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ABSTRACT

AN APPLICATION OF OPTIMAL CONTROL THEORY TO POLICIES
FOR INTERNAL AND EXTERNAL BALANCE

By

Nguyen Thi Bich Thuy

This thesis examines the dynamic problem of quantitative economic
policy for internal and external balance within the framework of
optimal control theory.

Three cases are considered: the one-country, the two-country
with common external balance, and the two-country with linear dependent
external balance. When applying Chow's control approach, it is found
that the optimal solution for achieving the joint balance can always
be uniquely determined whenever Tinbergen's principle on the equality
between the number of independent targets is met; however, there is no
guarantee that the solution is feasible for a given economy.

In fact, when the optimal fiscal and monetary policies for
achieving internal and external balance of the U.S. and Canada are
analyzed for the period of 1961-1970, it is found that they are incon-
sistent and a trade-off between the attainment of joint balance and the
feasibility or consistency of policy-instruments must occur when limits

are imposed upon the instrument-magnitudes.
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Nguyen Thi Bich Thuy

It is also found that if more complicated assumptions, such as
active responses from the second country, or conflicting balance of
payments and growth targets are added, the optimal control framework
is no longer appropriate for the analysis of internal and external
balance.

To encourage future research, a two-player multistage non zero sum
game with linear quadratic system and perfect information is presented.
It is found that the non-cooperative (or so-called Nash) equilibrium
strategies are always inferior in the case of two controllers which

leads to the search for a non-inferior solution, in particular the

Pareto-Optimum strategy.
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INTRODUCTION

The problem of internal-external balance was first raised by
Tinbergen and Meade under the title of "Theory of Quantitative Economic
Policy" (Meade:1951, Tinbergen:1952). Along this direction Mundell (1962)
introduced the most controversial issue called "The Appropriate Use of
Monetary and Fiscal Policies for Internal and External Stability."
However, studies related to these problems are presented in a static
context with one exception of Votey's work (1969).

Parallel to the Meade-Tinbergen-Mundell formulation of the static
Problem of internal-external balance, significant advances both by engineers
in modern control theory and by econometricians in macroeconomic modeling
led to interest in the problem of the dynamic economic policy-making.
However, in spite of numerous studies on the application of optimal
control theory to economics, a survey of which is found in Kendrick's
unpublished paper (1972) as well as in Park's dissertation (1973), no
Studies have considered the problem of internal-external balance.

The purpose of this study is twofold: first, to show that optimal
Control theory is also applicable to internal-external models; secondly,
to introduce a new framework, called differential game theory, for
Solving the problem of internal-external balance under more sophisti-
Cated assumptions than those of Meade-Tinbergen-Mundell models, e.g.,
active responses from other countries, conflicting targets, and decen-

tralized decision-making. 1
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2

Votey's macrodynamic model will be borrowed to illustrate appli-
cations of optimal control tools. To derive optimal policies for
internal-external balance Chow's deterministic optimal control approach
(Chow:1970a, 1970b, 1972a, 1972b, 1972c) is preferred to that of
Pindyck (1972, 1973), because the former approach involves a more
straightforward application, given the structural form of Votey's
model, and requires only basic matrix manipulation to compute the
optimal solution.

Chapter I will present a survey of the literature on the theory
of economic policy for internal-external balance and on the application
of optimal control theory to problems of economic stabilization. The
main concern of the chapter will be to show a gap between these two
developments. Chapter II will deal with the application of optimal
control techniques to the one-country model. The two-country optimal
control problem will be treated in Chapter III for the case of common
€Xternal balance, and in Chapter IV for the case of linear dependent
external balance. Chapter V will introduce a two-player deterministic
multistage game with a linear and quadratic system for further research
on its application to problems of internal-external balance, or more
8enerally to problems of conflicts in economics. Chapter VI will
Present the main conclusions of the study and suggest some

Tecommendations.
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CHAPTER I

SURVEY OF LITERATURE

1.1. On the Theory of Economic Policy for
Internal-External Balance

Forty years ago, John Maynard Keynes with his "General Theory"
dealt a fatal blow to the classical notion that "internal balance",
or full-employment equilibrium in the domestic economy, could be
attained through an automatic adjustment mechanism with little govern-
ment intervention. But the notion that the "automatic'" price and
income effects tend to restore "external balance" or balance-of-
Payments equilibrium persisted until the middle 1950's. Under the
combined pressure of modern economic theory, and observation of the
chronic international financial difficulties that plague the real
wWorld under fixed exchange rates, economists have come to regard
"external balance" as one of the specific economic objectives of
deliberate governmental action, rather than as something that will
take care of itself (von Neumann Whitman:1970).

The pioneers in developing a formal body of analysis incorporating

these views are Meade (1951) and Tinbergen (1952). They introduced
2 new approach to the problem of simultaneously achieving internal and

€Xxternal balance via quantitative economic policy, that is, of finding

the values of policy variables given some desired levels of real
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4
income and balance of payments. This approach is just the inverse of
the traditional multiplier analysis.

In addition to the criteria on the effectiveness of policy instru-
ments, Tinbergen in his work also formulated a rule on determining the
existence of a solution to attain the joint balance, called the
principle of equality between the number of independent targets and
the number of independent instruments. Once Tinbergen's rule is satis-
fied, all the policy variables can be set at the necessary levels and

all targets achieved simultaneously.

Defining external balance in terms of the current account, and
assuming that fiscal and monetary policies are equivalent methods of
controlling the aggregate demand, Meade (1951) developed a theory of
economic policy to cure internal and external disequilibrium. Two of
Meade's four cases have potential conflicts (Table 1.1). This analysis

has been widely accepted for a considerable period.

Table 1.1. Cases of internal and external disequilibrium

Disequilibrium
Internal External
Case Deflation Inflation Deficit Surplus Cures
1 X X Inflationist
policy
2 be x Deflationist
policy
3 X X Devaluation
(conflict)
4 x x Appreciation of
(conflict) exchange rate

~—
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5

In the 1960's, the problem of using monetary and fiscal policy
to achieve internal and external stability received considerable
attention. The analysis assumes that a country chooses to keep its
exchange rate fixed and chooses to avoid the use of direct controls
over trade and capital movements. Mundell, in his classic 1962
article, proposed a new theory based on the Principle of Effective
Market Classification (PEMC) which states that "each policy instrument
should be directed towards that target on which it has relatively the
greatest impact.'" Unlike the old theory of Meade, Mundell defined
external balance in terms of the current account and short term
capital flows. The latter assumed to be responsive to changes in
interest rate differentials among countries. Mundell also divided
financial policy into two separate policies: monetary and fiscal.
Under these assumptions Mundell concluded that in a disequilibrium
8ituation "monetary policy ought to be aimed at external objectives
and fiscal policy at internal objectives'", on the grounds that to do
the opposite would worsen the disequilibrium situation.

The main criticisms of Mundell's theory are (Yeager:1966, Votey:1969,
Patrick:1968, Cooper:1969):

(1) Mundell's proposal and proof are set forth as a short-run

solution.
(2) The analysis deals with one, very small country.
(3) The suggested policy mix may thus temporarily palliate a
fundamental external imbalance.
(4) The proper assignment assumes full freedom in assigning

instruments to variables. Therefore, so long as nations
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6
remain independent in their actions, some targets
could not be reached.

(5) The "comparative advantage" of instruments may vary
with the environment, the level of targets, and the
distance from the targets of the variables to be
controlled.

(6) The Mundellian model prescribes a set of policy responses

that converges on equilibrium even when the policy
makers have limited knowledge of the economic system.
However, uncertainty about the analytical relationship
linking instruments and targets can also lead to inef-
ficient use of instruments.

(7) The analysis is mainly static. No account is taken of

the speed of adjustment of the system, the effect of
a proper policy assignment on growth, or cyclicity.

Attempts to remedy the shortcomings of Mundell's analysis under
fixed exchange rate have been undertaken. Cooper (1969), Patrick
(1968) and Votey (1969) extended Mundell's theory to a two-country
Case with emphasis on the interdependence of the economies.

Cooper's work (1969) is mainly concerned with the gains from
Coordinating the instruments of economic policy both within and
between nations. He found that as the economic interdependence
increases, the effectiveness of decentralized policy making a la
Mundell will decrease, and the case for coordination of policy making,
for directing all the policy instruments at all the targets, becomes

more compelling. The analytical framework used in his study is
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7
similar to that introduced by Tinbergen (1952), involving targets and
instruments of economic policy.

Patrick (1968) studied the stability of Mundell's assignment
proposal for a two-country model under various assumptions: common
balance-of-payments, passive responses from Country II, active responses
from Country II with international cooperation as well as conflicting
targets. He concluded that the explicit inclusion of the rest of the
world does not invalidate Mundell's theory; however, the other compli-
cations introduced by the assumptions of active responses from Country
II raise the possibility that Mundell's conclusions are inappropriate.

Recently, Patrick (1973) reexamined the convergence of assignment
for a decentralized system using McFadden's criteria for stability
(McFadden:1968, 1969). He discovered that for the two targets and two
instruments case the minimum information necessary to establish con-
vergent policy in a centralized system is virtually identical to that
necessary to establish a convergent decentralized system.

Votey (1969) extended Mundell's analysis in two senses: first,
Votey's model allows reactions from the rest of the world; and secondly,
it is dynamic in that it adds a production function and allows for
accumulation of the capital stock over time. Then, he studied the
effects on stability, cyclic response, and growth from applying
Mundellian policy, for the cases of a simple, open-economy, one-country
model and of a two-country model. The main conclusions of Votey's
study are:

(1) A prolonged solution based on Mundellian policy requires
a higher degree of sensitivity of capital flows to

interest rate differentials than Stein's (1973) results
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8
would indicate if interest rates are to be kept
within the range of past movements.

(2) 1f there exists international cooperation, with
higher rather than lower growth rates as the goal
of all parties, the adoption of Mundellian policy
leads to a choice of action which may stimulate
growth.

(3) International cooperation with respect to the
establishment of interest rates can lead both to
a more favorable balance of payments and more
favorable rates of growth.

(4) Within the confines of Votey's model it appears that

cyclicity is not a problem associated with the
adoption of Mundell's solution.

In spite of the above results, Votey is not an advocate for the
adoption of Mundellian policy. He recognized that monetary policy is
a most important tool for achieving domestic goals and its abandonment
to the external problem is too large a price to pay. Furthermore, the
lags which must be accepted in the effectiveness of fiscal policy both
in initiating action and in achieving results makes it unacceptable
as the sole tool of domestic policy. To these two objections to the
adoption of Mundellian policy, we would add a third one: It is not
likely that the fluctuations in interest rates necessitated by foreign
balance can be exactly offset in the domestic economy by government
expenditure to the extent that the sectoral imbalances do not occur,

at least without some very selective countermeasures.
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9

Another extension of Mundell is the recent work by Krainer
(1973). He incorporated the production, investment, and financing
decisions of multinational firms into a macroeconomic model. This
provides a better understanding of how factor endowments influence
the structure and interrelationship of trade and investment and how
this might influence the impact of monetary and fiscal policies on the
goals of full employment and equilibrium in the balance of payments
in a fixed-exchange-rate world. He concluded that monetary and fiscal
policies have different effects in resource rich and resource poor
creditor countries. However, his model is fundamentally static as
are all the previous ones with the exception of Votey's.

1.2, on the Application of Optimal Control Theory
to Macroeconomic Stabilization Policy

In the 1960's optimal control theory found substantial applica-
tions in economics because of increasing interest in dynamic decision-
making. This was facilitated by the development of quantitative
econometrics and of computers. Numerous applications of control theory
have been found in macroeconomics as well as in microeconomic fields,
such as growth models, planning models for sectoral allocation of
resources, short-run economic stabilization models, consumer choice
Problems, dynamic models of investment and pricing by firms, portfolio
analysis models, and pollution control problems (Kendrick:1971,
Park:1973).

This section surveys studies on optimal planning for economic

stabilization via optimal control techniques.
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In the early fifties Tustin (1953) noted that the problem of
determining macroeconomic policies is a feedback control problem. Work
along this direction was also done by Phillips (1954, 1957). He proposed
a number of stabilization policies and considered the stability proper-
ties of the system when these policies were implemented. In particular,
he showed that the application of certain types of stabilization
policies to multiplier-accelerator macroeconomic models could result in
undesired oscillations and even instability in economic activity. These
results are also found in other studies (Baumol:1961, Chow:1968,
Allen:1967). However, Phillips' analysis was purely descriptive in
the sense that while the alternative policies he considered were
plausible, they were not derived from any optimizing behavior. Since
that time attention has shifted to more normative questions and to the
study of optimal stabilization policies.

Van Eijk and Sandee (1959), Holt (1962, 1965), and Theil (1964)
applied a more modern analysis to macroeconomic systems without
correlating the analysis with the control system aspects of the problem.
Their works have generally related to the derivation of linear decision
rules of the type first derived by Simon (1956). These decision rules
minimize the distance between actual and desired levels of the target
variables, i.e., the social welfare function is quadratic in form. But
neither Holt (1962) nor Theil (1964) used modern control theory to
derive their decision rules.

Recent advances in control theory have led to the development of
hew, more convenient techniques than the calculus of variations:

Pontryagin's maximum principle (Pontryagin et al.:1962) and Bellman's
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11
dynamic programming (Bellman:1957). As a result of these developments
it is now known that with the assumption of quadratic utility functional
and a linear model it is possible to obtain the optimal policy as a
linear feedback law. This is a particularly convenient form in which
to obtain the solution.

Deterministic control theory has been applied to macroeconomic
models by Buchanan (1968), Sakakibara (1969, 1970), Sengupta (1970),
Pindyck (1972, 1973), and Turnovsky (1973). They all used a quadratic
welfare function and linear deterministic model.

Buchanan (1968) showed that modern control theory is applicable
to the problem of economic policy determination for domestic stabili-
zation of macroeconomic systems. Sakakibara (1969, 1970) integrated
demand and foreign sectors to an ordinary growth model and applied
dynamic optimization to evaluate actual economic policies (unemployment
rates and investment - GNP ratio) for the United States and Japan.

He found that growth policies have been too conservative while the
movement of stabilization tools has been too erratic for 1952-1967.
For Japan the growth policy in the 1960's was quite successful while
that of the 1950's was too conservative. Both Sengupta (1970) and
Turnovsky (1973) applied optimal control techniques to the stabiliza-
tion of the deterministic Phillips' multiplier-accelerator model.
Pindyck (1972, 1973) applied the deterministic control theory to study
the optimal time path for the policy variables, using a linear econo-
metric model of the U.S. economy. His analysis provides empirical

measures of the trade-off between unemployment and inflation.
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However, the above studies are restrictive in three senses: the
optimal control problem has been completely deterministic, the cost
function is quadratic, and the econometric models used are linear.
Recently, some attempts have been made to remedy these shortcomings.

Our knowledge of the economy is incomplete; the coefficients of
an econometric model are themselves random variables, and each equation
in the structural form of the model has an implicit error term associ-
ated with it. To cope with uncertainty, stochastic optimal control
theory has been introduced. Chow has shown that there are two gains
from the optimal stochastic control policy: the gain of the optimal
stochastic control over the optimal deterministic control and the gain
of the optimal deterministic control over the deterministic control
rule of a constant growth rate for each policy variable (Chow:1972b).
At the extreme, if the error terms are additive, uncorrelated normal
random variables, the cost functional is quadratic and the system is
linear, the principle of "certainty equivalence" (known as the "Sepa-
ration Theorem" in the control literature) allows the stochastic
control problem to be reduced to one that is essentially deterministic
(Theil:1957, Wonham:1968, 1969, Sorenson:1968). The optimal control
becomes a function of the expected value of the state vector, and if
there is no measurement noise, the solution for the optimal control is
the same as for the deterministic problem (Chow:1972b, 1972c).

Paryani (1972) has applied the tools of stochastic control to
derive an optimal control policy for the U.S. national economy. He
found that the optimal control variables differ from the actual values

of these variables dhring the period 1954-1963, suggesting the use of
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13
more flexible control policies by the decision-makers to reach the
internal balance.

Instead of additive stochastic disturbances, Turnovsky and
Henderson (1972, 1973) introduce stochastic parameters in a somewhat
specialized dynamic context.

Benjamin Friedman (1972) extends Theil's stochastic optimal con-
trol approach to economic policy to the case where the welfare function
may not be quadratic but is approximated by several quadratic segments.
It is an attempt to solve dynamic optimization problems with more

general cost functions.

Stein and Infante (1973) have sought optimal stabilization policies

which drive the quadratic cost of deviation monotonically to zero
instead of minimizing the cost.

Finally, the most serious restriction is that of a linear model.
Most econometric models are at least quasi-linear in structure, but
sometimes the more interesting aspects of their dynamic behavior arise
from non-linearities. Recently, several studies on the application of
optimal control theory to non-linear macroeconomic models have been
conducted (Livesey:1971, Holbrook:1972, Norman:1972, Shupp:1972,
Haurie and van Petersen:1973).

In spite of these efforts, further research needs to be done on
the development of stochastic, non-linear and non-quadratic optimal
control theory and its application to macroeconomic stabilization
problems.

This survey of the literature shows that:
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(1) The problem of quantitative economic policy for
internal and external balance has been basically
static with the one exception of Votey's study.
(2) Optimal control theory has been mainly applied to
the problem of domestic stabilization. No account
is taken of the regulation of balance-of-payments
targets, of the interdependence between countries
and of the repercussion effects when more than
one country is considered.
Therefore, the next three chapters will attempt to bridge this
gap (Thai Van Can:1972) by applying optimal control tools to Votey's
one- and two—-country macrodynamic models to derive optimal policies

for internal and external balance.






CHAPTER 11

ONE-COUNTRY MODEL

This chapter deals with a two-target and two-instrument case.
Both fiscal and monetary authorities of Country I act to attain full
employment and balance-of-payments equilibrium while Country II is
assumed to be passive with respect to its targets of internal and
external balance. To find the optimal policies for internal-external
balance in Country I. First, Votey's one-country econometric model
will be presented (Votey:1969). Secondly, the one-country optimal
control problem will be formulated in terms of a linear-quadratic
(L.Q.) system to find the optimal control solution which minimizes
the quadratic cost function subject to the constraints of a linear
dynamic system. Pindyck's and Chow's approaches (Pindyck:1973,
Chow:1972a) will be used to put the reduced form of Votey's econometric
model into the "state-space" system. Next, Chow's formulation will
be used to derive the optimal solution both analytically and numeri-
cally with reference to the United States. Finally, the optimal solu-

tion will be appraised and amended.

2.1. Presentation of Votey's Model

The main assumptions of the one-country model are:

15
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16
(1) The export demand is given. It is assumed to grow
at the same rate as it has in the past and is
treated as an exogenous variable.
(2) The foreign interest rate is given. This assumes
the passive cooperation of Country II such that
Country I may adjust its own rate to achieve the
external balance without any foreign interference
or countermeasures.
(3) The short-term capital flows are sensitive to the
interest rate differentials between the two
countries.
The model has five equations and five unknowns which lead to a
determinant system. The variables are classified in three classes:

(1) Endogenous variables:

Blt: Balance of payments

Clt' Consumption expenditures
Ift: Gross investment

I?t: Net investment

Klt' Capital stock

Mlt' Imports

olt' Net capital outflow

Ylt' National income

(2) Controlled exogenous variables:

Glt: Government expenditures

r Rate of interest

1t’
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(3) Non-controlled exogenous variables:

th: Labor force

P :  Import price

P : Export price

Tyt Foreign interest rate

Tlt: Tax receipts

xlt: Exgorts

M
P

X1t

The equations are as follows:

G
(1-1) 1c =C et e e e ™t

(I-2) By =X, - M), - Op,

n
(1-3) Klt Ilt + Klt_l

G n
(I-4) I =TI+ 8, K,

(B-1) ¥ =8 5+811K ¢ +87oL1,

(E-2) - Cppmagghary FpeTye 8Ky

(E-3) My =B, 5+Byy (¥ ~T1,~84Kp )

+ 812 TTlt

(E-4)

1951

TTlt = (——) : Terms of Trade

National income identity

Balance of payments identity

Capital stock identity

Gross 1investment identity

Production function

Consumption function

Import function

n
L ™10 11 1e-17 V120904 3

Investment function
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(E-5) 01t=n10+n11(r2t-rlt) Net outflows of short term

capital
All the equations are linear functions, and none are greater than

the first order of difference.

Equation (E-1) - The output is a linear function of both capital

and labor. It embodies the assumption of perfect substitutability

between the two factors of production.

Equation (E-2) - Consumption expenditures are made a function of

disposable income, using Klein's approach in the econometric model of

the United Kingdom (Klein:1961). Disposable income is GNP, less capital

depreciation (G*Klt where §, 1s the rate of replacement) and also less

taxes (Tlt) which are determined by a linear function of the form:

Tie ™ 210 * M1 Yaee

Equation (E-3) - Imports are simply a function of disposable income

and the ratio of foreign to domestic prices.

Equation (E-4) - Net investment expenditures, that is, net addi-
tion to the capital stock, are assumed to depend on money output, the

capital stock, and the user cost of capital which prevail at the time

the investment decision is made. In Votey's formulation, the user cost

of capital has two principal components: the opportunity cost of

funds tied in the capital, plus the cost of the actual capital consumed.

This can be written in the form: q(G* + r), where q is the price of

capital goods, 8, 1s the rate of replacement of capital stock, and r
1s the rate of interest, which represents the opportunity cost of
funds. To simplify the model, it is assumed that relative prices

within the country do not change, in which case q = 1 over time.
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Equation (E-5) - The capital transfers are assumed to be sensi-
tive to interest rate differentials. Two results are available:
Stein's results (or minimum results) dealing only with short term
capital movements, and maximum results dealing with all capital trans-
fers as a direct function of the existing differentials. Stein's
results will be chosen for the analysis of short-run stabilization.

2.2. Optimal Control Problem Without Constraints
on Instrument-Variable Magnitudes

It is assumed that the Country I has two instruments: government
expenditures Glt and the short-run interest rate rlt' It is also
assumed that its goal is to attain simultaneously internal and external
balance, that is, a situation of full employment without inflation
combined with balance-of-payments equilibrium. The exchange rate
throughout the study is assumed to be fixed; therefore, the decision-
makers of Country I try to steer their GNP and balance of payments
close to the targets by choosing the appropriate combination of monetary
and budgetary measures (r¥,» Git)-

The external balance is represented by the balance-of-payments
equilibrium, that is, Eit = 0 while the internal balance is determined
by the production function: Y. =850+ 891 Kpp ¥ 855 Ly, (2.1)
which gives the potential output. It is noted that the capital stock
K. which is an endogenous variable in the reduced form of Votey's
econometric model also figures in the production function for the
determination of the potential output. To overcome this problem of

"double entry" of K ,» the following transformation in the variables

of equation 2.1 is needed:
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Yie 811 8¢ = %0 * %2 Uit (2.2)
Let
Yie = Y1e ~ %11 Kt 2.3)

be the output net of capital accumulation. Then equation 2.2 becomes:

Y. =6, +6

1t - %10 " %12 L9¢ (2.4)

which determines the internal balance. To apply the optimal control
theory, the one-country econometric model has been put into the

reduced form (see Appendix A-1):
=Ay +Bu +Cu_,+Dz (2.5)

where d means 'defined as" and
d ]
yt'[i B, , K ]
1t’ "1e’ 1t

d [}
u =
t [Glt’ r1t]

z ¢ '
t [1’ Ther Tres Xe0 rzc]
A1 04y, Q,; 0 045 Dyy Dyp D33 @y O
A= 1491 0 Ay3 |3 B=] Qyy nyy| 5 C=[ 0 Ayg |5 D=] Dy; D, Dyy 1-Qyy Ny
Yy 00y, 0 0 0 vy, a6 0 0 O 0

Given the structural form (2-5) the one-country optimal control
problem can be formulated in either Pindyck's or Chow's terminology.

Both lead to the same result. However, Chow's method will be applied
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to derive the optimal solution first analytically then numerically,

using the U.S. data for the period 1961-1970.

2.2.1, Formulation of the Problem
Given the reduced form of Votey's one-country model to use

Pindyck's approach the following transformation to equation 2.5. must

be made:
Ve ~ B ut-D z, = A(yt_l-B u._1” D zt-l) + (AB + C)ut_1 (2.6)
+ AD zt-l

to get Pindyck's '"state-space' system (see Appendix A-2, equation A-
2.1a). In other words, the "state-space' system for the one-country

optimal control problem is given by:

P_.P P P P P
X X

— pmp FB ou _ t C z,_, 2.7

where:

ad oy Bz Shy s o T ote e |
[ 1t’ °P1e° Mt e (3x1) state vector;

uP d g '

t-1 Uy [Glt:-l’ rlt-l] is the (2x1) control vector;

P d d '

2 =2z = )
t-1 -
t-1 [l,TTlt_l, Tyee1? Tree1 Xpeo1 th_l] is the (5x1)

exogenous variable vector;
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An 0 A A1%1 s
fFdzd Ay O Ay ;39a+cd A0, Ay | s
|11 0 ay, T11%1 12
A11P11*A13 236 AP AP A% O
¢im - 82101123 836 A21P12 APz A% O
b*11D11+834 36 YuPi2 YiPiz Y@ O

P
are known matrices. Since R =0 under the assumption of no constraints

on instrument-variable magnitudes, the cost functional to be minimized

is:
P N
J = P _P
(x )'Q (x -x__.) (2.8)
t=1[ t-1" t -1 -1 t-1]
where
P d '

%eo1m Ve P11 T [int-l’ BBre-1’ Kch-i] 1s the nominal

or ideal state variable vector;

9, 0 0

P

Q =0 9, 0O with q;, and q,, are weights attached to
0 0 0 the respective quadratic deviations

)2 and (BB

(o™ Moo 16-1"BBy - 1)

Unlike Pindyck's approach, Chow's state-space system (see equation
A-2.17) does not require any transformation to the reduced form (2.5).
In fact, in Chow's terminology the dynamic system of the one-country

OoPtimal control problem is given by:
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c cec cec cc
= + .
X Axt_1+But Czt (2.9)

] L
cd l d - .
vhere x_ [yt :ut] = [Ylt’ Bi.s Ko Gpps rlt] is the (5x1) vector

L}
of current endogenous and controlled variables; uﬁ gut= E;lt’ LI is

the (2x1) vector of controlled variables; z =z, [1, TTlt’ Tlt’ Xlt’ thJ

is the (5x1) vector of exogenous variables;

AT A, O A, 0 AL 5| Q, ©
c ' d 0 A. 0 A c
A=l .. 451 23 25 | 3Bl Q%1
)
\ T3 0 3y 0 g, o 0
o o0 0 0 0 0 o 1 1 0
]
. 0 0 0 0 0 0 1
L 4 - L E = — L
] D;; Dyp Dy3 Q@ 0
D Dyy Dy Dy3 17Qp;  -myy
Cc= |---1 2 336 0 0 0 0 are known matrices.
0 0 0 o0 o0 0
I 0 0 o0 0 0

Since there are no constraints on the policy-variable magnitudes, the
weight matrix in the welfare cost function (see equation A-2.18 in

Appendix A-2) has the form:
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a; 0 0 0 0
Pl
Q , 0 0 1,, 0 0 0
Q%= ———:-——‘-‘ 0 0o 0 0 0
| 0 0 0 0 0
\
0 + 0 0 0 0 0 0
L J - -
instead of
— l - .
‘ 7 9, 0 o0 o0 0
P
Q 10 0 9y 0 0 0
C=F-----1¢ |o o 0 0 o0
o ' & 0 0 0 r,. 0
\ 11
\
0 0 0 0 r
i ; j N 22

where 91 and q,, are weights attached to the respective quadratic

deviations from the internal and external balance, i.e., weights
= - 2
lt_Ylt lt_Blt) . The weights r, and r,, are

attached to the respective quadratic deviations from the limits set

attached to (Y )2 and (B

on fiscal and monetary variable magnitudes, i.e., weights attached to

-T. )2
1t "1t’ °

Appendix A-3 shows the equivalence of these two approaches. How-

- 2
(Glt-Glt) and (r

ever, this study will use Chow's approach to derive the optimal policy
mix for internal and external balance for two reasons. First, Chow's
state-space system formulation is more straightforward and simpler to
apply, given the particular structural form of Votey's model, than
Pindyck's formulation, which requires a transformation of variables
before applying his result (see equation A-2.16). Secondly, Chow's

method just requires basic matrix manipulations even when constraints
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on policy-variable magnitudes are introduced, while Pindyck's method
requires the determination of Riccati and tracking equations (see
Appendix A-2) in the case of RP#O.

Whether formulated in Pindyck's or Chow's frameworks, the one-
country optimal control problem is typically a linear quadratic tracking
problem. However, it is restrictive in two senses. First, the
quadratic form of the welfare cost function is subject to criticism
because it assumes that the deviations from either side of the targets--
negative as well as positive deviations--are of equal cost. However,
in the real world there is no such symmetry in the sharing of the burden
for the adjustment of the balance of payments equilibrium; for example,
along this critic Friedman (1972, 1973) has made a contribution to
this problem by introducing a 'piece-wise quadratic criterion function"
which divides the range of possible values for each endogenous variable
and each policy variable into three regions: values within the middle
region are assigned zero cost, but values within the two extreme
regions are penalized quadratically but asymmetrically. Still, the
criterion function remains quadratic, and further research needs to be
done in this field.

The second criticism is of the linear form of the econometric
model, which is a very crude approximation of the real world. However,
the disadvantage of a linear quadratic framework is compensated for by

the computational advantages (Pindyck:1973).
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2.2.2. Optimal Solution for Internal
and External Balance

Chow's optimal solution is given by A-2.20 in Appendix A-2.

After substitutions and computations (see Appendix A-4), it

becomes:
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It is noted that the optimal control solution in equations 2.10 or

2.11 is independent of the weights attached to the deviations from the

targets. This means that internal as well as external balance affects

the optimal policy mix equally, and no trade-off between these two

targets exists. The optimal path is obtained by substituting equation

2.11 into the dynamic system (equation 2.9):
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Next, the decision-makers of Country I may wish to evaluate the
performance of the economic system with respect to the targets. This

can be done by measuring the welfare cost function (see equation A-2.18):

N
aC 1
J 22

ck_c,,.c, c* _c
I [(xt-xt) Q(x, —xt)]

After substitutions and computations (see Appendix A-5) it is found
that 3°=0.

Several conclusions can be derived from this analysis.

First, Tinbergen's problem of quantitative economic policy
(Tinbergen:1954) in the theory of economic policy is nothing but a
lLinear tracking problem in the theory of optimal control when time
intervenes. In other words, given (a) the structure of an economy,
(b) the target variables and their numerical values, and (c) the
nature of the instrument variables, the problem consists in finding
the numerical values of the instruments as a function of the targets
and certain structural data such that the optimum policy is obtained.
The optimal control tools provide a systematic procedure to solve the
dynamic problem of quantitative economic policy.

Second, unlike Mundell's "division labour" proposal (Mundell:1962)
the interdependency of economic policies prevails under the auspices
of the optimal control approach; that is, the values of the instrument
variables are dependent, generally speaking, on all target sets and
Camnot be considered in isolation. However, this study, because of the
Particular structure of Votey's one-country model, notes that the
°Ptimal fiscal policy G*, is governed only by the full-employment

1t
target Ylt and, in turn, the latter target can only be obtained by
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the correct fiscal policy, while the optimal monetary policy rit has
to obey the two targets together. The second target iit’ or the
balance-of-payment equilibrium, depends on both instruments, but once

Gft has been fixed it can only be taken care of by r It is in this

Te:
sense that we can conclude along with Mundell that the interest rate

is assigned to the maintenance of balance-of-payments equilibrium,

and government expenditure is assigned to full employment (Mundell:1962,
Patrick:1968). This proper assignment leads to a stable system
(Votey:1969).

Third, "Tinbergen's Rule" is verified within the framework of
optimal control theory. If the number of independent variables to be
controlled--the number of non-zero diagonal elements in the weight-
matrix Qc--is equal to the number of independent instruments, the
variables will be on target exactly with 3%=o0 (Chow:1972c) and all the
unknowns of the policy problem are solved. The optimal solution is
unique and independent of the weights attached to the quadratic devia-
tions from the targets. However, the optimal solution may not be
feasible since a set of targets together with a choice of instrument
variables in a given economy may be called inconsistent (Tinbergen:1954)
if it requires values of the instrument variables which are declared
inadmissible for practical consideration by certain constraints on the
policy-variable magnitudes. Section 3 will deal with the appraisal
and amendment of the optimal solution, if necessary, for a particular

economy such as the United States.
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2.3. U.S. Optimal Policies for Internal and External
Balance: Appraisal and Amendment of the
Optimal Solution

Given the analytical result for the one-country optimal solution
to the problem of internal-external balance (Appendix A-4), Votey's
numerical values for the structural coefficients and historical data
will be used to derive the U.S. optimal policy mix for the period
1961-1970. However, the optimal solution is not feasible for technical
and practical reasons, such as negative values of interest rates.
Therefore, limits on policy-variable magnitudes have to be set
(Tinbergen:1954), and the amendment of optimal solution is required.

First, Votey's numerical values are substituted for the estimated
structural constants (Votey:1969) into equation A-4.6 and the dynamic

system equation A-2.18. The computation results are:
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(2.14)

Given these two equations, the optimal stabilization policies

(G*t’ rit) for the United States over 10 periods from 1961 to 1970 can

1
be derived

with the initial conditions given by:

383.37

4.17

508.69
94.9

0.0215
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where (0) refers to 1960. All these values are historical. The nominal

values of the state variables are given by Table 2.1.

Table 2.1. Nominal values for state variables - U.S.: 1961-1970

Period = _ _ _ _
(Year) Y1e Bt Kie G1e T1t
1(1961) 283.2452 0 523.9507 98.7 0.0215
2(1962) 283.8683 0 539.6692 102.65 0.0215
3(1963) 288.7687 0 555.8592 106.76 0.0215
4(1964) 293.8258 0 572.5349 111.03 0.0215
5(1965) 299.3091 0 589.7109 115.47 0.0215
6(1966) 304.5954 0 607.4022 120.09 0.0215
7(1967) 310.9349 0 625.6242 124.89 0.0215
8(1968) 316.5227 0 644.3929 129.89 0.0215
9(1969) 324.5467 0 663.7246 135.09 0.0215
10(1970) 332.5143 0 683.6363 140.49 0.0215

The potential output net of capital accumulation (§it) is determined
by the labor force. The nominal balance of payments is assumed to be
the balance-of-payments equilibrium that is ﬁit=0. Also, it 1is assumed
that the nominal capital stock and the nominal government expenditures
grow, respectively, at 3 percent and 4 percent per annum from their
initial 1960 values, while the nominal interest rate ;it is fixed at
its initial 1960 value.
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Table 2.2. Historical values for exogenous variables - U.S.: 1961-1970

Period

(Year) 1 TTlt Tlt X L
1(1961) 1 1.0000 144.63 20.99 0.0299
2(1962) 1 1.0101 157.03 21.68 0.0391
3(1963) 1 1.0000 168.76 23.28 0.0378
4(1964) 1 0.9902 174.07 26.63 0.082
5(1965) 1 1.0000 190.06 27.53 0.0454
6(1966) 1 1.0094 213.33 30.45 0.0496
7(1967) 1 1.0280 228.93 31.63 0.0595
8(1968) 1 1.0183 263.31 34.66 0.0624
9(1969) 1 1.0268 296.70 37.99 0.0781
10(1970) 1 1.0083 302.00 43.23 0.0444

The U.S. optimal stabilization policies for 10 periods (1961-1970)

are obtained by the following steps:

¢ 3)

(2)

Compute G* (1) and r* (1) from equation 2.13 using the initial

conditions: [ Y (0), B 0), K ), G 0), ry (0)] and

the exogenous variables of period 1 given by Table 2.2.
]

Compute[Yi 1), Bf ), KI (1), Gi‘ 1), r’l* (1)] from equa-

tion 2.14. Now [?*1 (1), Bf (1), k¥ (1), 6§ (1), r¥} (1)]

]
can be used in equation 2.13 to compute [Gi 2, rf (2;] .

which can be used in equation 2.14 to compute
\J
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[?i ), Bi 2), Ki 2), GI 2), ri (2)] , and so on. Continue the
\J

process until all of the control vectors [G{(t), ri(t)] , t=1,...,10

and all of the state variable vectorsl:?I(t), BI(t), Ki(t), Gi(t),

'
ri(t)] » t=1,...,9, have been computed.

These two steps for obtaining computational optimal control solu-
tion require only basic matrix manipulations--additions, subtractions,
multiplications and small inversionms.

If the cost functional J¢ (equation A-2.18) does not penalize for
policy-instrument deviations from the nominal, the penalties 94 and
9y, for deviations of the two endogenous variable §1t and Blt from their
nominal paths do not appear in the analytical optimal control solution
(equation A-4.6). Therefore, the optimal policy mix for attaining the
joint balance 1is unique and the trade-off between the targets does not
influence the optimal policy formulation. This comes to confirm
Tinbergen's proposal on the uniqueness of the solution whenever the
number of independent instruﬁents is equal to the number of independent
targets. The results are presented in graphical forms (Figures 2.1
to 2.4) with time on the horizontal axis so as to easily observe the
general form and characteristics of the optimal solution. |

Next, the effectiveness and performance of the U.S. optimal policy

mix will be appraised. In optimal control theory, the values of the

instrument variables become the unknowns, dependent upon the predetermined

desired values of the target variables. Therefore, the criterion of
"effectiveness" of a particular policy instrument with respect to a

Particular target variable is different than the one used in the

-
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Figure 2.1. U.S. Government expenditures: optimal paths compared
actual and nominal paths (one-country model).
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Figure 2.3. U.S. optimal GNP net of capital stock compared
with the actual and potential GNP (one-country model).
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"traditional" or multiplier approach (Tinbergen:1954). In other words,
a policy instrument generally is more effective the smaller the change
in the policy variable required to bring about a given change in the
target variable when all other targets are held constant, e.g., the
smaller ————l—=r—3 the more effective G*¥ . Within the confines of
scx_/s% le
1t" "1t
Votey's model, the matrix

~ —

Row Ylt Blt
1 0.3810 0
2 0.0028 0.216

of equation 2.13 shows that the fiscal policy or government expendi-
ture is the most effective instrument to regulate employment since it

is8 governed only by the target ?1

labor force. The optimal path for the fiscal instrument is derived for

¢ which, in turn, is determined by the

the period 1961-1970. However, as Figure 2.1 shows, the optimal path
is far below the actual or historical path. This means that during the
period in question, fiscal policy was overused by the U.S. policy-
makers and, as a result, the target of internal balance was overshot.
Figure 2.3 shows that the actual or historical path of the GNP fluctu-

ates above the nominal path ?1

employment without inflation. Therefore, it is not surprising that

e which represents the situation of full

during the last decade a troublesome inflationary spiral has threatened
the U.S. economy. This is because of an excess demand created by a

boom in government expenditures.
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Unlike the fiscal policy Git, the optimal monetary policy rit has
to obey both internal and external balance. But when using the
"effectiveness" criterion described previously, the monetary policy
is more effective in maintaining balance-of-payments equilibrium than
in regulating full employment. Therefore, once the fiscal policy has
been set at the optimal level, a level which brings the economy close
to a situation of full employment without inflation, the maintenance
of external balance can be taken care of only by the monetary policy.
Equation 2.13 permits the computation of optimal path for the monetary
instrument. It is found that the simultaneous achievement of internal
and external balance would require high negative values in the short-
term interest rate (Figure 2.2). Therefore, a limit or a so-called
boundary condition (Tinbergen:1967) has to be set on this policy-
variable magnitude to indicate that negative interest rates resulting
from the application of optimal control theory to the U.S. economy are
technically impossible.

Boundary conditions and their violation by the optimal policy mix,
the so-called inconsistency of the optimal policy, require the problem
of quantitative economic policy to be reformulated (Tinbergen:1967).
Within the framework of optimal control theory it can be done by
penalizing the deviations of the control variables from their nominal
values, which represents the limits on acceptable instrument variable
magnitudes.

For the one-country problem, the newly defined matrix Qc of the

cost funcfion, including the boundary conditions, 1is:
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r | - -
Q¢ ' o a; O 0 0 0
c — - - - - - =
Q= ' 0 49 0 0 0
K ' gP 0 0 0 0 0
]
0 0 0 r, O
0 0 0 0 £y,
L .

The nominal values for the monetary and fiscal instruments to be
tracked are given in Table 2.1.

A sensitivity analysis of the weighting factors on components of
only the control vector is performed. Since the optimal control solu-
tion does not depend on the weights 9, and 955 it is assumed that
through the performance of seven experiments, both are equal to 1, for
reasons of simplicity. The cost function for all the experiments is

given in Table 2.3, and the results are shown in Figures 2-1 to 2.5.

Table 2.3. One-country model: penalty weights attached to the
deviations of state and control variables from their
nominal values

Run 33 492 33 ™ 92
0 1 1 0 0 0

1 1 1 0 0 10°
2 1 1 0 0 5x10°
3 1 1 0 0 10%
4 1 1 0 10° 10°
5 1 1 0 5x10° 5x10°
6 1 1 0 10° 10°

7 1 1 0 5x10° 108
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Results

Since only the optimal monetary policy is not feasible because of
the negative value of interest rates, the first three experiments are
assigned increasing penalty costs for deviations of the monetary
instrument from the nominal value, fixed at a rate of 2.15 percent,
while government spending is free to fluctuate to achieve the internal
balance. Figure 2.5 shows that the higher the penalty cost, the closer

the simulated optimal path for r is to its nominal path. But the

1t
price paid is that the balance-of-payments equilibrium is no longer
attained, and within the context of Votey's model, the more the interest
rate is constrained to the limit of 2.15 percent, the higher the

surplus in the balance of payments is (Figure 2.4). In summary, the
joint internal and external balance cannot be achieved for the U.S.
economy during the period 1961-1970 once the deviations of the monetary
policy from the nominal path are penalized. Since the interest rate

is the most effective instrument with respect to the external balance
target, the latter has to be dropped.

Unlike the optimal monetary policy, which in the first three
experiments gets closer and closer to its nominal value, the optimal
path for the fiscal policy diverges strongly from the nominal path
(Figure 2.1). This means that a feasibility trade-off exists between
the two components of the control vector. However, even if the degree
of freedom given to the fiscal tool allows internal balance, federal
budget constraints as well as political constraints could prevent a
large change in government spending which might be required for feasi-

bility and stability in the monetary instrument.
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In the last four experiments, limits on both policy-variable
magnitudes are introduced. Figures 2.1 and 2.5 show the feasibility
trade-off between the two instruments. The tracking of government

expenditure to the nominal Glt 1s sensitive only to the increasing
value of the penalty costs on deviations of monetary policy from 2.15
percent, while the tracking of the nominal interest rate depends on
the weighting factors for both instruments. It is noted that for the
same penalty costs Tyys the effectiveness of the interest rate in
tracking ;ic diminishes with introduction of limits on government
expenditure magnitudes. Furthermore, neither the internal nor the
external balance target is achieved (Figures 2.3 and 2.4). In fact,
within the confines of Votey's model, the U.S. economy must be in a
situation of deflation combined with a balance of payments surplus for
the monetary and fiscal policies to be feasible. Does this mean that
the initial conditions for the one-country optimal control problem are
far away from the "ideal" conditions or the arbitrary set of nominal
values for monetary and fiscal policies to be tracked need to be more
inflationist, or simply the policy for internal and external balance
is not feasible within the optimal control framework due to political,

social and ethical constraints established in any given economy? No

definitive answer can be given.

Conclusion
Under the assumption of constant price, fixed exchange rate and
passiveness on the part of the second country, i.e., fixed foreign

interest rate, it is found for the case of one-country that:
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The solution for simultaneously attaining internal
and external balance can always be determined via
the optimal control techniques if Tinbergen's
principle on equality between the number of inde-
pendent instruments and the number of independent
targets is met, and if there are no constraints on
instrument-variable magnitudes. There is no
guarantee that this optimal policy mix will be
feasible in a given economy.
Policy inconsistency in Tinbergen's sense
(Tinbergen:1967) arises in the U.S. economy;
that is, the optimal monetary policies to
achieve the overall balance violate the boundary
conditions or limits on interest rate variable
magnitudes that, for practical or political con-
siderations, have to be set.
One of the targets has to be dropped, and within
the confines of Votey's dynamic model the choice
of that target rests on Mundell's "division of
labor" principle. For the U.S. case, the tracking
for external balance has to be dropped at the
expense of the tracking for the nominal interest
rate fixed at 2.15 percent.
If constraints on all policy-variable magnitudes are
included in the optimal control problem, neither

the internal nor the external balance is achieved
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and a trade-off exists between attainment of the
overall balance and feasibility of monetary and
fiscal policies to be carried out toward the

given targets.

!'




CHAPTER III1

TWO-COUNTRY MODEL

CASE A: PASSIVE RESPONSES AND COMMON EXTERNAL BALANCE

This chapter deals with a three-target and three-instrument
problem: the fiscal authority of Country II acts to attain full
employment in II while the fiscal and monetary authorities of
Country I strive for both internal full employment and common
external balance. To find the optimal policies for internal and
external balance in both countries the procedure used in the one-
country model case will be repeated. After the presentation of
Votey's two-country model (Votey:1969), the two-country optimal con-
trol problem will be formulated into Pindyck's framework as well as
that of Chow. Then for reasons similar to the previous case, Chow's
approach will be chosen to derive the optimal solution both analy-
tically and numerically with reference to the United States and

Canada. Finally, the optimal solution will be appraised and amended.

3.1. Presentation of Votey's Model

The two-country model is obtained by adding to the one-country
model a second set of behavioral equations for consumption, invest-
ment, imports, production function and identities defining capital
stock and national income with Country II subscripts. Votey's

50
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two-country model is considered under the following assumptions:

(1) The foreign rate of interest is given. This assumes
Country II's passive cooperation such that Country I may
adjust its own rate to achieve external balance without
foreign interference or countermeasures.

(2) Stein's results dealing with short term interest rates
will be considered to represent the degree of sensi-
tivity of capital flows to interest rate differentials.

(3) Unlike the one-country model, the exports of Country I
will be composed primarily of imports of Country II and
will therefore be a dependent variable in the system.

(4) The value of imports of Country I from Country II is
assumed to be fixed or exogenous to the system.

The variables are: i = 1,2

Bt: Common balance of payments

Cit' Consumption expenditures in Country i

Git: Government expenditures of Country i

Igt: Gross investment expenditures in Country i
I:t: Net investment expenditures in Country i
IElt: Investment earnings of Country I from abroad
Kit: Capital stock of Country 1

L,,: Labor force in Country 1

M, : Total imports demand of Country i

M3t: Imports of Country III from I and II
Miil: Imports of Country I from Country III

olt: Net short-term capital outflows of Country I
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Rate of interest in Country i

it®
P : Import price of Country i
M

it
P : Export price of Country 1
X

it
Tit: Tax receipts of Country 1
TRZt: Capital transfer of Country II
xit' Total exports of Country i
Yit: National income of Country i

The equations are as follows:
G

(I-1) Yy, = Cyp + Ijp + Gy + My Wy +IE )My

n
(I-2) Ky =T, v K

G n
(I-3) T = L) + 6, Ky

(I-4) B, =

10 = My Mg HIE) ) - M

1t C1¢

G III
(I-5) Yy, = Cp ¥l + G+ -My ") - My,

(I-6) Ky = I, + Ky

(1-7) 1,, =1 _+§

(E-1) Y, =810 %8 Kje + 835 Iy

(E-2) C, = a (

1t %0 * -6, K

11T e~ 8 Ky
Py
(B-3) My, = By + B3 (Vy Ty = 8a K ) + By P it

E- no. -
(E-8) Tjp = Yy + V11 Yyem17Y2 9611413 K
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(E-5) 0y = Mg *+ 0y (Tyryy)

(B-6) Yy, = Sy9y; Koet6yp Loy

(B-7)  Cyp = %™y (Tpe Ty TRy 64 Kyp)

P
M
(E-8) My, = Byg*Byy (o Tor TRye ™0k Kp) * B2y (ﬁ)z"

n
(E-9)  Tpp = Yyu¥p1 Yoe-1722 C&*T) op 1¥733 Kpr

The comments on (E-1) to (E-5) have been presented in the preceding

chapter.

Equation E-6 - The output of Country II is a linear function of
both its factors of production: K2t’ L2t'

Equation E-7 - Consumption expenditures of II are a function of
its disposable income. Here the disposable income definition is
different from that of Country I and it is represented by GNP less

capital depreciation (6§ x K where §, is the rate of replacement and

2t
is assumed to be the same for both countries), less taxes and less
capital transfers of Country II (TRZt is assumed to be exogenous).

Equation E-8 - Net investment expenditures in II are assumed to
depend on money supply, the capital stock and the user cost of capital
In II. The user cost of capital in II has the same definition as that
in Country I, with the assumption q = 1 over time.

Identity I-4 - It represents the common external balance between

the two countries.
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3.2, Optimal Control Problem without Constraints
on Policy Variable Magnitudes

Under the assumption of common external balance, Country II is

passive with respect to its balance of payments, allowing Country I

to seek its balance-of-payments target unimpeded. Therefore, there
are three independent targets to achieve simultaneously: full employ-
ment in both countries and maintenance of Country I's balance-of-
payments equilibrium. To attain these targets, three independent

instruments are considered: government expenditures in Countries I

and IT coupled with a short-term interest rate in Country I, while

Country II's interest rate is regarded as fixed or given.

The external balance, as defined previously, is Elt = 0 while the
two intermal balances for Country I and II are determined by their
re H =
spective production functions: Yit 610+611 Kit+6i2 Lit (3.1)
where the subscript i stands for country i (i = 1,2). As before, to

overcome the problem of ''double entry" of Kit in the reduced form,

equation 3.1 is transformed to:

Y, -§ = . =
17011 Kgp = S4%8yp Lyp 5 1 = 102 (3.2)

Let ¥ Then equation 3.2 becomes:

1t = Y370 Koo
Yip =8 +s
io

12 Lit 3y 1 =1,2 (3.3)

which determines the internal balance for the respective country.

To apply the optimal control theory, Votey's two-country model has

been formulated into the following reduced form (Appendix A-6):
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yt = Ayt_1+But+Cut_1+th (3.4)

where

d -~ ~
e [Ylt’YZt’Blt’Klt’KZt’Glt’G2t’rlt]

I .
t [l’IElc’Mlt » Tier Taer Toer T2e-12 Taer Toer TRoer M3t]

r - - - -
A1 A 0 A A Q; 9y O 0 0 Ay ]
A1 By 0 Ay, Ay Q; Qy O 0 0 4y
X” _= °_=
A3p A3 0 Ay Ayg [3B =1 Q3 Q) npy|sC 0 0 Ay
0 Yy, 0 0 ag o o0 0 0 0 0
- - i j L )
D -
11 P12 P33 DPi4 D35 O Ay Dig Dyy Dy Dy
D
21 Dyp D3 Dy Dy O Ay Dyg Dyy Dy; Dyg
D=|Dp -
31 D33 D33 D3, D35 ~Np; A3y Dy Dyy Dy Doy
a6 © 0 0O 0O 0 0 0 0 0 0

Then, given the structural form of equation 3.4, the two-country optimal
control problem under the assumption of common external balance will be
formulateq into Pindyck's as well as Chow's framework. Since the two
a8pproaches gre equivalent (Appendix A-3), Chow's method will be con-
Sidered for the derivation of the two-country optimal solution under

t
he assumption of no constraints on policy-variable magnitudes.
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3.2.1. Formulation of the Problem
For the two-country optimal control problem formulated into

Pindyck's framework (Appendix A-2.1), the '"state-space" system is:

P P P P P P P
x, = A X _q + B u._q1 + C z._ (3.5)
|

~ ~

Pd - = d
where x, = yt-But—th [YYlt’ YYZt’ BBlt’ KKlt’ KKZJ is the (5x1)

1]
Pd_d .
state wvector; u = u [Glt’ GZt’ rlt] is the (3x1) control vector;
1
P III

d
and z, = [l’IElt’Mlt s TTlt’ Tlt’ Tops TTZt’ T2t’ TRZt’ M3t] is the

(11x1) current exogenous variable vector. AP, BP and CP are known
matrices :
~ n

A A 0 Ay A
. A1 Ay 0 Ay Ay
A=l agy Ay 00 Ay Ay

Yq1 0 0 a5 0

o Yo1 0 0 ase

r
A1191M5%1 A Yot A

A__Q..+A..Q
o 21%1"22%1  a,,0,,4,,0,, -
+C=

A31Q 7350 AgQ,145,0,, 36
Y11%: 11192

¥21%;1 Y219,
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r ,
477 0 0 0 0
0 9y, 0 0 0
(0] 0 0 0 0
(0] 0 0 0 0

- -

is the weight matrix attached to the respective quadratic deviations
from the nominal state variables YYlt-l’ YYZt—l’ and BBlt—l' Under
Chow's framework no transformation of variables for equation 3.4 is

needed, and for the two-country problem the dynamic system is the

following:
c c_c¢ cc cc
X A x, 1 + B u, +C z, (3.6)

h cd : dly. ¥

vhere [yt : “t] e Yo BeoKieo®oe CreoCoeeTre

is the (8x1) vector of current endogenous and controlled variables;
cd

u, = [Glt ’GZt:’rlt] is the (3x1) vector of controlled variables;

cd 111
zZ = ]_’
. [ IE, M, ,TT, ,T r2t,r2t_1,TT2t,TZt,TRZt,M3t] is the (11x1)

1t’ 1t 1t’71t?

vector of exogenous non-controlled variables; and AS, B and c® are

known matrices:
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and under the assumption of no limits on instrument variable magnitudes
the weight matrix Qc in the welfare cost function equation A-2.18,

Appendix A-2, is:

B ! ] 'qn o 0o o 0 0 0 0
) o q, 0 0 0 0 0 O
¢ | o 0 0 a0 0 0 0 O
=L __..2.._]l=]o o o o 0o o o o
o 0o 0 0 O0 0 0 0
o : 0 o 0 o 0 0 0 0 O
: 0o o0 o0 o0 0 0 0 O
: o o0 o0 0 O0 0 0 O
i : 1 L i

instead of

| o -
F.Tquooooooo
(]
0 g, 0 0 0 0 0 0
P‘
Q" , o0 00q23ooooo
Q°- '
*L_ , =0 o o o o o o0 o
| o 0O O O o0 o0 o0 o
\
P
o
:R o 0o o0 o0 0 =r; 0 0
) o 0o o o 0 0 r, O
\
L, 6o 0 0 0 0 0 0 r,,
(I S L
whereq

11° 9 and q33 are weights attached to the quadratic deviations

from the situation of full employment in both countries and from the
S (2

€omon  external balance, 1.e., weights attached to (ilt-ilt) ,
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(T2 ~¥2e
weights attached to the quadratic deviations from the limits set on

2 = 2
)", and (Blt_Blt) » respectively, while Ti10 To and ryy are

both countries' fiscal policies and Country I's monetary policy, i.e.,

= |2 = .2 — 2
weights attached to (Glt-Glt) , (G2t-G2t) , and (rlt—rlt) .

3.2.2. Optimal Solution for Internal
and External Balance

Using Chow's result (equation A-2.20) for the optimal control

(Appendix A-2), the optimal solution for the two-country problem is

(Appendix A-8):
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To evaluate the performance of the economic system with respect to the

target set, compute the optimal welfare cost:

N
Falr x)CetxS
=gt Ot t

It is found that =0 (Appendix A-9).

The results of the two-country optimal control problem under common
external balance assumption (Case A) are not fundamentally different
from those obtained in the one-country problem of Chapter II. The
concluding remarks which can be drawn from these results are:

(1) The economic interdependence of the two countries implies

the interdependence of optimal policies. However,
within the confines of Votey's model, the internal
balance in both countries are reached by the fiscal
policies of both countries while the overall inter-
dependent balance--full employment without inflation--
is attained by monetary policy in Cduntry I. The
relative impact of these three instruments on the
three targets depends on the coefficient-magnitudes

of the following matrix:

w
Q
%
]
[
=]

1t 2t 1t
1 % ~%» 0
Q Q
-Q Q
21 %
2 . 5 0
1 -1
3 E(Q21Q32—Q22Q31) n—n(QuQsz'Qanl) "
Q Q




Thi
tut;

coe

(eq:

o

(3) Giv
six
bal
wit
ang

the

is
bi]
The

the



65

This will be computed in the next section by substi-

tuting Votey's numerical values for the estimated

coefficients into the two-country model.

(2) The variables ?it’ ?Et and Bit are on target exactly
(equation 3.9) and the optimal cost is zero since the
number of independent variables to be controlled
(the number of non-zero diagonal elements in Qc) is
equal to the number of independent instruments
(Chow:1972b), i.e., Tinbergen's rule is met.

(3) Given the analytical solutions (equation 3.9), the
simultaneous achievement of internal and external
balance for the two-country model is possible
within the framework of optimal control theory,
and the optimal control vector is independent of
the penalty costs assigned to deviations of ?it

(i=1,2) and B, from their targets, and therefore

1t
is unique. However, nothing guarantees the feasi-
bility of this optimal policy mix in a given economy.
Therefore, a test of feasibility will be done in
the next section for the United States and Canada
during the period 1961-1970.

3.3. y.s. and Canada Optimal Policies for

Internal and External Balance:

Appraisal and Amendment of the
Optimal Solution

Similar to the one-country model of Chapter 1I, Votey's numerical

Values for the structural coefficients and the historical data for
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the United States as well as Canada will be used to derive the U.S.

and Canadian optimal policy mix for the period 1961-1970, during which

Canada was under the regime of fixed exchange rate. It is found that

the optimal solution for both countries is not feasible for technical,

practical and political reasons; therefore, limits on policy-variable

magnitudes have to be set (Tinbergen:1954) and the optimal solution

amended.
First, using Votey's numerical values for the estimated structural

constants (Votey:1969), the matrices of coefficients for equation 3.7

and equation 3.6 are computed:
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Given these two equations, the optimal stabilization policy mix
(Gft’ th, rft) is derived for the United States and Canada over 10

periods running from 1961 to 1970, with the following initial

conditions:
?1(0) = 383.37
?2(0) = 20.06

Bl(O) = 4.17

Kl(O) 508.69

K,(0) = 49.33

Gl(O) = 94.90

Gz(O) = 6.97

rl(O) = 0.0215
where (0) refers to 1960. All these values are historical. The nominal
values for state variables are given in Table 3.1. The nominal values
for U.S. state variables (Ylt’ Blt’ Klt’ Glt) are the same as those in
Table 2.1. Similarly, for Canada the potential output net of capital
accumulation (§2t) is determined by the Canadian labor force. The

nominal capital stock Eét and government expenditures G2

to grow at the same rate as those in the United States, that is,

t are assumed

respectively, at 3 percent and 4 percent per annum from their initial
1960 values. The historical values for exogenous variables are given
in Table 3.2. The U.S. and Canadian optimal stabilization policies

for 10 periods (1961-1970) are obtained by the following steps which
require only basic matrix manipulations--additions, subtractions, multi-

plications and small inversions:
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Table 3.1. Nominal values for the state variables - U.S. and Canada:
1961-1970
Period - - _ _ _ _ _ _
(Year) e Yoe  Bie Kpie Kot C1e Cae T1t

1(1961) 283.2462 2.3165 0 523.9507 50.8099 98.7 7.2488 0.0215
2(1962) 283.8683 2.3499 0 539.6692 52.3342 102.65 7.5388 0.0215
3(1963) 288.7687 2.3972 0 555.8592 53.9042 106.76 7.8404 0.0215
4(1964) 293.8258 2.4629 0 572.5349 55.5213 111.03 8.1540 0.0215

5(1965) 299.3091 2.5368 O 589.7109 57.1869 115.47 8.4802 0.0215

6(1966) 304.5954 2.6359 0 607.4022 58.9025 120.09 8.8194 0.0215
7(1967) 310.9349 2.7332 0 625.6242 60.6696 124.89 9.1722 0.0215
8(1968) 316.5227 2.8132 0 644.3929 62.4897 124.89 9.5391 0.0215
9(1969) 324.5467 2.8995 0 663.7246 64.3644 135.09 9.9207 0.0215

10(1970) 332.5143 2.9748 0 683.6363 66.2953 140.49 10.3175 0.0215
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. )
(1) Compute [Gi(l), Gg(l), rI(l)] from equation 3.10
using the initial conditions given by the historical
data for [¥,(0), ¥,(0), B,(0), K (0), G,(0), 6,(0), r,(0)]
and the exogenous variables of period 1 given in
Table 3.2.
(2) Compute [¥*(1), ¥,(1), B¥(1), K§(1), K§(1), 63(1), G4(1),
) ~ ~
r{(li] from equation 3.11. Now [Y*(l), Yf(l), Bf(l),
]
K{(l), Kg(l), Gi(l), Gg(l), rf(l)] can be used in equa-

L
tion 3.10 to compute [Gf(Z), GE(Z), rf(Zi] , which can

be used in equation 3.11 to compute [?f(Z), ?5(2),
L
BE(2), K$(2), K§(2), GH(2), G§(2), rf(Z)] , and so on.
Continue the process until all of the control vectors
1]
[es®), e5ce, r#(t)] , t = 1,..., 10, and all the
state variable vectors [¥4(t), 5(t), BE(t), K5(t),
\J
Kg(t), Gf(t), Gg(t), ri(t)] ,t=1,..., 9, have been
computed.
The results are presented in graphical form (Figures 3.1 to 3.6)
with time on the horizontal axis. First, based on the following matrix

(equation 3.7)

~ = —_—

Row Ylt Y2t Blt
1 0.3810 -0.0977 0
2 -0.1315 0.3632 0
3 0.0028 -0.0021 0.0216

f0me xremarks will be made on the effectiveness of policy-instrument

v
ariablesg, Using the same concept of effectiveness as described in

Ch
|Pter 13 (section 2.3), it is noted that the fiscal policy of each
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500 =
- Optimal Path
—$—#—& Actual Path
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...... Nominal Path
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Figure 3.1. Two-country model (Case A) - U.S. Government
expenditures: the optimal path compared with actual and nominal paths.
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Figure 3.2. Two-country model (Case A) - Canadian
government expenditures: the optimal path compared with
actual and nominal paths.
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Optimal Path
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. Figure 3.3.
he Optimal path c

Two-country model (Case A) - U.S. interest rate:

ompared with actual and nominal paths.
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Optimal Path

~#—p—g Actual Path

""" Nominal Path
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100 —
- Runs 8,9
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0 A A ] 1 A 1 1 | |
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oy
=100 =
!
GN Figure 3.4. Two-country model (Case A) - United States: optimal
P net of capital stock compared with the actual and potential GNP.
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Optimal Path

—+—#—% Actual Path

120 =
------ Nominal Path
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Runs 8,9
60 ==
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o__'g | il It Wity s MRS b "\}(“"l""'l"""l
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s
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o = ]
</
N
‘30—
-60.—
~90
-
GNP Figure 3.5. Two-country model (Case A) - Canada: optimal
Net of capital stock compared with the actual and potential GNP,
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Figure 3.6. Two-country model (Case A) - U.S. balance of
Payments: optimal paths compared with the actual and nominal paths.
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country is not only more effective in achieving its own internal balance
than that of the other country, but also that a negative change in its
own fiscal policy is required to bring about a given change in the

other country's internal target variable. This means that the economic

interdependence of the two countries lowers the effectiveness of each
country's fiscal instrument in reaching its own internal balance.
Country 1's monetary policy depends on all three targets, but with
varying degree. It is more effective in achieving the common external
balance than the internal balances which have already been taken care
of by the fiscal policies. Furthermore, its overall effectiveness is
reduced due to the existence of Country II's internal target. 1In
short, the effectiveness of each country's policy making will decline
as economic interdependence increases.

Next, an appraisal of the results obtained by the techniques of
optimal control will be conducted to see if they are feasible in the
U.S. and Canadian economies. Figure 3.1 shows that the optimal fiscal
policy in the United States diverges from both its actual and nominal
Path, and that the economic interdependence prevailing in the two-~
country model requires much higher U.S. government expenditures to
TYeach the situation of full employment than in the one-country case.
Furthermore, the GNP resulting from using the optimal fiscal policy
1s exactly on the internal balance path (Figure 3.5). Again it 1s
Noted that the actual path for the GNP diverges upward from the full

€mployment situation. In other words, for the last decade U.S.

€Conomy dealt with inflation created by an excess-demand.
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For Canada, which is a small country compared with the United
States, the attainment of its own internal balance, when impeded by
the U.S. pursuit of domestic stabilization, required a tightening of
fiscal policy with a high accumulation of government savings during the
first half of the planning period, then a steady increase of govern-
ment expenditures starting at 1967 (Figure 3.2). The optimal path also
diverges from the nominal and actual paths, the growth of which is
more stable. Figure 3.5 shows excess demand of an amount equal to the
deviation of the actual GNP from the situation of internal balance;
therefore, inflation occurs in Canada too.

Once the U.S. government expenditures are set at the level for
attaining the internal balance, the common external balance is carried
out by the U.S. monetary policy, defined as the U.S. short-term
interest rate. Unlike the one-country case in which the value is
negative, the optimal interest rate starts with a very high and even
unrealistic level around 82 percent, then decreases over time with
negative values for the three last periods.

In short, the actual situation in the United States and Canada,
compared with the given targets, is as follows: both countries are
facing inflation combined with a surplus in the U.S. balance of pay-
ments, which is termed as a situation of potential conflict in policy
goals (Johnson:1966). To change this conflict situation to an overall
balance by using traditional policies rather than appreciation of the
exchange rate would require, within the context of optimal control
theory, high government expenditures and a negative interest rate in

the United States, while government savings would be forced in Canada.

-
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All three of these optimal policies are declared to be inadmissible
for either social, political, or practical reasons. Therefore, the
boundary conditions or limits on policy-variable magnitudes which have
been violated are to become active. Within the framework of control
theory this can be done by introducing into the cost function the
penalty costs for deviations of the policy variables from their limits,

that is, by changing the diagonal elements of the matrix Qc as follows:

- ) 1 - T
: 9; © ©0 0o 0 0 0o o0
\ °© g, 0 0 0 0O 0 0
P
¢ o0 0 0 g, 0O 0 0 0 0
Q= f----s---] =] o o o o0 0 0 0 o©
' o o o 0 0 0 0 0
'\ P
o , R o o 0 0 0 r;, 0 0
. o o o0 o0 0 0 =T, O
)
L ‘ 0 0 0 0 0 0 0 14
) - L -

Similar to the one-country case, only a sensitivity analysis of the
Wel ghting factors on the components of the control vector is performed,
i.e, s when the weights for the endogenous variables remain unchanged.
The cost function for all the experiments is given in Table 3.3 and

the results are shown in Figures 3.7, 3.8 and 3.9.
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Table 3.3. Two-country model (Case A): penalty weights attached to
the deviations of state and control variables from their
nominal values

Runs g, 49 35 1 22 33
Test 1 1 1 1 1 0 0 10° 5
2 1 1 1 0 0 5x10
3 1 1 1 0 0 106
5 5
Test 2 4 1 1 1 0 10° 10,
1 1 1 0 5x10 10°
5 1 1 1 0 5x10 5x10,
1 1 1 0 105 5 5x10
6 1 1 1 0 5x10 102
1 1 1 0 105 106
1 1 1 0 106 10,
7 1 1 1 10° 0 10
1 1 1 5x10 0 10,
1 1 1 1og 0 10° ¢
8 1 1 1 107 ¢ 0 5x107
1 1 1 5x10 0 5x107
1 1 1 1og 0 5x10
9 1 1 1 10 0 103
1 1 1 5x10° 0 10,
1 1 1 106 0 10
Test 3 10 1 1 1 10° s 10° 5 102
1 1 1 5x10 5x10 105
1 1 1 10° s 5x10 107
1 1 1 5x10 102 107 ¢
11 1 1 1 105 5 10, 5x10,
1 1 1 5x10 10° . 5x10,
1 1 1 105 5 5x10; 5x10,
1 1 1 5x10 5x10 5x10
12 1 1 1 105 5 1o§ 1og
1 1 1 5x10 10° 10,
1 1 1 102 5 5x10, 10,
1 1 1 5x10 5x10 10,
1 1 1 106 106 10
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Two-country model (Case A) - U.S. Government expendi-

tures: optimal paths compared with nominal path.

Figure 3.8.

Two-country model (Case A) - Canadian government

expenditures: optimal paths compared with nominal path.
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Figure 3.9. Two-country model (Case A) - U.S. interest rate:
©Ptimal paths compared with nominal path.
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Three tests of sensitivity are performed with penalty weights

assigned first to one instrument, then to two instruments, and finally

to all the three instruments.

For the first test (runs 1,2,3) in which only Country I's monetary

instrument is constrained to the limit fixed at 2.15 percent, it is

obserwved that the more weight given to the interest rate Tl the

closer it gets to the nominal path, while the two other unconstrained
instruments Glt and G2t diverge strongly from their boundary conditions

upward and downward, respectively. Therefore, they are declared

inadmissible for practical and political reasons. Furthermore, there
is a tracking trade-off between endogenous variables and instruments.
In fact, because a division of labor in achieving the joint balance

Prevails in Votey's model when e is constrained within limits, a

large deficit occurs in the U.S. balance of payments, while the GNP
in both the United States and Canada keeps tracking the full-employment

Situation at the expense of non-feasibility of fiscal policies Glt

and
G2t'

The second test concerns penalty weights given to two of the
instruments--Country I's interest rate and government spending of
either country. It is found that:

(1) If both Country I's instruments are constrained by

the boundary conditions, then its interest rate will
track the nominal path more closely than if limits
are set on either Country I's interest rate alone or

on the pair of Country II's fiscal instrument and

Country I's interest rate. In short, limits set on
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G,, reinforce the feasibility of Country I's

1t

monetary policy, while limits on G ¢ do the

2
opposite.

Since two boundary conditions are active, it is
expected that at least two endogenous variables
would not be on target exactly because a track-
ing trade-off between targets and instruments
occurs. Because of the particular structural
form of Votey's model, the choice of targets to
be dropped is based on Mundell's "division of
labor" principle. That is, the target on which
the constraint policy instrument is the most
effective has to be changed numerically or given
up, at the expense of instruments tracking for

limits.

Finally, the third test in which weights are assigned to all the

three instruments is performed. It is found that:

€Y)

(2)

Each of the three instruments is tracking its
limits. However, giving increasing weight to
L20] leads to a closer tracking of Country I's
monetary policy on its limit, while the tracking
for nominal government expenditures in both
countries remains the same, whatever the weight
number assigned to them.

Compared to the second test (runs 7,8,9), the

tracking for the fixed interest rate is less

| B
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effective. This is due to the additional boun-
dary condition set on Country II's government
expenditures.
Similar to the first two tests, the tracking of

all endogenous variables Y and B N is lost.

1t Y2¢ 1

The deviations from their respective targets

are larger than those obtained in tests 1 and 2.

It can be concluded that:

69)

(2)

(3)

As economic interdependence increases, the effect-
iveness and impact of each country's policy on

its own target will decline.

If Tinbergen's principle on equality between the
number of targets and the number of instruments

is met, it is always possible to steer the endogen-
ous variables to be controlled exactly to targets
by using the quadratic welfare function (equation
A-2.16) and assigning positive weights only to

the deviations of the variables selected.

However, nothing guarantees the feasibility of
optimal policies to achieve the internal and
external balance. When the boundary conditions
become active, a tracking trade-off between

endogenous variables and instruments occurs.
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CHAPTER IV

TWO-COUNTRY MODEL
CASE B: PASSIVE RESPONSES AND LINEAR DEPENDENT EXTERNAL BALANCE

Unlike the preceding chapter, this one deals with a four-target

and three-instrument case: the fiscal authority in each country will

act to attain its own internal balance while the monetary authority
in Country I strives not only for its own external balance but also
for that of Country II under the assumptions of passive responses
from Country II and non-common but non-conflicting balance-of-payments
targets. Since the number of targets is greater than the number of

instruments, Tinbergen's rule is no longer satisfied. Therefore, it

is expected that the optimal results for internal and external balance
Will differ from those obtained in the two preceding cases. To show
this > the same analysis procedure will be repeated. First, Votey's
t:“'c"c‘-c:)untry model with modifications on the foreign sector will be pre-
Sented. Second, the optimal control problem will be formulated to
derive the optimal solution analytically and numerically with reference
to the United States and Canada. Finally, the economic evaluation of
the Optimal policy mix will be made as well as its amendment when

b
Sundary conditions become active.
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4.1. Presentation of Votey's Model with
Modifications on the Foreign Sector

Votey's two-country model presented in Chapter III will be modi-
fied by redefining all the variables in the foreign sector and by
addding an identity for the determination of Country II's balance of
payments. This is done because Votey ignores the trade of Countries
I and II with the rest of the world by assuming the total exports of
I (X1I) equal the total imports of II (I) and by using a single equation--

Counitry I's balance of payments--as the common external balance of both

countries. Now consider the "modified" two-country model under the
fol1l owing assumptions:
(1) Country II's interest rate is given, that is,
Country II is assumed to be in the position of
passive cooperation with Country I for dealing
with the external balance.
(2) Stein's results for short-term interest rates
represent the degree of sensitivity of capital
flows to interest rate differentials.
(3) Unlike Case A, the total exports and imports of
Countries I and II will include the trade with
the third country which represents the rest of
the world.
The variables of Votey's econometric model with modifications on

the foxeign sector are:
for 1 -,

B
1t~ Balance of payments in Country i

c =
it Consumption expenditures of Country i
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Gross investment expenditures of Country i
Net investment expenditures of Country i
Investment earnings of Country I from abroad
Capital stock of Country i
Labor force of Country i
Total imports demand of Country i
Imports of Country i from Country III
Net short term capital outflows of Country i
Rate of interest in Country i
Export price in Country i
Import price in Country i
Tax receipts of Country i

Transfer payments of Country II

P

P
(_H)it = Terms of trade of Country i
X

Total exports of Country i
Exports of Country i to Country III

National income of Country 1

The e@quations are as follows:

(I-1)
(I-2)
(I-3)
(I-4y

(]L—s)

G
Ve T Ce F Ie t G X T Mg

Bie = X1e ~ Mpe 7 O1¢

e = Ipe * 8a Ky
III 111
e =X * Oy M ) +IE




(I-6) Y

2t

(I-7) B2t
(1-8) K,
(I-9) 15,
(1-10) X,,
(E-1) ¥,
(E-2) ¢y,
(E-3) M,
(E-4) 1‘1‘ .
(E=5> 0y,
E=6> v,
E-7> ¢,
(E-8) M,
1,
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Coe + Igt TGy Xy T My,

Xoe =~ Myp +0p¢

e * Kpeo

I;t + 8,K,.

Xpe Ot = M)

10 * %11 Koe ¥ %12 Lyt

%0 * %11 (pe = Tpe ~ 8iKg)

Bio ¥ By (Fpp = Toe = Sukye) * BpTTy,

Yi0 ¥ YiaYie-1 T Va2 96T g iR
no * My (Fpp T Ty)

820 * 921%0¢ * 62210

%0 * %1 (pp = Tye = TRy = 84K50)

Bao * Byy (Ypp = Top = TRyp = 8,Kp) + BypTTHe
Yoo ¥ Yo1¥oe-1 T Y22 Gu ) gpy F YK

on equation

s (E-1) to (E-5) have been presented in

Equation E-6 - The output of Country II is a linear function of

both its factors of production: capital stock (KZt) and labor force

(th).
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Equation E-7 - Consumption expenditures are made a function of

disposable income. But the disposable income definition for Country

II is slightly different from that of Country I (Votey:1969), and it

is represented by GNP less capital depreciation (8§ *KZt where §, is the

rate of replacement and is assumed to be the same for both countries)

less taxes and also less transfer payments of Country II (TRZt assumed

to be exogenous).
Equation E-8 - Import demand of II is simply a function of

ddisposable income and ratio of foreign to domestic prices in Country

1T (T'l?2 t)'
Equation E-9 - Net investment expenditures in Country II are

assumed to depend on money output, the capital stock and the user

cos t of capital in Country II. The user cost of capital in Country

IT has the same definition as that of Country I with assumption

q == 1 over time.
Identity I-2 - The identity for the determination of the balance

of j>ayments in Country I is different from that of Votey. The same

def § nition as that of the one-country model is used, but xlt and Mlt

Yed e fined to take into account the trade between Countries I and II

4nA the rest of the world (called Country III).

Identity I-5 - The total exports of Country I are equal to the

SXPorts of Country I to Country III, plus exports of Country I to
Cou-tltry II (Xi: = MZt - M?t:I) plus investment earnings of Country I
from abroad.

Similarly, total imports of Country I are equal to imports of

C
c>l"J-'l-t:ry I from Country III (Mﬁl) plus imports of Country I from

Co 11 III
Qn try II (Mlt X2t - )(2t ).

)

&
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Identity I-7 - Added to Votey's model is the Country II balance-
of-payments identity. It is equal to total exports of Country II
(X2t) less total imports of Country II (MZt) less net short-term
capital outflows of Country II (0Zt = _Olt)’ which is equivalent to
net short-term capital inflow from Country I.

Identity I-10 - Total exports of Country II are equal to exports

of Country II to Country III (Xgl) plus exports of Country II to

III

Country 1 (X;c = Mlt - Mlt ). Similarly, total imports of Country II

are equal to imports of Country II from Country III (Mgl) plus

I III
i mports of Country II from Country I (MZt xlt xlt ).

Then substituting th and MZt into B2t = X2t - M2t + 0lt results in:

Bye =% +My, M - X o x xp T ro
- B - ol - G, -0
Or defining X3t: total exports of Country III = Mi:l + M;il
M3t: total imports of Country III = Xizl + Xiil
Biet ¥1e ~Mpe 7 O
Feswults in:
Boe = X3 + M3 ~ By

Therefore, BZt is linearly dependent on Blt'

4.
2. Optimal Control Problem Without Con-

straints on Policy-Variable Magnitudes

Unlike Case A in Chapter III, the assumption of common balance of

<«nts is no longer held when the third country block is introduced

A
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to represent the rest of the world. Therefore, there are four targets
to achieve simultaneously, but only three are independent. Internal

balance in both countries and Country I's balance-of-payments equili-
brium are independent, while Country I1's balance of payments is a

1 dnear function of that of Country I instead of being equal to

Country I's balance of payments with the opposite sign. As for the

i nastruments, they are in the number of three as in Case A, i.e.,
government expenditures in both countr)ies and Country I's short-term
interest rate are used to achieve the joint balance, while the short-
term interest rate of Country II is considered as fixed or given under

the assumption of passive responses from Country II.

The definition of external and internal balance is similar to
that used in Case A (section 3.2) and the reduced form of Votey's

modified two-country model given by Appendix A-10:
Yo = Ay, +Bu +Cu _,+Dz (4.1)

where
1

d
y =
t [Ylt’ Y2t’ Blt’ B2t’ Klt’ K2t’ Glt’ GZt’ rlé]

Jof

u =
t [élt’ Goes r11-;]
II1 III
[1’ IE) s X o My TThes Ties Topeo Topmpe TToer Top

t
IIT _III
TRZ:’ x21: ’ M2t]

N
!
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Next, the optimal control problem for the "modified" two-country model
will be formulated into Pindyck's and Chow's framework but only the

latter will be used to derive the optimal solution.

4,2.1. Formulation of the Problem
Expressed in Pindyck's terminology, the "state-space" for the

"modified" two-country optimal control problem is:

P P P P P P P .
= + .
x =A x ,+B u ,+C z (4.2)

|

t

d
17 Y1 T [1: 1° S2¢-1° T1e- 1]

ne.

Pd - = 5 v

where x. = yt—Bu - D [YYlt’ 2t? BBlt, BBZt’ KKlt’ KKZt
P

is the (6x1) state vector; u -

III III
1o > My, » TT

1t

Pd
is the (3x1) control vector; z, [1, IElt’ X 1e? Tlt’ LY

TR 111 MIIf] is the (12x1) vector of current exogenous

TTyes Topr TRyps X5p > Myy

variable; zP is the (12x1) vector of lagged exogenous variable; and

t-1

AP, BP and CP are known matrices.

Matrix AP = A

Row YY YY BB BB KK KK

1t 2t 1t 2t 1t 2t
1 A A2 0 0 A3 Ala
2 Ay A2 0 0 Agg A4
3 Ay A3 0 0 A33 Ay,
4 A3 Agy 0 0 ~A33 Ay
5 Y1, 0 0 0 ag, 0

6 0 Yp1 0 0 0 age
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Matrix BP = AB + C

Row Glt-l G2t—1 T1t-1
1 A11%1%412%; A11%12%415%, Aps
2 821%1%92%) A21%21422%) Ars
3 43101174320 A31%5743,%, A3s
4 “A31%1%3%; ~A31Q12+435%) Ass
> "11%1 "11%2 Y12
6 0

Y2191 Y212
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and the cost function under the assumption of RP = 0 is:

N
P_1 P P ' P, P __P
=3 i-l 1R @ (e p7Xey)

|

—_— p— g -~ ~ — p— <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>