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ABSTRACT

SOME THEOREMS ABOUT THE AUTOMORPHISM GROUP
OF CERTAIN p-GROUPS

By

James E. VanDeventer

There are several possible types of relations between a
finite group G and its group of automorphisms A(G). One rela-
tion is concerned with the size of G as compared to the size of
A(G). For example, there is a conjecture that ‘G\ divides
|A(G)‘ if G 1is a finite nonabelian p-group, where ‘G\ denotes
the order of G. Another relation concerns which conditions on
G guarantee a certain type of automorphism of G. An example of
this type of relation is Gaschiitz's result that a finite nonabelian
p-group possesses an outer automorphism of p-power order. Still
a third type of relation concerns how knowledge about A(G) in-
fluences information about the structure of G. Thompson has shown
that if a finite group G possesses a fixed point free automorphism
of prime order, then G must be nilpotent. In this dissertation,
we consider several questions of this nature.

Let G be a p-group, p a prime. Otto has shown that if
G 1is abelian and ‘G\ = pn, n > 2, then \G\ divides \A(G)\ if,
and only if, G 1is not cyclic. He has also shown that if G 1is a
p-group with no abelian direct factors, of order pn and nilpotence
class m - 1, G/G, is elementary abelian, and ‘Gi/Gi+1‘ =p for

i=2,3,...,m-1 where Gi is the ith member of the descending
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central series, then \G\ divides \A(G)\. Faudree has shown that
if G 1is a finite nonabelian nilpotent class two p-group, then
|G‘ divides ‘A(G)\.
A p-group G, p # 2, is said to satisfy the conditions Wy
if:
1). G has nilpotence class at least three,
2). G has no abelian direct factors,
3). 6' is cyclic and |G'| = ph,
4). |G' N Z(G)\ = pm where m < h,
5). |c/e@)| =p .
In this dissertation, we prove the following theorems:

Theorem IT1.1l: If G 1is a p-group satisfying the conditions

W), and Z(G) < G', then G 1is a central product of the form
h h+4m

-~
G = AB where A = <x1,x2|x1p = xzp =1, £x2’x1] = X,

m
tp
’

(ty,p) = 1> and B 1is a p-group of nilpotence class two.

Theorem 11.3: If G 1is a p-group satisfying the conditions

W), and Z(G) < G', then |G| divides |A(@G)].

Theorem I1.4: If G 1is a p-group satisfying the conditions
* * *
W), 2(G) =Z @A where Z =2(G)NG', and exp A = exp Z , then
|c| divides |A@G)].

Theorem II1.5: If G 1is a p-group satisfying the conditions

W), z@ = Z* ® A where Z* =27Z(G) NG', and h = 2m, then |C|
divides |A(G)].

For a p-group G with no abelian direct factors, one knows,
in a certain sense, the size of I(G) and the size of the group of
central automorphisms AC(G). It would be useful to know what con-

ditions, if any, are necessary and/or sufficient that AC(G) < I(G).
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In connection with this problem, Sanders has shown that a p-group
G, p # 2, of nilpotence class exactly two has Ac(G) < I(G) if,
and only if, G' = 2(G) 1is cyclic.

We prove the following theorems which are concerned with
the problem:

Theorem II.2: If G 1is a p-group satisfying the conditions

Wy, and Z(G) < G', then A_(G) < I1(G).

Theorem III.1: If G 1is a p-group, p # 2, with no abelian

direct factors and such that AC(G) < I(G), then Z(G) < G'.

Theorem III.2: If G is a p-group, p # 2, with no abelian

direct factors, Ac(G) < I(G), and Z(G) 1is not cyclic, then
z,(G) < ¢(@).

It is also conjectured that if G 1is a p-group, p # 2,
with no abelian direct factors and such that AC(G) < I(G), then

Z(G) must be cyclic.



SOME THEOREMS ABOUT THE AUTOMORPHISM GROUP
OF CERTAIN p-GROUPS

By
X\
A
James E. VanDeventer

A THESIS

Submitted to
Michigan State University
in partial fulfillment of the requirements
for the degree of

DOCTOR OF PHILOSOPHY
Department of Mathematics

1970



DEDICATION

TO JOAN

ii



ACKNOWLEDGMENT

I want to thank Professor J.E. Adney for his guidance
throughout the preparation and writing of the dissertation. His
patience and encouragement has served as a source of inspiration

for the completion of this work.

iii



TABLE OF CONTENTS
Chapter
I INTRODUCTION ® 0 0 0 0 0 0 0 00 OO OO OO OO OO0 OO O ON OSSN e o

II SOME SUFFICIENCY CONDITIONS FOR ‘Gl TO DIVIDE

JAGI| eveeniiiii i i e

III SOME NECESSARY CONDITIONS FOR AC(G) SIG) eoeevenn
BIBLIOGRAHIY ® ® 060000 0 0 00000 OL OO T OO0 PN 0000 SOOI eNe N0

APPENDIX ® 0 00000000000 0000000000000000000006000000sc0c0000000c0co

iv

Page

36
43

44



NOTATION

G 1is a finite group

G = <x1,x2,...,xr> means that G 1is generated by the set of
elements {xl,xz,...,xr} where x, € G.

<x1,...,xr\E> denotes the group generated by the symbols
xl,...,xr subject to the relations Rg.

H < G denotes H 1is a subgroup of G.

H A G denotes H is a normal subgroup of G.

(]
]

AB denotes G 1is a product of the two subgroups A and B.

<x1,x2> < G denotes the subgroup of G generated by the set of
elements {xl,xz}.

|x| denotes the order of the element x.

\G| denotes the order of G.

a\b denotes a divides b.

Bey) =x"yhxy

Ix,y,2] = [Ix,y],2]

(4,K] = <[h,k]|h € H, k € k>

G' =6, = (6,6]

Gk+1 = [Gk,G] for k=1 is the kth member of the decending
central series for G.

Z(G) denotes the center of G.

ZZ(G) =<y € G‘[x,y] € Z(G) for all x € G> 1is the second center

of G.



#(G) denotes the Frattini subgroup of G.

A(G) denotes the automorphism group of G.

I1(G) denotes the group of inner automorphsims of G.

AC(G) = f{o € A(G)‘x-lxa € 2(G) for all x € G} is the group of
central automorphisms of G.

llG is the identity automorphism of G.

alH is the automorphism of H < G obtained by restricting
o € A(G) to H.

Hom(H,K) denotes the set of homomorphisms from the group H into
the group K.

For y € G, ny denotes the inner automorphism of G which is
obtained by conjugation by y.

G § H denotes ( is a homomorphism from G to H.

vi



CHAPTER 1

Introduction

The question of possible relations between a group G and
its automorphism group A(G) has been considered in several papers.
One type of relation is concerned with how their sizes are related.
An example of this type of relation is the conjecture that the
order of a finite, nonabelian p-group divides the order of its
automorphism group. Another type of relation is concerned with how
knowledge about the group can guarantee the existence of certain
types of automorphisms. The result of Gaschutz [4], which states
that a finite p-group possesses an outer automorphism of p-power
order, is concerned with this type of relation. A third type of
relation is concerned with how knowledge about the automorphism
group helps determine the structure of the group. An example of
this type of relation is Thompson's result [9], which states that
if a finite group has a fixed point free automorphism of prime
order, then the group is nilpotent.

As stated above, it is conjectured that if G 1is a finite,
nonabelian p-group, then |G| divides |A(G)|. Since |I(G)| =
|G|/\Z(G)|, and for a finite p-group, p divides \Z(G)l, the con-
jecture is concerned with whether or not there exist sufficient
p-powered outer automorphisms of G. The result of Gaschiitz on the
existence of a p-power outer automorphism still leaves the question
of the size of the automorphism group unanswered.

1



The conjecture has been proven true for certain classes of
p-groups. In [3], Faudree has shown that if G 1is a finite, non-
abelian p-group of nilpotence class two, then \G\ divides lA(G)\.
Otto has shown in [6] that if G is an abelian p-group of order
pn, n # 2, then \Gl divides \A(G)‘ if, and only if, G 1is not
cyclic. In the same paper he has also shown that if G 1is a p-
group of order pn, of nilpotence class m - 1, where 3 < m < n,

G/G, is elementary abelian, and ‘Gi/G p for i=2,...,m-1,

2

where Gi is the ith member of the descending central series of G,

41l =

then \Gl divides lA(G)\.

A p-group G 1is said to have no abelian direct factors if
G 1is not abelian and has no nontrivial abelian direct factors. In
the above mentioned paper by Otto, it is shown that if G 1is a
direct product P ® B of two subgroups P and B, where P is
abelian of order pr and B has no abelian direct factors, then
pr - |A(B)|p divides |A(G)|, where |A(B)\p denotes the highest
power of p dividing lA(B)l. This result allows us to consider
only p-groups which have no abelian direct factors, that is, if the
conjecture is true for p-groups with no abelian direct factors, then
the conjecture is true for p-groups.

One very nice property is possessed by p-groups with no
abelian direct factors. Adney and Yen have shown in [1] that if
G 1is a p-group, p # 2, with no abelian direct factors, then AC(G),
the group of central automorphisms of G, is a p-group. A central
automorphism o of a group G is one for which g-lga € Z(G) for
all g € G. In the paper by Adney and Yen, it has been shown that

if G 1is a p-group with no abelian direct factors, then



|A.©)| = |Hom(G/G', 2(6))|. Also, if & € A_(G), then

f : x = x-lxd is a homomorphism of G into Zz(G), and if

(0%
B € Hom(G/G', Z) and G S G/G', then vy defined by gl = gggB
is such that v € AC(G). Thus for a p-group G, p # 2, with no
abelian direct factors, we know how to construct all possible
central automorphisms.
For notation purposes we make the following definition:
Let G be a finite p-group, p # 2. G 1is said to
satisfy the conditions W) if:
1). G has no abelian direct factors,
2). G has nilpotence class at least three,
3). G' is cyclic and ‘G'l = ph,
4). |2@) n G'| =p" where m< h,
5). |6/e@)| ="
In Chapter 1I, we give several examples of groups satisfy-
ing the conditions W), and we prove the following theorems, which

concern the conjecture that \Gl \ |A(G)\.

Theorem II1.3: If G is a p-group satisfying the conditions

W), and z(G) <G', then |G| divides |A(G)].

Theorem II.4: If G is a p-group satisfying the conditions

* * *
W), 2(G) =2 ®A where Z =2Z(G) N G' and exp A = exp Z , then
|G| divides \A(G)\.

Theorem I1.5: If G 1is a p-group satisfying the conditions

* *
W,z@G) =z ®A where z =2(6)NG"' and h > 2m, then |G|
divides |A(G)]|.
Since a p-group always has an outer automorphism of p-power

order, we know that a Sylow p-subgroup of A(G) always properly



contains I(G). The outer automorphism may or may not be a central
automorphism. For example, in [7], Sanders has shown that if G
is a p-group of nilpotence class two, then AC(G) < I(G) 1if, and
only if, G' = Z(G) is cyclic. Thus there exist p-groups which
have all their outer automorphisms being noncentral automorphisms.
Regarding sufficient conditions on a group G to guarantee
AC(G) < I(G), we prove in Chapter II the following theorem for
p-groups of class at least three, which extends Sanders' result in
a certain direction.

Theorem II1.2: Let G be a p-group, p # 2, with no abelian

direct factors, of nilpotence class at least three and such that
Z(G) <G'y, and G' 1is cyclic. Then AC(G) < I1@G).

It is not known what conditions are necessary to place on
a p-group G to insure AC(G) < I(G). 1In Chapter III, we obtain
some necessary conditions for AC(G) < I(G). We first prove that
if AC(G) < I(G) for a finite p-group, p ¥ 2, then one must have
G' 22(G). This result is sufficient to give that not only does
|a,©)| = |Hom(G/G', 2)|, but A_(G) ® Hom(G/G', 2). This follows
from a condition in Sanders' work [7], which states: Let G be
a group with no abelian direct factors. Let R = {y(g): g € G,
vy € Hom(G,2)} and let B =N (ker y). Then Hom(G,z) = Ac(G)
if, and only if, R < B. SinZe Hom(G,Z) € Hom(G/G',Z), we have
the desired result. [See Appendix, III].

1f y € ZZ(G)’ then [g,y] € Z(G) for all g € G. Thus
conjugation by an element in ZZ(G) induces a central automorphism

™

ALl
of G. Also, if m €A (G), where g Y =y lay, then g7l Y € 2(0)

for all g € G, and hence y € ZZ(G)’ Now if AC(G) < I(G), we have



mn

A_©)

A,©)

ZZ(G)/Z(G). Since AC(G) < I(G) implies G' 2 Z(G), so

Hom(G/G', Z), we have zz(c)/z(c) = AC(G) Z Hom(G/G', Z).
This result is used to prove:

Theorem II1.2: Let G be a p-group, p # 2, with no

abelian direct factors, Ac(G) < I(G) and Z(G) 1is not cyclic.
Then ZZ(G) < ¢(G).

This theorem gives us information about the lattice of G
if AC(G) < I(G) and Z(G) is not cyclic. It is our conjecture
that if G is a p-group with Ac(G) < I1(G), then Z(G) 1is cyclic.
So far, however, this has not been proven, but is a direction for

further research.



CHAPTER II

Some Sufficiency Conditions for \G‘ to Divide \A(G)\

let G be a finite p-group, p # 2. G 1is said to satisfy

the conditions W) if:
1). G has no abelian direct factors,
2). G has nilpotence class at least three,
3). G' 1is cyclic and \G'l = ph,
4). \Z(G) n G'| = pm where m< h,

5)y. le/e@)| =p .

We shall now give several examples of p-groups which satisfy

the conditions W).

R ph ph-+m
_ Example 1): Let A = <x1,x2\x1 = X, =1, [xz,xlj =
x2p » M < h>. One can easily show by induction that (xlk)-lx2 Xy
L™ *
Xg . Using this formula, we have the following subgroups of
m h
2. 2 =‘K2 = <x2p > and thus \R" = ph. Z(R)k= <x2p > since
k k m m+k mt+k+1
p -1 P _ . ) I+p )P _  14p 48p =
(x1 ) Xy X X, if, and only if, X, = X,
if, and only if, ph+m\pm+k, or k = h. But lxl\ = ph, so
k A k A m
xlp € z(A) if, and only if, xlp = 1. Since A' = <x2p >,
a k k a k A
x, € CA(A'), so [xz y) = {xz,y] for all y € A. x, € Z(A)
. k-1 -1 k _ -1 k .
if, and only if, (x5 ) X, X, =x; ,o0r [xz ,x1] =1-=

k kp" h+m h
[XZ’XI] = §2 . But ‘Xz‘ =P » SO P \k » and we have ”
z@A) = <«.,P >. since A, =A', ve have A, = <[4,A 1> = <x,? >,
2 2 o 3 2 2

and in general, Xk+1 =

X



h4m - A

\le =p ’ A3 # <1> and the nilpotence class of A is at least
h
three. Since zZ(A) = <x,” >, we have z(&) s »(R) and hence A
~N
has no abelian direct factors. We note that Z(A) < A,
h+2m h+m
Example 2): Let G = <x1,x2‘x1p = xZp =1,
m m, k

=4 P k -1 k _ (+4p)
[xz,xlj X, s m< h> One can show that (x1 )m XX = x,
and as above, use this to obtain that: G' = <x2p >, |¢'| = ph,

Pkm ph ph ph ph

Gk+1 = <x2 >, and Z(G) = <Xy s X, > = <x1 >Q <X, >.
|z n 6'| = |<x,” >| =p". Also z(G) s 8(G), so we have G can

have no abelian direct factors. Since m< h, Gy # <1> and G

h+2
has nilpotence class at least three. We note that since \xll =p m
h-+m
and \le =P , we have exp Z(G) = exp (Z(G) N G").
ph+s ph+m
Examp;e 3): let G = <x1,x2‘x1 = X, =1,
P

[xz,xlj =X, 1 <s <m<h>, This example is similar to the

immediately above example. The difference is in this example,
h h
Z2(G) = <x P b2 <x2p >, and we have exp (Z(G)) = exp (Z(G) N G') =

h1
exp <x1p >.

X =x =x =x =1
2 3 4 ’
Example 4): LlLet G = xl,xz,x3,x4 1 ph
[x3,x4]=x2 ,[xi,xj] =1
m
[x2’x1] = xzp m
One can show G' = <x2P >,

for 1 =1,2,; § =3,4, m<

G = <x2p >. Since m< h, G3 # <1>, so G has nilpotence
h
class at least three. Z(G) = <x2P > < ¢(G), thus G has no abelian

k+1

direct factors.
. ~ ~
G 1is a central product of the form AB, where A is the
m m m

group in the first example, and B = <x3,x4,c\x3p =x, =c¢ =1,

[x3,x4] = c, [x3,c] = [xA,C] = 1>. We have B' = Z(B) = <c>. A



h

and B are joined by amalgamating <x2p > and <c>.

For the remainder of Chapter II, we shall assume that G
is a p-group, p # 2, which satisfies the conditions W). Also,
for notational purposes, we let G' = <a>, G E G/Cc(G') and
¢ 8.

Since G' is cyclic, we have G' < C(G'). Also,

G/C(G') € A(G') which is cyclic since G' 1is a cyclic p-group
and p # 2. Thus G/C(G') = <x> is a cyclic p-group and we must

have if g € G is such that <gK> = <x>, then g € ¢(@G).

- i(=)
1ag = s @®p

Remark A: For g € G, let g where

(s(g),p) =1 and j(g) 2 1, that is, we set j(g) = h if

g € C(G'). Then j(g) = m.

i
Proof: We note that g 1akg = (g 1ag)k = ak(l+Sp ) where

s =s(g), j =j(@. Since |G'| = ph, |ze) nG'| = p"  and
h-m h-m

G' = <a>, we have 2(G) N G' <a’®  >. Thus g aP g =

h-m j h-m, _h-mtj h-m h-m+j
ap (14sp ) = ap +sp = ap , Or asp = 1. But

h -m+
p 3

(s,p) =1, s0 a =1, 0or p = 0 mod ph. Thus

h-mtj 2 h, or j =z m.

Remark B: Let g € G, s =s(g), j = j(g). Then for k =2 0,

_ j k h-m
(gk) 1a gk = a(1+Sp ) , and hence for all g € G, gp € c@".

- 1+spd)°
Proof: 1If k =0, then (go) 1a go =a = a( SP”) .

-1  n+

Assume the formula is true for k = n. Then (gn+1) a gn 1 -
"1™y L0 -1_(l4sp))" -1 (4sphy? 14spdy, (14sp))”

gt (™ lagMg = g TP 5 = g ag)( P o (o (tsPT)y PY)

a(1+spj)n+1

(

Hence, by induction, the formula is true for k = 0.

h-m h-m joptm

- -1 1+4s

Let k = ph m, then (gp ) a gp = a( P) =
h-mtj . _h-mt+j+l

a1+Sp +ep = a since by Remark A, j =2 my, so h-mtj 2 h

ph-m

and |G'| = ph. Thus g € c@G").



Remark C: For some g € G, j(g) = m.
Proof: Suppose not, then by Remark A, m § j(g) for all

g €EG. Let j = min{j(g)‘g € G}, then m g j. For g ¢ G, we have

- - h- . -3
g laP g = aph s )07 ®) = aph s gyp I ® - aph ! since
h-j

j(g) =2 j and ‘G" = ph. Thus aP €2(G)NG'. But

n

h-j
\ap ‘ = pj, ‘Z(G) al G" =p and m § j, a contradiction. Thus
for some g € G, j(g) = m.
h-m
Since gp € C(G') for all g € G, we have lG/C(G')\ <

ph-m. By Remark C, there exists g € G with j(g) = m. For this

m
g we have g-lag = a1+8p

where s _= s(g). By Remark B,
h-m-1 ,  h-m-1 1

m, pit~m" h-1 h
(e° y~la gP = o(tsp) = altSP P 4,

s h-1 h-m-1 h-m
a°P # 1. Thus gp ¢ C(G') and we have |G/c(@G")| =p .

since

Remark D: If <gK> = <>, where G X G/c(G'), then

j(g) = m.
. K - K _ - .
Proof: Since <g > = «<x>, we may assume g = x. Since
h h-m-1
i -m P '
\<x>‘ =p ,g € C@G'). Let j=3j(g), s = s(g), then we
_ j h-m-1 _ h-m-1 1+spd h-m-1
have g lag = a1+Sp where j 2 m. (gp ) 1agp = a( PP
h-m-1+j,  h-mtj h-m-1+j
= al+sP +8p # a. Hence aP # 1, so h-m-14j £ h,

or j § mtl. But by Remark A, j 2 m. Thus m < j g mtl, and so
m= j.

Remark E: If g € G is such that <gK> = <§>, then there
exists y € G such that G' =<a> =<[y,g]>.

Proof: Suppose not. Then for all y € G, we must have

1+spm

ly.g] € <aP>. let a= [xl,xZ]. Since g'lag = a » Where

m
(s,p) = 1, we have a1+SP = g-l
-1 -1 -1 -1 -1 -1 _ -1 -1 -1 -1

-1
ag = g [x;,x,]8 =
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-1 -1 -1 -1
= xl [xl :g]xz txz ’g]x1x2[x1:g][x1,g,x2][x2,g]

-1 -1 -1 -1 -1
= X1 [xl ,S]XZ x1x2[x2 ’g][xz ,g,xlxéﬂxlﬁg][xl’g’x2][x2:g]

-1 -1 -1 -1 -1 -1 -1
xl x2 xlxz[xl ’g][xl ’g’xz XIXZ]LXZ :g][xz ,g’xlxzj

[xl’g][xl’g’letxzsg]
-1 -1 -1 -1 -1
= Depoxpllxg oellxy Tagoxy xxpdlxg hellxy h85xpx)]
txl’gltxl’g’XZ][XZ’g]
But, by (10.2.1.2) of [5], [ab,c] = [a,c](a,c,b1(b,c], so [a,c](b,c] =
l'_ab,c'_}[a,c,b'_\-1 if G' is abelian. Hence [xl-l,g][xl,g] =

-1 -1 -1 -1 -1 -1 -1
£x1 xl,g][xl :g:x1] and {xz ’g][x2’g] = [Xz xzsg][xz sgsx2] s

l+sp" _ -1 -1 -1 -1 -1, -1 -1
so a = gxl’XZJ[xl 185Xy xlxzjtzz :g’x1x2][x1 ,g,X1] [xz ’gale .
g-lag = altsP yields a-lg-lag = a°P | or since a = [xl,x2] and

m
a1+Sp = g-lag, we have

m

-1 -1 -1 -1 -1 -1 -1
<[x1 ’g’xz XIXZ][XZ ’g’XIXZ][xl sg’xl] [xz ’g:xz] > = <aP >.

However, since [y,g] € <aP> for all y € G, and by Remark A,

3@
w laPy = PAHs @)™ %)

m+1
[ap w] € <aP >, Thus [x -1 g,X -lx x.] [x -1 g,x.X,]
9 1 5 2 1 2 H 2 ' 5 1 2 >

-1

, where j(w) = m, we have (ap)-lw-lapw =

m+1

[xl ,g,x]‘]-1 and [xz-l,g,xzjm1 are all elements of <af >,
m

and so we must have <ap

-1 -1 -1
> = <lxy Leaxy xpXollxg hgsxgx;)
-1 ’

m+1

Exl ,g,xlj-l[xz-l,g,xlj-1> < <aP >, But this is a contradiction.

Thus if g € G 1is such that <gK> = <§>, then there exists
y € G such that G' = <[y,g]>.

Lemma I11.1l: If G 1is a p-group, p # 2, satisfying the
conditions W), then there exists a minimal generating set

{xl,cz,...,cr} for G with the properties <«x K> = <x> and

1

c, € CG") for i=2,...,r. Furthermore, x, may be chosen such

1

that |<x,>N G'| is minimal.
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Proof: By condition 5) of W), a minimal generating set

for G contains r-elements. Let x1 € G be such that <x1K> = <>

Then X, ¢ #(G), so there exists a minimal generating set for G

containing X, say G = <x1,x2,...,xr>. Without loss of generality,

K _ - K _ - -1.K
we can assume x; =x. Let x, = x". Then (xz(xlw) ) =

)K - ;w(;w)-l = T’ so we have :n:z(xlw).1 € c@G")

K w,. -1
X, ((x1 ) ker K.

Thus x where ¢, € CG"). G # <x,,x

17%¥300 -
there are r-elements in a minimal generating set for G.

w K -
X, = x1 c2 € <x1,c2,x3,...,xr>, so G = <x1,c2,x3,...,xr>, x1 = x,

w .
=x,c x > since
2 1 72 >r

c, € C@G') and ({x .,xr} is a minimal generating set

1,cz,x3,..
for G.

K -
.,xr> where x = x,

€ 12X 1
< € c@G", ¢ ¢ $(G) for i=2,...,k-1<r. Let x K_ ;S,

k
then (xk(xls)'l)K = G D TH 2@ ™ = 1. Hence we

-1

Now suppose G = <x1,c2,...

have xk(xls) € c(G'), and x where Cy € c@G").

. S
k- *1 %k
G ¥ <x1,c2,...,ck_1,xk+1,...,xr> since there are r-elements

s

in a minimal generating set for G. x, = x Ch € <x1,c2,...,ck,xk+1,...

k 1

and we must therefore have G = <x1c ..,xr>. Thus

2,--.,Ck,xk+1,.

[xl,cz,...,ck,xk+1,...,xr} is a minimal generating set for G
with the properties xlK = ;, cy € c@G') for i=2,...,k <r.
Thus by induction, we have proven that there exists a minimal gen-

erating set for G of the form G = <x1,c2,...,cr> where

<x1K> = <x>, c; € CG') for i =2,...,r.

Since the only property of the element X, that was used

in the above proof was that <x1K> = «<x>, we may now choose x4

to be an element of G such that <x1K> = <> and \<x1> nec'l =

min{‘<x> N G'\|<xK> = <§>}.

s X
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Corollary II.1l: 1In the notation of Lemma II.1l, c_, may be

2
chosen such that G' = <[c2,x1]>.

Proof: By Remark E, since <x1K> = <;>, there exists y € G
r n,
k
<a> = <[y,x1}>. let y =x, (T c, Ha. Then
i=2
n n r n
i, k _r. t t r i,k
2ci da ,x,] [xl ’XI][XI ,xl,(iz2 c, Na ][(igzci

such that @'

i

II.’:JN

[Yax] = [Xl

i
n
_ i) .k
- [( ci ’x]_]

i

=
)

Using the facts [ab,c] = [a, c][a c,b]b, c] and ¢, € c@G"),

r

ac C(G')’ we have [y’xlj = [( Mec i )a » X ] = ( H [C ,X1] )[a,XI]
i= 2
r
Thus G' = <[y,x x;]> = <(1 [c »X ] )[a,xlj > <

i=
m

<[c2,x1],[c3,x1],...,[cr,xlj,[a,x1]>. [a,xl] € <aP > < 8"y, so we
have G' = <[c2,x1],[c3,x1],...,[cr,x1]>. Since G' 1is cyclic,
by choosing i such that \[ci,xlj\ = maxﬂ[cj,xljﬂj = 2,00.,1},
we have G' = <[ci,x1]>. Now reindex, if necessary, to set i = 2,

and we have G' = <[c2,x1]>.

1+tpm

-1
We now have that X, [cz,xl]xl = [cz,xl] where

(t,p) = 1.
Lemma II.2: Let G be a p-group, p # 2, satisfying the

PR K -
conditions (), and suppose G = <x ’cr> where <x, > = x>,

1,c2,...
<, € cC(G') for i=2,...,r, and G' = <[c2,x1]>. Then

1

[ci,cj] €2G)NG'" for i,j =2,...,r.

Proof: By (10.2.1.5 of [5], we have [x,y,z]ly,z,x]{z,x,y] =

[y,x][z,x][z,y]x[x,y][x,z]y[y,z]x[x,z][z,x]y =1 since G' is
abelian. Thus [xl,ci,cj][ci,cj,xlj[cj,xl,ci] = 1. But

€5 € C(G') gives [xl,ci,cj] =1= [cj,xl,ci]. Thus
[ci,cj,xlj = 1, that is [ci,cj]-lxl-l[ci,cj}xl = 1. Since

k
[ci’cj] €G', [Ci’cj] = [cz,xlj for some k. Thus

)ak’x 1]
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m
-1 o Koo_ -1 K k(L+tp™)
Xy [ci,cj]xl X, [cz,XI] Xy (x1 [cz,xljxl) = [Ci’xl]

1+tp™ 1+tp"

-1 -1 -1
[ci,cj] . Hence [ci,cj] Xy [Ci’cj]xl = [Ci’cj] [ci,cj]

m
= [Ci,Cj]tp = 1, and we have l[ci’cj]\ < pm. But ‘Z(G) n G" - pm

and since G' 1is cyclic, we must have [ci,cj] €72@G)NG' for

W
Remark F: If g [cz,xljg (cz,xl] where (s,p) =1

and w > m, then (gk)-ly gk = yly,g] Sliig;l—ll for k = 1.
Sp

-1 -1 -1 (1+spw2-1
Proof: g ‘yg =yy g vyg = yly,g] = yly,8] w .

Now assume the formula is true for k =n and let [y,g] = [cz,xlju.

w_n
n+l -1 n+1 -1 n -1 n -1 (l+sp ) -1
Then (g ) =g (8) = P g

y B yglg =g vyly,e] -
- ¢ ye(e” [y,g]g)i—-_ﬁ_z___ Vel e [Cz»xllg) ﬁliEE;lf;l
sp op
- Yty,g][cz,xl}(l"spw)u LlﬁLw)_l
} YEy’gJEE; [y,8](1+5pw)n:1§§-89 = [yag](1+spw)“+1
sp sp sp

Thus, by induction, the Remark is proven.
Lemma I1.3: If g € G is such that G' = <[g,x1]>, then

\gg‘ > p", where G S e/,
r
Proof: Let g-lag = a1+Sp where (s,p) =1, rzm

m-1 -1 m-1
and G' = <a>. By Remark F, (g ) xlgp = xl[xl,g]

m-1
(1+sprlp -1
r
m-1+8pm pm--1 pm-ip
. Hence we have <([g %, 1> = <[x1,g] >

p
xltxl’g]
m-1
<[c2,x1]p > since G' =<a> = <[c,,x]> = <[g,x,]>

m-1 pm-l K
€6’y so g = [cym,]

m-1 K m-1
for some k. Thus <[gP x,]> = <[[c2,x1] x,1> = <[c2,x1]p >.

1f \gg| ¥ pm, then gp

k(l+tph)

-1 k
But Xy [cz,x1] X, = [cz,xlj , So we have
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k _ ktpm k pm
[leysxq] %] = Leynxq] and  <[le,,x;] ,x,1> < <[cy5xq]" >
m-1 m
¥ <[c2,x1]p >, a contradiction. Thus we must have \gg\ 2p .

Lemma IT.4: Let G satisfy the conditions W), and
{xl,cz,...,cr} be as in the conclusion of Lemma II.1l. Also

suppose G' = <[c2,x1]>.

h+m m
1). 1f Z(G) <G', then \czl =p and G' = <02p >.
* *
2). 1f Z(G) =2 ®A where Z =2@G)NG' and
*
exp Z = exp Z 3 exp A, then \cz‘ = ph+m and
2m-1 pm-l
<c2p > = <[c2,x1] >,

Proof: Consider the following conjugation relations:

-1 tm

tpm m
P _
(377 ) x40 xylxse,

tpm _ tpm tpm -1 tp
] = x1[x1’c2] R CPN chZ

i tp' _ tp" .

= cj[cj,c2 ] = Cj[cj’c2] = ¢ for all j =2,...,r by

Lemma II.4.

-1 -1 -1
Also [epoxg] xglepsxg] = xpxy Tepoxy] xyleyaxg]

(1+tpm))-1

-1 -1
¥ 0 TleyoxgIxy) Tleyxg] = %) (Leyoxg] Legoxy]

tpm -1 tp" -1
= Xl([cz,xl] ) = Xl[xl,czj . [cz,xlj cj[cz,xl] = Cj since
< € CG') for j =2,...,r.
Thus we have n =7 where 1. denotes the
2
inner automorphism of G induced by conjugation by the element y.
m
Hence we have [cz,xljz = c2tp where z € Z(G).
m
= = |
1. 1f Z(@G) <G', thenm <[c2,x1]z> = <[c2,x1]> =<c,” >
= = P __h _ _h4m
and \[cz,xljz\ = \[cz,xljl = \CZ | =p, so \cz\ =p .

* *
2). If Z(G) =Z ®A and exp Z(G) = exp Z 3 exp A,
pm-1 pm-l pm-1
then ([cz,xljz) = [cz,xlj z € G'. Thus
m=-1 2m-1 2m-1

([cz,xl]z)p = cztp € ¢' and we have <c > s G'.



e,

Pm\

2m-1

y =x

]

k

1

= ‘czp \ = \[CZ’XI]Z‘

h-m+1 .
>\ = p and since

jm-l
> = <[c2,x1]“ >,

Remark G: If y = X1,

5

G!

h-+m

= ph, so ‘CZ‘ =p . Thus we

is cyclic, we now have

a’ then for k =2 0 we have

—2 (rep™ - 1-kep™)

k
(Cza) [°2’x1](tp )

Proof: ©Let k = 0. Then yo

—— (A+pM 1)
a
O(Cz )0[(:2’ ll(tp )

=1

Assume the formula is

= (

aXIn(cza)n[C x ](tp )

—2—((4tp™ - 1-ntp™)

——————((1+tp ) -l-ntp )

since

tP

S (ep™ (L+tp™ M-tp")

for k = n. Then yn+1 =y yn =Xy
n+l a a n an t

=xp e ley axy (e tcz”‘ll( P
_ n+1 a n+l (tp )2
! Legoxy "1 Lepony]

<, € c@G").

m,n
By Remark F, [cz,xln] = [CZ,XI]SliER—l—:l, so
n+tl _  n+l a n+1 (tp )

(

—————5((L+tp ) -l-ntp )

[CZ’X ](tp )

a —— ((L+tp ™

1
c2a)n+ [c 2’xl_J(tp )

tion, we have proven the formula.

conditions (), and let

set of G

n

+1-1-(n+1)tpm)

have

true

(1+tpm)n-1-ntpm)

and by induc-

Lemma II.5: Let G be a p-group, p # 2, satisfying the

chosen such that |<x;>n G'|

{xl,cz,-.

satisfying the conclusions of Lemma II.1l. Let X4

is minimal, and suppose

.,cr} be a minimal generating

be
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h
G' = <[c2,x1]>. Then lxll 2p .
Also, <x1> N G' = <1> if either of the following conditions
hold:
1). z(@) <6,
* *
2). 2(G) =2 ®A where Z =2z(@G)NG',
*
exp Z(G) = expZ 3 exp A and h 2 2m.

h-1

h-1 h-1 m_p
X P -1 P _ (+tp ) -1
Proof: (x1 ) ey%y = cz[cz,xl] -
(tp )
ph-1+6ph ph-l
= C2[c2’x1] # c, since [cZ,XI] # 1. Thus
h-1 h
xlp ¢ CC<c2>), hence ‘Xl‘ 2 p . Also, since cy € C(G"), we
h-1 h h h
have x.P ¢c'. x,P € 2(G) since (xp) lgxp =
1 1 1 1
h
m_p h h+1
1+tp )" -1 _ + - . _ .h
g[g,xlj( pm 1. g[g,xl]p 8p =g since |G'| =p .
tp

If <x;>n G' # <>, then <x;> N G' <Z(G) N G'. Under

either of the conditions 1) or 2) of Lemma II.5, we have
h h+m h
exp Z2(G) = pm. Thus p < \xl\ <p , SO assume \x1| =p ‘e
2m-1
where 0 < g <m. Also we have, by Lemma I1I.4, <c2p > =
m-1
<[c2,x1]p >22(G) N G' under condition 2) of Lemma II.5, or

<c,> 2 Z(G) N G' under condition 1) of Lemma II.5. Let

ph+g-1 - m-1
X =g'P where <> =2(G) N G'. Then for some o,
r m-1 -1 h+m-1
where (x,p) =1, @7 )7 =P
m-g h-1
Set y = xlczap Then yp =
oh-1  him-g-1 o™ o pnmLog_phtm-1
Xq cy [cz,xl]———a—i((1+tp ) P ).
(tp)
h-1 h-1 h-1

X3 ¢ C(<c,>) implies yP ¢ C(<c2>), so yp ¢ G'.
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h+g+m- 1

m-g m-g
yK = (x.cC ap )K = x K(c op )K = x K, so since
12 1 72 1 h+u

<x K> = <;>, we have <yK> = <x>. Now suppose that yp €G'

1

h+u h+u h+u+m-g m-g
where 0 < u < g-1. Then yp = xlp czap [Cz’xlja m. 2
(tp)

h+u h+u+4m-g
(A+tp™P  —1-ep™™Yy  1f 2(Q) < G', then e, P €'
, , P * *
since G' = <c,” >. If Z(G) =Z Q@ A, expZ 3 exp A and
2m-1

h 2 2m, then <c2p > < G' and also h+utm-g =2 h 3 2m-1, so

o h+u+m-g h+u
<, P € G'. In either case, since yp € G', we must also
h+u

have xlp

to the minimality of |<x1> N G'|. Thus <x ;>N G'

€ G'. Thus |<y>n ¢'| ¢ \<x1> N G'|, a contradiction

<1>.

Theorem II.1l: Let G be a p-group, p # 2, satisfying the

conditions w), and suppose Z(G) = G'. Then G 1is a central pro-

h h-m

duct of the form G = AB where A = <x1,c2‘x1p = Czp =1,

[cz,xl] = cztpm> and B 1is a p-group of nilpotence class two
having a cyclic center.
Proof: The proof consists of three steps. First we find
a new minimal generating set for G consisting of {xl,cz,gB,...,gr},
where XsC, are as before, but g; € ZZ(G) for i =3,...,r.

Next we analyse <x,,c,> < G. Thirdly, we write G as the desired

1’72
central product.
Step 1: Let G be a p-group, p # 2, satisfying the con-

ditions W) and also such that Z(G) < G'. By Lemma II.l,
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G = K 3CgseeesC > where <x K> = <x> and <, € ¢c(G'")Y. By

1
Corollary II1.1, G' = <[c2,x1]>. By Lemma II.4, we have \cz\ = ph+m
and G' = <[c2,x1]> = <c2pm>. By Lemma II.5 and the assumption
\<x1> N G'L is minimal, we have \x1| = ph and <x;>N G' = <1>,
since xlp €2(C) <G' and <x>NG' =<I>.

For 1i 2 3, we wish to show we can replace each c. in our
minimal generating set by a 8 where 8 € ZZ(G)' Since
[cj,ci] €z@G)NnG' for i,j =2, if [xl,ci] € 2(G), we have
c; € ZZ(G)' Thus suppose [xl,ci] ¢2@). z(@G) §G' and G'
cyclic imply that 2 (G) g <[x1,ci]>.
[x,,c.]x,[x,,c ]-1 = x, X -l[x c.)x,[x,,c ]-1

171471717 171 127127112 i

_ -1 k -1 _ k
= xl(x1 [cz,xl] xl)[xl,ci] where [xl,ci] [cz,xlj

-1

k(l+tp™ -1
xl[cz,XI] (1+tp )[xl,ci] = x

tp"
= xltxl,ci] .

-1 . . :
[xl,ci]cj[xl,ci] =y for j =2 2 since Cj €c@G").

m

tp m

m m m m
tp -1 tp _ _ tp tp -1 tp
Also (ci ) X1¢5 xl[xl,ci ] = xl[xl,ci] Leg ) cjci

tp" tp™

=c.lc,,c, = c.|c,,C, = ¢, by Lemma II.Z2.

jregees 17 eglepeey] i m

-1 tp
Thus -1 =7 , so [x.,c.] "z = ¢, where
[Xl,Ci] . tpm 171 i
i m

z € Z(G). But Z(G) s <[x1,ci]>, so <Fx1,ci]> = <cip > < <Ci>'

h-m-1
Moreover, Z(G) g <[c2,x1]p > < <[x1,ci]> N <[c2,x1]>

c.> c. >,
<< i n< 2

Let H, =<cy,c;> H; 1is two-generated since G' < H;

and cj,ci are in a minimal generating set for G. Hi <2() =12

since [cz,ci] € Z(G). Let H, X Hi/Z' Hi/Z is abelian and two-

m

. . t
generated since Z < G' and since cy P € <[x1,ci]> < G', we have
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\ciY\ < ph because \ci\ < ph+m. \CZY‘ = ph since G' = <c2pm>.
Thus ‘c2Y| 2 \ciy\, so if Hi/Z is cyclic, Hi/Z = <c2Y>. Thus
ciY = (CZY)k for some k, or c; = czkz. But Z(G) < G' < <c2>
then implies ¢y € <c2>. Thus G = <x1,c2,...,ci_l,ci+1,...,cr>,

a contradiction to the minimality of the generating set {xl,cz,...,cr}.
Since Hi/Z is two-generated and CZY is an element of

highest order in Hi/Z’ we have that Hi/Z = <c2Y> ® <b>, and

<c2Y> N<b>=1. let g, €H, be such that giY = b. Then

Y Y Yo o YW YiS
Hi/Z <c,™>®<g. > and <c,>N <g><Z. c ;") (c,)" for

w s

some W,s, so ¢, Tg. ¢,z where z € Z(G) < G' < <c,>, so
. L
c; =8¢ or some W,u.
G # <K 3CyseeesC. 15C qseeesC >, but since
c, = w. u [« c c c c >, we have
i By 2 S Xyl S 08ttt
G = <x1,c2,...,ci_l,gi,ci+1,...,cr>.
_ . . _ .a_ d
g; € Hi <CZ’Ci> implies gi ci c, for some a,d.

- a d, _ d a a d
Thus [cj,gi] = [cj,ci c, 1= [cj,c2 ][cj,ci ][cj,ci 2y )
d
= [cj,c2 ][cj,cia] €2(@G) for j=2,...,r. Also, 8; € C@G")
since CZ’Ci € c@G").
[xl,gi] € Z(G) ard hence g, € zz(c), for if [xl,gi] ¢ 2(G)

we have:

-1 _ -1 -1 tp"
[xpogdxyUxpne ] 7 = xp %) TIxguedxglxgeg ] = xglxg.8,]

m m
[xl’gijcj[xl’gi] = Cj for j = 2""’!-‘ (gitp )-1x1gitp
m m m m
t t . t -1 tp
= xl[xl,gi P 1= xl[xl,gi] P* Since g; € c@G"). (84 Py ¢i8;
tpm tpm
= cj[cj,gi ] = Cj[cj’gi] = cj since [Cj,gi] E Z(G). o
_ -1 tp
Thus we have = £pm’ or [xl,gi] z =g,

-1
[xl’gi] gl
where z € Z(G). But [xl,gi] ¢ Z(G) and we must have
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tpm pm ph-m-l
<[x1,gi]> =<g, = >=<g; > Also, [cz,xlj € <[x1,gi]>,
h-m-1 h-m-1
so [cz,xljp ¢ <g,>- But gf%:iljp ¢ 2(G) on the one
hand, and on the other [cz,xljp € <c2> N <gi>. However,

<c2> N <gi> < Z(G), thus we have a contradiction. Thus

[xl,gi] € Z(G), and we replace c. by g, € ZZ(G) in our minimal

generating set for G.

Proceeding in this manner, we can write G in

G = <x1,c2,g3,...,gr>m where <x

1
G' = <[c2,x1]> = <c2p > and g € ZZ(G)’ i=3,...,r.

A
Step 2: Let A = <X 155> A A G since G' =

~ ph Ph'Hn tpm
A= <Xl,C2\X1 = C2 =1, [CZ’X].] = CZ » (t,p)

K = &5, c, € CG",

w

that is, if and only if, (xlp )-lc x. P = But (x1

21 €o*

K
_ (A+tp™P -1
¢ leysxy] m =<

if, and only if, [cz,x1]

, or we must have k = h. But x

k2h, so <x ;>N z(@A) = 1.

1 -1 w
[czw,xl] = 1 which is true if, and only if ph\w.
e -1 d

w A W -
y € Z(A) if, and only if (c2 )

If x

e A d e e -1
or «c, € Z(A). Then (x1 cy )(c2 )

. . d N P
implies X, = 1, so we have Z(A) = <c,” >.

k
Letting w =u p where (u,p) = 1, we have x

k A
if, and only if, x,° € Z,(A), if, and only if,

k
up where (u,p) = 1. xlw € Z(R) if, and only if
k k

the form

d e A d e e -
1 €2 € Z(A), then (x1 c, ) xq Xp ¢y = (c2 )

1

1 e
X1%2

= xl,

d A d A
= xq € Z(A). But Xy € Z2(A)
h

w A
e z,@)

k

-1 -1 A , -1 1+tp )P -1 n
c, (xlp ) clep € Z(A), or equivalently c, cz[cz,xlj( tp.) € Z(A).

m pk k
+tpP -1 _ +
But [cz,xlj( - = [cz,xljp 8p

€2
tp

k+1 k+m = ktm+l
S

m
tp

A

€Z®)
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if, and only if ki+m =2 h, or k > h-m.
c2d € ZZ(E) if, and only if, [cz,xljd € Z(X), which is
€ ZC&) if, and only

m
A d
equivalent with ¢ dp € Z(A). Thus ¢

2 2
if, p""|d.
w d A -1 w d -1 w d A
If X1 ¢y ‘GEZ§A), then Xy (x1 cy ) X1 X1 ¢ € 2(A), or
- d - ~
X 1(c ) 1x c d € Z(X) and we have ¢ d € Z2,(A). Thus
1 (& 12 2 €20 Thus .
w d , d-1_  w A A P P
(x1 <, )(c2 ) =x € ZZ(A)' Thus ZZ(A) =< T >.
\AC(K)‘ = |Hom(ﬁ/ﬁ', Z(ﬁ»\ = p2m since we have A is a
p-group, p # 2, with no abelian direct factors. Also if A A/A',
; - A = Yy _ .h
then since <x,>N G' = <x,>n0 A' = <1>, we have \xl | =p,
‘c Yl = pm, and <x,'>n <c,'> = <I>, so AR = <x V> @ <c, V>,
2 1 2 1 2
h-m h-m ph om

\ZZ(R)/Z(R)\ = \<x1p ,c2p >/-<c2 >\ =p . Thus we
have |a @] = |2,&)/zR)| = |a.® n1®|. Thes A A) < 1d).
Step 3: We now have G = <X13CpsB3secer8 > where
g, €2,(G), i=3,...,r, and A= <¢15¢,> A G such that AC@) < 1(R).
We note that in Step 2, we have shown that A' = G' and Z(K) = Z(G).

Since g; € ZZ(G)’ we have € AC(K) < I(K). Thus there exists

ngiiﬁ
€ & such that It is known that if T is a
. uc s =1 nNe
Yi gilﬁ yi\A
group, B < T and for x,y € T we have nx‘B = ﬂy\B’ then

-1 ) _ -
Xy € CT(B). Since ngi\g = nyilﬁ, we have 8,55 € C

G(R), or
that g, =y.d. where d € cG(K). Since z,(R) < ¢(A) and

A A G, we have by 7.3.17 of [8] that 22(2) < ¢(G). Thus Y € ¢(@G).
If di € ¢(G), then g; € ¢(G), a contradiction to g being in a
minimal generating set for G. Thus di ¢ 4@©G).

G # <X13CysByseersB; 158, 1008 > but since y; € X150,

g, = yidi € <x1,c2,g3,...,gi_l,di,gi+1,...,gr>. Thus we replace

g by di' Proceeding in this manner, we can write
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(o)
G = <xl,c2,d3,...,dr> where di € CG(A) for i =3,...,r.

Set B = «d ..,dr>,?.=c:1,c2>AG. Then G = AB,

3
A A A A
B < CG(A) so AAG, BAG. AN B <Z(A) and we have that G is

a central product of the desired form since Z(B) < Z(G) which is

cyclic.
- ph-hn ph
m Gorollary II.2: A = <x1,x2\x2 =xp =1, [x,x]
= X;P » (t,p) =1, m< h> 1is a group such that all its central

automorphisms are inner automorphisms.
Proof: Step 2 of Theorem II.1.

Theorem I1.2: Let G be a p-group, p # 2, with Z(G) § G'

and G' 1is cyclic. Then AC(G) < I(G).

Proof: Since Z(G) £ G', G has no abelian direct factors.
G' cyclic and Z(G) § G' yield G has nilpotence class at least
three, and Z(G) N G' = Z(G) < G', thus G satisfies the conditions

W), and also the hypothesis of Theorem II1.1. Thus we have G =<ZB

h h+m
P = Czp = 1, {CZ,XI]
a h
» (t,p) =1, m< h>, G' =A' =<C2p >, ‘G'\ =P,

le)
as a central product where A = <x1,c2‘x1

tp"
2

2@©) =z()

h
<02p > \Z(G)\ = pm, and Z(G) < G'. G a central

product of A and B gives AnB < Z(G) < G'. Using the results

of Step 2 of Theorem 1, and the fact that B < CG(Q), we have

ph-m ph-m
ZZ(G) =<y s S s B>. Thus
ph--m ph-m
z,(@©) ] |<x1 )Ty >||8| } p3m 1a|
Z(G) h-m h-m m |G' N B
P P P
lz@)||<x;" ,e,0  >n B
h h-m A h-m
since Z(G) = <c2p > < <c, > and ANB <Z(@G)NB < <<:2p >
NB<G'N B.
A A A
G' G' ¢' ¢' °
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A
] A BG' 1 2 ] ] N ~
let yG' € G n '’ then yG' € A/G', but G' <A so y € A.

Also yG' € BG'/G', thus y € BG'. Hence y ¢ AnBG' =G'ANB) =C'.

1 g A BG'_'

Thus yG' =1 and we have ETI\ g - 1. Thus

~ A
G__A _BG'_ A _ B __ -
e =G ®gr 5T ® g - |a_(©)| = |Hom(G/G', 2(G))|
- 2 B _ 2m B
= |Hom(a/G", z(6)) | |HomGagT » 26| = p™"|Hom(GAgT, 2 (6))|
= p2m &EG since if b € B, then [y,b] € Z(G) for all y €G
because B is of nilpotence class two and B centralizes A.

m m
But [y,bP 1= [y,b]p =1 since |2(G)| = p". Thus

m
exp mgc' < p' since b? €2(@) <G' for all b € B. Thus
Hom (ETET’ 2(G)) = BG We now have \ZZ(G)/Z(G)\

=A@ n1©)| =|a,(©)], or A_(G) < 1(G).

Theorem II1.3: If G is a p-group, p # 2, satisfying the

conditions () and Z(G) < G', then |G| divides |A(G)|.

Proof: By Theorem II.1, G = AB where B 1is a p-group

A ph ph+m
of nilgotence class two, A = <x1,c2\x1 =c, = &, [cz,xlj
t
=c, P , (typ) = 1> and AN B < Z(K) =2Z(G) = <c2p >
ph-m
= <[ec,5x;] >.
A ph-m
Define @ on A by X7 = X ¢, = xq Cye
A > \ p‘1+m ph-m ph-l*m
(xl’) =x, = 1 (cz‘) = (x1 c2)
h-m _h+m h-+m h-m _h4m, h+4m h-m
- P P P P e -1 _ . P n
(x1 ) cy [cz,x1 ] 2 =1 since X, € ZZ(A)'
. ph-m ” tpm
[cz x17] = [xl cz,xl] = [cz,x1] and (c2')

h-m m h m h-m , m m m
= P tp _ _tp tp P tp (tp -1) _ tp
= (xl c2) = % <, [cz,xl ] 5 =c, .
- a b - , a b.g _ a o, b.g
Thus ¢‘ﬁ' 1\3" For X, ¢, € A, define (x1 <, )o o= (x4 ) (c2 ).

a b c d, atc b+d_ b a
= (xl <, [cz »X ])¢

atc b+d

b
= (x1 )"(c2 )®[c2 ,xla] since ¢\K' = l\ﬁ"
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h-m h-m
_ate, p , (o) b atctp T(b+d)  (b+c)
=xp (<) Loy oxy ] = xp )
h-m
b ¢ P ™ (b+d) (b+d-1)
Loy oxy Jhegoxy”™ ] 2 :
h-m h-m
a bg c dg _ a, p b ¢, p d
(kg e )70y ey )T = xg (e ep) xy (xp cy)
h-m h-m h-m h-m
- ., atbp b b(b-1) c dp d P d(d-1
X1 ¢y Legoxy” 1o %% ¢y Legxy™ 173
_atetbp™™ b b e, dpt™ p' ™™ b (b-1)+d (d-1)
=X <, [c2 2 ]xl c, [cz,x1 ] 2
_ atc+®b+)p®™ b, b dpt ™ d. b c h "™ b (b- 1L+d4d 1)
=x; ¢y Ly sy Jeg Loy oxy Jlepoxy® )
_atct(brd)pt ™ b ¢ p' ™™ b (b-1)+d (d-1)+2bd
=% ¢y Loy oxp Jleppxy™ ] 2
h-m
_ atce b+d b+d b+d) (b+d-1
- " " (o) PP LN G TR

Thus ¢ € A(R) and ¢|A = 1|’A" S0 |3 " 1“«%.
Define ¢* on G by: x ¢ - xlﬁ, c

* * )
Thus ¢ |B = l\B’ and ¢ ran = ¢|@1B = l‘an since
AnB<72@G) =2@). Hence @* € AG).

k h-m h-m
* *
2(¢ ) - xlkp c, since if k=1, c2¢ = c
n+l

n
Assume true for k = n. Then (@*) (c2(®*) )0*

(o

h-m
* *
nP c )¢ = X np . ® = x (n+1)p c,. Using this formula,
2 o 1 1 2 1 m2
N h-1 p h
c2(¢*) =xP c #c c (¢*) =xP =c

= (xl

we see X c, =

pm * 2 22 72 1 2 2°
()" _ = di' Thus pm‘|¢*| and \¢*‘ %—Pm- >

x Xy

CoN
1

S, k
hence |¢*| = pm, (¢7) ¢ 1(G) for k= 1,2,...,p"-1, because if

h-m
* -
(q;*)k € 1(G), then ¢ (™) - X kp c, =y 1c y for some y € G.
N 2 1 2 2

Thus xlkp = [cz,y] € G'. But x> N G' =1, a contradiction.
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|<¢*>I(G)‘ = pm T%%é7T = pm li% = |G|, and we have g

*
divides \<¢ >I(G)l, so |G\ divides \A(G)\.

Theorem ITI.4: If G 1is a p-group, p # 2, satisfying the

* *
conditions (), Z(G) =Z ®A where Z =2Z(G)NG', and
*
exp A = exp Z , then |G| divides |A(G)].
Proof: By Lemma II.1l and Corollary II.1, we have
G = <x1,c2,...,cr> where <x1K> = <§>, cy € C(G') and

G' = <[c2,x1]>. By Lemma II.5 and its proof, we know lxl\ > ph

ph 1 ph-l
L
Xy ¢ CG(<c2>), so X, ¢G'.

and
3 A ' A A AN D '
Consider K = <x1,c2>. G' <K so KAG. Let K- K/G'.
We wish to show R/G' is a two-generated abelian group of type
a b
(p ,p ) where a = h, b 2 m.
Clearly R/G' is abelian and at most two-generated. If
R/G' is cyclic, then R/G' = <x1Y> or R/G' = <c2Y>. If

R/G' = <x1Y>, then c¢_, = xlwg where g € G'. But G' < ¢(G),

2
so G = <x1,c3,...,cr,G’> = <X{5C35.005C >, @ contradiction to the
assumption that a minimal generating set for G has r-elements.

2Y>. Thus K/G' is a two-

A similar argument shows K/G' # <c
generated abelian group.

If \xly\ > \c2Y|, XIY may be chosen as one generator of
R/G', so R/G' = <x1Y> % <y>. Now let g € R be such that gY = <y>.
Then R/G' = <x1Y> ® <g'>. CZY € R/G", so c2Y = (le)r(gY)S, or
c, = xlrgsu, where u € G'. Since G' = <[c2,x1]>, we have
G' = <[x1rgsu,x1]>. [xlrgsu,xlj = [xlrgs,xlj[xlrgs,xl,u][u,xlj
= [xlrgs,xlj[u,xl]. But u € G' implies [u,xl] € G'(p),thus

r s
G' = <[x1 g »x 1>
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r s r r S.. S s
[xl g ,X1] = [xl ’x].]tx]. ,leg ][g ,XI] = [g ,XI]. Thus
s s . s s
G' = <(g %1]> < <[g,x1] > < <[g,x1]> = G' since [g %] = [g,xl] w

where w 1is a product of elements of the form [gk,xl,g], and

'(p).

hence w € G
G' = <[g,x1]> implies, by Lemma 3, \gY\ > p". Thus if

\lel 2 \CZY\, we have Q/G' = <x1Y> R <gY>, and \xly‘ = ph,

ng| > p". Hence K/G' is of type (pa,pb) where a > h, b > m.

Now suppose K/G' = <c2Y> ® <y>. \CZY\ > p" since in

m
Lemma 4, we have shown [cz,xI]z = cztp where z € Z(G), and

hence ‘CZY‘ > p". We wish to show ‘;\ > ph.

Y o ~
\;\ = ‘<C2 >®<y> = 'E/G.\ = \ K/G.' ".
<c2V> <c2'Y <C2’G >/G

>

It is sufficient to show that if xlu € <c2,G'>, then

ph\u, since in <x,,c,> X <c Y>Gt§> i <§>, we have (xlu)YJ

1°72 2
= ((xly)u)J = (leJ)u =1 if, and only if, xlu € <c2,G'>.
1f xlu € <c2,G'>, then for some k,n we have xlu =

k, n ' e u
c, Ec{,xlj . G' < CG(<c2>) implies Xy € CG(<c2>). But

P u . . h
Xy ¢ CGG<c2>), thus X, € CG(<c2>) implies p |u.

In either case, we have K/G' is a two-generated abelian

group of type (pa,pb) where a =2 h, b 2 m. Now suppose

* * G
exp A > exp 2 and Z(G) =Z ® A. \I(G)\ = TE%E%T >
|a_@] = |Hom (G/6",8)||Hom (6/6',2")|. |a_(©) N 1©)] <

[ * . . -1 o
|Hom (6/6',2")| since if o € A_(G) N I(G), x x° € 2(G) for
all x € G, and since o = ny, x-lxa = X-lxn

- *
thus x lxd €ZG)NG'"=2 . Thus @ induces a homomorphism

y € G' for all x € G,

from G/G' into Z', and hence |a @) n 1@©] < \Hom(c/c',z*)\.
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\Hom(G/G',A)\\Hom(G/G',Z*)\Ei%;;\

‘AC(G)I(G)\ = ‘AC(G) n I(G)\
Tty |Hom@/6",8)| = |o| |Hom(e/c",a)| /|27 | |a].

let a € A be such that |a| = exp A. Let G S clc'.
Then |agl = |a| since if (ag)k = 1, then (ak)g =1, or
k * *
8" €G'Nz@) =2 . Thus a“ €z nA=c<l> and \ag\ = |al.
Thus there exists y € G/G' with the property y is in a minimal
generating set for G/G' and |y| = exp A.
: Bt . ' a b
Since K/G' is a subgroup of G/G' of type (p ,p ),
where a 2 h, b 2 m, by Theorem 5.5.7 of [8], we know G/G' is at
least two-generated, say by the above y and g, and is such that
- - m , o *
|y‘ > exp A, ‘g‘ 2 p . Thus \Hom(G/G ,A)\ = ‘A‘p = ‘A‘\Z ‘.
Hence we have \G\ divides \AC(G)I(G)‘, so \Gl divides \A(G)l.

Theorem II.5: If G 1is a p-group satisfying the conditions

Wy, z() = Z* ® A where Z* =2(G)NG' and h = 2m, then ‘G‘
divides |A(G)]|.

Proof: TIf exp A 2 exp Z*, we have G satisfies the hypothesis
of Theorem 4, thus lG\ divides \A(G)\. Thus we assume exp A § exp Z*.
Then we have exp Z = pm.

By Lemma II.l and Corollary II.l, we may assume

G = <X;,C,5Cq5+0.,C > where <x K> = x>, c, € c(G") for

r 1
. hetm
i=2,...,r and G' = <[c2,x1]>. By Lemma II.4, we have \czl = p
2m-1 m-1 h
and <c2p > = <[c2,x1]p >. By Lemma II.5, \xl\ 2 p and

«fnc'=dz

Now, since h = 2m, we have h-m 2 m 3 m-1, thus
m-1 m
P Py =%
<[c2,x1] > 3 <[c2,x1] > =2 . Hence we know that <c,>2
pZm-l *
<c2 >3 2
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By Lemma II.2, [ci,cj] € Z@@G) N G', thus if [xl,ci] €2(@),
c; €2,(6). If c ¢ z,(G), we replace c,, for i =3,...,r, by
di’ where di € ZZ(G) to obtain a new minimal generating set for

K -
G of the form {xl,cz,d3,...,dr} where <x_. > = <x>, c, € C(G"),

1
d; €2,0G), i =3,...,r and G' = <[c2,x1]>. To obtain d., we

2

proceed as follows:
Since [xl,ci] ¢2@G)NG', we have

-1 -1 -1 -1 K -1
CrpoeyTxglxgae;] 7 = xgxg ThxpseyIxglxgne] 7 = xpxg legaxy]xglxgscy]

k(1+tpm)[x ,c ]-1 m
1’71

- k tp
where [xl,ci] = [cz,xlj , = xl[cz,xlj = xl[xl,ci] .

[xl,ci]cj[xl,ciTJ= ¢ for jm= 2,00a,r sinc; cj € c@G").

tp™, -1 tp™ t t ]
(ci P ) Xq¢; P xl[xl,ci P ] = xl[xl,ci] P since ¢, € C@G).
m m m m
tp -1 tp _ tp - tp _ .
(ci ) cjci cj[cj,ci ] cj[cj,ci] ¢ since
* * m
(c.,c,]€Z and expZ =p . Thus we have n = m>
j’i -1 tp
[xqoey] i
-1 tpm
or [xl,ci] z = [ci,xljz =c, , where z € Z(G). Since

m
(x5, €260, ¢, 7 €2().

J
Let H., = <c2,ci,Z(G)> and consider Hy ~ Hi/Z(G). Since

i
H.' =<[c,,c.]>, H.' <Z(G) and H./Z(G) is abelian. c J #1
i 2274 i i 2m-1 2
since CZJ =1 implies c, € Z(G), thus c, € Z(G), thus
m-1
<[ P . . J 3 . J _ s
c2,x1] > < Z2(G), a contradiction. c, # 1 since c,” = 1

m
implies citp € Z(G) which is impossible.

If Hi/Z(G) is cyclic, then either Hi/Z(G) = <c J> or

2
H./Z(G) = <c J>. If H./2(G) = <c J> then c. = c_ 2z , Where
i i i 2 7 i 2 i
a =
z, €Z2Z(G). G # K 9ChseeesCi 15C. anenesC >, but c; =,z

<x1’c2""’Ci-l’zi’ci+l"

Since z, €2(G), z, €2,(6). If H/2(G) = <ciJ>, then

..,cr> = G. Thus replace s by =z

e
c, = Cibz where z € Z(G). If (b,p) =1, then <, = 2. where
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<c2J>. Thus we are in the above case.

z, €2(G) and Hi/Z(G)
. b

If p|b, then since G' = <[c2,x1]>, we have G' = <[ci z,x1]>.

But [cibz,x1] = [ci,xljb € G'(p) since p]b. But this is

impossible, thus we must have (p,b) = 1. Thus if Hi/Z(G) is

cyclic, we can replace c; by di’ where di € ZZ(G)’ in a minimal

generating set for G which contains X, and C,e

m

If Hi/Z(G) is two-generated, then since \CZJ\ =p and
J m J -
lci \ < p , we may assume that Hi/Z(G) = <c2 > ® <b>. Let
J T J J
b = b. = <o Vs
g, € Hi e such that ) b. Then Hi/Z(G) <c,”> ® <g ">,
and <c2> n <gi> < Z2(G). Since 8 € Hi = <c2,ci,Z(G)>, we have
J J .k, J.b k b
€ C(G'). Let = . = )
g, € G") e ci (c2 ) (gi ) Then ci <, gi z, where
b k J J.b
. = = . d =
z € Z(G) Set di gi z, so ¢, c2 di We note : (gi ),
so <di> n <c,> < z(G). G # <X13ChseeesCl 15C, 1aeeesC >, but
k
= € oo N .o > =G. d, i
¢ c2 di € <x1,c2, ’Ci-l 1,ci+1, ,cr G Thus i is
in a minimal generating set for G which contains x, and c

1 2°
. — k "1 []
Since di (c2 ) c.» we have [cj,di] €Z@G) NG for

j=2,...,r. If [xl,di] €2(G) N G', then d, € zz(c). Thus
m-

suppose [Xl’di] ¢ 2@ nG', then [cz,xl]P € <[x1,di]>. Also

-1 -1 -1
Depod Ixglxgndy 17 = ey T nd; Dxg Uxg0dy )

]

-1 K -1 k
X%, [cz,xl] xl[xl,di] where [cz,XI] = [xl,di] s

_ k(1+tp™) -1 1+tp™ -1 t
= xylepxg] Geppdi] 0 = oxgDxged T bxpud 10 = xg0xg,d4]
m m
-1 . tp -1 t
[xl,di]cj[xl,di] =cy for j=2,..,r. (4 Py x,d. P=
m m m m
tp t . tp -1 tp
xl[xl,di ] = xl[xl,di] P since di € c@G"). (di ) cjdi

m
tp . * 3
c.lc.,d. = ¢, since c.,d. ] €2 and exp 2
J[ 5044] j L 52947 " P

tp"
cj[cj,di ]

Thus = ms SO [xl’di] z = di where

x4 o fP
1 ltpm
z € Z(G). Thus [di,xljz = di , and [di,xl]

m
t
= (di P )J. Since

%

m

m

p .
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pm—l * pm-l
[cz,xlj € <[x1,di]> = <[di,x1]> and Z ¢ <[c2,x1] >, we
m-1 3

now have 1 # ([cz,xljp ) € <c2J> N <diJ> = 1. But this is

impossible, thus we must have [xl’di] €2(@G)NG'. We now replace

c, by d so we may assume G = <X

i i 1,cz,d3,...,dr> where

K - h =
x> = <x>, |x1\ zZp,G'= <[c2,x1}>, <> N G' = <>, c, € c(@")

and di € ZZ(G) for i=3,...,r.

Set A = XK12Co>s B = <d3,...,dr>. Then A A G since
G' <A and we have G = AB, AN B <AN Z,(G).
2
- - 2m-1 2m-1
Let A B A/G'. Since <c2p > < G', we have (c2p WP =
P 2m-1 . _ oy _ _ hts
so \cz | <p . Since ;>N G' = <1>, \xl | = |x1\ =p
P is

where 0 < s <m. h 2 2m implies \xlp\ = ‘c2p\’ thus Xy

an element of A/G' of highest order, so we may assume

AlG' = <xlp> ® <b>. let g € A be such that g =b. Then
AlG' = <x1°> & <gP>.
czp‘= (xlp)a(gp)b so c2 = xlagbw, where w € G'. Since

G' = <lc,;x;]>, we have G' = <[x1agbw,x1]>.
ab ab ab
[xl g W’XI] = [xl g sx]_][xl g :Xlaw][w;xl-_l
a a b b ab b
= [xl ,xlj[xl sX 58 (s ,x1][xl g ,xl,w][w,xlj = (g ,xljﬂw,xlj.

Gv(P)

. . b
w € G' implies [w,xlj € , thus G' = <[g ,x1]> < <[g,x1]>

since [gb,XI] = [g,xljbu where u is a product of elements of

Gl(P).

k
the form (g ,xl,g] which are in By Lemma II.3, we have

‘gpl b= pm. Thus A/G' is abelian of type (pa,pb) where a = h,
b 2 m. Thus by 5.5.7 of (8], we have G/G' «contains a subgroup

of type (pa,pb) where a =z h, b =z m.
We may assume that c P = (x p)a(gp), or that ¢, = x ag w,
2 1 2 1 h+s -m

where w € G'. Now define ¢ on xl,g by xl' = xl, g¢ = le g.
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h+é-m
Then, since G' = <[g,x1]>, we have [gm,x1®] = [xlp g,x1] =
h+s-m h+s-m
-1 -1 -1 -1

(x g) x, 'x 3 g x, =g x, gx,=1[8,x;], so

1 1 1 1 1 1 1

N phts—m o phts pm prtem pm

¢‘G' = I‘Gl' Also, (g%) = (xl g) = xl g [g’xl ]

m_ m h"'S-m *
125—11 = gp since xlp € ZZ(G) and exp Z = pm.

~ ab
If y € A, y can be written in the form y = Xy 8u where

u € G'. Define ¢4 on A by y¢ = (xla)¢(gb)®u. ¢ 1is well-

defined, for if xla(l)gb(l)u1 = x1a(2)gb(2)u2, where u, €G'
for i =1,2, then x13(1)-a(2) = gb(z)uzul-l(gb(l))-l. Thus
(xla(l)-a(Z))p = (gb(z).b(l))p =1 since A/G' = <x1p> ®-<gp>.

1) -
Hence x1a( )-a(2) €G'

D oy 2D
LD (
m

m
Py 1) - -
P B -b@). But @) =g", so (2P P@ye o MDD

» but  <x;>n G' = <1>, so we have
gb(l)ul - gb(z)uz.
b(l)-b(2 -

. (1)-b( ))p -3

Thus But then we have

-1, s . \gp\ P pm implies

u2u1-1’ or (gb(l))¢((8b(2))¢)-1 = uzul-l which implies

(gb(l))¢u1 = (gb(z))®u2. Thus ¢ is well-defined.
For g;,8, € G', we have:
ab cd (4 _ ab c c.d (o
(x; 88 %) 88,7 = (x; 8% g,(8,5%, 18 8

atc b- b ¢ d c c d
(x; 8l x; 1818 Ley>x; Lg% b8 18)?

atc b, b c_ d d c c d
(<, 8 lesx; 18 g.l8o8 Jlgyoxg Jlg o, 58 1g)?

at+c b+d- b c.,r b ¢ d d c c d
= Gy 8 (8% )s »x; »8 18,088 1le % Jeox, h8 1e,)°?
h+s -m

= x1a+c(x1p g)b+dw where

£

b c.r b c d d d c d
= [g )xl ][g ’xl ’8 ]gltgl’g jtgl’xl ][gl’xl '8 ]g2,

a+c+(b+d)ph+s-m b+d ph+s'm (b+d) (b+d-1)

1
=% g [g,x1 ] 2 w.
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ab (4 cd 4 a ph+s-m b c ph+s-m
(x) 88" (x 88y =xp (xg 8) gx; (x g) g,

h+s-m b h+s-m bb-1) dph+s-m d h+s-m a(d-1)

atb 2 c 2

= x]. g [g’xl

b(b-1)4d (d-1)
a+bph+s-m b c dph+s-m d ph+s--m >
X, 8 81X X1 g g,l8,x; ]
h+s-m
since x P

1

ph+s-m h+s-m h+s-m bgb-l);d(g-ll

€ ZZ(G)

atb b ¢ c dp ]

=X

_, b=+ @-1)

h+s-m b h+s-m h+s 2

_ atctbp b c dp c. d P
=% g (g »x) 1x; gilepsxq 18 8,08%; ]

+s-m h+s-m
- b c d c c d
X5 8 X, le »x, 18,8 [gys%; 1leyox; 8 18,

_b(b-1)+d(d-1)

h+s - 2

(g.x," ]

atct+bHd)p T ™Mb b gpttST™

b c, d d
=% g (8 ,x, s »x, 18 g,l8,58 )

b (b-1)+d (d-1)
m 2

c c d ph+s-
[gl’xl ][gl’xl »8 ]gztg)xl ]

h+s-m
- , atct(b+d)p br b c, d d c c d
xl g [.g ’xl ]g gl['gl,g ][gl’xl][gl’xl '8 ]gz

hets -m b(b-1)+d(d-1)
b dp

p > h+s-m
[g’xl ] [g ’xl

]

atc+(b+d) p ™ pd

= b c¢c..-b ¢ d d
=%, g Lax e »x el (e8]
) . s §b+g)§b+d-1l
[81>x1 ][gl’xl '8 ]gztg’xl ]

a+ct+(b+d) pP TS ™ by hts-m

(b+d) (b+d-1)
Xy g wig,x," ] 2

Thus ¢ € A(K).
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k K h+s-m
gq5 =Xy P g for k 2 1. The formula is true for
n+1 n
k = 1. Thus assume it is true for k = n. Then g® = (g¢ )® =
nph+s-m s nph+s-m ph+s-m (n+1)ph+s-m
(xl g) = xl xl g = xl g‘
p" p" m_h+s-m
Since x1¢ = X3 and g¢ =%y P g = g, we have
m pm-l ph+s-1 m-1
\¢“p . g% =% g #g, 50 |g|>0p and we have
m
lgl =»
Because c, = xlag w where w € G', we have c2o =
a h+s-m ph+s-m pm @ “ pm ph+s-m Pm
X1 Xy B W = x; Cye (c2 )Y = (cz') = (x1 c2) =
ph+s m h+s-m _m m
Xy c2p [cz,x1 1T = czp Thus we have ¢\ oM =
<c >
2
1 mos @ and 4, , =1, , Thus
1<C2p S \<x1> \<xl> lc e
@ m =1
p ' m
‘Ql’cz ,G > lo(l’czp ,G'>

Let y € AN B, then y € ZZ(G)' Suppose y = xlrczsgl,

r s
where g, € G'. [xl,y] € 2(G), so [xl,y] = [xl’xl <, 81] =

1 s

-1 -1 < X rc = x -1 s )—1 c s -
1¥1 62 81 T X (e 8p) %168

s -1
xp 8y (c)

r -
¢,
[xl,czsg1] € Z(G). Moreover, since [cz,czsglj € Z(G) and

s s
[di,c2 g1] € Z2(G), we have ¢ 8, € ZZ(G)' Thus

2
r s s -1 r r .
Xy S gl(CZ gl) S =Xy € ZZ(G)' But X, € ZZ(G) if, and only
h-
if, p. "|r using Remark F, the fact |2(G) N G'| = p" and that
d Al i oot
i € ZZ(G)' so, Since [cz,xl] = c

o 2
have g; = czkp z15 where z, € Z(G). Since czsg1 € Zz(G),

z where 2z € Z(G), we

s+kpm s+kpm
2 2

only if, [czb,xl] € Z(G), or equivalently, [cz,xljb € Z(G). But

b
. i d
c 2, € ZZ(G)’ or c € ZZ(G) But <, € ZZ(G) if, an

h-m\

[cz,xljb € Z2(G), if, and only if, p b. Thus ph-m\(s+kpm), so
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h-m m . .
-kp =s. But h 2 2m implies h-m 2 m,

h- -2
so np m kpm - pm(nph m

h-
np M= s+kpm, or np

- k) = s, or pm‘s.
h-m m

Thus we have ZZ(G) nas <x1p ,c2p ,G'> = D. But
m

D < <x P ,G'>, so we have ¢p = 1|D and hence

1’2 Y3 = s

In [2], Demana has proven the following theorem:

Theorem 1.2: Let G = AB where A A G. let «o € AQ4),
B € A(B). A necessary and sufficient condition that there exists
Y € A(G) such that y\A =y and y\B =g is:

2). o = anbs on A where b € B.

b
Definin * in G b * ~ = ~ and d,®* =d., we
g ¢ y ¢ |A ¢‘A i i?
have ¢* € A(G) since:

* *
D o ms T %@ " Yas T ¢ |
2). Mo = ¢, on A where b € B. This is because,

ﬂb 0]
for b €B, b € ZZ(G)’ a

" ab)® = (ala,b])? = a%fa,b],

and a®™ = b a% = a¢[a¢,b]. Let a = xivgugl, where g, € G'.

5 v ph+s-m u v uph*s-m u ph+s-m Ei%lll

Then a¥ = Xy (x1 g) gl = xl X4 g [8,X1 ] 81

h+s-m h+s-m u-1 h+4s-m h+s-m u(u-1)
_ up P 2 v u _ up P 2
=X Le,x, ] X, 8 8) =% (g% ] a.

uph-l-s-m ph+s-m 2&%:11

Thus [a¢,b] = [xl [g,x1 ] a,b)

uph+s-m ph+s—m Elglll uph+s-m ph+s-m Ei%lll
= [xl [8,x1 ] ,b]txl [g,x1 ] ,b,alla,b]

h+4s-m

= [a,b] since b € ZZ(G),f_g,xlp ] €2() and hts-m = m.

Since |¢\ = pm, we have ‘¢*‘ = pm.
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Now consider |A_(®)I@)|. |1@)] = |c|/{z@)],
la @] = |Hom(c/G",2”) | |Hom(G/G",A)|, and |a,© n1©)| <

\Hom(c/c',z*)l. Thus

lT@|]a. @] | Hom(G/G" A)l\Hom(G/G 25| _
A, @) 1@©)]| = ©nie] >

|Hom(G/G" ,2 )\

lﬁLlHom(G/G A)l .
|2* \\A\

2
type (p P ) where a 2 h, b =z m, we have |Hom(G/G',A)| = |A|".

Thus \A G)1(G)| ZlGUAL lG\\_L lclla ]

2*|1al 12 P

Since \<x1> nze| = p°  and <> N G' = <1>, we have

Since A/G' is a subgroup of G/G' of

lal 2 p°. Thus [A.@)1@)]| 2 |6|/p"5.

Now consider |A_(G)I(G) <p' >|. We claim (p)° ¢ A_(G)I(G)

- *
for k = 1,2,...,pm $ - 1. For suppose (¢ )k € AC(G)I(G). Then
k k
* *
(¢ )k = any where o € Ac(G) and y € G. g(¢ . g(m) =
h+s-m o 1
xlkp g =g YV = (g ga) Y = y-lg y ga where ga€ Z(G). Then
h+s-m h+s-m
kp ~ -1 kp -1 _ -1
we have x, = [y,g ]ga, or x; g, = ly,g 7].
h+s-m m h+s m
kp -l.p _ kp p.,.-1_ . _ hits
(x1 ga ) =x (ga ) = 1 since \Xl\ =p
m -1.p™ -1 '
and exp Z(G) =p . Thus [y,g ] =1, or [y,g ] €2Z(G)NG".
1 Lohts-m h-1
Thus [y,g ]ga € Z(G) and we have x4 P €2@0). xlp ¢ 2(G)
h - - -
so we have p lkph+s m’ or pm S\k. But for k = 1,2,...,pm S . 1,
p"% does not divide k.

Thus  |T(@)A,(G) <p >| = p" "|1(®)A_ @] = p" || p"° =

|G| and we have |G| divides |A(G)].



CHAPTER III

Some Necessary Conditions for AC(G) < I(G)

We shall now assume that G is a p-group, p # 2, having
no abelian direct factors. For such a group G, there are two
p-subgroups of A(G) which are of interest, namely AC(G) and
I1(G). They are of interest because we know their sizes and, in
a certain sense, how one obtains the automorphisms in them. A
question arises as to what, if any, are necessary and/or
sufficient conditions that AC(G) < I(G).

As was mentioned in the introduction, Sanders has shown
that all the central automorphisms of a nilpotence class two group
G are inner automorphisms if, and only if, G' = Z(G) 1is cyclic.
We shall give a different proof than Sanders gave of this fact
at the end of this chapter. Also, Theorem II.2 of Chapter II
gives us one sufficiency condition for AC(C) < I1(G), that being
G 1is a p-group, p # 2 with Z(G) < G' and G' is cyclic.

The assumption that AC(C) < I(G) should somehow place a
restriction on what the lattice of subgroups for G can look
like. We shall prove that if Ac(G) < I(G), then Z2(G) = G'.
Furthermore, if Z(G) 1is not cyclic, we shall show that
ZZ(G) < ¢(G). It is our conjecture that if AC(G) < I(G) for a
finite p-group G, p # 2, then not only must Z(G) = G', but Z(G)

must be cyclic.

36
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Lemma ITI.l: Let G be a p-group with no abelian direct
factors. let K AG with G' <K and let G 5G/K. If
8 € Hom(G/K,Z(G)), then for « defined by g” =g ggB, a € AC(G).

Proof: Since G/K £ G/G'/K/G', there exists «vy: G/G' = G/K

such that ng = gg.
G
P g
\/
]
G/6 Y~ G/ -—-B——«) Z(G).
Then ga =g gC‘B =g ngB =g gp(YB). YyB € Hom(G/G',Z2(G)), thus

by the proof of Theorem 1 of [1], o € AC(G).

Remark: A necessary condition for a p-group G, p # 2,
with no abelian direct factor to have AC(G) < I(G) 1is that
Z(G) < ¢(G).

Proof: Suppose A _(G) < I(G), but Z(G) £ 3(G). Let
z € Z(G) be such that z ¢ ¢(G), and let {z,xl,...,xr} be a

minimal generating set for G «containing z. Let a € Z(G) N #(G)

be such that \a‘ = p.

Suppose G H G/¢(G) = <z> ® <§1>v®...® <§r>, where zn =z,

- . . G N -

xi'ﬂ =%, for i =1,...,r. Define : 8?67 - <a> by (z)B = a,
= G .
=1 for i=1,...,r. B¢ Hom(Gigys2 @) et o be defined
by ga =g gna. Then by Lemma III.l, o € AC(G) and we have
za = 5 an =za #2z since a # 1. Thus o € I(G) since a\Z(G) # 1[2(6)'

But this is a contradiction to AC(G) < I(G). Thus we must have

2@G) < ¢(G).
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Theorem III.l: Let G be a p-group with no abelian direct

factors and such that A _(G) < 1(G). Then Z(G) <G'.

Proof: By the above remark, we know that Z(G) < ¢(G).
Suppose that Z(G) £ G' and let y € Z(G) be such that y ¢ G'.
We consider two cases.

case 1). exp G/G' = exp Z(G). Let {xl,...,xr} be a
minimal generating set for G such that in G S G/G' =

- C _
<al> X. .. & <ar>, X, a; and \al\ = exp Z(G).

Define B: G/G' - <y> by alB =y, aiB =1 for i=2,...,r.

Since |y| s expz < \al|, we have 8 € Hom(G/G',Z(G)). Defining

a by ga =8 gQB, we have ¢ € Ac(G) < I(G). Thus there exists

Since x x =

1 X1

h-lxlh = X1y, or [xl,h] =y € G'. But this is a contradiction

h € G such that o = . xll;B = x,y, we have

since y € G'. Thus Case 1) cannot happen and we must have
exp G/G' § exp Z(G).
Case 2). Suppose exp G/G' 5 exp Z(G). Let {xl,...,xr}
be a minimal generating set for G with the property that in
G S G/G' = <a;> ¥...x <a >, xiC = a;. Let z € Z(G) be such that

|z| = exp z(G) = pt. Since exp Z(G) 3 exp G/G', we have

|ai\ $ pt for i=1,...,r.

C 43 ¢ _ &l
y £ G' implies y® # 1, thus y° = T a; ' where for some
n, _ n1 _ i=1
i, a, Y # 1, say a, # 1. Let ‘al\ = p° where 0<s <t.
B_ Pt _ B
Define B: G/G' —» <z> by a,” =z »a. =1 for i#1.
t-s s t

s s
a,” )P = (ala)p (z? )P =2P =1, thus B € Hom(G/G',2(G)).
- o _ )
Defining o by g g g°°, we have o € AC(G).
t-s
r n, n.p n
y =yy =y(1la, l)B =y z 1 . Since a, 1 #1, p° P ny-
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Hence z 1 # 1, so ya # y. But if o € 1(G), then since
y € 2(G), ya = y. Since AC(C) < I(G), we again have a contradiction
and case 2) cannot happen.

Thus we must have Z(G) = G'.

Theorem III.2: Let G be a p-group, p # 2, with no abelian

direct factors satisfying the following conditions:
1). AC(G) < 1),
2). Z(G) 1is not cyclic.
Then Z,(G) < ¢(G).
Proof: Suppose Z, =Z,(C) £ 9(G). Let y ¢ z, be such

that y € ¢(G), and let {y,xz,...,xr} be a minimal generating set

for G containing y. Let Z(G) = <w;> ® <W,> B...Q w > where

m,
_ i
\wi\ =P ,m2m2...>n.
Suppose G n € __ . <y> ® <x,> ®...0 <x_> where y’n = ;,
®(G) 2 m__lr
- J
x.n =x, for i=2,...,r. Set =z, = w.p . Then we have for
1 1 J J
m,-1
1 lz.| = [wP > | def ¢ Z(6))
=1l,...,q9, |z = \w, = p. Now define Ittt e U ¢4
] d j j P % #(G) 1
8 8,
by y = zj, X, =1 for i=2,...,r. If we define @y by
o B,
g =gg J, then by Lemma III.1l, we have o € Ac(G) < I(G).

Hence there exists gj € 22’ j =1,...,9 with the property that
o, =T .
o, a, p
Let M = <x2,...,xr,@>. Since (yp) J = (y J)p = (yzj)
P_ P P =
= z = we have ¢, =1, .
. =1 and @, inner imply that M < C_(<g.>). Since
% |n | 3 ply G( g, )
M is a maximal subgroup of G, we must either have CG(<gj>) =M
or C (<g,>) =G. 1f C (<g.>) =G, then g. € Z(G), thus
G <8 e c ) ) 8, ,
- = -
. =ng. =1, . But = z, # thus . ¢ Z(G). Hence we
j g_] \G y y j Ys g_]
must have CG(<gj>) = M.
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\G : M\ = p = the number of conjugates of gj.

J = y Zj’ we have

-1 -1
. . = z,, Or . = .Z,
gJ y gJ y j y gJY gJ i’
2 2. -1 -1 2
. = . = .2,
y gJ(y ) y&/ 85y Iy = 825 >
p-1 p-1.-1 p-1
. = .2, .
y gJ(y ) 8523
Since ‘zjl = p, we have the p conjugates of g,
R
2 p-1
the elements ) .z, - 3 2 .
Bi» 83752 Bj%y orr o857

Since

By Theorem III1.1l, we have, since AC(G) < I(G), that

Z(G) < G'. Thus Hom(G/G',Z(G)) = A (G). Since =—— is r-
= . - i
generated, -y = <a,>®<a,>g...8¥ <a >. Let \ai\ =p and let
¢ Salc.
Q i . (] (]
th < .
gj # 1, for if gj € G', then gj €EG'nN Z2 < Z(ZZ)
ng. o,

Thus, since y € 22, y ) = yzj =y J # y. Thus let

s s s t t

C _ 1. 2 r C _ 1. 2

g1 a1 a2 ...ar and g2 = a1 a2 R: |

Since lzjl = p, we have \le = p and thus \aj\ = p.

P P P P
a,) = . =ng, =1 so we have Z(G) < G'. Thus
( 3 (ngJ) g lc g, € 2(G) u
ps pt pt
CP -, P\C_ 3 Py PS r _ 1. Ph2
(gj ) = (gJ ) = 1’ so al 32 ...ar 1 a2 ...ar
u, -1 -1

Hence we have s, =0 mod p * and ts =0mod pt .

Because y € 2,(G), my € A_(G). Since g ™! = 847>

y-1 ¢€2@G), so y&z(@G) and ny # I\G. Moreover, since

are precisely

AC(G) = Hom(G/G',2(G)), there exists <y € Hom(G/G',Z(G)) such

that (ng)Y =z for j=1,...,q9, and in particular, for

|

j =1,2. Suppose,wolog , y 1is given by

a,

Y

1

i

w

hi
. Then

2

pt

r
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r r
z blsl z hisl m1-1
.Y _ i=1 i=1 _ - p
;)" =w Y2 175 % ’
r r
L b.t, Z h.t, m -1
(g g)Y =w i=1 " * w i=1 " * =z =wlp ? and we have:
2 1 2 2 2
r m1-1 m1 r m2
Zbs, =p mod p °, Zh,s, =0 mod p °,
. ii ii
i=1 i=1
r B m1 r m, -1 m
Zb,t. =O0Omod p ", Zht, =0p mod p
. ii . ii
i=1 i=1
h, b
_ . * % i i )
If \wl\ = \wz‘, define vy by aiY =w,ow, . Since
*
Y € Hom(G/G',Z2(G)), v € Hom(G/G',Z(G)).
r r r
rhsy  Ebs Lb;S;
[l _ i=1 i=1 - i=1 . =
(8,7 Wy v, W, # 1 since ‘wl\ \WZ‘
% r
implies m, = m,. Defining a* by gd =g ng*, we have

*
a € AC(G) < I(G). Thus there exists x € G such that a* =17 .

£b.s, S b )
i=1 * 1 21851

m *
X =g Cv* g%, # g1 Thus g1, is

81 T8 Teg18
conjugate to g1 But this is a contradiction since the conjugates

p-1
of gl are gl,glzl,...,glz1 .

r m2-1 m
Now suppose \w \ = \w \. Since Yht, =p mod p 2,
1 2 j=1 ¢ 1
m
for some k we must have hktk # 0 mod p 2, For one such k,
172 h
. ~ 1 6__ P k 5__ .
define & on G/G' by a .’ = (w, ) %, a, =1 for i # k.
m_-m !
1 2 m h
Since |w | =» 2 |w,| and Y=y kw k  we have
1 2 Bk 1 Y2 o
6 € Hom(G/G',Z(G)). _
™1™ h t htpmlm2
r t. 1
€% =(za Hi=w? HFkou KK #1
2 . i 1 1
1=1m

. 2 . * 6 .
since h t, # 0 mod p . Now define § by g =g g~ . Since
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*
& € Hom(G/G',2(G)), we have & ¢ A_(G) < I(G). Thus there exists

*
X € G such that § = -

1 2
m h .t p
X o* cé k k
= = = w . h
m_-m
hktkp 1 2
gzwl is conjugate to gz. But this is a contradiction
. . -1
since the conjugates of 8,y are gZ’gZZZ"°"g222p .

Thus we must have ZZ(G) < ¢(G).
We now prove a result of Sanders.
Theorem: Let G be a p-group, p # 2, of nilpotence class
two. Then AC(G) < I(G) if, and only if, Z(G) = G' 1is cyclic.
Proof: Let G' =2Z(G) be cyclic. Then G has no abelian
direct factors and we kaow |A_(G)| = |Hom(G/G',2(0))].
exp G/G' = exp G/Z(G) < exp Z(G) since G' =2(G) and G = zz(c).
Thus, because Z(G) 1is cyclic, we have Hom(G/G',Z(G)) = G/G'.
Thus |A (G| = |c/c'| = |6/z@)| = |1(6)] and A_(©) = 1(G).
Now suppose AC(G) < I(G). G has no abelian direct factors,
for suppose G = P ¥ B where P = <> 1is cyclic. Let z € Z(B)
be such that \z\ =p. For g&€G, g= xkb where b € B. Define
@ on G by ga = (xz)kb. Since G 1is a direct product of P
and B and z € Z(B), o 1is a well-defined automorphism of G.
g'lga = (xkb)'l(xz)kb = 2K € Z(B) < Z2(G), thus « € AC(G). But
x¥ = xz # x, so v € I(G), contradiction to AC(G) < 1(G).
Since G has no abelian direct factors and AC(G) < I(G),
by Theorem III.1l, Z(G) < G'. But G of nilpotence class two
implies G' < Z(G). Thus G' =2(G). By Theorem III.2, if Z(G)
is not cyclic, then Zz(C) < ¢(G). But zz(c) = G, thus zz(c) < 2(G)

is impossible. Hence Z(G) = G' 1is cyclic.
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k
I. For p a prime, p ¥ 2, (1+tpm)p = 1+tpm+kmod pm+k+1

where (t,p) =1, mz=21, k= 1.

The proof is by an easy induction argument.

II. If c € CG(G'), k > 1, then [x,ck] = [x,c]k.
Proof: [x,cl] = [(x,c]. Assume true for k =n 2 1.
Then [x,cn+1] = [x,cnc] = [x,cn][x,c][x,c,cn] = [x,c]n[x,c]

+
= [x,c]n 1 since C € C(G').

III. An automorphism ¢« of a group G 1s called central
if x-lxa € Z(G) for all x € G. The set of all central auto-
morphisms of G forms a group called Ac(G).

If o € AC(G), then fa: X - x-lxa is a homomorphism of
G 1into Z(G). If f € Hom (G,2), then ag: X - xf(x) defines
an endomorphism of G. ap is an automorphism if, and only if,
f(x) ¢ x1 for every x € G, x ¥ 1.

Adney and Yen show in [1] the following:

Theorem: For a group G with no abelian direct factors,
the correspondence o = fa defines a 1-1 mapping of AC(G) onto
Hom (G,Z2).

Corollary: If G 1is a p-group, p ¥ 2, with no abelian
direct factors, then AC(G) is also a p=-group,

Hom (G,Z(G)) & Hom (G/G',2(G)) since if <y € Hom (G,Z(G)),
G' < ker vy.
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Sanders, in [7], shows the following:

Let G be a p-group with no abelian direct factors. Let

R ={y@®|g €6, y€Hom (6,2)} and B = M ker y.
yEHom (G ,Z (G))
Then Hom (G,z2) = AC(G) if, and only if, R < B.

Proof: 1If YU’YB € Hom (G,Z), then (YdYB)(g) = Ya(g)YB(g)'
Let «,8 € AC(G) be such that g corresponds to Y, 8 corresponds
o vg- (0B) (8) = a(B(8)) = a(gy, (8)) = a(g)a(vs(g))
= gya(g)ya(g)Ya(Ya(g)). af thus corresponds to YQYB if, and

only if, ya(ye(g)) =1, or R < B.
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