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ABSTRACT
INTERACTION-INDUCED PROPERTIES

AND
PERTURBATION THEORY

By

V4 vV o o
Jesus Juanos i Timoneda

The perturbation expansions obtained from Lowdin’s projection-operator
formalism are derived in a new way, using Kato’s formulation of
perturbation theory. This formulation does not involve the symbolic usec
of the inverse of singular operators. Kato’s approach provides a
convenient algebraic alternative to diagrammatic techniques for obtaining
eigenvalues and eigenvectors. Different normalization criteria imposable
on the wave function are easily visualized in terms of the operator that
yields the perturbed state vector when it acts upon the unperturbed wave
function.

We use a label-free exchange perturbation method to calculate the
dipole moment of interacting He and H atoms as function of internuclear
separation. In the label-free formalism, the unperturbed Hamiltonian and
perturbation terms are constructed so that each is invariant with respect
to exchange of electrons between the interacting atoms; then a Rayleigh-
Schrodinger perturbation expansion with a fully antisymmetrized set of
zeroth-order wave functions yields the interaction energy and collision-
induced properties. Good agreement with ab initio results for the He...H
dipole is obtained when a long-range dispersion contribution is added to

the first-order overlap and exchange contributions.
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We calculate the dipole moment for the quartet state of H3 in its
linear and right triangular configurations and we find that the first-
order overlap—-exchange and the long-range contributions are about the same
order of magnitude at intermediate range. We prove that a system of n
atoms in any spatial configuration has zero dipole moment when the
electrons are described by s-type functions (Slater or Gaussian) and the
dipole moment is calculated as the expectation value of the corresponding
operator with an unperturbed, but fully antisymmetrized wave function.

An analytic expression for the damped pair dipole moment is calculated
in terms of Clebsch-Gordan coefficients and reduced matrix elements. We
show explicitly with the first nonlocal hyperpolarizability how
susceptibility densities may be cast in a form without secular
divergences. The theory of generalized functions is applied to calculate

the limits in the expressions for susceptibility densities and tensors.
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ordinate is scaled logarithmically and the dipole

p(R) is given in a.u.
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exchange-overlap dipole, obtained from Eq. 13, B in
Slater basis and C in Gaussion basis. Curve D
shows the exchange-overlap dipole computed as an
expectation value with the zeroth-order
wavefunction; results from the Gaussian and Slater
bases superimpose on this scale. The dipole p(R)

is given in a.u.

Ratio of the correction term o, to the exchange-
overlap dipole for He...H, plotted as a function of
the internuclear separation R (in a.u.). The
exchange-overlap dipole has been computed as the
derivative of the first-order interaction energy
with respect to an applied field. Curve A shows
the results from the Slater-basis calculation, and

Curve B the results from the Gaussian basis.

Spatial configuration of three identical nuclei (a,
b, ¢). e=n, n/2, n/3 for the linear, right-triangle

and isosceles-triangle configurations.

H3 dispersion dipole moment. X component. Right-

triangle configuration.

H3 dispersion dipole moment. Z component. Right-
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triangle configuration.

H3 overlap—-exchange dipole moment. X component.

Right-triangle configuration.

H3 overlap-exchange dipole moment. Z component.

Right-triangle configuration.

H3 overlap-exchange dipole moment. Linear

configuration.

H3 dispersion dipole moment. Linear configuration.
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CHAPTER 1.
INTRODUCTION.

A major part of this work is devoted to the analysis of interactions
between atoms or molecules at separations such that the overlap is not
negligible. From this analysis we derive methods to calculate
interaction-induced properties. These properties allow us to predict the
behavior of matter interacting with radiation; alternatively the
calculated properties may be compared with those computed from
experimental data. We have also worked on several theoretical aspects of
the methods used in our study.

Perturbation theory is the framework within which most of our work has
been performed. The next chapter is devoted to a theoretical analysis of
perturbation theory. On the basis of an entirely algebraic formalism, we
present formulae to calculate corrections to the perturbed wave function
and eigenvalue to any order. Several normalization criteria are
associated with the way in which different projection operators are
manipulated. We use a reduced resolvent for which no problem about
singularities arises. This powerful technique allows us to establish
consistency with other formalisms and developments in perturbation theory.
We conclude the second chapter by presenting a unification of several
different formalisms, with common principles.

In chapter 3 we use a special form of perturbation theory, viz.,
exchange perturbation theory in label-free form, to calculate interaction-
induced dipole moments. In particular, the collision-induced dipole
moment of a diaton is computed. We compare our method with other
perturbation theories and we analyze an approximation employing additive

long- and short-range contributions to the pair dipole moment. Since the



(3]

Hellmann-Feynman theorem is not satisfied at the level of approximation
used in our calculations, the dipole moment is calculated both as the
expectation value of the corresponding operator and as the field
derivative of the energy. The results that each strategy yields and
comparison with accurate ab initio calculations are used to assess the
reliability of different methods in computing pair dipoles. Our
computations have been performed with Gaussisan- and Slater-type orbitals.
The work with Slater-type orbitals required us to augment the contents of
the standard tables in order to calculate one of the integrals over these
functions.

The same perturbation method as in Chapter 3 is used in Chapter 4. We
derive an expression for the overlap-exchange contribution to the triplet
dipole moment. The significance of the results of this chapter for
studies of many-body effects is twofold: We prove that some methods used
to calculate interaction-induced properties are not reliable. Second, we
show that the results for the three-body long-range and exchange-overlap
contributions to the pair dipole of quartet H3 are comparable in order of
magnitude at intermediate range. This result is known to hold also for
the energy.

The exchange-overlap dipole (upon which Chapters 3 and 4 focus)
vasishes when the separation becomes very large. The dispersion dipole
moment as calculated in the region where overlap and exchange effects are
negligible diverges when the separation approaches zero. In chapter 5 wec
calculate the overlap damped dispersion dipole moment, which remains
finite. Also, we present a general treatment of susceptibility densities

and tensors of potential use in the study of nonlinear phenomena. We



treat the problem of secular divergencies, and we give an analytic
expression for the first nonlocal hyperpolarizability density, needed to

compute several damped properties, including the dispersion dipole.



CHAPTER 2

2.1. - INTRODUCTION

Perturbation techniques are widely used ([1,2] and refs. therein) in
the study of intermolecular interactions and their effects on super-
molecular system properties. The wave operator that generates the perturbed
state vector from the unperturbed wave function is important within this
context, and in a general treatment of self-consistent field theory [3].

Lowdin has developed a projection operator formalism [3,5] that gives
the wave operator in terms of a reduced resolvent operator T. Within
Lowdin’s formalism, proof of the existence of T hinges on proofs of operator
invertibility. Wilson and Sharma [6,7] have analysed the invertibility
requirements for one form of the T operator. By relating T to an "outer
projection" of the Hamiltonian, Lowdin has recently shown that the operator
T remains regular as needed for the construction of perturbed eigenfunctions
[(4); he has also applied the partitioning method to derive rational
perturbation approximations [4].

An alternative derivation of Lowdin’s perturbation expansions is
presented in this chapter, based on Kato’s theory. This approach does not
involve manipulation of inverse operators, although it does require proper
manipulation of resolvents and consideration of their domains. In section
2.2 we review the aspects of Lowdin’s work necessary for comparisons [3,5],
with brief reference to other work in this field [8]. In section 2.3 the
calculation of the perturbed eigenvectors and eigenfunctions is treated from
the viewpoint of complex variable and Hilbert space theories [9-13].
Expansions are developed in section 2.3 for perturbed Hamiltonians with

arbitrary dependence on a perturbation parameter x. The Hamiltonians



considered by Lowdin (in Refs. 4, p. 79 and 5) can be understood as one-
parameter dependent expansions in which only the first-order correction term
is present. The results and conclusions from section 2.3 are discussed in
section 2.4, while section 2.5 contains a digression on the interrelation

among several perturbative treatments used in quantum mechanics.



2.2. - ON LOWDIN’S STUDIES IN PERTURBATION THEORY
The Hamiltonian H of the system under consideration is expressed in
terms of the Hamiltonian HO for the unperturbed system and the correction

(L g (1

term H as H = HO + The wave operator U relates the perturbed

eigenfunction ¢ to the unperturbed eigenfunction ¢0:

v o= Uy, (1)

When the operator t is constructed from the reduced resolvent T and the

perturbation term H(l) as

t = H(l) + H(I)TH(I) = H(l)U , (2)
where
v=1+mD (3)

the eigenvalue » associated with ¢ may be written as

=gt g, (4)
where the brackets with subscript zero denote an expectation value in the
state wb.

It is useful to express T in terms of the projection operator P that
projects out the eigenfunction wo of Ho from an arbitrary function. P
projects onto a one-dimensional subspace ofj?, the separable Hilbert space
taken as the set of functions that are square-integrable and complex-valued
on the configuration space of the Hamiltonian operator H. The projector
onto the orthogonal complement with respect to the range of P is (1-P).

The reduced resolvent T in Eq. 3 is the operator
T(¢) = [c - (1-P)H] ! (1-P) (5)

evaluated at €=x (in general € is a complex variable). T(¢) may be



expressed equivalently in terms of the resolvent R = (6--ﬁ)_1 of the outer
projection H = (1-P)H(1-P) of the Hamiltonian H:

Te) = (1-P) (i)' (1-P) . (6)

In general we may assume 3(x—ﬁ)—1 only when x¢o(ﬁ), where o(H) is the
discrete or point spectrum of H, even thouzh X may be a point of constancy
of E(\) or a point of continuity of E(x), where E(x) stands for a resolution
of the identity [14]. In deriving conventional perturbation theory
formulae, we may take T(€¢) with € in the spectrum of H, provided that ¢ is
not in the spectrum of H; in particular, we may set €=, because <¢I¢b>s0
ensures that T(¢) remains regular at x [4].

Series for t and U [5] may be derived by using the unperturbed reduced
resolvent TO(E), defined as To(e) = [€~(1—P)Ho]—1 (1-P), with appropriate
choice of € to obtain Brillouin-Wigner, Rayleigh-Schrodinger or
"intermediary" perturbation expansions [4].

With the reduced resolvent S = [xo-(l-P)Ho]—l(l—P), if |KSV*>| < 1,

where

v (1) _ - (1) _
V' = H <¢0|t|w0> = H <t>0 , (7)
the following expansion is obtained for t:
t = H(l) + H(I)SH(1)+H(1)SV’SH(1) + H(I)SV’SV’SH(l) + + o o, (8)
Hence

V’=H(l)-<H(1)>o - <H(1)SH(1)>0 - (H(I)SH(I)SH(1)>0 +

+ <H(1) S<H(1)>OSH(1)>0 + <H(1)S<H(1)SH(1)>OSH(1)>0 + e s e , (9)

and so



b= @)y D) o @Osa®-a® 5 ey

[H(I)S(H(l) _ <H(1)>0)S(H(l) _ (H(1)>0)SH(1) _

_ <H(1) SH<1) >OSSH(1)] 4+ o & o 2 tl + tz + t + ¢ o o (10)

3

u=1+(suV) + (s® - @D ysay 4
+ s - @M Hs@V - @ stV (11)

- Dgu()y 24(1) e o=
<HUISHY > SR )+ =1+U +U,+ U+

where the ith term in square brackets has been identified with ti in
expression (10) or with Ui in (11). The expansions for t and U given in
(10) and (11) let us calculate corrections to wo and o consistently with

the choice of H.

A related perturbation formalism has been developed by Speisman [8],

using the operator

§ AR (12)
0
We should emphasize, though, the essentially symbolic character of this
expression in his work. This character becomes evident when, after taking
Xp @s an isolated eigenvalue of Ho, Speisman in fact equates (12) to the
reduced resolvent, i.e., S'(x\ - xo)_l dE(>»), where the prime in the
integration means that it is performed in the whole range of » except within

a properly defined neighbourhood of Ny



2.3. - THEORETICAL ANALYSIS

This section begins with a brief review of the aspects of Kato's
perturbation theory that are central in this analysis. Rigorous treatments
of the perturbation methods, regular or asymptotic expansions and
convergence properties may be found in Kato’s original papers [9-12,15].
The derivation of the perturbation series is carried out and the connection
with Lowdin’s work [4,5] is established.

Following Kato, let us consider HK a self-adjoint or hypermaximal, but

not necessarily bounded operator such that

H =j *dE_(») (13)

4

where the system of projections Ex (n) is the resolution of the identity
corresponding to Hx and the sub-index x stands for the dependence on a

parameter x€R. For leA(Hx), the resolvent Rx(l) is defined by

R =H-D =] e, (14)
X L3 L3

©
and it is a bounded analytic function of &. 1\(HK) is the resolvent set of
HK, i.e., the set of real numbers not belonging to the spectrum of Hx, and
the non-real complex numbers.

When o is an isolated eigenvalue (in general with finite multiplicity

m) of Ho within a properly chosen closed curve T belonging to;ﬂ(Ho), we

shall write

_ e
R(L) = (5 - 0 Ep+5 (1), (15)

9
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where

1

5_(8) = [ o7 dE_(»)

(I stands for an integration except at the point XN [12]).

(16)

SK(Q) given by (16) is the reduced resolvent with respect to o and

E. is the projection operator onto the space associated with >

0
be emphasized that SK(R) has a singularity at 1=x0.

Let xn(l) be a regular perturbation and

-1
e ogm $ R @A
r
Since
_ 2 n n.. (1) n
R (2) = Ry(R) = (1)« [H''Ry(0) ],
* n=0

we obtain

0 n=1
where
(n) _ 1yl L (1) |-,
G 4; Ry () H R, (R)de
with H(l) appearing n times in the integrand.

(n) |

We take from Kato's papers the expression for A

card (L) k k
R TLI (s

i=1

k
L(Dg"2 ene, (1) el

where card(L) = number of elements in L, and

S ).1

0 It should

(17)

(18)

(19)

(20)

(21)
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n+l
L= {kyeaank ) Jfa hy=maky 20, ¥y 1<) <nl) (22)
s = g S = S, (n) (23)
T TR " 20"
{An explicit derivation is given in Appendix A.)

In the more general case

2)
Ho=Hg oD BB (24)
we obtain
card (I) card (J) k, (v,) k k (v) k
A - e )P s sy VsZ...sPg Pg p’“l)i‘j ,
i=1 Jj=1 (25)
where card(I) = number of elements in
: Y
I = {(VI’...,VP):.E VJ-:n ~ ijli J:IS-JS.P}

J=1

and card(J) = number of elements in
p+l

J = {(kl,...,kp+1)3£3kj=p ~ k20,Y5:1¢5¢p+13

1t has been proven [10] that there exists a unitary operator UK such

that
a) Uo =1,
b) U.< Eo is regular wherever EK is regular,
and ¢) E =U E, vl
X X X

(n)

Let us now consider explicitly the terms A , for n =1 and 2
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(1) _ (De ot
A = —EOH S-SH Eo
A(z) = EOH(I)SH(l)S + SH(I)EOH(I)S + SH(I)SH(I)E0
(D, (1) 2 (D2, (L) _ <2,(1)g (1) (2)
EOHO EOH S EOH S™H Eo S°H EOH Eo EOH S-
(2)
-SH EO . (26)
1f we define
(1) | _ou(D)
al = SH EO
aél) = - EOH(I)S
(2) _ eqyMW M) _ 2D, (D) _ ony(2)
a; = SH SH Eo S™H EOH EO SH Eo
352) = EOH(I)SH(I) EOH( ) (1) EOH(Z)S (27)
then from (26) and (27)
(1) _ (1) (1)
A = a1 + 82
A(z) = aiz) + aéz) + SH(I)EOH(I)S - EOH(I)SZH(I)EO . (28)

Substitution of (28) into (19) yields

E = (11 (1) + x2lal?s aéz)] sl isH Vg ps-

(
X | 0
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D2 (L,
EOH S'H EO]* =
= By + xlal v all) ¢ FralPe 2P s e (29)

where the braces in (29) include all those terms whose order in x is equal
or greater than 2 and whose trace vanishes, the first of which is

(1 (De _ (1).2,(1)
SH EOH S EOH S™H EO.

let us denotle by Ex the operator obtained by removing from EK all

those terms whose trace vanishes. We may take

Ex - exl * ex2 (30)
where
_ (1) 2 (2)
exl = Eo + xal + x 81 + .
(31)
_ (1) 2 (2)
€2 X% Fox ) M

Rearrangement of the terms in the series (19) is justified by the fact
that the expansions (19) and (29) are absolutely convergent when |x| is less

than a bound that must be determined in each particular case [12]. Also

ex2w0 : 0 and Exwo =9 (32)

Using for the unitary operator the same notation for removal of terms
with vanishing trace, we write

E =UE
X

X

= -1 _ = = -1
ol = (UEQ(EW ) . (33)

The following relationship is trivially fulfilled when
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A=1+Z% a. and B =1+ Z b, :
. 1 . i
i=1 i=1
. 0
A B -A+B+ Z ¥ a.b. -1 (34)
i=1 =1 *Y

provided that A and B are absolutely convergent.

Since

[_J 1+ xﬁ(l) + xzﬂ(z) + .

= . (35)
X
- - - _ ® . N_iN [yt
E =UE +EU s+ [ v 5 (0*gigglid’y g (36)
x x 0 0 x LT 0 0
i=1l j=1
as may easily be deduced by using (34).
Comparing (36) and (30), we identify
-1 _ (1) 2_(2)
e ° UxEO = EO + xay box a; + ... (37)
The expansion for ﬁK may be written from (37) and (27) as
6K =1 - wsEY + ZrsuWsgD) - SZH(I)EOH(I) - sut®y 4.
=1+ [xs + «2(suVs - szu(l)so) +...8y
+ [x2(-8)+.. P
(-]
SRR N VI NI S I T AL ARG )

n=1

where fn(x) stands for an expansion in powers of x, the first term being of

(1) (@)

order n. It contains the operators H ,

According to (32),
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(39)

If the traceless terms in EK had not been omitted, a different Ux

would have been obtained, and it would yield (see (39)) a wave function that

would satisfy the normalization criterion <¢K|¢x> = 1, rather than <¢0|$x> =

1.
When only one perturbative term is present in the Hamiltonian, ﬁ;
becomes
X
and
 =UEWw =0w =w +f HY (a1)
x x 070 x 0 0 1 0
where
FL(x) = xS + s Vs - 2 Mgy + (42)
Let
T = fl(x=1) = —S+SH(1)S-SZH(1)E0+... = S’+SH(1)S-52H(1)E0+ ... (43)
where S’ = -S. Now
W= (1+ TH(”)EO =+ W e W@ E, (44)
where w(l) = S’H(I)E

0
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[3%)

(2) _ opiDey(Dy 2 (Lg (1)
w = = SH 'SH'E, - STH' EjH E, . (45)

Formulae (45) are exactly Lhe same as those given by Lowdin, as may be
seen in a straightforward way, once (37) has been slightly transformed by

using

2. (g (D o 2 (D) (1) = g2H(1) (1) (46)
STH EGH T Ey = STHUTEGHT T TEGE) = STHYTICHT TRy

and by substituting SZH(1)<H(1)>0 for SZH(I)EOH(I) in ﬁx.

Let us now compare our results with the expression for the energy

given in ref. [5]. 1If x =1,

Y
"

(1)

1]

(1) (1)
o * <Yl >+ <o [HTTH T Jugd

(1)

+ [cug ) 19> +[wbm“Jyn“)w&]+

o)

[<¢0|n(1)sn(1>su(1)|¢0> - <¢b|n(1)szn(1)s H(1)|¢b>] + .

0

x * <t1>0 + <t2>0 + <t3>0 + ... (47)

where <ti>0 has been identified with the ith term in square brackets.

According to (24) and (38), we may write in general

t=3 SH™0+ s £ (0 B®) (48)
n=1 m=1 ®

and if, in particular, we take only n = 1 and x = 1
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(1)

S D fl(,zl)n‘l)] - aW e wDy - gy (49)

The last expression above is identical to the expression given by
Lowdin for the reaction operator t.

Kato [12] found the expansion of wx in a slightly different way. He
considered the adiabatic transformation wx that allows us to obtain wn from

v

0 9

¢ =W wo (50)

X X
where W 1is taken as U <E. and

X X 0

dwK dEx

= W
dx dx * (51)

The formulae to be substituted in an expansion of WK at x = 0 are
found by calculating the qth derivative of wx with respect to x at x = 0 and

by comparing with (19),

© q
W= 5§ - [Sw ] :OQ!xq = By + xA(l)EO +
x q=0 q: dxq X "k
- Eq + % (A(l))on} ... (52)
where

]
dx x=0
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n
-

d’E (2)
. a7 24T (53)
2 x=0
dx
. , have been used.
The perturbed wave function is obtained from (50).
_ _ (1) 2 (Day(l) _ (1) 2,.(1)
Q& = ¢b xSH wb + x~ {SH' “SH wb <H >OS H ¢0
t)
. % ”SH(l)%sz0 i} SH(..)%} . (54)

Derivations of the expressions equivalent to A(n) for the energy are

analogous (cf. [9,12]).



2.4. - DISCUSSION

Several authors ([16] and references therein) have formulated
diagrammatic representations of the Rayleigh-Schrodinger perturbation
theory. The use of the rules from such techniques is a convenient way to
write to any order the correction to both the energy and the wave function,
without requiring an explicit calculation when the expressions are needed.

(n)

Similarly we point out that the sum rules in expressions for A and its
equivalent correction terms to Ny are not particularly complicated. Once
these expressions have been written, it is a straightforward matter to

(n)

obtain correction terms directly either by introducing A in the
expansion of WK to obtain the wave function or by calculating several
traces to obtain the eigenvalue.

The method has the advantage that we may keep consistency between the
order of the correction in our expansions for xx and wx and the order in «x
kept in the expansion for Hx. since we have formulae that are general

enough for both A(n)

and its equivalent form for xK; i.e., the formulae are
not restricted to Hamiltonians like HK = Ho + xn(l), but Hx may be taken to
the desired order in «x.

Another significant aspect within this context is that wx is obtained
from wo as the result of an adiabatic transformation, WK or Ux'EO' The
operator that carries out this transformation acting on an arbitrary

function yields an eigenfunction of HK. The unitary operator, Ux or UK,
represents how the function describing the state of the system evolves as
the effects of the perturbation change it.

The relationship with the variational principle has been discussed by

Kato in his original papers. The degenerate case is also treated in the

19
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references given to Kato's work.

Following Kato’s original work, the usual series in perturbation
theory have been deduced, with the same normalization criterion as in
Lowdin’s work [3-5]. The series have been written in terms of a reduced
resolvent, for which no problem about singularities arises. This work
establishes the consistency between results obtained from Lowdin’s method
and expressions developed strictly within the framework of complex-variable
perturbation methods applicable for Hilbert spaces.

A different method from that used by Kato [12] has been given to
derive an expansion for the wave operator. It allows us to visualize
different ways to obtain the perturbed wave function and its different

normalization conditions.



2.5 - RELATIONSHIPS AMONG PERTURBATION METHODS.

This section should be regarded as a complement to the main contents of
this chapter. We include it here because we have seldom encountered
references to Kato’s work in the literature on perturbation thecory; yet
Kato’s rigorous treatment of perturbation theory provides a reliable and
powerful algebraic language to deal with perturbative problems. The
diversity of perturbative treatments in textbooks and research papers and
their apparent independence and specialized character make it difficult to
develop a unified conception of several areas of nuclear, atomic and
molecular quantum mechanics because of an apparent lack of common
principles. We therefore present in this section the underlying
fundamentals, which interrelate different mathematical formalisms through a
common background.

It is customary to regard interactions as corrections to an
unperturbed Hamiltonian, HO. The total Hamiltonian HK is decomposed into
Ho and the perturbation xH(l) associated with the interaction. The limit «x
= 0 correspondents to the unperturbed system whereas x = 1 corresponds to
the real system. In the study of atoms, for instance, HO may include the

(1)

kinetic energy, nuclear attraction and central potential terms; H would
include the Coulomb repulsion minus the central potential terms, and
perhaps magnetic interactions or interactions with an external field. The
whole Hamiltonian is thus split into two terms formulated according to the
independent-particle model.

Kato’s formalism, as formulated in the references given in this

chapter, yields expansions commonly called Ragleigh-Schrodinger expansions

for the perturbed eigenvalues and eigenfunctions. Besides mathematical
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rigour, Kato’s treatment has the strength of dealing with projection
operators, EK or EO’ which are uniquely determined, whereas eigenvectors
lack this property. Some of the results of this chapter have been
obtained because of this feature, e.g., different normalization criteria
imposable on the wave function are easily visualized in terms of the
operator that yields the perturbed state vector when it acts upon the
unperturbed wave function. The exact energy, X0 does not appear explicity
in the expansions. This fact renders the expansions for the exact
eigenvalues and eigenfunctions very useful for calculations. Size
consistency is another interesting feature of the expansion for the exact
energy given by Eq. (47). Brueckner [17] considered the Rayleigh-
Schrodinger expansion and showed that the terms having a non-linear
(aphysical) dependence on the number of particles of the system cancel with
each other. The linked-cluster diagram theorem was later proven by time-
dependent [18] and time-independent [19] methods. This theorem states that
the aphysical terms cancel through all orders of diagrammatic perturbation
theory, only linked diagrams appear in the series for N,

Although it is not conventional in the theory of operators on the
Hilbert space, we could consider the inverse (xK - HO)_I instead of the
resolvents of either Ho or H‘, as taken previously. We would thus generatc
expansions analogous to those given in previous sections of this chapter,
but they would have xx instead of xo in the resolvents. The perturbation
expansions with explicit dependence on the perturbed eigenvalue , are
known as the Brillouin-Wigner expansions. The analogue to Eq. (47) so
constructed is the Brillouin-Wigner expansion for the energy, and that of

Eq. (49) is designed the transition matrix or T-matrix [20-22] in
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scattering theory, whereas its expanded form is known as the Born (or
Newmann) series [20-22]. "Reaction matrix" or "K-matrix" replaces the term
"transition matrix" in studies on nuclear matter [23]. Eq. (47) with o in
the resolvents replaced by x, may provide a justification for the
terminology "effective interaction"”, as t is sometimes called.

The sum of the zeroth- and first-order correction energies is the
expectation value of HK in the state represented by the model function db
in both the Brillouin-Wigner and the Rayleigh-Schrodinger perturbation
expansions (see Eq. (47)). When H, is the central-field Hamiltonian and

0
H(l) includes at least the noncentral electrostatic interaction, the sum xo

+ <y | H(l)

|¢0> is called the Hartree-Fock energy because this is the
quantity minimized in a Hartree-Fock procedure [24-27]. The remaining part
of the energy is the correlation energy. Methods such as CI, MCSCF,
electron-pair theories,..., [28] are employed to obtain quantitative
information on the terms in Eq. (47) beyond the first two. The terms in
Eq. (47) of second order and beyond represent true many-body effects, for
the Hartree-Fock approximation only takes into account the effects on each
electron of the average field of the remaining electrons and nuclei. Thus,
the electrons move independently of each other and the instantaneous motion
of the electrons or the correlation between them in their mutual Coulomb
field is not taken into account as such [29].

Size consistency is a desirable property of any method used in
computations in chemistry because it is the differences between two
quantities what are often most interesting. In contrast to the Rayleigh-

Schrodinger perturbation expansion however, the Brillouin-Wigner expansion

for the energy is not size consistent. Nevertheless, we know [9] that the
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eigenvalue e of the perturbed Hamiltonian is regular in x and power-series
expandable with a non-vanishing convergence radius. The eigenvalue is an
analytic function of x and X, TXpas«x? 0. Therefore, it is legitimate
to think of an expansion about xK = % of the resolvents in the Brillouin-
Wigner series. Such an expansion allows us to recast the Brillouin-Wign:r
series in the Rayleigh-Schrodinger form. Furthermore, Brandow proved
(31,32] that this procedure allows for cancellation of all the unlinked
terms in the Brillouin-Wigner series, as should be expected because the
Rayleigh-Schrodinger series is size consistent.

Feshbach's operator [34,35] in nuclear physics is an effective
operator that yields the exact energy when operating on a model function.
Lowdin’s [3,5] treatment of the partitioning technique may be considered a
development of Feshbach’s previous work.

Finally, the resolvent operator (14) may be written as
_ -1 _ R B +
Rx(l) = (Hx-ﬂ) = - (¢ - H +in) = = -G (£) (55)

with £, m € R and 2=¢+in. The zeroth-order Green’s function operator or

propagator GS (¢) is obtained from c" (¢) by replacing HK by Ho. Now

(t-Hytin) = (¢-H +inm) + H(D (56)

from which it is a simple matter to obtain the Dyson equation

6*(6) = 650) + 6oou e’ () (57)
closely related to the wave-operator relationship (40). The limit of ¢~ X
and 4 » 0 yields a distribution which establishes the connection between
the Green's function-opeator notation of the resolvent and the singular (or

Sochozki’s) generalized functions [36] of use in scattering theory.
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CHAPTER 3.

3.1. INTRODUCTION

Interactions between colliding molecules in gases or liquids causc
shifts in the charge distributions of the collision partners. These shifts
result in differences between the net dipoles of colliding pairs (or
clusters) and the vector sums of the dipoles of the molecular constituents,
if unperturbed. Collision-induced changes in dipole moments are manifested
in the dielectric and spectroscopic properties of bulk samples. For
example, infrared and far infrared absorption processes that are single-
molecule forbidden may be observed in compressed gases and liquids as a
consequence of transient, collision-induced dipoles. Such pressure-induced
far IR absorption has been observed experimentally in inert-gas mixtures
(37-39], H2 [38], N2 [38,40-42], 02 (38,40,41], CH4 (43], and SF6 (44] and
forbidden near IR spectra have been studied for the diatomics, triatomics
such as CS2 [45], and other polyatomics. Useful information on dynamics in
dense gases and liquids can be obtained by analyzing the lineshapes for
single-molecule forbidden spectra (and for collision-induced contributions
to allowed spectra), if the collision-induced dipoles are known as functions
of intermolecular separation and relative orientation. In analyses to date,
collision-induced dipoles for small molecule pairs have often been
approximated as sums of classical multipolar contributions, with short-rangc
anisotropic overlap corrections represented by parametrized exponential
functions. At this stage, direct calculations of overlap effects on pair
dipoles are needed in spectroscopic applications. It is also of interest to
compare the calculated dipoles of van der Waals complexes in their

equilibrium configurations with the dipoles determined experimentally by
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molecular beam electric resonance studies of the Stark effect on rotational
transition frequencies characteristic of the complex [46,47]. Calculations
or measurements of collision-induced dipoles provide information on
molecular interactions complementary to that obtained from potential energy
surfaces, and may indicate the relative importance of classical
electrostatic interactions, charge transfer, and short-range overlap and
exchange effects [48].

For molecules interacting at long range, only classical-multipole
polarization (cf. [48]) and dispersion effects [49] contribute to the
collision-induced change in dipole moment. The net dipole for well
separated molecules can therefore be determined if values of the single-
molecule multipole moments, polarizabilities, and nonlinear response tensors
are known [50-55]. For molecules interacting at short range, definitive
results can only be obtained by ab initio calculation [56-62]. Calculations
including correlation effects have been performed for the pair dipoles of
He...H [57,59,60], He...Ar, He...Hz, and HZ"‘HZ [57]), while calculations
restricted to self-consistent field level are available for the dipoles of
the inert-gas heterodiatoms Ne...Ar, Ne...Kr, and Ar...Kr [56,58], and for
the Ne...HF dipole [48]. Quite large basis sets are usually needed in pair
property calculations [61], with the consequence that the computational
requirements are substantial. This prompts interest in approximations that
yield good results in the region where overlap is small, but nonnegligiblec.
Since numerical precision is most difficult to attain in ab initio
calculations on molecules at intermediate and long range, approximations
applicable near the van der Waals minimum may be used to join the known

long-range forms of the interaction-induced dipole to ab initio results at
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short range. Additionally, quantum mechanical approximations for collision-
induced properties provide information on the effects of long-range
electrostatic interactions, overlap, exchange, hyperpolarization, and
dispersion, which may prove useful in selecting basis sets for subsequent
ab initio work.

To evaluate proposed approximations for pair properties, it is
necessary to compare the results with the accurate ab initio results
available for properties of small molecular pairs. Comparisons of ab initio
and approximate collision-induced polarizabilities of H...H in the triplet
state [62] and He...He [61] have been used to test electrostatic overlap
models [63], exchange perturbation methods [62,64-66], polarizability
density models [67-69], and exchange antisymmetrization approximations
(70,71].

In this chapter, we report a calculation of the collision—induced
dipole moment of He...H as a test of label-free exchange perturbation theory
[72-75] at lowest order. The label-free exchange perturbation method
constitutes a direct Rayleigh-Schrodinger perturbation theory with fully
antisymmetrized zeroth-order wavefunctions. By construction in terms of
projection operators, the unperturbed Hamiltonian and the perturbation term
are individually invariant with respect to exchange of electrons between the
interacting molecules. The label-free exchange perturbation formalism is
reviewed briefly in section 3.2, for application in computing collision -
induced dipoles. In section 3.3 the label-free theory is related to other
exchange perturbation approximations, and the collision-induced dipole is
shown to separate into polarization and exchange contributions. It is also

shown that results for the pair dipole at zeroth-order in the label-free
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theory are identical to the results of an exchange-antisymmetrization
approximation developed by Lacey and Byers Brown [70].

We have calculated the He...H dipole moment in two ways: first, by
evaluating the expectation value of the dipole operator with the zeroth-
order pair wavefunction; and second, by computing the energy for He...H in
the presence of a uniform applied electric field and then differentiating
with respect to the field to obtain the dipole. Also, we have carried out
the calculations at two levels of approximation for the single-atom
wavefunctions. In the first, 1ls Slater orbitals are used on each center;
and in the second, an extended Gaussian basis is used at each center.
Evaluation of the dipole expectation value in the Slater basis has been
reported previously by Buckingham [49] and by Mahanty and Majumdar [76]; we
obtain identical results in this case and new results from the other three
calculations. The methods of calculation and the selection of basis sets
are described in section 3.4. Results are presented in section 3.5. We
find that closest agreement with accurate ab initio results [57] is obtained
from the Gaussian-basis calculations of the dipole as an energy derivative.
Errors in the overlap dipole are typically 20-30% at this level of
approximation. Significantly, the errors in this approximation appear to be
smaller than the discrepancies between the two reported ab initio

calculations of the He...H dipole [57,60].



3.2 EXCHANGE PERTURBATION THEORY IN LABEL-FREE FORM

For molecules interacting at short range, both polarization and
exchange effects contribute significantly to the interaction energy and to
interaction-induced changes in electric properties. The label-free exchange
perturbation theory developed by Jansen [72-75] treats these effects within
a direct Rayleigh-Schrodinger formalism. Projection operators are used to
define an unperturbed Hamiltonian and a perturbation term that are
separately invariant with respect to electron permutation. Also, within
this formalism the expectation value of any dynamical variable for a cluster
of interacting molecules can be separated into additive contributions from
each of the molecules in the cluster.

The Hamiltonian H for interacting molecules A and B with a total of N

electrons is

v

(= -3
a

N

2 -5 25— (1)
r_. r, . S
aj b by k<j kJj

oo
I
N M =

Jj=1

where Za is the charge of nucleus a in molecule A, Zb is the charge of
nucleus b in B, j and k are electron indices and rqj is the distance from
electron j to nucleus q. Atomic units are used throughout this work, and
the nuclear positions are assumed to be fixed.

To carry out a Rayleigh-Schrﬁdinger perturbation expansion with a
fully antisymmetrized pair wavefunction as the unperturbed wavefunction, an
appropriate partitioning of the pair Hamiltonian into an unperturbed
operator and a perturbation term must be found--but the electron labels (j
1 to N) are not assigned exclusively to molecule A or to molecule B, and the

antisymmetrized wavefunction is not an eigenfunction of the single-molecule
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Hamiltonian corresponding to any fixed electron assignment. Within the
label -free exchange perturbation formalism, this problem is resolved by

splitting H into the unperturbed Hamiltonian

(0)
Ai

o>
1]
Mo

0i

A p
H. - % [H
1 i-1

+
o~
-

N~

e
-~
(3%
"~

i
and the perturbation V due to molecular interactions,

P
V = Z V./\.. (3)

(0)
Ai

given that A has been assigned the ith possible set of NA electrons selected

(0).
Bi & "

In these equations H is the Hamiltonian for the isolated molecule A,

from the total of N (and similarly for H i represents the interaction-

energy operator for the ith assignment of electrons to molecules A and B.

The number of ways of assigning NA electrons to molecule A and NB to

molecule B, from a total of NA + NB’ is

i (NA+ NB)?

p = ' '
NA' NB'

(4)

The operator/\i projects out the simple product term for the ith electron
assignment, when applied to an antisymmetrized pair wavefunction. The
zeroth-order wavefunction @0 is constructed by antisymmetrizing the product
of the ground-state wavefunctions ¢A and wB for isolated A and B molecules:

P
QO = f EioPiPiE¢A¢B] = f i§1¢i (5)
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where f is a normalization constant and & °p P.l is the intersystem
i i

antisymmetrizer. By definition the projection oper.:«xtor/\_i acting on ¢0
yields f¢i'
1f a uniform, static electric field F is applied to the A B pair, the

A

full Hamiltonian HF is

A

ﬁF = H (F=0)+ H’ (F) (6)

where H (F=0) is given by Eq. 1 and

A P
’ - ~ - - A B
H'(F) =~y « F=-F+ g Ai = -F .i}::l(ei + Bi\ /;.1 (7)

The dipole operator B4 is the same for all electron assignments i, but the

dipole operators B? and E? for A and B depend upon the electron assignment.
At self-consistent field (SCF) level, the wave function for molecules

A and B is given to first order in an applied field F and zeroth order in

the molecular interaction by

A O °11/2:§1 g1 -1 3250 (8)

The constants 2 and c, are
c, = <5(°)| AN (9)
Coq * 2igl <$(°)|$§;)> . (10)

5(0) is an antisymmetrized product of unperturbed orbitals centered on A and

B, and the tilde superscript indicates that the function has not been
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z(1)

normalized. Qiu is the antisymmetrized product with the unperturbed

orbital i replaced by the first order correction to orbital i in an

applied field Fu in the o direction. The vector §§1) has components

~(1) (1)’ and 0(1)

1x 1y

To lowest order in the interaction, the total energy E of the A-B pair

is
. (0) g0) , -1 z(0) 2 ~(0)
E = <qa0|u|¢0 B + ¢ <) |i§1vi/\i|¢ > +
-1.~(0) % N () -2 =(0) 2 ~(0), -
+Ee{2c; "<& "7 |H(F=0)| £ QJ. >-gocy <@ |H(E=0) [@ > 3 (11)
J=1
where
- _ ,=(0), P ~ - 12

i=1

Thus, to lowest order, the energy is the sum of three terms: first, the

(0) , 5(0

the absence of the applied electric field; second, a field-independent term

total energy E for molecules A and B at infinite separation and in
equal to the A-B interaction energy to lowest order if exact wavefunctions
¢A and WB are used to construct Qb [77,78); and third, a term linear in the
applied field.

From the energy expression, the dipole moment may be obtained by

differentiating with respect to the applied field:

- =8k
L aF

_-a o
A <qa0|n|q:0> [< 1|9 +
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In Eq. (13) ; is the dipole moment calculated directly as the expectation
value of the dipole operator with the zeroth-order, zero-field wavefunction,
as in Eq. 12. The remaining terms in Eq. (13) represent the non-Hellmann-
Feynman contribution, which would vanish if 00 were exact.

In the label-free perturbation formalism, the operators ﬁo and ; are
not Hermitian individually, although the sum of the operators is Hermitian.
As a result, the pair energy at first order in the interaction formally
includes the correction term <®0|H0|w1>, which depends on the first-order
change wl in the pair wavefunction due to the perturbation V. Since this
term is expected to be substantially smaller than the standard first-order
energy shift <Q0|V|®0> included in Eq. 11, the correction <00|H0|®1> is
usually grouped with the leading second-order terms [72,73].

To second order, the interaction energy may be computed from 01 in a
sum-over-states form [72], with contributions from the continuum generally
nonnegligible [79]. Alternatively ¢1 may be approximated by finding the

stationary vector of the functional (cf. [80])

J[9] = <PHG-E |9> + <y |V -E, |8 + <@|V-E, > (14)

subject to <¢|Q0> = 0. If & vanishes with an arbitrary variation &p of ¢
away from the stationary vector 51, then the expansion coefficients a, for
@1 satisfy
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1

@ IVIgy + 5 nfb ka£[<¢k|H0|¢n> + <¢Q|H0l¢k>]
o' E - E (15)
0 k

in the basis Qk of orthogonalized, antisymmetrized product states for A and
B at infinite separation. In the approximation that the sum on the right-
hand side of Eq. 16 is negligible, @l = @1. An equivalent approximation has
been made by Jansen in a direct expansion of Ql in the basis Qk [72].

If Qo and @1 hi:ve been determined, then the sum of the unperturbed
energy Eo, the full first-order energy E1 (including the correction term

<¢0|H >), and an approximate second-order energy EZ for the A-B pair in

ol

an external field can be obtained from

Eg+ BE) + Ep = <PglH (E=0) - p = E | & + <@ |V[g> . (16)

The interaction-induced dipole may then be computed from the derivative of
Eq. 16 with respect to F, as in Eq. 13.

In this work, the calculation of exchange-overlap contributions to the
He...H pair dipole is based on Eqs. 11 and 12, which represent the lowest-
order effects. The exchange-overlap terms fall off exponentially with
increasing R. In contrast, the second-order dispersion contribution to the
He...H dipole (present in p derived from Eq. 16) varies as H—7 at long
range. This contribution originates in the correlations between the
fluctuating charge moments on the H and He atoms, and it dominates the
exchange-overlap contribution for sufficiently large R. Accordingly, in
calculating the He...H dipole for internuclear distances R > 4.0 a.u., we

have added the leading dispersion dipole to the lowest-order exchange-
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overlap dipole from Eq. 11 or 12. Higher-order polarization and exchange
effects are neglected at this level of approximation for the pair dipole;
overlap damping of the dispersion contribution and the effects of He-
electron correlation on the He-H correlation and exchange energies are also

neglected.



3.3. COMPARISON WITH OTHER EXCHANGE PERTURBATION METHODS

In this section the label-free exchange perturbation theory of
interaction-induced properties is related to other exchange perturbation
approaches. We show that the results from the label-free theory can be
separated into polarization and exchange contributions [2,81-83]. We also
show that the zeroth-order expression for the pair dipole in the label-free
theory is identical to the exchange-antisymmetrization approximation used by
Lacey and Byers Brown in calculations of inert-gas heterodiatom dipoles
[70].
3.3.1 Exchange perturbation theory: Polarization and exchange
contributions to interaction energies and pair properties
In one standard form of exchange-perturbation theory [81] the nth

approximation to the wavefunction Qn and the nth approximation to the

interaction energy Fn of an A-B pair are obtained iteratively from

§ =4y + Ry (E - V)¢ (17)

and

E
n

b lVy1e 1> (18)

where ¢0 is the simple product of the ground-state wavefunctions ¢A and wB’
V1 is the perturbation term for the assignment of the first NA electrons to

molecule A and the remainder to B, and RO is the reduced resolvent

[, ><d, |
k=0 k 0

The function ¢k is the kth simple-product excited state of A and B at

infinite separation and Ek is the corresponding energy. The intermediate
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normalization <¢0|@> = 1 has been imposed. Symmetry forcing is accomplished

by choosing the normalized antisymmetrized product of WA and ¢B as the

zeroth-order approximation Qo ([2,65,66]. At first order the A-B interaction

pol

energy is the sum of a polarization term El and an exchange term EeXCh:

1

by IV [Pog> = <& 1V, [60> < P[4
1 + <& |Poy>

_ ~pol exch _
By = B]0 + E] 0 = <oV o> +

<¢O]V1 |¢0> + <¢0|V1|P¢0>

- L+ <oy [P yo (20)

where P is the intersystem antisymmetrizer (see Appendix B).
In the label-free exchange perturbation theory, the interaction energy

at first order is
P
E1 = <¢0|i§1 xiAi|@0> . (21)

This expression for El may be simplified by splitting the full
antisymmetrizer in @0 into terms that involve electron permutations within
A, within B, and between A and B. In Appendix B, the permutation invariance

of V is used to obtain

E, = 1 [<w Yo Vo, e >+ < | E V.A.|AA ; P AB{x }>] (22)
17 s %I T T NN e T o T <

The expressions for wA and wB have been restricted to the self-consistent
field level, and the set {xl...xN} contains the orbitals occupied in the
ground states of isolated A and B molecules. The operators P?B acting on
{xl...xN} perform intersystem permutations only. In Eq. 22,.ﬂA is the

antisymmetrizer for electrons assigned to molecule A,.AB is the
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antisymmetrizer for B, o5 is the parity of the ith permutation among the
total of 2, and

s = 1+ <¢0[P¢0> . (23)
Thus the interaction energy at first order is given as the sum of the
polarization contribution <¢0|V1|¢0> and an exchange correction. Each of
the operators/\i in the second term of Eq. 22 projects out the single term
from the ket for which the assignment of electrons to A and B is consistent
with the form Vi for the perturbation. In the product ¢A¢B the first NA
electrons are assigned to A and the remainder to B. Relabelling of dummy
indices suffices to show that Eqs. 20 and 22 are identical. At first order,
equivalent results are also obtained from variants of exchange-perturbation
theory with stronger symmetry forcing ([2,84-87].

The one-particle density matrix [88-90] can also be separated into two
terms, one without electron exchange between A and B and a second with one
or more interchange contributions. Consequently the expectation value of
any single-particle operator decomposes into polarization contributions and
exchange—-overlap contributions [2]. McWeeny and Sutcliffe [89] and
Magnasco, Musso, and McWeeny [91] have performed the separation explicitly
for the one-electron part of the Hamiltonian for two interacting molecules.
The analysis for the dipole moment operator is analogous.

3.3.2 Density-matrix perturbation theory

Lacey and Byers Brown have evaluated the dipole moments of several
diatoms by first finding the density matrix associated with the normalized,
il/Z 5(0)

antisymmetrized product c of the isolated atom wavefunctions [70].

The spinless electron density p(o)(E) in the absence of an applied field is
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obtained from

0 1 % ~(0)*
P( )(E]) = Nc1 I dsl I d§2"’d§N Q(O)(§1’§2"'5N)Q( ) (51,52...§N) (24)

(0)

where & and c, are defined as in section 3.2, and r, s, and x denote
spatial variables, spin variables, and collective space-spin variables,
respectively. The exchange-overlap dipole of the atom pair AB is then

p= - J r p(o)(g) d3§ +Z,r, +Z.r.. (25)

A~A B~B

At lowest order in the label-free perturbation theory, the expectation
value of the dipole is identical to the Lacey-Byers Brown result. This

equivalence can be shown explicitly starting from

P
=<2 Z pA 8D (26)
i=1

with the pair wavefunction ¢ from Eq. 8. The operator B4 is the same for

each of the electron assignments i and

MO
>

1"

d

(27)

1"
-

i

Thus
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v

(28)

In terms of the applied field F

pr) = p{0) + Fp ey + OF?) (29)
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(0)

The electron density p (r) for the AB pair in the absence of an applied
field (determined from ¢) is identical to p(o)(g) from Eq. 24, so the field-
independent dipole is equal to p from Eq. 25.

It should be noted that this approach yields only the term E in Eq.
13. At this level of approximation the Hellmann-Feynman theorem is not
satisfied, and the pair dipole moment obtained by differentiating the energy
differs from E.

The lowest-order correction to the pair electron density in an applied

field satisfies

~

N
8(1)(51) = NcllZ stl Jdgz...dgN [ Q(o)(§1...§N) Qil)*(xl...gN)
i=1
+ §§l)(§ ce e X, 5(0) (El...EN) ]

X
39 (x....x) . (30)

_ -2 ~(0)
Ngzcl _[ds1 Id§2"'d§N d (51...§N) X1 Xy

Substitution of this result for 2(1)(5) into Eqs. 28 and 29 gives an
approximation for the exchange-overlap contribution to the pair

polarizability.



3.4. COMPUTATIONAL METHODS.
In this section the methods used to approximate the He...H
wavefunction and to calculate the pair dipole are described. In each of the
calculations we have employed a wavefunction of the form given in Eq. 8 for

the He-H pair in an applied field in the z direction

3
3-89 rF sz (31)
i=1
with 0 = A o pog Ol .02y 5 Ol3)y (32)

prior to normalization. P runs over all the elements of the symmetric group

S3 and op = +] depending on the parity of P. The functions 51 are defined

by
81 = X023 - XV o a3 V@ P a,2) (3309
3= 0 V2,3 - XY@ VA V@ WPa,2) @3

~(1 0 1 0 1 0 1

(0) () oy L ¢ (0 5 (0)y) _ = (0)) (0

a2 -5 0,0 P2y - 0 02y (34.2)
o= 2 ol X0 - {0y XD (34.b)
(1) _1 ¢ (0)y=(D) (1) 1y (O

o= 2 ol P@ - P @0 (38.¢)

In each of the terms above, x(i) represents x(gi)u(i) and x(i) represents

x(gi)B(i), where o and B denote spin states. xéo) is the lowest-energy

(D

atomic orbital for an isolated atom q and xq

(0)
q

is the first-order correction

to x for a single q atom in an applied field in the z direction.
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Within the label-free exchange perturbation theory, the z component of
the He...H pair dipole can be expressed as a sum of H-atom and He-atom
. . _ , H He
dipoles: <uz> = <p2> + <pz > . (35)

To lowest order in the atomic interaction and to first order in the applied

field F_,
z

3

<,,’:> _—r (F_) w30 K "% 3Oy 4 F S &0, |<1>m
51
s v, 5 DR (36)
Z.
J:I
and
3
Wi = N? (F) R ie 13 0y 4 F_ X <$(°)| °19 (1)> 3
j1
3 <(1) “He,(0)
*F,2 <o, (90 (37)
g1 2

where Nz(Fz) = Cil(] - F cqzc ) and Co, is the z component of o given by

Eq. 10 with N=3. If the origin of the coordinate system coincides with the

H nucleus and the He nucleus is located at R on the +z axis,

I\H B
by = Tz (38)
1
and
“He _ _ _ _
by == [ (2y+ 25 = 2ZRVA) + (20 + 25 - 2ROV A, + (2] + 2z, - 2R) N\ 1. (39)

The result for <pz> is then
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HHe
where
ts_ (t (s) ts_ (t (s) . _ . _
S ab” <X a 1x b - and z ab” <X a 1z|x b t,s =0 or 1; a,b = H or He .

The field-independent term yields the approximate zero-field pair dipole
(and the term linear in Fz approximates the exchange-overlap contribution to
the zz component of the pair polarizability tensor.

It has been suggested [92] that calculating the energy of the He-H
pair in an applied field Fz and then differentiating with respect to Fz in
order to find the dipole (Eq. 13) should yield more accurate results than a
direct calculation as an expectation value (from the field-independent term
of Eq. 28). In general, though, no a priori choice between the two methods
is possible, and we have performed calculations to test each of the methods.
The explicit expression obtained from Eq. 11 for the He-H pair energy (to
first order in the atomic interaction and first order in the applied field
Fz) is given in Appendix C.

We have obtained wave functions for the isolated atoms in an external

field at two levels of approximation. The A.0.’s x are constructed with
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Slater bases in the first approximation and with Gaussian bases in the

second. In the Slater basis, xéo) is the H-atom 1s orbital, and the first

(1)

order correction to the hydrogenic wave function Xy is found
analytically[93]. xél) can be expressed in terms of modified 2pz and 3pz
Slater orbitals:

iél) - 3§ e (145)r cos © (41)

1u the first approximation for He [76], we use the optimal ls Slater-

(0) (0)

orbital for‘x and the unperturbed wave function ¢ satisfies

(0)

by JQ ' eXP[ ¢(ry+ry) 1 [a(1)B(2)-B(Da(2)] (42)

with & = 27/16. The first order correction to the He wave function is

approximated variationally by minimizing

3 afe L o (1) g (D) (1)q, (1) S1_1,1 27,2, (D7
I=[d"r)d7ry 3 D¥e’ "% * 7 %¥e - Do¥e * (2r12 r, ot 3 GoHue
(0) (1)
+(z +22)F Ve YHe ] (43)
using a trial wave function of the form ¢(1) = {H(l)wég)

. (1) _
with H = (zl+22)Fz'

(The subscripts 1 and 2 in the functional I refer to the electrons in the He
atom.) The value obtained for the variational parameter is { = -0.72231,

and



45

W

In the calculations at this level of approximation, the matrix elements
appearing in Eqs. C.1-C.1l for the pair energy and in Eq. 40 for the pair
dipole were evaluated by use of standard formulas for integrals involving
Slater orbitals [94-102]) (see Appendix D for a hybrid integral involving the
modified Slater orbital 3pz).

In the second approximation SCF calculations were performed for He and
H using uncontracted bases of ten s Gaussian functions to determinc x(o).
The Gaussian orbital exponents [103] and the calculated coefficients for
each of the functions are given in the Table. The calculated ground state
energies are —-2.8616692 a.u. for the He atom and -0.49999862 a.u. for the H
atom. As outlined below, xﬁl) was determined from a series of SCF
calculations on the H atom, with a bare positive electric charge placed on
the z axis at a distance ranging from 45 a.u. to 60 a.u. from the H nucleus
(104]; xél) was determined in the same way. An uncontracted Gaussian basis
set of six p functions was used for each atom, together with a single
contracted function x(o) formed from the ten s functions with contraction
coefficients from the Table. The orbital exponents of the p Gaussian
functions for hydrogen [105] and helium [62] are also listed in this Table.
The p function coefficients obtained directly from the SCF calculation
reflect linear and nonlinear polarization of the atoms by the field F and

(1)

field gradients E’. F"... of the point charge. To fix x'°, it is necessary
to determine the contribution to each coefficient that is first order in the
electric field Fz. This contribution was obtained by fitting each

contraction coefficient c, to the expansion
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c€2) F3 + c (3) F F’ (45)

= o . :
1 1 z 1l z 22

. F_+
i z

The resulting cgl) values are listed as the p contraction coefficients in
the Table .

As a check on the quality of the Gaussian bases, we have calculated
the atomic polarizabilities of H and He. For the H atom the Gaussian basis
vields @ = 4.4989 a.u., while the exact value is @ = 9/2. For He, in the
Gaussian basis & = 1.3087 a.u. More accurate values for the He
polarizability from near Hartree-Fock calculations differ by less than 2%
from this result [61,106,107].

The integrals needed in the Gaussian basis calculations were performed

using the program SOINTS, written by R. Pitzer (Ohio State University) and

maintained by the Argonne National Laboratory Theoretical Chemistry Group.
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10
11
12
13
14
15
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TABILE 1

Orbital exponents and contraction coefficienis
of the Gaussian basis (10s 6p) on each atom

H

Type Exponent

s 1170.498

s 173.5822

s 38.65163

s 10.60720
s 3.379649
s 1.202518
s 0.463925
s 0.190537
s 0.0812406
s 0.0285649
p 3.009711
P 0.710128
p 0.227763
p 0.0812406
p 0.0356520

.0154420

Coefficient
(Normalized)
7.37776139.10
5.83581828-10
3.18288336-10"
1.38031549-10
4.89937724:10
1.42487999:10
3.12524622-10
4.13000752+:10
2.02671433.10
7.74758325.10
-1.5993250-10
-1.4338116-10
-8.7766919:10

-1.4154398
-1.3241078-10

-3.0605474-10

5

4

3

2

2

1

1

1

1

3

2

1

1

1

2

He

Exponent

3293.694
488.8941
108.772
30.1799
9.789653
3.522610
1.35436
0.5561
0.2409
0.10795

6.6

Coefficient
(Normalized)

9.59977811-10
7.61241309-10
4.11477457-10

.72174980 10"

ot

[&4]

.70398703 10"
1.49210258+10
2.82269836:10
3.59695130-10
2.51503899-10

.17599605 <10

[9,]

-2.4617864 10

2

2

1

1

1

1

2
3

2.1957216 -1.9220719-10

0.5693178

0.4223072

0.2007022

-1.4916053 .10
-2.4362999-10

~-3.4883846+10

0.0799030 -1.0301889:10

5
1

3

2

1

3

1

1



3.5. - RESULTS AND DISCUSSION

The He...H dipole obtained by differentiating the interaction energy
with respect to an applied field (Eq. 13) shows a roughly exponential
dependence on internuclear separation in the range 4 a.u. { R ¢ 8 a.u. This
range extends beyond the van der Waals minimum near 7 a.u. [60]. In the
Gaussian basis, the dipole from Eq. 13 reaches a local maximum at very short
range (R ~ 0.6 a.u.), and vanishes as R approaches zero, as expected. At
short range, where the dipole is determined primarily by overlap and
exchange effects, the polarity is He+H_, consistent with the rule that the
larger atom is negative [49]. At long range, the pair dipole results
entirely from dispersion effects, and its sign changes to He-H+.
Asymptotically [49,53,54)

p(R) = D7R_'7 + Dgn_g + .. (46)

As noted in section 3.3, we have approximated the pair dipole by adding the
leading dispersion term (with D7 = 120 a.u. [53,54]) to the exchange-overlap
dipole calculated from Eq. 13 or from Eq. 12 (i.e., by direct calculation of
; alone). In the Gaussian-basis calculations using Eq. 13, the dipole
changes sign at R ~ 8.7 a.u.

Ab initio calculations of the He...H dipole including correlation
effects have been reported by Bender and Davidson for the single
internuclear distance R = 3.0 a.u. [59], by Ulrich, Ford and Browne for the
R range from 0.5 to 20.0 a.u. [60]; and by Meyer for R between 5.0 and 11.0
a.u. [57]. At intermediate and long range, there are substantial
differences between the available ab initio results. The dipole calculated
by Ulrich et al. changes sign at R ~ 7 a.u., while the dipole obtained by

Meyer does not change sign until R reaches ~ 8.5 a.u. Between 9.5 and 11.0

48
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a.u., Meyer’s results approach the known long-range form of the dipole
closely. In contrast, the dipole calculated by Ulrich et al. exceeds the
leading dispersion dipole by a factor of ~ 6 in this R range. For He-H
distances between 6.0 a.u. and 11.0 a.u., Meyer’s results are used as the
basis for assessing our approximations, and the results of Ulrich et al. are
used at shorter range.

Our results for the He...H dipole are plotted for comparison with the
ab initio dipole in Figs. 1 and 2. The long-range form is also shown in
Fig. 1. Our approximation exhibits the same qualitative features as the ab
initio dipole. Fig. 1 shows that the results obtained by differentiating
the interaction energy with respect to the applied field to find the overlap
dipole (Eq. 13) and then adding the asymptotic dispersion correction agrec
quite closely with Meyer’s results in the range from 4 a.u. to 11 a.u. 1In
fact, the discrepancies between Meyer’s results and this approximation are
smaller than the discrepancies between the two setls of ab initio results
[67,60]. Relative to Meyer’s values, our closest approximation is typically
in error by 20-30% over the range from 4 a.u. to 11 a.u. The remaining
differences result from neglect of the higher-order exchange, dispersion,
and orbital distortion effects, overlap damping of dispersion (cf. [108-
111]), and the effects of intra-atomic correlation in He on the He-H

exchange and dispersion dipole. Some cancellation of error occurs, since

the omitted effects are not all of the same sign. The error is ¢ 5% at R

4.0 a.u., ~20% at R = 7.0 a.u. (the van der Waals minimum), and ¢ 5% at R
11.0 a.u. It is large (roughly a factor of 2) at R = 8.0 a.u., but ncar
this point large relative error can result from a slight displacement of the

zero of p(R) between the accurate and approximate analyses.
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Compulting the expectation value of the dipole with the zeroth-order
antisymmetrized wavefunction (Eq. 12) gives a smaller exchange-overlap
dipole than that found by differentiating the energy with respect to an
applied field (Eq. 13). The latter approach yields better results. It is
interesting that the ab initio value of the pair dipole lies between the
Gaussian-—-basis values obtained from Eq. 12 and those obtained from Eq. 13
for exchange-—-overlap effects, (with the dispersion correction added in each
case), when R<9.5a.u.

As R decreases from 5.0 to 1.0 a.u., the dipole moment increases
rapidly. Low-order perturbation theory breaks down at short range, and the
exchange-overlap contribution to the dipole is overestimated by Eq. 13. The
level of agreement between the results of Eq. 13, evaluated either with the
Slater basis or with the Gaussian basis, and the results of Ulrich et al.
for R < 4 a.u. is surprisingly high, as Fig. 2 shows. This agreement must
be fortuitous. The local maximum in p{R) occurs at larger R (near 1.0 a.u.)
in the ab initio calculations than in the approximate work, and the value of
p(R) from Eq. 13 is smaller at the maximum. In the Slater-basis
calculations with Eq. 13, we did not find a local maximum in p(R) over the
range of R values studied. At short range, the dipole computed from Eq. 12
is substantially smaller than the ab initio dipole. On the scale of Fig. 2,
results from Eq. 12 are essentially unaffected by the choice of the Slater
or Gaussian basis.

The dipole obtained by differentiating the energy with respect to an
applied field (Eq. 13) differs from the expectation value of the dipole

moment (Eq. 12) by the correction term Apz [112]
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aH_
S (39)

~ ~ o~

Ap_ = - <y |
0 0

This term is nonvanishing because the Hellmann-Feynman theorem is not
satisfied at lowest order in label-free exchange perturbation theory. The
ratio of the correction term ow, to the total dipole calculated from Eq. 13
is plotted in Fig. 3 for both the Gaussian basis and for the Slater basis.
Comparison of the dipoles calculated with Eqs. 12 and 13 provides one
indicator of the uncertainty in the results. Calculations of &b, have been
used previously to indicate uncertainties in the correlation contributions
to molecular dipoles, in cases where the wavefunction at self-consistent
field level approaches the Hartree-Fock limit. 1In this work, o, is
definitely smaller for the Slater basis (see Fig. 3), but the results from
the Gaussian basis and Eq. 13 agree more closely with Meyer’s work.

At lowest order in the label-free exchange perturbation theory, for
the He...H dipole we have found better agreement with accurate ab initio
results when the dipole is determined by differentiating the pair energy
with respect to an applied field than when the dipole is computed directly
as an expectation value. The dipole calculated as an energy derivative is
significantly larger than the dipole calculated from the expectation value
(by factors as large as 4 for Gaussian-basis calculations in the range 4.0
a.u. < R < 7.0 a.u.). In this context, it is interesting to compare recent
self-consistent field (SCF) results [56] for inert-gas heterodiatom dipolcs
with estimates based on the exchange-antisymmetrization approximation
developed by Lacey and Byers Brown, since the exchange-antisymmetrization
approximation is equivalent to a direct calculation of the dipole

expectation value with the zeroth-order wavefunction. The SCF results
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exceed the exchange-antisymmetrization estimates by ~ 60% for Ne...Ar for
internuclear distances between 4.0 and 6.0 a.u., and by ~ 50% for Ne...Kr
(with smaller differences for other pairs). Although the discrepancies are
significantly smaller than for He...H, they are of the same sign. Improved
agrecment with SCF results might be obtained from exchange-perturbation
calculations that employ energy derivatives. Results for the He...H dipole
suggest that the label-free exchange perturbation method can provide a
useful approximation for collision-induced properties in the region of

charge overlap.
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Collision—-induced dipole of He...H as a function of the
internuclear separation R in the range from 4.0 to 11.0 a.u.
Curve A shows the ab initio results obtained by Meyer, and Curve
B the ab initio results of Ulrich et al. Curves C and D have
been obtained by adding the long-range dispersion dipole to the
exchange-overlap dipole computed form the energy derivative (Eq.
13). Curve C shows the dipole in the Gaussian basis, and D the
dipole in the Slater basis. Curves E and F have been obtained
similarly, but the exchange-overlap dipole has been computed as
an expectation value from Bq. 12; Curve E shows results from the
Gaussian basis, F from the Slater basis. Curve,G is a plot on
the leading term of the dispersion dipole, D,R '. The ordinate
is scaled logarithmically and the dipole p(Rz is given in a.u.
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Collision-induced dipole of He...H as a function of internuclear
separation R in the range from 0 to 4.0 a.u. Curve A shows the
ab initio results of Ulrich et al. Curve B and C show the
lowest-order exchange-overlap dipole, obtained from Eq. 13, B in
Slater basis and C in Gaussian basis. Curve D shows the
exchange-overlap dipole computed as an expectation value with
the zeroth-order wavefunction; results from the Gaussian and
Slater bases superimpose on this scale. The dipole py(R) is
given in a.u.



55

A Yz /Yy
09

06 v

03f \

0O 24 6 810121460

Fig. 3. Ratio of the correction term ap_  to the exchange-overlap dipole
for He...H, plotted as a function of the internuclear separation
R (in a.u.). The exchange-overlap dipole has been computed as
the derivative of the first-order interaction energy with
respect to an applied field. Curve A shows the results from the
Slater-basis calculation, and Curve B the results from the

Gaussian basis.



CHAPTER 4.

4.1. INTRODUCTION

Absorption in the IR region of the spectrum by non-polar fluids is a
collision-induced phenomenon [115], and a number of molecular properties
may be determined from the spectra [116]. Collision-induced IR spectra
have been studied for atoms and non-polar molecules [37-38, 40-41, 117-
119]. Furthermore, cooperative many-particle effects in polar fluids
affect the absorption line shape in this region of the spectrum.
Experiments have been performed [120] in order to ascertain the importance
of the collision-induced absorption relative to the absorption associated
with the permanent dipole.

Both the intermolecular potential and the interaction-induced dipole
are needed [121] as functions of the intermolecular separation and
relative orientation in the calculation of the absorption line shape.
Pairwise additivity of the potential is usually assumed [122] in the
simulation of collision dynamics, but higher order or nonadditive effects
(81,123-124) play an important r31e in many physical situations. For
example, the inclusion of three-body forces is known [125-126] to bring
results of molecular dynamics simulations into closer agreement with
experimental data. Molecular dynamics simulations with many-body
potential functions have been suggested [127]. Some calculations [73,128]
have been reported with long-range triple dipole potentials [129-130].
When the intermolecular interaction is expanded in a Taylor series, the
first nonadditive part of the third-order perturbation energy of three
nonoverlapping molecules is the triple-dipole potential. Nonpolar species

can have a triple-dipole potential; if we consider three indentical rare

o6
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gas atoms a, b and c, an instantaneous dipole on atom a polarizes b, whose
dipolar field perturbs c, and the dipole on c interacts with a. The long-
range triple-dipole energy may be written as a sum-over-states expression
[129] or as an integral over imaginary frequencies [130]. Bounds to the
three-body long-range interaction coefficients have been obtained [131]
for a number of atoms. It was established [132c] in the Drude model
approximation that the triple-dipole energy term is a good approximation
to the long-range nonadditive energy for the rare gas crystals, for the
many-body terms that involve more than three bodies in the dipole
interaction approximately cancel the remaining three-body multiple
interaction terms. Nevertheless, the addition of higher order
contributions than the triple-dipole term was later claimed [133] to be
necessary for Xe. A combination of two-body Lennard-Jones and three-body
triple-dipole and experimental exchange—-overlap potentials has been used
{134] in the study of atomic cluster growth. The relevance of nonadditive
interactions has prompted the generalization [135] of the correction to
the basis-set-superposition error for the calculation of many-body effects
[136-138]. Also, nonadditive effects in the potential have been studied
for hydrogen (129,139-140] and rare gases [73,135,137,141-153].

Barker et al. [154-158] have claimed with the support of experimental
data that overlap-dependent many;body interactions in rare gases must be
irrelevant. However, the fact that the addition of long-range three-body
interactions to the pair potential brings calculated properties of rare
gases into agreement with experimental data does not in itself provide a
high degree of physical insight [159] into the nature of the interactions.

While the three-body exchange terms are considerably smaller than the two—
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body [132d] at distances corresponding to the minimum of the van der Waals
potentials, the three-body exchange contribution is significant (137, 160-
161] when it is compared with the triple-dipole energy [129]. Although an
overlap-dependent modification of the long-range forces [132a,162-163] has
been used to explain the stability of the different rare gas solid
structures, three-body exchange energy had earlier been considered crucial
by Jansen et al. [164-171] in explaining the polymorphism of the rare gas
and another isoelectronic solids. In spite of points made [172] in reply
to criticisms [173], it has been suggested later [132a-b, 174] that Jansen
et al. overestimated the nonadditive exchange contributions. The
unavailability of reliable information on many body forces has prompted
their accurate quantum mechanical computation [156,174]), consistently to
some specified order of magnitude [174]. Despite Barker’s remarks [157-
158] and the interpretive challenge posed [158] by the agreement of
experimental data and results of calculations that omit three-body
exchange effects, it is believed [127, 153, 174-177] that overlap-
dependent three-body forces cannot be fully disregarded and that they
alone or in combination with other many-body effects may be the cause of
discrepancies between experimental data and calculations of the dynamic
structure factor and other properties [127,178]. Furthermore, it does not
seem totally convincing to argue that overlap—dependent contributions are
made irrelevant by the small statistical weight of regions where overlap
is important, given that these contributions may be very large in those
regions (orders of magnitude larger than in the statistically favored
regions).

The moment induced in a group of three atoms or molecules introduces
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three-body effects in the ternary absorption coefficient [115,179]. This
coefficient has been calculated [180] from experimental data for COZ'
Pair additivity in the dipole moment is usually assumed in dynamics
calculations [39,181], but it has been suggested that many-body effects
associated with the irreducible triplet dipole moment must be included in
order for the calculated collision-induced absorption to reproduce the
experimental line shapes [39,182]. Although binary collisions are the
most important [18B3] at sufficiently low densities, the irreducible
triplet dipole moment must make the leading contribution to absorption by
monatomic unicomponent gases. Buckingham stated [184] that a set of three
spherically symmetrical charge distributions should be polar due to
induced moments, hence capable of absorbing electromagnetic radiation in
the IR region of the spectrum. A model has been proposed [185] to
calculate the spectrum due to ternary collisions in pure rare gases.
Studies on the triplet dipole moment [186] have yielded the long range
contribution as a power series of the internuclear distances. The
coefficients of the leading terms have been calculated [187-188] for three
hydrogen and three helium atoms, and the dispersion triplet dipole moment
has been evaluated [189] for the Drude model. A variational method has
been used [190] in order to explore the dipole moment of a hypothetical
model neutral system with one electron in the field of three identical
nuclei with a fractional charge each. The effects of applied pressure
(191] and many-body effects [181,192-195] on interaction-induced
depolarized light scattering [196] have also been discussed and
calculations have been performed [197] to determine the triplet

polarizability of helium.
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A system of three hydrogen atoms in its quartet state is a good
candidate to study three-body effects on the dipole moment with no
interference from two-body contributions, and, in general to model
interaction-related properties or potentials for three closed shell atoms.
Nonadditivity in the potential energy has been studied [140,198-201] for
spin-polarized H3. and the potential energy curves [199,201-204] and the
Axilrod-Teller triple-dipole term [139,205] have been calculated at
different levels of approximation. Hecht [206] predicted that gas or
liquid completely spin polarized hydrogen would be endowed with superfluid
behavior, and that it would recombine at densities where the three-body
collisions became important unless an external magnetic field precluded
such recombination. Monte Carlo calculations of bulk properties showed
(207-208] that the system would exist as a gas (IH,ZH) or liquid (SH), and
liquid-to-gas and solid-to-gas phase transitions were studied [209-211]
subsequently. Measurements on completely polarized atomic hydrogen at low
temperatures have been reported [212-218], transport properties [219-220]
have been determined, and the quantum Boltzmann equation [221] has been
established for the gas in a regime where only binary collisions are
important. Three-particle recombination has been considered [222] in the
kinetics studies of the polarized gas, and experimental evidence for such
a process has been reported [223-225]. In order to achieve Bose-Einstein
condensation, magnetic confinement of the gas is under investigation
[226].

Label-free exchange perturbation theory ([74-75,168,172,227] has been
applied to the study of interaction energies [73,168,171-172],

interaction-induced molecular properties ([76,228], and hyperfine structre
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spectral line shifts [75]. A reformulation of the label-free exchange
perturbation theory has been proposed [229] since model calculations for a
non-interacting system [230] suggested that the original formulation [227]
could not be satisfactory in practice. Further calculations [75,228] have
shown that this method can be useful in approximating interaction-induced
properties when overlap is non-negligible. We derive in Section 4.2 the
expression for the dipole moment of H3 in its quartet spin state.

Although the Hellmann-Feynman theorem is not satisfied at this level of
approximation, for this system it can be shown that the dipole moment
calculated as an energy derivative will be more accurate than the dipole
calculated as an expectation value (section 4.2). It has been established
[228] that the Lacey and Byers Brown method [70], which gives the lowest-
order expectation value, accounts for only a small part of the exchange-
overlap pair dipole moment. We conclude on the grounds of the treatment
given in Section 4.2 that the Lacey-Byers Brown method provides no
information at all about the dipole moment of certain triplets of
identical atoms. Furthermore, the Gaussian model yields in both its
original [164,166,231] and modified [232] forms an electron density which
renders the exchange-antisymmetrization dipole moment [70] equal to zero
for any cluster of identical atoms. The second-order dispersion triplet
dipole moment has already been calculated [187-188]; the question then
arises whether the total dipole can be approximated simply by adding the
first-order exchange contribution. The issue of approximating interaction
energies as the sum of second-order dispersion and first-order exchange
contribution has been addressed by Margenau [233]. The calculations that

he performed with a rather simple wave function showed that the
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approximation was not acceptable for hydrogen, but it was almost correct
for helium and it should be legitimate for heavier structures. Second-
order nonadditive overlap-dependent contributions to the energy have been
studied (166,170] in the Gaussian effective electron model, but it has
already been established [132a,174] that this approximation overestimates
the second-order energies. The results of more accurate calculations
[234] on hydrogen have shown that the first-order exchange energy between
two 1s atomic orbitals accounts for ~30% of the difference between the
energies of the lowest singlet and triplet states. Second-order
interaction energies involving exchange are considerably smaller than the
first-order exchange contribution in the He...He interactions [235].
Higher-order exchange energies are expected to be a small percentage of
the first-order exchange energy unless a strong bond is formed [132d].
Furthermore, it has been claimed that it is legitimate to calculate
induction and first-order exchange energies independently, and this
procedure has been used in the computation of interatomic interactions
[236]; the results seem to support the validity of the approximation
[236]. The same approximation for the second-order exchange contribution
to the triplet dipole moment is adopted here. The results of our
calculations discussed in Section 4.3 show that the exchange—overlap
contribution to the triplet dipole moment cannot be disregarded in

comparison with the long-range dispersion contribution.



4.2. DIPOLE MOMENT CALCULATIONS.

In this section, the dipole moment for a system of three interacting
hydrogen atoms in the lowest quartet state is obtained in the label-free
exchange perturbation formalism.

The Hamiltonian, H, for the system in a uniform static electric field
is

A A A
H = H(F=0) + H(E) =H + V- -y (1)

H(F) is associated with the interaction of the external electric field F
and the hydrogen triplet. H(F=0) is the sum of the Hamiltonian operators
for the three non-interacting hydrogen atoms plus a term, 0, which
contains all the electrostatic interatomic electron- nucleus attractions,
and nucleus-nucleus as well as electron-electron repulsions.

Each term in the Hamiltonian may be written in a form which is
invariant with respect to assignment of the electrons to the interacting
atoms:

0 =.§Oi Ni o, (2)

1=1

A A A A
where O represents one of the operators Ho, Vorypin (1), and

2P
0-=5 2 0Opilli - . (3)

i=l p
The subscript p=a, b, c labels each hydrogen nucleus in the triplet

system. The number of ways NP electrons from a total of N = ; NP may be

assigned to three different centers is
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- ] ] '
Na'Nb’Nc'

so in this case, p = 6.

(4)

When applied to an antisymmetrized triplet wave function O./\i
projects out the simple product term for the ith electron assignment. If
the zeroth order save function, Qo’ is constructed as an antisymmetrized

product of the ground-state save functions Qa’ @B and Qc for the isolated

atoms:
P [ ] P )
Y=fZ op P W90 )=1Z20i ’ (8)
i=1 1 i=1 p
where f is a normalization constant and 2 o Pi
i=1 *i

is the intersystem antisymmetrizer. Thus, Ai is not self-adjoint and

Ny, = fo..

The triplet wave function to first order in the applied field F and

zeroth order in the interatomic interaction is given by

3
_ ~1/72_(0) [.-1/72 (1)_ 1 -3/2,(0)

L T +I’~‘[°1 R R ] (6)
The constants ¢ and c, are

e = @@ &> (7)
and

. =25 @O Dy (8)

20 L ix

i=1

Q(O) is an antisymmetrized product of unperturbed orbitals x(o) centered

P
on p = a,b,c and Ogi) is the antisymmetrized product with the unperturbed
orbital i replaced by the first-order correction to orbital i in an

applied field Fn in the « direction. The vector le) has components
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Qiil), §(1), i;)' To lowest order in the interaction, the triplet energy
E is [228]
_ _ (0) _ (0) (0)
E = <q;0|u|~p0> = 31;H = c1 <P 1IZIV/\ [ 77> +
+£ -{2c]'<e 0 |H(E= 0)12 ' 1>-c e 2ce(® |H(E=0) 18(%)>- S
j=1"
where
6
MERTA P ui/'i].ll<1>(°)>cl1 (10)

i=1

With possible basis-set-dependent effects [81] confined to second and
higher orders [228], the energy is given by the sum of three terms: the

(0),

total energy of the three non-interacting atoms 3E ; the zero-field
triplet interaction energy to the lowest order, and a term linear in the
electric field.

The dipole moment may be obtained as a field derivative of the energy

(9):

T
|

IR

m!&':

A al’o
] {< 'H"I’0>+<‘I’o |q:0>+<q»0 >beo =

ll
on

(11)

3
- - A -
= p - 2c 1 <0(0)|H(F=0)| z ¢€1)> + c 2
© 1 L o 1

c,<#'% 1H(£=0)18(*)>

For the three H-atom problem, if the term 3 were removed from the
Hamiltonian H in (1) at F=0, an exact eigenfunction could then be
calculated. Moreover, even if an external electric field were turned on,
an exact wave function could still be obtained to any desired order in the
electric field. The presence of 9 in the Hamiltonian introduces an error
6@0 in the zeroth-order wave function when F=0. Therefore, when an
electric field is applied the error has the form 6@0(§)=6@0(1+g(§)) where

g(F) is some function of the electric field. The error in the dipole
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moment calculated as

b= - <@ 1218 g (12)
is first order in 8@0. Generally, the error in the field derivative of
the energy may be first or second order in 6&0. When 6@0(2) is of the
form considered above though, (aE/aE)F=0 is second order in Smb [237].
Hence, the dipole moment as given by Eq. (11) is in this case more
accurate than the expectation value of the corresponding operator, as in
(12).

The AO’s X in the wave function ¢ are constructed with Slater bases;

xéo) is the H-atom ls orbital and the first-order correction to the

hydrogenic wave function xél) is found analytically [93] and written in
terms of modified p-Slater orbitals. We find that gzﬁg, according to the
properties of overlap integrals with Slater orbitals on identical centers.

The exchange—-overlap contribution [70] to the dipole moment given by
Eq. (12) may be analysed as follows. Let us consider a system of p

identical atoms with a total of N electrons. Let us assign the set

P

1 {xl, . . .,x“/p} of AO’s to the first atom, the set

P2={xr_q ""”‘2_N}
P P

to the second atom, and so forth. The set
_ . . th .
Pp— {X[ ~1N " s eee 9 pX } is assigned to the p— atom. The atomic
P
orbitals of the non-interacting atoms satisfy

i i i i
< . > = ~S7. +S7. =1, ... . 13
(x )P'(XJ)P, € j J)SPP’ J PP ’ P (13)

Thus, there are p2 (g xg )-dimensional blocks in the overlap matrix S.
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All the diagonal blocks are (g X g )-unit matrices. Consequently, we

can decompose S as the sum of the unit matrix A and a matrix T which
contains p (g X g )-diagonal blocks whose elements are identically equal

to zero. The inverse of the overlap matrix may be expanded in a power
series (below, the implicit summation convention applies to the contracted
covariant and contravariant indices, but Eq. 14c does not involve

summation over i values):

sl lzpn-1+12-13 4. .. (14a)
= IS S ik i kR, .
(s 7) i T J+ T kT j T K" RT J , 12 (14b)
1.0 ik i ko ooR
(sTHN=1+ T T -1 T, (14¢)
k _ ok _ ok k n _
T BT T anu* T menT Q= e (14d)

All the contracted indices are distinct from i (diagonal and off-diagonal

matrix elements) and from j (off-diagonal matrix elements). If

p(1,10) = Ix(>(s™Hodan) (15)

is the first-order reduced density matrix, the a-component of the

el

x [70] is given [228] by

electronic contribution to the dipole moment

—el _ _ ’ - _ -1,1 ) =_—1i J
b = jl’*gvl p(1,17) ap = = (877 ;<X lqglx> = =(s7) sa% - e
Hence

—ef_ [ ,oi ok ko i [od ued ook i koo j

pots [s RN i] (a)%; [ T a1 krkj (RN j](qu) . an
Now

"

<xllqulxi> = <xllqu_"|xi> + <x1|xi>RuP= 0 +R sli , (18)

i
(qu) i (1 33
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where q: is referred to the p—nucleus and Rup is the coordinate of the p-
nucleus in a given reference frame. Then
sg.)l=sr = s&:=Nsnr
ite’ i o 8 ;ep 1 P N op . (19)
P
The product of a component of the dipole moment and an atomic orbital in
Eq. (17) is expressed in terms of modified AO’s, and the spherical
harmonics are transformed to the forms referred to canonical axes by means
of the corresponding rotation matrices. The use of orthogonality

relationships and specialization to s—-type atomic orbitals let us write

(see Appendix E)

-el _ -N
g f ( p) Rup (20)

The nuclear a-component is

- nuc N 1 N
Y =¥Y¥>=R_ 3 dv, p(1,1’)= L= R ; (21)
(14 o P uple.q 1 o P o

so

- —-el -

by = u: + u:uc =0 , Vo (22)

Therefore, the exchange-overlap contribution [70] to the dipole moment
given by Eq. (12) vanishes when a cluster of hydrogen atoms is described
by an approximate wave function sugh as Qo. Furthermore, this result
applies to any spatial arrangement of any number of atoms whose electrons
are described by zeroth order s-orbitals, or by an effective s Gaussian
function [164,166,231-232,242]. Thus, the dipole moment is given by

3

g = -2e]t @O E=01 2 > (23)
1'—'

Further elementary consideration on the properties of integrals involving

Slater orbitals on identical atoms allow for additional simplification in
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the expression of p, namely, Eq. (23) becomes

- A
p =2c]" <@

i

s, (1

1 =i

MW

> (24)

1

A A
where V’ is the operator V after removal of the terms which involve
nucleus—nucleus repulsions. The constant ¢ is given by

(25)

2 2 2
1 ab ac_sbc+2sabsacsbc ] ’

c. = 6[1—8 s

where SPP’ is the overlap integral between two ls hydrogen orbitals on
psp’ = 8, b, or c. The explicit formula for Py is given in Appendix F.
Modified Slater-type orbitals for x&l) have been taken in the directions z
and x for @ = z, x, respectively. The total dipole moment has been
computed as the sum of the overlap-exhcange (Eq. (24)) and the long-range
dispersion [187-188] contributions. Overlap damping, orbital distortion
and higher-order effects are neglected. The calculations have been
carried out for several values of R and Q (or Xc for the right triangle
configuration) between 3.0 a.u. and 10.0 a.u.; R, Q and Xc are defined in
Fig. 1 in the linear and equilateral, isosceles and right triangular
configurations of the three hydrogen atoms a, b, c. This range of
internuclear separations includes the van der Waals minimum of 32: H2
[243-244] and it covers the region where the pair distribution function is
appreciably different from 0 and 1 [208].

All the integrals over Gaussian expansions [245] of the Slater—type
orbitals which appear in the expression for the triplet dipole moment have
been computed with the program ARGOS [246-248] maintained by R. Shepard

(Argonne National Laboratory).
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4.3. RESULTS AND DISCUSSION.

We have proven that the Lacey and Byers Brown [70] approximation
yields zero for the triplet dipole moment when the calculation is
performed for identical, spherically symmetric, neutral charge
distributions described by s-type functions. This result generalizes to
any number of such systems in any spatial configuration.

Overlap exchange (Eq. (11)) and dispersion [118] triplet dipole moment
calculations have been performed for the quartet H3 system in its right-
triangle (e=n/2 rads) and linear (e=w rads) spatial configurations, with 3
a.u. (R <10 a.u. and 3 a.u. sxc €10 a.u. (right triangle) and 3 a.u. £Q
£10 a.u. (linear). The results for the triplet dipole moment in a.u. are
plotted in Figs. 2-7.

The X-dispersion dipole moment points from the pair to the single atom
in most of the region Xc > R (Fig. 2) whereas the reverse trend is
observed for the Z-component in most of the region Xc <R (Fig. 3). The
behaviour of the X-overlap-exchange dipole moment (Fig. 4) is similar to
that of the X-dispersion dipole moment (Fig. 2), but the Z-overlap-
exchange dipole moment (Fig. 5) is directed form the pair to the single
atom in most of the region R> Xc. The overlap-exchange dipole moment
(Fig. 6) for the linear configuration is directed from the single atom to
the pair whilst the dispersion coﬁtribution (Fig. 7) points in the
opposite direction, i.e., from the pair to the single atom. The order of
magnitude of both contributions is comparable for all the configurations
of Figs. 2-7. We do not present results for the isosceles-triangle
configuration, but a similar trend is observed for its dispersion and

overlap—exchange contributions. Therefore, the tiplet dipole moment is
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substantially affected by overlap—-exchange effects in addition to the
dispersion contribution. An analogous result holds for the corresponding
contributions to the energy [174].

The controversy over the actual rgle that the overlap—exchange
contribution plays in the many-body interactions has been noted in the
introduction. We have found that short-range effects in a molecular
property are very important when they are compared with the long-range
contribution. This theoretical result may be checked against experimental
data by computing the dipole moment of a unicomponent triplet, as in
Section 4.2. The collision-induced absorption spectrum may thus be
calculated (182] and the importance of dispersion and overlap-exchange
contributions properly analysed. Further research along this line is
likely to shed some light on the relative weight of short- and long-range
contributions to the many-body effects on properties of systems for which
the leading terms are due to triplet and higher-order associations. The
behavior of the total dipole moment (taken as the sum of the different
contributions) may permit inferences [249] about the form of the triplet

dipole moment time-correlation function.
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Figure 1. Spatial configuration of three identical nuclei
(a, b, ¢c). e=w, w/2, n/3 for the linear, right-triangle

and isosceles-triangle configurations.
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Figure 2. H3 dispersion dipole moment.

X component.

Right-triangle configuration.
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Figure 3. H3 dispersion dipole moment.

Z component. Right-triangle configuration.
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Figure 4. H3 overlap-exchange dipole moment.

X component. Right-triangle configuration.
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Figure 5. H3 overlap-exchange dipole moment.

Z component. Right-triangle configuration.
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Figure 6. H3 overlap-exchange dipole

moment. Linear configuration.
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Figure 7. H3 dispersion dipole

moment. Linear configuration.



CHAPTER 5.

5.1. - INTRODUCTION.

The interaction between two non-overlapping spherical neutral charge
distributions is dominated by the London dispersion term [250-251]. When
the charge distributions are so far away from each other that retardation
effects must be taken into account, the interaction is still attractive,
but its functional form in terms of the internuclear separation is
slightly different. The use of the quantum theory of radiation [252]
yields an attractive interaction inversely proportional to the seventh
power of the separation. The retarded dispersion forces between
macroscopic bodies may be calculated within the framework of classical
electrodynamics [253], and the van der Waals forces between individual
atoms and molecules are obtained as a special case [254-255]). Other
treatments involving quatum electrodynamics have also been developed [256-
257] to account for retardation effects. The study of retarded dispersion
forces covers the interaction between molecules [258], effects in
dielectrics at finite temperatures [259], three-body dispersion forces
[130] and the interaction between an atom and a surface [260]. The
results of such theoretical studies have in common that the retarded and
unretarded dispersion forces between macroscopic and microscopic bodies
are given in terms of properties of the individual interacting species,
viz., in terms of susceptibilities. Therefore, dispersion forces may be
viewed from a unified standpoint via susceptibility theory [261]. The
relationship among electromagnetic field fluctuations, susceptibilities,
zero-point energy and long-range forces is discussed by Boyer [262].

Whether retarded (i.e., proportional to R—7) or not (i.e., proportional to
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R_S), dispersion forces undergo a power-law divergence as the separation
between the interacting systems goes to zero. Effects due to overlap and
exchange should prevent this collapse by damping the power law which gives
the dispersion energy. Second-order perturbation theory yields the
dispersion contribution when the perturbation in the Hamiltonian is
associated with the intersystem interaction. The matrix elements which
involve the perturbation must be properly handled in order to include the
overlap effects. The multipole series (which indeed is not intrinsic
[88,263] to London’s theory) cannot be used to expand the perturbation,
for the series expansion require that the charge distributions do not
overlap. Matrix elements of operators such as IrA - rBI_l, where L is
the position of a particle of system @ = A, B have to be evaluated. Their
evaluation without use of a multipole expansion is usually carried out by
separating the coordinate r, and rp first.

Several techniques (all relying on use of the convolution theorem)
allow for such a separation. The Fourier transform of the potential is
used by Koide [264]. His method has been developed and used to calculate
damping function for Hez, Bez, HeH [265], and (32;)H2 [266], and to
calculate interaction energy curves as well as dispersion damping
interaction functions for Hez [267), Ar2 (268], Xe2 [269], (3Z$)Liz[270]
and He...H2 and Ar...HC1 [271]. An exchange correction term has been
incorporated into the damped dispersion energy for (32:)Li2. (32?)LiNa,
(3Z$)Li; and (2Zf)NaAr [272]. Other ab initio computations of dispersion
energies and damping functions have been performed [273] for Arz and Liz.
A universal, empirical damping function has been proposed and applied

[274] to the calculation of the van der Waals potentials of (32382. Ar2,
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(3$)NaK and LiHg.

Nonlocal polarizability densities [275] and Coulomb interactions in k-
space have also been used to derive expressions for damped dispersion
energies [276].

In other work, the Fourier transform of the transition—-density matrix
in the dispersion energy has been used [277]) to provide a dispersion force
between closed-shell atoms finite at all distances. This method has been
extended [278] to represent the transition amplitudes in terms of Slater-
type ortitals. Damping effects for the first-order Coulomb molecule-
molecule interactions have been calculated on the basis of a two-centre or
bipolar expansion fo |rA - rBI_l [279], and the damped second-order
Coulomb energy has been given in terms of response functions [280].

The full Coulomb interacting potential is also used in a reaction-
field approach. A generalized form factor is related in this approach to
the charge-density susceptibility with which we may calculate the second-
order interaction energy. This method [281] is applied to the study of
the Hez [281-282] and Ne2 [283] potentials.

Damping in the dispersion energy has been treated empirically in
electron-gas calculations, applied to the potential energy of Hz...ﬂe,
H2...Ne, H2...Ar [284] and N2...N2 (285]). Other procedures [286] are
based on fitting expressions involving exponential damping to reliable
results or experimental data.

The dispersion contribution to the dipole moment [53-54,287-290]; has
a power—law divergence (OCR-7) at zero internuclear separation.
Expressions for the damped dispersion dipole moment have been given [291-

292] in terms of properties of the isolated systems. Nonlocal
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polarizability densities [275] and the full Coulomb interaction have been
used to calculate damped molecular properties such as dipoles, quadrupoles
and polarizabilities [293-294) within a reaction-field theory. The damped
dispersion-pair dipole is given [293] in terms of the Fourier transforms
of the nonlocal frequency-dependent polarizability density of one system
and the first hyperpolarizability density of the other system. We present
in Section 2 of this chapter a general method to transform the nth-order
charge—-susceptibility density as obtained from generalized susceptibility
theory [295] into a form which can easily be compared with the fully
contracted nth—order nonlocal hyperpolarizability. We derive an
expression for the nonlocal polarizability and hyperpolarizability demnsities
in Section 5.3 and we give in Section 5.4 the expression for the damped

dispersion pair dipole moment in terms of reduced matrix elements.



5.2.-GENERALIZED FUNCTIONS AND CHARGE-SUSCEPTIBILITY DENSITIES

The expression

lim - pvi T ins(o) (1)

§o

wrif

where PV stands for "principal value” and § is Dirac’s distribution, is
used without proof in most work involving charge-susceptibility densities.
Here we present a general method based on the theory of generalized
functions [36,296] to carry out the limit involved in the charge-
susceptibility density as obtained from perturbation theory. The method
is equally applicable to susceptibility tensors, for the nature of the
matrix elements in the numerators is irrelevant in this treatment. The
method is general because it may be used with susceptibilities of any
order - it is not restricted to the first order, to which Eq. (1)
corresponds. This feature makes the method of potential use in the study
of nonlinear phenomena, both in the nonresonant and resonant regions.

The third-order nonlocal charge susceptibility density is [292]

X (e, 1 W, W = (14 P, 0, W) lin 82
¢-+0
o0
) POk(E, ’)_Pkn(E’). PHO(E)
ol e T e e R
k n “ok T @ n Wopt® T 1M
PaL (') . P (£*?) . p o (L)
+ Ok kn n0 +

(ubk - o + ig) - (ubn+ w— in)

por () .o (£) po (£'*)
+ Ok kn On ] ’ (2)

(UOk‘u’ +'1()'(w0n‘lrw' +i{ + iq)

where w and o’ are the frequencies of the field due to an external source,
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©ok is the difference of the energies (in units of %) of the ground and

excited (k) unperturbed states, p(r) is the charge-density operator and

the primes in the sums stand for k # 0 and n = 0. The variables § and ¢

’ ]
are real and P(r ,0 ;r,w) denotes the permutation of r with r and of (e
- if) with (w-1in) simultaneously.
The matrix elements in the numerators of Eq. (2) are not relevant in

the analysis that we perform. Let us consider the representative term

lim 1
£-0 [(UOk- W’ +i{)'(00n+ w ~ 1"1)]
0

Define uOk—u’ = X, wy te Ty

Let 1/(x.y) be a singular generalized function ( the terms
distribution and generalized function are considered synonymous in this
analysis).

Let C;(]Rz) be the space of test functions ¢ = ¢(x,y) required to be
infinitely differentiable and to vanish identically outside some finite
interval; i.e., {¢} are a class of infinitely differentiable functions
with bounded support.

The test functions ¢ = ¢(x,y) may also be elements of d(le), the set

of infinitely differentiable functions such that
. kl+k
sup 1c11P |2
(r) ax
ay

2
k ’(xtY)I (o, = (x,y) ’
2

i.e., the set of functions which belong to C* and (together with their
derivatives) vanish faster than any power when |r|-+te, although they do

not have bounded support. Also, there must be constants

K for all r and every kl’ kz, p=0,1, ..., such that

"1"‘2"’
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We have C:( fF.z) C;Zf( Rz). In this case, 1/(x.y) is a tempered
singular distribution [296]. We now find an equivalent expression for the

singular distribution

11'.1:1+ 1
(xxi€) - (ytim)

S

i U
y

(3)

where ¢ = +1, j =1,2. For every ¢ ¢ CS (fRz), we have
o(x,y) = 0 , Y(x,y)¢ [a,-a] x [b,-b]C R2
é(x,y) dxdy =

Sl > = llmf th (x+o 1() (Y*‘O in)

(x—olit) . (Y'ozivl)
=lim Fa 2 2 [¢(X.0)-¢(X,0)+¢(0,}’)"¢(0,Y) +
(x +§ ) (y"+q )

+$(0,0)+4(x,y)-4(0,0]dxdy . (4)

The integrations in Eq. (4) are performed as follows

(x-olit ) (Y‘o l'n)

lim |~ |7, &(x,0) dxdy =
£-0 Jha.ltb (x2+£2) (y + 2)
]
*(x,0)
-tl_l‘lg —0y° 2i-arctg (b/+q)- .[Ba m) dx ] =
w0

- s $(x,0) - - 3 pvl@a &(x,0) dx -
ozlwﬁa " dx = oginm J.Eb §(y)dy PVJ‘._a X
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~oyaynt P, [P dxdys(x,y) . 40x,y) (5)

Analogously,

. (x—0yi¢) : (y-o0,im)
lim fa 1 2
£0 j—aj‘?b #(0,y)
a0

(%+¢2) - (y%+a2)

dx dy =

=~ oyin[? dx (x) PV j‘_’b"ﬂ;ﬂ dy - opopn’ [ [P ek, y) 80x,y)dxdy . (6)

Jb (x—olii)‘(y-ozin)
b

lim ¢(0,0)|” _|_ dxdy =
£-0 Pa (x2+£2) '(yz’mz)
20
= ¢(0,0) lim [(—0121 arctg (a/t))'(—oZZi arctg (b/%))] =
£-0
o0
_ 2
--olozw $(0,0) . (7

(x-clit ) (Y‘azi'n)

(%+¢2) - (y2+nd)

[ &(x,y) +¢(0,0)-4(x,0)-4(0,y)]dxdy =

gig anJEb
1.-0

= P72 anay + ec0,00 P2 ST S - ey [P 200 Ra gy o, v

~pv[? & -pvj‘_’bﬂ%-‘ll dy = pvj‘_‘aj*_’bﬂ:—;ﬁ dxdy (8)

For ijfa% = 0 in Eq. (8).

Equations (5), (6), (7) and (8) allow us to write Eq. (4) as

. a _¢(x,y) _ a o(x,¥)
<Sle> = ozmj‘_’_bdy §(y) PV]_ —— *rdx olw_[_adxs(x) PVJEb v dy -
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- 200,772 [P, dxdys(x,y) 6(x,y) +

roya,mt | [P, 806 y)8(x,y) dxdy + PV[? J‘jbﬂf;;ﬂ dxdy . (9)

Therefore,
i 1 - py L _ 2 . 1
lim (x+0,il) (y+o,in) PV xy °1°%2" 8(x,y) J~ﬂ[¢:18(x)PVy +
¢-0 1 2
70
te S(Y)PVl ] (10)
2 x ’

where §(x,y) is a two—dimensional Dirac distribution
The representative result given by Eq. (10) is used to perform the
limits in Eq. (2) to obtain

X(Z)(E,’oz’tg;‘ﬂ”ﬁ)) = [l'i'P(E’,u’;E,u] %

L) POR(E”),Pkn(E,),Pno(E)
3 il ewee=prenee
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R
. Pok L") .Pkn(E).POn (E"") }
(QOk"w’ ) (uon-w‘u’)

-"2{ 011021P0k(£’ ’ ) * Pkn(s, ) - Pno(z) ° s(ﬁbk+0’ +w, Uon+0)

*012992P0k (£' ) Pyp(E" ") *ppg (£) - 8lugy o’ sugp te)
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where %19 and 0y 8re equivalent to %1 and oy in Eq. (10) and 2 =1, 2, 3

h térm in the sum within brackets in Eq. (2).

refers to the lt
The procedure that we have followed here may be applied to a term with
n factors in the denominator, i.e., to the (n+l)-order nonlocal
susceptibility density. The analogue of Eq. (10) in such a case would
involve the principal value of the inverse of the product of n variables,
plus a combination of n, (n-1), (n-2),..., l-dimensional Dirac
distributions each multiplied by the principal value of the inverse of the

product of 0, 1, 2,..., (n-1) variables (respectively) that are not

contained in the corresponding Dirac distribution.
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We obtain the expression for the linear (or second order) charge
susceptibility density given by Linder and Rabenold [295] when either Egq.
(10) or Eq. (11) is particularized to the case n = 1. Furthermore, the

limits in the nth —order charge susceptibility tensor [297] and the nth

order conductivity tensor [298] are easily obtained when we take {=4 in
Bq. (10), i.e., when we carry out the transition to purely real

frequencies by taking a common imaginary component of all frequencies

[297-298] to zero.



5.3.-NONLOCAL POLARIZABILITY AND HYPERPOLARIZABILITY DENSITY
CALCULATION

Response tensors may be given as sum-over—all-states [293,299-300] or
as restricted sum-over-states expressions [293,300-303]. The expressions
given as sums over all states have apparent divergences (secular
divergences) which should be removable [300] because their origin is a
number of redundant terms coming from a phase factor in the wave function.
This phase factor is expanded in powers of the field. Here, we first
derive and expression for the first hyperpolarizability by removing the
secular divergences from a sum—over-all-states formula [300]. Secondly,
we calculate the reduced hyperpolarizability and polarizability which we
shall need in section 5.4 for the calculation fo the damped dispersion
dipole. The derivation is restricted to systems whose ground-state dipole
moment is zero.

The first nonlocal hyperpolarizability BuBY(E,g’,g”;iu,-iu,O) is

(304]

_ (P ()], [P (r’’)] [P (r’ )]
(5,222 3 i0,miw, 0)=h 2 £ [1+ c.c.){ —2——0BX mn_ B no
m,n

Bagy

(0.0+iu)(un0+iu) :

(P y(0) ) gl Pa(e) ) [P (2] o
(u-0+iu)uno

+

(Pa(£")) g Pa(E) g [P (2]
(uno-iu) “r0

+

n0 } . (12)

where Pu(g) is the g-component of the polarization and c.c. indicates that
one must take the complex conjugate of the expression following it. We

now split the unrestricted sum in Eq. (12) and perform the integration
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over the r'’-variable to obtain the reduced hyperpolarizability

A ., s )
BGBY(E'E Jlwy,—lw),
[P ()] (b ] [Po(r’)]
A vos s _ 2 &~ Om"ymn B~ "°n0
Bygy(T+L'iiw,mi0) = & [1+c.c.]{; i) (o gti (13.1)
oo PP g
(0 tiw)w :
m,n m0 n0
. z'[PB(E')]OE[PG(E)]MH[UI]DO (13.3)
m,n (wnn—i“)“no .
(P (£)]n (b ] _n[Po(r’)]
+ 5 & Om r_mo- B 00 (13.4)
m ("h0+1°)lu
' z’[PK(E)]OO[pYJOD[ﬁﬂ(E’)]no (13.5)
n iw(wn0+iw) :
[P_(r)])an(Pa(r’)], (b ]
a 00" B On""y’'n0 (13.6)

+ X — -
1
n © “n

5 [PB(E’)]OO[PG(E)]On[p

]
+ rnd} s

n unO(—iw)

1]
Where £ stands for the sum over m and n with the restriction
m,n
m =20 and n 2 0. In the integration to obtain Eq. (13) we have used

[ar 1P (£**)] 50 = [udgg = O (14)

where by is the y-component of the dipole moment [293], i.e., the reduced
A

hyperpolarizability BaBY(g,g’;iu,-iu) is specialized to a system without a

ground-state dipole. After partial-fraction decomposition of the terms

(13.4) and (13.5) above and some rearrangement in the sum [l+c.c.],
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cancellation occurs and we obtain the reduced hyperpolarizability as given

in Eq. (15)

’ [PK(E)]Om[pf]@[PB(E’ )]no

( Um0+ iw) ( un0+iu)

§uBY(5,5’;iu.-iw) = ﬂ_2[1+c.c.] {En

+ [Po() ] gpPa(x) I (b ) o

+ 2

m,n (”h0+i°) “no

, [PR(e") g [P T6 ) o

(epp=ie) wg

+ 2z
m,n

o+ [Pa(0)oalvylug PGz g0
m ”ho‘”ho*iw)
umo(uno-iw)

> a0 } . as)
m

Integration over the r— and r’-variables in Eq. (15) yields the (fully
reduced) first hyperpolarizability in complete agreement with the
expression given by Buckingham [303]. This first hyperpolarizability,
BmBY(iu,—iu), gives the static nonlinear dipole in the presence of the
electric fields Eéu)e-iUt and Eé—u)ei”t. The static nonlocal
hyperpolarizability density obtained from Eq. (15) by taking w = 0 agrees
in full with the expression given by Hunt [293] in formula (2.37).

Now the first-order correction to the wave function for a system

perturbed by a uniform, static electric field in the g-direction is given

by
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» <mlpy_10> y [ ]

(1) (11 _ a 'm0
"> = —— 4> = L —J/
« m ﬂ“mO " ‘”ho

m> . (16)

Reshuffling of indices in Eq. (15), the use of Eq. (16) and Fourier

transformation allow us to write the hyperpolarizability in k-space as

(1) ’
,('&'u IPB("S) ln)(nl?l(l‘s )10>
fa(uno+iw)

aaru(kak’;iu.-iu) = [1+c.c.’]{ E

(1) ’
’<f§ lpr(l}_ ) |m><m|PB(]£) |0>
f\(wmo"iw)

+ Z
m

& 8% onlvglan Py K))1ng
n,m (“ho*i”)(”ho+i“)‘?

2 5 (Pa0) 190 tvg) onlPy k") 5o
“n0(vng *1v)

a ™M

wpo{wpg ~iw) '

where c.c.’ denotes the Fourier transform of the terms associated with
c.c. in Eq. (15).

We shall need later the doubly contracted hyperpolarizability in k-
space, viz., kBk;garu(k,k’;iu,-iu), where the sum over repeated subscripts
is implied. The divergence of the polarization is proportional to the
charge density, and its Fourier transformation satisfies the condition

k-B(k) = -i.p(k). (18)

The use of Eq. (18) in Eq. (17) allows us to calculate the doubly

contracted hyperpolarizability



WV 1p0k) Im><m]p(k?) (05

A
kgk' Bg o (k' idw,m10) = [1+e.c] {—.; Hag 1)
<V 160k lm><mlp (1) 105
- f 1 4 (wmo-iw)

1<0]p(k) lm><m |y [n><n]p (k") |0

2 (um0+iw) (uno+iu)

<0]p(k) 105<0 |y, [m><m|p(k’) 0>

+iw)

m “mo(”ho

<0]p(k*) [0><0 1, [m><m|p (k) |0>
N o ]} (19)
ullO(me iw)

The multipole moments Q:(k) are defined [264] by the equation

k) = 52 e R O u,%)‘—zﬂ)— 3o ler ) (20)
l'

where Z is the electric charge of particle g, is the nth spherical

g

Bessel function, and (ru’eu’¢a) is the position vector of the particle .

Then using the Rayleigh expansion of the plane wave exp(ik.gu)in the

Fourier transform of the charge density p(k), we may write

o 2 L oR
P00 = T T it e et (21)

with k = (k, e, ¢).

Let the function é (k,w) be defined by

1 1

’
z
+
n "’no @

¢‘; (k,w) = % |n><n|Q:(k)|0> ) (22)
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We rewrite Eq. (19) with the aid of Eqns. (21) and (22) and we

specialize it to spherically symmetric systems. Thus,

- [ &
(k,k';iw,-iw) = [l+c.c.] § £ £ £ c(a,) .

r A
kk B
By "B 2°=0 m=-1 m’=-2’

’ X x m m’ .
[—f:’(a,)¢’) Y':(9’¢) <¢1m)"ol(k) l@n, (k’Olw)>6m”’m+m’ sl’n’,tl

89,0 +1

,m’+m

~Yp(e,8) ¥y, (07,6 7¢ v, 107, (k') 8] (k,=iw) > 8,

P . ' .
~Yg(e,4) Yj,(e’9") <§:(k,-1w)qu|§:,(k’,lw)>8£,1,216m,m,,+m,]

4v 1 1410 * m’’ , m'’ o, 0
e [(»1)"‘ Yoo, ) Y] (’,4°)<0]u 18] (k’,iw)><0|Qq(k) 0>

o

¥ (o, (6" 00 <Ol 18] (kimiwp><0led (k) 10)] ] (23)

where
’
N ANTIL 12248 4

7 (24)
(20)1(20°)!  [(20+1)(20°+1)] 72

c(e,’) =

In Bq. (23) Si,j is Kronecker’s unit tensor, and the electric field has
been taken in the direction YT”. We adopt the convention m’’ = -m'’ in
Eq. (23) and within this context.

The doubly contracted hyperpolarizability given by Eq. (23) is in a
suitable analytic form for computations, since the matrix elements can be
calculated [266].

The doubly contracted Fourier transform of the nonlocal polarizability

density is [276,293] the susceptibility x(k,-k’;iw) ; with the same



conventions and definitions as made for the hyperpolarizability

XK' ie) = 5 5 C(L)Y} (e, ®)Vy (0%, ¢) <0 1Q} (k) 8} (k)4
L=0 M=-L
+ S, —iw)) (25)
and
cw = oM B ) g



5.4.- DAMPED DISPERSION DIPOLE MOMENT CALCULATION

The g-component of the dispersion dipole on A in the A...B pair is

given in terms of properties of molecules A and B by [293]

A IR S YRR : BV
(Wiep)a” Ty7 Jodo Bk k' s iwimin) . B (KK’ iw) . Tgy(k).

(T (k') dk dk” (27)

Where the dipole propagator in k-space is [293]

4n K

Tog®) = i3 kokg - (28)

Let R be the vector from a center in A to a center in B and refer the

position of all the particles in r-space to the origin of R. Then

2 ksk
A ‘4“! P . B 9.3
(pdisp)u= 13 (2“)7 I:awjbsru(ksk ;10’—1w)k2k’2 (_l)x (k’_k ;10)

.e—i(kﬂ(’)'g dl.(_ d];("- (29)

To analyze Eq. (29), the plane—wave exp(-ik.R) is written again as a

Rayleigh expansion

bN

-k°R pud DN ) 1] X,
e~~=% T i 4nY (e,9).Y (6,,9,) j. (kR) , (30)
220 poox N x °r* %R’ Ix

where R = (R,eR.¢R). Let us define
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c(e,2’,L) = C(8,%’).C(L) (31)

with C(2,2’) and C(L) defined by Eqns. (24) and (26), respectively.

The next step is to perform the angular integration in Eq. (29), where
the B-susceptibility and the doubly-contracted A-hyperpolarizability have
been written as in Egns. (25) and (23), respectively. To do so, we make
extensive use of the properties of spherical harmonics and Clebsch—-Gordan

coefficients, the Wigner-Eckart theorem, and the relationship

Y <aboB|ec><ede §|cy><bdBs|fe> =
B, §,€

1/2

= [(2e+1)(2f+1)] W(abcd; ef ) <afad|cy>, (32)

where <abaB|e€¢> denotes a Clebsch—-Gordan coefficient and W(abcd;ef) is the
Racah coefficient, closely related to the 6-j symbol. We obtain [305] the

damped dispersion dipole moment for a spherically symmetric system

A = 2—- ’ O . 'py |
(”disp)z' L _[:d“’_’;k dk’ X ’___01 JX(RR)JX,(R R’)

, 1/2
CI(2>+1 4'2'x +1 G 00[105 -

(]
+ Z <LLO0|00><0| IOL(k) | IQL(k’ R iu)+<I>L(k’ y—iw)>[1+c.c’.] -
L=0



(4m1/2
[‘ I 4o S A 10 [€0110y () 11001 1w 18 (I s iw)>

+ <011Qg (k") [10><@, (k, iw) | 161105] &

T CL L)AL ) [(2041) (20 +1) ] 2 W1 L A )
2,2°=0

AL, [cw Qg () 11y, I i)+ 110y, (k) |18 (K, -iw)> ] 75 +

+ AL g (k-i0) ] 18y, (K, i) }] (33)
(20+1)

where
- ,_1,8b [ (2a+1)(2b+1) 17J1/2 abec
A(a,b,c) = (-1 [ {22t 12 (a3 (39)

the double-bar matrix elements are the reduced matrix elements generated
A A
by the use of the Wigner-Eckart theorem, and we have taken R = z.
Notice that the Clebsch-Gordan coefficients involved in Eq. (33) imply

Therefore, we may

the existence of the factors 61’!,11 and 8 NI
rewrite Eq. (33) as
A © ’.“'L L
(mispz™, T jak j (kn)jak’ 3y 4 (K R)Idu G(k,k’;iwi &%, 1), (35)
(n+x+L 2)

where G(k,k’;iw;2,%,L) in Eq. (35) is defined by comparing this equation
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and Eq. (33).

An analysis analogous to Koide’s for the damped dispersion energy
[264]) holds for Eq. (35) (or Eq. (33)). Consequently, we may say that
(”gisp)z vanishes as R goes to O and as R goes to infinity. Computations
of (”Qisp)z and the dipole moment overlap—damping functions may be

performed with the analytic expression given by Eq. (33).



APPENDIX A.

A derivation of Eq. (21) is carried out in this Appendix. Let us

rewrite Eq. (20)

alm oy 1 § Ry (), o, Ry (R)da (A.1)
R.(2) = fo_, S + (1->)S% + (a-x)2s% + (A.2)
o™ =5 % ) -
Sp(R) =8 + (2-x) sZ 4 (l—xo)283+ o (A.3)
= 50(x) (A.4)

From (A.l) and (A.2), taking into account definitions (A.3) and

(A.4),
- E L] L] E
Al™ o (oqyn-l i § m+ som 180 g xo(—)n +
+s0(9.)] de . (A.5)
In particular
E
(1) . _1 (1) o1 0
AT E o 55,.“0""“ Ry(R)dr = 5% g’r[ 2"
E

+ so(n)]H(l)[ —O—i +5(0)] dt=

-
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E
(1) "0 (1) B
2m § So(WH N H' 'S5 (R)d

(1) (1)

1 -
- 50 §r So(VH Sy (VR s (R)dh =

£ 1 VsZgVg _g2g(Vg x»
EoH Ey-S"H "BgH "Ej +

(Wgy(Wg g gWg g(Vs2 4

+ SH 0 Eo 0

SH

+ Eon(l)su“)s + su(l)Eon(l)s (A.7)

where Cauchy’s integral theorem has been used in both (A.6) and (A.7). It

should also be noted that So(l) fulfills

_(l? o q+l
20 5p(0) = a! [55(8)]

The generalization to obtain (21) is now straightforward.



APPENDIX B

Expectation values of operators in label-free form

In this Appendix, a decomposition of the antisymmetrizer for an N-
electron system is used to evaluate the expectation value of a permutation-
invariant operator N in the state ¢§. The function ¢ is assumed to be a

normalized, fully antisymmetrized product of NA molecular orbitals on system

A and NB on system B, with N=NA+NB'

The N-electron antisymmetrizer £ is related to an idempotent

projection operator { by

./4=‘/‘=§'!20PP=\[§—?G (B.1)

P

N’ and op =

+1, depending upon the parity of the permutation P. The operator O commutes

where the sum runs over the permutations in the symmetric group S

with any operator Q? that is invariant with respect to each of the
permutations. In particular

(O,H) =0 (B.2)
where H is the full N-electron Hamiltonian for the "supermolecule" AB; and
if the unperturbed Hamiltonian Ho and the perturbation V due to A-B
interaction are written in label-free form (Eqs. 2 and 3of chapter 3.2),

[0,8,) = [6,V] = 0 (B.3)

The operator ) may be decomposed into terms that perform the

antisymmetrization within systems A and B and terms that perform the
antisymmetrization between systems. Lagrange’s theorem applied to the
symmetric group SN and its subgroup SN ® SN ensures that O-ay be split in

this way [113,114]:
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1 N INg! 8
=(NA+NB)!§°P W00(1+Zo1’ ) (B.4)

In Eq. B.4, C& is the antisymmetrizing projection operator for molecule A
with NA electrons, defined by analogy to C’for the full N-electron system,
and ﬁ% is the corresponding operator for molecule B. 1 denotes the identity
operator. PiAB exchanges one or more particle labels assigned to A with

labels assigned to B; it does not involve permutations within the set of

electrons assigned to A or to B. The number % of operators PiAB is

n
=5 (NA) (NB) . (B.5)
J=l1\J J

Since the upper limit n on the number of electrons exchanged is min (NA’NB)’

N!

] ’
NA NB

L= - 1. (B.6)

It is convenient to define P by

%
=% op. M | (B.7)
j.:l 1 1

Then the expectation value of 7 in the state ¢ is

PIN|® = N <O{x1...xN} Il G{xl...pr /s (B.8)

where the xi’s are orbitals located on A or B and
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= N! <0{xl...xN} | Otx,- - - %P

N2 gn?
s = N! <OAOB (1+P) {xl“'xN} |O'A% (1+P) {xl...xN} >

NNt <G O Oxeoxd 110, Oy (1P) Oxp- oo xd

< "’A""B | (1 +P) \I)A\IJB > . (B.9)

In Eq. B.9 ‘bA is the normalized antisymmetrized product wavefunction for

system A (and Q)B for B). An analysis similar to that for s shows

=1
W@ = s

<¢A¢Bm|/IA/IB (1+4P) Oxp-- 2y} > - (B.10)

Substituting the form Z£ QiAi for 1 yields

-1
WY = o [ up [0 lw,w> +

p %
AB
+ “"A“’a'ifz"i"i'ﬂr'qs 551 o P, Pox . oqbl, (B.11)

where Al is the projection operator that assigns the first NA electrons to
molecule A and the remainder to B. Rach of the operators Ai in the second
matrix element projects out a single P‘jAB term from the ket. Eq. 22 in

section 3.3.1 is obtained by identifying Q with V.



Appendix C

Pair energy of He...H

The first-order pair energy E for the He...H system

_ e(0) (0) _ -
E = EH + Eue + V(FZ-O) + Fz {Tl + ‘1‘2 + 'r3} pZFz (c.1)

from Eq. 11, with

V(E,0) = B 4 1 20 Irp g #2013y Oy e 102 I gy
Ot e [t g >+ g o> g I 1350
~ X | P12 e Xe* 2 Xe 171 e
~ e 112 e’ g g c.2)
T, = 2 ol > (B g Ixo =< Iy 16 ) (c.3)

-3
"
|

2= 2| = O i g Ot g [ g 0+ g iy 1= g Iy g, < D>
= g DX O 13>~ X 112 DX X s>
- e 1712 et Fa e = e 12 Mg X O X
* Bge) gl (eI + Oglnge] ] ' .

T, =

2
3 8

-2<Xﬂlr |xH> - 2%, Ir lxﬁ >+ 20X Iry 2"‘!-1"He

+ 2040 112 e ~ 5 e 120 (Ot I+ x>
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-1 1 -1 1
t 20 IThe 14 g 1 Xge” + 2<%y I Tie 1%y <Xy 1

" Oty Doy e+ xglry x> e x>

<+

e Ty [Rge? g e (g 1>+ gt

<+

-1, 1 2 -1, 1 -1 1
N ITn Pge” X1 Xe” ~ XgeXu!T12 105> ~ peu!T12 1 X’

XX et 171 e *+ o712 X

- Otgete 12 e g g HVIF,0) (g I + <><;1{e'xﬂ>><xue'xn>]»

(C.5)
and
_ e | %ep >
b, = x—ﬂ% 241z 1> - 2R<>gH|xHe)] . (C.6)
The notation
¢ A
h = -3~ Z7q (c.7)
. 2
s =1 - <xﬂlxﬂe> (C.8)
_ L3
xglelx> = [drx (De(1)x (1) (.9)

<qu§"1;'xmxu> = d3r1d3r2xh(1)xv(2) r;; x (Dx (2)  (€.10)

3
o Ix,> = j dr;x (1)x, (1) (C.11)
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is used in Eqs. C.1-C.6. Also, the internuclear distance is R, 12 is the
interelectronic distance, and rq is the distance from an electron to nucleus

q; g is any one-particle operator and q, v, m, u = H or He. The functions
(1) d (0) £ . b . 1

xq an xq rom the main text are abbreviated as xq and xq,

respectively. Zq is the atomic number of nucleus q.



APPENDIX D

Ly -1,, H .
The hybrid integral <15Helsﬂe|r12|3pzlsHe> needed for the calculations
in Chapter 3 is not one of the 79 hybrid integrals in terms of auxiliary
functions compiled in Ref. 67. If we adopt the same conventions and
symbology as in Ref. 67, the calculation proceeds in the following way.
. . . . - - H -
Define the charge distributions Qa = lsHelsHe and Qﬁb = lsHe 3pz where a =

He and b = H. N, is a ¥ -type distribution according to the standard

ab

two—-centre charge distributions given in Table III of Ref. 67.

Furthermore,
N =k o(¢,n)exp(-af)exp(-Bn) (D.1)
" 2 2 4 4 hia 2 2
E(C -n Jow(€,n) = g _? wnJE "= 2730 (&) (1-€n)(£"-m) (D.2)
n=0 j=0
o(tsm) = soms (t-m) (1-¢n) (0.3)
3p

1s,3/2 z.7/2 (D.4)

3p, -
(D2t-ma = gomg (¥ 2y BTV exp(-pt-pra) (t-n)2(1-tn) (0.5)

and M = 0 = q. The expression (D.5) expands by one the number of terms
given in Table III of Ref. 67.

The one-centre distribution is nHe = [ISHe], and

L-exp(~p, (£-m)) (145 p (E-m] = 5 (E+m)UR, (D.6)

Therefore, u, = 1, uy = 1/2
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(18, sy 3p,) = (¢4 3/2(" )-1/2"“4 I dzj—}d“[l_e-PHe“—ﬂiE;

g (e e Ao (- 2(1-ga) -

= a5 () 2P T 200 [2ae L dn{(e-m2 (1-t)

L e -

37 ght+m) (e-m P (1gay 1} (T

- 1244_/36 (;:{:)3/"'(:: 2)7 /2 [coz - Zlu (2% 2(pH o] s 1020 (0.7)

u-O
H, _ 3/ 1/2 _ X _ X
tlsﬂellsﬂespz] - {H {H (pHe’pH) HO(PHe’PH) pHI(PHe’PH)} (D.8)

From (D.7) and (D.B),

‘_‘E- 0‘1‘2 H_ (D.9)

Thus, the number of monopole integrals given in Table VI of Ref. 67

may be increased by adding the term

TR, ] H H of

H 010 010
[lsﬂe | lsHe3pz ] C02 C12 4/ J 30



APPENDIX E.

We outline here the proof that leads to Eq. (20) from Eq. (17) in
chapter 4. We give first the expressions for the spherical-tensor dipole
moment, the product of two spherical harmonics on one center, the product
of a component of the dipole moment and a Slater—-type orbital, and the
transformation of spherical harmonics under rotations. We then write the
g-component of the dipole moment from which Eq. (20) is derived. We refer
to standard books [238-241] as the source of the mathematical
relationships used in this appendix.

E.l. Spherical-tensor dipole moment.

rg =2 (E1)
ry <3 (2) -1/2(x1iy) (E2)
or ro = (ig)l/zr Ylm(e,¢) , withm =10, +1. (E3)

E.2. Product of two spherical harmonics on the same centre.

(e,4) and Y (e,9).
m omy
The product is given by the following expansion in terms of the Clebsch-

Let the spherical harmonics be Y

Gordan coefficients C(2,2’,2’’;m,m’,m’’)

(22 +1) (22 +1) .1/2
Y (8,¢). Y (8,9) = S c(a 121;000) .
2)my Lomq [ 4n(2n+1) ] 1
. C(l 1 Lm mzm) Y (e,9). (E4)

When we take Rl = 1, the properties of the Clebsch-Gordan coefficients let

us write
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[ 3(222+1) ]‘/z
Y, (8,9).Y (8,9) = Z ETTICEE c(12,2;000).
lm1 lzmz ll +1] 4n(29+1) 2
. C (1n21;m1.m2,m1+ m,) Yn’ml+ m2(6.¢) (ES)
where X stands for the sum over at most two possible values

1=|1211|

for &, viz., &+ 1 and |8, - 1.

E.3. Product of a component of the dipole moment and a Slater-type
orbital.

Let the normalized complex Slater—type orbital on centre a be

1
(nm) = (26 )™ (2m) 1] 2" ATy (o0 (E6)

Then( g.m) = AmT/2eg )™ 2[(2 117 /2" EaTY, (e, 0 )Y, (6_,6.) =
rnl‘ R R 2 3 { m1 ea’ a 2 26

=5 [ 2£2+1 ]‘ 2

1‘|£2+ll 2041

[20+2) (2n+1] /2
. 2)

C(llzl;OOO).C(l!zn;ml,mz,m1+m2) .

(n+1,8,m +m2)’ s (E7)

where Eqns. (E3, E5, E6) have been used and (n+l, 4, m1+m2)a’ is a

modified Slater-type orbital on a defined by

3

(n+1,8,m4m,) " = (2za)“*5[(2n+2)z]”/Zr“e"‘a'vl’ml+m2(ea,¢h). (E8)

D.4. Transformation of spherical harmonics under rotations.
Let (X’, Y’, Z’) be the canonical reference frame. f} denotes the
rotation (passive interpretation) carrying the system (X, Y, Z) into

coincidence with (X’,Y’,Z’). The transformation law is
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’ ] - X
Y (8heh) = E Dg, (V) -Y p(0:8), (E9)

where D;u () is the rotation matrix [241] defined by the convention given
by Rose [238] and Messiah [239].
E.5. g-component of the electronic contribution to the dipole moment.

The use of E.1 through E.4 let us write Eq. (17) in chapter 4 as

el. [ . oick  oi kof i
D Ea B G N A N N C R I (E.10.1.1)
I I R U R S | i
[-1 ;T krkj R } ), (E.10.1.2)
p p . .
¥y R )-% RS (7, T - leTle“i) + (E.10.2.1)
Pos1 % o) Of P
P i i i k 2
+0x s £ [t-1 ka.- LS o R (E.10.2.2)
p=1  iePp jePp J J J
(i=j)

_ P i i i k .2
b 5 ¥ = [ri-r kaj- T T ]

p=1  iePp jePp R=|g. 21| 7 J
(i=j)
20,41 73/
25+ 1 ] . cQ1 lil;OOO)C(llil;ml,mi, m, + mi) .
((20,42)(2n,+1),1/2

JJJ - o \?
2{1 <(nL'm )I(ninmi) > + (E.10.2.3)

p . )

+T T T [Tl.—leTk.+T1k1k ™.] R

p=1 iep_ jep J- K I 07 e
p T p

j Y _

xg T o¥, whHol (@al.
’ . J J m. m.
m J'm'm i Ui

. <(njljmj’)|(nilimi’)> - (E.10.2.4)
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P . . .
R A [—T1.+T1ka.—T1k1len.] :
p=1 ieP jep 7 ) )

211+1 1/2
S 5., S [ ] C(18.2;000) .
m w g=|g,. |t 2% i
1 1
1/2
[(Zni+2)(2ni+1)]
. C(lkil;ml,mi,ml+mi) 2{1 .

g danys= o = LS T R |
(') [(n, A m)'> . DT, (N )D, (7)), (E.10.2.5)
i”™ i o mim,

where n.=n.+l ; m.,=m+m, , and m,’” = m,+m ’ .
i i i 174 i 1 i

The terms in (E.10.2.1) come from the sum (E.10.1.1). The sums
(E.10.2.2) and(E.10.2.3) include the terms in (E.10.1.2) with the orbitals
i and j on the same nucleus. The sums (E.10.2.4) and (E.10.2.5) include
the terms in (E.10.1.2) with orbitals i and j on different nuclei. Eq.
(E7) has been used in (E.10.2.3) and (E.10.2.5). The inverse of Eq. (E9)
has been used in (E.10.2.4) and (E.10.2.5).

Two spherical harmonics in the canonical reference frame on i and j

satisfy
Y, Y. D>=6 _§ . (E11)
Limi " gdpd m;m
Furthermore,
<Y1.m'|Y . .>+<Y£jm.'yl.m.> =0, (E12)
i1 &mi i i1

when li = Iljtll. The use of Eqns. (Ell), (E1l2) and some orthogonality
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relationships in Eq. (E10) and its specialization to s-orbitals (i.e., ,’i

=0, Vi) yield

n Meo

P . . .
_ _ 1 J _ b §
(-Rg) ~E Ry £ % [r R

.T.l'

k"
P .. . .

+Z Z z R,P'[T] T -7 'rk.TJ.] =

p=1 i€Pp jQPp J 1 k J 1

N P

== ¥ (-R_) , q. e. d. (E13)

P =1 Qp
P



APPENDIX F

The dipole moment for the H3 system in its lowest quartet state is given
by Eq. (24) in Section 4.2. The explicit expression for the transition

element in Eq. (24) is
3
(0),4, (1) _ -1, 1 2 2 -1, 1 2 2
¢ v Iigl ¢iu >.6{<x%1|rb Ixua>(sbc Sac)+<xélrc Iz%a>(sbc Sab) *

-1,1 2_.2
+<xcrb Ixuc>(sabsac) +

* (Sab"sacsbc)“"b'rc_l"Slxa”‘(’%";l'xclxb)) *
+(S_ -S..8 )« 1t 1,1
ac ab bc xc'rb Ixna>+<xalrb 'xuc>) +
+ (S, -8 S .)(K BRI “1olsy
bc "ac ab ( xb'ra 'xﬁc xclra Ixub )
8 (<% 1o x o= x Iran it x >+<x x Iry It x> -
ab' X% 1112 1 XgaX” 7 %X IT12 e’ %% T12 1 Xpc®
-2¢< lr_ll L | _1| 1y s
XX 1T12 %’ % 1T12 e %pe
-1, 1 -1, 1
X T2 1X > X 1Ty 2 1% X ) *
+S . (< |r'1| >-2< |r'1| Lo s Ir_ll 1o
cb* % Xa 12 1 X5aXe” 790 % 112 1gae” T X% 1 712 1 %pa
+ < |r—1| 1, |“1| 1y | “1| 1, ¢ |'1| 1>)+
% ! T12 1 %%’ ™ %% 1712 16 %0c” T % %a 1T12 1% % "~ * %a e 1T 12 1 %a b
S (o et s s—cx o et d x o+ x Irdixt x> -
ac' XpXc 12 xnaxb X712 xuaxb xbxh T12 xucxb
= o e d X o+x x et oo >=2¢x % 1roE1x ok >+
X2’ 1712 1 %%’ T %X T12 1% ” 74 %% P12 1% %
+ O Iy Ix 3 } (F1)
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The notation

xlglxg,> =[d°r x (Dagx, (1) (F2)

-1 I -1
XX AT Ixg%, = Id ryd ryx ()X, (Drpx (DX, (2) (F3)

is used in Eq. (Fl). o is the interelectronic distance; g is the

electron—-nucleus distance; q, r, v, m, and u label the different nuclei a,

b, and c. xéo) and x(l) from the main text are abbreviated as xh and x;

The remaining symbols retain the same meaning as in Section 4.2.
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