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ABSTRACT

A CONSTITUTIVE DDELING ECHNIQUE ON A amn-

RHEOLOGICAL MODEL TO PREDICT THE RESPONSE.OF NATERIALS

By

Barry L. Spletser

A new constitutive modeling technique is developed that is capable

of predicting typical uniaxial materials behavior at room and elevated

temperatures. Simulation of the time-independent phenomenm of cyclic

hardening or softening. cyclic relaxation of mean stress and history

dependent memory. and the time dependent behavior of creep and stress

relaxation is accomplished. This constitutive model is based on gener-

alized analysis of any configuration of classical rheological model

elements and special purpose elements that were developed specifically

for this constitutive modeling technique. For the analysis of notched

members. a numerical technique is created to expand the Neuber relation

model with the constitutive model to include time-dependent phenomena.

A specific constitutive model was constructed from the material prOper-

ties of Hastelloy—x. Three temperatures were considered. room

temperature. 1200°F and l600'F. Isothermal tests were performed on both

smooth and notched specimens for the specific purpose of evaluating this

constitutive model. A strain gage that is based on interferometric

techniques is used to measure notch root strains at room temperature and

1200°F. This provided the unique opportunity to directly establish the

validity and accuracy of the model for predicting inelastic

time-dependent notch root strain response. In all cases the model pred-

ictions followed the general trend of the experimental data.



Correlation with the majority of the experimental data is very good.

The most accurate predictions were at room temperature and the least

accurate were at 1200°F.
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CHAPTER 1

INTRODUCTION

The development of the turbine engine for aircraft propulsion and

of the reuseeble rocket engine has led to a demand for better under-

standing and prediction of the response of engineering materials which

must Operate at elevated temperatures. Accurate theoretical models to

determine response under varying load either do not now exist. or else

they are extremely complex so that they require extensive computational

time for their use.

The prediction of stress-strain behavior near stress concentration

sites is of utmost importance in evaluating the design of a part subject

to severe service. The purpose of this work is to develOp a simple and

meaningful constitutive modeling technique which is capable of making

such predictions by itself and. in combination with other techniques.

such as the finite element method. may provide whole body results.

Further. the modeling technique should use a minimum of experimental

data to facilitate construction of the various material models which

may be required.

The modeling technique chosen is a generalized approach to rheolog-

ical modeling using frictional sliders and other special elements as

needed. The use of frictional sliders in combination with classical

rheological elements (elastic springs and viscous dampers) is not new.

The combination of frictional sliders and elastic springs to model
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material behavior was first suggested by Jenkins [1]‘ in 1922 and was

published as textbook material by Timoshenko [2] in 1930.

Throughout the intervening years. the frictional slider has been

used in the prediction of responses of materials and dynamic systems.

In general. the materials response models have consisted of series com-

binations of matched parallel pairs of sliders and springs or parallel

combinations of series pairs of sliders and springs [1. 3-7]. The

dynamic models have been solely one or two degree-of-freedom models

[8-12]. The technique developed here differs from these previous models

in that it provides the capability for analysis of any general configu-

ration of the available elements rather than only specific element

configurations. This allows the required models to be developed from a

wider range of experimental data since the type of model structure can

be specifically tailored for ease of model parameter determination from

the input experimental data.

Time dependent materials properties have been modeled by the incor-

poration of viscous dampers into the models [13. 14]. Again. such

models have consisted of restricted and specific element connection

geometries to model the specific phenomena which were observed. The

technique developed here allows the incorporation of sliders with the

springs and dampers in any configuration.

Certain material prOperties such as cyclic relaxation of mean

stress and cyclic hardening or softening. which are not modeled impli-

citly by the spring and slider arrangements. have been modeled by making

adjustments to the element parameters as required [15]. Two special

‘Numbers in square brackets refer to the list of references. Numbers in

parentheses refer to equations.
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purpose elements are developed here to provide the capability of model-

ing these properties independently of the other element parameters.

Again these elements may be used in any combination with the other types

of elements.

The extension of the modeling technique to predict notch root

responses requires the use of one relationship in addition to the coup

stitutive model. The full response consists of three unknowns: notch

or local stress. notch or local strain. and remote stress or strain with

the remaining remote parameter being specified as the input. The conr

stitutive modeling provides the relation that the material behavior is

identical at both the local and remote locations. Any relationship

between the local and remote response may be used and incorporated into

the model to provide the desired results. Neuber's rule provides such a

relationship as applied to monotonic response at a stress concentration

[16]. The Neuber relation was chosen for its simplicity and the amount

of experimental verification which has been conducted in its application

to cyclic loading. by Bofferding [17]. Lucas [18]. Guillot [19]. Lois

and Topper [20. 21]. and Topper. Wetael. and Morrow [22] in this area.

In the case of Bofferding. Lucas. and Guillot. the interferometric

strain gage. developed by Sharpe [23. 24]. was used to measure the notch

root strains.

A technique is developed which incorporates Neuber's rule into the

modeling technique. This provides for prediction of the notch root

response a of material subjected to complex loading at elevated and room

temperatures.

Data for the construction of specific models are generated when

needed. and the final results of the modeling are verified by conducting
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various experiments using diametral and axial extensometers for nominal

responses and the interferometric strain gage for notch root response.



CHAPTER 2

GENERALIZED MODEL THEORY AND DEVELOPMENT

2.1._e_.e_l_Jms_tDVo n atflakflisémmhmfiratuimmm

The modeling technique employed provides for the use of elastic

springs. viscous dampers. frictional sliders. cyclic dampers. and irre-

versible cyclic elements in any arrangement to simulate the

stress-strain response of materials under complex loading. The theory

supporting this technique is based on the ability to formulate matrix

representations of the model parameters so as to provide a set of equa-

tions that may be solved numerically to determine the model response.

The models will consist of the various types of elements with each ele-

ment having two points where connection can be made to other elements.

to a fixed reference frame. or to the point where the model response is

measured. These connection points will be termed the nodes of the

model. The model theory will be explained in sections beginning with

the simplest model type. one composed entirely of elastic springs. and

progressing to the complete general model representation and solution.

Any arrangement of linear springs may be modeled analytically by

the relationship:

[Elle] = {a}. (1)

where [E] is the stiffness matrix whose elements E1.1 .ge dgtgrninod by

‘The equations presented use braces [] to indicate column matrices.

square brackets [] for square matrices and parentheses () or no brackets

to indicate scalar quantities.
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computing the force at node 1 caused by a unit displacement at node j

for a spring connected between nodes i and j. This is identical to the

stiffness matrix formulation used in discrete vibrations [25] with the

units converted from load and displacement to stress and strain. Each

spring is connected to two node points and. in general. [E] may be con-

structed from a zero matrix by adding the spring constant to the E11 and

E51 elements and subtracting it from the E11 and E51 elements for a

spring connected between nodes i and j. The [a] matrix consists of the

strains at the node points and [o] is the column of applied nodal

stresses. When the stress input is known. which. for a one-dimensional

model. is the input stress applied to only one node. the resulting nodal

strains are readily calculated by:

[a] = [E]”{e} (2)

Generally. only the output strain of the single mode where the stress is

applied is considered to be the model response. The stress-strain

response and schematic symbol of a single linear elastic spring are

shown in Figure 1. The parameter E in the figure is the elastic stiff-

ness of the spring expressed in units of pressure or stress (ksi or

MPa).

Time-dependent creep may be incorporated into the model by the

addition of viscous dampers. A damping matrix [C] may be constructed in

a manner analogous to that of the stiffness matrix [E] resulting in:

[C][i] = [c] (3)

The matrix [5] is the derivative with respect to time of the nodal

strains. The stress versus strain-rate response and schematic symbol of
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a viscous damper are shown in Figure 2. The parameter C is the damping

coefficient of the element expressed in units of ksi-seconds or

MParseconds.

The two systems of equations may be directly combined to yield the

total stress:

[Cllil + [Elle] = [o] (4)

At this point. the system of equations is identical in form and con-

struction to the governing equations for a discrete vibrational system

with a zero mass matrix [25]. This family of differential equations may

be solved directly if the inverse of [C] exists [26]. however. since the

model is usually not determinant in terms of the dampers alone. [C] is

normally singular. The solution to Equation (4) will be found numeri-

cally using an iterative technique. This does not restrict the solution

method since a numerical solution will be necessary when the general

model is analyzed. If it is assumed that the second and higher deriva-

tives of [a] with respect to time are small compared with [a] and [5]

then the value of [a] at a suitably small time step dT from the current

time may be represented as a truncated Taylor's series:

{8n+13 3 {an} I dT{én+1] (5)

Th0 t0!" {‘n+l] are the nodal strains at a time dT away. The column

[an] is the current strain and I§n+1l is the derivative with respect to

time of is] evaluated at a time dT away. A new strain-rate. {‘n+1}'

may be calculated by sustituting the future strain-rate into Equation

(4) as follows:

[Citanfli + mun”) . {can} (6)
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Figure 2: Schematic Symbol and Response of a Viscous Damper
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Substituting the expression (5) into (6):

[C]{Sn+1} + [B][[8n] + dTIEIHJII 3 [6&1] (7)

rearranging terms:

[[C] + dTIEllI%,.11 = {a,.11 - [Elisa] (8)

Since the linear combination [[C] + dTlEll will generally not be singu-

lar for a model in which a connection exists from the fixed reference

frame to the output node composed of only springs and viscous dampers:

{5n+11 = [to] + artEJJ'1ttan+11 - [Elien}l. (9)

Equation (9) gives the relation for the strain-rate at a time dT away in

terms of the model parameters [C] and [E] and the known variables {an},

(“n+1] and dT. The combination of Equation (5) with (9) allows for com-

putation of the strain values at the end of the next time step as

follows:

Icn+11 = [en] + dTlllC] + arts]1“{{on.11-tsi{anti} (10)

This completed solution will determine the stress-strain-time

response of any collection of springs and dampers subjected to a known

stress.

2.2 Addi£12£.2£ Sliders 59 1h; Mgtrix fledgling Appgogch

Engineering materials exhibit more complex behavior than can be

modeled by a collection of linear springs and viscous dampers.

Specifically. the elastic constant of most materials decreases with

increasing stress and a memory effect is observed which gives rise to
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stress-strain hysteresis loops. This behavior can be successfully

modeled by the use of frictional sliders [1. 3-15] which are rigid with-

in a specified stress range and provide opposing forces at the

connecting nodes equal to the threshold stress if the loading is

increased beyond the threshold value. Sliders which provide identical

response in tension or compression will create the doubling or Masing

effect [27] observed in many materials. Nonsymmetric sliders may be

used to provide a tensile response which differs from the compressive

response. Figure 3 shows the schematic representation and response of a

typical slider in terms of a stress versus strain plot. The value S is

the nominal threshold stress required to cause the slider to move. The

distance between the upper and lower stress bounds of a slider is always

28 regardless of the degree of asymmetry selected. The parameter A

determines the fraction of asymmetry of the slider and is the fraction

of S by which the entire plot is shifted vertically. The dashed line in

the figure indicates the response of the slider if the load is released

after s strsin vslne of s. is reached. This shifting of the slider

strain present at zero stress provides the capability to model the memo-

ry effects and hysteresis loops normally encountered in materials.

Since the strain in a slider is indeterminant once the loading exceeds

the threshold value. the sliders must be connected in parallel with

determinant types of elements to yield a finite response to an input

stress above the slider threshold. The initial rigid response (infinite

elastic modulus) which would result if a direct connection between the

fixed reference point and the output node consisted of sliders alone

indicates that a real material will not contain such a connection.

In practice. the sliders are modeled by replacing all non-moving
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sliders by very strong springs. The strain in these springs is then

used to monitor the applied load to each of the sliders. lhen the load

exceeds the specified threshold value. the spring is removed from the

model and a stress equal to the threshold stress is applied to the nodes

where the slider is connected. The forces are apposite and of a sign

compatible with the state of the slider (tension or compression) at the

time the threshold was reached. The opposing forces remain in effect

until the relative strain-rate between the two nodes is reversed. at

which time the springs are again installed in a fully extended or com-

pressed position with the direction of the deflection dependent on the

relative strain-rate between the and nodes of the slider. The replace-

ment of the springs in the deflected position creates the hysteresis

loop which is exactly double the monotonic stress-strain curve for sym-

metric sliders.

The incorporation of sliders into the matrix representation of the

model will be explained using a slider stiffness matrix [S]. composed of

the stiffness parameters of the strong springs which represent the

non-moving sliders. The [8] matrix is similar to [E] in construction

and characteristics. and it adds directly to [E] to form the total elas-

tic stiffness. The column matrix [F] will represent the applied

opposing nodal stresses which are used to simulate moving sliders.

The governing equation for the model can then be written.by modify-

ing Equation (4) as follows:

[Clli] + [[E]+[S]]{s] = [a] + [F] (11)

The major difference between [S] and [F] and the other model parameters.

[E] and [C]. is that [S] and {F} do not remain constant throughout
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analysis of the model response. In particular. both [8] and [F] must be

altered whenever a slider begins or stops moving (changes status).

Since the springs in [S] are released and reapplied at different

strain values. the slider springs do not inherently possess a more

stress state which corresponds to zero strain. Therefore the product of

[S] and {e} in Equation (11) is not a true measure of the stress on a

slider. The strain at which zero stress occurs must be computed and

used to determine the actual stress in the slider springs. The zero

stress values are in terms of relative strains or actual distance

between the nodes common to each individual slider such that a single

column of the nodal strains indicating the zero stress positions does

not exist. However. for the purpose of this explanation. the column

matrix [a] of zero stress positions will be used. A detailed explana-

tion of how the zero stress positions are actually determined and used

is included in the explanation of the computational considerations in

Chapter 3. Equation (11) can be modified then by the inclusion of the

[a] column to yield:

[Clle] + [B][e] + [S]{{e]-[z]] = [o] + [F] (12)

This result may be applied directly to Equation (10) to yield the gamer-

al relationdhip for determination of stress-strain-time response of any

arbitrary combination of springs. sliders. and dampers. The zero stress

position is of no concern when the stiffness matrices are being applied

to strain-rates since the strain-rates are independent of the actual

strain values. The final equation then becomes:

tan+11 . [on] + attire] + drltrl+ts111"ttan.1} + {F1 -

[Elton] - [Sltlenl-{zlll <13)
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2.3MflLiLSc Imammmmmmm

The above result is capable of modeling a wide range of materials

behavior for a material which provides the same response under repeated

identical cycles of loading (is cyclically stable). Actual materials

frequently exhibit properties that vary with the number of loading

cycles in a manner similar to that observed in time-dependent creep

where the strain is a function of time as well as of stress. Equation

(3) states the relationship between strain-rate and stress for viscous

damping. An element analogous to the viscous damper is developed here

which will provide reversible cyclic dependent preperties. This element

is termed a cyclic damper and behaves according to load reversals in a

manner identical to the behavior of a viscous damper with respect to

time. The viscous damper provides a resisting stress that is propor-

tional to the applied strain—rate or the strain per time input. The

cyclic damper provides a resisting stress that is proportional to the

strain per reversal of loading. The behavior and schematic representa-

tion of such an element is illustrated in Figure 4 where the abscissa of

the figure is in terms of strain per reversal of loading rather than

strain per time as with viscous damping. The schematic symbol of the

element is chosen to illustrate the racheting action which it can pro-

vide. The parameter D is the cyclic damping coefficient expressed in

terms of stress multiplied by reversals. A collection of these elements

would be governed by a relationship analogous to that of Equation (3)

resulting in:

[D][ds/dR] = [a] (14)

where [D] is a cyclic damping matrix constructed from a set of cyclic
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damping coefficients and node point connections similar to [E]. [C]. and

[S]. The column {dc/dR] is the derivative of node point strains with

respect to reversals (half-cycles of loading). The Equation (14) must

5° Oxpressed in terms of {i} to be of use in the model. This may be

accomplished by noting that:

{dc/dt](dt/dR) = {ds/dR] (15)

For any specified loading. the time required for a reversal is known

with this time being a constant equal to dt/dR which will be termed TTR

Then Equation (14) becomes:

TTTD]{é} = {a} (16)

The cyclic damping matrix can then be combined directly with the viscous

damping matrix simply by replacing [C] with [[C] + TTTDJJ wherever it

occurs. The incorporation of this fourth type of element. the cyclic

damper. allows for general modeling of cyclic dependent behavior. The

response of the cyclic damper is similar to the viscous damper in that

both are completely reversable. The cyclic damping behavior is indepen-

dent of the total number of reversals in the same way that a viscous

damper responds independently of the total time elapsed. This element

can. through use of suitable combinations. provide for a wide range of

cyclically dependent reversable preperties. such as cyclic relaxation of

mean stress.

Properties which change irreversibly with cycling are frequently

encountered and require the addition of another type of element to be

properly modeled. Cyclic hardening and softening are examples of irre-

versible cyclic dependent properties. The element used to provide this
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behavior is termed an irreversible cyclic element. These elements are

connected between nodes like all other elements but do not possess a

simple stress-strain response. The elements operate by assuming a cer-

tain fraction of the incremental stress which is applied to the entire

model. This fraction varies irreversibly with continued cycling either

up to a specified limit or from the limit to zero. This amount of

stress is added in an equal and opposite manner to the two nodes to

which the element is connected. Operating in this way. the element can

cyclically harden or soften a material. When the irreversible elements

are used in conjunction with viscous dampers. they will cyclically alter

the time-dependent portion of the materials response. By allowing the

irreversible element to reach an incremental stress-fraction-limit of

one. the number of internal degrees of freedom of the model may be

altered cyclically. The schematic representation and a plot illustrat-

ing the behavior of an irreversible cyclic element are given in Figure

5. The maximum strength coefficient. I. is the maximum fraction of the

total applied stress increment which is to be applied at the element

nodes and is unitless. Cyclic hardening may be modeled by the incorpo-

ration of these elements with an initial coefficient of zero and a final

fraction or maximum strength coefficient between zero and one. Cyclic

softening is modeled by varying the coefficient from a positive value to

zero. The rate coefficient. R. determines the amount of variation which

occurs per cycle of loading. The specified rate is approximately the

number of element half-lives per reversal. A negative rate coefficient

is interpreted as the element cyclically softening. The change in the

strength coefficient per cycle is preportional to the specified rate and

the amount of variation remaining in the element. This rate of change
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determination method provides for cyclic variation in an exponentially

decaying fashion which is in good agreement with typical experimental

data.

The irreversible elements are treated such that the strength coef-

ficient changes only when there is motion between the two endpoints of

the elements. In this way. irreversible elements in parallel with slid-

ers will only change properties while the sliders are active. This

allows for the modeling of strain-range-dependent cyclic hardening and

softening.

2.4 Dgtgrmining Mgdgl Eggpgpgg From 5 Strain Inppt
 

The above model formulation requires the input of known changes in

stress for the time step chosen. Frequently. the stress response of a

material under controlled strain conditions is desired. In such cases.

the input will be in the form of known strain values and rates of the

output node (m) for known time steps. The governing equation used to

determine nodal strains (13) must be restructured to provide a solution

in terms of the internal node strains and the stress at the mth node in

terms of the known.mth node strain. Equation (8) may be rewritten in

the form:

[Illinill = [on] - [E]{en] (17)

Ihere now the unknowns are the first m-l elements of {in+1] and the mth

and only non-zero term of {on} which represents the total applied

stress. The matrix [K] is the linear combination [[C]+dT[E]]. The mth

column of the [K] matrix multiplied by the mth element of the {infil}

column may be transferred to the right side of the equation. This
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column is then replaced in the [K] matrix by a column of zeroes with a

-1 in the mth position which represents the [on] column moved to the

left side of the equation. This results in an equation of the form:

tr'lta;.11 = -[epc] - [EJIsnl (1s)

Ihere the starred matrices have been modified as indicated and the

column [epc] is that constructed from the mth node strain-stiffness pro—

duct as explained. Now the first m—l elements of the {£;+1] column .3.

the nodal strain-rates of the internal nodes and the mth element is the

required applied stress to meet the imposed applied strain constraints.

This technique may be extended directly to the complete model containing

all element types with no alteration. After solving the system of equa-

tions in a manner identical to that explained before. the strain-rate

and stress columns are rearranged to the normal state to allow the

remainder of the model response solution to proceed in the same manner

for either stress or strain control. This allows the solution of the

irreversible cyclic elements to be completely unaffected by the type of

model inputs.

2-5.ln22£22£etisn sf Neshasla.§211.lu19 tha.!edaliea.lhshniass

The general rheological modeling approach allows the stress-strain

behavior of a material to be predicted provided that either the stress

or strain level is known as a function of time. Frequently. the nominal

stress or strain of a part in service may be well known while the

stresses and strains at a critical location are desired but not known.

The modeling technique may be used to provide the capabilities for pred-

iction of local material response whenever some relationship between the
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nominal and local responses is available.

Once such a relationship is determined. it may be combined with the

model behavior at both the remote and local positions to provide three

independent equations in terms of the four material response parameters:

remote stress. remote strain. local stress and local strain. This allows

the response of the material in terms of local and remote stresses and

strains to be predicted from a single input consisting of the remote

stress or strain input.

Neuber's rule provides a relationship between the nominal stress

and strain and the stress and strain at a stress concentration. This

relationship may be written for cyclic behavior as:

Ao-Ae = AS-AE-k: (22)

where Ac is the change in stress at a critical location (notch root)

since the last reversal of loading and As is the change in notch root

strain. AS and AE are the remote or nominal changes in stress and

strain since the last reversal and kt 1; the .1ggt1c gtrogg concentra-

tion factor.

The general solution of the notch root stresses and strains then

involves three unknowns (c. e. and E for example when S is known) to be

solved when a single input is known. The notch root response may then

be determined analytically once the model has been formulated and the

nominal stress or strain along with the elastic stress concentration

factor is known.

The analysis is performed by first applying the nominal stress or

strain history to the model and determining the model response. This

response is then.uaed in conjunction with Neuber's rule to direct the
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stress input at the critical location. The generalized modeling techni-

que requires the stipulation of small time steps and the application of

the corresponding change in stress to the model over the time step. The

time steps used in the Neuber simulation are taken directly from the

stress-strain-time data generated for the nominal response. The cor-

responding change in stress (either stress or strain may be used) is

determined by extrapolating linearly the last portion of the local

stress-strain response to its intersection with the closest sheet of the

hyberbola which describes the Neuber relation at the end of the current

time step being solved. The general derivation of this solution is

explained below and illustrated in Figure 6.

If the local stress-strain response is known at two points cor-

responding to tn and tn.1 and the change in local stress to reach time

tn+1 is to be determined. the local stress-strain curve may be extrapo-

lated linearly using the point slope solution of the line:

“n+1 ‘ (cd’dn_1)/(Bn’8n,1)’(8n+1-cn) + an (23)

where the various subscripts refer to the values of the parameters at

the corresponding times. The hyperbole which defines the Neuber rela-

tion Rt time tn+1 is:

A°n+1A3n+1 " Asmlwnuki (24)

'hOIO th' V11303 ASn+1 and Annel are determined from the nominal

material response. A relationship between the delta parameters (i.e.

AE) and the absolute parameters (i.e. E) is also needed to solve for

the stress change. This relationship is. of course:

E - AE + E; (25)
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Where the subscript r denotes the value of the parameter at the time of

the last reversal or at the beginning of the modeling. whichever is more

recent. Equations (23). (24). and (25) may be combined in such a way as

to eliminate th' ‘nsl terms yielding a quadratic in terms of “n+1’0n

which is the linearized estimate of the change in notch root stress to

be used in the generalized model solution of the current time step. The

two solutions for the quadratic represent the intersection of the

straight line extension with both sheets of the hyperbole. Only the

nearest intersection is of interest since the farther sheet lies on the

far side of the stress-strain state at the beginning of the current

reversal. The equation for the change in notch root stress is:

orgy-01fsmm s) - (shamans.n-k’dsfilasfili )1/ 2-3 (26)

where the SIGN(B) term provides the solution of the nearest sheet and

the values B and M are defined as:

B - (Acn+MAgn)/2 (27)

N = (“n-“r1)/(‘n’3n-l) (23)

This solution is depicted graphically in Figure 6 showing the extrapola-

tion of the local stress-strain response to the intersection with the

current Neuber relationship. Note that the errors induced by the

linearisation are highly exaggerated in Figure 6 and are. to some

extent. self correcting since the next Neuber hyperbole is recalculated

independently of the local response for each subsequent time step.

The change in notch root stress found by this technique and the

time step taken from the nominal response are used as inputs for the

general rheological model. The model uses this information to determine
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the change in notch root strain during the time step which provides the

needed values of local stress and strain to be used during solution of

the subsequent time step. This method in this way satisfies the Neuber

relation in a stepwise manner through linearised approximations of the

stress changes. The amount of error inherent in this process depends on

the departure from linearity of the local stress-strain curve. The

steps must be chosen sufficiently small such that this departure has

negligible effects on the overall results of the computations. This

constraint is not limiting since the same considerations apply to the

truncated Taylor series used in the develOpment of the generalized rheo-

logical modeling technique.



CHAPTER 3

COMPUTATIONAL AND NUMERICAL CONSIDERATIONS OF THE GENERALIZED MODEL

3-1WWW

The theoretical development of the generalised model presented in

Chapter 2 does not deal with the computational subtleties which are

inherent with the implementation of this modeling technique. This

chapter presents several considerations concerning implemention of the

modeling technique into any computing system. These considerations will

be presented in the same sequence as the corresponding portions of the

model were discussed in Chapter 2.

The output stress matrix [a] consists of a column of zeroes.

representing the zero applied stress at the internal nodes. with a sin-

gle non-zero element representing the applied model stress at the output

node. There is no necessity to maintain the entire [a] column. and only

the current stress value is stored to be added to the remainder of the

right hand side of the governing equation as needed.

The selection of a suitable time step (termed dT) requires a tra-

deoff in terms of computing time. The assumption surrounding the use of

a sufficiently small time step or the justification of a two term trun-

cated Teylor's series is that the second and higher derivatives of the

strain with respect to time are small compared with the first derivative

or. more directly. the curvature of the strain-time response is slight.

The value of dT could be chosen on this criterion alone through use of a

finite difference approximation of the second derivative such that the

Page 25
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largest acceptable value of time step would always be used to minimise

the number of steps required to solve a given problem. However. the

final governing equation (13) in Chapter 2 shows that the indicated

matrix inversion need only be performed when the time step or [S] is

altered. Since the inversion process is by far the most time consuming

portion of the computation. the selection of a uniform time step which

is changed only when [S] is altered will minimize computation time. The

[S] matrix is altered extensively at the end of each reversal and the

time step for the next reversal is chosen at that time by dividing the

total time of the next reversal into an integral number of parts.

Experimentation with various numbers of time steps has shown a value of

50 steps per reversal to be adequate for all models tested. Some

increase in computational speed may be desirable for the analysis of

very large models: in which case the redetermination of the time step

whenever a slider changes status should be considered.

The use of stress or strain control for conducting the modeling

presents no special numerical problems. Difficulties do arise in the

choosing of a time step for certain combinations of control conditions.

Whenever the driving input for the model and the imposed limit are not

of the same type (i.e. an input stress-rate with a maximum strain

limit). the time required to complete the input is unknown and the time

step cannot be directly determined. In such cases it would be possible

to determine a time step based on the curvature of the strain-time

response. This determination would assure that the linearisation

assumptions of Chapter 2 were not violated in areas of sharp strain-time

response curvature. Further. it would allow the value of the time step

to be increased when the degree of curvature became small. A new time
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step would be calculated as seldom as possible to preserve some of the

computing economy of the constant-time-step technique. Such a procedure

has not been required to this point. but it could be developed.

3 .2 Slider. haunt!W

The analysis of frictional sliders requires the use of several spe-

cial techniques that are not apparent from the matrix representation of

the sliders. The determination of the individual slider stiffnesses to

be used may be done in any manner as long as the equivalent slider

springs are stiff enough to appear rigid when compared to any elastic

spring used. The use of the very stiff springs allows for analysis of

redundant (statically indeterminant) slider arrangements which would be

difficult to solve if rigid links were used. For simplicity in sensing

the beginning of slider motion. slider stiffnesses are initially deter-

mined such that all sliders begin to move at the same value of

individual slider strain. This requires sliders with higher threshold

values to be proportionately more stiff than lower valued sliders. The

slider stiffness is chosen with the weakest slider being 1000 times more

stiff than the strongest spring. This convention provides for a maximum

error induced by the nonrigid sliders of no more than.0.1$ of the total

response.

The non-analytic nature of the frictional slider. particularly the

lack of a constant zero. coupled with the high stiffness provides some

numerical difficulties in determining the actual slider strains which

are needed to determine the slider statue. Typically. the absolute

strain at a given node point will be 3 to 5 orders of magnitude larger

than the relative strain on a given slider. The relative slider strain
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is determined by the difference in the absolute strains at the endpoints

of the slider. This computation of slider strain by subtraction of

values which are very close together requires that at least 10 signifi-

cant digits be maintained in both the absolute nodal strain values and

the strain-rate values.

The majority of model parameters are constant throughout the ans-

lysis of the model response. Specifically. the matrices [E]. [C]. and

[D] are constant as are the node point connections of the individual

sliders. These matrices are maintained as would be expected. The slid-

er stiffness matrix [S] is not constant and must be altered whenever a

slider starts or stops moving. The [S] matrix could be maintained as

the other model matrices with repetitive additions and subtractions

being performed to adjust the matrix as needed. Such operations would

result in eventual round-off error. especially since the elements in [S]

are several orders of magnitude greater than the elements of [E] and [S]

is always added to [B] when it is to be used. This problem is avoided

by maintaining [S] only in terms of the individual slider stiffnesses.

node point connections. and slider status (moving or stopped). The

appropriate values are then added directly to the elements of [E] when

[E+S] is needed in the analysis. The large difference in magnitudes of

the elements of the combined [E] and [S] matrices requires that at least

10 significant digits be carried during the inversion process.

The nature of the frictional sliders causes the overall stiffness

of the model to be discontinuous at any point when a slider changes

status. The possibility of one or more sliders changing status during a

single time step prohibits the use of the linoarisation assumption upon

which the entire model solution is based. Sliders cannot be restricted
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to change status only at the end of a time step but must be allowed to

change whenever the threshold stress is reached. This difficulty is

overcome by using a temporary time step which is adjusted back to the

time when a slider threshold is reached. At the end of each time step.

the relative strain on each slider is compared with the maximum allow-

able strain. The slider which exceeds maximum allowable strain by the

greatest fraction of incremental strain during the time step is chosen

as the single slider which will begin to move. The time step. applied

stress. all nodal strains. and irreversible cyclic forces are then

linearly relaxed to the point when that threshold value was reached.

The solution then proceeds as usual. If several other sliders also

exceed the maximum allowable strain during a given time step. this

linear relaxation procedure will reduce all such slider strains to an

allowable value. The several other sliders will be treated in subse-

quent temporary time steps merely by returning the solution technique to

the normal mode and determining the next slider to release in sequence.

The use. of the temporary time step and linear relaxation of the model

parameters does not require a separate analysis of the model response at

the altered time step which precludes the need for an additional matrix

inversion as each slider begins to move. An inversion is required fol-

lowing the change in slider status. however.

The transition of sliders from a moving to a stopped state cannot

be done in a sequential manner as when sliders begin moving. Generally.

a reversal of loading will stop all moving sliders simultaneously. This

produces a very large discontinuity in the model stiffness which is dif-

ficult to accurately predict. The use of time-dependent elements in the

model provides the possibility that some sliders will not stop at a



Page 30

reversal. requiring a technique be developed to monitor the status of

each slider after the reversal. The action of a slider stopping is

sensed by a reversal in the relative strain direction of the connecting

nodes. Such a reversal indicates that the force in the [F] array must

be removed and the stiffness coefficients in [S] be replaced. The slid-

ers which stop are sensed by using a very small time step (.01 of the

standard step) immediately following any reversal of loading. The

response of the model is analyzed for the small step after which the

status of all appropriate sliders is altered. The amount of error

introduced by the small time step is very small compared with the over-

all model response (about 0.02%) and is eliminated to a great degree by

automatically deleting the data point determined this way. Once the

necessary sliders are altered. the solution proceeds in the usual

manner.

'hen a moving slider stops. the threshold values of slider strain

must be updated. All sliders have the same allowable strain—range in

which they are considered stationery. with the individual slider thres-

hold stress being attained at the endpoints of this range. Initially.

all symmetric sliders are in the middle of the range. Ihenever a rever-

sal occurs. the moving sliders are at one end of the range and the

elastic slider strain for those which stop is updated to indicate this.

This provides the doubling phenomenon.which is observed in many materi-

als and which is modeled naturally by the frictional slider. Asymmetric

behavior is introduced by altering the zero stress point within the

elastic slider range such that it lies closer to one elastic strain

limit than the other.

The modeling of the moving sliders consists of the treatment of the
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applied internodal forces termed [F] in Chapter 2. This column is not

maintained in strict column form. primarily because of accumulated

round-off from repeated additions and subtractions. but it is maintained

as an array with a width equal to the number of sliders in the model.

This method allows [F] to consist entirely of zeroes and individual

slider threshold values. The technique also simplifies construction and

maintenance of the array.

3-3.Qenaidaretiens.21.!euhas.Simnlatien

The equations derived from the incremental solution of the Neuber

relation do not deal with any of the various model matrices and there-

fore do not require extensive numerical considerations. The use of

reduced time steps to sense the slider status following each reversal

provides the possibility that both the future Neuber hyperbole and the

linear extrapolation of the local response are greatly in error for a

single data point pair. This difficulty is greatly reduced by not using

the first point following a reversal as a valid data point. Small aber-

rations in the data may result in similar problems that are not as

simply solved. Such aberrations may result in only complex solutions to

Equation (26). Because of this. whenever a complex solution is encoun-

tered. the previous linear interpolation equation is used to predict the

intersection point. This procedure introduces very little error into

the overall response but allows the solution to continue as usual. If

unacceptable results are still obtained. the nominal response data could

be smoothed using numerical techniques which would assure that the indi-

vidual data points follow the general trend of the surrounding points.



CHAPTER.4

MODEL CONSTRUCTION TECHNIQUES

4-1 _e_r__0vs11W

The use of arbitrary configurations of simple. special purpose ele-

ments provides the capability to model many of the stress-strain

phenomena observed in actual materials. This capability is of practical

benefit only if techniques can be developed to convert basic experimen-

tal data into general models capable of predicting the response of a

material when subjected to complex loadings. This chapter presents sev-

eral specific techniques and general guidelines which may be used to

construct such models and specific examples of model construction.

The determination of an adequate model to provide a certain

response is not a unique process in that a number of different models

may exist which will have the same response. An example of three simple

spring and slider arrangements which all exhibit the same response is

given in Figure 7. All models in this example consist of three springs

and two sliders but in each case the values of the springs and sliders

must be different to provide the same response. This example is not

unusual since multiple models usually exist. The existence of multiple

models can be visualized in terms of the governing matrix equations

presented in Chapter 2. The model response has been defined as the

stress and strain measured at a single output node. Models with identi-

cal response are only required to be identical in terms of the response

Page 32
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of that single node and it is conceivable that several different models

could exist which provide identical response of that node. The internal

nodes of the models will normally have different responses however. As

more types of elements are added to the model. the ease of determining

such models decreases rapidly. The large number of potential configura-

tions available to model any particular response allows for a

configuration determination technique to be tailored specifically to the

available data since only a single adequate model is required.

4.2 Elgmggt anfigurgtiong jg ghdgl Spggifig fighgvig;

The use of frictional sliders in the modeling is necessary to pro-

vide material properties that change with the applied stress level and

provide the familiar hysteresis leaps. The slider. when placed in par-

allel with some collection of other elements. may be considered a stress

trigger which will be released and allow the other elements in parallel

with it to become active when the threshold stress is reached. There

are other useful ways in which the slider may be combined to provide

different types of triggering. Placing a slider in series with an clas-

tic spring and using this combination in parallel with other elements

provides what could be viewed as a strain trigger. Figure 8 illustrates

such a configuration. 'hen the strain on the spring (which is identical

to the strain of the group of elements in parallel with the

spring-slider combination) reaches S/E. the stress in the spring is the

threshold value of the slider (S). and the slider begins to move provid-

ing a constant resisting force equal to S. Notice here that the spring

slider combination does provide a linearly varying resisting force until

the slider begins to move.
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The slider may also be placed in series with a iviscous damper to

provide a strain-rate trigger as shown in Figure 9. This combination

will cause the slider to release when the relative strain-rate between

She and nodes exceeds SIC. Similarly. the slider may be combined with a

cyclic damper.shown in Figure 10 to provide triggering only when the

strain per reversal exceeds SID. Such a configuration can provide pro-

perties which vary with strain range.

More complicated configurations of sliders with other elements

could be used to provide a variety of responses.

4-3 Eula his;We23mm

The first examples of determination of model parameters will be for

the three models (A. B. and C) in Figure 7 to provide the identical

response shown. Each of the parameters for the three example models

will be determined. These examples will illustrate the advantages of

using both the strain trigger and stress trigger representation of slid-

er-spring combinations.

The Model A configuration is a series arrangement which provides

thit th’ spring. E... and the two parallel spring-slider combinations

always experience a stress equal to the total applied stress. The slid-

er thresholds are the breakpoints of the required stress-strain response

which can be read directly from the initial stress-strain response shown

in Figure 7. The slider values are then:

s“1 = 14.8 ksi s‘, . 10.0 ksi

Initially. all sliders are fixed and the slope of the initial response

is the elastic constant for E.., which may be dgtotlingd fro. the
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stress-strain value at the elastic limit. resulting in:

E‘, a 10.0 ksi/.001 - 10000 ksi

The value 0f 3., may be calculated by noting that the required change in

strain of .005 must occur over the stress change of 4.8 ksi. The 4.8

ksi increase in stress will cause an increase in strain of 0.00048 in

E‘pe requiring the remainder of the strain occur in E.a resulting in:

3., - 4.8 ksi/(0.005 - 0.00048) - 1061.95 ksi

The value 0f 3.1 is determined in a similar way using a change in stress

of 2.0 ksi over a strain change of 0.004. This results in:

3.1 = 2.0 ksi/(0.004 - 0.0002 - 0.001883) = 1043.30 ksi

This case uses the sliders as stress triggers and allows the slider

threshold values to be determined immediately by inspection while the

springs require some computation.

The model labeled 8 uses sliders in a configuration which allows

the absolute value of strain to be of more interest since the three par-

allel segments of the model are all subjected to the same strain. The

slope of the response above 14.8 ksi is the value of the spring Ebs

since It this point only Ebs continues to deform elastically. This

value is:

Eb. - (16.8 - l4.8)ksi/(0.010 - 0.006) - 500 ksi

The slope between 10 and 14.8 ksi is achieved by the addition of Ebs and

Eb: resulting in:

Eb: = 4.8 ksi/0.005 - 500 ksi = 460 ksi
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The final spring is determined in a similar manner with the three

springs adding to comprise the initial elastic response:

Eb: = 10 ksi/.001 - 460 ksi - 500 ksi 3 9040 ksi

The sliders may be determined as a function of the strain at which they

trigger. 130 41140! 3b, releases at a strain of 0.001 which provides a

stress on Eb: equal to the slider threshold value:

Sb, - 9040 ksi s .001 - 9.04 ksi

The slider Sb: releases at a strain of 0.006 resuting in:

Sb: = 460 ksi s 0.006 a 2.76 ksi

In construction of a model from strain controlled experimental data it

would be reasonable to construct a parallel type model similar to the

one illustrated to take advantage of the use of strain values rather

than primarily stress values for triggering.

Model C is a combination of series and parallel modeling which is

included to demonstrate that a model of another configuration may be

constructed in a manner similar to that used for A and B. Here the ini-

tial response of the system is determined entirely by the spring E6, .0;

E0, = 10000 ksi

The remainder of the system is rigid until slider Sc, bg‘in; to .ovo at

10 ksi. therefore:

Sc, = 10 ksi

Once both sliders have been released. the spring Ec3 gust combine in
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30:193 Vith Bee to provide the final slepe of 500 ksi. This results in:

8.. = (500 ksi s 10000 ksi)/(10000 1.1 - 500 ksi)

- 526.32 1.1

The effective stiffness of the parallel combination of Re, .34 no: nugg

combine Vith Eb, to produce the slope of the response observed between

14.8 ksi and 16.8 ksi. This combination results in:

(16.8 ksi-14.8 ksi)/(.006-.001) - (so,(gc,+nc,)/(s°,+ac,+scx)

Eg. a 579.89 ksi

Finally. thO 81140! so: may be determined from the strain value at its

trigger point of .006 and the portion of the strain assumed by Ecsi

Sc; = 579.89 ksi ‘ (0.006 - 14.8 RSI/10000 181)

While the models illustrated here do not involve the more complex ele-

ments available. the technique of working with the sliders is similar

for any type of model. as will be apparent when.more complex models are

constructed.

The construction of models using viscous dampers together with

elastic springs may be done by using the basic techniques of viscoelas-

ticity to solve for the response of simple collections of these

elements. In all cases where more complicated models are to be deter—

mined. access to an interactive computing system with graphic output is

extremely useful to allow rapid comparison of proposed models with the

available data to direct the final development of the specific model.
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The first model to illustrate the use of the viscous damper in

modeling .111 be that of Hastelloy-X at a temperature of 1600°F. The

data from which the model will be constructed consists of controlled

strain-rate tests on a cyclically stable specimen at five different

t4t08 Vith th' “*1413 11'1t8 50138 $0.006 in all cases. The data. taken

from Walker [28]. are shown in Figure 11. The range of strain rates

available covers three orders of magnitude which will illustrate the

capability of the modeling technique to simulate a wide range of speci-

men response with a single model.

Construction of the model will begin by considering the slowest

strain rate loop to be the result of a static tension test at 1600'F.

This assumption is not overly limiting since the use of the model to

predict the response of extended tests at strain rates lower than the

available data is not reasonable. The strain rates for which predic-

tions can be made should not exceed the limits of the data used to

construct the model. This is also true of the stress and strain limits

used. The modeling of the slowest strain rate can be done entirely with

a series combination of spring-slider pairs similar to those used in the

model A example previously. Subsequent alterations to the model to

accomodate the change in response with increasing strain-rate will

incorporate some degree of rate dependence into the slowest strain rate

loop. The static model is determined by approximating the slowest

strain rate loop by a series of straight line segments. The number of

straight line segments used determines the number of springs and sliders

needed to build the model. The spring constants may be determined by a

relationship which involves the slope of the currBent line segment (mn)
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and the slope of the previous segment (”n-1)° The relationship is:

En ‘ (“n-1'n)’('n-1’ in)

The sliders used in the static model must be asymmetric to accomo-

date the greater stiffness of the material in compression than in

tension. As a good approximation. all sliders are given the same ini-

tial asymmetry. The value of each slider will be one-half of the

threshold value determined from the stable hysteresis loop shown. This

halving of the values is required since each active slider is subjected

to the complete allowable stress range during each cycle of loading.

The modification of the static model to simulate the increased stiffness

with higher strain rates is accomplished by adding groups of elements.

each consisting of a viscous damper. a slider. and a spring connected in

series and added in parallel with the existing model. The use of paral-

lel groups is advantageous since each group experiences the same overall

strain conditions. which is compatible with the data in terms of select-

ed constant strain rates. The groups of parallel elements are

determined by considering subsequently higher strain-rate loops and

determining the parameters required to increase the effective dynamic

stiffness of the model. The change in the initial slope of the curve.

or the elastic modulus is adjusted directly by placing a spring of the

required additional stiffness in parallel with the existing model.

Since the spring must have negligible effect at the next lower strain

rate. the new spring is placed in series with a viscous damper which

will provide only a small stress at the lower strain rate. The viscous

damper is sized to give the near constant change in stress observed at

large strain values. The series combination of these two elements will
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provide an increasing stiffness at increasing strain rates. Usually

this increase in stiffness is much greater than that actually observed

for strain rates higher than the loop being currently modeled.

Therefore. a slider is placed in series with the combined spring and

damper to limit the amount of stress which the combination will provide

at the higher strain rates. The slider-damper series combination acts

as a strain-rate trigger providing a release of the slider when the

appropriate strain-rate is reached. This modeling approach provides a

stress difference between the different strain-rate curves which ini-

tially is proportional to the strain level and asymptotically approaches

a stress level of Ci provided that this maximum value is less than the

slider threshold value. More complex arrangements of elements could be

devised to provide differences which vary in other ways. The final

model. including the determined values of the various parameters. is

shown in Figure 12. Notice that this model does not contain irreversi-

ble cyclic elements since the model is intended to be used to predict

the stable response only of the material. Cyclic dampers are also not

used here since the magnitude of the time-dependent creep causes the

effect of cyclic creep to be negligible.

Whenever a collection of elements is added in parallel with the

existing model. the response of the entire model at the lower strain

rates is changed. This requires adjustment of the previously set model

parameters. The amount of adjustment needed can be easily predicted

with reasonable accuracy. thus reducing the number of iterations needed

to produce a satisfactory model. In the case of the data used here. the

difference in strain-rate is about one order of magnitude for all but

one pair of loops. A difference of this size provides for an effect on
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Model Parameters

Springs Sliders Viscous Dampers

N0. E No. S A No.

(ksi) (ksi) (ksi-sec)

1 17.2 1 9.70 -0.07 1 270000

2 669.2 2 7.00 0.0 2 150000

3 2245 3 3.40 —0.20 3 10000

4 2100 4 8.20 0.0 4 12000

5 5175 5 4.50 -O.14

6 7960 6 6.20 -0.14

7 28380 7 6.80 —0.14

8 14190 8 7.55 —0.14

9 3000 9 8.20 —0.14

10 3100 10 8.56 -0.14

11 4000 11 8.72 —O.14

12 2800

13 2400

Figure 12: Model Representation of Cyclically Stable Hastelloy-X at

1600 F
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previously set model parameters of about 105. The single pair of loops

which are spaced about one half order of magnitude apart would give rise

to a 305 effect on the previous loop. Because of this. these two loops

were modeled together and attached to a common slider as shown by S1 in

Figure 12. The use of interactive computer graphics is extremely help-

ful in this adjustment process.

The final output of the model compared with the data from which it

was constructed is shown in Figure 13.

The second model to be constructed is that of Hastelloy-x at room

temperature including the cyclic hardening observed during initial plas-

tic straining of the material. This model will require the use of the

irreversible cyclic elements. The data for this model was obtained by

testing three smooth specimens with an axial extensometer at different

strain rates with strain limits of 1.01 in .11 egg... The dgtg11; of

the testing procedures are discussed in Chapter 5. A representative

stress-strain response is shown in Figure 14. Construction of the model

is begun by developing the spring-slider model for the slowest

strain-rate 100p available as was done for the 1600°F model. The aim-

plest technique of modeling the cyclic irreversibility found is by using

a single cyclic irreversible element in parallel with the plastic

response section of the static model. The elastic modulus of such a

model will not change with cycling which is in agreement with the

observed response. The irreversible element may be sized initially by

noting the ratio of the maximum stress to the maximum stress of the

first reversal. This value is noted to be 1.50. The maximum fraction

of applied stress which the irreversible element must assume is then

1.-1./1.50 or 0.33. Since the fully developed element will assume .33
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of the total applied stress. the threshold values of all the sliders

must be reduced by a factor of 0.67 to yield the correct response for a

fully hardened specimen. The rate at which the irreversible element

changes is expressed in half-lives of the element per reversal of load-

ing. It can be seen from the data that the material is halfway between

the first reversal and the stable response at about 7 reversals. The

element must therefore experience .14 half-lives per reversal. These

values are used in the model to provide a first try at cyclic hardening.

The type of irreversible element used has been conceived to allow model-

ing of observed behavior with a minimum of elements. and frequently a

single element such as this is sufficient. This initial model is then

refined by interactively comparing the model output with the available

test data and altering the model until good agreement is obtained.

The range of strain rates shown provides very little information

concerning the time-dependent response of the material. Information to

determine the time-dependent was derived by observation of the stress

relaxation during the hold times involved in recording the various

loops. By using the hold time and the total maximum relaxation of

stress. a series combination of a spring. slider and damper may be

determined. The slider value is one-half the observed maximum stress

relaxation. The damper is sized to provide a suitable maximum stress at

the lowest strain rate at which significant relaxation occurred. The

spring constant is determined to allow the amount of relaxation to occur

during the observed time. The model which results from this process and

interactive adjustment is illutrated in Figure 15. The completed model

does not incorporate cyclic dampers since the amount of relaxation of

mean stress observed at room temperature is very small. The initial
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Model Parameters

Springs Sliders Viscous Dampers

No E No. S A No. C

(ksi) (ksi) (ksi-sec)

1 400 1 57.45 —0.04 1 10000

2 1985 2 54.47 —0.04

3 4180 3 51.13 -0.04

4 8930 4 47.70 -0.04 Irreversible Cyclic

5 11530 5 44.53 —0.04 Elements

6 21210 6 39.56 —0.04

7 31620 7 33.24 —0.04 No. I R

8 51110 8 22.40 -0.04

9 30000 9 2.00 0.0 l 0.34 0.14

10 20000 
Figure 15: Model Representation of Room Temperature Hastelloy-X
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response of the model at the strain—rate of 0.0002 sec"1 including a

short hold time at zero strain is shown in Figure 16.

The final model to be constructed is that of Hastelloy-x at 1200'F

including the initial response. The construction of this model requires

the use of all five element types available. Tests identical to those

conducted for the room temperature modeling were done at 1200'F using a

diametral extensometer. Certain difficulties arise in the construction

of this model because the material exhibits a reversible.

strain—rate-dependent. cyclic hardening and softening. If the material

is stabilized at a given cycling rate. it will then restabilise to

another response curve if the rate is changed. None of the five avail-

able modeling elements appear to provide this type of response. The

five elements presented in Chapter 2 are not intended to represent a

complete set of those available. Another element could be conceived to

model this behavior. For the purpose of this example. two separate

models will be constructed for Hastelloy-X at 1200'F. The first model

will represent the response for the material stabilized at a low

strain-rate (about 0.00002 sec") and the second will represent the

material undergoing rapid stabilisation (strain-rate greater than 0.0002

sec”). The first model is constructed by determining the stable

time-dependent model as was done at 1600'F. This model is than propor-

tionately weakened to produce the first reversal of loading as was done

for the room temperature model. An irreversible cyclic element is then

added as in the room temperature model to cyclically stabilize the

material to the pr0per level. The model is then complete since the

relaxation of cyclic mean stress was not observed at this strain rate.

The completed model is shown in Figure 17. The response of the model as
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Springs Sliders Viscous Dampers

No. B No. S A No. C

(ksi) (ksi) (ksi-sec)

l 542 1 33.7 -0.04 1 200000.

2 3400 2 30.4 -0.04

3 11800 3 24.2 -0.04 Irreversible Cvclic

4 46700 4 16.2 -0.04 Elements

5 23100 5 5.0 0.0

6 40000 No. I R

l 0.46 0.20

Figure 17: Model Representation

Rates

  

of 12000 Hastelloy-X at Low Strain
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compared to typical input data is shown in Figure 18.

The model for the more rapid strain rate is constructed in a manner

identical to the slow response. with the exception of the use of irre-

veresible cyclic elements and the addition of cyclic dampers. The

single irreversible cyclic element used in the previous two models is

not capable of producing the cyclic hardening observed here. The mater-

ial begins to harden very rapidly at first and then quickly reduces the

rate of hardening and continues at a much more constant rate for an

extended number of cycles. This behavior can be achieved through the

use of two irreversible cyclic elements in parallel. The first element

hardens very quickly to produce the initial response while the second

element changes much more slowly to provide the more constant hardening

rate observed later. The specific constants for the two elements was

determined by trial and error with the single constraint that the sum of

the maximum strength coefficients must be the value that would be used

for a single element.

The determination of the cyclic damper was done in such a way as to

provide the approximately 6 ksi maximum relaxation observed on a strain

amplitude of 0.01 without strenthening the entire model by that amount.

The required damper was placed in parallel with the spring slider pairs

which provide the static plastic response and the sliders were weakened

apprOpriately to account for the strengthening effect of the damper.

Figure 19 is a schematic of the completed model. Figure 20 is a compar-

ison of the model response with the experimental results of a test

showing the cyclic relaxation of mean stress. Notice that the reduction

in the change from one cycle to the next in the maximum stress attained

is very similar in the two cases. The similarity in the shape of the
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Springs Sliders Viscous Dampers

No E No. S A No. C

(ksi) (ksi) (ksi-sec)

1 1380 1 24.1 —0.01 1 200000

2 3700 2 28.5 —0.0l 2 15000

3 6730 3 27.2 —0.01 3 1000

4 13300 4 25.4 -0.01

5 22000 5 22.3 -0.01

6 46600 6 18.6 -0.01 Cyclic Dampers

7 114000 7 10.8 —0.01 —

8 27200 8 5.0 0.0 No. D

9 40000 9 3.0 0.0 (ksi-reversals)

10 10000 10 2.0 0.0

11 200 1 600   
 

Irreversible Cyclic Elements

 

 

  

No. I R

l .174 .548

2 .406 .072

Figure 19: Model Representation of 1200°F Rastelloy—X at Rapid Strain

Rates
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two hysteresis loops is not as great. This lack of similarity is caused

by the determination of irreversible cyclic elements based on the peak

stresses of the input loops. Better agreement could be achieved by the

incorporation of irreversible cyclic elements in parallel with smaller

portions of the plastic response. The effect of these additional ele-

ments on the large strain range response would be small.

4.5 Other Iodel Congtruction Technigues
 

The examples of model determination in the last section have

primarily been conducted from a basic knowledge of the reaction of the

various elements in simple configurations and the addition of simple

subsystems to deve10p the models. These techniques are very useful

because they produce physically meaningful models with readily predict-

able behavior. The generalized modeling technique is capable of

handling much more complicated model arrangements.

The change in stress observed at a range of strain levels for vari-

ous strain rates does not necessarily have a decreasing slepe with

increasing strain at all points and may not be monotonically increasing.

In such cases. no actual combination of springs and viscous dampers can

fit the input data. The use of springs and dampers with negative coef-

ficients can be used to deve10p a specific model which will provide the

observed response. These combinations may also be helpful in modeling a

negative strain-rate sensitivity. The effect of such elements on an

existing model can be difficult to predict and it is suggested that some

experimentation with simple example models be conducted to gain insight

into this behavior.

The models constructed have been presented in simple schematic
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figures. fluch more complicated element connection geometries may be

analyzed which would be difficult to illustrate with such simple fig-

ures. These complicated geometries may be of considerable use in

modeling certain behavior. Such models could contain extensive

cross-connections. making visualization of the response extremely diffi-

cult. Again example models of such types should be used to gain insight

concerning this type of model.



CHAPTER 5

DESCRIPTION OF EXPERIENTAL MUIPIIENT AND PROCEDURES

5-1MMW

This chapter provides a brief description of the closed-loop test

system. diametral gage. and interferometric strain gage used in the test

program. Information is also included concerning the signal condition-

ing required to obtain the required output from the tests. The specimen

geometries are also described.

A computer controlled. HTS closed-100p hydraulic testing machine

was used to perform all tests. The heating of the specimen was done

with an induction furnace using multiple turn. water cooled. copper

coils. The specimen temperature was controlled through a modulating

feedback control system receiving its signal from a thermocouple. spot

welded to the specimen in the region of interest. similar to that done

by Lucas [18]. The machine grips were water cooled to protect the load

cell and prevent melting of the lower Wood's metal type grip and to pro-

vide a flat temperature profile at the center of the specimen.

The elevated temperature testing of nominal response and generation

of data for model construction was done with a diametral extensometer.

The extensometer is similar to that used by Slot [31] and Lucas [18]

which employs a ceramic contact device and an invar fulcrum to minimize

the effect of temperature changes on the gage response. The diametral

displacement was converted to axial strain by means of an analog circu-

it. This circuitry requires that either the initial elastic modulus or

Page 59
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the elastic Poisson's ratio of the material be known to determine the

axial strain from the extensometer output. A detailed discussion of

this procedure is found in reference [31]. In this particular case

Poisson's ratio was chosen as the known value since the temperature

dependent variation is less than that of the elastic modulus [32].

The measurement of notch root response was done with the interfero-

metric strain gage. This gage is capable of measuring strains at room

and elevated temperatures (above 1200°F) over a gage length of 100

microns (.004 inches). The gage is based on the use of interference

patterns formed by the diffraction of coherent light from two closely

spaced indentations. The movement of these patterns is a direct measure

of the change in spacing of the two diffractive points. Detailed des-

criptions of the gage theory and operation have been written by

Bofferding [17]. Lucas [18]. and Sharpe [23.24]. The gage used in these

tests is identical to that described by Lucas[l8]. The reflective sur-

faces are formed by a pyramidal diamond indenter using a Vicker's

microhardness tester as described by Lucas [18].

5.2 Specimen Qggggtry

Three specimen geometries were used in the various phases of test-

ing. A straight. smooth specimen was used with a .300 inch axial

extensometer to determine nominal material response at room temperature.

A detailed drawing of the specimen is presented in Figure 21. An hour-

glass shaped specimen was used for nominal elevated temperature response

in conjunction with the diametral gage. This specimen provides a mini-

mum cross sectional area at a single point were the extensometer is

positioned. A detailed drawing of the specimen is shown in Figure 22.
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The circular and elliptical notched specimens were used with the inter-

ferometric strain gage at both room temperature and 1200°F to provide

the local response at a known stress concentration value. Figure 23 is

a detailed drawing of the notched specimens. The two types of notched

specimens were identical with the exception of the geometry of the par-

ticular notch.

5.3 13;; Procedures

The nominal room temperature response was recorded by conducting

tests at three different strain rates with a strain amplitude of £0.01.

The rates were chosen such that one complete strain cycle required 20.

200 and 2000 seconds to complete. Representative results of these tests

are presented in Figure 14. Three different specimens were used such

that the time dependence of the initial behavior of the material could

be observed. Following the completion of each test. a single complete

strain cycle was run and recorded at each of the three rates to provide

a control response for comparison between the three specimens. The

amount of stress relaxation observed and the time required was noted at

the zero strain point on some of the strain cycles. This was done to

provide additional information concerning the time-dependent response of

the material. A final variable-strain-rate test was run on a fourth

specimen to be used to compare to the response of the model constructed

from the constant-strain-rate tests. The specifics of this test are

presented in Chapter 6.

The room temperature test to measure notch root strain was conduct-

ed on an elliptical notched specimen. Symmetric cyclic loading at a

constant load rate was used for the test. Details of the load input and
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the results are contained in Chapter 6.

The nominal rosponse at 1200°F was determined using the same series

of tests as at room temperature described above. One additional test

was conducted at this temperature to determine the cyclic relaxation of

mean stress of the material. A similar test at room temperature showed

ondy a very small relaxation. Representative results of the testing are

presented in Figure 18. The notch root response information for this

temperature was taken from Lucas [18]. Details of the data used are

presented in Chapter 6.

The 1600°F testing consisted of verifying the data presented by

Walker [28] to assure the reliability of further tests and conducting a

variable strain-rate test for comparison.with the model in Chapter 6.



CHAPTER 6

CONPARISCN OF EXPERIENTAL DATA TO THE |DDEL RESPONSE

6.1 Igtrgdggtion

This chapter presents several comparisons between the response of

the models constructed in Chapter 4 and the results of specific experi-

mental testing as described in Chapter 5. The comparisons to be made

include that for variable strain rate tests at room temperature. 1200°F.

and 1600°F: and notch root strain response for cyclic load controlled

tests at room temperature and 1200°F. All tests and comparisons are

made using Bastelloy-X specimens. The test results are presented below.

grouped according to the particular model used to predict the material

response.

6.2 Cgmpariggns 31,16909E

The testing at 1600°F was done on a cyclically stable specimen.

The input for the strain controlled test is illustrated in Figure 24.

The material model determined in Chapter 4 was subjected to the same

input.

The comparison of the two responses is presented in Figure 25. The

maximum discrepancy between the two responses is about 5 ksi 0r 9% of

the total stress range experienced. The major differences between the

two occurs during the times of stress relaxation. Some similar discre-

pancies may be observed when comparing the model response with the input

data. A model which would provide better correlation.with the input
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data should reduce the amount of error observed here. Considering the

amount of time-dependent creep observed in this test. the degree of

agreement that the model response exhibits with the experimental result

is very good.

6.3 392! Tgmpgrgturg Campgriggng

The first room temperature test is similar in structure to the

1600°F test explained above. In this case. the specimen is in the ini-

tial state and experiences cyclic hardening during the test. The input

strain history for the test is shown in Figure 26. The comparison

between the model and experimental response is presented in Figure 27.

The degree of difference between the two responses is no more than

4% of the total stress range of the test. The agreement in the amount

of stress relaxation is exceptional considering the source of the data

for determination of the viscous damping coefficients in the model.

The second room temperature test is the comparison of the notch

root strain response of an elliptical notch specimen subjected to con-

trolled load cycling. The load cycling was a constant load rate with an

amplitude sufficient to provide a nominal stress of 128.57 ksi with 3

period of 40 seconds. The model response requires the determination of

an elastic stress concentration factor to be used in the Neuber ana-

lysis. This concentration factor was determined experimentally using

the interferometric strain gage in the same configuration as was used to

determine the notch root response during the test. The experimentally

determined factor for a small. completely elastic load was 3.54. This

factor is considerably lower than the theoretical value of 5.2 published

by Peterson [29]. The experimentally determined value was used here
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since it is considered to be more representative of the particular

experiment.

The comparison between the experimental and model response is

presented in Figure 28. The agreement between the two data sets is

quite good in this case. The use of a somewhat higher value of kt would

yield results which agree extremely well with the observed response

since the shapes of the two response curves shown are nearly identical.

6.4 Cgmpgrigong Lt 1200’:

The nominal response testing at 1200°F consisted of a test similar

to that performed at 1600'F with the exception of the duration of the

test. The test was conducted over a relatively long time period to

allow large amounts of time-dependent response. A plot of the strain

versus time input used in this test is shown in Figure 29. The model

constructed to predict response at slow strain rates was used in this

case. The results of the comparison are presented in Figure 30.

In general. the agreement between the two responses is very good.

A large discrepancy does occur during the last two positive stress areas

of the test. This discrepancy is possibly caused by the use of only a

single irreversible cyclic element to determine the cyclic hardening.

The error experienced here is still within 15% of the total stress range

of the test and is considered very good for the simplicity of the cyclic

hardening portion of the model.

The final test is that of the strain response of a circular notched

specimen at 1200°F subjected to regular cyclic load cycles with hold

times at the cycle peaks. The load range is sufficient to produce a

nominal stress range of £34.? ksi. and is applied at a constant loading



 

.
0
0
8

.
0
0
4
-

r

O

NIVULS

 -
—
—

—
E
x
p
e
r
i
m
e
n
t

M
o
d
e
l

 

-
.
0
0
8

 
F
i
g
u
r
e

2
8
:

C
o
m
p
a
r
i
s
o
n

o
f

M
o
d
e
l

a
n
d

E
x
p
e
r
i
m
e
n
t
a
l

N
o
t
c
h

R
o
o
t

R
e
s
p
o
n
s
e

f
o
r

R
o
o
m

T
e
m
p
e
r
a
t
u
r
e

T
e
s
t

l
l

1

T
I
M
E
.

s
e
c
o
n
d
s

8
0

 
1
2
0

Page 72



 

Page 73

 

 
 

'
-
O
1
2
l
I
—
I
I
I
I
I
T

I
I
I
I
I
I
I
I

I
I
r
I
I
t

fi
v

I
I

I
I

1
I

f
I
'

'
O

1
0
0
0

2
0
0
0

3
0
0
0

T
I
M
E
.

s
e
c
o
n
d
s

F
i
g
u
r
e

2
9
:

V
a
r
i
a
b
l
e

S
t
r
a
i
n

R
a
t
e

I
n
p
u
t

f
o
r

1
2
0
0
°
F

T
e
s
t



 
6
0

 
 

 

 

I
IS‘I ‘SSSHLS

-
2
0
—

 
 

"
4
0
"
—

\
'

\

\
I
"

‘
4

v

 

 
 

M
o
d
e
l

—
-
-
—

—
E
x
p
e
r
l
m
e
n
t

 

 
'
°
°

I
T
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
F
I
I
T
I
I
I
I
I

0
1
0
0
0

2
0
0
0

3
0
0
0

T
I
M
E
.
s
e
c
o
n
d
s

F
i
g
u
r
e

3
0
:

C
o
m
p
a
r
i
s
o
n

o
f

M
o
d
e
l

a
n
d

E
x
p
e
r
i
m
e
n
t
a
l

R
e
s
p
o
n
s
e

f
o
r

1
2
0
0
°
F

T
e
s
t

 

Page 74



Page 75

rate to require 20 seconds peak to peak. At each peak a hold time of

100 seconds exists. The elastic stress concentration factor was again

derived from the experimental results and determined to be 2.27 by Lucas

[18] for the net section or 3.18 for the gross section as compared with

the theoretical value of 3.3 published by Peterson [29]. The model used

in this test was the one designed for strain rates greater than .0002

306-1. The comparison of the experimental and model response for this

test is shown in Figure 31.

The results of the comparison show very good agreement between the

two with the general form of the response being very close to the meas-

ured output. The major discrepancy is in the magnitude of the strains

predicted. The model strain values are within 18% of the experimental

values at all places during the test. Again. the use of a higher stress

concentration factor would provide excellent agreement between the

observed and predicted responses. In both Neuber simulations. a higher

stress concentration factor would provide better agreement and the

theoretical stress concentration factors give support to the use of a

higher value.
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CHAPTER 7

CONCLUSIONS AND DISCUSSION

It is shown that a generalized constitutive modeling technique can

be formulated using a matrix approach similar to that used in discrete

vibration analysis. With this technique. classical rheological model

elements consisting of linear springs and viscous dampers can be com-

bined with frictional sliders and two new special purpose model elements

to simulate cyclic hardening or softening. cyclic relaxation of mean

stress. history dependent memory. time-dependent creep and

time-dependent stress relaxation. Because of the versatility of this

new method for creating this type of constitutive model. various

arrangements of classical and special model elements can be experimented

with to develop a particular model that can simulte both cyclic and

time-dependent behavior. that is appropriate for a particular class of

materials.

Notch root behavior is also successfully modeled by developing a

numerical technique for incorporating the generalized constitutive model

into the Neuber relation. Notch root stress-strain response could then

be predicted from known nominal stress or strain histories.

Uniaxial behavior is modeled for Hastelloy-X at room temperature.

1200°F and 1600°F. Isothermal tests that isolated individual phenomena

such as cyclic hardening were performed to determine the needed material

properties. Additional tests were conducted that exhibited combinations

Page 77



Page 78

of both time-independent and time-dependent behavior for the specific

purpose of determining the accuracy of the model. All the model predic-

tions followed the general trend of the experimental verification data.

The best correlation was for room temperature. Second best correlation

was at 1600°F and the largest errors were seen at 1200°F. Hastelloy—X

is difficult to model at 1200°F because of the lack of a dominant beha-

vior that is either time-independent or time-dependent. This

necessitated the interaction of all model elements simultaneously for an

accurate prediction.

Some limitations to the modeling technique were encountered owing

to the lack of the availability of certain types of elements that were

needed to simulate some of the unusual phenomena observed under cyclic

loading at elevated temperatures. It should be noted that the five ele-

ments presented here are not intended to be a complete set. This

general modeling technique allows for the addition of other types of

special purpose elements that could be used to model other materials

that behave very differently. The incorporation of the Neuber relation

into the modeling technique has been shown to provide an accurate tech-

nique for the determination of notch root stress-strain response.

The primary difficulty encountered in using this technique has been

the determination of the configuration of the constitutive model which

best fits the available experimental data. The technique used in model

building to this point is subjective with a rationale that was based on

a knowledge of the specific properties of the elements available. The

extensive use of trial and error is also employed. The development of a

method for establishing the required input data to produce a complete

model would also be extremely beneficial.
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The present work deals entirely with uniaxial response of the

material. The possibility exists for extending the technique to mul-

tiaxial response. Such an extension will introduce extreme

complications into the materials models. A single elastic spring

representing linear behavior in one dimension becomes four springs for

two-dimensional representation. one of which is negative. and is

represented by three partially coupled linear equations. The develop-

ment of models for actual materials would be an extremely difficult

task.
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