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ABSTRACT
STATISTICAL PROPERTIES OF SOME ALMOST ANOSOV SYSTEMS
By
Xu Zhang

We investigate the polynomial lower and upper bounds for decay of correlations of a class
of two-dimensional almost Anosov diffeomorphisms with respect to their Sinai-Ruelle-Bowen
measures (SRB measures), where the almost Anosov diffeomorphism is a system which is
hyperbolic everywhere except for one point. At the indifferent fixed point, the Jacobian
matrix is an identity matrix. The degrees of the bounds are determined by the expansion
and contraction rates as the orbits approach the indifferent fixed point, and can be expressed
by using coefficients of the third order terms in the Taylor expansions of the diffeomorphisms
at the indifferent fixed points.

We discuss the relationship between the existence of SRB measures and the differentia-
bility of some almost Anosov diffeomorphisms near the indifferent fixed points in dimensions
bigger than one. The eigenvalue of Jacobian matrix at the indifferent fixed point along the
one-dimensional contraction subspace is less than one, while the other eigenvalues along the
expansion subspaces are equal to one. As a consequence, there are twice-differentiable al-
most Anosov diffeomorphisms that admit infinite SRB measures in two or three-dimensional
spaces; there exist twice-differentiable almost Anosov diffeomorphisms with SRB measures
in dimensions bigger than three. Further, we obtain the polynomial lower and upper bounds

for the correlation functions of these almost Anosov maps that admit SRB measures.
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Chapter 1

Introduction

The research of dynamical systems is motivated by the problems in classical physics,
statistical mechanics and so on. Given a space X, a deterministic and discrete dynamical
system is defined by a map T : X — X, where X is a Riemannian manifold, and the map T’
preserves an invariant probability measure p. This dynamical system is denoted by (X, T, u).
The orbit of an initial state € X is denoted by {z,Tz,...,T™z, ...}, which represents the
long term behaviour of the system.

In dynamical systems, there exist lots of simple maps T" with complicated dynamics,
which lead to interesting stories about chaos theory. We are concerned with ergodic theory,
which can be seen as a quantitative description of the dynamics with the help of measure
theory. The state space X should come with a o-algebra B of measurable subsets.

The statistical properties of an observable function ¢ on X with respect to the map T is
also an interesting problem. We introduce a sequence of random variables X;,, = ¢ oT", this
sequence of random variables are identically distributed since the measure p is invariant with
respect to the map T. For the statistical properties of dynamical systems, there exist lots
of interesting problems, for example, the existence of Sinai-Bowen-Ruelle measures (SRB
measures), decay of correlations for some observable functions, central limit theorems, large
deviation principles, almost sure invariance principles, and so on.

There exist lots of work on the study of the SRB measures. Given a twice-differentiable



Anosov diffeomorphism on a compact connected Riemannian manifold with the Riemannian
measure, there is a unique invariant Borel probability measure with respect to this diffeo-
morphism such that the measure has absolutely continuous conditional measure on unstable
manifolds, the map has positive Lyappunov exponents, the metric entropy is equal to the
sum of the positive Lyapunov exponents, and the map has exponential decay of correlations
for Holder continuous observable functions [42]. For Axiom A attractors, similar results
have been obtained by Bowen, Ruelle, and so on [4]. Pesin, Ledrappier, Young and others
have extended the theory on nonuniformly hyperbolic sets [29, 45]. For Hénon attractors,
Benedicks and Young showed that there exist SRB measures for certain parameters and good
statistical properties [3]. For more information on Siani-Ruelle-Bowen measure, please refer
to [47]. We will study the existence of SRB or infinite SRB measures for a class of almost
Anosov diffeomorphisms in dimensions bigger than one.

The correlation function of a system is used to describe how fast the state of the sys-
tem becomes uncorrelated with its future status, and to estimate this function is a very
interesting problem in dynamical systems. To investigate the statistical properties, Young
introduced a powerful tool “Young Tower”, which has been successfully applied to study
many systems [45]. In [46], Young applied the “coupling method” to obtain the polynomial
upper bounds for the correlation functions of some systems. Later, Sarig introduced a pow-
erful method, estimating the asymptotic norms of renewal sequences of bounded operators
acting on Banach spaces, and gave the polynomial lower bounds for correlation functions
[40]. And, Gouézel sharped Sarig’s results and obtained better estimates for some systems
8].

For the study of the correlation functions of the maps on two-dimensional spaces, Liverani

and Martens investigated a class of area preserving maps on torus, and obtained the poly-



nomial upper bounds. In [12], Hu showed that there exist either SRB measures or infinite
SRB measures for almost Anosov diffeomorphisms with non-degeneracy conditions, where
the decomposition of the tangent space of the almost Anosov systems is discontinuous at the
indifferent fixed points. It is an interesting problem to investigate the statistical properties
of almost Anosov systems, since this kind of systems can be thought of as the generalization
of the map = — z + 2'+% [13], which has polynomial lower bounds for correlation functions.
We will show that some almost Anosov diffeomorphisms have both the polynomial upper
and lower bounds.

For the study of the large deviation principles, there are lots of interesting results. Kifer
provided a unified method to establish large deviation principles based on the existence of
a pressure functional and on the uniqueness of equilibrium states for certain dense sets of
functions [19]. Young studied the large deviation estimates for continuous maps of compact
metric spaces and applied these results in differentiable maps and shift spaces [43]. In [37],
the authors obtained the rate functions for certain maps based on the theory of Young
Towers with exponential return time functions. Melbourne investigated the large deviation
principles for a class of nonuniformly hyperbolic dynamical systems with polynomial decay
of correlations and some moderate deviations [26]. In [27], Melbourne and Nicol studied
the large deviation estimates for a large class of nonuniformly hyperbolic systems, which
are defined on Young towers with summable decay of correlations. In [31], Pollicott and
Sharp studied the large deviation behavior of the orbits of interval maps with indifferent
fixed points, and obtained the polynomial and the exponential level I estimation results
for functions, as well as the polynomial and the exponential level II estimation results for
measures. We will study the large deviation estimates for two-dimensional almost Anosov

diffeomorphims and apply these results to the study of the decay of correlations for Holder



observable functions.

The rest is organized as follows. In Chapter 1, some useful concepts and results are
introduced. In Chapter 2, we study the polynomial lower and upper bounds for decay of
correlations of a class of two-dimensional almost Anosov diffeomorphisms with respect to
their SRB measures. It is discovered that the degrees of the bounds could be described
by the expansion and contraction rates as the orbits approach the indifferent fixed point,
and can be expressed by using coefficients of the third order terms in the Taylor expansions
of the diffeomorphisms at the indifferent fixed points. In Chapter 3, it is to investigate
the relationship between the existence of SRB measures and the differentiability of some
almost Anosov diffeomorphisms near the indifferent fixed points in dimensions bigger than
one, where the almost Anosov diffeomorphism is a system which is hyperbolic everywhere
except for one point. As a consequence, there are twice-differentiable almost Anosov diffeo-
morphisms that admit infinite SRB measures in two or three-dimensional spaces; there exist
twice-differentiable almost Anosov diffeomorphisms with SRB measures in dimensions bigger
than three. Further, we obtain the polynomial lower and upper bounds for the correlation

functions of some almost Anosov maps that admit SRB measures.

1.1 Preliminary

In this section, we introduce some basic definitions and useful properties.
Consider a non-singular measurable map 7" : X — X, where X is measurable space, B is
the o algebra, y is a o-finite measure. The measure j is called non-singular if (T~ 1(E)) =0

is equivalent to u(FE) = 0 for any E € B.

Definition 1.1.1. [41] The transfer operator of a non-singular map (X, B, u,T) is the op-



erator 7 : L' (1) — L' (p), which is defined by

dpy o 71
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where p14 is the measure p¢(E) = [ fdp.

Proposition 1.1.1. [41] There is a unique solution ¢ € L (1) to the equation [ ¢-vdu =

J[(¢oT)- fdu for any function ¢ € L. The solution is 1) = T f.

Proposition 1.1.2. [41] The transfer operator is a positive bounded linear operator with

norm one, and satisfying that
(1) for any ¢ € L' and ¢ € L, we have T[(¢ o T) - ¢] = 1 - (T¢), p-almost everywhere;

(2) if T is a measure-preserving map, then for any ¢ € Ll(n), we have (T¢) o T =

E.(¢|T~1B), p-almost everywhere.

For any given map f and its invariant probability measure p, the correlation function for

two observable functions ® and V¥ is defined by

Cora(@.W: £, = [(vo(r)adu— [ @dy [ wa.

where n is a positive integer.

Definition 1.1.2. Let p be an f-invariant Borel probability measure and let H be a class
of functions on M. We say that (f, 1) has exponential decay of correlations for functions in

H if there is 0 < 7 < 1 such that for any ®, U € H, there exists C' = C(¥, ®) such that

|Corp (@, ¥; f, )| < CT".



Definition 1.1.3. Let p be an f-invariant Borel probability measure and let H be a class
of functions on M. We say that (f, ) has polynomial decay of correlations for functions in

H if there is 7 > 0 such that for any ®, ¥ € H, there exists C' = C(¥, ®) such that
|Corp, (@, ¥; f, )] < Cn” 7.

Definition 1.1.4. Given a measurable space X with a probability measure v and a measur-
able partition &, there exists a family of probability measures {u§ : o € X}, which is called

a canonical system of conditional measures for v and £ [39], satisfying that

(i) yg(g(x)) = 1, where {(z) € £ containing x;

£

(ii) for any measurable set B C X, the map  — vz(B) is measurable;

(iii) v(B) = [y v3(B)dv(x).

Let M be a C°° compact Riemannian manifold without boundary. Let v be the Lebesgue
measure on M. Let p be an invariant measure with respect to a map f on M, where
fo(M,p) = (M, p) is a C1H® measurable map with positive Lyapunov exponents almost
everywhere, and o > 0. It follows from Pesin theory [29] that the unstable manifold W (x)
exists almost everywhere and it is an immersed submanifold of M. Denote by v¥ the Rie-
mannian measure induced on W"%(z). Given a measurable partition &, if £(z) C W"¥(z) and
&(x) contains an open neighborhood of z in W¥(x) for almost every x with respect to the
measure u, then ¢ is said to be subordinate to unstable manifolds; further, if ug is absolutely
continuous with respect to v¥ for p almost everywhere x € M, then the measure p is said

3

to have absolutely continuous conditional measures on unstable manifolds, where u3 is a

canonical system of conditional measures for p and & [22].



Definition 1.1.5. An invariant Borel probability measure p for the map f on M is said to

be an SRB measure if

(a) f has positive Lyapunov exponents almost everywhere with respect to the measure y;

(b) p has absolutely continuous conditional measures on unstable manifolds.

Definition 1.1.6. An infinite invariant Borel probability measure p for the map f on M is

sald to be an infinite SRB measure if

(i) there is a set E, for any open neighborhood V' of the set E, one has u(M \ V) < oo;

(ii) the first return map (see Definition 3.3.4) defined on the set M \ V has positive Lya-

punov exponents almost everywhere with respect to u;

(ili) the measure p has absolutely continuous conditional measures on unstable manifolds.

1.2 Renewal Theory

In this section, we talk about the application of the renewal theory in dynamical systems,
which could be applied to study the systems with the polynomial return time. This method
was introduced by Sarig [40], and was extended by Gouézel [8].

Given a measurable dynamical system (X, B, u,T), a subset A € B, the induced trans-

formation on Ais (A, BN A, ug,Ty), where BNA={BNA: Be B}, ug(F) = “(;291])5),

and Ty (z) = TRAW (2), where Rq(z) := 14(z)inf{n > 1: T"(z) € A}.
Proposition 1.2.1. [40, Proposition 1] For a conservative non-singular transformation
(X,B,u, T), A€ Bwith0 < u(A) < oo. Set Ty :=14T" (¢l 4) and Rpop = 1AT”(¢1RA:n).
Then, for any z € D,

T(z) = (I - R(z))"",

7



where

oo
:Zann, Zz”Tn, To=1, 2€D.
n=1
And,
n—1
Th = ZRan k= TpRy
k=1 k=0

Theorem 1.2.1. Let T}, be bounded linear operators on a Banach space £ such that 7'(z) =

I+ 512" Ty converges in Hom(L, £) for evry z € D,

(1) Rnewal Equation: for every z € D, T(z) = (I — R(2))™1, where R(z) = don>17"Bn €

Hom(L, £) and Y || Ry < oo.

(2) Spectral Gap: the spectrum of R(1) consists of an isolated simple eigenvalue at 1 and

a compact subset of .
(3) Aperiodicity: the spectral radius of R(z) is strictly less than one for all z € D\ {1}.

Let P be the eigenprojection of R(1) at 1. If > ., || Rx| = O(1/nP for some B > 2 and

PR/(1)P # 0, then for all n

Tp :—P+ Z Py + Ep,
M k=n+1

where p is given by PR'(1)P = uP, P, = Y v, PR/P, and E, € Hom(L, L) satisfy

| Enll = O(1/nlP)).

Lemma 1.2.1 (Sarig, 2002; Gouézel, 2004). Let (X, B, m,T,F) be a topologically mixing
probability preserving Markov map, and log g, I has a (T, Fr) locally Hélder continuous
dm

version for some F', where g, » = FmoTy . Assume that Tr has the big image property, i.e.,

the measure of the images of the elements of the partition are bounded away from 0 (which

8



is always true when the number of element in F' is finite). If m[Rp > n] = O(1/n") with
v > 1, then there are x € (0,1) and C' > 0 such that for any & € £ and ¥ € L* supported

inside F', one has

Corp(®,W;T,m) — (

i m[RF>k:]>/<I>/\I/‘

k=n+1

SCEy ()| ¥loo || @],

where Fy(n) = 1/n7, ify > 2; Fy(n) = (logn)/n?, it y = 2; Fy(n) = 1/n®172if 2>y > 1.



Chapter 2

Polynomial decay of correlations for

almost Anosov diffeomorphisms

2.1 Introduction

The theory of dynamical systems plays an important role in the understanding of physical
phenomena, and many systems in physics provide good models of dynamical systems such as
the pendulum equation, Billiard systems, Lorentz gas, etc. ([17]). Some interesting physical
systems are thought of as dynamical systems, like anomalous transport, fractional kinetics,
20, 48]. Many physical systems exhibit a variety of mixing properties. It is well known that
hyperbolicity gives rise to exponential mixing with respect to the physical measures. For
systems with slower decay rates, some different physical phenomena could be observed, e.g.
sticky domain, intermittency, and so on ([35, 48]). In this work we present a simple model in
the categogy of invertible smooth dynamical systems in which the systems have intermittent
behavior ([34, 35]) and therefore the rates of mixing can be regarded as polynomial.

The systems we consider are C", r > 4, almost Anosov diffeomorphisms f of a two-
dimensional manifold M with an indifferent fixed point p at which Df,, = id. We show
that under some nondegeneracy conditions, if the coefficients of the third order terms in

the Taylor expansions of f at p satisfy certain conditions then f has polynomial decay of

10



correlations, and the degrees of the decay rates are given by the coefficients of the zy? and
y3 terms. 1

Polynomial decay for one-dimensional expanding maps with an indifferent fixed point
has been studied extensively (see e.g. [23, 33, 45, 13]). There are some systematic ways
developed to obtain polynomial decay rates. The tower structures introduced in [44, 45]
are widely used that can apply for both exponential and subexponential decay rates. The
renew methods proposed in [40] provide a way to obtain upper and lower bound estimates.
For higher-dimensional expanding maps with an indifferent periodic points, upper bounds
estimates were made in [33]. Recently both upper and lower bound estimates were obtained
in [15] for some non-Morkov maps. Though the methods in both [44] and [40] can be applied
to invertible case, there are fewer results in this direction. Liverani and Martens investigated
a class of area preserving maps on torus and obtained the upper bounds for the correlation
functions [24]. In this work we obtain both upper and lower bound estimates of polynomial
decay rates for diffeomorphisms.

Our strategy to prove the results is more or less standard. We first induce two-dimensional
almost hyperbolic systems to one-dimensional almost expanding systems by collapsing the
stable leaves in a Markov partitions, following the scheme described in [44] in particular.
Then we use a corresponding theorem, stated in [40] (and [8] as well), for the induced
systems to obtain polynomial decay rates, in which first return maps are used. The last step

is to pass the rates we obtained for the induced systems to the original ones.

The most challenging part of the work is to estimate the size of the level sets [T > n],

1fWe mention here that in the Taylor expansion, the conditions Df, = id means that
the linear terms are trivial, and hyperbolicity implies that the second order terms must
vanish. So under the nondegeneracy conditions the third order terms determine the ergodic
properties of the systems.

11



where 7 is the first return time with respect to the set M \ P, where P is a rectangle whose
interior contains p. Note that restricted to the unstable manifold of the indifferent fixed point
p, the map has the form f(r) ~ r + agr. (See (2.2.2) and (2.2.3) with = r and y = 0.)
So if we take any point z in the the local unstable manifold of p, then the backward orbit
f7™(2) converges to p at a speed proportional to n—t/ 2 that is unsummable. Fortunately,
the size of the level sets [r > n] is of order between n~ 1/ and n= Y% where 1/8 > 1/a > 2,
because the stable foliation is not Lipschitz continuous near the indifferent fixed point p!
(See (2.2.4) for the value of o and 3, and Proposition 2.5.1 for the estimates.) We obtain
such estimates by controlling the slopes of the stable leaves at the points close to the local
stable manifold of p.

Another problem comes from the last step, when we use the decay rates of the induced
systems to obtain the decay rates of the original ones. In this step we need to estimate of
the sizes of the rectangles after nth iteration. We use large deviation estimation to get that
most rectangles shrink exponentially fast, and prove directly that other rectangles shrink
fast enough, and the measure of the union of such rectangles is small.

It is well known that for almost expanding maps of the interval with indifferent fixed
point p = 0, if f(z) ~z + 2%, s € (0,1), then the rates of decay of correlations are of the

order n—(1/s=1)

. So faster decay rates are given by stronger expansion near the indifferent
fixed point (smaller s). In our case, near the fixed point f(z,y) ~ (z(1+ asy?), y(1— b2y2)),
and a9 /2bs plays the role as 1/s in one-dimensional systems. The rates of decay are roughly
of the order n~(22/262=1) " This means that the rates of decay for two-dimensional almost

hyperbolic systems are determined by the effect of both contraction and expansion when

orbits approach the indifferent fixed point, and faster decay rates are given by either stronger

12



expansion (larger ag) or weaker contraction (smaller by) or both. 2

We would like to mention that besides [24], there are also some upper bound estimates for
billiards (see [49] and the references therein). Also, the lower bound estimates are announced
in [7].

The rest of the chapter is organized as follows. In Section 2.2, we introduce some related
definitions and state the Main Theorem. In Section 2.3, we give the proof of the theorem.
The proof consists of three major steps, which are carried out in three subsections. In Sub-
section 2.3.1, we introduce a quotient map by collapsing the map along the stable manifolds.
In Subsection 2.3.2, we obtain both the lower and upper polynomial bounds for the induced
systems. In Subsection 2.3.3, we obtain the polynomial bounds for Holder continuous ob-
servables for the original systems. Section 2.4 is for distortion estimates, mainly used in
Subsection 2.3.1. The size of the level sets are estimated in Section 2.5, where quantita-

tive analysis is performed. And the decay rates of the size of rectangles are estimated in

Sections 2.6 and 2.7.

2.2 Statement of results

In this section, some basic concepts and the main results are introduced.
Consider a C*° two-dimensional compact Riemannian manifold M without boundary,
and the Riemannian measure on M is m. Let Diff4(M ) be the set of four times differentiable

diffeomorphisms.

Definition 2.2.1. [[12] Definition 1] A map f € Diff*(M) is called an almost Anosov

u

diffeomorphism, if there exist two continuous families of cones x — C¥, C; such that, except

2We refer Remark 2.2.6 for the reasons that ag and by are not involved here.

13



for a finite set .S,

(i) Df2Cy < C}L(x) and D fyC3 2 C;(x)’

(ii) |Dfyv| > |v| for any v € C¥ and |D fyv| < |v| for any v € Cj.

Since S is a finite set, we only need to consider that S is an invariant set by studying f"
instead of f for some nonnegative integer n. Assume that S consists of a single fixed point

p. A fixed point p is called indifferent if D f;, has an eigenvalue of modulus 1.

Remark 2.2.1. (i) By Proposition 4.2 in [12], there is an invariant decomposition of the
tangent bundle into TM = E"® E*, the decomposition is continuous except at the indifferent
fixed point. By Definition 2.2.1, away from the fixed point angle between E® and E" is
bounded away from zero.

(ii) It follows from Proposition 4.4 in [12] local unstable manifolds exist for all x € M.

Existence of local stable manifolds follows similarly.

Definition 2.2.2. [[12] Definition 2] An almost Anosov diffeomorphism f is said to be non-
degenerate (up to the third order), if there exist constants rg > 0 and <%, k¥ > 0 such that

for any = € B(S,rg),

1D feo| > (1+ &%d(z, S)?)|v|, Yo e CY
(2.2.1)

|Dfpo| < (1= k%d(x,8)%)|v], Yo e CE.

By choosing a suitable coordinate system, there is a neighborhood B(p, 7*) of p such that

p=(0,0) and f can be expressed as

Fay) = (x(l + é(a,y)),y(1 w<x,y>>), (2.2.2)

14



where (z,y) € R? and

é(x,y) = agz® + arzy + agy® + O(|(z,y) %),
(2.2.3)

U(x,y) = boa® + bray + bay” + O(|(z,y) ).
Remark 2.2.2. By (2.2.1), we know that ¢(x,y), ¥ (x,y) > 0 for any (z,y) € B(p,r*)\ {p}.

Hence, we have ag, a9, by, by > 0. In this paper, we will consider the case a1 = b1 = 0.

In Lemma 7.1 of [12], it is in fact proved that if f is an almost Anosov diffeomorphism
of a torus M = T2, then for any neighborhood U of p, there exists 8* € (0,1), such that the
unstable subspaces are Holder continuous with Holder exponent 6*.

By applying the renewal theory developed by [40] and [8], we could obtain the following

results:

Main Theorem. Let f € Diff4(M ) be a topologically mixing almost Anosov diffeomorphism
that has an indifferent fixed point p at which (2.2.1)—(2.2.3) are satisfied. Suppose agby —

asby > 0, 4by < ag, and a1 = by = 0. Fix any «, § € (0,1/2) with

2a9b 2
< 22 2 g, (2.2.4)
14+« a2+a2b2+b2 az

Then for any neighborhood U of p, and any Holder continuous functions ¢,V with the

exponent 6, supp @, supp W C M\ U, and [ ®du [ Wdu # 0, we have

Al
< )corn(op,\p;f, u)‘ < , (2.2.5)

I, = I
L L
g

n no

where 4 is an SRB measure, € (max{(1/8 — 1/a)(3/2 + by/(2a9)) 1, 6*},1], and A’ and

A are positive constants dependent on ¢ and W.

15



Remark 2.2.3. The condition on topological mixing seems unnecessary. It can be proved
that f is topologically conjugate to an Anosov diffeomorphism on the two-dimensional torus.
Hence, f is topologically transitive, and M is the only basic set of f. By the spectral
decomposition theorem, f is topologically mixing on M. However, since there is no suitable

reference, we put this condition in the theorem.

1
Remark 2.2.4. (i) Since a < 2 the decay rates are faster than n~!.
2b 2a2b 1 1
(ii) In inequalities (2.2.4), we can take o = 2 and S 4272 5. Hence — —— 2
ag az + agby + b3 g «
1 1 1
3 + %, while the first inequalities in (2.2.4) is equivalent to 7 a < 1. Soif 4b9 < a9, then
a

we can always choose o and [ satisfying (2.2.4).

Remark 2.2.5. As we see in the above remark, 1/ —1/a 2 1/2+«a/4, and 1/2+«a/4 < 1.
Hence, we can take § < 1. In particular, if 2by /a9 is sufficiently small, then 6 can be close

to 1/2.

Remark 2.2.6. To get decay rates of such a system we need to consider a first return map
with respect to M \ P, where P is a rectangle with p in its interior. The decay rates are
determined by the size of the level sets [T = n], where 7 is the first return time. For all
large n, the sets are in regions close to the local stable manifold of p. More precisely, if f
has the form given by (2.2.2) and (2.2.3) under some coordinate system, then the level sets
[7 = n] are in regions of the form {(z,y) : 0 < |z| < r1 < |y| < ro} for some 0 < 71 < ro.
In the regions agz? and byz? are much smaller than asy® and boy?, and hence we have
f(x,y) = (@(1 4 agy?), y(1 — bay?)). So the degree of the rates of decay only depends on as

and by.
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2.3 Proof of the main theorem

In this section, we prove the Main Theorem. The proof consists of three steps, and is carried
out in three subsections. In the first step, we induce the system (f, M) to one-dimensional
expanding system (f, M) with an indifferent fixed point p by taking a Markov partition P
and then collapsing the stable manifolds in each element of the partition. In the second
step, we apply a result of Sarig [40] to obtain the lower and upper bounds for the decay of
correlations for observable functions on the reduced manifold M, where the key step is to
estimate the measure of the level sets [T = n] for the first return time function 7. In the last
step, we obtain the decay rates for (f, M) by using the estimates for (f, M), where the main

ingredient is to estimate the size of the elements of the partition Vi’ _ fiP.

2.3.1 Induce to one-dimensional map

Take a finite Markov partition P = {Fy, Py, -+, Pr} such that p € intPy C U, where U
is given in the Main Theorem. For any P; and = € P;, denote by ~“(z) the connected
component of unstable leaf containing = in P;, and by WY(P;) the set of all such leaves.
And, v%(x) and W#(F;) are understood in a similar way.

Define an equivalent relation on M by x ~ y if x and y are in the same stable leave
5 € WH(P;) for some P;. Denote by & = v*(z) the equivalent class that contains z. Denote
M = M/ ~. Let m: M — M be the natural projection.

Denote by B the completion of the Borel algebra of M.

Since P is a Markov partition, f(y*(x)) C v*(f(z)) for any x € P; with f(x) € P;. Hence,
the quotient map f : M — M given by f(Z) = f(x) is well defined. Denote P; = P;/ ~ and

P ={Py, ..., Pr}. Since f(y*(x)) D v"(f(x)) for any = € P; with f(z) € P, P is a Markov
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partition for f.

Fix an arbitrary 4;* € W"(F;), 0 < i < r. By abuse of notation we also let 7 : P; — 4}
be the sliding map along stable leaves such that for any x € P;, n(z) = 7*(x) N3} = 2,
where v%(z) € W#(F)).

Now, we define a reference measure 7 on M. For each v € W%(P;), denote by m~ the

Lebesgue measure restricted to v. We introduce the following function

—

n—

up(x) == Z(log |Dfo|E}T{Z| —log |Df§z’E% )-
¢:0 Z

~

where x; = f’(x) By Lemma 2.4.1 in the next section, one has that u,, converges uniformly
to some function u. We define v by dvy(x) := e“(x)dmv(x). By (1) of Lemma 2.4.3 in the
next section, we can define a measure 7 on M satisfying Vg, = Vau.

1 4

Note that the Jacobian of f with respect to v is given by
J() (@) = |D(f)gul - culf(2) . o—ulx)

for vy almost every z € M. By (2) of Lemma 2.4.3, we have that J(f)(Z) can be defined as
J(f)(y) for any y € v%(z).

By Theorem B in [12], f has an SRB measure p under our assumption. And, p induces
an invariant measure 7 on M in an obvious way. The estimates for bounded distortion given
by Proposition 7.5 in [12] imply that the conditional measure is equivalent to the Lebesgue
measure, when the measure is restricted to any unstable curve 4% away from the indifferent
fixed point p. Hence, 1 is an absolutely continuous invariant measure with respect to 7, and

is equivalent to 7 away from p.
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Now, we obtain a Markov map (M, B, i, f, P) in the following sense (see [1, 40]):

(i) (Generator property) B is complete and is the smallest o-algebra containing Unzof_n(f);

(ii) (Markov property) P is a Markov partition, that is, for any P;, P; € P, if u(f(P;) N

?]) > (, then ?(FZ) i) ﬁ] (mod f);

(iii) (Local invertibility) for any P; € P with i(P;) > 0, f : P; — f(P;) is invertible with

measurable inverse.

By the assumption that f is topologically mixing, the Markov map is irreducible.

2.3.2 Polynomial decay rates

Recall that the indifferent fixed point p € int Py, and hence, p € int Py. Denote M = M\ Py.

Take the first return map f = f7 of f with respect to M \ Py, that is, f(x) = f7(@) (x),
where 7 is the first return time, 7(z) = min{n > 0: f™(z) € M\ By}. Clearly f : M\ Py —
M \ Py induces a first return map from M to itself. For the sake of simplicity of notation
we also denote it by f

Let 7/ = {[r =n] :n =1,2,...} be a partition into the level sets. Then let T = T’V Py,
where Py =P \ {Fy} is the Markov partition of M. Tt is clear that T is a Markov partition
of M.

For any point z,y € M , the separation time is defined by

s(z,9) =sup{n > 0: f(y) € T(f'(z)), 0 <i<n}.

We may also regard s(z,y) = s(z,y) if v € T and y € g.
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Let

A= sup{|Dfolgull L, IDfelpsl = @ € M\ Py}, (2.3.1)

Clearly A € (0,1). Let #* € (0,1) as in Lemma 2.4.1, and then take 6 € [0*, 1).

For any function ® defined on M, take a semi-norm by

Then we consider the Banach space
L:={P:supp® C M, ||®||oo + DP < 0} (2.3.2)

and take the norm in £ by || @]z = ||®||sc + DO.
It is clear that £ contains Holder functions with Holder exponent 6 supported on M. 1f

® € L, then for any 7,y with s(z,y) > n, we have
(@)~ 9(7)] < (DHNED < (DB)N)" < (DB)(VA')".

That is, ® is locally Hélder continuous in the sense given in [40] (see also [1]).

By Lemma 3.3.1, we know that log J (f) € L. By standard arguments, it is easy to know
(e.g. see Lemma 2 in Subsection 3.1 in [44]) that f admits an absolutely continuous invariant
measure ji on M with the density function h with respect to v, and the density function

satisfies logﬁ € L and is bounded away from 0 and infinity. By uniqueness we know that p

is the conditional measure mentioned in the last subsection with respect to M.
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The Jacobian of fwith respect to p is given by

Since both log J(f) and logﬁ are in £, so is — log Jﬁ(f). Hence, — log Jﬁ(f) is locally Holder
continuous.
Now we are ready to apply the following theorem that is directly derived from Theorem 2

in [40].

Theorem. Let (M, B, i, f, P) be an irreducible measure preserving Markov map with fi(M) =
1, and assume that — log ]Jﬁ(f)] has a (f,T)-locally Holder continuous version for M. If
ged {7(z) —7(y): z,y € M} =1, and ji[r > n] = O(1/n?) with ¢ > 2, then there exists

C > 0 such that for any ® € £ and ¥ € L with supp ®,supp ¥ C M, one has

oo

con@.w:7.m - (X alr>4l) [0 [¥] <crompmlslol.
k

=n+1
where Fjy(n) = O(1/n?).

We have an irreducible measure preserving Markov map (M, B, i, f, P) by the previous
subsection. By above arguments we know that — log |Jﬁ(f)\ has a (f,T)-locally Hélder
continuous version. It is clear that {7(Z) — 7(§) : Z,§ € M} = 1 by our construction. So,
what we need to do is to estimate [t > n], that is, to estimate the exponent .

Recall that P = Py is the element of the Markov Partition P with p € int P. Denote
Q = f~1P\ P. Clearly Q is a rectangle and the set of points # € M with 7(z) > 1, where

7 is the first return time given at the beginning of this subsection. Denote Q. = [t > k.

Clearly Q = Q2 and Q1 C Qy for any k > 2. Moreover, (), are rectangles such that for
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any @ € Qp, W*(z, Q) = W*(x, Q) and W(x, Q) € W(x, Q).
For any unstable curve 4" € W*(Q), let v;/ = v* N Q). By Proposition 2.5.1, we know

that there exist D, > 0 and Dﬁ > 0 such that

D D
— <mi(p) <=3,
kP ko

where a and [ are given in the Main Theorem, and mfj is the Lebesgue measure restricted

to v,
Denote by u% the conditional measure of the SRB measure p on v*“. Since the distortion

of f along any unstable curve is uniformly bounded above and below away from p (see

u

Lemma 2.4.1, also Proposition 7.5 in [12]), so is the density function ﬁ Hence, there
m

Y
exist Cq, Cg > 0 such that

By integration, we get that similar inequalities are true for p@Q). = u[r > k] with different

constant coefficients, that is, there exist two positive constants By, Bg > 0 such that

™
=
Sy

< Q) < =1 (2.3.3)

ol

==
ol
Q=

o0 1
1 (L1
It gives that Z f[T > k] has the order between n~ (@) and n (5 ).

k=n+1
1
By (3.4.5), we can take o = 1/a. Since Fj(n) is of order of n7¢ and ¢ > 5 1, we get
that there exist Aq, Ag > 0 such that
A - A
lfl < Corp (P, V; f, 1) < lil' (2.3.4)
nb na
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2.3.3 Polynomial decay rates for diffeomorphisms

In this subsection, we establish polynomial decay of correlations for almost Anosov diffeo-
morphisms using the results we obtained in the reduced systems.

Recall that P is a Markov partition, and P = Py is the element of P containing p, and
My = M\ F,.

We introduce a type of Holder functions:
Hyp:={®: JHy >0 s.t. |P(z) — D(y)| < Hop|z — y|? and supp(®) C My},

where 6 € (max{(1/6—1/a)(3/2+by/(2a9)) "1, 6%},1], and 6* € (0,1) is specified in Lemma
7.1 of [12], which is dependent on the map f and the element F.

Set Py :=P and Py, := iy, f(Po), and Py, = Py .

For any ®, ¥ € Hy and for any k > 0, we define &), by ®1|B := inf{®(z) : = € f¥(B)}
for any B € P 9k, and define ;. in the same way.

By Lemma 2.3.1 below, the direct calculation gives

|Cor,,_1(®, W o f&; f, 1) — Cor,_1(®,Ty; f, 1)

g‘/(qfofk—ﬁk)o(fn—k)@du‘+]/(qzofk—$k)dﬂ-/q>du‘ (2.3.5)
<max (@) [ w0 £~ Tyl < (2mas|a)) AT,

where * is specified in Lemma 2.3.1.

For ®;. defined as above, let ®ju be the signed measure whose density with respect to p

_ d((f*). (@
is @, and set @y := ({f );( k'u))
i

Let |- | be the total variation of a signed measure, and note that (f%)s(® o (f¥)u) = o,
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where |pu|(A fA d|p| for any Borel set A C M. Applying Lemma 2.3.1 for ® we can get

/ (@ — ®pldp = [@p — Bpp| (M) = |(f*)((@ 0 (FF)) = () (@ps) | (M)

CpaHgy
<I(@ o F =Bl = [ (B0 1~ Bydn < AT

Hence, by similar computation as previously, we have

’COI‘n_k(Cb,Ek; f7 :u) - COI‘n_k<(I)k, Ek; fa M)‘

<[ [@ye )@~ wdu]+ | [T [(@ -2 2.3.6)

it
S(Zmax|\ll|)/|<1> ®p.|dp < (2max |0 A iy

Now we show that Cor,,_j,(®j, ¥y f, it) can be expressed as functions only dependent on
the unstable manifolds, which means that these functions are constant along stable manifolds
on each element of P;. Since ¥}, is constant along stable manifolds on each rectangle P; € P,
we can regard it as a function on M as well. Also we have my(Ppp) = Pp(mept) = Pp(2),

and for =mo f. So,

[@eo (D@ = [ (@0 (il @)
= [Tl @) = [Tl (5B

[T () @) = [Tl (@) = [T T By

and,

/‘Dkdu/‘l’kdu / ((fF)s (@M))'/Wkdﬂz /Ekd/i'/@kdﬂ-

It means |Cor,,_1(®y, Vy; f, 1) = |Cory_ (P4, Vy; f, 1)|. Hence, by (3.4.9) and (3.4.10),
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we have

|Corn (@, ; £, 1)| = |Cory,_1(®, W o ¥ f, )|
§|C0rn_k(<1>, ‘Il o fk7 f7 M) - Corn—k((p?Ek‘; f7 ,LL)l

+|Cornfk<q)7$k; fa /'L> - Corn*k(@kaak; f: /L)| + |Corn*k(@k7ak; fv :u)‘

CaH Call B, Ui T
o (2max|U]) - =5 o |Cory (B, T 1)

—(2max |2]) - 45

1
Take k = [n/2]. Since f* > 5 1, by (2.3.4), we obtain that there exist A > 21/0714,

and A’ < 21/5_1A5 such that

A A
L5 na-1

This completes the whole proof of the Main Theorem.

Lemma 2.3.1. Given any 6 € (max{(1/8 — 1/a)(3/2 + by/(2ag))~1,6*},1], there exist

1
C’A>0,K>Oandﬂ*zﬁ*(6)>B—lsuchthatforany\IIEHOandeK,

— CsH
[lwe s~ T < “AT0.

Proof. Recall that by the definition, ¥y|B := inf{U(z) : = € f¥(B)}, where B € Po2k- So
for any z, there is y € Py 91 () such that Wo fF(2) = Up(z) = Wo fF(z) — o fF(y). Since

U € Hy and fk(Povgk(x)) = P,k’k(fk(x)), we have that for x € B with B € Py o,

U o fFz) = Tp(a)| = |To fFa) — To fF(y)

<Hg|f*(x) — fF(y)|? < Hydiam(f*(B))? = Hydiam(P_ 1 (f*(x)))".
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It means

U () — Up(f " (2))| < Hydiam(P_y, . (x))’. (2.3.7)

Hence, we need to estimate the diameter of the sets in P_j, ;..

Let 6 € (0,9p), where dg is given in Proposition 2.7.1. Let
Sp={r e M\ P:diam(P_j, ;(z)) > e koY,

By Remark 2.2.1, there is a uniform lower bound for the angle between EY and E} for all
x € M\ P. Hence, there exist Cy > 0 such that for any x € Sy, either there exists an unstable
manifold v!(z") C P_j, r.(z) with the length larger than Cre k0 where 2 € P_j i(), or
there exists a stable manifold v; (z*) C P_y, j.(x) with the length larger than Cre k0 where
2% € P_y, ().

In the former case, by the fact fk(vg(a:“)) = vg(fk(aru)), there is C; > 0 and y" €

u

7y (z) such that \Df;u]Euu| < Cyekd. Hence, by distortion given in Lemma 2.4.1, for any
Y

y € vi(a"), |Df75|E§~;’ < CygJue® and then for any z € Y2 (y), v € vp(xY), |fo\E§| <

CyJuJse® | that is, the inequality holds for all z € P_gk(z). In particular, we have

|Df!§|E§\ < CyJuJse? . Similarly, in the latter case, we can get that |Df;k|E§| < C&JéJ{Leké

for some C', > 0, where Jg and J, are given in Lemma 2.4.2. So we can get
Sk C {x eM: |Df!§|E%| < Eeké}U{m eM: |Dfx_k|E§| < Elek(s},

where E = CyJyJs and E/ = C&J&Jg. By applying Proposition 2.7.1, we get that there exist

Cp, C’b > 0 such that
C% (log k)2(H/a=1)
El/a—1 ’

1(Sg) <
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where C, = Cp + O,

Cslogk
Let T}, be given in Proposition 2.6.1. By this proposition, u(7}) < Z 1(/)5 . For any
C b
x € T, by Propositions 2.6.1 and 2.6.2, diam(P_j, ,(z)) < le}jﬂ,, where o/ = %, and

C}, is a constant larger than the constants Cs and €, given by Proposition 2.6.1 and 2.6.2.

. CS
For any x ¢ T}, dlam(P*k,k(x)) < E3/2+a

by Proposition 2.6.1.

Hence, by invariance of p and (2.3.7), the above estimates give

/\\pofk_ﬁkuﬂz/wﬁkof—ﬂdu

=/c C!\Ifof’f—%!dw/c |\Ifof’f—$k|du+/ W o ¥ —Tyldp
TkﬁSk Tkmsk Ty,
HyC?  Cpllogh)?M/oD)  HyCl  Cylogh _ CaHy

—kdb
< .
<Hye +k(3/2+a/)0 El/a—1 +k(1/2+0/)9 gl/a —  pB*

for some C'y4 > 0 independent of ¥, where 8* > (% + 0/)0 + % — 1. By the choice of 6, we

have that §* > % — 1. O

2.4 Some distortion estimates

In this section we provide some distortion estimates which were used in Subsection 2.3.1 and

will be used in Section 2.6 as well.

Lemma 2.4.1. There are positive constants Jg, J;, > 0, and 0* € (0, 1] such that for any

v eWs(F),i=1,---,r, z,y €y and n > 0,

Df 1]

*
log ————2— < Jod*(z,y)?; (2.4.1)
IDfplgul =77
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and for any 7% € W%(F;),i=1,--- ,r, z,y € v* and n > 0,

IDfy " gyl

log ————4_ < J,d"(z,y)"". (2.4.2)
Df; |l

Proof. Denote P = Py. By the same method as in the proof of Lemma 7.4 in [12], we can get
that there exists constant I; > 0 such that if v C f_1P\P is a W*-segment with fiv® C P,
t=1,---n—1, then for any z,y € 7%,
1D fy | gul
ylE
log 1ot < gd"(z,y)""

where 6% = 6 is given in Lemma 7.1 of [12].

With this result we can get a proof of (2.4.1) using the same idea as in the proof of

Proposition 7.5 in [12], whose details can be found in Proposition 3.1 in [16].

The second inequality (2.4.2) can be obtained similarly. O
Similarly, we have the following result:

Lemma 2.4.2. There are two positive constants J. and J,, and §* € (0,1] such that for

any ¥4 € W8(P;),i=1,--- ,r, x,y € ¥ and n > 0,

*

1D f) | gs|
log ————2- < JLd*(z,y)?;
IDflpsl — 7 (®9)

and for any y% € W% (P;),i=1,--- ,r,z,y €y and n > 0,

—n

1 < Jhd%(z, )"
g — 77 > €,y .
Dfs " psl — "
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Lemma 2.4.3. (1) Let 7%, 4} € WY(F;). For the sliding map 7 : v* — 4;', one has that

’/T*,u'y = ,u;yzu
(2) J(P)(@) = J(f)(y) for any y € 7°(x).

Proof. The statements and proof are the same as (1) and (2) of Lemma 1 in Subsection 3.1

in [44]. O

Lemma 2.4.4. There are C' > 0, A € (0,1), and 6* € (0,1) such that for any v* € W¥(F;),
i=1,...,r, z,y €y,

c \/Xﬂ*s(x,y)
J(f)(y) ’

g ' JH@|

where s(x,y) is given in Subsection 2.3.2.

Proof. For any x € y* N P;, i # 0, one has

J(f)(@) = |Dfe|gul ulF(@) | ula)

Denote ¢(x) = log ]DE\E%| We can write

]~

k
u(e) — u(y)| < [¢(fz(fc))—<b<ﬁ(y))]‘+ Zw(ﬁ@)—aﬁ(ﬁ@)n\
1=0 i=0
S [¢(fz(x))—¢(fi(f))]’+ 3 [¢<F<y>>—¢<fi@>>1\
i=k+1 i=k+1

We take k > 0 such that f% = F* @)/2 where s*(z,y) = s(x,y) if s(z,y) is even and

s*(z,y) = s(z,y) + 1, otherwise. Hence, f¥(x), fE(z), f*¥(y), f¥(9) ¢ P, and (2.4.1) and
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(2.4.2) can be applied to the sums of the right hand side. So, we can get

lu(z) — u(y)| <Jud" (@), )0 + Tud“(f5(2), ()"

I d(fF (@), 1R @) + Tsd (), @)

Recall that A is defined in (3.4.2). We can get that

d"(f*(x), fF )"

*

o dU( @Y 2 (), f@y)T 2 ()0

0*s(x,y)/2
du(fs(%y) (:L‘), fs(w,y) (y))g* < Od/\ )

=d"(f*) @), P )

where C; is determined by the maximum radius of each element in the Markov partition,
we use the fact that f5%)(z) and f5(*¥)(y) are in the same element of the Markov par-
tition P, and hence, d“(f*@¥)(z), fs(x’y)(y))o* is uniformly bounded. Similarly, we have
d(FR@), @D Jud (FE(), PR@DT Tud (FE ). f1(@)" < N0, where ¢ is

a positive constant. Hence,
[u(x) = uly)| < 40N /2,

where C' is a positive constant.
Since log |Df;;|E%| — log ]ny|E}f| and u(f(x)) — u(f(y)) can be estimated in a similar

way, we get the inequality we need.

This competes the proof. O]
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2.5 Rates of convergence of the level sets

In this section, we prove Proposition 2.5.1 that is the key step to estimate the term p[r > n].

Recall that Q = Qo = f~1P\ P, and Q; = [r > 1] for i > 2.

Note that the map f has a local product structure, that is, there exist positive constants
e and ¢ such that for any xz,y € M with d(z,y) < 0, [z,y] := W¥(x) N W(y) contains
exactly one point.

Take a coordinate system in a neighborhood U* of p such that the map has the form given
in (2.2.2) and (2.2.3). Hence, the y-axis and x-axis are the stable and unstable manifold of
p, respectively. Recall that we assume a1 = 0 = by.

Let r > 0 be small such that the ball centered at p of radius r is contained in U*. We
also assume that P = Py is small enough such that P, f(P), and f~1(P) are contained in

the ball.

2a9b 2b
5 42% 2<—2<04.Then
aj + asby + b2 a9

there exist Do, Dg > 0 such that for any unstable curve 4 € W*(Q), for any k > 0, we

Proposition 2.5.1. Suppose a, f € (0,1) satisfies § <

have
D D
T <mi(}) < 77
kP ka

where ;! = 9% N )}, and m7 is the Lebesgue measure restricted to 7.

Proof. Let v* € W*(Q) be an unstable curve in ). Denote ¢ = v* N WZ(p).

For any z = (x,y) € 7%, denote z; = (z1,y1) = f(2), and z = (z,9) = [z, fz] =
WU (z) N W9(fz). Since both z; and z are in the same stable curve, z € @, if and only
if Z € Qp—1. Soif z is an endpoint of v}/, then z is an endpoint of 7, ;. In order to
estimate the length of v}, we estimate the ratio m¥(v;/_;)/m¥(v;) firstly. This is equivalent

to estimate T /x.
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Denote by v3 a real number or oo such that (v, 1) is a tangent vector of W;?(z). Take

the function p on [0, 7] as in Proposition 2.5.2. By Lemmas 2.5.2 and 2.5.4 below, we know
that if z = z( is sufficiently close to ¢, then

o a2 A o
sy <= (54 ol (- ag)

—(Z—j + plyo) ) (1 - o) o

With the estimates for v7, we can get by Lemmas 2.5.3 and 2.5.5 that there exist Eq, Eg > 0

such that
xo + Eax(lfra <Tog<my+ Eﬂx(lf"o‘.

If we denote sj, = m"(v}), the inequalities mean

Sp + Eas]1€+o‘ < sp_q < sp+ Eﬁs}ja.

for all k sufficiently large. Hence, it follows (e.g. see Lemma 3.1 in [14]) that there exist Dy,

Dg > 0 such that for all k > 0,

D D
T <5k < g
kD ka

]

This is what we need.

To obtain Lemmas 2.5.2 and 2.5.4, we consider v3, where z is near the y-axis. Assume

that v$ has the form

where p = p(x,y).
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Since (v3,1) is in the stable cone at z, without loss of generality, assume that
—1<vi <1, VzeB(pr). (2.5.1)
Let p ba a function defined on U*. Set 21 := f(2) and p1 := p(z1). Define

Ap(z,y) - = (p—p1)(L+ @)1 =) + pry(1 + @by —y(1 — V)

— p1px(1 + O)Ye + pr(l — )P,
where ¢ = ¢(z,y) and ¢ = ¥ (z,y). We need the following facts.
Lemma 2.5.1 ([12] Lemma 8.3). If v < —p(z )2 and 0 < Ap(z,y), then v, < —p(z1) }
The result also holds if all “ <7 are replaced by “ >

To get more precise form of p, we need the following results.

Proposition 2.5.2 ([12] Proposition 8.4). There exists a Lipschitz function p on [0, r] with

p(0) = 0 satisfying the following two equations:

Baz  (0.9) = (3(s) = H(y )1 +6)(1 —v)
2

and

y A
b log(1 + @) + ag log(1l — ) — bo /(O pTdt =0, (2.5.2)
il

where ¢ = ¢(Ov y)? Y= ¢(07y)7 and ?AO) - y(l - ¢(Oa y))

The upper bound estimates have been proved in [12]. We state the corresponding lemmas

here for completion, which are Lemmas 9.1 and 9.2 in [12]
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Lemma 2.5.2. Suppose aas > 2by, 0 < a < 1, and agby — agbg > 0. Then for any point
q = (0,y4) with y4 > 0 small, there exists ¢ > 0 such that for any zg = (zg,y0) € W¥(q)
with zg > 0,
a2 A o
ity 2 =(2 4 o) ) 1 - )2,
“ b "o
Lemma 2.5.3. Let 2y = (¢, y9) with xg > 0. If for all z = (z,y) in the stable curve that

joins Zp and z7,

then
:Z’O 2 £L‘() + Eax(]j+a,

where F,, is a positive constant dependent on .

The following lemma is the key step to get the lower bound estimates for zg/xq.

2ab 2b
i azbs 5 < =2 < a. Then for any
ay +agby +05 a2

point ¢ = (0, yq) with y4 > 0 small, there exists ¢ > 0 such that for any zy = (zg, yo) € W(q)

Lemma 2.5.4. Given any «, 8 € (0,1) with g <

with xg > 0 small,

a ) T
vl < —(b—j + p(y0)> (1- xﬂ)y—g. (2.5.3)

Proof. For each zg = (z0,y0) € W (q), 2z = (4,y;) = f*(20), define

A lﬂ 2
co:=0, ¢ := 0% Vi > 1,

ITi=6 (1 = 60y;(0,,))

a2

5 (2b9 — Bag) and 6 is specified in Lemma 2.5.6. It is evident that
2

where A} =

Cit1 — ¢ = ci1100yi¥y (0, y;), Vi > 0. (2.5.4)
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Set

pii= o) = (24 0t )1 = o). i 2 0 (25.5)

and

ﬁi = p; — Cy, 1> 0. (2.5.6)

For any z; = (z;,y;), set

Ap, (@i, yi) =i — Pig1)(L+ di)(1 — ;)
Fpir19i(1 4 03) by (@i, y;) — yi (1 — ;) by (24, y;)

—piPit12i (1 4 i) e (x4, yi) + pivi(1 — Uy) ba (4, 45),

where ¢; = ¢(z;) = ¢(z4, yi), ¥i = ¥(zi) = (i, 5).
By contradiction, suppose that (2.5.3) is incorrect. It is to show that for y; > 0 small

enough, there is € > 0 such that for any zg = (x¢, yo) € W' (q) with ¢ = (0,vg), zo,y0 > 0,

_
v > _Piy_z and 02> Ag (i,9),

this, together with Lemma 2.5.1, yields that

By Lemma 2.5.6 below, we can take € > 0 small enough such that cpy > 1+ max{ag/bs +
A(yi) + y € [0,7]} and hence, pp, < —1 for some ng = n(zp). Since ¢; increases with i, it
follows that p; < —1 for any ¢ > ng. Note that x; is increasing and y; is decreasing when

the orbit under the iteration of f is in the neighborhood of the origin. Then there exists
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ny1 > ng such that v§n1 > _ﬁnl% > 1. This contradicts (2.5.1).

Now, we will show that for all + > 0 with x; < y;,

Note that by (2.2.2) and (2.2.3)
d(a,y) = ¢(0,y) + O +ay?),  ¥(z,y) = ¥(0,y) + O(x? + xy?), (25.7)
dy(@,y) = dy(0,y) + O(2* + zy), Yy(z,y) = ¥y(0,y) + O(a? + zy). (2.5.8)
Also,
o(x,y) = agy® + O(a® + xy® + y°) = agy® + O(a® + ¢%), (2.5.9)
Yy (z,y) = 200y* + O(a?y + xy® + y°) = 2b9y® + O(a®y + v°), (2.5.10)

Since y; — yi+1 = ¥i — ¥Yi(1 — ¥(x4,9i)) = yi¥ (i, y;), and p is Lipschitz continuous,
pyi) — pyis1) = Olyi — yir1) = O(ysb(i, yi)) = Olyia? +y2). (2.5.12)

Denote 57} = (1 — (0, ;). Then y; 11 — 4V} = O(wi((0,9;) — (s, y;))) and hence,

by (2.5.8),

P(Yit1) — ﬁ(yz@l) = O(Yi+1 — ygi)l) = O(aty; + zy?). (2.5.13)
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Note (1+a)? —1 = Ba+ O(a?). By (2.5.9), we have
ol —x) = (14 0w ui)) — 1) = fage]y} + )07 + o)
First, using (2.5.4), (2.5.7), (2.5.12), (2.5.13), and (2.5.14), we get

(i = Py )1+ 6)(1 = )

() = A1) ) (1 + 6 (1 = )

(Rl —al) + (Plyie)alyy — pwi)al) ) (1+ 600 - v)
eyt — )1+ 0i)(1 - )

= (i) = Ay ) ) (1 + 6(0,4))(1 = (0, )
+yoBastly} + (e = )1+ 91)(1 — )

—l—O(szyi + :L‘ny) + .TZBO(:L'? + ?/?)

(2.5.14)

(2.5.15)

Next, using (2.5.5) and (2.5.6), and then using (2.5.7), (2.5.8), (2.5.10), and (2.5.13), we get

Pi+1YiVy (i, i) (14 0;) — yi (1 — i) by (4, ;)

( + p(Yi+1) )W/}y (2, i) (1 + ¢7) — yi(1 — ) oy (i, y;)
)

B

( + pWir1) )i Vitty (@i, yi) (1 + &) — civ1yithy (@4, y:) (1 + ¢4)

—<g + ﬁ(yZ(Jr)l))yil/’y(Ov yi) (1 +9(0,9:)) — yi(1 — ¥(0, ;) 0y (0, y;)

ag
—52521’??/@2 — cip1Yity(0,y;) + yO(a? + 2iy;) + 56?%'0(%2 +y2).
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Also, denote

R(w,y;) := —piPir17i (1 + &) (@i, yi) + pii(1 — i) ba (w4, i) (2.5.17)
The equations (2.5.15)-(2.5.17), (2.5.11), and Proposition 2.5.2 give

Ap (i, y;) = —%(25)2 — Bag)a}y? + (cir1 — c) (1 + &) (1 — )
2 (2.5.18)

— ci1¥ity(0,9;) + Ry(zi, yi) + O(ady; + zy?) + 2 0(? + ).

Note that the choice of § implies 2by — Sas > 0. By (2.5.11), we have

= O(? + zy?) if p > —1;
R5(wi,y;)
<0 if p; < 0.

az

5 (2bg — Bag)xgyg by the definition of ¢;. Hence,
2

Fori=0,cg=0and c; =

20y

B

Apy (0, y0) = (269 — Baz)xgy(% — 1ty (0,3;) + O(xf + zoys + 2y yd) < 0,

since we assume z( is small compared with .

For 0 < 7 < mng(zp), where ng is given in Lemma 2.5.6, by (2.5.4), we have

(cit1 — )1+ @) (1 — ) — civ1yiby(0,y;) = —cir1(1 — 00)yiby (0, y;) + y2O0(xF + y2).
So, we have

B

a2
(20 — ﬁ@)ﬂ?fyf — cip1(1 = 00)yiby (0,y;) + O(aF + 2y + 2y}) <0,

Aﬁz ($i7 yz) = _2b2

38



since we have Kz; < y1+5/(2’ﬂ), or :EZQ < K’(2’5)xfyi2, for some K > 0 sufficiently large.

If i > ng, then p; < 0. Hence, R5(x;,1;) < 0. Then by (2.5.18),

az
Ap; (@i, yi) = —%(252 - ﬁ@)%ﬁyf — ¢i+1(1 = 00)yivy(0,y;)
—|Rj(xi, yi)| + O(aty; + zy?) + 90?0(37@2 +y) <o.
This completes the proof. O

Lemma 2.5.5. Let 2y = (zq,yg) with zg,yg > 0. If for all z = (z,y) in the stable curve

that joins zy and 21,

o <= ( 24 o) )1 - )2, (25.19)

then

T9 < x0+ Eﬁx(l)—i_ﬁ,

where Ejg is a positive constant dependent on yg.

Proof. Since (v3, 1) forms a tangent line of the stable manifold W?(z), (2.5.19) gives

fl—i < (5 o) -,

which implies that
dy

dx as .
el ) -2 <0.
z(1 — 2P) " (52 +p(y)) y

Integrating the function from 21 = (z1,y1) to Zy = (Zo, yg), we have

_ _p _ T
1 1-z %0
v BT ke Ty
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In the following discussions, we omit the subscript 0. The above inequality gives

z — 2N B J
£ (=) )R (- [

1

This, together with x1 = z(1 + ¢(x,y)) and y; = y(1 — ¢¥(z,y)), yields that

~

< <1+¢<x,y>><1—¢<x,y>>25(1‘”52)}3(%)23exp(—/y‘?l ) 2 ay).
- —(z,

ISERS]

By (2.5.7), ¢(x,y) = ¢(0,y) + O(x2 + myQ) and ¥(x,y) = ¥(0,y) + O(x2 + :EyQ). Hence,

(
y(1—-1(0,y)) 5(y)
/ dy = O(z), where we treat y as a constant. By (2.5.2), one has
Yy

(A=v(zy) Y

a2
LI C N )

=(1+ 0(12)) exp </y %dy)

Y

Since z = (z,y) and z = (z,y) are in the same local unstable manifold, one has that

15—yl < N(z —2) < N(2g — 2) = Nag,

where N is a positive constant. So,

(%)%g(l-k%)%:lth(x) and exp(/y%d@:lJrO(x)‘
Yy

Now we get
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Using the facts 33? = a:ﬂ(l + ¢)ﬂ — 28 + BBy + :BBO(QS2) and x < T, we have

_ B B_ 8 B Bo— 78 1 2B0(42 s BO(2
1 xﬂzl%—xl :1;:1+x + Bl ¢ :z:ﬁ—l—:c O(¢)§1+ﬁx gb+:c60(¢).
Therefore,
T
Y < p
x_l—i_Eﬁx’

where Ejg is a positive constant dependent on yg.
This completes the proof. n

2a9b 2b
42%2 < =2 < «. Then there

a% + agby + b% a9

Lemma 2.5.6. Suppose «a, 5 € (0,1) satisfies f <

asb
exist 8y € (0,1) and n > 22—12 such that for any positive constants K and N, a point

ag + 0y
q = (0,yq) with y4 > 0 small, there is ¢ > 0 such that for any 2y = (zg,y0) € W(¢q) with

xg > 0, the following inequalities hold simultaneously for some positive integer n = n(zg):

n
H < eoijy (0 yj)) >N, Kzxp< y1+

2a9by B 2a9by
2 2
a5 + agbo + b5 (a2 I b2) <

Proof. Since 8 < , there is v > 1 + % such

_aghy

2a9b b
that g = —;2 22 . Take ;2 22 <n <~ —1 and then take 6y > 0 such that
v(az + b3) as + bs
2—(yv—1
1>90>max{75 4l )5+773}
2 2
2a9b b
Clearly we have b < 1272 = 127 <.

2-p Q(CL% + agby + b%) — 2a9b9 a% + b%
By the choices of 6y and ~, we could assume that K is large enough such that if Kz <y,
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then

1= Oy (0,) < 1= 012boy* < (1 —)*2 (2.5.20)

and

1+ (1 -y P <, (2.5.21)

where 01 and 69 satisfy

2 2

max{%ﬁ, 2_(7_1)5+B77}<92<91<90. (2.5.22)

Hence, for any zg = (zq,yg) with Kxg < yg, by (2.5.21), we have
2— 2— _ 92—
2yt <ag (14 60) Py (= w0)P 7 < agyg P (2.5.23)

Set n := n(zg) as the largest positive integer such that Kz, < yi—m and Kzy41 > y}:ﬂ

Since 0 < y < 1, we have that if Kz <y, then Kz < y. So,

B.2=8 < B  2-7B -, BA+n) 2—yB _ -—p3 2+(1=7)B+np
0% " = et 2 K0 0 = K0 :

By (2.5.20) and (2.5.23), we get

B 2 209 B o
ToYo Yo "o Y%

>
= 720
Jn (1 — Ooy4y (0, yj)) v 2 [T—o(1 — )%%2
B 24209 209—~p
<~ %0% > Y%

- 20 209—(2—(y—1)B+nB)
2 Kgym_zl( (y=1)B+np)

By (2.5.22), 209 — (2 — (v — 1) 4+ npB) > 0. Hence, if z; is sufficiently close to ¢, then y,11
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can be arbitrarily small and the right hand side of the inequality can be arbitrarily large.

This lemma is thus proved. O

2.6 Estimates of the size of elements of P_;

Recall that P is a Markov partition. Denote Py, = \/?Zkfi (P) and Py, = Py p,. Denote by
Pp.n(x) the element of Py, that contains z.

Also, denote by ~5(x) the connected stable curves that contains z and is contained in
Pn(z), and by v%(z) the connected unstable curves that contains x and is contained in
P_no(z).

Recall that m?® is the Lebesgue measure restricted to stable curves. Recall also that
Q=0Qy = ftpP \ P, and Q. = [r > k], k > 2, are introduced in Subsection 2.3.2.
Denote R, = [1 = k] = Qf \ Q11 for £ > 2. Then we denote Q; = f7(Qp) and
R,;L = fT(Ry) = fk(Rk), where f7 is the first return map of f with respect to My = M\ Py.

Clearly Q) = U, R; and Q) = U, R

Proposition 2.6.1. There exist K¢ > 0 and Cs > 0 such that for any k£ > K, we can find

a set T}, with the following properties:

Csloghk
pl/a

.. Cs
(i) m* (o) <

(i) pu(T) <

for any x € Tj;

C
(iil) m®(vi(x)) < k3/2j—o/ for any = ¢ T, U P,

where o/ = by/2ag.
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Proof. Take K¢ > 2K1, where K7 is given in Corollary 2.6.1.

log k
Recall that A is defined in (3.4.2). For each k > 0, take ¢ = {}, = — lei)\J' Then for
o
any j > (., M < T
Define
4
— T\ ()t
T = U(f ) (QUC/QJ)»
1=0
ol/ep,

where 7 is the first return time with respect to M\ P. By (3.4.5), u(Q|/2)) for

= Ll/a

some B, > 0. Since p is preserved under the map f7, we can get

ol/ap, C'log k
w(Ty) < Tilja < S
for some C’ > 0. Hence, we get part (i) if Cs > C’.

For any © € M, denote xy, := f~¥(x). If zj, € P, we define 7(21,) = min{i > 0 : fi(x},) €
M \ P}, the first time the orbit of xj, enter M \ P.

We now prove a claim stronger than the requirements in (ii) and (iii): For any = ¢ P,
the inequality in (ii) holds for any = € T} with 2. € P and 7(z}) > k/2; and that in (iii)
holds otherwise.

Co
3 S S <

If 3, ¢ P, then by Corollary 2.6.2(i), m®(v;(z)) < 3/2ral”

If xj, € P and 7(z;) < k/2, then we have f7(z;) ¢ P and k — 7(x) > max{K1, k/2}.

Using Corollary 2.6.2(i) with fT(xk‘)(xk) and © = fk_T(xk)(fT(xk)(xk)) we get

Cy 23/2—&-0/ Co

ms(vi(w)) < (k _T(mk)3/2—|—a’ < k3/2+0/ ’

If xj, € P, 7(x}) > k/2 and = ¢ T}, then we have yi(xk)(fr(zk)(xk)) - QE/QJ' By

44



) C 21/2—|—O/C
Corollary 2.6.2(ii) we have ms(yi($k>(f7<xk)(xk))) < 2 12/2+a, < k1/2+a/2

other hand, = ¢ T}, implies k—7(z1,) > 7(f7(z1)) +7((f7)2 (@) +- - +7((f7)¢(x1,)). Hence

. On the

_ 1
Hfo T(Ik)|E5|| <M< T for any y € yj(xk)(fT(xk)(xk)) by the choice of ¢. Note that

R (4 ) FTER) (21))) = 75 (2). We get

21/2—1—0/02 - 21/2+a’02
. E1/2+ - E3/24+a’

(@) < 3 m (32 (TP () < 1

On the other hand, if z;, € P, 7(z}) > k/2 and = € T}, then we can only get

Oy _ 21/2—1—0/02
Uf/zjl/2+o/_ E1/2+a

ms(’Y]f;(l’)) < mS(Wj(xk)(fT(xk)(ifk))) <

Now we get what we claimed if we take Cy = 21/ 2+0/02. m

Proposition 2.6.2. There exist Ky, > 0 and Cy, > 0 such that for any k > Ky, m" (v (7)) <

C
kjl_/ua for any = ¢ P.

Proof. The proof is similar to that for Proposition 2.6.1 by using the estimates given in

Proposition 2.5.1 for v} € W*(Q},), instead of Corollary 2.6.2 for 77 € WS(Q;C"). O
To prove Lemma 2.6.3 below, we need the following facts.

Lemma 2.6.1 ([14] Lemmas 3.1 and 3.2). If

/
tho1 >th + Ot e+ O(tT2) Wi >0, (2.6.1)
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where o/ > p, then for all large n,

1 1
S GO e O<W> 262

for some &' > 1/p and k € Z.

Moreover, if (2.6.2) holds and for all n > 0,
/
r(tn) <1—C't +0(th ™),

where C’ > 0, then there exists D > 0 such that for all kg > k,

n+k’07]€

H r(t) < D(ﬂ_/{;k)C//QC.

i=ko—k

The results remain true if we interchange “<” and “>”. Therefore, if (2.6.1) becomes an

equality, then so does (2.6.2).

Lemma 2.6.2 ([12] Propositions 2.6 and 2.8). For any ¢ > 0, there exists a constant

2
0 < r« < 1o such that for any r € (0,7%) and = € B(p,r), t € (0,1], j =1, -, L—QJ, we

have

(1—¢)tx] < ‘fj(tx)‘ < (1+¢)|txl;

and for any x,y € B(p,r) with |O(z,y)| < |O(x, f(z))| and |y| = t|x|, t € (0, 1], we have

Ol )| < B0 f@)] +eleP VO <|5);

0, F ()| > 18z, @) —elaf2 ¥ H <i< H
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where 7 is specified in Definition 2.2.2, and O(z,y) denotes the angle from x to y counter-

clockwise in R2.

Lemma 2.6.3. There exists C; > 0 such that for any = € Q with n = 7(x), HDf:?]E%H <

Cq
n3/2+o/’

where o/ = by/2ag.
Proof. Choose §,0° > 0 small. Then take sectors S* = {2z € U : |£(z, Ej)| < 0"} and
S ={z€U:|4(2, Ep)| <0°}, where Z(z, E}f) is the angle between the vector from p to z
and the line E. Then let S¢ = P\ (§° U S?).

If Ny > 0 is large enough, then for any = € QNO, the orbit of x passes through S, S¢, and
S consecutively before it leaves P. Note that if z € Rp, C Qp, then n = ng = 7(z) = Np.
We take n®n¢, n" > 0 such that n® = max{j > 0: f'(z) € 8%, V1 < i < j}, n® = max{j >
0: f”SH(x) € 8¢ V1 <i<j},and n" = ng —n’ —nC That is, z, f(x),.. .,f”s(w) S
FO (@), (3) € 8¢ and N (2) L fre(a) € SU

Note that (2.2.3) implies that f has the form f(r) = r(1 — bar? + O(r3)) restricted to

W2(p), and Df has the form Df|gs = 1 — 3bgr? + O(r3) restricted to ES for z = (0,7) €

1
W2(p). Hence, by Lemma 2.6.1, for a oint & € Wi(p)NnQ, |f"(2)] ~ and
2(p) n A y Lemm r any point I Z(p) NQ, |f(2)] Tar n
ds 3 . ag
D ~ for some constant ds > 0, where a; =~ b, means lim — = 1, and
IDFE Bl ~ == : k& by Jmg

aj ~ by, means ay, /b is bounded away from 0 and infinity. Since the points in §® are close

to WZ(p), we can get that there exist ¢ > ¢ > 0 and dg > d, > 0 such that

/ /
C ns Cs dy ns ds
< z)| < and < ||D < . 2.6.3

Now we consider the part of the orbit in S¢. Take z € 8% such that fk(z) eS'n Qﬁo
with some k& > 0. Define k% and k¢ in a way similar with that of n® and n® as above,
that is, k* is the largest positive integer such that f1(z),... ,fks(z) € 8% and k€ is the
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largest positive integer such that fks+1(z), o kaH“c(z) € S§¢. Consider Lemma 2.6.2 with
e small. If Ny is sufficiently large, then for z € Q) ]f”s ()] = t|fks(z)] is small. Hence,
by Lemma 2.6.2, for i = 0,1,...,n°,

c c| rkS 2
(1= MU @) < 1 @) < 4 @) and e~ o 2 KT @I

TG
So, there exist ¢;, > ¢}, > 0 and c. > ¢, > 0 such that for i = 0,1,...,n°,
C;l c Cn 1 end nS+i ns
and ¢ [f" (2)] < |f" (@) < el [ (2)]. (2.6.4)

@R =" S @p

Note that (2.2.2) and (2.2.3) imply that there exist ¢ > ¢ > 0 such that 1 — ¢[y[? <
Hny’Ei“ < 1 —d|y|? for any y with |y| small. Hence, by taking y = f”s+i($), i =

0,1,...,n° we obtain that there exist 0 < d.. < d. < 1 such that

(z)

/ nC
d < HfonS(@'E; s I=de. (2.6.5)

For the part of the orbit in S%, we note that (2.2.3) implies that f has the form f(r) =
(1 + agr? + O(r3)) restricted to W¥(p), and Df has the form Df|gs = 1 — byr? + O(r3)
restricted to Ej for x = (r,0) € W2(p). Hence, by Lemma 2.6.1, for any point & € W¥(p),

1 1
g
F@N~ T ~To/2a0

can get that there exist ¢, > c& > 0 and d, > d& > (0 such that

and ||Df;}|E;|| ~ . Since points in S* are close to W¥(p), we

/

C'I_L n3+nc Cu
< <
m_lf (z)] < Nork .
d! dy o
e <|IDf s e, s | < —t—
(nt) 0/2a0 f () oS () (nt) 0/2a9
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By the second inequality of (2.6.4), |f”5+”c(x)| ~ |f”8(x)| Hence, by (2.6.3), (2.6.4),
and (2.6.6), all n®, n® and n" are roughly proportional. Since n® + n® + n" = n = ny, we
know that there exist p*, p* € (0, 1) such that n® > p%n and n* > p“n. So by (2.6.3), (2.6.5)

and (2.6.6), we get

C
n
1D\l = 555 720y

for some C7 > 0.

The proof is completed. O

Corollary 2.6.1. There exists K1 > 0 such that for any n > Ky, if z, f"(x) ¢ P, then

C .
Ti,, where C7 and o/ are as in Lemma 2.6.3.
n «

IDf21 sl <
Cl Cl < Cl
7 /] — IR
E3/2+a" 3/2+a (2<k+n))3/2+a

Let S:SKi = {fi(zx) e P:x¢c QKi’i =1,...,ny — 1}, where n, = 7(z). Since [ is

Proof. Take K i > () such that whenever k,n > K {

uniformly hyperbolic on M \ S, there exists p = pg € (0, 1) such that ||sz|E§ | < p for any
_ Ci
1! > 14 n <
x € M\ S. Take K > 0 such that for any n > K7, p"* < (2n)3/2+0‘/'
Take K1 = max{2K{,2K{}. For z, f"z ¢ P with n > K, we denote I = {i € (1,n) :

i(z) ¢ S}, and let k, be the cardinality of I. If ky > n/2 > K, then
f( )¢ ) Yy 1>

C1 < Ch
(ka)3/2+a/ — p3/2+a”

1072 sl < TIPS poyls 11 < o <
i€l 1i(@)

If k; < n/2, then we may assume that the orbit {z,..., f"1(2)} passes through Qe
1

¢ times. Let k1 < ky < -+ < kp < n such that fkj(x) € Qpry j = 1,...,L. Denote
1
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nj = T(fkj (z)). So, we have n; > Ki for all j. Now we get

n,; Ol
IDFsgl < TT 10r 0 Jes, 1< T <500
1<j<t @)@ 1gj<en]

< 1 _ C Ch

< ;
(2(711 NI n€>)3/2—|—a/ (2(n . kx))3/2+0/ n3/2—|—0/

where we use the fact ny +---+ny=n—ky > n/2.

This completes the proof. n

Recall that Qp, Ry, Q;F, R, and +5(x) are given at the beginning of this section. Also,

we have Q;F € Pp.
Corollary 2.6.2. There exists Cy > 0 such that for any k& > 0,

() mP (3P (@) < — 2 i o, fh(x) ¢ P:

= k3/2+d

(il) m?® (7]?;(35)) <

2 . +
< —k1/2+o/ ifreq.

Proof. (i) Note that f"(yj(z)) = 7}2(fk(95)) By Corollary 2.6.1, and distortion estimates
Crl
given in Lemma 2.4.2, we can get that m? (’yz(fk(x))) < 1

= 3/2+d
C] > 0. Then we use the fact that m®(+{(z)) are bounded above for all z € M.

m®(7§(x)) for some

(ii) Note that for y € R;, fi(y) € R and FOEw) = 7f(fl(yz)) By using the

same arguments as above, and using Lemma 2.6.3 to replace Corollary 2.6.1, we can get

m® (vf(fl(y))) < Cy for all y € R;. Since for any = € Q;CL, 7j.(z) is the union of the

= ;3/2+d
0 Cy
: . + - S(~S Y2
stable curves 77 (z;), z; € R Nvp(x), i =k, k+1,..., we get that m”(vy(z)) < Zk vl
1=
Now we can increase C to get the result of part (ii). O
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2.7 Some large deviation estimation

In this section, we study the large deviation estimates for the observable function ¥ € L
with respect to the quotient map f. We adopt the discussions used in [32].
Recall that (f, M) is the one-dimensional system induced from (f, M), and (f, M ) is the

first return maps of f with respect to M = M \ Po.

Lemma 2.7.1. Let 0 < a < % Given any ¢ > 0, for any function ¥ € L satisfying

| [ Wdp| > e, one has that
n—1 1

ﬁ{f e : ‘ 3 (xp(fi(f)) - /wﬂ)‘ > ne} — O((log n)2(& =D~ (a

1=0

ol
|
—
N—
S—
—~
o
~
—_
S—

The transfer operator of the Markov map f is defined as follows:

TUE) = Y 9u@¥(®),

fy=t

where g = dji/dfio f and U € LY(M). Since fi is invariant with respect to the quotient
map f, g is said to be the g-function of fi.

Define the following operators:
By Proposition 1 of [40], one has the renewal equation:

T(z) = - R(z)"", zeD,
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where D is the unit disk in the complex plane, and

o0 o0
R(z)=Y 2"Rp, T(2)=1+)Y 2"Ty, z€D
n=1 n=1

Proof of Lemma 2.7.1. For convenience, set ® := W — [ Wdj.

It follows from (2.3.4) and the fact that ji is an invariant measure of f that

‘/C[)ofk @du‘—)/ \Ifofk /@d@( /\I/dﬂ)dﬂ‘

| fwo st wip— [wotan [ wan| = Conuw. w70 < S

1
kot

By the renewal theory, Theorem 1 in [40] or Theorem 1.1 in (8],

Tn :—Pr+ Z P + En,
k: n+1

where Pr is the eigenprojection of R(1) at 1, r is given by PrR'(1)Pr = rPr, P, = 3", PrR;Pr,
Ep € Hom(L, £). By using Lemma 6.5 in [8] and (3.4.5), we have that |R,| = O(n%). So,
we have ||Ey|| = 0(1/né_1).

By the fact that Pr&® = fQ ®dji (see the proof of Theorem 2 in [40]), [®di = 0, and

Theorem 1.2 in [8], one has

1
[ etdn = [ 1molas=o(——).

nao

Next, it is to apply the method of the proof of Proposition 2.3 in [32] to prove (2.7.1).
By Proposition 1.2 in [41] and the fact that f is measure preserving with respect to the

measure i, Ez(®|f~*B) = (T*®) o f* for any positive integer k and ® € L(M). By direct
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computation,

o{zedl, @W@)-]m} <o | @@(fi(f)))”da(z)
S(S)jﬁ<“®”w+%0;k 12|k, (<I>of"€|l?>’)||219>219
= (10 + 20 kzl k2Bl B) )
- (fgzﬂ (229 + 24021 V2T )
< (ffﬁ(||<1>||w+24on<1>||o%’9 Y ; () o) )
<175 (121129 + 2102 &7~/ ;%) 7

where 9 = é — 1> 1 and Corollary 1 from [28] is used in the second inequality. This shows

(2.7.1). ]
Finally we show a proposition which is used in Subsection 2.3.3.

Proposition 2.7.1. There exists 6y > 0 such that for any 0 < § < &g, F, E' > 0, we can

find Cp, Cb > 0 respectively and N; > 0 satisfying

Cp(log n)z(l_l) ‘

u{x € M: |Df}|pul < Ee”5} < L : (2.7.2)
no -1
' g Cb(logn)%é_l)
u{x € M: [Df;"|gs| < Ele" } < - (2.7.3)
noa-

for all n > Ny.

Proof. Without loss of generality, we can assume that £ = E/ = 1. This is because we can
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always take N, sufficiently large and incease 4 to some §* > § such that Ee™ < e for all
n > Ng.

Now let us prove (2.7.2).

For the finite Markov partition P = {Fy, Py, --- , P} and fixed 4} € W*(F;), 0 <i <,

consider the following function

0 if x € Fy;
U(z) =
og|Dfrz)lpu | ifz g P,
m(x)
where 7 is the sliding map defined in Subsection 2.3.1. Clearly 1) is constant along the stable
manifolds in P;, 0 <7 < r. It can be regarded as an element in £ as well. It is evident that
[ wdp > 0.
Since f is uniformly hyperbolic on M \ P, there exist two positive constants Cy, and CJ,

such that

Cu <log|Dfu|gul < Cy VYo e M\P.

Cu C!
Hence, if we let Cf = T and Cf = O—“, then
u u
IOg’Dfx‘Eg‘

L < <Cp VYreP, i#0.

So,
n—1
log |Df;! | gul = > _1og|Df i plgu. |
i=0 fi (=)
n—1 n—1 .
> Lanplos |foi(x)|E}ti( )! > Cp Y W(f' (@),
i=0 z i=0
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where 1 M\Py is the indicator function. Hence,

n—1 ‘ 5
[ren: %log|Df£|E%| <sdcleenm: %gw(f’(:x)) < C—L} (2.7.4)

for any 6 > 0.
Take 8g = C, [¢dp, and let 0 < & < &g. Set € := [pdu — §/Cp. Clearly e > 0. Recall
that we mentioned that ¢ can be regarded as functions in £. So by Lemma 2.7.1, one has

that

n—

L 1 |
> (@) < /Wlu - 6} = O((logn)X @ Yp~(a=1). (2.7.5)

1=0

By (2.7.4) and (2.7.5), and the fact that g is the quotient measure of p, we have that

,u{x €M: |Dfylgul < ené} < “{x €M %nzlwfi(x)) = CiL}
i=0

n—1 B 2(é*1>

na

for some C'p > 0. This is (2.7.2).
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To get (2.7.3), we introduce the following function

0 if x € P();
U(w) =
— log |Df7r($c) |E;9r(x) | if x g P().

Hence v is constant along the stable manifolds and can be regarded as a function in £. It is

also obvious that [tdi > 0. By using similar methods as above, we can obtain

1
_ ! (logn)Q(a_l)
u{xe M: [Dfy|gs| > e ”5} <L T
no

for some C’, > 0. Note that E® is one-dimensional. So |Df;nn(x)|E}9m( )| < €™ if and only
T

if |Df£|E%| > ¢ "0 Since y is an invariant measure, we get (2.7.3). O
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Chapter 3

Some statistical properties of almost

Anosov diffeomorphisms with spectral

gap

3.1 Introduction

The existence of an invariant measure of a map is a basic problem in ergodic theory [25].
In smooth ergodic theory, one important result of Sinai is that a twice-differentiable Anosov
diffeomorphism on a compact connected Riemannian manifold has an invariant measure,
which has absolutely continuous conditional measures on unstable manifolds [42]. This was
generalized to Axiom-A systems by Bowen and Ruelle [4]. Based on Sinai, Ruelle, and
Bowen’s work, a kind of invariant measures with absolutely continuous conditional measures
on unstable manifolds is called SRB measures. The maps with SRB measures have some
good dynamical properties in physics [5]. For more information on SRB measures, please
refer to the survey [47]. Lots of results about the existence of SRB measures have been
obtained for many systems, for example, non-uniformly hyperbolic systems by Pesin [2],
singular systems by Katok et al. [18], the billiard systems and so on [6, 21].

In smooth ergodic theory and physics, some interesting systems are generated by function-
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s of high differentiability. For example, the Lorenz system, Logistic map, Hénon map, and so
on [38]. And, the differentiability of the maps affects the dynamics. For example, there exists
a one-dimensional map 7T : [0,1] — [0, 1], which is piecewise twice-differentiable expanding
and the derivative at one fixed point is equal to one, but T" can not admit a finite absolutely
continuous invariant measure [30]; Hu and Young obtained that some twice-differentiable
almost Anosov diffeomorphisms defined on two-dimensional spaces admit infinite SRB mea-
sures [16]; Hu obtained some results on the existence of SRB measures and infinite SRB
measures for almost Anosov systems [12].

For a mixing dynamical system, the correlation function provides us with the quantitative
description about how fast the state of the system becomes uncorrelated with its future
status. The SRB measures play an important role in the study of the correlation functions.
The transfer operator with some function spaces is a powerful tool in the study of the decay
rate of correlation functions. For instance, the idea of the construction of “Young Tower”
has been successfully applied to the study of many systems with exponential decay rates, like
Hénon map, piecewise hyperbolic systems, scattering billiards and so on [45]. The estimation
of the polynomial upper bounds for the correlation functions of some systems is obtained by
the “coupling method” [46]. Later, the estimation of the polynomial lower bounds for the
correlation functions of some maps is studied by the “renewal theory” [40], which is sharped
by Gouézel’s results [8].

There exist many interesting results about the estimation of the correlation functions of
the maps on two-dimensional manifolds. For instance, the work of Benedicks and Young on
Hénon map proved the existence of SRB measures, exponential decay of correlations and
so on [3], the study of Liverani and Martens on a class of area preserving maps on torus

gave the upper bounds for the correlation functions [24]. In [9], the upper bounds for the
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correlation functions have been obtained for some systems with one center unstable direction
Manneville-Pomeau-like map by Hatomoto.

In this chapter, we provide some almost Anosov maps defined on spaces with dimensions
no less than two, since there are few examples in higher dimensions, these maps could be
regarded as the generalization of Manneville-Pomeau-like maps in higher dimensions. And,
we study the existence of SRB or infinite SRB measures for this type of maps. We obtain that
the differentiability of the maps near the indifferent fixed points and the dimension of the
spaces affect the existence of SRB measures (See Theorem 3.2.1). As a consequence, there
are twice-differentiable almost Anosov diffeomorphisms that admit infinite SRB measures in
spaces with dimensions equal to two or three, which is a generalization of the results of [16];
there exist twice-differentiable almost Anosov diffeomorphisms that admit SRB measures in
spaces with dimensions bigger than three. Further, we apply the renewal theory to investigate
the polynomial lower and upper bounds for maps that admit SRB measures (see Theorem
3.2.2).

The rest is organized as follows. In Section 3.2, some basic definitions and the main results
are introduced. In Section 3.3, it is to study the existence of SRB or infinite SRB measures
in spaces with dimensions bigger than or equal to two. In Section 3.4, the polynomial
lower and upper bounds are obtained by using the renewal theory. This section consists of
three parts. In Subsection 3.4.1, a quotient map by collapsing the map along the stable
manifolds is introduced. In Subsection 3.4.2, both the lower and upper polynomial bounds
for the decay rate of the correlation functions are obtained by using the renewal theory,
where the observable functions are defined on the quotient manifold. In Subsection 3.4.3,
the polynomial bounds for Holder observable functions for the original diffeomorphisms are

obtained.
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3.2 Main results

In this section, the main results are introduced.
Assume M is a C°° compact Riemannian manifold without boundary, and the dimension

of M is m > 2. Let f be a diffeomorphism defined on M satisfying the following properties:
(1) if m > 3, the map f is twice-differentiable on M, and has a fixed point p;
(1) if m = 2, the map f is O on M, and has a fixed point p, where > 0;

(2) the map f is topologically mixing, and topologically conjugate with an Anosov diffeo-

morphism;

(3) there exist a constant 0 < k% < 1 and a continuous function k% with

=1 atx=p
KY(x) )

> 1 elsewhere

and there is a decomposition of the tangent space T, M:

T,M = E' & E?,

such that
IDfalggl < &% (D falgy) > 54(2), Dfylgy =id, #*Lo <1,
where
D D
m(Dfelg)= i DI gy PR
. vEEG v#0 |v] reMweEY v#0 |v]
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4) the dimension of E¥ and E is m — 1 and 1, respectively;
T T Yy

(5) there is a coordinate system on a small neighborhood U of p such that the map f can

be written as follows:

f(xb [L’Q, tee l’m_l, $m)

(1 11 s D)+ 92 )1, (1 (1, ) + P22 )1, )
(3.2.1)
where p is a nonzero constant and [(x1, ..., Z;m—1)| = 2”161 z2.

Remark 3.2.1. The p:v?n term could be replaced by some general differentiable function

Y(zm) with ¥(0) = 0.

Theorem 3.2.1. For the diffeomorphism f satisfying the above assumptions and m > 2, if

n > 0 and min{2,m — 2} < n < m — 1, then there exists an SRB measure; if n > m — 1,

then there is an infinite SRB measure.

Corollary 3.2.1. For the diffeomorphism f satisfying the assumptions of Theorem 3.2.1, if

f admits an SRB measure, then for any continuous function ¢ : M — R, for u-a.e. z € M,

one has

1n71 .
2 2ol — [ odas s .

where p is the SRB measure introduced in Theorem 3.2.1; if f has an infinite SRB measure,

then for v-a.e. x € M, one has

1
_Zéfi(x)_)(sp as n — 0o,
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where ¢, is the Dirac measure at z and v is the Lebesgue measure on M, and the above

convergence is in the weak star topology.

By applying the renewal theory developed by [40] and [8], we could obtain the following

results:

Theorem 3.2.2. Let f be an almost Anosov diffeomorphism satisfying the above assump-
tions and m be an integer no less than 2. For n > 0, min{m — 2,2} < n < m — 1, and
m—1—mn < 6 <1, any neighborhood V' of p, and any Hélder functions ®, ¥ with exponent

0, supp®, supp¥ C M\ V, and [ @du [ Wdu # 0, we have

(3.2.2)

where 11 is an SRB measure specified in Theorem 3.2.1, and A’(®, ¥) and A(®, ¥) are positive

constants dependent on ¢ and W.

3.3 The existence of SRB measures

In this section, it is to show Theorem 3.2.1. In the following discussions, assume that f
satisfies the assumptions of Theorem 3.2.1.
For any x € M, let E}} and E; be the unstable and stable tangent spaces at x, respectively.

For any positive constant (3, set

Ey(B) :={veEy: v <p}, Bz (B):={veE;: v <p},
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and

Er(B) = Ez(B) x Ez(B).
Proposition 3.3.1. (a) For any x € M, the maps x — EY and v — E; are continuous.

(b) There exist two continuous foliations F" and F® on M tangential to E" and E?,

respectively, such that

(1) the stable leaf F*(z) is the stable manifold at z,
Fio)={y € M d(f*(@), f*(y)) < Cs(w*)*d(a,y), Vk > 0};
(2) the unstable leaf F“(z) is the unstable manifold at z, that is,
Fll)={y e M: lim d(f~(), /() = 0}

there exist positive constants § an w such that x) 1s the component o
3) th i 1ti g and C h th ]—"g is th f

FU(x) Nexp,(Fz(3)) containing x, then expy !( g(x)) is the graph of a function
¢y + EF(B) — EZ(B) with ¢7(0) = 0 and |¢z[ 1 < Cu, where exp is the

T

exponential map. Similar results also hold for F; E(m)

Proof. Part (a) can be derived from the gap assumption k* < 1 = inf{x"(z) : x € M}.

Part (b) can be obtained by Theorems 5.5 and 5A.1 in [11]. O

For convenience, denote by W4(z) := F"(z) and Wg(x) = ]:g(x) the unstable man-
ifold and local unstable manifold at x, respectively; one could define the stable manifold
W3 (z) and the local stable manifold Wg(x), similarly. For y € W#*(z), denote by d*(z,y)

the minimal distance from x to y along the stable manifold; for y € W"%(x), let d“(z,y)
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be the minimal distance between x and y on the unstable manifold, where the metric on
Wo(x)/W"¥(zx) is induced by the Riemannian metric restricted to W¥(x)/W4(x).

By Proposition 3.3.1, one has the following result immediately.

Corollary 3.3.1. The map f has a local product structure, that is, there are constants
0 < € < (B such that for any y, 2z € M with d(y, z) < €, one has that [y, z] = Wg(y) N Wﬁs(z)

and [z,y] = W/g(z) N Wg(y) contain exactly one point, respectively.

Definition 3.3.1. [38] Given a set X in M, if for any x,y € X, one has that [z, y], [y, z] € X,

then X is said to be a rectangle. A rectangle P is called proper if intP = P.

By Corollary 3.3.1, it is reasonable to define the following rectangle

At ={W5(@) N W5(y) : © €7, yeq"},

where 7% and " are stable and unstable leaves, respectively, and the diameter of these two
leaves are sufficiently small. In the following discussions, assume that the rectangles are
defined by [v%,7%] with sufficiently small diameter. For any rectangle X and = € X, set
Wh(x, X) := Wé‘(:ﬂ) N X and W¥(x, X) := Wg(x) N X. Given two rectangles X; and Xo,
if for any = € X with f¥(z) € Xy for some k > 0, one has that fF(W%(z, X1)) N Xy =
W“(fk(x), X9), then it is said that fk(Xl) u-crosses Xo; if for any x € X7 with f_k(x) € Xo
for some k > 0, one has that f_k(WS(.CE,Xl)) N Xy = Ws(f_k(x),Xg), then it is said that

F7F(X1) s-crosses Xo.

Definition 3.3.2. [38] A Markov partition of M is a finite covering P = { Py, Py, ..., P;} of
M by proper rectangles satisfying that
(i) intP; NintP; = O for i # j;
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(ii) if € intP; and f(x) € int P}, then f(W"(z, F;)) D W*(f(x), P;) and f(W?(z, F;)) C

Ws(f(x)’Pj)

By Assumption (2), there exists a Markov partition for the map f. Suppose the Markov
partition is P = {Fy, ..., P} with p € int(Fy). Suppose that P = Py and the radius of any

element in this Markov partition is sufficiently small.

Definition 3.3.3. [16] Suppose that W and Wy are two W"-leaves, and let the holonomy
map H : W1 — Wy be continuous map defined by the sliding map along the stable manifolds.

The stable manifold W¥ is Lipschitz if H is Lipschitz for every (W7, Wa, H).

Proposition 3.3.2. The stable manifold W?¥ is Lipschitz. Further, for any > 0, there is
Cr, > 0 such that for any (W71, Wa, H) with d*(z, H(z)) < ¢ for any x € Wy, the Lipschitz

constant is less than C. Further, if m > 3, then the holonomy map is differentiable.

Proof. First, it is to study the case m > 3. By Assumptions (1) and (3), the map f is twice-
differentiable and %Ly < 1. One could apply the method used in the proof of Theorem 6.3
in [10] to obtain that the stable foliation is C1. Hence, the stable manifold W# is Lipschitz.
Second, it is to consider the case m = 2. By Assumption (1), f is C177. So, the
arguments for m > 3 do not work. One could apply the arguments used in the proof of
Proposition 2.5 in [16] to obtain the Lipschitz property of the stable manifold W¥.

This completes the proof. O

Lemma 3.3.1. [12, Lemma 8.1] Let {a;}7; be a sequence of positive numbers, C' and «

be two positive constants.

(i) fap_1 > ap + Ca,1€+a for any k£ > 1, then there exist D > 0 and kg > 1 such that

1
ap. < D(k — ko)~ @ for sufficiently large k.
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(i) If ap_q1 < ap + Ca}ja for any k > 1, then there exist D’ > 0 and k{, > 1 such that

1
ar, > D'(k + k{))~ @ for sufficiently large k.

Lemma 3.3.2. Let h : [-1,1] — R be a map, which can be written as h(x) = x(1 +
x4+ o(z™)) for x in a small neighborhood I of 0, where n > 0. For any ag € (0,1] N I,
set aj, = h’k(ao), k > 1. Given any positive integer m > 2, if 0 < n < m — 1, then
POy aZ‘fl < oo;if n >m —1, then Y 72, azﬂ‘*l = 00.

Proof. By Lemma 3.3.1, one has that for sufficiently large k, aj, ~ l{:_%. So,if0 <n<m—1,

then Y 774 a}?—l < oo;if p>m—1, then > 72, a?_l = 0. O

Proposition 3.3.3. Given any small rectangle P containing p in its interior, there are two
positive constants 0 and D such that if A is a disk contained in some unstable manifold with

diam(A) < § and AN P =), then for any y,z € A and k > 0,

1< M <D. (3.3.1)
1D fz" gyl
Proof. First of all, we will study the case m = 3, the arguments for m = 3 below also work
for m > 3.

Assume that P is sufficiently small such that P U f(P) C U and diam(P U f(P)) < e,
where U is introduced in Assumption (5) and e is specified in Corollary 3.3.1. So, the
map H introduced in Definition 3.3.3 is well defined with respect to the local unstable
manifolds contained in U. By Assumption (5), one does not need to consider the curvature
on the unstable manifold A C U. Let d“(y, z) denote the metric on A with respect to the
Riemannian metric restricted to the unstable manifold. Let d(y, z) be the distance defined
by the Euclidean metric. By Assumption (5), one could assume that d(y,z) = d“(y, 2),

where y and z are in a common unstable manifold contained in U.
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One could assume that there is a positive constant ¢ such that P = [W§(p), W' (p)], it

is also reasonable to define

T = inf d“(w, f(w)) : the minimal length curve contained in W*"
weasPﬂWu(p,P){ (w, f(w)) g (p)

joining w and f(w)}, (3.3.2)

where 0°P = {w € P: w & intW"(w, P)} and 0°(f(P)) is defined similarly.
Now, it is to investigate the distortion estimation along any unstable submanifold. Con-
sider A C ((f(P)\ P)NWU"(z)) for some € f(P)\ P, and f7/(A)c Pfor 1 <i<k—1,

then for any y, z € A,
DSy " gul u

0g ———— < By , (3.3.3)
D" gl T

where E7 is a positive constant determined later.
By (3.2.1), the local unstable manifold for the point in U is contained in some horizon

plane, where the horizon plane could be represented by
{(z1,29,23) : w3 is equal to some constant}.

So, assume that A C {(z1,29,23) : ©3 = Es}, where Fy is areal number. Set A; := f~(A),

0 <17 < k. Hence,
A; C A= {(r1,19,23) : 3= K;iEQ}, 0<i<k.

Next, let us introduce a function ¢(w) = |Df; ! |E§f,|v where |Df1;1|E%| = det(Df1;1|E%).

Now, it is to study the analytic expression of ¢(w) on U. By (3.2.1), set r := 3:% + x%,
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the map f restricted to the unstable manifold can be written as

7 "
(L +7r2)zy + ¢1(x1, 29, 23), (1 + 72 )29 + tha(21, ¥2, 23)),

where 1 (z1,x9,23) = px%xl, Vo(x1, w9, 13) = pm%xg. By direct calculation, the Jacobian

matrix of ¢(w) with respect to x1 and xg is

U U o) 11 )
1472 +nr2 :c%—i—% nr2 xlxg—l—%
U Mo 7 g1, 4 9o
nr2 “zriro + Ty 14+7r2 +nr2 T
Hence, the determinant is
Ul )
1+r2+77r2 1+— 1+r2+m’2
3952
n_ 0 n_ 0
— | nr2 x1x2 + ﬂ nr2 1x1x2 + ﬂ
Oxo Oxy
oy 0o 2

_1+(2+n)r2+(1+n)r”+a (1473 £ 3 Led) + C2(1 43 3 1e2)

x9
O Oy 3-1 0o 7-1 oY1 OYy O

+ T1X2— —1Nr T1x2 -
0xq Jxrg  Oxg9 011

n n n
=1+ 24+ n)r2 + 1+ )" + pr3(2+ 22 + nr2) + pPzi. (3.3.4)

Hence, for fixed z3, the level curves for the function ¢(w) are circles contained in some
horizon plane. This, together with (3.2.1) and (3.3.4), yields that the image of level curves
under f are also level curves.

Denote by y; == f~'(y) and z := f~%(2), i > 0. Let Op be the plane containing the
x3-axis and the point y, O9 be the plane containing the z3-axis and the point z. By (3.2.1),

one has that y; € O1 and z; € Og, 0 <1 < k. Denote by lz; the level curves contained in
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A;. The set lz; N O1 has two points, take z € lz; N O1, which is closer to the point y;. Let
S; be the line segment in the plane A; joining the points z; and y;. By (3.2.1), one has that
Siv1 = f71(S;), and there is a line segment I’y such that Sp C I'y and the end points of I'y
are two points w and w’, where w € 9P and w’ € 9% f(P), and 9°P is specified in (3.3.2).
Set T'; := f~4(Ig), i > 0. So, length(I'y) > Cy7 and S; C T;, where Cj is a positive constant
determined by Proposition 3.3.2.

By Theorem 9.2 in [36] and f is twice-differentiable in Assumption (1), one has that

1
Df 1 —|Df :/DD—1 — 2F)dt
1215 gy = 105 | [0 bt B oy

§C1\D(|ny;1|Egi DIy — 271 < Cad(y;, 27), (3.3.5)

where Cy and Cy are two positive constants, these are derived by the fact that |Df~1|gul
is uniformly continuous and differentiable, since f is twice-differentiable on the compact
manifold M, and the point z; falls into a uniformly small neighborhood of the point y; for

sufficiently large i. So, for 7 < k, by Assumption (1), one has

—9 . -1 —1 .
1D fy gl -1 IDfy g | = 1D o | i-1
ogTyﬁlog (1 e p ) §C3Z||ngfil|}3§.|—|sz_il|Eg.|‘
|Df ‘Eg‘ i=0 |szi |Egz| i=0 v v
j—1 j—1 j—1
~1 —1
=C3 Z% 101y g | = 1DF v || < CsCy 2% lvi = 2f| = G35 igd“<yi, 2). (336)
1= 2 1= 1=

where C'3 > 0 is a constant dependent on f.
Since T'; is a line segment, for any w € I';, let |Df_1|1“l~(w)‘ = |Df~Y(w)vy|, where @,
is a tangent vector of the curve I'; at the point w with unit length, and |Df~!(w)@,| is the

length of the vector D f~1(w),.
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It follows from the twice-differentiability of f and Theorem 9.2 in [36] that

1
1257 gl = 12 el = |} DOPS oty )

<Cy| D(IDF M, () Dllvi = 2| < Csd(yi, 27) < Cslength(T'y), (3.3.7)

where Cy and C% are two positive constants. Hence, for j < k, one has

DfI izl IDF gl = 1DF 7 Hp )]
DI eyl (H\ ) rm)l)
0

0g o <
[Df I py )l 1D )|

1=

j—1 j=1 J—1
<Cs Y _IDS Uyl = 1DF o)l < CoCs D lyi = 251 = CoCs Y d" (i, 7).
i=0 ‘ 1=0 1=0
(3.3.8)
where Cg > 0 is a constant dependent on f. Thus, one has
d® Yis 2% JqU *
Lj) <C A%y, 2") Vj <k, (3.3.9)

length(I';) — 7 length(Tg)” = —

where C7 is a positive constant dependent on f.
Let T; be the image of T'; under the map H : A; — W¥%(p), 0 < i < k. Since I';’s are

pairwise disjoint and Proposition 3.3.2, one has that

j-1 j=1
D “length(T;) < )~ Cplength(Ty) < Cpdiam(W"(p, P)). (3.3.10)
=1 =1
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Hence, it follows from (3.3.6)(3.3.10) that

Dfy gl
Og_—jy < C3Cad"(y;, 7))
IDf:z " pul i

. d(y, =* &y, 2+ 4y, »
<CHCaCCrdiam (V. P)) s <y ) <y )

where £y = C3CyC7Crdiam(W4(p, P))/Cy. This verifies (3.3.3).

Now, it is to show (3.3.1).

By the properties of the Markov partition, there is a constant > 0 such that the
diameter of A is less than § and if int(A;) N (f(P) \ P) # 0, then A; C f(P)\ P. Suppose
that the number of the orbits of y and z comes back to P is sg, and there exist positive

integers k; and [;, 1 <1 < s(, such that

Pna;£0,Vie | ((kiki+1;)N1Z),
1<i<s

and

Pnaj=0,Y¢ |J ((kiki+14)NZ),
1<i<s

where A; = f7I(A). So,

— Df," kiiq1—1 -1
DSy "l X IDfyp ey | 50 Fiv1 DS, 1E5j|

- - @ J I
log ]sz_k|Eg] Zlo —1—2 Z log

g y -1 ’
i—1 |szk;|Egki| iz0j-kvy; DTz ‘E?éj’

The first part can be estimated by (3.3.3), and the second part is outside of P, which is a
geometric sequence by Assumption (3), where f is uniformly hyperbolic outside of P. So,

(3.3.1) holds.
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Finally, it is to study the case m =2 and 0 < n < 1. For the case that m =2 and n > 1,
one could apply similar arguments for m = 3 as above.

Suppose that P U f(P) C U and diam(P U f(P)) < e. Fix any 0 < § < ¢, it is to verify
that if A is homermorphic to an interval such that A C ((f(P) \ P) N W¥(x)) for some
z € f(P)\ P, diam(A) < 6, and f~(A) C P for 1 <i <k — 1, then for any y, z € A,

IDf ¥ gyl 7
ogz_—kEZ <D d"y,z), (3.3.11)
’ny |E1yL’

where DH is a positive constant and ¥ = 11—77

By Proposition 3.3.2, it suffices to study the distortion estimates along the unstable
manifold of the indifferent fixed point p, that is, it is enough to study f : W¥(p, P) — W"(p).
It is evident that f is injective when it is restricted to W%(p, P) and f~Y(W¥(p, P)) C
W (p, P). Suppose f(z1) = x1 +x%+n+¢(9€1) for 1 > 0, when f is restricted to the unstable
manifold, where ¢(x1) is the higher order term. In Assumption (5), there is no higher order
term, the reason we add this higher order term is that we find the arguments here also work
for the map with this higher order term. In other words, if m = 2 and 0 < n < 1, we could
generalize Assumption (5). So, assume that A C f(W"%(p, P)) \ W"%(p, P). Hence, one has

that for any y, z € A with d(y, z) < |y|/2,

d(f(y), f(2)) > (14 Cily|Md(y, 2),

detDf(y)

A V) R N L/ Rl
deth(Z) _02|y| (y,Z),

log

where (7{ and Cy are two positive constants. For any v,z € A, set y; := f_i(y) and
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z; := f7(2). By direct calculation, one has that

— _ — _|_1 _ — _ —
d(yisz)' ™" < d(yiyis)' ™ < Dalyi+ o] =yl = Dalyi MU = Dyjy,),
where Dj is a positive constant. It follows from Lemma 3.3 in [14] that (3.3.11) holds.

By using (3.3.11) and the same argument in the case m > 3 as above, one can show

(3.3.1) holds for m =2 and 0 <7y < 1.

This completes the proof. O

Proposition 3.3.4. The unstable manifold W*(p) and the stable manifold WW¥(p) are dense

in M, respectively.

Proof. 1t is to show that W"(p) is dense. Similar arguments also work for W#(p).
Take any rectangle X with intX # (). Take a strictly smaller rectangle X C intX. It
follows Assumption (2) that there is & > 0 such that f —k (X' )N P # 0. So, if k is sufficiently

large, then f~*(X) s-crosses P. Hence, f¥(W4(p, P))NX # §. This completes the proof. [

Definition 3.3.4. Given any subset F2 C M, the first return map is given by g = fT(x) (x):
M\ E — M\ E, where 7(z) = min{i > 0: f'(x) € M \ E} is the first return time function

with respect to the set E.

Lemma 3.3.3. There exists an ergodic invariant Borel probability measure v, for the map

g, which has absolutely continuous conditional measures on the unstable manifolds of f.

Proof. First of all, it is to show the existence of an invariant measure, which has absolutely
continuous conditional measures on unstable manifolds.
Suppose that P = [W(p), W5 (p)], where ¢ is a small positive constant. Denote P =

F(P)\ P. If the dimension of M is bigger than two, then P is connected. Set Q := W%(z, P).

73



Denote by vg the Lebesgue measure on @, and (gfl/Q)(E) = VQ(g_k(E)). Take a limit of
the sequence %Zf;ol gi(uQ) in the weak star topology, denoted by vg. It is evident that v,
is invariant.

Now, it is to show that v4 has absolutely continuous conditional measures on unstable
manifolds.

For any small rectangle K in M \ P, each component of ¢*(Q) is a disjoint union of W
leaves, which are contained in some element from the Markov partition, and if any component
of ¢*(Q) intersects K, then it u-crosses K by Assumption (2) and the discussions used in
the proof of Proposition 3.3.4. Let p; be the density of gi(VQ) with respect to the Lebesgue

measure on gi(Q), where v is the Riemannian measure v induced on Q). It follows from

Proposition 3.3.3 that for any z,y in the same component of gi(Q) NnK,

where D is independent of 7. It is evident that similar estimates on the limit densities could
be obtained.

Finally, the ergodicity of g with respect to v4 can be derived by the discussions in the
proof of Lemma 5.3 in [16], where the application of Lemma 5.1 in the proof of Lemma 5.3
of [16] is replaced by Assumption (2).

This completes the proof.

]

Denote S := f~1P \ P, where P = Py is the element of the Markov partition P containing
p. Without loss of generality, assume that P = [W'(p), W§(p)]. It is evident that S consists

of points z € M with 7(z) > 1, where 7 is the first return time function defined in Definition
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3.34. Set S®) .= [r > k]. So, one has that S = S?) and S*+t1) c S for any k& > 2.
Further, one has that W (z, S*)) = W5(z, §) and W(z, S*)) ¢ W¥(z, S) for any z € S*).
For any unstable leaf v* € W*(S), denote by 7' =~ NS (k). By Assumption (5) and

Lemma 3.3.1, one has that there exist D,’7 > 0 and Dy > 0 such that

o< < =2, (3.3.12)

where V}YL is the Lebesgue measure restricted to vy%.

Finally, it is to show Theorem 3.2.1.
Proof. Set R; :={x € M\ P: R(x)=1i}. Denote

oo 1—1

we=33" HlvglRy),

i=1j=0

where v is the measure specified in Lemma 3.3.3. So, u has absolutely continuous conditional
measures on the unstable manifolds by Lemma 3.3.3.

Let S() be the projection of S onto W(p, P) along W¥. By Proposition 3.3.2, one
has

u(89) ~ v(SW),

where 1(S5()) is the volume or the Lebesgue measure of S() restricted to W(p, P). This,
together with the fact that f7(S()) are pairwise disjoint subsets of P, 1« is invariant, (3.3.12),

and Lemma 3.3.2, yields that

a(P) = S w80 =3 u(5D) = 3 w(ED) = 3T
=1 =1 =1 =1
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which is convergent whenever 0 < n < m — 1, divergent whenever n > m — 1. Hence, if
0 <np<m—1, then f has an SRB measure; if n > m — 1, the map f admits an infinite SRB
measure. Further, for any open neighborhood V' of p, the set M \ (ﬂf:_kfi(P)) contains
the set M \ V for large enough k, and it is a finite set with respect to the measure p. This
yields that p is at most o-finite.

This completes the proof of Theorem 3.2.1. O
Now, it is to prove Corollary 3.2.1.

Proof. This could be derived by using the Birkhoff Ergodic Theorem and the arguments

used in the proof of Theorem B in [16]. O

3.4 Decay of correlations

In this section, it is to verify Theorem 3.2.2. The proof is split into three parts, which are
studied in three subsections. In the first subsection, a quotient one-dimensional expanding
system (f, M) with an indifferent fixed point p for the original map (f, M) is introduced by
taking the Markov partition P and collapsing the stable manifolds in each element of the
partition. In the second subsection, the lower and upper bounds for the decay of correlations
for observable functions on the quotient manifold M is obtained by using the renewal theory.
In the last subsection, the decay rates for the original system (f, M) is studied by using the
estimates for the quotient map, where the main estimation is the size of the elements in the

set f¥(Moy), where M, is specified in (3.4.6).
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3.4.1 Induce to one-dimensional map

In this subsection, a quotient map by collapsing the map along the stable manifolds is
introduced.

For the given finite Markov partition P = { Py, Py, --- , P;}, assume that p € intPy C V,
where V' is specified in Theorem 3.2.2. Given any P; and = € P;, let 4%(x) be the connected
component of stable leaf containing x in P;, and W#(F;) be the set of all such leaves. And,
y¥(x) and WY(P;) are defined similarly.

Now, it is to introduce an equivalent relation on M by x ~ y, whenever x and y are belong
to the same stable leave v* € W¥(P;) for some P;. Let £ = v%(z) be the equivalent class
containing x for x € P;. Set M := M/ ~. There is a natural projection map 7 : M — M.
Let B be the completion of the Borel algebra of M.

It follows from the fact that P is a Markov partition that f(~*(z)) C v*(f(z)) for any
x € P with f(z) € Pj. So, the quotient map f: z € M — f(z) € M is well defined. Set
P;:=P;/ ~and P := {Py, ..., P;}. From the fact that f(7%(z)) D v*(f(x)) for any = € P;
and f(z) € Pj, it follows that P is a Markov partition for f

Take an arbitrary 4;' € W*(F;), 0 <4 < [. By abuse of notation, let 7 : P; — 4} be
the sliding map along stable leaves such that for any € F;, 7(z) = 2 := v%(z) N 4;', where
(@) € WH(P).

Now, it is to define a reference measure © on M. For each v € W¥(P;), denote by vy the

Lebesgue measure restricted to v. We introduce the following function

k—1

up(w) = > (log |D fu;| gy | = log | D f | g ).
i=0 v

where x; = f(z) and Z; = f%(%). By Proposition 3.3.3, one has that uj, converges uniformly
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to some function u. The measure v is defined by dv,(z) := e“(‘fr’)duv(m). By using the
statement and proof of (1) of Lemma 1 in Subsection 3.1 in [45], it is reasonable to introduce
a measure U on M satisfying U|p, = viu.

2 {2

From the definition above, the Jacobian of f with respect to v is
J(f)(@) = [D(f)| gyl - "V emul®) (3.4.1)

for vy almost every x € M. By applying the statement and proof of (2) of Lemma 1 in
Subsection 3.1 in [45], one has that J(f)(Z) can be defined as J(f)(z) for any = € 5.

Let p be the SRB measure of f obtained by Theorem 3.2.1. So, p induces an invariant
measure 77 on M naturally. By Proposition 3.3.3, one has the equivalence of the conditional
measure and the Lebesgue measure, whenever the measure is restricted to any unstable leaf
~% away from the indifferent fixed point p. This tells us that 7 is equivalent to T away from

p, and it has an absolutely continuous measure with respect to v.

Now, one has the following Markov map (M, B, fi, f,P) (see [1, 40]):

(i) (Generator property) The complete and smallest o-algebra containing U kzofik(f) is

B;

(ii) (Markov property) f(P;) O P; (mod ), whenever ji( f(P;)NP;) > 0 for any P;, P; €

P;

(iii) (Local invertibility) the map f : P; — f(P;) is invertible with measurable inverse for

any P; € P with u(P;) > 0.

It follows from Assumption (2) that this Markov map is irreducible.
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3.4.2 Polynomial decay rates

In this subsection, the lower and upper bounds for the decay rates of the observable functions
for the induced system (f, M) is investigated by applying the renewal theory.

Set M := M \ P. Recall that g = f7 is the first return map on M \ P and P = Py. It
is evident that g on M \ P induces a first return map from M to itself, denoted by f It
follows from p € int P that p € int P.

Let Po = P\ {Py} be the Markov partition of M. Set T := T’V Py, where T/ = {T}, =
[T =k]:k=1,2,---} is a partition into sets with the same return time.

The separation time is given by

s(z,9) =sup{k > 0: f(y) € T(f'(2)), 0<i <k}, Va,5€ M.

For any = € Z and y € g, it is also reasonable to set s(x,y) := s(z, 7).
It follows from Assumption (3) that the map f is uniformly hyperbolic outside of any

neighborhood of the fixed point p. One could define

-1 -1 -1
A= sup{| D el gyl DS g™ e @€ MO PY, (342)
D _ Df; ! L
where | Dfal gull = supyepu i |{JTU| and [[Df; sl = supyeps pso % ol Tt s evie

dent that A € (0,1).

Next, it is to introduce a Banach space defined on M:

L= {® : supp® C M, ||®] 2 = [|®]|oc + DP < o0}, (3.4.3)
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where || - ||z is the norm, D® is a semi-norm given by

Do e s 12— 2@

— 0s(z,y
x,yeM A (.9)

I

n>0 mn{2,m—-2}<p<m-—1l,andm—-1—-n<6<1.

Remark 3.4.1. It is evident that £ contains Holder functions with exponent 6 and the

support contained in M.
Hence, one has the following result by using the renewal theory.

Lemma 3.4.1. Assume n > 0, min{2,m —2} <n<m—1,andm—1—-7n <6 <1. The
Markov map (M, B, fi, f,P) is irreducible and measure preserving. There exists C' > 0 such
L and ¥

that for any ® € € L°° with supp¥ C M, one has

oo

con@ w:T.m - (X alr>4l) [0 [v]<cropulslol, G
k=n-+1
0
where Z fi[ > k] has order n—(e=1), Fy(n) = O(1/n%¢2), and o = mT_l
k=n+1

Proof. Tt follows from the discussions in the previous subsection that the Markov map
(M, B, i, f,P) is irreducible measure preserving.

Next, it is to apply Theorem 6.3 in [8] to show (3.4.4).

First, it is to prove that fhas big image property. This could be derived by the finiteness
of the Markov partition P and the discussions about the the big image property in Section
6.2 in [8].

Second, it is to verify that log .J (f) is locally Holder continuous, which is introduced in

[40] (see also [1]).
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It follows from Proposition 3.3.3 that log J(f) € L. By applying similar arguments
used in Lemma 2 in Subsection 3.1 in [45], one has that fadmits an absolutely continuous
invariant measure g on M with the density function h with respect to v, and the density
function satisfies log% € L and is bounded away from 0 and infinity. By uniqueness we know
that j is the conditional measure mentioned in the last subsection with respect to M.

The Jacobian of fwith respect to p is defined as follows

By the fact that log J(f) and log h are in £, one has that — log Jﬁ(f) is also in L, yielding

that — log Jﬁ( f) is locally Hélder continuous.

Now, it is to prove that greatest common divisor of {7(Z) — 7() : Z,§ € M} is one, and
alr >kl = O(1/k9).

It follows from our construction that the greatest common divisor of {7(Z) —7(y) : z,y €
M} is one. So, one only needs to estimate ji[r > k]. Let v% € W¥(S) be any unstable leaf.

Denote by ,uﬂj the conditional measure of the SRB measure p when it is restricted to v*. By

Proposition 3.3.3, the distortion of f along any unstable leaf is uniformly bounded. Similar
U
conclusions also work for the density function d'u—z
v
v

Hence, by (3.3.12), there exist C’i, C1 > 0 such that

o < #7(7n> < o

By direct integration and Proposition 3.3.2, one has that similar inequalities also hold

for plr > n] with different positive constant coefficients, that is, there exist two positive
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constants Bi and Bj such that

B By
0 <[t >n] < = (3.4.5)

(0.]
It gives that Z fi[r > k] has the order n—(¢~1),
k=n+1
It follows from Theorem 6.3 in [8] that the statement of this lemma is correct.

The proof is completed. O

3.4.3 Polynomial decay rates for diffeomorphisms

In this subsection, it is to establish the polynomial decay rates of correlation function for
the almost Anosov diffeomorphisms by using the results in previous subsections.

First, it is to introduce a type of Holder functions:
Ho:={®: 3Hg >0 st. |(z) — ®(y)| < Hplr — y|? and supp(®) c M \ P},

where m > 2,7 >0, min{m —2,2} <np<m-—1l,andm—-1-n<0<1.
Set

k
MO ::P:{P07P17"' 7Pl} and Mk = \/f_i<M0)7 (346>
1=0

where k is any positive integer.

For any n € Z, let k = k(n) be a number smaller than n, which will be given later. For
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any ¢, U € Hy, by direct calculation, one has

|Corn (@, 9; f, )| = |Cory, (@, W o fF; f, 1)
<|Cor;, (P, Vo ka fon) = Corpy_ (@, Wy; f, )| (3.4.7)

+|Corn—k<¢a$k; f7 ﬂ) - Corn—k(q)/wak; f7 ,LL)| + |Corn—k(®k7$k; fv /u)|7

where U}, is a function defined by Ui|A := inf{¥(z) : z € fF(A)} for any A € Moy, P},

d((f%)x (Pp)

i , where P is the signed measure satisfying

is defined analogously, and Pj, :=
that the density with respect to u is Py.

First, it is to estimate the diameter of the set (f¥(May(x)), which is useful in the study
the each item in the inequality (3.4.7). Since f is uniformly hyperbolic outside of P, it
suffices to estimate the diameter of the set fk(ﬂzziof_i(P)), and it is to show that

PR, (P)) < Cgk T, (3.4.8)

i:

where C; is a positive constant.
Now, it is to study the diameter of fk(ﬁlziof_i(P)) along the stable direction. By
Assumption (3), one has

diam(fF(Myy(2))) < CL(s)F;

the diameter of f¥ (ﬂ?ﬁo f~%(P)) along the unstable direction can be derived by using As-

sumption (5) and the discussions used in the proof of (3.3.12):

diam( 7 (Mop(2))) < CLET,
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/
where Cf, and C,, are two positive constants. Hence, (3.4.8) holds.

Second, by direct calculation and (3.4.8), one has

|Cory,_ (@, o f¥; f, 1) — Cor,,_j,(®, Ty £, p1)|
<| fowo =T ) v +| [ k- Tpda- [ oa (3.4.9)

_ o/
<(@max|]) [ (¥ /¥~ Tldu < (2max|8)) - =4,
kN

Third, denote by |-| the total variation of a signed measure. By using the fact ((f%)4((Po

(f*) ) = Pp and (3.4.8), one has

’Cofn—k(@jk; fom) — Cory_p (D, Uy; f, M)‘
<| (@ (D@ - e+ | [Ty [(@ - 2pan

<@maax| ) [ [~ yldys = (2max [¥)) [Py~ Py (31

B (3.4.10)
=(2max [T))|(f*)« (P o (fF)) — (fF)s(Ppp)| (M)
<@max|W)|(P o 1 = Py)ul(M) = (2max|¥]) [ [Po £+~ Pyldu
9
<(2max|V]) - C—g
kn
Fourth, it is to show that
|Coryy k(g Ugis f, )| = |Corpy (P, Ui f, ). (3.4.11)

In other words, Cor,,_;(®s, Vs; f, 1) can be determined by functions, which are constant
along stable manifolds on each P; € P. Since ® and ¥ are constant along stable manifolds

contained in any P;, one could treat ® and V¥ as functions defined on M. This, together
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with for = 7o f and mu(®Ppp) = ®p(msp), implies that

/ (T o (") Bydp = / (T o (S F))d((1F)a (@) = / T d((f ) () @)
- / Tpd(()s (Bpp)) = / Ty () (Fppt)) = / Tyd(F)e (Bpi1)) = / Ty o 7" Tpdp,

and,

[ owdn [T~ [ a5 @) - W= [@pan- [Gean

This shows (3.4.11).

By Lemma 3.4.1, one has that

A A

(n — k)o-1 < |Coryy_p (P, Uy; f, 1) < m, (3.4.12)

where A and A’ are two positive constants.

Furthermore, since n > 0, min{m — 2,2} <p<m—1,and m—1—n <6 <1, one has

0 m=1_1_,_
77>77191'

Therefore, take k = [n/2], by (3.4.7), (3.4.9), (3.4.10), (3.4.11), and (3.4.12), one has

A’(CID, )
ne—1

< |Corp (@, ¥; f, )| <

where A’(®, V) and A(®, V) are two positive constants. This verifies (3.2.2).

This completes the whole proof of Theorem 3.2.2.
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