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ABSTRACT
PREDICTIVE CONTROL OF A HYBRID POWERTRAIN
By
Jie Yang

Powertrain supervisory control strategy plays an important role in the overall performance of
hybrid electric vehicles (HEVS), especially for fuel economy improvement. The supervisory
control includes power distribution, driver demand fulfillment, battery boundary management, fuel
economy optimization, meeting emissions, etc. Developing an optimal control strategy is quite a
challenge due to the high degrees of freedom introduced by multiple power sources in the hybrid
powertrain. This dissertation focuses on driving torque prediction, battery boundary management,
and fuel economy optimization.

For a hybrid powertrain, when the desired torque (driver torque demand) is over battery
operational limits, the internal combustion (IC) engine needs to be turned on to deliver additional
power (torque) to the powertrain. But the slow response of the IC engine, compared with electric
motors (EMs), prevents it from providing power (torque) immediately. As a result, before the
engine power is ready, the battery has to be over-discharged to provide the desired powertrain
power (torque). This dissertation presents an adaptive recursive prediction algorithm to predict the
future desired torque based on past and current vehicle pedal positions. The recursive nature of the
prediction algorithm reduces the computational load significantly and makes it feasible for real-
time implementation. Two weighting coefficients are introduced to make it possible to rely more
on the data newly sampled and avoid numerical singularity calculations. This improves the
prediction accuracy greatly, and also the prediction algorithm is able to adapt to different driver

behaviors and driving conditions.



Based on the online-predicted desired torque and its error variance, a stochastic predictive
boundary management strategy is proposed in this dissertation. The smallest upper bound of future
desired torque for a given confidence level is obtained based on the predicted desired torque and
prediction error variance and it is used to determine if the engine needs to be proactively turned
on. That is, the engine can be ready to provide power for the “future” when the actual power
(torque) demand exceeds the battery output limits. Correspondingly, the battery over-discharging
duration can be reduced greatly, leading to extended battery life and improved HEV performance.

To optimize powertrain fuel economy, a model predictive control (MPC) strategy is developed
based on the linear quadratic tracking (LQT) approach. The finite horizon LQT control is based
on the discrete-time system model obtained by linearizing the nonlinear HEV and only the first
step of the solution is applied for current control. This process is repeated for each control step.
The effectiveness of the supervisory control strategy is studied and validated in simulations under
typical driving cycles based on a forward power split HEV model. The developed MPC-LQT
control scheme tracks the predicted desired torque trajectory over the prediction horizon,
minimizes the powertrain fuel consumption, maintains the battery state of charge at the desired

level, and operates the battery within its designed boundary.
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CHAPTER 1: INTRODUCTION

1.1 Motivation

Compared to conventional vehicles powered by the internal combustion (IC) engine, hybrid
electric vehicles (HEVs) are able to improve fuel economy with reduced emissions due to the
following reasons. Firstly, part of the vehicle kinetic energy can be recovered through braking-
regeneration; secondly, the IC engine can be turned off under stop or low-load conditions; and last
but not the least, the HEV is able to operate the IC engine at its most efficient conditions with the
help of electric motor and battery [1]. Two of the main challenges for HEVs are the limited useful
life of the battery and the development of a real-time optimal control strategy used to improve the
fuel economy without complete knowledge of future driving conditions.

At low temperatures, the HEV battery is more likely to be over-discharged than at normal
temperatures due to the limited battery capacity, especially under transient operational conditions.
However, frequent or persistent over-discharging could lead to permanent damage and reduced
life of the battery, and hence affect the overall performance of the HEV. As part of the hybrid
powertrain, the IC engine can be used to deliver additional power (torque) to the drivetrain when
the battery capacity is limited and the battery over-discharging would occur. However, the slow
response of the engine, compared with electric motor, prevents it from delivering torque
immediately. Note that it could take half to one second to start the engine and make its power
available. Before the engine power is available, the battery has to be over-discharged to maintain

the powertrain power (torque) output, which could lead to reduced battery life and degraded HEV

1



performance. This often happens at extremely low temperatures. However, if the desired
powertrain power (torque) can be predicted, the IC engine can get ready before the actual power
exceeds the battery capability. In this case, the battery can be operated within its designed
boundary or with reduced over-discharging duration leading to extended battery life, which is
called battery boundary management in this dissertation.

The HEV supervisory control strategy is aimed to improve vehicle fuel economy, and it is a
challenging task to optimize the fuel consumption in real-time without the complete mission
knowledge. In the case that the complete knowledge is available, a global optimization approach,
such as dynamic programming (DP), can be deployed. But this is not the case for practical
applications since the mission information is generally not available. However, when the desired
torque command can be predicted in real-time, this information can be used for optimal equivalent
fuel consumption control over the prediction horizon, where model predictive control (MPC) and

linear quadratic tracking (LQT) are used.

1.2 Research overview
Supervisory control strategy development has many challenges. This dissertation focuses on
battery boundary management and powertrain fuel economy optimization. Figure 1. 1 shows the

supervisory control scheme based upon the predicted desired power (torque) command.
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Figure 1. 1 Supervisory control scheme



As shown in Figure 1. 1 (up—ypedal position; Tqes—desired torque; and Tpre—predicted desired
torque), there are three main topics in this dissertation. Part | studies the desired torque prediction.
Due to real-time application, the prediction algorithm shall have low computational load with
proper prediction accuracy and robustness to different driving behaviors and patterns. Part Il
describes the battery boundary management. Based on the desired torque prediction and its error
variance, the control strategy manages the on-off operation of the IC engine to make engine power
ready before the actual driving power demand exceeds the battery designed operational limits. Part
Il presents developed supervisory control scheme based on MPC and LQT. With prediction
information available online, the MPC supervisory controller follows the predicted desired torque
trajectory, minimizes the total equivalent fuel consumption over the prediction horizon, and at the
same time, maintains the battery state of charge (SOC) at the desired level and keeps the battery

operated within its operational boundary.

1.2.1 Desired torque prediction

Prediction is useful to provide additional information for decision making and is widely used
in many fields, such as statistics, science, engineering, and etc. Motivated by the potential
application to the desired torque prediction in the area of the HEV supervisory control. This
dissertation proposes an adaptive recursive desired torque prediction algorithm and investigates its
feasibility based on past and current desired torque and pedal position information using auto-
regressive with extra input (ARX) model, where both pedal position u, and conditioned pedal
position Tqes (desired toque) are inputs; see Figure 1. 1. In order to obtain the regression gains, the
Least-Squares approach is utilized to minimize the error between actual system outputs and
predictions. For the purpose of reducing the influence of old data and depending more on the

current one, two weighting coefficients are introduced. This makes it possible for the prediction



algorithm to forget old driving patterns and adapt to the new ones. Since the regression gains are
updated online at each step, the prediction algorithm is able to adapt to different driver behaviors
with low computational load for real-time implementation. The effectiveness of the proposed
prediction algorithm is studied and validated in simulations under typical driving cycles and
compared with two existing prediction algorithms: step-by-step and fixed gain prediction. Among
the three algorithms, the proposed one is the best in terms of the guaranteed prediction accuracy,

low computational load, and robustness to different driver behavior and driving patterns.

1.2.2 Battery boundary management

Keeping the hybrid battery operated within its designed boundary is a challenging task
especially at low battery temperatures, and most existing work either limits battery power output
or uses external device to increase the battery temperature so as to expand the battery capacity.
Inspired by the multiple power sources available in an HEV, this research proposes a stochastic
predictive boundary management (SPBM) based on the predicted desired torque and its error
variance. In the hybrid powertrain, the IC engine is modeled as a first order dynamics system with
start delay; the electric motor (or generator) is modeled without dynamics; and the battery capacity,
internal resistant, discharging/charging current are modeled as functions of temperature, and
assume they will not change over the prediction horizon . The proposed SPBM is capable of
proactively turning on the IC engine when the predicted desired power (torque) is greater than the
battery capacity to reduce the battery over-discharging duration. With the predicted desired torque
and its error variance calculated in real-time, the SPBM can be implemented for practical
applications due to its low computation load. The effectiveness of the SPBM is studied and
validated in simulations under typical driving cycles and compared to the PBM and baseline

power-follower strategy (without predictive boundary management), the SPBM reduces the



battery over-discharging duration greatly among the three especially under aggressive driving

cycles leading to improved battery life and HEV performance.

1.2.3 Model predictive control

Another challenge for the HEV supervisory control strategy development is how to optimally
distribute power to the multiple power sources. Based on the desired torque prediction, this
research proposes a model predictive control strategy using linear quadratic tracking (LQT) to
obtain the close-loop control law for optimal power distribution, where the LQT controller is
designed to track the predicted desired torque trajectory and minimize the total equivalent fuel
consumption over the prediction horizon. The total equivalent fuel consumption is defined as the
sum of engine fuel and battery equivalent fuel consumed. The control-oriented nonlinear
powertrain model is linearized and discretized under current operational condition for the control
law calculation. Once the control law is obtained, only the first step of the horizon is used for
current control. Since the performance index is defined as the combination of tracking error and
total equivalent fuel consumption, by carefully selecting the weights, the LQT is able to track the
predicted desired torque, minimize the engine fuel consumption, and keep the battery SOC at the
desired level. In addition, due to the inheritance of engine-on control logic from the battery
boundary management strategy, the LQT is also capable of keeping the battery operated within its
operational boundary.

The effectiveness of the proposed MPC supervisory control strategy is studied and validated
in simulations under typical driving cycles, and also compared with baseline power-follower
control strategy. The MPC-LQT is able to operate the engine at high-efficiency operational region,
leading to significantly improved fuel economy especially under highway or mixed city and

highway driving cycles while maintaining the battery SOC at the target level and keeping the



battery operated within the boundary. The reduced computational load using an approximated

iterative Riccati solution for LQT makes it feasible for real-time implementation with very small

fuel economy penalty.

1.3 Dissertation contributions

The following is a list of major contributions:

A multi-step desired torque prediction algorithm, based on pedal position signal, is
proposed to predict the future desired torque over a given time horizon. In the algorithm,
two weighting coefficients are utilized to rely less on the past data and more on the current
one. This makes it possible for the algorithm to adapt to current driving patterns. Also,
since regression gains are updated online, the proposed algorithm is able to adapt to
different driver behaviors and the low computational load makes it feasible for real-time
applications.

A stochastic predictive boundary management strategy is proposed to reduce the battery
over-discharging duration to extend battery life. The proposed strategy proactively turns
the engine on and makes engine power available to the powertrain based on the predicted
desired torque and its prediction error variance. Most importantly, the adaptive prediction
and its error variance can be calculated in real-time with very low computational load,
which makes the strategy feasible for practical application.

A model predictive supervisory control strategy is developed based on linear quadratic
tracking. The controller tracks the predicted driver torque demand with optimized total
equivalent fuel consumption over a given horizon. At the same time the battery is operated
within its operational boundary and its state of charge is maintained around the desired

level.



1.4 Dissertation outline

The material presented in this dissertation is organized as follows. In chapter 2, an adaptive
recursive prediction algorithm of the desired torque is proposed and compared with two existing
prediction algorithms, step-by-step and fixed-gain prediction ones. The proposed algorithm is
validated through simulations. In chapter 3, a stochastic predictive boundary management strategy
is developed to operate the battery within its operational boundary and reduce over-discharging
duration. The proposed strategy is compared with predictive boundary management and baseline
power-follower scheme and shows significant reduction of battery over-discharging duration. In
chapter 4, a model predictive supervisory control strategy is proposed based on the linear quadratic
tracking that follows the predicted driver torque demand, minimizes the equivalent fuel
consumption over a given horizon, and at the same time maintains the battery within its operational
boundary and battery state of charge close to the target level. The effectiveness of the proposed
strategy is validated under typical driving cycles and compared with power-follower one. Chapter

5 adds conclusions and future work.



CHAPTER 2: ADAPTIVE RECURSIVE PREDICTION OF THE DESIRED

TORQUE

2.1 Introduction

Hybrid electric vehicle (HEV) has sparked the interest of researchers and car manufacturers
for decades [1] due to its capability of improving fuel economy and reducing emissions. The hybrid
powertrain has the freedom to use electric machine (EM) or (and) the internal combustion (IC)
engine to deliver required power to the vehicle wheels [3]. Among the hybrid powertrain
subsystems, battery-EM subsystem has much faster dynamics than an IC engine, and is often
required to provide additional torque (or power) to the vehicle drive-train during the transient
operations, especially during the low speed vehicle operations [4]. This enables the HEV to
outperform conventional vehicles. However, when an HEV is under cold start operations, the
available battery power is significantly reduced due to the cold temperatures [5] [6], and because
of the IC engine start delay, the battery has to provide power at the level beyond its normal
operation limit, which would dramatically shorten the battery life [7]. If the desired torque,
therefore, can be predicted, the 1C engine will be started early when necessary, which reduces the
battery over-discharging duration and keeps the battery operated within the designed operational
boundary, and hence to protect the battery. This makes torque demand prediction important for
extending battery life.

References [1], [8]-[11] develop predictive energy management control strategies to estimate



future torque (power) demand, but the prediction were vision-based and prediction accuracy
cannot be guaranteed. Reference [4] presents a methodology to predict available torque in real-
time for HEVs, and [12] proposes an algorithm for predictive torque control. Although they can
avoid issuing commands to exceed battery capacity, however the protection is very limited and is
not suitable for extending battery life due to single step prediction. In addition, there has been
some research on driver torque prediction, for example [13]-[14], however most of driver torque
predictions are for driving behavior modeling such as power steering torque prediction. There also
were many driver models with even more sophistic frameworks, such as auto-regressive with extra
input (ARX) based models: stochastic switched ARX (SS-ARX) [15], piecewise affine ARX
(PWARX) [16], probability weighted ARX (PrARX) [17][18] and switched ARX (SARX) [19]
(to name a few). Whereas, their focuses are mainly on driver behavior modeling, identification,
and prediction. Gaussian mixture model [20]-[23] and Markov chain model [20], [24]-[25] were
also used to predict powertrain torque. The challenge is to obtain a feasible prediction model based
the training data set for reduced prediction error and to select a proper model order for reduced
computational load. It also worth to mention that both Gaussian matrix and Markov chain
prediction models are with the fixed prediction gains.

Although there are many prediction algorithms in literature, few research was focused on
multi-step prediction of future powertrain desired torque based on the past and current acceleration
pedal position signal. The prediction algorithm can be divided into linear and nonlinear ones,
where the linear method including auto-regressive (AR) model, auto-regressive moving average
(ARMA) model, aforementioned ARX model, and so on; the typical nonlinear prediction adopts
artificial neural networks. Whereas the main challenge to develop a good multi-step prediction

model based upon the past data is to provide accurate prediction using minimal available



information for reduced computational load. References [26], [27], [28], and [31] present a typical
multi-step prediction method, the recursive-one-step (or step-by-step) prediction, which uses the
same prediction model iteratively, and the previous predictions are used along with the sampled
data as inputs to obtain the next prediction. By applying the one-step prediction iteratively, multi-
step prediction can be achieved. For one-step prediction, this technique is comparatively feasible.
However, for multi-step prediction, due to the fact that the predicted data is used for predicting the
next data point, the prediction error could be accumulated and the error increases significantly as
the number of prediction step goes up.

Also, references [26] to [31] provide a method for direct-multi-step prediction. Compared with
the recursive-one-step method, all the input is the measured data, i.e., the predicted data is not used
iteratively for the multi-step prediction, and future signal is predicted directly in one prediction.
Some improvements are achieved due to the elimination of the cumulative error, and
comparatively more accurate results could be obtained [32]. However, for more than one models
are required for direct-multi-step prediction, the computational load is very high, which makes
real-time prediction difficult.

Reference [29] describes a DirRec strategy using the combination of recursive-one-step and
direct-multi-step methods for multi-step prediction. This approach not only provides the prediction
of each step but also validates the information generated from the previous prediction steps.
Although the cumulative prediction error decreases over the recursive-one-step prediction for the
DirRec strategy, the conditional independence of the trained models is not necessarily effective
[33]. As an extension to the above prediction strategies for multiple-input and single-output system,
references [31] and [34] present the case for multi-input and multi-output (MIMO) systems, where

the predicted value is a vector of future values. Nevertheless the conditional independence
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assumption of the DirRec algorithm is removed, the key disadvantage of these prediction strategies
is the reduced prediction flexibility. In summary, the existing prediction work has three major
disadvantages as summarized in [35]. Firstly, low prediction accuracy due to the utilization of the
predicted data for future prediction; secondly, the high cumbersome online computational load
makes it impossible for online applications because of the required matrix calculations; last, the
prediction algorithm tends to converge to a fixed prediction model, which makes it difficult to
adapt to different driving patterns for HEV applications.

Compared with two existing prediction algorithms, step-by-step and fixed-gain prediction ones,
this research proposes an adaptive recursive multi-step prediction algorithm for estimating the
hybrid powertrain torque demand in real-time based upon the ARX model. The proposed algorithm
uses both conditioned and raw acceleration pedal position signals for direct multi-step prediction
instead of iterative step-by-step approach, and the cumulative error is reduced dramatically. Also
two weighting coefficients are introduced. One is used as the forgetting factor for the past data and
it is adaptively adjusted to control the over and under flow problems to improve prediction
accuracy; and the other is the weighting factor for current data used to make regression model
adapt to new driving patterns quickly. Simulation study was conducted to compare three prediction
algorithms under FTP driving cycle, along with the other four typical driving cycles. The study is
also conducted to minimize regression order with the desired accuracy to make the real-time
implementation possible. At last, the robustness to different driver behaviors is investigated by
altering the driver model parameters (“D” gain) in simulation study. The main contribution of this
research is to develop a pedal position based multi-step desired torque prediction algorithm to
predict the future desired torque. In the simulation validation, 50-step prediction was utilized. The

second contribution is the utilizing of « and g to weight the past and incoming data, which weighs
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less on the past (old) data and weighs more on current data. This is very important, since driver
change could totally affect the desired powertrain torque pattern. Weighting more on new data
would be important to have an accurate prediction.

This chapter is organized as follows. Section 2.2 discusses two existing prediction algorithms,
step-by-step and fixed-gain ones, and proposes an adaptive recursive prediction algorithm. A
hybrid vehicle model is described for evaluating the proposed algorithm in section 2.3. Section 2.4
presents the simulation results with respect to the effectiveness of the weighting factors, prediction
errors and computational load of the three algorithms, regression order selection, as well as the

prediction algorithm robustness to different driving patterns. Section 2.5 adds the conclusions.

2.2 Desired torque prediction algorithms

In statistics and signal processing, the AR and ARX models are widely used to represent
certain random processes. For instance, it is often used to describe certain time-varying random
processes with the output variable depending linearly on its previous values and inputs. In this
research, AR and ARX models are selected to predict future powertrain desired torque based upon
current and past acceleration pedal position output (raw pedal position output) and desired torque

demand output (conditioned pedal position output).

2.2.1 Step-by-step prediction algorithm

_Desied & 4 Signal -
Vehicle Speed \\ _,'! U Conditioning Y| Prediction

Pedal

v

VP>

Driver

Figure 2. 1 Step-by-step prediction diagram

The step-by-step prediction algorithm makes one-step prediction based upon current and past

output values. As is shown in Figure 2. 1, values of current and past desired torque demand outputs
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y (conditioned pedal position output) are utilized as inputs for the one-step prediction to estimate
future desired torque yp.

At time step k, AR based one-step prediction model can be expressed by
n-1 .
Y, (k+1)=>"y(k—i)a (k) (1.1)
i=0

where y (k+1)is the one-step ahead prediction based upon the current and past information

y(k —i); nis the number of data points used for the one-step prediction at sample step k; ai(k) (i =

0, 1, ..., n-1) is the AR model weighting coefficients.
To establish the mapping between the predicted and the known outputs, equation (1.1) can be

expressed as the following:
Yo (k+1) =,(k)-0,(k) (1.2)
where vector ¢, (k):[y(k) y(k-1) ... y(k—n+1)] represents the current and past data
that can be obtained by sampling the conditioned pedal output vy; and
C:)n(k) =[a,(k) a(k) ... a_ (k)]T denotes the AR model regression vector at sample step k.

Define the following vectors:

¢,(k—N+1)
b= PN 13)
.00
Yo(k—=N+1) y(k—N +1)
Voo BENID | ye=N+2) L)
yp.(k) y(.k)

Equation (1.1) can be expressed as follows:
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You(k+2) =, ()0, (k) (1.5)
To obtain regression vector (:)n (k) , define the following cost function:
A A 2
Jone-sen (K) = Yo (k) = D (K -D)O, (W), N >1 (16)

The corresponding solution that minimizes the cost defined in equation (1.6) is the Least-

Squares (LS) solution (see [36] and [37]) below, provided the indicated inverse exists.
A AT A -1 A T
0,() =] D} (k- (k-1) | D} (k-1)Y, (k) (L.7)

Note that equation (1.7) can be expressed in the following form to reduce computational load.

N

0, (k) = {z(ﬂ (k=1), (k —1))} [z(p (k —1)y(k)} (18)

k=1
Since the regression vector defined in equation (1.8) can only provide one-step prediction, to
have a multi-step prediction, the step-by-step prediction approach [38] is adopted, where the m-

step prediction y (k +m) can be obtained using the following iterative formulae:

y,(k+j+) =D (k, DO, (K, j), j=1 2, ..., m-1. (1.9)
where
D (K, ) =Ly, (k+]), - Y, (K+D), y(K), -+, y(k+ j+1-n)] (1.10)
and
= L PEADPEEK DD ) ra L B wET L :
6, (k,j+1)=|1 5 )Bk. J_)CT)(T:(k’J.)+J[®n(k,1)+P(k,J)GDc(k, J)yp(k+1)]

e (k, Pk, )] ek, DPK, J)
d (k. Pk, BTk, 1) +1
6,k =0,(K), Pk, =[], ()b, ()| (111)

Pk, j+1) =P(k, j)—[

By applying the algorithm described in equations (1.9) to (1.11) repeatedly forj=1, 2, ..., m-
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1, m-step prediction can be achieved. The algorithm is also summarized in Figure 2. 2.

The disadvantages of the step-by-step prediction algorithm are two-fold: low prediction
accuracy and high computational load due to the inverse calculation described in equation (1.8).
The low prediction accuracy is mainly due to the fact that the predicted output was used repeatedly
during the step-by-step prediction. This will be confirmed in the simulation section. High amount
of computational load is due to the fact that a new regression vector needs to be calculated online

for each prediction.

(Start at sample step k)

v
Initialize j, m, n, N;
Calculate ®(k) using equation (2.8)

Calculate yy(k+j) using
equations (2.9)-(2.11)

Yp(k+m)
using equation (2.2)

Figure 2. 2 Flow chart of step-by-step prediction algorithm

2.2.2 Fixed-gain prediction algorithm

For the fixed-gain prediction, the m-step prediction will be calculated directly without using
the iterative process used in the step-by-step prediction. To improve the prediction accuracy, both
conditioned pedal position output y and raw pedal position output u are used for prediction; see
Figure 2. 3.
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Figure 2. 3 Multi-step prediction diagram

The ARX based fixed-gain multi-step prediction model can be expressed as
n-1 . .
y,(k+m)=>"(y(k—i)a +u(k—i)h) (1.12)
i=0

where y (k+m)is the multi-step prediction based upon the current and past information y(k —i)
andu(k—i);aiand bi (i=0, 1, ..., n-1) are the weighting coefficients of y and u, respectively.
Equation (1.12) can be expressed as follows:
Y, (k+m) =g, (k)-©,, (1.13)

where®,, =[a,, &, ..., a,4, by, b, ..., bn_l]T Is the constant regression coefficient vector and

the data vector ¢, (k)=[y(k), ..., y(k—n+1), u(k), ..., u(k—n+1)] can be obtained by

sampling the conditioned pedal position output y and raw pedal position output u, see Figure 2. 4.

u y
| U(k-n+1) y(k-n+1)
S| u(k-n+2) y(k-n+2)
u(k-1) y(k-1)
Current u(k) y(K)
o | y(k+1)
=
=
© L y(k+m)

Figure 2. 4 Data diagram
Note that the notations used in the fixed-gain prediction subsection are the same as those used
in the step-by-step prediction subsection. Define the following vector in a similar way to the step-

by-step algorithm.
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(DZn(k -N +1)

@, (k) = %”(k_: N+2) (1.14)
P (K)
and we have
Yo n(K+m) =D (K)®,, (1.15)
whereY, , (k+m) is defined in (1.4). Now define the following cost function:
3 s () = [V ()~ @, (k—m)®,, |, N>1 (1.16)

whereY, (k) is defined in (1.4). The LS solution that minimizes the cost in (1.16) is provided
below, assuming the indicated inverse exists.
®,, =[ DL (k—m)D, (k—m)] " @ (k-m)Y, (k) (1.17)
The major difference between the step-by-step and fixed-gain multi-step prediction is that the
ARX regression gain vector is updated in every step for the step-by-step algorithm, while the fixed-
gain one is not. In the fixed-gain algorithm, @Zn is calculated based upon the pre-collected data
and it will not be updated during the online prediction process. Since the driver behaviors could
be quite different for different drivers under different driving cycles, the fixed-gain prediction may

not be able to provide accurate prediction, which leads to the development of the adaptive recursive

prediction algorithm.

2.2.3 Adaptive recursive prediction algorithm
As discussed in the above subsection, the fixed-gain algorithm may not provide satisfactory
prediction since it cannot adapt to different driving pattern and behaviors. This subsection proposes

the adaptive recursive prediction algorithm, where the ARX adaptive recursive multi-step
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prediction model can be expressed as follows,

Y, (K+m) =g, (K)-0,, (k) (1.18)
where yp(k+m) and @,,(K) are defined in (1.12) and (1.13),
0,, (k) =[a,(k), a(k), ..., a,,(K), by(K), b(K), ..., bn_l(k)]T is the ARX model regression

vector at sample step k, and define the following

¥,(0) y(0) ?20(0)

Y, (1) y(@) P20 (1)
Y, (k)= pz , Y(K) = - (k) = E (1.19)

Yo (k) y(k) P20 (K)

Define the multi-step prediction as follows
aY (k+m-1)] [ad(k-1)] -

P - 1.20
[ By, (k+m) } { B () }92”(” (20

where o € (&, 1] (£ >0) and g >1are two weighting coefficients for the iterative regression

prediction algorithm. Note that « is a forgetting factor used for the data sampled in the past, and

£ is used to increase the weight for the current sample data.

To calculate the regression coefficient at each sample, define the following cost function at

time step k.

2

‘]multi—step (k) = ’ N>1 (121)

Y (k=11 [adk-m-1] .
_ K
[ Ay } {ﬁcozn(k—m) }92"( )

The corresponding LS solution that minimizes the cost defined in (1.21) is given below,

provided the indicated inverse exists.

0,,(K) =[ @*@" (k-m-DD(Kk-m-1)+ 5], (k-m)p,,(k—m) |

(1.22)
[ @* @ (k—m-1)Y (k=1) + B¢}, (k —m)y(K) |
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Applying the approach in [38] to avoid matrix inversion in (1.22),
[A+BCD] ' =A*-A'B[DA'B+C*] DA? (1.23)

Let A=a’®" (k-m-)d(k-m-1), B=pp, (k-m), C=1, and D=g,,(k—m) , and

(1.23) becomes
%(k){%[@ (k= -2k -m-1]* ~Z_ [0 (k=m -k -m-1] ¢, (k—m)
o (04

,3_2 B T o N (e B
{az @, (kK—m)[@" (k—m-D)D(k —m-1)] "¢, (k m)+1} (1.24)

P k=) 07 (k—m—l)CD(k—m—l)]_lj
o

@@ (k=m=-1)Y (k1) + B*®" (k—m-1)y(K) ]

Reorganize (1.24) leads to

-1

(Z)zn(k):[qf(k—m—1)q>(k—m-1)]'1q>T(k—m—1)Y(k-1)——z[q>T(k—m-1)q>(k—m-1)] o) (k—m)
o

- ﬂ—z%n(k—m)[ch(k—m—1)<1>(k—m—1)]-1¢;n(k—m)+1] ok -m)[@" (k-m-Dd(k-m-1)]"
(04

@ (k-m-1)Y (k —1)+ﬂ—§[cDT(k ~m-1ok-m-1)] " gl (k —m)y(k)—ﬂ—z
a a

2 -1

[0 (k-m-nok-m-3]" ¢}, (k—m) {/’—z%n(k—m)[@T(k—m—l)@(k—m—l)]1<o;(k—m)+1
(04
O k-m) 20" (-m-Dok-m-3 ] g, (k-m)y(0)

(1.25)
Since
®2n (k-1 = [CIDT (k—m-D)d(k—m —1)]‘1CI>T (k—m-=21Y((k-1) (1.26)

Noted that
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@(k—m—l){“'q)(k_m_z)}, Y(k-l):{“'Y(k_z)} (1.27)
B @y, (k—m-=1) B-yk-1)

(1.26) can also be expressed as the following

0,,(k-1) =[ 2*®" (k—m—-2)D(k—m—2)+ g}, (k—Mm—1)p,, (k- m—1)]’l (L.28)
[ @@ (k—=m=2)Y (k=2)+ B*p;, (k—m—-D)y(k-1)]
Letting
Pk-1=[@" (k-m-Dok-m-1]" (1.29)
Due to (1.27), equation (1.29) is also in the following form,

P(k-1) =[&*®" (k-m—-2)d(k —m—2)+B°p] (k —m—1)¢2n(k—m—1)]‘l (1.30)

Based upon (1.26) and (1.29), (1.25) can be simplified as

&, (k) = (u P m‘f;((ijlm);‘ﬁn((kk_‘m”)‘)+ T ](ézn(k ) +Z_z P(K)g5, (k - m)y(k>j
(1.31)
Since
P(k) =[ @@ (k—-m-1)®(k —m-1)+5p], (k —m)p,, (k - m)}’l (1.32)
then we have
0= Pl [' T ‘1)] -

Noted that P(k) can be expressed as the following to guarantee that it is symmetric during the

numerical calculations:

P(k) :i[P(k ~1)-

2 (1.34)
a

(@on(k—m)P(k-1))" @,,(k —m)P(k ~1)
¢2n (k - m)P(k _1)¢;n (k - m) +a2 /182

Therefore the adaptive recursive prediction algorithm can be expressed as
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e — _ _ gp;n (k - m)@Zn (k - m) ~ _ a_2 _ T 3
®z”(k)_[' h 1)%n(k—m)P(k—l)(p;n(k—m)mz/ﬂz](%(k D+ Plk-Den (K m)y(k)j

(90 (k—m)P(k~1))" @,, (k—m)P(k ~1)
(02n (k - m)P(k _1)¢;n (k - m) + a2 /IBZ

P(k) =i(P(k—1)—

2
o

~ — -1
©,,(1) =©,,, PQ) =[ @}, 1-m)D, (1—m)]
(1.35)
Note that the initial values of@)2n (1) and P(1) can be obtained using the approach described

in the fixed-gain prediction subsection with pre-collected data. Although the adaptive recursive
algorithm calculates the regression vector online, due to the iterative nature, the computational
load required to execute the algorithm in real-time is relatively low. This will be demonstrated in
subsection 2.4.5.

From the definition in (1.35), it is clear that matrix P(k) (k=1, 2, ...) is a monotonically
decreasing positive semi-definite and symmetric matrix whena = #=1. Since a monotonically
decreasing sequence bounded below will converge to a limit above or equal to its lower bound.
Once P(k) is converged, ©, (k) will become a constant vector, and the algorithm becomes a fixed-
gain prediction algorithm. As a result, the multi-step prediction algorithm will not be able to adapt
to different driver behaviors. However, in the practical application, we would like to let ®2n(k)

change at certain rate to reflect the change of driver behavior, so that the predicted torque will also

affected by the driver behaviors, which is the main motivation that parameters and £ are added

as weighting factors so that the weight of past and current data can be adjusted in the regression
algorithm.

Based upon the definition of P(k —1) in appendix, it is necessary to solve the P(k) iteratively,

since P (k) contains newly sampled information ¢,,(k —m) . Parameter & € (&, 1] is mainly used as
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forgetting factor so that the effect of the old data could be diminished. From equation (1.35), it can

be observed that when o <1, matrix P(k) might not be a monotonically decreasing, since o is

greater than 1. It can also be observed that the past data is weighted by «* , and as k goes to infinity
the effect of the past reduces so that the current data becomes important. In this case, the adaptive
algorithm can adapt to different driving patterns and behaviors.

For vehicles under different driving cycles with different drivers, the driving behavior could
be quite different. To adapt to different driver behaviors, it is desirable to eliminate the influence
of extremely old data and incorporate current ones [39] due to the process changing. In this study,
a is chosen to be less than one to forget the past data, that is, to get the effect of the past data decay

exponentially. The smaller the coefficient« , the faster the past data is discarded. Parameter £ is
used to weight the current data. The bigger the coefficient 3 , the faster the regression model adapts
to current driving behavior.

However, even with a fixed « , the decay rate of the past data could change due to different
driving patterns and behaviors. High decay rate could reduce prediction accuracy due to lack of
enough past information. For instance, when the vehicle is stopped at the traffic light, no new
information will be provided by the acceleration pedal during that period, and the past data is the
only information available for the prediction. To solve this problem, it is proposed to maintain the
size (norm) of matrix P (k) constant by adaptively adjusting parameter « . The following adaptive
scheme is used.

ak)=ak-1)-y-e(k-1), a(k)=sat, (a(k)) (1.36)
where sat_ (-) is a saturation function to keep « € (&, 1]; and y > Ois the adaptive gain. Errore(k)

is defined below
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g(k) =

S|~

_pZ(Pn—”P(k—i)HF)’ e(k) =sat, (€(k)), p>0 (1.37)

where sat,(-) is a saturation function to limit error e(k) to be between —err_ , anderr, , and

err., >0; P, is the given norm target for matrix P(k) ; and

- represents the Frobenius norm.

Fixed-gain ©, P;

!

Initialization
m, n, arﬁ! Pn, k:2,®2n(l):®1, P(l):Pl

<
<€

Y

Calculate adaptive o
using equation (2.36)

\ 4

Currentu(k), y(k) | calculate ©,,(k), P(k) using
- equation (2.35)

A4

yp(k+m)
using equation (2.18)

Sample step k=k+1

Figure 2. 5 Flow chart of adaptive recursive prediction algorithm

From (1.21), one may say that only one parameter (the ratio of « and £ ) is needed for the
recursive regression algorithm since cost function (1.21) is equivalent to the cost function with
o =1and free parameter S . However, for each iteration step, we are minimizing a different cost

function, which makes parameter « independent of . This can be observed from P(k) in (1.35),

where o is an independent parameter. The specific influences of parameters  and S to the

recursive regression prediction will be discussed in the simulation section.
Note that, in this research, the driving data was collected from a PID simulation driver model

based on different driving cycles, which could be different from a real driver on the vehicles or
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driving simulators. Therefore, the future work is to validate the proposed algorithm under actual
driving conditions.
The adaptive recursive prediction algorithm, using fixed-gain regression parameters as initial

regression parameter and updating the regression coefficients online, is shown in Figure 2. 5.

2.3 Hybrid electric vehicle model

\ v.l.:“.w‘" V ‘yi > *i
Driving cycle Driver  Pedal

Desired speed Supervisory
controller

Ta, 0p
o
Actual
e speed
= eels >
- |
Tg, ws

Hybrid powertrain Planetary gear

Invertor

Figure 2. 6 Architecture of the HEV model

There are two different approaches for the HEV modeling: the backward and forward modeling.
The backward model calculates the powertrain fuel consumption based upon the vehicle speed of
a given driving cycle. Therefore, the driver model is not required since it is assumed that the given
driving cycle speed is the vehicle speed. The benefit of the backward vehicle model is its simplicity
and low computational load [40]. This type of model is often used for study vehicle fuel economy.
The forward modeling approach tracks the driving cycle vehicle speed using a driver model, where
the driver model tries to follow the given driving cycle speed. The advantage of the forward
modeling approach is that it simulates the actual vehicle behavior assuming that the driver model
is accurate. It provides practical vehicle simulations with higher computational load than that of
backward model. The forward vehicle model is often used for steady transient vehicle performance
study such as fuel economy and emissions.

The HEV model is constructed in the MATLAB/Simulink, which is shown in Figure 2. 6.
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2.3.1 Driver model
The driver model consists of two PID controllers: one is for controlling the accelerator pedal,

and the other is for brake pedal, see Figure 2. 7. Both controllers using the vehicle speed error as

the input.
Desired Accelerator
Vehicle Speed _ | Accelerator Pedal Pedal Signal
N "] PID Controller i} -
Actural Brake
Vehicle Speed _ Brake Pedal Pedal Signal
PID Controller

Figure 2. 7 Driver model

The driver model control parameters are shown in Table 2. 1. These parameters are tuned to
minimize the vehicle speed tracking error. Note that the parameters can also be tuned to reflect
different driver behaviors, and usually relatively high “D” gain represents aggressive driver
behavior. Meanwhile, to let powertrain subsystem have the proper acceleration pedal information,
a first order low pass filter is used to condition the raw pedal position output signal; see Figure 2.
1 and Figure 2. 3. The low pass filter parameter is included in Table 2. 1.

Table 2. 1 Driver model control parameters
Item Parameter Value
Proportional gain, K, 150
Integral gain, K; 10

Derivative gain, Kg 0 (default)
Proportional gain, K, 200

Accelerator Pedal
PID Controller

Brake Pedal .

PID Controller Inte_gral_ gain, _K. 0.01
Derivative gain, Kq 0

Low Pass Filter Time constant, ¢ 0.05

2.3.2 Hybrid powertrain model
The hybrid powertrain model includes an IC engine, two EMs and a planetary gear. EM can
work as a generator or a motor. At low speeds, the vehicle can be powered by EMs and/or the IC

engine; see Figure 2. 6.
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2.3.2.1 1C Engine model

The output power of the IC engine is modeled as a function of fueling input m, below

,P=—P+n,(,, @) P,,(m,H,,) P.=T.a (1.38)
where P, is the IC engine power output; 7, is the efficiency map of the IC engine as a function of
engine output torque T, and speed @, ; 7, is the IC engine time constant; P, is the input fuel
energy as a function of fuel mass flow rate m, and the corresponding fuel low heating valueH ,,, .

2.3.2.2 Electric motor/generator model
Since the response time of EM is much fast than the IC engine [41], the EM is modeled without

dynamics as follows:
I:)m :Tma)m = 77m (Tm1a)m)Pelec (U’ Im) (139)
where Pn is the motor power output and, #m is efficiency map of motor as a function of motor

output torqueT, and speed @, ; P, is the electric power input, a function of electric bus voltageU

lec

and motor current In. When the motor is operated under the generator mode, it is modeled as
Ry =Uly =1,(T,, 0,)R, (T, @) (1.40)

where Pg is the generated power; lg is the generator current; and #g4 is the efficiency map of
generator.
2.3.2.3 Planetary gear model

The planetary gear is connected to all the mechanical power plants and acts as a transmission
to split power between the engine and EMs. For the planetary gear set configuration, the following
equation holds

xR+ oS =aw. (R+S) (1.412)
where o, , @ , and .. are the rotational speed of ring gear, sun gear, and carrier gear, respectively;
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and R and S are the number of ring and sun gear teeth, respectively.

The rotational gear speeds and torques satisfy the following equations,

0, =0, =0:.(1+R/S)—w;R/S,

a)B = a)R = Uveh fd /rw (142)

w, = O

T,=T, =-T.S/(R+YS)
T, =T, =Fr,/ f,-T.R/(R+S) (1.43)
T, =T,

wherev,,, is the vehicle linear speed; f, is the final drive ratio; r,, is the radius of the wheel; T, T,

and T, are the ring gear, sun gear and carrier gear torques, respectively; and F, is the traction force.

2.3.2.4 Battery model
Battery state of charge (SOC) model is relatively complicated compared with other subsystem
models in an HEV. The simple and effective Rint model [42] is used and, the estimation of SOC

can be expressed as follows:

S O C _ Ahmax - Ahused ncoulomb (144)
Ah

max

where 7., 1S the coulomb efficiency of the battery, Ah, . is the maximum capacity of the

battery, and Ah_, is the used capacity of the battery.

used
Noticed that SOC should be maintained within its predefined bounds to protect the battery for
extended life.
Thermal model was also developed to monitor the effects of the average internal battery
temperature to be used to estimate the battery capacity under driving condition, and the model is

based upon as the following equation:
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T

bat

:thdr (1.45)

0 My - Cp

where Q__ is the heat generated by the battery calculated from coulomb and internal resistance

gen

losses; Q. is the combined heat of the conduction and convection from the battery to the air; m,,,

case
is the mass of energy storage module; C, is the average heat capacity of the module. Note that the

battery temperature changes gradually under a driving cycle and the desired driving toque changes
at amuch fast rate. In the simulation study in this research the battery capacity within the prediction

horizon is based upon the current battery temperature.

2.3.3 Supervisory controller

Table 2. 2 Technical and simulation parameters of the HEV

Item Parameter Value
Vehicle  Mass 2956 kg
Type and description 90-degree V-type, liquid-cooled
Engine Power output 345 hp (257.2 kW) @ 5300 rpm
Torque 380 Ib-ft. (515.2 N.m) @ 4200 rpm
Maximum Engine Speed 5800 rpm
Type Brushless permanent magnet
Generator Rated/Peak power 100/150kW
Type Brushless permanent magnet
EM Rated/Peak power 200 /300 kW
Maximum torque 1300 N.m
Speed range 0-5000 r/min
Type Lithium battery pack
Battery = Rated voltage, VVoltagerange 360V, 300-420 V
Rated capacity 90 Ah
Default driving cycle FTP
simulation Battgry_ initial temperature  -30°C
Prediction steps 50 (0.5s)

Simulation solver

Fixed-step, 0.01s

Based upon the driving torque (desired torque) demand, the supervisory controller controls the
IC engine and electric machine powers on the basis of the sub-system states such as SOC, engine

and EM speed and load to meet the torque requirement. Noted that the prediction algorithm is part
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of the supervisory controller located right after the driver model; see Figure 2. 6. It uses both the
raw and conditioned acceleration pedal position (desired torque) signals as inputs to predict future

desired torque. The detailed control strategy is not provided here.

The main technical parameters of the HEV and simulation variables in this research are listed

in Table 2. 2.
2.4 Simulation study and validation

2.4.1 Weighting factor effect

10’

10°

10°

10"

[IPCII

10°
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0 500 1000 1500 2000 2478

Time (sec)

Figure 2.8 |P(k)|_trace withx = 8 =1 under FTP driving cycle

From equation (1.35) it can be observed that when o = #=1,|P(k)|. is a monotonically

decreasing function of time. Figure 2. 8 shows that under the FTP driving cycle ||P(k)|_would
gradually converge to zero as time increases, leading to a fixed-gain prediction as described in
subsection 2.2.3. This could result in low prediction accuracy since the prediction algorithm cannot

adaptive to the different driving patterns and behaviors.

However, letting o to be a constant less than 1, for example & = 0.999 with £ =1, could lead to

29



unbounded ||P(k)|. and may result in increasing prediction errors. Therefore, a non-constant
adaptive « proposed in (1.36) is required.

The adaptive « algorithm described in equations (1.36) and (1.37) has a few parameters to be
selected. The following list describes the parameter selection process:

Saturation bounds fora : The upper bound for e is 1 since « greater than 1 leads to over
emphasizing the past data; and the lower bound of « is equal to & <1and was selected as 0.9995
for this application to make sure that the past data will be forgotten gradually. Note that the
forgiving effect of the given « over time is dependent on the sample period of the prediction
algorithm. For the same forgiving effect, the required a approaches one as the sample period
reduces. Since the sample period is 0.01s, the selected & is very close one at 0.9995. The selected

bounds are shown in Table 4.

Adaptive gainy: Parametery is related to the convergence rate of |P(k)||. . Large j leads to
fast convergence but could also cause the adaptive process unstable so it is a tune coefficient  is

selected as3x107°: see Table 2. 3.

Error bounds fore(k) : Error bounds are used to limit the effect of large error to a fairly slow
adaptive process. The absolute bounderr, ., was selected to be 10% of P, in this study.

Table 2. 3 Influence of prediction steps (FTP cycle)

Item Value Item Value
sat, (@)  [0.9995,1] | sat,(e)  [-40,40]
P 10 4 3x10°
P, 4x10? m 50

Parameters p and P,: These two parameters are tuned to have the minimal prediction error;

see values in Table 2. 3.

The simulation is conducted under the FTP driving cycle with the parameters shown in Table
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2. 3, and | P(k)||.. converges to its target value 4x10° within about 50 seconds and remains at the

same level afterwards; see in Figure 2. 9. The « stays between its saturated range [0.9995, 1]. From
Figure 2. 9 it can also be observed that adaptive coefficient o equals to one when the vehicle speed
is close to constant or zero. Note that in this case the acceleration pedal position will also remain
close to constant, leading to almost no new information provided. In this case, coefficient« is

selected to one so that the past information will not be forgotten and can be used for prediction.

=z
=

N
o

ﬂmf MHFMHM e ﬂﬂ) Wﬂ
T
\

Vehicle Speed
(FTP cycle)

N
o o
==
I —

|

1
0.9998 -
3

0.9996 ‘ HH

0.9994
10

PRIl
S

2
10
0 500 1000 1500 2000 2478

Time (sec)

Figure 2.9 |P(k)|_and adaptive & changing with g =1
Parameter 4 is mainly used to influence prediction performance at the beginning, so that the

initial prediction error can be reduced. This is due to the fact that as prediction continues, the

influence of g would be significantly reduced. Figure 2. 10 shows prediction error variations as g
changes witha =1. It can be observed that as g increases, the initial predictive error reduces
significantly and the error remains almost unchanged after 80 seconds. Also, when g is greater

than 20, the initial prediction error improves a little. Therefore, s was chosen to be 20.
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Figure 2. 10 Influence of g

2.4.2 Prediction algorithm validation and comparison
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Figure 2. 11 50-step step-by-step prediction

The step-by-step prediction algorithm described in Figure 2. 2 of subsection 2.2.1 realizes m-
step prediction by iteratively applying equations (1.9) to (1.11) for m times. However, the
prediction errors could be fairly high due to the error accumulation by repeatedly using equations
(1.9) to (1.11). The other disadvantage is that the raw pedal position output is not used. Figure 2.
11 shows step-by-step prediction results for m=50, where the dotted line represents predictive
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torque for the first 600 seconds of the FTP cycle, and the solid one is the torque demand
(conditioned pedal position output). It is clear that the peak prediction error is as much as 200%

of its torque demand, indicating that it cannot be used in practice.
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Figure 2. 12 50-step fixed-gain prediction

Fixed-gain prediction algorithm is capable of making multi-step prediction directly based upon
both conditioned and raw pedal position outputs. However, the regression gain is fixed and is not
updated online. Although the fixed-gain method gets rid of the cumulated error, the prediction
error is still fairly high. Figure 2. 12 shows the 50-step fixed-gain prediction results, where the
dotted and solid lines represent the predicted torque and actual torque demand, respectively. It can
be seen that the peak torque error reduced notably from 200% to 22% over the first 600 seconds
of the FTP driving cycle, but the prediction error is still too high to be applied in applications. Note
that there is also a steady state prediction error between 400s and 600s (see Figure 2. 12) since the
DC-gain is not equal to one for the fixed-gain prediction transfer function.

The adaptive recursive prediction algorithm is proposed to overcome drawbacks of both step-
by-step and fixed-gain prediction algorithms with following features:

Regression gain is updated online to adapt to different driving patterns and behaviors.
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Weighting factors (o and g ) are introduced to scale the past and current data; and « is
adaptively adjusted also to overcome the numerical over and under flow issues; see the discussion
in subsections 2.2.3 and 2.4.1.

Online computational load is significantly reduced due to the iterative nature, and it will be

discussed in subsection 2.4.5 and therefore, it is suitable for real-time prediction.
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Figure 2. 13 Adaptive recursive prediction

Figure 2. 13 shows the simulation results under the first 600 seconds under FTP driving cycle.
It indicates that the adaptive recursive prediction algorithm reduces the peak prediction error from
22% to approximately 4% comparing with the fixed-gain predictions. This makes the proposed
algorithm the best among the three prediction algorithms. Note that the regression order is chosen
as 6, see the next subsection for the order selection process.

Simulation results indicate that adaptive recursive algorithm provides a fairly good
performance for the multi-step prediction under FTP driving cycle. However, the FTP driving
cycle covers only a certain driving conditions. To check the prediction accuracy under other
conditions, four other typical driving cycles, IM240, NYCC, US06 and ARBO02, are used to

compare with the FTP simulation results. Figure 2. 14 shows the simulation results under all five
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driving cycles, and the peak prediction errors are all below 4% of their torque demand.
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Figure 2. 14 Driving cycle validation

2.4.3 Influence of regression order

As shown in (1.35), for the adaptive recursive algorithm, ¢, (k) contains past data

information, and the regression order (2n) depends on numbers of how many past u and y were
used. Normally, the higher the regression order, the smaller the prediction error. However, too
much past data could also lead to the poor prediction model as indicated below in the simulation
study. On the other hand, high prediction model order would increase the computational load
exponentially, making the online application impossible. The study conducted in this subsection

is to find a proper regression order with satisfactory prediction error.
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Figure 2. 15 Prediction errors with different vector orders

50-step prediction errors with different regression orders under FTP cycle are studied, and the
simulation results are shown in Figure 2. 15. It can be observed that for the fixed-gain prediction,
the maximum prediction errors range from 68% to 22%.The smallest error occurs at regression
order 16. However, for the adaptive recursive prediction algorithm, the maximum predictive error
is under 3.6% over the regression order range from 2 to 24. Although the smallest prediction error
occurs at order 16, the prediction error remains almost constant between order 6 and 16.

Considering the computational load, regression order 6 was chosen due to the following reasons:
e The computational load decreases dramatically from O(10x16%) to O(10x6%) (see
subsection 2.4.5) with a less than 0.03% increment of prediction error;

e The prediction error will be increased significantly if regression order 4 is selected.

2.4.4 Prediction robustness

Prediction robustness to different driver behaviors is an important prediction property. As
stated in subsection 2.2.3, under different driving cycles with different drivers, driving behavior
could be quite different. To have different driver behaviors, the driver model parameter (the
derivative or “D” gain of the PID controller) is adjusted. Therefore, an aggressive or hasty driving
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behavior can be modeled with a relative high “D” gain. As the driving behavior gets aggressive or
hasty, the “D” gain increases. The influence of “D” gain changing on accumulated torque errors

(ATE) is shown in Figure 2. 16, where the ATE is defined as

ATE £ "abs(Torque error) /> abs(Torque) (1.46)
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Figure 2. 16 Comparison of accumulated torque error

It can be observed from Figure 2. 16 that with the increment of derivative gain, the fixed-gain
ATE goes up, while the adaptive recursive ATE remains almost the same, indicating the adaptive
recursive prediction is robust to different driver behaviors, which is a very important property in
practical applications. As stated before, in this research, the driver behavior data is only collected
from a PID driver model based on different driving cycles, which may be quite different from the
data collected from a real driver on a real vehicle or a simulator. Therefore, one of our future works

is to validate the proposed algorithm under actual driving situations.

2.4.5 Prediction error and computational load
Table 2. 4 shows the prediction errors of all three studied prediction algorithms in this research,
where the step-by-step algorithm has the highest prediction errors; the fixed-gain algorithm is with

the medium prediction errors among the three algorithms; and the adaptive recursive algorithm is
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the most accurate one. It is also interest to see associated prediction algorithm computational load
even though it seems unfair to compare the computational efficiency of a recursive algorithm with
a matrix inversion-based algorithm. Note that the computational load of a prediction algorithm can
be expressed as time complexity and formulated as

T(n)=0(f(n)) (1.47)
whereT (n) is the maximum amount of time used for any input of sizell; O(-) is the time complexity
notation; f(n)is the computational load growth rate [43], [44]. The approximate computational
load growth rate are listed in Table 2. 4 for all three algorithms. From Table 2. 4, it can be see that
the adaptive recursive algorithm has the time complexity of O(360) ; the step-by-step algorithm
has the time complexity of O(1664); and the fixed-gain algorithm has the lowest time complexity
of O(16) since its prediction model is not updated online. As a summary, the adaptive recursive

algorithm has the smallest estimation error with relatively low time complexity due to the fact that

there is no matrix inverse calculation with a relatively low regression order 6.

Table 2. 4 Prediction accuracy (n, =8,n, =6)
Step-by-step  Fixed-gain Adaptive recursive

Prediction errors 200% 22% 4%
f(n) 2(n)* +10(n,)? 2n, 10(n,)?
Time Complexity 0O(1664) 0(16) 0O(360)

2.5 Conclusions

Three desired torque prediction algorithms are studied in this research, step-by-step, fixed-gain,
and the proposed adaptive recursive prediction algorithms. Through simulation study under FTP
and other four typical driving cycles, the step-by-step prediction algorithm is not capable of real-

time application due to the heavy computational load requirement and very high prediction error.
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Although the fixed-gain prediction algorithm reduces the computational load significantly with
much lower prediction error than that of the step-by-step one, the prediction error is still too high
to be used in applications. The proposed adaptive recursive prediction algorithm updates the
prediction gains online and its relatively low computational load makes it feasible for real-time
applications. The simulation results also show that the adaptive recursive prediction algorithm
reduces the prediction error significantly with a 4% maximum error. The introduced weighting
factors for the past and current data are the key for improving prediction accuracy and avoiding
the over and under flow issues during recursive calculations. In addition, due to the online updating
of regression gains, the proposed algorithm is also robust to various driver behaviors. Furthermore,
the proposed algorithm has the lowest regression order among the three, leading to significant low

computational load especially compared with the step-by-step prediction algorithm.
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CHAPTER 3: STOCHASTIC PREDICTIVE BATTERY BOUNDARY

MANAGEMENT

3.1 Introduction

Due to the prominent advantages of increased fuel economy with reduced emissions, Hybrid
Electric Vehicles (HEVs) outperform conventional vehicles powered only by the internal
combustion (IC) engine. As stated in the previous work [45], when the driver requested power is
greater than the battery output power limit and the engine is off, slow response of the IC engine,
especially during the crank-start, leads to over-discharge the battery to meet the output power
requirement until the engine is ready. Note that the battery performance decreases significantly
over time especially at low temperature [46]-[47] due to the increment of its internal resistance
and inherent decrement of its energy storage capacity [5]-[6]. Therefore, when the drivetrain torque
is solely provided by the EM(s) under cold start operations with low battery temperature, the
battery is more likely to be over-discharged than at the normal temperature. In this case, the actual
battery power output will exceed its power output limit. Over-discharging is inevitable due to rapid
transient powertrain responses required by real-world driving. However, frequent or persistent
over-discharging will permanently damage the battery, leading to reduced battery life. If the total
battery over-discharging duration is reduced, the battery useful life can be extended. Note that the

battery over-charging is also a very interesting topic but it is not the subject of this chapter.
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Many control schemes have been developed to prevent batteries from over-discharging as
summarized in [48]. Low battery voltage sensing is a widely used method to prevent further power
draw by reducing the EM power output. However, sudden reduction of powertrain power output
not only reduces the driving performance but also puts the vehicle in danger of a collision. Low
battery voltage sensing with power cutback is a similar scheme as the aforementioned one. It
cutbacks the power by certain percentage when the battery reaches the given power threshold. This
approach overcomes the sudden power cutback, but it is difficult to determine the percentage of
the power cutback. State of Charge (SOC) estimation with power cutback scheme is proposed to
limit battery discharging power, but selecting an SOC level to cutback power is a challenge.
Reference [49] presents a road testing result of the ambient temperature influence to the HEV
battery performance but it does not consider how to reduce or eliminate over-discharging.
Reference [5] proposes two approaches to mitigate the impact of low temperature on battery
performance: increasing the battery temperature with an external heater or combining the battery
with a super-capacitor. An energy management strategy is presented in [50] to minimize the battery
usage thereby to extend battery life, where the reduced battery usage is based on a small penalty
on fuel consumption by limiting battery power output instead of preventing battery from over-
discharging.

The literature review indicates that the prior research in this area is limited to either limiting
the battery power output or using external device to increase battery temperature. The disadvantage
of limiting battery power output is the degraded driving performance, and the disadvantage of
using battery heating element is the increment of both system cost and vehicle weight. As a
summary, the existing methods of preventing battery from over-discharging involve only in

powertrain electric subsystems (e.g., EM and battery). However, as part of the hybrid powertrain,
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the IC engine is able to provide additional power to the powertrain when the available electric
power is limited; and once the engine is turned on, the engine can provide additional power to
meeting the driver’s power request and the battery over-discharging can be reduced or eliminated.
However, the main issue is that the slow response characteristics of the IC engine, especially when
the engine is fully stopped, can prevent it from providing the additional power on time. In this
chapter, a stochastic predictive boundary management (SPBM) strategy is proposed based on three
main signals, predicted torque demand [45], prediction error variance, and confidence level (see
subsection 3.3), to proactively turn on the IC engine when the predicted power exceeds current
battery capacity. In this way, the battery over-discharging duration can be significantly reduced.
The prediction error variance is calculated in real-time and used to determine if the engine needs
to be crank-started. A series-parallel forward HEV model [51] is developed in MATLAB/Simulink
for developing and validating the proposed control strategy. In the hybrid powertrain model, the
battery capacity and its maximum discharging/charging current are functions of temperature. That
is, as the temperature decreases the battery maximum output power reduces, so does the maximum
allowed discharging/charging current.

For comparison purpose, two control strategies are used in this chapter: the baseline power-
follower control strategy (PFCS) [42], [52]-[54] (an extension from a series to parallel hybrid
powertrain) and the predictive boundary management strategy (PBM) proposed in [55]. For the
PFCS strategy, once the driving power demand is greater than the battery output power limit, the
IC engine will be turned on to provide additional power to meeting the hybrid powertrain torque
demand. However, it could take more than half second for the engine to be ready to make power
available. While the engine is getting ready, the battery has to be over-discharged to meet the

powertrain power output requirement, which can lead to the reduced battery life. However, based
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on the predicted torque demand, the PBM strategy can proactively turn on the engine half second
(or more) ahead before the actual power demand exceeds the battery output power limit. This
reduces battery over-discharging duration effectively, leading to improved battery life and HEV
performance.

The prediction error stochastic properties are analyzed under five typical driving cycles. It
shows that the prediction error distribution can be modeled as an average of three different normal
distribution functions, where the deviation of each normal distribution function is proportional to
the prediction error variance. Most importantly the prediction error variance can be calculated
online. Therefore, with the predicted torque and online calculated error variance, it is feasible to
find a smallest upper bound of future desired power with a given confidence level. As a result, an
SPBM strategy is proposed, where the smallest upper bound of future desired power is used to
determine if the engine needs to be proactively turned on. Note that the smallest upper bound of
future desired power level is a function of predicted torque, percentage of confidence level, and
prediction error variance. Also, it is found that the percentage of confidence level can be used as a
calibration to balance the battery over-discharging duration and fuel economy penalty. The
effectiveness of SPBM strategy is validated in simulations under five typical driving cycles with
different initial battery temperatures. Significant improvement is achieved over both baseline
PFCS and PBM strategies.

The rest of the chapter is organized as follows. In section 3.2, a simple series-parallel hybrid
vehicle model is presented along with the baseline PFCS. Section 3.3 analyzes the prediction error
stochastic properties. The SPBM strategy is proposed in section 3.4; and simulation results are

provided in section 3.5. Conclusions are added in section 3.6.
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3.2 Hybrid electric vehicle subsystem models and its baseline control strategy
In this chapter, the same hybrid electric vehicle model described in Figure 2. 6 is used, also
including the same driver model described in Figure 2. 7, the same EMB and EMA models

described in (1.39) and (1.40), and planetary gear model described from (1.41) to (1.43).

3.2.1 Hybrid powertrain model

In this subsection, the models of the two main hybrid powertrain components are presented:
IC engine and battery models.
3.2.1.1 IC engine model

The IC engine is described as a first order dynamic subsystem similar to [45]. In the model,

the engine start delay is included, and the output power (P,) is expressed as a function of engine

input energy and engine efficiency map as follows,

{Za=am-ne(n,we)—a, P=To, tzr, 2.1)

P.=0 t<r,

where P, is the I1C engine output power, a product of engine torque T, and speed a, ; P,,, is the engine

e ' ein
input energy and n,is the engine efficiency map; z,is the IC engine time constant; and z is the

engine crank-start delay time.
3.2.1.2 Battery model

The SOC is one of the most important parameters in the battery management system, and in
general it is defined as the ratio of the current battery capacity to the nominal fully-charged battery
capacity [42], [52], [60]-[71]. However, at different temperatures the battery capacity could be
different, and hence the SOC is modeled as a function of both discharging/charging current and
battery temperature. Note that an accurate SOC model can be used to not only protect the battery

from over-discharging but also improve fuel economy. In this chapter, the SOC is one of the
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parameters used to determine when the IC engine shall be turned on or off. Therefore, considering
the impact of temperature to battery capacity, the Ah Coulomb counting method is used for SOC

calculation:

SOC(t) = SOC(tO)—j.%((F-))dT 2.2)

where SOC(t,) is the initial value of SOC; C_ (T) is the maximum battery capacity at temperature
T, and normally the lower the temperature, the lower the battery capacity; » is the Coulomb

efficiency defined as the ratio of discharged capacity to the capacity needed to be charged back to

the initial state of the discharge [66], where  =1for discharging and 7 <1for charging; 1(z) is the

current at time? and it can be calculated using the following formulae

I _ Voc _\/Vozc _4rbat(T)Pbr
(T) - 2rbat (T)
V. = f(SOC, T) (2.3)

rbat(-r) :{

r,(T) charge
r,(T) discharge

where P, is the required battery output power;V,. is the open circuit voltage that is a function of
SOC and T; andr, , (T) is the battery internal resistance and different resistance values are used for

charging and discharging due to the variant concentrations of available reactants for charging and

discharging [67]. The battery current 1(z) satisfies the following constrains:

(2.4)

(7)<l .. (T) 1()>0
{I(T)Zlch—max(-r) I(T)<0

where 1(z) > 0is for discharging, and I (z) <0 for charging; I (T)is the maximum allowed

dis-max

battery discharging current (positive) at temperature T, and | (T) is the maximum allowed

ch-max

battery charging current (negative) at temperature T. Note that I, ... (T)and .. (T) can be

45



calculated based on the constrain of depth of discharge (DOD), and be expressed as

| (T)—VOC Vo
dis-max - rdiS(T)

v (2.5)
Ich—max(T): :_ (T)

whereV is the lower bound of DOD battery voltage that is a function of SOC and temperature T.

Notice that the SOC should be maintained within its predefined operational range to protect
the battery and it can be seen from (2.2) that the SOC rate of variation is inversely proportional to
C..(T) . Therefore, under low temperature with reduced C . (T) , the SOC drops more quickly than
that under normal temperature. Also the DOD is only used to prevent the battery from extremely
over-discharging.

Table 3. 1 Technical parameters of the HEV

Item Parameter Value

Vehicle Mass 1750kg

Engine Power output 43 kW (58hp) @ 4000 rpm
Torque 102 N-m (75Ibf-ft) @4000rpm
Type Brushless permanent magnet

Generator Peak power 15 kW (20hp)
Type Brushless permanent magnet

Motor Peak power 30 kW (40hp) @ 940~ 2000 rpm
Maximum torque 305 N-m (225lbf-ft) @ 0~940 rpm
Type Lithium battery pack

Battery Rated voltage 288V

Rated capacity 6.0 Ah

Thermal model is also developed to monitor the effects of average internal battery temperature

for estimating the battery capacity using the following equation:

T = Ty, (26)

0 mbat ’ Cp

where Q_,, is the heat generated from Coulomb and internal resistance losses; Q,,.. is the combined

gen
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heat of the conduction and convection from the battery to the air; m,,, is the mass of the energy

storage module; cp is the average heat capacity of the module. Since the battery temperature
changes gradually under a driving cycle and the desired driving torque changes at a much fast pace,
in the simulation study, the battery capacity within the prediction horizon is based on the current

battery temperature.

The main parameters of vehicle and powertrain system are listed in Table 3. 1.

3.2.2 Baseline power-follower control strategy

The baseline control strategy is an extension of the equivalent power-follower control strategy
(PFCS) of a series hybrid powertrain [42] to the parallel one. The desired torque (power), battery
power output limit, SOC, vehicle speed, and other parameters are used as primary control
parameters to turn on or off the engine, see Figure 3. 1. When the engine is off, the battery-EM set
is the only power source for the vehicle; and when the engine is on, engine along with the EM set
provides the power for the vehicle operation and charges the battery to target SOC level. Note that

the control strategy was not optimized for fuel economy since it is not the subject of this study.
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Figure 3. 1 PFCS implementation

3.2.2.1 IC engine control logic

The engine control logic can be described below:
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P>R,, or

SOC <SOC, or
SOC >S0C, &R, >F >R &S, (k-1 =1or
SOC, >SOC >80C, &R <R &S, (k-1)=1
{SOC >80C, &P <P, or

SOC >SOC, &P, <P, &S, (k1) =0

Sey (k) = (2.7)

,Imt
where S, (k) =1 means that engine is on; S, (k) =0 indicates that engine is off; S (k-1)
represents the previous step engine state; SOC_and SOCy are the lower and upper bounds of SOC
under normal battery operations, respectively; P, is the driver desired power; B jand R, are the

predetermined battery output power thresholds at a given temperature to form hysteresis to avoid

frequently turning the engine on or off, where B . <R , ..

The control logic is also illustrated in Figure 3. 2, where P, __ is the maximum engine power

€,max
output; the gridded portion is the hysteresis area. Note that both minimal engine on and off

durations are also part of the engine on-off control strategy.
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Figure 3. 2 Engine control diagram of PFCS

3.2.2.2 Power distribution

The corresponding parallel HEV PFCS power distribution is stated as the following,
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0, S,, (k) =0
Pe:
(P=P)+P.  S,(0)=1

5 P, S (k) =0
=P, 5,(k) =1

(2.8)

where P, is the battery power output; P, is the EMB power output; and P, is the generator power
output satisfying the following equation,

P, =P, (SOC, —SOC) (2.9)
where SOCr is the target SOC; and P, is the preselected battery charging power constant.

During the braking operation, the power charged to the battery is expressed as

P,+P,, S, (k=1
Pc—{’* v (2.10)

P, S, (k)=0

The power distribution can also be explained in Table 3. 2.

Table 3. 2 Power distribution

Engine state, Seq(K) 0 1
Engine power output, Pe 0 (Pr-Ps)+Pa
Battery power output, Ppat Pr Ps
Charging power, P¢ Ps Pa+Ps

Since allowing charging current to exceed the battery charging limit could damage the battery
and reduce its useful life, regenerative power needs to be well controlled. The details will not be

described here since it is not the subject of this chapter.

3.3 Prediction error stochastic analysis under different driving cycles
This subsection studies the characteristics of the prediction errors of the adaptive recursive
algorithm. The prediction error can be defined as the difference between the actual and predicted

desired torque as shown in the following,
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(k) =y(k)-y(k) (2.11)
where y(k) is the actual desired torque and §(k) =®,, (k—m)- ¢, (k—m)is the predicted one at

time k. For a given number of data points N, the mean value p and variance o of &(k) can be

calculated as follows.

= %Eg(l)

2:%:\‘23820)

(2.12)

To study the prediction error distribution, simulations were conducted under the FTP driving
cycle. The probability density function (PDF) of the prediction errors is plotted in Figure 3. 3,
where y is the prediction error.
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Figure 3. 3 Prediction error distribution

It shows that the mean of prediction errors is very close to zero (see Table 3. 3 for numerical
values), and its distribution is also close to normal distribution; see the fitted normal distribution
curve (dashed line) with mean (1 = 0) and variance (¢ = 0.4017). The distribution can also be fitted

with improved accuracy by an average of three different normal distributions (see the solid line in
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the figure) with the PDF expressed below,

o, 0)=(N(g, 40)+N(u, 4,0)+N(u, 40))/3 (2.13)
where £ and o are the mean and variance of the prediction errors, respectively; and N(x, 40),
N(u, 4,0)and N(u, A,0) are normal distributions with mean value £ and variances 4,0, 4,0,
and 4,0 , respectively. The coefficients associated with the three distributions are 4, =0.86 ,

A, =0.92and A4, =2.2. This composite normal distribution improves the fitting and reduces the

distribution error over the fitted normal distribution.
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Figure 3. 4 Prediction error distribution under other four typical driving cycles

Simulations were also conducted under other four typical driving cycles, US06, ARB02,
NYCC, and IM240. The prediction error PDFs are plotted in Figure 3. 4 and their means and
variances are provided in Table 3. 3. It is clear that all the mean values of the prediction errors are

extremely close to zero, which indicates that the predicted value represents the statistical mean
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value of the actual signals. Simulation results also demonstrated that PDF fitting expression (2.13)

can also be used for these four typical driving cycles with the same coefficients 4,, 4, and 4,. This

IS very important since in this case only the error variance is needed to determine the PDF.

Table 3. 3 Prediction error distribution in typical driving cycles
Distribution  US06  ARB02 NYCC FTP  1M240
M (mean) 0.0003 0.0012 0.0009 0.0014 0.0018
o(variance) 09494 0.7546 05071 04017 0.4037

Since the adaptive recursive prediction is the Least-Squares (LS) based estimation, the LS

estimation provides zero error mean and the above simulation results confirm that
= I|m ZS(I) E.[e(k)]=0 (2.14)

where E_ (-) is the expectation operator. However, it should be pointed out that as time N goes to

infinity, the computational load to calculate both mean and variance increases. For the purpose of

real-time implementation, the following equations were used

=1 3 ol
e (2.15)
W= 3 0

where N is the number of samples of the moving window for the mean and variance calculation.
Noticed that N should be selected properly to make real-time calculation possible while meeting
the accuracy requirement.

Assuming that data (i) (i=k—N,k—N+1,...,k —=1) is stored in the memory, the mean x(k)

and variance o (k) can be updated using current and 1-step recursive history data as follows:

1 1
(k)= pu(k-1)——e(k —=N)+—e(k)
N N (2.16)

&% (K) :az(k—l)—%gz(k— N)+%52(k)
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Therefore, for the fixed point calculation, selecting the N in the form of 2' (1>0, an integer)
has the advantage of reducing calculation load since the division can be completed by arithmetic

shift of a binary number.
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Figure 3. 5 Probability density function

Since the prediction error is zero mean with known PDF of the averaged three Gaussian
distributions, there are potentials to further reduce the battery over-discharging based upon the
PDF. Asshown in Figure 3. 5, the bell curve is the prediction error PDF. Note that since the mean
of the prediction error is zero, the predicted value is the mean value of the signal. If the predicted
power (torque) value is directly used as the threshold to start the engine (e.g. the PBM case), there
is a 50% chance that the engine will get started proactively to cover the power demand. This is
because there is a 50% chance that the actual desired power (torque) is higher than the mean one
(see Figure 3. 5), where the cumulative probability (or the percentage of confidence level) can be

expressed as the integral of the known PDF.

i @ 2(A0)T oG 220 )T g (- 2 2e0) ]

1
W(ﬂ’a)—gmj_w o + P + o dy

(2.17)
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where y is the given variance multiplier.
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Figure 3. 6 Confidence level profile

Figure 3. 5 shows the PDF of prediction errors for the FTP driving cycle, where the shaded
area represents the cumulative probability (or percentage of confidence level), and it is
proportional to the multiplier (y) of prediction error variance. The bigger the y, the lager the
cumulative probability (shaded area). The relationship between y and the cumulative probability
is plotted in Figure 3. 6.

It is clear that as y goes up, the percentage of cumulative probability is increased from 50% to
100% as listed in Table 3. 4.

Table 3. 4 Relationship between confidence level and y

Y 0 05 1.0 15 2.0 25 3.0 35
Confidence 500 631 744 828 886 922 945 959
level % % % % % % % %
y 4.0 45 5.0 55 6.0 6.5 7.0
Confidence 971 979 985 989 993 995 997
level % % % % % % %

Given a percentage of confidence level along with the predicted powertrain power, a smallest
upper bound of future desired power level can be determined that will be used to proactively turn
on the engine, and hence the battery over-discharged duration can be further reduced, which lead
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to the proposed SPBM strategy. Note that the PBM strategy is a special case of SPBM with 50%

of confidence level (y = 0).

3.4 Battery boundary management strategy
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Figure 3. 7 SPBM implementation

One of the key strategies for a hybrid supervisory controller is to distribute power among
engine, generator, and motor based upon driver demand and current powertrain status. This section
discusses the proposed SPBM strategy. The main advantage of the aforementioned PFCS is its
simplicity. Whereas, similar to other exist hybrid powertrain control systems, the battery is easily
to be over-discharged under the PFCS, leading to reduced battery life and degraded overall HEV
performance. This could happen especially under the transient operations at low ambient
temperature. Since the PFCS uses desired power to determine if the IC engine needs to be turned
on to ensure that enough power is provided to the powertrain. However, it could take more than
half second for an IC engine to crank-start and make power available. During this period, the
battery has to be over-discharged to provide desired power to the powertrain until the engine power
is available. To reduce the overall battery over-discharged power, an SPBM strategy is proposed
based on the predicted desired torque (power) and its prediction error variance to proactively turn
the engine on and make its power available, when the predicted future power with certain

confidence level exceeds current battery output power limit. As a result, the battery over-
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discharging duration can be reduced significantly. For the control strategy implementation, both
current desired torque demand and predicted one with prediction error variance are used as inputs
to hybrid powertrain control system, see Figure 3. 7.

The core of the proposed control strategy consists of two portions. One is using the adaptive
recursive prediction algorithm [45] to estimate future hybrid powertrain desired torque (power)
based upon the current and past desired torque information, see Figure 3. 7. Both the raw and
conditioned acceleration pedal positions (desired torques) are used as inputs for the desired torque
prediction. The other is the prediction error variance calculation based on the current and past
prediction error; see (2.16). Note that both desired torque prediction and its prediction error

variance are calculated in real-time. For an appropriate pre-selected confidence level, the smallest

upper bound of future desired power can be found in terms of ¥ (k) + yo based on the prediction

error variance, where y (k) is the predicted torque at time k. It will be used to determine whether

the engine needs to be proactively turned on; see the discussion at the end of section 3.3.

As demonstrated in section Ill, the predicted value is the mean of the future signal, and the
PBM strategy is a special case of SPBM one with 50% of confidence level (cumulated probability).
The higher the confidence level, the larger the smallest upper bound of the future desired power,
and consequently, the earlier the engine will get crank-started, which further reduces the battery
over-discharging duration. On the other hand, large confidence level could also lead to unnecessary
engine-start. Note that from Figure 3. 6 there is a one-to-one mapping between the percentage of
confidence level and the variance multiplier y. Therefore, for a given percentage of confidence
level (CL), a smallest upper bound of the driving power, y., (k) can be found; see Figure 3. 5,
where

Yo (K) =¥, (K)+yo (2.18)
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Note that the multiplier y is a positive number. The CL needs to be selected properly since high
CL could lead to unnecessary engine-start and the selection needs to balance the reduction of
battery over-discharging duration and unnecessary engine-start. The details of how to select the
confidence level will be addressed in subsection 3.5.4.
3.4.1 Engine control logic

As aforementioned, it could take more than half second for the engine to crank-start and make
the power available to the powertrain. Based upon the raw and conditioned pedal positions, the
prediction algorithm is able to forecast the future desired torque half second ahead. The proposed
SPBM strategy uses the predicted desired torque and its prediction error variance with the given
confidence level to proactively turn on the engine half second in advance to make the engine power
available, which could reduce the battery over-discharging duration greatly and thereby to extend

the useful life of battery.

Based on y,, prediction error variance o, and the given confidence level y, the SPBM engine
control logic, inherited from PFCS, is described as the following:

P,>R, . or

SOC <SOC, or
SOC>80C, &R, >P, >R &S, (k-1)=1or
SOC, >SOC >S0OC, &R, <R &S, (k-1)=1
{SOC >S0C, &P, <R, or

SOC > SOC, &P, <P, &S, (k—1)=0

S,y (k) = (2.19)

JImt

where SOC, SOC,, S, (k-1),R, and R, are defined in (2.7); and P, is the predicted desired

Imt

power which can be expressed as follows.

Py =(yy 7o) e (2.20)

w
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where the predicted desired torque y, can be obtained using the algorithm mentioned in section
3.3; prediction error variance o is calculated on-line; v, is the current vehicle speed; r, is the tire
radius; and f is the final drive ratio from planetary gear to wheel. The control logic can also be

illustrated in Figure 3. 8, where the x-axis is P.and P, , which is different from PFCS.

SocC A
1
— ] Seg(K)=1
SOC Seg(K)=0 if Seg(k-1)=0
v [Z27A Seg(K)=1 if Seg(k-1)=1
C 1 Seg(k)=0
SOC,
-
0 Pb,s Pb,Im‘( Pe,max I:"’84Pd

Figure 3. 8 SPBM engine control logic diagram
There are three engine operation regions in Figure 3. 8. Region 1 is engine-on region (the dark

area), where predicted power is equal to or greater than battery power limit R, . or SOC is equal

Imt
to or below the predefined SOC lower bound. This region can be extended to the adjacent gridded
hysteresis region, Region 2 (the gridded area). In this region the engine state remains unchanged
to prevent the engine from being frequently turned on or off, where SOC is greater than its lower
bound but below its upper bound and predicted power is smaller than the battery output power

limit B, . and greater than battery output power thresholds B, . Region 3 (white area) is the

engine-off region, where SOC is equal to or greater than predefined SOC upper bound and desired

power is smaller than battery output power thresholds B, ;. This region can be extended to the

adjacent gridded hysteresis region as well.

Note that the desired power (torque) is used for engine off control in (2.19) because there is
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almost no engine off delay, i.e., it can be shut down immediately. Also a minimum engine-on and
off time strategies are also used to avoid engine being frequently turned on and off. But the
minimum engine-off time needs to be carefully chosen since long minimum engine-off time [42]
could prevent the engine to be turned on immediately as needed while the minimal-off time is still
active. This could limit reducing the battery over-discharging duration effectively. In this research,
the minimum engine-off time is only used to ensure that the engine is completely turned off before
it is turned on.

For the proposed SPBM strategy power distribution, equations (2.8), (2.9) and (2.10) hold.

3.5 Simulation study and validation

To evaluate the performance of the baseline PFCS, PBM strategy, and the proposed SPBM
strategy, the developed series-parallel HEV model was simulated under five typical driving cycles.
They are US06, ARB02, NYCC, IM240 and FTP, where the US06 and ARBO2 driving cycles are
used to study the influence of aggressive driving behaviors with rapid speed variations after vehicle
start-up; the NYCC cycle is used for studying rich stop-and-go city driving conditions; 1IM240 is
used for highway driving test, and FTP is for the mixed city and highway driving studies. The key
simulation parameters are listed in Table 3. 5.

Table 3. 5 Key simulation parameters

Item Parameter Value
Start response time, s 05s
Engine Time constant, ze 0.015~0.04s

Minimum engine on time  15s
SOC upper bound, SOCy  0.75
SOC lower bound, SOC. 0.45

Batery  Engine start SOC 05
SOC target, SOCt 0.6

Prediction Predic_tion horizon 0.5s
Step size 0.01s
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3.5.1 Battery performance at low temperatures
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Figure 3. 9 Battery temperature, maximum power and internal resistance trace

Figure 3. 9 shows the simulation results of battery temperature, maximum power, and internal
resistance variations under ARBO2 driving cycle with 0°C initial battery temperature. The battery
temperature gradually goes up to around 22°C at the end of ARBO02 driving cycle, and with the
increment of temperature, the battery maximum power is increased correspondingly while the
battery internal resistance decreases.

Figure 3. 10 provides simulation results of the battery performance under ARBO2 driving cycle
at different initial battery temperatures, where positive battery power output indicates battery
discharging and negative one means charging. The battery over-discharging/charging happens
when the battery power output exceeds its limit. Since the battery maximum power is decreased
as the internal resistance increases at low temperatures and so does the power output limit, the
battery is easier to be over-discharged compared with at higher temperatures. For example at -20°C,

the battery is more frequently over-discharged than at 20°C.
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Figure 3. 10 Battery performance at different temperatures

3.5.2 PFCS simulation

Figure 3. 11 shows battery power output and engine on and off status under the US06 driving
cycle at close to 0°C. When the vehicle starts up, the IC engine is off; and once the battery output
power reaches its output power limit at around 90" second, the engine is turned on. Due to the
minimal engine-on time requirement and SOC discharging/charging hysteresis rules (between 0.45
and 0.75), the engine is kept on until the engine off conditions are satisfied around the 520%
seconds.

From equation (2.8), it is clear that when the engine is off (S, =0), the battery-EMB set
provides all the driving power to the powertrain; and while the engine is on (S, =1), the engine

provides majority of the driving power to the drivetrain except under the transient operations. In
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Figure 3. 12, there is a certain EMB torque output when the engine is on at around the 90™, 130",

and 500" seconds, which is due to the relatively slow response of the engine that requires the EMB

to provide additional torque to the drivetrain.
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Figure 3. 11 Battery power output under US06 cycle at 0°C

When the vehicle is under deceleration, the EMB also provides regenerative torque (negative
EMB torque in Figure 3. 12) for braking and generating electricity to charge the battery.

It can also be observed from Figure 3. 12 that there is a short time delay between the engine
desired torque output and the actual one. In order to maintain the powertrain power output at the
desired level, the battery has to provide power at a level that is beyond its normal operational limit,
see the enlarged area in Figure 3. 11. In this case, the battery power output exceeds its output limits
before the engine power becomes available. As stated previously, a short period of over-

discharging is inevitable and might not damage the battery, but frequent or persistence over-
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discharging, especially at low battery temperature (it can be observed in Figure 3. 9 at -30°C case),
could permanent damage the battery, leading to reduced battery life. If the total battery over-
discharging power is reduced, then the battery can be protected and its useful life can be extended,

which leads to the PBM strategy.
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Figure 3. 12 Engine and EMB torque outputs

3.5.3 PBM simulation

Besides the input signals used for baseline control strategy, the predicted desired torque
(power) is directly used as an additional input for the PBM strategy to turn engine on. In order to
validate the PBM strategy and evaluate its performance, simulations were conducted under the
same condition as that for PFCS. As shown in the enlarged area in the top graph of Figure 3. 13,
the battery over-discharging duration is reduced to a certain degree, where the triangle area above
the battery power limit line is reduced to a small dotted-line enclosed triangle area, detailed
(enlarged) plot see Figure 3. 14.

Also, it can be seen from SOC profile in the bottom plot of Figure 3. 13 that once the engine
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is turned on, the battery is being charged. In order to quantify how much battery energy is over-

discharged, the following integration is used as a measure,

t
E(t) = Io(Pb - Pb,lmt)d‘L-’ B> R 2.21)
0’ Pb < I:)b,lm’(
The total reduction of over-discharged energy is defined as
Epe (1)
E (t)= (1—%j (2.22)
EPFCS(t)

where E.g,, (t) and E- (t) represent total over-discharged energy integration under PFCS and

PBM strategy, respectively.
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Figure 3. 13 Reduced battery over-discharging duration

The over-discharged energy reduction can be illustrated in Figure 3. 14, where the gridded area
represents over-discharged energy reduction for the simulation case shown in Figure 3. 13. It is
obvious that after the PBM strategy is applied, the total over-discharged energy is reduced to a

small gray area. Specific simulation data is listed in Table 3. 6.
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Figure 3. 14 Over-discharged power reducing

Simulation results under US06 driving cycle indicates that PBM strategy provides a fairly good
improvement of reducing the battery over-discharging duration. To check the effectiveness of the
PBM strategy, four other typical driving cycles, ARB02, NYCC, IM240, and FTP are selected for
simulation validation, and the results are summarized in Table 3. 6.

Table 3. 6 Over-discharged energy reducing with PBM
Temperature
20C
10C
0C
-10C
-20C
-30C
Average

It can be observed from Table 3. 6 that the PBM strategy performs quite well under five typical
driving cycles especially at low temperature, and is very effective when vehicle is operated under
aggressive driving cycles with high vehicle speed variations, i.e. US06 and ARB02, and the
reduction of the over-discharged energy is more than 65%. Also, under city or mixed city and
highway driving cycle (e.g. FTP), the total over-discharged battery energy is reduced more than
45%. Even under IM240 highway driving cycle, the reduction is still more than 30%. Notice that,

“-”in Table 3. 6 indicates no battery over-discharging occurred.
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3.5.4 SPBM simulation

As mentioned previously, given a percentage of confidence level for the predicted powertrain
power, a smallest upper bound of future desired power level can be found and to be used to
proactively turn on the engine, and hence the battery over-discharged duration can be further
reduced. Note that there exists a one-to-one mapping (Figure 3. 6) between the percentage of
confidence level and the variance multiplier y, and for a given confidence level the corresponding
y can be found. However, large y (high confidence level) could lead to unnecessary engine-start,
therefore, the percentage of confidence level needs to be selected properly to balance the reduction

of battery over-discharge and unnecessary engine-start.
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Figure 3. 15 Over-discharging duration with confidence level

Figure 3. 15 shows that under FTP driving cycle at temperature of -10°C, the battery over-
discharging duration reduction with different confidence level from 50% to 94.5%. Firstly, the
battery over-discharging duration is greatly reduced using PBM over the PFCS strategy, which
was presented in previous subsection. Secondly, the battery over-discharging duration is further
reduced using the SPBM strategy under the confidence levels greater than 50% over the PBM

strategy, and it also shows that the higher the confidence level, the shorter the battery over-
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discharging duration. However, the reduction of the over-discharging energy (area) becomes
smaller as the percentage of confidence level is close to 100%.

On the other hand, as the over-discharging duration is gradually reduced with the increment of
confidence level, the number of engine-start increases significantly at the same time. Figure 3. 16
shows that under FTP driving cycle the integration of the battery over-discharged energy is
reduced from around 360 to 55 (kWh-3.6x10®) as confidence level increases from 50% to 94.5%
(y increases from 0O to 3), whereas, the number of engine-start is increased from 6 to 14. Note that
when confidence level is greater than 88.6% (y > 2), the battery over-discharged energy reduction
is quite limited, for example, as confidence level increases from 88.6% to 94.5% (y increases from
2 to 3), the integration of the over-discharging energy reduction is only 5 from 60 to 55
(kWh-3.6x10®), see Figure 3. 16. There is a trade-off relationship between over-discharged energy
reduction and number of engine-start (increased fuel consumption). Considering the balance
between reduced battery over-discharging duration and the number of unnecessary engine-start,
the confidence level is chosen as 74.4% (y =1).
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Figure 3. 16 Reduced over-discharged energy with number of engine-start
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The goal of studying the trade-off between the reduced over-discharging duration and the
increased number of engine-start is to balance the fuel economy and reduced over-discharging
energy. It can be seen from Figure 3. 17 that as confidence level goes up from 50% to 94.5%, the
fuel consumption increases from 0.355 gallon to 0.371 gallon under FTP driving cycle due to the
increment of number of engine-starts, that is, the increment of confidence level can result in a fuel
economy penalty. For instance, change of confidence level from 50% to 74% leads to 1.9% fuel

economy penalty.

FTP driving cycle
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Figure 3. 17 Fuel consumption under different confidence levels

Simulations are also conducted under four other typical driving cycles, US06, ARB02, NYCC
and IM240 to study the performance of the proposed SPBM strategy at 74.4% confidence level,
and the simulation results are listed in Table 3. 7 using the following error definition similar to

equation (2.22).

Er_SPBM (t)= [1_ IIEESLM((:))} (2.23)
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Table 3. 7 Over-discharged energy reducing with SPBM
Temperature

20°C

10°C

0°C

-10°C

-20°C

-30°C

Average

It can be observed from Table 3. 7 that the proposed SPBM strategy exhibits better
performance over the PBM strategy in Table 3. 6. Under US06 and ARBO2 aggressive driving
cycles, the reduction of the battery over-discharging energy is increased from 69% to 83%; under
FTP and NYCC city or mixed city and highway driving cycles, the improvement is from 47% to

67%; and under IM240 highway driving cycle, the improvement is from 32% to 37%, respectively.

3.6 Conclusions

In order to extend the battery life, a hybrid powertrain stochastic predictive boundary
management (SPBM) strategy is proposed in this chapter to reduce the battery over-discharging
duration. Simulation studies are conducted under five typical driving cycles at different initial
battery temperatures to compare the performance of proposed SPBM strategy with two other
control strategies: the baseline power-follower control strategy (PFCS), and predictive boundary
management (PBM) strategy. Simulation results show that the PFCS cannot effectively prevent
the battery from over-discharging that will lead to the reduced battery life and degraded HEV
performance; the PBM strategy reduces the battery over-discharging duration at certain degree,
however, the proposed SPBM strategy is capable of reducing the battery over-discharging duration
significantly over both PFCS and PBM strategy. The reduction of the average over-discharging

energy is 82% under the aggressive US06 and ARBO2 driving cycles, 67% under the NYCC and
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FTP driving cycles, and 37% under the IM240 highway driving cycle. Most importantly, the
adaptive prediction and its error variance can be calculated in real-time with very low

computational load, which makes the proposed strategy feasible for practical applications.
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CHAPTER 4: MODEL PREDICTIVE CONTROL BASED ON LINEAR

QUADRATIC TRACKING

4.1 Introduction

Compared with traditional vehicles powered by a single power source, the internal combustion
(IC) engine, the hybrid electric vehicles (HEVs) propelled by both engine and electric motor(s) are
able to improve fuel economy with reduced emissions by utilizing regenerative braking power,
efficient power distribution and management [72]-[73]. Typical HEVs (series, parallel, or power-
split configuration) include IC engine, battery, and motor-generator subsystems. Due to the high
degrees of freedom introduced by multiple power sources, HEV powertrains require sophistic
supervisory control strategies to manage multiple power sources for the best fuel economy over
traditional powertrains. Improvement in fuel economy and emissions of HEVs strongly depends
on their supervisory control strategies.

Many HEV supervisory control strategies have been proposed and developed in the past.
Equivalent fuel consumption control is one of the popular strategies studied in literature [42], [74]-
[75], where the cost function is defined as the instant sum of actual fuel and weighted electric
energy (equivalent fuel). However, such a cost function is heavily dependent on the priori
knowledge of the driving conditions or scheduled driving cycles, and relies only on the information

at current instant for one-step ahead control without considering future torque demand.
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Reference [3] provides a model predictive control (MPC) strategy to optimally schedule the
torque split ratio of a parallel hybrid vehicle. The equivalent fuel consumption cost function is
minimized over a prediction horizon, and the prediction is based on the vehicle velocity estimation
provided by telemetry. References [76] and [77] address an MPC scheme for a power-split HEV
to manage the battery with or without the ultra-capacitor package, whereas the prediction is based
on the assumption that torque demand decays exponentially. Literature [78] uses an MPC scheme
to calculate the optimal control inputs for an ecological driving HEV to improve fuel economy,
and the MPC scheme depends greatly on the traffic information of the intelligent transportation
system (ITS). Reference [79] reports an MPC strategy for a torque-split HEV, where the engine
start-stop transient characteristic is considered and the cost includes fuel consumption, equivalent
battery energy, and engine key-on penalty. However, the control assumes that the vehicle future
powertrain torque demands and driving cycle information are available. Reference [80] presents
an energy management strategy for the vehicular electric power system of a series HEV to reduce
the fuel consumption and emissions, where the optimization is based on dynamic programming
(DP) and the control scheme is for an on-off electric generator, and [81] proposes a Markov chain
based stochastic optimal control for plug-in HEV power management.

As a summary, most of the existing work has the following disadvantages. Firstly, the cost
function is designed for the current instant. Secondly, the future powertrain power demand is
predicted based on the assumption that the traffic/or driving cycle information is available in
advance or based on the empirical exponential equation, where the driver behavior is ignored. It is
well known that driver behavior is one of the important factors affecting the fuel economy. Finally,
the optimal control strategy does not guarantee that the battery operates within its operational

boundary and its state of charge (SOC) maintains at the desired level.
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This chapter develops an MPC scheme based on linear quadratic tracking (LQT) control to
distribute power of a power-split HEV to track the driver torque demand utilizing the early work
[45], [82] of the desired-torque prediction. For each step, the LQT controller minimizes the cost
function (a combination of the tracking criterion and equivalent fuel consumption) over the
prediction horizon and at the same time keeps the battery at its desired SOC. The LQT control law
is updated at each step based on the new prediction horizon and powertrain states. In the chapter,
a forward control-oriented hybrid vehicle model is developed in Simulink for designing and
validating the proposed MPC-LQT strategy, and the control-oriented system model is linearized
and discretized at each step and used for calculating the LQT control law. Four main steps are
included in the MPC-LQT control scheme at each sample point: 1) linearizing and discretizing the
system model at current operational condition (this can be done offline); 2) calculating the optimal
LQT solution over the prediction horizon; 3) using the first step of LQT control scheme as the
current control output; and 4) moving the entire prediction horizon to the next operational step.

The effectiveness of the corresponding control strategy is studied in simulations under four
typical driving cycles. Compared with baseline power-follower strategy, the proposed strategy
improves the fuel economy significantly while maintaining the battery SOC at the desired level.
9.9% fuel economy improvement is achieved under the FTP cycle, 7.3% under IM240, 3.6% under
ARBO02, and 3.8% under US06.

Note that solving the LQT problem at each step requires to solve the difference Riccati
equation (DRE) backwards that leads to very high computational load. Two open questions are if
it is feasible to use an approximated Riccati solution to replace the exact DRE solution and what
is the associated penalty to fuel economy. Two possible approximated solutions are investigated:

algebraic Riccati equation (ARE) and iterative ARE solutions; see details in section 4.4. The ARE
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and iterative ARE solutions have a potential of reducing the computational load by 8.3 and 50
times, respectively, comparing with the DRE solution. Simulation results show that the iterative
ARE solution provides better approximation in terms of fuel economy over the ARE one. For
instance, the fuel economy improvement is 9.5% for iterative solution and 9.3% for steady-state
under the FTP cycle. This indicates that iterative (ARE) solution balances the computational load
and fuel economy improvement for the MPC-LQT strategy and makes it possible for real-time
implementation.

The main contribution of this chapter is a real-time feasible MPC-LQT HEV supervisory
control strategy that tracks the predicted driver torque demand with optimized equivalent fuel
consumption over a given horizon. At the same time, it guarantees that SOC remains at the target
level and the battery operates within its operational boundary.

The rest of the chapter is organized as follows. In section 4.2, a simplified HEV system model
is presented. Section 4.3 describes the model predictive control scheme and provides the optimal
solution using LQT control. Section 4.4 investigates the feasibility of approximating the DRE
solution for real-time implementation and simulation results are provided in section 4.5. The last

section adds some conclusions.

4.2 Hybrid electric vehicle system model

In this chapter a forward hybrid vehicle model, shown in Figure 2. 6, is developed and used
for control strategy development and validation.

The hybrid vehicle model includes driver, hybrid powertrain, and vehicle dynamics subsystem
models. For the driver model, it consists of two PID controllers using the vehicle speed error as
input and generates acceleration and brake pedal position control signals. The resulting signals are

conditioned and converted into the desired powertrain driving and braking torques for the
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powertrain supervisory controller to generate control commands for hybrid powertrain
subsystems.

For the hybrid powertrain subsystem model, it includes an IC engine, two electric motors
(EMs), a battery, and a planetary gear set (see Figure 2. 6), where the IC engine is connected to
the carrier gear (C), and the electric motors A and B (denoted by EMA and EMB, respectively)
are connected to the sun gear (S) and ring gear (R) of the planetary gear assembly, respectively. In

the HEV model, both EMs can be operated as a generator but only EMB serves as a traction motor.

4.2.1 Power transmission and vehicle dynamics

Figure 4. 1 shows the free-body diagram of the powertrain and vehicle dynamic systems. The
power generated by the IC engine is split into two paths: mechanical and electrical. The mechanical
path includes the IC engine power transmitted from carrier gear directly to the ring gear that is
connected to the vehicle main driven shaft. The electrical path converts the rest of the IC engine
power to electricity by EMA for charging the battery. EMB, connected to the ring gear, drive the

vehicle directly and to regenerate power during braking.
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Figure 4. 1 Free-body diagram of paver transmission and vehicle dynamics
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In order to obtain the control-oriented dynamic model, four key assumptions are made. They
are a) all the shaft connections in power transmission system are rigid and no mechanical power

loss; b) the inertias of the IC engine and EMs are lumped with the inertias of carrier, sun, and ring
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gears; c) the pinion gears and coupler inertias are ignored; and d) only longitudinal vehicle
dynamics are considered.

The powertrain and vehicle dynamics are modeled as following:

J.o, =T,—~F(S+R) (3.1)

3@, =T, +FS (3.2)

Jgwg =Ty +F-R-T_, (3.3)

Mg Voo, = Tf’“‘f”'r—JrTbrk —%pCd AVe, —M, g ( f, cosd+sing) (3.4)

w

whereJ,, J,,and J;are inertias of the IC engine, EMA, and EMB, respectively; o, , »,, and o,
are the corresponding speeds, andT,, T,, and T, are the torques. F represents the internal force
applied to the planetary pinion gears; T, is the torque output of the powertrain; m,, , V., , I, , and
f, are the vehicle mass, speed, tire radius, and final drive ratio, respectively; g is the
acceleration of gravity; f,is the rolling resistance coefficient; T,,, is the brake torque; o, Cq, and

A are the air density, vehicle drag coefficient and front area, respectively; and R, S, and C are the

numbers of teeth of the ring, sun and carrier gears, respectively. They obey the following
constrains:
@,S + @R =w,(R+S) (3.5
and
Voer, = @1, | T4 (3.6)
By substituting equations (3.5) and (3.6) into (3.1) - (3.4) to eliminate the interaction force F ,

the system model can be simplified below:
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2
{%+JA(R;SJ}@,{?Aﬁgtfﬂ}@f;g+R;STg (3.7)

SZ
R(R+S " (RY
35 o om0, (3] |
S f S
‘ (3.8)
R. T, 1 Wit r .
=Ty ——=T,+ 2 -=pC A 22 —m,,g-2(f, cosd+sind
BT g A f, 2,0 d P £ ven 9 fd( r )

4.2.2 Hybrid battery dynamics
Battery SOC is a very important parameter that reflects the status of the battery energy

reservation. Its dynamics [72], [82] is described by

: V,, — V2 -4r,R
SOC —__¢oc oc bat " bat (39)

215 Cn(T)

whereV,__, 1, , andC_(T) are the battery open-circuit voltage, internal resistance, and capacity,

oc!?

respectively. Note that the battery capacity is a function of temperature T. P, is the battery power
usage that can be expressed as,

Poat = Ta®a + Tg (3.10)
or described as the following for non-regeneration case,

Poat = Toes@s — T, (3.11)

at —

where T, is the desired powertrain torque that is obtained from the acceleration and braking pedal

des

position. Noting that positive battery power indicates discharging and negative represents charging.

4.3 Model predictive control
In this section, a model predictive control (MPC) strategy is presented, where the linear

quadratic tracking (LQT) approach is used to obtain the closed-loop control law for the system
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model discretized at the current operational condition. The LQT control tracks the predicted
desired-torque trajectory over the finite prediction horizon while the equivalent fuel consumption

is optimized and the battery SOC is maintained at the desired level.

4.3.1 Control-oriented system model

Since the hybrid vehicle system model described in (3.7) - (3.9) is nonlinear, the vehicle model
needs to be linearized at each sample time under its current operational condition. Due to the fact
that the brake torque is always an independent input which is from the driver directly, so there are

three input torques for the system,T,, T,, andT, . The linearized powertrain model around an

1 len

operational condition (@,,, @g,, SOC,, Ty, Tr,, Tg,, andT,,,) can be expressed below

E,oC, A0y, | E, Ex(R+S)+E,R -E, :
~ f3E ? E SE E S
{}: S {‘1’8} ° ° ° I, | @312
Wy 0 — E, pCy AT, 05 || s —E, Ey ( R+S ) +E4R E, ||+
I f3E, E, SE, E, |°
where
R+SY R(R+S 6 RY
Ellz‘]e ‘JA( ) ' E12 _E21 = _‘]A ( :_ ) ' E22 :‘]B + mveh (_W] + ‘]A (_j ’ and
S f, S
ED = E11E22 _E12E21 .
The associated linearized SOC model is
SOC =TI, T, +T T, +T . @+, @, (3.13)
where
Ty =[@,(R+S)-awxR]/S/IQ Fo=0,/Q I.=To(R+S)/S/IQ

Tos =(Too—TaR/S)/ Qs Q=-C N3 =40, [ Tao[ @0 (R+S)— 05oR |/ S +Tpqmg |
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Due to the actuator dynamics (engine, EMA, and EMB), the following dynamic equations are

augmented into the linearized system.

Te = _lTe +£Te des
Te Te N
. 1 1
TA = __TA +_TA des (3-14)
TA [
TB = _iTB +iTB des
TB B

wherez,, 7,, and 7, are the time constants of IC engine, EMA, and EMB, respectively; T, .,

Ta s @nd Ty . are the desired torque of IC engine, EMA, and EMB, respectively; and the

relationships between system inputs and fuel m, (or equivalent fuel consumptionm,, ) are,

m = Te_desa)e
"éH LY (3.15)
meq = Zrﬁ[vozc _Voc 020 - 4rbat Pbat :|

bat

where m, is the actual IC engine fuel mass flowrate; H,,,, is the corresponding low heating value

[42] of fuel; n,is the IC engine efficiency varying over the engine operational map; r‘heq is the

equivalent fuel consumption (flowrate) of the battery pack [42]; and C,,, is the equivalent fuel
economy coefficients for the battery defined by

e [1-,(SOC—-SOC, )| discharging

= (3.16)
a,[1+ B,(SOC—-SOC; )| charging

wheree,, «,, p;, and f, are weighting coefficients to be selected to optimize the equivalent fuel

economy and to encourage battery discharging (or charging) when SOC is greater (or less) than

the desired target SOC; ; see [42] for details.
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Since the goal is to minimize the total equivalent fuel consumption and the error between the
actual powertrain output torque and the predicted desired-torque trajectory, the following cost
function is defined,

*y
0

JC=Nj {[Tpre(r)—y(r)]2+(re[rhe(l'e_des,r)]2+req[meq(TA_des,TB_deS,r)]z)}df (3.17)

where t, is the step size; N is the number of prediction steps; r, and r,, are the weighting

coefficients for engine and battery equivalent fuel consumption; andT__(7) is the desired-torque

pre
prediction output based on the past and current desired powertrain torques using the adaptive
recursive prediction algorithm (see [45] for details).

Since the cost function (3.17) is fairly nonlinear due to (3.15) and also the control inputs need

to be converted in terms of m, andm,, let
u=[m, m,] (3.18)
Using (3.11) and (3.15) yields the following equations

/AL
Te_des - @ me
¢ (3.19)
ool e e g Te®
des C eq V ZC?_ €q
bata)B oc bata)B a)B

The linearized model of (3.14) at the same operation condition (@,,, ®g,, SOC,, T,,, T, ,

Tao s Towos Mo @aNd M,y is shown below.

D 1~ -
Te = __Te +Fewea)e +Femme
Te

2 ~ 1 -~

T,=T 0 l.——T, (3.20)
A

2 ~ 1 -~ 5 5 ~

T =TgrTe _Z__TB + g, @, + 15,505 + 1My,
B
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where

r :_ﬂeHLHVmEO r :neHLHV T, :_L r __1(_ R &
o T’ T o, © ,(R+S) P L |R+S  a,,
. .2
r 1 m Moot M T
1—‘Beq = L (1_2 zbat ]) 1—‘BwB == 2 = - ba; ezqo +Te0a)eo ’rBa)e =—0
Z-BCbatta)BO Vochat TBa)BO Cbat Vochat z-Ba)BO

Therefore, equation (3.20) together with (3.12) and (3.13), forms the linearized system

expressed below,

X=AX+Bd _ |m o
~ A‘:., ’ 1 u = ~e ! y: out (321)
y=C.X M,
where
e 0 0o T, 0 0
Te
1 _ _
| R -— 0 0 0 0 r 0
TA em
1 0 0
1—‘BTe O - 1—‘B(ue 1—‘Ba)B O O FB
A% = z-B y BC = O Oeq ’
h E,, (R+ S)+E12R -E, 0 E,pC A r\;’a)BO 0 0 0
E, SE, o f2E, SO
E, En(R+S)+E R E; 0 _EupCyA rlag, 0 - -
E, SE, E, f2E,
L 0 FSA 1_‘sB 1_‘sa)e 1_‘sa)B o_
0 _ fe _
-R/S '|iA
CT = 1 i = B
C 0 1 a’}e
0 C‘?B
| 0 | [sOc|
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Note  that W = Weg +a~)e y (g = Wy +a~)B , SOC :SOCO +SC~)C ) Te =Teo +T; ) TA :TAO +-|:A 1

=T

des

To=Teo+ T, Ty =T+ Toyr T

out out0 out ¥ "A_des

=-TS/(R+S), and T, ~T.R/(R+S).

_des
and the following constraints need to be satisfied to operate the powertrain within its physical
limits,
0<T, <T™; 0< @, <a™; T;" <T, <TJ™; " <@, <af™;
T <T, <T™ o <@, <o™; P™ <R <P™: SOC™ <SOC < SOC™

— YA » "bat — "bat bat

where the superscript “min” and “max” refer to the known lower and upper limit, respectively.
Also note that the battery power constraints, Ph"and ™™, are time-varying as a function of

temperature.
The linearized continuous-time model at current time index “j” is then discretized with a

sample period of 10 ms for the LQT control in discrete-time domain based on [36].

K = A(DX +B, (1), (3.22)
yj,k = Cd(J))ka
where A(j)=e** . By(j)=e™Bz, , Cui=C. . d,=[M,, M|

Ko =[Tia Tim Tim @a @ SOC;, |, andy;, =T, . Note that A (j), B,(j), and
C, (]) need to be linearized at each sampling point “j ” under the current operational condition so

that the LQT control can be utilized. Note the subscript *j” represents the current discrete-time

index and “k” is prediction horizon index.

4.3.2 Linear quadratic tracking
In this subsection, a finite horizon LQT controller is designed based on the linearized discrete-

time system model at current operational condition to track the predicted desired-torque trajectory.
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Considering the system model obtained in (3.22), the discrete-time cost function of (3.17) for
the current time index “ j ’can be written as
W 1~ . T - -
I =5 [T N) =i | QT (5N =31

18 ) (3.23)
+§;{[fpre(j,k)— yj,k] Q[fpre(jik)_ yj,k:|+a},kRaj,k}

where Q is a positive semi-definite symmetric matrix; R=diag[r,, r,,]is a positive definite

symmetric matrix; fpre(j,k)=Tpre(j,k)—Tpre(j,k—l) , and when k=0,T .(J,0)-T, () ; The

es

initial state is X0 the final state X n is free; and N is fixed. This is a typical finite horizon LQT

problem with the following performance output
ej,k :-I:pre(j’k)_yj,k (324)
For the prediction information, it is stored in a reversed buffer in which the newest predicted
desired torque information stays at the end of the buffer while the oldest one is at the beginning,

see Figure 4. 2.

Buffer  Tpre
Tpre(j,1)

T::: N

Tore(j, N-1)
Tpre(j, N) -

New prediction

Figure 4. 2 Prediction buffer

In order to obtain the optimal tracking solution, define the following Hamiltonian function [84].

- 18 (= . S 1 = - ~ ~
H (Xj,k’uj,k ) /lj,k+1) = EZ{[Tpre(Ji k) - yj,k:l Q[Tpre(.li k) - yj,k:|+u-j!-,k Ruj,k}
k=0

+}“j,k+1['°\1 (1%, +By (j)aj'k]

(3.25)
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Based on [84] the optimal state X;, , co-state A;, , and control 0, satisfy the following

equations:
8H ~* ay ~Ax K
PN =Xj,k+1=A\1(J)Xj,k +Bd(J)uj,k (3.26)
j,k+1
8H * T - * T - _\ Ak T - = -
K = lj,k =A (J)j’j,kﬂ +C, (J)QCd (J)Xj,k -Cq (J)QTpre(J’ k) (3.27)
ik
aH T - * ~% ~F _l T - *
. =0=B, (J)/Ij,m +R0;, =0;, =-R7By (J)ﬂ‘j,kﬂ (3.28)
ik

Therefore, the augmented system is

{XH A () —Bd(j)RlBJ(j)}V;kH 0 }f G (3.29)
5 | [CI(1QC (1) A A LCIQ) |

and the terminal condition can be expressed as
ﬁ“:N :CJ(J)QCd (J)XTN _CJ(J)Q-I:pre(J’ N) (330)

Let A, = P;, X;, —9;, and eliminating A}, and 4; ., leads to
P = AT ()P [ 1+ By (DRVB] ()P ] A1) +CJ (DQC, (J) (3.31)

. _ N i N . . ~ .
9ix =AI(J){I ~[Pira+B(DR'BI(J)] B,(})R 1BJ(J)}@J,—,m+CJ(J)QTpm(J,k+1) (3.32)
with the following terminal conditions
P, =Cq (1)QC, (i) and g, , =C; (J)QT,. (i, N) (3.33)

Note that (3.31) is a matrix difference Riccati equation (DRE) that can be solved backwards

using the terminal condition (3.33) and the vector difference equation (3.32) can also be solved

backwards using the terminal condition (3.33). The resulting optimal control G]k can be obtained

for k=0,1, ..., N-1,
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07, =—(R+B] ()P;,1Be (D)) BI ()(PyaaA (D% + ) (3.34)
Finally, at current time index *j”, let Au; =0 5, the MPC-LQT optimal control is
uj=u_,+Au; u,=0and j=0, 1, ... (3.35)

The MPC-LQT control algorithm is also shown in Figure 4. 3.
Note that the engine-on strategy [55], [82], based on the predicted desired torque, is used to

keep the battery operated within its operational boundary.

Current operation point and predictions
®B; e0) ;01 SOC; 51T 05 Tjn0s Tjsor T

j,e0?

mj,eO'mj,er' Tdes(j)'Tpre(j'l)'""Tpre(j’ N)

j,out0?

A\ 4
Discretized system

Xi k1= (J)X,k + By (j)l]j,k
Vix =Cq (J)ijk

v

Solving P = A(DPa[1+B(DRB] (P, ] A +CI (QC, ()
and g,, = A (D1 -[ P+ By (DR7B ()] B, (DR8I (1)} 9,0+ CF (DT KD
backwards with P.v =Ci (J)QC,(j) and g; =CJ ())QT,.(i,N)
v
Obtain optimal control
for k=0,1,...,N-1

for currenttimej

Au; =045 U; = U, +Aug;

u,=0andj=0,1, ...

Figure 4. 3 Flow chart of MPC-LQT algorithm

4.4 Implementation feasibility study

As shown in Figure 4. 3, to solve the matrix sequence P, , , DRE (3.31) needs to be iterated for

N (prediction horizon) times at each step, yielding very high computational load (or time
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complexity). This makes it impossible for real-time implementation. This section intends to find

an approximation of the DRE solution with low computational load.

4.4.1 Steady-state discrete-time Riccati solution
It is well known that as N goes to infinity, the finite horizon Riccati equation becomes the

infinite horizon one. That is, at time index “j ” the Riccati equation solution of (3.31) is a constant
matrix F_>J satisfying the following algebraic Riccati equation (ARE)
P, = A ()P, A (1) +C (DQC, (1) - AT (1)P,B, (1) [ BI (J)P;B, (D) + R] BJ (DP,A(J) (3.36)

Therefore, it is logical to use the ARE solution of infinity horizon problem to approximate the

DRE solution.
0.16
L e [1Py.0 Il2

0.155 [1P1]2
g LN 1 |z lIP]l
S 0.15
& o

0.145

014 1 1 1 1 1 1 1 1 1

350 360 370 380 390 400 410 420 430 440 450

0.015 T T T T T T T T T

————— 170 Byl
1505l | |

0.01

2-norm error

0.005 fih:]

Figure 4. 4 Hpj,o -P, Hzand HPJ.YO -P Hztraces under US06 cycle

Figure 4. 4 shows the 2-norm error trace (dash-dot line) between the first (k = 0) DRE solution

at current step P; ;and ARE solution 5]. under US06 driving cycle, where the error is defined as
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g = H P.,—P, H2 (3.37)

It can be seen from the lower plot of Figure 4. 4 that the maximum relative error defined below

is around 6.8%.

&, =& [Py, )71 (3.38)

The effect of 6.8% relative error to the actual fuel economy will be studied in the next section.

4.4.2 lterative ARE solution

The second approximation is based on the observation that the powertrain operational
condition changes gradually. As a result, the solution of DRE shall also vary slowly. Therefore, it
is possible to approximate the DRE solution by an iterative solution on the following Riccati

equation
By = AT (DPyA (1) +CF ()QC, (1) - A ()P 1By () BY (1)P1B. () + R B] ()P, A (i) (3:39)

where I50 = |50. Using similar absolute and relative error definitions to (3.37) and (3.38) leads to,
A R R -1
€ :Hpj,o - P; HZ and €, =¢, (Hpj,ouz) (3.40)

The associated 2-norm error trace is plotted in Figure 4. 4 (solid line) with around 4.8%

maximum relative error that is less than ARE one.

4.4.3 Computational load
Time complexity is often used to evaluate the computational load of an algorithm and can be
expressed as
T(n)=0(f(n)) (3.41)
where T(n) is the maximum amount of time used for any input size n; O(-) denotes the time

complexity; and f(n) is the growth rate of computational load [45], [43]-[44]. Table 4. 1 lists the
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2-norm error and associated time complexity of three Riccati solution approaches. It can be seen
that the DRE solution has very high time complexity of O(55800) due to the matrix equation solved
backwards iteratively; the ARE solution approach solves the Riccati equation directly and reduces
the time complexity greatly down to O(6696) with a peak 2-norm error of 6.8%; and the iterative
ARE solution has a time complexity of O(1116) with a maximum relative 2-norm error of 4.8%.

Table 4. 1 2-norm error and Time complexity (n=6, N=50)
DRE solution ~ ARE solution Iterative ARE solution

2-norm error (max) - 6.8% 4.8%
Optimization Optimal approximated approximated
Growth rate f(n) N x[5(n®)+n?]  nx[5(n%)+n?] 5(n%)+n?
Time Complexity 0(55800) 0(6696) 0(1116)

Therefore, it is expected that the iterative ARE solution shall provide a good approximation to

the exact DRE solution with significantly reduced time complexity.

4.5 Simulation study and validation

Table 4. 2 Key simulation parameters

Item Parameter Value

Vehicle Mass 1750kg
Start delay 05s

Engine Time constant 0.15s
Power output 41 kW
Max torque 115 N-m

SOC upper bound 0.75
Battery SOC lower bound 0.45

SOC target 0.60
Motor Power output 30 kw
Max torque 320 N-m

The developed forward HEV model (see vehicle parameters in Table 4. 2) was used to study
the performance of the MPC-LQT scheme under four typical driving cycles, US06, ARBO02,
IM240, and FTP, where US06 and ARBO02 are with aggressive driving behavior and fast speed

variations; IM240 is for the highway, and FTP is with mixed city and highway driving.
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4.5.1 Power-follower and MPC-LQT control strategies comparison

Figure 4. 5 shows the simulation results of the power-follower and MPC-LQT control under

USO06 driving cycle, where the DRE solution is used to generate the LQT solution. The weight

coefficients for this simulation are Q =1, r, =35, and r,, =300.

USO06 driving cycle

Reference

Vehicle speed
(mph)
<

————— Tracking

[ o
e

100

(o))
o

————— Power follower
I LQT
1 |

Engine torque
(N-s)

o

400 T T T T

200 -~ ~ F ' ' N i
2000 VT Power follower a

LQT

o
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-400
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----- Power follower

1) LQT
O 0.6 et Ny S M
(,) ----- ‘i-~ ’-r'
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Time (s)

Figure 4. 5 Power-follower and MPC-LQT performance

e Acceleration: Near 10s, 50s, 130s and after 500s, motor assists engine to deliver the required
power;

¢ Engine-on operation: Once the engine is on (see [82] for detailed engine-on strategy), the
MPC-LQT splits the requested power optimally between engine and battery, and both the
engine and motor torque outputs are optimized.

e SOC: The MPC-LQT maintains the SOC close to the target level, and the power-follower

tends to deep discharge the battery.

e Deceleration: the motor is in regeneration mode when the vehicle decelerates, where the
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mechanical energy is converted to electricity to charge the battery at around 25s, 100s, 480s,

and after 500s.

Engine operation points
150 [ T S ——— B —

z 100
()
>
=)
e
[} *
= 50 - — Power follower M
w * LQT
%’-3 Engine max torque
e — Efficiency curve
0'****7—1;_r %@2?77;;;;;;;7;%@724T,,,,,,,,,”77”[”””,,,,,, r T
0 50 100 150 200 250 300 350 400 450
Engine speed (rad/s)
400 r r
s 20
SE
s <
° 200 Power follower
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Figure 4. 6 Engine and motor operation maps under US06 driving cycle

As stated in [42], the fuel economy performance of the internal combustion engine mainly
depends on its operation conditions. Figure 4. 6 shows engine and motor operation maps of both
power-follower and MPC-LQT control strategies, where in the power follower control strategy the
engine output power follows the driver’s requested, and in contrast, the MPC-LQT scheme
considers both engine efficiency and battery operational range. That is, the engine is operated in
its most efficient region and at the same time the battery is protected from over
discharging/charging and its SOC is maintained close to its target. For the battery protection, it is
a part of MPC-LQT control strategy also based on desired torque prediction. That is, once the

predicted powertrain power is greater than the battery capacity, the 1C engine will be turned on
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proactively to provide power to the drivetrain [55], [82]. As a result, the battery over-discharging

duration is reduced and therefore the battery is protected.

4.5.2 Cost function weight selection

Table 4. 3 Optimal weightings line searching (Q=1)
Weightings ~ Tracking error  Fuel consumption

re leq (N-m, RMS) (gallon/ %)
1 10 2.224 0.3178/3.2
5 50 2.736 0.3170/35
10 100 2.892 0.3166 /3.6
20 200 2.966 0.3163/3.7
30 300 3.012 0.3161/3.8
40 400 3.018 0.3161/3.8
50 500 3.024 0.3162 /3.7

Note: RMS means root mean square.

As indicated in the cost function (3.23), Q is a positive semi-definite symmetric matrix
(coefficient in this case), R=diag[r,, r,,]is a positive definite symmetric matrix. Since Q and R
are not independent, Q issetto 1and R (r,, [ ) is used to tune the cost function for the best fuel
economy performance. That is, r, and r,,are utilized as tuning parameters for engine fuel economy
over a given driving cycle. Note that increasing r, leads to reduced engine fuel consumption
relatively over the given horizon and the same for r to battery. In this section, a two-step cost

function weight selection search is conducted to find the best r, andr,, for the best overall fuel

economy under a given driving cycle, where the overall fuel economy is defined as the quantity of

the fuel used for the IC engine plus the equivalent fuel consumption due to the SOC difference at
the start and end of the driving cycle. Firstly, a fixed ratio of 1 to 10 is used for r, andr,,; see
Table 4. 3 and Figure 4. 7. That is, the weighting coefficients are searched along a line where both

r, and r,, are increased linearly. The searching points are listed in Table 4. 3 and shown in Figure
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4.7. The coefficients with the best overall fuel economy are highlighted with bold characters. Note

that in this study the US06 driving cycle is used.

Table 4. 4 Optimal weightings area seeking for best fuel consumption (Q=1)

- o 250 300 350 400 450
25 03162 03162 03162 03163 03163
30 03162 03161 03161 03162 03162
35 03161 03160 03161 03162 0.3162
40 03161 03160 03160 03161 0.3162
45 03161 03161 03161 03162 03162

Once the candidate coefficients with the fixed ratio for the best fuel economy are located, area

search is conducted around the neighborhood of these coefficients, see Table 4. 4.
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Figure 4. 7 Optimal weightings seeking

500

As is shown in Table 4. 3, with the increment of weighting coefficients (re and req) along the

search line, the root mean square (RMS) of tracking error goes up slowly. This is expected since

the relative weighting for tracking error decreases. The overall fuel consumption reaches its

minimal when (r, =30, r,, =300) and (r, =40, r,, =400) marked with black “** in Figure 4. 7.

Therefore, the area used for searching weighting coefficients with the best overall fuel economy

is listed in Table 4. 4 and marked with blue ‘x’ in Figure 4. 7, where the optimal weighting
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coefficients are positioned at three locations marked with red *** and they are (r, =35, r,, =300),

(r,=40, r,=300) , and (r,=40, r,=400) . The optimal weighting coefficients of

e

r,=35and r,, =300 are selected for the rest of study since it has the smallest tracking error with

similar overall fuel economy.

4.5.3 Fuel economy improvement study

For this study the overall fuel economy is defined as the accumulated engine fuel consumption
plus the equivalent fuel consumption due to the SOC difference at start and end of the driving
cycle. Four typical previously mentioned driving cycles are utilized for studying the fuel economy
improvement over the traditional power-follower one, and the total equivalent fuel consumptions
are listed in Table 4. 5.

Table 4. 5 Total equivalent fuel consumptions

Driving cycles Power Backwards/ Steady-state/ Iterative/
(distance, miles) follower Improvement Improvement Improvement

’ (gallon) (gallon/%)  (gallon/%)  (gallon/%)
FTP (11.04) 0.3127 0.2816/9.9  0.2835/9.3  0.2831/9.5
IM240 (1.96) 0.0409 0.0379/7.3  0.0380/7.1  0.0379/7.3
ARBO02 (19.8) 0.7385 0.7122/3.6  0.7127/3.5 0.7126/3.5
US06 (8.01) 0.3286 0.3161/3.8  0.3168/3.6  0.3164/3.7

It can be seen from Table 4. 5 that with exact DRE solution the best fuel economy (9.9%)
improvement is achieved under FTP mixed city and highway driving cycle. Under IM240, the
improvement is 7.3%, and Under ARB02 and US06 are 3.6% and 3.8%, respectively. The reduced
fuel economy for ARBO02 and US06 is due to the aggressive driving behavior and fast vehicle
speed variations. With ARE solution approximating the DRE one, the maximum overall fuel
consumption improvement reduces to 9.3% (from 9.9%) for the FTP cycle, and the improvements

are 7.1%, 3.5%, and 3.6% for IM240, ARB02 and USO06 cycles, respectively. While the
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corresponding improvements with iterative ARE solution approximation are 9.5%, 7.3%, 3.5%
and 3.7%, respectively. Note that they are slightly better than ARE solution case and little worse
than the exact DRE case. The total equivalent fuel economy (consumption) improvements are

plotted in Figure 4. 8.
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Figure 4. 8 Total fuel consumption improvement comparison

It can be observed from Figure 4. 8 that the optimal MPC-LQT control law is able to improve
the overall fuel economy effectively. Using exact DRE solution achieves the best fuel economy
among the three options but with extremely heavy computation load (see subsection 4.4.3 for
details); Using the ARE solution approximation leads the least overall fuel economy improvement;
and the iterative ARE solution approximation yields reasonable overall fuel economy
improvement with computational load reduction of 50 times and it is also feasible for real-time
implementation. Therefore, balancing the overall fuel economy improvement and computational

load, the iterative ARE solution is chosen for MPC-LQT scheme in real-time applications.

4.6 Conclusions
A model predictive control (MPC) scheme, based on linear quadratic tracking (LQT) optimal

control, is presented in this chapter. The proposed MPC-LQT supervisory control strategy tracks
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the predicted driver torque demand and minimizes the equivalent fuel consumption over a given
horizon and at the same time the battery state of charge (SOC) is maintained close to the target
level and the battery is operated within its operational boundary. The effectiveness of the proposed
MPC-LQT control strategy is validated in simulations under four typical driving cycles. Compared
with baseline power-follower control strategy, the fuel economy is greatly improved with the exact
difference Riccati equation (DRE) solution. To be specific, 9.9% is achieved over the traditional
power-follower scheme under FTP driving cycle, 7.3% under 1IM240, 3.6% under ARBO02, and
3.8% under US06. Since the MPC-LQT scheme using the exact DRE solution has extremely high
computational load and it is not feasible for real-time implementation, two approximated solutions
to the DRE are studied: ARE and iterative ARE solutions. The iterative ARE reduces the
computational load dramatically by 50 times with a peak relative error of 4.8% for the Riccati
equation solution and with fairly small overall fuel economy penalty. Therefore, for real-time

implementation, the iterative ARE solution approximation is chosen for MPC-LQT scheme.
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CHAPTER 5: CONCLUSIONS

5.1 Conclusions

This dissertation presents a model predictive supervisory control strategy using linear quadratic
tracking control based on the developed adaptive recursive desired torque prediction algorithm and
stochastic predictive battery boundary management strategy. The conclusions are summarized as
follows.

The proposed adaptive recursive prediction algorithm shows significant improvement over two
exist step-by-step and fixed-gain algorithms based on the simulation results. The step-by-step
prediction algorithm is not capable of real-time application due to the extremely high
computational load and large prediction error. Although the fixed gain prediction algorithm
reduces the computational load greatly with relatively smaller prediction error over step-by-step
one, its prediction error is not low enough for practical applications. The proposed adaptive
recursive prediction algorithm updates its prediction gains online and reduces the prediction error
significantly with only 4% peak error under FTP and other four typical driving cycles. The
introduced two weighting coefficients for the past and current pedal position signals are the key to
improve the prediction accuracy and to avoid numerical over and under flow during real-time
calculations. In addition, the algorithm is robust to different driver behaviors due to the regression
gains updated online. With the extremely low computational load this algorithm is feasible for

real-time implementation.
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The proposed stochastic predictive boundary management (SPBM) strategy greatly reduces
the battery over-discharging duration over the baseline power-follower and non-stochastic
predictive battery boundary management strategies, where the simulation studies was conducted
under typical driving cycles with different initial battery temperatures. The baseline power-
follower control strategy cannot effectively prevent the battery from over-discharging, leading to
reduced battery life and degraded HEV performance; and the non-stochastic predictive boundary
management strategy reduces the battery over-discharging duration to a certain degree, however
the proposed SPBM strategy is able to reduce the battery over-discharging duration significantly
especially under aggressive driving cycles. The average over-discharge energy reduction is 82%
under US06 and ARBO2 driving cycles, 67% under NYCC and FTP driving cycles, and 37% under
IM240 driving cycle. Most importantly, since the desired torque prediction and its error variance
can be calculated online with very low computational load, the proposed SPBM strategy can be
implemented for practical application.

The developed model predictive supervisory control strategy using linear quadratic tracking
(LQT) control greatly improves the HEV performance over baseline power-follower strategy,
where the predicted desired torque is used for LQT and stochastic predictive battery boundary
management was integrated into the model predictive control (MPC). Simulation results show that
the MPC-LQT strategy tracks the predicted driver torque demand, minimizes the total equivalent
fuel consumption, and at the same time maintains the battery SOC close to its desired level while
keeping the battery operating within the designed boundary. The fuel economy is improved
significantly with exact difference Riccati equation (DRE) solution. 9.9% is achieved under FTP
driving cycle, 7.3% under 1M240 cycle, 3.6% under ARBO02 cycle and 3.8% under US06 driving

cycle. Most importantly, after studied two approximation solutions to the difference Riccati
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equation (DRE) used in the LQT control: algebraic Riccati equation (ARE) and iterative ARE

solutions. It is found that compared to exact DRE the iterative ARE solution reduces the

computational load dramatically by 50 times with only 4.8% peak relative error and however, the

overall fuel economy penalty is very small. For real-time implementation, it is recommended to

use the iterative ARE approximation solution for the MPC-LQT control scheme.

5.2 Recommendation for future works

The research work in this dissertation is still in its early stage. There are several technical and

practical issues deserving further investigations:

1)

2)

3)

4)

In this dissertation, within the finite prediction horizon, both the battery
discharging/charging limits and current SOC are assumed to be constants. However, as
stated in chapters 2 and 3, the battery capacity and internal resistance are functions of
temperature. The battery discharging/charging limits and SOC shall be varied within the
prediction horizon.

The maximum prediction horizon is confined to 0.5s. It might not be enough for various
driving conditions. For instance, if the vehicle speed is 50 mph, 0.5s prediction horizon
only lasts 11.2 m in distance.

Road gradient is a very important factor that affects the fuel economy, it should be
considered in future works.

All the algorithms developed in this dissertation are for real-time implementation.
However, they are only validated in the MATLAB/Simulink simulations, real-time

implementation is recommend for future investigations.

98



APPENDIX

99



APPENDIX

APPENDIX A: Key parameters of the HEV

Table A. 1. Key parameters of the HEV

Item Parameter Value Item Parameter Value
air_density p 1.23 kg/m?® vc_idle spd 80 rad/s
CS_eng_on_soc 0.5 veh FA At 3.12 m?
cs_hi_soc 0.75 veh_cargo_mass Mc 0
cs_lo_soc 0.45 veh CD Cd 0.37
cs_target soc 0.60 veh_gravity g 9.8 m/s?
ess_init_soc 0.6 wheel_mass Mw 50 kg
cs_min_off time 3s wheel_radius Ny 0.3m
€S_min_on_time 10s
cyc_grade 0
ess_module_num 40
ess_module_mass 0.9979 kg
fd_ratio fq 3.2667
fc_fuel den pi 749 kg/m®
tX_pg_r R 86
tX_pg_s S 44
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APPENDIX B: HEV MATLAB/Simulink models
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APPENDIX C: System functions

C.1 Adaptive recursive prediction algorithm
% This m code is based on s-function
steps=50;% 50-step prediction;

Betal=20;% weighting factor for current;

y data length=3; % desired torque
u_data length=y data length+l; % pedal position

ne=4* (y data length+u data length); % number of equations for Least-Squares
solotion.
sda=y data length+l+steps+ne; % total sampled data

o

I=eye (2*y data length+l,2*y data length+l);

[

$======initialize the value of u input and y input

yin=block.InputPort (1) .Data;
y_input=block.Dwork(1l) .Data;
y_input(1,:)=[];

y_input=[y input;yin];
block.Dwork(l) .Data=y input;

uin=block.InputPort (2) .Data;
u_input=block.Dwork (2) .Data;
u_input(1l,:)=[];
u_input=[u_input;uin];
block.Dwork(2) .Data=u_input;

y_inputl=y input(sda-y data length:sda-1,1);% y data vector (desired torque);
u_inputl=u input (sda-u_data length+l:sda,1l); % up data vector (pedal
position) ;

phiT=[y inputl;u inputl];

y_input2=y input(sda-y data length:sda-1,1);% y data vector;
u_input2=u input (sda-u _data length+l:sda,l); % u data vector;

phiTl=[y input2;u input2];

$=====]et bk=Dwork (4)
bk=block.Dwork (4) .Data;% current coefficients (denoted as big theta in
dissertation)

s=====1let pk=Dwork (5)==============
pp=block.Dwork (5) .Data; % current recursive P in dissertation
for j=1:(2*y data length+l)
for i=1:(2*y data length+l)
pk(i,J)=pp(i+(j-1)*(2*y data length+l));
end
end
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calculation for trace

o\
o\

ppt 1lmt = 2;
error max=30;
Alphal=block.Dwork (7) .Data;% weighting factor for past data

============gradient
target F norm=400;%block.Dwork (8) .Data; %old
F norm=block.Dwork(6) .Data; %new
errorl=(target F norm-F norm);

normO=block.Dwork (9) .Data;
normO (1, :)=[1;
norm0O=[norm0O;errorl];
block.Dwork (9) .Data=norm0;
norm_error=mean(norm0);

% block.Dwork (8) .Data=block.Dwork (6) .Data;

if norm error<-error max
NOorm error=-error max;
elseif norm error>error max
NOorm error=error max;
end
ppt=norm error;
$==========Conditions for update========Conditions for update
if uin<=0.1 && ppt<=l*ppt Imt && ppt>=-1*ppt Imt %If pedal position is less
than 1%, coefficient doesn't need to be updated.
bkl=bk;
pkl=pk;
Alphal=1;
else
Alphal=Alphal-(5.61e-006) *ppt; % adaptive scheme

ratio=(Betal/Alphal)"2;

bkl=(I-pk*phiT*phiT"'/ (phiT' *pk*phiT+1/ratio)) * (bk+ratio*pk*phiT*yin); %
yin is the current new desired torque data

pk01=(1/Alphal”2) *pk-(1/Alphal”2)* (phiT'*pk)'* (phiT'*pk)/
(phiT'*pk*phiT+1/ratio);

pkl1=0.5* (pk01l+pkO1l"');
end

F norm=norm(pkl, "fro');

yp=phiT1'*bkl;% for output
block.Dwork (3) .Data=yp; % prediction
block.Dwork (4) .Data=bkl; % regressive gains
block.Dwork (5) .Data=ppl; $ P
block.Dwork(6) .Data=F norm; % Norm
block.Dwork (7) .Data=Alphal; % weighting factor for past
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C.2 Prediction error variance algorithm

% This a s-function based m code
dimention=512;
yin=(block.InputPort (1) .Data)"2;
y_input=block.Dwork (1) .Data;
y_input(l,:)=[];
y_input=[y input;yin];
block.Dwork(l) .Data=y input;

Q

sigma=sqrt (sum(y_ input)/dimention) ;% traditional calculation

C.3 MPC-LQT control algorithm

% this m code is s-function based.

Pre in=block.InputPort (1) .Data;
Pre input=block.Dwork(1l) .Data;
Pre input(l,:)=[];

Pre input=[Pre input;Pre in];
block.Dwork(l) .Data=Pre input;

TeO=block.InputPort (2) .Data(l);
weO=block.InputPort (2) .Data(2);
TAO=block.InputPort (2) .Data(3);
wAO=block.InputPort (2) .Data (4);
TBO=block.InputPort (2) .Data(5);
wBO=block.InputPort (2) .Data(6);

PbatMAX=block.InputPort (3). (1
PbatMIN=block.InputPort (3) .Data(2);
Dis Chg=block.InputPort (3). (3
Cbat=block.InputPort (3) .Data(4);
Voc=block.InputPort (3) .Data(5);
Rint=block.InputPort (3) .Data (6);
CM=block.InputPort (3) .Data(7);
SOCO=block.InputPort (3) .Data(8);
TbgO0=block.InputPort (3) .Data(9);

fuel m=block.InputPort (4) .Data;
TdesO=block.InputPort (5) .Data(l);
engineon=block.InputPort (5) .Data(2);
flowrate=block.InputPort (4) .Data;
equalflowrate=block.InputPort (5) .Data;

LowHeatingValue=54;
gS=44;gR=86; % gear numbers
% Matlab for discrete-time tracking system

speedlimit=0.001;

taoe=10;% Making motors 1000 times faster than IC engine.
yitae=42;

ACll=-1/taoce;

AC12=0;AC13=0;AC1l4=0;AC15=0;ACl6=0;

taoA=0.015;
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AC21=-1/taoA*gS/ (gS+gR) ;
AC22=-1/taoA;
AC23=0;AC24=0;AC25=0;AC26=0;

taoB=0.015;
if abs(wB0)<=speedlimit

AC31=0;
else
AC31=-1/taoB* (gR/ (gR+gS) -we0/wB0)
end
AC32=0;

AC33=-1/taoB;
AC34=0;AC35=0;AC36=0;

mveh=1750;JA=0.1;JB=0.1;Je=0.1;rw=0.3876;fd=3.2667;

E11=Je+JA* ( (gS+gR) /gS) *2;
E12=-JA*gR* (gS+gR) /gS/gS;
E22=JB+mveh* (rw/fd) *2+JA* (gR/gS) "2
ED=E11*E22-E12*E12;

AC41=E22/ED;
AC42=(E22* (gS+gR) +E12*gR) / (§JS*ED) ;
AC43=-E12/ED; AC44=0;
AC45=E12*1.2%0.37*3.12*rw"3*wB0/ED/fd/fd/fd;
AC46=0;

AC51=-E12/ED;AC52=- (E12* (gS+gR) +E11*gR) /gS/ED;
AC53=E11/ED;AC54=0;
AC55=-E11%1.2%0.37*3.12*rw*3*wB0/ED/fd/fd/fd;
AC56=0;

oe

[mm, nn]=size (Pre_ input) ;
Tdes=Pre_ input (mm,1);

o\°

oe

demB=-1/CM/sqgrt (Voc*Voc-4*Rint* (TAO*wAO+TBO*wBO0) )
demA=-1/CM/sqgrt (Voc*Voc-4*Rint* (TAO*wAO+TBO*wBO0) )
demAB=-1/CM/sqgrt (Voc*Voc-4*Rint* (TAO0* (we0* (gS+gR) -wBO*gR) /gS+TBO*wBO0) ) ;
AC61=0;
AC62=demAB* (we0* (gS+gR) -wB0*gR) /gS;
AC63=demAB*wBO0;
AC64=demAB*TAO* (gR+gS) /gS;
AC65=demAB* (TBO-TAO*gR/gS) ;
pbat Tdes0*wB0-TeO*we0O- TbgO'
if pbat>=PbatMAX

pbat=PbatMAX;
elseif pbat<=PbatMIN

pbat=PbatMIN;
else
end
dem=1/CM/sqgrt (Voc*Voc-4*Rint*pbat) ;
AC6l=dem*we0;
AC62=0;AC63=0;
AC64=dem*Tel;
AC65=-dem*Tdes0;

o° 0 d° P o° o°

oe
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AC66=0;

MatrixAC=[ACl1l,ACl2,AC13,ACl4,AC15,ACl6; ...
AC21,AC22,AC23,AC24,AC25,AC26; ...
AC31,AC32,AC33,AC34,AC35,AC36; ...
AC41,AC42,AC43,AC44,AC45,AC46; ...
AC51,AC52,AC53,AC54,AC55,AC56; ...
AC61l,AC62,AC63,AC64,AC65,AC66];

% MatrixA=exp (MatrixAC*0.01)

MatrixA=eye (6)+MatrixAC*0.01;

if abs(we0)<=79 || engineon==
BC11=0;
else
% BCll=fuel m;
BCll=1/taoe*yitae*LowHeatingValue/we0;
end
BC12=0;BC21=0;BC22=0;BC31=0;
if wBO==
BC32=0;
else
BC32=1/taoB/Cbat/wB0* (1-2*Rint/Voc/Voc/Cbat) ;
end

BC41=0;BC42=0;BC51=0;BC52=0;BC61=0;BC62=0;

MatrixBC=[BC11l,BC12;BC21,BC22;BC31 BC32;BC41 BC42;BC51 BC52;BC61l BC62];
% MatrixBO=exp (MatrixAC*0.01) *MatrixBC*0.01

$ MatrixB=MatrixBC*0.01;

MatrixB=pinv (MatrixAC) * (exp (MatrixAC*0.01) -eye (6)) *MatrixBC;

MatrixC=[0 -gR/gS 1 0 0 0];

% state weighting matrix Q

MatrixQ=1; % performance index

MatrixR=[35,0;0,300]; % performance index control

MatrixF=1; % performance index weighting matrix F

maxsteps=5;

%% Times4S0OC=2000;

x1 (1) TeO %% initial condition on state x1

x2 (1)=TA %% initial condition on state x2

x3(1)=TBO' %% initial condition on state x3

x4 (1)=welO; %% initial condition on state x4
5(1)=wB0; %% initial condition on state x5
6(1)=S0C0;

xk=[x1(1);x2(1);x3(1);x4(1);x5(1);x6(1)]1;

oe

note that if kf =10 then

k=[k0, kf]=[0 1 2 3 ,...,10]

then we have 11 points and an array x1 should have subscript
x1 (N) with N=1 to 11. This is because x(0) is illegal in array
definition in Matlab. let us use N=kf+1l

kO 0; % the initial instant k 0]

kf=maxsteps-1; % the final instant k f

N=kf+1l; %

for i=1:1:N-1

o e oe

oo
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zk (i)=Pre_input(i);
end
zkf=Pre input (maxsteps);

[n,n]=size (MatrixA); % fixing the order of the system matrix

I=eye(n); % identity matrix T

E=MatrixB*inv (MatrixR) *MatrixB'; % the matrix E=BR" (-1)B'
V=MatrixC'*MatrixQ*MatrixC;

W=MatrixC'*MatrixQ;

% solve matrix difference Riccati equation

% backwards starting from kf to kO

S use the form P(k)=A'P(k+1) [T+EP (k+1)]" (- >A+v

% first fix the final condition S P(k_f)=F

$ g(k_f)= C'FZ(k_f)

% note that P, Q, R, F are all symmatric ij=ji
pkplusl=MatrixC'*MatrixF*MatrixC;
gkplusl=MatrixC'*MatrixF*zkf;

pll (N)=pkplusl (1);pl2 (N)=pkplusl (2);pl3(N)=pkplusl(3);
pld (N)=pkplusl (4);pl5(N)=pkplusl (5);pl6(N)=pkplusl (6);
p21(N)=pkplusl(7);p22(N)=pkplusl(8),p23(N) =pkplusl (9);
P24 (N) =pkplusl (10) ; p25 (N) =pkplusl (11) ;p26 (N)=pkplusl (12);
P31 (N)=pkplusl (13);p32 (N)=pkplusl (14); p33(N)=pkplusl(l5),
P34 (N) =pkplusl (16) ;35 (N)=pkplusl (17);p36 (N)=pkplusl (18);
P41 (N)=pkplusl (19);p42 (N)=pkplusl (20);p43 (N)=pkplusl (21);
P44 (N)=pkplusl (22) ; p45 (N)=pkplusl (23) ;p46 (N)=pkplusl (24);
P51 (N) =pkplusl (25) ;p52 (N) =pkplusl (26) ; p53 (N) =pkplusl (27) ;
P54 (N) =pkplusl (28) ;p55 (N)=pkplusl (29) ;p56 (N) =pkplusl (30) ;
p6l (N)=pkplusl (31) ;p62 (N)=pkplusl (32);p63 (N)=pkplusl (33);
p64 (N)=pkplusl (34) ;p65 (N)=pkplusl (35);p66 (N)=pkplusl (36);
gl (N)=gkplusl (1) ;g2 (N)=gkplusl (2) ;g3 (N)=gkplusl (3);

g4 (N) =gkplusl (4) ;g5 (N) =gkplusl (5) ; g6 (N) =gkplusl (6) ;

for k=N-1:-1:1,

Pk=MatrixA'*pkplusl*inv (I+E*pkplusl) *MatrixA+V;

A

Lk=pinv (MatrixR+MatrixB'*pkplusl*MatrixB) *MatrixB'*pkplusl*MatrixA;

pl4 (k)

p24(

P34 (

p44 (k)

P54 (

p64(

gk=(MatrixA-MatrixB*Lk) '*gkplusl+W*zk (k) ;
pll(k)=Pk(1,1); pl2(k)=Pk(1,2); pl3(k)=Pk(1,3);
pl5(k)=Pk(1,5); pl6 (k)=Pk(1l,6);

p21 (k) =Pk (2,1); p22 (k) =Pk (2,2) ; p23 (k) =Pk (2, 3) ;
p25(k)=Pk(2,5); p26 (k)=Pk(2,6);

p31(k)=Pk(3,1); p32 (k)=Pk(3,2); p33(k)=Pk(3,3);
p35(k)=Pk(3,5); p36(k)=Pk(3,6);

p4l(k)=Pk(4,1); p42(k)=Pk(4,2); p43(k)=Pk(4,3);
p45(k)=Pk(4,5); p46 (k)=Pk(4,06);

p51 (k)=Pk(5,1); p52 (k)=Pk(5,2); p53 (k)=Pk(5,3);
p55 (k) =Pk (5,5); p56 (k) =Pk (5,6);

p61 (k) =Pk (6,1); p62 (k) =Pk (6, 2) ; p63 (k) =Pk (6, 3) ;
P65 (k)=Pk(6,5); p66 (k)=Pk(6,6) ;

pkplusl=Pk;

gl (k)=gk(1l); g2 (k)=gk(2); g3 (k) =gk (3); g4 (k) =gk (4);
g5 (k)=gk(5); g6 (k) =gk (6) ;

gkplusl=gk;
end
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=Pk(1,4);

k) =Pk (2,4);

k) =Pk (3,4) ;

=Pk (4,4);

k)=Pk(5,4);

k)=Pk (6,4);



o\

calcuate the feedback coefficients L and Lg (k)

% L(k)=(R+B'P(k+1)B) " (-1)BP (k+1)A
% Lg(k)=[R+B'P (k+1)B]"(-1)B"
for k=N-1:-1:1,

Pk=[pll(k),pl2(k),pl3(k),pl4 (k),pl5(k),pl6 (k) ;.
p21(k),p22(k),p23(k),p24 (k),p25(k),p26 (k) ;.
p31(k),p32(k),p33(k),p34(k),p35(k),p36(k);.
p41 (k),p42 (k),p43 (k),p44 (k),p45 (k) ,p46 (k) ;.
p51 (k) ,p52 (k) ,p53(k),p54 (k),p55(k),p56 (k) ;.
p6l(k),p62(k),p63(k),p64d(k),p65(k),p66(k)];

gk=[gl (k) ;g2 (k);g3(k) ;g4 (k);g5(k);g6(k)];

Lk=pinv (MatrixR+MatrixB'*pkplusl*MatrixB) *MatrixB' *pkplusl*MatrixAl;
Lgk=pinv (MatrixR+MatrixB'*pkplusl*MatrixB) *MatrixB';

111 (k)=Lk(1,1); 112 (k)=Lk(1,2); 113 (k)=Lk(1,3); 114 (k)=Lk(1,4);
115(k)=Lk(1,5); 116 (k)=Lk(1,06);
121 (k)=Lk(2,1); 122 (k)=Lk(2,2); 123 (k)=Lk(2,3); 124 (k)=Lk(2,4);
125(k)=Lk(2,5); 126 (k)=Lk(2,06);
1911 (k)=Lgk(1,1); 1912 (k)=Lgk(1,2); 1913 (k)=Lgk(1,3);
1914 (k) =Lgk (1, 4) ; 1915 (k) =Lgk (1, 5) ; 1916 (k)=Lgk(1,6);
1921 (k)=Lgk(2,1); 1922 (k)=Lgk(2,2); 1923 (k)=Lgk (2, 3);
1924 (k)=Lgk(2,4); 1925 (k)=Lgk(2,5); 1926 (k)=Lgk (2,06);
pkplusl=Pk;
gkplusl=gk;
end
for k=1:N-2,
Lk=[111(k),112(k),113(k),114(k),115(k),1l1l6(k);
121(k),122(k),123(k),124(k),125(k),126(k)];
Lgk=[1gll(k),1g12(k),1gl3(k),1gl4d(k),1gl5(k),1gl6(k);...
1921 (k), 1922 (k),1923 (k) , 1924 (k) , 1925 (k) , 1926 (k) ] ;
Lgkplusl=[1lgll (k+1),1g12(k+1),1gl13(k+1),1g914 (k+1),1gl5(k+1),1gle6(k+1);...
1921 (k+1),1922 (k+1),1g23(k+1),1g24 (k+1),1g25 (k+1
xk=[x1 (k) ;x2(k);x3 (k) ;x4 (k);x5(k);x6(k)];
xkplusl=(MatrixAl-MatrixB*Lk) *xk+MatrixB*Lgkplusl*gk;
x1 (k+1)=xkplusl (1) ;
2 (kt1l)=xkplusl(2);
3(k+1)=xkplusl (3);
4 (k+1)=xkplusl (4);
5(k+1)=xkplusl (5);
6 (k+1)=xkplusl (6) ;
end

o° oe

o°

u (k)
for k=1:N
for k=1:N-1,

Lk=[111(
121 (
[1gl
1g2

oe

Lgk=

gkplusl=

xk=[x1 (

k) ;x2 (k)

k) +Lg(

k), 112 (k)
k), 122 (k)
1(k),1lgl2
1(k),1g22
[g1 (k+1)

792 (k+1)
;X

solve for optimal control
=-L (k) x(

k)g(k+1)

,113 (k)
,123 (k)
(k),1gl3
(k),1g23

3(k) ;x4 (

,114 (k)
,124 (k)

(k)
(k),

k) 7 x5(

,115 (k)
,125 (k)
1g14 (k)
1g24 (k)
;793 (k+1)

;g4 (k+1)

k)

;%6 (

116

;116 (k) ;
,126(
» 1915 (k)
» 1925 (k)

k)1;

,1gle(k) ;...
, 1926 (
;g5 (k+1)
k)1;

k)1:

;796 (k+1)1;



uk=-Lk*xk+Lgk*gkplusl;
ukl (k)=uk (1) ;
uk2 (k)=uk(2);

end

o

°

block.
block.
block.
block.

block.
block.

block.
block.

block.
block.

block.
block.

block.
block.

.Data(1l)=x3(1);
.Data (2)=x3(2);

.Data (1) =x4(
.Data(2)=x4(2);

.Data=ukl (1) ;

.Data=uk2 (1) ;

.Data(l)=x1(1);%
.Data(2)=x1(2);%
.Data(l)=x2(1);%
.Data(2)=x2(2);%

o\°

o\°

=

o\°

)7

o\°

.Data (1)=x5(1);
.Data (2)=x5(2);
.Data(l)=x6(1);

.Data (2)=x6(2);

o\°

o

o

o\°

x1:
x1:

X2
X2

x3:
x3:

x4
x4

x5
x5

X6
X6

Te
Te

TA
TA

TB
TB

we
we

:wB
:wB

:SOC
:S0OC
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