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ABSTRACT

THREE ESSAYS ON GENERALIZED METHOD OF MOMENTS
By

ARTEM B. PROKHOROV

Generalized Method of Moments (GMM) is a powerful estimation method based
on orthogonality conditions known to hold in the population of interest. GMM is
sufficiently general to incorporate most of the extremum and minimum distance
estimators in econometrics including (Q)MLE, M-estimator, weighted and nonlin-
ear LS. By taking advantage of GMM'’s universality, my thesis seeks to contribute
to three areas of (micro)econometric research: modelling processes with missing
observations (e.g., attrition and self-selection in panel data sets, counterfactual
outcomes for treatment and control groups), modelling likelihood using copulas
(e.g., PROBIT, LOGIT, selectivity models), and modelling covariance structures
(e.g., LISREL, fixed effects, factor analysis).

The first essay, “GMM Redundancy Results for General Missing Data Prob-
lem,” considers alternative GMM estimators of a parameter vector that enters into
one set of moment equations along with another vector that also enters into an
additional set of moment conditions and may be known. Alternative estimators
are ranked in terms of relative efficiency, and conditions for no efficiency gains are
derived. The results are applied to a general missing data problem. Conditions for
the counterintuitive result of the missing data literature that estimating selection
probabilities is better than knowing them arise naturally in the general problem.
Efficiency gains from using both weighted and unweighted moment equations under
exogenous sampling are considered.

The second essay, “Robustness, Redundancy, and Validity of Copulas in Like-



lihood Models,” considers likelihood-based estimation of multivariate models, in
which only marginal distributions are correctly specified. The unknown joint dis-
tribution is modelled with a copula function, which may be misspecified. In a
GMM framework, we study robustness and efficiency of resulting estimators, pro-
pose improvements to existing estimators and discuss tests of copula validity. It
is shown that radially symmetric copulas are robust against misspecification in
problems about sample means if the true joint density is also radially symmet-
ric. Efficiency results suggest that knowledge of the true copula is redundant if
and only if the covariance matrix for relevant moment conditions is singular. A
simple simulation supports the theoretical result about robustness of the Frank,
Farlie-Gumbel-Morgenstern and Ali-Mikhail-Haq copula families.

The third essay, “Modelling Covariance Structures: First and Second Order
Asymptotics,” considers estimation of covariance structure models by quasi max-
imum likelihood (QMLE), generalized method of moments (GMM) and empirical
likelihood (EL). A general condition is derived under which the GMM (and EL)
estimators do not dominate normal QMLE in terms of first-order efficiency. The
condition is formulated in terms of the fourth order moments of the true distrib-
ution. The second-order asymptotic bias of QMLE is derived and a formal proof
is presented of the intuitive result that, under normality, this bias is the same as

that of EL.



To the memory of my father
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Essay 1

GMM Redundancy Results for

General Missing Data Problem

1.1 Introduction

There are many models that can be formulated as two sets of moment conditions
with two parameter vectors one of which enters in only one of these sets and the
other in both. For example, Newey (1984) shows that multi-step estimators that
employ estimates of an additional parameter vector in estimation of the primary
parameter vector of interest can be represented in such a generalized method of
moment (GMM) framework with exact identification of the parameters. Generated
regressors models of Pagan (1984), latent variable models of Zellner (1970) and
Goldberger (1972) and many others are two-step cases of this formulation. How-

ever, the primary focus of and the motivation for this essay are the missing data



(or selectivity) models.

Selectivity models deal with samples in which some observations are omitted (we
call such samples “selected”). The missing data problem arises when using selected
samples in an estimation procedure results in a biased estimator. For example, if
we were to conduct a survey of young mothers to study the effect of mother’s
smoking on the weight of the newborn, the survey would typically have missing
data due to non-response. It is likely that non-response is associated with heavy
smoking and poor birth weight. If the missing data were ignored the effect of
smoking would be underestimated. In such cases it is common to construct a
probabilistic model for the missing data generating process (we call this model a
“selection model”) and then to appropriately adjust the primary model of interest

for the effect of selection into the sample.

This paper is motivated by a puzzle in the selectivity literature. Consider the set-
ting of a GMM problem is which we have a set of moment conditions, with some
parameters 0; (the “parameters of interest”), and these moment conditions hold in
the unselected sample. However, we also have a selection mechanism such that the
moment conditions do not hold in the selected sample. Under certain assumptions
given below (typically referred to as “ignorability” or “selection on observables”),
weighting the original moment conditions by the inverse of the probability of se-
lection yields a modified set of moment conditions that do hold in the selected
sample. We will follow Wooldridge (2002b, 2005) in calling the estimator based
on these weighted moment conditions the “inverse probability weighting” (IPW)

estimator.

Unless the probability of selection is known for each selected observation, imple-



mentation of the IPW estimator will require a model that permits the estimation
of the probability of selection. Let 63 be the parameters (the “selection parame-
ters”) in the moment conditions derived from this model. Typically these moment
conditions will be based on the score function from the likelihood function for the
selection process. A two-step IPW procedure can be considered, in which the first
step is the estimation of #y from the selection model, and the second step is the
estimation of #; by GMM on the weighted moment conditions, where the weighting

is done using the estimated probabilities of selection.

In this setting, the puzzle is that it is better to estimate the selection probabilities
than to use the true selection probabilities, even if the latter are known. In other
words, in terms of the augmented model described above, we get a better estimator
of 6; when we use the estimated 67 in the second step than if we used the true 5.
This phenomenon has been discussed by Wooldridge (1999, 2001, 2002b, 2005),
and it has also been noted in a number of previous works, including Rosenbaum
(1987); Imbens (1992); Robins and Rotnitzky (1995); Crepon et al. (1997), and
Hirano et al. (2003). This is puzzling because knowledge of 65, if properly exploited,

cannot be harmful.

To resolve this puzzle, we follow Newey and McFadden (1994) in setting up an aug-
mented set of moment conditions, where the first subset are the weighted original
moment conditions, which now contain both 6; and 85, and the second subset are
the moment conditions from the selection model, which contain only 5. We show
that the second set of moment conditions is useful (non-redundant), even when 6,
is known. This is true because the second set of moment conditions is correlated
with the first set in the selected sample (even though it is not in the full sample).

So the inefficiency of the estimator based on known 65 and the first set of moment



conditions only is due to its failure to exploit the information in the second set
of moment conditions; whereas, when 65 is not known, there is no choice but to

include the second set of moment conditions.

This raises the question of whether, when 67 is known, we can improve on the
two-step estimator (which uses estimated 65 in the second step) by using a GMM
estimator based on both sets of moment conditions, but where only 6, is estimated.
After all, this GMM estimator cannot be worse than the two-step estimator of 6.
The answer to this question is a bit complicated. In the case that the original
GMM problem (the one that contains the parameter of interest) is overidentified,
the two-step estimator is dominated by a one-step estimator that estimates 6,
and 6, jointly in the augmented GMM model. However, we show that, in the
augmented GMM model, knowledge of 0y is redundant (does not improve the
precision of estimation of 6;). So, while it can never hurt to know more, if that

knowledge is used properly, in this case it does not help either.

The result just quoted is given in Section 1.3 of the paper. In Section 1.2, we set
the stage by giving a number of results on efficiency and redundancy of estimation
in a general GMM setting, when one set of moment conditions depends on 6;
and 69, while a second set of moment conditions depends only on 3. Some of
these results are original and interesting in their own right. We consider “m-
redundancy”, which is redundancy of moment conditions in the sense of Breusch
et al. (1999), and we also consider “p-redundancy”, which is redundancy of the
knowledge of some of the parameters for estimation of the other parameters. One
of our results gives an interesting connection between these two concepts: the first
set of moment conditions with #; known is m-redundant for estimation of 5 if and

only if knowledge of 0 is p-redundant for estimation of #;. This is in fact the key



result in establishing our subsequent results for the selectivity model.

In Section 1.3 we also consider the selectivity model under a stronger “exogeneity
of selection” assumption under which both the unweighted moment conditions
and the weighted moment conditions hold in the selected population. Wooldridge
(2001) has shown that in this circumstance it is better to use the unweighted
moment conditions than the weighted moment conditions. However, this does not
rule out the possibility that it would be better to use both. We show that in this
circumstance the weighted moment conditions are m-redundant for estimation of
01, so that using both sets is no better than using just the unweighted moment
conditions. Thus when we do not have to weight for reasons of consistency, we

also do not have to weight for reasons of efficiency.

GMM is sufficiently general to accommodate most of the extremum and mini-
mum distance estimators in econometrics (see, e.g., Newey and McFadden, 1994,
p.2118). The arguments we present can be applied, for example, to (Q)MLE, M-
estimation, WLS, and NLS. They also extend to the asymptotic equivalents of
GMM such as empirical likelihood and exponential tilting estimators. Our results
relate to the treatment effect estimation literature (e.g., Rosenbaum and Rubin,
1983; Hirano et al., 2003; Heckman et al., 1998; Hahn, 1998), to stratified-sampling
literature (e.g., Manski and Lerman, 1977; Manski and McFadden, 1981; Cosslett,
1981a,b; Imbens, 1992; Tripathi, 2003) and other similarly-structured problems
(e.g., Hellerstein and Imbens, 1999; Nevo, 2002, 2003; Imbens, 1992; Crepon et al.,
1997).



1.2 Efficiency and redundancy results for the gen-

eral estimation problem

1.2.1 Preliminaries

Consider a family of distributions { Py, 8 € © = ©1 x©9 C RP1 x RP2, 0 compact},
a random vector W* € W* ¢ RUm(W*) from Py,,00 € ©, and a real valued,

measurable function h : W* x © — R™ such that
Eg,[h(W*,0)] =0, if and only if § = 6,. (1.1)

The expectation is with respect to the distribution of W* indexed by 6,. In the

sequel we suppress the subscript.

Let || - || denote the Euclidean norm, N(6,48) C © denote an open p; + po-ball of
radius § with center at 6, Vgh(-,6) denote the m x (p; + p2) Jacobian of h(-,8)

with respect to 6, and “w.p.1” stand for “with probability one”.

Assumption 1.2.1 Assume that the moment function in (1.1) satisfies the fol-

lowing conditions:

(i) 6o € int(B);
(i) h(W*,8) is continuous at each 6 € ©, w.p.1;

(iii) h(W*,0) is (once) continuously differentiable on N(6,,0), for some § > 0,

w.p.1;



(iv) E{supgee |[R(W*,6)[[} < oo;
(v) E{supge n(g,,6) IVeR(W™,0)||} < o0, for some 6 > 0;

(vi) E[Vgh(W*,0)|g—g,] is of full column rank.

For simplicity, we assume here that W*, i =1,..., N, are i.i.d. draws from Py,.

The generalized method of moments (GMM) estimator of 6, is the solution to the

following minimization problem

gréixel h(8)Wh(8), (1.2)

where

- 1 N
h(6) = & > (W, 6)
i=1

is the sample analogue of the population moment condition which is zero at 6,,
and W is a positive semi-definite weighting matrix (see, e.g., Hansen, 1982). In the
GMM framework, the choice of the weighting matrix may depend on 6,. In such
cases, a preliminary consistent estimate of 8, is used to construct an estimate of
W used in the above definition of the GMM estimator. We will comment on this

point again later.

Theorem 1.2.1 (see, e.g., Newey and McFadden, 1994, Theorems 2.6 and 3.4)
Under Assumption 1.2.1, the GMM estimator of 6, is consistent and asymptotically
normal (CAN).

Proofs: See the Appendix for proofs of all theorems and corollaries. a



1.2.2 The general estimation problem

Let 6 = (67, 65) and

h1(W*; 64,6
W3 8) = 1( 1,62) ’
ho(W*; 62)
where 0; € ©1, 03 € O3, and hi(-) and hg(-) are mj- and mg-vectors of known

functions (m = m; + mo). Then if we suppress W* we can write (1.1) as

(A) E[hl(oola 002)] =0,
(B) E[h2(052)] = 0.

(1.3)

We consider the general case of overidentification, i.e., m; > p; and mg > po.

The optimal weighting matrix for GMM will be the inverse of the following covari-

ance matrix or its components:

C=Vingo) = | N 2 (1.4)

Ca1 Ca2

where variance is with respect to Py, as before. Note that C is a function of 8,
and is generally unknown. In defining alternative GMM estimators and deriving
their asymptotic variance matrices, we will behave as if we knew 6, and thus knew
C. In practice if we wish to use C in the weighting matrix of the GMM estimator
we would typically first obtain an estimate of C based on a preliminary consistent
estimate of 6,. Such a preliminary estimate of 6, can be the GMM estimator that

uses the identity matrix for weighting.



We assume that C is finite and nonsingular so its inverse exists. Let

Cll 012
021 022

cl=

Define the (m; + mg) X (p1 + p2) matrix of expected derivatives

Dy, D
D Eah(t,?) _ 11 Y12
00" 1g—g, 0 Doy

(1.5)

We assume that Dj; and Dgg are of full column rank so that hy alone identifies

0o and h; identifies 6, given 0s.

Similar to C, D depends on 6,. In deriving the GMM asymptotic variance matrices,
we will treat D as know. Consistent estimates of D (and C) can be obtained using

consistent estimates of d, in practice.

We now define four different GMM estimators that differ in which moment condi-
tions are used and/or whether 65 is treated as known. For each of these estimators
we treat C as known. We will comment on this point once again in the next

subsection.

Definition 1.2.1 Call the estimator of 6 that minimizes (1.2) with the optimal

weighting matriz W = C~! the ONE-STEP estimator.

This is the usual GMM estimator that uses both moment conditions (1.3A) and

(1.3B) jointly to estimate 6, and 6,2.



Definition 1.2.2 Call the estimator of 6 obtained in the following two step pro-
cedure the TWO-STEP estimator: (i) the estimator 0y is obtained by minimizing
(1.2), where h(0) = hg(62) and W = C{zl; (ii) the estimator of 6y is obtained by
minimizing (1.2), where h(6) = h1(61,62), W = C[j}, and 6y = 05 is treated as

known.

This estimator uses the orthogonality condition (1.3B) first to obtain a consistent
estimator of the unknown parameter subvector 6,2 and then uses the moment con-
dition (1.3A) to obtain the estimator of 6,;. Estimators considered in Wooldridge
(2003), Newey (1984), Newey and McFadden (1994, pp. 2176-2184) and many

others are TWO-STEP estimators with m; = p;, mo = pa.

Definition 1.2.3 Call the estimator of 6, obtained by minimizing (1.2), where

h(0) = h1(61,62), W = Cl_ll, and 69 is treated as known, the KNOW-0y estimator.

Here, equation (B) in (1.3) is ignored. However, the results of Section 1.3 of the
paper all derive from understanding that (B) is potentially informative even though

02, is known because it imposes additional restrictions on the population.

Definition 1.2.4 Call the estimator of 6, obtained by minimizing (1.2), where
h(-) contains both hi(-) and ha(-), W = C~1, and 0y is treated as known the

KNOW-09-JOINT estimator.

This is the augmented GMM estimator of 8,; of the form considered in Qian and
Schmidt (1999). Here, the information in (1.3B) is kept even though 6,2 is assumed

known.

10



Under Assumption 1.2.1 all four estimators are CAN.

Theorem 1.2.2 Let VONE.STEP, VTWO—STEP, VKNOW’02’ and VKNOW-GQ-JOINT de-
note the asymptotic variance of the ONE-STEP, TWO-STEP, KNOW-605, and KNOW-

02-JOINT estimators, respectively. Then,

Vone-ster = (D'CTD)71, (1.6)
Vrwo.stee = BCH', (1.7)
VKNOW-92 = (Dlllcl_llDll)_l, (1-8)
VKNOW-Og-JOINT = (DiICuDll)_la (1-9)

where B is defined in equation (1.31) of the Appendiz.

In the above expressions, we use the standard notation that “the asymptotic vari-

ance of § is V” means “v/N(f — 6,) converges in distribution to N(0, V).”

1.2.3 Efficiency and redundancy results

We can now state several asymptotic relative efficiency results (noting that a known

parameter is always more efficient than its estimator).

Theorem 1.2.3 For the estimators defined in Definitions 1.2.1-1.2.4 with asymp-

totic variances given in (1.6)-(1.9), respectively, the following statements hold:

1. KNOW-02-JOINT is no less asymptotically efficient than KNOW-05.

11



2. KNOW-69-JOINT 1is no less asymptotically efficient than ONE-STEP.
3. ONE-STEP in no less asymptotically efficient than TWO-STEP.

4. If C19 = 0 then KNOW-62-JOINT and KNOW-0y are equally asymptotically

efficient [M-redundancy/.

5. If D1g = 0 then TWO-STEP and KNOW-0y are equally asymptotically efficient

fOT 91.

6. If C12 = 0 and D13 = 0 then ONE-STEP, TWO-STEP, KNOW-02-JOINT and
KNOW-05 are all equally asymptotically efficient for 61, ONE-STEP and TWO-

STEP are equally asymptotically efficient for 6s, too [M/P-redundancy].
7. If mq = p; then ONE-STEP of 3 and TWO-STEP of 0y are equal.

8. If m; = p; and mg = pg then the ONE-STEP and TWO-STEP estimates are

equal (for both 6; and 63 ).

9. If m; = p; and C12 = 0 then the ONE-STEP and TWO-STEP estimates are

equally efficient (for both 6; and 65).

10. If D13 = C12C5; Dyg then KNOW-82-JOINT and ONE-STEP are equally as-

ymptotically efficient for ) [P-redundancy].

11. If Dy = 01202‘2,1D22 then ONE-STEP, TWO-STEP and KNOW-69-JOINT are

no less asymptotically efficient for 81 than KNOW-6s.

As noted above, we have defined our estimators as depending on known C. In
practice, C is replaced by an initial consistent estimate. This has no effect on

the asymptotic variance of the estimates and so it does not affect our efficiency

12



comparisons. For Statements 7 and 8, which do not involve asymptotic arguments,

we would need to require that the same initial consistent estimate is used.

Statements 1-3 state the obvious fact that KNOW-02-JOINT dominates KNOW-6a,
ONE-STEP and TWO-STEP. The known value of 6,5 is at least as efficient as any
estimate of 6,2, and the KNOW-62-JOINT estimate of 6,1 is the efficient GMM

estimate of 6, based on the full set of available moment conditions.

Statement 4 is essentially the result of Qian and Schmidt (1999). With 6,2 known,
the second set of moment conditions contains no unknown parameters, and Qian
and Schmidt show that using these conditions in addition to the first set of moment
conditions improves efficiency except in the special case that C19 = 0. We call
this type of redundancy the knowledge-of-moment redundancy (M-redundancy).
Also, if we combine Statements 2-3 and 4, we have the corollary that if Cjo = 0,

KNOW-0, is at least as efficient as ONE-STEP and TWO-STEP.

Statement 5 is essentially the result of Newey and McFadden (1994, pp. 2179-
2180) for the condition under which first stage estimation of a nuisance parameter
(6,2) does not affect the asymptotic variance of the second stage estimate of the
parameter of interest (6,1). See also Wooldridge (2002a, pp. 353-356). However,

our version treats the overidentified case as well.

Statement 6 combines the conditions of Statements 4 and 5. Therefore the equal
efficiency of TWO-STEP, KNOW-69 and KNOW-0,-JOINT follows from those state-
ments. The fact that ONE-STEP is also equally efficient is an additional result. This
statement provides conditions for redundancy of both the knowledge of 6,2 and of

the extra moment conditions in (B) for estimating 6,7 (M/P-redundancy). One

13



case when the conditions hold is when 6,2 does not enter (A) and the two moment
conditions are uncorrelated. This statement can also be viewed as a special case of
Theorem 7 of Breusch et al. (1999) that deals with partial redundancy of moment

conditions.

Statement 7 is the GMM separability result of Ahn and Schmidt (1995) that says
that the GMM estimate of 65 is unaffected if an equal number of parameters and
moment conditions is added, because the additional conditions only determine 6;
in terms of 9. Further, it can be shown (see the Appendix of Ahn and Schmidt,
1995) that if D;; is nonsingular (which is true since Dj; is of full column rank)
the ONE-STEP estimator of 6, is expressed in terms of the ONE-STEP estimator
of 0,2 using the equation hy(f;,02) = 01202"21712(92). Thus, ONE-STEP for 6, is
derived from the same equation as TWO-STEP for 6, as long as 52(92) = 0 (which
holds under exact identification of 89) or Cj9 is zero asymptotically. The former
condition implies equivalence of the estimators (Statement 8); the latter implies

their equal efficiency asymptotically (Statement 9).

Statements 10 and 11 are novel and interesting. They discuss implications of
the condition that Djp = 01202_21 Dyo. This is the condition for redundancy of
h1 given hg, for estimation of 6,2 when 6,; is known (see Breusch et al., 1999,
p- 94), which is an m-redundancy result. Under this condition, Statement 10
says that KNOW-62-JOINT and ONE-STEP are equally efficient. This means that
knowledge of 6,2 does not help efficiency of estimation of 6,; (from the set of all
moment conditions) under this condition, which is a p-redundancy result. This
link between m-redundancy and p-redundancy (the first set of moment conditions
with 6,; known is m-redundant for estimation of 8, if and only if knowledge of 6,2

is p-redundant for estimation of ,) is quite interesting and (so far as we know)
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original.

Under the same condition, Statement 11 says that KNOW-6y is dominated by the
other three estimators. This is because knowledge of 6,2 is not useful, and the
KNOW-65 estimator fails to use the second set of moment conditions, which is useful
unless C12 = 0. Note, however, that although the TWO-STEP estimator dominates
the KNOW-0y estimator under this condition, the TWO-STEP estimator is still not
as efficient as the ONE-STEP or KNOW-02-JOINT estimators unless m; = p; (the

first equation is exactly identified for 8;, given 63).

This condition is also important because it implies that conservative inference can
be made using the asymptotic standard errors obtained from exactly identified

estimations that neglect the first step (Statement 11).

The condition of Statements 10 and 11 will often hold when hy(6s) is the score
of a log-likelihood function that depends on 62 but not #;. In this case the esti-
mate of 6,9 based on ho will be efficient, and another moment condition based on
h1(6,,62) with 6,; known should be m-redundant. More precisely, the generalized
information equality (GIME) implies that the expectation of the derivative of h;
(with respect to 02), evaluated at 6,, equals minus its covariance with the score so
that Dy9 = —C9, and the usual information equality implies that Doy = —Co9, so
that Djp = 0120’2_21 Dy holds. Indeed this is exactly what occurs in the selectivity

model of the next section.

Example 1.2.1 A sufficient condition for Statements 6, 10, and 11 to hold is
that hy(61,602) = Vg, In f(w*(61,62) and hg(62) = Vg, In f(w*|61,62), where

f(w*|01,02) is the density of W*. Then, the asymptotic variance matrix of the
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estimator of 6,9 can be equivalently written as C{21 and as C22. This implies that
the information matrix for §; and 65 is block diagonal, i.e. Djo = —Cj92 = 0. Thus
by Theorem 1.2.3 we can claim more than Statements 10 and 11 in this case: it
does not make any difference for the efficiency of the estimate of §; whether 05 is
estimated or known, and in fact all four estimators are equally efficient (Statement

6). O

We now apply these results to the missing data problem.

1.3 Application to missing data problem

1.3.1 The population problem

Consider again a random vector W* € W* from the distribution Py, 6, € © =
O; x 69 C RP1 x RP2,© compact. Let W* contain random vector W € W C
R4im(W) - Consider a real valued measurable function g : Wx©; — R™1 (m1 > p1)
such that

E[g(W,6,)] =0, if and only if 8; = 6,;. (1.10)

As before, expectation is with respect to Py . Assume that the moment function

in (1.10) satisfies Assumption 1.2.1.

We are interested in estimating 6,;. The parameter 6,; usually describes some

feature of the distribution of W such as the conditional mean, the conditional
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variance, the conditional quantiles, etc. The vector W is often partitioned into

(X,Y) € X x Y and E(Y|z) is often the feature of interest (see Example 1.3.1).

Example 1.3.1 Consider the M-estimation of the parameter §,; in a general non-
linear least squares model for E(Y|z) = m(z,0,1). This is one of the examples
considered in Wooldridge (2003). We assume that the model is correctly speci-
fied. Let the identifying moment functions be .the first order conditions for op-
timization of ¢(z,y;60;) = (y — m(z,61))2. Then, W = (X,Y), m; = p;, and
9(W,61) = —(Y — m(X,61))[Vg, m(X, 61)]’. Note that a stronger condition than
(1.10) holds in this case, namely E[g(W, 6,1)|z] = 0. O

Example 1.3.2 Consider the maximum likelihood estimation of a LOGIT model
where Y is a binary outcome variable and X is a vector of regressors and the condi-
tional probability p(y|z, 1) is modelled as G(z'8,1)¥-(1—G(z'6,1))! ~¥, where G(-)
is the logistic cdf. Likelihood equations can be used to construct the GMM estima-
tor based on the expectation of the score function E [Vol In f(X,Y; 01)‘0:001] =
0, where f(z,y;0,1) is the joint density of X and Y. If the distribution of X
does not depend on 6y, then f(z,y;601) = p(y|z,01)f(z), where f(z) is the un-
known pdf of X. Then, the identifying moment condition can be rewritten as
1E{v(,1 np(Y]|z;6;) + In f(X)]|91=0 1} - E [vol In p(le;01)|01=0 1] and the
ML estimation is equivalent to the ccomditional ML estimation. For tl(l,is example,
W = (X,Y), m; = py, and g(W,81) = 5 X(Y_GX'0)) __o0x79,), where g(-) is

(X’Ol)(l—G(X’Ol))
the logistic pdf. a

Example 1.3.3 Consider estimation of the population averages ug and pj un-

der control and treatment. Suppose a random sample is available of each unit’s
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outcome under both control and treatment. Let Y (0) denote the outcome under
control; Y (1) under treatment. The identifying moment restriction for each group
is E(Y(t) — not) = 0,t = 0,1. So for this example W = Y (t), m; = p; = 1, and
9(W,8) = Y(t) — ut,t = 0,1. We can also consider the average treatment effect

T = [ — HQ- ad

The above model (1.10) holds in the entire (unselected) population. Now we
consider the selected population defined by a random variable S € {0,1} such
that W is observed if and only if S = 1. We assume that the probability of
selection depends on some additional variables Z, where Z € Z C Rdim(Z) g
always observed. Some or all of Z may be in W; that is, some of W may always
be observed, but all of W is observed only when S = 1. Define

P(z,8,) = P(S = 1]2), (1.11)

where P(z,07) is a parametric model for the probability of selection and is known
up to the parameter vector f € ©9 C RP2. Again, in many problems, the joint
density of {S, Z} can be written as the product P(s|z,03)r(z), where r(z) is the
pdf of Z.

Assume {S, Z} is a subvector of W* from P, . Suppose there exists a real valued

measurable function u : {0,1} x Z x ©9 — R™2 (mg > pg) such that
Eu(S,Z;67) =0, if and only if 8y = 9. (1.12)

(The expectation is with respect to Pg,.) Assume that (1.12) satisfies Assump-

tion 1.2.1. We call moment condition (1.12) the “selection moment condition”.
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Examples 1.3.4-1.3.6 in the next section show how (1.12) can be obtained from
(1.11).

The GMM estimator based on (1.10), but with missing data, in effect makes the
empirical moments %, Zf\il S;9(Wj,0;) close to zero. These empirical moments

are the random sample analogues of the population moments of the form
E[Sg(W,6,)] = 0. (1.13)

We call these moment conditions the “unweighted selected population moments”
to emphasize that they hold in the selected rather than the target population and
to distingﬁish them from the weighted selected population moments that we will
define shortly. The selectivity problem is that the unweighted selected population
moment conditions (1.13) may not hold at 6,); more precisely, the value 6,; that

solves (1.10) may not solve (1.13).

We also consider the “weighted selected population moments” that weight the
moment function in (1.13) by the inverse of the selection probability (see, e.g.,

Horvitz and Thompson, 1952):

The weighted selected population moments also may not hold. Indeed, it is intu-
itively clear that whether (1.13) or (1.14) hold must depend on what is assumed

about the relationship of the selection mechanism and W.
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1.3.2 Motivation and definitions

We follow Wooldridge (2002b, 2005) in making the following “ignorability” (or

“selection on observables”) assumption.

Assumption 1.3.1 (ignorability of selection) P(S = ljw,z) = P(S = 1]z) =
P(Za 002)

Assumption 1.3.1 says that, conditional on Z, S and W are independent. This
is commonly written as S L W | Z. In some cases, ignorability is true by con-
struction. An example would be the case that Z is an indicator of stratum, and
selection is random within stratum. In other cases it is a substantial behavioral

assumption.

As Wooldridge notes, this assumption does not imply that the unweighted selected

population moment conditions (1.13) hold at 6,;. This can be seen as follows:

ES-g(W,001) = EE[S-g(W,0,1)z], using LIE
= EE(S|z2)E[g(W,0,1)|2], using ignorability (1.15)
= EP(Z,002)E[g(W,001)|2],

(where LIE means law of iterated expectations), and our assumptions do not in

general imply that E[g(W,0,1)|z] = 0. However, the weighted selected moment
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conditions (1.14) do hold at 6,, since

Epzg9Wibo1) = EElgrz5—59(W.601)2
= EWE(SIz)E{g(W%ﬂlZ]
= EE[g(W,61)|2]
= Eg(W,0,1) = 0.

(1.16)

The simplest assumption under which the unweighted moment condition (1.13)

holds in the selected sample is the following.

Assumption 1.3.2 P(S = 1|w) = P(S = 1). That is, S is independent of W.

This assumption is easy to understand and clearly implies that (1.13) holds, since
S is independent of g(W, 6;). This condition is sometimes referred to as “missing
completely at random” (see, e.g., Little and Rubin, 2002) but we will not use this
terminology further, since there seems to be some inconsistency in the literature

in the use of these words.

It should be noted that this assumption is neither stronger nor weaker than the
assumption of ignorability (Assumption 1.3.1). That is, “S independent of W”
does not imply, and is not implied by, “S independent of W conditional on Z”. It
is perhaps intuitive that the first condition is stronger than the second, but in fact

that intuition is not correct.l

1The intuition referred to here is based on the fact that, for general Y, X, X2, E(Y|z1,22) =0
does imply that E(Y|z;) = 0 by the law of iterated expectations. But there is no comparable
law for conditional independence.
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The simplest assumption under which both the unweighted and the weighted mo-

ment conditions hold is the following.

Assumption 1.3.3 (independence of selection) (S, Z) is independent of W.

This assumption is also easy to understand, but it would appear to be too strong

to apply in practical cases.

We now consider an exogeneity condition that is weaker than 1.3.3 and which does

imply that both the weighted and unweighted moment conditions hold.

Assumption 1.3.4 (ezogeneity of selection)

(i) Assumption 1.3.1 (ignorability of selection) holds.

(i) Eg(W,001)z = 0.

This is essentially the same definition of exogeneity as in Wooldridge (2005).

Under Assumption 1.3.4, selection is both ignorable and exogenous with respect
to the primary problem of interest. For example, if W = (Y, X) and Z C X,
then having X in the conditioning set in the original problem is sufficient for the
assumption to hold. If selection is based on covariates other than X, i.e. X C Z,

then g(Y, X; 61) has to be uncorrelated with any function of X~ € Z\ X given X.

We now show that under Assumption 1.3.4, both the weighted and unweighted

moment conditions hold. We first state without proof the following basic result.
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Lemma 1.3.1 Suppose Assumption 1.3.1 holds. Then f(w|z,s) = f(w|z).

(Here f(-) is generic notation for probability density.) Then it is easy to see that

the following result is true.

Theorem 1.3.1 Suppose Assumption 1.3.4 (exogeneity) holds. Then

Eg(W,051)|2,5 = 0. (1.17)

This is a much simpler and stronger result than Wooldridge obtained. It imme-
diately implies that any function of Z and S is uncorrelated with g(W,8,;), and
therefore that the unweighted moment condition (1.13) and the weighted moment
condition (1.14) both hold in the selected sample. In fact, this is true whether or
not the weights are correct (in the sense that they do in fact represent P(S = 1|2)).

All that is required is that the weights be a function of Z and S.

We conclude that under ignorable selection,

S
W9
g | PEapWbe) | _ (1.18)
u(S, Z;02)

and, under independent or ezogenous selection,

Sg(W, 8
g| SoWol) | _ o (1.19)

U(S, Z? 602)
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-_L w.0 ]
g | Fag? W) | _ (1.20)
w(S, Z; 002)
Sg(W,0,1)
E W%Q(W, 6o1) 1= 0. (1.21)

U(S Z, 002) J

Example 1.3.4 Suppose that sampling in Example 1.3.1 is nonrandom and the
selection mechanism can be modelled as a PROBIT. Then, P(Z,6;) = ®(2'6,),
where ®(-) is standard normal cdf. Then, the selection moment conditions for
this problem contain the likelihood equations for the log-likelihood I(6s]s, 2z) =
sIn®(2'09) + (1 — s)In(1 — ®(2'6;)). Thus, my = py and

Z'(S - ®(Z'8,))
(2'62) (1 — @(2'62))

u(S,Z;62) = 5 - 9(2'69),
where ¢(-) is the standard normal pdf. Note that we not only have Eu(S, Z; 6,2) =
0 but also E[u(S, Z;802)|2] = 0. Under the ignorability of selection assumption,

we can use the moment condition E (X,Y;0,1) =0, where g(-) is defined

S
‘I)(ZIOOZ)Q
in Example 1.3.1. a

Example 1.3.5 (Variable Probability Sampling) Suppose that sampling in Exam-
ple 1.3.2 is stratified. Let the sample space W be partitioned into J nonempty and
disjoint strata Wy, Wy, ..., Wj. If an observation lies in stratum W;, it is retained
with probability P,; that is usually known. So, the selection predictor Z can be de-
fined by vector (Zy,...,2Z ) with Zi={WeW;},i=12,...,J, where I{-} is
the indicator function, and the probability model P(z,6,3) = Z}Ll Poyjz;j, where

6,2 = (Po1,...,Poy). The ignorability assumption is satisfied by design. We

24



have P(s|z,602) = l'[] -1 [Ps (1-P; )1 s] J n (1.11). Hence, the selection mo-
ment function for this problem contains the likelihood equation of the log-likelihood

function l(6s]s, 2) = Z'j’:l zj[sInP; + (1 - s)In(1 — P;)]. Thus, mg = ps = J and

/
Z1(S-P Z(S-P . .
u(S, Z;0;) = (Pll((l P11))’ ey Pﬁl Pj;) . The weighted selected population mo-

ment condition contains —J— -9(X,Y;6,), where g(-) is defined in Example
j=1 J J

1.3.2. If, in addition, stratification is based on exogenous variables, i.e. exogeneity

of selection assumption holds, the unweighted moment conditions (1.13) can also

be used. a

Example 1.3.6 (Average Treatment Effect) Suppose that the sample in Example
1.3.3 is not entirely observed. Instead we observe Y (0) only for the units that
are in the control group and Y (1) only for those that are in the treatment group.
Understandably, the counterfactual data are missing. If Z are treatment predictors,
the selection model for the treatment group is P(S = 1|z) = P(z;6,2) and for the
control group P(S = 0|z) = 1 — P(z;6,2), where P(2;6,2) is the probability of
receiving treatment. The ignorability of selection assumption implies in this case
that P(S = 1|y(0),2) = P(S = 1|z) and P(S = 0|y(1),z) = P(S = 0|z). The
selection moment condition for this example is the same as in Example 1.3.4. The
weighted population moment condition will contain W%(Y(l) — Wo1) for the

treatment group and 1—PI~Z$0 > (Y(0) — pop) for the control group. The average
Yo
Sy . S
treatment effect can be identified using Z 00 Y(1) - WY(O) —To. O

1.3.3 Relative efficiency results under ignorable selection

First consider estimation based on (1.18), under ignorable selection. Following

the notation of Section 1.2 we write the weighted selected population moment
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condition as Eh;(W*,6,1,0,2) = 0, where W* contains W, S and Z, and where

. S
hl(W 1001, 602) = P 9(W, 651). (1-22)

(Za 002)

Wooldridge (2005) discusses estimation based on (1.22), for the exactly identi-
fied case. He compares the estimator of 6,; when 6,9 is known to the estimator
of 6,1 when 6,9 is replaced by some consistent estimate 92. In order to ana-
lyze this or other related issues, we have to say something about how 8,9 is esti-
mated. In general terms, it is estimated by GMM based on a moment condition
Eho(S, Z;6,2) = 0, which puts the analysis into the framework of Section 1.2.
However, following Wooldridge, we make the specific assumption that 6,9 is esti-
mated by MLE based on the model P(s = 1|2) = P(z,002). That is, ha(S, Z; 6,2)
is the score function corresponding to the likelihood for this model. Specifically,
S —P(Z,002)

=602 P(Z,802)[1 — P(Z,002)]
(1.23)

hQ(Sa Z; 002) = u(S’ Z; 002) = v02 P(Za 02)'92

Under these assumptions, we have the puzzle referred to in the Introduction;
namely, the TWO-STEP estimator of 0, that uses o in (1.22) is better than the
KNOW-0 estimator that uses the true value of 6y in (1.22). We will verify that
this result holds also in the case that (1.22) is overidentified, and also provide our

explanation of the puzzle, using the results of Section 1.2. To apply these results
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we need to do some calculations involving the following:

Ci2 = Ehi(W*,60)ha(S, Z,0,2),

022 = ]Eh2 (Sv Z’ 002)’7'2(57 Za 902),a

D E Vg hi(W*, 61,06 )| (1.24)
12 = 92 1 y V1,02 0=901

Dyy = EVe2h2(5,Z,02)’62=902-

Theorem 1.3.2 Under the ignorability of selection assumption,

_w9Why1) o, _
(a) C12 = Emﬁb Ve, P(Z,69) b=y’ which is (in general) not equal to zero;

(b) D12 = —C1a, Dy2 = —Cpy, and so D13 = C12Cqy Daa.

To understand Theorem 1.3.2, note first that in the unselected population, Cjy =
Eg(W, 601) - ha(S, Z,842)' = 0. That is, the original moment condition g(W, 8,;) is
uncorrelated with the score function ho(S, Z,0,2) by the generalized information
equality. However, in the selected sample, Cjo # 0. That is, h; (W*, 6,1, 6,2) and
hao(S, Z,6,2) are correlated. This correlation makes ho(S, Z, 6,2) relevant for esti-
mation of 8,) even if 6, is known, and the inefficiency of the KNOW-65 estimator
is due to its failure to capture the information in the moment condition based on

h2(Sa Zv 002)

Although we do not pursue this point, it would appear that the inefficiency of the
KNOW-0; estimator (at least relative to the KNOW-62-JOINT estimator) would hold
even if ho(S, Z, 63) were not a score function. It depends only on Cjg # 0, not on

the particular form of Ca.

27



Part (b) of Theorem 1.3.2 gives a number of information equalities which do depend
on ho(S, Z,02) being a score function. They establish that Djs = 0126’2_21 Dy,
which is the condition for Statements 10 and 11 of Theorem 1.2.3. Statement 11 of
Theorem 1.2.3 says that the KNOW-69 estimator is inefficient relative to the ONE-
STEP, TWO;STEP and KNOW-02-JOINT estimators. This extends the previously-
cited (but, we hope, no longer puzzling!) result, namely that KNOW-65 is inefficient
relative to TWO-STEP, to a larger set of other estimators, and also to the case that

the GMM problem for the parameters of interest is overidentified.

Statement 10 of Theorem 1.2.3 says further that 6,2 is p-redundant, so that the
ONE-STEP and KNOW-02-JOINT estimators are equally efficient. So long as one
includes the score function ho(S, Z,0,2) in the estimation problem, it does not

matter (in terms of efficiency of estimation of 6,;) whether 6,2 is known or not.

Another note is that, although the TWO-STEP estimator is better than the KNOW-
0o estimator, it is not necessarily efficient. In the exactly identified case, it is
efficient because it equals the ONE-STEP estimator (Statement 7 of Theorem 1.2.3),
but in the overidentified case it is generally less efficient than the KNOW-62-JOINT

and ONE-STEP estimators.

Example 1.3.7 Continuing Example 1.3.4 under ignorable selection with the ML

;| -

= V02P(z, 02)'

estimate of 0,2, E[S - u(S, 2;60,2)|2] can be written as

(S —P(Z,652))
P(Za 002) (1 - P(Zs 002))

E|s. - Vo, P(2,62)],

2=Y02

_ [E(8%|2) — E(S|2) - P(z, 602)]
P(Z,002) (1 - P(21002))

: V32P(z,02)‘0

b

2=002 6o=052
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where the second equality follows because E(S?|z) = E(S|z) and E(S|z) = P(z, 62).
This is non-zero. Also, E[g(W;61)|z] # 0 unless there is also ezogeneity. Thus,

C12, which can be expressed by the law of iterated expectations as

E {mm[g(w, 601)|2]E[Su(S, z; 902)'|Z]} s

: N | gWbo1) .
is generally non-zero. In fact, Cjo = E [F(z_ﬂffb ng P(Z, 02)|02=002

not therefore claim m-redundancy under ignorability of selection: using orthog-

}. We can-

onality conditions from the selection process helps in estimating 6,; even if the
weighting probabilities are known. However, we can claim p-redundancy by The-
orem 1.3.2: using known selection probabilities with the additional moment con-
ditions for selection is as efficient as estimating the probabilities in a one-step or
two-step procedure. Each of the three alternatives is equally preferred to only

using the original problem with known probabilities. a

Example 1.3.8 Continuing Example 1.3.5 under ignorability with the ML esti-
1 2 BS21)-E(S|2) o))

Poj (I—Poj)
j=1,...,J. Since E(S%|z) = E(S|z2) = Z}Ll P,jzj, the elements can be written

mates of P, E[S-u(S, z; 6,2)'|z] contains elements of the for

)

25 P,z
as —‘lp—_J 2 _olj OJz], j =1,...,J. Thus, Cj2, which can be expressed by the law of

iterated expectations as E {m -E[g(W, 051)|2] - E[Su(S, z; 002)’[2,]}, can

9(W6, ) {Wew, } 9(W.001 ) I{WeW s}
Po1 v Pos

less there is also the exogeneity or independence assumption. Similarly to Example

be simplified to E [ ] This is nonzero, un-
1.3.7, under ignorable selection, using selection moment conditions increases pre-
cision of estimating 6,,. Also, if knowledge of selection probabilities is available
it provides for the same precision of 91 as the one-step or two-step procedures as

long as all m; + m9 moment conditions are used. a
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Example 1.3.9 Continuing Example 1.3.6, with ML estimates of treatment prob-
abilities P(2; 62) from PROBIT, the correlation matrix between the moment con-

ditions that identify u,; and the likelihood equations from PROBIT for 6,2 is
S-P(Z;6 Vo.P(Z;6
E SY(1)—pp1) X( (Z:%2)) b2 ( 2)|02=‘902

. This, under ignorability, can

P(Z:052) (1-P(Z;652))
Y(1)=pp1)V . P(Z:60) 0. —
be rewritten as —E [( @ ”OI)P(OZ2.0(2) 2)6, 6"2] which is non-zero unless Y (1) LZ
Yo

and equal to minus the expected derivative of the weighted moment equation for
Lo1 With respect to 0. A similar argument is valid for estimating u,9 and, conse-
quently, 7,. Hence, in average treatment effect estimation, m-redundancy cannot
be claimed: knowledge about the treatment assignment process should be included
into the estimation. There is p-redundancy, however: it does not matter asymp-
totically whether the parameters of the assignment process are known or estimated

as long as all available moments are used. a

1.3.4 Relative efficiency results under exogenous selection

Consider now estimation based on (1.19)-(1.21), under exogenous selection.

Wooldridge (2002b, Theorem 5.2) shows, under the ezogenous selection assump-
tion, that the IPW M-estimator that uses known selection probabilities is as ef-
ficient as a two-step estimator that employs initial ML estimates of the selection
probabilities. The results of Section 1.2 allow to restate this result for other esti-

mators and for the cases of overidentification in the primary problem of interest.

Using definitions (1.22)-(1.24), it is easy to verify that, for the GMM estimator

based on (1.20), the following is true.
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Theorem 1.3.3 Under the exzogeneity of selection assumption:

(a) C12=0;

(b) D12 =0.

So, by Theorem 1.2.3(6), we have m-redundancy of the selection moment condition
and p-redundancy of 6,2. ONE-STEP, TWO-STEP, KNOW-02 and KNOW-69-JOINT

estimators of 6, are equally efficient asymptotically.

Wooldridge (2005, Theorem 4.3) shows, under exogeneity and the further assump-
tion that the original moment conditions satisfy the conditional information matrix
equality, that the estimator based on the unweighted moment conditions is more
efficient than the estimator based on the weighted moment conditions. This is fine
as far as it goes, but it does not rule out the possibility that using both could be

more efficient than using either. Our next result does rule out this possibility.

Theorem 1.3.4 Suppose Assumption 1.3.4 holds. Then the optimal moment con-

ditions in the selected population are the same as in the unselected population.

To see why this result is true, note that the optimal moment conditions in the

unselected population are the following:

ED(Z)'C(Z)™ g(W,801) =0, (1.25)
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where D(z) = E Vg, g(W, 91)’0 2 and C(z) = Eg(W, 851)g(W,6,1)'|2. The

1=0o1
optimal moment conditions in the selected population are:

ED(Z,S =1)C(Z,5 =1)"189(W,6,) = 0, (1.26)

where D(z,S = 1) = E{Vglg(w,Ol)'a o z,S=1} and C(z,S = 1) =
1=Y%1
E {9(W,601)9(W,6001)|z,S =1}. But D(z,S = 1) = D(z) by the ignorability

assumption, and similarly C(z, S = 1) = C(=2).

An implication of this result is that the weighted moment conditions are m-
redundant for the estimation of 6,;. More precisely, assuming that weighting
was not part of the efficient estimation problem in the unselected population, it
also plays no role in the efficient problem in the selected population. Thus in this
circumstance we do not have to weight for reasons of consistency, and we also do

not have to weight for reasons of efficiency.

Theorem 1.3.4 is a useful result, but it falls short of being the final word on effi-
ciency. The question is whether the moment conditions in equation (1.17) capture
all of the information in the exogeneity assumption. The first part of the exogeneity
assumption is that Eg(W,6,1)|z = 0, and the efficient GMM estimator under this
conditional moment restriction (with full observability) is well understood. The
second part of the exogeneity assumption is the ignorability condition, and Theo-
rem 1.3.1 shows that this makes the original conditional moment restriction valid
in the selected sample as well. More precisely, we then have Eg(W, 6,1)|2,8 = 0
and Theorem 1.3.4 gives the form of the efficient estimator under this conditional
moment restriction. However, what is not clear is whether all of the information

in the ignorability condition is captured by the extension of the original moment
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conditions to the selected population.

We defined P(z,0,2) = E(S|z), so that E[S — P(z,6,2)]|z = 0. However, under
ignorability, we have the stronger condition that E[S — P(z,6,2)]|z,w = 0. The
score function for estimation of 6,9, as given in (1.23) above, will not be useful for
estimation of 6,;, because it is a function of Z and S only, and we have already
used the optimal functions of Z and S in (1.26) above. The question is whether
the fact that E[S — P(z2,6,2)]|w = 0 adds anything. This question is complicated
by the fact that W is only observed when S = 1. If no part of W (other than Z, if
Z is a subset of W) is always observed, we do not see any way to make use of the
condition that E[S — P(z,8y2)]|w = 0. However, now suppose that some subset of
W is always observed. Let W, be the part of W which (i) is always observed, and

(ii) is not part of Z. Then we can consider moment conditions of the form

Ek(Wo)[S — P(2,62)] = 0. (1.27)

These moment conditions are not useful for estimation of 6,9, but they may be
useful for estimation of 6,1, if they are correlated with the original moment con-
ditions. It is easy to see that they are not correlated with the unselected original

moment conditions:

Eg(W,6001) k(Wo)' [S — P(2,002)] = EE[S — P(z,002)]|zEg(W, 001)k(Wo)'|2
= 0.
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However, they are correlated with the selected original moment conditions:

ESg(W, 601) k(Wo)' [S — P(Z,052)] = EES[S — P(2,852)]|2Eg(W, 801)k(Wo)'|2
= EP(Z, 002)[1 —P(Z,602)| Eg(W, eol)k(Wo)’lz
# 0.

Thus the moment conditions in (1.27) may possibly be useful in estimation of 6,;.

We leave further exploration of this point for future work.

1.4 Concluding remarks

We summarize relative efficiency results for four alternative GMM estimators of a
parameter vector that enters into one set of moment conditions along with another

vector that also enters into an additional set of conditions and may be known.

We provide formal statements and proofs of efficiency claims and spell out condi-
tions under which some knowledge may be redundant. If the two sets of moment
conditions are uncorrelated and the expected derivative of the first set with respect
to the additional parameter vector is zero, both the additional moment conditions
and the knowledge of the additional parameters are redundant. These are the
strongest sufficient conditions we consider. The weaker condition of moment un-
correlatedness is sufficient for redundancy of extra moment conditions when the
additional parameters are known and for equal efficiency of the multi-step and one-
step estimators under exact identification of the original set of moment conditions.
The condition of zero expected derivative of the original set of moments with re-

spect to the additional parameter vector turns out to be sufficient for no influence
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of the first step estimation over the second step standard errors in very general
settings. We provide a sufficient condition for equal relative efficiency of the es-
timator that treats additional parameters as known using the full set of moment

conditions and the estimator that involves estimating both parameter vectors.

We apply these results to a general missing data problem after showing that the
weighted and unweighted GMM estimators on the selected sample preserve de-
sired asymptotic properties under reasonable assumptions. We explain the coun-
terintuitive result that estimating selection probabilities dominates using known
probabilities if this knowledge is available. It turns out that this is an outcome
of ignoring the moment conditions that characterize the selection process. In-
terestingly, however, a proper use of such knowledge along with known selection
probabilities turns out to be as good as estimating the probabilities using the same
moment conditions. Redundancy of the parameter knowledge applies. We show
that this redundancy result is driven by two factors: the ignorability assumption
on selection and the use of the score function in estimation of the selection prob-
abilities. The ignorability condition says that the first-stage score function for the
conditional likelihood f(s|z) is in fact the score function for the conditional likeli-
hood f(s|z,w) and thus GCIME can be applied producing the sufficient condition

for parameter knowledge redundancy.

When selection is based on exogenous variables with respect to a correctly spec-
ified feature of conditional distribution, any function of the exogenous variable
can be used as a weight in the weighted GMM estimation. This implies two in-
teresting results. First, the weighted GMM estimation on the selected sample is
robust to selection model misspecification. Second, using both weighted and un-

weighted moment conditions dominates using only one of them unless the original
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moment function incorporates the optimal weights in the first place. No efficiency

improvements are possible in that case.

Besides the examples we give, the following specific missing data problems can be
studied in the framework of Section 1.2: using auxiliary data to estimate probabil-
ities of selection (see Hellerstein and Imbens, 1999; Nevo, 2002, 2003), weighting
by nonparametric estimates of propensity scores in estimation of average treat-
ment effects (see Hirano et al., 2003), estimating weights for choice-based samples
in pseudo-MLE settings (see Manski and Lerman, 1977; Manski and McFadden,
1981; Cosslett, 1981a,b; Imbens, 1992), EL and GMM estimation for stratified
samples with possibly known sampling or population frequencies (see Tripathi,

2003).
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Appendix: Proofs

PROOF OF THEOREM 1.2.1: Proofs are given, e.g., in Theorems 2.6 and 3.4
of Newey and McFadden (1994). Also, see Hansen (1982). Condition (i) is the
identification assumption. Conditions (ii) and (iv) are needed for consistency,
conditions (iii)-(v) are needed for asymptotic normality, while conditions (iv) and
(v) ensure that the objective function in (1.2) and its first derivative, respectively,
converge uniformly to their population analogues and condition (vi) provides for
invertibility of a part of the mean-value expansion. Some of the conditions can be

relaxed at the expense of complicating proofs. a

PROOF OF THEOREM 1.2.2: Equations (1.6), (1.8), and (1.9) follow from the
standard asymptotic variance derivation for the GMM estimation using the optimal
weighting matrix (see, e.g., p. 2148 of Newey and McFadden, 1994; Hansen, 1982,
Theorems 3.1 and 3.2).

Equation (1.7) is obtained similarly but we separately expand the first order con-

ditions corresponding to (A) and (B).

The TWO-STEP estimator of 6,2 minimizes 52(02)’02_21 ha(62). The first order con-
ditions that the estimator solves are D'2202_21712(92) = 0. Expanding around 6,

gives

02 — 6,9 = —(DhoCayt Dag) ™1 DhyCint ha(802) + 0p(N~1/2). (1.28)
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The TWO-STEP estimator of 6,) minimizes k1 (6y,62)’ 02_211_11 (61, 62). The first order
conditions that the estimator solves are D’uCl_llle (91, 92) = 0. Expanding around

6,1 and using (1.28) gives
61— 601 = —(D1;Cpy' Du) ™ DYy Crytha (Bt Bo2) + (1.29)
+ (D}, 011 D11) ™ D1 Oy D1a(DCay D) ™ DiyyCiy ha(82)
+ op(N_l/z).
On multiplying by v/N and combining (1.28)-(1.29), we get
Vrwo-step = BCB/, (1.30)

where C is defined in (1.4) and

B B
0 Boo
with
By = —(D},C'Dn) D} CHl,
Biz = (DhCriDy) " DiyCil Dia(DhyCi Do) 1 DypCyt,  (132)
By, = —(DjpyCiy Dag) 1 DhyCH.

PRrROOF OF THEOREM 1.2.3: Statements 1 and 4 are proved on p. 148 of Qian

and Schmidt (1999) where it is shown that there is no gain in efficiency if and only
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if D110ﬁ1012 = 0. When the original problem is exactly identified (m; = p1)
and D;; is non-singular (by assumption), this is true if and only if Cjo = 0. If
the original problem is overidentified (m; > p;) then the condition C19 = 0 is

sufficient for no gain in efficiency.

To prove Statement 3 first note that BD = —1I, where I is the p; + po dimensional

identity matrix. Then,

Vrwo-ster — Voxester = BCB' — (D'C™1D)™! (1.33)
= BCB'- BD(D'C'D)"'D'B

1 1o, 1 1, 11
= BCI[I-C"2D(D'C”2C™ D) 'D'C"2|CIB.

The matrix is brackets is the projection orthogonal to C ~1/2p which is positive

semidefinite.

Vone-step for 60; is of the form (D’HCHDH - M12M2_21M21)_1, where Mjs =
M}, = D};CM D13+ D};C'2 Dy and Mp; is the lower right pa-block of D'C~1D,
which is positive semidefinite. Hence, the inverse of Vong-sTep for 6; minus

v-l

KNOW-03-JOINT is negative semidefinite. Thus, Vong-sTep Of 8; is no smaller than

VkNow-6,-joinT in positive definite sense, which proves Statement 2.

Further, KNOW-65-JOINT and ONE-STEP are equally efficient if Mja = 0 but
My2 = D},[C'D;3 + C'2Dyy). This fact along with the fact that C12Cy,! =
—-(C’ll)"l(f12 implies that if Do = 01202_21D22 than Mo = 0 which proves

Statement 10.

Statement 11 can be proved in two parts. First, since Mjo = 0 the inverse of
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-1

Vone-step for 61 is simply D’HCHDH which is generally greater than VKNOW-92 =

D’HCI‘I1 Dq in the positive definite sense since cll— Cﬁl is positive semidefinite.
This along with Statement 10 implies that ONE-STEP and KNOW-0,-JOINT are
no less efficient for #; than KNOw-0y. Second, to prove that TWO-STEP is no
less efficient for #; than KNOW-609 note that, by (1.30)-(1.32), Vrwo-step for 6;
is equal to BuCuBil + 312021311 + 311012312 + 312022312. Also note that
B;1C11 B}, = (D};C!D11)~! and that, under Djy = C12C55 Dog, the sym-
metric positive semidefinite matrices —B12Cp1 B}, and —B;1C12B], are equal to
B12C92B15. Vrwo-step for 8 reduces therefore to Vinow.g, minus a positive

semidefinite matrix, which completes the second part of the proof.

Statements 7-9 follow from Theorem 1 of Ahn and Schmidt (1995) and subsequent

discussion (pp. 21-22).

Statement 5 holds since if Dj9 = 0 then (1.7) reduces to (D’nCﬁlDu)‘l, which

is equal to (1.8).

Statement 6 follows from Statements 4 and 10 and a trivial comparison of variances

in (1.7) and (1.6) under given conditions. a

PROOF OF THEOREM 1.3.1: Follows trivially from Lemma 1.3.1 and part (ii) of

Assumption 1.3.4. O

PROOF OF THEOREM 1.3.2: (a) First, note that, by ignorability and (1.23), E[S-

. S—P(z,6,
ha(S, z;602)'|2] can be written as E[S'P(z,(Bog)(l(iP?i?;og)) Vg, P(z, 02)|02=002 |2] =
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E(52|2)~E(S|2)P(2,6 -
AP Von P2 000 = iy Plerboloymay since E(S?1e) =

E(S|z) and E(S|z) = P(z,0,2). This is nonzero in general. Second, E[g(W;0,1)|z] #

0 in general. Finally,

012 = Eh’l(W*70017002)h'2(Sa Za 002),
= E{ PZZ}0025E[9(W, 601)|2]E[Sha(S, 2;002)'|2]}, by ignorability (1.34)
_ w9Who1)
- IE[P Z,002 ) V02 P(Za 02)‘92=002]a by LIE

which is generally non-zero.

(b) Follows by (generalized) information equality, where ho(-) is the score, Do
is the expected Hessian, Co9 is the expected outer product of the score, Djg is
the expected derivative of h; with respect to 6 evaluated at 6,0 and Cpg is the

covariance of hy with the score. One may also write

Dz = E{Vs, piigyl, , 9Wibor)} by (1.22)

—_ — S . N *
= —Elpg5op 9Wibor) - Vo, P(Z.62)lgy,,)

E(S]2)E(g(W:6,1)]
~ -BER DG, P(Z,6)lgyms,) by LIE
w6
= _E[%((Z_ﬂggvoz P(Z,0)19y=g,,): as E(S|z2) = P(z,002)
= —Cp2 by (1.34)
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PROOF OF THEOREM 1.3.3: (a) By LIE and exogeneity,

S
Ciz2 = E|——rH
12 [P(z, 002)

S
EE |———¢(Y, X;6,) - u(S, z; 6 'z]
| 90 i) - u(S, 210

— E{Bl0V.00) 1B | g - u(S. 0]}

oY, X; 001) - (S, Z: aoz)']

= 0.

(b) By LIE and exogeneity,

S
D2 = E {V92 m‘(’z:eﬁ Q(Y,X,ool)}

- ]E{E[Q(YaX;gol)lz]V92 F(Zioz_)‘o ]}
) 2=0Y02

= 0.
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Essay 2

Robustness, Redundancy, and
Validity of Copulas in Likelihood
Models

2.1 Introduction

In multivariate economic models, one is often ready to assume marginal distrib-
utions but is reluctant to impose a joint distribution. For example, in a panel
setting, economists often use a specific likelihood for each cross section separately
(e.g., PROBIT or LOGIT) but avoid modelling the joint distribution of the cross-
sections over time. Similarly, in selectivity models, it is often desired to allow for
unrestricted dependence between the disturbances in the primary and the selection

models, each of which has a well-defined likelihood.
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The usual way to handle the indeterminacy of the joint distribution is to assume
independence of the marginal distributions and employ quasi-MLE or to assume
joint normality and employ pseudo-MLE (e.g. White, 1982; Gourieroux et al.,
1984). In certain cases these approaches result in a consistent estimation while a

“sandwich” covariance matrix may be used for valid inference.

However, these approaches suffer from major weaknesses. First, there are impor-
tant cases when using a pseudo-likelihood does not result in consistent estimates.
Green (2002, Section 17.9) and Wooldridge (2002, Chapter 13) discuss such cases.
Second, as we show below, there are estimators that dominate traditional QMLE

under non-independence.

The copula approach used here allows to replace normality or independence with an
alternative assumption about the joint distribution. Clearly such a replacement
is only warranted if the new distribution possesses some useful properties such
as ease of computation, robustness to misspecification, and improved efficiency.
Arguably, copulas (or at least some of their families) may have such properties in
certain econometric models. The copula approach also incorporates multivariate

normality and independence as special cases.

The copula approach is relatively new to econometrics. A note by Lee (1983)
appears to be the earliest application of this approach in econometrics. Copulas
have recently received a lot of attention in finance literature. They are used to
model dependence in financial time series (e.g., Patton, 2001; Breymann et al.,
2003) and in risk management applications (e.g., Embrechts et al., 2003, 2002).
Bouyé et al. (2000) provide an extensive discussion of prospects for copula in

finance. Use of copula in other subfields of econometrics still appears rather limited.

47



Smith (2003) incorporates a copula in selectivity models and provides applications
to labor supply and duration of hospitalization; Cameron et al. (2004) use a copula
to develop a bivariate count data model with an application to the number of doctor

visits.

We start by presenting some basics on copulas. This is done in Section 2.2. Section
2.3 introduces the GMM representation of the likelihood-based models used in the
sequel. We show that imposing a joint distribution amounts to adding moment

conditions.

Imposing moment conditions makes consistency of the resultant estimator con-
ditional on the moment validity. Moreover, there are infinitely many alternative
multivariate distributions that can be used. Section 2.4 shows that estimation of
means remains robust against copula misspecification as long as the used copula
and the true joint density share a symmetry property. A simple simulation employs

most commonly used copula families to study their robustness properties.

It is well known that additional moment conditions cannot reduce asymptotic
efficiency if properly used. However, sometimes the additional moments do not
help even if properly used, i.e. are redundant in the sense of Breusch et al. (1999).

In Section 2.5 we develop conditions for such redundancy.

Section 2.6 proposes tests of copula validity that can help deciding on the copula.

Section 2.7 concludes.
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2.2 Preliminaries

Definition 2.2.1 (Nelsen, 1999, p.40) An M-dimensional copula is a function
C:[0,1]M — [0,1] that has the following properties:

i. C(uy,-- -, um-1,0,umy1,.-.,upg) =0, m=2,... . M- 1.
iw. C(1,...,L,um,1,...,1)=upm, m=1,..., M.

. C is M-increasing: for every M-box B = [ay,b1] X [ag,b9] X ... X [ap, by],

whose 2M wertices (cy, ..., cpr) are in [0, l]M , the C-volume of B, defined by

2 2
Ve(B)= ) ... Y (- MCleriy, s eaigg)s
i1=1  ip=1

where cj; = a; and cjo = b; for all j € {1,..., M}, satisfies

Ve(B) 2 0.

Property (iii) implies for M = 2 that C(aj, a2)—C (a1, bo)—C(b1,a2)+C(b1,b2) >0
for any vectors (aj,ag), (b1, b2) € [0,1]2 such that am < by, m = 1,2, i.e. C(a,b)

is non-decreasing in (a, b).

It follows from the definition that an M-dimensional copula C' is an M-dimensional
cdf whose M marginals are uniform on [0,1]. One may also note that for any
M-dimensional copula C, M > 3, each m-marginal of C, 2 < m < M, is an

m-dimensional copula.
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The following well-known theorem establishes existence of such a function for any

joint distribution function of random variables. We restate it without proof.

Theorem 2.2.1 (Sklar, 1959, p.229-230) Let H be an M -dimensional distribution
function with marginals Fy,..., Fps. Then there ezists an M-dimensional copula

C such that for allz;y e R, m=1,... M

H(Il,...,l‘M) =C(F1(Il),...,FM(.’EM)). (2.1)

If F1,...,Fp are continuous, then C is unique. Conversely, if C is an M-
dimensional copula and Fy,..., F)s are distribution functions, then the- function

H in (2.1) is an M -dimensional distribution function with marginals F, ..., Fy.

Thus, a copula is a multivariate distribution function that connects two or more
marginal distributions to exactly form the joint distribution. A copula thus com-
pletely parameterizes the entire dependence structure between two or more random
variables. It is important to note that a given joint distribution function H de-
fines a unique set of marginal distribution functions Fy,, m = 1,..., M, whereas
given marginal distributions do not determine a unique joint distribution (and the

implied copula).

To connect copulas to likelihood-based models, let h and ¢ be the derivatives of

the distribution functions H and C, respectively; let f,, be the derivatives of the
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marginal distribution functions Fy,, m = 1,..., M. Then,

OMH(z ooy X

MC(F\(z1),. .., Fy(zp))
0ry...0r)

_ 3MC(U1,...,'U,M) ﬁf (SL‘ )
duy ...dups masm

um=Fm(zm),m=1,....M m=1

M
= c(Fi(z1),--.,Fpm(zpp) H fm(zm),

m=1

i.e., the joint density is the product of the copula density and the marginal densities.

In what follows we restrict our attention to the bivariate case (M = 2). We let the
marginal densities f; and fy be functions of an unknown parameter vector § € RP
and the copula density ¢ and the joint density A be functions of an additional

parameter vector p € R?9. Then
In h(z1,29;0, p) = Inc(F1(z1;6), Fa(z2;0); p) +In f1(21;6) +In fo(z2;6). (2.2)

Note that p parameterizes the entire dependence between the two random variables.

See Appendix A for selected copula families used in this paper.

For our discussion of copula misspecification, we let K denote some copula other
than the true copula C and we let k denote the corresponding copula density

function.
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2.3 The GMM representation

MLE assumes a complete and correctly specified joint likelihood in (2.2). For
the purposes of this paper, quasi-MLE (QMLE) assumes correctly specified mar-
ginal distributions and maintains their independence and thus only uses the last
two terms in (2.2). In panel settings, what we call QMLE is often referred to as
the partial likelihood method (see Wooldridge, 2002, Section 13.8). Pseudo-MLE
(PMLE) assumes an incorrect joint distribution and thus uses an incorrectly spec-
ified copula term in (2.2). The (correct) copula term in (2.2) is therefore what

distinguishes MLE from QMLE (and PMLE).

It is well known that likelihood-based models can be represented as GMM models
based on likelihood equations (see Godambe, 1960, 1976). The expected value of
the score function for the correctly specified joint log-likelihood (2.2) is zero at
the true value of parameters. Furthermore, if the marginal densities are correctly

specified, the same is true for the marginal log-likelihoods.

Let 6, and p, denote the true values of the parameters 6 and p, respectively.

Assume that the following four moment conditions hold if and only if 8 = 6, and

P = Po:
EZ In f1(X1;60) =0, A)

(
ES; In fo(X2;60) =0, (B)
EZ Inc(F1(X1;60), Fa(X2;60);p0) =0,  (C)
Eg; Inc(Fy(X1;60), Fa(X2:60); p0) = 0. (D)

(2.3)

We call moment conditions (A) and (B) the “marginal moments” and (C) and (D)
the “true copula moments”. Note that as stated in (2.3), the GMM problem is

overidentified: it involves p + g parameters and 3p + ¢ moment conditions.
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Here we will assume that the marginal distributions are correctly specified but
the copula function may not be. If the copula is incorrectly specified, then copula
moments (C-D) may not hold at (6,,00). They may however hold at (6o, p’;),
where plg # po. If they do we will say that the copula is “robust”. In this case, we

will replace (C) and (D) in (2.3) with

E & In k(F1(X1;60), Fa(X2;60); 08) =0,  (C)

=0
(2.4)
E# Ink(Fy(X1360), Fa(X2;60); p5) = 0. (D)

We call (C'-D’) the “misspecified copula moments”. For the sense in which a para-
metric model for a distribution is correctly specified see, for example, Wooldridge

(1994, p. 2672).

Our primary focus is estimation of §,. GMM is an appropriate framework for our
analysis because it allows studying robustness and efficiency of various likelihood-
based estimators of 8, (MLE, QMLE, PMLE) by considering misspecification and

redundancy of copula moments.

Specifically, consider MLE versus QMLE in terms of efficiency. The MLE pro-
cedure for (6, po) maximizes the joint likelihood in (2.2). This is equivalent to
the optimal GMM estimation based on the expectation of the score of the joint

likelihood, i.e.,

ES; {In f1(X1;60) + In f2(X2;80) + In c(Fi(X1; 6o), Fa(X2; 66); po) }

E;% In c(F1(X1;65), F2(X2; 65); po)
(2.5)

We show in Section 2.5.1 that this is equivalent to the optimal GMM based on

(2.3).

93



At the same time, the QMLE procedure for 6, maximizes the joint likelihood
assuming independence of marginal distributions. This is equivalent to the optimal

90 1 1,Y0 90 2 2’ o] . .

We will show in Section 2.5.1 that the optimal GMM based on (2.6) is no more

efficient than the optimal GMM estimator based on

ES In f1(X1; 00)

=0, (2.7)
EZIn f2(X2;6,)

which we will call the Improved QMLE (IQMLE).

Thus MLE and (I)QMLE are equally efficient only if the extra copula moments in
(2.3) do not help improve efficiency of estimation of ,. In GMM literature this
is known as partial redundancy of copula moment conditions given the marginal

moment conditions in estimation of 6, (see Breusch et al., 1999, Section 4).

Similarly, the PMLE procedure for (8,, p£) maximizes the joint likelihood in (2.2)

with a misspecified copula. This is equivalent to GMM based on

E {In f1(X1500) +In fo(Xa; 60) + In K(FL(X13 60). Fa(X2i00); 65) }
EZ, In k(F1(X1; 60), Fa(X2; 60); pK)

=0.

(2.8)
Since we assume correct specification of the marginal distributions, the moment
conditions in (2.8) do not hold if and only if the moment conditions in (2.4) do

not hold, i.e. if and only if the copula moments are not robust to misspecification.
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Finally, for robust misspecified copula moments, we will show in Section 2.5.2 that
PMLE is dominated by the optimal GMM estimator using (2.3A-B)-(2.4C’-D’),
which we will call the Improved PMLE (IPMLE). Thus the question of relative
efficiency of IQMLE versus IPMLE for 6, is that of partial redundancy of the

misspecified copula moments.

2.4 Robustness of copula terms

Redundancy applies to valid moment conditions. We therefore first discuss ro-
bustness of copula terms to misspecification. We seek to characterize an incorrect

copula K, for which the copula moments in (2.4) hold in the population.

2.4.1 A theoretical result

Let X; and X9 be random variables with joint distribution function H, marginal
distribution functions F; and F5, respectively, and copula C. Let (u1,us) be a

point in R2.

Definition 2.4.1 (X1, X3) is radially symmetric (RS) about (ui,us) if
H(p1+ 1, p2+12) = 1= Fi(p1 — 21) — Fa(pe — z2) + H(p1 — z1, p2 — 22), (2.9)

for all (z1, zg) in {R?2 J{zo0}}.
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Essentially, RS requires that any two points equally distant from (u;, u2) that lie
on the same line identify tail segments under the joint density function that have
equal volume. It is clear from (2.9) that the true joint density h(z;,z9) satisfies
h(uy + z1,u2 + 22) = h(u1 — 71, u92 — z2) under RS. Moreover, if z; or z9 in
(2.9) is taken to be equal oo, it follows that F;(u; + x;) = 1 — Fj(u; — z;), or
Prob(X; — u; < z;) = Prob(p; — X; < z;), i.e. X1 and X9 are marginally
symmetric (MS) about (u1,u2). RS is therefore a stronger symmetry concept
than the usual (univariate) symmetry of random variables. It is however weaker
than joint symmetry, which holds when h(u) +x1, uo+x2) = h(uy +x1, 00 —12) =
h(uy — z1, o + z2) = h(uy — z1, p2 — z9) (see Nelsen, 1993, for details). Many
commonly used distributions are RS. For example, bivariate Normal, bivariate
Student-t, bivariate Cauchy and other elliptically contoured diétributions are RS.
For a discussion of the elliptically contoured family of distributions, see Mardia

et al. (1979, Section 2.7.2).

Now consider some copula K # C.

Definition 2.4.2 A copula K is radially symmetric (RS) if
Kl-ul-v)=1-u—v+ K(u,v), for all (u,v) in I2. (2.10)

Radial symmetry of copulas requires of the copula function what radial symmetry

of random variables requires of the joint density function. Eq.(2.10) suggests that

for the rectangles [0,u] x [0,v] and [1 — u,1] x [1 — v,1], the volume under the

copula density function is the same for any (u,v).
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It can be shown that (marginally) symmetric random variables X; and X9 are
radially symmetric if and only if C satisfies (2.10)(see Nelsen, 1999, p.33). So if
(X1, X2) is RS then (2.10) holds for the true copula C. However, (2.10) may hold

for many other RS copulas.

It is sometimes easier to verify radial symmetry of a copula function K by checking
whether the copula density k satisfies the equation k(1 — v, 1 —u) = k(v, u), Vu, v.
For example, for FGM family it is easier to verify that the density function satisfies
this condition than to verify that the copula function satisfies (2.10). In contrast,
for other families in Appendix A it is easier to check (2.10). Using one of the
methods, one can establish that the independence, FGM, Normal, Plackett, and
Frank families are RS, while the Logistic, AMH, Joe, Clayton and Gumbel families
are not. Interestingly, Frank (1979) shows that the only Archimedean copula family
(see Appendix A for the definition) that satisfies (2.10) is the Frank family. Joe,
AMH, Clayton and Gumbel are all Archimedean copulas that are not RS.

Theorem 2.4.1 If (X1, X2) are RS about (uj, uo) then

0
Eé; In k(F1(p1 + X1), Fa(ug + X2),p) = 0,VYp € RY,

where k is any RS copula density.

Proof: See Appendix B for all proofs that are not given in the main text.

By Theorem 2.4.1, the misspecified copula moment condition in (C’) can be used
to consistently estimate the symmetry point (u1, u2) as long as the copula function

and the true joint density share the property of radial symmetry.
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Note that the theorem does not state anything about moment condition (D’) in
(2.4) and the true copula dependence parameter p. Generally, under the regularity
conditions, (D’) will hold in the population for some value of (6, p) but not nec-
essarily for (65, po). However, (C') holds under the conditions of the theorem no

matter what value of p is used in (C’).

2.4.2 An illustrative simulation

To illustrate the result of the theorem and to study the behavior of both the
misspecified copula moments (C') and (D’) in finite samples, this section presents

results of a simple simulation concerning a sample mean problem.

For copula K, define the sample analogues of misspecified copula moments (C’)

and (D) in (2.4)

5, p)—T—lzggmk Fy(X14;6), Fa(X2x:6); p) (211)
t=1
and
T
2 S Ink(F1(X16;0), Fa(X2:0); ). (2.12)

Clearly, if K = C then (65, po) —p 0 since (C) and (D) hold in population. More-
over, by WLLN, for any misspecified copula for which (2.4) holds, 4(6,, p’g) —p 0.

However, for non-robust copulas, the probability limit may be non-zero.

In order to be able to compare copulas we define a common measure of dependence.

There are very many such measures (see Nelsen, 1999, Section 5). We pick one
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that has a simple copula representation.

Definition 2.4.3 For any two continuous random variables U and V whose copula

is K, Kendall’s T measure of concordance is given by

T = 4//1[2 K(u,v; p)dK (u,v;p) — 1. (2.13)

It follows from (2.13) that
T= 4//2 K(u,v; p)k(u,v; p)dudv — 1 = 4EK (U, V;p) — 1. (2.14)
I

For two random variables, Kendall’s 7 can be viewed as the probability that “large”
(“small”) values of one are associated with “large” (“small”) values of the other (the
probability of concordance) minus the probability that “large” (“small”) values of
one are associated with “small” (“large”) values of the other (the probability of
discordance). Importantly, various copulas cover unequal ranges of dependence
as measured by Kendall’s 7 (see Appendix A). We therefore control for 7 in all

one-parameter copulas.

In the simulation, we use the fact (see, e.g., Kendall, 1949) that for the Normal

copula with Normal margins, Pearson’s correlation coefficient p is related to 7:

p = sin -g'r. (2.15)

This allows us to derive the value of Kendall’'s 7 that corresponds to the true
value of Pearson’s correlation coefficient p employed in simulating the joint Normal

distribution.
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We employ the following procedure:

X1 m 1 r
Step 1. Generate T realizations of ~ N , by
X9 m r 1
) 0 10
e generating Z ~ N , ;
0 01

e using the Cholesky decomposition

Step 2. For each realization t, calculate
o uj(p) =9(Xj —u),i=1,2, where ®(-) is the Standard Normal c.d.f,;

o ki(u, p) = k(uit(p), ugt(p); p);

o 6 (up) = & Inki(p, p) and & (1, p) = & Inky(u, p);

Step 3. Calculate sample averages
_ T
51 p) = 61 p).
t=1

Step 4. Plot the resultant functions 6#(u, p) and 6P(u, p) over a relevant range of u

and p.

Step 5. Evaluate the sample means 6 and ¢# and the sample standard errors

se(6*) = s#/VTse(8P) = sP/VT
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Table 2.1: The true values for Kendall’s 7 and p used in simulation

Copula p’; To
Independence - 0
Logistic - 1/3
Farlie-Gumbel-Morgenstern (FGM) 0.872880 0.193973
Joe 1.426845 0.193973
Ali-Mikhail-Haq (AMH) 0.697058 0.193973
Clayton 0.481321 0.193973
Gumbel 1.240654 0.193973
Frank 1.801160 0.193973
Normal with Normal margins 0.3 0.193973

at the true parameter values = my, and p = p’g, where

. \/ ST 1(8(mo, o) — 8 (mo, £5))?
T-1 '

The true parameter values in Step 1 are mo, = 0 and r, = 0.3. We use (2.15) to
calculate the true 7 and then we use (2.14) to derive the value of p corresponding to
the true value of 7 for each copula. We consider the independence, Logistic, Farlie-
Gumbel-Morgenstern, Joe, Ali-Mikhail-Haq, Clayton, Gumbel, Frank and Normal
copulas. For some of these copulas it is possible to obtain an analytical solution
for p in terms of 7 using (2.14) (see Appendix A), otherwise we use numerical
methods to approximate the true value of p with desired accuracy. Note that the

independence, Farlie-Gumbel-Morgenstern, Frank and Normal families are radially

symmetric.

Table 2.1 contains the true values of 7 and p for the considered families of copulas.
We choose r, = 0.3 because it corresponds to a value of 7 within the coverage of

all the one-parameter copula families we consider. Note that the two no-parameter
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copulas, independence and Logistic, imply dependence measures that are different

from the true.

Figures 2.1 through 2.8 of Appendix C contain the plots of 6#(u, p) and 8°(u, p)
obtained in Step 4. The sample size used for the plots is 200. According to Figure
2.1, the independence copula is robust: the copula term is identically zero even
though the marginal terms are not independent. The copula term for the Logistic

copula is zero for a value of u around 0.33.

Figures 2.2-2.8 illustrate how the one-parameter copulas compare in terms of ro-
bustness. Note that all the surfaces appear to intersect the zero plane at around
the true values of the parameters, which suggests general robustness. As we show
below, however, one cannot accept the hypothesis of zero § for all copula families.

The benchmark for comparisons is the Normal copula - Figure 2.7.

Interestingly, the sample analogue of the Normal copula moment (C) is close to
zero at the true value of y for any value of p and at p = 0 for any value of u -
panel (6a). The FGM, AMH and Frank families display a similar feature — panels
(1a), (3a) and (7a). Clearly, when p = 0, these four families of copulas reduce to
the independence copula, which is known to be robust. When p # 0, 8 is still
close to zero at the true m,. This observation suggests robustness of the FGM,
AMH and Frank families. With these copulas, one can use the copula moment (C)
with any assumed p and obtain a consistent estimate of u. The other families do

not exhibit this advantage.

Of course, the FGM and Frank families of copulas are RS. The observed robustness

of these families is clearly a consequence of the theoretical result in the previous
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section. However, the AMH family is not RS. Why is the AMH copula robust?
To answer this question, write the AMH copula as an infinite sum of a geometric

sequence
uv
1-p(1-u)(l-vw

= w > le(1 = w)(1 - w)Ik. (2.16)
k=0

The FGM copula is then the first-order approximation to the AMH family, which

explains similar robustness.

To test the features illustrated on the figures, in Step 5 we calculate 8* and 6 at
the true parameter values u = my, = 0 and p = p, and evaluate standard errors for
these averages. Table 2.2 shows these values along with the estimated Pearson’s
correlation coefficient 7, as sample size grows from 200 to 30,000. The ratio of
the sample average to the standard error in parenthesis is a test statistic. Under

Hy:8 =0,itis asymptotically standard Normal.

The table entries for the Logistic copula are significantly different from zero. This
copula is not RS and it implies a different measure of dependence (7 = 1/3). This
suggests running the same simulation with common 7 = 1/3 for all copulas. How-
ever, this value falls outside the coverage range for several one-parameter copula

families (see Appendix A), making a general comparison infeasible.

As expected, the entries for the Normal copula are insignificantly different from
zero for all sample sizes. For the two RS copula families, FGM and Frank, one
cannot reject the null either. The AMH family is fairly robust, too. For the Joe,
Clayton and Gumbel families, the sample averages are significantly different from
zero for at least one sample size which confirms the observation that these non-RS

copulas are not robust in this setting.
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Among the one-parameter copula families, several entries in the table stand out.
First, the Frank family sample averages are at least as close to zero as the Normal
benchmark for all sample sizes. Second, the FGM family sample averages are closer
to zero for T = 200 than the Normal family average. For the other sample sizes,
sample averages for the two families are comparable. Third, the AMH family also
performs well in the sense of the sample averages being insignificantly different
from zero. In particular, 6 for this family is not significantly different from zero
for all sample sizes. Finally, the Clayton family averages are close to zero for the

smaller sample size but not for the larger.

In the previous section, it was noted that (D) does not generally have to hold in
the population for RS copulas. An interesting observation from Table 2.2 is that
sample analogues of (D’) are insignificantly different from zero for RS copulas and
significantly different from zero for others. This does not follow from Theorem

24.1.

2.5 Redundancy of copula terms

We now turn to the question of redundancy of copula moments. We assume that we
either have the true copula moments (2.3C-D) or the robust misspecified copula
moments (2.4C’-D’) that hold at the true value of §. We would like to study
conditions under which using valid copula moments (either the true or misspecified

ones) does not result in efficiency gains in estimation of 6.
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2.5.1 Redundancy with correct copula

We first prove a lemma that reveals the structure of the variance and derivative
matrices of the moment functions in (2.3). Recall that correct specification of the

copula is assumed in (2.3).

Lemma 2.5.1 Denote the covariance matriz of the moment functions in (2.3) by

C, their expected derivative matriz with respect to (6, p) by D. Then,

[ A G |-G o]

G B |-G o
C= (2.17)
~G' -G| J E

L d
and )
[ -A o
-B 0
D= , (2.18)
G+G' -J|-E
-E -F |

where A,B,E,F,G,J are matriz-functions of (6, p) defined in Appendiz B.

Several important observations immediately follow from the lemma. First, (A)
and (B) are uncorrelated with (C) if and only if (A) and (B) are uncorrelated with
each other (G = 0). Second, the optimal GMM based on (2.3) is identical to the
ML estimation in (2.5), as claimed in Section 2.3. To see this explicitly, note that

the optimal GMM on (2.3) does not change if (2.3) is pre-multiplied by a matrix
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W such that W = D’C~1, if C is nonsingular. But, by Lemma 2.5.1,

- I 110 . I 110
W=D'C!=- cCl=- ,

00O0TI 0 00T
where I denotes the identity matrix of the relevant dimension. Clearly, this re-
produces the MLE first order conditions (2.5). Not surprisingly, estimators that
use the same first order conditions yield the same asymptotic variance matrices.
In particular, for non-singular C, the asymptotic variance matrix of the optimal

GMM estimator of (6, p) based on (2.3) can be written as
Vouym = (D'C7 D)L (2.19)

(We use the standard notation according to which “V is the asymptotic variance
of an estimator 6’ means that “v/N (8 — 6,) converges in distribution to N(0, V).”
It is implicit that D and C in the asymptotic variance formulas are evaluated at
the true values 6, and p,.) By Lemma 2.5.1, this is identical to the asymptotic

variance matrix of the MLE estimator of (6, p)

I T IO I I I O I 0
VMLE = - D| = C
0 00T 0 00T I o0

(2.20)
In contrast to VomMm, YMLE is defined even if C is singular. In fact the last
representation in (2.20) involves the outer-product-of-the-score form of the infor-
mation matrix, while the one before the last involves the expected-Hessian form

of the information matrix. Both are non-singular under regularity conditions.
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By a similar argument, it follows from Lemma 2.5.1 that the marginal moments
(2.7) are not equivalent to the QMLE first order conditions (2.6). To see this
explicitly, partition C and D as follows:

C C D 0
C- 11 Ci2 D= 11 , (2.21)

C2:1 Ca2 D21 D22
where Cy3,C12,C21,C22,D11,D21, D22 correspond to the blocks separated by
the dotted lines in (2.17-2.18). The optimal GMM based on (2.7) does not change
if the moment conditions (2.7) are pre-multiplied by a matrix W11 such that

Wi1 = Dy1/C71, if Cq; is nonsingular. Now, using Lemma 2.5.1,
11
W11 =D1n'Cif = - [ I I ] - [ -G’ -G ] Cui "

The last term is what distinguishes the optimal GMM based on the stacked mar-
ginal moments (2.7) from summation (2.6) employed by QMLE. Call the GMM
estimator based on (2.7), the Improved QML estimator (IQMLE).

Schmidt (2004) shows that correlation between marginal scores used in the optimal
weighting matrix results in efficiency gains over summation and that there are
interesting cases when the two estimation methods are equally efficient. A trivial
such case is when there is no correlation between the marginal scores, i.e. G = 0.
We provide a formal statement and a proof of this relative efficiency result in the

following theorem. The logic of the proof will be used again when we compare

PMLE and IPMLE.

Theorem 2.5.1 (Schmidt, 2004) Let VigMLE and VQMLE denote the asymptotic
variance matrices of the IQMLE and QMLE of 8,, respectively. Then, VQMLE —
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VIQMLE s positive semi-definite.

Proof. Define A = I I]. Then, (2.6) can be rewritten as (2.7) pre-multiplied by
A. Correspondingly, the variance matrix of the moment functions in (2.6) can be
expressed as AC11A’, where Cq; is the variance matrix for the moment functions
in (2.7), defined in (2.21). Similarly, the expected derivative matrix for the moment

conditions in (2.6) can be expressed in terms of the relevant matrix for (2.7) as

ADq;.

Then,
VoMmLE = [(AD11) (AC11A") "} (ADq)] 7L, (2.22)

while

VigmLE = [D11'CiiD11] . (2.23)

But VQMLE — VIQMLE is positive semi-definite (PSD) if and only if VI_éMLE -
v(—QIMLE = D11’CI11D11 - Dll,A'(AcllAl)_lADll is PSD. The last expression
can be rewritten as Du'Cl_ll/z[II - C}{zA’(ACHzC}{zA\’)_IACHZ]CI_II/ZDH.
This is PSD because the matrix in brackets is the PSD projection matrix orthogonal

to C1/2A/. O

Conditions under which the copula moments do not help in terms of efficiency for
6 can be derived by comparing ViqmLg Wwith the upper left p x p block of VL E.
When C is non-singular, the comparisons can be equivalently made to the upper

left p x p block of Vomm-

Breusch et al. (1999) (henceforth, BQSW) developed a very useful toolbox for

analyzing redundancy of a set of moment conditions given another set of moment
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conditions. However, their analysis assumes nonsingular C. For this reason, we
do not employ their results here but compare Viqmpg with the relevant block of

VMLE directly.

Theorem 2.5.2 Vg for 8 and VigMLE are equal if and only if
J-c§,crici, —-EFE =0, (2.24)

where C§; = ngl =[-G' -G].

The cumbersome expression in (2.24) has a simple interpretation in terms of sin-

gularity of C. It states that the linear projection of moment condition (C) on

moment conditions (A), (B) and (D) is uncorrelated with moment condition (C).

More specifically, (2.24) can be rewritten as follows

Zf
E i1nc-nzln“1 9 | T QP
50 1 | gglofe [ | 59 ;
where .
A GO

Q1=[-G' -G E], 91=|G' B 0

0 0 F

and the arguments of the moment functions have been suppressed for brevity. In
other words, (C) has to be a linear combination of (A), (B) and (D) for the copula
- information to be redundant in terms of asymptotic efficiency of estimation of 6.

Thus C has to be singular.

70



Since V(MLE = VgMmMm for non-singular C, and VigmLE is equal to Vg for 6 if
and only if C is singular, thus equality of ViqmpLg and Vamm for 6 is impossible

unless (C) is a linear combination of (A), (B) and (D).

Corollary 2.5.1 If (C) is a linear combination of (A) and (B) with p known
then

1. E=0;

3. IQMLE is efficient.

We therefore have two cases when the copula knowledge in (C) and (D) is redun-
dant given the knowledge of the marginals in (A) and (B). One case is when the
copula moment (C) is a linear combination of (A) and (B). The other case is when
(C) is not a linear combination of (A) and (B) but is a linear combination of (A),

(B) and (D). In both cases, C is singular.

Examples at the end of this section illustrate how one can apply the redundancy

results in practice.

2.5.2 Redundancy with misspecified copula

Now suppose incorrect but zero-mean copula terms in (2.4C’) and (2.4D’) are used

in estimation. When is such knowledge redundant in terms of efficient estimation

of 6?
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Lemma 2.5.2 Denote the covariance matriz of the moment functions in (2.3)
that employ the copula moments (2.4C') and (2.4D') instead of (2.8C) and (2.3D),

respectively, by CK, their ezpected derivative matriz with respect to (0, pk) by DK.

Then,
A G|-K -P
' ’ ’
ck — G B |-L" -Q
-K' -L| N V
-P -Q|V W
and i )
—-A 0
Dk -B 0

K'+L-M|-S
-s' -T

where A,B, G are as in Lemma 2.5.1, K,L,L M,N,P,Q,S, T,V, W are matriz-

functions of (0, pk) defined in Appendiz B.

Lemma 2.5.2 can be used to make the following observation. The optimal GMM
estimator using (2.3A-B)-(2.4C’-D’) is not identical to the PML estimator. This is
in contrast with Lemma 2.5.1, in which MLE coincided with GMM using (2.3A-D)
because we had knowledge of the correct copula. More specifically, the optimal
GMM estimator based on (2.3A-B)-(2.4C’-D’) is unchanged if (2.3A-B)-(2.4C'-
D') are pre-multiplied by matrix Wk = Dk,(Ck)—1 if CK is non-singular. Using

Lemma 2.5.2, it can be shown that

1110
D'(Ck)1 = - +Z(Ck) 1,

00O0TI
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where Z contains G' - K/, G-L, N-M', P/, Q, V' - S', W—-T’. Clearly,
Lemma 2.5.2 becomes Lemma 2.5.1 if k = c. In this case, Z = 0, WX = W, the

optimal weighting retrieves (2.5), and PMLE is equivalent to MLE.

For k # c, correlation patterns impossible in Lemma 2.5.1 now provide potential
efficiency gains over PMLE. We call the GMM estimator using (2.3A-B)-(2.4C’-D’)
the Improved PM L estimator (IPMLE).

Theorem 2.5.3 Let VippmLE and VpMmLE denote the asymptotic variance matri-
ces of the IPMLE and PMLE of (6o, pX), respectively. Then, VpmLE — VIPMLE

is positive semi-definite.

Proof. Define
I I I O

00O0TI

Then, (2.8) can be rewritten as (2.3) pre-multiplied by A. Correspondingly, the
variance matrix of the moment functions in (2.8) can be expressed as ACll‘lA’ .

Similarly, the expected derivative matrix for the moment conditions in (2.8) can

be expressed as ADK.
Then,

VpMmLE = [(AD¥)'(ACkA")~1(AD¥)] 7L, (2.25)
while

1) e Tk
VipMmLE = [D¥ (C*)~1D¥)-1. (2.26)
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VpMmLE — VipMmLE is PSD if and only if Vigyre — VPMLE = pk'ck ipk _
Dk,A'(ACkA’)_lADk is PSD. Rewrite the last expression as

Dk’(Ck)—l/Z[H _ (Ck)l/zA,(A(Ck)l/z(Ck)l/zA,)_IA(Ck)l/z](Ck)_l/sz.
This is PSD because the matrix in brackets is the PSD projection matrix orthogonal

to (CK)1/2A’, 0

Clearly, (I)PMLE does not improve precision of estimation of 6§ over IQMLE if
and only if the upper left p x p block of V(1ypMLE is equal to VigmpLg. We focus
on Vipymig because by Theorem 2.5.4, if IPMLE does not improve over precision
of IQMLE for 6, then neither does PMLE. VippiEg is only defined when CK is

non-singular, thus we can apply the redundancy toolbox of BQSW.

Theorem 2.5.4 VipMLEg for 6 and VigMmLE are equal if and only if
- _ K ~—
M - C3{C;;Cfz — ST H(R - C5,C;;Cl2) = 0, (2.27)

where CJk = [-K/ -1}, Chi=[-P' -Q]

In (2.27), M - Cg]{CI_lngz and R — Cg‘{CﬁlC‘iz can be viewed as covariance

matrices between copula moments (C’-D’) and the error in the linear projection of
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the true copula moment (C) on the marginal moments (A-B). More explicitly,

(

- A
0
_ o (o e
M- CfCi{Cla =E ) glnk | gglne—CmCil | T -
Infz |)
\ 96
\ J /
( ( a -\h
) 3 5 _ In fi
R-CHICI{Ch =E{ g,lnk | gglne—CuCy | 7 i
| \ w2 ])

Clearly, when both of these matrices are zero, (2.27) holds for any S. Also, if only
(2.28) is zero and S = 0, (2.27) holds for any R and Cgll‘.

Corollary 2.5.2 If (C) is a linear combination of (A) and (B) with p known then

M — C?kco1lct. —o-
1. M—-C3C11C12=0;

R - c’kcr1cl. — o-
2. R-C5Cy;Cla =0

8. IQMLE and IPMLE for 0 are equally efficient.

By the corollary, knowledge about robust but misspecified copulas is redundant

in estimation of 6 given (A) and (B) when the true copula moment (C) is not

informative given (A) and (B).

2.5.3 Examples

The following four examples illustrate how the redundancy results can be used

in practice. The first three examples show problems where the copula moment
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conditions are redundant and thus IQMLE is efficient. The last example considers
a situation when copula moment conditions are not redundant in general and

IQMLE is generally inefficient.

Bivariate Normal with common mean. Assume Normal marginal densities

witha%zcr%=landu1=p2=u

1 (z-w)?
fl(l'l;ﬂ)=\/2—7re 7,

(zg—p)?
fa(zo; p) = \/%—we_ 7.

Let the true joint density be Normal, i.e.,

_(z1=w)%+(zo—m)2—2p(z) — 1) (zg—p1)
2(1-p%)

1

h(z1,x9; py p) = —F—e
( ) 2my/1 — p2

Then, the implied copula is the Normal copula

_p(p(xl—u)2+p(w2—u)2—2(11—u)(zz—u))
c(Fi(z1; p), Fa(z2; )i p) = —==5¢ 2(1-p%) ,
1-p

where p is the copula dependence parameter (Pearson’s correlation coefficient).

Thus we have the setup of our simulation in Section 2.4.2.
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The relevant moment conditions are

E{X;—u} =0, (A)
E{Xy — u} =0, (B)
E {__ (X —l‘)p‘:(lx2_#))l’} =0, (C)

2, x2 2 2 2 2(1-p)?
E _PXTHXY)+u(l-p) (X1+X2)-$1+P )2X1X2+”(” Rl G =0. (D)
(p—1)%(p+1)

(C) is clearly a linear combination of (A) and (B) for known p. By Corollary
2.5.1, the true copula moments are redundant for estimation of u. Furthermore,
by Corollary 2.5.2, any valid misspecified copula moments do not help improve

precision of estimation over IQMLE of u. IQMLE of u is efficient.

Section 2.4.2 provided evidence of robustness of independence, FGM, AMH and
Frank copula families. None of them would allow to improve efficiency over IQMLE

of u.

Note that using the Normal moment generating function, one can show that

1 p —-p 0 W -1 0
p 1 —p 0 -1 0
C= 92 y D = s

2 2
—pP —p r_;_Lp 0 I—fl_’ 0
142 __ 14p?
0 0 0 (p—1)%(p+1) 0 (p=1)4(p+1)%

- - -

where det(C) = 0, and

1+p

VMLE = VIQMLE = 5
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Bivariate Normal regression. Let y = x(+¢, wherey = (y1,42), x = (z1, 12)".

Suppose x is non-random. Let € = (1, €9)’ ~ N(0, ), where

2
ot »p
v=| !
p o3

and a%, 0’% are known but p is not.

Then,
(y1—218)2
1 __l+

fily;21,8) =

1
fo(y2; 22,8) = e 2
,/211'0%

h(y;x,8,p) = ! e—%(y—xﬂ)’z_l(y—xﬁ).

~2ny/[3

Then, the implied copula is Normal,

2 2
29 _¢€ €105—€9p € €07 —€1p
0103 'ﬂ“( 2 5_;7 “} Tlﬁ_pi_ ]
c(F1(y1; 71, 0), Fa(y2: 72, 0)ip) = —55—€ 7192 7192
1( 2 . 2 )
2
xe 201 202

where ¢; = y; —z;0,i1=1,2.
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The relevant moment

conditions are

o)

e{=p) o >

E p(alozzlfzﬂfff%zzfl—0%”"2‘2“’%”‘”1‘1) =0, (C)
0107(0 05— P2) ,

E{aﬁ’zflfzﬂ’ 169-05p] - o i G p3} =0. (D)
(0' 0'2 P2)2 .

Again, (C) is a linear combination of (A) and (B). The use of (C) and (D) or

any other zero mean copula terms does not help estimate # more precisely than

IQMLE.

The covariance and expected derivative matrices are

i 2

T p:c? :c? _pT1T 1
;% 7192 7192 °
2
pz'! :c? T _pr)T
9192 92 9192 °
C= pmyzy pmpe (x%a%+z%o%—2p:rlx2)p2 .
02‘1 Ug‘ 02‘1 Og‘ a%a% (0%0% - p2)
2 2
0 0 0 __"lojiz
| (o33-2)" _
_ 2 -
T
_;%» 0
2
T
_;2 0
D= p(2xlz2a%a%—px%a%—pa’%zg) 0
(v303-42) 030
0202+p2
0 (5252 ,2)°
L (0102 P ) J
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C l 0’20‘% p2
is singular. V \Y% =
gu MLE = YIQMLE % ) 11”2 “2pzizo’

of the GLS estimator of 3, (x'S71x)~ 1

, which is also the variance

Bivariate Normal with common variance. Assume Normal marginal densities

witha%=a§=a2andu1=u2=0

1 7]
fi(z1;0) = e 20°,
V2no?
1 5
fa(z2;0) = e 20°.
V2no?
Again, let the true joint distribution be Normal, i.e.,
) _ x102—2m1z2p+x%a2
h(z1,29;0,p) = —F——=¢ 20%-p)

2m\/o% — p?

Then, the implied copula is Normal,

p(z%ﬁx%p—mﬂzl x2)

2 B 4_2\,2
c(Fi(x1;0), Fo(zo;0);p) = __Z_e 2(0 Pz)a
ot —p?
The relevant moment conditions are
X2—0'2 _
E\T5a =0 (4)
X 2_02
E 20Z =0, (B)
(( ~0%) (X3+X3) 405X Xg—~202p(0* - 2)e
E 2 2/ 2. \2 o =0, (C)
o) (e
2 2 2 2,4
E (X2+X2)—(p*+0%) X1 Xo—p(0?-p?) 0 (D)

(o) )
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(C) is not a linear combination of (A) and (B). However, (C) is a linear combination
of (A), (B), and (D). Indeed, after some algebra, the moment function in (C) can

be written as a weighted sum of the moment functions in (A), (B) and (D) with

the weight
202
(0% +p?)
on (A) and (B) and
2po4
(P2 + o)

on (D). Thus (2.24) holds and C is singular.

- 9 9 -
g 22) X
1
C= 08 3 2458 _2%48 4 y
_ﬁe _‘E?g p*(40°-30 p2+p ) 202p ’
20 205 0%(02—p)°(02+p)¢  (0°—p)2(c%+p)?
0 0 _ 2a2p 0’4+p2
_ 2o+ (0Z-p)(e%+p)?

_ B -
27 0
1
~ 304 0
D= P2 (0% ~30%) 202p
o4(0%-p)é(0%+p)?  (0%—p)2(0®+p)?
2a2p _ a4+p2
| (0%-p)%(c%+p)? (02—p)%(c+p)* |

By Theorem 2.5.2, IQMLE of 02 is efficient, in fact Vypg = ViQMLE = ot + p2.

Farlie-Gumbel-Morgenstern copula with general marginals. For i = 1,2
denote the marginal p.d.f.’s and c.d.f.’s by

fi = fi(z;6)
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and

Ty
Ezﬂmﬂ=/ fi(z0)dz,
-0

respectively.
Assume the FGM copula. Then

c(u,v;p) =1+ p— 2pu — 2pv + 4puv.

Our moment conditions are now

3%}
3%

2pf1+2pfo—4pf1Fo—4pFoF1\ _
E{ by, | =0 (©)
1-Fy—Fy+AF| F: _
E { 1+P—7p1!1—591’2+3p3’172} =0. (D)

In general, (C) is not a linear combination of (A), (B) or (A), (B) and (D). So

the copula based terms are not redundant in general and IQMLE is generally

inefficient.

2.6 Validity of copula terms

Suppose we are ready to assume the correctness of the marginal distributions (the

marginal moments in (2.3)) but are doubtful about the correctness of the joint

distribution (the copula moments in (2.3)). One may test the validity of a copula
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by testing the validity of the moment restrictions (C) and (D) in (2.3). There are

at least two ways to do that.

2.6.1 Theoretical results

It was noted earlier that the moment conditions in (2.3) are usually overidentified.
There are at least as many marginal moments as marginal parameters (or more
if the marginal distributions share parameters), plus there are as many copula
moments as there are parameters in total. Since the parameters are overidentified,
the moment conditions in (2.3) imply restrictions. Consequently, if the model that
led to the moment conditions is incorrect (i.e., the assumed joint distribution is
wrong) then at least some of the moment conditions will be systematically violated
in the sample. This suggests the possibility for testing copula validity by a test of

the overidentifying restrictions (see, e.g., Hansen, 1982; Newey and West, 1987).

We will need more notation. For m = 1,2 and ¢ = 1,..., N, denote fp,;(0) =

fm(X13;0), ci(8, p) = c(F1(X14;6), Fo(Xo;;6); p),

-, i
5o In f1:(6)
81 ¢ 81 ¢
i,y = | BEO g o | B0
9 1nc;(8 911 £o:(0) |
Zinci(0.0) 2 1n f2:(6)
| & lnci(6,p) |
8 1.
ri(0.p) = 56 Inci(0,p)
2 Inc;(6, p)
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Note that v; is a (3p+q)-vector. Let

1 & 1 &
zﬁg i0.0), 5(6) = 5 > ail6),

Following our previous notation, let

Co

0
11

o]
C22
lo) CO /
2=
Do

o
11

o
21

o
22

I

I

EU’(GO’ Po)d’(ooa /)o)l»
Eg(60)9(60)",
]ET(007 pO)r(007 pO),a

Eg(60)r (6o, Po)l,

_90
é‘(9' )
dg,g(oo)

¥(6o),

3
—7 (00, po),

60’
6
(90, Po)

3//

where expectations are with respect to the joint density h(zy, z3).

Proposition 2.6.1 Let (4, 5) denote the optimal GMM estimate of (8, p) based on

(2.8). Then

This test is a specification test which, given that the marginal distributions are

correct, should capture copula misspecification. A consistent estimator of Co such

as

8, p)vi(6.p)
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is usually used in (2.29). It is however important to note that the statistic in (2.29)

can be used only if C in non-singular, i.e. if copula terms are not redundant.

The second way to test copula validity we propose is based on a two step procedure.

Proposition 2.6.2 Let § be the optimal GMM estimate based on Eg(6) = 0. Let

p be obtained by minimizing 7(0, p)'Bg17(8, p), where

B, =C$, -D$%,(D$,C;, 'DS,) DY, CS;71Cs,
-1 -1 _
-C$%,C%, ~'D$, (DY, CS, ~'DY,) DY,

+D3$,(D$;CY; ~'D%;)'DY,’"
Then,

N#(8,5)Bg'7(6,4) ~ x}. (2.30)

Similarly to Proposition 2.6.1, consistent estimates of the elements of Co and Do

will be used in practice for calculating the test statistic in (2.30).

2.7 Concluding remarks

We have proposed considering likelihood-based models in a GMM setting, in which
knowledge about the joint distribution can be represented as copula moment con-
ditions and efficiency and robustness of estimators can be assessed in terms of

redundancy and robustness of the copula moments.
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In considering copula robustness, all of the copula families that we compared to
the normal benchmark except the Frank family are not comprehensive, i.e., they
do not cover all possible values of the dependence measure 7. This makes such
copula families relevant for modelling only certain degrees of dependence to which

our robustness comparisons would apply.

For the Frank and Normal families, 7 € (—1, 1), so they are comprehensive. Given
the simulation results, the Frank copula appears as useful in modelling any degree
of dependence as the Normal family. It would be desirable to make comparisons
with other comprehensive copulas such as the Plackett family. Similarly, compar-
isons of the Logistic copula to copulas with the same coverage should reveal its

relative robustness.

The behavior of the AMH family of copulas was quite similar to that of the FGM
family in our simulation. This was due to the small value of the dependence
parameter p. The first order approximation in (2.16) is in this case quite accurate.

It may not be so for larger p.

Finally, our results on copula robustness are problem-specific. For example, they
are generally inapplicable to problems involving higher moments of a distribution.
In similar simulations with problems other then sample-mean problems, radially
symmetric copulas may not be robust to misspecification, but it should still be
possible to compare robustness properties of copula families since the true copula

is known.
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Appendix A: Selected copula families

1. Independence copula:

2. Logistic copula:

(u+v — uv)3
T=1/3

3. Farlie-Gumbel-Morgenstern family:

C(u,v,p) =uwv(l+ p(1 — u)(1 —v))
c(u,v,p) =14 p—2pu —2pv + 4puv
pE[-1;1]

T =2p/9 € [-2/9,2/9]
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4. Joe family*:

Clu,v,p) =1— (1 —uw)P + (1=v)? = (1 —u)?(1-v)")1/P

p € [1,00)
p(t) = —log(1 — (1 = t)P)
T €[0,1)
5. Ali-Mikhail-Haq family™*:
uv
C(U, ’U,p) - 1—- p(l _ u)(l _ ’U)
pE [—'17 1)
1—p(1—-t
o(t) = log =210
T € [-0.182,1/3)
6. Clayton family*:
uv, =0
C(u,v,p) = P
(WP +vP—1)"1P, p#0
p € [0,00)
1
t)==(t""P-1
p(t) ,f( )
= — 1
T Py €[0,1)
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7. Gumbel family*:

C(u,v,p) = exp [-((— Inu)? + (- In U)p)l/p]
p € [1,00)
o(t) = (—logt)?

p—1
T=——¢€|0,1
— €

8. Frank family™:

( uv, p=0
C u,v p) = - -
) 1 (e™PY—1)(e=PV-1)
—pln (14505 , P#0
p € (—00,00)
e Pt —1
o) = —n S
TE (_17 1)
9. Plackett family:
uv, p=1
C(u,v,p) = (1+(u+v)(p—1)— (1+(u+v)(p—l))2—4uvp(p~1))
50-T) , p#EL
p € (0, 00)
T € (-1,1)
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10. Normal family:

Clu, v, p) = B2(® 1 (u), 271 (v); p)
p€(-1,1)

2
T= ;arcsinp € (-1,1)

Note: * denotes Archimedean copulas, i.e. copulas generated as

C(u,v) = o7 (£(w) + ¢(v)),

where ¢ : I — [0, 00], continuous, ¢'(t) < 0 and ¢”(t) > 0 Vt € (0,1) is called
the generator function. It can be shown (see, e.g., Nelsen, 1999, p.130) that for

Archimedean copulas, Kendall’s

_ b el
T = 1-%-4/0 (p’(t)dt'
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Appendix B: Proofs

PROOF OF THEOREM 2.4.1:

We show that Ea%ln k(Fi(u1 + X1), Fa(ug + X2); p%) = 0, where p = (1, p2),
holds for any RS K.

By the chain rule, 3% In k(Fy (1 + 1), Fa(ug + z2); p¥) contains terms of the form

1 o Ok(F1(m +21), Fa(pe + z9); pF)
k(Fi(p1 + 1), Fa(pg + z2); 0%) OF;(pi + ;)

X fi(u; + x;),
(2.31)
i=1,2.

Due to MS of (X1, X2) and RS of K, fi(u; + ;) = fi(ui — ;) and k(Fy(u; +

z1), Fa(pe+22)) = k(1-Fi(p1+21), 1-Fa(pz+22)) = k(F1(p1—21), F2(p2—x2)).
So the first term in (2.31) is the same whether evaluated at (z1, z9) or (—z1, —z2).

Similarly, the last term is the same whether evaluated at z; or —z;.

Furthermore,
Ok(Fy () +27) Fa(ua+a9)io®)  _ Ok(1—Fy (g +21) 1= Fy(pg+29):o¥)
OF;(pi+z;) O(1-F;(p;—x;))
__Ok(Fy (7). Py (o -9)ipF)
OF; (ii—=;) '

Thus, & In k(Fi(u+21), Fa(kp+22); %) = — & In k(F1 (w1 1), Fa(pa—22); pF).

Denote g(z1,2) = 2 Ink(Fi(p + 1), Fa(pg + 2); %) - b1 + 71, 42 + 723 p).
From the above, it follows with RS that g(—z1, —z9) = —g(z1, z9).
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We thus have

Ez;a-,, Ink(Fy(p1 + X1), Fa(ug + Xa); F) J2% 2% 9(x1, z2)dx1dxs
1200 [0 9(z1, 22)dz1dT2
J200 J&° 9(z1, 22)dz1d2s

I0° Jo° 9(z1, x2)dz1dx2

+ + o+

fooo fgoo g(xlv z2)dl’1d1‘2

I5° o7 9(—z1, —z)dz1dxo
o fooo 9(—z1, —12)dz1dT9
10 Jo° 9(z1, z2)dz1dzo

Jo° ffoo 9(z1,z9)dz1dz)

0.

+ + o+

PROOF OF LEMMA 2.5.1: By the information matrix equality (IME),
A=E glnf(X ) In f1(X1;0) 82 In f1(X71;90). (2.32)
- 60 1 13 ao, 1 15 - 6060, 1 1; .
Similar for B, F.
By the generalized IME (GIME),

E = E{(,folnc(Fl(XLG) F5(X2;6); );97lnC(Fl(Xl;a),F2(X2§0);P)}
62

= aeap, Inc(F1(X1;8), Fa(X2;6); p) (2.33)
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and, fori =1, 2,

62

aeap/ lnfl(X’Id 0)

]E{aaelnfz(X,,O)ap, Inc(F1(X1;0), F1(X2;0); )} =—-E—HF

Also by GIME and (2.2),
E,

B { 710 /(Xi10) 5 i AX1i6) + In oX2i6) + Inc(. )]} =

82
~Eopae 10 fi(Xi: )

for ¢ = 1,2, which, along with (2.32), implies that

G

B{ 5 ACXi0) 35 lnfz(X2;9)}

0
= -E {% In f1(X1; )60’ Inc(F1(X1;6), F1(Xo; 9);1))}

and

0 0
E{%lnf:z(xm )ao,lnfl(Xl, )}—

0 0 ’
- -B{ 5510 X 0) 3 AKX O, A0 )} =G (234

Finally, by GIME and (2.2),

E {4 In c(F1(X1;6), FL(X3;0); ) 5 x
x [In f1(X1;0) + In fo(Xo;60) + Inc(F1(X1;6), F1(X2;6); )]} =

2
- "Eagad Inc(F1(X1;6), F1(X2;6); p).
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With G as defined above and

0 0
3= E{ 5 IncRLCX1:0). Fi(Xa30)5) g c(Fy (X030), Fy (X0 ) |

this implies that

2

0
Epsg I c(FL(X1;6), Fi(X3;60);0) = G+ G' - J.

PROOF OF THEOREM 2.5.1: See text.

PROOF OF THEOREM 2.5.2: By (2.20) and (2.23),

-1
A+B+J-G-G' FE
VMLE = o e ,

-1 -1

A G -A
VIQMLE = [—A —B] o B 5 . (2.35)

Using partitioned inverse formulas, the upper left p x p block of Vyf1,g can be
written as £~1, where T =A+B+J -G -G’ -E'F1E.
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Also,

A% [-G’ G][]III]AG\AG
IQMLE
? G B||]| G B
ac|lt] [-e]
x + (2.36)
G B||I -G’ |
-1 )
A G -G
= [-@ -G
G' B -G/
-G'-G+A+G+G'+B-G-G'. (2.37)
Thus, Vigypg = = if and only if
-1
A G -G
J-EFE=[-G' -G]
G' B -G/

PRrRoOOF OF COROLLARY 2.5.1:

1. If (C) is a linear combination of (A) and (B) then covariances between mo-
ment functions in (C) and (D) are linear combinations of covariances between

(D) and (A-B), which are all zero by Lemma 2.5.1.

2. Rewrite J — Cglcl'llc(f2 as
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This is identically zero because, due to linearity of (C) in (A-B),

el

9 6 ~-1 g In f1

%lnc CQICH 5 =0.
Mlan

3. By Theorem 2.5.2.

PROOF OF LEMMA 2.5.2: By construction, blocks A, B, G of matrices CK and

DX are the same as in Lemma 2.5.1. However, GIME does not apply now.

V=R {3% Ink(F1(X1;9), F2(X2?9);Pk)5(—ap)—’ In k(F1(X1;6), Fo(Xa; 0);Pk)} #
2
# —E {6—537 In k(F1(X1;6), F2(X2;9);pk)} - _

P = E{"’lnfl(xl,m [,lnk(Fl(xl;exF1<X2;o>;pk)}

32

606p’ ——In f1(X1;6) =0

and

- = B{ g a(Xai6) 3 In KCRLCXu: 6). Fu(Xai 6 9)
2

0
# aaap, o7 In f2(X2;0) = 0.

G = B{ g fi(Xi0) g X 0)} #

# —E{%lnh(xl; )a(z, In k(F1(X1;0), F1(X2;6); 0 )} =K

98



and

B{ 5510 20Xai0) 5 fi(Xii0) | #

# B { i flXei6) 3

5 R k(FL (X1 ),Fl(Xz;B);Pk)} = L.

However, by GIME and (2.2),

& 9
3039/lnk(Fl(Xl,O),Fl(Xz;G);pk) = “E{aolnk(Fl(Xl, 6), F1(X2;0); oF) x
6
3
0
+5@lnc(Fl(xl;o),Fl(xz;o);p)]}
= K'+L-M, (2.38)
and
82 k 0 k
Ea 60,1nk(F1(X1,9),F1(X2;9);P) = -E a—plnk(Fl(Xl;O),Fl(Xz;G);P)
0
[60,1nf1(X1, 6)+
0
+5—é7 In f2(X2; 0) +
0
+5ﬁlnC(Fl(Xl;o),FI(X2;9)§P)]}
= PP+Q-R, (2.39)
82 k
-T = E——Ink(Fi(X1;0), F1(X9;0);
6pap' (F1(X1;0), F1(X2;6);0%)

0 0
= -E {5;) In k(F1(X1;0), F1(X2;0); pk)a—p, Inc(F1(X1;0), F1(X2; 9);/0)} ,
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-S = Eag;ﬂnMFﬂXLGLFNwaﬁpﬂ

= —]E{aaolnk(Fl(Xl,B) F1(X2;6); p )a—(}lnc(Fl(Xl;ﬁ),FI(X2;9);p)}.
Also,
NEE{%lnk(FI(XI;H),Fl(XQ; 6); p )8[;,lnk(F1(X1, )FI(XQ;O);pk)}#M
and
WEE{%lnk(Fl(Xl;()) F1(Xo; 0); )Wlnk(Fl(Xl;O),Fl(Xg;ﬁ);pk)} #T.

Finally, by the well known algebraic property of cross-partial derivatives,

S=-P-Q +R.

PROOF OF THEOREM 2.5.3: See main text.

PROOF OF THEOREM 2.5.4: By Theorem 8(C) of Breusch et al. (1999), (C'-D’)

are redundant for 0 given (A-B) if and only if

K+L-M -K' -L -S
PP+Q-R -P -Q -T



for some matrix B : q x p.

This is equivalent to

/ -1 G
-M-[-K' -L|Cfj = —SB,

GI

/ -1 G
-R-[-P -QIC;] = —TB.

GI

T is symmetric and invertible, so we can substitute B from the latter equation into

the former to obtain
M-[-K -L|C;{Cly=ST}(R-[-P' -QIC{iCiy),

which completes the proof.

PROOF OF COROLLARY 2.5.2:

1. By (2.28), M - Cg‘{CﬁlC({z is identically zero under linearity of (C) in
(A-B).

2. Asin 1.

3. By Theorem 2.5.4.

PROOF OF PROPOSITION 2.6.1: See proof of Lemma 4.2 of Hansen (1982).
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PROOF OF PROPOSITION 2.6.2: First note that, by standard optimal GMM

results, f satisfies
VN - 65) = —(D$,/C$, "1DY,;)71DS,/C31 T VNG(80) + 0p(1).  (2:40)
The first order condition for 5 can equivalently be written as
[5576,'Bo"'7(0,5) = 0,

DS,'Bo IVN7(8,5) = op(1). (2.41)

Now, by the mean-value theorem, we have
VN7, p) = VN7 (6o, po) + D33 VN (0 — 65) + D3 VN(p — po) + 0p(1). (2.42)

Substituting (2.40) into (2.42), pre-multiplying by Dgz'Bo'l, and solving for
VN (p — po) using (2.41) yields

VN(p—po) = —(D32'B5'D3y) ' D3,'B5 VN7 (65, po)
+(D$,'B;1D3g,)'DS,'B; DS, x
x(D9,'CS; ~1DS;)~1DY,'CS; ~1VNg(6,)

+op(1). (2.43)
Substituting (2.43) and (2.40) into (2.42) and simplifying results in

VN7 (8,5) = RoVN(8o, po) + op(1), (2.44)
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where

Ro = I-D$,(D3;'B;'D3,) 'D2,'B;",

9(60,p0) = 7(60,po) — D$;(D$;'CE; ™" D$1) ' D$1'CE; ™ 5(60)-
Note that VN (6o, po) ~ N(0, Bo), and thus B, Y2/ N(6o, po) ~ N(,1). Also,
note that R.B51R, = B, 2[I B, 2 3 2,(D3,'B51D3,) D3, BJ]Bo
Thus, the test statistic in (2.30) can be written as
Nh(8,5)B3h(8,5), (2.45)
i.e. as a quadratic form in standard normals with the coefficient matrix
P =1Ipq — B5/2D$,(D3;'B;1Dg,) 1D3,'B; /2. (2.46)

This matrix is idempotent: it is the projection matrix orthogonal to Bg 2Dgz.

The x2-test in (2.30) follows immediately because tr(P) = p+q — rank(D9y) = p
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Appendix C: Plots of simulated sample moments
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Figure 2.1: §#(u) for no-parameter copulas: (a) Independence copula; (b) Logistic
copula.

(18) (1b)

Figure 2.2: 6#(u, p) and §P(u, p) for one-parameter copulas: (1) Farlie-Gumbel-
Morgenstern.
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Figure 2.3: 3#(u, p) and §°(u, p) for one-parameter copulas: (2) Joe.
(3e) (3b)

Figure 2.4: §#(u, p) and 8°(u, p) for one-parameter copulas: (3) Ali-Mikhail-Haq.
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(4a) (40)

Figure 2.5: 8#(u, p) and 6°(u, p) for one-parameter copulas: (4) Clayton.
(5e) (5b)

Figure 2.6: 5 (u, p) and 8”(p, p) for one-parameter copulas: (5) Gumbel.
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(6a) (6b)

Figure 2.7: 3 (i, p) and 8°(u, p) for one-parameter copulas: (6) Normal.
(7a) (7b)

‘Figure 2.8: 3" (u, p) and 3°(p, p) for one-parameter copulas: (7) Frank.
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Essay 3

Modelling Covariance Structures:
First and Second Order

Asymptotics

3.1 Introduction

This paper considers estimation of covariance structure models, i.e. models formu-
lated in terms of the second moments of the data. One situation when such models
arise is when there are some variables that are unobserved but whose presence in
the model introduces a particular pattern of correlation between observed variables
(e.g., linear structural relationship (LISREL) models, multiple indicators multiple
causes (MIMIC) models, factor analysis (FA) and random effect (RE) models).
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Traditional estimation methods for such models are based on the assumption of
multivariate normality (see, e.g., Joreskog, 1970; Joreskog and Goldberger, 1975;
Joreskog and Sérbom, 1977). Because even moments of normally distributed data
are function of the second moment, no improvements can be made by using higher
order moments of the data. The maximum likelihood estimator (MLE) is efficient

under normality.

If the data are not normal, MLE is still consistent. However, the MLE standard
errors are wrong and consequently inference may be incorrect. An obvious way
to make inference robust to non-normality is to adjust standard errors using the
“sandwich” form of the variance matrix. The exact form of the variance matrix
for normal quasi-MLE of covariance structures can be found, e.g., in Chamberlain
(1984, p. 1295). Although obvious, the QMLE improvement to covariance structure
modelling does not seem to be widely implemented. For example, the popular
software packages used for covariance structure models do not seem to do that

(see, e.g., Joreskog and Sorbom, 1996).

It is well known that the efficient generalized method of moments estimator (GMM)
optimally uses the information available in the moment conditions (“efficient” here
means “first-order efficient”). For covariance structures, this means that GMM
makes efficient use of the restrictions on the second moments whether or not the
data are in fact normal. Similarly, the family of empirical likelihood estimators
that are first order asymptotic equivalents of GMM, possess the same property.
It is therefore intuitive that GMM of covariance structure should be no worse
than normal QMLE asymptotically. This intuition has been noted in Chamberlain
(1982, 1984); Ahn and Schmidt (1995) and other papers. The common argument

is that the GMM estimator attains the lower bound for the asymptotic variance
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matrix for estimators that use the second moment restrictions.

One of this paper’s contributions is that it provides a formal comparison between
the estimators to the first order in terms of the relevant variance matrices. It
presents an explicit condition for equal relative efficiency of GMM and normal
QMLE. The condition is expressed in terms of the fourth moments of the data and
normality is shown to be one case when the condition holds. Such a representation
provides a clear form of the efficiency gain and identifies a family of distributions
for which normal QMLE and optimal GMM are equally efficient. This result is

given in Section 3.3.

Section 3.2 describes the general model and the estimators. The linear interde-
pendent structural relationship (LISREL) model is a special case of the general

model. We describe this widely used model in Subsection 3.2.2.

Section 3.4 considers second order asymptotics. It is well known that the GMM
estimator has a second order bias that contains more terms than that of the EL
estimator. Newey et al. (2003); Newey and Smith (2004) derive the relevant bias
expressions. The extra bias terms in GMM come from the estimation of the optimal
weighting matrix and the derivative matrix that are both parts of the GMM first
order conditions. It is unknown how the two estimators (GMM and EL) compare

to normal QMLE in terms of the second order bias.

Intuitively, the answer to the question of second order asymptotic comparisons is
clear. If the true distribution of the data is discrete then MLE and EL are identical.
Furthermore, the bias expression for EL does not depend on discreteness. So if

the assumed distribution (normal, in the case of Gaussian QMLE) turns out to

110



be correct, we should have the same bias for EL as for (Q)MLE. However it is
still interesting to have an explicit form of the QMLE bias so that comparisons
with other distributions can conceivably be made. Note that equal first order
efficiency of QMLE and GMM (EL) may not be attainable for other distributions.
We first derive the second order bias of normal QMLE expressed in terms of higher
moments of the true distribution and then show formally that it is in fact the same

as EL if the data are normal.

3.2 Preliminaries

3.2.1 Setup and assumptions

Consider a family of distributions {Pg,0 € © C RP,O compact} and a random
vector Z € Z C RY from Py, 8, € O, such that EZ = 0, E{||Z||*} < co and

E [ZZ'] = ¥(0), if and only if 8 = 6,. (3.1)

Expectation is with respect to Pg,. The measurable real-valued matrix function
3(0) comes from any structural model such as a factor analysis (FA) model, a
random effects (RE) model, a simultaneous equations model (SEM), a conditional
expectation model. For example, Ahn and Schmidt (1995) show how this setup

arises in a dynamic panel setting.

For a random sample (Zy,...,Zy), where Z; is measured as deviations from the
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mean, denote

S; = Z,Z, (3.2)
and
1 N
S=% >'s; (3.3)
i=1

The problem is to estimate 8, given the random sample (Zi,...,Zy).

It is easy to see that since we assumed that the fourth moments exist, then S

satisfies a central limit theorem. Thus we can write
vec(S) — N(vec(X(6o)), A(6o)),
where
A(0) = V(vec(S;)) = Evec(S;)vec(S;)' — vec(E(8))vec(X(8)) (3.4)

and vec denotes vertical vectorization of a matrix. To save space we will often
omit the argument of matrix-functions and write ¥ instead of X(0), X, instead
Of 2(00), Ao instead Of A(ao), etc.

It is well known (see, e.g., Magnus and Neudecker, 1988, p. 253) that for the

multivariate normal distribution we have
Bo = (Lo @ To)(Ij2 + I 2) = (I 2 + 11 2)(Fo & Xo), (3.5)

where ® denotes the Kronecker product, I; is the identity matrix of dimension k,

2

IT_2 is the commutation matriz, i.e. such an m*® x m2-matrix that IT 2 vec(A) =
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vec(A'), for any m x m matrix A.l Thus the fourth moments of the multivariate

normal distribution are expressed in terms of the second moments.

We will also need certain smoothness conditions on ¥. Such conditions combined

with the above restrictions on Z are summarized in the following assumption.

Assumption 3.2.1 (i) Z; € Z Cc R%,i = 1,...,N are iid from a distribution
Py,,8, € © C R?, 6 compact;

(ii) EZ = 0, E{||Z||*} < 0o and E [ZZ'] = X(8) if and only if 8 = 6,;

(iii) B € int(©) and p < q(q+1);

(iv) vec(X) is continuous at each 8 € ©;

(v) vec(X) is three times continuously differentiable on a neighborhood N of 6,.

The following example shows that the simple setup in (3.1)-(3.3) can be used to

represent fairly complex covariance structures.

3.2.2 An example

Consider the following Linear Interdependent Structural Relationship (LISREL)

model pioneered by Karl Joreskog (see, e.g., Joreskog and Sérbom, 1977, p.287-

10ne important property of the commutation matrix which also gave it its name is that
it allows to interchange the two matrices in a Kronecker product while reversing the order of
multiplication as in (3.5).
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288)

Y =Ayn+e, (3.6)
X = AZE + 6’ (3.7)
Bn=T¢+~, (3.8)

where Y and X (dimX + dimY = g¢) are measured as deviations from their
means, 7) and £ are common factors and € and § are unique factors such that
E(n) = 0, E(§) = 0, E(¢) = 0, E(8) = 0, E(n€’) = 0, E(¢8') = 0, E(e€’) = ©2,
E(84’) = ©2, E(ed’) = 0, where Gg and ©2 are diagonal matrices.

Then, after some algebra, the covariance matrix of the observed variables (Y’, X'’

can be written as follows:

Ao AL +02 AR A
» ysénniiy € yiingirz : (3.9)
AsQpAy AL + ©F

where

Qo Qe B-rer's’-! + B-l¢B~! B7re
-1
Qe e 3'T'B’ @

and & = E(£¢'), ¥ = E(vY).

If we let @ denote the vector of all distinct parameters in Ay, Az, B,T’, ®, ¥, 6?, 9%
and let Z = (Y’,X')’ we will obtain the setup of Section 3.2.1.

By imposing appropriate restrictions, the LISREL model reduces to many well-

known models (see, e.g., Aigner et al., 1984). For example, equation (3.9) reduces
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to a FA model if one imposes sufficient restrictions to retain only the upper-left
block in the form I'®I”+ W¥. From (3.6)-(3.8), SEM can be obtained by restricting
B=162= 62 = 0. To obtain a model for the conditional expectation of Y|X,
one can restrict Ay to I, 6% to 0, and ® to the sample covariance matrix of X.

See Joreskog (1970) for other special cases.

A well known special case of LISREL known as the multiple indicators multiple
causes model (MIMIC) is obtained from (3.6)-(3.8) by setting Ay =1, B =1 and
ez=0 (see, e.g., Joreskog and Goldberger, 1975).

3.2.3 Estimators
3.2.3.1 Normal (QYMLE

The normal QML estimator is

N
OquLE = argmax  In f(Z;,6), (3.10)
i=1

where

1(2:,6) = )

1
(22 V/IE]
It is easy to see that the problem in (3.10) can be equivalently written as

6 = arg min A 0).
QMLE = argmin MLE(6).
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where

FumLE(8) = log || + tr(SE7Y). (3.11)

Thus QMLE amounts to finding the value of 8 that minimize distance (3.11)
between the sample covariance matrix S and the covariance matrix ¥ imposed by

the model.

It is a standard result (see, e.g., Chamberlain, 1984, p. 1289) that, under Assump-

tion 3.2.1, the normal QMLE of 8, is consistent and asymptotically normal.

3.2.3.2 GMM

The optimal GMM estimator of 8, is based on the distinct elements of (3.1), i.e.
on the moment conditions

E[m(Z;;6,)] = 0, (3.12)

where m(Z;; 8) = vech(S;) — vech(X) and vech denotes vertical vectorization of

the lower triangle of a matrix. Thus m is a %q(q + 1)-vector.

The optimal GMM estimator of 6, is obtained as the solution to the following

problem:

6cMm = arg min Fgm(6),
6c6

where

FomMm(0) = my(6) Wmp (6), (3.13)
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1 N
my(6) = ~ Y m(z;6)
i=1

= wvech(S) — vech(X),
and W is the appropriate (optimal) weighting matrix.
The optimal weighting matrix is
Wo = {E[m(Z;; 80)m(Z;;60)']} . (3.14)

But in (3.13), one would typically use the following consistent estimator of W,

based on a preliminary consistent estimate of 6,

M=

-1

A 1 R R

W={N [m(z;0)m(z;;0)] » .
t=1

Note that there is a connection between W in (3.14) and A in (3.4). To show
the connection we need to define matrices that transform vech into vec and vice
versa. Magnus and Neudecker (1988, p. 49) show that, for a symmetric k x k
matrix A there exists a unique k? x ME;'—Q duplication matrix Hj, such that
Hj. vech(A) = vec(A). Thus Hj transforms vech into vec, while the Moore-
Penrose inverse of Hy, Hy = (H} Hy) 'HY, transforms vec into vech. Matrices

H;. and H; have the following properties:

(i) HeHg = Ti(k+1)s

(ii) II,2 Hy = Hy, where I, is the commutation matrix defined above;
(ili) HgHg = §(L2 + ;2);
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(iv) (I,2 +II,2) Hy = 2Hj and H; (I2 +M,0) = 2H;.

Thus, omitting the dimensionality subscript, we can write A = V{vec(S;)] =
V[H vech(S;)] = HV[vech(S;)|H'. But V{vech(S;)] = Elm(Z;;0)m(Z;;6)']. We

can therefore write the optimal weighting matrix in (3.14) as [HAH']~L.

It is easy to verify that, under Assumption 3.2.1 and with w2 W, the standard

conditions for consistency and asymptotically normality of the GMM estimator of

6, hold (see, e.g., Newey and McFadden, 1994, Theorems 2.6 and 3.4).

3.2.3.3 EL

The EL estimator of 6, is obtained as follows:

N
fg| = arg max Inm;
EL g ) Z U
i=1
subject to
N
me(zi;e) =0
i=1
and
N
Sri=1
=1

It can also be shown that Assumption 3.2.1 is sufficiently strong to satisfy the
conditions for consistency and asymptotic normality of éEL (see, e.g., Kitamura,

1997; Owen, 2001).
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3.3 First order analysis

3.3.1 The first order conditions

Let G(0) denote the Jacobian matrix of the moment functions in (3.12). Then

om(z;, 6 Ovech(X
6= Glo) - ImiEs0) _ouec(z)

The following lemmas are used in derivation of the main results of the paper. They
are well known and thus given without proof (see, e.g., Chamberlain, 1984; Hansen,

1982; Qin and Lawless, 1994, for some relevant proofs).

Lemma 3.3.1 Under Assumption 3.2.1, the first order condition for éQMLE s

G'H'(E ® £) " H [vech(S) — vech(E)] = 0. (3.15)

Lemma 3.3.2 Under Assumption 3.2.1, the first order condition for éGMM s

G'W_l[vech(S) — vech(X)] = 0. (3.16)

Lemma 3.3.3 Under Assumption 3.2.1, the first order condition for Oy, is

-1
N

G’ |:Z wimimgjl [vech(S) — vech(X)] =0, (3.17)
1=1

where m; = m(Z;; 6).
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In Section 3.4, we will use an alternative way of writing the first order conditions
that circumvents the need to operate with the inverse. Define A = —[X(0) ®

¥(0)]"'Hmp (). Then the QMLE first order condition can be written as

G(6YH'A
sn(B) = — =0
Hmpy(0) + [2(8) ® £(8)]A

and we now have a p+ g2-vector of parameters 8 = (6, \’)’. A similar representa-

tion of the GMM and EL first order conditions was used, for example, by Newey
and Smith (2004).

It is clear from (3.15)-(3.17) that the only thing that distinguishes the three es-
timators is the way in which the empirical moments mp (6) are weighted. One
way to compare the first order variances of GMM and QMLE is to note that
éQMLE comes from the GMM problem that employs a suboptimal weighting ma-
trix H'(Z ® £)"'H and is therefore inferior to @Gy in terms of first-order
asymptotic relative efficiency. However, that argument cannot be used to derive

the equal efficiency condition.

3.3.2 Relative efficiency to the first order

Theorem 3.3.1 Suppose Assumption 3.2.1 holds. Let V denote the first order

- 1 -
asymptotic variance matriz of the relevant estimator, i.e. V = Avar[N~2(6-8,)].
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Then,

VomLE = [GLH'(Z0® o) 'HG,] ™!
xGoH' (20 ® To) 1 Ao(E0 ® o) 'HG, (3.18)
x[GLH (2, 8 £,) " 1HG,) !,
Vomm = Ve = [Go(HAH)TIG, L. (3.19)

Proof. See Chamberlain (1984, p. 1295) for derivation of (3.18); see Hansen (1982,
p. 1048) and Qin and Lawless (1994, p. 306) for derivation of (3.19). a

If the data are multivariate normal then it is easy to show that the above ex-
pressions for variance are the same. More specifically, on using properties of the
duplication matrix and equation (3.5) without the dimensionality subscript, the

following simplifications apply:

HEZeD) 'AEeE) H = H(EE) (I+M(EeX)(Se ) 'H
= HEZ) lI+MH

= 2H'(Z® %) 'H,

AAH = HI+I)(EeI)d

- 2HEeI)H.
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To see that [H'(X ® X)H] ! is equal to H'(XZ ® £)~!H, note that

H(EeS) HAECeD)H = %H’(E & )" {1+ 1)(Z @ S)i
_ % H(Ze ) (Ze )+ DE
_ % H/(I+ WA’
= %2}1’1‘{'

I

Equation (3.19) of Theorem 3.3.1 states that the asymptotic variance matrices of
optimal GMM and EL are equal, i.e. the two estimators of 8, are asymptotically
equivalent to the first order. It is not immediately clear from only the form of

(3.18) that QMLE is dominated by the other two estimators.

The main first-order asymptotic result of this paper is stated in the next thecorem.

Theorem 3.3.2 Let Assumption 3.2.1 hold. The estimators Ogym and Ogy, are
no less asymptotically efficient to the first order than éQMLE- Fqual first-order

efficiency occurs under the following equivalent conditions:

(i) Go is in the column space of HA,(Zo ® 20)_1HG0;

(ii) There ezists a ‘l(—q;—ll x 49t atriz D such that

Go = I:IAo(zo ® 20)—1HG0D
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Proof. VomLE — VoMM is positive semidefinite (PSD) if and only if v(—}%\/IM -
V(S%VILE is PSD. Denote HA,H' by C and H'(Z, ® £,)"H by A. We have

Vomm — Vomre = GoC 'Go — GHAGo[G,ACAG,]| ' G{AG,
1 1 1 1 1 1
= G/C2[1- C2AG,[G,ACICZAG,| G/ ACZ|C 2G,.

This is PSD because the middle part is the idempotent projection matrix onto

C!/2AG,. This proves the first part of the theorem.

The difference is zero if and only if cV 2G, is in the column space spanned by

cY/ 2AG,, or equivalently, G, is in the column space of CAG,. Note that

CAG, = HAHH' (Z, ® £,) 'HG,
= HA, % I+ 1II)(Zo ® o) 'HG,
= HA(So ® )" % (I+I)HG,
— HAL(8,0 %)} L 2HG,

= I:IAo(EO ® Eo)—lHGo.

This proves both (i) and (ii). d

Theorem 3.3.2 is novel in that it states the first order efficiency properties of QMLE,
GMM and EL explicitly in terms of the fourth moments A of the distribution. It
is clear from the theorem, that GMM and EL dominate QMLE because they make
efficient use of the second moment information without imposing restrictions on
the fourth moments. Ahn and Schmidt (1995, Appendix 2) showed that the GMM

estimator of covariance structures reaches the semiparametric efficiency bound of
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Newey (1990). Theorem 3.3.2 provides an explicit expression for the gain attained

by GMM over QMLE.

Not surprisingly, the conditions of Theorem 3.3.2 hold for the multivariate normal

distribution. Using (3.5), one can write
HAL(Zo ® £,) 'HG, = H(I - IT)HG, = 2HHG, = 2G,.

So condition (ii) trivially holds. However, there may conceivably exist other distrib-
utions that satisfy the equal first order asymptotic efficiency conditions of Theorem

3.3.2. We leave further exploration of this point for future work.

3.4 Second order analysis

3.4.1 Stochastic expansions to the second order

Higher order stochastic expansions are based on the Taylor approximation of the

first order conditions at the true value. The expansions have the following form
- 21
VN(B~Bo)=p+N"27+0p(N 7Y, (3.20)
where s and T are Op(1) random vectors.

It is well known that the first order bias can be obtained by taking the expectation
of the first term. Since QMLE, GMM, and EL are v/N consistent, their first order

bias is zero. Similarly, the first order variances can be obtained as the expectation
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of the outer product of first term. The second order bias is based on the expectation
of the first two terms in (3.20). Alternatively, the second order bias can be obtained
using the Edgeworth approximation to the distribution as in Rothenberg (1984)
and McCullagh (1987).

General expressions for g and 7 of extremum and minimum distance estimators
with many examples can be found in Rilstone et al. (1996); Bao and Ullah (2003);
Ullah (2004); Kim (2005). Specialized expressions for the GMM and (generalized)
EL can be found in Newey et al. (2003) and Newey and Smith (2004).

Derivation of higher order stochastic expansions involves higher order derivatives
of the objective functions. Rilstone et al. (1996) use a recursive definition of
derivatives which is useful in general settings. In our derivation we follow Newey
and Smith (2004) in using the usual definition because we do not go to the order
higher than two and because we wish to compare the QMLE bias to the GMM

and EL bias expressions they derive.

Define
G'H' X
Si(ﬁ) = - 3
Hm,; + (S0 )\
MJ _ Eazsl(ﬂo) Where ﬂo = (03,01)/,

08'08; ’
R = [G'H'(Z®X) 'HG]!,

Q = RGH (=X)L,
P = (9% 1- (=22 HGQ.
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Theorem 3.4.1 Under Assumption 3.2.1, the estimator BQMLE satisfies (3.20)

with

Q H——l—— %[vech(si)—vech(Eo)], (3.21)
\/—Ni=l
2
—Ro Qo | "4
1/2 ° uiM;p,
Q:) P, j=1

where p; is the j-th element of .

Proof. See Appendix B. O

Note that Eu = 0 and the first order variance of BqMLE based on (3.21) can be

written as

Eppe

- !/

Q HE[m(Z;;0,)m(Z;;0,)|H’ Q
P P,

AQ) A P!
QO OQo QO od o ’ (322)

P,AoQ, P,A.P,

where the upper left p x p block of (3.22) represents the first order asymptotic

variance of qMLE in (3.18).

Interestingly, the matrix in (3.22) is not in general block diagonal unlike the EL

and GMM analogues (see, e.g., Qin and Lawless, 1994, Theorem 1). However, in
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the case of multivariate normality, the blocks of (3.22) can be simplified as follows

QAQ = 2R,
QAP = 0, (3.23)
PAP' = (I+T)P.

And thus éQMLE and XQMLE are in this case asymptotically uncorrelated.

3.4.2 Second order bias of QMLE

Let B denote the second order bias of the relevant estimator. Using (3.20), the

bias can be written in terms of the expected value of 7 as
B =E7/N.

Thus, an explicit form of the QMLE bias contains Ep;Mju, j=1,...,p+ Q.

But Mj can be written as

y &2 G'H'A
j = “E e
98'0Bj | Hm; + (= ® T)A oo Ao
— 0, —
4 M
0 G.H
- . . ) J= 11' P
HG],
=
G,; O
-1 7 |, i=1....¢
\
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where G} = B%Go, Goj = G, H);, ) = 323(20 ® £,) and 2,5 = Z[Zo®

¥o);- Therefore M; is non-random and we can write

(

]EMijﬂ =

\

./
0 GJH . _

: Epup'e;, j=1,...,p

HG’ J
(3.24)
G,
? EI“'"",ep-i-ja J= la“'aq2a

Q,; 0

where e is a p+ g2-vector of zeros with the k-th element equal to 1. Substituting

(3.22) into (3.24) and simplifying yields the result of the following theorem.

Theorem 3.4.2 Under Assumption 3.2.1, the second order bias of BQMLE can

be written as follows

_ ,
B 1 | “Ro Qo 2”: 0 GIH || QAQ, .
MLE = ~—5xr . . j
Q 2N QI P -1 HGJ Q] P.A Ql J
0 o J 0 0 o0& oW
o [
43| G QoA Ple;
0Roko€j ¢, (3.25)
Jj=1 | on

where ey is the zero vector of relevant dimension in which the k-th element is 1.

McCullagh (1987) and Linton (1997) give expressions for the second order bias of

QMLE in terms of cumulants; we use the higher-moment representation to enable

comparison with second order biases derived in Newey and Smith (2004).
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Based on (3.23), the following simplification applies in the multivariate normal

case:
B _ __1_ -Ro Qo
QMLE - 2N QI Po
o
_ _L -Ro Qo
2N qQ, P,

b

A

4

-/
P 0 GJH

\jZl HG)

0

| 2 E?:l HGgRoej

1 | QHYE_ GIRoe;

N1 PHY?_| GIRe;

3.4.3 Comparison to GMM and EL

2R,
0

€j

(3.26)

Newey and Smith’s (2004, Theorems 4.1 and 4.6) second order biases of GMM and

EL of 6, are, in our notation,

BgL(6)

BomMm(6)

where

D
1 EL inEL
_WQO ;GORO ej,

1

= RELG’[EIn’im;]’

= (G'Em;m]]~'G)71,

E[m;m/Pm;).

(3.27)

It is not clear how these compare to Bompg(0) in general. However, when Z is
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multivariate normal, it is easy to show that the upper block of BoMmLE is equal to

(3.27) since, under normality,

REL = (G'PA(Z @ Z)AIG}!
= 2[G'H (T ® X)"'HG]™!
= 2R,

Q" = RELG'RA(Z @ D)H™!
= RGH (Z®X)'H

- QH.

3.5 Concluding remarks

The paper examined estimation methods available for covariance structure models
in terms of their first and second order asymptotic properties. The results suggest

the following strategy in estimating models of covariance structure.

First, if we have large samples so that the first-order asymptotic results can be
applied we should prefer GMM or EL to quasi-MLE. Due to increased computa-
tional difficulty of EL, the GMM estimator would be preferable. If efficiency is not
an issue and we are ready to sacrifice efficiency for a simpler and yet consistent

estimation technique we may prefer the traditional normal QMLE approach.

Second, if we have small samples, EL would be the preferred method of estimation.
If the data is normal, normal QMLE will have the same second-order bias as EL.

The bias can be estimated using (3.27) and the bias-adjusted estimator can be
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constructed. If the data are not normal and we still use the QMLE, construction
of the bias-adjusted estimator may be more complicated but is still possible using

(3.25).

Interesting related questions are how different are the alternative estimates in
applications and whether the equal efficiency and equal bias results can be shown

for other distributions.
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Appendix: Proofs

PROOF OF THEOREM 3.4.1: Let M(B) = 7%721\1 %é’—), M(B) = E%ig—),

M;(B) = 7%7 Zi 1 55%? and 3 be between 3 and B,. By the second-order

Taylor expansion of (3. 15) around 3,, we have

sn(B) = 0
1P _
= sn(Bo) + M(Bo)(B - Bo) + 3 szl M;(B)(8 - Bo)
= (/30)+M(ﬂo)(ﬁ Bo) + [M(B,) — M(B,)](B — Bo)
1P+<1 R
+5 2 (B = Boj)M;(B,)(B - Bo) +
j=1
1P o A
+5 2 (Bj = Bop)M;(B) — M;(8,))(8 - Bo)-
j=1

Note that M(3,) = M(B,) so that the third term in the last equation is zero.

Also note that the last term is Op(N —3/2),

Assume that M(3,) is not singular. Then,

.é -Bp = —[M(ﬂo)]_lsN(ﬁo)
p+q?

M(Bo ]—1 Z :60] (.Bo)(.é - Bo)

7=1
+0O,(N~3/2), (3.28)
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0 G.H 0
But M(8,) = — , SN(By) = — and the sec-
HGO 20 X Eo H mN(OO)

ond term is Op(N ~1). We thus have

B-8, = 1 Qo H—l— i[’uech(s') — vech(Eo)] + Op(N 1)
° \/N P, \/N i=1 1 g
= Sou+ 0N, (3.29)

Substituting (3.29) into (3.28), multiplying by v/N and collecting terms of the

same order yields the result.
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