


ABSTRACT

ELECTRIC FIELD MODEL OF A CYLINDRICAL NEURON AND ITS

RESPONSE FOR IMPRESSED STIMULI

AND VARIABLE MEMBRANE CONDUCTANCE

By

Thomas Michael Przybylski

The problem studied in this report is the development of a

general solution for the electric potentials, fields, and currents

in and about a membrane cylinder representing a nerve axon or

dendrite. The resulting models are for both the passive response to

subthreshold stimulating currents impressed via electrodes, and the

active response due to ion-selective changes in the membrane's con-

ductance. Two space variables (radial and axial) plus time are used.

In the development of the appropriate volume-conductor

equations, the possibility of an ion-acoustic wave being excited as

Part of the action potential is considered and rejected. Boundary

conditions for both interface and transmembrane boundaries are de-

VElOPed in a general fashion. The Goldman equation for transmembrane

Potential is shown to hold exactly in cylindrical coordinates.

A model giving the steady-state and transient electrotonic

responses to source currents supplied by intracellular or extra-

Cellular metallic ring electrodes is developed by use of the Fourier

exPone‘ntial transform on the axial variable and the Laplace transform

applied to the time variable. The inverse transforms are found
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analytically in the case of the Laplace transform and numerically

(with a digital computer) for the Fourier transform. This model in—

volves three volume—conductor regions (intracellular, extracellular,

and membrane). Allowing the electrodes to be finite-sized structures

eliminates a singularity found in previous solutions. The response

of the present model is compared to the response of the core-con-

ductor model, with the result that the responses are virtually the

same (except near the electrode) for an intracellular stimulus and

totally different for an extracellular stimulus.

Membrane capacitance is calculated directly from surface

charge and transmembrane potential and is shown to be a constant.

The model also demonstrates that axial currents within the membrane

are negligible and can be ignored. Transient responses for step,

Pulse, and impulse (delta) function stimulus time dependence are

presented, with the model's response containing a stimulus artifact.

A.simulation of a myelinated axon suggests that the action of the

myelin sheath is to block action potential generation by preventing

the axon membrane from reaching threshold.

A model for two volume-conductor compartments (intracellular

and extracellular) is also presented; with its electrotonic response

being the same as the three-region model. This reduced model is

extended to predict the active response to membrane conductance

changes. Responses presented include those due to an ion—selective

steady-state high conductance window and simulations of excitatory

and inhibitory postysnaptic potentials. The model explicitly con-

tains the individual Nernst potentials in the source terms and has

a nOn-linear response to conductance perturbations.



Thomas Michael Przybylski

Appendices include development of error bounds, solution

convergence considerations, and details on the computer programming

involved.
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CHAPTER 1

INTRODUCTION

The survival of any living organism is dependent upon its

ability to interact with its environment. In all but the lowest

orders of the animal kingdom, it is the role of the nervous system

to provide this necessary integration of the organism with both

its internal and external environments. To accomplish this, the

nervous system performs a wide variety of functions. These include

such things as information input, signal processing, decision

making, and output responses in the form of apprOpriate reactions

to environmental demands. In man, this system is composed of

billions of highly specialized cells interconnected in an immensely

complex network. Even in the simplest of creatures has the under-

standing of the complete nervous system evaded investigators. How-

ever, a great deal of progress has been made towards defining the

function and prOperties of the basic building block of the system:

the individual neuron. It is to the problem of formulating a

mathematical model for the electrical response of the neuron that

this present report addresses itself.

1.1. Description of the System

The primary purpose of this section is to present a very

brief description of the system under consideration: the individual

1



neuron. The reader is referred to the literature for a more

complete treatment, with this material intended as an outline of

nomenclature for those not familiar with neurOphysiology. The

present author suggests Katz [40] and Stevens [74] for a basic

but thorough treatment; with physiology texts such as Cole [12],

Eccles [l7] - [l9], Ganong [27], Hodgkin [33], Mountcastle [50],

Ochs [54], or Ruch and Patton [70] providing more advanced sources.

Functionally, the neuron may be described as a unit that

integrates multiple inputs into a single output. This signal

processing is essentially an electrical event; with metabolism,

cellular structure, and neuronal interconnections all involved

in both the generation and processing of the electrical signals.

The histology of a typical neuron1 is illustrated in Figure 1.1.

The cell body is referred to as the soma and is identified by the

presence of the nucleus (site of genetic code). The dendrites (or

dendritic tree) extend from the soma and are specialized for

receiving information. The synapses are the junctions at which

information passes from one nerve cell to another. Primarily they

occur on the dendrites and somaz. The structure that carries

 

1 The phrase "typical neuron" is likely to evoke a smile from any

biologist. There is tremendous structural variation between neurons,

with the precise role of these variations on neural function poorly

understood. The neuron discussed here is perhaps most similar to

those of the spinal column or peripheral nerve trunks.

Synapses are also found on axons. These axo-axonal synapses are

less frequent than axo-somatic or axo-dendritic synapses and are

felt to be the site of presynaptic signal processing. See Stevens

[74].
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information away from the cell is the axon, a single fiber originat—

ing at the axon hillock that may branch to synapse with one or more

neurons, muscle cells, or secretory cells. The plasma membrane

defines the boundary of the cell and separates the intracellular

medium (cytoplasm) from the extracellular (interstitial) fluid.

The physical dimensions of a neuron can vary over a con-

siderable range. The soma normally has a diameter between 2 and

30u (lu = 10"6 meters). The dendrites can have lengths up to

2 mm.v Axons show the largest variation, with lengths ranging from

50p to 3 meters and diameters from 0.5u to 1 mm. The membrane

thickness lies in the range of so to 150 A (1 A = 10‘10 meters).

The cellular fluids contain a variety of inorganic and

organic ions. These ions are the charge carriers in the system.

An important prOperty of the membrane is its selective permeability

to certain ions; thought to be the result of ion-specific channels

that Sort the ions by their hydrated sizes (see Hille [32]). The

ions of primary importance in neural function are sodium (NE),

potassium (K+), and chloride (Cl-). The extracellular fluid has a

high concentration of N: and Cl— ions, and a low concentration

of K+ ions. Conversely, the intracellular medium has K+ ions

in high concentration, with relatively little N: or Cl- ions

presentl. This distribution of ions causes ionic concentration

gradients across the membrane; with the selective permeability of

the membrane and a metabolic sodium-potassium pump maintaining

the situation.

 

Overall electroneutrality in the cell interior is maintained

by the presence of organic anions that cannot pass through the

membrane.



The ionic concentration gradients result in a charge

separation (or polarization) that maintains a potential difference

across (and an electric field within) the cell membrane. In the

resting state, this potential difference is about -60 mV, with the

sign convention being interior potential with respect to exterior

potentiall. The resting potential is primarily due to a balance

between its associated electric field drift fluxes and the dif-

fusion fluxes driven by the concentration gradients of the K+

and Cl- ions. This follows from the membrane (in the resting

state) being highly permeable to K+ and Cl- ions and only slightly

permeable to N: ions. The response to reducing the charge

separation across the membrane is to reduce the magnitude of the

transmembrane potential (Vm); referred to as a depolarization.

Increasing the charge separation increases the magnitude of VIII

and is called a hyperpolarization.

If the axon's membrane is depolarized past a stability

point known as thresholdz, a complicated phenomenon called the

nerve impulse is initiated. The nerve impulse is characterized

by a very rapid depolarization and reversal of Vm’ followed by a

slower repolarization to slightly beyond (more negative than)

 

1 Different authors cite various values for the resting potential.

This value is from Katz [40]. Values reported range from -40 to

-100 mV, with the differences arising both from the particular

cell's ionic profiles and the recording technique used. See Plonsey

[60].

Threshold is normally at about Vm = -40 mV. Depolarizations that

do not reach threshold fail to excite the nerve impulse and only

result in a local spread of potential perturbation.



the resting potential before returning to the resting state. This

potential change associated with the nerve impulse is labeled the

action potential. The "spike" of the action potential has a duration

of about 1 msec and a fixed magnitudel. The cause of the action

potential is a rapid increase in the membrane's permeability to

sodium ions resulting in an influx of positive charge. Repolariza-

tion follows from a subsequent increase in the permeability and

associated efflux of K+ ions (see Cole [13] for the classical

paper on this subject). Since the ionic motions represent current

flows, the permeability of the membrane to an ion species is

intimately linked with the electric conductivity of the membrane

for that ion species. Alterations in permeability thus represent

alterations in conductivity and the two terms are often used

interchangeably.

Once the action potential is excited, it prOpagates along

the nerve axon at a velocity between 0.1 and 100 m/sec until it

reaches the point where the axon synapses with another cell. The

arrival of a nerve impulse at a synapse causes the release of a

chemical referred to as the transmitter substance from vesicles

in the axon terminals. This transmitter substance forms the in-

formation-carrying link between the cells. Its arrival by dif-

fusion at the postsynaptic membrane2 alters the conductance of that

membrane to one or more ion species; resulting in a depolarization

 

1 The peak of the action potential is a transmembrane potential of

about +40 mV so that the magnitude is about 100 mV. The fixed

magnitude is a property of the "all or none law", see Stevens [74].

2 The presynaptic and postsynaptic membranes are separated by a dis-

tance of approximately 200 A known as the synaptic cleft.



or hyperpolarization of the postsynaptic membrane near the synapse.

If the postsynaptic cell is a muscle or secretory cell, the result

to activity in the presynaptic axon is a muscular contraction or

glandular secretion; essentially the output end of the nervous

system whereby the organism responds to its environment.

When the postsynaptic cell is another neuron, the depolariza-

tion or hyperpolarization passively spreads to the soma where it

is spatially and temporally summed with the polarizations due to

other synapses. If the result is a supra-threshold depolarization

at the axon hillock, an action potential is excited and prepagates

down the postsynaptic cell's axon to repeat the above-discussed

process. This addition of the responses due to many synapses into

a single output is the previously mentioned process of neural

integration. The signal processing and decision of whether a nerve

impulse is excited at the axon hillock are functions of the number,

locations, frequency, and time of occurrence of all synapses to the

cell's receptor surface. Information is carried in the system either

as analog variations in transmembrane potential (as from synapses,

referred to as "slow potentials") or in the repetition rate (fre-

quency of occurrence) of action potentials.

From the above brief and sketchy outline of neural function,

it is apparent that there are two basic divisions to the electrical

response of a neuron. There is the passive reSponse; characterized

by hyperpolarizations or subthreshold depolarizations that produce

only local effects and do not alter the membrane's conductivity suffi—

ciently to excite an action potential. The second division is the

active response due to changes in the conductivity of the membrane to



one or more ion species. These permeability changes can be due to

chemical action (synapse) or supra-threshold depolarizations that

excite the propagated nerve impulse. This report presents models for

both these divisions of bioelectric phenomena. The next section dis-

cusses different types of previous models, outlines the specific

problem to be attacked, and indicates the relationship of this present

effort to previous work-

l.2. Discussion of the Problem and Related Work
 

Mathematical abstractions or "models" have long been an

important tool of the scientist. At their best, they aid in

quantifying experimental results, predict new behavior, suggest

further experiments, help to discover the underlying mechanisms

of phenomena, and assist the investigator in the choice or develop-

ment of theoretical formulations. As discussed by Cole [11], the

develOpment of electrical models for neural function has a history

reaching back into the 19th century. However, the real advances

in this field have occurred in the last 40 years.

The variety of neural models is nearly as great as the

number of investigators. Some models involve phenomena that mhnic

neural behavior; such as Lille's [47] analogy of nerve impulse

transmission that used an iron wire in a bath of strong acid.

Other investigators have explored mathematical equations that have

stability prOperties and prOpagated solutions that in some ways

resemble neural phenomena, as seen in the work of Rinzel and Keller

[68]. This nearly pure mathematical approach has shown value

in develOping systems-analysis stability descriptions and state



diagrams (see FitzHugh [24] and [26]), and in exploring the mathe-

matical side of more physical neural models (as in the work of

Evans and Shenk [22] on the Hodgkin and Huxley [37] formulation).

The largest class of models can be described as theoretical

formulations based upon physical laws and the experimentally

observed or implied structure and prOperties of the system's con-

stituents. To reduce the complexity, the scope of the model is

normally only a portion of the neuron or its response. As such,

the variety of investigations in this class are nearly unlimited.

At one level, investigators seek to explain the properties of the

plasma membrane and its active and passive responses. Mullins

[51] considers the variable conductivity of the membrane with a

model involving ionic channels within the membrane. Offner [55]—

[57] uses a more general physiochemical approach; applying kinetics,

electrostatics, and diffusion phenomena to arrive at a model for

variable conductivity, ionic concentration profiles, and electric

fields within the membrane. Cooley and Cohen [14] solved for the

response within the membrane to a step in stimulating current.

Others (typically Arndt, Bond, and ROper [3], [4]) solve for the

fields and concentration profiles of the resting membrane. The

common feature of these investigations is that they are confined

to the membrane alone and use a planar (cartesian Coordinates)

description of membrane geometry.

Another group of models based upon neuronal structure are

for the electrical behavior of the axon or dendrites; their geometry

represented as membrane cylinders. The oldest and most widely

used formulation is the core—conductor model. It reduces the
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membrane cylinder to a distributed network of resistors, capacitors,

and batteries; leading to a one-dimensional cable equation. Its

early formulation (see Lorente de No [48]) described passive (sub-

threshold) events with the membrane modeled as a parallel combina—

tion of a fixed conductance and capacitance. The work of Hodgkin

and Huxley [34] - [37] extended the cable equation to cover the

active response of the action potential. They developed a membrane

network based upon the ionic composition of the cellular fluids

and the known phenomena of ion-selective membrane conductance

alterations during the nerve impulse. From experimental measure-

ments, they found empirical expressions for the membrane conductivities

of the individual ion species as functions of transmembrane potentiall.

With their equivalent circuit for the membrane (and different con-

ductance functions) nearly any active neural event can be simulated.

A great number of the investigations since that time have

concentrated on verifying and extending the Hodgkin-Huxley model.

Finkelstein and Mauro [23] demonstrated the membrane equivalent

circuit could be derived from consideration of the system's ionic

composition and the bulk parameters of the media. Hoyt [39]

explored kinetic factors involved in some of the assumptions

inherent in the Hodgkin-Huxley model. FitzHugh [25] and Goldman and

Albus [28] alternated the Hodgkin-Huxley membrane with a passive

membrane to simulate the conduction of the nerve impulse in a

myelinated axon. Others, such as Cooley and Dodge [15] have used

Their work was for the membrane of the giant axon of Loligo.



11

the digital computer to explore the characteristics of the model's

response in greater detail. Nagumo, Arimoto, and Yoshizawa [52]

developed a simulation in the form of an active pulse transmission

line; suggested by cable theory and the Hodgkin-Huxley formulation.

Recently, Goldstein and Rall [29] used the cable equation with

axially-variant parameters to simulate changes in the action

potential due to nonuniformities such as tapering axons or branches.

Rall [62] - [64] has used the core-conductor model with variable

membrane conductance to simulate synapses and the passive spread

of potential along dendritic trees.

Cable theory yields the transmembrane potential and the

potential at either side of the membrane. Attempts have been made

to describe the potential field throughout the system by extensions

of cable theory (Lorente de No [48]); but the model has been in-

dicated as inaccurate (Clark and Plonsey [8], Rall [65]), particularly

in the extracellular region. Other drawbacks have been noted from

its one—dimensionality (Clark and Plonsey [8], Eisenberg and Johnson

[20]). These inaccuracies were pointed out by comparisons to

solutions resulting from studies of a more recent class of models

in two and three dimensions. These include the work of Clark and

Plonsey [Bl-[10] for the two-dimensional intracellular and

extracellular fields and currents due to a specified trans-

membrane potential distribution along a membrane cylinderl.

Eisenberg and Johnson [20] present a model that yeilds the steady-

state intracellular potential distribution in three dimensions

from a source current injected by point electrodes. Hellerstein's

Rotational symmetry about the cylinder's axis is assumed. This

153 the case for all of the two-dimensional models.
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[30] work gives a two—dimensional model for fields and currents

in the intracellular and extracellular regions of a membrane

cylinder subjected to a step function in current applied at one

side of the membrane and removed on the other.

Klee and Plonsey [43] and [44] formulate an integral equa—

tion approach for axially symmetric cells and carry out solutions

for the potential distribution resulting from the interaction of

a static extracellular electric field and a high conductivity

"hole" in a spherical membrane (see also Klee [42] for a model of

static electrotonus with a similar source and a variety of cellular

geometries). Finally, Rall [65] presents a passive, three-

dimensional solution for the time-dependent relaxation of a

specified transmembrane potential distribution. These models share

the characteristic of being solutions for the electrical response

of systems whose geometry represents some portion of neural structure.

The problem studied in this report is an extension of these

latter investigations. It may be described as a solution for the

electric potentials, fields,and currents in and about a membrane

cylinder representing a nerve axon or dendrite. The response

sought is for both the passive case of subthreshold stimuli impressed

via electrodes and the active case of ion-selective changes in the

membrane's conductivity. The model is built from the cellular

geometry, the macrosc0pic properties of the cellular media, and

equations describing the interaction of electric fields and volume-

conductors. The interest behind its develOpment was a desire to

formulate an electric field description for general neural response

based upon the known physical structure and composition (ionic
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concentrations, macrosc0pic physical parameters, etc.) of the

neuron.

The model is perhaps best described by outlining its pre-

sentation and the methods used in the solutions. Chapter 2 is

primarily concerned with deve10ping a general set of equations and

associated boundary conditions for volume-conductors from Boltzmann's

equation and Maxwell's equations. Included is a derivation of the

Goldman equation for resting transmembrane potential in cylindrical

coordinates. Chapters 3 and 4 solve for and present the response

of a three-region model to subthreshold impressed (electrode—

supplied) stimuli. Chapter 3 finds the steady-state response in

terms of the fields and currents in the membrane, cell interior,

and extracellular medium by means of the Fourier exponential trans-

form. The transform is applied to the axial variable and the inverse

transform is found by numerical techniques using the digital computer.

Chapter 4 extends these solutions to time-dependent stimuli by use

of the Laplace transform (on the time variable) and analytical in-

versions back to the time domain. Interesting features of these

solutions are that the electrodes are taken as finite—sized structures,

the response to an extracellular stimulating electrode is shown to

be quite different than that for an internal stimulus, and a

simulation of a myelinated axon is carried out.

Chapter 5 reduces the problem to two regions (intracellular

and extracellular) by means of a transmembrane boundary condition

that incorporates the Nernst potentials and individual ions' membrane

conductances. The electrotonus problem of the previous two chapters

is solved in this reduced system, giving a simpler model for this
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response when specification of the membrane fields and currents

is not required. This model is then extended to predict the reSponse

due to time and spatially-dependent changes in the conductance of

the membrane to one or more ion Species. Simulations of excitatory

and inhibitory postsynaptic potentials are presented to illustrate

features of the model. As in Chapters 3 and 4, the Fourier and

Laplace transforms with numerical and analytical inversions provide

the mathematical means for obtaining the solutions.

The result of this research is a model that is far more

general in many ways than those of the previous investigators.

However, these models in the available literature were of assistance

in the formulation of the present work and provided verification

of the results of this report in special cases. The contrasts

between the present and previous investigations can be summarized

as follows.

i) The steady-state and time dependent passive responses in the

present report are due to impressed currents supplied via

electrodes of finite dimension. Clark and Plonsey [8] -

[10] and Rall [65] require specification of the transmembrane

potential distribution. Eisenberg and Johnson [20] use point

source electrodes and obtain only steady-state results.

Hellerstein's [30] model specifies infinitely narrow electrodes;

with a current source at one side and a current sink on the

other side of the membrane.

ii) The present model obtains the fields within the membrane for the

passive response and allows the membrane to have finite thick—

ness (and verifies the necessary assumptions) when the fields
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iv)
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are not obtained in the membrane. All previous field solu-

tions assume the membrane as infinitely thin. Most are for

only intracellular and extracellular fields, with Eisenberg

and Johnson [20] solving only an intracellular problem.

This model is the first field approach to explicitly include

the ionic concentration gradients across the membrane, the

individual ionic conductances in the membrane, and the ability

to simulate time-dependent active phenomena by Specification

of spatially and time varying ion-selective conductance func—

tions. Klee and Plonsey's [43] and [44] use of a static

electric field and a finite size "hole" in the membrane is

the only solution at all similar. They used integral equations

and obtained a steady-state response. Other models (Clark

and Plonsey [8] - [10]) simulate active phenomena by specifica-

tion of the transmembrane potential distribution at the

membrane and cannot solve for this transmembrane potential as

due to conductance changes.

The present report formulates its solutions with the exponential

Fourier transform, allowing the use of non-axially symmetric

impressed stimuli and conductance perturbations. Although

all responses presented are for symmetric stimuli, the solu-

tions are valid for the non-symmetric case and only require

the Fourier transform of the desired stimulus or conductance

function. Eisenberg and Johnson [20] and Hellerstein [30]

have infinitely small electrodes that are inherently

symmetric; Klee and Plonsey [43] and [44] use a rotationally

symmetric high conductance patch on a spherical cell.
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v) The cellular parameters in this report are all specified in

terms of bulk parameters of the various media. This follows

from a traditional electric field approach where conductivities,

electric permittivities, magnetic permeabilities, etc.

describe the prOperties of the medium rather than using

resistances (conductances), capacitances, etc. that depend

upon both the medium and its geometry. Any conductances

or capacitances used are derived in terms of the properties

of the medium and geometries of the system. This allows

the model to indicate the effects of changing any of the prop—

erties of the medium in any region (intracellular, extra—

cellular, or membrane). Also, the common assumption of the

intracellular and extracellular media having the same con-

ductivities is not used,as in Hellerstein [20], Klee [42],

or Klee and Plonsey [43] and [44].

Thus the model of the present report allows an investigator to

simulate a far greater variety of bioelectric phenomena and observe

the effects of a wider range of parameter alterations and stimuli

than the previously available solutions. Though only a limited

number of responses are presented, nearly any time or spatially

dependent impressed stimulus may be handled by the techniques pre-

sented and essentially any time course of conductance changes can

be used to obtain the fields and currents throughout the entire

system.



CHAPTER 2

DEVELOPMENT OF THE BASIC EQUATION SET

This chapter is concerned with the develOpment of funda—

mental equations, boundary conditions, and resting state results

that will be used repeatedly in later chapters. Section 2.1

concerns the basic equations for the interior of volume regions.

Section 2.2 deve10ps the boundary conditions. Finally, Section 2.3

uses the previous work to obtain a few steady-state results in

cylindrical coordinates.

2.1. Basic Equations for Interior Volume Regions

2.1.1. Ion Transport Equations and Maxwell's Equations

The system under study involves the interaction of electric

field and diffusion effects on ions in an aqueous solution. The

logical starting point is with Boltzmann's equation (describing

ionic motion) and Maxwell's equations (for electromagnetic field

description). The development of a useable equation set will then

follow that carried out in plasma (ionized gas) problems. The

equations will be formulated in terms of a dependence on concentra—

tions (moles/m3), as is the usual practice in physiology, rather

than use number density (ions/m3) as commonly seen in physics and

17
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engineering.1 Units otherwise will be standard MKSA.

The intracellular and extracellular compartments that

comprise the system are composed of multi-ionic fluids in which the

solvent is water. As the motion of individual ions is not of con-

cern, it is apprOpriate to use the first two moments of Boltzmann's

equation to characterize their macroscopic (or average) properties

of density and velocity (see Tanenbaum [75]). For each ion species

"1", the time varying transport equations that describe these

quantities are

+

———3?r——- ni r,t vi(r,t — .

.+

a? (r,t) q

i + [‘5 <¥,c>-v1¢.(¥.t) = 1 [Echo + 3.65») x aim
at i 1 mi 1

RT (+ v (“’c)+ 1 156? c)- .. VH1 r,t) " h 1" —mn (it) 1 ’
m n (r,t) i i
i i

(2.2)

where

+ . . 3
ni(r,t) = number density of the ith ion spec1es (ions/m )

Vi(¥,t) = average velocity of the ith ion species (m/sec)

q1 8 effective charge of the ith ion species (coulombs)

m = effective mass of the ith ion species (kg)

 

Actually concentrations are usually given in the literature in

terms of m Moles/liter or u Moles/m2. However, there is no need

to convert units as moles/m3 - m Moles/liter a p Moles/m2.
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T = temperature of the ith ion species (°K)

k = Boltzmann's constant (1.38 x 10.23 joules/°K)

¢1(¥,t) = gravitational potential of the ith ion species (mz/secz)

E(f,t) = electric field with which the ions interact (volts/m)

B(;,t) = magnetic induction with which the ions interact (webers/mz)

Pi(?,t) = time rate of increase of momentum per unit volume of

the ith ion species due to effective collision or viscous

damping forces from interaction with neutral H20 molecules

(kg/m2 sec).

The desired forms of these equations will relate concentra-

tions to electric current densities. The concentration of the ith

ion species is defined as

ci(¥,t) = ni(¥,t)/L moles/m3 (2.3)

23
where L = Avogadro's number (6.02 x 10 ions/mole). The current

due to the motion of the ith ion species is identified as1

31(?,c) = 21F C1(¥,t)3i(f,t) amps/m2 (2.4)

where z = valence of the ith ion species (signed) and
i

F - Faraday's constant (9.65 x 104 coulombs/mole). Thus applying

definitions (2.3) and (2.4) to equation (2.1) (by multiplying both

 

Note that 2 F is the effective charge of the ith ion species
1

(coulombs/mole) when concentration is in moles/m3. The particle

flux density, 31 = C131 (moles/m2 sec), is commonly used (Plonsey

60]) for characterizing ionic motion. It follows then that

i - qiji in amps/m2.
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sides by ziF/L) yields

aci(?,c)
, + +

ziF ———§E———-+ v J (r,t) - O . (2.5)

Equation (2.5) is a continuity equation relating charge density

(21F Ci) to current (3 ) for each ion species.
1

A similar manipulation is performed on equation (2.2),

but several assumptions apprOpriate for physiological systems are

made to simplify its form. First consider the collision term

containing Pi. By definition

P = -n §—-(mi$i)| (2.6)

viscous °

.+

The viscous damping force,-%E (mivi)| is given by Stoke's
viscous

law (see Kortum [45]) as

(2.7)

where (En)i is the viscous damping force and Ri is the viscous

+

resistance coefficient (n refers to viscosity). Ri(r) is related

to the electric mobility1 of the ith ion species, ui(¥), through

1 MI
u (r) = 1+

Ri(r)

 

i m2/volt sec . (2.8)

Thus applying equations (2.7) and (2.8) to definition (2.6); the

expression for P1 becomes

 

1 $1 = uiE defines the electric mobility, ui, of positive ions.

See Plonsey [60]; Kortum [45].
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-n|<1-|
I _ §_. + - - + = __l;_31.+

Pi - ni 3t (mivi)'viscous n1(Fn)i ui vi ° (2'9)

Noting that

q1 = zie coulombs/ion (2.10)

is the effective charge carried by an ion of species "i" with

valance 21 (e = absolute value of electronic charge = 1.6 x 10'-19

coulombs), then the last term in equation (2.2) has the form

1 3 -|zi'e +_ v .
(2.11)

nimi i miui i

 

Further appropriate assumptions for ions in an aqueous

solution are made as follows.

i) All ions are at the same temperature, so that T1 = T (°K).

ii) Gravitational forces are negligible such that V ¢1 é O .

iii) Vi(?,t)/c << 1 (where c = speed of light) is assumed;

the force due to magnetic induction (B) is far smaller than

than for the electric field (Tanenbaum [75]). This yields

31 x B 4 0.

iv) As the ions are in a state of near continuous collision with

the solvent, only small perturbations from the resting state,

equilibrium condition of v1(f,t) = O are assumed (see

Tanenbaum [75], Kortum [45]). Then (Vi - V);1 is a

negligible second order term and can be set to zero.

With these assumptions, equation (2.2) reduces to

.+

3v lzile + z e

a:1 mu V1 fifi'flfvni° (2'12)
11 1 “11
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Multiplying by C = ni/L (definition (2.3)) and applying
1

assumption (iv) ($1 small perturbation from zero) leads to:

 

  

+

C 3V1 + Izile (C :5 ) = - E [V C _ iii—e. E]

i at m u i i m. i kT
i i 1

3(0 3) 33 3C a;i i = C i + $ .__1 a c -——l (assum tion (iv))
“‘3": 1 at 1 at 1 at p

+

3(C.V.) I2 le
2 C e

1 1 i + RT 1 i I

at + mini (Civ) - - mi [V Ci - kT E] ° (2.13)

With definition (2.4) and noting that e/k = F/R, where R is

the gas constant (8.31 joules/mole °K), the final form for the

second moment equation is

+

SJi + Izile 3 E - 21F kT [v c - ziCiF

at i m

+

E] . (2.14)

miui i 1 RT

 

Equation (2.14) is a momentum transfer equation, relating

an increase in momentum due to collisions, concentration gradients,

and electric field forces. It is also a generalized Nernst-Planck

equation, as it reduces to the standard Nernst-Planck equation

Commonly used in electrOphysiology and the study of bioelectric

phenomena) in static or quasi-static conditions where 32-31 + 0.

Along with equation (2.5), it is coupled to Maxwell's equations for

the description of electric and magnetic fields due to electric

Charges and currents. The next step is to express Maxwell's equa-

tions in forms apprOpriate for the electric source terms in ionic

fluids, i.e. C1 and 31.
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Maxwell's equations for the electromagnetic field in a

linear, homogeneous, isotropic medium are

v . E(¥,c) = p(¥,t)/e (2.15)

v x 1563:) = - 3}ng (2.16)

v x §(¥,t) = u 3(¥,t) + uE‘giggtEl (2.17)

v ; §(?,c) = o (2.18)

where u = permeability of the medium (henrys/m) and

e = permittivity of the medium (farads/m). The medium is to be

regarded as that in which the sources are immersed.

In equation (2.15), p - charge density (coulombs/m3) and

describes all the free charged particles in the system. It can be

expressed as

pG¢>=%G¢)+ezz n (it) (2.19)
1 1i

where ps is an externally applied charge density (stimulus) and

the second term is a sum over all ion species "1". Applying

Ci - ni/L and F = eL, relation (2.19) becomes

p = ps + F i ziC1 . (2.20)

Maxwell equation (2.15) then has the form

v . E = 1/e [p3 + F i 21C1' . (2.21)
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3(;,t) in equation (2.17) is expanded in a similar manner

as

3G¢)=3($¢)+23 Q13

where 35 is an externally applied current density (amps/m2) and

the 3i are defined in equation (2.4). In biological systems,

magnetization effects are not present, so that u = “o where no

is the permeability of free space (4n X 10-7 henrys/m). With these

definitions, Maxwell equation (2.17) has the form

I
!
”

3
+

V X B = uo[JS + i 31] + not (2.23)

O
)

n

o

A continuity equation relating total charge to total current

can be obtained by taking the divergence of equation (2.23).

v-(vx§)=0=po[v-38+iv-311+uoe§—g—gg3— . (2.24)

Applying equation (2.21) for V . E yields

a
[v 33 + i v - 31] + at [p8 + F i ziCi] o . (2.25)

Equation (2.25) is equivalent to applying the expansions for p

and 3 (relations (2.20) and (2.22)) to the continuity equation

of electromagnetics. As the externally applied charge and current

densities must obey conservation of charge (these sources being

separate from the ions in the system), they are related in a

separate continuity equation as

3P

. _.3.. .26v 38+at 0. (2 )
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Collecting the equations that describe the motions of ions

in the system (via the interaction of electromagnetic forces and

viscous collision forces of the H 0 medium) gives:

 

2

aci(?,t) + +

ziFT + v - Ji(r,t) = o (2.5)

33.(?,c) |z |e z F kT z F c (it)
1 i + + _ 1 -> _ 1 1 + -+

T+mJi(r’t) " ' " "m1 [V (ii-(r,t) RT E(r!t)]

' 1 (2.14)

v - E(-1t,t) = 1/5 [p (is) + F 2 z c,(¥,c)] (2.21)
s i i 1

v x Edie) = - gig-351 (2.16)

+ -> + + 3E(+ 1:)
v x B(r,t) = uo[35(r,c) + 1 31mm + 1106 “TEL" (2.23)

v . B(_1t,t) = o (2.18)

_+ 30 (;,t)

V Js(r,t) - 3t . (2.26)

The assumptions so far have included:

i) no gravitational effects,

+ ->

ii) vi a small perturbation from vi = O (resting condition

for average velocity),

iii) 31 << c (follows from ii) above), and

iv) P1 term is due to viscous "collisions" between ions and

H20 molecules.
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2.1.2. Ion—Acoustic Phenomena in Physiological Fluids

The basic set of equations developed in the last section

are essentially the same as those describing a gaseous plasma

with the exception of the relative importance of the term due to

collisions with neutral particles (see Tanenbaum [75] or Schmidt

[72]). Since a neuron exhibits a prepagated event in the action

potential, it is possible that there is a coupling between the nerve

impulse and a wave excited in the "plasma" represented by the ions

in the cellular fluids. As the assumption has been made that

magnetic forces do not significantly affect ion motions in a

physiological fluid, the equations developed in Section 2.1.1

will not describe an electromagnetic wave in the system. This is

logical and necessary, as EM.waves prepagate near (or at) the speed

of light, while the action potential travels at a velocity on

the order of 100 m/sec. However, a compression wave can also be

excited in a plasma. It consists of electric field and diffusion

effects interacting to produce a wave phenomena, and bears the

descriptive name of ion-acoustic wave. Most importantly, this

ion-acoustic wave has a relatively low propagation velocity

(Tanenbaum [75]). This section will examine the likelihood of such

an event occurring in a physiological system.

Consider first the steady state, without any stimulus

applied to excite the ions. The equilibrium conditions (denoted by

subscript "0") are:

(a non zero constant), (2.27)

3 (;,t) = 3 = 0 (as average velocity = 0, see

assumptions in section 2.1.1), (2.28)
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2 21C = 0 (electroneutrality), (2.29)
1 io

E(¥,t) = E0 = o , ' (2.30)

F I E '(r,t) = o = 0 (Since net charges and currents

are zero). (2.31)

Note that relations (2.27) - (2.31) apply only to a volume of ionic

fluid (i.e., the intracellular or extracellular spaces) and do not

account for boundary effects or conditions inside of a cell membrane.

Electroneutrality (equation (2.29)), applies only for distances

on the order of (or greater than) the Debye shielding distance,

Rm. (Electroneutrality is thus a macrosc0pic condition, see

Tanenbaum [75].) Since R.In in a physiological system is small

compared to the dimensions commonly found in such systems, condition

(2.29) is easily satisfied in the problem under consideration. For

example, R.In é 10 A for the dominant ion Species in the interior

or exterior of a neuron, while the thickness of a cell membrane

(the smallest dimension in the system under study) is on the order

of 100 A. (This is discussed in greater detail in Plonsey [60],

Chapter 3.)

The system is excited by either an external charge or

current density, ps(;,t) and 38(f,t) respectively. Subsequent

to the stimulus, the system is perturbed from its resting state.

These perturbed quantities in the system are described using a small

signal analysis1 as:

Essentially a first term Taylor expansion about the resting

condition.
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+ = V + I

Ci(r,t) c O + C1(r,t) (where Icil << cio), (2.
i

31(‘E,t) = 310 + Inuit) = 3i(-f,t) (by equation (2.28)), (2.

E(¥,t) = "E0 + E'(—r,t) = E'(_1t,t) (by equation (2.30)), (2.

§(’£,t) = 60 + Emit) = §'(‘£,t) (by equation (2.31)) (2.

32)

33)

34)

35)

where the primed functions represent the deviations from the steady-

state resting condition ("0") values. Note that the variation of

the concentration of any ion species from its resting value is

assumed small. It is emphasized that the condition (2.30), E0 = 0,

applies only in the intracellular and extracellular regions of a

resting neuron. E0 # 0 in the cell membrane, even in the resting

state.

Applying the small signal expansions (2.32) - (2.35) to

the equation set developed in Section 2.1.1 yields

3C!

zip-SEE + v 3; = o , (2.36)

33' -z F kT 2 F

__l ' =.__l____ v _._1_ vat + vi 31 m1 (v ci RT cio E ), (2.37)

v E' = l/e [os + F 2 2101' , (2.38)

1

33'
VXE'=-§E—, (2.39)

+' + ' 3%.

V x B = uo[JS + Z Ji] + u e EE—h’ (2.40)

1

v - E' = o . (2.41)

In equation (2.39), an "effective" collision frequency has been
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defined asl:

 

Vi = (sec )-1 . (2.42)

vi represents the viscous interaction of ions with the H20

molecules of the solvent. It is an "effective" collision frequency

since ions in water are in a state of essentially continuous con-

tact with the solvent (Tanenbaum [75] discusses collisions in a

plasma, Kortum [45] gives conditions on ions in fluids). The second

order term, CiE', has been dropped in equation (2.37), and the

electroneutrality condition (2.29) has been applied in equation

(2.38).

A wave equation for Ci(¥,t) can be developed as follows.

Taking the divergence of equation (2.37) gives

a -ziF kT 2 ziF +

'6'}? W ° 31) + ”107 ° 31) 2T [v C1“ "-15 C1007 ' E'” ° (2'43)
1

Applying the ion conservation relation (2.36) for V - 3' and

Maxwell equation (2.38) for V - E' leads to

 

 

2 F kT BC' 32C' k 22F3

-l-—- V20' — 2 F v ———-- 2 F i - —-—3¥—-C X 2 C'

mi 1 i i at 1 atZ miR 8 io j J j

kziF2

= miR e 10 03 ° (2'44)

Canceling the common ziF factor and defining two appropriate

 

1 The electric mobility, u1 is assumed constant within the intra-

cellular and extracellular volume conductors.
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the ith ion species (see Tanenbaum [75]) as

2 k T 2
v = = [ion thermal velocity, (m/sec )] (2.45)

it mi

k22F2 zzezn.

2 = i = i 10 = [ion resonance fre uenc

wip m.R 6 io mi 8 q Y:

(sec)_1]2 (2.46)

then equation (2.44) becomes

v 2 m2 w2

[V2 _ .3;.§_._ -l-3——]C' _._lR__ z z,C' =._lE___‘) (2.47)

V2 at V2 at2 i 2 v j j j z W2 s

it it i it i it

Each ion Species in the multi-ion physiological fluid will

satisfy an equation having the form of equation (2.47). These equa—

tions are a system of coupled wave equations for the concentration

perturbations of the individual ion species. The solution of

equation (2.47) is that of a damped wave, characterized by an

electric field oriented in the direction of propagation (longi-

tudinal ion-acoustic wave, Tanenbaum [75]). The propagation velocity

will depend upon the coupling between ion Species, but is roughly

equal to the ion thermal velocity v

An examination of the possible magnitudes for v

it'

encoura es

it g

the notion that an ion-acoustic wave could be coupled to the action

potential. Katz [40] gives typical values for the parameters in-

volved as represented in Table (2.1).
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Table (2.1)

Parameters for Ions in a Physiological Fluid

Calculated Absolute Mobility Atomic

 

Ion Valence (z.) Hydration (u ) in H 0 Weight

1 Numbers 1 2 (grams/mole)

(u/sec)/(volt/cm)

N: +1 4.5 5.2 23.00

K+ +1 2.9 7.64 39.10

01‘ —1 2.9 7.91 35.46

To calculate the ion thermal velocity of an ion; the equivalent

mass is needed. The equivalent mass of an ion is the mass of the

ion itself augmented by the masses of the water molecules bound to

the ion by hydration forces (see Lehninger [46], Katz [40]). Thus

m for the three ions would be (atomic weight of H O = 18.02

i 2

grams/mole):

m + = (23.00 + 4.5 x 18.02)/6.02 x 1023 (fiEEEfi) x 10'3 (55——)
ion gram

Na

= 1.73 x 10’25 53— (2.48)
ion

m + = [(39.10 + 2.9 x 18.02)/6.02 x 1023] x 10’3 .§a_
K 1011

= 1.52 x 10’25 -§3— (2.49)
ion

m = 1.46 x 10’25 -—53 . (2.50)
Cl- ion

Using these calculated masses, the ion thermal velocities

expected in the intracellular and extracellular regions would be

(at T = 37°C; 310°K)
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v2 310°K x 1.38 x 10.23 joules/°K-ion
 

N: 1.73 x 10.25 kg/ion

= 2.47 x 104 mz/sec2

2

v = 1.57 x 10 m/sec (2.51)

Na

2

v = 1.68 x 10 m/sec (2.52)
+

K

2

v _ = 1.71 x 10 m/sec . (2.53)

CI

An order of magnitude of 100 m/sec is within the observed range

of action potential prOpagation velocities1 (see Stevens [74],

Plonsey [60]).

v

The term -§—‘%E in equation (2.47) represents losses due

v

it

to collisions (this term's origin was the Pi term in equation

(2.2)). Thus the solutions for Ci can be expected to be in the

form of damped waves, the losses coming from the vi term. If

these waves are to be representative of the action potential in

a neuron, this loss term must be canceled by some source (ps(?,t))

as the action potential propagates without degeneration. This

ps would represent the experimentally observed ionic currents

across the cell membrane, upon which the Hodgkin and Huxley model

is based (Hodgkin and Huxley [34] — [37]). Identification of the

nature of the source necessary to give an action potential wave-

form might arise from a solution of equation (2.47). Unfortunately,

1 The term denoting propagation velocity used by physiologists is

"conduction velocity", referring to the velocity at which a nerve

'conducts' an impulse. The range of observed conduction velocities

is ~ 0.1 to 100 m/sec.
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this does not appear to be the case, as some simple solutions of

equation (2.47) indicate an ion-acoustic wave is unlikely as an

explanation of the action potential.

To illustrate the above observation, consider the case of

a single ion species "1" with 21 = l in an infinite, homogeneous,

isotropic aqueous solution. As any Spatial direction is equivalent,

only one dimension will be considered (i.e., spatial variations

2

along the x-axis). Thus V2 reduces to -§—§ and the system of

3x

equations represented by equation (2.47) reduces to the single re—

lation

82 0 a 1 32 “’2 “’2 1
[—-——-————- 1C'=—P—o . (2.54)
ax2 2 at V2 at2 v2 sz s

Vt t t t

This is an inhomogeneous Klein-Gordon wave equation for the

perturbation C'(f,t) of the concentration of the ions of species

"1" (see Morse and Feshback [49]). In effect, the assumptions

involved in using equation (2.54) to describe possible events in

an axon are:

i) the intracellular region can be approximated by a one

dimensional model,

ii) an ion-acoustic wave involving only a single ion species

is excited, and

iii) membrane effects (boundary conditions) are ignored.

Consider an impulse stimulus of the form as = a6(x)6(t)

(i.e., a spike at x = 0 and t = O). The source term of equation

1 The i and j subscripts have been dropped as only one ion

species is assumed involved.
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(2.54) then becomes

w2 w a

436 <x.t) =—P§—a<x>a(t>
Fv S Fv

t t

= A6(x)6(t) (2.55)

w a

where A =-—E§— = constant.

th

Also assume for now that, by some action at the membrane, the

~3§-§E damping term is canceled so that the wave will propagate

wIthout lossesl. For this simplified case, equation (2.54) reduces

to

2

2 w

a l 3 . _

[7’77' 210 -Aa(x)6(t). (2-56>

3x v at v

t I:

To solve the partial differential equation (2.56), apply

the Laplace transform on the time variable t as follows:

£[C'(x,t)] -—- C'(x,s) = I: C'(x,t)e‘s"dt (2.57)

£[A6(x)6(t)] = A6(x) (2.58)

32 2—
£[——2- C'(x,t)] = s C'(x,s) . (2.59)

at

Note that relation (2.59) assumes C'(x,0) = gE-C'(x,0) = 0

(system at rest at t = 0). Applying the transform to equation

(2.56) and using the relations (2.57) - (2.59) yields

1 This might be due to an additional "traveling" source term at

the membrane, maintained by an influx of N: ions and an efflux of

K+ ions. Strong experimental evidence shows this to be the case

for action potential propagation (Katz [40], Plonsey [60]).
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2
a2 82 w ‘_

[———E — 7 - —l;—]c'(x,s) = A<S(x) . (2.60)

3x v v

t t.

2
Defining B as

2 82 E:_
8 = ;§-+ v2 (2.61)

t t

yields

32 2'—
[——§ - 8 ]C'(x,s) = A0(x) . (2.62)

3x

Equation (2.62) has a general solution of the form

C'(x,s) - K (3) +8le + K2(S)e lel (2.63)

where K1 and K2 are to be determined by matching to the source

term and boundary conditions. As solutions must be finite for all

space and B is a positive constant (for fixed 3), K1 = O is

determined by considering x + w. Substituting solution (2.63)

back into equation (2.62) gives K ='A— such that

2 28

C‘(x,s) = gE-e-lel

A vt - \/é2 + w2 IxI/vt

= —— e P . (2.64)

2 82 + w2

By use of a table of Laplace transformsl, the time dependent solution

of equation (2.56) is obtained as

1 See Churchill [7], a good reference for solutions of differential

equations using a wide variety of transform techniques.
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C'(x,t) = A‘ég U(t - x/vt)Jo(wp\/t2 - (x/vt)2). (2.65)

This solution holds for x 3_0; where U(o) is the unit step

function, and Jo(-) is the zero order Bessel function of the

first kind.

The solution (2.65) has the nature of an event that moves

in the +x direction with time, as seen in Figure 2.1. It is

noted that the leading edge of the "wave"1 prOpagates at a velocity

of vt (this is a result of the unit step function, U(t - x/vt)).

The "waveform? undergoes a marked distortion as it travels, as is

seen by comparing Figure 2.1(a) and (b). This is a result of the

 

V/tz - (x/vt)2 argument of the Bessel function introducing a non-

linearity into the linked time and space dependences. Figure

2.1(c) is a graph of solution (2.65) versus time, the more tradi-

tional method of plotting active events of an axon. The solution

shown in this form bears some resemblance to the waveform of an

action potential, and since field quantities (such as potential)

reflect the nature of their sources (C' in this case), the solu-

tion appears encouraging.

The shortcoming of this approach is evident when the damp-

ing term is included. This is seen in the case of a myelinated axon

Many of the axons in mammalian nervous systems have a periodically

interrupted insulating covering referred to as the myelin sheath.

This myelin sheath is formed by neuroglial cells (Schwann cells in

 

A propagating wave has a time and space dependence linked in the

form of (t - x/v). Solution (2.65) is not in the form of a true

wave as this is not the case for the argument of Jo.



 
 

 

  

  

 

Vt

[— A2—

. 5 o

C (x,-—-) (a) Concentration v.s. x

w

d»

for t = S/w

moles/m p

2 4 6 8 10 12 m X

v

t

(unitless)

Vt

A2"

10
v .__

C (x,wp) (b) Concentration v.s.

moles/m3 X for C = lO/wp .

2 6 8 10 12 w x

vt

4 (unitless)

Vt

2vt ““""““‘" ““““““““ A2—-

C'('—5t)

w

p (c) Concentration v.s. time for

moles/m3_ x = 2v /

twp

'
: i ;

1 2 10 11 t
w

P

(unitless) 
FIGURE 2.1

Concentration "Wave" Solution from Equation (2.65)
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the peripheral nerves) tightly wrapping several layers of their

membrane around the axon. The covering is interrupted at approxi-

mately 1 mm intervals, forming gaps known as the nodes of Ranvier

(see Figure 2.2). The myelin effectively blocks the flow of source

currents through the membrane, allowing the action potential to be

generated only at the nodes. Between nodes, a passive Spread of

potential occurs. Nerve impulse conduction in a myelinated axon

is said to be saltatory; the action potential "jumping" from one

node to the next. A conduction "jump" is possible from node A to

node B (Figure 2.2) only if the passive spread of potential from

the impulse at node A is above the threshold for generation of a

new action potential when it reaches B.1

For a myelinated axon, there cannot be any source term

(ps) from the membrane, to cancel the effects of the damping term

in regions where currents through the membrane are blocked by the

myelin sheath. If an ion-acoustic wave is to propagate in such

a situation, it would have to travel from one node to the next with

a small enough attenuation (from the damping term) to allow an

above threshold depolarization of the neuronal membrane at the

latter nodez. To consider this situation, equation (2.54) must be

solved with the damping term present.

 

1

References for the physiology of myelinated axons and saltatory

conduction include Eccles [l7] and [19], Ganong [27], Katz [40],

Ochs [54], Ruch and Patton [70], and Stevens [74].

An above threshold transmembrane potential will allow the action

potential to be regenerated at that point.
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Proceeding as before, the Laplace transform on time of wave

equation (2.54) with the source as given in expression (2.55) yields

32 s s wz -

[—-— --v--—B]C'(x,s) = A6(x) . (2.66)

3x2 v2 v2 2

t t Vt

. . 2
Defining 8 as

82 = ~1—2 [32 + vs + 012] (2.67)

vt p

results in equation (2.66) having the same form as equation (2.62).

The solution (2.64) thus applies to this case, with B as rede—

fined in relation (2.67). This gives the solution of equation

(2.66) as

 

A v - /g2 + vs + w2 [XI/vt

C'(X.S) = e \ p

. 2. 8

2\/s2 + vs + w: ( 6 )

The inversion of transform domain solution (2.68) back to

 

the time domain is performed using the change of variable of S

 

 

 

where

§=s+-\2)-=°s=s—% (2.69)

giving

2 2

(S)2 = 32 + sv +-%— == 32 + vs = (S)2 --%- . (2.70)

Then C'(x,s) is

__ A v -\/Qs)2+ wZ—v2/4 IxI/v

C'(x,s) = t -—- e p t.

2 /(z:.)2 + (002 - 02/4) (2.71)

‘\. P
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The inverse is then found (by definition, see Churchill [7]) as

C'(x,t) = 5%} 1:13: C‘(x,s)etsds

1 y+v/2+jm —w t(§-v/2)

2nj y+v/2—j0° C (x,§)e dg

=e""t/2[—1— 71+?” E'(x,s)et§as1 . (2.72)
233 Y'J”

Since the integral in relation (2.72) is now the same as that de—

fining the inverse Laplace transform of the previous solution

(2.64), but with w: replaced by the constant (w: - v2/4), the

solution for this case is

 

Av 2

C'(x,t) = e-vt/2[_2t_ U(t - fingfiofi — %—>[c2 - (x/vt)21)1 . (2.73)

The inversion assumes that the factor (w: - v2/4) is a

positive number. For the case where (w: - v2/4) is negative,

the Bessel function Jo(°) becomes the modified Bessel function

Io(-) (see Churchill [7]). Calculation of up and v for rep-

resentative parameters for ions in a typical neuron will indicate

which form is appropriate. From Katz [40], the concentration of

K+ ions in the intracellular space of a squid axon is

400 m Moles/liter. With this concentration, the effective mass of

K+ ions as given in equation (2.49), the mobility of K+ ions

0

potassium ions are then calculated as follows:

from Table 2.1, and e = 808 (for H20); mp and v for
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lzK+|e

v = ——————- (from definition (2.42))

K+ In+“+
K K

-19
= 1.6 x 10 coulombs/ion

(1.52 x 10.25 kg/ion)(7.64 u/sec/volt/cm)

(u/sec/volt/cm) = 10-8 m2/volt-sec

 

 

coulombs x volt-sec = 1

kg 2 sec
m

v = 1.38 x 1013 sec“1 (2.74)
+

K

k 22 F2

2 K+ . .
w + = ET'ES73“ C + (from definition (2.46))

K p + K 0

K

2 (1.38x10'23 jou1es/°K)(9.65x104 coulombs/mole)2(400 9—%%%§§)

w =

+

K p (l.52><10-25 kg/ion)(8.3l joules/mole °K)(80X8.85><10-12 fiéiéé)

m Moles/liter = Moles/m3

w2 = 5.75 x 1022 see‘2 (2.75)
+

K p

w = 2.40 x 1011 sec"1 . (2.76)
+

K p

The determining factor for this case is then

2

2 vx+ 22 25 -2 25
w - -—— = (5.75 X 10 - 4.76 X 10 )sec é -4.76 X 10 .

K+P 4

Since the result is negative, the correct functional form is

Io(.) in solution (2.73). The factor (w: - v2/4) is again

negative for K+ ions in the extracellular region; and for Na+
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and Cl- ions in both the intracellular and extracellular regions

(using values for parameters from Katz [40]). Thus, for all ion

species, the waveform changes from that in Figure (2.1) to an

attenuated cut-off form in the presence of the damping term. This

attenuation, due to viscous collisions, occurs very quickly in both

time and space. Time domain damping is evident in solution (2.73)

in the exp[-vt/2] factor. The time constant (T) for an e-1

drop is apparent as

r = 2/v . (2.77)

Using the collision frequency for K+ ions calculated in equation

(2.74), this becomes

a

ll 2/(l.38 x 1013) sec

1.45 x 10’13 sec . (2.78)

As K+ ions exhibit an ion—acoustic wave propagation velocity

on the order of v + = 1.68 x 102 m/sec (relation (2.52)), the

K

distance (A) traversed by such a disturbance before an e 1 decay

in magnitude is just

>
2 ll

TV

K+

1.45 x 10‘13 x 168 m

2.44 x 10~11 m

0.244 A . (2.79)

This result is significant, as a propagation distance of less than

a quarter angstrom is far too small to suppose that the
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concentration wave could travel in any fashion between nodes (about

1 mm) in a myelinated axon.

The development described above was for an impulse stimulus.

It may be argued that the action potential as a finite—time event

would display a different effect. This does not appear to be the

case. A solution of equation (2.54) with a Step function stimulus

in time, located at one point x = 0 reveals little change in result

(2.79). In this case1, the source term is

W

2 OS(X.t) = A5(X) U(t) . (2.80)

Fv

r
?

where U(t) is a unit step in time, initiated at t = O. The

Laplace transform on the time variable of the wave equation with

dissipation is then

2

32 52 vs Ep_—- A
.._________ v =_
[3x2 v2 v2 v2]C (x,s) s 0(x) . (2.81)

t t t

With 82 defined as in equation (2.67), the wave equation becomes

2

1—2- - 8216'(x,s) = 5- 6(x) . (2.82)

8x S

[

The solution of equation (2.82) is the same as in result

(2.68), with the exception of A + A/s:

 

A step function in time was chosen as being the opposite extreme

from an infinitely brief pulse. The solution will indicate the

extent of the stimulus' effect in the steady state.
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_ Avt -\/s2+vs+u)zlxl/vt

C'(x,s) = e p . (2.83)

ZS\/s2 + vs + m:

It is not necessary to invert transform domain solution (2.83),

 

 

as the behavior in the steady state (at t + CD) can be obtained

via the final-value theorem for Laplace transforms (see Churchill

[7]). This theorem states that

lim F(t) = lim 3 f(s) (2.84)

12"“ 8+0

where f(s) =£{F(t)} .

Applying theorem (2.84) to the solution (2.83) yields

A v -w x /v.epll.
' as =C (x, t + ) 2 w

 (2.85)

For this case, there is a space constant (A) for an e-1

decay of the solution from its value at x = 0 of

A = vt/wp . (2.86)

For K+ ions, using the values for v + and w + previously

K K p

calculated, this length constant is

= 168 m/sec

11

2.4 X 10 1/sec

10

A =7.0x10’ m
 

O

= 7.0 A . (2.87)

This length remains far too small for any effect at one node to

reach a subsequent node in a myelinated axon. For any Signficant

ion species, the result remains essentially the same over the range

of parameters typical for a squid axon.
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The conclusion that can be drawn from these simple solu—

tions is that there is little likelihood that the excitation of

an ion—acoustic wave is the basis for action potential conduction.

The results of this section can be summarized by the observation

that the collisions in the system vastly overwhelm relaxation

effects. The collision frequencies are on the order of 1013 per

second, giving time constants for the response to field changes

on the order of 10"13 seconds. Since this study uses a macro-

scopic approach to model phenomena that have time constants on the

order of 10-4 seconds (Plonsey [60]), the effects considered in

this section due to ion—acoustic waves being excited in a plasma

are insignificant. This allows further simplification of the basic

equations describing the system.
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2.1.3. Reduction of Basic Equations to Quasi-Static Form

The coupled wave equations (2.47) of the last section were

derived from the momentum transfer equation (2.14). The propaga—

. 2 2 3 +

tion term (3 lat ) had its origins in the '8; Ji term of transport

equation (2.14); the damping term (3:) arose from the

Izi|e +

Ji term. The previous section demonstrated that the loss
 

miui

term far exceeds the term for propagation effects. In terms of

equation (2.14), this indicates the g; 31 term is negligible

with respect to J .

m.u i

1 i

 

The conclusion above is strengthened by considering these

terms directly. For K+ ions, the collision term is

|z+|e

-—¥E———G3 = v 3 = 1.38 X 1013 3 sec-1 (2.88)

m u + + + +
K+ K+ K K K K

using result (2.74). The ionic current would thus have to possess

a time rate of change on the order of 1013 sec-1 for the

propagation term to compare with the collision term. The highest

observed frequency component in the system is the rising phase

of the action potential, on the order of 104 sec—1 (from Plonsey

[60]). It is apparent that the time derivative term in equation

(2.14) can be dropped, simplifying the transport equation to

 

_).

-z u RT z F C (r t)
+ + i 1 + 1 i ’ + +

J1(r,t) '—T;;T—— [V Ci(r,t) - RT E(r,t)] . (2.89)

Equation (2.89) is the well known Nernst-Planck equation,

widely used in electrOphysiology (see Plonsey [60]). It relates
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current flow in an aqueous solution of ions to two effects:

diffusion due to concentration gradients (V Ci) and drift due

to electric field (electric potential gradients). It is

emphasized that this current results from a physical motion of

ions and does not contain any polarization (displacement) current

effects.

The system of equations develOped in Section 2.1.1 can

be further simplified by an apprOpriate quasi-static approximationl.

In general, a conductor is described by a conductivity, 0(mhos/m),

and a dielectric permittivity, e(farads/m). The total current

density in the conductor is due to both conduction (o E) and dis—

placement (e-gg) currents. In the case of biological media,

the displacement current is small compared to the conduction

current, for frequencies up to 10 KHz. This is expressed in the

Fourier transform frequency domain as 9§-<< l. Currents maintained

by electric fields will therefore be considered the result of con—

duction only, and the biological media will be considered purely

resistive. In this situation, the total current due to an electric

field is

3(?,t) = o(¥,t) E(¥,t) . (2.90)

By comparison with equation (2.89), the conductivity of any ion

species is then given as

o1(¥,t) = [ziIF ui(?)ci(?,t) (2.91)

 

1 This formulation is widely used in electrophysiology. Plonsey

[60] or Plonsey and Heppner [61] contains an expanded development of

the details.
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with the total conductivity for the medium being the sum over all

charge carriers in the system:

o(¥,t) = 1 oi(¥,t) = i IzilF ui(?)ci(¥,t) . (2.92)

This approximation neglects capacitive effects within the volume

conductor. Thus any capacitance seen in the system will be due

to the dielectric discontinuity at the boundary between two regions

of different permittivity.

A further consequence of the quasi—static approximation

is to neglect the induction component of the electric field. The

relationships between the electromagnetic potential functions

(¢(;,t) and A(¥,t)) and the electric and magnetic fields are:

§(¥,t) v x K(¥,t) (2.93)

E(?,t)

+

-v¢(¥,t) _.%§££1£1 . (2.94)

At the frequencies observed in naturally occurring bioelectric

phenomena, |wA| << |V¢| for typical biological media, sources,

and distances (see Plonsey [60]). Accordingly, the induction com-

ponent of E (due to gE-K) may be dropped, leaving expression

(2.94) as

E(¥,t) = -v0(¥,t) . (2.95)

Since the magnetic field does not appear in the continuity equa-

tion or the Nernst-Planck equation, and the vector potential will

not be used to calculate E, both X and B need not be con-

sidered further for problems involving natural bioelectric events.
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With the quasi-static approximation, the basic system of

equations may be summarized as:

aci(?,t) + +

21F ‘87".— + V ' Ji(r,t) = 0 (2.96)

+ + -ziui(;)RT + + + +

Ji(r,t) = ——-r;;r—-— VCi(r,t) + oi(r,t)E(r,t) (2.97)

oi(¥,t) = IziIF ui(¥)ci(?,t) (2.98)

v- E(¥,t) = l/e[p (?,t) + F 2 2.0.(?,t)] (2.99)
S i 1 1

E(I,t) = -v¢(¥,t) . (2.100)

The electric field described by the above set of equations is

irrotational such that V X E 8 0 (see King [41]). The aqueous

ion transport (plasma) development of Section 2.1.2 could have

been carried out using the quasi-static approximation, since the E

field of an ion-acoustic wave satisfies V X E = 0 (see Tanenbaum

[75]). The system of equations (2.96) - (2.100) will be used as

the basic set of equations for the remainder of this study.

A somewhat useful definition can be applied in connection

with equation (2.97). The current due to concentration gradients

can be considered as that maintained by an "impressed" electric

field1. With this definition equation (2.97) can be written as

31(?,t) = oi(¥,t)(E(¥,t) + E:(?,t)) (2.101)

 

1 This follows the technique used to handle effective fields,

such as seen in representing the chemical forces in a common

battery. See King [41].
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where the impressed electric field E: is defined as

+

VC (r,t)

E: = 2R; 1 + . (2.102)

1 C1(r,t)

e

The impressed field E1 is maintained by ionic concentration

gradients, and can be expressed as the gradient of an equivalent

concentration potential (the Nernst potential). This will be

demonstrated in Section 2.2.2. The field E in equation (2.101)

is the coulomb electric field maintained by charges in the

system, and is expressed as the gradient of the electric scalar

potential (equation (2.100)). Thus the electric field B will

henceforth be referred to as the coulomb field. Equation (2.101)

will be useful in developing an equivalent circuit for a biological

membrane (Section 2.2.2).



52

2.2. Boundary Conditions for Bioelectric Fields and Potentials
 

2.2.1. Boundary Conditions at an Interface Surface
 

The equations deve10ped in Section 2.1 apply only at

interior points in a volume region of a biological medium. Any

useful problem will involve two or more volume conductor regions

separated by interface surfaces. Boundary conditions that relate

field quantities across these interfaces must be developed. The

relations obtained in this section will apply to this situation.

Along with equations (2.96) - (2.100), they form the complete

system of equations necessary to solve a large class of bioelectric

field problems.

With the geometry as shown in Figure 2.3, the boundary

conditions that apply to a general EM field problem are:

‘t - (826.20 - El('r’,t)) = 0 (2.103)

n - (326,0 - 31am = - gggfifl (2.104)

n . (ez‘fiz(?,t) - slfil(¥,t)) = n(?,t) (2.105)

where all quantities are evaluated at the boundary surface, and

n(?,t) = surface charge on the interface (coulombs/m2);

T unit vector tangential to the boundary surface;

8 unit vector normal to the boundary surface, with direction

defined as from region (1) into region (2).

Boundary condition (2.103) is derived from Maxwell equation (2.16)

(for V X E) via Stoke's theorem applied on a differentially small

closed contour traversing both regions. In a similar manner,
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FIGURE 2.3

Geometry for General Boundary Conditions

 

 

E 3
GE, 6E E’ E

nE fi Extracellular

‘g t Medium (E)

4* ._.> +

//—T—' M+ +

E , J

OM’ EM EM 3 M M Membrane

811+ ’14 (M)

/':":’- - — --\
’ + \‘\

GI, 81 E1, JI

Intracellular

nI Medium(l)

FIGURE 2.4

Geometry for Boundary Conditions at Cell

Membrane Interfaces



54

boundary conditions (2.104) and (2.105) are obtained from the

divergence of Maxwell equation (2.17) (for V X B) and the con-

tinuity equation (2.26) by applying the divergence theorem to a

small pillbox bisected by the interface. It is noted that these

boundary conditions apply to any general EM field problem as they

are derived from Maxwell's equations with no assumptionsl.

An alternate form of boundary condition (2.103) is given

by King [41] as

02(?,t) - 01(¥,t) = 0 . (2.106)

This condition states that the scalar potential for electric field

is continuous across the boundary, and it holds only if a surface

density of polarization (dipole layer of charge) is not present.

So long as a single interface between two regions is considered,

this problem will not arise (see King [41], Chapter 3). For the

case in Section 2.2.2 where the cell membrane is taken to be

infinitely thin, boundary condition (2.106) will not apply as the

internal and external surface charge densities on the membrane

will then represent a surface density of polarizationz.

Details of the derivations may be found in any basic electro-

magnetics text. Two such references are King [41] and Ramo, Whinnery,

and Van Duzer [67]. These boundary conditions are applicable to

the quasi-static approximation with no alterations.

2 In this case there will be a finite jump in potential across

the (infinitely thin) membrane, i.e. the transmembrane potential.

The cell membrane is perhaps the closest approximation known of a

surface density of polarization.
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From equations (2.104) and (2.105) it is clear that the

normal component of current crossing a boundary will be discontinuous

only with time-dependent changes in the surface charge density.

This charge density is related to any discontinuity of normal

electric displacement (D = 5E) at the interface. Note that the

normal component of E can have a large discontinuity even in the

absence of surface charge if 61 # 52.

Now consider the application of these boundary conditions

to membrane interfaces existing in a general biological cell. The

apprOpriate geometry is illustrated in Figure 2.4. The surface

charges shown in the figure reflect the nature of observed sur—

face charges in resting neurons (see Plonsey [60]), but in the

following development they will be handled in a general fashion

and their Sign and magnitude determined by the fields and currents

associated with them. At the interface separating the intra—

cellular space and the membrane, equations (2.104) - (2.106)

become1

9M = 31 (2.107)

BnI

fl 0 (3M _ 31) a — -a—t—- (2.108)

n - (eMEfi - tIEI) = n1 . (2.109)

Likewise at the membrane-extracellular Spaces interface, the

boundary conditions are

 

1 The boundary condition (2.106) for continuity of scalar potential

will be used rather than its alternate form, relation (2.103) for

the continuity of tangential E field. This proves to be more

convenient for most bioelectric field solutions.
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4 = ¢ (2.110)

- 3 ) a .._J3 (2.111)

(2.112)

Equations (2.109) and (2.112) may be combined with relations

(2.108) and (2.111) to eliminate the surface charge densities as

n - (3M - 31) = n - [%E'(€1E1 - sMEM)] (2.113)

n - (3E - 3M) = n - [95? (eMEM — eEEEn . (2.114)

The boundary conditions (2.113) and (2.114) may be expanded

by considering the current density in each region. By the results

of Section 2.1.2, a perturbation in Ci(?,t) for any ion species

will decay to the steady-state concentration with space constants

on the order of angstroms, and time constants on the order of

10.13 secondsl. For a macroscopic investigation of bulk phenomena

with frequency spectra below 10 KHz, any perturbation in Ci(?,t)

from steady—state levels can thus be ignored to a very good

approximation. With this assumption, the VCi term in the Nernst-

Planck equation (2.97) vanishes in the intracellular and extra-

cellular spaces. The total current densities in those media then

become

++ ++ ++ ++

JI(r,t) = i JIi(r,t) = i OIiEI(r’t) — oIEI(r,t) (2.115)

This result is also stated in Kortum [45].
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++ + + + +

JE(r,t) = 1 381(t,t) - 1 OEiEE(r,t) = ofiEE(r,t) (2.116)

where the sum is over all significant ion species "1" and E

is the coulomb field. Note that the conductivities (defined in

expressions (2.91) and (2.92)) are now taken to be constant, in

keeping with the assumption of VC = 0 in these regions (and the

1

previous assumption applied in Section 2.1.3 that time changes in

C are insignificant: .2. C
i at i 0). The current densities in these

media are thus considered totally resistive; driven by electric

fields only and characterized by a conductivity which is the sum

of the individual conductivities contributed by each ion Species

(charge carrier).

The current density in the cell membrane requires a different

treatment. As above, perturbations from the steady-state resting

condition will be considered negligible, following the conclusions

of Sections 2.1.2 and 2.1.3. However, even in the resting state,

VCi is non—zero in the membrane. With the condition on ion species

"i" that CIi # CE1 (resting state concentrations, now assumed

to be constants over these regions), there will exist a concentra-

tion gradient across the cell membrane. If the membrane conductivity

for each such ion species is non-zero, C will be a continuous

Mi

function of space inside the membrane. Furthermore, if 0M1 is

a function of time or positionl, C will also vary with time or

Mi

position. Thus current flow in the membrane is characterized as

 

The word 'position' is used here in the sense of a location

along the cell's surface and not in the sense of a space variable

normal to the membrane. For a cylindrical cell centered on the z

axis of cylindrical polar coordinates, this would refer to a variation

in z or 0, but not in r (the radial coordinate).
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3M(?.t) = )3 3,113.0

i

-ziui(?)RT

=7; [ [zil vCMi('r’.t) + oMi(?.t)8‘M(?,t)] . (2.117)

With definitions (2.115) - (2.117), the boundary conditions

(2.113) and (2.114) become

-ziuiRT

fl_. _ + _ .3_

'§(——_'21 l VCMi 1 0min) 1 EM at 11M orIEI 8I at I11] 0 (2'118)

2
3
)

-ziu1RT

OEEE+€ESTEE'X(_[z—:|—VCM1+°M11M)’Ema—EEM'=0(2'119):
1
)

The functional dependence of the concentrations may be summarized

with

+ , =

CIi(r’t) - CIi (constant) (2.120)

+ . -

CEi(r,t) — CEi - (constant) (2.121)

CMi(f,t) = space and time dependent1 . (2.122)

In terms of the impressed field quantities defined in

Section 2.1.3, the membrane current is given by

3M<‘£,t> -- 3 oMi(?.c)[EM(f,t> $316.01 (2.123)

Implicit in assumptions (2.120) and (2.121) is the hypothesis

that ion movements across the membrane (in the form of ionic currents)

do not occur in sufficient magnitude to disturb the steady state

concentration profiles. Katz [40] indicates this to be an apprOpriate

assumption even in the case of an action potential.
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where

a+

+e RT VCMi(r’t)
EM 3 - , (2.124)

1 2 F +

i CM1(r,t)

 

iii is the impressed (equivalent) electric field maintained by

the concentration gradient of the ith ion species. With this

definition, the boundary conditions (2.118) and (2.119) are re-

written as

~ + e a + a_ ._n [i oMi(EM + EMi) + 5M 3: EM - OIEI - 51 at E1] - o (2.125)

+ 3 ++e 3+_

a [OEEE + eE 3t EE - i 0mmM + EMi) - EM'SE EM] — o (2.126)

The relations (2.107), (2.110), (2.118), and (2.119) form

the complete set of boundary conditions necessary for the solu-

tion of electric field problems in biological cells. They are

applicable to both time-dependent and quasi-static phenomena as

they were deve10ped directly from Maxwell's equations. Expressions

(2.125) and (2.126) are alternate forms of equations (2.118) and

(2.119) and will be used in the next section. It is emphasized

that the relationships in this section are valid only when the

field quantities they contain are evaluated at the apprOpriate

interface.
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2.2.2. Boundary Conditions Describing the Cell Membrane
 

In many investigations, to reduce the complexity of re-

sulting solutions, the neuronal membrane is modeled as infinitely

thinl. Since its thickness is on the order of 100 X (Eccles

[17]), this assumption is normally valid and very useful. The

major difficulty encountered in considering the membrane as a single

surface involves relating field quantities (such as potential,

current, and electric field) across the boundary that it forms.

To accomplish this, these field quantities in the boundary con-

ditions of the previous section must be integrated across the

membrane.

Consider the membrane geometry as depicted in Figure 2.5.

If it is possible to relate the field parameters defined on the

interior membrane surface at (b) to those on the exterior surface

at (a), then the intracellular and extracellular field solutions

may be obtained without solving the problem inside the membrane.

From Section 2.1.3, the current density inside the membrane due

to the ith ion species is

-> +

3fi1(?,c) . 0M1(?,t)[fin(r,c) + E;1(r,t)] (2.127)

where

0M1(?,t) - IziIF uMi(¥)cm(?,c) . (2.128)

1 This is the case in work done by Eisenberg and Johnson [20],

Hellerstein [30], and Rall [65]. This assumption is also implicit

in the core conductor model (Plonsey [60]).
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FIGURE 2.5

Geometry for Trans-Membrane Boundary Conditions
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The (negative) line integral from the surface at (a) to the surface

at (b) (Sa and 8 respectively) of equation (2.127) is taken as

b

S 3 (+ t) S ‘r

b Mi ’ + b+ + +6: -> . +
-fS ——:— (19. "fs [EM(I',t) + EMi(r’t)] d9! (20129)

a oMi(r,t) a

where a? = hdl. Applying the mean-value theorem for integrals

(Olmsted [58]) gives

8 S

b é&______.= -f b E . d3 - f b E9 - d? (2.130)
+ S Mi

a oMi(r,t) a a

+ +*

h . JMi(r ,t) f

*

where ? specifies some point between S3 and S on the path

b

of integration. The conductance of the ith ion species is now

defined as1

8b d2
gi(?T,t) = [[8 1‘1 (mhos/mz) (2.131)

+

a 0M1(r,t)

where $1 is a two-dimensional position vector (one dimension,

that normal to the membrane interfaces, having been integrated out).

.+

Vector :T may be defined in terms of the position vector r as

follows:

r = ¥T + fis (2°132)

1 This definition follows Stevens [74], Chapter 10 or Finkelstein

and Mauro [23]. The intent is to remove (via integration) parameters

that are defined inside the membrane. The membrane is so very thin

that macrosc0pic definitions tend to lose their meaning, and it is

experimentally easier to measure quantities across the membrane

(such as conductance) than quantities within the membrane (such as

conductivity).
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H
+

vector from origin to inner surface of membrane,

(
D II normal distance into membrane; 0 :_s :_d, where

d.= membrane thickness.

For example, in terms of cylindrical polar coordinates, with the z

axis as the center of a cylindrical cell and radial distance

r = b to the inner membrane interface (see Figure 2.7 of Section

2.3), ft = rb + 22.

Now one of two assumptions is invoked. It is assumed that

either:

i) The membrane is effectively infinitely thin, so that

whatever current enters the membrane normally

(perpendicular to) on one side emerges directly Opposite

(still in the fi direction) on the other side. This

is equivalent to neglecting the tangential component

of current in the membrane.

ii) The membrane is anisotrOpic so that no current can

flow in a direction tangential to the membrane's sur-

face. Conduction through the membrane is often con-

sidered to be the result of ions confined to specific

channels (pores) (see Katz [40], Plonsey [60], or

Ruch and Patton [70]). This is a physical constraint

that forces the 1 components of membrane current

density to be zero.

With either assumption, the normal (fi) component of membrane current

is the only component. As a result the current density must be a
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1

constant across the membrane . This gives

+ +* +

h ° JMi(r ,t) - JMi(rI’t) (2.133)

where J is the magnitude of the normal current density2 at

Mi

location fT. With relation (2.133) and definition (2.131), equation

(2.130) becomes

S S
+ + b-> b+e +

JM1(rT,t) - gi(rT,t)[-fsa EM a2 - Isa EMi . d2] . (2.134)

For quasi-static conditions, the potential difference be-

tween two points (1) and (2) is defined as3

v = ¢ - ¢ = -f E . d? . (2.135)
1

12 l 2 2

Applying this definition to the first term on the right—hand-side

of equation (2.134) yields

Sb
= - f E - d2 (2.136)

 

For current density to be constant for the case of assumption ii)

requires the additional constraint that any curvature of the membrane

is small with respect to the membrane's thickness so that the membrane

may be considered as planar. This is discussed at the end of

Section 2.3 for a cylindrical cell.

2
It is emphasized that h JMi represents the only component

of current density in the membrane. This gives JMi as the magnitude

of the total current density.

3
See Ramo, Whinnery, and Van Duzer [67]. Static or quasi-static

conditions are necessary so that voltage (V12) is synonymous with

scalar potential difference.
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where ¢M is the scalar potential in the membrane and Vm is

defined as the transmembrane potential. By use of boundary con-

ditions (2.107) and (2.110) (potential is continuous across an

interface) the scalar potentials in equation (2.136) become

+ o o

¢M|Sb - ¢I|Sb - ¢I(rT,t) ... the scalar potential at pOint

(fT) (2.137)

+ A o o

¢M Sa - ¢E Sa — <1>E(rT + nd,t) ... the scalar potential at p01nt

(51 + fid) . (2.138)

This gives the transmembrane potential as

+ + + A

Vm(r,t) = ¢I(rT,t) - ¢E(rT + nd,t) . (2.139)

Similarly, an effective potential difference across the

membrane maintained by the impressed field may be defined with

S
e + _ b+e -> . —>

This equivalent voltage may be further identified by expressing

Efii in terms of its definition (2.102):

 

1 This follows the convention of physiologists to define Vm

as the intracellular minus the extracellular potential. Also note

the position vector r for V is variable only in two dimensions

m

as Vm is defined across the membrane.



 

 

e b +e + b RT Mi +

V = -f E ' d2 = -f (- ) - d2

mi Sa Mi Sa ziF CMi

S 8C

RT b 1 Mi 8

‘ 2 F Is 0 . 32 d1 (33 di V ' 32)
i a M1

= RT be BCMi

ziF S CMi

[c .]

= 1:1}. 9n——[CMl]b (2.141)

1 Mi a

where [CMi]b and [CMi]a are the concentrations of ions of

species "1" just inside the membrane at surfaces Sb and Sa

respectively.

Assuming that the concentration of the ith ion species just

inside the membrane interface is related to the concentration just

outside the membrane by a constant partition coefficient 8

i

(see Plonsey [60]) gives

[CMi]b = Bi[CIi]b = (constantl) (2.142)

[CMi]a = Bi[CEi]a = (constantl) . (2.143)

Then expression (2.137) for the equivalent potential becomes

___. [CIi]b

2 F [C ]

] = (constant). (2.144)

E1 a 1 E1 a

From equation (2.144), V: may be identified as equivalent to the

i

 

1 As CIi and CEi have been assumed constant in Section 2.2.1.
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Nernst potential for the ith ion species. The Nernst potential

is defined as the equilibrium transmembrane potential required to

result in a drift current which just balances the diffusion current

due to an ionic concentration gradientl. From Plonsey [60], the

Nernst potential of the ith ion species is

[C ]

TC—Iil—ll . (2.145)

Ei a

e _ RT

Vi _ ziF En

By comparison with result (2.144), it is evident that

-V = V . (2.146)

With definitions (2.136), (2.140), and (2.146), equation

(2.130) can be expressed as

JMi(?T, c) = gi(;T, t)(vm(’r*,t) — vi) . (2.147)

Equation (2.147) relates the normal current density (assumed to

be the total current density) of the ith ion species within the

membrane to a conductance multiplying the difference between the

voltage due to the coulomb field and a constant Nernst potential.

The total current density through the membrane is then the sum over

all contributing ion species:

+ +

JM(r ,t) - f JMi(rr’t)

+ + e

— : gi(rT,t)(Vm(r,t) - vi) . (2.148)

 

+

l The Nernst potential may be derived by setting Ji =

Nernst-Planck equation, integrating from S8 to Sb’ and applying

0 in the

-..—.11.- IA 1lfl\ 1 In «In\ —-¢ 9...
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Now consider boundary conditions (2.125) and (2.126).

The membrane current density, used in each expression, is given

by equation (2.123) as

+ + +e

JM - i oMi(EM + EMi) , (2.123)

evaluated at the appropriate interface. By use of result (2.148),

this current density may be replaced in both boundary conditions

with

+ e

J — 2 gi(Vm - Vi)fi , (2.149)

M .
1

which is invariant across the membrane and thus the same at either

interface. The boundary conditions then become

e a 3 + _
i gi(Vm — V1) + fi°[eM 8: EM - £1 at E1 - oIEI] — 0 (2.150)

. 3 8 e _
n [oEEE + 5E at EE - 5M at EM] — i gi(Vm — vi) - 0 . (2.151)

The a gz-E terms in the preceeding expressions give rise

to a membrane capacitance. 5% at the interface of each region is

related to surface charge density as seen in boundary conditions

(2.109) and (2.112) of Section 2.2.1:

8 - (eMEM - eIEI) = n1 (2.109)

n - (e E e E ) (2.112)
E E ' M M = ”E °

The normal component of EM will be approximated as being a
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l . .
constant across the membrane , giVing the result

V

n - Eh =-{§ (2.152)

where Vm is the transmembrane potential (see definition (2.139))

and d is the membrane thickness. As the cell membrane is on

the order of 100 A thick, and the potential across the membrane

of a neuron at rest is on the order of 0.01 volts, the magnitude

of n . E8 is on the order of 0.01 volts/100 A = 106 volts/meter.

With such an immense field strength, variations from the constant—

field condition would have to be enormous to be a significant

deviation from approximation (2.152). Accepting relation (2.152)

as a valid approximation, and taking the time derivative of equa—

tions (2.109) and (2.112) yields

 

§_. _ A . §_. é ___
eM/d at vm 81 n at EI at “I (2.153)

A . 8 _ 3 é.__SE n at EB EM/d at vm at ”E . (2.154)

With VIn being defined via a line integral of EM across

the membrane, it is expected that n - §—-B =.Q_ Vm/d would have

at M at

. . fi_. . B__
the same order of magnitude as n at 81 or n at EB (as

time rate of changes of fields on either side of the membrane

interfaces should be similar). This gives

§_. . a_.+
eM/d at Vm >> 81 a at E1 (2.155)

 

l

The constant-field approximation has been widely used in membrane

electr0physiology, and has given results in good agreement with

experimental observations. See Plonsey [60] for further discussion.
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v 3—-E 2 1 6
M 3t m E ° at E ’ ( ° 5 )

since for a typical cell SM is approximately 680; El and

8E are approximately 8080 (the value for H20); and with

0

d = 100 A, eM/d is on the order of 107 times larger than 61

or CE (values from Katz [40]). Thus expressions (2.153) and

(2.154) to a very good approximation are

EM/d E Vm = 5? 111 (2.157)

3 - .2.
eM/d at Vm - - 3t nE (2.158)

with the further result that

8: n1 ' at nE ' (2’159)

The relationship between a current, voltage, and capacitance is

I = C gE-V. Noting that the time derivative of a (surface) charge

density yields a current density gives rise to the definition

2

Cm - eM/d (farads/m ) , (2.160)

so that

a 1 a é _ 8

cm 3t Vm _ at nI at nE (2'161)

where Cm is defined as the membrane capacitance per unit area.

With the time derivative of boundary conditions (2.109)

and (2.112), expressions (2.150) and (2.151) now become

e A . §L_ =

i gi(Vm - V1) - 01 n EI + at n1 0 (2.162)
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l
o
.
)

e

nE - 8 gi(vm - Vi) — 0 . (2.163)

1

A E +

0E n E Q
)

t

Denoting the n component of a vector with the subscript n and

applying expression (2.161) gives the final boundary conditions

across the membrane as

e 3

i gi(Vm - Vi) + Cm 8t Vm - OI EIn - 0 (2.164)

OE -Zg(V-Ve)-C8—-V=0. (2.165)
E En i i m i m 8t m

The capacitance term in the above eXpressions arises from

the effects of displacement (polarization) current within the mem-

brane. As noted in Section 2.1.3, displacement currents can be

ignored in the intracellular and extracellular volume conductors

as the conductivity in those regions is large with respect to

polarization effects for the frequency spectra of natural bio-

electric phenomena. This is not the case in the membrane as its

conductivity is far smallerl. Thus at the boundaries of the

membrane, dielectric effects become apparent in the form of sur-

face charges and related capacitance. The net effect of the

approximations involved in expressions (2.157) and (2.158) is that

the displacement currents in the intracellular and extracellular

regions may be ignored, while displacement current in the membrane

is significant.

Boundary conditions (2.164) and (2.165) describe the normal

+

current density (0 En) at the interior or exterior membrane surface

 

l The membrane is in fact a very good dielectric, maintaining

a field on the order of 106 volts/meter in the resging state. This

compares with a breakdown field strength of 3 x 10 volts/meter for air.
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as due to a capacitive current and drift current driven by the

transmembrane potential and the (constant) Nernst potentials of

the ions. Adding these boundary conditions yields the relationship

between normal current densities across the membrane as

GEEEn - oIEIn = 0 . (2.166)

Equation (2.166) reiterates the major assumption of this section

that membrane current has only a constant, normal component. The

net result as seen in expression (2.166) is that any current that

enters the membrane at one point emerges from the membrane directly

Opposite its entry point on the other side.

The desired boundary conditions are displayed in equations

(2.164) - (2.166). They can be summarized with

3V
m e

oEEEn — OIEIn - cIn 5};— + 2 gi(Vm - vi) , (2.167)

1

which is essentially the same result as used by Hodgkin and Huxley

[37] in their classic development. Equation (2.167) describes a

useful equivalent circuit for the membrane in per-unit-area para-

meters. Following Hodgkin and Huxley, Na+ and K+ are taken as

the only two ion species with variable conductivities. All other

ion species are lumped into a single "leakage" conductance (g1)

and Nernst potential (Vi). This gives

3V

m e e

OE =oE =C——+g (v-v )+g(V-V)
E En I In m at Na+ m Na+ K+ m K+

e
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Expression (2.168) defines the equivalent circuit configuration

as shown in Figure 2.6. Note that the sign conventions have been

followed of n being directed outward from the cell interior and

all voltages defined as intracellular with respect to extracellular

potential. The series of papers by Hodgkin and Huxley ([34] -

[37]) derived this equivalent circuit and obtained the functional

dependence of gNa+ and gK+ via experimental observations.

The material presented in this section indicates the procedure and

assumptions necessary to arrive at their result from an EM field

approach, and defines the conductances in terms of membrane con-

ductivityl.

 

1 See also Finkelstein and Mauro [23] for a discussion of equi-

valent circuit derivations and definitions of parameters for several

different circuit descriptions of the membrane.
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Equivalent Circuit for a Unit Area of Membrane
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2.3. Constant-Field Membrane Model in Cylindrical Coordinates
 

This section will derive a few basic results for a membrane

of cylindrical geometry. The structure modeled will consist of a

nerve axon (or dendrite) in its resting condition. The geometry

is outlined in Figure 2.7. The structure is assumed to be rota-

tionally symmetric about the z axis, so that all physical

quantities will be independent of ¢. The internal radius is b,

external radius is a, and the membrane thickness is then a-b = d.

From result (2.101), the current due to any ion species is given

as

-+ +e

J1 - 01(Ei + E) (2.101)

where

01 — Izi|F uiCi (2.91)

vc

E: = - E—T— 7} (2.102)

1 1

E = -v <1> . (2.100)

Within any volume region (E, M, or I) electroneutrality

is assumed, such that

i 21Ci = 0 . (2.169)

In the intracellular (I) and extracellular (E) regions, this con-

dition will be satisfied in the resting state for macroscopic

distances greater than the Debye shielding distance (about 10 A,

see Section 2.1.2 or Plonsey [60]). In the membrane (M), it will
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FIGURE 2.7

Cylindrical Geometry for a Nerve Axon or Dendrite
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be assumed that condition (2.169) is satisfied, though it is noted

that macrosc0pic conditions are not well defined in a structure

0

that can be as small as 50 A thickl. With no externally applied

sources, the divergence equation for E' (2.99) reduces to

v - E(r,z,t) = 0 (in E,M, or 1). (2.170)

In the resting state, the transmembrane potential is longitudinally

invariant, with the result that fields and currents have neither

2 components nor 2 dependence. Thus in cylindrical coordinates

equation (2.170) becomes

jL_
V - E(r) = 3r

H
I
H

[r Er(r)] = 0 . (2.171)

Now it is possible to proceed to solve for Eh(r) = f EMr(r),

the field in the membrane. By equation (2.171) (r EMr) = K =

(constant), giving

K
EMr — r . (2.172)

Applying the definition of Vm from equation (2.139) yields2

v = (b) - (a) = - b E (r)dr
m ¢1 ¢E fa Mr

b K
- -fa r dr

b
= -K Em; . (2.173)

Many authors describing microscopic conditions within the membrane

use a fixed-charge model (Plonsey [60], Offner [57]). The assump-

tion applied here is that any fixed charges inside the membrane are

canceled in a macroscopic sense by mobile ions of the opposite sign.

2 Note that V (in the resting condition) is a constant, and

is only a functgon of r. Time dependence is dropped as the system

is assumed time invariant in the resting state.
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This defines K as

V

m

K = (m a/b °

(2.174)

Thus in the resting state, the electric field in the membrane is

V

m

EMr(r) =W . (2.175)

With a >> d = a-b (axon radii range from lu to 1 mm, while d

O

is in the range of 50 to 150 A), a series expansion can be applied

to En a/b giving

(777: a/b = (7m —- ='°- —— . (2.176)

Realizing that, for points interior to the membrane, r is re-

stricted to a-d < r < a, the result follows that r 2n a/b é

Egd i d. Equation (2.175) then reduces to

Vm

EMr(r) é-—E = (constant) . (2.177)

Equation (2.177) indicates that to a very good approxima-

tion the electric field in the membrane will be constant. A con-

stant-field assumption is widely used in membrane biOphysics prob-

lems and it will hold for cylindrical coordinates so long as

d << a. In the steady-state resting condition, no net charge is

transferred across the membrane. The result of this, in all three

compartments (E,M,I), is that

31 s 0 . (2.178)

+

J = E

1

By use of relations (2.115) and (2.116), the electric fields in the

interior and exterior regions may be found as



E - E 0 E —0J1 - OI I = :9 I - , (2.179)

+

JE — OEEE - 0 s EE - 0 . (2.180)

The electric field for all space can now be summarized with

 

E = 0 0 < r < b

I

E XE “ b < < 2 181EM r 2n a/b r r a ( . )

E - 0E - a < r

By equation (2.100), this implies

+

¢I(r) = (constant)

_y.

mm = on (2.182)

+

¢E(r) = (constant) .

Since ¢E = (constant) and the potential at r +-m is required

to be zero (by definition), ¢ = 0. Applying the definition of

E

transmembrane potential gives VIn = ¢I(b) = ¢I(E). Then by use

of E = -v 0, and integrating for ¢M(E) (applying the boundary

condition requiring the continuity of potential at interfaces)

gives

$1 = Vm

_ En r/b

¢ = 0 .
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The final consideration is to evaluate Vm' Due to the

longitudinal invariance, the condition Jzi = 0 holds in all

compartments for all ion species "i". In the steady state, the

continuity equation (2.96) reduces (in the membrane) to

1 3

rig; (r JMri(r)) - 0 . (2.184)

This indicates that

r JMri(r) = (constant) . (2.185)

A

Applying the conditions of longitudinal invariance, no 2 com-

ponent of membrane current density, and rotational symmetry to

the Nernst-Planck equation (2.97) gives

-z (r)RT 3C (r)

JMri(r) = iu‘i‘h 3:” + lzilmMi(r)CMi(r)EMr(r). (2.186)

1

 

The assumption is now made that u (r) (the mobility of the ith

Mi

ion species within the membrane) is a constantl. With this and the

solution (2.181) for EMr’ equation (2.186) can be expressed as

 

  

-2 u RT 3C (r) V

_ i Mi Mi m

JMri(r) _ Izi[ 3r + IzilEuMiCMi(r)[r W1 a/b]’ (2°187)

or aCMi _ 21F Vm CMi g ‘21 JMri (2 188)

8r RT 0n a/b r lziluMi RT

The first-order differential equation (2.188) is easily

solved in the form

 

1

This assumption is necessary in the development of the Goldman

equation (see Plonsey [60]). It implies that the membrane is con-

sidered homogeneous as well as uniform.
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emu) = cfflu) + C511“) (2.189)

where Cp1(r) = the particular integral,

and c;i(r) = the complementary function.

By inspection, the particular integral is found as

JMri(r) E/n a/b

=Tz1h uM1 Vm

 

(2.190)

since by result (2.185), r J (r) is a constant. The homogeneous

Mri

equation is integrated to yield the complementary function as

 

  

  

  

z1 VmF

(___) F v 071 r
RT 2% a/b _ m

CMi(rr) = Ar - A exp[RT 2n a/b ] (2.191)

where A = constant of integration.

Thus the complete solution takes the form

21F Vm 0n r] Mm“) (7m. a/b

C (r) = A exp [ . (2.192)
Mi RT 2771 a/b +Tz:]F“M1Vm

The constant of integration (A) is found by evaluating

equation (2.192) at r = b:

2 F Vm 2n b b JMri(b) Zn a/b

C (b) = A exp [ ] + . (2.193)

Mi RT 871 a/b TzilF uMivIn

This gives integration constant A as

- VW[C bJMri(b) an a/b]exp [ 2 F m 2n b] . (2.194)

EilFMu 1mv RT 0,; a/b

With definition (2.194), the concentration of the ith ion species

at any point r in the membrane is



82

bJMri(b) 0m a/b] 21FmV in r/b

-1TzIF uM1VmeXp[RT Pmma/b

  

C (r)= [CMi

Mi ]

rJMri(r) 0n a/b

+rziIF uMiVm

 

(2.195)

Now expression (2.195) is evaluated at r = a and it is noted

(by result (2.185)) that r JMri(r) = (constant) = b J (b)

Mri

= a J to obtain

Mri(a)

21F Vm

lzilF “Mivm CMi(a) " CMi(b)exP(—‘ET_—)

Mri(r) ‘ 2n a/b 2 F vm

1 ‘ “MT

 r J ] . (2.196)

)

By the assumptions described in the previous section re-

garding the partition coefficient 3 (equations (2.142) and

  

(2.143)),

21F Vm

J (r) g lzilF “Mivm [CEi ' C11 exP( RT )1 (2 197)

Mri r 0n a/b Bi 2 F vm ’ '

1 ‘ exp‘T’

where CE1 and 011 are the (constant) extracellular and intra-

cellular concentrations of the ith ion species. Defining a

perméability coefficient for the ith ion species as

u RT

P 8 i B

1 21 F d

i (m/sec) (2.198)

and substituting these last two expressions into the steady-state

electroneutrality condition (2.178) leads to
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2 2 z.F Vm

0 g _3 = Pilzil F vmd CEi-Cli expC—-§T——9] (2 199)

i Mi i r RT 2m a/b ziF vm °

1 - exp<T>

since 3M1 has only an E component.

To obtain a final result, the three ion species (sodium,

potassium, and chloride) that are the charge carriers within the

membrane are explicitly inserted into constraint (2.199), and the

equation is rearranged to determine Vm:

 

 

 
 

2 ziF Vm

v d F C —C -——————

0 = m z |z [2 P [ E1 11 exp( RT )1 (2 200)
1: RT an a/b i 1 2 F v ’

i 1 - exp(—1——‘“>
RT

[CNa+]E-[CNa+lleXp(F Vm/RT) [CK+]E-[CK+]IeXP(FVm/RT)

0 = p { }+ P { }
Na+ 1 exp(F Vm/RT) K+ 1 - exp(F Vm/RT)

 

 

 

[C ]E eXP<F V /RT) - [C ]

C1" m C1’ 1} (2 201)
+ P { .

Cl- 1 - exp (F Vm/RT)

PNa+[CNa+]E + PK+[CK+]E + PC1"[CC1']I
exp(F Vm/RT) = (2.202)

P [C ] +P [C ] +P [C ]

Na+ Na+ I K+ K+ I C1" C1” E

P [C ] + P [C ] + P [C ]

v __51 Zn Na+ Na+ E K+ K+ E C1 C1 I (2 203)

m F P +[C +]I + P +[C +]I + P _[C _[E ' ’

Na Na K K C1 C1

This result for Vm is the well known Goldman equation for trans-

membrane potential (see Plonsey [60]).

The results of this section are summarized as follows.

For a membrane described by cylindrical coordinates in its steady
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state resting condition, the fields, currents, and potentials are

given as

1) E = E = 3 . 3 - o .

A + A

11) 3M1 - r JMri(r) , EM = r EMr(r) ,

iii) r EMr(r) = (constant) ; r JMr(r) = (constant), and

iv) the Goldman equation (for Vm) holds.

These results are contrasted to the usual constant-field deve10p-

ment where the problem is solved with a planar membrane in

rectangular coordinates, resulting in 3M1 and EM both being

constants (see Plonsey [60]). With the condition of a >> d, the

cylindrical ER and 3&1 approach the situation of the rectangular

solutions as being approximately constant. In either case, the

Goldman equation is exactly the same for either a planar or

cylindrical membrane.



CHAPTER 3

STEADY-STATE ELECTROTONUS

This chapter is concerned with developing a solution for

electric field quantities in and about an axon or dendrite that

has been subjected to a constant, maintained stimulus long enough

for transients to damp out. The solution is found for three

volume conductor compartments (intracellular, extracellular and

membrane), so that the effect of allowing membrane current to have

a longitudinal component can be examined (as compared to solutions

in Chapter S where 3k is allowed only a normal component). The

first section of this chapter is a statement of the problem and

assumptions. Sections 3.2 and 3.3 carry out the solution using

the Fourier transform and numerical inversions for a variety of

stimulating electrodes. Included in the last section are plots

of potential as functions of r and z, and a calculation of

membrane capacitance from surface charge and transmembrane potential.

3.1 Statement of the Problem
 

The model under consideration is that of a cylindrical

cellular structure, such as an axon or a dendrite. In the last

chapter (Section 2.3), a simple solution for the resting potential

in cylindrical geometry was carried out. This chapter considers

perturbations from that solution caused by a steady, subthreshold

85
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stimulus of an infinite duration. This type of source yields two

simplifications to the problem. The first is that in the steady

state all quantities will be time independent (the stimulus being

maintained long enough for transients to end), allowing all time

derivatives to be set to zero. The second simplification is that,

for a subthreshold stimulus, active events (the action potential)

are not excited and the membrane parameters may be taken as re-

maining at their resting-condition values. Physiologists label

this type of situation as steady-state electrotonus (see Plonsey

[60], Ochs [54]).

The geometry to be used is illustrated in Figure 3.1.

The coordinates are cylindrical polar (r,¢, z), with the z

axis aligned with the central axis of the membrane cylinder. The

cellular structure is assumed to be uniform in the 2 direction

with inner and outer radii of r = b and r = a respectively.

This gives the membrane thickness as d - a - b. The three compart-

ments, separated by the membrane interfaces, are the intracellular

(I) for O §_r :_b, the extracellular (E) for r_: a, and the

membrane (M) for b < r < a.

The length of the cylindrical cell is taken to be infinite

in both the 1:2 directions. Rall [65] demonstrates that the

electrical behavior of a finite cell and an infinite cell are

essentially the same if the finite cylinder is longer than a

few length constants, A.1 This conclusion is also

1 The length constant x is defined as the longitudinal dis—

tance required for an electrotonic perturbation in Vm to decay

by e—l.
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a - b = d Extracellular Medium (E)

a membrane thickness

 

FIGURE 3.1

Geometry for a Cylindrical Cell
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supported by Eisenberg and Johnson [20]; and a similar result is

given by Klee [42] for cells that are long with respect to their

radius. Thus solutions for an infinitely long structure hold for

a large class of real axons and dendrites.

Another idealization of the geometfy is to assume that all

quantities in the system are rotationally symmetric about the z

axis. This condition is met if all stimuli are supplied via electrodes

having rotational symmetry1 (i.e., ring electrodes centered on the

z axis). This assumption serves to reduce the problem to one

involving only two spatial coordinates: r and 2. If these sources

are further constrained to be applied only at the membrane inter—

face boundaries, then the source terms for the volume conductor

regions (38 and p8) can be set to zero in the equations developed

in Section 2.1.3. The stimuli are then applied in the boundary

conditions. This technique is similar to that used in separation

of variables solutions (see Arfken [2]), and was utilized by

Hellerstein [30] in his electrotonus developmentz.

Now consider the fields and currents in the intracellular

and extracellular regions. With the apprOpriate assumptions3 that

 

l The work of Eisenberg and Johnson [20] on steady-state electrotonus

in three dimensions (r,¢,z) with point electrodes indicates that

perturbations from rotational symmetry are insignificant for axial

distances from the source electrode greater than the axon diameter.

Thus even non-rotationally symmetric stimuli will yield results

similar to those presented here for such distances.

Hellerstein [30] chose the limited case of currents and charges

being supplied by a source on one side of the membrane and absorbed

by a sink directly opposite on the other side of the membrane. The

case presented here is more general.

See Chapter 2, Sections 2.1.3 and 2.2.1.
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the cell interior and exterior are described by simple, linear,

homogeneous, and electroneutral medial, then the volume conductor

equations are given as:

31(r,z) = oIEI(r,z) (3.1)

3E(r,z) = oEEE(r,z) (3.2)

CI = i oIi = i|zi|F uIiCIi (3.3)

CE = E 0E1 = ilzilF uEiCEi (3.4)

2
V ¢I(r,z) = 0 (3.5)

2
V ¢E(r,z) = 0 (3-6)

E1(r,z) a -V¢I(r,z) (3.7)

EE(r,z) = —V¢E(r,z) . (3.8)

The membrane exhibits a more complicated behavior. As

noted in the introduction to this chapter, the solution will be

carried out for fields and currents within the membrane. The

primary reason for this is to check on the assumption required to

obtain the boundary conditions in Section 2.2.2; i.e., that membrane

currents have only a normal (2) component. In this chapter and the

1 This implies that u C

see Section 2.2.1.

and C are all constants,

11’ “E1’ 11’ Ei
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next, the membrane will be considered a homogeneous and isotrOpic

medium, allowing currents in the tangential (2) as well as radial

direction. Other advantages to solving the three compartment

system (as opposed to integrating the membrane out of the problem

as is done in Section 2.2.2 and Chapter 5) is that it enables model-

ing of fields within the myelin sheath (see Chapter 4) and it

allows a direct calculation for membrane capacitance (see Section

3.3.4).

The equation that describes current density within the

membrane is given in Section 2.2.1 as

+ -ziui(r)RT +

JM(r.Z) = i[T VCMi(r.2) + 0M1(r.Z)EM(r.2)] . (3.9)

where rotational symmetry, steady-state conditions, and uniformity

of the membrane in the 2 direction have been assumed. The con-

centration profiles and mobilities of each ion species "1" are now

assumed to remain at their resting (no stimulus) condition values,

giving

-ziuiRT +

3M(r,z) = i[—[—z—i-|— vcmm + oMi(r)EM(r,z)] , (3.10)

where u1 has been taken as constant (as in Section 2.3) and

CM1(r) is given by solution (2.195) of Section 2.3. The

VCMi(r) terms in equation (3.10) are the source of the resting trans-

membrane potential. If the coulomb field ER is expanded via a

small signal analysis into
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EM(r,z) = EMo(r) + Eé(r,z), (3.11)

where IEMo is the resting condition field and +' is the

perturbation, then equation (3.10) becomes

-2 u RT
3 1 1 + +'

3M(r,z) 231—2—11— chim + oMi(r)EMo(r)] + ioMi(r)EM(r,z).

(3.12)

The first summation on the right hand side of equation (3.12) is

just the membrane current in the resting state, and this (by

l

steady-state considerations, see Section 2.3) must be zero .

Thus the current density within the membrane is

3M(r.2) = 0M(I)E,jl(r.2) . (3.13)

where

oM(r) = Mi(r) . (3.14)

M
M

0

A major assumption is now applied. The total conductivity

(GM) will be taken as a constant. While the conductivities of

the individual ion species ( ) are clearly non—constant in

0M1

at least the radial direction (see Section 2.3), the sum of

individual ionic current densities at any point in the system must

be zero to satisfy steady-state and electroneutrality conditions.

With a constant-field membrane, this implies that GM is a

l The field, + , is just that maintained by the concentration

gradients so thag their net effect on total current flow is zero.
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constantl. Using this assumption, the equations describing the

perturbations from the resting state within the membrane are

EN = oMEfi (r,z) (3.15)

2.-
v ¢M — o (3.16)

fig = -v¢fi (3.17)

where the prime denotes that the quantity is a change from the

resting value, and macrosc0pic electroneutrality has been assumedz.

As the conductivity is (for now) assumed invariant, it may be

eXpressed in terms of the total conductance (gm) across the membrane

as

GM = gmd mhos/m . (3.18)

The electric field and potential in the cell interior and

exterior may similarly be expanded into a resting condition com-

ponent (subscript "0") and a perturbation (primed quantity).

Applying the results of Section 2.3, these quantities become

EE(r,z) = EE0 + Eé(r,z) = Eé(r,z) (3.19)

 

Otherwise there will be a build up of charge within the membrane.

Some authors (see Offner [56], [57]) postulate a given mobility

and/or conductivity function within the membrane and carry out

one dimensional solutions in the resting state. This type of solu-

tion is close to a microscopic approach, and is not the class of

problem being considered here.
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E1(r,z) = E10 + E3132) = fin,» (3.20)

¢E(r,z) = ¢Eo + ¢é(r,z) = ¢é(r,z) (3.21)

¢I(r,z) = ¢Io + ¢i(r,z) = Vr + ¢i(r,z) (3.22)

where Vr is the resting potential across the membrane. By

linear superposition, the problem may be solved using equations

(3.1) - (3.8) and (3.15) - (3.18) for E' and ¢' in each region,

and the total electric field and potential recovered by combining

the resting condition results with the perturbation solutions.

To completely specify the problem, the boundary conditions

at the membrane interfaces must be given. From Section 2.2.1,

the potential across these surfaces is continuous as

II

9 v¢E(a,z) = ¢é(a,z) (r (3.23)

¢i(b,z) = ¢fi(b,z) (r b) (3.24)

where the perturbations in potential have been used (by linear

superposition, they must satisfy the boundary conditions) and

4E = ¢é has been applied.

The boundary conditions on normal (E) current densities

are complicated by the inclusion of the source terms. The

electrodes are assumed to be ring structures that cause a

rotationally symmetric discontinuity in normal current density

across the interface. The stimulus for the problem is thus



94

a current source or sink just at the membrane surfaces that affects

(ynly the normal component of current at the electrode locationl.

VJith this source term and steady—state conditions (g: + 0), these

boundary conditions are (from expressions (2.113) and (2.114),

Chapter 2)

JEr(a,z) - JMr(a,z) - J;(z) (3.25)

s
JMr(b’z) - JIr(b’z) - JI(z) (3.26)

where J: and J: are the external and internal stimulus current

densities. Applying equations (3.1), (3.2), and (3.13) for current

densities, and relations (3.19) and (3.20) for perturbations of

if dildcIanEeaso

oEEEr(a,z) - 01131263,” - J;(z) (3.27)

oMEfirwgz) - oIEIr(b,z) = J:(z) . (3.28)

The total problem is now specified, given the source current

densities JS and J5.

 

E I The defining equations can be summarized

as

¢i(r.2)

!

v2 4’14““) =0 (3.29)

l
The geometry and physical realization of this type of source

is discussed in Section 3-2-7-
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A

f¢i(r,29

¢é(r,z)

 
¢ (r,z)

CE J

V
i

 

(3.30)

With boundary conditions (3.23), (3.24), (3.27), and (3.28), they

form the complete set of equations to be solved in the next section.
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3.2. Steady-State Electrotonic Solution in Fourier Domain

3.2.1. General Fourier Transform Solution
 

Several techniques might be utilized to solve the problem

described in Section 3.1. These methods include separation of

variables, develOpment of a Green's function, and Fourier trans-

form. Of these three, the Fourier transform approach proves to

be the simplest and most direct. Hellerstein [30] and Clark and

Plonsey [8] have used this technique on similar problems involving

two volume conductor regions.

The exponential Fourier transform of a function F(x)

is defined with1

ak{P(x)} -= F(k) = I:F(x)e-jkx dx (3.31)

ka dF(x) = sniffing} % I: F(k)e k . (3.32)

Derivatives with respect to the variable x are transformed as

3153:1359} - (jk)nF(k) . (3.33)

8x

This transform will be applied on the spatial variable 2 in solving

the problem described in the previous section.

The equations (3.29) for the potential in each of the

three compartments are all identical. Thus only one representative

equation need be solved. This equation is just Laplace's equation:

 

See Erdélyi et a1. [21] or Churchill [7] for definitions, prop-

erties , and tables of Fourier transforms.
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2

V ¢(r,z) = 0 (3.34)

where ¢ can represent the intracellular, membrane, or extra-

cellular potential. Expanding the Operator V2 in cylindrical

coordinates leads to

2
l_§__ 3¢(r z) 3 @(r,z) g
r 8r [r §;——4—-] +-——§—-—- 0 . (3.35)

82

Taking the Fourier transform of equation (3.35) and applying

property (3.33) yields

2

L2- ¢(r,k) + 1?— <I>(r,k) - k2 ¢(r.k) = 0 . (3.36)
3r r 3r

a second order, ordinary differential equation.

Equation (3.36) has the general solution

¢(r,k) = C1(k)Io(kr) + C2(k)Ko(kr) , (3.37)

where IO(~) and Ko(-) are the zero-order modified Bessel

functional. C1(k) and C2(k) are the integration constants to

be determined by the boundary conditions. The functions 10(x)

and Ko(x) have the properties that

lim Io(x) = m (3.38)

x—wo

 

See Abramowitz and Stegun [l] or Arfken [2] for reference to

the modified Bessel functions and their defining equation.
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lim Ko(x) = m . (3.39)

x+ 0

Since on physical grounds the potential is required to be finite

at r O and r m, the intracellular potential must have

C2(k) 0 (as r 0 e [O,b]) and the extracellular case re-

quires Cl(k) = O (as r = w e [a, co)). Thus the potential for

each of the three compartments may be expressed as

Sin—,1.) = A(k)Io(kr) (3.40)

fi(r,k) = B(k)Io(kr) + C(k)K0(kr) (3.41)

¢E(r,k) = D(k)Ko(kr) (3.42)

where A, B, C, and D are to be determined via the boundary con-

ditions at the membrane.

Taking the Fourier transform of boundary conditions (3.23),

(3.24), (3.27), and (3.28) leads to

E (a,k) = 33'6““) (3.43)

A

C
T

x

V

I

- «mono (3.44)

OEEEr(a,k) - oMEfir(a,k) = 3:00 (3.45)

ONE-Firw’k) - oIEIr(b,k) = 3:0.) (3.46)
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where 32(k) and '3:(k) are the transforms of the source

current densities (and will be specified in the next section).

Boundary conditions (3.45) and (3.46) may be expressed in terms of

potential by means of equations (3.30) as

§__ I _ §_. = S
0M 8r ¢M(a,k) OE 3r ¢E(a,k) JE(k) (3.47)

01 3r ¢I(b,k) OM 3r ¢M(b,k) JI(k) . (3.48)

Now the constants A(k), B(k), C(k), and D(k) are

determined by applying the above boundary conditions. Sub-

stituting equations (3.40) - (3.42) into relations (3.43) and

(3.44) yields

Io(ka)

D(k) = B(k) W + C(k) (3.49)

Ko(kb)

A(k) = B(k) + C(k) W . (3.50)

Similarly, boundary conditions (3.47) and (3.48) give

koM[B(k)Il(ka) — C(k)K1(ka)] + koED(k)K1(ka) = 32(k) (3.51)

_ -s
koIA(k)Il(kb) - koM[B(k)Il(kb) - C(k)Kl(kb)] - JI(k) (3.52)

O a - é— : _where the prOperties 3x Io(x) — Il(x) and 3x Ko(x) K1(x)

have been applied (see Abramowitz and Stegun [1]). Rearranging

equations (3.51) and (3.52) obtains



.38 o I (ka)

___ji_______ ..fl _ _l;____

D - koEKl(ka) + GE [C B K1(ka)] (3'53)

‘35 0 K (kb)
I M l

A = ——————————-+-—— [B - C ———-——J . (3.54)

koIIl(kb) OI 11(kb)

Equations (3.49), (3.50), (3.53) and (3.54) are combined

tlc> find the constants A through D. Substituting relation (3.53)

Zirlto equation (3.49) leads to

JE Io(ka) Il(ka)

(OE - OM)C ='E—EI?E;7 - [OE E;(E;)'+ OM EITEE)]B . (3.55)

Iaikewise, equations (3.50) and (3.54) yield

3: Ko(kb) K1(kb)

(01 ' OM)B = k Il(kb) ‘ [OI Io(kb) + OM 11(kb)]C ' (3'56)

(Zombining equations (3.55) and (3.56) gives C(k) as

  

(OI - 0M)3§(k> 3:00 1 (ka) 11(ka)

C(k) = - [o —9————-+ o ———-—-q, (3.57)
k Kl(ka)F(k) k Il(kb)F(k) E Ko(ka) M K1(ka)

where F(k) is defined by

Ko(kb) Kl(kb) Io(ka)

F(k) = [(01 ' OM)(OE ” OM) ' (OI Io(kb) + OM Il(kb))(OE Ko(ka)

11(ka)

)1 . (3.58)
+ 0M Kl(ka)



101

Ilssing relation (3.57) in equation (3.56) then obtains

  

 

 

 

—38(k) K (Rb) K (kb) (0 - o )33(k)

I3(k) = E [o -£l———- + o —l;————]-+ E M I (3 59)
k Kl(ka)F(k) 1 Io(kb) M Il(kb) k 11(kb)F(k) ° '

1?:ixually, with equations (3.57) and (3.59), A(k) and D(k) are

:Ekalind from relations (3.54) and (3.53) as

A( «“3310 3:00

1<) = + [(o - o )

kzb Io(kb)ll(kb)Kl(ka)F(k) k 11(kb)F(k) E M

K0(kb) Io(ka) 11(ka)

-————(0 -——-—+0 —-———-—)1 (3.60)
Io(kb) E Ko(ka) M Kl(ka)

3:(k) Io(ka) Ko(kb) Kl(kb)

I)(k) = k Kl(ka)F(k) [(01 ‘ OM) ‘ Ko(ka) (OI Io(kb) + 0M Il(kb))]

o 38(k)

- g I (3.61)

k a Il(kb)Ko(ka)Kl(ka)F(k)

‘vhere the property l/x = Io(x)Kl(x) + Il(x)Ko(x) has been utilized

(Abramowitz and Stegun [1]).

With the constants A through D given above, the potential

in each compartment is found by taking the inverse Fourier transforms

of each potential:

1 __ L °° jkz
¢I(r,z) — 2" [_m A(k)lo(kr)e dk (3.62)
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¢é(r,z) =-%; ffm[8(k)10(kr) + C(k)Ko(kr)]ejkzdk (3.63)

¢E(r,z) =-%; fme(k)Ko(kr)ejkzdk . (3.64)

As the expressions in transform (k) space are quite complicated,

it is not possible to invert these solutions analyticallyl. The

only recourse is to use a digital computer and perform the inversions

numerically. This is carried out in Section 3.3. However, first

the source current densities 3:(k) and 3:(k) and the electrodes

that supply them must be specified,as the exact form of the solu-

tion is determined by the stimulus functions.

It is also possible to specify the electric field and

current density of each region in transform space. Applying rela—

tion (3.30) and property (3.33) to equations (3.62) - (3.64) gives

1 w k
EIr(r,z) = "2; ;_m k A(k)Il(kr)ej zdk (3.65)

__ - 1 oo jkz

EIz(r,z) - -§; f_mjk A(k)Io(kr)e dk (3.66)

EMr(r,z) — - 2n [_mk[B(k)Il(kr) C(k)K1(kr)]e dk (3.67)

E (r z) = - le- ” ‘k[B(k)I (kr) + C(k)K (kr)]ejkzdk' (3 68)
M2 ’ 2n f—«Q o 0 °

E (r z) =-l— f” k D(k)K (kr)ejkzdk (3 69)
E]: ’ 2'" "oo .1. .

 

l Hellerstein [30] shows that with a series of approximations,

a simpler two—compartment model reduces to the cable equations

for electrotonus. These approximations will not apply in the

general case (especially near the electrodes) as the integration

range is infinite.
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jkzdk . (3.70)EEz(r,z) = - %;'ffm jk D(k)Ko(kr)e

The current density at any point is obtained by multiplying the

electric field at that location with the appropriate conductivity

for the region. It is easier and more accurate to obtain electric

field or current density from equations (3.65) - (3.70) with

numerical integration than to use relations (3.62) - (3.64) to

first find potential and (numerically) differentiate for electric

field. The most commonly specified parameter in neural theory is

Vm’ the transmembrane potential, so that most results in this pres-

ent report will be found by inverting equations (3.62) - (3.64)

for potential.
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3.2.2. Electrodes and Source Current Densities
 

The solutions of the previous section are for perturbations

in potential that arise when an externally supplied source current

density is used as a stimulus. The source was handled in a gen-

eral fashion and was not specified. This section defines the

stimuli and the types of electrodes that supply them.

In Section 3.1, the source terms J:(z) and J:(z) were

defined in boundary conditions (3.25) and (3.26) as axially symmetric

discontinuities in the normal component of current density across

either of the membrane interfaces. The symmetry condition requires

that the stimulus be applied via a ring structure placed on the

membrane surface involved. The best physical realization of this

type of source is a flat metallic ring electrode supplying the source

current and located at the membrane. This structure is indicated

in Figure 3.2 for the extracellular case. The electrode is specified

as a flat wire so that it supplies only a normal current density

to the membrane interface region of its location. This neglects

end effects (at the electrode edges) and assumes the electrode is

wide with respect to its thicknessl.

It is recognized that an electrode of this nature would

be difficult to realize at the intracellular-membrane interface.

As indicated in Section 3.1, the work of Eisenberg and Johnson

[20] suggests that the solution will be independent of electrode

 

...)

For a metal that is a good conductor, the Etan 5 0 boundary

condition at the surface of the electrode forces the current density

to be normal across that interface (see King [41]). A thin flat

wire as depicted in Figure 3.2 thus supplies only a radially oriented

current density (neglecting the edges).
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geometry for axial distances farther than the cell diameter from

the stimulusl. Furthermore, if the internal stimulus is supplied

via a point electrode (micropipette) located at the cell axis,

the response will be the same at a much closer distance to the

source. Thus the solution for the change in potential due to an

internal ring electrode will be electrode dependent only at points

very close to the stimulus. The interior electrode is defined

in this manner as this situation is similar to a source supplied

by a change in membrane conductance (as seen in the action potential

or post synaptic potentials, see Chapter 5).

The source functions in the transform domain are needed

to complete the solutions in Section 3.2.1. Assuming that the source

current density is uniform (constant) over the surface of the

electrode and with the geometry as defined in Figure 3.3, the Fourier

transform of either J:(z) or J:(z) is

-jkz

skusun 33(4) = 7:; 35(2). dz

3 w/2 e-jkz
J f—w/2 dz

3

9-i— sin(k w/2) (3.71)

where JS(z) represents either J:(z) or J:(z), JS is defined

as the magnitude of the current density, and w is the width of

the electrode. This gives the k-space source current densities as

 

1 Their comparison was to the results for the cable equation that

assumes an axially symmetric stimulus often modeled as a ring

electrode (see Plonsey [60]).
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2.1:

3?(k) =-—E— sin (k w/2) (3.72)

23:

3§(k) = ~Ef-sin (k w/2) (3.73)

for an electrode centered on 2 = O and supplying a uniform

normal current density. If the center of the electrode is not at

z = O, the transform domain functions (3.72) and (3.73) must be

slightly altered. The Fourier shifting property is defined with

sk(F(x + 6)} =‘E(k)eJCk (c real) . (3.79)

Applying relationship (3.74) to equations (3.72) and (3.73) for

an electrode with center at z = 1 gives

2J1 - 2k
‘3:(k) = —Ef-sin(k w/2)e 3 (3.75)

233 .

3:(k) ="E§ sin(k w/2)e-J£k . (3.76)

Thus using linear superposition and relations (3.75) and (3.76)

it is possible to construct a source that represents any number of

intracellular and/or extracellular stimulating electrodes located

at various positions 2 from z = 0.

It remains to define the source magnitudes J: and J2.

The stimulating circuit may be modeled as a battery connecting

two electrodes; supplying one (a "source" electrode) with a total

current I8 and the second (a current "sink") providing the return
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path to complete the circuit. If the current IS is defined as

positive when it flows toward the electrode, then the current

density magnitudes are

 

 

Is

J8 = I am s/m2 (3 77)

I w2nb p '

s
I

s _ E 2
JE - wZna amps/m (3.78)

since (for a uniform current density) JS is just the total current

divided by electrode surface area. For the case where J8 is

specified, the total current is found as

I: = J: W2flb amps (3.79)

s 3
IE - JE w2na amps . (3.80)

That the sign convention implied in relations (3.77) -

(3.81) is valid may be demonstrated by considering the definitions

(3.25) and (3.26) of JS as a current density discontinuity at an

interface forced by the electrode. Since the membrane has a much

lower conductivity than the interior or exterior volume conductors,

it may be considered an effective insulator with respect to those

regionsl. A positive IS current will thus result in an inward
I

(-E) directed electrode current density; a condition satisfied by

 

1 In fact the membrane is a very good dielectric, as it was

demonstrated in Section 2.2.2 that it supports an electric field

on the order of 106 volts/meter.
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S

boundary condition (3.26) for a positive JI (consider

JIr - JMr

-(J:), clearly giving a net inward current for J8 > 0).

I

s .
> 0 gives a net outward current density at theSimilarly an IE

extracellular interface as seen in boundary condition (3.25).

The electrodes used in other authors' solutions have all

been infinitely narrow (see Hellerstein [30], Plonsey [60]). This

type of electrode is modeled as supplying a source current

38(2) = J86(z) amps/m2 (3.81)

where 6(2) is the Dirac delta function. While this goemetry

simplifies the solutions, it causes a discontinuity in potential,

electric field, and current as it postulates an infinite current

density at one point (z = 0)1. Another objection is that a very

narrow electrode cannot be expected to deliver only a normal (r)

current density. Despite these difficulties, it is included as a

possible source term primarily for comparison to previous work.

It may be considered as the limiting case for the finite-width

electrode defined in equation (3.71) as w + 0. Taking the Fourier

transform of equation (3.81) gives

J (k) = J (3.82)

where JS, in terms of the total current I8 supplied to the

electrode, is determined as

 

This can be demonstrated in transform space, see Appendix B.
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s
I

J8 = J— amps/m (3 83)
I 2nb °

Is

J8 = E am s/m (3 84)

E 2na p ° '

Note that the delta function has units of l/meter (Arfken [2]).

It will be easiest to invert the solutions of Section 3.2.1

when only one electrode at the membrane is used. The return path

for the current to the generator will then be supplied via an

electrode in the extracellular medium at infinity. The validity

of this approach is seen by considering one electrode (intra—

cellular or extracellular) centered at z = 0 as the current source

and a second electrode at z = +2 on the exterior interface as

the current sink. Taking the limit as l + w, it is apparent from

the shifting pr0perty (3.76) that the effects due to this electrode

will decay to zero as it is moved to infinityl. Thus with the source

functions as defined in this section the solutions (3.62) - (3.64)

yield the perturbation from the resting potential that would be

measured between a point electrode at (r,z) and a reference

electrode at infinity when the system is stimulated by an electrode

2
centered on 2 = 0 at the membrane . The case of any other current

 

Integration of the sine and cosine terms from e_J£k in the in—

version yields zero for 2 + w as the sinusoid's period goes to

zero (see Arfken [2]).

2 This situation may be realized in an experimental situation by

using a combined reference and current-return electrode in the

interstitial fluid (bathing solution about the nerve fiber) at a

point away from the stimulus electrode (see Plonsey [60], Taylor

[76])-
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source and sink electrodes may be handled by linear superposition

and shifting the inverted solution (in z-Space) to the electrode's

location.



113

3.3. Numerical Inversion of the Fourier-Domain Solution and Results

3.3.1. Methodology of Inversion; Test Data for Axon
 

The only way to obtain the inverse of the Fourier—domain

solutions found in Section 3.2 is to perform the integrations

required on a digital computer with numerical techniques. This

section discusses briefly the programming involved and also defines

the test parameters used for the results presented in the remainder

of this chapter.

Equation (3.32) for the inverse Fourier integral can be

expanded by means of Euler's formula into two integrals as follows:

“_1— 1 oo— Loo— .

F(x) =.fk {F(k)} = 2? f_mF(k)cos(kx)dk+ 2" f_m F(k)31n(kx)dk.(3.85)

The solutions for potential (3.62) - (3.64) are all even functions

of k when the source terms J:(k) and J:(k) are even functionsl.

For the case of a single stimulating electrode centered on 2 = 0,

these source functions are symmetric in k—space (see equations

(3.72), (3.73) and (3.82)). Thus the inversion integral reduces to

F(x) =-% I; F(k)cos(kx)dk (3.86)

where -F(k) is required to be an even functionz.

 

For the mathematical details of this material, refer to Appendix B.

Since ¢(r,z) is a real function, with the symmetry condition the

potential functions and stimulus functions in k—space must be real

functions as well. This simplifies the numerical inversions as it

is not necessary to use complex variables on the computer.
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The inverse transforms as actually programmed on the

computer have the form

N

@(r,k)cos(kz)dk + 2

n=1

2n/z

6

1__f2(n+l)n/z

n

-.l

@(r,z) - n f 2nfl/z

I$(r,k)cos(kz)dk.

(3.87)

Equation (3.87) embodies two approximations and a strategic choice

for segmenting the integration. The approximation is to start

the integration at a small number 6 instead of at k = 0. This

is necessary as the integrand diverges as 2n(ka) for k + 0.

Such a curve is integrable analytically, but the computer cannot

handle the singularity of the integrand at zero. By choosing

6 very close to zero (6 = 10.9 was used in all the numerical re-

sults in this thesis) the error becomes vanishingly small.

The second approximation inherent in expression (3.87) is

that the upper integration limit has been made finite. Error in-

troduced by this truncation of the infinite integral is insignificant

if the cut-off point is high enoughl. This truncation point is

determined in the integration routine by a criterion linked to

the segmentation of the integration interval. These sub-intervals

are taken as one period (2n radians) of the cosine function and

the integration is terminated when the contribution of the (N + 1)

segment is minuscule as compared to the total area given by the

previous N sub-intervals. By integrating in this piecewise

 

See Appendix B for a complete discussion of error determination,

including error bounds for truncation and starting at 6.
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fashion, the termination criterion is met when the integrand has

either effectively decayed to zero or is essentially constant over

the period of the cosine. In the case of the particular functions

that arise in the problem under consideration, this method of

truncation can be made to give any accuracy desired. The net error

from these two approximations (starting at 6, and truncating the

infinite upper limit) is easily made negligible (make 6 small,

chose Z of total area very small for cut-off) so that the overall

error is determined by the accuracy of the integration routine on

any given segment.

For the type of k-space functions encountered in this report,

it was found (by trial and error) that the most efficient1 numerical

integration routine is an adaptive Simpson's rule. The theory and

algorithm of this process is given in Davis and Rabinowitz [16].

This integrator is adaptive in the sense that it automatically takes

smaller steps in the integration process for regions where the

integrand has a large 810pe. Appendix C lists this integration

function in Fortran Extended Language as used by the author on a

Control Data 6500 computing systemz.

The overall computer program may now be described as follows.

First the program reads in the cell parameters (radius, membrane

thickness, conductivities, etc.), the stimulus intensity, and the

 

1 Efficient in the sense of the least computer time involved for

a given accuracy. As many numerical inversions were required for

the results presented, this became an important factor.

2 This program is from Davis and Rabinowitz [16], modified for the

CDC 6500 computer and has had some minor programming errors removed.
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z-points at which the solution is desired. For each position 2,

the k-space function is integrated by means of the adaptive Simpson's

rule function on the interval zero to 2n/z (if z = O, the interval

is determined by the period of the sine function in Js(k) as

4n/w, see equation (3.71)). This integration process then repeats

for successive intervals of 2n/z width until the truncation

criterion is met. For most cases, the functions integrated were

$i(b,k) and $fi(a,k) so that the transmembrane potential,

Vm(z) = ¢I(b,z) - ¢E(a,z), could be obtained. The integrand is

supplied to the program as a separate function called by the Simpson's

rule integratorl.

To simplify comparisons between results, it is appropriate

to define a "test axon" consisting of standardized parameters.

Variations from this standard normally involve changing only one

parameter, allowing the effect to be easily discerned. The largest

amount of experimental data and theoretical results are available

for the giant axon of Loligo. For the remainder of this chapter

and all of the next, this squid axon is used as the "test fiber".

A standardized stimulus intensity is also defined in terms of the

total current I8 supplied to any electrode.

The parameters for the cell that are necessary to complete

the solutions for steady-state electrotonus are 01, o , a, b,

E’ OM

and the stimulus intensity IS. Katz [40] was used as the reference

for the apprOpriate cell prOperties, their being found on pp. 46-47.

These are given as:

 

For further details on programming, see Appendix C.
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R =-l- = 30 ohm-cm

i o

I

1

R = ——-= 22 ohm—cm

o 0
E

(3.88)

R =-l— = 700 ohm-cm2

m 8
m

a = 250p = 0.25 mm .

Solving for 01, 0E, and OM (from equation (3.18) OM = gmd)

with d = 50 A (again from Katz [40]) yields

6I = 3.333 x 10’2 mhos/cm

-2

CE = 4.546 X 10 mhos/cm

-10

OM = 7.143 x 10 mhos/cm (3.89)

a = 0.25 mm

0

d = 50 A

as the "test axon" parameters. The stimulating current standard

is taken as 10.5 amps, giving about a 40 mv perturbation in the

transmembrane potential for the intracellular electrode case.

After Section 3.3.3 the electrode width w is taken as 0.5 mm,

this being a more realistic and realizable dimension than a

narrower wire. Additions to this parameter list (as are necessary

for the time varying case, Chapter 4) will be made as needed, and

the entire set is listed in Appendix D.
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3.3.2. Electrotonic Potential for the Case of an Internal

Electrode

This section examines the solutions (3.62) - (3.63) for

perturbations in scalar potential caused by a stimulus supplied

via an electrode at the interior membrane interface. In all in-

stances, the total current 1: into the electrode is held constant

at 10"5 amps. As the solutions are linear and directly proportional

to stimulating current, the result for any other stimulus intensity

can be found by multiplying the presented results with the ratio

of the new current to 10.5 amps. Likewise, the effect of multiple

electrodes may be handled by linear superposition.

Nearly all previous models of electrical events associated

with neurons have used the transmembrane potential as the end

result. Experimentally, this quantity can be measured by the use

of an intracellular microelectrode. The perturbation in trans-

membrane potential from the resting potential is illustrated in

Figure 3.4 for the standard axon with a 0.5 mm wide internal

stimulating electrode. The curve has a maximum value of 40.5 mV

and decays in an exponential fashion for increasing 2. The

solution is symmetric about 2 = 0. A length constant A may

be found as 5.4 mm for this test axon, A being defined as the

distance required for an e-1 decay in the solution from its

value at any point. With regard to a cable theory for the same

axon, the result (including length constant) is the same to three

significant figures for z > 1 mm. For regions near the electrode

the theories diverge.
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The curve in Figure 3.4 was obtained by inverting solutions

(3.62) and (3.64) for ¢I(b,z) and ¢E(a,z) and using the defini-

tion

Vm(z) = ¢I(b,z) - ¢E(a,z) (3.90)

to obtain transmembrane potential. In this manner, the model also

provides the scalar potential at either side of the membrane.

Figure 3.5 is a plot of ¢E(a,z) for the same situation as in

Figure 3.4. The most apparent feature of this illustration is that

the extracellular potential is on the order of 103 smaller than the

transmembrane potential. For the resolution inherent in the size

of these diagrams, this gives Figure 3.4 as also being a plot of

¢I(b,z), as for this axon with interior stimulus

Vm(z) é ¢I(b,z) . (3.91)

Note that Figure 3.4 gives the perturbation from the resting

potential using ¢I = ¢i + Vr (see equation (3.22)) while

Figure 3.5 plots ¢E (as QE = ¢é, see equation (3.21)).

Figure 3.5 also indicates that the extracellular potential

decays at a slower rate than Vm or 4 The length constantI.

for ¢E(a,z) is on the order of 8.5 mm as compared to 5.4 mm for

Vm. An extracellular recording electrode would measure ¢E and

thus give a larger length constant than an intracellular recording

electrode. Cable theory predicts that 0 0E, and Vm will all
I,

decay at the same rate (with length constant A, see Plonsey [60]).
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The Fourier-transform model shows that the length constant of cable

theory will only be correctly measured by means of an intracellular

electrode. The two models differ in predicting ¢E(a,z) because

of an inaccurate assumption in cable theory that the extracellular

medium exhibits only axial current flow. This will be further

discussed later in this chapter.

An effect seen with this model is that the potential near

the electrode varies with the size of the electrode. As is indicated

in Figure 3.6, decreasing the width of the electrode causes an in-

crease in Vm at the electrode. This is due to an increase in J:

S

as the surface area of the electrode shrinks (JI = Ii/anw, for

I: fixed J: increases for decreasing w). As the width of the

electrode goes to zero, the potential at the electrode develops a

singularity in that it diverges to infinityl. This expresses the

fact that it would take an infinite potential to drive a finite

amount of current (I8I) through an electrode of zero surface

area. As previous field solutions have all used a delta function

type of stimulus, they exhibit this same singularityz. Only with

a finite width electrode will Vm at z = 0 be finite and E2

at z = 0 be defined.

Another property of this model as seen in Figure 3.6 is

that the potential over the surface of the electrode is nearly

 

1 What actually happens is that ¢I(b,O) + w as w + 0 giving

Vm 5 $1 + m. See Appendix B for analytical proof.

Eisenberg and Johnson [20] used point source electrodes (three-

dimensional delta functions); Hellerstein [30] used a ring source

represented by a delta function in z.



45

b b

r

b 0
0

b N

k H

V
,
D
e
p
o
l
a
r
i
z
a
t
i
o
n

f
r
o
m

R
e
s
t
i
n
g

P
o
t
e
n
t
i
a
l

(
V

)
,

m
V

b c
:

!

m

U
.
)

\
0

123

 

 

 

m at z = 0

 
...54. Su wide electrode curve reaches its

..E- 6(2) function electrode curve goes to

maximum value of 43.76 mu at this point

e — —- Cable equation theory
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Transmembrane Potential as a Function of z
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constant. These solutions are for a constant current density

supplied by the stimulating electrode over its entire surface.

For any near-ideal conductor, the potential should be constant

as E é 0 within the conductor. Thus a constant current density

is seen to give essentially the same result as a perfect con—

ductor electrode which would clamp the potential (¢I(b,z)) at

a constant over its surface area. Note that the potential falls

very rapidly beyond the edge of the electrode, as is seen especially

in the case of a Su wide electrode.

As mentioned above, the transmembrane potential variation

predicted by this model matches very closely that predicted by

the cable equation. The cable equation is based upon a core—

conductor model that represents the nerve fiber as a distributed

electrical network. The intracellular and extracellular media are

assumed to carry only z-directed currents and are described by

resistances per unit length. The membrane connects these two

media with a distributed R—C network consisting of a shunt resistance

in parallel with a shunt capacitance per unit lengthl. The response

of this network to a steady-state current Io injected into the

intracellular region is given by Eisenberg and Johnson [20] as

I R R1

V (2) =.__. _E__

m Na 2a e—IZIIA

(3.92)

 

where A =\ Rm is the resistance per unit area for the

 

1 See Lorente de No [48] or Plonsey [60] for a complete discussion

of cable theory and the core-conductor model. Figure 4.1 in

Chapter 4 illustrates the equivalent circuit.
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membrane, and R is the resistivity of the intracellular mediuml.

i

As shown in Figure 3.6, the cable equation result diverges from the

field solution near the electrode. Core-conductor theory yields

a discontinuity in the z—component of electric field at z = O

as the SIOpe in the potential abruptly changes from negative to

positive at that pointz. This is contrasted with the field—solution

model that gives E2 = 0 at z = O for a finite-width electrode

and a variation in Vm(0) with electrode width. Note that by

z = 0.3 mm, all cases including cable theory converge to the same

curve. For distances greater than 1 mm, the curves match to three

significant figures and are exponentially decaying with A = 5.4 mm

as predicted by the cable equation for this axon (see Figure 3.4).

The steady-state electrotonus solution by Eisenberg and

Johnson [20] took the conductivity of the external media as infinitely

large. In many instances, the external resistance in the core-

conductor network is similarly set to zero. This is because the

net extracellular resistance to current flow when the nerve fiber

is immersed in a large volume conductor is both very small and

difficult to model as a resistor in a network model (see Clark

 

1 This result is 0.5 times that presented by Eisenberg and Johnson

[20] as their model was a semi-infinite axon that allowed current

flow only in the +2 direction. For an axon infinite in both

directions from the stimulus, current flows equally in each

direction reducing the solution by 1/2. Also the extracellular

region is taken as a perfect conductor due to its large volume

(see Plonsey [60], Rall [65]).

2 The cable equation solution (3.92) uses a delta function stimulus

at z = 0, giving this effect.
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and Plonsey [8], Rall [65]). The effect on Vm of varying CE

in the Fourier transform solution of this report was seen to be

negligible for o in the range of 0.001 mhos/cm to an infinite
E

conductivity. The result of changing 0 was to alter very

E

slightly the magnitude of ¢I(b,z) and it produced a large change

in ¢E(a,z) (for o = w, ¢E(a,z) = 0, so percentage-wise the
E

change was very large). However, ¢E(a,z) remained far smaller than

¢I(b,z) and the variance of each was such that Vm(z) was almost

completely unaltered. As an example, for the test axon and standard

0.5 mm internal electrode ¢I(b,0) = 40.569 mV, ¢E(a,0) = 0.106 mV

E = 0.0455 mhos/cm). Increasing OE to

infinity gave ¢I(b,0) = 40.535 mV, ¢E(a,0) = 0, and Vm(0) = ¢I(b,0).

and Vm(0) = 40.464 mV (0

Thus while 0 decreased 100%, ¢E decreased 0.26% and VIn changed
I

only 0.18%.

An advantage of the Fourier transform field solution is that

it easily allows examination of the potential at any point in the

system, yielding the entire potential field in and about the cell.

Figures 3.7 and 3.8 illustrate the z—variation in the perturbation

of potential for the center of the cell, midway through the membrane,

and at twice and four times the cell's external radiusl. The radial

variation of potential is more clearly seen in Figures 3.9 - 3.11,

where the change in potential produced by the stimulus is plotted

as a function of r for four values of z (z = 0, 1 mm, 5 mm

 

Figure 3.7 gives ¢' and ¢'. 0 is recovered as 0 = 0' + Vr'
I M I I I

= '

O 0

Also ¢M ¢M + ¢Mo where 0 is given in Section 2.3.
Mo
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and 10 mm). As is seen in Figures 3.7 and 3.9, the potential

in the intracellular space is essentially constant in the radial

direction (0 S_r g.b’ b = 0.249995 mm) and varies exponentially

in 2. Figures 3.7 and 3.10 indicate the perturbation in membrane

potential is linear in r, varying from. 01(b,z) to ¢E(a,z)

for b :_r :_a, and is also an exponential function of 2. Finally,

Figures 3.8 and 3.11 show that <DE(r,z) decreases in a smooth

curve for r :.a and for increasing 2. The fact that "E is

not a linear function of r or an eXponential function of z

reiterates the conclusion of Clark and Plonsey [8] that the core-

conductor model does not realistically describe the extracellular

region. The core-conductor model assumes only z—directed currents

in the extracellular space, an assumption poorly met near the

electrode where a large gradient of potential in the r-direction

clearly exists.

The results of the Fourier transform field solution for the

case of an internal stimulating electrode may be summarized as

follows.

i) Transmembrane potential varies as a decreasing exponential

function of z with magnitudes and length constant well

predicted by the simpler cable equation theory. ¢E(a,z)

decays at a slower rate than predicted by cable theory.

ii) Near the electrode the solution is seen to vary considerably

depending upon electrode width. As the electrode surface

area goes to zero, 0 goes to infinity at the electrode.

I

Cable theory gives a maximum Ez at z = 0 while the



iii)

iv)
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field solution for a finite electrode (correctly) gives

E2 = 0 at this point.

Variation of GE produces little effect on Vm or

¢I but major changes in ¢E' In all realistic cases

¢I >> ¢E g1v1ng Vm = ¢I(b,z).

Radially, ¢ is constant; ¢ is a linear function be-

I M

tween ¢I(b,z) at b and ¢E(a,z) at a; and QE

decreases to zero along a smooth curve as r + w.
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3.3.3. Electrotonic Potential for the Case of an External
 

Electrode.

The steady-state perturbations in potential at the membrane

of a cylindrical cell subjected to a maintained stimulus supplied

via an extracellular ring electrode are illustrated in Figure 3.12.
 

Moving the electrode to the external membrane surface (and maintain—

ing the same stimulus intensity of IS = 10-5 amps) produces a

radically different potential field than in the case of an intra-

cellular electrode. The extracellular potential at the membrane

(¢E(a,z)) now has a sharp peak near the elestrode and its magnitude

rapidly falls toward zero at points away from the electrode. The

intracellular perturbation in potential (¢i(b,z)) decays to zero

from its maximum value (at z = 0) at a much slower rate than

¢E(a,z). Unlike the intracellular stimulus case, these potentials

are of the same order of magnitude over most of the axon. As in

the previous case of interior stimulus, the potentials are symmetric

about 2 = 0.

Because of the large volume of the extracellular medium,

the net resistance to currents flowing away from the electrode is

much smaller than when the electrode was placed in the cell interior.

With an internal electrode, the small intracellular volume (per unit

length) and low conductivity membrane presented a relatively high

resistance path to currents from the electrode, giving a 40 mV

perturbation in potential between the electrode and the reference

point at infinity. This potential represents an ohmic effect of

the current flow out to infinity. In the present case of an



P
e
r
t
u
r
b
a
t
i
o
n

i
n

P
o
t
e
n
t
i
a
l
,

m
V

0
.
O l

134

 

I'- V -" - ¢i(b,z)

O - .. - C11503.2)

 

4
.
x

1

 

  
Axial Distance 2, mm

FIGURE 3.12
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external electrode, there is little resistance to current flow

between the electrode and infinity. Thus the magnitude of potential

is much smaller at the electrode (0.75 mV) and potential decreases

‘very rapidly as the current from the electrode diverges in the large

extracellular space.

The intracellular potential is perturbed very slightly

b)r the small amount of current that "leaks" through the low con-

chictivity of the membrane near the electrode. This net addition

of? positive charge produces a depolarization on the order of 0.1 mV

at: z = 0 and this perturbation decays to zero as the resultant

Ciirrent flows axially down the fiber and leaves through the membrane.

Ilius, because of the highly resistive nature of the membrane, the

imitracellular potential perturbation decays to zero at a much slower

EIxial rate than ¢E(a,z). Also, this perturbation is almost exactly

tile same as that seen in ¢E(a,z) for an intracellular electrode

(compare Figures 3.5 and 3.12).

An effect of the great difference in the axial gradients

C’f' 01 and ¢E is that there exists a point at about 2 = 2 mm

‘flTlere ¢I(b,z) = ¢E(a,z) (see Figure 3.12). Near the electrode

(DIS is larger than 0 but this situation reverses itself for dis-1’

tainces greater than 2 mm. This produces a point where the perturba-

‘tixan in transmembrane potential is zero, as seen in Figure 3.13.

]“Je.definition of transmembrane potential as intracellular minus

En{tracellular potential gives a net hyperpolarization in Vm near

tile electrodel. This hyperpolarization dr0ps to zero at z = 1.84 mm

\———

1 The resting transmembrane potential of a neuron is on the order of

—60 mV. A decrease in potential thus increases the polarization

across the membrane, giving a hyperpolarization.
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and then reverses to become a net depolarization for z > 1.84 mm.

The depolarization from Vr then diminishes to zero at about the

rate of ¢I(b,z) going to zero since, for large 2, Vm é ¢I

(¢ having decayed to zero at a faster rate). The area near the
E

(electrode where v; is negative represents the region where

(nirrent is crossing the membrane into the cell. Away from the

eilectrode (where VA is positive) the net current flow is out of

ttle cell, on its return path to the reference electrode at infinity.

As in the case of an intracellular electrode, variations

ill the width of the electrode produce little effect at axial dis-

tzinces greater than 1 mm.1 Near the electrode, the potential does

c11ange with electrode width as illustrated in Figure 3.14 where

\nn is plotted near 2 = 0 for a 0.5 mm wide electrode, a 5n

Viide electrode, and a delta function electrode. The delta function

£Electrode produces a singularity at z = 0, as in this case

933(a,0) + m (giving Vm + -w). As for the intracellular stimulus,

d£3creasing the electrode width increases JS (the current density

S'upplied by the electrode) causing an increase in 0 at the electrode.

E

This results in QE diverging to infinity as w + 0. Also as in the

laist section, the potential is relatively constant over the surface

(3f? the electrode but falls off very rapidly beyond the electrode.

TUIe.intracellular potential (¢I) is not affected significantly by

Cfllanging the electrode size, so that the variations in Vm seen in

Figure 3.14 are mostly a result of changes in ¢E(a,z).

\

This is true for electrodes up to 1 mm wide and as narrow as a

delta function electrode.
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Cable theory and the core-conductor model do not predict the

transmembrane potential variation indicated by this model. Plonsey

[60] solves the cable equation for extracellular ring electrodes,

but the result is a response essentially the same as for an intra-

cellular electrode. This result arises from restricting current

flow in the extracellular media to the axial direction only. As

indicated by Clark and Plonsey [8] this is a poor assumption and

.leads to significant deviations from the actual response. The

Fourier transform model of this report supports this conclusion

and indicates that for the case of an external stimulus and a large

extracellular volume, the core-conductor approach is not applicable.

As noted above, varying the width of the electrode does not

affect the transmembrane potential at axial distances greater than

about 1 mm. Thus the point at which ¢I(b,z) - ¢E(a,z) (v; a O)

is seen to be invariant with electrode width. An investigation of

what parameters do effect the location of this "zero point" (in

transmembrane potential perturbation) was carried out. It was dis-

covered that varying o in the range of 10"3 to l mho/cm had no

E

significant effect on the location of this point.1 Also, no change

was noted for variations in membrane thickness (for 25 to 200 A)

so long as the conductance (gm) of the membrane per unit area was

held constant.

As indicated in Figure 3.15(a), the zero point does depend

upon the fiber radius. The curve in Figure 3.15(a) was obtained by

 

1 It did increase both ¢I(b,z) and ¢E(a,z), but in the same

proportion at z . 1.84 mm.
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varying the radius while holding the length constant (A) fixed.

From the cable equation, A varies directly with /; (see equa-

tion (3.92)). .Aincreases for a larger internal volume per unit

length as the net resistance to axial current flow in the intra-

cellular space decreases. The length constant was held fixed by

decreasing the membrane resistance per unit area (Rm) as fiber

radius was increased. Plotting the variation of the zero point as

a function of J; (Figure 3.15(b)) yields an almost linear graph,

with a lepe of 2.0 (mm)l/2. Thus it is seen that for radii in the

range of 0.01 to 0.5 mm, the location of the point where

¢I(b,z) = ¢E(a,z) is approximately a linear function of JE.

Changing R.In (membrane resistance per unit area) and hold-

ing all other parameters fixed gave another significant variation

in the zero point. As illustrated in Figure 3.16, the effect is

almost perfectly linear when plotted as a function of A. As A

varies with the square root of Rm, this yields the location of

the VA 8 0 point as a linear function of /R;' (or ll/Egl as

Rm - d/oM where d = membrane thickness). The slope of the line

is 2.6 over the range of l to 10 mm for A. Thus increasing either

the fiber radius or the length constant (decreasing 0M) moves the

zero point in transmembrane potential perturbation farther away

from the stimulus.

The radial variations in scalar potential are shown in

Figures 3.17 - 3.19 for axial distances of 0, l, 5, and 10 mm.

Figure 3.17 indicates that ¢i(r,z) is constant with respect to

r (0‘: r.: b); the same result as for an intracellular stimulus.

Thus the only electric field component expected in the intracellular
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region will be the 2 component. As illustrated in Figure 3.18,

0&(r,z) is a linear function of r between the values of

¢i(b,z) and ¢E(a,z) for any fixed 2. Note that the slape of

Pi changes from positive at z - 0 and 1 mm to negative at

z = 5 and 10 mm. This indicates an inward current in the first

case and an outward (from the cell interior) current in the second

case (as E = -V¢ and 3h - ONE). The effect of the perturbation

in transmembrane potential being a linear function of r was also

seen in the intracellular electrode case.

The extracellular potential is a strong function of r

near the electrode. As seen in Figure 3.19, there is a large radial

gradient in IE for z - 0, a very slight radial gradient for

z = 1 mm, and essentially no radial gradient at z - 5 or 10 mm.

This demonstrates that there is a large radial current density near

the stimulus but a short axial distance away the only major component

of current is in the 2-direction1. The radial component of current

observed near the electrode again indicates the unsuitability of

the core-conductor model to be applied to the case of an extracellular

stimulus.

The results of the Fourier transform field solution for

the case of an external stimulating electrode may be summarized as

follows.

i) Core-conductor theory does not apply as there is a large

radial component of current near the stimulus.

 

1 It is apparent that there is a large axial gradient in 0

by comparing the curves for various 2 points. E



ii)

iii)

iv)
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The effect of supplying a positive current to the electrode

is to hyperpolarize the membrane at the electrode and

slightly depolarize the membrane a short axial distance

away.

The point that separates hyperpolarization from de-

polarization is constant for changes in electrode width,

extracellular conductivity, and membrane thickness. The

location is an increasing linear function of length constant

or the square root of fiber radius.

As in the case of an intracellular electrode, P is

I

constant with respect to r, ¢M is a linear function

between 01 at r . b and ¢E at r . a, and PE

exhibits a radial gradient that is a smooth decreasing

curve 88 r 4’ 9°.
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3.3.4. Axial Electric Field, Surface Charge, and Capacitance

One of the purposes of considering a three-volume-conductor-

region problem was to examine the assumption applied in Section 2.2.2

that axial currents in the membrane could be ignored if the membrane

was very thin. The z-component of electric field (and current)

in the membrane could be constructed from the graphs in the last

two sections; however it is more direct and accurate to use eXpressions

(3.66), (3.68) and (3.70) for E As E = 0EMz’ and EEz' z

12’

in the resting condition for all three regions, these equations

yield the total z-component of electric field.

Figure 3.20 illustrates the z dependence of E2 at the

center of the membrane and at the intracellular-membrane interface

(EEz(a,z) is on the order of 10.5 volts/cm, far too small to allow

plotting on the scale of Figure 3.20) for the case of an intracellular

stimulus. The maximum magnitude of E2 occurs at approximately

2 - 0.5 mm at the interior surface of the membrane, all other

points in the membrane having a smaller field strength. This maximum

is 0.07 volts/cm, and with a membrane conductivity of

6 = 7.143 x 10‘10
M

-11
JMz 5 X 10

mhos/cm, yields a current density of

amps/cmz. This certainly is a negligible current

density, even as a maximum, when compared to the net radial current

at the same point:1 of any“ - 5.7 x 10"2 amps/cmz. A check of

the axial electric field in the membrane for an extracellular electrode

gives the same result, as seen in Figure 3.21. The maximum EM2

 

From Section 3.3.2, Figure 3.10 ' = 8 X 107 volts/cm at

z = 0, a constant with respect to r In the membrane.
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is now less than 0.005 volts/cm, giving an even smaller JMz current

density. Thus the assumption that membrane current may be taken to

be totally radial is well founded even for a isotropic homogeneous

membrane. If the membrane is anisotropic in the sense that current

flow is confined to specific ionic channels (see Section 2.2.2)

then this result also indicates that the solution presented in this

report will give essentially the same answer as a channelized

membrane (since J is negligible).
M2

The solutions in this chapter also allow a check on the

widely used assumptions that the surface charges on either side of

the membrane are equal and Opposite in sign, and that membrane

capacitance is constant with respect to z and given by Cm = eM/d

(see Section 2.2.2). The surface charge density at the interior

and exterior membrane interfaces was defined by boundary conditions

(2.109) and (2.112) as

EMEMr - EIEIr (3.93)

. (3.94)

I

.
3

eBEE: - EMEMr ‘

By use of solutions (3.65), (3.67), and (3.69) the

perturbation in ”I and nE was calculated for the case of the

extracellular electrode. The values a =I SE = 8080 and

EM = 650 were used for the permittivities of the three regions

(values from Katz [40] or Plonsey [60]). Then by means of the

definition Cm = nilV$ (capacitance is the change in surface

charge divided by the change in transmembrane potential) the results
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as summarized in Table 3.1 were obtained.

Table 3.1

Surface Charge, Transmembrane Potential and Capacitance

for an Extracellular Stimulus

 

2, mm ni’coulczmbs , ”é ’ cogiombs Vm’ mV Cm, uf/cmz

cm

0 -7.12 x 10‘10 7.12 10'10 -0.670 1.063

0.05 -7.07 x 10‘10 7.07 10'10 -0.665 1.063

0.5 -1.91 x 10'10 1.91 10'10 -O.l80 1.061

1.0 -6.20 x 10‘11 6.20 10‘11 -0.0584 1.062

5.0 2.90 x 10’11 -2.90 10’11 0.0273 1.062

10.0 1.73 x 10'11 -1.73 10'11 0.0163 1.061

It is clear that ni = —né and that Cm is essentially

constant. Furthermore, Cm as given by Cm = sM/d is

1.062 pf/sz, agreeing very well with the direct calculation from

Cm = ni/Vé. The same results are obtained from the intracellular

electrode case. Thus the assumptions made in arriving at the

boundary conditions of Section 2.2.2 are confirmed to be well founded.

With those boundary conditions, the problem may be solved in two

regions (intracellular and extracellular) without the complication

of finding a solution interior to the membrane. Before doing this,

the next chapter considers time varying electrotonus for the three

region problem as a generalization of the results of this chapter.



CHAPTER 4

TIME-DEPENDENT ELECTROTONUS

This chapter extends the three—region solutions of the

last chapter to include time as a variable in the sources and

fields. This will require a second transform to be applied to the

time variable, but in this case the inverse transform is found

analytically. Section 4.1 is a statement of the problem. Section

4.2 carries out the solution for the cases of a step, pulse, and

delta function in the time variation of the stimulus. The last

section presents the response of the standard test axon for these

stimuli and an extension of the model to the case of a myelinated

axon .

4.1. Statement of the Problem
 

The phenomena to be modeled in this chapter are identical

to those in Chapter 3 with the exception of the inclusion of time

variation. The model is thus for a nerve axon or dendrite as an

infinitely long cylindrical structure subject to a subthreshold

stimulus. The coordinate system will be cylindrical polar (r,¢,z),

with rotational symmetry assumed so that no quantities are functions

of 0. The three volume-conductor compartments are taken to be

homogeneous, isotrOpic, and uniform; giving a constant 0 and

e in each region. MacroscOpic electroneutrality is assumed, the

rotationally symmetric sources are at the membrane interfaces, and

152
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solutions will be for perturbations from the resting conditionl.

The intracellular region is defined for radii in the range

of 0.: r': b, the membrane for b < r < a, and the extracellular

space for r.: a (see Figure 3.1). Following the definitions in

Chapter 3, the fields and their perturbations from the resting

condition are given as

E1(r,z,t) = Ei(r,z,t) (4.1)

EM(r,z,t) = 26mm + Efi(r,z,t) (4.2)

+ +'

EE(r,z,t) = EE(r,z,t) (4.3)

¢I(r,z,t) = Vr + ¢i(r,z,t) (4.4)

¢M(r,z,t) = ¢Mo(r) + ¢fi(r,z,t) (4.5)

¢E(r,z,t) = ¢é(r,z,t) (4.6)

where the primed quantities are the perturbations from the resting

condition ("0" or unprimed) values. With the assumptions stated

above, the equations satisfied by these fields are

 

2

_13_ 30'(r,z,t) a <1>'(r,z,t) __

r 3r (r 3r ) + 82 _ 0 (4'7)

+

E'(r,z,t) = -V¢'(r,z,t) (4.8)

See Chapter 3 for the details and implications of these assumptions.
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3'<r.z.c) = 6E'(r,z.c) (4.9)

Inhere 0', E', 3' or o are representative of any of the three

space regions (I, M, or E).

The change in the problem due to the addition of the time

‘variable is seen in the boundary conditions. The first boundary

condition requiring continuity of potential (or tangential E

field) is unchanged by the inclusion of time dependence and is given

by1

¢E(a.2.t) = '(a.2.t) (at r a) (4.10)

and ¢i(b,z,t) -

I

A U
‘

N F
?

v A D H H

II b) . (4.11)

However, in Chapter 3, the boundary condition on the continuity

of normal current density contained a time derivative that was

set to zero. Going back to Section 2.2.1 for the full boundary

condition and defining source current densities JS and J: as

I

in Chapter 3 gives

.3_ _ .3.
[GE + SE atlEEr(aDz’t) [OM + CM at] Egir(a929t)

= J:(z,t) (4.12)

‘ _ 3L.

S

See Section 3.1.
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with the sources now being functions of time.

Thus the only change from the problem that was solved in

Chapter 3 is now all the field perturbations and source terms are

functions of time. The single alteration in the defining equations

appears in boundary conditions (4.12) and (4.13) where time

derivatives of the radial components of electric field are now

necessary. As a result, the more general time-varying problem is

easily solved by an extension of the last chapter's solution and

a second transform applied to the time variable.

Q.2. Electrotonic Time-Dependent Solution in Fourier and Laplace

Transform Domain
 

4.2.1. General Fourier and Laplace Transform Solution

The equation (4.7) for perturbations in potential in any

of the three compartments is just Laplace's equation. Applying

the Fourier transform on 2 as defined in equations (3.31) -

(3.33) of Chapter 3 gives

2

37301.6) +%-§-;$(r,k,t) - k2 ¢(r,k,t) = o . (4.14)

31'

This second-order, ordinary differential equation was solved in

the last chapter for each volume conductor region, yielding the

solutions:

;i(r.k.t) = A(k.t)Io(kr) (4.15)

0&(r,k,t) = B(k,t)IO(kr) + C(k,t)Ko(kr) (4.16)
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¢E(r,k,t) = D(k,t)Ko(kr) . (4.17)

The only difference from steady-state conditions is that the integra-

tion constants A, B, C, and D are now functions of t as well

as k (k is the Fourier transform domain variable).

Solutions (4.15) - (4.17) are not complete until coefficients

A through D are determined via the boundary conditions. The Fourier

transform of the required boundary conditions (4.10) - (4.13) leads

to

$E(a,k,t) = $fi(a,k,t) (4.18)

$;(b,k,c) = $111051») (4.19)

[6E + 6E %J‘Er(a,k,t) - [6M + 6M gf1EMr(a’k’t) = "5:04.13 (4.20)

[6M + 6M g-EIEgujbflgt) - [6I + 61 -:—':-]EIr(b,k,t) = Siam) . (4.21)

With the exception of the time derivative terms in expressions

(4.20) and (4.21), the boundary conditions are the same as for

the previous steady-state solutions.

If the boundary conditions were applied directly in their

present form, the result would be three inhomogeneous partial

differential equations with forcing functions 3: and '33. It

is far simpler to use a second transform on the time variable

and solve the resulting algebraic equations. A particularly well—
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suited transform for this purpose is the Laplace transform, defined

with the properties:

215(c)} = 2(6) = I; F(t)e-Stdt (4.22)

2122-P(t)} = 62(6) - F(O) (4.23)

£{F(t-b), (t > b)} = e-bsf(s) (b > 0) . (4.24)

The inverse transform is defined with

F(t) = lim 7Y+j8 f(S)etSds . (4.25)

B—>oo
Y-jB2nj

As the inversion requires an integration in the complex plane,

it is easiest in practice to use the large number of tabulated

Laplace transforms and their inverses. Two good sources for these

are Churchill [7] and Erdélyi et al. [21].

With the restriction that the system is at rest at t = 0,

the Laplace transform of expressions (4.15) - (4.21) yields1

'$i(r,k,s) = A(k,s)Io(kr) (4.26)

E§(r,k,s) = B(k,s)Io(kr) + C(k,s)Ko(kr) (4.27)

 

1 This assumption gives 'Er(t = 0) = 0 in applying property (4.23)

for the time derivatives in expressions (4.20) and (4.21). It

merely defines the stimulus starting point at t = 0 and implies

s s _

JI - JE _ 0 for t < 0.



IE(r.k.S)

$fi(a,k,s)

”$i(b,k,s)

[O + SEEIEEr(a,k,S) -

E

_1 -

[0M + seM]EMr(b,k,s)

where the application of the Laplace transform has been denoted by

replacing t with s

generalized conductivites

6E = [GB +

6M = [0M +

61 = [0M +

leads to boundary conditions (4.31) and

0E EEr(a,k,s) -

‘3 -

6M EMr(b’k’S)

in the functional arguments.
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= D(k,s)KO(kr)

=‘$fi(a.k.s)

='$fi(b,k,s)

[OM + SEMIEfir(a,k,s) = 33(k,s)

[6I + ssIIEIr(b,k,s) =‘3:(k,s)

as

36 ]

se ]

ss ]

_I
d EMr(a,k,s)

—s
M JE(k,s)

6 EIr(b’k’S)
.3

I JI(k,s)

Defining

(4.'

(4.

(4.

(4.

(4.

(4.

(4.

(4.

(4.32) having the form of

(4.

(4.

29)

30)

31)

32)

33)

34)

35)

36)

37)
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Comparing solutions (4.26) - (4.28) and boundary conditions

(4.29), (4.30), (4.36) and (4.37) to the previous problem in Section

3.2.1 as defined in eXpressions (3.40) — (3.45) gives the immediate

definition of A(k,s), B(k,s), C(k,s) and D(k,s)

(3.57) - (3.61) as

.3

-0M JE(k,s) JIS(k, S)

 
 

A(k,s) =

k b 10(kb)ll(kb)Kl(ka)F(k,s)

Ko(kb) Io(ka) 11(ka)

- ——-——-(0 ——————-+-a -—————)]
Io(kb) E Ko(ka) M K1(ka)

-JSE(K, 8) KO (kb) Kl(Kb)

K Kl(Ka)P(K, s) [51 I:(kb) 6M 1:(kb)]

 

B(k,s) =

.3

(0E — 6M)JI(k,s)

+ K I1(kb)F(k,s)

(a - 6M)3§<k.s) 3: (k s)
I
  

C(k,s) =

Il(ka)

M Kl(ka)

 

+ 0 ]

JS(k, s) Io(ka)

KEKl (ka)F(k, s) [(51’ 6M) ‘ K0(ka)
 

D(k,s)= (0

—s
K1(kb) 6M JI(k,s)

—)I-
M 1 :(kb) k2311(kb)Ko(ka)Kl(ka)F(k,s)

 

+ 6

2 +kI I l(kb)F(k, s

k K1(ka)F(k,s) KII1(Kb)F(K, 8) [6E K:(ka)

I Io(kb)

from equations

a )

(4.38)

(4.39)

(4.40)

(4.41)
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where F(k,s) is defined with

Ko(kb) Kl(kb) Io(ka)

F(k,S) = [(61 ‘ 0M)(0E ' 5 I Io(kb) + 6M 11(kb))(6E Ko(ka)
M>-<es

Il(ka)

+ 6M K1(ka))]
(4.42)

With the expressions for A(k,s) through B(k,s), the general

solutions (4.26) - (4.28) for potential in Fourier and Laplace

transform domain are complete.

4.2.2. Time-Varying Stimulus Functions

To proceed with inverting the solutions of the previous

section back to the time and space domains requires specification

of the source terms J:(k,s) and '3:(k,s) in the Fourier and

Laplace transform domains. The z—dependence of the source terms

is assumed to be the same as discussed in Section 3.2.2. That is,

the stimulus is supplied by a single metallic ring electrode, of

finite width w, centered on 2 = 0, and driven by a total current

IS taken to be positive for current towards the electrode. The

return path for the current is a second electrode at infinity and

the current density over the surface area of the stimulating

electrode is assumed constant. These assumptions are discussed in

Section 3.2.2 and the electrodes are diagrammed in Figures 3.2 and

3.3.

For this type of stimulus, either source function (3:(k,t)

or 3:(k,t)) will have a Fourier transform on 2 in the form of
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2 Js(t)
—-S —

J (k,t) - K sin(k w/2) , (4.43)

the transform being the same as for Section 3.2.2 except that the

source current density magnitude Js(t) is now a function of time.

The relationship of the current density magnitude to the input

stimulating current IS(t) at any time t follows from Chapter

3 as

 

 

s I:(t) 2

31(t) = w2nb amps/m (4.44)

IS(t)

J:(t) = wgfla amps/m2 , (4.45)

where the assumption of spatially constant current density gives

its magnitude as the total current divided by the electrode surface

area.

Three time functions for Is(t) are considered in this

chapter. They are a step function, pulse function, and impulse

(delta) function. These three time functions cover the most

commonly used stimuli in experimental neurophysiology. Other

time functions such as ramps, triangular pulses, etc., may be

handled in exactly the same manner presented in the remainder of

this chapter. Also, the solutions for multiple stimuli (trains

of pulses, multi—level step functions) may be obtained by applying

expression (4.24), the Laplace time-shifting theorem, just as multiple

electrodes can be handled by space-shifting and linear superposition.
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The Laplace transform of a unit step function starting at

t = 0 is given by Churchill [7] as

£{U(t)} = l/s . (4.46)

By the time-shifting theorem (4.24) and linear superposition,

the transform of a pulse of unit magnitude and duration To is

obtained as the sum of two step functions:

-sT

.auu) - U(t - To)} = l/s (1 - e 0) . (4.47)

The transform of the Dirac delta function1 is given by

£{6(c)] = 1 . (4.48)

Thus, with these transforms applied to expressions (4.44) and (4.45),

the Fourier and Laplace transformed stimulus functions for either

an internal or external electrode have the forms

3

2 J

138(k,s) = ks
 

sin(k w/2) (4.49)

for a step function time dependence,

8 -sT

-s 2 J [l - e o]sin(k w/2) (4.50)J (k,s) = ks
 

The impulse function is being considered for comparisons to

other authors' solutions, just as a delta function width electrode

was in the previous chapter.
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for a pulse time function, and

S

J (k,s) = sz
 

sin(k w/2) (4-51)

for an impulse time dependence. The source current density

magnitudes J: or J: are defined then as the peak (or weighting

factor in the delta function case) of total current Is(t) divided

by the surface area of the electrode. Following relationships

(4.44) and (4.45), this gives

[13]
s I max

JI - w2nb (4'52)

[151
s E max

JE - m?“ (4°53)

where either J: or J; is used in expressions (4.49) - (4.51)

depending upon the type of electrode (and time function) desired.
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4.2.3. Time Domain Solutions
 

In Section 4.2.1, the general solutions for pertubrations

in potential in the intracellular, membrane or extracellular regions

were given in expressions (4.26) - (4.28). These solutions are in

the Fourier and Laplace transform domains (k and 3 replacing

z and t respectively) and require two inverse transforms to express

them as functions of z and t again. As in Chapter 3, the

coefficients A(k,s), B(k,s), C(k,s) and D(k,s) are so hOpelessly

complicated as to rule out any analytical inversion of the Fourier

transform. However, the Laplace transform can be inverted in a

closed form so that numerical techniques need only be applied to

invert the Fourier transform. The inversion back to the time domain

is carried out for the stimulus functions of the previous section,

but can also be accomplished for a wide variety of time functions

by means of the extensive tables of Laplace transforms available

(see Erdélyi, et a1. [21]).

The k—space coefficients that are obtained from the Laplace

transform inversion are complex and unwieldy. Were it not for the

shorthand expression of 6 = o + as in the expressions (4.38) to

(4.41) of integration constants A(k,s) through D(k,s), even

these equations would be more cumbersome. To accomplish the

Laplace inversion from s-space to the time domain, it becomes

necessary to define a new series of coefficients and use these to

express the solutions. This is done not only to reduce the

complexity of the resulting expressions, but also because trial

and error demonstrated these forms are the simplest to utilize in

the computer routines for the Fourier transform inversion.
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As the s-dependence in the solutions (4.26) - (4.28) occurs

solely in the coefficients A(k,s) through D(k,s), it is only

necessary to invert these coefficients back to the time domain.

The time domain solutions are then obtained from expressions

(4.15) - (4.17) with the Laplace-inverted coefficients A(k,t),

B(k,t), C(k,t) and D(k,t). The k and s-space coefficients

contain the source terms J:(k,s) and .J:(k,s) which were given

in Section 4.2.2 for the cases of a step, pulse, and impulse func-

tion stimulus time—dependence. It is convenient to express these

stimulus terms in the form

Js(k,s) = 36(k)f(s) (4.54)

S

where Js(k,s) represents either 31 or 3:, and Js(k) is defined

as the steady—state stimulus function1 given by

—s 2 J8

J (k) = k

 

sin(k w/2) . (4.55)

The function f(s) then represents the Laplace transform of the

time—dependence of the stimulus and is given (by comparison with

expressions (4.49) - (4.51)) as

f(s) = l/s (4.56)

for a step function stimulus,

 

So labeled as it is the same as 36(k) in Chapter 3 for steady-

state conditions.
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-sT

f(8) = 1/s (1 - e o) (4.57)

for a pulse of duration To, and

f(s) = l (4.58)

for a Dirac delta function time-dependence.

The coefficients A(k,s) through D(k,s) (eXpressions

(4.38) — (4.41)) can all be put in the form of

N (k) + sN2(k)

w<K.s> = [ 1 1f<s> (4.59)

(s2a(K) + 88(k) + y<K>>

 

where w represents any coefficient A, B, C, or D and f(s)

is the apprOpriate Laplace-transformed time dependence as given

above. The time solution for the coefficients will be expressed

in terms of the new coefficients N N , a, B, and 7 that are

1’ 2

functions of k only. By comparison with expressions (4.38) -

(4.41), these are found as follows. All four integration constants

A, B, C, and D have the same denominator when a, B, and y are

defined as1

 

Note that $20 + $8 + y is being defined as equal to F(k,s),

the common factor in the denominators of coefficients A(k,s)

through D(k,s). Relation (4.62) redefines the common denominator

factor F(k) (from the steady-state solution of Chapter 3) so as to

avoid confusion between F(k,s) (of this chapter) and F(k) (of

the last chapter). They are similar because F(k,s) was obtained

from F(k) by replacing a (in F(k)) with 6 = (o + SE).
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Ko+(Kb) Kl(kb) 10(ka)

“(1‘) = [(51 ' 8M)(EE ‘ EM) ’ (E I I0C(kb) EM 11(kb))(€E Ko(ka)

I l(ka)

5M 10(3)”K (4.60)

Ko(kb)

B(k) = [(eI - 6M)(0E - 0M) + (0I - 0M)(eE - EM) - (SI ESTES)

K (kb) I (ka) I 1(ka) K (Kb)

+ e _l____9(0 ._9____+ _)- (o _2____

M 11(kb) E Ko(ka) 0M K:(ka) I Io(kb)

Kl(Kb) Io(Ka)+ I1(Ka)

+ °M I:(kb))(EE K: (Ka)+ M K11(ka))] (4'61)

Y(k) = F(k) (4.62)

where F(k) is the common factor in the denominators of the solu-

tions in Chapter 3 and is defined in equation (3.58).

The numerator terms (with 32a + 58 + y = F(k,s) as defined

above) depend upon the particular coefficient A, B, C, or D. For

A(k,s), N1(k) and N2(k) are obtained by inspection from expression

(4.38) as

NA1(k) = A(k)Y(k) (4.63)

-€M JE<K) 3:00 [< _

k111(kb) 8E 8M

 

NA2(k) . 2 a) ’
k b Io(kb)Il(kb)Kl(ka)

Ko(kb) Io(ka)+ I1(ka)

I:(kb) (‘51: K:(143)" M K1(ka)” W64)
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where A(k) and y(k) are defined in equations (3.60) and (4.62)

and J:(k) and J:(k) are given by equation (4.55) with the

apprOpriate choice of J6 as J8 or J8 (source current density

I E

magnitude)1. Note that NAl may be obtained from NA2 (and vice-

versa) by replacing 61’ 8E, and EM with 01, GE, and OM

respectively. The subscript "A" is used to denote the defining

solution coefficient A(k,s).

In the same manner, the numerator coefficients for B(k,s)

are found to be

NBl(k) = B(k)Y(k) (4.65)

3.3m K0+(Kb) K(Kb) Sim

"32(k) = K K1(Ka) ($1 I0oTKb) 6M I:TK6)) + kI11(kb) (6E ' M)

(4.66)

where B(k) is defined in expression (3.59). For C(k,s), NCl

and NC2 are obtained as

NCl(k) = C(k)Y(k) (4.67)

3:00 3:00 IO+(ka) I 1(ka)

ch(k) ‘ KEKl(Ka) (CI ‘ M) KI1'1'(Kb) [CE K:TKa) M 1TKa)]Kl (4 68)

where C(k) was given in equation (3.57). Finally, for D(k,s),

the required terms are

 

1 Either source is assumed to have the same time dependence so

that f(s) may be factored out as in equation (4.59).
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NDl(k) = D(k)Y(k) (4.69)

-s

JE(k) Io(ka) Ko(kb) Kl(kb)

ND2(k) = K Kl(ka) [(51 " EM) ' Ko(ka) (51 Io(kb) + 6M Il(kb))]

33(K)

- 8M» I (4.70)
2

k a Il(kb)Ko(ka)K1(ka)

 

where D(k) is defined in relation (3.61). Note that in each

case, the N coefficient is defined solely in terms of the steady-

1

state coefficients for A(k) through D(k) defined in Chapter 3.

Before proceeding with the Laplace transform inversion,

one more grouping of coefficients is made to simplify the solutions.

The general denominator (that is the same for any coefficient A, B,

C, or D) may be factored by means of the quadratic formula as

s%u>+wd)+wm=adxs-MMMs-MM) (4n)

where F(k) and Q(k) are defined as the quadratic roots of the

polynomial F(k,s) and are given by

 

 

 

 

2

-wm>+@<m—4mmum
p(k) - 2 a(k) (4.72)

_ -B(k) - /82(k) - 4a<k11<k>

With this factoring, the general expression for any solution co—

efficient w(k,s) becomes
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Nl(k) + sN2(k)

¢(k’3) g [a(k>(s - P(K)>(s - Q(k))]f(s) °

 
(4.74)

Now consider the case of a step function time dependence

for the stimulus J: and/or J2. Any coefficient A(k,s), B(k,s),

C(k,s), or D(k,s) has the form

Nl(k) + sN2(k)

a(k)S(s - F(k))(s - Q(k))

 

¢(k,S) = [ ] (4.75)

where expression (4.56) has been used for f(s). Applying a partial

fraction expansion gives

Ro(k) Rl(k) R2(k)

 

 

 

W(k,S) = T+m+m (4.76)

where the Ri(k) are given by

N1(k)

Ro(k) = Y(k) (4.77)

N2(k)P(k) + N1<K)

R1(k’ ‘ a(k)P(k)[P(k) - Q(k)] (“'78)

N2(k)Q(k) + N1(k) 4 79

Rz‘k’ = a(k)Q(k)[Q(k) - P<KiT ( ° )

With the Laplace transforms of

£{l} = US (4.80)
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and 118‘} = —1— , (4.81)
s-a

the inverse Laplace transform of the general coefficient is

immediately apparent as

P(k)t
K(K,c) = Ro(k) + Rl(k)e + R2(k)eQ(k)t. (4.82)

Thus by using the apprOpriate N1 ,and N2 coefficients in

expressions (4.77) — (4.79), the solution coefficients A(k,t),

B(k,t), C(k,t) and D(k,t) for a time step-function stimulus

are given by equation (4.82).

A computer check of the factors F(k) and Q(k) in the

exponentials of expression (4.82) showed that they were negative

decreasing functions of k for all values of k. In the limit

of t + w, this forces the two exponential terms to vanish and leave

only the steady state term of Ro(k). By following back through

all the definitions of the coefficients, Ro(k) is found to be

just the steady-state coefficient A(k), B(k), C(k) or D(k) as

given in Chapter 3. Thus the solution to a step function in time

has the expected limiting steady-state response as time approaches

infinity and transients damp out. Another feature of the solution

is that w(k,0) = O, as expected from the assumption that the

system is in the resting condition at t = O. The time response

of this system, after performing the numerical inversion of the

Fourier transform, is discussed further in Section 4.3.1.
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The Laplace transform inversion for the case of a pulse

of duration To follows quickly from the case of a step function.

The general coefficient now has the form

N + 3N -T s

l 2 o

as(s-P)(s—Q)](1 ' e )
(4.83)

 

M198) = [

where expression (4.57) has been used for f(s) in equation (4.74).

By use of the time-shifting theorem (4.24), the inverse is obtained

from the same partial fraction expansion as used for the step

function case as

P<k>t + R2(k)eQ(k)t (0 i t < T )w(k,t) = Ro(k) + Rl(k)e __ o

P(k)t 'P(k)T 'Q(k)To (c.Z To)
R1(k)e (1 - 9 °) + R2(k)eQ(k)t(l-e )

(4.84)

where R0, R1, R2, P, and Q are all the same as for the step

function response. Note that this solution is the same as the

linear superposition of two step function responses (one that

starts at t - 0 and the second subtracted from the first after

t - To). As such, it has the same properties as discussed for the

step function response, with the exception that as t increases

to infinity the steady-state solution is now zero (i.e., the

resting condition). The pulse response is discussed further after

inversion to the z-domain in Section 4.3.2.

The final time dependence to be considered is that of

the impulse response. Using expression (4.58) for f(s) in
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equation (4.74) gives the general coefficient as

 

 

 

N1 + 3N2

W(k,3) = 0(3-P) (S‘Q) (4.85)

This is expanded via partial fractions into

A A

w(k,s) =-;§§ +'§%6' (4.86)

where A1 and A2 are given by

N2(k)P(k) + N1(k)

A1(k) = a(K)[P<K) - Q(k)] (4'87)

N2(k)Q(k) + N1(k)

Az‘k) = a(k)[Q(k) - P<K>1 (4'88)

From relation (4.81), the inverse to the time domain is found

simply as

w(k,t) = A1(k)eP(k)t + A2(k)eQ(k)t (4.89)

where P and Q are the same as in the previous cases and are

defined (for all coefficients A, B, C, or D) in expressions

(4.72) and (4.73). The features of the impulse response are dis-

cussed in Section 4.3.3.

By use of the apprOpriate constants N and N in the

l 2

general time-domain coefficients given in expressions (4.82),
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(4.84) and (4.89), the solution time-domain coefficients A(k,t),

B(k,t), C(k,t) and D(k,t) are obtained for the cases of a step

function, pulse function or impulse function stimulus time-

dependence. With these coefficients and the inverse Fourier trans-

form (3.32), the space and time domain solutions for perturbations

of potential from the resting condition are found from equations

(4.15) - (4.17) as

l m jkz

¢i(r,z,t) = §;-f_m A(k,t)Io(kr)e dk (4.90)

¢'(r z c) = la-fm [B(k c)1 (kr) + C(k t)K (kr)]ejkzdk (4.91)
M ’ ’ 2n -m ’ o ’ o

¢E(r,z,t) = %;-/fm D(k,t)Ko(kr)ejkzdk . (4.92)

The solutions for electric field and current density follow

directly from equations (4.8) and (4.9), using the property (3.33)

to arrive at

jkz
EIr(r,z,t) = - §;-/fw kA(k,t)Il(kr)e dk (4.93)

EIz(r,z,t) = -.%; ffm jkA(k,t)Io(kr)ejkzdk (4.94)

1 m jkz
Efir(r,z,t) . --§; f_mk[B(k,t)Il(kr) - C(k,t)K1(k,r)]e dk (4.95)

EMz(r,z,t) = _._— ffm jk[B(k,t)Io(kr) + C(k,t)Ko(kr)]ejkzdk (4.96)
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_ 1;_ m jkz
EEr(r,z,t) f_co kD(k,t)K1(kr)e dk (4.97)

2H

.. 1..“ W
EEz(r,z,t) - - 2" {_w jkD(k,t)Ko(kr)e dK . (4.98)

The current density at any point is obtained by the product of the

appropriate conductivity with the electric field for that location.

The inverse Fourier transforms are obtained in the same manner

as discussed in Chapter 3, with the same computer programl. The

only differences are that the solution coefficients are now far

more complicated and time—dependent. The rest of this chapter

discusses features of this solution for the case of the standard

test axon defined in Section 3.3.1. The permitivities 81’ EM’

and e are also needed and are taken as 8 6e
E 8I 7 es M 0

following Katz [40] and the definitions made in Section 3.3.4 for

a 80609 E

the surface charge development. A full list of the standard test

axon parameters is given in Appendix D.

 

See Appendix C.
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4.3. Time-Dependent Electrotonic Response

The following subsections examine features of the time-

dependent passive response of the standard axon. To simplify com-

parisons, a 0.5 mm wide electrode was used and the maximum current

intensity IS was fixed at 10"5 amps in sections 4.3.1 and 4.3.2.

As in Chapter 3, results are given in terms of perturbations in

potential from the resting condition. Though only potentials at

the membrane are presented, potentials anywhere in the system and

electric fields and current densities are easily obtained with the

apprOpriate solutions from Section 4.2.3.

4.3.1. Response to a Stengunction Stimulus

As in the steady-state case, the perturbation in trans-

membrane potential is fairly well predicted by cable theory when

an intracellular stimulating electrode is used. The equivalent

circuit used for time-dependent subthreshold phenomena in the

core-conductor model is illustrated in Figure 4.1. In the

diagram cIn and rIn are the membrane per-unit—length shunt

capacitance and resistance, while r1 and r2 are the extra-

cellular and intracellular axial resistances per unit lengthl.

The time response to a step function stimulus (solution given in

 

See Lorente de No [48] or Plonsey [60] for a discussion of this

model. In terms of the conductivities and capacitances of this

report, r2 = (oIna2)-1, rm - d/(oM2na), and cm = Cm2wa. As noted

in Chapter 3, r1 is poorly defined for fibers in a large extra-

cellular volume.
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Plonsey [60]) is expressed in terms of error functions, with the

response at z = 0 given as an error function with a n/t/rmcm

argument. A time constant T is defined with

e

Tare =d—C =—! (4.99)

m m GM 111 0M

so that at z = 0 and t = T, Vm is 84% of its steady—state value.

The Fourier transform model of this report agrees very well with

the cable equation response, with a time constant of T = 0.743 msec

for the test axonl.

The two models give different results near the electrode

(as noted in Chapter 3) in the magnitude and z-dependence of Vb.

However, the time response is essentially the same for the percent

of the steady—state value reached after any time t. The response

of both models away from the electrode is virtually identical and

is illustrated for z a 1 mm in Figure 4.2. Near t = 0, the

membrane capacitance (displacement current density in the membrane)

provides a "short circuited" path for current flow from the cell

interior into the extracellular region. As this capacitance be-

comes charged,the only path for current flow is the resistive one

represented by rm in the core conductor model or OM in the

present field model. At steady-state, all current density through

the membrane is resistive; giving Vm(z, t + 00) as found in Chapter 3.

The field model of this report also allows accurate determina-

tion of the electric scalar potential at either side of the membrane.

 

See the z - 0 curve in Figure 4.4.
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Figure 4.3 is a plot of ¢E(a, 1 mm, t) versus time. It indicates

an effect not predicted by the core-conductor model in the overshoot

seen near t = 0. ¢E quickly rises from zero to more than 200%

of its steady-state value, then decays to the steady-state response

over a period of about 1 msec. This effect is due to the initial

surge of charge through the membrane carried by the large displace—

ment (capacitive) currents near t = 0. The decay to the steady-

state value occurs as the surface charge densities on either membrane

interface reach their steady-state values and this current path

"closes" as discussed above. Note that as in Chapter 3, the

magnitude of ¢ is far smaller than v; at all time t (except
E

very close to t = 0). Thus Figure 4.2 is also a graph of

¢£(b, 1 mm, t) as (to the resolution inherent in the scale)

V$(z,t) é ¢£(b,z,t).

Figure 4.4 is a time plot of v; for the axial distances

of z = 0, 5, and 10 mm. At the larger axial distances, it is

apparent that there is a time lag before the effect of the internal

stimulus is seen. This is due to the initial low impedance current

path at t = 0 of the membrane capacitance allowing the current

to leave the intracellular space near the electrode. Figure 4.5

is a plot of v; as a function of z for various time points.

The delay mentioned above for the stimulus effect to spread down

the axon is even more clearly seen. A velocity for this passive

spread of potential cannot be determined as there is no distinct

feature (as in a traveling spike) to take time versus distance

measurements from. As seen in Figure 4.5, the transmembrane

potential is very close to its steady-state distribution at



¢
E
(
a
,

1
m
m
,

t
)
,

m
V

¢
E
(
a
,

1
m
m
,

C
)
,

m
V

 

 

 

 
  

 

 
 
 

(a, 1 mm, t) Time Response at z = 1 mm for a

Step Function Stimulus Applied Internally

 

q

—I

$—A-—I

Steady-state

_ value . 0.0990 mV 3

lllllllllILl

0 0.2 0.4 0.6 0.8 1.0 1.2

Time t, msec

(a) Plot on the same time scale of Figure 4.2

I I I I I I I I I I I

OQZI— _—

l

_ 4

0.1 —' __

0..) _

l l l I, l I I l _1 l I

0 0.02 0.04 0.06 0.08 0.1

Time t, msec

(b) Detail near t = 0

FIGURE 4.3

 



181

 

   

l I I I I I I I 17 I I I I

Steady-State Value.-

0

o

_ . _

I

o

30 - 9 .1

(3 ...... z = 0

0

[j --- z = 5 mm

.. O .-

A- -- z = 10 mm

o

20 " -‘

>.

8

,4 16.34 mV"'---

‘1 _ . Steady-State Value . J

N

:1. I

> I

0 ll

10 " ll -4

I

II

- 6.48 mV .....

Steady-State Value

I ‘

I ‘ 4 ‘

V L... .‘A 4 ‘ A «—

r

I I I I I I I I I I l I I

0 0 2 0.4 0 6 0.8 1.0 1.2

Time t, msec

FIGURE 4.4

Transmembrane Potential Time Response at z = 0, 5, and 10 mm for

a Step Function Stimulus Applied Internally



 

I I I l I I I I I I I

40 — O—--t=10.0 msec —

A-—_t= 1.0 msec

_- D___t=0.5 msec -

v———t = 0.2 msec

30 — O ——-t = 0.05 msec -

 

P

20 —

>

E

f: )—

U

3

BE

10 -

V '- .—

r   
 

Axial Distance 2, mm

FIGURE 4. 5

Transmembrane Potential as a Function of z for t = 0.05, 0.2, 0.5,

1.0, and 10.0 msec, Step Function Stimulus Internally Applied



183

t = 1 msec and it reaches steady—state by 10 msec.

All of the discussion above applies only to an intracellular

stimulating electrode. If the stimulus is supplied via an extra—

cellular electrode, the response is totally different. Figure 4.6

illustrates this with a graph of Vé, 9i and QE at z = 0.5 mm.

The steady—state values of each potential are reached much more

quickly than in the internal electrode case. In Chapter 3, it was

demonstrated that the steady-state z-dependence for this stimulating

electrode was not predicted by cable theory. Likewise the time

response is also not given by cable theory, for the same reason

that considering only axial current flow in the extracellular region

is a poor assumption.

As seen in Figure 4.6, and in greater detail in Figure 4.7,

¢i and ¢E both overshoot their steady-state values near t = 0,

resulting in a brief period where V$(0.5 mm, t) is positive.

¢E(a, 0.5 mm, t) has a small overshoot very close to t = 0,

followed by a slight drop below the steady-state value, and reaches

steady-state by t é 0.02 msec. The time response of ¢i(b, 0.5 mm, t)

shows a far greater overshoot (more than 300% of the steady—state

value) and a much slower decay to the steady state. Unlike the

steady-state case of Chatper 3 where ¢E(a,z) for the intracellular
 

stimulus case was essentially equal to ¢i(b,z) from the extracellular
 

stimulus case, ¢E(a,z,t) for a time-dependent internal stimulus

does not equal ¢i(b,z,t) from a time-dependent external stimulusl.

 

Compare Figures 4.3, 4.6, and 4.7. In the steady-state (as

t + 00) they again become equal.
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Also note that the time response of V; is mostly due to the slower

decay of ¢i, as ¢ reaches steady-state almost immediately.
E

The overshoot of QI and its subsequent slow return to the

steady-state value is an effect of the membrane capacitance. As

in the intracellular electrode case, near t = 0 the capacitance

provides a low-impedance shunt path for a surge of charge through

the membrane. This excess charge is retained within the cell until

it can leak back out via the now highly resistive membrane. The

time required for this return to the steady-state is shorter than

in the intracellular stimulus case. This is because, after the

initial surge, the electrode no longer supplies the excess charge

and there is the additional axial path of the intracellular medium

for the excess charge to disperse along before leaving the cell

interior via the membranel.

These effects are further illustrated in Figure 4.8. At

2 = 0, there is a very brief overshoot of v; positive, followed

by a rapid decay to the steady-state value. At 2 = 1 mm, the over-

shoot is delayed and dispersed in time, with a slower drop to the

(negative) steady-state value. At 2 = 5 mm, almost no overshoot

is seen, with v; rising smoothly to its steady-state. Figure

4.9, a plot of V; versus 2 for t = 0.05, 0.2, and 1.0 msec,

shows the same response in a slightly different manner. Again the

overshoot is seen to nearly vanish at larger values of 2. Note

 

The potential overshoots (along with other stray capacitive effects

in the stimulating and recording circuits) are seen in neural experi-

ments as a stimulus artifact. See the results of Hodgkin, Huxley,

and Katz [38]. Note that this effect is also present in ¢ for the
E

intracellular stimulus case.
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the point where VA = 0 moves to the right with increasing

Steady-state is also observed to be attained much more quickly

for an intracellular stimulus, this being the case at t = 1.0

(as compared with about 10 msec for an internal stimulus).

The results for a step function stimulus may be summarized

1)

ii)

iii)

The time response of v; is well predicted by cable

theory for the case of an intracellular electrode, but

not for an external stimulus.

The low impedance path due to capacitive effects near

t = 0 gives rise to an overshoot in the ¢E response

for the internal stimulus case, and an overshoot for

¢i, ¢E, and V; in the extracellular electrode case.

As t + w, the response becomes that of the steady-

state model of Chapter 3.
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4.3.2. Response to a Pulse Function Stimulus
 

The transmembrane potential time response to a rectangular

stimulating current pulse of 0.5 msec duration is illustrated in

Figure 4.10. Only times greater than 0.3 msec are plotted as (by

equation (4.84)) the response for 0 5_t 5_0.5 msec is the same

as for a step function stimulus. Thus Figures 4.1 and 4.4 of the

previous section supply the portion of the response between t = 0

and t = 0.3 msec. This solution may be obtained by the linear

superposition of two step responses, one at t = 0 and the second

(subtracted from the first) starting at t = 0.5 msec. As before,

the Fourier transform field model gives essentially the same time

response as the core-conductor model.

As observed in both Figures 4.10 and 4.11, the effect of

switching off the stimulus is seen immediately at the electrode

(2 = 0), but the response is delayed and diffused at greater axial

distances. This is especially clear in Figure 4.11 (a plot of

Vé vs. 2 for various t.Z 0.5 msec) in that v; continues to in-

crease after t = 0.5 msec for axial distances greater than a few

millimeters. These effects are due to the discharging of the

membrane capacitance (relaxation of polarization effects within the

membrane and loss of excess surface charge density). Even though

the transmembrane potential near the electrode at t > 0.5 msec

has started to decay to Vr, the potential still has a decreasing

axial gradient that causes an axial current flow to the right,

resulting in a continued increase in V4 at points away from the

electrode. Thus the sharp edge seen in the z = 0 and 1 mm
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curves of Figure 4.10 is diffused into the smooth hump seen in the

z = 5 and 10 mm curves.

As in the previous step function case, the extracellular

potential at the membrane (¢E(a,z,t)) reaches its steady—state

value almost immediately and is far smaller in magnitude than

¢i(b,z,t). Thus Figures 4.10 and 4.11 also give (at the resolution

of their scale) the time and axial dependence of ¢i(b,z,t).

¢E(a,z,t) shows a brief and small undershoot (i.e., becomes negative)

near t = 0.5 msec, then returns to the steady-state value of zero

(as the stimulus is absent at t + 0°). The response of ¢E(a,z,t)

may be obtained as indicated above by the linear superposition of

the results of the previous section (Figure 4.3).

The time response associated with terminating the stimulating

current to an extracellular electrode is shown in Figure 4.12,
 

with Figures 4.6 to 4.8 of Section 4.3.1 supplying the curves for

0.: t_: 0.4 msec. As in the case of an external step function

stimulus, the response to a change in stimulating current is very

fast (as compared to an intracellular stimulus) and shows a stimulus

artifact in the form of a brief spike at the termination of the

pulse stimulus. Linear superposition again gives the solution

from the results of Section 4.3.1.

Figure 4.13 provides a more detailed picture of the stimulus

artifact near t = 0.5 msec. The artifact is apparent only near

the electrode, diffusing and vanishing for increasing 2. At

2 = 5 mm, its only trace is a very leisurely excursion of Vm

slightly below the resting potential. These effects are again due

to the discharge of the membrane capacitance,and the discussion
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in the previous section on the overshoot transients for the step-

function extracellular stimulus applies to this case.

As in the intracellular stimulus case, the axial locations

away from the electrode do not respond immediately to the end of

the stimulating current. This is seen in Figure 4.14 (a plot of

Vé vs. 2 at t = 0.5, 0.5125, and 0.55 msec) as well as a much

faster return of VIn to the steady-state condition of Vm = Vr

than for an internally applied pulse (compare with Figure 4.11).

In terms of scalar potential at the membrane interfaces, the

response is mostly due to ¢i(b,z,t); as ¢E(a,z,t) returns to

zero almost immediately after t = 0.5 msec (with a brief under-

shoot at t = 0.5 msec, see Figure 4.7 of the step function

response). Also, as discussed in the previous section, the effect

of an extracellular stimulus (a pulse time function in this case)

is not predicted by the core-conductor model.
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4.3.3. Response to an Impulse Function Stimulus
 

The previous section dealt with a pulse stimulus that

consisted of a step in the current to the electrode at t = 0 that

ended a finite time later at To' The total charge supplied by

the stimulating circuit is then just TOIS where IS is the

magnitude of the total current to the electrode. As To becomes

smaller, the charge delivered becomes less, with the limiting

case of TO + 0 being no stimulus at all, and no evoked response.

However, it is possible to mathematically define an impulse stimulus

that delivers a finite charge in an infinitely brief time by means

of a Dirac delta function, 6(t). This was done in equation (4.51)

and the solution was found in Section 4.2.3 , relations (4.87) -

(4.89). Previous authors have used delta functions both for

electrode space extent (see Chapter 3) and stimulus time responsel.

It is included in this report primarily for comparison purposes.

For the results presented in this section, the current

density magnitude JS (in equation (4.51)) was adjusted by multiply-

ing by 0.0005. This was done to make the total charge supplied

by the impulse the same as that delivered by a 0.5 msec pulse

stimulus (the delta function has unit magnitude when current is in-

tegrated to obtain charge). Thus the results in this section may

be compared with those of the previous section to study the limiting

case of shortening the pulse duration and increasing pulse magnitude

2

so as to deliver the same total charge .

 

For example, Stevens [74] models a synapase with a 6(z)6(t) type

of source in the core-conductor model.

2 The total charge is 10“5 amps X 0.5 msec = 5 x 10.9 coulombs for

the numerical results presented.
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Figures 4.15 and 4.16 present the time and axial dependence

of transmembrane potential for the case of the impulse current

supplied via a 0.5 mm width intracellular electrode. Perhaps the

most outstanding feature of the response is the singularity at

t = 0 and z = 0 where Vm diverges to +w. This is a result

of the requirement of an infinite potential at the electrode

(¢I at r = b, |z| < 0.25 mm in this case) to deliver a finite

charge in an infinitely brief interval (i.e., via an infinitely

large current at that point and time). After the injection of this

charge, a very rapid relaxation in time and space occurs. As seen

in Figure 4.16, the response is far more localized about the

electrode than for the finite pulse, and Figure 4.15 indicates the

transient period ends much more quickly (than for a pulse). This

is because it takes little time or space for the charge delivered

by the electrode to dissipate into the intracellular volume con-

ductor. Even in the small intracellular volume, the total charge

is so minute as to decay to an insignificant density very quickly

as the resultant currents diffuse it throughout the system.

From Figure 4.15, a velocity for the axial spread of potential

can be discerned. At 2 - O, the peak of the curve of V$ is

essentially at t = 0 (the time of the impulse). The 2 = 0.5 mm

curve shows the peak as diffused and occurring at t é 0.005 msec.

At 2 = 1.0 mm, the maximum is even more diffuse, but can be dis—

cerned as occurring at t 5 0.01 msec. This gives a velocity for

the passive spread of potential as v = 0.5 mm/0.005 msec =

1.0 mm/0.01 msec = 100 m/sec. This velocity is only a measure of
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the rapidity of the spread of the passive response, and does not

represent an action potential prOpagation velocityl.

The results are essentially the same for the extracellular

electrode case, as illustrated in Figures 4.17 and 4.18. The major

differences lie in the fact that v; now diverges to -w at

t = z = 0 and that the decay times and distances of the response

are even smaller. VA goes to -w because, with the electrode

at the external membrane interface, the singularity caused by the

impulse is in ¢ +-+m at the location of the electrode and

E

v; = ¢£ — ¢E gives VA + -m. The more rapid time and spatial decay

are the result of the large extracellular volume for the charge

to immediately diffuse into, no longer being confined within a

highly resistive membrane as in the intracellular stimulus case.

Also note in Figure 4.18 the wild swings in v; from positive to

negative at times near t = 0 that quickly die out as seen in the

t = .005 msec curve. This is a result of the alternate charging

and subsequent discharging of the membrane capacitance by the

charge supplied by the impulse.

The net conclusion from this section is that except for a

brief infinite spike at t = z = 0, an impulse stimulus does not

produce an effect that has the space or time extent of a finite

duration pulse, especially when the decay times or distances are

defined as a percentage drop from a value of |V$| very near

 

Other effects are included in determining action potential velocity

(such as latency, the time between a supra—threshold stimulus and

the peak of the resultant action potential).
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t = z = 0. The response does not display the R-C time constant

of the core-conductor model, even for the intracellular electrode

case. With the singularity in Vé and the brevity of response,

the impulse response does not appear to model very well any observed

neural phenomena. Its characteristics make it a poor approximation

of such phenomena as action potential spikes or synapses (as some

authors have done, see Stevens [74]), especially in a field—type

model such as presently being considered.

4.3.4. Simulation of a Myelinated Axon
 

The three-v0lume-conductor-region solution of this chapter

can be used to obtain an interesting model of a myelinated axon.

As discussed in Section 2.1.2, many axons have a periodically

interrupted insulating sheath formed by Schwann cells wrapping

several layers of their membrane about the axon. The action of

this myelin sheath is to allow only a passive (electrotonic) spread

of potential between nodes (interruptions in the sheath) and

generation of the action potential only at the nodes. Nerve impulse

pr0pagation velocity is increased by not allowing action potential

generation at every point and by decreasing the electrotonic axial

decay for the regions covered by the myelin. These effects are

discussed in Ochs [54] and Plonsey [60].

To simulate response characteristics that occur during the

active event of saltatory conduction with this electrotonic (passive)

model requires a few approximations and a realization of the limited

number of features that the model will give. The simplifications

of the simulation are illustrated in Figure 4.19 in a three-part
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fashion. Figure 4.19(a) diagrams the actual cellular structure

that consists of four regions: intracellular, interstitial (extra-

cellular), membrane, and the myelin sheath. One node (at the left)

is assumed "active" in the sense that an action potential has

been excited there. What will be examined is the passive spread

of potential from this active node to the adjacent node at the right.

Figure 4.19(b) shows the idealized structure to be modeled.

The myelin sheath is assumed to be uniform in thickness between

nodes, with the origin (2 = O) at the center of the active node

and the adjacent node centered at z = 1 mm. The nodes are taken

as In wide and the myelin sheath as 1000 A thick (as might be the

case for a Schwann cell wrapping its 50 A membrane 10 times about

the axon, with two layers per wrap)1. The axon is otherwise the

same as the standard test axon, with its outer membrane interface

at r = a = 0.25 mm and inner radius as b = a - d where

d = 50 A = membrane thickness.

As the field model of this chapter is for three regions

rather than four, the closest cellular structure that can be de-

scribed by this model is diagrammed in Figure 4.19(c). The myelin

sheath and axonal membrane have been combined into a single homo—

geneous region defined between r = b and r = b + 21d. As the

myelin sheath is considered to be constructed of tightly laminated

layers of unit membrane, with prOperties similar to the axonal

membrane in the passive state (see Ochs [54]), this assumption is

 

1 See Ochs [54], these values are representative of the dimensions

of the actual structures. Note that Figure 4.19 is not drawn to

scale.
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not unreasonable. The outer boundary of the axon membrane is in-

dicated at r = b + 50 A = 0.25 mm with a dashed line. In terms

of the Fourier transform solutions of Section 4.2.3, the inner

radius b is defined as the same as for the test axon, the outer

axon radius is at b + 50 A (as for the test axon) with its potential

now defined by means of ¢fi evaluated at r a b + 50 A, and the

outer radius a in the solutions is now taken as b + 1050 A

(b + 21d). The potential in the extracellular region (¢E) is thus

defined for r 3_b + 1050 A .

The nodes are modeled as follows. The active node at z = O

is simulated by a lu wide intracellular electrode supplying a current

density J8 at that location. This approximates the depolarization

that results during an action potential from the influx of positive

sodium ions. The stimulus current I8 is taken as a 0.5 msec

duration pulse, similar to the duration of an action potential.

As it was demonstrated in Chapter 3 (and seen also in the results

of this chapter) for an intracellular stimulus, ¢E << ¢i and ¢E

is not a very strong function of r for distances within 1000 A

of the cell membrane (see Figure 3.11 of Chapter 3). Thus the

perturbed transmembrane potential at the nodes may be approximated

by ¢i(b,z,t) - ¢E(b + 21d, 2, t) as indicated in Figure 4.19(c).

This assumes that Vi at the nodes is given essentially by ¢',

with the extracellular medium being iSOpotential between r - b + 50 A

and r = b + 1050 A. A further assumption is that the relatively

low impedance paths for current presented by the nodes are in-

significant because of their size and infrequent spacing. The
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model will only examine potential between 2 = 0 (the active node)

and z = 1 mm (the first adjacent node) so that the effects of other

nodes at greater axial distances will be minimal. Between nodes,

the perturbation in transmembrane potential will be given by

v; 5 ¢i(b,z,t) - ¢§(b + d, z, t), the perturbed potential across

the membrane of the axon alone (¢§(b + d, z, t) being taken as the

electric scalar potential perturbation at the outer axonal membrane

surface).1

With the above assumptions and definitions, the solution

was carried out using the equations of Section 4.2.3. The axon

parameters (exclusive of the radius definitions above) were the

same as for the test axon (Appendix D) with the stimulating current

I8 at the 10—-5 amps standard value. With the same membrane con-

10 mhos/cm as for the unmyelinated axon,ductivity of 0M = 7.143 x 10'

this gave a net membrane resistance per—unit-area 21 times larger

than for the unmyelinated casez. As it is realized that a 0.5 msec

pulse of current is not the same as the time course of currents

through the membrane during an action potential, it is not expected

that the simulation will give the same potential magnitudes and

time courses as due to a nerve impulse. The model does give informa-

tion on time constants, axial decay, and potential magnitudes at

the nodes as compared with those between the nodes.

 

1 The resting potential Vr is assumed to exist only across the axon

membrane with ¢Mo(r) given by Section 2.3 for b < r < b + d.

Essentially 21 identical membranes in a laminar structure form

the axon membrane-myelin sheath complex.
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The response obtained is illustrated in Figures 4.20 and 4.21.

In Figure 4.20, it is observed that the peak depolarization at the

active node is about 145 mV,1 and has decayed only slightly at the

adjacent node at z = 1 mm. Though the depolarization is about 50%

larger than for an action potential at z = 0, the maximum depolariza-

tion at z = 0.5 mm where the myelin sheath covers the axon is

only on the order of 7 mV. The decay in potential perturbation from

the magnitude at the active node to the second node at z = 1 mm is

far less than seen in the unmyelinated axonz. Another response

characteristic is that the rise time is the same as for a non-

myelinated axon; as can be observed by comparing Figures 4.4 and 4.20.

Figure 4.21 graphs the variation VA as a function of 2

at t = 0.01, 0.05, and 0.1 msec. Note that the transmembrane

potential at either node (2 = 0, 1 mm) is far greater than for the

region covered by the myelin sheath. The dashed lines indicate

the edges of the myelin and the change in V; that occurs at those

points. This also denotes that the transition in v; from its value

at a node to its value under the sheath is ill-defined and thus the

portion of the curve for those points cannot be specified3. Figure

 

1 A result of the chosen stimulus intensity. By the linearity of

the model, all potentials could be multiplied by 2/3, giving about a

100 mV depolarization (similar to the action potential magnitude)

that would result from 2/3 the stimulus intensity.

Compare Figures 4.10 and 4.20. In this case the decay is 6.8%

as compared to 23% for the unmyelinated axon.

3 It is eXpected that in a real cell there would be a smooth transi-

tion in transmembrane potential between nodal and trans-nodal

magnitudes.
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4.21 clearly demonstrates that while the depolarization between

nodes has reached only 3.3 to 3.51nV,the node at z = 1 mm has been

depolarized some 67 mV (at t - 0.1 msec), a value well above the

threshold required to excite an action potential (less than a

40 mV depolarization, see Plonsey [60]). The interesting feature

of this model is that it indicates that the reason action potential

excitation is prevented between nodes is not necessarily the block-

ing of ionic currents by the myelin, but gives the slightly different

view that the neuronal membrane never reaches threshold. Thus even

if the myelin sheath allowed a small leakage of extracellular fluid

between it and the axon, the action potential would still be pre-

vented by there being an insufficient depolarization of the axon

membrane (between nodes) to reach threshold.

The response of the model may be explained by considering

the physical characteristics of the system. The increased length

constant (smaller decay from 2 = 0 to z a 1 mm in v; with

the sheath) arises from the increase in net resistance to current

flow through the membrane. The membrane-myelin complex is equiv-

alent to a single thick membrane of the same conductivity as of the

non-myelinated axon membrane. This feature has been incorporated

into a core-conductor model by increasing rIn (see FitzHugh [25],

Plonsey [60]). There is no change in the membrane time constant,

as from Section 4.3.1 (equation 4.99) T = eM/oM. Since neither

0 or s has changed, I is unchangedl.
M M

 

1 The membrane capacitance,C , is inversely prOportional to

membrane thickness while Rm is directly proportional. Thus the

increase in effective membrane thickness cancels in T - RmCm = rmcm.
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The decreased transmembrane depolarization of the axonal

membrane under the myelin sheath may be seen as essentially a

simple voltage-divider network effect. As observed in Section

3.3.2, the perturbation in potential within the membrane is very

close to a linear function between ¢i and ¢E at either side of

the membrane. With the total thickness of the membrane-myelin

complex 21 times that of the excitable axonal membrane, the effect

is that only l/21 of the potential difference across the entire

complex appears across the axon membrane (i.e., the membrane and

myelin are similar to resistances in series for radial current

flow). The fact that V; under the sheath is approximately 1/21

of ¢i(b,z,t) - ¢E(b + 21d, 2, t) was verified from the numerical

solutions, and may be observed to be the case by extrapolating

values from the curves in Figures 4.20 and 4.21. The conclusion

arises that the action potential is blocked between nodes in a

myelinated axon because the excitable membrane of the axon never

reaches threshold. The depolarization is shared in a voltage—

divider fashion with the non-excitable membrane layers of the myelin

sheath. Thus even if ions from the interstitial fluid manage to

penetrate between the myelin layers in a sufficient quantity that

theoretically could produce an action potential, the excitable

membrane is prevented from reaching the threshold for this event.

This is similar but slightly different from the prevailing notion

that the myelin acts as an insulator, physically preventing ionic

currents through its high resistance.



CHAPTER 5

REDUCTION OF THE SYSTEM'TO A TWO-COMPARTMENT MODEL

The problem is greatly simplified if the fields and currents

interior to the membrane are not required in the solution. For this

situation, the boundary conditions deve10ped in Section 2.2.2 are

combined with the volume-conductor equations for the intracellular

and extracellular regions to obtain the solutions for only those

two regions. The advantage of this approach is that the resultant

simplification not only yields expressions that require less computer

time for Fourier inversion, but also allows the model to be extended

to include time and space-dependent ion-selective conductance

changes in the membrane. This enables the modeling of active as

well as passive neural phenomena.

The first section of this chapter states the defining equa-

tions for the two-compartment model. Section 5.2 carries out the

solution in a general form for both the electrotonus (passive

response) and variable membrane conductance cases. The last section

examines the response characteristics for a few examples of variable

conductance in modeling synaptic events.

5.1. Description of the Two-Compartment System
 

Once again the structure to be modeled is a membrane cylinder,

its geometry represented in cylindrical coordinates as shown in

215
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Figure 5.1. The cylinder's axis and the z—axis are coincidental,

the cell is taken to be infinite and uniform in the :;2 directions,

and the system rotationally symmetric. As before, the intracellular

space is defined by O_: r.: b and the extracellular region by

r_: a. The membrane exists between r = b and r = a, but fields

within this region are not part of the modell. Only the fields of

the intracellular and extracellular volume conductors are to be

solved for, with the boundary conditions of Section 2.2.2 used

to relate these fields across the membrane.

As in the previous chapters, the volume conductor regions

of the intracellular and extracellular spaces are assumed to be

linear, homogeneous, isotropic, and electroneutral media; with any

externally applied sources only at the membrane interfaces. Follow-

ing Chapters 3 and 4, the fields and currents will thus satisfy

the relations:

¢I(r,z,t) = Vr + ¢i(r,z,t) (5.1)

¢i(r,z,t)

V2 = O (Laplace's equation) (5.2)

¢ (r,z,t)
E

31(r,z,c) = CI El(r,z,t) (5.3)

3E(r,z,c) = 0E EE(r,z,c) (5.4)

 

1 If desired, the membrane may be considered infinitely thin by

setting a = b in all equations in this chapter.
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FIGURE 5.1

Geometry for Two-Region Cylindrical Model
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+ W ' W

EI(r,z,t); ¢I(r,z,t)

_, \ = -V (5.5)
hE(r,z,t)r ¢E(r,z,t)

where Vr is the resting transmembrane potential and ¢i the

perturbation from ¢ = Vr in the resting statel.

I

The boundary conditions were developed in Section 2.2.2,

with Chapter 3 demonstrating that the assumptions necessary for

their derivation were valid. For the geometry of this system,

they are obtained from equations (2.164) and (2.165) as

 

e 3

i gi(z,t)[Vm(z,t) - V1] + Cm 3t Vm(z,t) - OIEIr(b,Z,t) - 0 (5-6)

e 8 _

oEEEr(a,z,t) - i gi(z,t)[Vm(z,t) - Vi] - Cm 3t Vm(z,t) - 0 (5.7)

b dr -1 I
where gi(z,t) = [f ] (membrane conductance of the

a oMi(r,z,t) 2

ith ion species, mhos/m ) (5.8)

CIn = eM/d (membrane capacitance, farads/mz) (5.9)

e RT [Clilb

Vi = - E—EBm-TE——T-' (Nernst potential of the ith ion

1 E1 a species, volts). (5.10)

Following Section 3.2.2, any externally applied stimulus will be

considered as originating from metallic ring electrodes at either

 

1 See Section 3.1 for a discussion of the assumptions made above.

Also note that both ¢I and ¢i satisfy Laplace's equation (5.1)

as Vr is space (and time) independent.
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membrane interface. Thus, recognizing that Z gi[Vm - Vi] was

1

derived from J (the radial membrane current density), the

Mr

sources J:(z,t) and J:(z,t) are added to relations (5.6) and

(5.7) in the same manner as inSections 3.1 and 4.1. The boundary

conditions are then

i gi(Z,t)[Vm(Z,t) + Vr Vi] + cm at Vm(Z,t) OIEIr(b’Z,t)

s

= JI(z,t) (5.11)

_ I _e_§__v
OEEEr(a’z’t) : gi(z,t)[Vm(z,t) + Vr Vi] Cm 3t Vm(z,t)

s
= JE(z,t) (5.12)

with J: and J: being defined as externally supplied discontinuties

in the radial current densities at the apprOpriate membrane inter-

face (see Section 3.2.2). Note that the expansion of

___. I
Vm(z,t) Vm(z,t) + Vr (5.13)

where Vé(z,t) = ¢i(b,z,t) - ¢E(a,z,t) (5.14)

(the perturbation from the resting potential, Vr) has been used

in expressions (5.11) and (5.12)1. This will prove convenient in

developing the solutions.

 

I

1 3V 3V

m _ m .
It also gives Cm-—3? - Cm-—5E in expre331ons (5.11) and (5.12).
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The system is completely described in equations (5.1) -

(5.5) and boundary conditions (5.11) and (5.12). The advantage

of reducing the problem to two regions is that it allows a far

more general simulation of neural phenomena than the three—

compartment model of Chapters 3 and 4. This model, in not specifying

the fields within the membrane, works for agy_membrane description

(fixed charge, r-dependent conductivity or mobility, etc.). It

also avoids the difficulty of having to define macrosc0pic parameters

in a membrane that is so narrow as to make these definitions

theoretically unsound. As indicated in the boundary conditions,

the membrane conductance need not be assumed constant. This

enables the apprOpriate solutions to describe active as well as

passive neural events.

5.2. Fourier Transform Solutions for the Two—Compartment Model
 

This section is concerned with the development of the two-

region model in the form of a set of general Fourier-space solutions

and a series of solution coefficients for a wide variety of nexral

phenomena. The first subsection gives the general solution in

terms of two time-dependent coefficients (A(k,t) and D(k,t)).

Subsection 5.2.2 develops these solution coefficients for the

passive neural response to either an intracellular or extracellular

stimulating electrode. This material is essentially a parallel of

Chapters 3 and 4; the result being a simplified two—region model

for the electrotonus problem solved in those chapters. The next

subsection (5.2.3) handles the case of a spatially non—uniform

membrane conductance, leaving the solution coefficients in terms of
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the Fourier transform of the perturbation from the resting condi-

tion conductance. Finally, Subsection 5.2.4 presents the solution

coefficients for the general case of a space and time-dependent

membrane conductance. Thus the field-model solutions are extended

to cover both the passive response due to an impressed (electrode

supplied) stimulus and the active response resulting from ion—

selective membrane conductance changes.

5.2.1. The General Solution; Resting Condition Results
 

As in the previous two chapters, the Fourier transform on

2 is applied to Laplace's equation (5.2) in cylindrical coordinates

to obtain

2

8 —- l 3 - 2‘-

3r r 8r

where k is the Fourier-domain variable and 6' represents the

transform of either ¢i or ¢E. The general solution to equation

(5.15) is specified in Chapter 3, relation (3.37)l. Applying the

physical constraint of potential being finite at r = O and

r + m plus the Bessel function prOperties (3.38) and (3.39) on

Io(kr) and Ko(kr) at those locations leads to the k-space

potential functions as

75i(r,k,c) = A(k,t)Io(kr) o i r i b (5.16)

 

With the integration constants now being functions of t as

well as k (as in Chapter 4).
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‘$fi(r,k,t) = D(k,t)Ko(kr) r.: a . (5.17)

The coefficients A and D depend upon the stimulus (if any)

and the boundary conditions. They will be found for a variety

of cases in the following subsections.

Once A and D have been obtained, the z-space solution

is again given by the inverse Fourier integrals asl

_ L °° jkz
¢I(r,z,t) - Vr + 2" f_0° A(k,t)Io(kr)e dk (5.18)

¢ (r z c) = la—I” D(k t)K (kr)ejkzdk (5 19)
E ’ ’ 2n -w ’ 0 ° °

These inversion integrals are evaluated numerically on a digital

computer (as discussed in Section 3.3.1 and Appendix C) to obtain

+ + + ->

the final results. If the solutions for E1, EE, JI, or JE are

desired, they are immediately obtained from equations (4.93), (4.94),

(4.97), and (4.98) in Chapter 4, with the A(k,t) and D(k,t)

coefficients as specified in this chapter.

Before proceeding with applying the boundary conditions,

it is convenient to solve for the resting transmembrane potential

in terms of the parameters of this model. As discussed in Section

+ +

2.3, in the resting state JI(b,z,t) = JE(a,z,t) = 0, no stimulus

is present, the system is time independent, and the membrane param-

eters are constants with respect to z and t. Thus boundary

 

Note that the resting potential V has been included in equa-

tion (5.18) so that the total potential ¢I is recovered.
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conditions (5.11) and (5.12) reduce to the single relation

0 E = o E = z giO[V - ve = 0 (5.20)
I Ir E Er i r i]

where gio is defined as the resting state (invariant) membrane

conductance of the ith ion species, and V; is taken as zero (by

definition) in the resting condition. The resting transmembrane

potential is then found simply as

e

i giovi

V = —-—————— (5.21)

r 8
r

where gr = i gio (5.22)

is the total resting—state membrane conductance, defined as the

sum of the individual conductances due to each ion species carrying

charge through the membrane.

It is noted that result (5.21) could have been obtained

from a Fourier transform solution for ¢I and ¢E in the form

of solutions (5.16) and (5.17). The transform of the boundary

conditions would yield a 2n6(k)V: term for the Nernst potentials,

and this would allow (by the integral prOperty of the delta func—

tion) the inversion integrals (5.18) and (5.19) to be evaluated

analytically. Carrying this out, one obtains ¢I(r,z,t) as equal

to expression (5.21) (i.e., ¢ = Vr as expected) and ¢ 0.

I E

However, the approach above is far simpler and, by applying (via

linear superposition) the transform to only the perturbed potentials,
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avoids complex terms in the Fourier solution that reduce to the

trivial form above for the resting state portion of the solution.

5.2.2. Two-Compartment Electrotonus
 

This section evaluates the solution coefficients A(k,t)

and D(k,t) for the case of subthreshold stimuli supplied by

electrodes. The result is a simplified version of the model de—

veloped in Chapters 3 and 4. Because of this, the notation used

will follow the conventions and definitions of those chapters

wherever possible. The development includes time dependent

stimulus functions, so that the Laplace transform on the time

variable (with analytical inversion back to the time domain) is

applied as in Chapter 4.

For subthreshold stimuli only a passive response is evoked,

with the conductance of each ion species remaining at its resting

value gio’ This gives boundary condition (5.11) the form

I _ e L I _
Z giO[Vm(z,t) + Vr Vi] + C Vm(z,t) o

S

i m at EIr(b,z,t) - JI(z,t).

(5.23)

I

The resting potential and Nernst potential terms cancel each other,

e

as by result (5.21) i gioVr - B giovi°

(5.22) for gr, the Fourier transform on 2, and the Laplace trans-

Then applying definition

form on time (with the assumption of the system at rest for t §_O)

gives

‘3 _ _. = —s

(gr + sCm)Vm(k,s) OIEIr(b’k’S) JI(k,s) . (5.24)
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Following the same procedure with boundary condition (5.12) leads to

_. - ‘1 = —s

oEEEr(a,k,s) (gr + sCm)Vm(k,s) JE(k,s) . (5.25)

The general solutions (5.16) and (5.17) are Laplace trans—

formed and substituted into boundary conditions (5.24) and (5.25)

using definition (5.14), relation (5.5) and the Bessel function

. __§_ _.§_ .
properties Il(x) — 8x Io(x), K1(x) - 3x Ko(x) to obtain

(gr + sCm)[A(k,s)Io(kb) - D(k,s)Ko(kb)] + 01k A(k,s)Il(kb) ='3:(k,s)

(5.26)

oEk D(k,s)Kl(ka) - (gr + sCm)[A(k,s)lo(kb) - D(k,s)Ko(kb)] = 3:(k,s)

(5.27)

These two equations are solved simultaneously to yield the Laplace

and Fourier transform solution coefficients as

_8

(8r + SCm)Ko(ka)JE(k’S)

 

 

 

 

A(k,s) = F(k s) +

"’S

[(gr + sCm)Ko(ka) + oEk Kl(ka)]JI(k,s) (5 28)

F(k,s) °

[(g + sc )1 (kb) + o k 1 (kb)I35(k,s)
D(k,s) = r m :(k S) I l E +

(g + sC )1 (kb)38(k,s)
r m o I (5.29)

F(k,s)

where the denominator F(k,s) is defined by
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F(k,s) = k{(gr + sCm)[0EIO(kb)Kl(ka) + oIKo(ka)I1(kb)]

+ oIoEk 11(kb)Kl(ka)} . (5.30)

With the assumption applied in Chapters 3 and 4 that the

source current densities are uniform over the electrode's surface,

either stimulus term '3: or ‘3: can be expressed in the form

js(k,s) = 33(k)f(s) (5.31)

s

-s 2J
where J (k) =-—E— sin(k w/2) , (5-32)

w is the electrode width, JS represents either J: or J2, and

f(s) is the Laplace transform of the stimulus time function2

F(t). Using expression (5.31) in equations (5.28) and (5.29)

allows solution coefficients A(k,s) and D(k,s) to be re-

written as

Nl(k) + sN2(k)

a(k)[s + F(k)]

 

W(k.8) = f(S) (5.33)

where ‘p represents either coefficient with the apprOpriate defini—

tion of N1, N2, a, and P.

 

See Chapter 4, Sections 4.2.2 and 4.2.3 for the development of

this time-dependent source term and the definitions (4.44) and (4.45)

of J? and JE in terms of the total stimulus current.

2 The total current to either electrode is defined with ISF(t).
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The common denominator F(k,s) for coefficients A and

D immediately defines a(k) and F(k) (by comparison with equa-

tion (5.30)) as being

 

a(k) = kaIOEIO(kb)Kl(ka) + oIKO(ka)Il(kb)]

oIoEk211(kb)Kl(ka)

F(k) = gr/Cm + a(k)

(5.34)

(5.35)

The numerator terms Nl(k) and N2(k) depend upon the particular

coefficient being expressed. They are found by inspection from

equations (5.28) and (5.29) as

NAl(k) = ngO(ka)3:(k) + [ngO(ka) + oEk K1(ka)13:(k)

NA2(k) = CmKo(ka) [312(k) + T111300]

for coefficient A(k,s), and

NDl(k) = [gr10(kb) + 01k 11(kb)]3:(k) + ngO(kb)3:(k)

N (k)
—s -s

D2 CmIO(kb)[JE(k) + JI(k)]

(5.36)

(5.37)

(5.38)

(5.39)

for coefficient D(k,s). Note that the source terms 3:(k) and

3:(k) are those defined in expressions (5.31) and (5.32).

Now the inverse Laplace transform of the solution coefficients

may be found for specific stimulus time functions as in Chapter 4.
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Using the Laplace transform of a unit step function, f(s) = l/s

(equation (4.46)) leads to the general coefficient (5.33) having

the form

N1(k) + sN2(k)

 

 

 

W(k’s) = a(k)s[s + F(k)] ’ (5°40)

which can be expanded with partial fractions into

Ro(k) Rl(k)

W(k,S) = s +‘g—1—ETET (5.41)

Nl(k)

where Ro(k) =m (5.42)

P(k)N2(k) - Nl(k)

R1(k) = o(k)P(k) (5.43)

With inverse transforms (4.80) and (4.81), the time—domain general

coefficient becomes

w(k,t) = Ro(k) + R1(k)e-P(k)t . (5.44)

Thus, by use of the appropriate N1 and N2 in expressions (5.42)

and (5.43) and definitions (5.34) and (5.35) for a and P, the

time domain coefficients A(k,t) and D(k,t) are defined by equa-

tion (5.44).

From its definition, it is apparent that F(k) must be

positive for all k. Thus as t + w, the exponential term e-P(k)t
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in expression (5.44) decays to zero, leaving the steady—state co-

efficients for a constant, maintained stimulus as

N (k)
A1

A“ =m (“'5’

N (k)
_ 111

The use of the above A(k) and D(k) in place of A(k,t) and

D(k,t) in general solutions (5.18) and (5.19) gives the response

of the two—compartment model for steady—state electrotonus (the

case handled in Chapter 3 for a three-region system). Note that

the steady—state response is obtained from the step function

response just as it was for the three-compartment model in Chapter

4 by taking t + w.

As discussed in Chapter 4, the response to a stimulating

current pulse of duration To may be obtained by time shifting

and linear superposition from the step function response. This

yields

w(k,t) = Ro(k) + Rl(k)e-P(k)t 0_: t.: T

(5.47)

P(k)To

_P(k)t[1 - e ] t.: TR1(k)e

where R0, R1, and P are the same as in the step function stimulus

case (eXpressions (5.35), (5.41), and (5.42)).

The impulse stimulus response cannot be found for the

general two-compartment model, as the singularity involved yields
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a solution in Laplace transform space that has no simple inverse.

It is possible to invert the solution for V;(k,s) back to the time

domain, as the offending terms cancel in subtracting .$E(a,k,s)

from .$i(b,k,s). The impulse response was noted in Chapter 4 as

just being the limiting case of letting To + O in the pulse

response while forcing the same amount of charge to be delivered

by the electrode to the system. As such, and considering the

physical objection to requiring a finite charge to be injected

into the system in an infinitely brief interval, it does not

seem worthwhile to pursue this case further with the two-compart-

ment model.

A series of comparisons were made of the solutions for

¢i(r,z,t), ¢E(r,z,t) and V$(z,t) as predicted by the two and

three-region models. It was found that the two-compartment model

gave the same response (to three significant figures) as the three-

region models of Chapters 3 and 4. These checks were made using

the same numerical inversion techniques as discussed in Chapter 3

and Appendix C for the parameters of the standard test axon and

stimulus intensity (Appendix D). Since the response was the same,

the reader is referred to the discussion in Chapters 3 and 4 for

the details and conclusions that apply to either model, even though

those results were all specifically obtained from the three-region

system. As the present two-compartment model is mathematically

simpler and requires less computer time for the numerical inversions,

it is the logical model to use if one desires a solution for only

the intracellular, extracellular, or transmembrane potentials.

For fields within the membrane or for the myelinated axon simulation
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of Chapter 4, it would be necessary to use the full (and more

complex) three-region model of the previous chapters.

All previous results in this report have been found for the

case of either an intracellular or extracellular stimulus. Before

proceeding to the case of variable membrane conductance, it is

worthwhile to briefly examine a special-case electrotonic solution

that is later demonstrated to have a similar form to a variable

gi solution. This is the situation where an intracellular electrode

supplies exactly the same current that an extracellular electrode

removes. In this case, with both electrodes centered at z = O

and of width w, J:(z,t) = -J:(z,t). The boundary conditions (5.24)

and (5.25) reduce to the single expression:

oIEir(b,k,s) = ofiEEr(a,k,s) = (gr + sCm)V;(k,s) - 33(k,s). (5.48)

s _ 433 =-—
Setting .31 - E Js in the solution coefficients (5.28) and

(5.29) immediately obtains

 

 

o k K (ka) -

A(k,s) = E F(i S) ‘33(k,s) (5.49)

o k I (kb)

D(k,s) = - IF(kls) 33(k,s) (5.50)

where F(k,s) was specified in relation (5.30).

The response for this special case is found via linear

superposition by subtracting the response of an extracellular

electrode from that for an intracellular electrode where both
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electrodes are supplied with the same total current. By the results

of Chapters 3 and 4, the transmembrane potential response for the

intracellular stimulus was consistently far greater in magnitude

than the response to an extracellular stimulus of identical strength.

Thus the response for this system is essentially identical to the

transmembrane potential response of the intracellular electrode

case presented in the previous two chapters; the extracellular

electrode having little net effectl.

5.2.3. Spatially-Dependent Membrane Conductance

This subsection considers the case of gi as a function

of the axial variable 2, partly as a prelude to Section 5.2.4

where the situation ofa time and space dependent membrane con-

ductance is handled. The solution gives the response for a membrane

with a region where the conductance of one or more ion species is

either higher or lower than the resting state conductancez. The

source term for perturbations in potential arises from the dif-

ference in Vm(z) and the Nernst potentials, a distinctly dif-

ferent situation than an electrode-supplied stimulus. Applications

of this response include the determination of an upper (or lower)

 

l Hellerstein [30] solved a similar two-compartment problem

(current source and sink on Opposing sides of the membrane) for

the passive response to delta function width electrodes supplying

a time-step in current. His solutions used a cosine transform

(on 2) inverted analytically after assuming an infinitely thin

R—C membrane, 0i = 0t, and making several approximations in the

transform-domain solutions by discarding certain terms as negligible.

2 See Klee and Plonsey [43] for an integral equation approach

to a similar problem involving a spherical cell with a low resistance

window in the membrane immersed in a static electric field.
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bound for a given combination of changes in the conductance of one

or more ion species, the potentials that would result from a main-

tained conductance change (as in continued application of transmitter

substance at a synapse), and perhaps another model for a myelinated

axon (see Chapter 6).

An expansion for the axially-dependent conductance of the

ith ion species is defined with

31(2) = gio + 81(2) (5.51)

where g; is the perturbation from the resting condition con-

ductance gio (a constant). It will be assumed that there are

no electrodes or other outside sources in the system, so that boundary

conditions (5.11) and (5.12) become

I I e I _e_ =
: gi(z)[Vm(z) + Vr — Vi] + : gio[Vm(z) + Vr Vi] OIEIr(b,z) O

(5.52)

I I e ' e _

oEEEr(a,z) - : gi(z)[Vm(z) + Vr - Vi] — : gio[Vm(z) + Vr - Vi] - 0

(5.53)

where the steady-state assumption gives all quantities as time—

e

independent. As in the previous section, 2 giovr - 2 giovi (from

i 1

equations (5.21), (5.22)) simplifying the boundary conditions to

ng$(2) - oIEIr(b,z) = f g;<z)Iv: - vr - v$<2)1 (5.54)

oIEIr(b,z) = GEEEr(a,z) (5.55)
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where gr = B gio and boundary conditions (5.52) and (5.53) were

added to obtain alternate boundary condition (5.55).

The boundary conditions (5.54) and (5.55) state that the

normal component of current density is continuous across the membrane

and that the forcing (or source) term for the system is the sum

of the membrane conductance change of each ion species multiplying

the difference in that ion's Nernst potential and Vm' As this

system is time invariant, only the Fourier transform on 2 is

needed, with the general solution as given in expressions (5.16)

and (5.17)1. Taking the Fourier transform of the boundary condi-

tions, and substituting for IV;,.Eir, and EEr as in the previous

section, gives

gr[A(k)Io(kb) - D(k)Ko(ka)] + oIk A(k)Il(kb) B S(k) (5.56)

-oIA(k)Il(kb) = oED(k)K1(ka) (5.57)

where

I e I

300 = 313:1 81(ZHVi - Vr - Vm(Z)]} (5-58)

is the Fourier transform of the indicated source term. The solu-

tion coefficients are obtained from (5.56) and (5.57) as

 

S(k) (5.59)

 

1 The coefficients A(k,t) and D(k,t) reduce to A(k) and

D(k) (functions of k only) since this solution is not time-

dependent.
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01k Il(kb)

H(k)

 

D(k) = — S(k) (5.60)

where the denominator term B(k) is defined by

H(k) = gr[OEIo(kb)Kl(ka) + oIKo(ka)Il(kb)] + oIoEk Il(kb)K1(ka).

(5.61)

Note that H(k) = a(k)P(k), in terms of the coefficients a and

P of the electrotonus solution of the previous section.

The transform of the source term (S(k)) has yet to be

determined. Unfortunately it cannot be found in the general case.

This is because it contains the product of two 2 functions

(gi(z)V&(z)), one of which is an unknownl. The transform of a

product is found with a convolution integral on the product of the

transforms. With V$(z) being part of the solution that is being

sought, this leads to a form with no general solution. There is

an approximation that bypasses this difficulty and is valid in

many situations. Consider the definition of S(k) in terms of the

transform integral:

- vI;l<z>Ie‘JkS(k) = 2 Jim gi(z)[V: — v zdz . (5.62)
I. r

If it is assumed that the perturbation in the conductance of the

ith ion species is non-zero only for Izl < w/2, then with a mean-

 

1 It is assumed that g;(z) is a known function. V$(z) is an

unknown as it is defined in terms of the solutions for oi and ¢E°
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value theorem (see Olmsted [58]) applied to Vm(z) expression

(5.62) becomes

_ e * w/2 . -jkz
S(k) - i [V1 - lef—w/Z gi(z)e dz (5.63)

where v; e [Vm(-w/2), Vm(w/2)] and Vm(z) = V$(z) + Vr has

been used. Noting that the integral in equation (5.63) is just

the Fourier transform of gi(z) leads to1

S(k) = I [v: - v;]§;(k) . (5.64)

A characteristic of the response for electrode-supplied

stimuli noted in Chapters 3 and 4 was that V$(z) is essentially

constant over [—w/2, w/2], the width of the electrodez. It will

be assumed that the conductance perturbation width is narrow enough

to give the same effect; i.e. Vm(z) a constant for IzI :_w/2.

This gives v; = Vm(0) in equation (5.64), where Vm(0) is the

transmembrane potential at z = 0. The validity of this approxima-

tion is reinforced by noting that with the definition (5.62) of

the source term, solution coefficients A(k) and D(k) for the

 

1 In the Fourier transform (5.63), gi(z) need not be symmetric

about 2 = 0. If not, w is chosen so that w/2 is the larger dis-

tance from the origin where g; becomes zero.

2 This was demonstrated for W.fi 2a, where Za is the fiber

diameter.
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z-dependent membrane conductance have the same form as the

electrotonus coefficients (5.49) and (5.50) of the J: = —J: case

of Section 5.2.2 in the steady-state. This implies the response

in the present situation should be somewhat similar to the steady-

state electrotonus response of an intracellular electrode (dis—

cussed in Chapter 3). Even if this approximation is not validl,

the solution may be obtained by setting V; =‘Vm(0) and using the

result to start an iterative procedure with equation (5.62).

With the above approximation, the source term becomes

S(k) I Ivi vm(0)]gi(k) . (5.65)

It is still necessary to find Vm(0), at present an unknown. With

coefficients A(k) and D(k) (expressions (5.59) and (5.60)),

source term S(k) as given in equation (5.65), and the general

solutions (5.18) and (5.19) for m and ¢I E’ Vm(0) is expressed

by definition as

1 e m §;(k)
vm(0) = vI + 3; 21: [V1 - Vm(°)]f_.. —H_(I<_)— [oEk Io(kb)K1(ka)

+ 01k Ko(ka)Il(kb)]dk . (5.66)

Equation (5.66) may be solved for Vm(0), giving

 

*

1 This would be indicated if the Vm(z) obtained with Vm = Vm(0)

was not constant over |z|‘§_w/2.
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1 .. iv: 'é'iIk)

v (0) = vr + 26f» WIOEkIO(kb)K1(ka
)+oIkKO(ka)11(kb

)]dk
.

m E éi<k>

l +~%;'ffw $_fi(E3—I°Eklo(kb
)xl(ka)+°IkKo(ka

)11(kb)]dk

(5.67)

As all quantities on the right—hand-side of expression (5.67) are

known, Vm(0) is easily calculated by means of the numerical

Fourier inversion computer program being used to evaluate the

integrals.

The solution for a z-dependent membrane conductance (that

varies from resting—state conductance only in the narrow region

Izl §_w/2) is now complete. With the transform of the conductance

perturbation gi(k), first the transmembrane potential at z - 0

is evaluated numerically from expression (5.67). Then with this

Vm(0) value and equation (5.65) for the source term S(k), the

solution coefficients A(k) and D(k) are fully specified and may

be used in the general solutions (Section 5.2.1) for the fields

at any point in the system. The case of maintained increase of

sodium conductance in the membrane of a dendritic-size fiber is

discussed in Section 5.3.1 as one application of this model.
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5.2.4. Time and Spatially-Dependent Membrane Conductance

This subsection develops the solution coefficients A(k,t)

and D(k,t) for the situation where the neuronal membrane con-

ductance has both a time and space dependence. As in the previous

subsection, it is assumed that gi(z,t) is a known function. The

conductance of each ion species is expanded into the form

= - ' o

gi(2.t) 310 + 31(2.t) (5 68)

where gio is the constant resting condition membrane conductance

of that ion species and g; is the perturbation from the resting-

state value. This expansion for gi is substituted into boundary

conditions (5.11) and (5.12) to obtain

EIr(b,z,t) = o EEr(a,z,t) (5.69)

0I E

I _a_. I _ = I e _ _ I

ngm(z,t) + cm at Vm(z,t) oIEIr(b,z,t) i gi(z,t)[Vi vr Vm(2.t)]

(5.70)

where it has been assumed that there are no electrode-supplied

sources present and the procedure used to arrive at expressions

(5.54) and (5.55) has been followed (Section 5.2.3).

The Fourier transform on axial variable 2 and the Laplace

transform on time (see Chapters 3 and 4) are applied to boundary

conditions (5.69) and (5.70) to yield

oIEIr(b,k,t) = oE Er(a,k,t) (5.71)
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(gr + sCm)VI;l(k,s) - OIEIr(k,s) = S(k,s) (5.72)

where the assumption has been made that the system is at rest at

t = O, k is the Fourier domain variable, 3 is the Laplace domain

variable, and the source function is given by

g I e _ _ I
S(k,s) {(3:15}; gi(z,t) [v1L vr Vm(z,t)]}} . (5.73)

A comparison of boundary conditions (5.71) and (5.72) with the

boundary conditions (expression (5.48)) of Section 5.2.2 for the

case of J: - -J; demonstrates that the mathematical form is

identical if fishes) (in Section 5.2.2) is replaced with S(k,s).

This immediately gives the solution coefficients from equations

(5.49) and (5.50) as

 

 

oEk K1(ka)

A(k,s) = F(k,s) S(k,s) (5.74)

-oIk II(kb)

D(k,s) - F(k,s) S(k,s) (5.75)

where F(k,s) is defined by relation (5.30).

After some manipulation of source term S(k,s) and solu-

tion coefficients (5.74) and (5.75), it is possible to express

A(k,t) and D(k,t) (the time-domain solution coefficients) in

terms of the Fourier transform of the perturbation in membrane con-

ductance. To start, it is assumed (as in the previous section)

that all the perturbations gi(z,t) are non-zero within a narrow
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region defined by Izl : w/2. The criterion for the width of

this region is that V$(z,t) may be approximated by V$(z,t) =

V$(O,t) = spatially constant for '2' : w/2. With this approxima-

tion, the Fourier transform in expression (5.73) avoids a convolu-

tion integral (from gi(z,t)V$(z,t)) that cannot be handled, and

gives the result

_ “I e _ _ I

S(k.S) —£{Zi gi(II<.t:)[Vi Vr Vm(0.t)]} (5.76)

where gi(k,t) is the Fourier transform on 2 of gi(z,t).

The Laplace transform is carried out on the terms involving

the product of time function g; and the constants v: and Vr

to obtain

S(k,s) = z gi(k,s)[V: - Vt] - 112 gi(k,t)V$(0,t)} (5.77)

i i

where gi(k,s) is the Laplace and Fourier transformed perturbation

in membrane conductance of the ith ion Species. The gi(k,t)V$(O,t)

terms in relation (5.77) cannot be transformed as V$(0,t) is

at present an unknown. Altering the present expressions so as to

obtain an explicit equation for V$(O,t) from the implicit form

above is the next manipulation and leads to the final solution.

The source term (5.77) is inserted into the k and s-space

transmembrane potential perturbation defined by V;(k,s) =

$}(b,k,s) — $fi(a,k,s) giving
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V$(k,s) = A(k,s)IO(kb) - D(k,s)Ko(ka)

oEk 10(kb)Kl(ka) + oIk Ko(ka)11(kb) _' e

= F(k S) I: gi(k.s)[Vi - Vr]

- {HZ gi(k,t)V$(O,t)}] . (5.78)

1

Using the expansion introduced in equation (5.33) of F(k,s) =

a(k)[s + F(k)], with u and P defined in relations (5.34) and

(5.35), leads to

z g'i(k,s)[V: - vr] - £{X §i(k,t)v1;1(o,t)}

—I __ 1 II.

Vm(k’s) ‘ chS + P(k)] (5'79)
 

where it is noted that the numerator in expression (5.78) is just

a(k)/Cm, canceling the o(k) factor in F(k,s).

Now the convolution prOperty for Laplace transforms is

applied. This property is given by Churchill [7] as

-l t
=£ {f(s)h(s)} = ID F(T)H(t — T)dT (5.80)

where f(s) and h(s) are the Laplace transforms of any func—

tions F(t) and H(t). With the Laplace transform (4.81) of an

exponential G£Ieat} = ;%;), the convolution property (5.80) applied

to eXpression (5.79) gives
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, _.1_ t -, e _ -P(k)[t-T]
Vm(k,t) — C f0 8 gi(k,T)[Vi VrIe dT

§i(k,T)Vé(O,T)e-P(k)[t-T1dT (5.81)

where now all quantities have been inverted back to the time domain.

The second integral containing V$(O,r) in equation (5.81)

is numerically approximated by means of the trapezoidal rule (see

Henrici [31]). This numerical integration is defined by

I: H(T)dT é-é% [H(O) + H(t) + 2 N21 H(DAT)] (5.82)

n=1

where N = t/AI and AT is the integration step size. As

illustrated in Figure 5.2, this approximates the integral of a

smooth function with respect to continuous variable T by the sum

of the areas of N trapezoids. These trapezoids are defined by

the function at the N + 1 points DAT; n = O,1,2,...,N. In the

limit of Ar + 0 (N + co), the trapezoidal integration converges

to the exact value. Applying this numerical algorithm to the second

integral in expression (5.81) yields

t —' I -P(k)It"T] _ A: 'I I

f0 i 81(k.T)Vm(O,T)e dr — 2 [i gi(k,t)Vm(0,t)

”'1 - —P(k)It- A I
+ 2 2 (2 gi(k,nAI)V$(O, nAT)e “'1 )1 (5.83)

n=1 1

where the assumption of V$(z,0) = 0 (the system is at rest for

t_: 0) gives gi(k,0)v$(o,0) = 0.
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The trapezoidal rule integration is substituted into

expression (5.81) and the inverse Fourier transform (definition

(3.32)) is applied to obtain V$(0,t) as follows:

I =L°°_I
Vm(0,t) 2“ [_w Vm(k,t)dk

1 w t -, e

f f X gi(k,r)[Vi - Vr]e
=

-P(k) [t-T]

ZNC —m o .

m 1

 

d1 dk

 

 

 

AT 'I I

- 4nC f w I§ 31(k.t)Vm(0,t)

m 1

N—l

+ 2 2 (2 gi(k, nAT)Vm (o, nAT)eF(k)[t-nAT])]dk

n=1 1 '

I” It 2 g'(k,t)[ve - v ]e-P(k)[t—T]dT dk
l -m o i i i r

V'(O,t) =
2 c A

m n m l +-§%-2 8i(0,t)

m N-l _

f_ 2 [2 gi(k, DAT)Vm(0, nAT)eP<k)[t nAT]]t1k

_ AT ” n=1 i
ZUC (5.84)

m 1 +-——— 2 gi'(o, t)
2cm 1

where the Fourier inverse of gi(0,t) =-%; If” gi(k,t)dk has

been used in the denominator terms. Though equation (5.84) looks

very complex, it may be evaluated on the digital computer with the

same program used for all Fourier inversions in this report.

After obtaining Vé(0,t) from expression (5.84), the

transmembrane potential is given by the Fourier inverse of equation

(5.81) as
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l w t

2nC -w

m

 

= ‘v e _ -P(k)It-T] jkz
Vm(z,t) Vr + gi(k,I)[Vi Vr]e dT e dk

 

AT w -, ,
_ 4nCm [_m [I gi(k,t)Vm(0,t)

N-l

+ 2 Z Z g!(k,nAT)V'(O,nAT)e

. 1 m
n=1 1

_P(k)[t-nAT]ejkzdk
(5.85)

where Vm = Vr + v; and the trapezoidal rule approximation for

the second integral in expression (5.81) have been applied. If

the desired result is the transmembrane potential, then the solution

is complete. First V$(O,t) is evaluated by means of eXpression

(5.84) for the times t = AT, 2A1, 3AT,...,NAT; where t = NOW

is the maximum time point of interest. By performing the calcula-

tions sequentially for increasing times t, the successive values

of v; from t = 0 to t = NAT are obtained; with the previous

(n — 1) values used to calculate the nth value of V$l. In practice,

AT must be chosen small enough to make the trapezoidal approximation

accurate, requiring a large number of sequential V$(O,nAT) values

to be calculated. The transmembrane potential for z # O is then

obtained from expression (5.85), the calculation being performed

only at the time points of interest by use of the previously

obtained values of V$(0,DAT).

In most cases, the integral I: I gi(k,r)[Vi - VrIe-P(k)[t—T]dr

found in both expressions (5.84) and (5.85) can be evaluated

 

l V$(0,0) = O is used as the starting point.
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analytically. This is the reason it was left in that form. For

the cases where it cannot be evaluated, it may be included in the

trapezoidal numerical integration that was applied to the Vé

terms. It is noted that the term containing V$(O,nAI) in both

equations (5.84) and (5.85) is an insignificant second-order

correction term in the special case where V$(0,t) << v: - Vr for

all ion species "i" that have a significant conductance change.

For this situation, the solutions are greatly simplified as the

trapezoidal rule integration terms may be discarded. Section 5.3.2

presents an example of this situation in a simulation of the

excitatory postsynaptic potential and discusses this approxima-

tion. In cases where V$(O,t) is large with respect to v: - Vr’

the full eXpressions must be applied.. An example of this is dis—

cussed in Section 5.3.3 in a simulation of an inhibitory postsynaptic

potential. As the transmembrane potential experiences a change

larger than the magnitude of Vr in an action potential, the

complete eXpressions would always be required in a calculation of

nerve impulse events.

If the desired result is the scalar potential, electric

field, or current density, then the solution coefficients A(k,t)

and D(k,t) are needed for the general solutions presented in

Section 5.2.1. The solution coefficients (5.74) and (5.75) in

s-space contain the common factor S(k,s)/F(k,s); the only 3-

dependent portion of either coefficient. Following the deve10pment

in equations (5.78) - (5.83), F(k,s) is expanded into

a(k)[s - P(k)], the convolution prOperty is applied, and the

trapezoidal integration is used as follows:
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s 2g'i(k,s)[v: - vr] - ear g'i(k,t)VI;1(0,t)}

-—£5L§1 = 1 1 (5.86)

F‘k'SI a(k)[s + F(k)]

S(k,t) __ifl{S(k,s)

F(k,t) ' F(k,s)

t___l_ _l e _ -P(R)It‘T]

‘ a(k) o i gi(k’T)[vi Vrle d1

AT _l I

 

N-l

+ 2 2 2 g'(k,nAT)V'(O,nAT)e—P(k)[t_nAT] 1 (5.87)
i m

n=1 1

This gives A(k,t) and D(k,t) immediately as

S(k t)
= ___—L.—

A(k,t) oEk Kl(ka) F(k,t) (5.88)

S(k t)
= _ ____L__

D(k,t) 01k Il(kb) F(k,t) (5.89)

with S(k,t)/F(k,t) as defined in relation (5.87). As discussed

above, V$(O,t) is obtained at the sequential time points

AT, ZAT, 3AT,...,NAT from expression (5.84) and the convolution

integral containing [Vi — Vr] is either evaluated analytically

(see Section 5.3.2) or approximated with a trapezoidal rule. The
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coefficients are then evaluated at the desired time points and used

in the Fourier inversion integrals (as discussed in Section 5.2.1)

to obtain the z-space end result.

5.3. Response for Spatial and Time—Dependent Membrane Conductance

5.3.1. Characteristics of the Response Due to a Spatially-
 

Variant Membrane Conductance
 

It has been repeatedly demonstrated that naturally occurring

neural electrical phenomena are the result of changes in the

individual membrane conductivities of the various ion species within

the systeml. The resting neuron has a transmembrane potential

generally very close to the Nernst potential of the choloride

(Cl-) ions, with depolarizations a result of an increase in sodium

(NE) conductance and hyperpolarizations a result of potassium (K+)

conductance increases (see Katz [40], Plonsey [60]). This section

considers the effect of a maintained (steady-state) increase in

N: conductance over a small region of the membrane. The resultant

depolarization may be considered as due to a 'window" in the membrane

that selectively allows an influx of sodium ions. This conductance

"window” for sodium might be the result of a continued application

of transmitter substance to a postsynaptic membrane. As such, this

model will give the maximum magnitude and spatial extent of the

depolarization across the postsynaptic membrane for a repeated

series of excitatory postsynaptic potentials (EPSP'S)-

 

1 See Cole and Curtis [13], Hille [32], Hodgkin and Huxley [34],

and Smith, Wuerker, and Frank [73] for examples of specific (and

classical) experiments.
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Consider the case where the perturbation in sodium con-

ductance is constant and non—zero for a region of width w

centered on 2 = O. This is stated mathematically by

8'+(z) = g' + Izl : w/2

Na Na

0 elsewhere

where g'+ is the (positive) magnitude of the increase in membrane

Na

sodium conductance. From Section 3.2.2, g'+(k) (the Fourier trans-

Na

form of g'+(z)) is obtained immediately as

Na I

g'+(k) = g'+ 2 sinfik W/Z) .
(5.91)

Na Na

With relation (5.91) (and the assumption of only the sodium con-

ductance changing from its resting condition value), the solutions

(5.64) and (5.67) for the source term S(k) and Vm(0) from

Section 5.2.3 are

S(k) = [V + — vm(0)]§'+<k) (5.92)

Na Na

v + 8'+(k)

Na m Na

V +-——— f -—-————[0 k1 (kb)K (ka) + o kK (ka)I (kb)]dk

V (0):: r 2n -w H(k) E o 1 I o l (5.93)

m 'I

8 +00

1 m Na

1 +-—- f_m-fi?E7——[0Eklo(kb)Kl(ka) + oIkK0(ka)Il(kb)]dk
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where V + is the sodium Nernst potential and H(k) was defined

Na

in relation (5.61). Numerical integration of the Fourier integrals

in expression (5.93) obtains Vm(0); which may then be used to

specify the source term (5.92). Note that Vm(0) is a constant

and that the difference between its magnitude and the sodium

Nernst potential (V ) determines the magnitude of S(k). With
+

Na

the source term S(k), the solution coefficients (5.59) and (5.60)

of Section 5.2.3 may be used to find the fields anywhere in the

intracellular or extracellular spaces and the transmembrane potential

for z # 0.

The parameters for the example in this section are repre-

sentative of a dendritic membrane cylinderl. They are:

a = 2.5u radius (5p diameter)

0

d = 50 A membrane thickness

CI = 0.01667 mhos/cm intracellular conductivity

OE = 0.04546 mhos/cm extracellular conductivity

gr = 2.0 x 10"4 mhos/cm2 resting-state membrane conductance

Vr = -60 mV resting transmembrane potential

V + = 55 mV sodium Nernst potential

w = 1p width of conductance perturbation "window".

The transmembrane potential response for this system is

illustrated in Figure 5.3 for conductance changes of g'+ = 0.01

Na

 

l The values are from Katz [40] and Plonsey [60]. The magnitudes

of g'+ used are indicated by Eccles [18] to lie within the range

Na

of experimentally observed values.
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and 0.05 mhos/cmz. The curves are exponential (for z > 1011)1

with a length constant of about 1 mm. Since the length constant

of this fiber given by cable theory (for passive response) is

A = 1.02 mm (see Section 3.3.2), the axial decay is essentially

the same as that expected for a transmembrane potential perturba-

tion in the case of steady-state electrotonus. Although g'+(k)

Na

has the same form as 38(k) (the source term in Chapter 3 for

electrode current density), the response to a change in the perturba—

'

g +
Na

stimulating current magnitudes. This may be observed by consider-

tion magnitude is not linear as it was for changes in

g.

N:

of 2.76 mV (Vm(0) = —57.24 mV) while g'+

Na

a depolarization of 12.58 mV (Vm(0) = -47.42 mV). The response

ing that = 0.01 mhos/cm2 produced a depolarization at z = 0

= 0.05 mhos/cm2 gave

to a five-fold increase in g'+ is not five times the depolariza-

tion (5 X 2.76 = 13.80 mV), which contrasts with the solutions

in Chapters 3 and 4 that are always directly proportional to

stimulating current intensity (IS).

The reason for this difference becomes apparent when the

source of the depolarization in each case is considered. With an

electrode-impressed source current density, the depolarization

is a result of a source current (13) that can have any magnitude

since an external generator (battery) drives the stimulating circuit.

Doubling IS means the charge/unit time that is injected into the

system at the electrode is doubled; resulting in a response twice

as large. For the present case, the current that flows into the

 

1 For IZI.i 0.5u, Vm(z) is virtually constant, satisfying the

assumption applied in Section 5.2.3.
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cell interior is driven by a "battery" that consists of the dif-

ference between V + and Vm(0) (see equation (5.92) for S(k)).

As the conductanceNZerturbation is increased, the charge carried

into the cell interior depolarizes the membrane so that Vm(0)

approaches V +, reducing the magnitude of the source term S(k).

In effect, a izgative feedback occurs where a depolarization has

the result of reducing the effect of further increases in con-

ductance. The limiting case is Vm(0) = V +, where S(k) = 0;

Na

a situation that corresponds to g'+ + w. This non-linear response

Na

to changes in g'+ may be noted by considering that Vm is con-

Na

fined to the range Vr to V + for variations in g'+ between

Na Na

zero and infinity. As such, the depolarization for g'+ = 0.05

Na

mhos/cm2 in Figure 5.3 is not five times that for g'+ = 0.01

Na

mhos/cm2 because the resultant further depolarization from in-

creasing g'+ has reduced the magnitude of the driving term S(k).

Na

The magnitude of the response is also dependent upon the area

of the conductance window. The relationship is nonlinear in a

manner similar to that discussed for changes in g'+. Increasing

Na

w leads to a greater depolarization for fixed g'+, but the

Na

response is limited by the point where S(k) = O (Vm(0) = V +).

Na

Thus, for this case of a spatially dependent sodium conductance,

the amount of depolarization seen at any point depends upon three

factors that determine the overall magnitude of the source term

S(k). These are the amount of conductance change (g'+), the

difference between the sodium Nernst potential and thzatrans-

membrane potential at z = 0 (V + - Vm(0)), and the area affected

Na

by the conductance change.
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It would be a simple matter to apply the solutions of Section

5.2.3 to changes in the conductance of several ion species. The

major reSponse characteristics would be the same as noted here since

the effect would be to add one or more additional [Vi - Vm(0)]§1(k)

terms to S(k). Each of these terms would be similar and vary only

in magnitude. The major difference would be a shift in the amount

of depolarization necessary to give S(k) = 0, this potential being

solved for from expression (5.65) as

Vm(0) = ——-—-—-—- . (5.94)

For a single ion species, this reduces to Vm(0) = Vi as in the

example above.

5.3.2. Use of the Two-Compartment Model to Simulate Excitatory
 

Postsynaptic Potentials
 

A synapse is the junction at which information (incident

action potentials) is passed from the presynaptic axon to the post-

synaptic cell (often a second neuron). The presynaptic cell re—

leases a chemical transmitter substance that diffuses across the

synaptic cleft where it alters the permeability of the postsynaptic

membrane to one or more ion species. This causes a depolarization

or hyperpolarization of the postsynaptic membrane, referred to as

a postsynaptic potential (PSP). If the potential change is towards

threshold (positive, a depolarization) the event is called an

excitatory postsynaptic potential (EPSP). If the effect is a
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hyperpolarization (negative, away from threshold), the PSP is

labeled an inhibitory postsynaptic potential (IPSP)1. The solu-

tions of Section 5.2.4 are used in this section to simulate an

EPSP, where the nature of the driving term S(k,t) will allow a

simplification in the calculations.

An EPSP is the result of an increase in the membrane's

sodium conductance (permeability), since (of the three major ion

species N3, K+, and C1-) only sodium has a Nernst potential

that is above threshold. Assuming that only the sodium conductance

changesz, that the area of the synapse is small, and that the

conductance change is a constant over the affected region leads

to

8'+(k.t) = g'+(t) 2 Sinék W/z) (5.95)

Na Na

 

where g'+(t) is the time-dependence and magnitude of the con-

Na

ductance perturbation and w is the width of the region where

g' Iz,t) # 0 (see Section 5.3.l)3.

Na

 

1 See Katz [40] or Plonsey [60] for a basic discussion of synaptic

structure and events. Eccles [18] offers a more complete treatment.

There is evidence (Eccles [18], Smith, Wuerker, and Frank [73])

that indicates that an increase in K+ conductance also occurs. The

effect is smaller than the Na+ conductance increase and is neglected

in this model. If it was included, the only result would be that

the magnitude of S(k,t) would be slightly smaller.

3 The nature of the solutions requires the affected area to be

rotationally symmetric, so that the synaptic area is Znaw.
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The time-dependence is obtained from Rall [64] as

(l-t/Tp)

gl+(t) = gI+ T;— e
(5.96)

Na Na p

where g'+ is the peak magnitude of the conductance perturbation.

This g'EIt) function represents the time course of the chemical

transmigier that causes the change in conductance. The function

is essentially linear for 0 j_t §_Tp, representing the arrival

(via diffusion) of the transmitter substance at the postsynaptic

membrane. After T1) (the time of maximum or peak conductance

change) there is an exponential decay that simulates the enzymatic

degradation of the transmitter. The duration of the conductance

perturbation is altered by changing Tp, the time of the con-

ductance peakl.

The solutions of Section 5.2.4 (relations (5.84), (5.85),

and (5.87)) all contain a convolution integral which can be

analytically carried out even with the complicated time function

assumed for g'+(t). With expressions (5.95) and (5.96), the con-

Na

volution becomes

 

1 This function assumes that the arrival of transmitter at the

postsynaptic membrane begins at t - 0. The time of transmitter

release is at some t < 0.
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t -. e -P(k)[t-T]
f0 i 81(k.T)IVi - Vrle dT

(l-T/Tp-P(k)[t-T])

 

 

_ t , 2 sin(k w/2) _1_

7 [0 g + k [V + 7 vr]T e dT
Na Na p

_ [VN-EI; .— V ] l t (T/T ”P(k)[t-T])

= g'+(k) T e f0 T e P dr (5.97)

Na p

 
where g'+(k) = g'+ 2 Slnék W/Z) as defined for the steady-state

Na Na

case in relation (5.91), Section 5.3.1. Applying integration by

parts to equation (5.97) leads to the desired analytical expression:

 

 

+ (I/T -P(k)[t-T])

g'+(k) Na T f5 T e p dr

Na p

1 -t/T

[V + - Vr]e Ie p[(P(k) - l/T )t - 1] + e-P(k)t
- -' Na P .

7 g +(k) T I. 2
Na p (F(k) - l/Tp)

(5.98)

The response for the example in this section is calculated

with the parameters (a, d, 01, 0E, etc) listed in the previous

1

section for a dendritic-size fiber. These solutions also require

the membrane capacitance/unit area; taken as Cm = 1.062 uf/cm2

(this value is obtained from C = e /d with e = 6s and
m M M o

0

d = 50 A). The peak magnitude of the sodium conductance perturba-

- I
tion g +

Na

and the width of the synaptic area w taken as lu. This allows

is chosen as 0.05 mhos/cm2 occurring at Tp = 0.2 msec,

1 Test parameters are also summarized in Appendix D.
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comparison of the time-dependent response with the steady—state

response presented in Section 5.3.1.

As discussed in Section 5.2.4, the calculation of the numerical

response first requires the transmembrane potential perturbation

at z = 0. Solution (5.84) defines Vé(0,t) as the difference of

two Fourier inversion integrals. The first integral contains the

source term and convolution integral defined analytically in

eXpression (5.98) for this present example. The second integral

contains a sum on n of the product gi(k,nAI)V$(O, nAT), this

sum arising from the trapezoidal integration rule being applied

to a convolution containing V&(0,t). In general, V$(0,t) would

be evaluated for the sequential time series t = DAT, n = l,2,3,...;

where AT must be chosen sufficiently small for the trapezoidal

rule to converge to the correct response. This second term (of

equation (5.84) for V$(0,t)) is a correction term in the sense

that it modifies the response of the transmembrane potential at

time t by a factor dependent upon the past history of the trans-

membrane potential perturbation.

Figure 5.4 illustrates the effect of the second integral

term in solution (5.84) as a correction term. As AT is decreased,

the response converges to the correct result. The only problem

is that this requires a AT that is so small as to require a very

large number of time steps to be calculated. However, in this

particular case the correction term can be discarded. As seen in

Figure 5.4, the curves for decreasing AT are bounded by the response
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Transmembrane

Potential Vm(0,t),

mV

   
 

0 0.1 0.2 0.3

Time t, msec

O - - ’ Solution without correction term

a _ _. _ AT 0.025 msec

13.. - - Ar 0.0125 msec

FIGURE 5.4

Convergence of Solution for Decreasing Values of AT
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curve calculated without the second term of solution (5.84) (the

"correction term"). By decreasing 4T1, it was discovered that

the full solution converged to a curve that was within 0.1 mV of

the curve for the solution without the correction term. Thus it

appears that the solution without the correction term yields a

response that is acceptably accurate2 without the enormous amount

of calculation required to include this term.

The above approximation (dropping the correction term)

may be verified by considering the origin of the two terms in

solution (5.84). They arose from the Laplace transform of the

source term S(k,s) defined in (5.76). The first term of expression

(5.84) (the convolution carried out in relation (5.98)) is invariant

for changes in the transmembrane potential, as this term repre—

sents the influx of sodium ions driven by V + - Vr' The second

Na

(correction) term came from the transmembrane potential perturba-

tion term in S(k,s). This term reflects the nature of the

natural bioelectric source due to sodium to decrease its magnitude

as the membrane depolarizes. Considering the driving potential

— - 7 = -in S(k,s) as V + Vr Vm(0,t) V + Vm(0,t) (for this case

Na Na

of only g'+ non—zero) demonstrates that the correction term repre—

Na

sents the change in the source term magnitude due to changes in

Vm(0,t) from the resting potential. Since the sodium Nernst

potential (in this example) is 55 mV and resting potential is

 

This required taking Ar as small as 0.005 msec.

The peak of the response is a depolarization of about 3.5 mV.

Better than 0.1 mV accuracy thus gives less than 3% error.
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-60 mV, the driving potential for the source term is

55 - (-60) - V$(O,t) = 115 - V$(O,t) mV. As the magnitude of a

single EPSP is normally in the range of 1 to 10 mVl, V$(0,t)

modifies S(k,t) by less than 10% even at the peak of the EPSP.

For the present example, the peak of the EPSP was found to be a

depolarization of 3.5 mV, so that the correction term modifies

the solution at most 3%. Since 3% of 3.5 mV is on the order of

0.1 mV, the result noted by direct numerical calculation is verified.

The net conclusion that can be reached from the above

discussion is that when the difference between v: and Vr for

all ion species involved in the source term S(k,s) is far greater

than the expected perturbation in transmembrane potential at z = 0

the correction term represented by the second Fourier integral in

solution (5.84) may be discarded as negligible. If the conductance

changes result in a transmembrane potential where V$(O,t) becomes

8-

1

An example of the latter situation is presented in the next section.

significant with respect to V Vr’ this term must be included.

For the present EPSP simulation, the correction term is

discarded to give the solution for transmembrane potential as

 

[V + - Vr]e1

_
Na

00 _' jkz

Vm(Z9t)
- Vr + ZflC T I-” g +(k)e

m
Na

-t/T

e p[(P(k) - 1/2 )t _ 1] + e-P(k)t

{
IF

I dk - (5.99) 

2
(P(k) - 1/Tp)

 

See Eccles [18], Plonsey [60].
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This expression is obtained by dropping the second term1 in equae

tion (5.81) for V;(k,t), applying the Fourier inverse transform,

and adding Vr' The same result is obtained from following the

deve10pment of solution (5.85) when the correction term is discarded

in expression (5.84) for V$(O,t) and AT + 0 is taken to eliminate

the %%—-z gl(0,t) term in the denominator of the remaining termz.

Solutio: I5.99) is the expression used to obtain the EPSP trans-

membrane potential response in this section.

Figure 5.5 presents the transmembrane potential time

response at z = 0. Also illustrated is the time course of the

sodium conductance perturbation that is the source of this response.

The depolarization of the cell membrane is due to an influx of N:

ions during the conductance change. Because of the time required

to charge the membrane capacitance Cm’ the potential change lags

behind this current influx giving the Vm peak some 0.2 msec after

the time of maximum conductance change (Tp = 0.2 msec). Although

the conductance perturbation is essentially zero by t = 1.5 msec,

the return of Vm to the resting potential (-60 mV) is far slower.

This reflects the time required for the membrane capacitance to

discharge through the low conductivity that the membrane presents

to ionic current flow. The R—C time constant for this fiber as

given by the core-conductor model for passive events is 5 msec,

which agrees fairly well with the decay rate of this response.

 

The trapezoidal integration was applied to the integral in this

term, giving the correction term in solution (5.84).

2 This expresses the fact that the trapezoidal-rule integration

yields the exact result for Ar + 0.
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The time course of Vm(0,t) is quite different in this case than

for the passive response to a pulse, reflecting the considerably

different time-dependence of the source. Overall the response

magnitude and shape agrees well with experimentally observed

EPSP's (see Eccles [l8], Katz [40], or Smith, Wuerker, and Frank

[73]).

The spread of this response axially down the fiber is

illustrated in Figure 5.6. The primary characteristic to be noted

is the increasing delay in the start of the response. Also, the

axial decay and dispersion of the charge that decreases the response

magnitude and broadens the peak are clearly observed. Comparing

Figures (5.5) and (5.6) with the steady-state response to a main-

tained sodium conductance change of the same magnitude (0.05 mhos/cmz)

as presented in Figure 5.3 shows that the axial decay is similar

near the time of the Vm(0,t) peak, but the time case never reaches

the magnitude of the steady-state situation. This simply reflects

the fact that the conductance perturbation (and thus the N8 ion

influx) occurs in a time period far shorter than the time necessary

to charge the membrane capacitance.

Figure 5.7 presents an alternate view of the response.

When plotted vs. axial distance z, the time—delay in the spread

of the depolarization down the fiber is clearly discerned. Note

that while Vm has begun to return to the resting potential

near the point of synapse (z = 0), the membrane near 2 = 1 mm

is still experiencing an increasing depolarization. Since any

given neuron receives synaptic input from many locations, the time

delays and axial decay noted in this response become important
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in determining the net transmembrane potential response that would

occur at the point of action potential generation (the axon hillock)

from the time and spatial summation of many synapses.

An effect that is not seen in the EPSP response presented

here is the non-linearity to changes in g'+ noted in Section 5.3.1.

Na

This is due to dr0pping the correction term from perturbations in

transmembrane potential in the source term S(k,s). As discussed

previously, for a single EPSP this term is unimportant. For multiple

synapses occurring in a time span where their responses would add,

a point would be reached where the correction term would be necessary

to predict the response accurately. Since for many bioelectric

e—

i

the full solution of Section 5.2.4 to be used, the next section

phenomena2 Vé is large enough with respect to V Vr to require

presents an example of this calculation in the simulation of an

inhibitory postsynaptic potential.

5.3.3. Simulation of Inhibitory Postsynaptic Potentials; A

Case Requiring the VA Correction Term
  

If the action at a synapse of the transmitter substance

is to increase the postsynaptic membrane's conductivity to potassium

ions, the transmembrane potential moves toward the Nernst potential

for K+. Since the potassium Nernst potential is normally more

negative than the resting potential, the result is a hyperpolarization

 

See Rall [63], [64].

For example, multiple synapses where Vm approaches threshold,

the action potentiaL,and any conductance changes for ion species

where Ve - V is small.

i r
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of the cell membrane. This event is referred to as an inhibitory

postsynaptic potential, since the response moves the transmembrane

potential away from threshold. This section uses the solutions of

Section 5.2.4 to model an IPSP.

The parameters used for the numerical example presented here

are identical to those for the EPSP simulation in the previous section.

The single exception is that now it is assumed that only the membrane

conductance to potassium ions increases from its resting value.

The additional parameters of gé+ and V + are thus needed. VKI

K

(the potassium Nernst potential) is taken as -95 mV (representative

value from Katz [40]). This yields the difference V + - Vr as

K

-95 - (-60) = -35 mV, a factor about three times smaller than the

similar factor in the EPSP simulation's source term of

V + - Vr = 115 mV. To keep the magnitude of the response about the

Na

same, g'+ = 0.2 mhos/cm2 was chosen (four times larger than g'+

K Na

for the EPSP response)l.

With the parameters as listed above, it is apparent that

the so—called "correction term" in solutions (5.84) and (5.85)

for transmembrane potential is now far more important than it was

for the EPSP case. Paralleling the argument of the previous

section; with V + - Vr = -35 mV, a change in transmembrane potential

4 mV wEll now alter the [V +

K

term S(k,s) (relation (5.76)) by about 12%. Since 12% of 4 mV

of v; - Vm] factor in the source

is on the order of 0.5 mV, this could result in as much as a 12%

 

This value is still in the physiological range, see Eccles [18].
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error in the response if the correction term containing VA is

discarded (as compared to a 3% error in the EPSP case). To

eliminate this error, the full solutions are used to obtain the

response presented in this section. This also serves to illustrate

the application of the technique to neural events where the

correction term is even more essential.

The same assumptions and time-course for the conductance

perturbation that were used in the previous section are applied

to this case. Thus expression (5.98) for the convolution integral

may be used by replacing g'+ and V + with g'+ and V +

Na Na K K

respectively. With these definitions substituted into solution

(5.84), the transmembrane potential perturbation at z = 0 is

obtained for the IPSP model as

  

 

l —t/T

[VK+ ‘ VtIe .. _ e p [(P(k) - l/TP)t - 1] + e'Pmt}

V'(O,t) = f ... g' (k){ dk
m ZTICmTp - K+ (P(k) _ 1[1:192

N-l

f7co 2 §'+(k, nAT)V'(O,nAT)e-P(k)[t-nATldk

AT _ n=1 K m
, (5.100)

2"Cm 1 + AT— ' (0 t)
2C g + ’
m K

2 sin(k w/2)

k

 
where §'+(k)=g'+ (following the definition of

K K

g'+(k) in Section 5.3.2). The factors g'+(k,nAr) and g'+(0,t)

Na _ K K (l-t/T )

are defined by g'+(k)f(nAr) and g'+f(t) with f(t) = t/Tpe p

K K.

being the conductance perturbation time—dependence. Note that the

-A1— g'+(0,t) term has been dropped from the denominator of the

2C
m K

first term in obtaining solution (5.100) from expression (5.84).
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It was discovered (by numerical calculation) the solution con-

verged for a much larger value of Ar without that denominator

term. As noted in the last section, when Ar + 0 (and the

trapezoidal rule integration becomes exact) that particular term

vanishes in the denominator of the first term in solution (5.84).

Thus as A1 is taken very small, it may be discarded for con—

venience in the first term of the solution. This is not the case

for the denominator of the second term in the solution, as there

is also a AT factor in the numeratorl.

The time of the conductance perturbation peak was chosen

as Tp = 0.2 msec, the same as for the EPSP simulation. By the

graph of g'+(t) in Figure 5.5, it is apparent that the conductance

Na

perturbation is effectively zero after 1.5 msec (as g}+(t)

K

has the same time course). Setting g'+(t) = 0 for t > 1.5

K

msec, the trapezoidal rule integration in the second term of solu-

tion (5.100) has at most 1.5/AT terms in its summation, since

any n larger than 1.5/ A1 yields a time greater than 1.5 msec

in g'+(k,nAT). This sets an upper bound on the number of

sequefitial time steps t = nAT that must be calculated to obtain

the response.

The IPSP response was obtained as follows. First

Vé(0, nAr) was calculated from expression (5.100), yielding some

600 values for AI = 0.025 msec (1.5/0.025 = 600). For any time

 

By making this alteration in the solution, convergence was

obtained with AT = 0.025 msec. With the Ar/ZCm g'+(0,t) term

present in the first term's denominator, AT = 0.005 msec was required.
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greater than 1.5 msec, V$(0,t) was found from the same expression

by using all 600 previously calculated values in the second term.

At axial points z # O, the transmembrane potential was obtained

by means of solution (5.85), that for this example becomes

-t/T1

[V + ‘ Vrle e p[(P(k)—1/TP)t-l]+e-P(k)t
K jkz

2nc T }e dk

m p

  
Vm(z,t) = Vr + f_0° g'+(k) I

K (F(k) - 172p)2

AT

40C

m

 

xfm Ié'+<k,t)vI<o,t)
K

-P(k)(t—nAI)

§‘+(k.nAT)V$(0.nAT)e ]eszdk . (5.101)

The calculation of the 600 consecutive time points for V$(O,t)

was expensive in terms of computer time, but once these values were

obtained the rest cf the response was ineXpensive and simple to

obtain.

The response at z = O is illustrated in Figure 5.8. The

transmembrane potential as obtained from the full solution is

plotted with a solid line. For comparison purposes, the response

that is obtained without the correction term (the second term in

relation (5.100)) is also included as a dashed line. Note that

at the point of maximum hyperpolarization, the two curves differ

by an amount in the range of the expected 0.5 mV (12%). The

apparent effect of the correction term is to decrease the

magnitude of the response (since the source term decreases as Vm
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approaches V +) and there is a slight shift in the time of maximum

K

hyperpolarization.

The time response at other axial distances is indicated in

Figure 5.9. Overall, the response is essentially similar to the

EPSP case except the perturbation in transmembrane potential is

inverted (as eXpected since the "driving potential" V + — V is

K

now negative as Opposed to positive for V + - Vr in the EPSP

Na

simulation). The physical basis for the hyperpolarization that is

evident in the IPSP response is an efflux of K+ ions from the

intracellular space at the synapse during the conductance perturba-

tion. The duration and axial extent of the response are about the

same as for the EPSP case, and the discussion in the previous

section on the role of capacitive effects applies here. Figure

5.10 is a plot of the axial response at various time points and

also similar (though inverted)to the graph in Figure 5.7 of the

EPSP axial response. The IPSP response obtained by this simula-

tion resembles experimentally observed IPSP's as given in Eccles

[18], Katz [40], or Plonsey [60]. The greatest difference between

this simulation and the EPSP response of the previous section is

that, with the inclusion of the correction term, the IPSP response

is non—linear to changes in g'+ and for g'+ + m has a maximum

K

hyperpolarization of Vm(0,t) V +.

K
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CHAPTER 6

SUMMARY, CONCLUSIONS, AND RECOMMENDATIONS FOR

FURTHER STUDY

6.1. Summary and Conclusions
 

The observations and conclusions of this research report

are best summarized by considering the material in each of the major

chapters (2 through 5) in order. Chapter 2 was primarily concerned

with the development of a general set of volume-conductor equations

and boundary conditions that apply to any bioelectric field problem.

In Section 2.1.2, the possibility of an ion—acoustic wave being

excited in a nerve axon during the action potential was considered

and rejected. The fact that collisional damping forces overwhelm re-

laxation effects was demonstrated in this ion-acoustic phenomena

exploration. In the last section of Chapter 2, a "constant field"

derivation was carried out in cylindrical coordinates. The con-

clusions reached were that the Goldman equation for the resting

transmembrane potential has the identical form in either cylindrical

or rectangular coordinates and that the fields and individual ionic

current densities in the membrane reduce to the rectangular coordinate

system results when the membrane thickness is insignificant with

respect to the fiber radius.

Chapter 3 solved for and examined the steady-state passive

response of a cylindrical cell in three volume—conductor compartments
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for an impressed stimulus delivered by a metallic ring electrode.

The Fourier transform solution allowed these electrodes to be modeled

as finite-sized structures, eliminating a singularity found in pre-

vious solutions. For the case of an intracellular stimulus,-it

was shown that the transmembrane potential response away from the

electrode was well predicted by the cable equation from core-conductor

theory. Near the electrode, the response of the two models differed,

with the field solution being correctly dependent upon the width

of the electrode. Also demonstrated was the fact that the cable

equation incorrectly predicts the axial decay of the extracellular

potential at the membrane. According to the core—conductor model,

¢E(a,z) decays exponentially with the same length constant A

that describes transmembrane potential perturbation decay. The

model in this report indicated that ¢E(a,z) had a significantly

slower decay rate than V$(z), leading to the conclusion that the

length constant can only be correctly determined by means of intra-

cellular recording electrodes and not by extracellular measurements

as indicated by core-conductor theory (see Plonsey [60]).

For the case of an extracellular stimulus, the response

was found to be totally at odds with the cable equation prediction.

The response to a current injected into the system at the external

membrane surface was a hyperpolarization near the electrode and a

slight depolarization a short axial distance away. This response

was far smaller in magnitude than for an intracellular stimulus

of the same strength. The point where V; = 0 was found to be a

linear function of /E' and A (a = fiber radius, A = cable theory

length constant). An examination of the radial variation in
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potential demonstrated the flaw in core-conductor theory to be the

assumption of only axially directed currents in the extracellular

medium, supporting the conclusion of Clark and Plonsey [8].

The final section in Chapter 3 showed that the axial current

density within the membrane was insignificant compared to radial

currents. A solution and direct numerical calculation of membrane

capacitance and surface charge density on the membrane interfaces

demonstrated that the relations Cm = eM/d and n -n were

I=E

valid. This supported the assumptions necessary in Section 2.2.2

in the development of transmembrane boundary conditions that allow

the field problem to be reduced to two volume-conductor regions

(the intracellular and extracellular).

In Chapter 4, the three—region solutions of Chapter 3 were

extended to cover the passive response to impressed time-dependent

stimulating currents. The same conclusions (of the intracellular

stimulus giving a transmembrane potential response similar to that

predicted by the cable equation and an extracellular stimulus yield-

ing a response not at all predicted by core-conductor theory) were

again demonstrated for the time-dependent response. This model

also had the observed (but not predicted in cable-equation solu-

tions) phenomena known as the stimulus artifact as part of its

response. An impulse stimulus (delta function in time) was shown

to produce a singularity at t = 0, and demonstrated that although

delta functions simplify many solutions (as carried out by previous

authors), they give rise to responses that do not simulate observable

neural phenomena very accurately. The final section in Chapter 4
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examined a simulation of the myelinated axon using the three-region

field model of this report. The result suggests that the myelin

sheath blocks action potential generation by a voltage-divider

effect that prevents the excitable neural membrane from reaching

threshold. This explanation of the effect of the myelin sheath is

somewhat different than the view that the myelin prevents ions in

the extracellular medium from reaching the axonal membrane.

Chapter 5 presented a reduced, two-compartment model for

the fields and current in the intracellular and extracellular regions.

For the case of the passive response to subthreshold impressed

stimuli, this reduced model gave the same results as the interior

and exterior portions of the solutions in Chapters 3 and 4. The

inherently simpler form of the two-compartment model makes it the

logical form to utilize if only the intracellular and/or extra—

cellular fields and currents are desired. Chapter 5 also extended

the solution to cover ion-selective perturbations in membrane con-

ductance, allowing the modeling of active neural phenomena. The

solution required the conductance change to be confined to a narrow

region such that the transmembrane potential was essentially con-

stant across that region. The source current in this latter case

was the movement of ions of one or more Specific species through

the membrane, driven by the difference between their Nernst

potential and the transmembrane potential. This gave a non-linear

response to changes in the magnitude of the conductance perturba-

tion, with the response (for the case of the involvement of a

single ion species) being limited by Vm = v: where the driving
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force goes to zero. The same non-linearity also applied to changing

the amount of area involved in a given conductance perturbation.

Section 5.3.2 presented a simulation of an EPSP and

demonstrated that when v: - Vr is large with respect to the

perturbation in transmembrane potentiall, the correction term in the

source term S(k,t) that is responsible for non-linearity of the

response can be discarded. This greatly simplifies the numerical

calculations. The last section in Chapter 5 was a IPSP simulation,

where the full solution (with the correction term) was required to

obtain the response accurately. These PSP simulations showed

that the field model of this report can be used to find the two-

dimensional response (in terms of potentials, fields, and currents)

of active as well as passive neural events. The criterion for in-

clusion of the correction term also gives a measure of the importance

of the nonlinear portion of the response due to a specified con-

ductance change.

Looking at the report as a whole, it is apparent that the

Fourier transform provides a powerful technique for obtaining

solutions for bioelectric field problems. By use of the digital

computer, complex Fourier domain solutions are easily invertable,

eliminating the need for many simplifying assumptions to obtain an

analytical result. The solutions presented in this dissertation

have a multitude of response characteristics not found in previous

 

1 This is checked by calculating the response without the correc—

tion term as the effect of the correction term is to reduce the

magnitude of the response as Vm varies from Vr'
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models. These effects include the accurate response to an extra—

cellular stimulating electrode, stimulus artifacts, and the de-

pendence of response upon the physical size of electrodes or con-

ductance perturbation regions. Singularities due to unrealistic

infinitely narrow or brief stimuli have been eliminated. The solu—

tions can yield the potential, electric field, or current density

at any point in the system; not just the transmembrane potential.

Finally, one eXpects the response of the class of models in this

report would be more accurate than the cable equation solutions since

the present solutions are mathematical descriptions of a system

very similar to real neural structures.

6.2. Recommendations for Future Research
 

Perhaps one of the greatest strengths of the neural model

presented in this report is that the possibilities for further

study are nearly limitless. A few recommendations are offered by

the present author as suggestions for future work; mostly they

concern extensions of the model of Chapter 5.

The steady—state axially—dependent membrane conductance

solution of Section 5.2.3 could be altered for a very accurate

simulation of a myelinated axon. By the Fourier space—shifting

theorem, a series of conductance windows of 1p width and 1 mm apart

could be included in a "thick" membrane representing the myelin

sheath. The response to a stimulus at one node could then be

evaluated for the entire fiber.

Another possibility would be to use the solutions in Sec-

tions 5.2.3 and 5.2.4 to conduct an examination into the effects
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of varying such parameters as synaptic area, resting state con-

ductance, internal or external conductivity, etc. upon the trans-

membrane potential response of an ion-selective conductance

perturbation (as occurs in a synapse or action potential).

A final suggestion would be to explore the possibility

of using such membrane conductance functions as derived by Hodgkin

and Huxley [37] to simulate action potentials with this model.

Since these conductances are intrinsic functions of Vm, it would

require further deve10pment of the numerical techniques used in

the handling of the convolution integrals containing g£(k,t).

A possibility here would be to apply an adaptive integration routine

in place of the trapezoidal-rule integration, perhaps using a

Simpson's-rule algorithm. This would reduce the amount of numerical

calculation required to obtain convergence of the solutions. A

preliminary investigation along these lines was started by the

present author that looked very promising, but lack of time forced

its termination. If a general and efficient technique for finding

the solution for any conductance perturbation function could be

deve10ped, then the model in this report could be used to evaluate

various theoretical membrane descriptions for comparison of their

response to experimental evidence.
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APPENDIX A

LIST OF SYMBOLS AND NOTATION

This appendix defines and describes the major symbols and

notations used throughout the report. Symbols used only where

defined are omitted. For example, the solution coefficients

(i.e. A(k,s), P(k), a(k), etc.) are local to each chapter and are

not included in this list. On rare occasions, duplicate notation

has been used, but only where totally unavoidable and in separate

sections of the text where their meaning is unambiguous (the

primary usage is given here). Subscript and superscript conven—

tions are listed separately at the end, but they are also used

in the main list when necessary to differentiate between symbols

or where that symbol only appears with the indicated subscript

or superscript.

A vector potential (webers/m)

outer radius of membrane cylinder (m)

R magnetic induction (webers/mz)

b inner radius of membrane cylinder (m)

Ci concentration of the ith ion species (moles/m3)

Cm membrane capacitance/unit area (farads/mz)

d membrane thickness, d = a - b (m)

E electric field strength (volts/m)
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electric field component, subscript specifies

associated direction (volts/m)

absolute value of electronic charge (1.6 x 10-19

coulombs) (Also used as symbol for exponential

function, differentiated from above by exponent.)

Faraday's constant (9.65 X 104 coulombs/mole)

conductivity (defined only for membrane, mhos/mz)

total source current to electrode (amps)

current density (amps/m2)

current density component, subscript identifies

associated direction (amps/m2)

. 2
source current den31ty (amps/m )

f—T

Boltzmann's constant, used in Chapter 2 (1.38 x 10-23

joules/°K)

Fourier transform domain variable, used in Chapters

3, 4, and 5 (l/m)

Avogadro's number (6.02 x 1023 particles/mole)

effective mass of the ith ion species (kg)

unit vector normal to boundary surface

number density of the ith ion species (ions/m3)

permeability coefficient of the ith ion species (m/sec)

effective charge of the ith ion species (coulombs)

gas constant (8.31 joules/mole - °K)

cable equation distributed resistances, defined in

Appendix D

position vector, any coordinate system

unit vector in radial direction, cylindrical coordinates

radial variable, cylindrical coordinates (m)

Laplace transform domain variable (l/sec)

temperature (°K)
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pulse function duration (sec)

time of conductance perturbation peak (sec)

time variable (sec) 4

electric mobility of the ith ion species (mz/volt-sec)

Nernst potential of the ith ion species (volts)

Note: when i is specified, e superscript is

drOpped (eg. V )
+

Na

transmembrane potential, Vm = ¢I(r = b) - ¢E(r = a)

(volts)

resting transmembrane potential (volts)

average velocity of the ith ion species (m/sec)

ion thermal velocity (m/sec)

width of electrode or conductance change region (m)

unit vector in axial direction, cylindrical coordinates

axial variable, cylindrical coordinates (m)

valence of ith ion species (signed)

partition coefficient (unitless)

permittivity of the medium (farads/m)

permittivity of free space (8.854 X 10.12 farads/m)

surface charge density (coulombs/m2)

length constant, axial distance for e-1 decay (m)

magnetic permeability of the medium (henrys/m)

magnetic permeability of free space (4n X 10—7

henrys/m)

effective collision frequency of the ith ion species

(l/sec)

volume charge density (coulombs/m)

conductivity of the medium (mhos/m)



H
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w.

1P

Subscripts
 

E

I

Z

Superscripts
 

e
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. -l . .
time constant, e decay or decrease of 84A in

core—conductor model (sec)

unit vector tangential to boundary surface

electric scalar potential (volts)

angular variable, cylindrical coordinates (radians)

ion resonance frequency of the ith ion species (l/sec)

quantity defined for extracellular region

quantity defined for intracellular region

signifies ith ion species

quantity defined interior to membrane

used to denote quantities defined across the membrane

(eg. Vm, transmembrane potential; Cm’ membrane

capacitance/unit area)

denotes resting-state value of quantity

radial component of a vector in cylindrical

coordinates (exception: also used to denote resting

potential (Vr) and resting state value of total

membrane conductance (gr))

source quantity (eg. 08, impressed charge density)

axial component of a vector in cylindrical coordinates

denotes impressed field quantity (eg. Vi, Nernst

potential)

used to signify currents and current densities supplied

by an electrode

denotes perturbation from resting-state value

(eg. Vé = Vm - Vr)

denotes quantities defined from application of a

mean value theorem
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denotes unit vector

denotes vector

signifies functions that are Fourier_gr Laplace

transformed physical quantities (eg. ¢(k,s), V$(k))

Note: transform specified by functional argument

(k and/or 5).



APPENDIX B

MATHEMATICAL DETAILS, CONVERGENCE, AND ERROR ESTIMATION

B.l. Axial Symmetry
 

It is apparent on physical grounds that if the source func—

tions in the system are symmetric about 2 = 0, then the scalar

potentials share the same symmetry. The Fourier—domain solutions

will then also be symmetric about k = O, as can be demonstrated

by considering the transform definition (3.31). Taking k = -k

obtains exactly the same function “F(k) when F(x) = F(—x) (use

the substitution x = -x in the transform integral). Thus axially

symmetric sources yield potential functions in k—space that are

even functions of k.

With ‘$(r,k,t) being an even function of k, the inversion

integral reduces to just

a
l
e
:

¢(r,z,t) = f .$(r,k,t)cos(kz)dk (B.l)

m

o

as noted in Section 3.3.1. If .3 is not an even function of k,

then it can be eXpressed as the sum of an even and an odd function;

where the even function is real and the odd function is pure

imaginary. The inversion integral may then be written as the

difference of two integrals:

289
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¢(r,z,t) = i f: RcI$(r,k,t)}cos(kz)dk

- 1%]: Im{<—b-(r,k,t)}sin(kz)dk . (8.2)

This form is obtained from the application of Euler's formula

esz and noting that since ¢ must be real, then Im{$}for

must be an odd function of k. Thus for the case of a non—axially

symmetric stimulus, the Fourier inverse may still be obtained with-

out the use of complex numbers in the computer routines. The same

discussion applies to the electric field and current density, with

the exception that Ez and J2 for symmetric stimuli are pure

imaginary and odd functions of k. Then (for E2 and J2) the

kernel in integral (B.l) is j sin(kz) (relation (3.2) is correct

in any case). These general properties may also be observed to

hold for each Fourier—domain solution given in this report by direct

consideration of the symmetry properties of the functions they con-

tain.

B.2. Considerations Near k = O
 

The Fourier-domain solutions of this report commonly con—

tain the modified Bessel functions Io(x) and Il(x) which diverge

to +00 as x + O. This causes numerical problems in the computer

routines when trying to evaluate the inversion integral near k = 0.

To avoid these difficulties, the lower integration limit is taken

as a small number 6 rather than 0 in relation (B.l). Choosing

6 small enough results in negligible error from discarding the

contribution between 0 and 6, as can be shown by considering the

asymptotic forms of the solutions as k + O.
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From Abramowitz and Stegun [l], the asymptotic forms of the

modified Bessel functions involved are1

 

10(x) ~ I \

11(x) ~ x/2

as x + O . (B.3)

KO(X) ~ -zn(X) I

Kl(x) ~ l/x J

Substituting these into the steady-state solutions for Fourier-

domain potential from Chapter 3 and taking the limit as k + 0

leads to

- ~ - 2n(ka) s s &n(a/b) s
¢I(r,k + O) 2no (IE + II) + 2no II (B.4)

E M

'5 (r k + 0) ~ :iflSEEZ (15 + 13) + ZRLELEL 13 (B 5)

M ’ Zno E I 2nd I

E M

'— -2n(kr) S S
¢E(r,k + 0) ~ 355i;-__ (IE + II) (3.6)

where lim x2n(cx) = 0, lim Eli—E = l, and the definitions (in

x+O x+O

"‘8

Section 3.2.2) for JI(k) and 3:(k) have been appliedz. The

behavior of ¢M is bracketed by .61 and ¢E’ since in the

membrane b < r < a. Also, the worst case for ¢E is r = a

since Zn(kr) diverges fastest as k + 0 for that value of r of

 

The symbol "~" represents "asymptotically equal to".

The asymptotic forms are identical for either finite—width or delta

function electrodes since in taking lim, 3:(k) ~ IE/Zna and

k+0

3:(k) ~ li/an for both classes of electrodes.
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the allowed extracellular range of r :_a. Thus with r = a in

relation (3.6), it is apparent that the desired error bound may be

obtained from asymptotic form (B.4) alone.

The error bound is obtained by integrating the product of

cos kz
l$I(r,k + O) and ———;—— between the limits k = O and k = 6.

For k + 0, cos kz ~ 1, giving an upper bound on error as

ZNOE E ZNOM

 

1 I: + IS I:

= 2 [ O (a - 5 2726) +— 52m<a/b)] . (B.7)

2n E OM

For the parameters of the "test axon" (Appendix D), the standard

stimulus intensity of IS = 10.5 amps, and 6 = 10-9 (the value

used for all numerical calculations in this report), the error from

using 6 as the lower integration limit in the Fourier inversion

integral is obtained from relation (B.7) as

error i 1.4 x 10-8 mV .

Since 10"5 amps stimulus intensity gave a reSponse in the mV

range, an error of 10.8 mV is clearly negligible. This was also

verified by trying values of 6 in the range of 10—7 to 10-11

in the computer routines. The largest alteration produced was in

the 9th significant figure of the numerical result.

The above conclusion that negligible error is introduced

by discarding the contribution to the inversion integral between
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O and 6 also holds for the time case in Chapter 4. The exponential

terms are well behaved as k + O and, in the solution for a step

function stimulus, the non—exponential term is just the steady-state

response discussed above. The same is true of the two—compartment

solutions of Chapter 5, with the steady-state response giving

exactly the same asymptotic forms as above. In calculating electric

field or current density, the error introduced from using 5 as the

lower integration limit is even smaller since taking lim of their

k+0

Fourier—domain solutions produces zero.

B.3. Consideration of Convergence; Errors from Truncation
 

To examine the question of the inversion integral's con-

vergence to a finite value at its upper (infinite) limit, and the

error introduced by truncating the infinite integration, requires

consideration of the integrand's behavior as k + w. The asymptotic

forms of the Bessel functions for large argument are given by

Abramowitz and Stegun [l] as

 

x

e

Io(x) ~ Il(x) ~ ‘

2nx

n —x as x + m . (3.8)

KO(X) ~ K1(X) ~ /'2‘)-(‘ e

Substituting these into the steady-state solutions of Chapter 3

and taking the limit as k + w obtains
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—s
20M JE(k)

k Vr/a (oI + 0M)(oE +

 

¢1(r’k I m) ‘ kd k(b—r)
0M)e e

‘3:(k)(oE + 0M)

 

k r/b ek(b-r)[(oI + 0M)(oE + 0M) - e-de(OI-OM)(OE—OM)]

O :_r_: b (8.9)

_S

JE(k)

 ‘5 (r,k + 00) ~

E k /?7E'(OE + 0M)ek(r-a)

20M'3:(k)

+ r :_a (3.10)

k Jr/b (oI + 0M)(0E + 0M)ekdek(r-a)

 

where $fi(r,k + 00) has its behavior bracketed by .61 and ii

given above. The "worst case" as defined by the slowest decay to

zero is for r = b in relation (3.9) and for r = a in relation

(8.10), giving

 

 

__ 3:00
¢I(b,k + w) ~ k(OI + UM) (3.11)

__ 33m
¢E(a,k + 00) ~ k(0‘E + OM) (3.12)

where only those terms having the most gradual decay have been

retained.

First the case of a delta function electrode is considered.

From Section 3.2.2, 3:(k) and 32(k) are the constants J: and
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J: for an infinitely narrow electrode. This gives the asymptotic

k—dependence of the integrand in the inversion integral (B.l) for

either an intracellular or extracellular stimulus as

cos(kz)

¢(k + 00) ~ G k

where G = constant. If 2 # 0 (ie., the location specified is

not at the electrode) the inversion integral is clearly convergent,

since

u cos(ot)
I = 11m fc t dt (c > O) (8.14)

has a finite limitl. If 2 = 0, this form reduces to

I = lim f ——

lim [Znu/c] + m (B.15)

u—wo

which indicates that the delta function electrode response has a

singularity at z = O in its scalar potential. Examination of

asymptotic forms (B.ll) and (B.12) reveals this singularity is at

the location of the electrode for either an intracellular or extra-

cellular stimulating electrode. In both cases the potential at

 

Integral I (B.14) is just — aCi(ac) where Ci(-) is the cosine

integral function (Abramowitz and Stegun [1]) which has a finite

value for ac > O.
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the electrode diverges to +w and is finite elsewhere, confirming

the results noted in Chapter 3 for a delta function stimulus.

For a finite-width electrode, the inversion integral yields

a finite result for the potential at any point. Using the defini—

tions of 3?(k) and 32(k) from Section 3.2.2 for an electrode of

width w in the asymptotic forms (3.11) and (B.12) leads to

IS sin(k w/2)

Elam. + co) ~ I (B.16)

k2w1rb(oI + o )

 

__ I: sin(k w/2)

¢ (a,k + m) ~ (3.17)

E kZWWa(o

E M

 

where I8 is the total current to the electrode. Since

lsin(k w/2)| i 1, the integrand of the inversion integral (8.1)

is bounded by

—- ~ cos(kz) (B.18)

where G = constant. Thus the inversion integral is clearly con—

vergent, since

I = lim fu cos(at)

c 2

u—m t

dt (c > O) (3.19)

has a finite limit for any value of a (see Olmsted [58])1. Thus

 

1 At 2 = 0 the form is now lim I: E% which is finite, unlike the

1.1->00 t

similar integral (B.15) for the delta function electrode.
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it is apparent that the inversion integral will converge to a finite

result at any point (r,z) in the system.

These results also hold for the time—dependent case of

Chapter 4 and the two—compartment solutions of Chapter 5 since the

exponential functions contained in those Fourier-domain solutions

have arguments that are negative decreasing functions of k. As

k + w, the exponentials decay to zero faster than any k"n (Arfken

[2]). A similar result holds for the solutions for E or 3.

The conclusion is that with the single exception of the fields or

currents at the location of an infinitely narrow electrode, all

Fourier-domain solutions in this report yield a finite result when

inverted back to the z-domain.

The asymptotic forms for k + m given above can be used

to obtain an estimate of the error that results from truncating

the infinite upper limit of the inversion integral. Assuming that

the truncation point is high enough so that relations (B.16) and

(3.17) for Fourier-domain potential as k + w are accurate, then

. . . l
the error for truncating the integration at k = ku 18

error :-% f: $(k)cos(kz)dk (B.20)

u

where $(k) represents either -$I(b’k + 00) or -$E(a,k + m).

cos(kz)sin(k w/2)

k2

where
 

The integrand in (B.20) has the form C

The discarded terms tend to decrease the magnitude of '31 or ¢E

from the value given by the asymptotic forms (B.16) or (8.17).

l
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Ki: .—

—— for ¢

2 I

W“ b(oI + 0M)

G = (8.21)

I: __

for ¢

2 E

wfl a(o + O )

k E M 

This integral may then be evaluated as follows:

 

G fw cos(kz)sin(k w/2) dk

ku k2

 

ghfm sin(k(w/2 + z)) + sin(k(w/Z - z)) dk

2 ku k2

 
 

R
H
C
) 2 Si“(ku(W/2 + 2)) w cos(k(w/2 + 2)) 7

{Iw/Z + z) [; ku(w/2 + z) + fku k(w/2 + z) dEj

 
 

2 Sin ku(W/2 - Z) w cos(k(W/2 - 2)) C

+ W2 ‘ Z) [kUW/Z — z) + fku k<w/2 - z) deI

————-———l-sin(ku(w/2 + 2)) - (w/2 + z)2Ci(ku(w/2 + 2))

N
H
C
)

A

S \ r
Q

x
.

+ N

-————E——51 sin(ku(w/2 - z)) - (w/2 - Z)2Ci(ku(W/2 - Z)i} (3-22)

where Ci(x) is the cosine integral function defined by

w cos(t)

Ci(x) = -fx t dt . (B.23)

The desired error bound is given by eXpression (B.22)

with the apprOpriate choice of G from relation (8.21). This
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expression is easily evaluated by means of tabulated values of

Ci(x) (Abramowitz and Stegun [1]) or may be numerically evaluated

as part of the inversion routine on the computer. As the trunca-

tion error due to terminating the numerical integration at RU

is shown in expression (B.22) to depend upon the value of z and

the width of the electrode, it is not possible to specify a fixed

error bound for a given ku. However, with the termination criterion

used in the integration program (see Section 3.3.1 or Appendix C),

the truncation point ku was found to be sufficiently large to

result in an error of less than 0.05% for a series of specific

evaluations using eXpression (B.22). This was further verified

by forcing the integration to continue to a value of ku 10 to 100

times larger, with the effect being a change in at most the 5th

significant figure of the integration resultl.

Similar techniques may be used to obtain error bounds for

E or 3, with the same result being that the truncation error is

insignificant when the termination criterion specified in Section

3.3.1 or Appendix C is used. These results also apply to the time-

dependent response since the exponentials involved decay to zero

faster than the asymptotic forms used to obtain the error bounds

of expression (B.22).

B.4. Errors from Integration Interval Segmentation
 

If the integration involved in the Fourier inversion were

performed in a single segment as

 

The expression (B.22) is an error bound, so that the actual

truncation error is often far less.
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k _

¢(r,z,t) = If; ¢(r,k,t)cos(kz)dk , (3.21.)

then the net error would be due to three sources: truncation of

the upper infinite limit to ku, starting the integration at 6

rather than 0, and the accuracy of the integration routine that

evaluates the integral between 6 and ku' The previous sub-

sections indicated that the error arising from the first two sources

was insignificant if 6 was small and ku large, and error bounds

were given for estimating these errors. The third source of error

depends upon the numerical integrator, and typically can also be

made as small as desired by specification of an error tolerance in

the integration program (see Appendix C). However, the integration

between 6 and ku is normally broken into segments defined by

the period of the cosine function in expression (3.24), so that

there is an additional consideration in the error estimation.

The expression actually used for performing the inverse

Fourier transforms on the computer is given in relation (3.87). The

integration interval is broken into N + l subintervals, with N

determined in the integration routine by terminating when the

N + l segment's contribution is insignificant with respect to the

previous N segments. If the error of each segment is bounded by

the same value, then the overall error is bounded by (N + 1) times

that of the single segment (see Henrici [31]). For example, if the

numerical routine returns a value that is accurate to 1%, then

N + 1 segments added together give a result that is at least accurate

to (N + l)% (this being the case if the errors were additive and

didn't tend to cancel each other). However, since the k-domain
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functions in this report have their maximum value at or near k = O

and then decay at 17- as k + w (for a finite-width electrode),

k

the usual situation is that the largest contribution to the total

integration result is given by the first one or two subintervals.

The other segments added together return a contribution that is

typically far smaller. Thus the actual accuracy on a percent basis

is determined by the first few segments.

The net result of the discussion above is that the error

tolerance of the integration routine on the first segments determines

the overall accuracy of the numerical integration; with the error

from truncation, discarding the area from 0 to 6, and the latter

segments being insignificant. In the calculations performed for

this report, the error tolerance was normally set at 1%. The

adaptive integration routine normally was far more accurate than

this would indicate, as decreasing the tolerance to 0.001% only

gave an alteration in the 4th or 5th significant figure of the result

in periodic tests performed on nearly all the solution inversions.

Thus the responses presented in this report can be taken to be

accurate to at least 1%.



APPENDIX C

PROGRAMMING CONSIDERATIONS

The responses presented in this report were obtained by

numerical inversion of the Fourier—domain solutions using a pro-

gram written in FORTRAN Extended language, carried out on a CDC 6500

computer system. Mathematical details such as integrand form,

segmentation of the integration range, truncation, error determina-

tion, etc. are given in Section 3.3.1 and Appendix B. This appendix

outlines the programming involved and lists the two key subprograms

that form the necessary numerical integrator.

The overall program is divided into nine sections, con-

sisting of a main program and eight subprograms. These eight sub-

programs include a routine to initialize axon parameters, a sub—

routine that does the segmented integration and determines the

truncation point, the actual Simpson's rule adaptive integrator,

the function to be integrated, and the four modified Bessel functions

(Io(x), I1(x), Ko(x) and Kl(x)) necessary to evaluate the Fourier-

domain solutions. In practice, all but the main program and the

integrand (solution) function are stored in a permanent file;

eliminating the need to compile those portions of the program every

time it is used. Each of the program's sections are discussed in

the following paragraphs.

302
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The main program provides the structural framework of the

overall program and is modified as necessary for the particular

response being calculated. First it calls the parameter initializa-

tion routine. Then the desired response points (r,z,t) are input

and stored in three arrays. The body of the main program steps

through these arrays to calculate the response at each (r,z,t) by

calling the apprOpriate subroutines. The order of these calculations

varies with the type of plot wanted. For example, for Vm(z,t) vs.

t; z is held fixed while the t values are varied. After each

calculation, the result is output before continuing. The most often

desired response was the transmembrane potential. This was obtained

by first calculating ¢i(b,z,t) and ¢E(a,z,t) separately and

then applying v; = ¢i - ¢E. In this manner, the intracellular and

extracellular potentials at the membrane are obtained as well as the

transmembrane potential. After finishing the Fourier inversions at

each (r,z,t), the program terminates.

Subroutine READIN is the parameter initialization routine.

Called by the main program, READIN inputs the necessary neuron

parameters and the desired error tolerances for truncation and the

numerical integrator. Such physical constants as V or E5

are also initialized in this subprogram (eg. n = 4 tan-1(1) is used

to obtain w). Labeled common blocks are used to pass this informa—

tion to the rest of the program.

INTEG, given in Table C.1, is the subroutine that performs

the segmented integration and determines the truncation point. Values

in its parameter list (and common block) are as follows:



DELTA

PERIOD

ACTEST

FUN

AIN

ACHK

TEST

10

11

15

m
n
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X
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m
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6, the inversion integral's starting point (see Appendix

B or Section 3.3.1)

the period of the cosine kernel, cos kz, taken to be

2n/z or, if z = 0, 4n/w (w = electrode width)

maximum value of ku allowed (a default parameter

that terminates integration if convergence is not obtained)

truncation criterion, percentage of total area

(typically 0.001 (0.1%) was used)

name of function to be integrated

total area obtained from integration

value of k reached at the end of any segment

actual percentage of total area returned by last

segment before termination

error tolerance for numerical integrator SIMP.

TABLE C.1

Subroutine INTEG

NTE ( ELTA p RIOD HAXK A T r A H

XII $559 ’ E ’ 9 C 55': UN. IN.K.Ac K)

P (x1, xeuo, TEST, FUN)

R100

9 (x1 xeuo, VEST, run»
0 AREA

8 oPERIOD

9 (x1 xeno, 1551, run:

1 2:“.
c ITESY-AINIIA N)

L .A TEST) co 0 1s

axK) GO TO 15
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INTEG first calculates the inversion integral's contribution from

6 to 0.1 and from 0.1 to PERIOD. Normally these are the major

contributions to the total integration since the Fourier—domain

solutions have both the greatest magnitude and slope near k = 0.

The integration then continues in segments of width PERIOD until

either the latest segment increases the total area by less than

the percentage specified by ACTEST, or MAXK is reached. INTEG is

called by the main program, with FUN in the calling statement being

the name of the k-domain solution function to be integrated.

SIMP is the adaptive Simpson's-rule numerical integrator,

called by INTEG. It is written in the form of a FORTRAN function

and is listed in Table C.2. This function is from Davis and Rabinowitz

[l6], and the form given here has been modified for the CDC 6500

computer and has had some minor programming errors removedl. SIMP

calculates the area under the curve of function FUN(X) between the

limits A1 and B to an error tolerance of EP. Typically, EP = 0.01

(1%) was used, with SIMP usually terminating with far less error

(a characteristic of the program, discussed in Davis and Rabinowitz

[16] along with the theory involved). The routine is adaptive in

the sense that it uses a non-fixed integration step size, taking

more points in regions where FUN(X) has a large second derivative

than where FUN(X) or its slope is relatively constant.

The Fourier-domain solution is specified in the function

FUN(X). Whatever name is used for this function is declared in an

 

These involved problems that occurred when the integrand returned

zero as its value in the first few integration steps.
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TABLE C . 2

Function SIMP, Adaptive Simpson's Rule Integrator
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EXTERNAL statement in the main program. The single argument X

in the parameter list represents the transform variable k of the

solution functions, with all other necessary data (stimulus intensity,

fiber parameters, etc.) being supplied to FUN(X) via labeled common

blocks. Since most of the Fourier-domain solutions contain several

identical factors, it is convenient to use one function FUN(X) to

calculate any of several solutions (eg., ¢ ¢M, and ¢E); usingI’

a computed GO TO statement to branch to the desired function calcula-

tion after performing the calculations common to all solutions. The

index for this computed GO TO statement is set in the main program

and passed to FUN(X) in a common block.

The last four subprograms calculate the modified Bessel

functions 10(x), 11(x), Ko(x), and Kl(x). Although these functions

are available at most computer facilities, the programs are generally

not written for optimum performance in this particular application.

These Bessel functions are calculated literally thousands of times

for a single numerical Fourier inversion, making it necessary that

they be as efficient as possible in terms of computer time. The

FORTRAN functions used for the calculation of responses presented in

this report were written using the polynomial approximations given

in Abramowitz and Stegun [1], Section 9.8. These polynomials evaluate

the Bessel functions with an error of less than 10—7, and it was

found by direct comparison with the computer lab's programs that they

were far more efficient time—wise than the available routines.

10(x) and Il(x) are evaluated first for any value x, since the

polynomials for Ko(x) and Kl(x) use those values in their calcula-

tion. Each of the four functions has two polynomial approximations;
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one for x near zero and one for large x. It is a simple matter

to use an IF statement to branch to the appropriate polynomial.

The simplest way to program these four Bessel functions is to write

an individual FORTRAN function subprogram for each.
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APPENDIX D

NEURAL PARAMETERS USED IN OBTAINING NUMERICAL RESULTS

The responses presented in Chapters 3, 4, and 5 for steady—

state and time-dependent electrotonus were obtained from the follow-

ing set of "test axon" parameters.

a

I!

JI’

The last

stimulus

purposes

and defined in the text.

0.25 mm

0

50 A

0.03333 mhos/cm

0.04546 mhos/cm

7.143 x 10-10 mhos/cm

SE = 8060

7.08 x 10"12 farads/cm

660 = 5.31 x 10'12 farads/cm

0.5 mm

1: = 10.5 amps

J: = 1.273 x 10"3 amps/cm2

axon radius

membrane thickness

intracellular conductivity

extracellular conductivity

membrane conductivity

intracellular and extra-

cellular permittivity

membrane permittivity

electrode width

total current to either

electrode

current density at either

electrode

three values define the standardized electrode size and

intensity. Any deviations from the above values for

of showing the effects of varying a parameter are noted

These axon parameters are from Katz [40],

where they are listed in the forms more appropriate to core-

conductor theory as:

309
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Ri =-%— = 30 ohm-cm resistivity of cell interior

I

R0 = %— = 22 ohm-cm resistivity of extracellular fluid

E

d 2

Rm =-;— = 700 ohm-cm membrane resistance.
2
3

The membrane capacitance is defined with

2
= E =Cm M/d 1.062 uf/cm .

These parameters give the cable equation length constant and time

constant (see Sections 3.3.2 and 4.3.1) as

>
2 I

- 5.4 mm

0.743 msec .H

II

Since the solutions were carried out for electrotonic perturbations

from the resting state, it was not necessary to specify the Nernst

potentials, individual ion conductivities, or resting transmembrane

potential.

For the responses presented in the latter part of Chapter

 

5 in the simulations of postsynaptic potentials, the parameter set

was changed to represent a dendritic-size fiber. These were obtained

from Eccles [l8] and Katz [40] and are listed as follows:

a = 2.5 u dendrite radius

d = 50 A membrane thickness

CI = 0.01667 mhos/cm intracellular conductivity

0 = 0.04546 mhos/cm extracellular conductivity
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gr = 2.0 X 10—4 mhos/cm2 resting-state membrane conductance

Cm = 1.062 uf/sz membrane capacitance

Vr = -60 mV resting transmembrane potential

V + = 55 mV sodium Nernst potential

Na

V + = -95 mV potassium Nernst potential

K

w = lu width of conductance perturbation

"window".

C was obtained from eM/d with e = 6s . Also, g is the
m o rM

sum of all individual resting-state ion conductancesl. The con-

ductance perturbation magnitudes are given in the appropriate

sections where they were used (Sections 5.3.1, 5.3.2, and 5.3.3).

The Nernst potentials and resting potential had to be specified

in this case as they are involved in the source term that arises

from ion—selective conductance perturbations. For core-conductor

theory, the apprOpriate forms for the above conductances and con-

ductivities are

R1 = 60 ohm-cm resistivity of cell interior

R = 22 ohm-cm resistivity of extracellular

o
fluid

Rm = l/gm = 5,000 ohm-cm2 membrane resistance.

These give electrotonic time and length constants (see Sections

3.3.2 and 4.3.1) of

>
a

II 2.5 mm

T = 5.31 msec.

 

1 In the resting-state the membrane conductance is primarily due

to the conductances of potassium and chloride ions.
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