bulk-wave behavior implied by other circuit models.

(1] Smith, Gerard, Collins, Reeder, and Shaw, ''Analysis of Interdigital
Surface-Wave Transducers by Use of an Equivalent Circuit Model,"
IEEE, MTT-17, No. 11, 1969.

[2] G. A. Coquin and H. F. Tiersten, "Analysis of the Excitation and
Detection of Piezoelectric Surface Waves in Quartz by Means of
Surface Electrodes," The Journal of the Acoustical Society of
America, Vol. 41, No. 4, Part 2, 1967.
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CHAPTER 1

INTRODUCTION

Equivalent circuit models for surface-wave transducers were first
developed by Smith et al [10] in 1969, four years after White and
Voltmer [17]) initially introduced the surface-wave transducer. Such a
delay would seem unusual. In the case of transistors, for example, the
first modeling was done by Shockley, right after the introduction of the
device. The delay in the case of the surface-wave transducer may be
explained because fundamental understanding of surface waves is not
possible in a one-dimensional representation of the particle motion as
it is in semiconductor devices. Particle motion occurs in three
dimensions in elliptical trajectories. In addition, there is the com-
plicated electromechanical interaction with the electrodes deposited on
the surface.

The particle motion of elastic bulk waves is one-dimensional.
Mason [5] had developed earlier equivalent circuit models for bulk-wave
transducers. In particular, a model for series excitation and one for
crossed-field excitation were developed. Smith et al found that the
crossed-field model gives consistently correct results if applied to
surface-wave transducers. The justification for this model rests
entirely on an analogy between surface waves and bulk waves and, of
courge, its proven success in applications of design and analysis of

various transducer configurations.



It is the aim of this research to find equally useful equivalent
circuit models, but which are developed specifically for surface-wave
transducers, and to show their relation to the already-proven crossed-
field model of Smith et al. It is hoped that this approach to modeling
will lead to a better understanding of surface-wave transducers. Con-
comitantly, predictive models might emerge which will lead researchers
to develop improved surface-wave transducers.

In order to accomplish this it will first be necessary to
simplify the surface-wave problem somewhat because a general solution in
closed form is not possible. This is done in Chapter 2 without losing
the characteristic features of the surface-wave particle motion. 1In
Chapter 3 this solution of the surface-wave problem is applied in a new
approach to defining dynamic variables and the characteristic impedance
for piezoelectric transmission lines. In Chapter 4 it is shown how an
equivalent bulk-wave model may be developed from this approach. This,
however, is not pursued any further because it is possible to derive
surface-wave transducer models without referring back to equivalent
bulk-wave behavior. Towards this end, the analysis of surface-wave
detection by Coquin and Tiersten [4] is generalized in Chapter 5. With
the aid of the results of Chapter 3 and Chapter 5, a reciprocal
cquivalent circuit model is obtained in Chapter 6. It employs dependent
generators, but is rather easy to apply as shown by several examples.

By means of various circuit theory techniques, the equivalent circuit is
manipulated to resemble the crossed-field model of Smith et al. The
similarities and differences are discussed. This form is also used in
various applications which tend to support the validity of the model.

By comparison with experimental results, it is finally possible to adapt



the equivalent circuits developed here to crystal cuts other than the
one for which the simplified solution in Chapter 2 was performed.

Throughout this investigation, it is assumed that bulk-wave
generation is negligible; that there are no inherent losses in the
propagation of surface waves, i.e. internal losses or losses due to mass
loading by the air or the metallization on the surface. It is further-
more assumed that the generated waves do not spread, but rather stay in
a well confined beam of a width equal to that of the generating
electrodes. All these problems have been investigated in the literature
[9,18]. Their inclusion would detract from the principal understanding
sought here, and as comparison with the experiﬁental results proves,
they are only secondary effects.

The results of this research are restated in Chapter 7, where
possible future investigations are also suggested from the vantage point

of the insights gained here.



2.1

CHAPTER 2

ELASTIC SURFACE WAVES

Motivation

In this Chapter a simplified treatment of the problem of
surface waves on piezoelectric plates will be given for easy
reference. A number of articles [1]-[3] have treated the problem
without such simplification, but the mathematics cannot be handled
then in general symbols. It rather involves the simultaneous
solution of two fourth order determinants. The problem is reduced
somewhat in complexity if the electromechanical interaction is
ignored [4], but this still results in the simultaneous solution of
tvo third order determinants.

In crystals with orthorhombic symmetry, there is no particle
motion transverse to the direction of propagation [6]. Here the
mathematics becomes tractable. It involves the simultaneous
solution of two second order determinants. These can be handled in
closed form.

The commonly used materials for piezoelectric surface wave
transducers do not have orthorhombic symmetry. However, the
coupling to transverse motion is rather small in certain frequently
used rotated Y-cuts of quartz [5]-[6].

In the so-called ac cut, which is a rotated Y-cut of 31°

about the x-axis, the face shear is decoupled [5]. This results
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in negligible transverse motion. Coquin and Tiersten [4] bear this
out indirectly. For a rotated Y-cut of about 30° to 32° there are
only two decay constants. This is tvpical for a svstem with
motion in the sagittal plane only [6].

For the sake of clarity, generality will be sacrificed. By
using the elastic constants of the ac-cut the results correspond

very closely to those obtained in a broader treatment [4]-[6].

The Problem Statement

All transverse motion will be neglected and it is assumed
that the mechanical electrical interaction is small. Fig. 2.1
shows the reference directions. The wave propagates in the x-
direction. The elastic material is confined to the half space
y > 0. With the present assumptions the linear elastic equations

[6] become:

T1 = Clls1 + C1232 (2.1)
T2 = CIZSl + CZZSZ (2.2)
T6 = C66S6 (2.3)

where Tl is the tension stress in the x-direction
T2 is the tension stress in the y-direction
T6 is the shear stress about the z-axis.
The S1 are the corresponding strains and the Cij are the eclastic

stress coefficients. For a rotation of 31.62° (the angle when

Csg is exactly zero):



Figure 2.1 - Layout of reference directions for
surface waves on semi-infinite
piezoelectric slab.
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86.74, C12 = -7.65

(o 127.84, C,, = 28.85 all in 109 N/mz.

22 66

These values were obtained from Ref. 4, by a method illustrated in
Appendix B. It should be realized at this point that without the
simplifying assumptions made before one would have instead to deal

with the following standard piezoelectric constitutive equations

[5]):
E

15 % Ciqk1 Sk1 T %kij Bk - (2.4

s
£ 7%kl Sk ek Bk (2.5)

T

D

Clearly Eqs. (2.1)-(2.3) are easier to handle. Let u be a dis-
placement in the x-direction, v a displacement in the y-direction.

Their relations to the strains become:

Ju
S1 " (2.6)
Vv
S = ——— 2.
2 Jy _ 2.7
v Ju
S, ="—+ — 2
6 ax ay (2.8)
The equations of motion are given by
aT aT
.. 1 6
= —=- 4+ — 2.
YT e T By (2.9)
and
oT BTZ
v = - e 0 n
ov 39X 3y (2.1M

p is the densitv of quartz, p = 2.65 x 103 kg/m3. As is conven-

tional the particle displacements are next assumed to have the form:



aky c1(wt-kx)]

u = Re[U e (2.
and
v = RelV e-aky ej(wt-kx)] . (2.
k is the propapation constant of the wave, and
w
k v (2.

P

11)

13)

The quantity aqk is the assumed decay constant. Equations (2.11)-~

(2.12) coupled with Eqs. (2.6)-(2.8) imply that the strains and

hence the stresses are also of the same general form given in

Fqs. (2.11)-(2.12). For the sake of convenience of notation let

the real part operator Re[ ] be implied throughout the following.

Then the partial derivatives may be replaced by:

)

™ —)-jk (2.
3—-——91m (2
at : ‘
2 ygk . (2.
9y

Equations (2.6)-(2.10) then become:

S1 = -~jku, (2.
52 = -gqkv, (2.
S6 = —-jkv - qku, (2.
2
-pw u = -jle - akT6, (2.
and
-2
-pw V = -jkT6 - asz . (2.

14)
15)

16)

17)
18)
19)

20)

21)



When these are combined with Eqs. (2.1)-(2.3) the stresses become:

T1 = —jkCllu - akClzv, (2.22)
T, = -3kC,,u - akszv, (2.23)
and
T6 = dakc66u - jkC66v . (2.24)
With the aid of Eqs. (2.20)-(2.21) and
K2 = «»z/vp2 (2.25)
the stress relations become the homogeneous equations:
ov2-c. +a’c Yu+ ja(C,. +C. ) v =0 (2.26)
P 11 66 12 66 '
and
Ja(C.. +C,  u+ @V 2 -c_ +a’c.)v=0 (2.27)
‘ 12 66 p 66 22 : )

If Vp were known these could be solved for the two possible a's
and the relative amplitudes u and v. This would result in two
modes: al,ul,v1 and G,y5U,y,V,.

To proceed the conditions for a free boundary are required:

No normal stress can be acting on a surface element:

aty =0 T2 =0 (2.28)

and T, =0 . (2.29)

6
When both modes are used Eqs. (2.23)-(2.24) become at v = 0:

-3kC (U} + U] = kC,yyla V) +a,V,] = 0 (2.39)
and
—kC66[alU1 + azUZ] - jkC66[Vl + V2] =0 . (2.31)

Equation (2.26) gives for each mode the relative amplitudes if VD

were known:
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Bug Uy g (Cpy + Cgp)
By \Y 2 _ 2 :
A TR T

(2.32)

U1 and V, could be expressed in terms of a mode amplitude Bi as

Ui = BUi B1 (2.33)
and
V1 = BVi B1 . (2.34)

For convenience the following constants are defined (see [6]):

C
1j
g = ’ (2.35)
13 Ceg
K = 812 + 1, (2.36)
and
on
q= E?Jl— . (2.37)
66
Hence,
8 - -
Uy jaik, (2.38)
and
By = q - 2
vy q 811 + ay; - (2.39)

With this formulation the displacements are

-a_ky -a ky -jk(x - V_ t)

wu=[ByB e = +B8yB,e ° e P (2.40)

and

-a_ky -azky -jk(x - th)

v = [Blel e + Bv282 e ] e (2.41)

Correspondingly, the boundary conditions given in Eqs. (2.30)-

(2.31) become
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(01801 + jBVl)Bl + (aZBUZ + jBVz)Bz =0 (2.42)
and

(81,80 + oyRpp8v))By + (381580, + apRpp8v))B, = 0-(2.43)

These again are two homogeneous equations which must be solved
simultaneously with Eqs. (2.26)-(2.27). The determinant of their

coefficients is

2
q-gn+a Jak

=0 . (2.44)

2
jak q-1+g gzz

The unknowns which Eqs. (2.42)-(2.44) must yield first of all are
q and the a's. Express Eqs. (2.42)-(2.43) also as a determinant

set to zero:

= 0.(2.45)
It is shown in Appendix A how the simultaneous solution of Egs.

(2.44)-(2.45) leads to an implicit relation for q = VpZO/C66:

Q3(1 - d) - q2(1 - e + 26) + q(2f + £2) - £2 = 0,  (2.46)
4 4 2

where d = 2 , e=—2L gnd £ = gy, - 1z (2.47)
22 22 822

With the elastic stress coefficients for the rotated Y-cut
of 31.62°, Eq. (2.46) becomes:

0.7743q° - 6.3029q> + 14.9258q - 8.9444 = 0, (2.48)
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which has the following solution:

q = 0.9096 . (2.49)

qC
\V =V_—_}2 . (2.59)
P p

The speed of propagation Vp is therefore

By definition

Vp = 3147 m/sec . (2.51)

From Eq. (2.44) the a's may be determined:

2
0= gzz(ll‘ + GZIQ(ﬁzz + 1) -1- 822?;11 + K ] + (q-gll)(ﬂ"l)p (2-52)

or
4 2
0= 4.4315a - 8.8432a" + 0.18957 . (2.53)
a, = 0.147 (2.54)
a; = 1.40 . (2.55)

From Eqs. (2.38)-(2.39) the relative amplitude ratios g are

obtained:
BUZ = -j0.108, (2.57)
BUl = -§1.03, (2.58)
By, = a4 - B4 +a,’ (2.59)
Vi q 11 ai ’ .
By, = -2.08, (2.60)
and

By, = -0.123 .
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The ratios of the mode amplitudes Bi’ as defined by Eqs. (2.33)-
(2.34) [or Eqs. (2.40)-(2.41)], may be determined with the aid of

Eq. (2.42).

B a,Bu, + JBy

-B—zo o - _]'_B_!.'._:_....._..jl. (2.61)
1 ayBup; T BV,

B,

-~ a -0.75 (2.62)
B,

Equations (2.33)-(2.34) allow the calculation of the surface
amplitudes in both directions for each mode. For mode 2 the peak

displacement in the vertical direction is

It 13 convenient to normalize all others with respect to Vz:
\Y
c,'? == (2.64)
2

U By, B By
C1(2) - 72' -2 32 = —2 = §0.052 (2.65)
2 Bvy By By

U Bu B
cl(l) - 71— - é-——l—il- = -40.66 (2.66)
2 Va2 P2

A B B
v _1_"V171_
C2 v sz B 0.079 . (2.67)

The superscript of these normalized surface amplitudes refers to the

mode. The subscript 1 to the x-direction, 2 to the v-direction.
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The values obtained here on the basis of a two-dimensional
formulation correspond very closely to the numerical analvsis of
the AT cut (a 35.25° rotated Y-cut) in [6]. There, however, a
third mode is present because of shear about the x-axis which
represents particle motion in the transverse direction (z-axis)
with a rather small amplitude.

The j's in Eqs. (2.64)-(2.65) stand for phase shifts of 99°
with respect to the vertical particle displacements of mode 2.
This should be expressed in the time domain in Eqs. (2.40)-(2.41)

as follows:

-a, ky
ue,y,t) = jo, P e b costut - kx - T
-a,ky
+ |Cl(2)| e 2 cos(wt - kx +-%) (2.68)

is the horizontal displacement, and

cos(wt - kx - 1)

-a,ky
v(x,y,t) |C2(l)| e 1

ky
cos (wt - kx) (2.69)

+

-
|02(2)| e 2

is the vertical particle displacement.
k = w/Vp is the propagation constant.
w 1s the radian frequency.

(i) .
Vp, ay and IC1 ] | are:
Vp = 3147 m/sec (2.70)

a, = 1.40 (2.71)
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a, = 0.147 (2.72)
e, V| = 0.66, ¢, P = 0.052, 1, P| = 0.079,
o, P =1 (2.73)

In Fig. 2.2 v(0,0,t) is plotted against u(0,0,t), separatelv for
each mode and combined. This represcnts the trajectory of a
particle at the surface. Typical dimensions are of the order of a
few Angstroms. Fig. 2.3 shows v(O,A/kal,t) vs. u(O,A/kal,t). In
this plot mode 1 has decayed to 1.87% of its surface value. Mode 2

is practically unaffected.

‘4Xa2/al

u(0,4/kay,t) = 0.66 x e ¥ cos (ot - 1) +0.052 e

x

cos(wt + %) (2.74)
and

-4 —AXQZ/GI
v(O.&/kal,t) = ().079 e cos(wt - 7) + 1.0 e

cos(pt + 0) . (2.75)

x

With the o-values a; = 1.40 and a, = 0.147 this becomes:

u = 0.022 cos(wt + %) (2.76)
and

v = 0.66 cos(ut + 0) . (2.77)

The motion is almost entirely that of a shear wave, but it has
taken on a very slight clockwise rotation, as mode 2. This is

calculated at 0.4 times the decay distance of mode 2. On the basis
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u B —
Tu

1.0 }t = ()

M v

u(l)(0,0,t) = 0.66 cos(wt - n/2) u(z)(0,0.t) = 0.052 cos(yut+y/2)

v (0,0,t) = 0.079 cos(ut - m v$®(0,0,t) = 1.0 cos(ut + 0)

(a)

|

0.61 u

t=0/ u(0,0,t)=0.61lcos(wt-m/2)

0.92 v(0,0,t)=0.92cos (wt+0)

v

(b)

Figure 2.2 - (a) Relative particle displacement at the
surface decomposed into individual modes.
(b) Combined particle trajectory at the

surface.
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.022

t=0

Figure 2.3 - Combined particle trajectory at four
decay constants of mode 1.
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of this it can be safely said that the dominant behavior of a

surface wave is that of a vertical shear wave.



3.1

CHAPTER 3

PIEZOELECTRIC TRANSMISSION LINES

Equivalent Circuits for Transmission Line Sections in General

Equivalent circuits for surface wave transducers [7], as
well as '"crossed-field" bulk-wave transducers [5] degenerate into
sections of piezoelectric transmission lines when the electric
terminals are shorted (see Fig. 3.1).

It is the intent of the following treatment to show how such
a transmission line equivalent circuit is obtained. It is
necessary that in all cases a pair of complimentary variables must
be found. With their aid the characteristic impedance is defined.

Consider the section of lossless transmission line shown in
Fig. 3.2. Without loss in generality the cross variable mav be
denoted by V and the through variable bv I. It is well known that
in Laplace transform notation for a delay to the terminal quantities

are related by the following transmission matrix [8]

V1 cosh(sto) Zosinh(sto) \'

2
= . (3.1)

I1 Yosinh(sto) cosh(sto) I

2
For convenience this is derived in Appendix C.

These "ABCD-parameters' are readily converted into "z-

parameters' (Appendix C):

19
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e
- A\VAVAV: AVAVAV —e
|Z°(;|n(ul/2v) % - iZ‘Ilan(uI/ZZv)
'l‘
R
sin(wl/v)
i
F' ¢ to 1 _— ¥
—_— -——e -
+
3 g C v
o r-I\ -
(a)
i
+
conducting v
. surface —
| Pl
——— ./ A
"2
e — — 1 ———
‘.-T—— ll.,
u

conducting surface /

(bh)

Figure 3.1 - (a) The equivalent circuit of a longitudinal
bulk-wave transducer.
(b) Its actual layout.
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= - I,=1, -1
h=h -4 it 2
— —_— —
-f' -

1
+ - +
vV, =V +V vV, =V + Vv
1 1 1 7 = V+/I+ 2
-st -st

+ o . +
12 = e Il \") e \)

st _ st
12 = e I1 V, = e V1
Figure 3.2 - A transmission line section with delay to
I -1,
—— D e
z., -2 2., - 2
11 12 22 12
+
vl 212 \'
(a) -

1, L
e g L e
12

+
v \'
1 Y11 * Y12 Y22 * Y12
(b)

Figure 3.3 - Equivalent circuits for a passive linear bilateral two-
port. (a) The T-model. (b) The m-model.
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1 tanh(sto)
YA

v o ___

2 sinh(sto)

22

7.
(o]

sinh(sto)

Z
[o)

tanh(sto)

or "y-parameters'" (Appendix C):

Y
1 o
1 tanh(st )
o
-Y
-1 —_°
2 sinh(sto)

-Y
o

sinh(sto)

Y
o

tanh(sto)

(3.2)

. (3.3)

Laplace transforms and phasor transforms are related by the simple

expediency of setting s equal to jw.

into a phase shift

6 = wt_ .
o

Equations (3.2)-(3.3) then become:

v o
1 jtan6
v "o
2 jsind
Y
1 -0
1 jtané
-Y
-1 9o
2 jsing

jtang

vy

The delay to translates then

(3.4)

(3.5)

(3.6)

Figure 3.3 shows the T- and m-model for a bilateral linear network.

zll—-zl2 become here
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8 _
S I L S ikt 3.7
11 12  j ‘sine sing :

3 sin(2 %)
or

7 —ZSinz(%)

[o]
210 " %12 77 |

1=32 tan®) =2, -z . (3.8)
281n(%)cos(g) ° 2 22 12

Similarly Y11 + Y12 become
- [}

The resultant equivalent circuits are then shown in Fig. 3.4. It
is seen that Fig. 3.3a is indeed the Mason circuit with v = 0 and
a delay t = 1/v, 6 = wl/v.

It should be pointed out here that although the Mason
circuit was developed specifically for bulk waves, it has been used

successfully for the equivalent circuit description of surface wave

" transducers. The appropriateness of this model is discussed in

Chapter 4. The present development has shown that important aspects

of the Mason circuit are found in all lossless transmission lines.

Selection of Dynamic Variables

Surface waves, as described in the preceding Chapter,
exhibit time delay independent of frequency and propagate, as
formulated in Eqs. (2.68)-(2.69), unattenuated in the x-direction.
These are requirements for lossless transmission line behavior, but
in order to complete an equivalence satisfactory dynamic variables
must be determined. In the Mason model, Fig. 3.1, the dynamic

variables are force and particle velocity. In an electric trans-
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jzotan(e/2) 1Zotan(6/2)
ZO/jsine
(a)
YO/jsine
j¥ _tan(0/2) j¥ _tan(6/2)
(b)

Figure 3.4 - Equivalent circuits for a lossless
transmission line section which
introduces a phase shift 6 = wt .
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mission line they are voltage and current. The common feature is
that the time average power flux of a wave travelling in the x-

direction is

1 +_+%
Px =3 Re[VI ] . (3.10)
V+ and I+ are the cross-variable and through-variable respectively

for a wave travelling in the positive x-direction. Since

V =1 2 (3.11)

1 ,+2
P.=7 |17|" Relz ] (3.12)

*
or conversely, since Re[Yo ] = Re[YO]:

1 ,.+2
P = 2 [V'|" RelY ] . (3.13)

V and I should be taken generally as cross- and through-variables
rather than as voltage and current in particular.

In the case of surface waves, the power flux requirement is
satisfied as follows: Conveniently one of the two variables is
selected first. This could be done in various ways. One could
select, for example, the vertical velocity of mode 2 as the through-
variable. As another example, the piezoelectrically generated
surface potential could be chosen as the cross-variable. Both of
these will be considered later on. Whatever the choice, Eqs.
(3.12)-(3.13) will then determine uniquely Re[zol or Re[Yo], since
it is shown in Coquin and Tiersten [4] that Px follows from the

determination of the decay constants a, and the amplitudes Ci(j)

]
which have been determined in the last Chapter.
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The second dynamic variable is not uniquely determined. 1If

I were defined and Re[Zo] was found subsequently by

+2
Re(Z ] = 2P /[T" | (3.14)

then V+(= ZOI+) still requires Im[Zo]. It turns out that this does
not really present a serious problem if Eq. (3.10) is generalized

to the complex power flux:
= 1
P =5VI (3.15)

and similarly Eqs. (3.12)-(3.14) would become:

- 1 +,2
Po=5 [T 2, (3.16)
- 1 +,2 *
Po=3 V7Y, (3.17)
from which follows
2Fx 2Fx*
Z = or Y = ——— (3.18)

The complex power flux is obtained from Coquin and Tiersten [4]

very simply by leaving out the Re[ ] operator.

Complex Power Flux

For all rotated Y-cuts the power flux vector and the
propagation direction are co-linear [4]. This is not generally the
case [9], but such cuts are not used in practical applicationms.

Components of principle interest are [4]:

1 . *
P1 =-5 -/- Re(Tijuj )dx2 (3.19)
o
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This 1is done with the understanding that the wave front is 1lm wide.

For a width W and propagation in the x,~direction Eq. (3.19) is

1

modified to become the relation for the required complex power, i.e.
P L T, a, 3.20
173 ljuj dx2 . (3.20)

The tensor subscripts must be interpreted according to Table

B.8 in Appendix B. Then for Eq. (3.20):

P L dy[T.a" o 3.2
Px -5 y[Tlu + T6v + T5 x 0], (3.21)
(o}

where X} = X, X5 T Y, Uy TU, Uy =V and u, f 0 in accordance with
the treatment of Chapter 2.

The quantities u and v must be taken here as the complex

amplitudes of Eqs. (2.68)-(2.69) multiplied by ej(wt_kx), from

* *
which u and v follow:

M Y L @ T2 etk

u(x,y,t) = [C1 e +C (3.22)

and

(1) "k (2) e‘“zk"] 3 (=)

v(x,y,t) = [C2 e + C2 , (3.23)

which imply

-a,ky -a,ky _ _
o - -jm[Cl(l)* e 1 4 Cl(z)* e 27y e dlut-kx) (g o4y

and

L x "oqky x —Goky
v = -jw[Cz(l) e 1 + C (2) e 2

5 ] e‘j (wt-kx)

. (3.25)
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Tl and T6 are obtained from Eqs. (2.1) and (2.6), and Sl’ 82 and

86 from Eqs. (2.6)-(2.8). Then,
u av
T1 = C11 S1 + C12 S2 Cll v + C12 3y (3.26)
and
v Ju
T6 C66 S6 C66 ™ + C66 3y (3.27)
Also,
du -jku (3.28)
ax ’ )
-a,ky -a,ky
u o a 7 _ (2) ~*2 3 (wt-kx)
3y [ alkcl e °2kC1 e ] e . (3.29)
v kv (3.30)
3x Jkv, '
and
-a,ky -a,ky
kN 1 ™1 (2) %2 3 (wt-kx)
3y ( a,kC, e - asz2 e ] e . (3.31)

These relations are worked out in Appendix D. It is found there

(2)

that in terms of C2 , the peak amplitude of the dominant mode,

F; is real and has a value of

9
P = % ww[CZ(Z)]Z x 90 x 10° . (3.32)

It is also seen that, had only the vertical motion of the dominant
mode been considered, the value for the power flux would have
differed from Eq. (3.32) by only 9Z. This suggests that a vertical

shear wave of suitable depth is a good approximation for the
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surface wave. This is born out by the fact that Eq. (2.50)

gives a speed of propagation of

0.9096 x C
v -\/_..____66 (3.33)
P p

which differs from that of a vertical shear wave

vV =\/— (3.34)
by only 4.67Z.

The Forced Electrostatic Problem

Any piezoelectrical interaction has been neglected so far.
In quartz this is quite justified because the interaction is weak,
and the expression for the power flux developed in the preceding
section is quite accurate. To obtain the potential the solution
obtained in Chapter 2 is now used as a forcing function in Eq.

(2.5)

S
1 ° %K Skl + €5k Ek . (3.35)

Since the divergence of D is zero in the crystal (no free charges)
it will be convenient to perform this operation on Eq. (3.35) with

the result:

-]
1,07 %kl Skr,e Yo B, ” 0 (3.36)

D

The subscripts behind the commas donote a partial derivative. It
can be said, furthermore, that E is -V¢ as in an electrostatic

problem since tvpical dimensions are much smaller here than one
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wavelength in free space. It follows that

s

€11 skl,i €k ¢,k1 =0 . (3.37)
In all rotated Y-cuts in quartz the dielectric constant matrix eijs
is given by [4]:
ell 0 0
s
eij =|| 0 €99 €514 . (3.38)
0 €3 €33
Since no variations in the z-direction are assumed Eq. (3.37)
becomes:
azg ) d 3
‘us2" 2 ay? | Ikl ax Skt %2kl By Sk1 (3.39)

In terms of engineering notation the tensor subscripts must be once

more interpreted according to Table A.8 in Appendix A:

2 2 28 3s 3s 3$
s 3¢ 1 2 3 _4
f11 2 t €2 ag? | 11 3x tepwx et
3s 3S 3S 3S 28
5 35¢ 1 2 3
tesax Teeax teaay Yy Teayy
28 3S 3s

4 5 6

teuay tesay Yoy

The matrix for the piezoelectric constants is also largely empty

for rotated Y-cuts:
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‘n %12 %13 s 0 0
eipa 0 0 0 0 €5 el - (3.40)
0 0 0 0 35 €36
Furthermore, according to the treatment of Chapter 2, only Sl’ S2

and 86 are not zero; which results in the inhomogeneous differen-

tial equation:

. 2200x,y,t) +e 2otx,y,0) | e el +e %
11 axz 22 ayz 11 ox 12 3x
886
+eys o - (3.41)

The strains relate through Eqs. (2.6)-(2.8) to the solutions of the
simplified surface-wave problem in complex notation Eqs. (3.22)-
(3.23). The general solution is found in [4]; for this particular
cagse it will be simpler than there. Tor convenience it is worked

out in Appendix E. Of particular interest is the potential at the

surface.

¢ =0, W) L x,0,0) (3.42)

It follows from the solution in Appendix E (Eq. E.8) that g is:

(1) (1)
(re;; + ajey)Cy " + 3(eyq - Tage),)C,

@ =

S
(1 + ray) Veyjey,

(2)

(2)
(re + j(e26 - tazelz)c2

]

11 ¥ 22%26)C1
(1 +ray) Veypep

€
r=\/-22 (3.43)
€11

+
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Transmission Line Models Based on Surface Potential

Two initial choices for dynamic variables are made in
connection with ¢+. First, it will be taken as the cross-variable.
This will lead to a w-circuit as shown in Fig. 3.4b. The next
choice is not quite as direct, but it leads ultimately to equiva-
lent circuits for surface wave transducers which are very similar

to the Mason circuit for bulk waves (see Fig. 3.la):

1" = jw/e e,y Wo' (3.44)
and
I- = -jUVCllezz w¢- ’ (3.45)

where I(x) is the through-variable as defined in Fig. 3.2

I(x) = T (x) - I"(x) | (3.46)

and

o = o oJ (wt+kx)

(3.47)
represents a generalization of the treatment where only waves in
the (+)x-direction are considered. For either approach, it will
first be necessary to evaluate °s in Eq. (3.43) in terms of 02(2)
so that the characteristic impedance or admittance may be

determined according to Eq. (3.18).

By means of the tensor transformation [4]

e (3.48)

1jk' T %4y ajs %1 ®rst

the required piezoelectric constants for the AC cut are obtained:
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€12

26

e

-12
€1 © 39.21 x 10 F/m

x-axis, but €99 suffers

€22

or

€22

or

€22

33

0.171 C/m?
2
~0.1615 C/m

0.106 C/m2 .

is not affected by the rotation about the

a slight change,

®2r %25 Erg

COSZG €92 + 2 cosg sing €93

+ sinze €33

The potential at the surface becomes

i.e.

''=39.71 x 10712 F/m .

®s

+ (0.1740.147x0.106) (§0.052)+3(0.106+0.147x0.163) C (2)

(1 +1.0063 x 0.147) x 39.46 x 10

This reduces to

o = -12.225 x 10" ¢,®) - 30.277 x 10"

2

+ §0.215 x 1077 c,

(2 4 y2.867 x 10

-12

(2)
C,

? C (2).

2

(3.49)

(3.50)

(3.51)

- (0.1741.4x0.106) (-j0.66) - j(0.106+1.4x0.163)(0.079) c (2)
(1 +1.0063 x 1.4) x 39.46 x 10

2

(3.52)

(3.53)
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Hence,

() (58 mv for c.® = 1071%).  (3.50)

8
o =15.8x 10" C )

2

The numbers were left in the same order in which they appear
in Eq. (3.43). It is seen that the slowly decaying ''shear' mode
still furnishes the main contribution to this particular property
qf the surface wave, but it is strongly opposed by the electric
interaction of the "longitudinal" mode which exists closer to the
surface.

¢ 18 now selected as the cross variable

6(x) = ¢ (x) + ¢ (x) - (3.55)

The characteristic admittance according to Eq. (3.18) is then
Y =2p /|0 |? !
o x |¢s| . (3.56)

From Fas. (3.32) and (3.54) follows the value for Yo.

x 90 x 10°/[5.8 x 10° ¢_ (22 (3.57)

(2),2
] 2

YO = mN[Cz

Y = i x 2.68 x 10775 (3.58)

Typical values for W are 3mm and for w 109 rad/sec. Then

Yo = (.88 and the corresponding through variable would be I+-Yo¢+
where I+ = 0.8 x 58 x 10-3 ~ 50 ma for a wave in the x-direction.
The line potential was based in Eq. (3.54) on a peak vertical
displacement of 13 at the surface. It should be noted in Eq.
(3.58) that the line admittance increases with frequency. This

result defines now for any section of line the equivalent circuit
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shown in Fig. 3.4b, or if Zo = l/Yo is used, the circuit in Fig.

3.4a.
Alternately a through-variable may be defined first as in
Eq. (3.44). Zo follows from Eq. (3.18):
2 2 2
Zo = 2Px/w €11€22 %) |<!>S| (3.59)
with the values obtained in Eqs. (3.54) and (3.32) this becomes:

wW x 90 x 109 x 1024
o~ 272 2 16 ¢ (3.60)
wW x 39,21 x 39.71 x 5.8 x 10

14
. L72x 107

o oW . (3.61)

Zo decreases with frequency. For a wave to the right, of peak

(2) o+ —_— 4
amplitude C, of 1A, I = jw/elez W has a peak value of 6.87uA
for w = 109/sec and W = 3 x 10—3 m. The corresponding cross-

variable 1s then

V =2 1 ., (3.62)

Z° at w = 109/sec, W=3x 10—3 m is 57.3 MQ. V+ has then a peak
amplitude of 394 volts. With the aid of Eq. (3.61) the equivalent
circuit shown in Fig. 3.4a is now defined for any given length of

transmission line.

The Vertical Shear Wave Approximation

It was pointed out earlier that the speed of propagation of
a vertical shear wave differs from that of the surface wave by only
4.67. Furthermore the major contribution to the power flux (Fq.

3.32) comes from the last term in Eq. (D.3), Appendix D:
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66 (2) 2
P = by ]c | (3.63)

The error here was only 8.8%. This contribution is the same as the
power .flux of a vertical shear wave of effective thickness h, where

h can be found from an expression corresponding to Eq. (3.20).

= W . x
Px =-3 [T6 v]h (3.64)

K.
For v the value of the surface wave at y = 0 is taken, but for

mode 2 only (Eq. 3.25):

v - g Cz(z)* e~J (wt=kx) (3.65)

T6 follows from Eq. (3.27), consistent with the present approxima-
tion.

v
66 56 C66 X -jk C66 v, (3.66)
which becomes through Eq. (3.23):

(2) eJ(wt-kx)

v(x,0,t) = C2 (3.67)
- (2)  3(wt-kx)
T6 -jk C66 02 e . (3.68)
The power flux, as defined in Eq. (3.64), is then
5 . W (2) . (2)* _
Px 3 [-ik C66 02 C2 (-jw)] h, (3.69)
where
21 Vo 1.
e = Kk = w/V , and " -E-.Z_ﬂ'- . (3.70)
Hence,
5o’ Ic,®|2 n (3.71)
x 2Vp 66 '~2 ‘ *
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This is to equal Eq. (3.63):

2
C66 Ww 066 Wu

4a 2V
P

h . (3.72)

2
It follows that the effective thickness h of the equivalent shear
wave should be:

v
p__ 10700 o

Zwaz w

. (3.73)

It decreases with frequency. In terms of a wave length the

effective thickness is

A
e 0.54x . (3.74)

a2

h =

In the Mason model (see Fig. 3.la) particle velocity is
taken to be the through-variable. There longitudinal waves were
considered. 1In that case the natural choice for reference
directions would be such that the forward and reverse waves would
subtract as shown in Fig. 3.2. For a shear wave the particle
velocity is in the transverse direction. The displacement at the

surface given by Eq. (3.23) is, using the "mode 2" approximation:

v = Cz(z) o (we=kx) (3.75)

The reverse wave would have displacement:

- o () I (uttkx)

v = C2 . (3.76)

By Eq. (3.66) the shear stress is

v
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This results in

1t e gk o, (3orko)

6 c

66 (3.78)

and

T.”

] 2(2) ej(wt+kx) c

= 4k C 66 (3.79)

The velocities add and the stresses subtract. One could take
various choices now. Here, arbitrarily, the cross-variable will be

defined as

V= -Th = -T6+Wh - T Wh = vhe v (3.80)

and the through-variable has to be taken then as

I=1 -1, (3.81)
where I' and I_ must be in accordance with Eq. (3.64)

+ (2) ej(wt-kx) =t

I = JuC, (3.82)

and

@) _j(ut+kx) _ .-

I = -juC, . (3.83)

The quantity (WhT6) is the counter force acting externally on the
section., For this reason, the power flux expression contains a

minus sign. Accordingly V+ equals -T6Wh. The characteristic

impedance is now

(2)
“Tgh  JkCgq Cp  Wh kCqelh
—F
v Ju C2(2) w

N
[ ]
FipA

. (3.84)

By Eq. (3.74): h = A/énaz, k = 2n/A and hence Z  becomes
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C,.. W
7 = 66

o 2a2 w

. (3.85)

This last expression (Eq. (3.85)) resembles Eq. (3.61) where the
surface potential was used. There, also, the numerator is propor-
tional to C66 if the dominant term for the power flux 1s considered

(Eq. D.3, Appendix D):

Cep Yo |c2(2)|2
P = . . (3.86)
X 2 2a
2
By Eq. (3.59) Zo is
2 2 2
z, = 2Px/w €11802 W |¢s| . (3.87)

According to Eqs. (3.53) and (3.43) the largest contribution to @s

is:
(2)
1 ey Cy (3.88)
Ve11%22
Because of cancellations ¢s is less:
2
3 ey Cz( )
¢s = 0,215 x —mMM™ ., (3.89)
VE11%22

The characteristic impedance in Eq. (3.61) is then in general

symbols approximately:

Cop W 1 €11%22
z = . . (3.90)
o 2a, 2. e. W 0.215% e 2
wEEy . €26
C.. W
66 22
z_ = 2, ¥ (22 . (3.91)
Wey
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Comparison of Eqs. (3.91) and (3.85) shows the relation
between the purely mechanical represgntation of a piezoelectric
transmisgion line section and the representation through the surface
potential. It should be noted that both expressions are propor-
tional to C66 and, therefore, to sz. This differs from the treat-
ment by Smith et al [7], [10], [11]. There Zo is proportional to

Vp. That result follows directly from Eq. (3.84):

kC. Wh C..Wh
7 =066 _ 66 (3.92)

c..,=V " "p (3.93)

is next replaced to yield

ZO = pr Wh . (3.94)

This is Mason's expression for Zo which would apply here if h were
to be taken as a constant. But h = A/&naz results in the correct

expression Eq. (3.85) used here.

Modification °€“Z° Through Consideration of the Piezoelectric

—————

In this section it will be established that for the vertical
shear wave C66 must be modified when the electric field is not
disregarded. This treatment is taken from Berlincourt et al [12].
The piezoelectric constitutive Eqs. (2.4)-(2.5) are for this
special case:

E

T C66 S6 - e E2 (3.95)

6-

D2 = ey S6 + €, E2 . (3.96)
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But the region is charge-free so that the divergence of D is

zero. In this case then

aD 9S oE
2 6 2
= - 0= €26 ox + e o (3.97)
may be combined with Eq. (3.95) to eliminate Ez. Then
e _ E g . oE, (3.98)
90X 66 3x 26 3x *
aT
But 3;—-13 the net force per unit volume acting in the y-direction:
aT 2
ax6 - Q_% , (3.99)
at
. = v - .
56 is here Se x %° that Eq. (3.98) becomes:
2 2 oE
3V E 3v 2
P53 " Cee _ 2" ®26 3x ° (3.100)
at 9xX

Let the speed of propagation for an independent E-field be

. C
VpL = \/—fﬁ . Then Eq. (3.100) may be regarded as an inhomogeneous

oE
wave equation with (e26/C§6) 3;£ as the source term:
v 1 3% _ %262 (3.101)
2 F,2 2 E 23x '

X (Vp) at C66

1f E, is forced externally then V E is indeed the speed of propa-

2 P
aEZ 32v
gation. Through Eq. (3.97) % and~——§ are interdependent:
ax
3E) 36 3%y R
il 5 (3.102)
2 3x

Equation (3.100) then becomes
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2 e 2 2
ot €2C66 X
which defines C0, a
c efines C . as
e 2
D E 26
C66 = C66 (1 +—~C—E] . (3.104)
€2%66

The corresponding speed of propagation

D
vP -\ /28 (3.105)
P )
is then higher, i.e.
D .E €26
A S (3.106)
€2Cq6

For the values used before (e262/C66e) = 0.01. This means from

Eq. (3.104) that Zo should be taken 17 higher in Eq. (3.61) and in

Eq. (3.85). The velocity Eq. (3.106) would increase by only 1/2%.
Smith et al [11] state that the changes in impedance and

velocity are the same:

1., 2
=1+ E-kc . (3.107)

NION
<l°<

=]
a2

The quantity kc is the electromechanical coupling coefficient. 1In

the present case this would be

k = — (3.108)

Equation (3.106) agrees with Eq. (3.107). However, the change in

impedance should be proportional to 1 + kcz. This follows directly

from Eq. (3.104) and Eq. (3.85). Smith et al [11], on the other
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hand, base their conclusion (Eq. (3.107)) on the expression for Zo
given in Eq. (3.94) where Zo seems to be proportional to Vp. The

correct statement is

2
Z, = Zm(l + kc ) . (3.109)

The quantities Zm and Z0 are the uncorrected and corrected impedance

values.

Summary

A method has been described by which an equivalent circuit
may be obtained for a section of piezoelectric surface wave trans-
mission line. The expression for the characteristic impedance
followed from the value of the power flux and a suitably chosen
dynamic variable. By means of the vertical shear wave approxima-
tion, it was finally shown how, in retrospect, the initially
omitted electric interaction may be accounted for to produce
slightly higher values for the characteristic impedance and the

speed of propagation.
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CHAPTER 4

THE MODIFIED MASON MODEL

Description of a Surface Wave Transducer and its Simplified

Physical Model

The typical layout of a surface wave transducer is shown in
Fig. 4.1. Alternate electrodes are interconnected. When the trans-
ducer 1is used for excitation of surface waves, the array is connec-
ted to an electric signal source. Conversely, the surface poten-
tial difference can be detected by the array when a surface wave
travels through it.

The electric field distribution between adjacent electrodes
is rather complicated. It will be dealt with in subsequent
chapters. In the current literature it is assumed that only the
field component in the y-direction contributes significantly to the
surface potential [7], [13]. Mason's bulk wave transducer model
[5] with crossed-field excitation (Fig. 3.1) is there employed for
an interspace and half of its two nearest neighbors. According to
the results of Chapter 2, the surface wave behavior is in several
respects similar to that of a vertical shear wave. The equivalent

thickness was developed in Chapter 3, Eq. (3.74):

h = A/éﬂaz = 10700/w . (4.1)

The surface potential Eq. (3.43) also obtained its major contribu-

tion from the vertical displacement producing an E-field in the

44
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< = s

(a)

+ t

l v ‘

4//]///

\_»—CV_

h = depth of t = typical pathlength

equivalent shear wave

(b)

Figure 4.1 - Layout of surface-wave transducers.
(a) Overview.
(b) Detail showing field lines and
equivalent depth.
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y-direction:

Qs N ——— ., (4.2)
Vej€a2
Expression (4.2) is too large, but this is taken into account by
suitable correction factors.
The main justification for this equivalent circuit is,

however, that it predicts observed behavior (7], [13].

Development of the Model for One Electrode Section

The reference directions are shown in Fig. 4.2. It
represents a "free-body" diagram. The thickness is h = A/Awuz. the
width W and the length L. It is assumed that a vertical shear wave
can exist throughout this volume and that the E-field consists of
Ez only, where E2 is assumed to be constant within the volume. For

this case the constitutive Eqs. (2.4)-(2.5) are:

T6 = C6686 - e26E2 (4.3)

Dy = 22656 * €2F; (4.4)

The standard assumption [12] is that the particle displacement £(x)

may be described by a standing wave. The same may then be said

about the particle velocity é(x) and the strain Eq. (3.66):

- 95

S(x) % | (4.5)
Let all of the variables be represented by complex exponents.

By Euler's relation a standing wave may be expressed as the super-

position of two waves:
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Metalllzed / Mctallized

7,
< e e e e — ——
I
X
. l lul [y Uzs ’,
| /
| EZ /
u, l 1 F le -F,
T

=T () l l To(o) —T6(L)l T,

S /

Fipgure 4.2 - Free-body diagram of section under a half
electrode used for the development of the
Mason circuit.
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g = K e I h g el | (4.6)
It follows that Ul and U2 are
Ul 1 1 Kl
= . 4.7)
U, e Ik eIkl K,

These relations yield Kl and K2 in terms of the terminal velocities

U, and U

1 2
JkL _
K1 e 1 U1
1
© 23sinkL : (4.8)
__-JkL
K2 e 1 U2
By Eqs. (4.5)-(4.6) the strain 1is:
VAN N T | N | S | S | =
S6(x) %~ Ja ax Kl(jm ) e Z(Jw) e . (4.9)
With the aid of k/y = Vp, S6(0) and 86(L) may now be expressed as:
1 1
5¢(0) tv v S
P P
= (4.10)
-jkL JKL
e e
56 (1) "V vl 1%
P P
or
. _ 1 1 jkL
1 P P .
= 2jsin(kL) (4.11)
e_jkL ejkL -jkL
s (L) - -e 1 U
6 v v 2
| P

where the column matrix has been replaced by Eq. (4.8). These

equations are multiplied by C66 to obtain the stresses acting on a
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surface to the left, providing Ez is held equal to zero:

T, (0) -cos (kL) 1 U
C66/V

" Jsin(kL) :
T6(L) -1 +cos (kL) U

(4.12)

2
If E2 is not zero, then the quantity -e26E2 is added to both
equations. The internally acting forces at the left and right

surface relate to those stresses by Wh for the left surface and -Wh

for the right surface:

F -cos (kL) 1 U e, WhE
1 1 260 2
_ th66/v i
jsin(kL)
F2 1 -cos (kL) U2 -e26WhE2
(4.13)

The electric current 1/2 is related to the displacement Dz(x) by

L L
I/2 = wf 1')2(x) dx = ijf D, dx . (4.14)
] 0

The current is denoted by I/2 because the section in Fig. 4.2 shows
only one-half of one electrode.

By Eqs. (4.8)-(4.9) 86(x) is

K

1
Sg(x) = %,— [-e kX Ikx, , (4.15)
K,
or
ejkL -1 U1
SG(X) - EEV;%I;EE [-e_ka ejkx] . (4.16)
-e-jkL 1 U
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-cosk (L-x) coskx
3V_sinkl Uy + 3V_sinkL v -

86(x) = (4.17)

Equation (4.4) combined with (4.14) results in:

L -Uyere Uz¢26
I1/2 = quj; [W cosk(L-x) + m coskx + ezEZ]dx (4.18)

or

1/2 = -We,,, U, + We U, + JuWLe,E, . (4.19)

26 1 26 272

The actual field is not simply E2' Let t be % the effective path

length to the adjacent electrode of opposite polarity such that

th =V/2 , (4.20)

where V is the actual potential difference. Then Eqs. (4.13) and

(4.19) may be reexpressed as follows:

A YA
o o
~F1 jtan(kL) jsin(kL) e26w U1
YA YA
F,||= 9 N e, W -u (4.21)
2 jsin(kL) jtan(kL) 26 2 ° °
Jwe WL
1 2 Vh
@ T T ) 2t

This choice of algebraic signs is necessary to obtain for an elec-
tric short circuit (V = 0) transmission-line behavior identical to

that derived in Section 3.6, Eq. (3.5). Here as there (Eq. (3.84)),

Zo = Wh C66/vp = C66 W/Zuzw . (4.22)

Since —Fl must now be used as the cross-variable at x = 0, it is

apparent (see Fig. 4.2) that the cross-variable is always the force
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applied to the face of a 'free body" to the right. This is
congistent with the reference direction taken for the power flux
in Chapter 3. Particle motion in the y-direction is represented by
through-variable arrows pointing to the right for consistency with
Eq. (3.5) and Fig. 3.4.

The depth h of the shear wave is not a constant, it rather

decreases with frequency:

h = 0.52) .

On the other hand, the effective path-length t, chosen to make

V/2 = th,

is in no way related to frequency. But, the device will be used at
a frequency where the separation of the electrodes is roughly half
a wavelength. The quantities t and h will then be of the same

order of magnitude. It 1is required to make the identification
h=t

in order to form the equivalent circuit in Fig. 4.3, on the basis
of satisfying Kirchhoff's laws. The turns ratio N on the basis of

Eq. (4.21) must be of the form
N = € Ww. (4.23)

For convenience, the turns ratio is actually described as follows:
N = Vp ke Wh:zp ’ (4.24)

if ke is defined as kc before in Chapter 3 as
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KL KL
U jz  tan (G5 jz tany)
1 ) 2
— —_——
[ — ——
F F,

_ oA (electrode)
+

v/2

L —l) B
(common reference node)

Figure 4.3 - Equivalent circuit for a half-
electrode of a shear-wave

transducer.
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k =— , (4.25)

and VC66 is8 expressed as
'C66 - V#/E ’

then Eqs. (4.23)-(4.24) are identical.

However, it was seen in Chapter 3, that the surface
potential of a surface wave is smaller than the value produced by
the vertical shear wave, which has been used for the development of
the equivalent circuit. To correct this error, an appropriate
value will be chosen for the piezoelectric coupling coefficient ke
in the next section.

The expression ijZWL/h relates half the current into one
electrode to half the interelectrode potential difference. It is,
therefore, equal to jw times the capacitance between one electrode
and its two neighbors. The capacitance to one neighbor, however,
is8 of more practical interest and is defined as C,

CZWL
C= 7t . (4.26)

The values for the elements in the T-circuit are obtained

from Eq. (4.21) as in Section 3.1, Eq. (3.8).

The Determination of the Effective Coupling Coefficient ke

The turns ratio in the Mason circuit, Fig. 4.3, is propor-
tional to the coupling coefficient ke. In this section the surface
potential, Eqs. (3.43) and (3.54), will be related to ke by means

of the Mason equivalent circuit. Since the surface potential is
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known a value for ke may be obtained which yields results consis-
tent with surface waves. This is true despite the fact that the
Mason circuit was based on the shear-wave approximation.

In Fig. 4.4 two half-electrode sections are separated by an
inactive transmission line section. This is an approximation since
the area between the electrodes also has an applied electric field.
This field is largely in the x-direction, as shown in Fig. 4.1b.
The piezoelectric constant, e

, which relates El to T6 is zero

16
(Eq. (3.4)). This approximation is, therefore, consistent with the
vertical shear-wave approximation.

The section is one half of a period D in the transducer
structure Fig. 4.la. The origin 18 chosen at the mid-point between
any two electrodes. It was established at the end of Chapter 3
that the presence of an electric field has little effect on Vp, the
speed of propagation, and on Zo’ the characteristic impedance. It
is, therefore, reasonable to assume that a wave can travel through

this section with a constant velocity and negligible reflections.

Let the complex amplitude be:

UGx) = U e 3% (4.27)
The open circuit voltage is
-9 - - % -
Yoc ™ Juzc U1 = Ya) - 355¢ (V3 - U0 » (4.28)
kD kD(1-n)
Y4 13
where U1 =Ue U2 = U e (4.29)
kD kD(1-

and U& =Ue U3 =0 e . (4.30)
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PR x =0 o

I L I
re =Dl -N)/A L’ _‘] x=N(1-n)/4 x=D/4

6—4

Figure 4.4 -

Determination of the open circuit voltage
between adjacent half electrodes for

U(x) = U e~JkX employing sections of the
cquivalent shear-wave circuit.
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The quantity U4 - U3 is multiplied by the complex conjugate of the

quantity U1 - U,. It follows that Eq. (4.28) becomes

) kD(1-1n)
V. = NU_ Re[ej b ej 4 ] (4.31)
oc = Ju€ )
i.e.
NU kD kD(1-n)
oc = Juc [€08 7 = cos =1 . (4.32)

This expression gives the open circuit response for any frequency

At present the attention will be focused on the special case
when w is the so-called synchronous frequency w,e At this
frequency the wavelength A equals the period in the comb structure
D. It is clear that, when p = W, and thg electrodes become very
narrow, the open circuit voltage, VOC' is twice the surface
potential. This 1is used to specify the turns ratio N.

The open circuit voltage for infinitely narrow electrodes 1is:

_NU Jlim 1 kD _ kD(1-n)
VOC Jo 110 C [cos 4 cos 4 ]}}. (4.34)

By trigonometric expansion, and the fact that for small § cosg=1l

and sinf6=@ the open circuit voltage becomes

V.. =-NC

oc ) sin X0 (M0 XDn; (4.35)

n+0 4C

U is also expressed here as jmcz(z), consistent with the vertical
shear-wave approximation. For @ = Wy k becomes 2x/D. The ratio n
of the electroded part to the total length of the section is

n = 4L/D. For very narrow electrodes the capacitance 1is
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proportional to L, since a change in L no longer affects t.

- WL
C 7c (4.36)

The exact nature of C will be studied in the next Chapter. At this
time it will be sufficient to estimate the path length 2t to be

somewhat longer than D/2. Under these circumstances Eq. (4.35)

becomes

..N (2
|V0C| = "Ew C2 . (4.37)

To find the correction factor for the turns ratio N (Eqs. (4.23)

and (4.24)), let

N=A € W, (4.38)
where A is the required correction factor. The open circuit
voltage should be twice the surface potential, so that

ne
26 C (2)

Iosl =A 2¢ 2 . (4.39)

Equation (3.89) gives the actual surface potential

e
- 26 . (2)
gl = 0.215 —1¢,""" . (4.40)

|®
It then follows that the correction factor A is

A=0.14 . (4.41)
The effective coupling coefficient kc in the turns ratio N should
then be (Eq. (3.108)):

ke = 0.14 e26/JcCG6 = 0.014 . (4.42)

The equivalent circuit is now specified except for an analytical
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expression for the capacitance C. This will be obtained in a
different context in the next Chapter. It could certainly be

determined experimentally without difficulty.

Concluding Remarks

The development of the last three sections pointed out both
the attractiveness of the Mason model and its flaws. The strength
of the model lies in the orderly, analytical relation of the final
matrix, Eq. (4.21), to the initial assumptions. The ease with
which circuit sections were cascaded (see Fig. 4.4) to calculate
the open-circuit voltage (Eq. (4.31)) illustrates the versatility
and usefulness of the equivalent circuit. Its weakness lies in the
fact that there are many farfetched assumptions associated with the
development of the model; i.e. in both setting up the problem and
in taking the matrix equations to the equivalent circuit form.
First, in order to obtain the desired result, a surface wave is
approximated by a vertical shear wave of finite thickness, even
though the mechanical boundary conditions (T6 = 0 at the surface)
would not permit such a shear wave to exist in a finite medium.
Secondly, the thickness h is frequency dependent, but it has to be
canceled against the frequency independent representative path
length t in Eq. (4.21), in order to facilitate synthesis with
passive elements. Finally, the values of the capacitance and the
turns ratio obtained in the mathematical development have to be
modified in order to give correct results.

In the following chapters, an equivalent circuit for a

complete section of an alternate phase array, as shown in Fig.
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4.4, will be derived. In this derivation many of the assumptions
made previously are relaxed. Even though the subsequent develop-
ment lacks some of the elegance of that which led to the Mason
circuit, it is conceptually and theoretically sound and results in
an equivalent circuit which lends itself readily to analysis and

design.



CHAPTER 5

THE DETECTION OF SURFACE WAVES BY AN ALTERNATE PHASE ARRAY

In this Chapter the frequency response will be formulated by

extending the techniques used by Coquin and Tiersten [4].

5.1 The Residual Solution of the Potential Problem

It was established in Chapter 3 that the speed of propaga-
tion of an elastic wave in quartz changes very little with an
applied electric field. It will be assumed here that the velocity
under the electrodes, where Ex is zero at the surface, is the same
as between the electrodes or far away from them. In Chapter 3 a

surface potential was developed and is of the form

&J (wt-kx) ,

¢P(x’°’t) = ¢+ = os (5.1)

for a wave traveling in the positive x-direction and far away from
any electrode structure. As in Coquin and Tiersten [4], a residual
solution ¢C is introduced so that right under an electrode at peak

potential ¢°

¢C(x,o,t) + ¢S ej(mt-kx) = ¢, eth . (5.2)

However, it should also apply at any point within the material and

be of the following form:

¢(x,y,t) = ¢C(x’Yst) + ¢P(x,y,t) . (5.3)

60



61

According to Coquin and Tiersten the electric current
injected into an electrode of width W, extending from x = a to

x = b, would be in the present notation

dx . (5.4)

b (]
I = —jweZZWf 39 +
a y=0

ay

The proof will be developed here for completeness. It is
assumed here, as there, that the D-field outside the plezoelectric
slab is zero. The error in this assumption can readily be
corrected by appropriately increasing the final interelectrode
capacitance. The conduction current into the electrode is then

b

1= ijf D,
a

By Eq. (2.5) this becomes

y.0+ dx . (5.5)

b
I= jw?[- (e2k1 Skl + 522E2) + dx . (5.6)
a y=0

But Ez may be expressed as
E--%Q-—ﬂ—_.aL.EP__a_L (5.7)

where Ezp is the field in the absence of any metallization nearby.

Therefore

b c
- - 39
I jwczzaj: 3y

It is assumed that the strain wave is not affected by the electrode.

b
P
+ dx + juW (e2k18k1+522E2 ) + dx.(5.8)
y=0 a y=0

The integrand of the last term is D2P|y'0+' the D2 component at the

surface in the absence of any metallization, which by continuity of
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the normal D-field is zero.
It seems that the integrand of Eq. (5.4) would be rather

difficult to obtain. The potential ¢ anywhere is a solution of

2 2 3s 35
2°% 3¢ _ k1 k1
112 MY ay% ®1k1l Tax T %2kl oy C (5.9)

By Eq. (5.3) this may be rewritten as

2 2 2 2P S
S S o S o S S S o
11 2 22 2 11 2 22 2 1kl 3x
9x 3y 9xX Yy
3S
kl
+ e2k1 —3;— . (5.10)

Since the right hand side is zero it follows that the residual

potential is a solution of Laplace's equation

2.C 2. C €14
11
X 3 (ay) 22

in an x - ay coordinate system. The boundary condition is given by

Eq. (5.2),
o] J (wt-kx)
¢ (x,o,t) - ¢° = oS e ’ (5.12)
under the electrodes, and in the interspace by
29"
=0 . 5.13
3 (ay) ( )

y=0

This relation follows from Eq. (5.4) since, for any interval a to b
on the interspace, there is no externally injected conduction
current, yet the mathematical proof for Eq. (5.4) applies there

equally well.
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In Coquin and Tiersten [4], Eqs. (5.11)-(5.13) are solved for
the geometry shown in Fig. 5.1 at the synchronous frequency Wye In
this thesis that method will be extended to other frequencies. Such
an extension is a significant contribution to the theory of the
detection of surface waves because it will make possible the con-
struction of useful equivalent circuit models. In order to
appreciate the details of the technique, it is essential that the
reader become familiar with the method used at w, in [4]. This

development i3 presented in the next section.

The Detection at Synchronous Frequency

Consider a surface wave traveling to the right at synchro-
nous frequency through the infinite array. It is assumed that the
velocity of propagation Vp = wo/k is constant, and that the wave is
unreflected and unattenuated. From the discussion at the end of
Chapter 3 these assumptions are reasonable for the AC cut in
quartz. Let the mid-point of the electrode, at potential ¢M with
regspect to the pilezoelectric bulk, be the origin as shown in Fig.
5.1. At the synchronous frequency w, a wavelength A is exactly
equal to D, the periodic distance of the array. The portion of D
which is metallized is denoted by nD. The usual value of n is one-
half. The electrodes to the left and right are at a potential ¢L
and ¢R respectively. Because they are directly interconnected
¢L - ¢R and this in turn equals -¢M. All electrodes at potential
¢M are also directly connected. The potential difference V between
the electrodes at potential by and those at oL is 2¢M = by = by

The residual potential right under the central electrode
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x=0

-2/2 i?/4 -nD/4 7/ "nD/4 7 DJ4
/ / 4 / /
by / / /)

Figure 5.1 - Geometry used for the Coquin
and Tiersten analysis.

-nD/4 ¢C+ = ¢Ml— $g cos kx nD/4

D/4

-/4

\

ay

Figure 5.2a - Boundary conditions in the
x-ay plane.
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is by Eq. (5.2)

t ej(wt*kx)

¢C(x,o,t) = by oUWt _ o . (5.14)
Equation (5.4) becomes
nD/4 C
- - 3¢
I jwdcllczz Vjﬁ 3(ay) dx . (5.15)
-nD/4 ay=0

Only the even part of the integrand can contribute to the integral.
The pertinent part of Eq. (5.14) is therefore in complex amplitude

form (phasors):

¢C+(x,o) = ¢y ~ 9g cos kx . (5.16)
C+ C
The superscript (+) denotes that ¢ is the even part of ¢ .

c Cc
¢C+ M ¢.9) ; ¢ (-x) (5.17)

In general ¢C+ is not known, but since the even part of the surface
potential Os cos kx is zero at synchronous frequency at x = +D/4
and ¢R - ¢L = —¢M there is a virtual ground at x = +D/4 for all

values of y. It follows that ¢C+ must be zero there

¢C+(tD/4,y) =0, (5.18)

A further boundary condition on the field ¢C+(x,y) is that on

nD/4 < x <D/4 and -D/4 < x <-nD/4

C+
2 - 0

3 (ay) ay=0 i (5.19)

because there is no current injected into the unmetallized surface

area. These conditions are illustrated in Fig. 5.2.
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¢ = 1'“ - ')S dn(u)
| -nD/4,0] [nb/6,0]
(-K,0) /,/’ [()]()l (K,0)
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| [+D/4,=)
(-b/4 0] | [D/4,0])
’ Al
€ K,K") ~ ™ (+K.K")
ot - o o a0

Figure 5.2b - Map of the infinite strip in Fig. 5.2. The
corresponding points of Fig. 5.2 are indicated
by [ ]. The boundary conditions are also
indicated.
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The mapping function

Vi sn(w[m) = gin(2qz/D) (5.20)

i3 used to map the geometry of Fig. 5.2 in the z = x + jay plane
into the w = u + jv plane, where the infinite strip in Fig. 5.2
becomes a rectangle shown in Fig. 5.3. The quantity m, the modulus

of the sn~-function, must be

m = sinz(ng) ) (5.21)

The reader familiar with [4] will find it difficult to identify
each step used here in comparison with that article. It was found
more convenient to use the notation of Abramowitz [14] for the
Jakobian Elliptic Functions. Figure 5.3 shows the result of the
mapping. By Eq. (5.20) the value of x in the boundary condition

Eq. (5.16) must be replaced by

X = %; sin_l[falsn(ulm)] , (5.22)

so that Eq. (5.16) becomes:

¢C+ = ¢y ~ bg cOS sinullfa sn(u)] . (5.23)

sn(u) is used from now on instead of sn(ulm) where the context
leaves no doubt about the modulus. Equation (5.23) may be

expressed in shorter form by recognizing that [14]:

cos sin_l[JE'sn(u)] =V1 -m snz(u) , (5.24)

which by definition is:dn(u), another elliptic function. The
quantity K is the complete elliptic integral of modulus m. It is a

quarter period of the sn- and the dn-functions. The quantity K' is
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the complete elliptic integral of m', which is related to m by

m'=1-m. (5.25)
The value of the dn-function at u = 0 is one, and at a quarter

period K is

dn(K) =vm' =1 - m . (5.26)

Laplace's equation becomes in the u-v plane

2¢c+ 2 C+
¢ +3¢2 =0 . (5.27)
au v

Following the method of separation of variables the solution is of

the form
Cc+ N\
0T = A=Y+ L A, sinh[RT (K' - v)] cos(®LY) . (5.28)
n=1
Equation (5.15) becomes in the u-v plane
K 3 C+
I= -jm\/(.;llgzz WJ;K -—L—‘av =0 du (5.29)

c+
From Eq. (5.28) it is seen that Q%;— is also a Fourier series in u
for any value of v:

C+

A ek
3Q - _2 nmyu
v ot ZJ an(V) cos(———K . (5.30)

n=1

C+
Of principal interest is the average value over u of 3%;— [see
A
Eq. (5.29)], the coefficient a = - E% [see Eq. (5.30)]. It turns

out to be independent of v.

K

o 1 5 C+
S "X —Q—av du . (5.31)

>

-K
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Equation (5.29) 1is therefore:

I = §uf €11€22 W 2K AO/K' . (5.32)

By Eq. (5.28) Ao is, in turn, the average value of ¢C+(u,o), which

is the upper boundary condition:

o (u,0) = dy - 0g dn(u) , (5.33)
hence,
K
A, = ;_16 [4y - 0 dn(w)] du . (5.34)
-K

The equation relating the electrical quantities I and V = 2¢M to

the surface wave 1s then:

K
I= jw[Vcllczz WK/K']V - ijcllezz W OS[%T-j” dn(u)du] . (5.35)
-K

By the integral relations listed in Abramowitz [14]

jdn(u)du = sin [sn(u)] , (5.36)

but sn(K) = 1 and sn(-K) = -1, so that the square bracket in Eq.

(5.35) becomes

K
i—;—f dn(u)du-%.— . (5.37)
-K

With this simplification Eq. (5.35) becomes

I= Jmcv - jw'cllezz w'ﬂ' OS/K' . (5.38)
The quantity Ve11°22 WK/K' has been identified as C, the capacitance

of one electrode to its neighbors. The relation shows how the

current into the electrode depends on both the applied potential
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difference V and the amplitude of the surface wave ¢ The short-

S®
coming of Eq. (5.38) is that it holds only at the synchronous
frequency. At other frequencies the current I will still depend on
V by juC but the second term will have to change drastically, for
it is reported by other investigators [15,16) that, for example,
the response is zero at twice the synchronous frequency, or it is
also clear that the response should peak somewhere near synchronous
frequency. None of this can be deduced from Eq. (5.38). However,

with care, the preceding procedure can be generalized to other

frequencies. This is done in the next section.

The Frequency Response of the Short Circuit Current from Electrode

to its Nearest Neighbors

Recall that the ultimate objective of this research is to
obtain a useful equivalent circuit for an individual section of the
array. The correct overall effect can then be accounted for by
cascading'individual sections. In the next Chapter such a section
will be properly defined and its equivalent circuit will be
developed. To lead up to that development the frequency response
of the short circuit current from an individual electrode to its
next two neighbors will be studied here. 1In the following Chapter
this idea will be extended to account for the current to all
electrodes of opposite polarity.

In order to study the response at frequencies other than the
synchronous frequency wg Eq. (5.38) must be generalized. Referring
back to Fig. 5.2 it is seen that ¢C+ = 0 at x = *D/4. This 1is so

because of two reasons: First of all, at x = +D/4
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27

kx = #
T

&slo

= 1'2! , (5.39)

so that cos(kx) is zero there, and secondly D/4 is the mid-point
between the applied potentials L and “éy = ¢g» SO that it is a
virtual ground from the point of view of the externally applied
potentials with respect to the piezoelectric bulk.

If the frequency is somewhat higher than Wy s A4 will fall
short of D/4, but the mid-point between the electrodes at potentials
¢M and -¢M respectively would remain at D/4. The latter problem
can be resolved easily by considering the short circuit response,
i.e. the current when by = b ™ 0. Then ¢C+ will be of the form
-Acoskx and the lines given by ¢C+ = 0 in Fig. 5.2 would occur at

A/4. The next difficulty is now that the current I determined

sc’
in this fashion, would be a current between the electrode and the
bulk of the piezoelectric material since it has been assumed to be
the reference node all along. At the synchronous frequency this
causes no problem; the current injected into it by one electrode was
equal to that taken out by one of its neighbors. A connection to
the bulk was implied but it made no difference.

An extension of that reasoning to other frequencies is to

assume at first that a fictitious short circuit current still flows

from each electrode to the bulk based on Eq. (5.4).

nD/4 c
- v — %
ISCM +jw! €11€22 W 3(ay) dx , (5.40)
-nD/4 ay=0

but really there is no such connection, so the actual current from
the electrode to its neighbors [see Fig. 5.1] depends on the

difference between the induced emf on the electrode under
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consideration and the average emf induced in the two neighbors.

If again only the cven part with respect to the origin is
considered the waves shown in Fig. 5.3 illustrate that point very
well. Areas above the x-axis are positive and correspond to the
fictitious current from electrode to the bulk. Areas below the
axis represent current from the bulk to the electrode. The actual
current from the center electrode is then

I = Isew = Uger * Iscr)/2 (5.41)
sC 2 . :

To be more general consider a superposition of a wave to the right
and the left. At the surface under the electrode, ¢C is simply the

negative of ¢P:

oC(x,0) = —[¢s+ e ikx °s— LS (5.42)

Equation (5.40) becomes now for the three electrodes:

nD/4

C
-+ ju 4
ISCM Juw! €1122 W J[ 3(ay) dx , (5.43)
-nD/4 ay=0
nD/4-D/2 C
=+ jue 9
ISC 11€22 W J[ 2 (ay) dx , (5.44)
-nD/4-D/2 ay=0
nD/4+D/2 C
= ai—
I = * JWe 07 wj oy dx . (5.45)
-nD/4+D/2 ay=0

In order to comply with Eq. (5.41) a change in variables in the
last two integrals will result in the same limits of integration

as that of the first integral (Eq. (5.43)). Equation (5.44) will
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get the integral

nb/4
3 _ L -
/ Sy ¢ (x = D/2,ay) dx (5.46)
7 -nD/& ay=0
and Eq. (5.45) will get the integral
nD/4
. d ¢C(x + D/2,ay) dx . (5.47)
a(ay) ’
“-nD/4 ay=0

The actual short circuit current by Eq. (5.41) is now:

nD/4
+iwe, €, C 1 ¢
Isc = €11%22 wlza(ay) j (6" (x,ay) - 5 ¢ (x-D/2,ay)
-nD/4

o*(x+D/2,ay) Jdx] . (5.48)

-1
2 ay=0
The value of ¢c(x,o) is given in Eq. (5.42). In general, it is

reasonable to assume that ¢C is of the form

-jkx

C(x,ay) = -[o¥(x,ay) e I 4 47(x,ay) I (5.49)

+ -
where the wave amplitudes ¢ and ¢ may be functions of both x and
ay, but, because all electrodes are at zero potential they must be

periodic in x with period D/2, and they are symmetric about x=0.

65 (x + D/2,ay) = ¢*(x,ay) (5.50)

The integrand of Eq. (5.48) is then, if the argument of the ampli-

tudes is left out:

tete jkD/2 | -3kD/2y % L

ok | mdkx _ % oreIRx (e

-jkD/2 _ _ikD/2

(e )] s (5.51)
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or

+ -

-[¢ e jkx[1 - coskD/2] + ¢-ejkx[1 - coskD/2]] . (5.52)

The identities

1 - cos2g = 2 sinze (5.53)
and
kp/4 = 2% Do e (5.54)
A 4 Zmo

simplify Eq. (5.52), the integrand of Eq. (5.48), to

2¢ (x,ay) sin ( ) . (5.55)

The short circuit current from the middle electrode is then

nD/4
oo = Hw/e ey, W sin’ G v/‘ a(ay) $“(x,ay) | dx . (5.56)
0
"nD/lO ayso

The integral is solved by the procedure outlined in Section 5.2.
As mentioned earlier the infinite strip shown in Fig. 5.2 does not
extend from -D/4 to +D/4 but rather from -)A/4 to +)/4 (see Fig.

5.4) and ¢C+ on the electrode is now by Eq. (5.42)

¢C+ = -(¢S+ + os-) cos kx . (5.57)

By Eqs. (5.35), (5.37) the result will then be

Ju/ * - ' 21w
€11%22 w(¢s + o Y[n/K'(w)]sin (Zwo) . (5.58)

The elliptic integral K'(w) is now a function of frequency since
the infinite strip in Fig. 5.2 changes width with frequency (see

Fig. 5.4). The validity of Eq. (5.58) extends only to a frequency
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less than that which would produce a quarter wavelength equal to

nD/4, the edge of the electrode, i.e.

A >nD
21V 27V
or P >n P
w w
o
or L. < 1/n .
wo

Furthermore, since the boundary condition requires on the range

/4 < x < A4
3 C+
that —22;7— = 0 there is also an upper limit on )/4:

A/4 < D/2 - nD/4 ,

which defines the edge of the next electrode. In terms of a

frequency restriction this means

1
2-n

>

EIE

o
The combined statement of the frequency range over which Eq. (5.58)

is valid is then

<

. (5.59)

Ele
A
3 |-

2-n o

The frequency dependence of K'(w) is caused by the modulus m'=l-m

of the elliptic functions (Eq. (5.21)),

m' =1 - sinz(n%) ) (5.60)

Here, this relation must be modified, because n represents no
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longer the ratio of electrode width to interelectrode distance but
rather electrode width to )/2, half a wave length. Hence
. 2 nm
m'(w) =1 - sin (E——- (5.61)
%

The complete elliptic integrals K' are listed in Abramowitz [14] as

a function of

- hmw
a 2w

o

In Table 5.1 the normalized form of Eq. (5.58), F(m/wo), is computed

for n = 1/2, where

F(o/u) = I /du Ve 1e,y (oGt + 00, (5.62)
i.e.
F(m/mo) = g— sinzégg—)[ﬂ/K'(m/mo)] . (5.63)
o o

The frequency response is plotted in Fig. 5.5 for n = 1/2 for
frequencies between 2w0/3 and Zmo. Most applications fall in this
range. It is seen that the value of F at m/wo = 1 is equal to

that obtained in Section 5.2. In addition it should be noted that
the functional form of Eq. (5.58) is identical to Eq. (5.35) if

w and V = 0, It is furthermore seen that the response is zero
at w = 2wo as it must be. The peak for the short circuit current
response occurs near w = 1.2 Wy i.e. higher than the synchronous
frequency. This will not be the case in the open circuit voltage

frequency response, which is derived next.
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TABLE 5.1 - Normalized Frequency Response of a Single Section

for n = 1/2, 2w0/3 <w < 2w°

wlu, = -'2‘—:7‘: K' (w/w) Flw/u,) [Flw/u )/ (ulw) ]E—'
0.8 -_36° 2.01327 1.12915 1.41144
1.0 45° 1.85407 1.69443 1.69443
1.2 54° 1.741499 1.95804 1.63170
1.4 63° 1.66272 1.73131 1.23665
1.6 720 1.61045 1.07835 0.67397
1.8 81e 1.58054 0.34165 0.18980

2.0 90° 1.57080 0.0 0
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Figure 5.5 - Normalized frequency response of the short
circuit current from an electrode to its
nearest neighbors.
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The Norton Equivalent Circuit

By Thevenin's theorem the product of the short circuit
current times the output impedance is the open circuit voltage.
The output impedance is obtained from Eq. (5.38). All independent
sources are set to zero, in this case °S’ then the ratio of the
externally applied voltage to the current is the output impedance.
This 18 clearly 1/jwC. A Norton equivalent circuit for a section
consisting of a single electrode at x = 0 with the potential
referred to its neighbors is then shown in Fig. 5.6. The voltage
current relation for other than short circuit terminations follows

directly:

I = juCV - ij\/enezz W(¢S+ + os') F(w/w,) . (5.64)

It is seen from this that the open circuit voltage response equals
o, _
- L
Voo = (K'/K)(oS" + 0.7) Fluwlu )/ (w/w ) - (5.65)

The value of C used here is given by VEIIE;;'W K/K'.

The normalized open circuit voltage response is plotted in
Fig. 5.7. The peak has indeed shifted to the left in relation to
the peak of the short circuit current response.

The technique used here in this Chapter is an important
extension of the work by Coquin and Tiersten, since it will lead
to equivalent circuits which apply specifically to surface waves

and are not based on analogies to bulk waves.
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Figure 5.6 - Norton equivalent circuit of a single
electrode and its nearest neighbors.
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CHAPTER 6

EQUIVALENT CIRCUIT MODELS FOR SURFACE-WAVE TRANSDUCERS

The transducer models presented in this Chapter have been
developed specifically for surface waves and do not rely on an equivalent
bulk-wave behavior. The two circuit models derived here are one with
dependent generators and the other, derived from the first, with an ideal
transformer similar in form to the Mason model. The starting point is

Eq. (5.43) in addition to various surface-wave transmission line models

of Chapter 3.

6.1 An LEquivalent Circuit with Dependent Sources

With Eq. (5.58) an expression was obtained for the short-
circuit current from an electrode centered at x = 0O to its next
neighbors. This led to a Norton equivalent circuit from which Eq.
(5.65) was derived, which in turn gave rise to the frequency
response plot [Fig. 5.7] of the open-circuit voltage of the
electrode with respect to its neighbors.

In order to arrive at a valid equivalent circuit for a
suitably small section, that can serve as a building block for a
larger array, the constraint that the current exchange only occurs
between an electrode and its next ncighbors [see Eq. (5.41)] will
be lifted. The nature of the final equivalent circuit will be such
that gshort-circuit calculations based on it result automatically in

the current between electrodes rather than current from an

83



84

electrode to the grounded bulk implied by Eq. (5.40).

Nevertheless, the current from an electrode to the grounded
bulk is obtained first. By comparing Eqs. (5.40), (5.56) and (5.58)
the conclusion can be drawn that the current to the bulk for an

electrode at x = 0 will be:

ooy = WE 160, W[n/K'(w/wo)](Q; +o) . (6.1)

If the electrode is located at a point x, = nD/2, i.e. n half
periodic lengths to the right of the origin, the equation becomes

-jkx

= Jule) €y, W[ﬂ/K'(w/wo)][°S+ e "4 °S- e

+jkxn
]J. (6.2)
An array of N electrodes shorted to the bulk is shown in Fig. 6.1.
All odd numbered electrodes are interconnected first before this is
done. The same is done with the even numbered electrodes. Thus
the total current into the bulk would be I1 + 12 + 13 +. ... IN'
This is suggested by the mathematical formulation of Eq. (6.2), but
it is physically not the case. By analogy to Eq. (5.41) the actual
short-circuit current from the upper half of the array [see Fig.

6.1] to the lower half is determined by one-half the difference in

emf's, which leads to

1
Isc'§[11-12+13—14+'""-IN]' (6.3)

By Kirchhoff's current law this result is simply achieved by
connecting the upper electrodes directly to the lower electrodes,
bypassing the bulk node. The strength of each generator must also
be cut in half. Figure 6.2 shows this connection as a hatched

line. To guarantee the correct output impedance between terminals
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The resulting short circuit current is
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obtain a meaningful

expression for the electric terminal behavior.
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A-B a capacitance of value C must be added as shown for each pair

of current sources. The terminal voltage VAB

between the potentials referred to the bulk, ¢A and ¢B. The effect

is now the difference

of the field above the slab must finally be included so that the

value of C is given by [16]:

= \J
C (EO+V611522)NK/K . (6.4)
and the strength of each current source is

- ejne]

1, = dw/e ey, WIn/2K' (w/u ) 1Tog" 37 4+ o . (6.5)

S

where
0 = kD/2 = '"(D/wo . (606)

The current sources depend on the surface potential at points X .

In Chapter 5, it was assumed that under short-circuit con-
ditions the transducer behaves as a piezoelectric transmission line,
without losses or reflections and a constant velocity of propaga-
tion. Consistent with this assumption will be the equivalent
circuit in Fig. 6.3 from which ¢P(xn) may be determined, where

+ -jkx _ +jkxn

p + -
¢(xn)-°se "to e = ¢ ejne+¢

- Jjne
s S s ¢

The circuit, however, applies only if the electric terminals
A-B are shorted. Since the array is a linear, passive system the
reciprocity theorem must apply to any three-port network formed
from it. For this purpose cut out a section between the center of
two adjacent electrodes at X and x respectively. The current

n+l

sources ISn and 1 should then be halved. The appropriate

s(n+l)
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Figure 6.4 - Temporary equivalent circuit of the electrical
part of a basic section extending from the mid-
point of one electrode to its neighbor.
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capacitance is then also C/2. The electrical part of the section
is shown in Fig. 6.4.

The symbol y has been introduced for the sake of brevity.

Y = Juleg e,y W[n/4K'(m/m0)] (6.7)

It may be interpreted as a transconductance. The difficulty with
the circuit model shown in Fig. 6.4 is that it is not a one-port
network but rather a two-port network because of the presence of the
connection to the bulk. However, it was seen in the development
that led to Fig. 6.2 that the contribution to the short-circuit

current out of terminal A and into terminal B is

ISC - Isnlz - Is(ﬂ+l)/2 - YNP(xn) - ¢P(xn+1)] * (6.8)

Since the output impedance is determined by C/2 the Norton equiva-
lent circuit for this section will be that of Fig. 6.5. The

terminal equation for this is

1/2 = JuC V,,/2 - Y¢P(xn) + y¢P(xn (6.9)

+1) '
The equations for the transmission line part under shorted condi-

tions are by Eq. (3.6)

IP ) Yo -Yo P( )
C Jtane Jsine ¢ (x,
= X . (6.10)
-Y Y
P 0 o) P
“U (k) Jsind jtane! ¢ (xyy)

Equations (6.9) and (6.10) are next combined. By the reciprocity

theorem Y13 = Y31 and Y23 = Y32:
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Figure 6.5 - Norton equivalent circuit of the electrical
part of a basic section between x, and xp4.
The current is denoted by the symbol I/2
because it represents approximately one-half
the current into the electrode at b S
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P Yo —Yo P
l (xn) jEEHE jsing oY ¢ (xn)
-Y Y
P o o P
T = ||isine Jtang Y X e (xpyy)
1/2 -y Y juC/2 VB
(6.11)

Because the effect of the electrical part on the transmission line
part 18 now known, the complete equivalent circuit, valid under all
conditions, is now obtained and shown in Fig. 6.6.

When such sections are interconnected, proper polarities
must be observed. All current sources associated with terminal A,
i.e. (xn), point up; all current sources associated with terminal
B, i.e. (xn+1), point down. In the next section an example will be
presented to demonstrate the utility of this equivalent circuit
model. It will be used to study the detection of a surface wave by
an array and the excitation of surface waves from the electric

terminals.

Analysis of the Detection and Excitation Problem with the Equivalent

Consider an array made up of twenty identical electrodes.
The field distribution at the end sections is quite different from
that for the other sections. It is therefore uncertain whether to
account for 19, 20 or 21 sections. For a large array it won't
matter. In this case the mathematically most convenient value will

be chosen. The array has an equivalent circuit as shown in Fig.
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Figure 6.7 - A basic section for which the equivalent
circuit in Fig. 6.6 is applicable.
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6.8. In the electrical part of the equivalent circuit, the value
of the current sources y¢P(xl) and y¢P(x20) has been doubled. This
is mathematically convenient and corresponds to an assumption that
the 19 sections of the array are terminated on both ends by half-
sections. Apart from this convenience, it is also consistent with
the results obtained from Fig. 6.2, which originally gave rise to
the present equivalent circuit. The procedure to be extractéd from
this is stated below:
Each electrode has a dependent current source of
strength 27¢P(xn) in the lower part of the equivalent

circuit, and a source of 2yV

AB in the upper part. If

the particular electrode is connected to node A, the

terminal labeled with a (+) sign, the reference arrows

must point up. For node B, they point down. Now,

without resorting further to matrix equations, the

model is put together by giving each space between

the electrode centers a w-section of characteristic

admittance Yo and transit angle ¢ = nm/wo in the

upper part, and a capacitor of value C/2 in the lower

part. Then each electrode is accounted for as

described above.
This procedure extends easily to unequal electrode spacings and
apodized arrays [ 7], i.e. arrays where the "acoustic aperture" is
changed by letting adjacent electrodes overlap only partially. An
apodizing function w(x) is defined [13]. It determines the
fraction of overlap. The generators in the upper part of Fig. 6.8

each become
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Figure 6.8b ~ Interspaces are broken down each into three
sections to account for difference in velocity
and Yo under metallized surfaces for materials
with stronger coupling.
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+1
Lo = 2r9(x) Vyp -n"" (6.12)

with the reference arrows pointing up and the total strength of the
current source in the lower part becomes
N

. n P
ISC = -2y ggl -1 ¢ (xn) w(xn) . (6.13)

Each capacitance value is also multiplied by w(xn), which has some
value between zero and one.

In the present discussion the sections are identical so that
w(x) = 1. But here too a more sophisticated model could be employed
to account for the difference in Vp and Yo under the metallized
parts as compared with the unmetallized interspaces. By the dis-
cugsion of Section 3.7 this is not worth the effort in the case of
quartz, but in materials with stronger coupling, such as lithium
niobate, the section between the electrode centers could be broken
down into three parts [see Fig. 6.8b]. The change in velocity, and
therefore of Yo’ under the surface metallization has been investi-
gated for lithium niobate by Campbell and Jones [ 3]. Their
tabulated values could be used in connection with this equivalent
circuit. Smith et al have produced a similarly composite equivalent
circuit based on the Mason model [12]. Usually these complications
are ignored. Back to the analysis problem, for n = 1/2 (half the
surface area is metal plated) the elliptic integrals K and K' are
equal. If the width is 2mm then the total capacitance 10C equals
only 1 pF. A high frequency probe with an input capacitance of 9
pF i3 connected to the array. This will lower the measured voltage

to one-tenth its theoretical open circuit value, but because of
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this it will lower the strength of the current generators Ign so
that it is quite reasonable to assume that the wave is unaffected

by the array. The form of ¢P(x) throughout is taken to be

+ -kan

¢P(xn) =g e - ot e 3(n-Deo

S . (6.14)

The value of x1 was taken to be zero and ¢ = nw/mo. The terminal

voltage is then

+
0.02y9%
oY% =38, 320 _ _ -3198

VAB JuC [1 -e + e vee e ], (6.15)
or

0.02y0. -420
vooa 0% 1 - &3O o2y -1196/2 sin(10p) , 4
AB jwC 1+ e 30 wC cos(p/2) s °

With the form of y and C inserted, this becomes

+ 1 _Xx 0.01 . 81n(10ﬂw/wo)
S ZKF(w/wo) COS(nm/Zwo) :

K!?i

\" -

AB < ¢

(6.16)

At v = the value of sin(lonwlwo)/cos(nw/Zwo) is 20. At n = 1/2
K' = K = 1,85407, so that VAB/tbs+ has a peak value of 0.16944.

This value is essentially independent of the number of electrodes
used, provided the load capacitance seen by the array is nine times
its own output capacitance. The value is identical to that
obtained in Chapter 5. The advantage of many electrodes 1is the
decrease in output impedance and the very selective frequency
response. For general values of w/wo the function has been
programmed in Appendix F. The quantity K'(m/wo) is by Eqs. (5.59)-

(5.62) the complete elliptic integral of modulus

m' =1 - sinz(nww/Zwo) . (6.17)
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According to Abramowitz [14] K' may be calculated with the

"geometric-arithmetic" mean ag:

a/K' = 2a (6.18)

N .
The geometric-arithmetic mean is found to great accuracy within
very few steps of the following algorithm. As an example, m/wo is

taken to be 1.2:

a = 1 bo = sin(nnw/Zmo) = ,809017 (6.19)
ao + bo

al = ———E———-= .904508 b1 = \/aobo = ,899454 (6.20)
a1 + b1

82 = ———E——-- .901981 b2 = \/alb1 = .,901977 (6.21)
a2 + b2

a3 = — 2 = ,901979 b3 = \/azb2 = ,901979 (6.22)

The quantity ZaN = 2a3, so that #/K' = 1.803958, for m/mo = 1.2,
The frequency response could only be computed for the range

% < m/mo < 2, because the validity of Eq. (6.1) has not been
established outside of that frequency range. Figure 6.9 is a
computer plot of Eq. (6.16). The general shape of the frequency
response is quite similar to that obtained by Tseng [16], who used a
flat-field approximation between the electrodes for the excitation
of surface waves. It will be shown next that, within a constant of
proportionality, the frequency response of the array used for
excitation of surface waves is the same as that developed here in

Eq. (6.16) for the detection of surface waves.
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Let it be assumed that the transducer is terminated on both
sides by an infinite piezoelectric line with a characteristic
admittance Yo equal to that of the transducer array.

The line generators are each of strength

n+l

(6.23)
[sce Fig. 6.8], all reference directions pointing up.

By the principle of superposition the response to the
generator connected to X, i8 considered first with all others set
to zero. The total input impedance seen at point x is, because of

the matched conditions, 1/2 Yo. The line potential at this point

is therefore:

n+l

P
¢ (xn) = (-1) 2y VAB/ZYO . (6.24)

From this point a wave spreads in both directions. At a point x to

the ripght of the array the line potential will be:

YV -jk(x-x_)
o L0 = (D™ AB . " (6.25)

o

The complecte response at x is then by superposition:

20
T =) 8w,
n=1
or
YV _ Jkx Jkx Jkx Jkx
¢P(x) = -YAB e Jkx [e 1 e 2 + e 3 e v . .- € 20]. (6.26)
o

Once more, let X = 0 and kxn+1 - kxn = g, the result is the

identical progression, but with positive exponents, as in Eq. (6.15).
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It sums therefore to

o (x) = I;éﬁ e lx 1 - e;ioe (6.27)
o 1 +e
This simplifies to
o (x) = -3 J170/2 Wog eI s1n(100) /¥ cos(e/2) (6.28)
or
o (x) = -1 ejlgﬂw/2w° Vap Aw/uw) e'jk"/yo . (6.29)

The function A(w/mo) is

sin(10nw/w )

= wa——_——-wlﬂ/QK'(w/wo)] S . (6.30)

= x8in(106)
€11%22 cos(nw/Zwo)

cos(0/2)

A(w/wo)

From Eq. (3.58) the value of Yo is for the AC cut:

Y_ = ul x 2.68 x 1077 . (6.31)

This results in a cancellation of the term @W:

1191w/ 2w
P - o
¢ () = Veypey, e v

-jkx 5
AB © x 4.7 x 10

27 sin(lOnw/wo)

x k'(w/wo)cos(uw/zwo) )

(6.32)

Comparing the last fraction with Eq. (6.16) shows that the shape of
the frequency response is identical here. At ¢y = Wy the absolute

value of Eq. (6.32) is

3

|¢P(x)/VAB| = 1.2 x 107 (6.33)
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which means it takes an excitation of 83 volts to produce a surface
potential of only 0.1 volt, but the associated line current is
rather high. At w = 1.5 x 109/sec and W = 2,5 mm, typical values,
the line admittance Yo equals 1 3, so that IIP(x)l is 100 milli-
amps. lowever, the purpose here was merely to demonstrate the
versatility of the equivalent circuit, not to judge the efficiency

of the transducer.

An Fquivalent Circuit Model with Ideal Transformers

In the last section it was shown how readily the equivalent
circuit developed in this Chapter lends itself to mathematical
analysis. The dependent generators are no drawback. In the
excitation problem they offered, in fact, an advantage over the
ideal transformers found in the Mason model because of the principle
of superposition, by which all but one of the sources may be set to
zero at any time. This facilitates the calculation of the response.
No direct equivalent procedure exists for transformers which are
passive circuit elements. Nevertheless, for the sake of interest
an equivalent circuit will be developed in this section that
resembles the Mason model with its ideal transformer. The
principal difference lies in the fact that, in Chapter 4, the
cquivalent circuit is developed for half-electrodes; here, the
equivalent circuit will be centered on the interspace with one-half
of the adjacent electrodes on either side as illustrated in Fig.

6.7. The Mason model of Smith et al [10] is centered around the

Interspace as in the present treatment.
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In order to accomplish this the dual of the upper part of
the circuit of Fig. 6.6 is found first. The technique is
fllustrated in Fig. 6.10. The admittances become impedances with
the same numerical value; meshes become nodes. When a current
source pointing right is encountered by a path linking the mesh
centers, it is replaced by a voltage source with a "- +"
orientation. The voltage across the current source becomes the
current through the voltage source. The reference directions must
be such that the power relations are maintained for that source.
The short linking two sections becomes an open circuit. The current
through the short will be the voltage across the open circuit. The
cquations resulting from the dual circuit shown in Fig. 6.11 are
identical to those obtained from the original circuit in Fig. 6.10.
llowever, the physical units are all wrong. This can be easily
corrected by multiplying ¢P(xn) by the factor -jw/ZIIE;; W,
similar to Eq. (3.44). The quantity jw/EIIE;; W¢P(xn) has units of
electric current and it points to the right [see Fig. 6.11]. 1In
order to maintain the equality in any conceivable circuit equation,
all possible ratios of '"voltages" to "impedances" Zo' = Y must be
multiplied by the same factor -jm/EIIE;; W. 1In particular,
consider yVAB/ZO', where y is defined in Eq. (6.7),

— 2 2
Juveyifap MrVpg @ €11€2p ¥

z ' -
o wW x 2.68 x 10

S
7 X 4K'(w/wo) X VAB . (6.34)

By Eq. (3.61) the value of Zo is determined uniquely for this new

definition of electric current. It must be
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Figure 6.10 - Method to obtain the dual circuit.
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Figure 6.11 -

Dual of the upper part of the
equivalent circuit of Fig. 6.6.
The negative of all dynamic
variables corresponds to the
most convenient reference
directions.
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2z =1.72 x 10/ a (6.35)

for the AC cut in quartz. An examination of Eq. (6.34) shows that

the first part of the tripple product has exactly the right value:

WEq 1 EnnW
11722 — = wW = = %_ . (6.36)
2,68 x 10 1.72 x 10 o
The voltage dependent voltage source now has a strength of
(6.37)

— T .V

WK (wlw) B
It is only slightly frequency dependent over the frequency range of
interest. Fig. 6.12 shows a plot of ﬂ/4K'(w/wo)- A reasonable

approximation for the function would be n/4K' which for n = 1/2

cquals
n/4K' = 0,4236 . (6.38)

Such an approximation, however, is not essential if an ideal
transformer with a '"slightly frequency dependent turns-ratio" is
acceptable.

The ideal transformer comes about as follows: First, by the
Blakesley shift, the dependent voltage sources are moved into the
center leg. This situation together with the new dynamic variables
and line impedance is depicted in Fig. 6.13. Since the rigorous
procedure of Chapter 3 was strictly adhered to, the new line
voltages, VP(xn), will have units of voltage.

Next, the lower part of Fig. 6.6 [or 6.5] must be examined.

It contains a dependent current source of strength
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Figure 6.13 - The modified dual of the upper vart
of Fig. 6.6. Both circuits yield
the same circuit equations.
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[h ) = ¢ x )] = e — [/ W (x)
vhe X0 7 ¢ Y 4Rl ) €11€22 "¢ ¥,

- 3/ Wy (x

) 511€22 )] . (6.39)

n+l

Any ideal transformer with turns ratio a:1 may be represented by
the dependent voltage-current-source configuration shown in Tig.
6.14. The converse is also true. This follows directly from the
fact that the transmission matrix for an ideal transformer may be

implemented by the circuit shown in Fig. 6.14.

V1 a 0 V2
- x (6.40)

I1 0 1l/a I2
The final equivalent circuit follows immediately. It is shown in
Fig. 6.15. The "dots" must be reversed for every alternate section,
because the dependent generators in Fig. 6.6 would be reversed also.
Since the frequency variation of the turns ratio is not strong,
replacement by the constant n/4K' will lead to good results. This
then is the justification for the usage of the Mason model [10].
It should also be noted that the new 'line current" jw €11€22w¢P(xn)
is much smaller than in calculations performed on the basis of the
model in Fig. 6.6. In the excitation problem at the end of Section
6.2 the line voltage ¢P was 0.1 volt and the line current 100 ma.

In this new model the line current would be for the values given

there

12 2.5 x 1073 x 0.1

= 15uA . (6.41)

S 9 -
|m¢k11c22 We | = 1.5 x 10° x 40 x 10
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Figure 6.14 - Equivalent representations of an ideal transformer.
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Figure 6.15 - Alternate equivalent circuit for a basic section
of 1 interspace and 2 half electrodes. The
location of electrode A is point x .
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The line-impedance Zo would be

- 1.72 x 1014

= 45.9 MQ. (6.42)
wW

Z
o

The line-voltage VP must then be

VP = ZO x |w W¢P| = 688 volts. (6.43)

€11%22
In spite of the vastly different values, the effect on any
measurable quantity is the same. Neither model is therefore
superior to the other from a physical point of view; unless the
interspace section shown in Fig. 6.8b is used in conjunction with
the first circuit, in which case that circuit will account for the
effect of the metallization, whereas the present circuit cannot do
that. Otherwise, any preference should be based on mathematical
advantages offered by a particular model in the context of the
external terminations under study.

As mentioned in Chapter 4, for very narrow electrodes and a

single wave of the form

Yo

—j -v— X
F) =ote P (6.44)
a potential difference VAB of 2¢S+ should be observed across the
basic section [see Fig. 6.7]. The equivalent circuit of Fig. 6.15

will account for that effect correctly, as shown presently. The

current into the dot of the primary is

_j“oxn _j”oxn+1
—_— + v + v
Ipr = jU/C].lsz w[¢s e P - °S e P ] . (6.1‘5)

At the synchronous frequency X 41 is greater than X by half a

wave length, so that
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[ o + P
I r Jw €11€22 ) 2¢S e . (6.46)

At the synchronous frequency K'(w/wo) = K', the secondary current

is then n/4K' times the primary current, and V, becomes
AB

= (n/4K"') Ipr/jwVellczz WK/2K' . (6.47)

VAB
The effect of the field above the piezoelectric slab on the value
of C/2 has been ignored. The quantity 2K' will cancel, and VAB

becomes then:

-jw x_/V

- + on p
VAB (n/2) jw¢e11522 W Zos e /jwiellezz KW . (6.48)

For very narrow electrodes K is n/2, so that VAB reduces to the
desired result:

-jw x_/V
\Y = 2¢ + e on p

AB s . (6.49)

This certainly does not represent a proof of the validity of the
equivalent circuit, but it 1is gratifying to see that the postulates
which led to these equivalent circuits do not create a conflict
with this expected physical behavior of the device. More
supporting evidence for the correctness of the theory presented
here will be established in later sections of this Chapter where
the radiation conductance and scattering parameters of the array
are calculated on the basis of the last model [see Fig. 6.15].

The outcome fits the experimental results of Smith et al [10]. 1In
order to perform these calculations, it is first necessary to

obtain the three-port admittance matrix for the whole array.
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The Admittance Matrix for an Array of an Even Number of Inter-

electrode Spaces

The equivalent circuit of Fig. 6.15 is similar in form to
that used by Smith et al [10]. The turns ratio and the character-
istic impedance are frequency dependent in this investigation; in
Smith et al, they are not. Since, however, the configuration is
the same, the identical steps may be followed for the derivation.
It will be particularly convenient to change the impedance level by

a factor of the square of the turns ratio a

al = [u/4x'(w/wo)12, (6.50)

so that the resulting characteristic impedance is

AK' (m/mo) 2

]./Go = Ro = ZO[_—‘N—_] , (6.51)

and the new line-current will then be
1 = julVe, ey, Wn/4K' (w/w 16T (x ) & yof (x) (6.52)
n 11722 o n Y n’ ° ¢

First, two adjacent sections are cascaded as shown in Fig. 6.16 and
the y-parameters for this combination are obtained. The symbol 6
stands here for the transit angle for an interdigital period. It
has therefore twice the value of the § used previously. The
calculations are based directly on the procedure suggested by Smith
ct al and are repeated for completeness in Appendix G. The results

arc listed below in Eq. (6.53):
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Figure 6.16 - (a) Equivalent circuit used to obtain the y-
parameters for one interdigital period
according to procedure by Smith et al.

(b) Connection to find y;3, y23 and yi33.
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G -G
o

In jtané jsineg -jGotan(e/4) vn

-G G
- = ° QS G _tan(e/4) \'j

In+1 jsing jtane i o n+l||°
1 -3G_tan(e/4) 3G tan(0/4) ij+j4G°tan(e/lo) Vap
(6.53)

When N such interdigital periods are cascaded, the resulting

current IT will be by Eq. (6.53):

I, = -jcotan(elé) v, + jGotan(0/4) Vy
+ (ijT + jANGotan(G/A)) VAB (6.54)
The total capacitance NC has been denoted CT' The reason for this
simplicity is that in Eq. (6.53)

This causes cancellations of the contribution from all Vn except
Vl and VN.

Equation (6.54) is sufficient for the determination of the
overall admittance matrix, since for VAB = 0 all sections behave
like a transmission line, and because of the required symmetry about

the main diagonal Y13 and ¥,3 are known through Eq. (6.54). The

final result is then:



6.5

116

e -G
(o] (o]
L Jtan(NO) Jain(ne)  JG,tan(e/4) Y
€, G,
Il * | |Fsiame) jean(ne)  JGotan(e/4) x5 ||
L, -jcocan(e/A) jGotan(6/4) ijT+j4NG°tan(6/4) Vap
(6.56)
where
Cp = NC, (6.57)
0= Zn(m/mo) (6.58)
and
1 n 2
Go = z [TK—.(—N-/—N:—)-] . (6.59)

This admittance matrix for the whole transducer may now be
used to determine various properties of the array. Since further
verification of the theory developed in the last two Chapters is
desirable, the radiation conductance will be calculated in the next
section since it can be compared with experimentally measured

frequency response curves for that quantity.

Calculation of the Radiation Admittance of an Array Made Up of N

Identical Interdigital Periods

For the purpose of calculating the radiation admittance the

array is terminated in Go on both ends, so that

I.==-G V
o

1 (6.60)

1
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and Iy = G, VN . (6.61)
With this modification, Eq. (6.56) is rewritten as:

0 Y, + G Y Y v

11+ 6 12 13 1
0 = le Yll + Go -Y13 x VN . (6.62)
Iy Y13 Y5 Y33 VaB

The input admittance under these conditions is the radiation

admittance:

Y =1./v, =2

. (6.63)
a T" "AB A33

The quantities A and A33 are the determinant of Eq. (6.62) and the
co-factor of Y33 respectively. These are worked out in Appendix H.

The result of that calculation is summarized below:

8 o1 NO;2
Ga ZGo[tan A sin 2 ] (6.64)

and

0 [¢]
Ba Gotan 4 [4N + tan 5 sin No] + C

A (6.65)

T "
These results are identical to those found in Smith et al [10]

except for the frequency dependency of Go given by Eq. (6.59):

1 n 2 1 w " 2
C = — L 4 -, ) .
o "z, Wl "z Gy ¢ W) WG (6.66)
The last substitution has been made on the basis of Eq. (3.61):

z (w) = 1.72 x 1084 /uw o . (6.67)
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These relations are programmed for the digital computer in

Appendix I. The resulting frequency response plots [see Figs. 6.17,
6.18a] for N =15 show negligible difference between this theory and
the assumption of a constant G° made by Smith et al, who used the
Mason model for the corresponding development. The reason is that
for larger arrays the central peak, where Ga has a significant
value, is so narrow that variations with frequency of Go are not
noticeable, although Go increases monotonically with frequency
because of (m/mo) as well as the factor [w/4K'(m/w°)]2, [see Fig.
6.12].

The direct comparison of the shape of the frequency response
of G, with experimental data gathered [10] for a transducer laid
out on YZ lithium niobate is made in Fig. 6.18b. An important
conclusion to be drawn from this comparison is that it is now
possible to deduce the value of the characteristic impedance Zo for
YZ lithium niobate without resorting to the complicated calculations

performed in Chapter 3. It is seen from Eqs. (6.64) and (6.66) that
- 20y (—T 2 Tw 2
G2 () Z(mo)[bk'(m/wo)] [tan(zmo) sin(lSwm/wo)] . (6.68)
At w = wg this becomes numerically:

T 42
Gazo(wo) 2[-4—K—r] x 900 323 . (6.69)
w
o
The experimental result [10] for a transducer with N = 15,
W=1,25 mm, CT = 8,5 pF and fo = 105 MHz yielded for Ga = 4.2 mU.
It follows that for YZ lithium niobate the characteristic impedance

is
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z_ (w) = 323/4.2 x 1073 = 77000 Q.

It is reasonable to assume the same functional relation to  and W
here as in the AC cut of quartz. Hence,

77000 x 27 x 105 x 10° x 0.00125

wW ’

Zo(m) = Zo(wo) mOW/mW =

_ 6.35 x 1010

oW . (6.70)

Zo(m)

To complete the equivalent circuit of Fig. 6.15 only C/2 is
required in addition to Zo(m). From the experimental data in this

case that would be

C/2 = C,/30 = 0.28 pF . (6.71)

Otherwise it could be calculated from:

(e, + Ve, €,,) WK

C/2 - ZK' .

(6.72)

The dielectric constants are listed in Warner et al [19]. They are

also required to obtain the surface potential from the line current:
P P
I'(x) = ijcllezz W (x) . (6.73)

In 1lithium niobate the propagation velocity shows a greater
change under the metallized parts of the surface [ 3] than in
quartz. Such a change in velocity implies by the investigation in

Section 3.7 a change in ZO:

V =V Vvl +k (6.74)
po pm c



123

2
and zoo = Zm(l + kc ), (6.75)

where the subscripts m and o mean metal and interspace respectively.
It follows from these equations that the relative change in Zo may

be determined if the change in Vp is obtained

zoo - (vgo)z (6.76)
z v o .
m pm

In Campbell and Jones [ 3], both Vpo and me are given for various
cuts of lithium nibbate. Since even here that change in Vp is only
a few percent it does not really matter whether Eq. (6.70) is used
for zoo or Zom since the relative change in Zo would cause
reflections and that can be determined from Eq. (6.76) with the
data obtained from [ 3]. However, the T-model in which Z° is used
will not accommodate a variation in Zo. On the other hand, the
modified m-model [see Fig. 6.8b] will account for both a change in

Zo as well as a change in Vp through the quantities eo and em

respectively:
6 = =2~ nD/4 (6.77)
m V *
pm
and
(V]
90 ik (L-n) D/2. (6.78)
po

The quantity Dn is the length of an interdigital period times the
fraction n which gives the relative length of metallization. To
complete this w-equivalent circuit Yo must be determined from Eqs.

(6.70), (3.56) and (3.59):
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L2
W= szllosl ?
and
2 )
Zo = 2B Juepjeq,]06]" Wy
hence
2 2
Yo = Zo w W €11€22 ° (6.79)
orxr
Y = oW e.nenn x 6.35 x 1010 (6.80)
o Y E€11%22 : . .

The dielectric constants [19] are also required for the transcon-

ductance y shown in Fig. 6.8:
Y= Jchllezz W[w/4K'(w/w°)] . (6.81)

This completes the y-model for YZ lithium niobate.

It has been shown in this section that the equivalent
circuits developed in this investigation are quite adaptable to
other piezoelectric materials. Originally they were developed for
the AC cut in quartz only as a matter of mathematical convenience
because the solution of the surface wave problem could be performed
for that particular crystal cut in closed form. Later on in
Chapter 3 the result was used for the determination of Yo and Zo.

In this Chapter, by comparison of the computed radiation conductance
with experimental results, it became possible to determine Yo and

Z° independently of the complicated procedure of solving numerically
for the power flux of a piezoelectric surface wave. The circuit
model may thus be determined by direct experimental procedure,

which is analogous to finding transistor equivalent circuits from
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measurement rather than from a detailed knowledge of the geometry

and physical properties of the material.

The Scattering Parameters of the Array at Synchronous Frequency

With a Tuned Load

In the detection problem of Section 6.2 it was assumed that
the array does not reflect nor attenuate a surface wave. The
assumption was justified there because the load constitutes, for
all practical purposes, a short circuit in which case the array
behaves by assumption as a transmission line section.

In this section a resistive load in parallel with an
inductance in resonance with CT at the synchronous frequency will
be considered. It will be of interest to find out how much energy
can be extracted from the wave at synchronous frequency. The
scattering parameters are found from the admittance matrix of the
two-port resulting from the termination described above by

calculating [8]:

. . N 7T '
181 = (1 - &5 (1 + 257, (6.82)
o o

1 1s the identity matrix.
The matrix §1k is derived from the admittance matrix of the

three-port (Eqs. (6.56)) by eliminating V, from the first two

AB
lines by means of the third line:

G tan(e/4) [V, - V]
Vas * G, + J4NG tan(6/4)  ° (6.83)

The elements of iik are then
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GG + jGoztan(e /4) [4N+tan(p /4) tan(Ng) ]

Y11 " Y22 ¢ G Jtan(N@) - 4NG_tan(Ne) tan(e/4) » (6.84)
and
G G, + JC 2tan(8/4) [4N + tan(8/4)sin(N8)]
- --_oL o (6.85)
Y12 " Y2 G_JsIn(N8) - 4NG_sin(NB) tan(0/4) . .

Unlike the elements of the three-port matrix these y-parameters
remain finite at synchronous frequency, where
sin(Ng) tan(e/4) = tan(Ne) tan(e/4) = - 4N . (6.86)
Let
a = G /16N G (6.87)
L ° . L]

With this definition [y,, ] is at synchronous frequency
ik

5’11( =G, . (6.88)

-a a
The matrix [f + y,, /G ] 18 in terms of a:
ik’ "o
l+a -a

(f+y,,/6] = : (6.89)

-a l+a

Its inverse is required in Eq. (6.82) which becomes:

1 - l+qa a
@ o 1+ 24 1+ 2q
(8] = x , (6.90)
- a l1+a
a l-a 1+ 2q 1+ 24
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or

v
1 1 1
S (=S,,) = = = , (6.91)
11 22 v1+ 1+ 2a 1+6 ISNZG
L o
and
+ 2
v G,/8N"G
- 2 2a L o
S (= S,,) = = - . (6.92)
21 12 v1+ 1+ 2a 1+ GL/8N2G°

If GL is zero, there will be complete reflection off the array. It
must be remembered, of course, that there is still the parallel
inductance in resonance with CT' This corresponds exactly to both
the experimental and theoretical results of Smith et al [10]. By

Eq. (6.64) the radiation conductance is at synchronous frequency

2
Ga = 8N Go . (6.93)

With this identification S,, and S12 are rewritten respectively as

11
power scattering coefficients

2 2 - +
Py = Sy = V@ +6/6)" =P, /P7, (6.94)

and

2 2 2
Py ™ 821 - (GL/Ga) /(1 + GL/Ga)

+, +
=P, /P1 . (6.95)
The load power will be found from

AR A A (6.96)

or

P (GL/ca)2 P1+

p,=p" - 5 - 5 (6.97)
(1+6./6)° (1+6./6)
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(ch/ca)

P, = AR (6.98)

(1 + GL/Ga)

The result of maximizing this is
G = G . (6099)

Under these optimum conditions, Eq. (6.98) implies that only one-
half of the incoming power can be extracted from the electrical
terminals. By Eqs. (6.94)-(6.95) one-quarter will be reflected and
another quarter transmitted. Numerically the optimum termination

for the lithium niobate transducer discussed earlier would be
RL = 1/G =238 q .
a

I1f the identical transducer were laid out on AC quartz it would be
by Eq. (6.68) 2700 times larger, because that is the ratio of the
Zo's of quartz to lithium niobate. At frequencies above 100 MHz
practical impedance levels tend to be lower. Any realistic
termination to the quartz transducer would therefore appear as a
short circuit to the line, supporting the initial assertion made by
Coquin and Tiersten that the wave is unaffected by the quartz
transducer.

It should be pointed out here that these are not original
conclusions. They are the same as those found in [10], as they
should be by necessity, since the definition of the quantity Go in
Eq. (6.51) led to the identical equivalent circuits in terms of

this G° [see Fig. 6.16 and [10]].
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The development was made here for two reasons. The detailed
calculations shown here are not given in that reference and they
are an excellent example of the usefulness of the equivalent
circuit model on which they were originally based. Furthermore,
the equivalence of the results emphasizes that it was never the
intention of this investigation to disprove the well-established
analysis and design procedures of Smith et al [7,10], but rather to
put their equivalent circuit model on a firm theoretical basis which
admittedly it was not. It relied entirely on analogy to bulk waves,
but not directly either, for the equivalent circuit developed in
Chapter 4 by that analogy has a somewhat different frequency
response from that used by Smith et al and the one developed here
in Chapter 6. Smith et al anticipated the correct form without
deriving it. They did not, however, realize the complexity of Ro
given in Eq. (6.51), which combined with Eq. (6.70) is for YZ
lithium niobate

10 4K’ (w/w)) ,

. 6.35 x 10
R, = S (6.100)

They use a constant for Rb’ which gives good results for large

arrays as seen by the comparison made in the last section.




CHAPTER 7

CONCLUSION

7.1 Historical Context

The objective of this investigation was to develop useful
equivalent circuit models for piezoelectric surface-wave transducers
from surface-wave theory. Because of the complex nature of the
subject, many simplifications had to be made along the way. Never-
theless, they clarified rather than obscured the logical development
of the subject, and they were never so gross as to make direct
numerical calculations meaningless.

Before this research was undertaken, a successful circuit
model indeed existed, and it has been widely used. It is the
Mason model as adapted by Smith et al. However, it derived its
justification really only from the fact that it correctly accounted
for observed physical behavior. 1Its theoretical justification was
based on the analogy between surface waves and bulk waves, for
which transducer equivalent circuits have been in existence for
some time.

The circuit models developed here account for the observed
physical behavior, as they must, but their detailed logical
development also specifically links them back to piezoelectric
surfﬁce waves.

It has been shown, furthermore, how the elements of the
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equivalent circuits may be obtained from either the geometrical
layout of the transducer, plus a knowledge of the fundamental
physical properties of the material; or from direct measurement of
the input admittance of an array when terminated by an infinite
plezoelectric transmission line on both sides. This dual approach
to modeling is analogous to the modeling of transistors, where
either a knowledge of the geometry and the nature of the semicon-
ductor material, or a few key measurements, will lead to the Ebers-
Moll model. There, also, many simplifications are made in the
theoretical development of the model, but it is very sétisfying to
have one mathematical model whose origins can be traced back to a
fundamental starting point, well founded in physical theory; even
if some physical phenomena are not completely accounted for by the

model. The value of this research must be viewed in that light.

Summary of the Results

In Chapter 2 a simplified solution of the surface-wave
problem has been performed in closed form for the AC cut in quartz.

The results are numerical values for the propagation velocity

Vp = 3147 m/sec , (2.70)

and the decay constants of the two dominant modes, together with
their complex amplitudes. This information is expressed in terms
of the normalized particle displacements at any depth y below the

surface:
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~1.4ky

u(x,y,t) = 0.66 e cos(wt - kx - #/2)

-0.147ky

+ 0.052 e cos(pt - kx + ¢/2) , (2.68)

for the horizontal displacement and for the vertical displacement:

-1.4ky

-0-147ky

+ 1.0 cos(wt - kx) ; (2.69)

the quantity k here is the propagation constant w/Vp. The equations
show that the dominant behavior of this surface wave is similar to

that of a vertical shear wave.

In Chapter 3, these expressions were used to calculate the

time average power flux for the AC cut

1 9 2),2
Px - i-ww x 90 x 10”7 x [CZ( )] , (3.32)
and the surface potential
o = 15.8 x 10% ¢,® . (3.54)

It was shown that these two quantities lead to a physically proper
expression for the characteristic admittance of the piezoelectric

transmission line

2 -7
Y, - sz/|°s| = oW x 2.68 x 10 ° | (3.58)

if the surface potential is selected as the cross-variable:

o) = ¢T(x) + 670 (3.55)
where

t Jlut 7 kx)

8T (x) = o : (3.47)
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An alternate possibility was developed with the value for

the characteristic impedance as
2 2 14
z, = 2P Jue; €9, w2|os| =1.72 x 107 /uW . (3.61)

Here the through-variable is related to the surface potential by

¥ = sjwfe e, WO, (3.45)
and
I(x) = IT(x) - I"(x) . (3.46)

By analogy to a vertical shear wave, transverse shear stress
and vertical particle velocity were also considered as dynamic
variables in order to justify the bulk-wave model used in the
literature. Such a model was developed in Chapter 4. Since better
models are developed in Chapter 6, it is of no further interest
here except, perhaps, that it is shown in Section 3.7 that for this
choice of dynamic variables the small relative change in character-
istic impedance and velocity is not the same for both quantities if
the vertical component of the electric field is forced upon the
wave externally. This statement differs from views commonly held.

In Chapter 5 the theory of Coquin and Tiersten was extended
to obtain an expression for the short-circuit current from an
electrode to its nearest neighbors in an infinite array with a
fraction n of the surface metallized:

I = dwfe ey, W + 0 I In/K' ()] einz(%-:::) : (5.58)

The quantity K'(w) is the complete elliptic integral of modulus
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n'(w) = 1 - sinz(nnw/Zwo) ) (5.61)

The validity has been established for the frequency range
1/(2 - n) < w/wo <1l/n . (5.62)

The quantity W, is the so-called synchronous frequency, where one
wave length equals a periodic distance of the array D.

An essential assumption which led to the expression of the
short-circuit current at frequencies other than w, is that this
current is proportional to one-half the difference in the emf's
between the electrode and its nearest neighbors. In Chapter 6 this
concept was extended further. Here the emf's of all electrodes
connected to each common terminal are summed, and the current from
one common terminal to the other depends on one-half the difference

in the combined emf's. This is stated in the form

1. =7 Lot (6.3)

where %-Ik is the contribution from one electrode:
L1 = sweies, WIn/2K W) oF(x) = 2yef(x.) (6.5)
7L Juw 811622 n w ¢ X, Y¢ x) . .

Together with the transmission line sections of Chapter 3 this led
to an equivalent circuit representation of the transducer array as
shown in Fig. 6.8.

It was shown how weighting by an apodizing function of each
dependent current generator makes this circuit model applicable to
arrays with non-uniform electrode overlap. Different values of
propagation velocity and characteristic admittance for the parts

with surface metallization can be accounted for by breaking up the
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transmission line representation of the interspaces [see Fig.
6.8b].

By finding the dual of one section of the equivalent circuit
array, an alternate equivalent circuit was produced for a section
consisting of one interspace and its adjacent two-half electrodes
[see Fig. 6.15]. The turns ratio of the ideal transformer is
frequency dependent, but the line impedance may be reflected through

this transformer so that it becomes
1 ]
R =2 (o) [AKw)y2 (6.51)
o o n
where Z° is the characteristic impedance of Chapter 3

Zo(w) = Zo(wo)(wolw) . (3.61)

Under these circumstances the through variable is given by

P
I=vé (x) . (6.52)

This equivalent circuit was used to obtain the y-parameters for one
interdigital period [see Fig. 6.16] which led to the calculation of
the radiation admittance Ya and the scattering parameters of an
array of N equal interdigital periods in cascade. The purpose of
finding the radiation admittance was to adapt the equivalent
circuits obtained in this investigation to other crystal cuts by
comparing the normalized calculated frequency response with
experimentally determined frequency response plots. This was done
in particular with YZ 1lithium niobate. It was found that the
characteristic impedance corresponding to that developed in Chapter
3 for the AC cut in quartz [Eq. (3.61)] is several orders of

magnitude lower here
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10
2 (o) = 8:35 % 10

o ] . (6.70)

This should be viewed as a measure of the stronger electromechanical
coupling in lithium niobate.
The evaluation of the scattering parameters showed that under

conditions of optimum termination,

RL = 1/Ga ’ (6.99)

one-half of the power contained in an incoming wave is extracted by
the electrical terminals, one-quarter is reflected and one-quarter
is transmitted. It was seen that while the optimum value for R.L is
only about 200Q for a typical lithium niobate array, it becomes
unreasonably large for a quartz transducer. A practical lower
value of R.L will leave the wave largely unaffected in its travel
through the transducer.

It has been shown in various applications in Chapter 6 that
the physical behavior predicted by the new models corresponds very‘
well to either measured performance or the theoretical predictions
by other authors based on the Mason model. If, in fact, the
equivalent circuit of Fig. 6.16 is used with the value of R° for YZ

lithium niobate,

6.35 x 1010 4K W/wy) o

R, = W [ - 1, (6.100)

then it is clear in retrospect that the model developed by Smith et
al is but a special case of the development presented here. This is
true because, while their characteristic impedance was determined

for the single frequency W, the characteristic impedance R°
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developed here is frequency dependent and reduces to their value at

m .
o

Further Investigations

It would be of interest to show experimentally that under
certain wide-band applications the frequency dependence of Ro shown
here would predict the correct behavior, where a constant Ro would

not. The radiation conductance,

2 (]
Ga - [tan z sin 7 . (6.64)

should be measured since the results of the experiment, for small
N, will clearly demonstrate which theory is correct. The small N
is necessary to achieve the required bandwidth. For large N, for
example N = 15, there is no significant difference between this
theory, that of Smith et al and measured performance.

It would be desirable, furthermore, to extend the frequency
range for which this theory is valid. At the lower end of the
frequency scale the expressions obtained here for the short-circuit
current might be valid down to DC. At higher frequencies, when
half a wave length is shorter than the width of an electrode, there
will be partial cancellation of the emf developed under an electrode
and the current should decrease for that reason. In either case,
the present theory cannot be justified whenever a quarter wave
length measured from the center of the electrode falls under a
metallized part because of the boundary conditions in the conformal
mapping problem of Chapter 5. The higher frequency end would

particularly be of interest because third harmonic generation is,
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in fact, used to generate waves in the gigahertz region. However,
the scope of the present investigation must be kept within
reasonable bounds. Such research is therefore deferred to some

future date.

N o
s

B




APPENDIX A

DERIVATION OF THE PROPAGATION VELOCITY




140

It is shown here that Eqs. (2.44) and (2.45) lead to Eq. (2.46).
When Eq. (2.45) is multiplied out with the definitions of the g's

ingerted we obtain:

(ay - az){su[(q - g *+ oy M@ - g eyl glz(a1a2x2>}
+ (0132822 + 812) {GIK[ (q = 811) + 022]

- sz[ (q - 811) + 612]} =0 . (A.l)

This leads to an equation as described in [6] on page 670:

2 2
GIGZKISZZ(Q - 811) + 812(1( = 1)] + 0.1 02 (1 - K)gzz
2 2 2
+ (Gl + 02 )(q = 811) 822 + (q - 811) -822

+8,,Kq@-g,;)=0. (A.2)
Equation (2.44) is of a form shown in Eq. (2.52):
ol +ala+b=0. (A.3)
In factored form this must equal:

2 2, , 2 2 2 2 2 2 2
@ - 0,0 - 6,2 = ot +aPa? - 0D Fate,t L A

It follows from Eq. (2.56) that we can make the following identifications:

2
2 2 8,2(a-8,,)+(q-1)+K
+ o -
S | a2 2,5, (A.5)

2 2 f(a-8;)(q- 1)
% %2 T

(A.6)
822
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These expressions are inserted into Eq. (A.2) to obtain, after some

manipulation:

2 - 2.2

This is a cubic in q which simplifies eventually to Eq. (2.46).




APPENDIX B

THE TENSOR TRANSFORMATION
OF THE STRESS COEFFICIENTS
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The stress coefficients shown in Eqs. (2.1), (2.2) and (2.3) are
really fourth rank tensors. The subscripts 1 to 6 used in engineering

are a short form which convert as follows to tensor notation:

TABLE B.1 - Conversion from Engineering Notation

to Tensor Notation

Engineering Notation Tensor Notation
1 11
2 22
3 33
4 23 or 32 because of
symmetry
5 13 or 31
6 12 or 21

In order to obtain the stress coefficients for a rotated Y-cut by an

angle 6 one must use the transformation according to [5]:

1 0 0
a. - 0 cosd 8ine . (B.1)
0 -8in@ cosg

The relation of the stress coefficients in the rotated system C'1jk1

to those for the standard crystal axes is then given by:

' =
¢ 1jk1  %1r®38%kt%eu Crotu (8.2)

As an example it will be shown here that for ¢ = 31.62° C'56 is zero.
This is the coefficient that relates vertical shear strain 86(-812) to

face shear stress TS (-TIJ)'
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' - ' - -
C'se = C'1312 ™ %38%u C1s1u = %32%22 C1212

(B.3)

+ 33055 Ci312 + 335973 Cioy3 + 333273 Cp3y4
C'., = -ginbcosd C,, + cosze C.. - sinze C.. + sinbcosd C.. (B.4)
56 66 56 65 55 (B.

There is further symmetry in the stress coefficients in engineering

notation
cij - cji . (B.5)
With values inserted which were taken from [4] C'56 is:
C'.. = cos0sin8(57.94 - 39.88) - 17.91(cos>6 - sinZe) (B.6)

56

in units of 109 N/nz.
This becomes zero at a rotation of 31.62°. The other constants

were obtained in a similar fashion.
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DERIVATION OF THE TWO-PORT PARAMETERS
FOR A LOSSLESS TRANSMISSION LINE
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All pertinent quantities are defined in Fig. 3.2. Express first

the terminal quantities at port 2 in terms of the cross-variable 'waves"

at port 1:
= 1 - -st st = —=8t st -r -1
+ o - o o +
V2 Vl e + Vl e e e V1
- = . (Col)
+ 5t _ st -st st -
-12- Yovl e - Yovl e | —Yoe -Y e ] _Vl |
Next this relation is inverted to yield:
- - st st -
(' + ) o]
V1 -Yoe e V2
- . (C.2)
_ o -st_ -st_
\' -Y e e 1
"1 | o 1 2]

The "through-variable waves' at port 1 are related to the "cross-variable
waves' by YO:

4 e
L V1
= Yo . (003)
S v~
[ 1] (1
The first equation is added to the second in relation (C.2) to result in
V1:
st -gt
+ -1 o
Vl =- V1 + Vl [e +e ] V2
sto -sto
+ (20/2) [e -e ] I2 (c.4)

V1 - cosh(sto) V2 + Z° sinh(sto) I2 . (c.5)

Also from relation (C.3) I1 is obtained:
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+ _ st -sto 1 sto -ato

I1 = I1 - I1 = (YO/Z)[e -e ]Vzéi-[e +e 112
(c.6)

I1 = Yo sinh(sto) V2 + cosh(sto) I2 (c.7)

Equations (C.5) and (C.7) form the desired transmission equations as

stated in Eqs. (3.1).

Next regroup these equations as follows:

1x Vl - coah(sto)v2 =0 x I1 - Zo sinh(ato) [-12] (c.8)

0 x V1 + Yo sinh(sto)v2 =1 x 11 + cosh(sto) [—12] . (c.9)

If the equations stated above in matrix form are next premultiplied by
the inverse of the coefficient matrix of Vl and V2 one obtains the 2z-

parameters. The y-parameters are obtained below that.

V1 Yoeinhsto coshsto 0 -Zosinh(sto) Il
1
Y sinh(st ) (c.10)
o o
\' 0 1 1 cosh(sto) -1
- - 2 Z 9 r 7
v 9 9 1
1 tanh(ato) sinh(sto) 1
- (C.11)
Z z
v 9 ° -1
2 sinh(st ) tanh(st ) 2
L - o o< -
I1 . cosh(sto) Zosinh(sto) 1 -cosh(sto) V1
1
- (C.12)
Zosinh(stoi

-1, -1 0 0 Yosinh(sto) v



- Y
o

-Y
o

tanh(sto)

_pinh(sto)
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Y
o

ainh(sto)

Y
o

tanh(stol

(C.13)
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The integrand of Eq. (3.21) becomes:

- ky
. *
u* + T6v* - -jmlcl(l) e K +

-aky
+ C (2) e %2

1 ] +cC

12"“1 2

Ww* "9 @

'Jw[C c,

ky

2
] + [-alkcl

~-a
+ cz(Z) e

(D, (W* 2

1

-wkclllc

+ ¢, B¢

1 1

-2a,ky
+ jwkC (l)cl(l)* e 1

12[%:€,

-(a1+az)ky

X e

-Za ky
*
+ jwkc66[alcl(1)cz(1) e 1

X e

-2a.ky
- wkC (l)cz(l)* v

66(C2

(2)

ke, e

W

+ (cl(l)*c

@+

+ a,C (Z)C

+ a,C

+ (02

()% ~

—ayky —ay Ky
Cl(z)* e %2 ]{-jkcu[cl(l) e A

kY ~a, Ky
2 2

(2) +C ) (a1+az)ky

()%, ~
1 € 7 e

1

e (@ W,

1)
1 c

(2)*
+ (a,Cy a;C ¢ )

=2a,ky

OL I

272 1

¢, D, 0* 4, ¢ W @)

+ (a,Cy ¢y

2

-Zazky

@, @+ 02

271

)%, (2)

-(a,ta,)ky
c, (1)62(2)*)e b Bob ]

+ Cz

2 ky

] (D.2)
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We integrate this as prescribed by Eq. (3.21).

). (V* )*. (2) 1), (2)* (2), 2)*
s D R R s SR S ,
2ay ot 2ay

1), (1)* (2). (L)*
C Cl azcz C1 +a

2 +

¢, W D% ¢ @) @)*
122 73

172 1
(g * ap) MR

(1), (1)* (2), (1)* (1), (2)*
we &1 & @G +a)C) G, c
7 733 +

(2) . (2)*
)

J(al + 02) + Zj ]

(1), (1)* (1)*, (2) 1), (2)* (2), (2)*
Vo [cz c, . C, 7 C, T +C,0e, . ¢, “’c, | 0.3
66 2 20, a; +a, - 2aq, )

+C

Expression (D.3) is a special case of Eq. 28 in [4]. For the values

derived in Chapter 1:

(1)
¢

(2)
¢

-10.66

40.052

cz(l) -0.079

c2(2) = ] (the vertical amplitude of mode 2 is
taken as reference) ‘
C,. = 86.74 x 10° N/m®

11

9 2
C12 = -7.65 x 10° N/m

Cog = 28.85 x 10° N/m?

a, = 1.40

a, = 0.147
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Px -3 wW + 7](86.74)

L e, @2 [0.662 4 =2 0.66 x 0.052 0.0522
¢, Ix1.4 1.55 2%0.1%

-U. ° . o + . . ° =V.
+ (20:66 x 0.079 , 0.147 x 0 65.551 4 x 0.052 x 0.079 02052](_7.65)

0.66 x 0.079 + 0.147 x (-0.079)(0.052) + 1.4(-0.66) + 0.052

+ 2 1.55 2

1(28.85)

2
0.079° . -0.079 x 2 1 9
thartT s trx o.ﬁim&as)} x 10 (D.4)

s 1 (2),2
P =2 ui[c,P?) 135 - 3.8 + 0.8

+ 0.2 0.5 + 0.2

+ 0.8 - 1702 + 0-8

+0.1 - 2.9 + 93.1}x 10° (D.5)

These numbers are arranged in the same order in which they appear in
Eq. (D.3). It is seen that by far the largest contribution to the power

comes from the vertical component of mode 2:

Pz(z) - %-leCz(z)l2 x 98 x 10° watts . (D.6)
Equation (D.5) yields
7, =3 u]c, P % x 90 x 10 wates . (0.7

P2(2) taken alone actually results in a value which is slightly too high

(8.82). This suggests that a surface wave is in a lower energy state
than a shear wave.

It should be noted furthermore that F; is real; which will pro-
duce a real Zo (or Yo) so that the through-variable and cross-variable

are in phase, whatever their choice.
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10

2) might be of the order of only 10 = m P_ will be

2
rather small, For W= 3 mm and w = 109/sec we obtain

Since C

P =1.3 mW.
x
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Equations (2.6), (2.7) and (2.8) are inserted into Eq. (3.41)

2 2 2 2 2
30, , 3% 3w v o, 3w
€ € = e e e 2) +e 7 - (E.1)
11 ax2 22 ay2 11 ax2 X3y 26 1 26 3y

The right-hand side is assumed to be known, f(x - th,y) say. The
solution will consist of two parts: the complementary and the particular
solution. The complementary solution is found from the homogeneous

differential equation:
2 2
3 ¢y 3 4,
811 2 + 522 2 =0, (EQZ)
ox 9y

Because of the assumption that the x-direction is unbounded ¢ in complex

-3 (kx-wt)

form will vary as e with x and t so that the homogeneous

differential equation becomes:

- —— k"¢ =0. (E.3)

The solution is of the form

€ /t )
e‘ €22 €22

o, = A +Be . (E.4)

B must be 0 since ¢ is zero for large values of y. The complementary

solution is then

-k
r 7 JGt-k)

oy = Ke (E.S)

3_ .. N
For the particular solution let either 3y ulk or 3y —uzk and use

the principle of superposition, solving for each mode separately:

2 2 .2 2 2 2 2
k119 tagek ey = mep kiuy - Jajki(eyo +e)))v) + epckia; Ty (E.6)
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2
(e)) = epeny Juy + Juy(e,p + e)))vy

¢1 - —3 R (E.7)
€11 %1 €22
Similarly
2
_ legy ~eqap Jup + dapleyg + eyp)vy .8)
¢2 _ 2 . .
€11 T %2 €22

The total solution is then

Smd o e, (E.9)

In order to determine the coefficient K in ¢y (Eq. (E.5)) the simplifying
assumption is made in [4] that D2 = 0 for y < 0. Since it must be

continuous, the following boundary condition follows from Eq. (3.35) for

y = 0:
ou v %
D,=0=c¢, 22 +e T - . (E.10)
2 26 35| g 26 3X| o " “229y| g
Applying this the result is
2 (1) (1) e 20, (D) (1)
- i S R B S Vi T Sk MG L ¥
— 1 2 .
1=1 €11%22 €11 7 % €22

(E.11)
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THE FREQUENCY RESPONSE OF A 20 ELEMENT
SURFACE-WAVE TRANSDUCER ARRAY
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By means of the geometric-arithmetic mean Eq. (6.16) is
programmed below for the special case of n = 1/2, K' = K = 1,85407.

The result is shown in Fig. 6.9.

CooseoTnIS PROLIRAY CUMPUTES THE FREQUENCY RELPUNSE CF A 20 tLEMENT
CeeeseSURFACE WAVE TRANSODUCER ARRAY, WITH HALF THE SURFACE AKEA
CoovoomMzTALIZEU., THE LUAD IS A 9PF CAFACITUR,9X THE VALUE uF C-uuUT
DIMENSICN V(BO).OME(BO)
K=}
I=1
OM=,567%
1O ALFrUMS(0,78539816
BaSIN(ALF)
A=),
2C Al=s0.5¢(A¢B)
B1=2SQRT (a¢B)
AsAl
b=81
C=(A-8B)7r2,
IF(C-,000C0L)21,21020
21 VUL ), O1eACS INLAC.®ALF)/COS(2.¢ALF)
VII)esaBS(VLI))
22 OMEl1)=s=-0"
felel
IFUK=1)25025,75
25 0M:=UM¢0,029
6GJ TO 86
/5 JM=sOQM+0.005
86 IFLABS(GM=1,)=1,E-5) 40,40,30
4«0 Vil)e3, 38885720,
GO 10 22
3V IFIK=1)3%5,35,90
3% IF(OM=2.110,60,60
o0 CALL PLOT&(V.,OME.I)
K32
I=1
J4s0.9
90 [F(OM=1.1012,10595
95 CALL PLOT4(VoUME,»@N)
5T00
ENO




APPENDIX G

CALCULATION OF THE Y-PARAMETERS
FOR ONE INTERDIGITAL PERIOD
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Consider Fig. 6.16a. If VAB = 0 the two sections obviously
degenerate into a transmission line. Hence Y110 Y120 Y1 and y,, are
determined. If Vn and Vn+1 are set to zero the resulting I for an
applied VAB will give Y33 In the same circuit In will yield Y13 and
-In+1 will determine Ya3¢ By reciprocity Y31 and Y4y are then also
known. In Fig. 6.16b the voltage vAB has been reflected across the
ideal transformers. Because of symmetry it is possible to identify Ix
as one-half the input current, except for the portion through the
capacitor C. Furthermore, it is seen that In and In+1 are equal.

Kirchhoff's voltage law in the left mesh is

Vs ™ -jRotan(o/4) I+ Rolx/jain(OIZ) , (G.1)
for the center loop it is
2V, - 23n°:an(e/4) I, + ZRbe/jsin(G/Z) + 2jnotan(e/6) I . (G.2)
From this IN is eliminated:

2V, = LR [2/38in(8/2) + jtan(e/4)] , (G.3)

or

2
- 1 - sin“(8/4)
s " LR 48in(0/4) cos(e/4) °* (G.4)

or

ZVAB - Ix/jcotan(elé) . (G.5)

The required ratio for Y33 is

21_/V,p = 34G _tan(8/4) , (G.6)
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The value

(G.1).

or

or

hence
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Y33 = juwC + jkcotan(elh) . (G.7)

obtained here for Ix is now used to eliminate it from Eq.

2tan(0/4)
Vg " -jnocan(e/l.) LN + sin(6/D) vAB , (G.8)
IRy _ 2tan(8/4) 1 ©.9)
VAB 28in(8/4) cos(6/4) tan(8/4) tan(8/4) °* *
IN -jGosinz(Blb) IN+1
VAB ~ 8in(68/4)cos(8/4) -jcotan(B/A) - VAB ’ (G.10)

y13 - -y23 - -jGotan(O/lo) . (G.ll)
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DETERMINATION OF THE RADIATION ADMITTANCE
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Solution of Eq. (6.62) for the purpose of determining the
radiation admittance.

The cofactor A33 is

-au+c32-72. (1.1)

833 12

The determinant is expanded in terms of the last column:

8= Yy3 833 + 20 5[-Y) (Y, + G)) - Y)5¥550 - (1.2)

The radiation admittance is then

2
2Y13 (Yll +Y,,+G)

12 2 (H.3)

A
Y = — =Y -
R T PR R A R

11 12

or

2G°tan20/6[1/jtanNe-l/jsinNe+1]

Y, = JuCy + jancocanela + . (H.4)

[1/§tanNe+1]% - [~1/jsinNo]?
The terms in [ ] are considered separately. By 32 - b2 = (at+b) (a-b)

they simplify to:

1 1 - —Jsin(Ne)
Y tanne * Jetove T 1] " CosNe+jsinNe+l

(H.5)

or

-jNe/2
JsinNg _ jsinNge - (1 _ jsin(Ne/2)
1+eINE 2cos(Ne/2) ¥ 2cos§N072)] jsinNe .  (H.6)

After expanding sinNo6 as 2s8in(N8/2)cos(Ne/2) Eq. (H.6) becomes

181080 4 g10%(Ne/2) . (H.7)
This is re-inserted into Eq. (H.4) with the desired result:

Ya - Zcolsin(Ne/Z)tan(e/lo)]2 + quT + j4NG°tan(e/b) + jGosin(No)tanz(elé).

(H.8)
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PROGRAM FOR THE RADIATION ADMITTANCE
OF A 30 ELEMENT ARRAY
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Computer program for the normalized radiation admittance of a

30 element array.

w' = w/wo . (1.1)

Gazo(wo) = %l [n/K'(w')]2[tan(nw'/2)sin(30wm'/2)]2 . (1.2)

Bazo(mo) -.%% [w/l('(w')]2 tan(mw'/2)[60 + tan(rw'/2)sin(60mw'/2)]. (I.3)

Ceeede AL |ATICN ADMITTANCE
Ceees0])F A JU ELCMENT ARRAY.

29
)
Y6
L3V]
Iu

[10]

I
0y

VOIMENSION GL3O),C™EL80)
K=)

=1

Jve,0l5
ALF=1,4¢],.5707963
BeeSINCALFZ2,)

A=|,

Alz.%*(A+HE)
Bl=SQRT(A®BE)

A Al

AC =81

valA=-4tk)/2.
[F(C=-.CCOV0L1)21,21,20
U 1), 19U (ACBEI®S 2@ TANIALFISSIN(30,*ALF))*»?
UME( 1) e, 062580Me (A+BE)S*24TAN(ALF)I®(60. ¢+TANIALF)*SIN(LO.*ALF))
Islel

IF(K=1)25025015%

(Ma(Me ,01¢5

LQ 10 86

t)MsUMe, 0029
IFUAARS(CY-1.)-1.E-5)60,4C,30
G(L1)=323,

OMet1)-0.0

60 TU ¢¢
IF(K=1)3%9,35,90

[+ (iM=-1.322)1006Cr60
CALL PLCT4(,00ME.I)

Kz/

l=1

OMs=,Yy
[F(OM=1.1)17+10,95

CALL PLUT&(3,0MELT)
sToe

END
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