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ABSTRACT
MAXIMAL CHAINS IN SOLVABLE GROUPS
by Armond E. Spencer

Some knowledge of the structure of a finite group can be derived
from information about the structure of its maximal subgroups and the
imbedding of these maximal subgroups. For example, two classical
theorems in this vein, due to B. Huppert are: (1) If a finite group
has all its maximal subgroups supersolvable, then the group is sol-
vable. (2) 1If all the second maximal subgroups of a finite group
are normal, then the group is supersolvable. Results of this type
have been extended by, among others: W.E. Deskins, "On maximal sub-

groups," First Symposium in Pure Mathematics, American Mathematical

Society (1959); Z. Janko, "Groups with invariant fourth maximal sub-

groups,'" Mathematische Zeitschrift, 82, (1963); J. Rose,"The in-

fluence on a finite group of its proper abnormal structure,' Journal

of the Iondon Mathematical Society, L0, (1965).

The aim here is to extend some of the results of the above

papers, under the added hypothesis of solvatility. Although most

of the definitions and some of the theorems can be stated in general

for finite groups, the concern here is always with solvable groups.
Throughout let G denote a finite solvable group and define

h(G) = n if (1) Every upper chain in G of length n contains a

proper subnormal entry; and (2) There exists at least one upper

chain in G of length (n-1) which contains no proper subnormal entry.

(Note that h(G) = 1 if and only if G is nilpotent.) Using fairly

classical techniques the following principal results are obtained.
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Theorem: If h(G) < n, then £(3) < n, where £(G) denotes the nil-
potent length of G, i.e. th= length of the Fitting series for G.

Theorem: Iet m(%) denote the number of distinct prime divisors
of the order of G. Suppose m(G) = m, then the following are true:

(1) If h(G) < (m-1), then h(3) = 1, i.e. G is nilpotent.

(2) If h(3) < (m+1), then G is a Sylow tower group for some
ordering of the prime divisors of the order of G.

(3) If h(G) =m > 2, then G is a Sylow tower group by (2),
moreover, the non-ncrmal Sylow subgroups of G are cyclic, and the
normal Sylow subgroups of G are cyclic or elementary abelian.

This means that G is a split extension of a normal abelian Hall
subgroup by a subgroup, all of whose Sylow subgroups are cyclic.

(4) These arithmetic limits are the best pcssible in the
following sense: Given any integer m > 2,

(a) There exists a non-Sylow tower group G such that
h(G) < (m+2) and m(G) = m.

(b) There exists a non-nilpotent group G such that
h(%) <m, and m{G) = m.

(c) There exists a group G, having at least one non-
abelian Sylow subgroup, such that h{%) < (m+l), and m(3) = m.

If h(G) < 3, and G is not nilpotent, then the structure of
¢ is fairly simple. For example for groups having h(G) = 2, we
have the following theorem.

Theorem: If h(Z) = 2, then G = PQ, where P and Q are Sylow
subgroups of G. P is a minimal normal subgroup of G. Q 1s cyclic,

Ql’ the unique maximal subgroup of Q,is normal in G. In fact,
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Q = Zz(G), the center of G, and Q = $(G), the Frattini subgroup of
G. P =G', the derived group of G, and Q/Ql acts irreducibly on P.
Iet r(G) denote the minimal number of generators for G. The
group just described has h(G) = r(G) = 2. This result can be ex-
tended. -
.Theg}em: If G is not nilpotent, i.e. h(G) > 2, then r(G) < h(G).
The function h(G) in some sense measures the distribution of
the subnormal subgroups of G in the lattice of all subgroups of G.
" Suppose h(G) = n. Then in G there exists an upper chain G = G, >G> ..
o> G(n-l) > Gn, such that Gn is the only proper subnormal entry in the
chain. Clearly‘ény conjugate of Gn has this same imbedding property.

More generally, any automorphic image of Gn has this same imbedding
L}

property. We call H an h-subgroup of .G if h(G) = n and there

exists an upper chain of length n from G to H such that H is the
onty proper supnormal éntry in the chain. Natural questions at
this point are: Are the h-subgroups conjugate, normal, or are
they even of the same order? Partial answers can be given.
Theorem: If h(G) < 3, then the h-subgroup is unique.

Theorem: If h(G)

n, and there exists an upper chain

G=G >G, >G
o 1

5 >eees > G(n_l)> G, = H, such that h(Gi) = (n-1),

0 <i <(n-1) , and H is an h-subgroup for each G,, then H is normal
in G.

Another measure of the distribution of the subnormal subgroups
in the lattice of all subgroups was given by Deskins in the paper

" A condition for the solvability of a finite group," Illinois
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Journal of Mathematics, 2, (1961), There, the function v(G), called

the variance of G, 1is defined as: v(G) is the maximum, taken over

all upper chains,of the ratio ;,(C)/3(C), where C denotes an upper
chain, ;(C) denotes its length, and 3(C) denotes the number of sub-
normal entries in C. If C does not contain a subnormal entry, d(C)
is taken to be one. Clearly h(G) < v(G), since the upper chain
terminating in an h-subgroup has h(G) entries and only one subnormal
entry. Trivially, if h(G) = 1, then v(G) = 1. If h(G) = 2, then
v(G) = 2. No example is known in which h(G) # v(G).

A natural generalization of the functions h(G) and v(G) can be
made by requiring the upper chains under consideration terminate
above a particular subgroup of G. To be precise, we define h(G:H)=n
if (1) Every upper chain of length n whose terminal entry contains
H contains a proper subnormal entry, and (2) There exists at least
one upper chain of length (n - 1) whose terminal entry contains H,
and which contains no proper subnormal entry. A similar definition
is made for v(G:H). With this definition, h(G) and v(G) are simply
h(G: <l>) and v(G: <l>) respectively. Of course, if H is normal
in G, then h(G:H) is simply h(G/H). The aim is to use these def-
initions to generalize some of the earlier results, and also to
gain some information about the placement of H in the lattice of
subgroups. For example, if v(G:H) = 1, then the smallest normal
subgroup of G containing H also contains the hypercommutator of G.

Finally, we have that h(G) < 3 implies solvability for G, and

h(G) < 4 does not.
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INTRODUCTION

An attempt to describe the structure of a finite group leads in
a natural way to the consideration of two basic types of questions:
(1) Given the two group theoretic properties X and Y, if certain
subgroups of G have property X then does G have property Y?

(2) Given a family of subgroups of G distinguished by some imbed-
ding property, how is this family distributed in the lattice of all
subgroups of G?

Examples of answers to the first type of question have been
given by: B. Huppert [8] If all proper subgroups of a finite group
G are supersolvable, then G is solvable; and J. Rose [10] If all the
proper abnormal subgroups of G are nilpotent, then G has a normal
Sylow subgroup P such that the factor group G/P is nilpotent.
Examples of answers to the second type of question have been given
by: B. Huppert [8] If every second maximal subgroup of G is nor-
mal, then G is supersolvable; and W.E. Deskins [3] If the sublattice
of subnormal subgroups constitutes a "fair portion" of the lattice
of all subgroups, then G is solvable. Z. Janko [9] has described
the structure of finite groups satisfying the property that every
fourth maximal subgroup is invariant.

The aim here is to extend some of the results due to Janko,
Huppert, and Rcse, using some techniques suggested by Deskins.

Such an attempt leads quite naturally to the definition of the func-
tion h(G) which is the length of thé longest upper chain in G having
only its terminal entry subnormal in G. In a nilpotent group this

length is one. In a non-abelian simple group, it is simply the length



2
of the longest upper chain. In particular, the problem under con-
sideration here is how the function h(G) restricts the structure of
G if G is assumed to be finite and solvable.

For the sake of completeness,.Chapter I contains some basic
definitions and results pertaining to solvable groups, upper chains,
and subnormal subgroups. In Chapter II the function h(G) is defined,
and some structure theorems are proved, showing how h(G) relates to
such things as the nilpotent length of G, the number of distinct
prime divisors of the order of G, and the Sylow structure of G.
Chapter IIT contains some generalizations of the function h(G),
along with some results concerning the placement in the lattice of
subgroups of a family of subgroups distinguished by their imbedding
properties.

Although most of the definitions and some of the theorems can
be formulated for non-solvable groups --and in some cases for in-
finite groups -- the groups considered herein are assumed to be fin-
ite and solvable unless otherwise stated. An index of notation is

given in the appendix.



CHAPTER T

DEFINITIONS AND EILEMENTARY RESULTS
For the sake of completeness and easy reference this chapter
contains some basic definitions and properties of solvable groups.

Except for some minor observations, no pretense of originality is

made, although some proofs are included where no immediate refer-
ence is avaliable.

Throughout let G denote a finite solvable group. A subgroup
H of G is called maximal in G if there does not exist a subgroup

K of G such that G ? K ; H. This idea extends inductively to the

definition of an n-th maximal subgroup.

Definition 1.1: H is a first maximal subgroup of G if H is

maximal in G. H is called an n-th maximal subgroup of G if H is

maximal in an (n-1)-th maximal subgroup of G.
It should be noted that H does not determine n. For example,
consider Sh’ the symmetric group on four letters. Iet H be a Sylow

2-subgroup of S, in Su. Then H is maximal in S_, which is in turn

3 3
maximal in Sh’ hence H is second maximal in SM' However, by the
Sylow theorems,H is maximal in a subgroup of order four, which is
second maximal in Sh’ so that H is third maximal in Su.

For each n-th maximal subgroup H of G there exists a sequence
of subgroups G = GO:>Gl > G2 > 000> Gn = H, such that for each i
Gi is a maximal subgroup of G(i-l)' Such a sequence is called an

upper chain of length n from G to H. There is a relationship between




n and the index of H in G.
Theorem 1.2: If H is a maximal subgroup of G, then [G:H] is the
power of a prime. (Note that G is assumed to be finite and solvable.)

Proof: Case 1: H is normal in G. In this case, since H is max-

imal, G/H has no non-trivial subgroups. However, G/H is solvable,
hence is cyclic of prime order, and the theorem is proved.

Case 2: H non-normal in G: This case is handled by induction
on the order of G. If H contains a non-trivial subgroup N with
N normal in G, then by induction [G/N:H/N] = p¥ for some prime p.
However, [G/N:H/N] = [G:H] and the theorem is proved. So suppose H
does not contain a non-trivial subgroup normal in G, and let M be a

B

minimal normal subgroup of G. IMI = p~ for some prime p. H is max-
imal and does not contain M, thus G = MH. Since M is normal in G,
MNH is normal in H. Also, since M is abelian, MMH is normal in M.
Thus MMH is normal in G, but by supposition H does not contain a
non-trivial subgroup normal in G, thus MMH = (l). Then [G:H] = IMI
and the theorem is proved. []

To extend this theorem to n-th maximal subgroups, it is con-

venient to have some notation.

Definition 1.3: Iet nfG:H} denote the number of distinct prime

divisors of [G:H]. m(G:(1)) will be denoted simply by m(G).

With this notation, theorem 1.2 can be stated as: If H is a
maximal subgroup of G, then m(G:H) = 1. This can be generalized as
follows:

Theorem 1.4: If H is an n-th maximal subgroup of G, then
m(G:H) < n.

Proof: The proof is by induction on n. Theorem 1.2 proves the
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theorem in the case n = 1. Suppose the theorem is true for (n-1),
i.e., if K is an (n-1)-th maximal subgroup of G, then m(G:K) < (n-1).
Let H be an n-th maximal subgroup of G. Then there exists an upper

chain of length n from G to H. G the (n-1)-th entry in the

(n-1)’
chain, is an (n-1)-th maximal subgroup of &, so by induction we have
. - " . - i
n(G.G(n_l)) < (n-1). By theorem 1.2 n(J(n-l)'H) 1. Since
[G:H] = [G:G(n_l)][G(n_l):H], clearly m(G:H) < n(G:G(n_l)) + n(G(n_l):ng
(n-1) + 1 = n. [
Some other properties of solvable groups which will be used to

some extent have to do with Hall subgroups and Sylow systems.

Definition 1.5: A subgroup H of G is called a Hall subgroup of

G if ( |H|, [G:H]) = 1. An integer n is called a permissible Hall

divisor of IGI if there exists an integer m such that mn = IGI, and
(m,n) = 1.

P. Hall [5] proved the following theorem.

Theorem 1.6: Iet G be a finite solvable group, and n a per-
missible Hall divisor of IG]. Then the following hold:

(a) There exists a subgroup H of G of order n.

(b) Any two subgroups of G of order n are conjugate.

(¢) If K is a subgroup of G such that the order of K divides
n, then X is contained in a subgroup of order n.

Hall [6] also proved the existence of a collection {Sl’SE"'St}
of pairwise premutable Sylow subgroups of G such that the product of

the Si is G. Such a collection is called a Sylow system for G. ILet

D= iﬁl N(Si)' D is called the Sylow system normalizer for the

system, or in short, a System normalizer. Several results due to

Hall and Carter [2] can be collected into the following theorem.

Theorem 1.7: Iet G be a finite solvable group, and D a system
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normalizer in G. Then the following are true:

(a) D is nilpotent.

(b) All of the system normalizers of G are conjugate.

(¢) D is not contained in any proper normal subgroup of G.

(d) The intersection of all the system normalizers of G con-
tains the hypercenter of G.

D can be further characterized by an imbedding property. In
order to do so, it is necessary to have a definition.

Definition 1.8: A subgroup H of G is called abnormal in G if

the following two conditions hold:

(1) Every subgroup of G containing H is self-normalizing, i.e.,
if G > K > H, then N(K) = K.

(2) H is not contained in any two distinct conjugate subgroups
of G.

Theorem 1.9: The system normalizer D can be characterized as
follows: D is minimal with respect to the property that D can be

joined to G by a chain of subgroups D = GO<:G < G2 <...< Gn = G,

1
such that for each i, G(i-l) is abnormal in Gi. The minimality
refers to the fact that no proper suﬂéroup of D has this property.
At this point it might be worth while pointing out some other
properties of abnormal subgroups. It follows immediately from the
definition that any subgroup containing an abnormal subgroup is
itself abnormal. Also a maximal subgroup is either normal or abnor-
mal. Standard theorems show that the normalizer of a Sylow subgroup

is abnormal, and this can be extended to the same theorem about Hall

subgroups.
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Theorem 1.10: The normalizer of a Hall subgroup is abnormal.

Proof: Iet H be a Hall subgroup of G and N = N(H) its normal-
izer. Let K> N, and x € N(K). Now H < K, so " < K. However, H
is a Hall subgroup of K, so by theorem 1.6(b) H and H. are conjugate
in X, i.e., there exists a y €K such that T = Hy. Then xy-l norm-
alizes H so that xy'l € K. However, since y € K, this implies that
x € K. Thus N(K) = K, and any subgroup containing N is self-normal-
izing. Now to Show that N cannot belong to two distinct conjutates.
Suppose N < L DIF. Then H and H® are Hall subgroups of L and are
thus conjugate in L, i.e., there exists a y € L such that =,
But then xy-l € N(H) < L. However, y € I, so x € Land L = L*. [

Although for maximal subgroups the terms abnormal and non-nor-
mal are synonymous, in general this is not the case. For example,
in AM’ the alternating group on four letters, the subgroups of order
two are not normal, however, since they are in the four group which
is normal, they are not abnormal. Probably the most natural imbed-
ding property for subgroups is normality, however, for many purposes
it is convenient to extend the relation of normality to the tran-
sitive relation of subnormality.

Definition 1.11: A subgroup H of G is subnormal in ¢ (acces-

sible in G, subinvariant in 3) if there exists a chain G=GJ> Gl > ...
& G_ = H, such that for each i, G. is normal in G,, . Such a
n i (i-1)

chain is called a subnormal chain. The notation for H is subnormal

in G is: Ha 4G,
Clearly this r=lation is transitive, and although the product
of two subnormal subgroups need not be a group, the following theorem

shows that the collection of subnormal subgroups forms a sublattice
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of the lattice of all subgroups of G.

Theorem 1.12: [11, p. L48] If H and K are subnormal in G, then

(8,K) eand HN K are subnormal in G.
The theorem which states that the intersection of a normal subgroup
N with a subgroup H is normal in H also extends to subnormal subgroups.

Theorem 1.13: If H is subnormal in G and K is a subgroup of G,

then HNK is subnormal in K.

Proof: Iet G=G. > G, > G, > ,,. > G =H be a subnormal
—_— 00— "1- "2 = - n

chain from G to H. Iet Ki = K F)Gi. Then the chain K = K. p K

o R K B> ..

1
..E‘Kn = HNK is a subnormal chain from K to HNK. [

Well known theorems about Sylow subgroups yeild the fact that
a subnormal Sylow subgroup is characteristic. The same is true for
Hall subgroups.

Theorem 1.14: A subnormal Hall subgroup is characteristic.

Proof: It suffices to prove normality since by theorem 1.6(b)
any two Hall subgroups of the same order are conjugate. To prove
normality, we proce=d by induction on the index of the Hall subgroup.
Iet H be a subnormal Hall subgroup of G. If [G:H] is a prime, then
H is maximal, but since a maximal subnormal subgroup is normal, H
is normal. So suppose [G:H] = m, and assume the induction hypothesis:
If a group has a subnormal Hall subgroup of index less than m, then
the subgroup is normal. Iet Gl be a maximal normal subgroup of G
containing H. Since H is a Hall subgroup of G, H is a Hall subgroup
of Gl' Also H is subnormal in Gl, so by the induction hypothesis,

H is normal in Gl' By the remark at the beginmning of the proof, H
is characteristic in Gl' Hence H is characteristic in a normal sub-

group of G, thus H is normal in G.{]
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A subnormal, maximal subgroup is, of course, normal, so it
is natural to ask if the same is true for second maximal, third
maximal, and so forth. 1In AL+ the subgroups of order two are sec-
ond maximal and subnormal, but not normal, so the answer to the -
question is no. However, Deskins [3, lemma 1] proved the fol-
lowing theorem.

Theorem 1.15: If the subnormal subgroup H of a finite group

G is contained in the non-normal maximal subgroup K of G, and no
subgroup of K properly containing H is subnormal in G, then H is
normal in G.
Note in particular that in this case H = CoreGK = XQGKX.
Moreover, under the hypothesis of the theorem, H = <L | L<K, L <<1G> .
In contrast to the maximal, subnormal subgroups, consider the
minimal non-subnormal subgroups.

Theorem 1.16: If H is not subnormal in G, but every proper

subgroup of H is subnormal in G, then H is cyclic of prime power
order.

Proof: The proof consists of showing that H has only one max-
imal subgroup. Suppose H has two distinct maximal subgroups, Ml and

Mé.

Then by theorem 1.12 <M1’N%> is subnormal in G, but this is
impossible since (Ml,N%> = H. So H has a unique maximal subgroup
M. Now any element outside M must generate H, so H is cyeclic. If
two distinct primes, p and q divide IHI, then H possesses subgroups
of index p and q‘respectively, but this is impossible since H has
only one maximal'subgroup. So H is a p-group for some prime p. [

Given a group G that satisfies some group theoretic property X,

it may be of same interest to know whether subgroups of G, factor
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groups of G, or extensions of G have property X. This notion leads
to the definition of a formation as defined by Gaschitz [4].

Definition 1.17: A formation R is a collection of finite sol-

vable groups satisfying:
(1) (D) €eR.
(2) If G€R, and N <9 G, then G/N € R.
(3) zIr N, end N,
i = 1,2, then G/(NlﬂNe) €R.

are normal subgroups of G such that G/Ni € R,

The collection consisting of the identity subgroup alone is a
formation,‘as is the collection of all finite solvable groups.
Some other non-trivial examples are:

(1) The set of all abelian groups

(2) The set of all nilpotent groups

(3) The set of all supersolvable groups

(4) The set of all p-groups for a fixed prime p.

In the above examples, all except the first have the further
property that if G/{(G) belongs to the formation, then G also belongs.
A formation which has this property is called saturated. Formally,
Gaschltz defined a saturated formation in the following way:

Definition 1.18: A formation R is saturated if given a group

G which does not belong to R, if M is a minimal normal subgroup of
G and G/M € R, then M has a complement in G and all the complements
to M are conjugate.

Gaschlltz later proved that the conjugacy follows from the exis-
tence, and that the saturation property can be characterized as fol-

lows:
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Theorem 1.19: A formation R is saturated if and only if the
following holds: If G i1s a finite solvable group such that G/@(G)
belongs to R, then G belongs to R. .

Theorem 1.19, along with the definition, indicates that the
saturated formation concept is very convenient in describing the
structure of a finite solvable group. A particular saturated for-
mation which will be important here is the collection of groups
having Sylow towers. In a supersolvable group, the Sylow subgroup
for t@e largest prime divisor of the order of the group is normal.
Thus there exists a sequence of normal subgroups of G, (l): Gn q(in-l)q"
++ 3Gy 9G, = G, such that G(i—l)/Gi is isomorphic to the p,-Sylow
subgroup of G, where P, is the largest prime divisor, p(n-l) is the
next largest, and so forth. Such a sequence is called a Sylow tower

for G in the natural order of the primes, and G is called a Sylow

tower group. More generally we have the following definition.

Definition 1.20: Iet pl< p< p3< ves < pﬁFNbe an arbitrary

ordering of the primes. A group G is a Sylow tower group for this

ordering if there exists a sequence of subgroups in G, G = Gd>%;>...

. 1
.G PG = 1 , such that G G is the normal
n a(n+l) v cl’(r+l)
P Sylow subgroup of G/G , and as integers, @ < a, < g

Y(r+1) a(r+l)

A more descriptive, and perhaps clearer, way to get this def-
inition is to let "larger'" and "smaller'" refer to the given arbit-
rary ordering and repeat the description as given for the tower in
a supersolvable group.

Note that a nilpotent group is a Sylow tower group for every

ordering of the primes, and that subgroups and factor groups of
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a Sylow tower group are Sylow tower groups for the same ordering
of the primes. The collection of all Sylow tower groups is not

a formation, however, since the direct product of two Sylow tower
groups need not be a Sylow tower group. Moncider © = SSY Au S3
has a Sylow tower for the natural order 2 < 3, and AM has a tower
for the order 3 < 2. However G does not have a Sylow tower for if
it did, then the tower would be inherited by both subgroups. If
we take the direct product of two groups having Sylow towers for
the same ordering of the primes, then the direct product is again

a Sylow tower group. More generally, a lemma due to Baer [l] gives

the following theorem.

Theorem 1.21: Given a fixed ordering of the primes, the set

of all groups having Sylow towers for this ordering is a saturated
formation.

In a solvable group G the length of the derived series may be
taken as some sort of a measure of how far G deviates from being
abelian. In a similar manner, we can define the nilpotent length
of G as a measure of the deviation from nilpotence.

Definition 1.22: The hypercommutator D(G) of G is the inter-

section of all normal subgroups N of G such that G/N is nilpotent.
By the saturated formation property of nilpotence, D(G) is
characterized by: ©D(G) is minimal with respect to G/D(G) is nil-
potent. If G is nilpotent D(G) = (1), and since G/G' is nilpotent,
D(G) is a proper subgroup of G as long as G is solvable. We can

use this to define a lower nilpotent series for G.

Definition 1.23: The normal series G = G G Gp>...0G,= (1)>
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in which Gi = D(u(i l))’ is called the lower nilpotent series for G.

4 = 4(G) is called the nilpotent length of G.

In a similar fashion, we define the upper nilpotent series, or

Fitting series for G.

Definition 1.2L: F(G), the Fitting subgroup of G, is the max-

imal, normal, nilpotent subgroup of G. (Note that since the product

of normal nilpotent sutgroups is normal and nilpotent, F(3) is well

/i

defined.) The Fitting series for G is the series <l> = FO < Fl Q..

. 4F =G, where Fi/F(i-l) is F(U/F(i-l))'
The following theorem justifies the use of the term "nilpotent
length" for the length of the lower nilpotent series.

Theorem 1.25: The lower nilpotent series and the Fitting series

have the same length. Moreover, the length of any nilpotent series,
i.e., a normal series with nilpotent factors, is greater than or
equal to £(G).

Proof: The proof is by induction on IGI; the theorem being

trivially true when G is nilpotent. Consider the two series:
&Y
@

Since G/F(r-l) is nilpotent, D, < F(

]

Fy4F, 9F, a4 ... 4F =G (the Fitting series)

1 r

DLqDQ_lf) Q{-z) ++9DQD =G (the lower nilpotent series)

- . .
r-l)' Thus by the induction

hypothesis (4-1) < (r-1), so that 4 <r. On the other hand D({-l)

is nilpotent so D(& l) < Fl' Considering the length of the factor

G/Fl in the group C/D we have again by induction, (r-1) < (4-1).

(2-1)°
So r <4, and we have equality,r = . The second remark concerning

the length of any nilpotent series follows easily using the same

type of argument. (]
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As was remarked earlier, the set of all nilpotent gro&ps con-
stitutes a saturated formation. This can now be extended to the
collection of all groups having a fixed bound on the nilpotent
length.

Theorem 1.26: The set Rn of all groups having nilpotent length

less than or equal to n is a saturated formation.
Proof: The trivial group certainly belongs to Rn for each n.
The remainder of the proof follows from the following four lemmas.
Iemma 1.27: Let N be a normal subgroupafG,thaldG/N) < 2(G).
Proof: The image under the homomorphism of the lower nilpotent
series is a nilpotent series, thus by theorem 1.25 £(G/N) < £(G). [
Lemma 1.28: If H is a subgroup of G, then 4(H) < 4(G).
Proof: Iet G =D, b Dl > D

0 2
potent series for G. Iet H.l =H ﬂDi. Then the Hi form a nilpotent

>...> D£= <l> be the lower nil-

series for H.

Lemma 1.29: If G = H x K, then £(G) < max {£(H), £(K)}.

Proof: Iet £(H) =m, £(K) = n, withm>n. ILet H = Hp Hpb..
.. > H = (1) and K = K> K ©... pK be the lower nilpotent series
for H and K respectively. ILet Iﬁ= HixKi for 0 < i < n, Li = Hi X <I>
for i > n. Then the Li form a nilpotent s=ries in G of length m. ]

Ienma 1.30: If Ni is a normal subgroup of G, 1 = 1,2, Then
G/NfWNé is isomorphic to a subgroup of G/Nl X G/N2'

Proof: Consider the map T from G to G/N; x G/N, defined by

m(x) = (le,xNz). T is clearly a homomorphism, and N,NN, is clearly

2

in the kernel of 7. Suppose x € ker(7). Then xN, = N, and xN, = N,,

1
so x € NNN, ; thus ker(7) is contained in N.NN,, and equality holds.

The image of 7 is then isomorphic to G/NﬂWNz. 0
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These four lemmas show that the set Rn is a formation. It remains
to show that the formation is saturated.

Lemma 1.31: 4(G/§(G)) = 2(G).

Proof: It is only necessary to show £(G) < £(G/$(G)). ILet F
denote the Fitting subgroup F(G), and § the Frattini subgroup ¢(G).
Then by [11, theorem 7.4.9] F(3/¢) = F/d, so ¢ is proper in F, and
the Fitting series for G/@ coincides with the Fitting series for G. ]

It should b= noted that theorem 1.26 can also be proved using
the technique of local definition of a saturated formation as defined

by Gaschitz.



CHAPTER IT

THE FUNCTION h(G)

The theorems due to Huppert and Janko which were mentionz=d in
the introduction have tn do primarily with the occurence of normal
subgroups in the lattice of all subgroups. If we weaken the con-
dition that every k-th maximal subgroup of G is normal to the con-
dition that in every upper chain of length k there must occur a sub-
normal subgroup, we get the definition of the function h(G).

Definition 2.1: h(G) = n if every upper chain of length n in

G contains a proper subnormal entry, and there exists at least one
upper chain in G of length (n=1l) which contains no proper subnormal
entry.

Theorem 2.2: h(G) = 1 if and only if G is nilpotent.

Proof: If h(G) = 1, then every upper chain of length one con-
tains a subnormal entry. This means that every maximal subgroup is
subnormal. However a subnormal maximal subgroup is normal, so every
maximal subgroup is normal, and so G i1s nilpotent. Conversely, if
G is nilpotent, every subgroup is subnormal so h(G) = 1.0

From the definition we see that if h(G) = n, then there exists
an upper chain in G of length n such that the only subnormal entry
in the chain is the terminal entry. Such a chain will be called
an h-chain for G, and the terminal entry will be called an h-sub-
group. Of some interest later on is the question of the nature of
an h-chain and h-subgroup, however at this point the primary interest

is on how the function h(() restricts the structure of G.

16
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Theorem 2.2 can be extended to theorems on the structure of G
when h(3) = n, and to do so it is convenient to first note how the
function h(G) behaves on subgroups and factor groups.
Theorem 2.3+ Tf H ic 3 rom-normal maximal <ubgroup nf ™, then
h(H) < h(e) - 1.

Proof: Iet H = HO >H, >H, >H, > ... > Hn be an h-chain for

1 2 3

H. Then Hn is the only entry in the chain subnormal in H. Ry theorem’
1.13, Hn is the only entry in the chain which is subnormal in G. Thus
adjoining G to the chain we obtain an upper chain in G of length (n+1)
with only the terminal entry subnormal, thus h(G) > (n+l). [

Theorem 2.3 is only a slight modification of Iemma 2 [3].

Theorem 2.4: If N is a normal subgroup of G, then h(G/N)< h(G).

Proof: Suppose h(3/N) = n and let G/N > G,/N > Go/N >.ut > Gn/N
be an h-chain for G/N. Since subnormality is invariant under the
homomorphism, the upper chain G > Gl > G2 S0 > Gn has Gn as its
only subnormal entry. Thus h(G) > n. (]

We are now in a position to prove the first structure theorem,
which gives an upper bound on the nilpotent length of G.

Theorem 2.5: ILet £(G) denote the nilpotent length of G. Then
2(G) < h(3).

Proof: The proof is by induction on h(G), the theorem being
trivially true if h(G) = 1. Suppose the theorem is true for all
groups K having h(K) < (n-1) and is false for some group K having
h(X) = n. Among such groups for which the theorem is false let G
be one of minimal order. We will show that such a group G cannot

exist. In short, we assume the theorem is true for all groups K
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for which h{K) < n, and for all groups K for which h(K) = n and
|K|< IGI. Iet M be a minimal normal subgroup of G. By theorem 2.k,
h(G/M) < n, so by the minimality of G, £(G/M) < n. If N is another
minimal normal subgroup of G, by the same argument £(G/N) < n. NNM
is trivial, so by the saturated formation property this implies that
L(G) < n, which is a contradiction. Thus no such N exists and M is
the unique minimal normal subgroup of G . Also by the saturated

formation property M has a complement L in G. Since M is the unique

minimal normal subgroup of G and LNM <l> , L is non-normal. Since

M is minimal, L is maximal, so by theorem 2.3, h(L) < (n-1). By the
induction hypothesis, 4(L) < (n-1). Thus there exists a nilpotent
chain of length (n-1) from G to M. Since M is abelian, adjoining

M to this chain, we obtain a nilpotent series in G of length n.

This is a contradiction, so G does not exist.

S3, the symmetric group on three letters has the properties
h(S3) = &(83) = 2, showing that the arithmetic conditions in the
theorem cannot be improved.

The converse of theorem 2.5 is false, in fact, we can find a
group G such that h(G) is arbitrarly large and 4(G) = 2.

Theorem 2.6: Given n > 2, there exists a group G such that
h(G) > n and £(G) = 2.

Froof: Iet p be a prime of the form p = 2"k + 1. A theorem
of Dirichlet guarantees the existence of such a prime. Iet P be
a group of order p, and let G be the holomorph of P, i.e., the split
extension of P by its automorphism group L. L is cyclic of order

2. L is maximal, and ncn-normal in G, hence L does not contain
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a non-trivial subnormal subgroup of Ge If L did contain a subgroup
subnormal in G, then by theorem 1.15, L would contain a subgroup N
normal in G. But then N would centralize P which is impossible, since
I is the automorphism greup of P, Since L is cyeclir of order 2nk,
there exists an uppzr chain in L of length n. Adjoining G to this
chain, we obtain an upper chain in G of length (n+l) with no sub-
normal entries, thus h(G) > (n+l). G/P and P are both cyclic so

2. 10

A natural question concerning such functions as h(G) is: How

2(G)

does this function behave on subgroups, factor groups, direct products,
semi-direct products etc.? Partial answers have already been given:
h is strictly decreasing on non-normal maximal subgroups; h is non-
increasing on factor groups; and theorem 2.6 indicates that h(P)
and h(L) do not restrict h(G) even if G is the semi-direct product
of L and P. A similar, but more precise, statement can be made in
the case of direct products.

Theorem 2.7: Iet G = H x K, where H 1s not nilpotent,i.e.,
h(H) > 2. Suppose the order of XK is divisible by m not necessarily
distinct primes, i.e., |K|= 1T pgi, where Zai = m. Then h(G)> h(H)+ m.

Proof: Iet h(H) =r, and H = Hy>H; > ...>H_ be an h-chain for

H Iet K=K, >K >K,>...> Kﬁ (l) be a composition series for

0 1 2

K. Consider the chain G =Hx K> Hlx K> Hlx Kl > Hlx K2 > Hlx1(3>..

. > Hlx Km = Hl > H2 > H3 > L0 H}. If one of these subgroups is
sub-normal in G, then its projection on H is subnormal in H. How-
ever, these projections are precisely Hl’ H2, H3,..., Hr’ and of

these, only Hr is subnormal in H. Thus only the last entry in the
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chain is subnormal in G. The chain is of length (r+m), so we have
h(G) > (r+m). [

Note that although the set of groups for which h(G) = 1 is a
saturated formation the same is not true for the groups satisfying
h(G) <n, if n > 1.

We have shown that h(G) is not restricted by the values of
the function h on direct factors and semidirect factors. Consider
the same question for subgroups in general. Is h(G) restricted by
h(K) as K ranges over all subgroups of G? The answer is no, as is
shown in the following example.

Iet H be a cyclic group of order 3s. H = <x) . ILet y be an

x(3(s-l)+ l)_

element of order two such that y_lxy' = Since 3S and

(3(S-l)+1) are relatively prime, y—lx y generates H. Iet G = (x,y)

subject to the above relation. Then |G| = 2:3° . @ is the semi-
direct product of H and Y = <y> . Iet H) = <x3>. Then we have
Y_lx3 y = x3(3(s-l)+l) = x3s+3 = x3, so Y centralizes Hl' Now
NG(Y) = Yx Hy, therefore since Yisntsubnormal in G, no proper sub-
group of G containing Y is subnormal in G. The only maximal sub-
groups of G are H and the conjugates of Yle, so all proper sub-
groups of G are nilpotent. Consider an upper chain from G to Y.
Since Y is not subnormal, this chain contains no subnormal entry.

Therefore h(G) = s+ 1, and yet for every proper subgroup K of G,

h(K) = 1. The structure of G can be illustrated by a diagram.
YxH G

Yxﬂé_____

Y

3(s—2) 3 3 .

W =
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In contrast to the example, which shows that an upper bound
is not immediately avaliable, except of course, for the obvious
bound given by the length of a composition series, a lower bound
for h(G) is avaliable.

Theorem 2.8: Iet n(G) denote the number of distinct prime
divisors of |G|. Then if h(G) < m(G), h(G) = 1, i.e., G is nilpotent.

Proof: Suppose the theorem is false and let G be a counter-
example. Iet h(G) = n, then m(G) > (n+l). ILet P be a non-normal
Sylow subgroup of G, and consider an upper chain from G to P which
passes through N(P). N(P) is abnormal, so no entry in the chain
above N(P) is subnormal in G. However, since P is not subnormal,
no entry below N(P) can be subnormal. Since m(G:P) = n, by theorem
1.4 P is at least an n-th maximal subgroup of G, so the length of
the chain is at least n. h(G) = n, so the chain must contain a
subnormal entry. This is a contradiction, so no such P exists.
Therefore all the Sylow subgroups of G are normal, and so G is nil-
potent. ]

Theorem 2.8 is the best possible in the following sense.

Theorem 2.9: Given n there exists a group G satisfying
h(G) = n(G) = n.

Proof: For n = 1, any p-group satisfies the condition. For

n = 2, consider S h(S3) = n(s3) =2. Forn>2, let Z bea

3
cyclic group whose order is the product of (n-2) distinct primes

greater than 3. Iet G = S.x 2 . By theorem 2.7, h(qp.z n, but

3

since |Gn| is the product of n distinct primes,h(Gn) =n.

The groups generated in theorem 2.9 are all supersolvable,
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however supersolvability is not a consequence of the condition that
h(G) = n(G), as is seen in A,. In A the only non-subnormal sub-
groups are the Sylow 3-subgroups, so h(G) = 2, n(G) = 2, and A, is
not supersolvable. The structure of AJ+ does suggest, however, what
is true in this case.

Theorem 2.10: If h(G) = m(G) > 2, then:

(1) G is a Sylow tower group for some ordering of the primes.

(2) The non-normal Sylow subgroups of G are cyclic.

(3) The normal Sylow subgroups of G are cyclic or elementary
abelian.

(4) The theorem is the best possible in the following sense:
Given n > 3, there exists a group G such that h(G) = m(G) + 1 = n,
and G has at least one non-abelian Sylow subgroup.

Part of the proof of theorem 2.10 follows from a slightly more
general theorem.

Theorem 2.11: If h(G) < m(G) + 1, then G is a Sylow tower

group for some ordering of the primes. This is the best possible
in the sense that given n > 4, there exists a non-Sylow tower group
G such that h(G) = n = n(G) + 2.

Proof of theorem 2.11: The proof is by induction on h(G), the

theorem being trivially true if h(G) = 1. So suppose the theorem
is true for all groups K such that h(K) < (n-1), and is false for
some group K for which h(K)=n. Among such groups, let G be one
of minimal order. We show that G cannot exist.

G must satisfy the following conditions:

(1) Every non-normal maximal subgroup of G is a Sylow tower

group.
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Suppose H is a non-normal maximal subgroup of G. Then by
theorem 2.3, h(H) < (n-1). By theorem 1.2, n(H) > n(G) - 1, so by
the induction hypothesis, H is a Sylow tower group.

(2) G does not contain a normal Sylow subgroup.

Suppose P is a normal Sylow subgroup of G. Then P satisfies
the properties: P is normal, P is a Hall subgroup of G, P is a Sylow
tower group. Choose K > P, so that K is maximal with respect to
these three properties. Then K satisfies: K is normal in G, K is
a Hall subgroup of G, K is a Sylow tower group, and no subgroup of
G properly containing K has these properties. Since K > P, K is
non-trivial, and since G is not a Sylow tower group K is proper in
G. As a normal Hall subgroup of G, K has a complement L in G.

L is a Hall subgroup of G, so by theorem L1, N(L)is abnormal in G.

If N(L) ¢ G, then N(L) is contained inan abnormal maximal subgroup

of G, which by (1) is a Sylow tower group. But then L is a subgroup
of a Sylow tower group, so L is a Sylow tower group. But L is iso-
morphic to G/K, so that G/K is a Sylow tower group. Then since K

is a Hgll subgroup, G is a Sylow tower group, which is a contradiction.
Therefore N(L) = G, and G = K x L. Suppose m(K) = r. Thenm(L)=m(G)-r.
If h(L) <m(G) - r + 1, then L is a Sylow tower group by the induction
hypothesis. But L is not a Sylow tower group, so h(IL) > m(G)-r+2.
Then by theorem 2.7 we have that h(G) > h(L) + m, where m is the
length of a composition series for K. Clearly m > m(K) = r, thus

h(G) > h(L) + m> (n(G) - r + 2) + r =n(G) + 2. This is a contra-
diction to the hypothesis of the theorem, so no such K exists, and

G does not possess a normal Sylow subgroup.
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(3) G has a unigue minimal normal subgroup M, and moreover,

G/M is supersolvable.
Iet M be a minimal normal subgroup of G. By (2), M is

not a Sylow subgroup of G, so m(G/M) = n(G). By theorem 2.k,
h(G/M) < h(G), so by the minimality of G, G/M is a Sylow tower
group. The set of groups which are Sylow tower for the same ordering
as the ordering in G/M constitute a saturated formation by theorem
1.21, so by the definition of saturated formation, M has a comple-
ment L in G. L is isomorphic to G/M, so L is a Sylow tower group.

Iet L = Tl > T2 T p ... b T(n-l) > ... > <l> be a Sylow tower

3
for L. We refine this series and adjoin G to obtain the upper chain:
G=Ty>T) oo bl b BT b e BT 3B s > {1). Since
h(G) = n, some one of the first n entries in this chain is subnormal
in G. Therefore a subnormal entry must occur at or above T(n-l)’
unless [Tl: T(n-l)] is square free. So if [Tl:T(n_l)] is not square
free, T(n-l) is subnormal in G. Now T(n-l) is a Sylow tower group,
so contains a normal Sylow subgroup S. If S is a Sylow subgroup of
G, then S is a subnormal Sylow subgroup of G, and is thus normal in
G. This contradicts (2), so S is not a Sylow subgroup of G. Then
SM 1is a normal Sylow subgroup of G, which is again a contradiction,

so [Tl:T(n ] is square free. Now T(n—l) is an (n-1)-th maximal

-1)
subgroup of G, is not subnormal, and in the Ti chain, no entry above

T(n-l) is subnormal in G. Since h(G) = n, every maximal subgroup

of T(n-l) is subnormal in G, so by theorem 1.16, T(n is cyclic

-1)

of prime power order. Perhaps a diagram will help illustrate the

structure of G. y
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We have that the Sylow subgroups of L are cyclic, so L is supersol-
vable. Thus we have shown that the quotient group G/N is supersol-
vable, where N is any minimal normal subgroup. If G has two dis-
tinct minimal normal subgroups, then by the saturated formation
property of supersolvability, G is supersolvable, and therefore is
a Sylow tower group. This is a contradiction, thus G has a unique
minimal normal subgroup.

(4) Using the same notation as in (3), L is of square free
order.

We already have that [L:T(n_l)] is square free, so it only

remains to show that T( ) is of prime order. If T(n-l) is not of

n-1
prime order, then T(n-l) contains a subgroup subnormal in G. But
then L contains a subnormal subgroup, and therefore contains a nor-
mal subgroup of G. However, M is the unique minimal normal subgroup

of G, so this is impossible. Therefore T(n ) is of prime order,

-1
and so L is of square free order.
(5) n(g) = 3.
Iet P denote the Sylow p-subgroup of G, where |M| = pa.
Then since |L| is square free, |P|= pa+l, and M is a maximal sub-
group of P. P is not cyclic, since G is not supersolvable, and P

is not subnormal, so there exists a subgroup R of P such that R is

a maximal subgroup of P and R is not subnormal. Now m(G:P)

n-2,
so R is the (n-1)-th entry in an upper chain from G through P to

R. No entry in this chain is subnormal in G, so by theorem 1.16,

R is cyclic. Now RM = P, and RNM is maximal in R and in M. Since
R is cyclic and M is elementary abelian, RNM is both cyclic and

elementary abelian. Therefore IR ﬂMl =1 or p, so IMI = p or p2.
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Iet q denote the largest prime divisor of IGI, and Q the Sylow g-sub-

group of G. Then Q is a normal subgroup of L, since L is supersol-

vable. However, Q is not normal in G, so L = N(Q). By the Sylow

theorems, q divides [G:L]- 1. However [G:L] |M| = p or p2. So we
have g (p-1) or q](p2-l). Since q is the largest prime divisor of
the order of G, the first possibility cannot hold. Hence ql(pg-l),
and since @ > p, q[(p + 1) and so g = (p + 1). Hence q = 3, and
P = 2, and since g is the largest prime divisor of |G|, m(G) = 2.
By hypothesis, h(G) = n(G) + 1, so h(G) = 3.
(6) The final contradiction

From (5) we see that |G| =2k. Iet G =Gy>G) >G, > Gy

be an upper chain where |Gl| = 8. Then since h(G) = 3, and G, is

nilpotent, G, is subnormal in G, i.e., all subgroups of order 2 in

3
G are subnormal. ( Note that this means that G is not SU) Finally,
consider @, the Sylow 3-subgroup of G. By the Sylow theorems,
[(G:N(Q)] = L or 4. Since Q is not normal in G, [G:N(Q)] = L, and
|N(Q)| = 6. The Sylow 2-subgroup of N(Q) is subnormal in G, so
is subnormal, hence normal, in N(Q). Therefore N(Q) is abelian.
Hence Q is in the center of its normalizer, so by Burnside's theorem,
Q has a normal complement. However, this complement of Q is of order
eight, which means that G is a Sylow tower group. This final con-
tradiction shows that G does not exist, proving the theorem. []

To show that this theorem is the best possible in the sense
that the arithmetic conditions cannot be relaxed, we begin with
SM' In Sh there exists a non-subnormal subgroup of order two.
Therefore the upper chain, S, = Gy > G, > G, > G, > (1) , where G,

is a non-subnormal subgroup of order two and Gl is a Sylow 2-subgroup,
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has <l> as its only subnormal entry. Therefore h(%) = L4, since
the longest upper chain in SM is of length four. ﬂ(Su) = 2, and
Sh is not a Sylow tower group. Now given n > L, let Zn be a cyclic
group whose order is (n - L4).distinct primes greater than 3. Iet
Gn = th Zn' Then using the same argument as in the proof of theorem
2.9, we have: h(Gn) = (n+ L), n(Gn) = (n + 2), and since S, is a.
subgroup of Gh’ Gn is not a Sylow tower group. D

Now to return to the proof of theorem 2.10. Part (1), con-
cerning the existence of a Sylow tower in G, follows from theorem
2.11, so it only remains to show that G has the proper types of
Sylow subgroups. Iet h(G) = m(G) > 2. Suppose P is a non-normal
Sylow subgroup of G. Consider an upper chain from G to P, which
passes through N(P). Since N(P) is abnormal and P is not sub-
normal, no entry in the chain is subnormal in G. However, since
m(G:P) = (n - 1), the length of the chain is (n - 1). Since h(G)= n,
every maximal subgroup of P is subnormal in G, so by theorem 1.16,
P is cyclic. Since there are (n - 1) entries in the chain, and
(n - 1) distinct primes involved, each entry in the chain is a Sylow
complement in its predecessor. Then the proof of theorem 2.10 fol-
lows from the following lemma.

Iemma 2.12: If S is a Sylow complement for the Sylow subgroup
R of T, and S is maximal in T, then R is elementary abelian.

Proof: If S is normal in T, then since S is maximal, [T:8] = r,
a prime, and IRI = r, so R is elementary abelian. If S is not nor-
mal in T, let.K = CoreT(S), i.e., the largest subgroup of S which is
normal in T. Then RK/K is the unique minimal normal subgroup of T/K.

Therefore RK/K is elementary abelian, however since (|R|, |X|) = 1,
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RK/K and R are isomorphic, and R is elementary abelian. (]

Applying this lemma to each entry in the chain, we have that
all the Sylow subgroups of G, except P, are elementary abelian. []

Actually, we have proved much more than theorem 2.10 states.
We have shown that all except one of the Sylow subgroups are elem-
entary abelian, so if there are at least 2 distinct non-normal Sylow
subgroups, for distinct primes, that is, then all of the non-normal
Sylow subgroups are of prime order. This follows since they must
be cyclic and elementary abelian. Also note that if K is the pro-
duct of all the normal Sylow subgroups of G, then K is abelian, and

.

G/K has cyclic Sylow subgroups, therefore is supersolvable. There-
fore the nilpotent length of G is no more than three.

The fact that theorem 2.10 is the best possible in the sense
of the arithmetic conditions, follows from an example.

let G = <§, b, c) , with au= S - s b2 = a2 ba = a3b, and

b

czac = Db. G is the extension of the Quaternion group of order eight

by an automorphism of order three which permutes the subgroups of

order four. A skeleton for the structure of G is given in the fol-

lowing diagram. é’b————"—’_——_—_-G

4
@ e |
Ol 2,0

@

Since <§,b> is normal in G, an h-chain for G is obtained by taking
the chain G > <a2,c) > (c) > (l) . Thus h(g) = 3, m(G) = 2, and
the Sylow 2-subgroup is not abelian. Using the same technique as in

theorem 2.9, this example can be extended to arbitrary n.
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Theorems 2.8, 2.9, 2.10, and 2.11 are related and can be sum-
med up as follows:

Suppose m(G) = m > 2. Then:

(1) Tf h(G) < fm + 1), & is a Sylow tower group for some ordering

of the primes.

(2) If h(G) = m, the non-normal Sylow subgroups of G are cyclic,
and the normal Sylow subgroups are cyclic or elementary abelian. If
for two distinct primes G has non-normal Sylow subgroups, then G has
an abelian, normal Hall subgroup such that the quotient group is of
square free order.

(3) If h(G) < (m - 1), then h(G) = 1, i.e., G is nilpotent.

(4) In each case the given inequality is the best possible.

In light of the above situation, we are led naturally to the
question of what structure follows from the hypothesis h(G) < m(G)+2,
and so forth. As has been noted, h(Su) = kU, and ”(su) =2. §) is
the group of smallest order that is not a Sylow tower group, so is

the smallest example of the class of groups Baer called critical.

Baer defined: G is a critical group if G is solvable; G is not a

Sylow tower group; and every subgroup and factor group of G is a
Sylow tower group. We might expect then that the hypothesis that
h(G) < m(G) + 2 would imply that G is critical. This, however, is
not true. If we take G = th Z, where Z is cyclic of order five,

then h(G) = 5, n(G) 3, and G is not critical since G contains

the non-Sylow tower group SM'
Certainly some more information about the structure of G is

available, and perhaps some indication of what is true can be ob-
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tained by looking at the structure of groups having h(G) very small.
Of course, if h(G) = 1, G is nilpotent, and no further information
is available, or necessary, if we are concerned with the placement
of the subnormal subgroups in the lattice of all subgroups, since
all the subgroups are subnormal. Suppose that h(G) = 2, then we
have the following structure.

Theorem 2.13: Suppose h(G) = 2. Then G = PQ; P and Q are
Sylow subgroups of G; P is a minimal normal subgroup of G; Q is
cyclicy QP the maximal subgroup of Q, is normal in G, in fact,

Q = 0(c) = z2(G); Q/Ql acts irreducibly on P.

25292; By theorem 2.8, if n(G) > 2, then G is nilpotent, but
by hypothesis h(G) = 2, so we have nn(G) = 2. By theorem 2.10, G
contains a normal Sylow subgroup P, and also by theorem 2.10, the
non-normal Sylow subgroup Q is cyclic. By theorem 1.16, every max-
imal non-normal subgroup of G is cyclic of prime power order. N(Q)
is abnormal, and is proper in G, therefore N(Q) is cyclic of prime
power order, i.e., N(Q) = Q, and Q is a maximal subgroup of G.

Since Q is maximal, P is a minimal normal subgroup. Let Ql denote
the maximal subgroup of Q. Ql is subnormal in G, so by theorem 1.15,
Ql is normal in G. Therefore Ql centralizes P, and is centralized
by Q, so Ql < Z(G). Since Q is maximal, Q does not centralize any
subgroup of P, thus Ql = Z(G). The maximal subgroups of G are simply
QlP and the conjugates of Q, so Ql = p(G). The irreducible action
of Q/Ql on P stems from the fact that Q is maximal. []

It should be noted that from a theorem due to Rose [10, theorem 1]
the fact that h(G) = 2 implies solvability for G, thus theorem 2.13

is true for finite groups in general.
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Also note that such groups as described in theorem 2.13 do exist.
Both S3 and A, for example, satisfy h(S3) = h(Ah) = 2. The groups G
satisfying h(G) = 2 have the property that G is generated by two

elements. This can be extended to a more general theorem.

Theorem 2.14: Iet r(G) denote the minimal number of generators

for G, i.e., there exists a set of r elements which generates G, but

no set of (r - 1) elements generates G. Then if h(G) > 2, r(G) < h(G).
Proof: The condition h(G) > 2 is certainly necessary, since

we can find elementary abelian groups K with r(K) arbitrarily large.

The proof of theorem 2.14 follows from a slightly more general theorem

about the function r(G).

Theorem 2.15: If a group H has a cyclic k-th maximal subgroup,

then r(H) < (k + 1).

Proof: The proof is by induction on k. If k = 1, H has a cyclic
maximal subgroup M. By the maximality of M, if x é M, <x, M> = H.
So if y generates M, x and y generate H, and the theorem is true.

So suppose the theorem is true for all integers less than k, and let

H = HO > Hl > .0 > Hk be an upper chain from H to the cyclic k-th
maximal subgroup H . H_is a cyclic (k-1)-th maximal subgroup of

Hy, so by the induction hiooi o, V(HI) < k. If A is a set of

k generators for H,, and x 4 s hen A U{x} will generate H. There-

fore r(H) < k + 1.0
Now theorem 2.1k fullows, since the next to last entry in an

h-chain for G is cyclic and (h(G) - 1)-th maximal. ]



CHAPTER TIII
SOME EXTENSIONS AND GENERAILTZATIONS

The results of chapter II suggest several new questions con-
cerning the function h(u). For example, we have seen that the h-
chain for a non-nilpotent group terminates in a subnormal cyclic
p-group. In the case h(G) = 2 or 3, this terminal member is nor-
mal in G. Whether or not this holds in general is not known. Par-
tial answers can be given, however,.

Definition 3.1: H is called an h-subgroup of G if H is the

terminal entry in an h-chain for G.

Theorem 3.2: If H is an h-subgroup of G, and ¢ is an auto-

morphism of G, then K is an h-subgroup of G.

Proof: Since normality is preserved under the automorphism,
the h-chain terminating in H is transformed into an h-chain ter-
minating in H . (]

It has been pointed out that the situation can occur where
h(G) is large, and every proper subgroup of G is nilpotent. If
this does not happen, then we can»obtain a result concerning the
normality of an h-subgroup.

Theorem 3.3: If h(G) = n, and in an h-chain from G to H,

(n-i), and H is an h-sub-

G=Gy>G >G> ... >G =1, h(Gi)
group for each Gi’ then H is normal in G.
Proof: The proof is by induction on h(G). If h(G) = 1, then

G is nilpotent, H is maximal, and therefore is normal. Suppose the

theorem is true for all groups X for which h(XK) < (n- 1), and is

32
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false for some group K for which h(K) = n. Among such groups K for
which h(K) = n, and the theorem is false, let G be one of minimal
order. We prove the theorem by showing that such a group G cannot
exist. Let G = GO > G1 > G > ..> G(n-13> Gn = H be an h-chain
for G. Since h(Gl) = (n-1) and H is an h-subgroup for G, by the

induction hypothesis, H is normal in G Since for each i, 0 <i<n

1"

h(Gi) = (n-i), we may assume that each G, is non-normal in G(i-l)'

Then G(n ) has the property that it can be joined to G through a

-1

chain, each entry abnormal in its predecessor, and as well, every

proper subgroup of G(n-l) is subnormal in G. Therefore by theorem

i
:
|
L

1.9, G(n-l) is a system normalizer of G. By the same argument, -

G(n-l) is a system normalizer of Gl' Now H is the core of G(n-l)

in Gl’ therefore H contains the hypercenter of Gi' H does not

contain a non-trivial subgroup N normal in G, for if N is normal

in G, by the minimality of G, we have H/N is normal in G/N and

so H is normal in G. Thus the core of G(n—l) in G is trivial, so

since G(n-l) contains the hypercenter of G, the hypercenter of G

is trivial. Iet x € H, such that x is of prime order and belongs

to Z(Gl)' Iet M = (xg] g € G) . M is a minimal normal subgroup

of G. Consider a cheif series for G which passes through M. Since

the hypercenter of G is trivial, M is not a central cheif factor

of G. Therefore by [7, theorem 6.1], G(n-l)n M = (1) . However,

X € G(n_l)ﬂld, and we have a contradiction, so G does not exist. (]
In the proof of theorem 2.10 it is clear that if h(G) = n(G),

then the h-subgroup is normal in G. Whether this is true in gen-

eral is not known. From the proof of theorem 2.13, it is clear that



3k
if h(G) = 2, then the h-subgroup is unigue. If h(G) = 3, it is still
true that the h-subgroup is normal, but this requires a proof.
Before proving this theorem, it is convenient to prove a theorem
concerning subnormal p-groups.

Theorem 3.L4: If P is a cyclic Sylow subgroup of G, and Pl’

the maximal subgroup of P, is subnormal in G, then Pl is normal
in G.

Proof: The proof is by induction on |G|, the theorem being
trivially true if G is a p-group. So suppose the theorem is true

for all groups of order less than |G|, and let G = G, b Gl > ..

0]

R Gn = Pl be a subnormal chain from G to Pl' Pl is subnormal

in Gl’ and the Sylow p-subgroup of Gl is cyclic, so by the induc-
tion hypothesis Pl is normal in Gl' If Pl is a Sylow‘subgroup of

G then Pl is actually characteristic in Gl’ therefore is normal

l’

in G. So suppose P. is not a Sylow subgroup of Gl' Then G, con-

1 1

tains P. If P is normal in Gl’ then as before, P is normal in G,

and since Pl is characteristic in P, Pl is normal in G. So we

may assume P is not normal in G,. Then Q PX = P., however since

. , - . . PX _ X
P is a Sylow subgroup of G, and Gl is normal in G’QEG X@Gl P,
hence P, is normal in G. 0

Theorem 3.5: If h(G) = 3, and H is an h-subgroup of G, then
H is normal in G.
Proof: The proof is done in two cases, depending on 1(G).

let G = GO > Gl > G2 > G3 = H be an h-chain for G.

Case 1: n(G) = 3.

In this case, G, 1s a Sylow subgroup of G. In any

2

case G2 is a cyclic p-group, so by theorem 3.4, H is normal in G.
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If G

5 is a Sylow subgroup of G, then as in case 1,

H is normal in G. So we may assume that G2 is not a Sylow sub-
group. G2 is a cyclic p-group, so if G2 is normal in Gl’ then H
is normal in Gl' If G2 is not normal in Gl’ by theorem 1.15, H

is normal in Gl' So in all cases H is normal in Gl’ SO suppose

NG(H) =G We will show that this assumption leads to a contra-

1
diction. Iet |G,|= p.

Case 2.1: [G: Glj = qB.

By theorem 3.4, we see that GQ is not a Sylow sub-

group of G, thus Gl is a Sylow p-Sylow subgroup of G. Let L be a
normal maximal subgroup containing H. L é Gl’ thus [G:L] = p.
In the subnormal chain Gp Lp ... T > H, T normalizes H, thus T'<G1‘
However, since [Gl: H] = p2, T is the Sylow p-subgroup of L, so T
is normal in L. Thus L contains the normal Sylow subgroup Q of G (G
is a Sylow tower group) and L normalizes T. Thus T and Q centralize
each other, so Q centralizes H, so Q < N(H) = G,- This is a contra-
diction, so case 2.1 cannot hold.

Case 2.2: [G:G,]=p".

In this case, G Since

> is a Sylow subgroup of G

1
h(G) = 3, G is a Sylow tower group. Gl contains the nqrmal Sylow
subgroup Q of G, but then G/Q is a p-group, and Gl is normal in G.
This is a contradiction, showing that case 2.2 cannot hold, and the
proof is complete. (]

In consideration of the question of the normality of the h-sub-

group, we are led to an attempt to extend results similar to theorem

1.15, in the form: If H is a second maximal subgroup, and H is sub-

-, T
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normal in G, then if H is contained in a non-normal maximal subgroup
of G, H is normal in G. The natural attempt to generalize this would
be: If H can be joined to G through a chain such that each entry is
maximal and non-normal in the entry immediately above, and if H is
subnormal in G, H is normal in G. This conjecture is false, as can
be seen in the following example:
Iet G = <é,b,c,x,y> subject to: <a,b,c) is an elementary

abelian group of order eight. x3 = y7 = 1l. a =b, ¥ = c, and

X =a. a¥ =v, ¥ = ¢, and ¢¥ = ab. xyx_l = y2. Iet +, Q, and
R be the two, three, and seven Sylow subgroups, respectively. Then

a diagram showing showing the skeleton of the lattice of subgroups

PQ G

of G is as follows:

Qéab

FR

Q€9
IG |= 168, and the Sylow 2-subgroup of G is normal. N(R) = QR,

and N(Q)

Q<abc> . Consider the chain: G > PQ > Q(ab@ ><abc> .
Since Q Qﬂx) = N(Q) is abnormal, PQ is abnormal. Since P is normal,
<ab§> is subnormal in G, however since R is transitive on the elements
of order two, <ab§> is not normal in G. Note that the h-chain for

G is the chain: G > PQ > Qéﬂx> >Q > <l> .

The function h(G) can be viewed as a measure of how far down in
the lattice of subgroups one can go without encountering a subnormal
subgroup. Another measure of the distribution of subnormal subgroups
in the lattice of all subgroups was given by Deskins [3]. He defined

the function v(G), called the variance of G, as follows:
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Definition 3.6: v(G) is the maximum, taken over all upper

chains, of the ratio u(C)/3(C), where C denotes an upper chain in
G, w(C) denotes the length of C, and 3(C) denotes the number of
subnormal entries in C, if there are any. If not, then 3(C) is
taken to be one.

Deskins proved that if v(G) < L4, then G is solvable. It is
clear from the defintion that v(G) = 1 if and only if G is nilpotent,
in which case h(G) = 1. 1In the procf of theorem 2.13, it is clear
that if h(G) = 2, then v(G) = 2. Whether equality holds in general
has not yet been answered. Part of the answer is easy.

Theorem 3.7: In any finite group G ( not necessarily solvable),
h(c) a v(a).

Proof: The h-chain is one of the upper chains to be considered
in taking the maximum. ()

Thus far we have been considering the distribution of subnor-
mal subgroups in G by considering all upper chains. Suppose the
upper chains under consideration are only those which pass through
or terminate above a specified subgroup of G. Then the distribution
might tell something about how this subgroup is contained in the
lattice.

Definition 3.8: Iet H be a subgroup of G. Define h(G:H) =n

if (1) Every upper chain of length n from G to K, where K > H,
contains a proper subnormal entry, and (2) There exists at least
one upper chain of length (n-1) from G to L, with L > H, containing
no proper subnormal entry.

In a similar fashion, we define v(G:H). With this definition,

h(G) and v(G) are simply h(G:(I) ), and v(G:{1) ) respectively.
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If H is a normal subgroup of G, then h(G:H) is simply h(G/H),
and all the theorems of chapter II can be applied to G/H, but this
does not yeild any essentially new information.

We know that v(G) = 1 if and only if G is nilpotent, so it is
natural to consider the class of subgroups K of G satisfying the
property v(G:K) = 1. Since D(G), the hypercommutator of G, has
the property G/D(G) is nilpotent, D(G) belongs to this class. Max-
imal subgroups also belong, and since subnormality is invariant
under automorphisms, the class is characteristic. One might sus-
pect that D(G) is characterized as minimal in this class. However,
in Ah’ the subgroups of order two have the property that they are
contained only in subnormal subgroups, and yet D(Ah) is of order
four. In this case the class of subgroups K having v(G:K) = 1
is simply the class of all non-trivial subgroups. We can further
restrict our attention to members of the class which are subnormal
in G. This subclass, in the case of Ah’ is contained in the hyper-
commutator. This property is not generally true as can be seen
in the following example:

Iet G = <a,b,c,x> . <§,b,c> is an elementary abelian group
of order eight. X = (x) 1is of order three. a¥ = b, b* = ab, c* = be.
Then D(G)= <a,b> . Let K= {a,c). Then v(G:K) = 1, yet K neither
contains nor is contained in D(G).

A few remarks concerning the behavior of the function v(G:H)
can be made.

Theorem 3.9: If G > K > H, then v(G:K) < v(G:H).

Proof: The upper chain in which v(G:K) is assumed is also

to be considered in evaluating v(G:H).
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Theorem 3.10: If H is a subgroup of G such that v(G:H) = 1,

then (Hx| X € G) contains the hypercommutator of G.

Proof: Iet K = {H'| x € G) . Then K i; normal in G, and by
theorem 3.9, v(G:K) = 1. Therefore @/K is nilpotent, and so X con-
tains D(G). [

Theorem 3.10 can be extended in the following manner.

Theorem 3.11: If H is a subgroup of G such that h(G:H) < n,

then <Hx| X € G) contains Dn’ the nth term of the lower nilpotent
series.

Proof: As in theorem 3.9, if G > K > H, then h(G:K) < h(G:H).
Iet K = (HX| X € G) . Then h(G/K) = h(G:K) < n. By theorem 2.5,
£(G/K) < n, therefore K > Dn(G)' 0

Two other methods of generalizing the functions h(G) and v(G)
give rise to what might be called the lower variance of a group,
and the full variance of a group. For the lower variance, we
essentially replace upper chains beginning with G by lower chains
beginning with <l> .

Definition 3.12: A lower chain in G 1is a sequence of sub-

groups, <l) = HO < Hl < H2 < .... < Hn < G, where for each i,

H; is a maximal subgroup of H( Then 1v(G), the lower variance

i+1)°

of G, is the maximum, taken over all lower chains of the ratio

w(C)/3(C), where C denoﬁes a lower chain, un(C) denotes its length,
and 3(C) the number of subnormal entries in C.

In a similar fashion, we define the function 1h(G) as the length
of the longest lower chain having only its terminal, i.e., largest,

entry subnormal in G.
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The difficulty that one encounters in working with these functions
is that there does not seem to be a direct analogue to the theorem
which states that if every maximal subgroup of G is normal, then G is
nilpotent. A few results are available. Clearly if 1v(G) = 1, then
G is nilpotent, since every subgroup of G is subnormal. From the
structure of the groups described in theorem 2.13, we have the fol-
lowing theorem.

Theorem 3.13: If h(G) < 2, then 1v(G) < 2.

The converse 1is not true, in fact we can find a group G having
1v(G) < 2 and h(G) arbitrarily large. By theorem 3.7, v(G) is then
also arbitrarily large. Such a group can be exhibited as follows:

Theorem 3.1Lk: Given n > 2, there exists a group G satisfying:

h(G) > n, and 1v(G) < 2.

Proof: Iet p be a prime of the form p = 2"k + 1. Iet P be a
group of order p. The automorphism group of P is cyclic of order
2nk, so contains a cyclic subgroup of order 2n. Iet A be a cyclic

3n 3n 2\ 2n
group of order 27 . A = <a>,|a|= 2”7, Let B = (a ) , then |B|=27".
Let G = (a, P> such that B centralizes P, and A/B acts on P as

a subgroup of the automorphism group of P. The following diagram

illustrates the structure of G. BP G
P
P A

®

P is normal in G, B is normal in G, and every subgroup of A
that is subnormal in G lies in B. This follows since every subgroup
of A that is subnormal in G must lie in a subgroup in A that is nor-

mal in G, hence centralizes P. However CA(P) = B. Consider an
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upper chain in G with A as its first entry. The first subnormal
entry in the chain is B, so since [A:B] = 2n, h(G) > (n+1). However,
if we consider lower chains, the situation is quite different. The
only non-subnormal subgroups in ~ are the subgroups of A containing
B. Therefore for a lower chain to contain a non-subnormal entry,
it must pass through B. However, there will then be 2n entries in
the chain, all subnormal, before a non-subnormal entry is encountered.
Since the longest possible chain is (3n + 1) entries long, we have
1v(G) < (3n + 1)/2n < 2.

We define the notion of full variance in a fashion similar to

the variance, the only additional requirement being that the upper
chains under consideration must terminate with the identity subgroup.
Theorem 3.13 and Theorem 3.14 can be restated with the term "lower
variance" replaced by the term "full variance" and they are still
valid. This shows that even if the full variance of a group is very
small, the variance can be arbitrarily large.

Up to this point the concern has always been with solvable
groups. It is natural to ask whether the hypotheses are sufficient
to imply solvability. Again in theorem 2.13, it is clear that if
h(G) < 2, then G is solvable. Deskins [3] showed that v(G) < &
implies solvability for G. The proofs of the theorems in [3] can
be effectively duplicated to prove the following theorem.

Theorem 3.15: If G is a finite group, and h(G) < 3, then G is

solvable. Moreover if h(G) < 4 and ( |G|,3) = 1, then G is solvable.
Note that if v(G) < 4, then h(G) < 3. The hypothesis h(G) < 4
is not sufficient to imply solvability. The simple group A. of order

5
sixty has h(A5) =4,



TINDEX COF NOTATION

I. Relations:

< Is a subgroup of
< Is a proper subgroup of ( g for emphasis)
q Is a normal subgroup of
d44 Is a subnormal subgroup of
€ Is an element of
II. Operations:

G* x Tox
a’ x lax
G/H Factor group
[G:H] Index of H in G
IGI The number of elements in G
|x| The order of the element x
( ) Subgroup generated by
X Direct product of groups
{1 Set whose elements are

ITI. Groups:
z(a) The center of G
NG(H The normalizer of H in G
CG(H) The centralizer of H in G
4(a) The Frattini subgroup of G
F(a) The Fitting subgroup of G
D(G) The hypercommutator subgroup of G
G' The derived group of G
Sn The symmetric group of degree n
An The alternating group of degree n

L2



Iv.

Functions:
h(G)

v(G)

£(G)
m(G:H)
r(G)

1v(G)
h(G:H)-

v(G:H)

L3

Defined on page 16

The variance of G, defined on page 37

The nilpotent length of G

The number of distinct prime divisors of [G:H]
The minimal number of generators of G

The lower variance of G, defined on page 39
Defined on page 37

Defined on page 37
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