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ABSTRACT

“he image parexeter metinua .o iilver desizn is n-t yet excelled
for its siwplicity. Darlington's tecunique, altaouzh gquite straigntfor-
ward, nas the rollcwiang restricticns: (1) A special tyre oi inserti n-
loss requirement is cunsiderea in tne ovloecs-band. (2) Tne deter.inati.n
o1 elemwent values involves lung calculations.

In recent years ithe iwage paramneter meth.d is being increasinsly
exploited to cvercoume tue apbpove diiiviculties. wuttle has snown Ly means
ol image parameter techniques that in tne special case o. two cascaued
Zobel sections, one can get Darlington's type o1 insertion-loss charac-
teristics. celevitch nas pointed cut tnat there is promise ci the twce
apparently diirering techiniques coming gloser to each otner.

In this thesis, the inage parameter uietn.od is stuaied in aevail
with the speciriec purpose oi eliminating tne drawvacis wuicn are witia-
holding its wiuer avpplication in tilter design. whe results -1 tuis
study nave yieluea a ae.inite improvement over tne existing metno.a. .he
salient reatures oi tns uethod deirinea in tnis thesis are:

(i) The dirriculties of Zoovel's decowpositirn rorucla are elinmi-

nated by considering a new ycormulation.

(ii) A methou due to felatieller, greatly extended by celevitcn,
applies tne image varamwmeter methia to tne design :n tine yvess-
nand. +71his iormulation is now extended tc the bloc<-pana and
a aetail study oi this 1s presented.

(iii) Exact require.ents on the transier-luss ruact.on in tne tlocx-
band are given. Coisequently, the nuwnver I irterueliate sec-

tions in the filter coula Le minimizea. Liis 1mwporeent c.mse-



2.
quence ci the new il rmulation is ce.onstrated o neads ol a.n
exauple.

(iv) Properties ol tne gerneral teriunat.ng sect..ns are ¢ nsiuered.
uveneral ioruulas are derivea icr tne calculatinn i tne ele-
ment values o1 the terminating secticns.

(v) "he rurmulas ior tne inserti.n runctiun valia 1.r tie cut-uv.:
irequency are given. <J‘hese general .ormulas cuver !elevitcu's
iormulas as a special case.

(vi) The eirect or dissipation on the insertion ruanction is ueter-
mined bty weans <1 tne electronic digital computer. A general

prcgram is written 1.r tais purpose.

ihe new results presented in tiis tnesis are a consequency .: a
detailed study vi tue i.age parareter ieinod, viewed riou more tnan one
angle. It can be sarfely c.ncludea that tne study nas certainly raisec
hopes of waking use ci image parameter methcd - witn the suggested in-

provements - 1or a wider application in rilter dGesign.
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I. ITTRODUCTION

An image parameter filter is obtained by cascading sections (r1our-
terminal netwosr«) with matched image iumedances. uwne .mege-transier
function of this filter is the sun of the image-transier iunctions oi
the individual sections. If the rilter contains L's and C's only ana
operates between its image iwvedances, it will transmit without any lcss
over a certain band (or bands) of irequency (pass-band) and attenuate
ror all other frequencies (bloci-band).

In actual practice, we are interested in knowing either the opera-
ticn loss* or insertion loss oir the rilter. In general, neither ot
these loss functicns is the same as tune image transier lcss of the 1il-
ter. Zobel has given an expressisn for insertion loss of the ivilter in
terms o1 image parameters. Wien the insertion loss is speciiied ana
the rilter is to ve round, the dirfrferent ractors in Zobel's expressicn
wust be considered. ‘“'he investigation of Zobel's rcrmula siuows that it
is possible to maxke some approximaticns un tne inserticn loss of the
filter, and consequently the design procedures can be sinvliiiea.

Bcde has made further investigations on the image parameter filter
theory and has shown how the filter can be constructed by considering
only one image impedance and the poles or iuwage transfer loss. his
matcned cascaded sections generally difrer from those of Zobel's, out
for the practical case, he arrives at Zobel's compcsite filter but with

more complicated terminating sections.

* "Operation loss" is defined as the logarithm c¢f the absolute value of
the ratio c¢f two voltages or currents. One of these measurements is at
the output of the filter when it operates between the terminal resist-

ance; the other is measurea wnen the source is connected directly to a

resistance equal in value to its internal resistance. 7T.ie tera Minner-
tin 17s3" is d=iined in Chanter IT.
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Darlington and others have consiuverea the cut-ana-try metnod in-
volved in the iuage paraneter filter design as cwabersume. Darlington's
method of rilter design based on insertion loss is well-kncwn. In this
method, a special type or inserticn loss 1unction is considered and
after rinding a characteristic runctiun, @, the problem 1s reauced to
finding the elewent values of the filter.

Darlington's special insertion loss function has been extended by
Fromageot and otners. But, in the determination oi the ¢ - fimction,
some approximaticns wust be mace, and after des.gning the tilter, it
must be checked as to how good tiis approximation is. In spite or this
generalizaticn, the inherent disadvantage o1 the method, viz., or ceter-
mining the element values or the filter, still exists.

The above disadvantage of insertion loss filter design (Darlington)
compels the designer to looca for more practical methous. Classical
image parameter theory does ncot have tnis disadvantage ot Darlington's
method, i.e., aiter the design parameters are chosen, the elenent values
of’ the filter can be determined very easily. J1uttle nas shown that two
cascaded, wmatched Zobel secticns can produce Darlington's type <f in-
sertion loss iunction by proper choice of the design parameters. uttle's
method is based on image parameter tueory. Consequently, the calcula-
tion of the elewent values, which is the difficult part of Darlington's
inethod, is made extremely simple ior tiis particular case.

Beleviteh consiuers a new rormulation for the insertion loss iunc-
tion. woased on tnis formulation, he discusses tne inserticn liss sune-
tion in only tune pass-vand.

In this thesis:
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(1) Belevitci's rormulation is here xeneralizea to include a dis-
cussion of the insertion runction of the blcck-band. On the basis of
new properties cotained from this generalized formulation, procedures
tor filter desizn are described.

(2) At the cut-otf irequency, the general expression ior tue in-
serticon iunction is given.

(3) Low pass iilter terminating hali sections are ccnsidered in
general: general expressions are round 1or deterwining the elerent values
of the terminating half sections.

(4) After designing the filter, the ef.ect or dissipation cn inser-
tion luss and phase functions are investvigated by using a digital couputer.
IT. SURVEY OF INSERTICL-LCSS FILTER DESIGN TECHIIQUES

2.1 I.SER.ION FJNCLION

The inserticn tfunction, Ps’ of a four terminal networs is deiined

in terms or two currents, IR and Ié (or two voltages V. anw Vé) of fisg.

R

2.1.1 and by the ratiu

II: v’
P = fn = = fn 7‘3 (2.1.1)
R R
7
Zg “s 1
r—:—o r—t__"l—o o—
+ ————— + + LN
Ir v’ Z
! R £ P
<1 —e=- I
L L oo
1
(a) (b)

Fig. 2.1.1



Since in generel the vceltages or cwirents in eq. 2.1.1 are cuonplex, then
Ps is also complex and can be written as

P =A + 3B (2.1.2)

where the inserticn luss functicn As is in ncypers and the insertica phrase

function B is iz radians. Therefore, from eq. 2.1.1 we also have,

2‘[& I : 2 V,’ 2 I.' T4
S 2 £ It S -
e = — = V— é&, = arg —in = ar \7 (2.+.j)
I RI, R i

The erpression Tor inserticn fuiction in teras cf the imnpe poarzneters
-l L

was first given by Zctel [1]. In this thesis, we shall use the sm.e ni-

tations as used in reference [2]. In terms of these nctaticns,

P 2NZ Z A/

s * 215 T -2p;\ P1
e S - ,___.__ = 2| S—=E|[1-KKe“I]e
b5 iR 2J <1, / \2 Vg2, >0
: (2.1.4)

“'he terms within the parenthesis on the right hanld side of eg. 2.1.4 are
designated, ircm left to right, as the: 1) Transf.ruer. 2) Input re-
flection, 3) Output reflecticn, L) Interacticn, and 5) Imoge transier.
The paraneters Ks nd KR appearing in eq. 2.1l.4 are, respectively, the
input and output reflecticn coefficients. The logaritims of the fact.rs
1) through 5) correspond to certain functi.ns whose oreperties are well
known [2].

As may be seen frum eq. 2.1.4, if Zs and ZR are equal resrectively
tsc the image ispedances, LIl and % S0 of the four terminal networl:; then

P ~1 P

ity Py ,
e = = & e \2.1-5)
_;Il + I2

Ca the c«ther hand, if only, say, 24 _, is equal to the imase i.pedance L.,

then
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2 “T1 7R

. et o iy setwork here Z = do s 5 2S5,
For a synnetrical four terminal network, where I 1o 1 €4
2.1.5 and 2.1.€ yield
Ps Pr
e = e
or
Ps = P (2.1.7)

Therefure, for a symmetrical four terninal networi, if there 1s o matching
at least at cne pair of terminals, the insertion functicn and the Imaize
transfer function are identical. Alsy, PS is indegendent :f the l.ad im-
pedance ZR‘

The result in eq. 2.1.7 is als. cbvious from the defirition of PS.
For censider a symmetrical four terminuel netweri with ZIl = 512 = Zs as in
fig. 2.1.1b. The replacement i the subt-network tc the left cf the terni-
nals 2 - 2° by its Thévenin equivalent will yield the networ.. in Tig.
2.1.1la. The only difference is that such a networl will have a different
voltage source.

In practice, the terminating impedances, ZS and ZR’ or trhe filter are
mcstly pure resistances. On the other hand, the image impedunces of a

filter are real in the pass-band but not constant. Therefire. to yruvide

a matching in the puss-band, the image inpedance iust be as constant as

]

possible in this region. This can be dine to a certain de rec of avproxi-

mation by increasing the crder of image impedance (e.g., by use of & bel's
multiple-derived sections). If perfcet matching is vpussible, tren eq.
2.1.7 is valid and the design ¢f the filter is reduced t. the desion of

an unccrrected iwaze parameter filter.



2.2 GEIERAL DISCUSSIONS Cif itk TINS5

ISERTION LOSS OF SYiLiEUAICAL REACLIVE
(LC) FILTERS

In this section we shall have a general louok at the filter synthesis
technique c¢n an inserti.n loss basis.

The purpecse of this thesis will
then be clarified.

"e filter synthesis technique tn an insertion 1loss basis has two
main parts:

(A) To find aa approximating function, @, which is related t  tle

inserticn less function as [3].

s o A 1492

(2.2.1)
such that ¢ must satisfy all the imyosed ccnditicns n the As—functisn.

(2) Pind the element values of a lattice or ladder filter which is
to be cbtained froa the above arproximeting function, @.

These two parts are considered in the following.

(A) Determination of the @-Function:

"G

nsertivn power
ratio for a symmetrical filter with equal terminations is of the furm [3]

2AS ¢|2

e = 1+
where @ is an 0dd raticncl function of p (= jw).

From the general theoury cof insertion loss filters, the i

(2.2.2)

The poles of @ are tue

poles of the As-function and the zercs c¢f @ are the zeros of the A_-func-
(5]

tion.

For exanple, let

|¢l o w(mla - ua) .o (wnz - me)

(1-%?) ... (1-a2P) (2.2.5)

vwhere H, wi'v

s and ai's are arbitrary positive constants. In order to obi-
tain low-pass filter characteristics with a desired e

~

{fective cut-cff at
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@, it is necessary tc take all wi's less than w, and all ai's less than
l/wo. The insertion loss characteristics of thils luw-pass filcer are of
the general form of fig. 2.3.1 --- pcoles of AS are all greater than @, and

zerous all less than wo.

| \_~

rig. 2.2.1
If ¢ is chosen as an ¢dd degree pclynomial of requency [15], then
the well-known characteristics [4] (Butterw.rth and Tschebyscneff) in the
efrective tass-band can be cbtained by impoesing the pr.per requirements wn
the locaticn of the zercos of the @-Tuncticn.
In additicn, equal ripple characteristics in the pass-band can be cu-

tained if @ is defined by

|9 = ¥e*p -1 lSinh PII (2.2.4)

where PI is the image transfer functicn of arny image jparamneter antimetrical

(sec. 3.2) filter (the su-called "reference filter"), and o_ is @i arbi-

Lo]

2
cas ) . X
trary positive constant. The facter (e P 1) is therety alwavs wade

rositive. ©Since the reference filter is antimetrical, P_ is an even fluic-

I



—

tion ¢ p = jw and Sinh P, is an odd function of r.

I

In the pass-band <f the reference filter, PI = j BI (A, = 0), nence
4

eq. 2.2.4 vecoues

J

[#]="e"P -1 |sinv (2.2.5)

1]

e

e L . . y2 .
Since B, is real, |¢| varies between zZero and e P - 1 in the pass-band.

I

Therefore, from eq. 2.2.2 we can see that A_ varies between zer. and an'
3

&

In the block-band of the reference [ilter, Pp = A; ¢+ JEn (k= 0,

+1, + 2, ...) vhere A_ > 0O, hence

I

g-"eFp -1 simma . (2.2.0)

which is always positive and has pules at the poles of the AI - functicn.

Therefire, As is positive in the bloci-band and has poules at the same fre-
quencies at which AI has poles.
If the ¢ - function is chosen as
2 42 ae _ o 2
o2 - 0% .. (9P -0B)

= H - - (2.2.7)
9] (l~912Q2) ... (l—QnEQE)

where

Wy and Ly correspond, respectively, tc the cut-urf and limit of the eifec-
tive blocl-vanc. If AS has equal ripple characteristics in the o.Tective
vass-bahd (0 - wi), then As will have equal valley heights in the effec-
tive block-band (w2 - o) as shewn in fiz. 2.2.2.

These characteristics can be obtained ir the parameters Qi's are

chcsen as follovs:

~ 21K ‘1 .
N =i e - = . (2.2.¢€
& Nk sn [2n 1 < (i =1.2, ..., n) (2.2.8)



-l
>

s |

a,
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Figure 2.2.2
where k = cul/u:2 ©he modulus ¢f the elliptic sine function and K is the
coerresponding complete elliptice integral.

In a general case, in actual practice, the values of the insertion

less As’ is to te less than a given valuve an’ in the effective pass-band.
On the cther lhand, in the effective bloc:..-band, As is nut alwars neces-

sarily greater than a given value O .
a
If the ccntour of requireinent for AS in the effective bloucii-band Is

ot a horizontal line (flat), it is difficult to find a corresgendin: P -

.

function satisf{ying this given non-ilat requirewent. In such a cuse, as
is usually dcne, an equaticn similar tc eq. 2.2.4 can te ucsed.

In the effective bluck-band, for [requencies of Ligh A_, there is a
o

linear relation between AS and A; [3]. ‘“herefore, A; cen appruxiuately be

deterunined. The prcblem now is reduced t> rinding a reference rilter

which will have an image attenuation in tne bloci-band, apprcximated to

rd

AI Jjust deteriined.

Since the poles of A_ are Xnown, poles of A are identical. Witn
>4

I

this informetion the @ - functioa can be deteriined (3], (7).
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In a recent article {5], tie deternination of ¢ - function is cun-
sidered currespnding to the requirenients on As in the effective bloclk-
Land as: (1) As will not be less than a given set of different values
of aMi's in the ccrresponding frequency bands as shown for a low-nass Jil-

ter in fig. 2.2.3, and (2) in the eifective pass band As <a.

|

A
s

7 S - -
< /{ ) /,’ /»// // 1/, ///l ’,/(v, K

Y af"il » ’ 0 ///

o
H Sece
Hh

ain ) , I *

Fig. 2.2.3

Also, @ - functicns for different types of filters (i.e., sy;mietrical,
antimetrical, and dissymetrical) which satisfy the imposed restrictiuns
are investigated. This investigation fcllcws exactly the sane nrocedures
stated esrlier, i.e., of determining the approximate lccations f the
poles of As. Since the form of the @ - functicn is similar t. that as
in eq. 2.2.4, AS has equal-ripple characteristics in the elfivective cass-
band.

KNow, in cunelusion, it can be swauarized that in filter design on
the basis cf insertion loss, the important part is that a § - functicn
aust be found which satisfies the imposed restricticns c¢n tae As funecticn,

(B) Determinaticn of Element V-lues:
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Atter findins a @ - Tunction. tiie next provlen is tu find the element
values cf the filter, either with luttice . r ladder coniisuration, corres-
ponding to this ¢ - functicn. Bxplicit forumlas for these ele.ent values
exist fcr soue srecial cases such as: 1) Putterwirth or “schbyschelf lLe-
havior in the effective pass band, 2) r'schetyscheff behavi_.r In b.th
elfective bands (Darlington's filter) (), (8], Lsj. [(W0§, (11, (12],
(131, (3¢l

Although Darlington's method of determining element valhies includes
the general case, [3], 17), (18], the tecinique entails lonyz calcolations
and hence is laboricus for any practical applicaticn. lHowevrer. the digital
couputer overcomes this difficulty scmewhat, (€, [37).

2.3 ADVAITATEH OF ILAGE PARAMETER METIOD

Tue vossivle use of digital compuvters with the image parameter .eth «
is nenticned only in passing. Althiugih it 1s belleved that such a aisital
investigati.n holds a promise, it is nct tie main idea .f this tuesis,

The key n-ticn of this thesis, is the utilizaticn ci the iuase parame-
ter method to uvercoume the difficulty encountered in the calculation of
the elcment values for the ieneral case, as given by Darlington. Yuttle
[14] and others have emphasized the need f.r a fuller lavestization of the
classical inuge parameter iethod.

Specilically, one of the i:ain advantazes of the image puiraiieler uethnd
is that onee desizgn parauneters are found; the elenient voelues can easily he
cdetermined since tlere exist simple relotlonshivs hetween the elonent
values and the desizn paraueters. :owever. this wethod als. suffers Iron
a sericus drav-bacl:, i.e., the cut-and-try nmeth.d, necessitztcd because

of the fact that the design paraneters are closely interrelated.
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The abuve draw-back is a direct cionsequence ot Zobel's decowpositicn
foraula on which the existing image parareter meth.d is based.
2.4 SOME DISADVA'TTAGES OF ZOBEL'S DECCIPOSITION FORIMULA

Zovel's decopusition formula is c.nsidered in section (2.1). This

formula is ‘rewritten here for convenience.

P ~feNsz Z + 21 2.+ 41 -2P P
S s R s 2 R 2 . I I
e . = K= l'K"hRe e (2.4.1)
..ls R 2 .' Z'SZ‘I]_ 2 oJ(L.HéIa S

The main disadvantages are:

(1) 1In the tlock band, the interaction term is commonly
ne:;lected.

(2) It is not at all clear how eaca term aifects the inser-
tion function. Specifiecally, consider the example or' a
symmetrical filter with equal terainating resistances.
For tris case, tne insertion loss function in tne pass
band is zero at frequencies wnére the image inmeaance is
equal 1o the terminating resistance, i.e., when the second
and third tactors within parantneses in eq. (2.4.1) are
equal to unity. Dut this ract, will not enable us tc
conclude trat these are the only frequencies at wnich AS
is zero. In fact, cther frequencies do exist at which
AS is zero in tlie pass band. However, these other Ire-
quencies camnot be determined by considering conditions
at wnich the logarithm cf the individual factors in eq.
2.4.1 vanish. Any determination of these trequencies,

i'cr this particular example, can only be accomplisaed by
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considering tne coubined efiect o tie interacticn and
reflecticn terms [2].

(3) Zovel's decumposition rormula does not include the possi-
bility of considering tne case of degenerated rour termi-
nal networks [15].

(4) At cut-off frequency, the rerlection function (factors 2,
3, 4 in eq. 2.4.1) tend to infinity while AI tends tc zero.
Consequently, the As - Tunction has an inceterminate form
~at cut-off frequency. However, it is well known that the
As - rfunction at the cut-off frequency has a finite value,
a fact wnich does not manifest in Zcbel's fornwlation.

On the basis of Feldtiteller's study [lo), Belevitch has expressed the
insertion loss tunction in a different form than Zabel's decompositicn
(15], [17]). This new tormulation or insertion loss, As’ is used in in-
vestigating the As in only the pass-band of the tilter. In Chapter III
of this thesis, Belevitcn's formulation is derived for ditferent types of
filters, i.e., symmetrical, antimetrical, and dissymmetrical including
lcssy cases., For tne symmetrical filter case, the factors which appear
in this new formulation are discussed in general, and new prcperties ol
these factors obtained in both pass- and stop-band. Also, a design pro-

cedure on the tasis of this new investigation is described in Chapter VI.

ITTI. A EW FORMULATION FOR INSERTION FUNCTIOH
OF IMACE PARAMETER FILTERS

The insertion function is here first expressed in a different rcrm
than Zobel's decomposition formula. ‘This new form is derivable either by

starting from eq. 2.1.4, or from the detinition of the insertion runcticn.



i~

3.1 1UE NEW FORMULATION OF INSERTION FUICTION

Consider a passive general four teraminal netwerx, N,

\

as in rig. 3.1.1.

‘vhe input-output veltage and current relationships in terms o1 the imege

paraneters are [2].

:

vl ZIé Cosn PI ZIl I, Sinh PI V2
| simn P 2
I L 2 Cesh P 1

Il Is
A\I
E -
L’Il —— (PI) ———
L —o o ———o

Fig. 3.1.1

Eq. 3.1.1 in symbolic form can be written as

v\!

i}
=}
—

2 2 2

- B -
Vi B

From Egs. 3.1.2, 3.1.3 and 3.1.4, after eliminating Vl,

laticn for 12 in terms of E is given by

I

- E
2 C R1R2 + Aﬁe + Dﬁl + B

I

(3.1.1)

(3.1.2)

(2.1.3)
(5.1.4)

and V2, a re-

(3.1.5)
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On tne ctrer nand, vihnen the scurce E is directly connected t: the lnad,

(7 is taken awey in ziz. 3.1.1), we have

. L
L5+ ® (2.1.¢)
2 ul + R2
1herefore, the ratio which determines the insertion function is
12 c R1R2 + AH2 + D_Rl + B ) . .
_— = 3 TR (.}'l")
2 1 2
Let tune parameters,
ZIl
S B
_ (3.1.9)
2= 7,

be the normelized image impedances with respect to the terrinating re-
sistances. Substituting the values of A, P, C and D frcm eg. 3.1.1 intc

eqg. 3.1.7 and 1rom eq. 3.1.0, we have

1/ P JR, R 1+ 2.2 . 2.0+ 2
2 s 172 1 . 17 %%
= =e 7 = === Sinh P, + 2 Coshh P (3.1.9)
T Bprla [V T N5 I .
Frem eq. 2.1.3 and 2.1.10, we have
o R-R 1+ 42,2 L.+ 2 2
s 172 \ ,.—»-r—l—g Simn P o+ -17-_—_—?- Cosa Py (3.1.10)
(Ry + Rp) N 2125 NEAYA
1+ 4,2 A 1
2 = arg |-—-—<-2 Sim P L2 cosn P, (3.1.11)
s N4 40 “1%2

Tne rormulas (3.1.10) and (3.1.11) £ insertion loss and inserti n
pnase are used throuzhout this thesis. In the following sections, dis-
cussicns <i tnese formulas either in general cr in some special form: are

presented.



-10-
3.2 SYMMEIRICAL FILTERS
For symmetrical filters, ZIl = ZIE’ let us assume that equal termi-

*
nating resistances are always used , i.e.,

Ry = R, =R (3.2.1)

tnen

Z)=2,=12 (3.2.2)

Substituting the relations (3.2.1) and (3.2.2) into the egs. 3.1.10 and

2.1.11, yields the rollowing

2Ag 1+ 28 . 2

e = | T Sinh PI + Cosh Py (2.2.3)
2

L 1+ 2° .. : A

Ry = arg [ 57 Sinn Py + Cosh Pé} (3.2.4)

(A) It W is a purely reactive iour terminal netwcrk, then, in the

pass-band,

Pr=J B (A =0)

Theretfore. egs. 3.2.3 and 3.2.4 take the rorms

2A 2
e C=1+ (-L;A—Z—/ Sin® By (3.2.5)
2
_ 1L+ 72 . n
Bs,- arctan [ 57 tan BI] (3.2.¢)

respectively. In the block-band, since
z 1is purely imaginary

A

PILAI-i-jkjt (}(:O,—il)tg:'")

NS
in T—~£’:M must be added to the insertion loss
Hl + R2

[

*» Otherwise the term

expression.



then

+ 8inh AI

Sinh PI

Coush PI

+ Cosh AI

where i1 tne plus (minus) sign is used in one expression it must als: e

used in the other; therefcre, egqs. 3.2.3 and 3.2.4 in this case tale the

fellewing roras:

2A,. - '/2 2 2
e =1 - \° £ 5inn” A (5.2.7)

1 - 22
24 = arctan | ] 55 tan AI +kn(a=0, -1, +2, ...)

‘nererore, in ooth cases, i.e., in tne pass-uvand ana blociu-band, 1or

inserticn loss function we have from egs. >.2.> and 3.2.7,

oA 2\ 2
e o=l - (% Z‘> Sinh® P (3.2.9)

2Z I
(R) If W is a lussy i'our teruinal netwour<, then we cannct distin-

guish between pass- and stov-bands since z and PI are cumplex quantities

tor all w. Let,

zZ=r+ X (3.2.10)
P, = AI +J B (3.2.11)
then
2 2
127 1+ (r+gx)° r P . X _1
LT 2 (e gx) 2 a e + x2 T2 T2 2
= Wy o+ sz (3.2.12)
and
Sinh PI = 5inh AI Cos EI + Jj Cocsh AI Sin bI

(3.2.13)

Cosh A_ Cos B

Cosh PI 1 1

+ j Sinh AI Sin EI



Substituting egs. 3.2.12 and 3.2.13 into egs. 3.2.3 ana 3.2.4,

sncwn that

+ wl Sinn (2A

1)

W, Sinh AI Cos E

2, 1) Cosn® AL - (wlz -V

- W
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5 3in (EBI) -1

'vll Cusn A

I I

P = arctan
S wl I

-

3.3.

<
<

Sinnh A_ Cos B

~W_. Cosit A

2 I

I

2

it can uve
2. 1) Cos® o
4
(3.2.14)
g Oin By oSann Ay Sin By
oin °1 + Sinh AI Cos DI
(5.2.15)

ANTTMErRICAL FILTERS (INVERSE IiPEDANCE FILIERS)

For an antimetrical iilter, image impedances are the inverse «i eacn

ctiner with resvect to tne pruduct RlRZ, i.e.,
T Lo = ROK . 3.
1 2Ip 7 Bifs (3.3.1)
then
7 = 2
2%, = 1 (3.3.2)
and let
1
=7 = = 30305
Z l 22 (-,.).z)
Substituting the egqs. 3.3.1 and 3.3.3 into egs. 3.1.10 aad 3.1.11, we have
2A e 2
S _ s l+': 5 R, 1.0
e = Sinh PI + 57 Cosh PI (2.5.4)
1l + ;2
Bs = arctan (Sinn PI + =——""— Cosh PI } (3.3.5)
(A) If I! is a purely reactive four teruinal network, tnen in the
pass-band,
z is real
P = j By (A; = 0)

In this case, egs. 3.3.4 and 3.

3

.5 can be written as folliws



Z . -
BS = arctan ._Ji__ tan (5-3-7)

In the bvlocii vband
2 13 purely imasinary
P~ A+ Jkux (k =0, +1, +2, ...)

iherefore, eqgs. 3.3.4 and 3.32.5 can Ue vwritten as

2\g - 222 2 )
e = 1 + A Cosna Aq (3.3.9)
. 7
B, - arctan [j lui,: Coth 2

y 25 I} +xx (x=0, + 1, +2, ced) (5.3.9

[a}

Eqs. 3.3.0 and 3.2.2 can be given as <ne eguatiun. Thereicre, for anti-

Fal

rietrical reactive i'ilters, the expressiun fir inse:stion less Is

2A _,2)\2 5
e =1+ = ;> Cosh™ Py (2.3.10)

&
(E) If 7 is a lossy antimetricel fowr termuinal networi, then the
image transrer 1l.ss function dues not vanish in soie interval, i.e., there
is no pass-band. For all values of w, 2 and PI are coniplex quantities.
Letting
= r+ jX
Prehrid
and substituting eqs. 3.2.12 and 3.2.1% into egs. 3.3.4 and >.3.5. we have,

fecr a lessy antimetricul four teriiinael netwerk,

244

e = (w12 W2

2
W 3inh (2AI) + W

2
+ 1) 8ian” Ay - (W 7+ W," - 1) 5:n°
Z.2.11)
- a2 2 2ol
o Sin (2BI) t (dl + W.5)
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Coshi A, Sin B. + W. Cosh A_ Cos L_ + W 3inh A_ 5°n =
LY T2 I 771 1 T I

I
Z_ = arctan —— — T — = T
3 oini AI Cous 1 + dl Cosn AI Cos LI - W2 Sinn A1 olin “r
(z.3.12)

. DISSYILETRICAL LOSSLESS FILTERS

Al

In this section, a general exgression for insertiin loess and phace

for a general lossless filter is given.

In the pass-vand:

z1 , z2 are recl
1 m s -
PI = J )I (nI = O)

Therefore, egs. 2.1.10 and 3.1.11 give

2Ag )R, (1+2,2))% (6 v 202 5 1
e = = 5 5 Sin” I + 5 — Cus IIJ (3.4.1)
(xl + RE) 172 172
1 2%
B, = arctan Z :fzg tan 7 (3.k.2)

In the bloci-band:

17 %2
Pl = A+ Jin (=0, +1, +2, ...)
then in this case
. .o 2
24 RR, (1 + ulbz) 2 (Z.l + 42) -
e = 5 T Sinn - 55 Cosi™ A (3.4.3)
(Rl + 32) 172 172

For all w's, insertion loss can be siven in one equation &5 fcllovio:

. 2 2
1 I o 7 + 7
2Ag ¥y 1+ 22,)" (2 +2,)" 5 ] -
e = =5 ;o SimhT Ppo- o - Cosh™ Py (3.4.5)
(Rl + Re) “172 “1%2

ur



IV. DISCU3SIC! OF TFE @ - [ IT0I00 O STHECIRICAL FILTERS
I TERbS CF IhAN PARAMETERS

In the precedinz chapter, insertion Tunction is refor.ulated dil-
ferently frou Z:obel's decouposition. The incertiin less Tunetion, 4, u53
su refcruuvlated, peruits an ease of investicatican of A not possivle with
Zobel's Pormmalaticon.  Beleviteh [17) has used this formulati n in stuaving
the AS function in o¢nly pass-band. In this chatter tie conclete discussi-n

of this foraulation for simmetrical filters i

[}

c:nsidered. The genora
properties Jbtained fron this wider irnvestizution alse ineludes seleviten's
results. Thesz general results are subsequently avsiied to Jilter desizn.

b.1 TIE @ - FUNCDICH IU TERMS OF IiACS PARWETERS

For symmetrical, lissless filtiers with equal ter.ineting resistances

4]

at both terwinel jairs, it is shown in secticn 3.2 that the inserticn los

in either bands (pass or bluck) can be given by the siagle formdla
e S5inh” P (4.2.1)
In insertion luss theory, it has been fiund comvenient tc let

57 Sinh P (+.l.2)

“he hyperbolic term in eg. #.1.2 can ve nidified and exnressed in teriis

of a rati. functim, H, of the filter. Letting
P
. I .
I = Tanh = :
2 (

v
.
’—4
.

o

-

then,



2 2 : N
34 vy b = e s i
‘D.L...h 1 (l .3 (Lo1.)

Substitutin- eq. 4.1l.4 into eg. 4.1.2,

g - (}_:__ZE 2 (=2 2
S 2z 1 - u2

(4.1.59)

In eq. L4.1.5, ¢2 has two factors which are reciprocals, each of
which is expressed in & different variable. In the rollowing discussion
it is sh wn that the first ractor is elfecctive in the pass-band only. and
the secund is efTective in the blocu-bandé only.

L.2 A USEFJL CONSORIWAL MAPPIH:
A . ; . : -4 . N /1'222
As already noted, in eq. 4.1.5 the +two factors \~~2§7—J

“

and

2 |2 . . . . . ) .
(37.‘-2) are recipr.cal in sathematical foris put are expressed n (if-
}‘

- i

Jerent variables. Therefore, the study <f one of thei yiczlds the prog-
erties ¢f the cther. In this sectiun we cunsicder only the first Tactor
in eq. 4.1.5 and investizate its proverties.

Consider the fellowinz functicn of a couplex variavle z

My

W= ()2 €

t.2.1)
If we let

N3 (z-1) (k.2.2)
then, we have

w = 22 (3.2.3)
Therefore, we first consider the well-kxnown Twactiun of eq. 4.2.2.

In eg. 4.2.2, let

z=p.c¢ (h.2.4)

and

A= u +iv (4.2.5



2k

If the variable z in eq. 4.2.2 represents the normelized inzoe is-

pedance, the real vart of z must be positive. Theref.re. in the fiilowing

&

discussicn the open left half of z - »lane ‘s n.t ccnsidered.

‘ v %
X o

2 S)

2

z2(p, ) '
i
o)
4 r u
O S S——
P2
constont

Fig. h+.2.1

The positive ;urﬁ of real axis in the z - plane is muppeld intce the
whole real axis of A - plene. DBut imaginary axis of the z - plane is
wapped into the sauwe vart of the imaginary axis of A - plane as shiwn
in fig. 4.2.2.

Cnce the A - functicn is deternined, W is given bty the simple rela-
tionship in eg. 4.2.3. The mapping of the z - plane intc the W - wlane
is alsc shcwn in Tig. k.2.2.

From eq. 4.2.1 and the fig., 4.2.2 vie can see that thec usitive real
axis of the z - plane is mapped into the positive real axis of tle W -
plane (but not in one-to-one corresvcondence) and the imasinar: auis of
the z - plzne is iopoed into @ porticn f the nerative real axis of the

W - Dplane.



Substituting egs. 4.2.4 and 4.2.5 inte eq. 4.2.2, we can cbtain ine icl-

lowing relatizns between the real and i.aginary parts oi z and \.

u= 4% (p - %) Cos &
. (4.2.2)

!
[(Viad

v (p + %) Sin @

~

Frcm eq. 4.2.6, the {ollowing proverties <f the L - function can be fouad:

™
L4

(1) ‘he circles (p = constant) in the 2z - olane are nopyrea int. the

nosofocal ellivses in the A - plane. Their eguations are siven by

2
b ST A | !
GG IR e
P P
“he comeacn rwcil of these clligses are the (i) and (-i) points of

the A - plane.
(2) Two circles with the radii Py and 5 resyectively are-:.apped

1. Therei'cre, the inverse functi i,

e

ntc thne sause ellipse ir Py Pp =
i.e., z = £ ()\) is not single valued. The x» - plane, actuelly is a
tvic-sheeted Hiemann surface. The unit circle in tne z - jlane is
uwaprped into the section of straisht line between the voints (1) and
(~1) in.the » ~ plane. Thereluire. along this section oi strul-ut
line a cut can be made and tlie two sheets of Riemnann surface can
be considered separately, eacih of waich correspends to either the
inside .r the (utside regicn of the unit circle in the < - plane.
(3) whe straignht lines vassing through the origin in tae z - plane
(8 = constant lines) are mapped into homofical hyverbolas in tie

N - plane. Tue focii of these hynervnlas arc tie saue as tnose of

ellipses.

~

1is napping of eq. 4.2.2 is illustrated in ©ig. +.2.1.



W - clane

. | ——
— P, ——————

Since z represents the norumali

iupedance of a filter, z is

real and positive in the pass-bhand and

ginary in the bloe!:-tand.

2
Therefore, the main properties of the factur (l'—,"-)2
2

can be stated in

a thecrem. Thus:

Theorem I. The factor (for an LC network)

is real and is always positive in the pass-band and @




D
and not greater than (-1) in the bloci-band. At the cut- rf fro-

guency. this fuctor increases without limit.

J.w, we can c.nsider the second fuctor in ey. 4.1.5, i.e.

Since tnis faetr is the recipreeal . f the first factor in eq. 4.1.5 ex-
cept for the difference in variables, the wapping in ©iz. 4.2.1 con te
extended once u.re by taking the inverse of the W - function. In tais
case the morning from the T - plane inte np - plane can be wiven as in fic

h.2.3

o e

1 - nlone

fig. k.2.3

Fig. 4.2.3 indicatecs that the pusitive rzal axis in thz @ - plene is
mapped into the poesitive real axis of tie v - plarne. The 1l.aginory” axis
Cf the Il - plane is mapped Inte the lire sezient (1, O) on the no ative

Teal axis ¢f the n - rlane.

The proverties cof the L - functicn are well-lmown [2]: 1L i3 purely



imeginary in the nass-bznd of the filter wna it is
the tl.cii-band.

coensidering the warnping in fig. b.2.3 and the prove

ti:n, the important properties of the fzetor n, in cq. 4.2.¢ can te

marized and statea in the form of a thecre

Tpwecren II. The factor (fur an LC-network)

is rezl anéd is always pusitive in the tloci-ba

varies between (0) and (-1) in the pass-band.

quency, r 1s zero.

In order to illustrate tae properties ol the two fact.

tvwo fisures. Tis. 4.2.4 and fiz., 4.2.5, are presented.

oL these two Tactors can easlily be cbserved
Marthier properties on the Iact.r W:

(1) At tne critical freyuencles -f the z -

(2) At the cut-off and int'inite Ireyuencies.

real and

rties of

~ -
R

hus a zZero or pole ot tae cut-off frequency.

the

nd, and its

tive %

n

Tazrelora.

At the cut-off ire-

from these figuz

functica,

W las ool

(J) In the pass-band, the abtscissa of the intersectiocn pints

(matcning points) of z - curve and the horiz:

corressond to the zercs of W.

(4) Tn the ULl.ck-oand, tie abscissa of the

z - curve (imaginary) and the h.riz.ntal lines.

recpond to the maxinws p.ints Of W - curve. AS

Thecren I. these maxima are tne same and equal to

(5) For two values. 2y and z,; of z such th

corresponding values of W are the saue.

at z. o

"1

N

ontal

line,

noints
i
aShown

1

\_n
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Further prepertles of the n - lfactor:

Al e critical freguencies (voles and zerous) oif . n has
(1) At th tical freg (col d ) .

t
[¢]
8]
0

(2) At the cut-uff frequency, n is zer..

, e . e %
(3) At the infinite frequency. n nas a liuiting value i

m n
Tr 2 _ R 2 2
B B e O
PV 1l 2
i=1

vihiere n is the nuwiber of sections in the filter ~nd lity renre -
sents the m- paraineter of each individual secticn. Ac can be
seen Irom the expression fur 7 , 1 the filter contains at
least .ne constant-ii section, then Mo tends to infinity witn

o (in tois case H (e0) = 1).

(4) In the blocr-band, the intersection poinﬁs of H - curve und the

) noriz.ntal line Hl = 1 correspund to the peles of i - function.

(5) In the pass-band, the abscissa of the intersection points i the
E - curve (H is imeginary) and the horizontal lines Hl = + 1
correspond to the miniinum pcints of the n - curve. rrum Theoren
IT, it is xncwn that tihese ninimuns are the sanme and egual to
(-1).

(C) For the values of H and Hy of H, such that Hli, = + 1. the cor-

responding values of n are the saue.

]

“ihis £ ormrala con be derived Lf the reiation between A1 and H is considered
[2]. ror an iiage parnueter Lilter At is the sws ot all iooge attennavion
runctions o1 tae individual sections and at iniinite irequency tnese indi-
icdual tunctions have the value [2] o

S T
AIi (cc) = 1a (i—tfif;)
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FORMULAS O 1hE CHARACTERISYIC POI:L'S O? W AD n ClnVES
In tne preceding chatter, gencral w- and n- runcticns are clasidered
and the general rtroperties oy these tws runctions are obtained., For the
cnaracteristic points ot W- and n- curves such as, Ay xz, sees g hug, cee,
x21. 132, ceas >ml, th’ ooy xCl, xee, esesy and Xpq: Xpp: o vee in i,
4,2.4 and fig. 4.2.5, it is difficult to obtain a mathematicol cxvressi:n.
Zut for particular z- and H- tunctions these rormulas exist aﬁd are jiven
in the 12llowing (7], (2] (LC network).

A) z - function is in the form ot a gecmetric-mean varieticn
" (“schebyschert - anproximation).

Let the number of critical trequencies o1 z ve n. ‘'rnen,

Critical .requencies (poles and zeros) or z ccecur at (bl. ci

re;;ion)
1 . .
Xi'—"—FE—h_—.l (1=l, 2. ceey n) (4._‘;.1)
sn| — =
n+1

Unit values of z occur at (rass band)

= _2.(71-.1‘.) :'.;. u _— . oo
Xz, = X, sn [ 5ot n} (i=1,2, veo.nn + 1) (4.3.2)

Extrenal points < z cccur at (rass band)

L) M - Tuncticn is in the furm <f a secretric-wean variation
{Tschehysche Ff - approximution).

~

reqgaencies of H be n. Tnen,

Let the nwiver <f critical §

Critical rrequencies <f M occcur at (pass band)
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X, . = on [HLJ;};— =5l (¢ 1,2 ....n) (4.3.4)

sy e (151, 2, eee, n+ 1) ()

wtreaal points < £ E occwr at (Llzek band)

Xy,
InY

= (i =0, 1, voesn + 1) (4.3.0)

“ini .
n+l-3

oo - K
n+l

w

(:{:,10=::11A P T x )

1=

FORITULAS FOR T5E INSsnrTIul LOSS AND FHASE OF A SYIMIWTRICAL Tiiiig
SANTT T T

PARALETER FIL KR AT CUT-OFF FRBQUASNC

Tlie two factors, v and n. aprearing in the exrression for ¢“ in eq.
| . e e A - 2 . o
4.1.2, gives an inceter.inate forw ror @ 2t cut-off fregquency becausc
tue factor W teads to inrinity while the Tactor n tends to zero vien the
fraquency approaclies the cut-off freguency. It is shown in this section

i 2 o e a nn o T - . -~

that ¢ has a finite value at the cut-olT frequency. This protles is dis-
cussed by Beleviteh [19] and insertiin loss and phase expressi-ns at cut-
off are given tut for only the srecial case where the imexe inpedance of
the filter is an w - derived type. In this section, we gencraliue Fele-
vitch's results to a general imaze iupedunce case.

In anticipaticn ¢of a detailed discussicn of the next chapicr. assw.e
now tnat termineting sections are used in filter design. Thevefire. the
imaze impedance ol the terminating section is tie ima e iurmedance o the

Tilter. Using e¢s. 5.4.20 and 5.4.21, and in those eguations letting

(e}
1l
.
3
B
i
1
|

we pave,



Cn the other Land, the Z functicn of a gyiwetrical imoce parcieter

filter can e found as {.1lows:

Bach hali” secticn in the ccuoosite filter, incluiing terminating
sections, lias the folloewing H, rfunction
37 [ P yIl o 1 P“ "7 ( ‘ k )
1, = Janao —5— = W, aniy 5= = i, Qe
i - 2 i 2 i %o T

where P and Ho vepresent, respecilively, tihe l.aase transfer and ratl:
O

fwictions ol a consvant-i filter secticn. From eqg. 4.4.3, we have

For the Tilter cunsists of n sections (includes terainating sections),

since

i

n
P_= > PIi and H = lanh =

Frow egs. 4.4.3 and +.4.4, we find

(+.4.5)

b =
—~
'——l
+
3

e
ool
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]
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H
]
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-
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)
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I
X
:p,
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I
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A= ala2 ceees B
and il we let
a, = mH
i i7o

then eq. 4.4.5 can te written as follows:

(1) n is even;

On the <ther hand

(4.4%.0)

(L.h.7)

(4.%.8)

(4.4.9)

Therefure, as x anpreaches the value cf unity, egs. 4.4.5 and 4.4.9 show

that I approaches the i.llowins values:

(1) n is even

y.op-l 1 /1 1
AL Loo\myp oy
or
- n
. %2 -1 S- 1
. el i=1 .ni

(4.4.10)



Al“ ; 1

q= o= = H ———
A o 1 L 1
n-l r— < _-: T e e ;1—
rl]- ¢l2 -4
or
pe 1

17 = —— Lp b,
- Jxe -1 n 1 ( ' 11)

. . N 2 . A
Jow, ¢ msider the value of 9° - function at cut=o™f. i"rom cgs. So4.l

2qd b.h.2 Tor norwalized lnage iamcedance.

O e .
z= N1 - N Pl(x) (for ¥ .cd) (4.54.12)
‘1_'
anc
RPN S () (for ¥ even)  (Frh.13)
RoV1- 2 2 .
Egse 4.4.10 anc L.4,11 can te written as,

TR Q1(>;) (fur n even) (&.5.14)

X
and
E = -Xdy‘_»l. Qe(x) y (for n wdd) (4.4.19)
with:

= (%) QE (x) = 1 (3.4.1%)

vhere n is tlie nuwioer of full-secti-ms in the filter (includiag the tezm -
nating sections) vwhile Y is the nuwiber of half sectiuns in viae ¢f the
terminating nulf secticns. Thereiire; n> VY.

For d’fferent nuuber of n and Y , different types of z- ond -
furnicticns are obtained. Ilowever, tnere aire <nly four such different coses
as follows:

Case 1 -

Ol

n
!

- 212 P (w) (v



Cas

e 2 -

e b -

Z ana

2}

rrs
o8

[

i =

t. the cases mentioned

=)

above:

AS K
f
—~
R
~
I\
!

5 4 \2
3

A
ro
o
&
C
N—r
!

(n even)

(Y even)

( n even)

(Y even)

are subsltituted int. the eq. 4.1.:, i.e.,

42 _ 1l - 22 2
oo 2z

. N . 2
and vhen x tends t: anity, @

-

will have the fcll.winz values c.orresgonding

(for case-1)

(fir cuse-2)

css2-3)



but, frow ed. 4.4.10, all four o0 these 97 are not difverat,  In
fact. unly tae O Alouing twe cascs exist:

(1) =:er ¥ wad

¢2(ao) (‘betra17)

(4.4.13)

"
he valuve of Ql is I wn from eq. 4.4.10 as

S| .
G == - hod.19)

i=1 "1

To calculate the value of P] and P2 it 15 suifTicient ©o cunsicer egs.

L.4.,1 and 4.4.2. Indeed, we have [or Pl and P2 the felloewings:
Since cacli factor in egs. 4.4.1 and 4.4.2 can te written, when x

tends te wnity. as

= 5
lin (1 - x?) = lim (1 - (l~m?) »7) = mi2
X —>1 1 x—1 .
then
BA I e 2
P, = “2 mu _’)1; (4.4.20)
LA l H ,j oo XUY
and
32 mh ceene m)) 2

(&.h.21)
3 Y-1

I
2 Lm ni eee N

Therefore, substituting eqs. L.4.1% and 4.4.20 with 4.4.21 int. =235. 4.4.17

and 4.4.17 yield
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oo the albvwve dlscyresion, the valuves o0 z and boare =n.wn. " nerelire.

we can lisedictely cltzin the following. .
“
g ot (forr ¥V _iw)

© P

POt I

<

-

N~
1
4

Y{(e)- =+, =PE2Q (£ r V¥V eva)

T
KN My T e i 2 1
, 1 ,
vaib Trd T\ T ‘ S o= (fcr ¥ oad) (#.4.20)
< o My eee iy s
. .
- e Ay e el < N .L
Vi = xS (==Y ) = (n vy v (i)
] - iu 1!11 il cee 0 1 4 i
i 5 Y -1 -1 01
Trerefore ¢ onsldering eg. B.4.25 where Cosh (§s ) - o+ 1, 1t cut-
it - -
Rp /1 8o oo 2 1
B = +uarctan | — | —F—--——- S woon (for Y oedd)
S - Lo .n2 ..:Ian e e o e Y—l _L—l .1_? ,
. L ' . (hob.50)

o=+ arctun |- | —-—

-} > =-| - sx (f2r ¥ cven)

[&]
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=4
(WS}
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.
<
1
=
N
4,
‘(
}‘J
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L.5 APPROLINVIZ FORIULA FOX A [ TFE LLOCH--AID
Consider the @ - functiin in ¢q. %.1.2 in the blici-vand, thc cxrressi

o
for ¢ is,

o
]
1
|
i
|
68
-
=
s
[a]
—
&
U
=
-

where z is purely ijuaginary. From Theorew I in section 4.2, the [irst fue-
tor in eq. 4.5.1 with negative sign in frunt £ it

e i . . 2
vositive and nut less than unity. Theref re, the value of the ¢ - lunc-

V)

-
tin is always grecter than, or ut least egual to. the vulue £ S5 nh” AI.

2



- 14,0 -
v

Jo Dind an agseexinete £ ormala £for A in the blica-Lani, ~ne cun then

write.

24 - A - I‘SI
e T >3 (e T e )2 Ve tL2)

. . - o s . Y =
If Ap is wery lorse el., at the vicinity o2 transfer w.les, 24. +.5.2

A 2 iy -1ln 2 (4.5.25
5 — 1
Merefire. the inserti.n loss can ve less than the liage transier loss in

the tlocli-band. In the syuaetrical filter desigm, to retaln the 1. cced

restrict’ . ns n A . the last terw in eg. 4.5.3 is =lwars c.ns ders’ i.e..
1n 2 = 0.053 nevers or €.02 decibeis luss is added t.o the glvea contowr
of requirenert for AS in the Yloci-itand.
For sviasedrical Tfilters, the fornula #.5.3 is well-oonown and can 2lo
Le tained fron the 2. bel's decowgosition £ rindla, eq. 2.1.%. i.c.. ne-
slecting the interacti.n term and c.nsidering the minimum f ne (I tae
reflecti.n l.ss which is very cluse to -3 decibels, phe Tovmula 4.5.% f£1-
lows.
!
V. FPILTER TEHROVATI G SECPICS

5.1 General

A low-pass filter-terainating sectin is here revresented s:ub licallw
as 3. It is merely a 1. w pass four terinal - LC diasred. At one —air

f teriwinals, the imsge Inpedance 1s oi the sinrlest trder. i.e.. with

¢ nstant-2, at the other vair of terminals. the inaze ilunecance is i
nijrer order. The crier of an inage inpedanze is defined ws a 2w cr L7

)

unit values of 2 in the pass tand.






. 41-
A stplé exurnle of i T3 is the Lobel's i-derived half secti.n shown
in fig. 50101, AT the »air of ter::inals l-L', tie crder o0 tle i.sge 1=
pecdance is equal to two. The iamge iapedance at the terninals 2.2" is

~

c.nstant-:. and .{ _~rder cue.

1 o— 2 1 2

4 ‘ 4 Z 1.
Iy L_l‘ I, I~ Ip

(Zgp) —a— T -—(z ) (i) —— (ZOl)
1’ 27 1'6;1" -0 2

To be able te increase the ovrder or .ne ol the imaze iuacedances o1 a
U5, 4ocel used a transriorumation and . btained a set « { new higher orier de-
rived sections called Mi”, i':"", ... tyves [20]. EBach secti.n 1z ob-
tained frow the previcus .ne and has tie {Jllcowing proverties.
(2) An n-th créer derived secti .n has .nly cne attenuati.n ;ole
unlich corresponds to the varz.etcer o = iy m2 N “q‘
(t) The difference betwesn the crders of the twe imare l.redances
is anity.
(¢) '‘here are tw. different sequences I Gerived secticns. rae
image iimoedances of the sections in one seqience are recivrcal
to the correspending Liage iupedances of the sections o the
second seguence with respect t5 a c.onstant, ;2: x2 - L;/C s
vhere Lo and Co represent, rescectively, series incductance and
parallel capacitence of the constant-x hals section fr o which

derived secticns are ¢btalned.

e
. . . . \ th N N . N N .
The or.opeirty in (v) indicates tlat any n oraer Gerived .itel scetion



]

-
Yo, excent T Lae cacze viere
n = 2, ileczuse. Jirn 2> 2, i1 47, ig the hijhrer .rder lunge L edaace
then the “rier oF 512 is not a c.nstant-k type luaje inpedanc:s.

It is possible, however. to Lotain Tir ¢ To wita n > 2, u constinat-3

lawege iapedance 1y considering o selt ol cascuded 4otel secti ns .roa

o]

matched basis. The watching is such that the last secti-mn in the set is

an h-dorived hol? secetion fig. 5.1.2.

o— L. . °
ol M [ 2 | M Ho| <= (;
I == [1'h ety o 172 L (2, °r
Oo— —O0— L >

in

This new section ic, then, o To. In crder to wee the cis-

cussicn clear. soue ¢f the higher (rdexr derived sections are Siven i 71 .

-

S.1.-. as ls seen Jran fiz. 5.1.3, eoen derived sectlion has two poin

branches; n=zunely, serics and sihunt.

Constant-k mia-shunt mid-seriecs

M-derivea

(2) (L)

X



1-m [ m __n—
Ci= € 11.,.2 )
L ° Ly p(t-7)h 2. &C
1-w
1 —— 7
R s e o3
o -0 o —O0
e Lo
K = =
Lo
(c)
Hlﬁz-derived Secticns
2
2
m,m_ (L-.. 2) ml(l~u12 ) k C5
L = g..;__...v.g.___ 5 Cl = .v-..m._.l_n.-,-.‘_, Co
1 ..'.:L(l-ml ) o'
e's g 1 l_l _
AL 2o "
- N 2
L2 = mlmzmj Lo
n.(l-o 2)(l-m.32)
I, = 22 o Ly
111"13( ml ) - ‘nl'ﬂ?(* 13 ) 1 . .
2 e I A 73
a(1-1a,") 3 Lg 2 2
C = -n-ﬁi_j._‘-,- C _,é k 1
by 2 u (l-m,‘) 0 g —— i ——
“0- 2 3 o 3 -
0 N
‘;-— 0;4
-E 2
l-ll’hg ,—- xcC
L= s - 0l | 1
5 mlmgnJ o /
L
C, =mmnmy, C 2
3 2 o)
i .2
ﬁo & - ‘0
i"lli-l2l‘"‘13—deri\.'ed Sections o
Flg. 5.105 (Coatral)



zut both of them have cornvlicated coubinatioic o2 L oand € zlea.cats.  Of
coarse. by use of fester's (21 -+ Cauver's expans’on eth. 4. cuch branch
can te replaced by its crnnical eoni? zurati on. The Y5 obtaiazd by cos-
cading these secticns will be in 1adder for. but overy Yronch o8 this
ladder ©5 will not te a sinple L or C eleuent. In practiczl des'za, w
ladder networ:: wwltihh branches co

and ser.es resonator i

1)
o)
[37)
18]
Nt
1]
(

tions do not curvespena to the
henccf-rth censicerced herc.
Jee A USERIL FiAciosOniaadTon
Cre o thie hifier _ircer TS caa Te obtiiaer Trom ladder-iottice trans-
forration as follows:  Consider a nall secviorn with arbltrary iopcuances
Ll and 4, as in flg. 5.1.1la. froa the Tellowing proceduvre, thils szetion

can be cunverted intc an ther sectiun(s), as in fig. 5.2.1b and c, with

a higher .rder iuredance vut having the sciie transfer funetion.

(a)

Fig. 5.2.1



Prcceedure:

1

)

Tt

2 Wx and W are given as fclluows:
J

“12’

Find the courresoonding symmetrical lattice wnich has the sance
iraze impedance Z*l (ZIO) with the retis faneti n «f 24,
A [

mdltiply tne series aras of thils lattice by a cinstas

[}
+
2]

divide the cross arns by thie same fact.or. In tnis proec2ss, the
v L‘

rotic funetion of the lattice becuues 2sh but the Luzje Tumedance

.
e e ) -
s stiil the sase, O

(z_.).
L V712

Find the ladder eguivalent t. this lettice. Ladder netv.ris ex-

Q
)

ist if, and =only if, O < s s~ 1. nsequently, consider the half

sectiin whick has one Inzje impedance equal to Z.) (212), the

4

other naving higher order, suzy, W (W ) with the ratic functlon sil
J

dew consider the half sszeticn in 3 and find an. ther sy.ovetrical

lattice which has W (W ) as its lucge iupedence with the roet’

. J

-

Twnetion of 2sH.

iultiply crcss arns by the same factor as in 2, i.e.. s (0 < s ~ 1)

and divide the series aruws by s. The final lattice has th2 sue

image impedance, W (wy), as in 4, but the ratio vivneti n is n.ow 2.
PeS

find the ladder equivalent ©. this lettice and ¢ .nsidgeyr the nz2l7?

secti.n. This finzl half secti.n(z) will have the fiase invedar

—

ces
: e T 1, - S R ot . R
W (o hy), 0 (.1 wb) and the ratl. raneticn LF H.

can te shvwn thet, W= W ana W = W . The exnressions 1T Z__,
X C 7 a I1

A = - — (;).2.2)



v T 5 - (5.2.3)
)

It can be seen Ir u the abive fcruuvlas thut.

- ~

The secti-ns in Zig. ».2.1L and ¢ are derived vy 2ude [22) In a sone-
what dil'lerent way and called h-derivations. [igher order li-derivations
¢ not restvlt in a ludder networi consisting o only simwie L, C, narallel
resonateor ana series resonetor as Lic arm.s.  dence. thicy are n totae ae
o the TS5 that we want to cunsider.

Since the tronsforuwed sections in ©ig. 5.2.0%% and ¢ hove higher raex
irage impedances @t botl: of the terminal pours. it s neczssary t0 cascade
these sections wita one or were seetiins on a matched basis. in Loder to

Ltain 2 ciople image ifmredance 2ot one .1 the terwinal vairs D Lo £7nal
saction,
Let vs consider that fig. 5.2.1a is a helif nid-chunt li-derived secticnm,

e

with the perascter m. Therer.re, Zl corresnonis to a oarallel resonator

€
9

and 5 tc a capacitor. The transforied section, therefore, can be obi-

ained frum fig. 5.2.1 and given in iiz. 5.2.2.

t

osince



where

-
i
8
1
=
\|
|
n
B

Fisz. 5.2.2
Then Ir w the forsulus (5.2.3) and (5.2.4), we huve

Sy ot I b e <. - - v Ao ey - e P N
scusolon, this scetl n has tihe swae trinsier

N

As wWe now ITv.osn the ab ve A

crder -l 'ijv’-, we

funeti o n as e - ricinal section., In wirdoer to reauce the

cionnect an.ther section in cascade ¢ a matcied vasis t. this sect? .

Yhis final seecti n is siuply an ti-Cerired Lall section with the ruraseter

ol sii. IS we led

then the fiacl 135 will ve (btuined ac in £ig. L.2. .
this complote section are Ziven on tie fizmwce in terus 0 The uzraneters

Iy and toe Iimage izpedances arc alsc irdicated on the



«r

. 2 ,.2]
.x[l'(].".ug)l.

ZI“—
RN A B [1 - (l-mlg) x2]

i“i{::.

b

Since trnis

transfer function ic the

sun of tae

~T which hes zn l-derived hall s

215

)

S 1s Jbtained siurly by cascading two nwtched sectl

L
A

transler fmanetii.ns

A

tl.e

1his section wey te btained withh o dillcrent procedwre as give
vhere [2].
5.3 LADDER TYPE TENILATING SeCiIons. 1S,

In the £11.ving Giscussiin, we shull rostrict wurselves to
lauéer Ts with the configurations given In vip. 5.3.1a ani t.
sre assuwed To be .utalned by cascading the siiple oid-series .
rali-scevions on a4 wmisuatched Laslis sTnce lacreasing tne Lranr

2085 -

K
P

to

1T -~
e LlsC-
v e,
4 ouel
e -« m:3
Lnese L
n
It Lo Q=S

Individiaal
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“y
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— ,
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o)

For practicnl

we aeal hicre witir mly the nid-sirwmv troe helf-scet’cn. Sinece tols seo

tion Is tre d@snl of the otier wmil seclies U5, onee ve in v ot clenent

values of cne -1 thou; tiiose of tie . ther can be caleulatec easily {SJ.
A cascaded comnectiin of stmsie cid-shant nalf sections with thie san

ceub-oIf frequency. as in fig. 5.3.1v. senerzally d es not lead ta low

pess filter. This preblenm is already Glscusscd in rerference 1235,
In the tollowing discussions, the [5 in fig. S5.3.1v as a winole I3

analyced and s w2 wore renarys are wade on the wropertles T this 13,

Finally., we snzll culculate the elcuent values of this TS,
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o4 PROPESTIES OF MID-SHLIL TYPE TRAMITATING SECTIONS
A id-shunt tyce T3 is repeated in Jig. 5.4.1. and the elermants are
lavelled. I a vcltage driver, El’ is wpplied te the ter.inal paics 1-1°

~ . . - . ey . . . N
and a luac resistance, R is connected Lo tie ter:idinal ouirs 2-2°, then

L)

the 11 adiag proverties are xnwva [2%), [2].

L.

A

A

Pruperties:
1- ‘the output voltage, E2’ is zexrcv at, and only at, the resorant
irequencies, ) 01 the parallecl rescnatwrs (i.e., at tne pules
‘ ' *
or transier lcss).
2- At tne resonance rrequencies i tne resonators, @, cue driving
. . . _ . . 4 . .
point impedance, LQ, seen at tne terninal pairs 1-1 . is inde-

pendent i o thereicre

L}
4r1 % Zocl = L;cl
and at © = w, ZIl’ Zocl anad Zscl rave a role.

. . . . . .
‘this property its valia c¢nly under certain conditions. iaese ¢ naiiiins
are discussed in detail later in this caanter.
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3~ Zucl and Zscl cannot te equal zt _ther than the resonant frequen-
cies, G of the resocnctrs.

-~

L- All critical frequencies of Z1, Scecur ot s.ne or all of the reso-

\
4
nant [requencies, w;, of the rescnators. Therefore, the numver

of the critical freguencies of 511 is less than, o at aest egual

t., the number of resonat.rs.
Although ine property as stated in (%) is ¢. value, .urtier clarili-
cation is necessary. OSuch a clariiicaticn is given in the rcllowing cec-
tion.

CUSS1I0W OF wlisw LOCALIO S Qi "nE CoITICAL riE{Un .CIES UF
iSDAICES A QS8

C.nsider tne 1S in 1ig. >.4.1. Tne mesn systeis or equaticns is written

to include the vcoltage E2 acruss the element KL ratuner tnan QL 1tselr. ihe
system ¢i equations is ziven by,
'_'- T - LI ] —-—I ] —E j
zl 22 42 0 0] 0 1 1
-2 L AL D -4 N I
52 ot 3r " " 0 o) o 0
0 A 2 +4 +7 0 0 I, 0
4 5 © )
. V-
. -2 1
2v.-2 S VR
i i
2 Z 4 -2, T 0
oy-2 %2y 1"y Loty
0 0 0 -2 Z.giT, . {-E
| e giALV"LJ L 2d
vhere (5.5.1)
LRy
L
..o 2inl
2i-1 - T 2
1+ B (5.v.2)
wlz
.2 _
T M e Cain

= Jw s i=1,2, ..., VY.
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‘ne image parameters iur tnis 1S5 can be written in terws oL the ce-
ternminants o1 the coefiicient matrix ur icvs sub-matrices in eq. -.,.1 as

rollows [2].

O 4 . b
ZI]_ = \/ Ad_-_"_.,g.il)._ﬁ-__-—— (D-')'S))
1. 11,y+1,y+1

) by 8
B (5.5.4)
y+l,y+1 “11,y+l,v-1

L0 ,
A - tam B - J R o)
11 ¥Y+1,V+1

From egs. 5.5.3, 2.2.4 and ».y.5, we can cbtain a relati._n amung the image
paralieters:
Z1 A 2
2 .2 1,V+1 A
—— (l - H ) = 'A‘-'J-‘ = (b.).C)
7+1,¥Y+1
In the following oiscussicn, eq. 5.5.0 plays an iwportant role. iroir a

syrmetrical deteruwinant, since
a A --02 = Ad
11 Y+l,v+1 1,y+1 11,v+1,y+1

then, i1roa eq. 9.>.>, we have

A2

1,V 7

1 -1 - A b ik . (5.2.7)
117v+1,¥+1

Let us calculate tue determinants in eg. ».5.7. From eq. ».».1, ve

nave Y
= (- -4 -2 .o = (- Z
Y
1y’ 1 .
= () T = (5.5.8)
©oi=l bpy
Cn tue other hamd. & and & are the special troes o detori-

11 Y+1,¥Yr1



nants called “c.ntinuans.” They can ve reduced, by using = .. useiul
transiormstl o ns int. a sispler £.iw called "sismle ¢ .ntinvents’ [25). 1
use o8 the pr. erties oi contlunnts, 4, and 4 ,ocan e oipresitl ated .
- 1 Y+l.¥Vri

Lot ror ouxr owrcose tliese 1 vercies zie not neesdeo.

The dia; nal enirizs orf and contain all - the olher e~

v o v I )Ll 91-1 \)-r ot (SN L il i

tries in thosce ressect’ve deteriinants. Dy deriniticon, a determinant, 4,
or vrder n is tne swr ot all possible products ol its entries taxen n at a
time with a prover sign. Thererore, in the expzn:icn or 4, tne ters which
has the nighest <rdered denuwinator-volynomicl in p- is the product of all

the diag~nal entries of this determinant, e.g., i r AY'l VEE ve have
T . R

/.le, SN 1 FL.S l (...)

Lo, Preva 1 4
Cove 1.5 V% v oo T2
wy BT oy =1 i

n
e
H
o]
€ i
!

2\ . . . . . 2 . :
wnere, p (p~) indicates a polynumial iunction of p~ of order V. There-

tore, 4 and A can be expressed i he reolloving torms:
» Byq Y4l ¥+1 ¥ n th < ing

Qy(pe)
4 = T R RS (5.5.9)
V"'ly))'*‘l )) y-1 2 77
T C 1o+ o
P %oy T ;) ¢ ;2 )

e (5.5.10)

* . <. 4 I : . T - - N N - - i
"Princicles or Circuit 3ynthesis.” by E. 3. Yun aad D. C. Tewers.on, Meirav-
nill b Coo. ]ng ‘hls bock c:onta’ns zn apgrendix n the anrlicoctlons

- -

simnle convinuants t©o ladder networis.



-

no

F 2 cq . . .
(»7) are o 1 m.alel mmetions in o7 ol or-

ders Vo oand ¥ - 1 resvectlvely. Cuinccllations mar cccwr cetueen tae

B [

numerator and den minacor polimoasials in egs. 2.4.0 ana S.4.0. Unds is
c-msider=c later.
Svostituting egs. 5.5.8, 5.5.7 ani 5.5.10 intc eq. ».u./, we otain

the 21l win; relation:
2 V) 2
(1+22) 7T 1+ 22
wlg l=2 w_{g
1 - = > :-—2'— (5.).11)
Co Coy ET) R,y (07)

. . : . . . 2 .
In 5.5.11, since tiie denunminator :s a simple polvmomial in o, then

2 . )
(L - %) can have only zerss at w = w., 1=1,2, ..., ¥ . On the ctuer

nand, wi's are the c©cles or transZer Loss function, A and since [2].

I/'

s e . . s
then, (1 - 1) aust have a zerc at, and only at, these ireqguencies. Uy

-

From tnis soort aiscussin we hwwve the fullowinz conclusions:
S 2 2 . . ~ .
(I) - s:ta &y (p%) and Hy1 (£°) canrot have a tactor < the form

2

(l + f“é).
o]

(TI) - Ir i=2,3, ..., V¥V, then either Q),(pg) or R (92) but nct

Y-1

. : . . . . )Y .
vota have a simple racter or the iora (1 - —é). Cr course,
LL)‘

2 2 , ) . .
Q\,(p ) and RY-l (p ) aay nave couuon ractors other than

. - ~e, - N T -
255 band and I lLas

[}

Cn the cother Land, H is purely incginary in tle

its poles and zeross cnly in tnis resion (pass band eriticsl tregquencies).
e 5 - r-C 4 B . - . |Y2 3
Since tie poles of Il also appear in the dencminator or (1 - U5)

doukled. ixrca eq. J.9.11 we have ancther cunclusion:



\

(1II) - Pae v.les o1 L are s..e of tne zerus oo Sy {2

21 voth.

or 2 15 sectiin, one Of tue rog.ire.ents i

1
=
[¢]
ry
)

vein.; 1oresd 13 Tnav

512 must nave a sirple try, l.e., L+, 15 a constart-in laase lnpedance.

12

oy = - \
12 (5.2.12)
——
2
(n the cuuer aand, since 21, als: nas the zuctor A/ 1 + -%3 In its nuumera-
1 w2
(V)
tor or demiuinanor, the imoge ilwpedzace ratio, LIE/LII, may o1 ooy not

have tre actor (1 + <) in its Cenuminator.

'nis case is ccnsidered later.

Let us substitute egs. $.5.11, Y.2.0 ard ».5.v intc eg. s.5.0. Altewr

\J

maring necessary siavliticaticns. ve cbtain

2 re Yy 2
(l + ’JP~) 7171' (l + ;:"2)2 o )2
2, R — : = (5.5.13)
“Iy ], , (09

412

where ¥ is a p.sitd

'J
3
[v]
Q
s
[/}
ct
)
3
jars

V-1
~Te, T

Sines eg.e S5.s.13 unist be sacvisiied ror thie cinsidered 15, wica ve can
Jira tne restricti.ns on the Zr. ilaseuaice when 2 is pgiven om eq. 2.5.12.
ISEE Ip 2 ’
z ;2
Fron tone conclusion (I), since R () and wy (P7) o av eonrain

V-1

tne iact ol

-~
=
—~
H
r
do]
n
~—
-
ct
o)
I
&
I3
\0
"
T
.
}—J
(U
12
i
o
w
ct
@
par
P
L2
—
rn
ta
—
—
A —
G
ci
0
<
o
)
v
w



Led
l'\)

rector with pover equal te unity. Since 1, 1s chisen as in eg. sl
(=

tnen ties Lactor wust ansear in tre dencninat roor L7, 1.€e..

(2) 21, has a nole at w - «, .

1 - ]
sounee Lor oa S, -1, 1s required T. ve a nigner ordered lunege lumeuance,
A

Frem conelision

we next .nvestljave the inaximu. possitle order Lor

loa]

;Il.

(I11), =z (o ) has a zerv (that suaculd ve simple) at any w,, tnen

y 1
- 2 o, o _ ) L ;

w\,(p ) can nwt have a zers at this irequency, or, 1i Q-v\?
at any wi, dy 1 (p ) can not have a zero at thls irequency. iu:€reiore,

C N 2 _
assw.e tuat ncne or the polynomials, X . (p ) and W\Y(y ) Lave a zeru et

y-1

w = wi’s. “hen, loo.ing at eg. ».7.l3. we can conclude tioi (312/;1,)

can, in general. npe equal to @ ratrcnal runction with the sane degree,
say n, ol mu.erat.r and denwminator polynomlals, i.e., eitnrer

2
SRR G A IC I = B O ,2 )
2 - .__._-.SLL__..._.-_...J_._-_.-._.._.._.;fl:— ( 5.1 )
LII 2 2 2 Je el
(L + 221« -25) ... (l-k-l{é)

- 2
(1 + :3—»)(1 + ;\») cor (L4 =5 (5.5.15)

, " . . . . . , 2
where, since <1, is a siuple image l.pedance, the ) ~'s, are tue zercs

L

nd poles c¢i & wnren are all real and rositive muiters., .lhe act.rs

1

(L + .25) do n:% appear eituner on e ledit nona siuve ¢ eq. ..l or on
Y1
its ri:ht nand side; thnerefoure, necesscrily, these tactors in egs. 5.9.14

and 5.%.1> cancel such tnat tie ce;ree ci numerat r and den ... nat.r reaalin

= ).

equal t. unity, since (;In/dll) must contain the r1actor (1 + =5 lence,
) .

ve have eituer,



1
br, RO _
2 T (5.5010)
1 L. B
ng
or, . 32
4T 1+ ZD—é
T2 1 o
—— = »-»—-——§- ()'7'1:)
o S i
, wue
p2 2

¥or these cases, (1 + -
A2
Inererforc. considering eqs. .9.12. we have tor ZIl either

5)

G

o]
ana (1 + Jié) Wust be containea .n Q))(p“).

¢
k (1 + -):—‘2“)
21, = —pas 2 (55.15)
1 2 2
+ E*é (_L + -E—é)
(‘Cfo a1
or
»2
bid 1+ $—§
o
41y = ‘”"‘*"2““9— ' (5.5.1)
1+ -

y-1 (Pg) has & zer> at @ = w, (v = 2,

3, eees then tecause 2 iz as in eq. ».9.1l2, tine crder oy 3 cannot
; 2 A5}

" . , 2
1aereture, 1i ne:ther Q (v ) nor R

oe increased veyond that indicated by eqs. 5.5.13 and S.»5.ly.
N . ‘ L2 ) . .
Since the rovts ci'l - k= = O (wi 5) andtno are <nown. 11w a toeore
wvnien is statea oy oocae [22), tne n [wnct.on caa be determinea uvnigeely.
hereiore, tne tuwo Lorms ol ZIl in egs. H.5.1lo and 5.5.1ly canact exist

/ 2

. . o . , D .

simultanecusly. Ii H contains tne ractor 1+ ~75 in its nuw.erator,
o

tnen ZIl es in eq. 5.5.18 is possitle. In tne cther case where tue rac-

tor 1 + J"é cues arypear in the dencminat.r ou i function, tnea ZIl
as in eg. ».>.1lY 1is possivle.

From tne 1orejoing discussion, t'inally we can see that in craer to



- )i/"

increase the cruae:r oI ZIl’ keering 212 as in eq. »5.5.12, suue &I tne sin-

ple zerous i’ either Rv—l(p2) or Q“’(pz) (but not Loth - see ccnclusicn II)

nust cowncide withh sume ©i the moles or tane transrer less 1unetiun, l.e.,

with tne wi’s.

-

'nen ve nave two p-ossicilitees:

I 2 . = ]
A)  Buwpose: th(p ) has siwple zercs at svue @, 's.
ES

pe

In this case, cne <1 the .actors 1 + -*~--) on the nuwweravor i tie
; J

w 2

1

riznt hand sice in egq. 9.5.15, d.es n.t appear; obut tiiis ractor still
2

Da)
. y » g ’ S
aprears in uae nuserator o 1 o- LT as double zercs. olnce,:{y.l {p ) can

not contain tae iact.or (1 +

P

~—é), tnis rjacuoer siust be 1in the denawinasor
(4R
1

oi tne ratiou (ZIE/ZIl). In other worus, it .ust present a zeru . 41q.

Laereitlre:

2 . .
(v) Conclusion: Il'(zv(p ) hes simple zercs at siwe o: the w,'s,

tihen these zeres are also tne Zercs or the ZIl insge iLupedance.

L) Suppcse:

hY—l

) -~ o
tnis case, tue ractor (1 + lié) d-es not appear in the nw.eratcr

Sl - h e out tals lract.r

5.2.13 as a dsutle tacter.

the 10llowing:

(¢) Conclus.on: Ir Rytl(p2) has simple zeros at sume I the w

a

szeryn ot

2, . .
(%) has a siaple zero at any © = @, .

@,

still apprears on tne rignt nana side ol eq.
Hence, (ZIe/ZIl) nust contain this Jacter, i.e.,

this luage ilmpedance ratliv 0 we cun state

tinen tnese zeros are the poles i 2y, imape iamedance.
b __l o S

From the abcve results, (b) and (¢), we can see that to uve avle to

increase the crder oi ZIl’ l.e., to be acle to increase tne number .. zeris

-and pvles sor 71, the polynumials Q~V(p2) and Rv_l(pe) sust have as weny

zeruvs as possiole at tune wl's. From a property or the imece iipedance [2],

, . , - . . 2
the degrees i nuneratur and dencuiinater polynomials in p~, exclud:in: thne



-‘//r—

e B -2
facter , can cGiirer only vy un:ty. rhereiovre, only cue Q\)Lp )

o
2 . . i i
or RY l(p ) cannct have all the wl's fir 1ts zeros. '‘nereicie. qaximon

vttainatle order ror ZIl cecurs ir all zercs and poles uw Zi (oloct band

1

criticel :req;enc;es) occur at the poles oi traasier louss. 1o prove this,
the arove arcument can be usea, i.e., asswnng tnat le has mcre zerns
and poles. In other words, tne nu.ver o. critical rrequencies o: LIl is

larger tnan VV . then, in (412/511), we will have sciie .act rs as (1 + }35).

ANY

Since tuwese ractors 4o 1ot apoear either on the right nand siae -.i° eg3.

N . .2
5.5.13 ¢r in the nweerator or wenominator i 1 - i1, they wust coucel.

lence, tne ..axiwwi ovtainable uvrder ior wie LIL functicCii L3 w..o One which

will nave all mi's as its critieal frequencies. ‘'U'he conclusicn =i this
discussicn rollovs:

Let the 21, image impedance have a sinmple rorm (c.nstant-i tyve)

.

as in eq. 5.5.12. In crder to increase the crder i LIl’ it is
necesszry tuntt the critical irequencies ot le te located at
tie poles or transtfer loss. Otherwise, the order of ZIl cannct

be increased.

From tne avove discussicn, because of ZI2 as in eq. 5.5.12. tne sininlest

form cf' Zv, is either as in eg. 5.5.12 <r eq. 5.9.19, derendin; upon wWnether
2

the ractor 1+ 5 is in the nuwreratcr or denominatur c¢r the I - unc-
®o

ticn respectively. On the other hand, the form ot the hignest wrdered Lll,

T2

not only depends on the lucation of the ractor-\/l + 4—2 in Y., bat also
w

C

on the oddness cor evenness of the nuaber Y. 8o far, no restricticas on
the mi's are iuposea. However, tunere is a restriction Hn these ui's as

the rollowing proverty shows: Frcwm a property of the image i

2o

we now tnat its poles and zeros nust alternate. FEence, siunce soe of the
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'
!

¢.'s are ohe zZercs oi Lzl and Ssome CoTner ., 's Aare ine poles ou 271. vien
1 T

tnere should ve soae orders vetvecon these wi's. I we now iup:se that
(vut it is not necessary)

. > 0 ~ . N

Ldl (-L2 - * - wv

. e _ , Lk
trnen two possiuilities Zor “Il exist :

If V is ocd:

(5.5.21)

These two - 1ms . ilmaze inpedances are used in tne tollowing alscussions.

S o

liow, let us consider ctner sinylest ivriw 1or ;12, i.e.,

(5.5.22)

Ir the toregoeing discusscion i1s repeated for this case, it can te seen iro:.

eq. 9.5.13 trat ZIl cannot have the ractor 1 + *— in its aenwinanvor.

“hereicre, ZIl has the form of eq. $.5.20. Ia aaditicn vy this, tne icl-
lowing conditions st nolc:

* Ozker [24) nas studied ditrerent o pes oI low pass sections including toe
1S which we are consliderin:; nere. wita the asswnptiocar wy, > @, > 00> wy
and indiczted that maximan ordersza iascge impedance can te ooowized i1 all
tue critical rreqgiencies oI tiuls imase iapedance occur at w.'s. Durlinguin
[3) uas als. ..cnti nea these prereriies ior mid-serics types cr ladder iil-
ters.

Nk
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(1) 7ie ¥ funciion of the considered '3 has the 1actoz“v/l -

its deno.:inator.

(2) For tae ni.nest crderea 471 ¥V is sud.

l/‘

(3) Die dezrees or tue nueratcr and denowinator wsolymonizls . tue
inane i.pedance ratic, ale/cll, must be tue saue.

It is seen 1ron egs. 5.5.20 and 5..,.22 trat the ratic o: 512/311 does

ncet satisfy the condition {(3). Uheretcre, i1or tihe US &s in Lix. H.4.1,

21, cannut e tzaen as in eq. 5.>.22.

Tne imape iupedances in egs. 5.5.20 and 5.3.21 zive 1. e 1cllowing se-

quence:

y , ‘ da
Zop + Bgy 1 vee o Z‘O,\)wl (Y odd)

! 7 <
ij, Ams, RPN (Y even)

Anontiner sequence. i.e.,

A 3 oo Z odd

“;m2 ! sl ? Y ,V+] ( v a )

~ -~ . Z . . o0 Z u e e.l
03 - 05~ > T0,v+ ( v )

can be ubtained ircu the dual ladder (mid-series type) to tne c:.nsidered
1S.

If ZIQ is not restricted (constant-k) to a simple iorm, then LIl and
212 will have critical irequencies that occur otner than the poles of
transier loss. But trom eq. H.5.13. it 1s clear tneat these criticzl ire-
quencies ZIl and 212 must be the scie. In a recent article [2€), tuis
proclem is considered such ti:at a secticn as in riz. S.4.1 (not a 035 any

mme)mmthmm:%r QE’ZQY “.(gr;&l,Lwe,qu,.”)tww;mmg

impedances at oboth its terwinal weirs, buc tne poles of transier 1.ss

function must not coincide with tie critical frequencies (reflecticy

poles) or the iwcze imredances. Jselevitehn cives soue lovw pass vilter
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sccti.ng rur nly the 2 or 2 . tyres ¢ wmid-snunt lacdaer netw riis and

02
their eleient values, tut alsc indicaces that it is not imown winether

suchh ladder secticns exist if the crder of image impedances s ni:ner

-

than Z_. ¢r Z . this prorlem is not discussed in this tnesis, siace

02 o0 2 ;

ve are concerned with tne 5. LHul vernaps & discussicn sinilor to Tne
one aueve c.uld be used toe elariry whe many woints in thils orooslem.  With
a given set ci imqpge imedance and 2ttenustion peles, it is nossitle to
Jiné s;tuietrical LC lattice networis but tuneir ladder eghilvalents .ar

nut ¢xiste. ;s Televitch indicated in his article (26], tnc eiistence

o1 a ladder equivalent to this lattice caa ve cuected oy tue Muifseva [27])
eriterizn. ‘This criteriun is extended .y leinguet and Jeleviveh [24].

It is vwortawnile to note tnat. tor the existence ol ladder nia-savlies
trpe low pass [ilters (i.e., Lor positive eleuent values) Darlington cave
two swuficient conditions [3].  ihese two conditicns are actually the
same conditicons tiiat we wanted to immose Lor our Ts. Thicre.sore, tne con-

sidered 7S will exist (i.e., all elerents have positive value) ir 1. is

215
a ccnstant-x type image impedance or ZIl has tnhe highest cotainavle order.
Ir this c.nnection, a general existence theirew iur ladder mid-sezries low
pass networks is given by Fujisawa [2(] and these conditions are extended
for bend-pass lalder filters by Watanace [2].

Cur privlex is now almost clariried. All we nave to a> now is to
determine uhe elewent values <ot the 0S5 as in 1ig. 5.

«1. .liis protlex

&

"
L O

is considered next.
5. ELELE!T VALUES CF 13
In tiis seciiin we consider tne 1S ws in iig. 3.3.1 wit. tue £.10 wing

restricticns.



D e et . (5.'\‘..].)

1o

(5...2)

(II1)

With tne avove restrictions, the equivalent Foester firms of the saosrt

circuit and cpen circuit impedances oi tuis T3 are given as in riz. ».o.l.

Where ) is talen as an oad nuwiber. IT Y is even, siuilar tw. terwinal

7

LC Foster forws icr L,C] ond Zscl and the reuctance pattezm can e iven.

-he ilupedances Zocl and ZSCl can be expressea in terms o ZIl and I

as [2]:

7

5.C.5)

Sirce the wi‘s and w  are ncwn, Docar Le wuniquely deter..inea, and since
L C

tre Torm ZI] is alsa given, ZQCl or ascl can he found 1r . ed. s.2.5. In

fi-. 5.6.1b, the only wakrowns are the wg,'s (V-1 in nuaber). fesc
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Since H2 = Zscl / Zocl’ then irow iig. ».6.lt, we have
2 2 2
P21 Po)? (1 B2 L (1 B
2 a1 2 “az? wey-1 \
© = n - — N - ot (5.0.6)
l. - h 2 2 2 >'L" )
(1-25) 257 (1 £ )2
w,, wap Ley-2

. .2 . . . . .
Since i must nave a unit value {or « = o, then .rom eq. 5.6.6 sie have

the feollewing VY relation

2 n.2 p.2 A 0.2
4 ; i 2
1+ 2201+ =% o (1 —5)% - mp” (1 s —5) ...

wo wap way_p way

'8.2
(1~ -—é—-) (i =1,2, ..., V) (5.€6.7)

md)"‘l
where, as mentioned before, pi =3 wi.

Actually, to be able to determine the H - function, the set <f rela-
tions 5.6.7 must be sclved and wai's and h must be found. If yp is a
small number, e.g., ¥ = 2 or 3, an attengt can be made to solve this
system, but in general this is difficult since the system is non-linear.
Bode [22], has proved that Il is unique. Therefore, there should te one
solution to this system of relaticns 5.€.7.

How, suppcse that we have found the H function, therefore from eq.
5.€.5 we can determine Zocl or Zscl since ZIl is also xnown. One can cun-

sider Darlington's method [3] of determining the element values of the

mid-shunt ladder TS by use of either Zocl or Zscl'

By this wethod, we
can r=:1.1; find all the element values if we knuw the H functicn. Iut
we only know that it has a unit value at w = w . Therefore, L1 can be
calculated without any difficulty. But tc f£find the values of the cther

elements, we need the derivatives of H function since Darlingtien's method

requires a knowledge ¢f the derivatives of Zocl or Zscl' Unfortunately,



—6A-
as mentioned ab.ve, although the i functiin is unique, it is cdifficult to
determine it frowm the zeros of 1 - H2 and w, . Cbviously, if b cannot be
determmined, neither can its derivatives.
Zef.re starting to calculate the element values, we introduce a ncw

parameter, } . as follows [3]: 1let

. (5.€.8)
g
and then
w,z - (5.€.9)
- 51
*\2 1 g 5

1 + A— = - =- + - .€.10
R A CEEED (5.6.10)

2

2 l -w 3
(R S 2 (5.6.11)

@O w, J

Equations 5.6.3 and 5.€.4, then, can be rewritten in terus of 4 as

1;5,/1-%2; (2,-12) ... (5y-1 - 4)

Z11(5)= - (5.6.12)
%./-; (;1-3).....(;)) - 7)

and
:fpkv-] (;2'2)“’(’71)"“2) (561”)

z1,(4)
1 2,
Vh -, 4 (;l";) ”'(gv-l-])
A new set ¢f parameters, m,, are introduced in the following way: At
W= W, the factor N1 - woe‘ appears in the expression of ZIl(}) is des-

iznated by —_—

2
@D
2 = 2 2 5. &
/\/l-mo /Zi = ’\/l—w:2 q iy ().b.l)—#)

Therefore, the Locl and Zscl functions of the TS in fig. 5.¢.la can be

1
=]
!

written in termis of the ; - variable as follows:



/ L | n
7 = —_— l [, - —— ——— }..._._-._.._..-..__.-..-._...
LlOCl( % ) - = Z [] l ~ -\{ +

(,2 + - ———— ’
T~ 1 (5.:,.].;)
.6’2 - ;
L2u-1 1

Zscl has the saume f.rii in which only the last term (1 / C dves not agppear.

2y

For 212, ve have

L1, = DIV -i- (5.€.10)

1l -w
0

Since at w = ws (or ] = }), 2‘12 = Z'ch = Zscg' then eq. 5.€.16 gives

i
w k«/—-g. w Z<q/- .
215(F ) = —pemhmam= = s (5.€.17)
1 - W gi 1

On the cther hand, at} = gi, from fiz. 5.6.1a, we have

1
oon = Bgon = o = = (5.6.18)
2 2 P C2V C2Y

Thereiure equating equaticns 5.€.17 and 5.06.18 yields

c . By
2v w_ K

or, finally, since “'02 =1/ LoC* and }:2 =L / CJ, we have the jencral ex-
S ¢

Q)

pression for Cev , whether VYV is c©dd or even, that

02\) = mvCO (5'6°19)
In order to calculate Ll, consicer the relation

L2 7
“I7 - “ocy ° “sc1

Let ¥ bte an odd numter. then frum egs. 2.5.12 and 3.5.1Y%, we have
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D N S 21O PN O L O AU S &
cofg (A% - 1

—

2v-1 1 ' -

idtiplying both sides of this equation by the factur (Zil - } )2 anda
then tuaiiing the limit as / —_—> ;/ 1’ ve have
y . 7)8
K2 (1-%2_21)(572-/1)2... Sy~ 4) ”

—s £~ - — =L (5.€.20)
w(')2(53—51)2""' (77)/ _jl)z :

tut, rroa eq. 5.C.1l4%, since

2 .
w @,
}, - ’Z = —1-2 02 - '-—\)"2' = —1—2‘ (..‘..2 - iﬂ_.g) (5.6.21)
1 J ¢y @i w3 Wo J i
and
- 2 2
L - u)o fi = “l
eq. 5.€.20 can {inally be put into the form
2 2 2 2 2 2
. inl (m1 - m, ) (‘..1 -y ) B (n1 - my_l) (5.6.22)
S CH Y TEAL R SN R -
Al j .L]. Lu5 oo 0 ul L&Jv
(For V oaa)
In a similar way, if YV 1is even, we can find
2 2 2 2
(=% - a.%) « .. (= - my)
L = = 2 no R L (5.€.23)

(m1 Y

¥ te that from the requirement (II), i.e.,

>
Wy ° a,2> cecenn >wv

and the definiticn of m, we have



ml > B, D it > Ly (5.5.24)

For tie following special cases, fr.m egs. 5.0.22 and 5.(.23, we can

find that

17 V=1 Umhmgm2=:%=:.u = my = Q)
L1 =y Lo (5.¢.25)
o o) = -3 = e = = = V)
If v 2 (ta:uno 133 iy, S i ) C)
w2 -2
L o= +——2 1 (5.6.26)
1 Iy )
Ir Y =3 (taxing M= T = e =y = o)
[14 (ﬂlg ~- m 2)
L - 1 2 - KS'6027)
1 2 2
(m1 - m,")

wd- )

Therefore, rrouim eq. 5.€.15, we have

ps in either case, i.e., ¥ odd or even, Ir, = Zoey + Bsey =

= 0 (5.€.28)

Substituting the values of L. from egs. 5.(.22 and 5.£.235 intc eq. 5.6.23,

1

and considering eq. 5.6.21, we have
2
)

(%?-ma)(%?—xm% e &ie-mv
C, = — 3 2 (for Vecaa) (5.6.29)

2 2 e 2
m (m1 - o, ) P (mld - my_l)

and

For tne following special cases, from egs. 5.6.29 and 5.6.30, ve find

%f Y =1 (taking 0, = 3, = My = 0)

-

C2 = ml CO (5.6.31)



If ¥ =2 (texing m, = o ceeea=my = 0)
5 )
— al ";./.‘5
02 m1 L,u (5.6 _)2)
If V=3 (taking my = M= .. =y 2 0)
m - g
¢, = +—2 ¢ (5.6.35)

etec...
If Y = 1, the element values are deterained bty the fore:.ing, since

L, and C, are given by egs. 5.6.2& and 5.6.31 wihich corresponds to an M-

derived simple hal:i section.

Ir V = 2, we nave only tc calcwlate L.. This can be done Ly co-
)

I (24

. . e T oo 54 r . . s . 4 -
idering the expressicns i “Iy 5 foey o Lscl and t:ze relation, 279 % Zoep
. but the following alternate arzswaent makes this calculation simple.

From the egs. 5.C.3 and 5.06.4, when » copproaches zero, we find that

T,
e 2 .
zr; () = & =E°- (5.¢.34)
J

On the c<ther nhand, wnen p approacnes wero, from fisz, 3.5.1la we can see that
is inductive and apvroaches the value of (Ll + L3 + el F qu_l) D,

and 2. is cavceitive 2nd approaches t.o the value of 1 / (02 + G+t a.. +
) p. Therefurs, the product Zocl .« Cgey adrreaches to a constant value

and by use of eq. 5.6.34 we finally have

L. +L_+. ...+ 1L L
i . Cg‘)"l - 2 (5.6.35)
2 4 ettt Yoy 0

"

2, L, can be found frum eq. 5.L.35 as

3

Therefore, if ¥
m, )
L3 = E{ (ni + m2) LO (5.6.36)

This section, i.e., VY - 2, is the same as in fig. 5.2.3.

In —~rder to celculate Cl for a S, in toth cases, i.e., y 1s cod or



zven. we can use the relation

w, 1/ Ll <y
Therefcre, ¢ msiderin: the value  f Ll’ we have
2 2 2 2 2 2 2
(1 - iny )('i -2, ) (T - mT) .. (ml - )
C L 2 . P : C (5.€.57)
1 2 By 22 .22 o Deke3
St - my, )(h.l =T e LT - my_l)
(f r \) \.d(‘i)
2 2 2 2
) (1 - ty )(m1 - 7)o (nl - m )
2

— . (5.C.28)

(f.r y even)

m

550 far we were able to calculate unly fou elements of tie gereral TS,
In order tou calculate the rest of the elenent values o1’ the IS5, wunfcrtimately.

wve can nct continue this process, i.e., couasidering only the relation

“ucy Z‘:;cl

Tris wmethod actually periits calcuiaticin cr & fron the ZIl snd I

viosaey sel

faanction, and all the eleuient values can te calculate froo thl {2]. There-
fore, at this peint, we have to change owr techniques. A Iormcl calculaticn

~

technique ¢I the element values for a TG

.

is cescribed by avplying; toc a 15
with ) = 2, the umethod considered b, Reed {2]. This techaigue ;ives a set
of non-linear equations relating the element values of the 7S, the latter of
which are to be caleculated. Even for V = 2, toc much algebra is involved;
therefore, Tor Y = 3 it is nore difficult since systems c¢i n.n-lincar egua-
icns containing 6 unlinowns are foried. But this technique can still be

used little higher Y 's since in the previcus discussicn we have zl:eady
calculated scie of the element values. This will recuce the mwuter -1 w-

rmewas in the system of non-linear eguations. Llemert valaes of Y5 corves-

ponding Y= 1, 2 a7d 3 are glvea .n Table I, TFor practical vurposes, ti's



Table can Le enmcloyed. Frow Tuble I we notice that the following relations

\_)' 1)
Ei_ L. = L S Li.

'..I
n
=
\Y)
(8
]
[
O
[
v
’_l
P

L.

Mc
?
A

i}

Q
Fﬁx

|J
I
=
+
e
I
(]
}-

hold for ¥ = 1, 2, and 3. If wve uave shown the validity of this relatiocn,
the element values of TS for Y= 2 cculd be calculated easily since the
systewn of nun-linear equations would only contain two wumowns.  JJo easy
rethod Las been found that egs. 5.6.39 hold for W > 3.

In practice. tue use ¢f a terainating secticn withh Y = 1. wostly gives
satisTactory resnlts. Hence, we en: cur discussion on filter tereineting
halfi sections here since ncore conllicated sections have no Zenercl use in
practice.

llcte that the TS given in Table I have image impedances at the terminal
pair 1 - 1Y of the form

e

2‘02 b Zoo? bl ZO)-\‘ ’ 4 . .... etc. (5,6.{;0)

The cther forms, i.e.,

Lo s Zo3 > Loty o5 2 weee ete. (5.6.41)

as mentioned before, can be obtained i we consider the dual ladder to the
T3 considered here [2). But dual the TS ceontain more inductances and cn

the other hand, as 1t is seen in Chapter II, the insertion functi.n will

e the saume whether the image impedonce of the filter is in the foru of

(]

A . Z .
0,2 ° “Q, 27-1 40,2‘»)-1

has the imace inpedance of the forw as in eq. 5.8.41 is of redioced practi-

<r 1ts recivrocal ZC>O ov

cal iwmportance.






m3(m1 + 1:13)(1.12 + m3)

=

2

m1m2 + m3

—ptse
l + .E_.
-2
[} l A\ .;\.,.)
(“QL
2 2
'Vl + -2—2' (1 + '2‘2‘)
wo w1
- ] ==w.», 'é'::-
Wo
lnl (l - hl .)- C
2 2 o’
lnl - 1.42
[ 2 2
L R (1 )
- ___.:2. A _é.:..
(1 + 251+ £5)
(.L’-l (L‘S

o

Gc
1.2)
< L’\,
+ 1,2 v
32)
2
Lo’ -1y )(ml - 1'13 )
C, = — 5 C .
J o



2 2 2 2 2
m, < - o, 1-m,) (x - ) (my o,
Lo 23 c, C = — 2y Lz 2

2 U o 3 T2 N/ 2
bl ny (gl + mg)\ma - Ty

(@}
]

Mgy + m°2 (1 - moz)(mlm2 + m?2)
Ch = _.Migin,g_ Co’ c5 = SR — Co’ C. =mn, C
oy (ml + ma)(m2 + m3)

YI. A DESIGH PRWCEDURS FOR S M @iRICAL LOW-PASS 1,100
PARAMEIES FILYT
6.1 GEiERAL LiVIEW OF 1NAGE PARVE/ER FILTERS

I7 cascaded four terainal LC networis cn a matched basis ¢ nstitute a

then it Is well-known thet this i7lter has an inace transler funce-

FJI
[
ct
[¢]
a}

:
tion egual tc¢ the sum of the transrer functi s of the individual sectiuns
constituting the filter. Also, the innve impecdances of this filter are
the saue as the ilmage iwpedances of tiie end sections.

In filter design, zenerclly, the insertion loss function, AS, is ziven.
In the efllective pass-Land, usually it is desired that AS aust te less
than a ziven constant value A . Ia the eflective bluch-band, AS mist be

S

sreater than a given contour of requirenent which is generally not a hor-
izontal streizht line.

If the filter works between its iamaze imvedances, inserticn 1 s5 and

image transfer loss are identical. hence, in the pass-band, the inserticn

'—-J

¢35 1s identically zerc. Under such an cperating conditisn, the design
of imoge varaneter filter is simple. In this case., vhen the transfler loss
is desired tu be flot in the bloci-tand, Couer [7; has given explicit
formulas for the lecation of the peles of transfer loss function. On the

vther hand. for the case of arbitrary transcfer loss fiunctions, tie loca-

(D

ticns ©f these poles kas to be deteruined Ly cut-and-try siethcds. Tre

cut-and-try uethod invelved is comsiderably siuplified Ly use of soue
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transf o raetions, e. ., dwepzit's teurles wetin O [1T7) o Siime aol Frose
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In n ool oractlce, wonen a fitter woriis cetweon two oure ros stances.

unid not hetween twe Lluwge impedances, the insertion loss s oot identicul

to the iluawce transfer luss. Acbel's decouposition foruala is ore expressicon

. the inasertion Daetion for the general operating o nditi . Froan tintls

{ermaia, it Is clesr that in the pass-band if the iwage ilupcedances of the
i"ilter can be made to apvroiimate the tersinating resistunces, the iuser-
tion loss will nct differ iwuch frow the image transfer loss fwetion in

this reszicn, Z.e., A_ can be unade as siall as pessible, since AI i Iden-
o

[42]

¢eoa, ntel intirodiced the

P

ticully zer. in tie vass-bond. Decause of thl
c mposite filters [31]) which are actually i.age perameter filters bLut
havirg twe extra end sections called terninating half sections, each 1
vl.ich has hi-her order image inpeaunces.
2y intr o cucing the verwminatins hall sectlions, To, whicl: are discussed
in cdetail in Chaopter V, the As function can be made very cl se to AI in
he pass-bard (AI Z 0). ut, in the bleci-Land, it @y not be p.ossiole to

me.e A_ and A. very cluse to each ctrer, since, generally. at the critlical
o

I
Trequencies of the image impedance of the terinirating hall sections, A

shown in section 4.5, regardless oi the

“

has pcles but may not AI' As 1

5 -

lmaze impedance of the symmetrical {ilier. suttracting .02 db. loss froa

the icage tronsfer-loss, AI, will yizid a l.wer bouwnd to A_ in the blocik-
S

-~

2and. The iusare transfer losses 7 terminating half sections are «lso in-

cluded in AI. his approxisation Is alvays ¢one since it consideratly

£

0 .

Hueett, K., "Uber den Entwur: electrischer Wellentilter it
vergeseariebenen Letrievsverhalten,” Doctorai aissertati n, wechaische
Hoensehule, kunien, Germany, lyui7.
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simpliries the image parameter rilter design.

In general, the commonly used arproximate desijzn procedure just de-
scribed, although simple, necessitates the use of more sections than is
necessary. This tact is demonstrated ty a 'precise design procedure" re-
sulting in an eccnouy ot the sectiuns to be used. rhis precise design
procedure is deasionstrated in the iollowing discussions.,
©.2 'THE DESIC!: PROCEDURE

A low-pass filter uvperates between twe resistances or value RT. The
insertion loss is not to be greater than Aps between the 1requencies 0 - fl
(eriective pass-band). It is not to be less than a given contour C, or
Irequencies larger than 12 (effective vlock-vand). <These requirements cn

the As - function are indicated in tig. 6.2.1.

>
/1]
wP—
S/

Low-Pass
LC - Rilt
Filter

A
o
L
S

— e
o
o)

[
S

(o}

[
n

Fig. 6.2.1
(A) CHOICE AMD CALCULATION OF TERMINALTI'G HALF SECTIONS
A cut-otf'f rrequency, :o’ nust be chosen. ‘the difiiculties in chucsing
7 are well-knowvn te]. 1r £ is clese to iy, complicated terwinating halr

sections must be used. In this case, critical irequencies .1 the imege
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impedance o. the terminating nal. section become nuuer-us anu are crowaed
very close to s in the vlock-vand. These critical 1requencies produce
scue poles ot As.

On the other hand, ii ro is clcse to :2, then simpler terminating sec-
tions can ve used, with rewer critical .requencies oi tne imaze iipedance.
Corresp.ndingly, only a Iew locaiicns oi poles or AS are .ixed. ihis

sives nore rlexivility on the location c¢1i pules or AS. ut, it R is
(R

really very cluse to ., then To proviae a snarp cut-o.l, we may nave

2
to use more interaediate sections than are saved vy using siucvler termi-
nating sections.

Sirce Ap is given, we may checx< irst rrow the Grapa-I (at ihe ena

S

o1 tnis cnapoer) to aetermine wnetaer one, two, ... critical 1requenc.es
are required to assure that rl will correstond to Xy and irom wiiicn tne
location of fo 15 determined. After .1ixing the location or f‘J end tne
type or 1S, the critical irequencies o1 tne image impedance c¢i this ter-
minating half secti>n can be calculated irom the rormula (4.3.1).

With the above iniormation, tne eleuent values o. 'S can ve calculated

conrletely. Tecause 1rom the Gramn-I, U is known, i.e.,

Gl 2 :
Ut o= k/RT (k= = LO/CO) (6.2.1)

tnen k is determined. Also, since i, +S chesen

= / - 2 »)
LO Co 1/ ix r (c.2.2)
hereicre, a knowledge o1 the values ¢ k,‘fo and U yields
"jl&
X P R
L f7 e —— = = - S
Brf Br 1 (c.2.2
4] C
1 1 .
C = —- = (c.2.u4)
© o hio 2:@“‘RTr‘
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Frou the i(able-I in Chapter V, element values or 13 can easily ve icund.
(7) CALCULAIIU! CF IITERMEDIATE SECTIONS

Since the expressisn of inserti-n loss, in the bl.ck-vasad, is given
by
1- 212)2

S e

5 Sinn A'I

the image attenuation, AI’ can be i.und as

5 2A | 3
A - argsimn ~-——7§) e (6.2.)
l - 2

‘“he 1S, already designed, detverumines z. ‘‘herercre, thne -.actur

E- - (=222 (C.2.¢)

1 - 22
is xnown. <rhis ractor, in the bloc.i-vanc, is pesitive and varies vetween
zero and uwnity. On the cotner nand, tne reguirement on As in the bloek-
, 2As

band is also given vy Cs o1 i+ig. v.2.1. Hence, e is known. utherercre,
eq. v.2.» gives the requirement on tne AI - 1unction in tne vlock-vand.

Calculation to meet the requiremeut on AI can ve siupliiied i1 a digital
computer is used. Indeed, tirst Ly cnoosing a set or ruints cn the given
contour or requirewent. Cs, and using the Least-square routine, we can .ina
an epproxiumate polynomial 1or the equation ¢f this ¢ . ntowr. Since z is
known, a program can also ve written ior trne Jactor in eq. ¢.2.0. Hence,
in the blocniband, tne wh.le expressicn, i.e., eq. 0.2.5 can dbe Jcund Uy
including additional routines ior argsinn and square roct.

An exammle is sncwn in iig. 6.2.2 to illustrate tue requirement cn AI.
The requirewent on tne AI - runctiun is indicatea Ly tue soliu line on thies

I'izure. inis AI - curve is ovtained by calculation from eq. 6.2.1.
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6.2.2

Fig.

e

Iiow the probler is reduced to rind tne necessary nwaver o©i intercalate
scetiims ana the location oi their transfer luss poles. Unls part oI the
design is considerarvly simplified 1.7 one uses Rummelt's templet meticd.
rne cdescription ol this meth:d can ce ivund elsewiere [17]), [32], [33].

Iy using ‘eleviteu's notaticns [17), on the transicrmed vY-axis, uie re-
.
quirenent on AI is shown in fig. 6.2.3. 11'w, since the TS5 is kncwn, the

corresponding ooles of AI are ziven. These attenuaticn cuaves are arawn

Ly using a teaplet. The symuietry axis of the teurlet curves, Ti’ coincice

with the critical puints of the image Impedance of tihe TS on the new 7v-

axis (Ti). In fig. €.2.2, since we asswie that the image imvedance of

the TS has only <ne critical frequency, there is only cne such curve, T..

in fig. €.2.3. Subtracting the curve Ti from AI, the remaining cuirve All
is next t. be cbtained from the Intermediate m - derived secti ns.
It may hapren that, when a conplicated TS5 is used, the AIl cwuve would
Ye under the v-axis. In such a case, ve do not need to use intermsediate
secticns and tne filter will consist of only the terminating hall-sccti.ns.
In the general case. the A_ curve will have s ume pusitive portion In

I

: . R . . . 7 - . N - . . L
some intervals of ¥ a3 seen in figz., C.2.3. Therefore, by using the teurle:,
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=

»

= o0
o

it is easy to determine graphically how many curves, 37 must be used and
where the critical frequencies of the Ti's are located (ri). IT we con-
sider the exauple in fig. ©6.2.3, the probable locatiuns of critieal points,
Yi, of curves; Ti’ wust be very close to the abscissa of the maximum
points of the AIl curve. After locating the necessary nwiber of Ti curves
on the y-axis by this templet of Graph-II, we can directly find from Yi
the Xy Or my. Hence, on finding the mi's, the design procedure is com-
pleted; because the element values of intermediate secticns can be found
in terms of LOJ Co and m; in Table-I.
€.3 EXAMPLE

A symmetrical, reactive (LC) low-pass filter is to satisfy the follow-

ing inserticn loss requirements

Ay S hp = 0.0b5ab (0 <x<xg)

Ay > By = 32 db (g <)

with
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fig. €.3.1

the albyre regulrements are a’so> iladicated ‘n rigz. C.2.1.

From Grapa-I (at the end of this chapter). it is evideat tuat a ter-
minating half-section witn cnly one critical freguency could Le selected.
“ris terminating hall-section is the first one in Tabvle-I. The ayproxliuate
value of U con be found frow Grapih-I. Cn the cther hand, a ncre prec’se

value wmay be obtained by the following calculations.

From the takulaticn 4.14.1 and 4.14.2 of the reflevence (2], we .ave

sn
and since 1 2
1 U,
(l _ U“)z - —_i
X1
tien
Ty L i
U= (1 -—2)* = L.10C362359 ...
X1

Lhe noroeliced imese inmpedance of the {ilter is



X 1 - x

..y L _
- 2 2
X - X

Tnerefcre. tne fact.r

can te calcuwloted ecsily. The corresponding B curve is siven in Jig. C.2.2.

bl -

From eg. G.2.1. AI can be found. Tais hes veen done and tue 4y - curme

n fig., 02,30 Wow, by using the terplet veth d. 2t is voand thai

] Jo‘

is given

twos internediate sections having the para.eters

ccti nms.

wnst te used. Therefcre, the Tilter containg two intermediate

[}

l

I the approsiaate in the classical uethicd discussed in sectioir 4.9 is

used {fur this enauple, A = 32 db, hence the image transler loss in the
05

tleex-band is taien as

MI = Abs + 6 = _‘)3 db.

From fig. 4.15.2 of reference [2], more than 3 secti.ns total are re-

quired (termirating half secticns are included). Since the ieth.d vre-

sented in this tresis requires exactly three sectiins total to ueet the

requireinentss,; the apnroxivation stated ab.ove certainly leads to 2t least
cne superiluacvs secti.n.

In this particuvlar exaunrple, the inage tronsfer liss. A;. is considered
as "flat-loss" in the DLloeli-band. Fig. 4.15.2 in refercuce (2] 15 then
used to deteriiine the necessary nwaber or sectiins in this low-pass LC-

filter. Tc satisfy the flat-liss w»r.perty, the 1l:cati.nsc ¢ the poles of
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.

AI are determined. On the cother hand, wve lisve already ciosen tewninating

nalf secticns to meet the given requirerents fir the pass-band. Since
these terninating hialf sections fix certain puoles . f AI’ we have to checi
the flllowing:
1) It ras to be verified whether .ne of the poles cf flat-loss AI’
ermined in the foregoing, is alsc th equlir transfer pule T th
detex e nt f a g, is als: the re ed tra er pule he
teriinatirg half sections. In general, it will not be.
If the AI-pqle for the termiinating section is nst als~ a Tlat-1l.33s ncle.
ve may wvroceed as foll . ws:
2) Shift the image transfer tcle clusest t. the AI~p;le int. c.inci-
dence. Since now the flat-loss property will nit be valid, we have to

criecii whether the blocli-bvand requircoent is still satisiied or n.t.

o

in general, the block-band requiienent .n image transfer loss is Jiven
by an 5rbitrary contour. Therefore. fig. 4.15.2 in (2] cannit be used
directly in this case. It cun be exmploved 1if une rerxlaces the given c.on-
tour of requirement on AI by a horiz.ontal line which is drawn at the maxi-
wwn point of this reguirement. Althouh this can be dene, the result is
n.t su satistactory since the nwiter .f necessary sections is unnecessarily
increased.

It is, of course, pcssible to avoid the unnecessary sections used.
The £ llcwing renedies are suggested.

1) By using a templet meth~d a ~-od approxinaticn can be .ade and
the nwiber of necessary intermedilate sections czn be found frowm the bleei-
band requirenent. On the other hand, the ter.inzting half sectiins vill
&lso produce sone additicnal transfer loss in the bloci-tand cver that oro-

<+

duced by the interuediate sections. Thercf.re. the extra trunsfer liss



when cunsidered separately results in aicre cecti .ns.

2) A nere yprecise wethod is as Culliws: Ly ¢ asaderin: thic terail-

KR v K ey~ T pi o S yary e -~ N - 7 ives  rve ym
ratin: hal” zectiins, ad thoelr fnae loss. thiis loss con be
N R P RS VR L2 ey - Dy, e N / B N A
sublzocted freon the iven reguircacnt o Ap to Qoternaine o new redilire-

4

’ A . 3 .. L) - - . . . ~
ment. A_ . his new A_ is then orovided v Interwediate cectins, with o

cloerssel I the

AT sa e =Y 1 N T N e T e Y I DT RS TR o
CIlSo.CulL uCTnNul; SLnte AL Lo 1.0 J1hh A o7 D0l O ey LU 0T 0
4 [
5 Y- - RN . FR} HU - - . - - .
civays he uossible tooouce the winlioon nuber fF sectl ns. 2hoe X

1.1 1.25 1.5 2 x



(m) 0.213 0.45 0.83 1

Fiz. 6.3.3

6.4 SGiE REMARKS OFf THE IMAGE PARAIEIER

On a close investigation or the rig. 6.2.2, we can see that at the
critical 1requency, x‘L, oI the image impedance cr 1S, ;‘I = 0. But a pole
of image attenuation or IS occurs at this rrequency. This is a disad-
vantage, since we are unnecessarily locating cne of the largest values

of AI at which the requirement on AI is zero. ‘his always happens since

we are using a particuler type or w'S: In Chapter V a class or 1S is
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onsicered and it is round there that i: one oi the image inmpedances oi
tnis ©T'5 is a cunstant-k type, to increase the order or the other image
impedance o1 this 13, tne critical irequencies of tne latter i.age iure-
dance must occur 2t the poles or transrer loss function.

ke above propverty o1 the location oo the critical irequencies o tie
image iipedance o1 terminating holi section indicates tnat no cuner termi-
nating hali sections with the mid-series or mid-shunt type or coniigura-
ticn could ve tfcund, such that its ciritical irequencies ao not cecur at
the locations ol the attenuaticn voles or these hal. sections.

Let us keep the conriguration oi’ rilter terainating halr sections as
mid-series or mid-shunt ioim and inmpose the condition tnat the critical
frequencies oI one f the image impedances do not occur at the transrer
proles ¢or this section. Thnis implies that the other image impedance cannot
ve taken as constant-k type. Lence, this violates the deiinition oi ter-
minating section, i.e., the section will not be a terminating secticn as
it is defined in Chapter V.

the above provlem was recently considered four only m - derived type
of image impedance case [26], where Rowland's equivalent networl trans-
{ormations (34, are aprlied mostly to the mid-shunt type conrigurations.
These conrigurations constitute rilter, whereas cur discussi.n pertains
to terwinating sections. Since the procedure in {26] is nut tie exact
answer tc~ ouxr prowvlem, it will not Le considered nere.

Returning to the earlier discussicn on terminating hal. secti.ns, the
disadvantase results in the increase f the nwnser .1 elements in the
tilter. 'ithis disadvantage could be overcome by adopting a di.lerent de-

sign procedure. Hovever, the simplicity c¢i tue image paraneter method is
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tnereby lost. In practice, in most ci the cases, only cne critical tre-

quency ior tne image iwmpedance o1 teruwinating nalr sectiumn sives satis-

.

L

tactory results. Consequently, tie avcve disaavantage or weriinating nals
secti.ns is not so sericus.,

If tne disadvantage is counsidered Tormidable, some alternate wetunicds
are available:

a special con-

[}

(1) Use oi Darlinston's method. whis aethcd impose
Lour o1 requirements on AS in the vlock-vand. In tiis case, the 1’ llowing
can be done:

Find the maximun point ol Tne given co.ntour, Cs, and draw a horizontal
line at tnis point. Cnoose tais norizorntal straight line as tne contour
of’ requirement. “hen anpvly the classical methzd.

But in this case. necessarily more ele.ents in the tilter will ve
used, since the degree oi the [iltexr 1s increased.

(2) Use ot Fromageot's method [5). As indicated in the icresoing,
tuis methisd involves searcning ior a § - runction whien contains approxi-
maite requirements on the As - function. Tt is wmore general than Darliagton's
method, but does not diiter from it when the element values are to be cal-
culated.

6.5 LUTTLE'S PROBLEM

It is considerea or interest nere to uention in this section wuttle's
two mid-snunt type Zobel's sections waichh sives & 'W'scheuyscueii iyrpe o1
insertion loss characteristic in ooth eiicctive pass- and tloco-uand [35].

An exnlanaticn is given as to wiy the extension oi this provlem to uore
than two sections does not give the saume type o1 insertica loss chiacac-

teristics.



Consider Va1 - aerived mia-saunc sections in cascade wita dilieren

rarameters m . “he corresponding @ - runction will ve rcund Lrow

2 1-2z22 . 2 -
< = - 5 )" Sinn P (Ce5.1)
vnere
Z = ,__C_‘_‘: witn & = I*Z/Rm (6,'),2)
N1 - x2 B
and -
v - -~
PL = 2o P (c.5.3)
i=1 -

The ratio :zuncuviun, hi’ -0 ecach secti:n can be written as rollovs,

N T S
H, = Tann 5 = TP Cosomy
- e Ti+ 1
aence,
1 +m i
SRS T (Codeid)
1 - m, i

vaere HO is the ratio isunction or tiae nall »rovotyne secceicn, L.e.,

P
0 x
Hy = Tann & = msdtee (ce500)
? 2 Nx2 -1
Consider
N F -P
Sinh P_ = 5 (e I_ . I) {(c.5.1)

I

and substituie egs. 6.5.5 and 6.5.4 in ea. 6.5.6, we nave

Y1 o+, 4 Yy L -1 X
ST = 1 T B £ S
oLt PI 2 i=1 1 - w. d =1 1 + . I
i 7o <
cr
. ; 2n ° .8
+ 1 i Feeet : H 4+, H7+... ¢
. 2 [l szi T Oyt 7 1,Y 0 } [ 1 3y O C]
Sink Py = - 5 - S s
77 (1 - 1z JO )
=1 - (C.5.7)
vhere, if ) is even, thzn 2a= VY, 5 = -2,

%
if 3 is cdd, then 2n= V-1, s= V



and oy is the symetrical function of V variznles, i.e.,
)

G.)v = g__»__. m{jl mJE ces Iﬂjy ({“.,.5.,\_:

i —
Jljgn . oJ))

J

On thc cther hand, from egs. 6.5.2 and €.5.5, we have

llence,

1. 205 [(1 - ag) + a0
(_.;L;:ﬂ) - >
oL 2 ( e

1

42 (1 - <y )
Substituting egs. €.5.7 and 6.5.9 intc eq. €.5.1 yieids
o o] o] 2
5 L(l-f;..“) . df 112]2 [1+ 02];12 Feetap vhﬁ “[ol H oo, 112 et
= - - — 2 — .

)

P o R
(1-52 T (1-n21%

O i=1

s VY = 2, then substituting eq. 6.7.5 into eq. €¢.5.10, we chtain
2 2 2
2_(m1+mz) l:(l-oc)- ] [l-(l+‘.l J (¢
(1 2 2

v 2 [l - (r - ml2) x?]e [1

Tutzle couwpared eg. €.5.21 with tre QD fanetion of a tw. secti.

Darlington filter and showed that the paraneters Lig s My, i, T e con be
—

deteriiined uniguely in teras of the purciseters of - function, (vhere
' : D

Y

)
Foe
(7]
o

.

i §) (C.5.14

- J £.5.11

the cimmparis:n «f the @ - and ¢D - functions gives Iiur non-lincar eyua-

tions of T2 variables (parzieters) trou woilch the parameters con te Je-

17 V> 2, the nuiter of porameters is thereby incrensed, Lub

“ ;

nereases Toster, f.e.. if YV = 1> 2. the

(=N

Ler ol non-llinear equations
- g V.

namser o wuilwms is X o+ 2, but nusher f non-linear egnations s 2x

which is greater than i + 2 when 1 > 2.

recter with which the freguency scale to te multiplicd). Iadeed,
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It can be saowun that 11 Kk > 2, tue nonlinear system ot equavicns is
inconsistent. wnis implies tnat with tne cascaleda m - derived sections,

ir Y > 2, it is not possivble o obeain Darlingion's tyve of insertion

1" 1"

loss 1ilter characteristics - "ilat’ in both rass and bloc™ rejions.

VIT, LfFECT OF DISSIPATION CI7 IRSERTION LOSS AYD
PASE OF A SUMHEIRICAL THAGE PARAMETER FIL iR

7.1  GENERAL

In 2ctual practice, wiere the L and C elements in the rilter cre
lossy, tie insertion loss and rvhase c¢i the filter are sligntly dlilerent
iros the lossless tora.

In this chapter, the effect oI dissination is considered and ciscussed
throusn the use o1 an example. ‘This discussion is siinpliried oy use ¢l a
digital coumputer. 1T.e program wnich is written and used tor the exauple
is general; that is, it can be used for any symmetrical low-pass, image
parameter rilter.

In the lossy case, tne rormulas lor AS and Es funetiins are ylven by
egs. 3.2.14% and 3.2.1, in Chepter III. A "flow diagraz” ror the couputer
prograi is shown in fig. 7.1.1 at the end :f this chapter.

7.2 EWNATPLE
The examrle considered here is talien irow Reed's bouk™.
Data: A l.ow-pass filter cperates between two pure resistances, each

of vhich is /) cluas. whe tollowing are its desizn details:

* Rererence [2], pp. 197 - 207.
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r,o= 555 ke (;O = 3.47 x 10” rad/sec)
X - 0.99405L }
%, = 1.1957288 |

b = 1.0137155 for ter.inating halfl secti s

Moo= 0.54225€3

my = 0.1£3523
- . N
m.om 0 CLlouTHC3eIT
- {
5= CLLT05E3E)
[ .r intermediute scetiomns
mD = 0.2752527275
me = 0403790835545
C J
From the relat’on (2], (7]
T - \'
N1 - UnH = x ¢ 7 w0
u ! 1

we nave
U = 1.04733003
Since the image iwpedance is of the 4o, ivrm, in egs. v.2.13 and ©.2.1l4,
<
the negative power ror U must be used. Therciore,

L
o

C
o

0.20141232255 X 10'u henry

0.40:29545 X 1077 rarad

On the.data tape the rollowing paraieters appear:
R = 75 oums
L = 0.2014123223> X 107"
C = 0.405295k> X 107°
®w = 3.40Tlios X 10°
a - (1/8)
4 = (1/ )
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o]
I

(Dumber or divisions)
x. - (frequency interval) = 1.3

0.548250079

'_1:3

0 e e 0000000000000 e

0. 3700835545

m
<

where QL and QC are the Q-factors oi the L and C elements o1 the iilter.
In this examnple, QC is teaxen as int'inity (dc = 0) and ror dirrerent values
of (= 50, 100, 200, %00, 20,000, 100,000,000) a set of insertion loss

curves is cbtained as shown in figs. 7.2.1-3.
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CO:ICLUSTIC. 5

A nev formulation for inserticn loss and phace «f a filter Is cun-
sidered. The desim procedure of lussless imase parameter filters is
described b:r using this new furmndlation. The discussion is fucused on
the symmetrical low-pass [ilter. For high-pass and band-pass Tilter de-
sizn, the well-in.am Irecaency transi maations can be used and the jrob-
lem reduced to the low-pass [filter desiym.

Formidas for inserticon funetl 0 of o syametrical iluace paraseter

.

~

filter at ecut-off freguenc, with a reneral terminating nielf sectli.n are

given.

The terminating nalf sections are alsc cunsiderec in detail and suue
{'crmulas .or the element values 01 terminating nhali sections are derived.

In the classical procedures, thne vlock-vand requirenents on insertion
loss runction are reduceda 1o the transier-loss runction by means or
approximation rormulas. this procedure results in allcwing tolerances
vhich, altncush susiicient, are by no means necessary. In this thesis,
vrecise rormulas are developed ror reducing the insertvion loss iwieticn
to the transier-loss function. Consequently, it is poussivle tou minimize
the numoer or secticns to be usea in Jilter design. This new procedure
is dewonstrated thiougn tne use ci an exauple.

After designing the rilter in whicii lcsses are not considered, the
elfect or dissipation on the rilter elements is considered. A digital
computer progra.s is written 1tor determining the inserticn loss and ophase

characteristics ror varicus values ol QL and < This computer prograiu

Co

simpliiies the investigation cn insertion loss and vhase characteristics.
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