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ABSTRACT

The Application of B-Spline Smoothing: Confidence Bands and
Additive Modelling

By

Jing Wang

Asymptotically exact and conservative confidence bands are obtained for nonpara-
metric regression function, based on constant and linear polynomial spline estimation,
respectively. Compared to the pointwise nonparametric confidence interval of Huang
(2003), the confidence bands are inflated only by a factor of {log (n)}"/?, similar to
the Nadaraya-Watson confidence bands of Hardle (1989), and the local polynomial
bands of Xia (1998) and Claeskens and Van Keilegom (2003). Simulation experiments
have provided strong evidence that corroborates with the asymptotic theory.

A great deal of effort has been devoted to the inference of additive model in the
last decade. Among the many existing procedures, the kernel type are too costly to
implement for large number of variables or for large sample sizes, while the spline type
provide no asymptotic distribution or any measure of uniform accuracy. We propose a
synthetic estimator of the component function in an additive regression model, using
a one-step backfitting, with spline smoothing in the first stage and kernel smoothing
in the second stage. Under very mild conditions, the proposed SBK estimator of the

component function is asymptotically equivalent to an ordinary univariate Nadaraya-



Watson estimator, hence the dimension is effectively reduced to one at any point. This
dimension reduction holds uniformly over an interval under stronger assumptions
of normal errors, and asymptotic simultaneous confidence bands are provided for
the component functions. Monte Carlo evidence supports the asymptotic results for
dimensions ranging from low to very high, and sample sizes ranging from moderate to
large. The proposed simultaneous confidence bands are applied to the Boston housing
data for linearity diagnosis.

Phenological information reflecting seasonal changes in vegetation is an important
input variable in climate models such as the Regional Atmospheric Modeling System
(RAMS). It varies not only among different vegetation types but also with geographic
locations (latitude and longitude). In the current version of RAMS, phenologies are
treated as a simple sine function that is solely related to the day of year and latitude,
in spite of major seasonal variability in precipitation and temperature. In short,
the sine curves of phenology are far different from the observed. Via linear spline
smoothing we developed more realistic phenological functions of all land covers in
the East Africa to improve RAMS model based on remote sensing observations. In
addition, we quantify the differences between the RAMS’s default phenological curves

and those linear spline estimates derived from remote sensing observations.
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CHAPTER 1

Introduction

1.1 Introduction

For the past three decades, nonparametric regression has been widely used in many
statistical applications, from biostatistics to econometrics, from engineering to geog-
raphy. This is due to its flexibility in modelling complex relationships among variables
by “letting the data speak for themselves”. To fix the idea, we begin with the uni-
variate regression models. Assume that observations {(X;,Y;)}i=; and unobserved

errors {&;};~, are i.i.d. copies of (X,Y,¢) satisfying the regression model
Y=m(X)+0o(X)e,. (1.1)

The unknown mean and standard deviation functions m (z) and o (z), defined on a
compact interval [a, b], need not to be of any specific form.
Two popular nonparametric smoothing techniques are local polynomial /kernel and

polynomial spline. The kernel type estimators are “local”, treated comprehensively



in Fan and Gijbels (1996) and Hardle (1990). The polynomial spline estimators, on
the other hand, are global, see Stone (1985, 1994) and Huang (2003).

The fidelity of a nonparametric regressor is measured in terms of its rate of con-
vergence to the unknown regression function. The type of convergence rates can
be pointwise, or uniform. For kernel type estimators, rates of convergence of all
three types have been established by Mack and Silverman (1982), Fan and Gijbels
(1996).For kernel smoothing of univariate regression function, Hall and Titterington
(1988), Hardle (1989), and Xia (1998) made significant contributions on the con-
fidence bands. All of these are based on strong approximation of some empirical
processes by the 2-dimensional Brownian bridge, as in Tusnady (1977), v;rhich is the
same idea used in Bickel and Rosenblatt (1973) for confidence band of probability
density function. More recently, Claeskens and Van Keilegom (2003) improved upon
Xia (1998) by using smoothed bootstrap, and by extending the confidence band to
derivatives of the regression function. Hérdle, Huet, Mammen and Sperlich (2004)
introduced the bootstrap bands with corrected bias.

For polynomial splines, least squares rates of convergence have been obtained by
Stone (1985, 1994), while pointwise convergence rates and asymptotic distribution
have been recently established in Huang (2003). Confidence band for polynomial
spline regression, however, remains unavailable except under the strong restriction of
homoscedastic normal errors, see Zhou, Shen and Wolfe (1998). Since the confidence
bands is one of the most important ways to do the model diagnosis, in another
words testing the validity of the parametric model, the confidence bands for the

heteroscedastic model is in great demand because of its generality.



1.2 Confidence Bands

An asymptotic exact (conservative) 100 (1 — a) % confidence band for the unknown
m (z) over interval [a,b] consists of an estimator 7 (z) of m (z), lower and upper

confidence limit 7 (z) — lp (z), ™ (z) + Iy () at every z € [a, b] such that

nli’ngoP{m (z) e m(z) £ln(z),Vz € [a,b]} = 1-a, exact,

13;“_‘.{,%” {m(z) € m(z) £ln(z),Vz € [a,b]} > 1- @, conservative.

Confidence band of kernel type estimators are computationally intensive since a
least squares estimation has to be done at every point. In contrast, it is enough to solve
only one least square problem to get the polynomial spline estimator. The greatest
advantages of polynomial spline estimation are its simplicity of implementation and
fast computation. But so far the asymptotics property of the spline smoothing is not
complete as the kernel type.

To introduce the spline functions, divide the finite interval [a,b] into (N + 1)

subintervals J; = [tj,tj.H) J=0,...,N=1,Jy = [tn,b]. A sequence of equally-

N

=10 called interior knots, are given as

spaced points {tj}
tp=a<t) <---<tpn <b=tN+1,tj =a+jh, j=0,1,...,.,N +1,

in which h = (b — a) /(N + 1) is the distance between neighboring knots. We denote
by Glr-2) = gr-2) [a, b] the space of functions that are polynomials of degree p — 1
on each J; with coﬁtinuous (p — 2)th derivative on [a, b]. For example, G(-1) denotes
the space of functions that are constant on each Jj;, and GO denotes the space of

functions that are linear on each J; and continuous on [a, 8.



Our first objective is get the following polynomial spline estimator based on data

{(Xi,Y:)}i=, drawn from model (1.1)

thp (<) = argmin, - (p-2) .y ; (% - g (X)), p =12, (12)

and then construct the error bound function I, (z) around this spline estimator.

We now state our main results in the next two theorems.

Theorem 1.2.1. Under Assumptions (AC1)-(AC4) on Page 16, if p = 1 (constant),
then an asymptotic 100 (1 — a) % ezact confidence band for m (z) over interval [a, b]
is

iy (z) £ on,1 (z) {2log (N + 1)}!/2 dn,
in which oy, 1 (z) is the pointwise variance function of 1) (z), and can be replaced by

o(z){f (z) nh}_l/z, dn is defined in (2.2.13) with limit 1 asn — oo .

Theorem 1.2.2. Under Assumptions (AC1)-(AC4) on page 16, if p = 2 (linear),
then an asymptotic 100 (1 — a) % conservative confidence band for m () over interval
[a,b] is

Mg (z) £ on 2 (z) {2log (N + 1) — 2log a}1/2 ,
in which oy, 3 (z) is the pointwise variance function of 1y (), is defined in (2.2.11).

The construction in Theorem 1.2.1 is similar to the connected error bar of Hall and
Titterington (1988). Ours is superior in two aspects: first, we treat not only equally-
spaced designs, but random designs; second, by applying the strong approximation of
Tusnady (1977), our confidence band is asymptotically exact rather than conservative.

The error bars of Hall and Titterington (1988) are based on a kernel estimator while



ours is based on a regressogram. The upcrossing results used in the proof of Theorem
1.2.2 is also different from that used in Bickel and Rosenblatt (1973), Rosenblatt
(1976) and Hérdle (1989). The theorem on linear confidence band, however, bears no
similarity to the local polynomial bands in Xia (1998), Claeskens and Van Keilegom
(2003). It is instructive to point out that the asymptotic variance function oy, 2 (z) of
79 (z) is a special unconditional version of equation (6.2), in [Huang (2003), Remark
6.1, page 1624]. Thus, as we have mentioned in the abstract, the linear confidence
band localized at any given point z, is only a factor of (log n)l/ 2 wider than the

pointwise normal confidence interval of Huang (2003).

1.3 Additive Component Eastimation

While in practice we have to deal with the high dimensional data in most times.
Much effort has been devoted to addressing the issue of the “curse of dimensionality”.
One popular choice for such purpose is the additive model popularized by the book
of Hastie and Tibshirani (1990). Stone (1985) proposed estimators for component
functions and their derivatives, and established optimal rates of convergénce. These
were later called polynomial spline estimators in the extended context of functional
ANOVA model in Stone (1994), Huang (1998). Huang and Yang (2004) further
extended these estimators to weakly dependent data and developed consistent BIC
model selection procedure based on such estimation.

Hastie and Tibshirani (1990) proposed backfitting estimators for components func-

tions without theoretical justifications, while Opsomer and Ruppert (1997) offered



partial asymptotic results for the case of d = 2 under some strong assumptions. Op-
somer (2000) extended the theoretical results to a general case with more than 2
covariates. Mammen, Linton and Nielsen (1999) proposed a projection based modi-
fication of the backfitting algorithm and established its theoretical properties, which
was implemented in Nielsen and Sperlich (2005) and called smooth backfitting esti-
mator. Another viable alternative is the so-called marginal integration method, as
first proposed in Tjgstheim and Auestad (1994), Linton and Nielsen (1995), Linton
and Hardle (1996), and further developed in various contexts by Fan, Héardle and
Mammen (1998), Yang, Hardle and Nielsen (1999), Sperlich, Tjgstheim and Yang
(2002), Yang, Sperlich and Hérdle (2003), Xue and Yang (2006). Using the wavelet
transformation, Hardle, Sperlich and Spokoiny (2001) developed the additivity and
the polynomial structural tests. Series estimator in Andrews and Whang (1990) cir-
cumvented the curse of dimensionality when interactions are present in the model.

Let {Y,-,X,T}::l = {Y;, Xi1, .-, Xig}req be an i.i.d. sample following the additive
model

d
Y =m(X)+0(X)e,X = (X1,.., Xg),m(x) =c+ Y _ ma(za), (1.3)
a=1

where the noise satisfies E (¢|X) = 0, var (¢|X) = 1 and the component functions
satisfy the identification conditions Emq (Xoq) = 0,a = 1,...,d. In addition, one
assumes that each predictor X, is distributed on a compact interval [aq, ba] -

If the last d — 1 of the component functions were known by “oracle”, then one
could define a new variable Y] = Y — ¢ — Zg=2 ma (Xa) = mp(X1) + o (X)e

which one can use to regress on the numerical variable X; to estimate the only



unknown function m; (z;), without the “curse of dimensionality”. The basic idea
of Linton (1997) was to obtain an approximation to the variable Y; by substituting
mq (Xa),a = 2,...,d with the marginal integration pilot estimates (kernel-based)
and establishing that the error caused by this “cheating” is negligible for estimating
function m) (z;). The two-step idea for nonparametric regression also later appeared
in Fan and Chen (1999) for local quasi-likelihood estimation. It is well known that the
kernel estimation in high dimension would be extremely computationally intensive.
Kim, Linton and Hengartner (1999) provided an computationally efficient two-step
estimator, a reduction in computation of order n compared with marginal integration.
The spline method, on the other hand, is very fast, but the rate of convergence is only
established in mean squares sense, and there is no pointwise confidence interval or
even consistency in additive models. In particular, Hardle, Marron and Yang (1997)
demonstrated that the adaptive spline method could lack uniform consistency.

We propose to pre-estimate the functions {mq (xa)}g___l by an under smoothed
constant spline procedure. These function estimates are then used as if they were
the true functions for constructing the “oracle”estimator. The greatest advantage
of our approach over that of Linton (1997) is that ours is much faster, and can be
applied to cases of extremely high dimension data (e.g., the number of predictors, d,
can be as large as 50 or 100). One may wonder how one could have all these good
features in one method. The success of our method is due to the well-known “reducing
bias by undersmoothing” and “averaging out the variance” principles, both goals are
accomplished with the joint asymptotics of kernel and spline functions, which is the

new feature of our proofs.



In addition to those features, uniform confidence bands are provided for all func-
tion estimates under mild conditions. For additive regression model, howeyer, it seems
that this present work is the one of the few to offer the measure of uniform accuracy
with theoretical justifications. The good news is that the confidence band we provide
for mq (zo) with any a = 1,...,d, is asymptotically the same confidence band that
Hardle (1989) established for univariate regression with kernel smoother, regardless
how many regressors there are and what other functions mq (zq),a = 1,...,d are.
Hence neither the dimension d nor other function components play any role in forming
the band for mq (z4), at least according to the asymptotic theory. In this sense, our
estimator of mq (zo) possesses what we would like to call “uniform oracle efficiency”,
which is much stronger than the “pointwise oracle efficiency” of Linton (1997).

Without loss of generality, we take all intervals [aq,ba) = [0,1],a@ = 1,...,d.
Define for any a = 1,...,d, the indicator function I, (za) of the (N +-1) equally-
spaced subintervals of the finite interval [0, 1], that is

1 JH <za<(J+1)H,

H=Hp,=(N.+1)71,J=0,1,.. N.
0 otherwise, n= (Vo t+1)

Ijo(za) = {
(1.4)

Define the (1 + dN)-dimensional space G of additive spline functions as the lin-
ear space spanned by {I,Ij'a (za),a=1,..,d,J =1, ...,N}. The spline estimator
of additive function m (x) is the unique element 71 (x) = 7iip (x) from the space

G so that the vector {1 (Xj),...,m (Xn)}T best approximates the response vector

Y=(M,.., Yn)T. To be precise, we define

d N
mx) =+ Y. Y Ajalsq(za), o (19)
a=1J=1



where the coefficients :\0, :\1'1, e A N,d are the least square solution given by

d N 2
{Ao,xu, Am} —argxmanNHZ{Y, Ao - EZAJ,QIJa(xm}

i=1 a=1J=
(1.6)

The pilot estimators of each component function and the constant are defined as

ha (Ta) = Z’\JQIJQ(IC\')_n IZZ'\JaIJa(Xw)

i=1J=1

d n N
me ;\0 +n" Z Z z :\J,aIJ,a (Xia) - (1.7)

a=1i=1J=1

These pilot estimators are then used to define a set of new pseudo-responses Y;;

which are estimated versions of the unobservable “oracle” responses Y;;,
d

Ya=Yi—é=) ma(Xia), Y = —c—Zma(Xm),z—l “'ZY:
a=2 a=2
(1 8)
The proposed spline-backfitted kernel (SBK) estimator of m; (z1) as 1ig ) (z1) based
on {}A’,-l,X,-l}',' Ny which is an attempt to mimick the would-be Nadaraya-Watson
1=
estimator g 1 (z1) of m; (z1) based on {Y;1, Xj1}i;, had the unobservable “oracle”

responses {Y;;};; been available.

. Y Ky (Xa—z) Y . Y1 Kn(Xin — 1) Ya
m T = T —
s1(21) S K (X —zp) ! 1(=1) 1 Ky (Xi1 — z1)

(1.9)

where Y;; and Y;; are defined above. Similar constructions can be based on local
linear instead of Nadaraya-Watson estimator, which is called spline-backfitted local
linear estimator (SBLL).

The asymptotic property of the kernel smoother m, 1 (1) is well-developed ac-

cording to Theorem 4.2.1 of Hardle (1990), one has
. D
Vah {1 (@1) - m1 (e1) = b(z1) K2} B N (0,0% (2) ,

9



where

bz1) = p2(K){m](z1) fi(z1) /2 +m) (1) f (z1)} ! (z1),
v?(z1) = |KI3E {0%(z1, X2, ... Xg)} f{ 1 (z1).

In contrast, the bias coefficient of the SBLL estimator would simply be b(z;) =

(1.10)

p2 (K) m{ (z1) /2, without the additional term of the SBK estimator, while the vari-
ance coefficients of SBLL and SBK are the same.
Hardle (1989)provide the uniform asymptotics for kernel smoother. For any o €

(0,1), an asymptotic 100 (1 — a) % confidence band for m; (z;) over interval [0, 1] is
Jim P {my (1) € i1 (z1) £ ln(z1) VT  €[0,1]} =1~
where lp, (1) is defined in (3.2.9).

Theorem 1.3.1. Under Assumptions (AS1) to (AS6) on page 57, for any z1 € [0, 1],

the SBK/SBLL estimator 1hg 1 (1) given in (1.9) satisfies

|7hs,1 (z1) = 751 (z1)| = 0p (n—z/s)

Theorem 1.3.2. Under Assumptions (AS1) to (AS6) and (AS2’) on page 57, the

SBK/SBLL estimator tg 1 (1) given in (1.9) satisfies

sup |iig 1 (z1) — s 1 (z1)| = 0p (n—z/s) .
z1€[0,1]

The two theorems state that the asymptotic magnitude of difference between
g1 (z1) and 1, ) (z1) is dominated by the asymptotic size of m, 1 (z1) — my (z1).
Hence 7ig 1 (z1) will have the same asymptotic distribution as 1, (1), pointwise
and uniformly. Higher order local polynomials can also be used, with obvious mod-
ifications. For more on the properties of local linear estimators, in particular, its

minimax efficiency, see Fan and Gijbels (1996).
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1.4 Application to Seasonality Analysis

Many studies demonstrate the influence of land use and land cover change on lo-
cal and regional climate. The Climate and Land use Interaction Project, or CLIP
(http://clip.msu.edu) attempts to understand the nature and magnitude of the inter-
actions of climate and land use/cover change across East Africa.

Phenological information reflecting the seasonal variability of vegetation is an
important input variable in regional climate models such as Regional Atmosphere
Simulation System (RAMS). It varies not only among different vegetation types but
also with geographic locations (latitude and longitude). |

Many climate models use simple functions for vegetation parameters since, to first
order, the planet is warmer and wetter as you approach the equator. However, east
Africa is unique in having semiarid grasslands along the equator, and drastically dif-
ferent surface conditions govern the radiationbudget in this region. Climate models
are dependent on an accurate representation of the surface radiation budget to repli-
cate atmospheric development. Thus, modeling climate for a unique area like east
Africa requires a different treatment of vegetation characteristics.

RAMS version 4.4 (Cotton et al. 2003), a state-of-the-art three dimensional at-
mospheric model, includes a representation of vegetation called the Land-Ecosystem-
Atmosphere Feedback, version 2 (LEAF-2) (Walko et al. 2000). For a given land
cover class, LEAF-2 provides functions for several vegetation characteristics includ-
ing LAI, fractional cover, roughness length, and displacement height. Although these

characteristics are interrelated, we will consider only LAI here.

11



Based on the observations of LAI of MODIS data, the polynomial spline regres-
sion is employed to fit the function of each land type in East Africa. We develop
the function first temporally and then further investigate the spatial influence. In
other words, the estimate function of LAI will rely on the time and the spatial index
(latitude and longitude). Four major land cover types are chosen to display the trend
of the LAL

Let Z =LAl z = latitude, y = longitude, ¢t =Julian day. For each LC type we

develop the LAI function as follows,
11
Z (z,y,t) = ag (z,y) + Z&j (z,y) - (t - tj)+ + ayz (z,y)t, (1.11)
j=1

The coefficients a; (z,y) for j = 0,1,...,12, are estimated based on the MODIS
data at each individual grid. Different LC type will have different coefficients set, see
Tables 4.5 - 4.8.

Figure 4.11 and 4.12 illustrates two examples of the seasonal variation in LAI for
common classes in the study area, ”Rainfed Herbaceous Crop” and ”O;Sen to Very
Open Trees”. The observed LAI and resultant splines are distinctly different from the
RAMS/LEAF-2 default parameterization, with the LEAF-2 parameterization com-
pletely failing to capture the seasonality at the equator (solid) or in the regions +/-
5 (dashed/dotted) away. The spline parameterizations accurately capture bimodal
greening events at the equator, unimodal features away from the equator, and the
very low LAI for maize regions following harvest.

Figures 4.17 shows LAI values at 8 May 2000 for three combinations of land

cover and LAI phenology, along with a MODIS image for comparison. The profound

12



difference in LAI from 4.17 (a) to (d) at the Equator shows that the LEAF-2 function
is essentially treating the semidesert of eastern Kenya as having high LAI with no
variation. These successive improvements have helped to give a more precise surface
parameterization while keeping the flexibility needed to accommodate projected land
use change.

The hypotheses for each land type is

Hy : LAI trend curve follows the RAMS Curve

H,; : Not follow the RAMS Curve.

The test illustrates that the RAMS curves overestimate the LAI, with the difference
being significantly large indicated from the small p-value< 0.001, see Figures 4.13 to
4.16.

The dissertation is organized as follows. In Chapter 2, we develop the exact
confidence bands via constant spline regression and the conservative ones via linear
spline regression. Chapter 3 the spline-backfitted kernel estimator is proposed to
estimate the component function in an additive model under mild conditions. We
applied the linear spline estimator and its uniform asymptotics to estimate and test
the Leaf Area Index trend for CLIP (Climate Land Interaction Project) in Chapter

4.
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CHAPTER 2

Spline Confidence Bands

2.1 Introduction

In this chapter, we present confidence bands of univariate regression function based
on polynomial spline smoothing. We assume that observations {(X;,Y;)}i, and

unobserved errors {g;}7; are i.i.d. copies of (X, Y, ¢) satisfying the regression model
Y =m(X)+0o(X)e, (2.1.1)

where the joint distribution of (X, ¢) satisfies Assumption (AC4) in Section 2.2. The
unknown mean and standard deviation functions m (z) and o (z), defined on interval
[a,b], need not to be of any specific form. If the data actually follows a polynomial
regression model, m (z) would be a polynomial and o (), a constant.

We organize this chapter as follows. In Section 2.2 we state our main results on
confidence bands constructed from (piecewise) constant/linear splines. In Section 2.3

we provide further insights into the error structure of spline estimators. Section 2.4
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describes the actual steps to implement the confidence bands. Section 2.5 reports
findings in an extensive simulation study and the application to the testing of poly-
nomial trend hypothesis for the well-known motorcycle data. Section 2.6 concludes.

All technical proofs are contained in Section 2.7.

2.2 Main Results

To introduce the spline functions, divide the finite interval [a, b] into (N + 1) subin-
tervals J; = [tj,tj.,_]) J=0,....; N=1,Jy = [tn,b]. A sequence of equally-spaced

points {tj };.vzl, called interior knots, are given as
to=a<t; <---<ty<b=tny1,tj=a+3jh, j=0,1,..,N +1,

in which A = (b — @) / (N + 1) is the distance between neighboring knots. We denote
by G(P-2) = g(P-2) [a, b] the space of functions that are polynomials of degree p — 1
on each J; and has continuous (p — 2)th derivative. For example, G(-1) denotes
the space of functions that are constant on each J;, and G denotes the space of
functions that are linear on each J; and continuous on [a, b].

In what follows, ||-||,, denotes the supremum norm of a function r on [a,b], i.e.
Il = sup |r(z)|, and the moduli of continuity of a continuous function r on [a, b]

z€la,b

is denoted as w(r,h) = |7 () = r ()|- One has ,Embw (r,h) =0

max
z,7'€la,b),|]z—2'|<h
by the uniform continuity of r on a compact interval [a, b].

Our approach is to get the following polynomial spline estimator based on data

15



{(X;,Y;)}i=, drawn from model (2.1.1)

n
Thp (27) = a‘rg!ningGG(P—z)[a’b] ; {]/t -9 (Xt)}2 P = 17 21 (221)

and then construct the error bound function Iy, (z) around this spline estimator. The

technical assumptions we need are as follows:

(AC1)

(AC2)

(AC3)

(AC4)

(a)

(b)

The regression function m (-) € c@) [a,0],p=1,2.

The density function f (z) of X is continuous and positive on interval [a, b] . The
standard deviation function o (z) € C [a,b] has bounded variation and positive

lower bound on [a,b].

The subinterval length h ~ n~1/@P+1)_ [ e, the number of interior knots N ~

nl/(2p+1)
The joint distribution F (z,€) of random variables (X, €) satisfies the following:
The error is a white noise: E(e|X =z) =0, E (e2|X = ) =1

There ezists a positive value 61/p and finite positive Mg such that E|e|2+5 <
Mj; and

SUPz¢|q,b] E (|€|2+6 |X = a:) < M;.

Assumptions (AC1)-(AC3) are the same as in Huang (2003), while Assumption

(AC4) is the same as (C2) (a) of Mack and Silverman (1982). All are typical assump-

tions

for nonparametric regression, with (AC1), (AC2) and (AC4) weaker than the

corresponding assumptions in Hardle (1989).
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To properly define the confidence bands, we introduce some additional notations.

For any z € [a, b], define its location and relative position indices j (z),4 (z) as

j(@) = jn(z) = min{[z;“] ,N},J(a:) = z———;l(-”fl (2.2.2)

It is clear that t; ;) < T <t (5)41, 0 < 6(z) <1,Vz € [g,b), and 6 (b) = 1. De-
note by ||¢|l the theoretical L2 norm of a function ¢ on [a,b], [|¢]|3 = E {¢? (X)} =
f: ¢? (z) f (z) dr,and the empirical L2 norm as "¢"%,n =n"13"  ¢2(X;). Corre-

sponding inner products are defined by

b n
(,%) =/ $(@) 0 (2) f (2)ds = E {6 (X)p (X)}, (9, 9)n = = 36 (Xi) 0 (Xy).
a i=1

for any L2-integrable functions ¢, on [a,b]. Clearly E (¢, O = (D, ).

Although the truncated power basis is used in implementation (see Section 2.4),
it is more convenient to work with the B-spline basis for theoretical analysis. The B-
spline basis of G(=1), the space of piecewise constant splines, are indicator functions
of intervals Jj, bj1 (z) = I; () = I, (z),j = 0,1,..., N. The B-spline basis of GO,

the space of piecewise linear splines, are {b; 2 (a:)} j=n1

T—-ti .
bj,2 (z)=K (—-Tji—) ,j=-1,0,..,N, for K (u) = (1-|ul), .

Define next their theoretical norms

b b
cin=b5ally = [ 1) £ @) i = Iosall = [ 62 (F522) @) s
(2.2.3)

We introduce the rescaled B-spline basis {B; (:z:)} j=0 and {B;2 (:1:)} for

j=-1

17



G(-1) and GO

Bji1(z) = bj) (1){Cj,n}—l/2,j=0,...,N,

-1/2 .
Bja(z) = bjs(x){djn} %5 =-1,..,N. (2.2.4)
It is straightforward to see that
2 . _ . ./
1Bjall; = 1,5 =0,1,....N,(Bj1,Bjr; ) =0, # 7. (2.2.5)

The inner product matrix V' of the B-spline basis { B} 2 (a:)};.i_l is denoted as

|4 N B B N 2.2.6
- (vi'f)j,j'=—1 B (( iy J’2>)j,j’=_1’ (2:26)
whose inverse S and 2 x 2 diagonal submatrices of S are expressed as
N S5 141 Si 14
5= (sj/j) L= vilgi = Ll SRl ) oo N (227)
a=-1 -1 Sij

Next define matrices L, A (z) and Z; as
N 2 N
= (Uﬂ)j,j’=—1 = {/a (v) Bj2 (v) B2 (v) f (v) dv} . (2.2.8)

jg'=-1

A@ = [ G@-111-8@F) [ V2 i=-LN
Cj(z)d () i 1 j=0.,N-1"

Licyosan ooy s
g = ( j+1,j+1 fj+1,5+2 ) j=0,1,..,N, (2.2.9)
Livaj+1 ljv2j+2 |

with terms lj, |i — k| < 1 defined through the following matrix inversion

(1 v2/4 0 )
Vv2/4 1 1/4
1/4 1 . -
My,2 = o 1) = (lik)(zx}+2)x(1v+2) J
1/4 1 V2/4
\ 0 v2/4 1 (N+2)x(N+2)

(2.2.10)
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and computed via (2.4.14), (2.4.17), and (2.4.18).
We define now
J i@ ) ® (v) f(v)dv o1 N

2
oq1 () = o2 10,2 (2) = n Z Bj/,z (z) By, (z) Sii'Su 95t
i(z)m gl =1

(2.2.11)
with j (z) defined in (2.2.2), ¢j;n in (2.2.3), Bjs 4 (z) in (2.2.4), and sy and oy in
(2.2.7), (2.2.8). These a,z,,p (z) are shown in Lemmas 2.7.4, 2.7.4 to be the pointwise
variance functions of mp (z),p = 1,2.

We now state our main results in the next two theorems.

Theorem 1. Under Assumptions (AC1)-(AC4), if p = 1, then an asymptotic

100 (1 — a) % ezact confidence band for m (z) over interval [a,b] is
iy (z) £ oq ) (z) {2log (N + 1)} /2 dp, (2.2.12)

in which gy 1 (z) is given in (2.2.11) and can be replaced by o (z) {f (z) nh}'l/z,

according to (2.7.7) in Lemma 2.7.4, and

dn=1-{2log(N + 1)}—l [log{--;-log(l - a)} + % {loglog (N +1) + log41r}] .
(2.2.13)

Theorem 2. Under Assumptions (AC1)-(AC4), if p = 2, then an asymptotic

100 (1 — a) % conservative confidence band for m (z) over interval [a,b] is
g (z) £ o2 (z) {2log (N + 1) — 2log @} /2, (2.2.14)

in  which o,92(z) is given in (2.2.11) and can be replaced by
o(z) {2](z)nh/B}-l/zAT(:c)Sj(z)A(:c), according to Lemma 2.7.4, and by

o (z) {2f (z) 'nh/3}_1/2 AT (1) Ej(z)A (z) according to Lemma 2.7.3.
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The construction in Theorem 1 is similar to the connected error bar of Hall and
Titterington (1988). Ours is superior in two aspects: first, we treat not only equally-
spaced designs, but random designs; second, by applying the strong approximation
theorem of Tusnady (1977), our confidence band is asymptotically exact rather than
conservative. The error bars of Hall and Titterington (1988) are based on a kernel
estimator while ours regressogram. The upcrossing results (Theorem 2.3.4) used in
the proof of Theorem 1 is also different from that used in Bickel and Rosenblatt
(1973), Rosenblatt (1976) and Hardle (1989). Theorem 2 on linear confidence band,
however, bears no similarity to the local polynomial bands in Xia (1998), Claeskens
and Van Keilegom (2003), except the width of the band being of the same order
n~1/5 (log n)'/2, The asymptotic variance function 0,2,,2 (z) of g (x) in (2.2.11) is a
special unconditional version of equation (6.2), in Huang (2003), Remark 6.1, page
1624. Thus, the linear band localized at any given point z, is only a factor of (log n)l/ 2

wider than the pointwise confidence interval of Huang (2003).

2.3 Error Decomposition

In this section, we break the estimation error 1ip (z) — m () into a bias term and
a noise term. To understand this decomposition, we begin by discussing the spline
space G(P~2) and the representation of the spline estimator iy (z) in (2.2.1).

The first fact to note is that the empirical inner products of the B-spline basis
{Bj1 (:z:)};v=0 and {B; 2 (z) }?’:_1 defined in (2.2.4) approximate the theoretical inner

products uniformly at the rate of / n-1p-1 log (n), according to the following lemma.
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N

Lemma 2.3.1. As n — oo, the B-spline basis { Bj (:1:)}‘?,=0 and {Bjs(z)};__,

defined in (2.2.4) satisfy

2
Apy = Oss;‘lgN |||B-,1||2’n - ll =0p (\/log n/ (nh)) ) (2.3.1)

Aoy sup |8192n—(91.02) lollon | _ o,,( g (nh)) .
o199cc@ | N9llzllg2llz sec( | lollz
(2.3.2)

To express the estimator 7y (z) in {Bj,p (z) };.v=1__ p We introduce the following

vectors in R™ for p=1,2
T .
Y = (1,0 )T, Bjp (X) = {Bjp(X1), ... Bjp(Xn)} .i=1-p,...,N.

The definition of 1mp (z) in (2.2.1) entails that mp (z) = E;Ll_p :\j,ij,p (z) where
o - T
the coefficients {/\1_,,,,,, vy A N,p} are solutions of the following least squares prob-

lem

2
n N
{5\1_,,,,,, vy :\N’p}T = argm.inz {Y, - Z AjpBip (X,)} . (2.3.3)

t=1 j=1-p

We write Y as the sum of a signal vector m and a noise vector E

Y=m+Em={m(X}),..mXu)},E={c(X1)e1, .0 (Xn)en}T.

e -

Projecting this relationship into the linear space spanned by

{Bjyp (X)};.il__ p» & subspace of R", one gets
" N A T . . .
iy = {1y (X1),...,Mp(Xn)} = Proj (p-2)Y =Proj_(,_gym+Proj (, 5 E.
Gn Gn Gn
It entails that in the space G(P~2) of spline functions
iy (z) = mp () + &p (), (2.3.4)
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where

N N
mp(z)= Y XipBjp(@),ép(x)= Y &jpBjp(z). (2.3.5)
j=1-p j=1-p

- - T
The vectors {/\1 —ppr s ’\N,p} and {@1_pp, - dN,p}T are solutions to (2.3.3) with
Y; replaced by m (X;) and o (X;) &; respectively.
We cite next two important results. The first one from de Boor (2001), page 149,

the second one from Theorem 5.1 of Huang (2003).

Theorem 2.3.1. There is an absolute constant Cp > 0,p > 1 such that for every

m € CP) [a,b), there ezists a function g € GP~2) [a,b] such that
-t sG] 2

Theorem 2.3.2. There is an absolute constant Cp > 0,p > 1 such that for any

m e CP) [, b) and the function my (z) defined in (2.3.5),

|p (x) —m(z)||o < Cp inf _llg—mlln = Op (hP). (2.3.6)
gGG(p"z)

According to (2.3.4), the estimation error iy, (z) — m(z) = {Mp(z) —m(z)} +
€p (z) where according to Theorem 2.3.2, the bias term mp (z) — m (z) is of order
Op (h?). Hence the main hurdle of proving Theorems 1 and 2 is the noise term &p (z).

This is handled by the next two propositions.
Proposition 2.3.1. Withay, | (z) given in (2.2.11), the process oy, 1 ()" 1g (x),z €
[a,b] is almost surely uniformly approrimated by a Gaussian process U (z),z € [a,b)]

with covariance structure

N
EU (2)U (y) = ) Ij () - I; () = 6j(z).j(y))V%:¥ € [a, 8],
j=0

where &;; is the Kronecker symbol, i.e., §;) =1 if j = | and 0 otherwise.
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Proposition 2.3.2. For a given 0 < a < 1,and oy, 2 () as given in (2.2.11)

a_; (z) €2 ()| < {21log(N +1) - 210go:}l/2 >21-—a (2.3.7)

n,

liminf P | sup
T

n—00 €[a,b]

We state next the strong approximation theorem of Tusnddy (1977), which will be
used later in the proof of Lemmas 2.7.6 and 2.7.6, key steps in proving Proposition

2.3.1 and Proposition 2.3.2.

Theorem 2.3.3. Let Uy,...,Un be i.i.d. r.v.’s on the 2 -dimensional unit square
with

PUj<t)=A(t),0<t <1,
where t = (t1,t2) and 1= (1,1) are 2-dimensional vectors, A(t) = tjtg. The
empirical distribution function Fy (t) based on sample (Uy,...,Up) is F¥(t) =
n”lyn, I{Ui<t} for 0 < t < 1. The 2-dimensional Brownian bridge B (t) is de-
fined by B(t) = W (t) = A(t)W (1) for 0 < t <1, where W (t) is a 2-dimensional

Wiener process. Then there is a version of Fjy (t) and B (t) such that

P [ sup |n1/2 {F¥(t) - A(t)} = B(t)| > n"/2(Clogn + z)logn| < Ke™**
0<t<1

(2.3.8)

holds for all z, where C, K, A are positive constants.

For the rest of the paper, we denote the well-known Rosenblatt quantile transfor-

mation as
(X',¢') = M (X,e) = {Fx (2), Fyx (el)} (23.9)
which produces random variables X’ and ¢ with independent and identical uniform

distribution on the interval [0,1)]. This transformation had been used in, for instance,
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Bickel and Rosenblatt (1973), Hardle (1989). Substituting the vector t = (t t2) in
Theorem 2.3.3 with (X', ¢’), and the stochastic process nl/2 {F¥(t) — A(t)} with
Zn {M"l («, e')} = Zn (z,€) = Vn{Fy (z,¢€) — F (z,€)}, (2.3.10)

where Fy, (z,€) denotes the empirical distribution of (X, ¢€), then (2.3.8) implies that

there exists a version of 2-dimensional Brownian bridge B such that

sup |Zp (z,€) — B{M (z,€)}| = O (n"1/2 log? n) ,w.p.1. (2.3.11)
T,

The next result on upcrossing probability is from Leadbetter, Lindgren and
Rootzén (1983), Theorem 1.5.3, page 14. In our proof of Theorem 1, it plays the
role of Theorem Al in Bickel and Rosenblatt (1973) or Theorem C in Rosenblatt

(1976).

Theorem 2.3.4. If &,...,&, are ii.d. standard normal r.v.’s, then for M, =

max {£1,...,én}, T € R, as n — o0
P{an (Mp —bp) <7} > exp (—e™"), P {|My| < 7/an + bn} — exp (—2¢77),

where ap = (2 logn)l/2 yon = (2 logn)ll2 - % (2log n)'l/2 (loglogn + log 4) .

2.4 Implementation

In this section, we describe the procedures to implement the confidence bands in
Theorems 1 and 2. We have written our codes in XploRe due to the convenience of
using certain kernel type estimators. Information on XploRe is in Héardle, Hldvka and

Klinke (2000).
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Given any sample {(X;, Y;)}i=; from model (2.1.1), we use min(Xj,..., Xn)
and max (X}, ..., Xn) respectively as the endpoints of interval [a,b]. Minor adjust-
ments could be made for outliers. The number of interior knots is taken to be
N = [clnl/ (2P+1)] + cg, where ¢} and ¢y are positive integers. Since explicit for-
mula of coverage probability does not exist for the bands, there is no optimal method
to select (cj,c2). In simulation, the simple choice of 5 for ¢; and 1 for .Cg seems to
work well, so these are set as default values.

The least squares problem in (2.2.1) can be solved via the truncated power basis
1,z,..,zP71,

(:z: - tJ)p 1 ,j =1,..., N. In other words

hp (z) = ZW +27,,,(z t) (2.4.1)
j=1

where the coefficients {’“yo, oo ¥p=1Y1,ps s ’yN’p}T are solutions of the following least

squares problem

-1 2

{70’ 17p-1v7l,p) )7N,p} —argmmz },1 Z7kx +Z7]p(xt )+1
i=1 k=0 J=1

When constructing the confidence bands, one needs to evaluate the functions
o,z,’p (z) in (2.2.11). This is done differently for the exact and conservative bands,
and the description is separated into two subsections. For both constant and linear
bands, according to Lemmas 2.7.4, 2.7.4, one needs the unknown functions f (z)
and o2 (z). Let K (u) = 15 (1- u2)21 {lu| £ 1} /16 be the quartic kernel, s, =the

sample standard deviation of (X;)7_; and

f(z)=n" lzhrot f (i{hf_—z),h,ot,,=(41r)‘/‘°(140/3)1/5n-1/5sn (2.4.2)
! ot.f
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where hpqt ¢ is the rule-of-thumb bandwidth of Silverman (1986). Define next matri-

ces Zp = {Z1,py - Znp} T 0 = 1,2 with Z; , = {¥; — p (X;)}? and

X=X(x)=(xl_x Xn--’b')T,W=W(x)=diag{f{'();:::x)} )

i=1

where hrot , =the rule-of-thumb bandwidth of Fan and Gijbels (1996) based on data

(X, Zivp):;l‘ Then one defines the following estimators of o2 (z)
X T “ler
2 (x) = (x wx) XTWZp,p =1,2. (2.4.3)

Bickel and Rosenblatt (1973), Fan and Gijbels (1996) provide the following uniform

consistency results

max sup |6p(z)— o (z)|+ sup
p=1,2 x€ [a,bl :EE[a,b]

f@-f@|=0p). (244)

2.4.1 Implementing Exact Bands

The function oy, ) (z) is approximated by either one of the following, with f(z) and

61 (z) defined in (2.4.2) and (2.4.3), j (z) defined in (2.2.2)

&1 (tj(,)) j12 (tj(_.,)) V23172, (2.4.5)

on1(2,2) = 61(z) Y2 (z)n" V207112, (2.4.6)

&n,l (Iv 1)

where the additional parameter value 1 or 2 indicating the estimation at each value

or at the nearest left knot. Since sup
z€la,b]

that both of the bands below are asymptotically exact with 1 (z) given in (2.4.1)

< h — 0, as n — 00,(2.4.4) entails

T = t(z)

and dy, in (2.2.13)
iy (z) £ 641 (z,0pt) {210g (N + 1)}/2dy, 0pt = 1,2. (2.4.7)
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2.4.2 Implementing Conservative Bands

According to Lemma 2.7.3, for 0 < j < N, the matrix Z; approximates matrix
S; uniformly. Hence both of the bands below are asymptotically conservative, with

g (z) given in (2.4.1)
g (z) & 6y 2 (z,0pt) {2log (N + 1) — 2log a}1/2 yopt =1,2 (2.4.8)

where the function oy, 9 (z) in (2.2.11) for the linear band is estimated consistently

by either one of the next two formulae

ba2 @) = {AT@ZmA@}" Va5 (ti) F2 (te) n~V2H24%)
on2(r,2) = {AT(ic)Ej(m)A(ﬂU)}l/2 V/3/262 (z) f~V2 (z)n~V2R~1/2, (2.4.10)

with A (z) and Z; defined in (2.2.9), j (z) defined in (2.2.2), and f(z) and 63 (z)
defined in (2.4.2) and (2.4.3).
In order to calculate the matrix M&iz, which is needed for (2.2.9), we introduce

two theorems from matrix theory.

Theorem 2.4.1. [Gantmacher and Krein (1960), page 95, equation (43)] For a sym-

metric Jacobi matriz J given as follows

a1 b 0
by . -
J= l . . '
’ bn+1
0 ON+1 ON+2 /(N ig)x(N+2)

its inverse matriz J~1 = (lik)( N+2)x(N+2) Satisfies

Lk = ¥ixk,t < b Lk = Yrxirk <, (2.4.11)
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where
(—1)" det (J(l,...,i-l)) bibiy1-- by (—1)F det (J(k+l,...,'N+2))
; — "Xk = )
' det (J) k bkbe+1- - bN+1
(2.4.12)

and J i 1) is defined as the upper left (i — 1) x (i — 1) submatriz of J, det (J)
is the determinant of matriz J, while Jix 1 . N42) 15 the corvesponding lower right

(N +2-k) x (N +2- k) submatriz.

Theorem 2.4.2. [Zhang (1999), page 101, Theorem 4.5] For a tridiagonal matriz

given as
a b 0
w=|°¢*% N>1, (2.4.13)
b
0 c a

if a2 # 4dbc, then the determinant of Ty is

aN+1 _ gN+1 a + Va? — 4bc
& = )
a-p 2

a — Va2 — 4bc
5 .

To apply Theorem 2.4.1 and Theorem 2.4.2, we let

- 2
ZI=2+\/§,Z2=2 ‘/§,o=5‘2=(2-\/§) = 7-4V3. (2.4.14)
4 4 2]

For any N > 1, Theorem 2.4.2 entails that det (T)y) = (z{v+l - zév“) /(21 — z2),

if one takes a = 1,b = ¢ = 1/4 in (2.4.13). Next, denote for any N > 1
- Ty TT
My = ( N

ol Ty = (0,...,0, \/5/4)

) 1xN
(N+1)x(N+1)

with the convention that M; = 1. By the expansion of determinant of matrix M;
along the last row and then the last column, Vi=1,..,N +1

82{"1 {zl (1 - Gi) - (1 - 0i'l)}
8(z1 — 22) '

det (M,) = det (Tj_;) — 8~ det (Tj_p) =
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The determinant of matrix My, can be expanded along the first row and then

the first column:

det (M 13) = det (M 1) — 871 det (#n)

= V-1 {64:% (1 - eN“) ~ 162 (1 - o”) + (1 - HN"I)}/{64(z1 — )}

Applying (2.4.12) to matrix My o yields

g = | DA (V2 det (Mysg), =L
: (~1)} (1/4)N+1-% (V2 /4)det(M,_1)/det(MN+2), 2<i< W,
o lC n{a/aN- (vaa)?} det (#n41), =L

(-1)F {(1/4)N+1 -k (v2/4) } det (M(N+2) ,,) 2<k<N.
Next, we apply (2.4.11) from Theorem 2.4.1 together with (2.4.15) and (2.4.16),

for all i,k = 1,..., N + 2. Then the principle diagonal entries are
det MN+1) / det (Mp12), k=1,N+2
kb = { det EM(N +2)-k) det (M_y) /det (Mn42), k=2,..,N+1
which, after some algebra, becomes
822 (1 - 0N+1) -z (1 - 0")
= INvaN2 = G (TN T) Z 25, (1= 6) 8 (1= 6N-1)’

o o I ) ) B ()

e = (21 — 22) {6422 (1 — 6N +1) — 1621 (1— 6N) + 64 (1 — 6N-1)}
(2.4.17)

where 2 < k < N + 1. Similarly, the upper diagonal entries are

oo = s = { (-v2/4) det.(MN)/det (My+42), i=1,N+1
' (—1/4) det (M(N+1)_,-) det (M,-_l) /det (My42), i=2,...N

which, by applying again (2.4.11), (2.4.15) and (2.4.16), becomes

(-2v2) n (1 - 0”) - (1 - gN—l)

lig =1 =
12 N+1,N+2 82% (l _ 9N+l) -2z (1 _ gN) +8 (1 - gN—l) ’
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{8z1 (1 - 0”“‘") - (1 - o’“)} {821 (1 - 6-1) — (1-67-2)}
fir1 = (—4) (21 — z2) {6422 (1 —ON+1) — 162y (1 — 6N) + 64 (1 —6N-1)},
(2.4.18)

in which 2 < i < N. By the symmetry of matrix M 49, the lower diagonal entries

are liy1 =104y, foralli=1,. ,N+1

2.5 Simulation and Examples

2.5.1 Simulation

To illustrate the finite-sample behavior of our confidence bands, we present some
simulation results. The data set is generated from model (2.1.1), with

100 — exp (z)

0 Fap() ~ VS e~NO1) (251)

m(z) = sin (27z),0 (z) = 09

The noise level ag = 0.2,0.5 while sample size n = 100, 200, 500, 10000. .Confidence
level 1 — a = 0.99,0.95. Tables 4.1 and 4.2 contain the coverage probabilities as the
percentage of coverage of the true curve at all data points by the confidence bands in
(2.4.7) and (2.4.8), over 500 replications of sample size n. We have also computed the
coverage probabilities of the confidence bands in (2.2.12) by plugging in the true value
of density function f(z) = Ij_y/2, /2) (z) and the variance function o (z) in (2.5.1).
These bands are called “oracle bands” as they use quantities that are unknown but
for “oracles”; whereas the bands in (2.4.7) are called “estimated bands”.

In Table 4.1 the surprising outcome is that all four bands have the same coverage
with noise level 0.5. At noise level 0.2, the performance of all four bands becomes

much closer with sample sizes increasing, whereas for small sample sizes the oracle
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bands are slightly better. In Table 4.2, the coverage percentages show very positive
confirmation of Theorem 2. At sample size 200, regardless of noise level, both of the
two candidate bands in (2.4.8) achieve at least 95.6% and 90% for confidence level
1 — a = 0.99,0.95 respectively.

From both tables, it is obvious that larger sample size guarantees improved cov-
erage, with reasonable coverage achieved at moderate sample sizes. Under the same
circumstances, the linear band performs much better than the constant band, which
corroborates with the theory. The noise level has more influence to the constant
bands than the linear ones.

For the linear bands, we have also carried out simulation for sample size n = 10000
and opt = 1. Regardless of the noise level, the coverage is always 99.4% for a = 0.01
and 97.6% for a@ = 0.05, both higher than the nominal coverage of 99% and 95%,
consistent with their conservative definitions. Remarkably, it takes merely 88 minutes
to run 500 simulations with sample size as large as 10000 on a Pentium 4 PC. This is
extremely fast considering that nonparametric regression is done without WARPing
(Hardle, Hldvka and Klinke (2000)].

The graphs in Figure 2.4.8 are created based on two samples of size 100 and 500
respectively, each with four types of symbols: points (data), center thin solid line
(true curve), center dashed line (the estimated curve), upper and lower thick solid
line (confidence bands). In all figures, the confidence bands of n = 500 are thinner

and fits better than those of n = 100.
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2.5.2 Fossil Example

The fossil data reflect global climate millions of years ago through ratios of strontium
isotopes found in fossil shell, it was studied by Chaudhuri and Marron (1999) to
detect the structure via kernel smoothing. Ruppert, Wand and Carroll (2063) provide
penalized spline smoothing fits to the data. In this section we test the polynomial form
of the fossil data regression curve. The null hypothesis is Hy : m (z) = E‘,Ll akxk ,
with polynomial degree d = 2,3,5,6. The response Y is the strontium isotopes ratio
after linear transformation, Y = 0.70715+ratio*10~°, since all the value are very
close to 0.707, while the predictor X is the fossil shell age in million years.

In Figure 4.5, the center dotted line is the linear spline fit. The upper/lower thin
lines represent linear bands based on Theorem 2, implemented according to (2.4.8).
The solid line is the least square polynomial fit with degrees 2,3,5,6. Clearly, the
oversmoothed quadratic null curve (d = 2) is rejected at significance level 0.01 since
it is far away from being totally covered by the confidence bands with confidence
0.99. Though when d = 3,5 the null solid curves can capture the big dip at the
range of 110 — 115 million years old, it is not a good fit even visually. Thus both
null parametric models Hy are rejected at the level 0.01. While in the case d = 6,
all significant features are shown in the null polynomial curve, the relative high ratio
before 105 million years old, the substantial dip around 115 million years old, the
relative flat stage between 95 and 105. Given a 80% confidence bands the entire null
curve falls between the upper and lower limits even though the bands are narrower

than the those with confidence 90%, in other words for the testing we obtain a p-value
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greater than 0.20. The shape of the polynomial curve with d = 6 is consistent with
the nonparametric structure given in , Chaudhuri and Marron (1999) and Ruppert,

Wand and Carroll (2003).

2.6 Conclusions

We provide exact forms of two confidence bands constructed from polynomial spline
regression. Asymptotic properties have been established for equally spaced, nonadap-
tive selection of knots. Extension to adaptive design is infeasible, as Hardle, Marron
and Yang (1997) had shown that adaptive knots selection could lead to inconsistency
in Loo norm.

It is possible, however, to extend the constant spline band in Theorem 1 to un-
equally spaced deterministic knots subject to mesh constraints as in Huang (2003).
The linear band in Theorem 2 does not allow such direct extension. This is one of
the two reasons that the constant band remains viable despite the fact that the linear
band has much better theoretical property and practical performance. The constant
band is kept also for its simplicity. When implemented according to (2.4.7) with es-
timation on equally-spaced knots, the confidence limits at point z is the exact same
as those at the nearest knot £;;), so the constant band is in fact (N + 1) indepen-
dently inflated confidence intervals. In contrast, the piecewise linear band has to be
calibrated at each new point z. That is, the confidence limits at  and the ones at
tj(z) are different.

Extension to multivariate regression is difficult for lack of sharp approximation of
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the kind in (2.3.8). This limitation is also in Xia (1998), Claeskens and Van Keilegom
(2003). The main hurdle of generalizing our method to higher order splines is the
inversion of the inner product matrix of B-spline basis, for which close form solutions
exist in the case of linear spline with the aid of (2.4.11) and (2.4.12). The inner
product matrices of the two basis in (2.2.4) are diagonal and tridiagonal respectively,

while for higher order splines it becomes multi-diagonal.

2.7 Proof of Theorems

2.7.1 Preliminaries for Theorem 1

Throughout Appendices A and B, we denote by the same letters c,C, any posi-
tive constants, without distinction in each case. The detailed proof is given at

http://www.msu.edu/ yangli/bandfull. pdf.

Lemma 2.7.1. Under Assumptions (AC3) and (AC4), there exists a sequence

{Dn} = {n®0} for some ag > 0, such that the following conditions are fulfilled
(o]
> Da ) < oo, (nh) V2 l0g? nDy, VahDy 149, DF8R12 0. (2.7.1)

n=1

And for any sequence {Dy} that satisfies the above four conditions, we have
P{w|3N (w),3le;| < Dp,i=1,.,n,n>N(w)} =1
Lemma 2.7.2. Asn — oo, for ¢j, and djy, defined in (2.2.)
cin = F(E) R +ring), (binby, ) =0,5 # 5 (2.7.2)

2 l4ripe j=0,.,N—1,
dip = =f(tis1)h B 2.7.3
3,n 3f ( ]+1) { 1/2 + ring J _ —l,N, ( )
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I+7n2 ' =d|=1,
bj2, f(tiy1) b i 2.74
< 2,0 > f(tj+) {0 =i > 1, (2.74)

where

0;‘}‘;",\,|rj,n,1| +_m unx N| Tin2| + . 1l in2| < Cw(f,h). (2.7.5)
In particular,
_f (ti+1) {1 = Co(f,h)} < djn < ‘f (ti+) h{1+Cw(f,0)}.  (276)

PROOF OF LEMMA 2.3.1. For brevity, we give only the proof of (2.3.1) for A4, 1.

Take any j =0,1,..., N

n
I"B',lllg,n - ll = \z&' 6= {312',1 (X3) - 1} n~l
=1
with E¢; = 0 and for any k > 2, Minkowski’s inequality implies that
E_ o —kp|p2 k ko—1p [ p2k 2 \*

while (2.7.2) entails that E¢2 > n~2E [{,B;,, (X;) - 1] > {2/ (nh)}2 C1h.

It is then clear that one can find a constant ¢ > 0 such that for all £ > 2,
El&lF < (cn"lh‘l)k-2 K'E [¢;|2. Applying Bernstein’s inequality to 3%, &;, for
any large enough § > 0

n
|

> &l = 6y/(nh) " og (n)} < 2079
i=1

(e o]
= ZP{ sup I"Bﬂ”2n—1|>6\/(nh)_llog(n)} 00
n=1

for such § > 0, then (2.3.1) follows. 0
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2.7.2 Proof of Theorem 1

In this section, we will investigate the asymptotic behavior of €1 (z) defined in (2.3.5).
Since

<Bj’,1 (X),B;1 (X)>n = 0 unless j = j, &] (z) can be written as

N
£1(z) = ;)5}3‘,1 (2) ||31"2-3,
in which i
1
e; = (E,Bj1 (X)), = = Zl Bj1(X;) o (X;) e
i=
Lemma 2.7.3. Let &) (z) = 29’:0 eJ‘.Bj,l (z),z € [a,b] then
€1 (2) = €1 @) < Ant (1 = An) T 1 (@), 2 € [a, ],
where Ay 1 is defined in (2.3.1).
The asymptotic behavior of sup;¢(q ) [€1 (z)| therefore is the same as that of
SUPz¢[q,p] €1 (T)]-
Lemma 2.7.4. The pointwise variance of €} (z) is the function 0,21'1 (z) defined in

(2.2.11) which satisfies

2 T
Bla@f =odi (@)= o (i @hzell @70

with supzeq p) |rn’1 (x)| — 0.

PROOF. The term E {&; (:1:)}2 has the expression for 012;,1 (z) in (2.2.11). By (2.7.5)

and the continuity of functions o2 (z) and f (z), 0,2,,1 (z) can be expressed as
2@ @0t (PO @I @} )
2
n {f (tj(z)) h+ 'j(x),n,l} nf =)k
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with sup (g 4] |7n,1 (z)| — 0, establishing (2.7.7). O

Lemma 2.7.5. Let the sequence {Dy} satisfy (2.7.1) and define for = € [a, b]

€n1(z) = op1(2)” 23,1(3«')5 =0n1(z)” ZBJI(:E)(E —Es)

J =0
L@ = oni@™? Z B (z) (e;. - Ee;) I{|e|<Dp} (2.7.8)
j=0

then with probability 1
e ) - 221 @) =0 (D2 "+)VaR) =0

PROOF. Notice that Ee} = E{% Y1) Bj1 (Xi) o (X;)&;} = 0 since E (£]X;) = 0,
then

ént @) = {71 @ Vicimya} [ [ L 0)0 )z (0,0)
according to the definition of Zn (v,€) in (2.3.10). The process éy 1 () is separated
into two parts €, 1 (z) = 5 1 () + {en 1(z) - E x)} The truncated part En 1 ()

is defined in (2.7.8). The tail part £, 1 (z) — 5n,1 (z) is bounded uniformly over [a, b]

by
:I:Zl[ltf,)b] {Un,l (z) Vne j(z)n } // i(z) (v)a(v)sl{k:lan}dzn (v,€)
Szz‘[ltfb] {dn,l (%) ¢j(z),n } Z i(@) (Xi) o (Xi)elf e >py|  (279)
+ s {on1 @ iz} / / @) ()0 () el geps 0 )4F (v, e){2710)

By Lemma 2.7.1, the term in (2.7.9) is 0 almost surely. The term in (2.7.10) is
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bounded by

sup {0y, (z) cj(z)'n}_l/Ij(x) (v)o (v) f (v) [/ le] I|e|>Dp}dF (¢ lv)] dv

z€(a,b]
-1 MJ vnh
< su on1(x)c; /I‘ v)o (v) f (v)dv <C .
:ce[tgb] n,1(z) ](z),n} ](Jt)( )o(v) f(v) D,I{M D,I{M
The lemma follows immediately by the third condition in (2.7.1). O

Lemma 2.7.6. Define for z € [a,b]

éS‘C:i (z) = {Un,l (z) \/ﬁcj(z),n}_l//fj(z) (v)o (v) 51{|e|<Dn}dB {M (v,€)}
(2.7.11)

then with probability 1

sup
z€(a,b)

5“53 (z) - ér[;),l (x)l =0 (h_1/2n”l/2Dn log2 n) =o0(1).

PROOF. First, sup;¢[q ) éfgi (z) - é,?, 1 (a:)l can be written as

sup
z€[a,b]

?

{Un,l (z) \/ﬁcj(z),n}-l//%(x) (v) o (v) el (1)< Dy} 4 [Zn (v,€) — B{M (v,€)}]

which the double integration becomes the following via integration by parts

/ / (Zn (v,€) - B{M (v,e)}]d{rj(z) (v)a(v)eI{|€|<Dn}}

sup
z€la,b]

< sup
z€(a,b]

x / / 12 (v,) ~ BAM (v, )}l & {el 1< pny } 4 {Tiie) @) o )}

Next, by Lemma 2.7.4, the bounded variation of the function o () in Assumption
(AC2), the strong approximation result (2.3.11) and the first condition in (2.7.1), the

above term is bounded as
o {(nh)l/2 n~1/2p-1 (n’l/2 log? n) Dn} =0 (n'1/2h'1/2Dn log? n) =o0(l) w. p. 1,
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thus completing the proof of the lemma. ]
The next lemma finds a process e (:r:) defined in terms of the 2-dimensional

Brownian motion to approximate e (z) in (2.7.11).

Lemma 2.7.7. Define for = € [a,b)]

(1) (:l:) {Un 1 (x) \/_ ](:z:),n} // i(x) v) (v) EI{|E|<Dn}dW {M (‘U 6)}

then with probability 1
|60 @) - &9 @) = 0 (1/20:0+9) = o (0.

PROOF. Based on the Rosenblatt transformation M (z,€) defined in (2.3.9), and

?Tz%fl f (z,€), then the term " 1) 1(z) - (0) (z)" is bounded by

{on1 @ vacsyn} " [ [ 5wy @0 @)l Herepnyddt )W (1,1)

sup
z€[a,b]
< sup {0q,1(z)Vne J(z)n} /Ij(z) (v)o (v) f (v) dv
z€|a,b)
«{ [ |e|1{|e.<o,.}fe.u(e|v>de} W (1)
\/—h 1/2 n—(1+46)
< C(\/_h) w1, = (h/D )=o(1)w.p.1
The last step is obtained by applying the third condition in (2.7.1). O

The next lemma expresses the distribution of 6‘5‘1% (z) in terms of 1-dimensional

Brownian motion.

(1)

n,l

Lemma 2.7.8. The process €, 1 (z) has the same probability structure as the process

éf;"}(z)={an1(x)\/_ (a:)n} /J(z) ”)"(”)s"(”)ﬂ (v) dW (v), z € [a, 0]
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where

E0) = [ l<pn) enlelo)es. (27.12)

PROOF. By applying Ité’s Isometry Theorem, it is obtained that var {égz (1:)} and
{ :(2) (x)} are exactly the same for any = € [a,b]. Hence, the two Gaussian

processes £y, ) (z) and ég ) (z) have the same probability structure. O
Lemma 2.7.9. Define for any z € [a, }]
-1 1
e®) (2) = {gn,l () \/ﬁcj(x),n} / Iz (v) 0 () £2 (v) dW (v)

then

| 5512,{ (z) - 5513,)1 (I)“w =0 (D‘+\/ﬁ) =o(l) w p. 1.

PROOF. By the fourth condition in (2.7.1) , supge(q 4 |€ (x) - 6(3) (:c)| is almost

surely bounded by

sup

veE[a,b] ab] 0"1 () ejq ( )" Y 2/11(35) (v)a (v) f2 (v) dW (v)

=0 (D,;"h-l/2) = o(l)

52 (v) — 1| sup

Lemma 2.7.10. The process .r-:( ) 1 () is a Gaussian process with mean 0, variance 1,

and covariance

cov {é'(_z% (.’1:) ,E'\Sgi (y)} = J-(I)J-(y),‘v’x,y € [a, b]

PROOF. The variance and covariance are given by Itd’s Isometry Theorem

var (&) (@)} = {on1 @ Viciaa) [ L) ) () £ @) =1
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according to (2.7.7). Likewise the covariance cov éf{ (z) ,éfls)l (y)} is

-1
{Un,l (z)on,1 (v) ncj(a:),ncj(y),n}
xE { /
Tj(z)

-1
= {on1 (=) on1 ) 501500} /J.( oy )"2 ©) £ ) dv = dj(a),54)
) Iy

o (v) £2 (v) dW (v) /J

iy

o (v) £2 (v) AW (v)}

which completes the proof. O

PROOF OF PROPOSITION 2.3.1. The proof follows immediately from Lemmas

2.7.3,2.7.5,2.7.6,2.7.7,2.7.8, 2.7.9 and 2.7.10. a
PROOF OF THEOREM 1. It is clear from Proposition 2.3.1 that the Gaussian

process U (z) consists of (N + 1) i.i.d. standard normal variables U (¢p),...,U (tn),

hence Theorem 2.3.4 implies that as n — oo

P{ sup U ()] < /a1 +bsr § — exp (2677,
z€|a,b]

By letting 7 = —log {—%log (1- a)}, and using the definition of a) ;) and by,

we obtain

lim P| sup |U(z)| < —log{—llog(l —a)} {2log (N +1)}71/2
n—o0 .’L‘G[a,b] 2

+{2log (N +1)}1/2 - % {2log (N + 1)} "1/2 {loglog (N + 1) + log41r}] =1-a.

Replacing U (z) with oy, ) (:::)_1 €1 (z) (Proposition 2.3.1), and the definition of dy

in (2.2.13) entail that

=00 | z€la,b)

lim P [ sup |oq,1 ()71 (z)| < {2log (N + 1)}1/2 dn] =1-a.
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According to (2.3.6), it implies that (nh)'l/2 Viog (N + 1) ||my (z) - m ()|l =

0p (1) . Thus according to (2.3.4)

lim P [m (z) € iy (z) £ 01 (z) {2log (N + 1)}}/2dy, Vz € [a, b]]

n—oo

= lim P |{2log (N + 1)}'1/2 d;! sup o;,} (z) €1 () + My (z) — m(z)| < 1]

n—oo z€[a,b)

= lim P |{2log(N + 1)} Y2d; sup on 1 (z) |1 (a:)|§1] =l-a O

n—oo z€lab

L

2.7.1 Preliminaries for Theorem 2

In this subsection we examine some matrices used in the construction of confidence
band in (2.2.14) and in the proof of Theorem 2.

The next lemma corresponds to (2.2.5) for piecewise constant basis. In what
follows, we use |T'| to denote the maximal absolute value of any matrix T, and My o
is the tridiagonal matrix as defined in (2.2.10).

N

Lemma 2.7.1. The inner product matriz V of the B-spline basis {Bj,g (:1:)}J.=_l

defined in (2.2.6) has the following decomposition

N -
V = V.1 = A.
Mpyio+ (vJIJ)j,j’=—l Myi2+V (2.7.1)
where ﬂj’j =01+f |j —j'l > 1, and
|V| < Cw(f,h). (2.7.2)

PROOF. By (2.7.3), (2.7.4) and (2.7.5), the inner product of <bj/,2,bj,2> can be

replaced by } f (tj41) hif |7 —j| =1, and Yf (tjs1) hor §f (tj4+1) h when j' = j,
plus some uniformly infinitesimal differences dominated by w (f, k). Then based on

the definition of Bj 9 (z), the lemma follows immediately. a
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The next lemma shows that multiplication by My 9 behaves similarly to multi-

plication by a constant.

N
Lemma 2.7.2. Given matriz Q = My, 9+ 7T, in whichT = (7jj’)

. satisfies
ji'=-1

v =0 |7 =3l =1 and || 2, 0. Then there eist constants c,C > 0 independent

of n and I', such that in probability
clel < Il < Clel, et el < [7le] < Vel ve € RV, (2.73)

PROOF. Since each row of M9 has diagonal element equal to 1, and one or two
nonzero off-diagonal terms whose total absolute values do not exceed 2\/5/ 4=1/ \/i,
hence
(1-1/v2-3In) lel < Il <3+ DD el
which entails the left inequality of (2.7.3), and the right one follows by switching the
roles of € and Q. O
As an application of Lemma 2.7.2, consider the matrix S = V~1 defined in (2.2.7).

- N
Let Ej/ = {sgn (sj/j)} _ then there exists a positive Cs such that
j=-

N
'Zl |sj1j| < |S£j/| <C, sj,| = Gy, V' = —1,0, ..., N. (2.7.4)
j=-

The matrix S appears in the construction of the confidence band, but it can not
be computed exactly as it involves the unknown density f(z). We approximate S

with the inverse of My 9, with a simpler, distribution-free form in (2.2.10). This

approximation is uniform for S; in (2.2.7) and Z; (2.2.9) as well.

Lemma 2.7.3. Asn — oo, IMI\',}'_2 - Sl — 0 and omax, |..='.J- -S| —o.
<5<
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PROOF. By deﬁnition,
M Ml =I=VvS=(M +V)S.
N+2Mpn 40 N+2

Denote by e; the unit vector with i-th element 1, then applying Lemma 2.7.2 with

2 = M 49, one derives

- N+2 -
cIMNl —Sl—cr?alac (MN+2 S)e,-

< M |Mysa (Mhy - ) e < || (|Mihe - 5] + ML)

Since (2.7.2) makes lf/l < Cw(f,h), asn — oo

Cw (f,h)

Mzl —SI —_—
| N+2 ~c—-Cuw(f,h)

|M;, I—O{w (f,h)} — 0.

Now by definition of submatrices S; and Zj, l*-'J S; I IM N+2 SI the

0<]<N

lemma follows. O

2.7.2 Variance Calculation

We now examine the asymptotic behavior of ProjG(O)E, which is
n

N

€2 (z) = Proj (0 E= Z ajBj2(z),z € [a,b] (2.7.5)
J=-1

where the spline coefficient vector a = (a_1, ...,&N)T are solutions to the normal

equations

N

(<BJ"2’BJ",2>,,);VJ~/=_1 : = (;l'liBjﬂ (Xi)d(xi)fi)
' . i=1 j=-1



In other words

N

a=| : = (V + B) - (% ; Bja(Xi)o (Xi)Ei) ) (2.7.6)

j=-1

an
where IBI SAn2=0p (\/’W) by (2.3.2).

-\ —1
Now define @;’s by replacing (V + B) with V=1 = S in above formula, i.e.

a1 N 1
j'=-1,.,N

j=-1 i=1

~

anN
and define for z € [a, b]

N n

N
. . 1
()= )Y &jBja(x)= ), sj/j;ZBj,z(Xi)a(Xi)E,-Bj/,z(a:). (2.7.8)
j=-1 Jil=-1 i=1

In order to calculate the variance of €5 (z), we express the matrix £ defined in

(2.2.8) as

% = 0aVOn + (51) [ s__ = OnVOn + £,0n = disg {0 (t0) - -, (tn41)}
(2.7.9)

where
G4 =0if |41, sup |6yl < Clw(f,h)+w 02,h . 2.7.10
gl ! IJ Jl il pll J’I { (f,h) (f )} ( )

The next lemma is a special case of the unconditional version of equation (6.2) in

Huang (2003).

Lemma 2.7.4. The pointwise variance of €3 (z) is the function 0721’2 (z) defined in
(2.2.11), which satisfies

02 T
E {6‘2 (r)} =0ohy(x) = %(%—#AT (@) Sji)A @) {1+m2 ()}  (27.11)
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with Supz¢|q b) |rn,2 (z)| = 0, j (z) is as defined in (2.2.2), A (z) as deﬁnéd in (2.2.9)
and matriz S in (2.2.7). Consequently, there exist positive constants ¢, and Cy such

that for large enough n
co (nh) Y2 < 0,9 () < Co (nh) V2 Vz € [a,8)]. (2.7.12)

PROOF. See Wang and Yang (2005). O

2.7.3 Proof of Theorem 2

Several lemmas will be given below for the proof of Proposition 2.3.2.

Lemma 2.7.5. Define for = € |[a, b]

]

én,2 (z)

N
0,5(@)é2(2) =0,5(2) Y @By, (),
.,__1

eDy(z) = o7}(2) Z 8Bt 9 (%) I{je|<Dn}- (2.7.13)
where Dy, satisfies (2.7.1). Then with probability 1
- N —(1+6
én2 @) - 22 @) =0 (a201/2D71*D) =0 ().

PROOF. Since obviously Eé, 5 (z) = 0, Vz € [a,b],
j(z)
éna(@) =0y @02 Y By, () Z / / B; 3 (v) o (v)edZn (v,€)
i'=j(z)-1 j=-1
where Zy, (z,¢€) is defined in (2.3.10). The technical proof is very similar to Lemma
2.7.5, except that we employ (2.7.4) to deal with }_:_;v: ~15jtj- The same order is also

achieved. a
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Lemma 2.7.6. Let M be the Rosenblatt transformation given in (2.3.9) and define

for = € [a,b)]

£% (2) = {Vronz @) Z By 4 () sy; / / Bj3 (v) o (v) ljej< B {M (v,€)} .
i'i=-1
Then with probability 1

sup égg (z) —en2 :r)l = ( n~12p-12p, log? n) =o0(1).
z€|a,b]

PROOF. See Lemma 2.7.6. a

Lemma 2.7.7. 2.7.7Define for z € [a, b

Ty, ( )
A(l)( )= 2~ 2 Z 312 x)SJIJ//BJ2 (v)o )51{|e|<Dn}dW {M (v,€)},
i'i=-1
then with probability 1

sup
z€[a,b]

7

e (1: 0 :z:)l— (hl/zD,:(Hé)):o(l).

Lemma 2.7.8. The process e (:r) z € [a,b] has the same probability structure as

N
e (z) = "2( DY Ba@sy; [ [Ba@e@me A0 o)z oy
i'i=-1
where s2 (v) is as defined in (2.7.12).

PROOF. Use Ito’s Isometry Theorem again. O

Lemma 2.7.9. Define for any z € [a, b]
N

&) (@) = 22— "2() Y. By,@)s ]J/Bj,g(v)a(v)f’l’(v)dW(v)

i'i=-1

then var{éfﬁ% (:z:)} =1,VYz € [a,b], and with probability 1

" :2) () - 5513% (x)”m -0 (h—1/2D;6) =0(1).
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PROOF. Using (2.7.1) in the last step, the term sup;¢p) |€ (x) - s (:z:)l
bounded by
2 n 2 ( ) 1
sup |1 —sp (:c)l sup Z Bji (z) j’j| Bja (v) o (v) f2 (v)dW (v)
z€|a,b} z€[a,b]

J J"'
< MsD;%n'/2C

/a(v)f7 (v)dW (v){ =0

(h“/2D;") =o(1) w. p. L.

Meanwhile, for any z € [a, b]

2
{ (:r)} E{ 72 (@) Z Bt o (z) sy /Bj,z(v)d(v)f%(v)dw(v)}

ili=-1

o=2 (z N
_ 2l ){ > Bya@ Bra@sigow [ Bia (v)Btz(v)dz(v)f(v)dV}

G d=-1
directly from (2.2.8) and (2.2.11). O

Now define for any j' = —1,..., N and z € [q, b], the functions

G @) = n Y207 @) By (0),8 () = (Gt @) G (@)

and the random vector A = (A_y, Ao, .., AN)T where

N
Aj’ = Z Sjlj//Bj,Q (v)o (v) f% (v) dW (v).

=1
Then A ~N (0,53 9) as EAj = 0,Vj/ = —1,.., N, and the covariance is EAyAy =

Z%:-l $;1;051Syr, for any §U! = =1,.,N, and 0;; is defined in (2.2.8). Notice that

“(3) 2 (z) = > Gt (@) Ajr = (@7 Ajy Ay = (Aj—l,Aj)T,j =0,..,N
i'=j(z)-1,j(z)

and since Lemma 2.7.9 states that the term ég% (z) always has variance 1, it means

that

A(3) ) (@) = ()T Aj(z)

@ {oor (Ase) }o @)
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Lemma 2.7.10. For any given 0 < a < 1, one has

lim inf P ( sup |én2 (x)l <[2{log(N +1) - loga}]l/z) >1-a. (2.7.15)

n—oo z€|a,b

PROOF. Define for any j =0,..., N
T -1
Qj = Aj {cov (Aj)} Aj.
Result 4.7 (a), page 140 of Johnson and Wichern (1992) ensures that Q; is distributed
as x% for any j =0, .., N, hence |
a .
P [Qj > 2{log (N +1) —loga}] = m,VO <j<N.

Then (2.7.14) and the Maximization Lemma of Johnson and Wichern (1992), page

66 ensure that for any z € [a, b]

{ @ Ay _
) - 6(x>T|{C:V (A;(z))) T < e Lo ()} A = ey

2
e ()] < maxogjen {Qs} and

One has therefore sup,¢[, )

2
P | sup 55,3% (z)l <2{log(N +1) —loga}
z€(ab]'
> P [ognja.st {Qj} > 2{log(N +1) - loga}] >1-a.
Now (2.7.15) follows from Lemmas 2.7.5, 2.7.6 2.7.7, 2.7.8, 2.7.9. O
Lemma 2.7.11.
aup |52 | _ &(z) || _ 0, [logn) _ op (1).
zelab] 10,2 ()| ze[ap)|on2 (2) nh
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PROOF. Recall the definition for & = (@_, g, .., an)7 and & = (a_y, g, ...,an)7
in (2.7.6) and (2.7.7), one has (V + B) a = Va. Based on Lemma 2.7.2 and (2.3.2),

there exists a constant ¢ such that

- A
cla—3| <|V(a-8)| = |Ba| < Anp(la -3+ |a) = la - & < 22— Ja].
— Ay,
(2.7.16)
From the definitions of & (z) in (2.7.5) and £ () in (2.7.8), plus (2.7.12), (2.7.16)

and (2.7.6), as n — oo

. ~ N
€2(z) _ &(z) -1\ (5 _ & 1/2_An2 .
su - < su o s(x)la—a|B;s(zx)| < Cn'/“————|a]|.
a:e[al?b] on2(z) on2(z) :z:e[(fb] jzz_l n2(#) 8 =8| Bjz (2) c—A,,,zI |
(2.7.17)

Use (2.7.6) again, it implies that as n — oo

A — N i
sup £2(z) > nh sup Z a;Bjq (z)| = nh sup |aBY (:c)l > Cvnla|
zelat) |02 (@) 7 Co zefap) ;7 Co zelab) |

(2.7.18)

where By (z) = {B_l,z (z),..,BN2 (z)}T, by (z) = {b_l,g (@), ey by 2 (:r)}T )

Then the desired result follows from (2.7.17) and (2.7.18), i.e.

-0, (‘/1‘%311‘.) —op(1). O

PROOF OF PROPOSITION 2.3.2. It follows from Lemma 2.7.10 and Lemma

€2 (x)
Tn,2 (z)

wp |-£208) _ &) <cC An2
z€(a,b] 19n,2 (z)  on2(z) €= An2 z¢ [a,b]

2.7.11 automatically. a
PROOF OF THEOREM 2. Now (2.3.6) implies that ||z (z) — m ()|l = Op (h?),

and hence

(nh) ™2 \/Iog (N + 1) I3 (2) = m (2)lloo = Op { (k) /2 Viog (N + )2} = 05 (1)..

50



Applying (2.3.7) in Proposition 2.3.2

liminf P

n—oo

= liminf P

n—o0

= liminf P

n—oo

| z€[a,b]

sup

| z€[a,b]

&2 (z)
On,2 (z)

;m (x) € g () £ 092 (z) {2log (N + 1) — 2log o:}l/2 ,Vz € |a, b]]

sup a;,é (z) |€2 (z) + Mg () — m (z)] < {2log (N + 1) — 2log a}l/2

< {2log(N +1) —2loga}l/2] >1-a0O
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CHAPTER 3

Spline-Backfitted Kernel

Regression

3.1 Introduction

One popular choice to addressing the issue of the “curse of dimensionality” is the

additive model popularized by the book of Hastie and Tibshirani (1990)
d
Y =m(X)+0(X)e,X = (X1,,Xg),m(X) =c+ Y _ ma(za), (3.1.1)
a=1

where the noise satisfies E (¢|X) = 0,var (¢|X) = 1 and the component functions
satisfy the identification conditions Emq (X4o) = 0,a = 1,...,d. In addition, we as-
sume that the predictor X, is distributed on a compact interval [aq,ba], @ = 1,...,d.
The goal is the efficient and fast estimation of the d unknown component functions
{ma (2a)}4_, based on an i.id. sample {)f,-,x,.T}::l = (Y, Xi1, -, Xig}T; follow-

ing model (3.1.1).
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If the last d—1 of the component functions were known by “oracle”, then one could
define a new variableY]; =Y —c— 2g=2 mq (Xa) = my (X1) +0 (X) € which one can
use to regress on the numerical variable X; to estimate the only unknown function
my (1), without the “curse of dimensionality”. The basic idea of Linton (1997) was
to obtain an approximation to the variable Y; by substituting mq (Xo),a =2, ...,d
with the marginal integration pilot estimates (kernel-based) and establishing that the
error caused by this “cheating” is negligible for estimating function m; (z;).

In this chapter we propose to pre-estimate the functions {mq (za)}g=1 by an
under smoothed constant spline procedure. These function estimates are then used
as as if they were the true functions for constructing the “oracle”estimator. The
greatest advantage of our approach over that of Linton (1997) is that ours is much
faster, and can be applied to cases of extremely high dimension data (e.g., the num-
ber of predictors, d, can be as large as 50 or 100). We believe that our approach is
the first example of marrying the traditionally parallel spline smoothing and kernel
smoothing techniques, leading to an estimator with asymptotically normal distribu-
tion like a typical kernel estimator, without the formidable computational burden
of high dimensional kernel smoothing. Figuratively speaking, spline smoothing can
be compared to a sledge-hammer capable of breaking any huge chunk of material
(i.e., a regression problem from data of very high dimgnsion and very large sample
size), in one slam (i.e., solving only one linear least squares problem), bﬁt does not
guarantee the fine shapes of the broken pieces (i.e., the estimates are not guaranteed
to converge at any point or uniformly over an interval, only in the L? sense). In

contrast, kernel smoothing works like a sharp knife that cuts anything into pieces of
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precise shapes (i.e., confidence intervals are available at any point based on asymp-
totic normal distribution, and confidence bands are available over compact intervals),
but is too tedious to use for a large chunk of material (i.e., the computation cost is
intolerable when dimension is high and/or sample size is large). Our proposed new
tool can be described as a hammer-knife capable of first slamming any huge clump
into many much smaller pieces (i.e., univariate regression problems) in one hit (the
spline backfitting step), and then cutting all the smaller pieces into the exact desired
shapes (one dimensional kernel smoothing of backfitted pseudo data). In this sense,
the method we propose combines the best features of both spline and kernel methods.

Smoothing experts may wonder how one could have all these good features in
one method. The success of our method is due to the well-known “reducing bias by
undersmoothing” and “averaging out the variance” principles, see Propositions 3.3.1,
3.3.2 and 3.3.3. Both goals are accomplished with the joint asymptotics of kernel
and spline functions, which is the new feature of our proofs. For more details, see
Lemmas 3.6.3, 3.6.4 and 3.6.5.

In addition to the above features, uniform confidence bands are provided for all
function estimates under mild conditions. Literature on nonparametric confidence
bands has been scarce, and as far as we know, is lacking in multivariate regression
setting. For additive regression model, however, it seems that the present work is the
one of the few to offer the measure of uniform accuracy with theoretical justifications.
The good news is that the confidence band we provide for mq (o) with any a =
1,...,d, is asymptotically the same confidence band that Hardle (1989) established for

univariate regression with kernel smoother, regardless how many regressors there are
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and what other functions mq (zq),a = 1,...,d are. Hence neither the dimension d
nor other function components play any role in forming the band for mq (z4), at least
according to the asymptotic theory. In this sense, our estimator of mq (o) possesses
what we would like to call “uniform oracle efficiency”, which is much stronger than the
“pointwise oracle efficiency” of Linton (1997). Furthermore, components in directions
not of interests are only required to be Lipschitz continuous (see Remark 3 at the end
of Section 3.2). Compared to all existing methods, this feature makes admissible the
broadest class of additive model.

The rest of the chpater is organized as follows. In Section 3.2 we introduce the
spline-backfitted kernel estimator, and state their asymptotic “oracle efficiency” under
appropriate assumptions, both pointwise and uniform. In Section 3.3 we provide
some insights into the ideas behind our proofs of the main theoretical results, by
decomposing the estimator’s “cheating” error into a bias and a noise part, which will
be shown separately to be of negligible order. In Section 3.4, we present extensive
Monte Carlo results to demonstrate that the proposed estimator does indeed possess
the claimed asymptotic properties. The simulated examples cover a wide range of
sample sizes with correlated structure and some very high dimensions, which would
have been either infeasible to handle with kernel smoothing methods, or lacking any
measure of confidence, pointwise or global, by spline method. The proposed estimator
are applied to the Boston Housing data in Section 3.4.2. Section 3.5 concludes, and

all technical proofs are contained in the 3.6.
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3.2 SBK and SBLL Estimators

In this section, we describe the spline-backfitted kernel estimation procedure. Let
{Y,-,X,T}:;l = {Y;, Xi1,---, Xid}i=1 be an i.i.d. sample following model (3.1.1). In
what follows, we write all responses as Y = (Y7, ..., Yn)T, and denote by X the design
matrix (Xl,...,Xn)T. Without loss of generality, we take all intervals [aq,ba] =
[0,1],a =1,...,d. We pre select an integer Ny ~ n?/5 log (n), see Assumption (AS6)
below. Next, we define for any a = 1,...,d, the indicator function I, (zq) of the

(N + 1) equally-spaced subintervals of the finite interval [0, 1], that is

1 JH <zq<(J+1)H,

H=H,=(Na+1)"1,0=0,1,.,N.
0 otherwise,

Ijo(za) = {
(3.2.1)
Define next the (1 + dNN)-dimensional space G of additive spline functions as the
linear space spanned by {I,IJ,Q (za),@=1,..,d,J =1,..., N}, while denote by G,
the subspace of R™ spanned by {{1}-;, {IJq (Xia)}:;l ya=1..,d,J=1,.., N}.
As n — oo, the dimension of Gy, becomes 1 + dN with probability approaching one.
The spline estimator of additive function m (x) is the unique element 7 (x) =
Ty (x) from the space Gso that the vector {1 (X;),..., (Xn)}T best approximates
the response vector Y = (Y1, ..., Yn)T. To be precise, we define

d N
mx) =X+ Y Aalia(za), (32.2)
a=1J=1

where the coefficients :\0, :\1,1, . A N,d are the solution of the following least squares
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problem

2
L X T . n d N
{/\o, ALy s )‘N,d} = argmin pgN 41 ;;l {Yz -Xo- az_:l Jz_:l AMalsa (Xia)} :
(3.2.3)

The pilot estimators of each component function and the constant are defined as

N n N
ha (Ta) = Z Aol (Ta) = n! Z Z Aalia (Xia)

J=1 1=1J=1
. d n N )
e = A+n~ Z Z E Aalia(Xia)- (3.2.4)

These pilot estimators are then used to define a set of new pseudo-responses Y;;

which are estimated versions of the unobservable “oracle” responses Y;i, to be specific,

d

Yo =Yi—é- ) tha(Xia), Y = —c—Zma(xm) i=1, "ZY,,
a=2 a=2

(3.2.5)

where by Central Limit Theorem & is a y/n-consistent estimator of c. Next, we

define the spline-backfitted kernel (SBK) estimator of mj (z1) as 7irg 1 (z1) based

on {Y,l, ,1} , which is an attempt to mimick the would-be Nadaraya-Watson

estimator g1 (1) of m; (z1) based on {Y;1, Xj1}i=;, had the unobservable “oracle”

responses {Y;;}i-; been available.

R YR KR (X - 1) Ya - Y KX — o) Ya
e (1) = S R O —an) e ) = T K — o)

, (3.2.6)

where Y;; and Y;; are defined in (3.2.5).

Throughout this paper, on any fixed interval [a,b], we denote the space of sec-
ond order smooth functions as C(®) [q,b] = {m|m"” € C[a,b]}, and the class of
Lipschitz continuous functions for any fixed constant C > 0 as Lip ([a,b],C) =

{m||m(z) —m ()| < Clz - '|,Vz,2' € [a,b]}.
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Before presenting the main theoretical results, we state the following assumptions.

(AS1) The component function m; € C(2) [0,1], while there is a constant 0 < Coo < 00

such that mg € Lip([0,1],Co0), VB8 =1,...,d.

(AS2) The noise €; given X; are i. i. d. with mean 0 and variance 1, fori =1,...,n,
while the conditional standard deviation function o (x) is continuous on [0, l]d .

Denote Cy = max, 10,1147 (x).

(AS2’) The conditional distribution of notse € = (ey,...,en) given X = (Xy, ...,Xn)T is

n-dimensional standard normal.

(AS3) The density function f(x) of X is continuous and

0<cs< inf {f(x)}< sup {f(x)} <Cy<oo.
xe(o,1) x€[0,1]¢

The marginal densities fo (Ta) of Xa have continuous derivatives on [0, 1].

(AS4) The kernel density function K € Lip ([-1,1],Cg) for some constant Cg > 0,

and is bounded, nonnegative, symmetric, and supported on [—1,1]

(AS5) The bandwidth h of the kernel K is assumed to be of order n~1/5, i.e.,

chn"l/ 5 <h< Chn‘l/ 5 for some positive constants cy, C},.

(AS6) The number of interior knots Ny ~ n2/5log(n), i.e., cyn2/5log(n) < Np <
Cnn2/%log (n) for some positive constants cn,CN, and the interval width H =

(Nq +1)7L.
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The asymptotic property of the kernel smoother mg 1 (z1) is well-developed. Un-

der Assumptions (AS1)-(AS5), according to Theorem 4.2.1 of Hardle (1990), one has
- D
Vah {iig1 (z1) = ma (21) b)) B2} 5 N (0,02 (21)),

where

b(z1) = pe(K){ml(z1) i (z1)/2+m (@) £l (z1)} f;71 (21),
v (z1) = |IKI3E{o%(z1,Xa, ... Xa)} 7 (z1).

Hardle (1989)provide the uniform asymptotics for kernel smoother. For any a €

(3.2.7)

(0,1), an asymptotic 100 (1 — a) % confidence band for m; () over interval [0, 1] is
Jdim P {my (z1) € 51 (z1) £ In (21) Y11 €[0, 1]} =1 - @

where

ln(zy) = v%) [dn - {log (h"z) }—1/2 log {—-;— log (1 — a)}] (3.2.8)

_a\1/2 1 [ K™ (u)du
dn = {log (h 2)} [l + 2 {log (h~2)} log {41r2 J K2 (u)du }](3'2'9)

The next two theorems state that the asymptotic magnitude of difference between

g 1 (71) and mg 1 (z1) is of order op (n“2/ 5), which is dominated by the asymptotic
size of g1 (z1)—my (z1). Hence 1151 (1) will have the same asymptotic distribution

as ﬁls,l (xl)-

Theorem 3.2.1. Under Assumptions (AS1) to (AS6), for any z, € [0,1], the SBK

estimator Ty 1 (z1) given in (8.2.6) satisfies
. - - X - P
|7s,1 (21) — 5,1 (21)] = 0p (" 2/5) or 02/ {ins 1 (1) - g1 (€1)} 50,
Hence with b(z1) and v2 (z1) as defined in (3.2.7)

Vah {ing,1 (21) = ma (21) = b(z1) 2} D N (0,0% (21)) -
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Theorem 3.2.2. Under Assumptions (AS1) to (AS6) and (AS2’), the SBK estimator

g1 (1) given in (3.2.6) satisfies

3 _ ~2/5
zlseu[glllmslxl) s 1 (z1)| Op( )

Hence for any z

nli»"éop[{log (h‘z)}l/2 (zlselou”(”’ )l e (€1) — my (z1)| — ) ]

= exp {-2exp (-2)},

For any a € (0,1), an asymptotic 100 (1 — a) % confidence band for m; (x;) over

interval [0, 1] is

g (1) v (:cl) [dn {log (h"2)} 12 log {—:,12- log (1 - a)}] .
(3.2.10)

in which dn equals to

{log (h‘z) }l/ 2+% {log (h“2) }_1/ 2 [log { / K" (u) du} ~log {47r2 / K2 (u) du}] .

Remark 1. Similar estimators 15 o (Zo) can be constructed for any a = 2, ...,d
with same oracle properties. Also, similar constructions can be based on local
linear instead of Nadaraya-Watson estimator in (3.2.6). In contrast, the bias co-
efficient of the spline-backfitted local linear (SBLL) estimator would simply be
b(z1) = p2 (K) m{ (z1) /2, without the additional term of the SBK estimator, while
the variance coefficients of SBLL and SBK are the same. Higher order local poly-
nomials can also be used, with obvious modifications. For more on the properties
of local linear estimators, in particular, its minimax efficiency, see Fan and Gijbels

(1996).
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Remark 2. The proofs of Theorems 3.2.1 and 3.2.2 will make it clear that the
number of knots can be of the more general form N, ~ n2/ 5N,’,, where the sequence
N}, satisfies N, — 0o, n=9 N/, — 0 for any 8 > 0. There is no optimal way to choose
N!, however, at least to us at this time. The fact that N;1 = o (n‘2/ 5) ensures
that the bias in the spline pilot estimators is negligible compared to the bias of A2 in
the kernel/local linear smoothing stage. On the other hand, one does not allow N,
to be too large for practical reasons: the number of terms in (3.2.3), 1 + dNy, has to
be small relative to n. Hence we select Ny, to be of barely larger order than n2/5.

Remark 3. Assumption Al requires only the Lipschitz continuity for the com-

ponents except for the component of interest. Obviously all m, are required to be

second order smooth if one needs to estimate all components.

3.3 Decomposition

In this section, we introduce some additional notations in order to shed some
light on the ideas behind the proofs of Theorems 3.2.1 and 3.2.2. Denote by
6]l the theoretical Ly norm of a function ¢ on [0,1]%, |43 = E{¢? (X)} =
fmd ¢% (x) f (x) dx, and the empirical Ly norm as [|¢]|3,, = n™! S0, 62 (X;). For

any Lo-integrable functions ¢, ¢ on [0, l]d, the corresponding inner products are de-

fined by
@002 = [ #CIP(S e = E{p(X)p (),
(6 0)en = 771D (X)) w(Xy). (3.3.1)
i=1
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A function ¢ on [0, I]d is called theoretically (empirically) centered if (1,p)y = 0

((1,4)2 5 = 0). Define the following theoretically centered spline basis

I
bja (Za) = Ij41,0 (Ta) = I "JI“;"‘I""% Ja(za),Va=1,..,d,J=1,..,N, (3.3.2)
ail2

where the functions I, (za)’s as defined in (3.2.1) are indicators on the subintervals

[JH,(J + 1) H). The standardized one is given for any a = 1, ..., d,

bia(@a) \y 1y (3.3.3)
"bJ,auz

BJ,a (za) =
The additive function space G defined earlier can also be spanned by the lin-
early independent basis {1, B, (za),J = 1,..,N,a = 1,...,d}, although these new
basis involve unknown quantities and therefore can not be computed from the
data, they are more convenient for mathematical analysis than the truncated
power basis in (3.2.1). Similarly G, can be spanned linearly by the basis
{1, {Bra(Xi)}y @ =1,.d, J =1, N}

For better understanding, we use the projection idea to elaborate the constant
spline estimators. The evaluation of constant spline estimator 72 (x) at the n obser-
vations results in an n-dimensional vector, M (5() = {m(X1),... (Xn)}T, which
can be considered as the projection of Y on the space Gy, with respect to the em-
pirical inner product (,-)y ,, defined in (3.3.1). In general, for any n-dimensional

vector V = {W, ..., Vn}T, we define P,V (x) as the spline function constructed from
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the projection of V on the inner product space (Gn, (, -)2,,1)

d N
PoV(x) = do+ Y. Y 9jaBia(za),
a=1J=1

2
n d N
argnlianN+1 Z {Vg =y — Z Z vJ,aBJ,a (Xia)} )
i=1

a=1J=1

{ﬁo,f)l,l,...,‘i}N’d}T

which is similar to (3.2.2) and (3.2.3) except the basis. Next, the multivari-
ate function PnV (x) is decomposed into empirically centered additive components

PnaV (za),a =1,...,d and the constant component P, -V

n
PaoV(za) = PhoV(za)—n1) PhoV(Xia) (3.3.4)
i=1
N
P;oV(za) = ) 9jaBia(za), (3.3.5)
J=1
d n
PocV = fo+n7 1) ) Ph,V(Xia), (3.3.6)
a=1i=1

in which the centering procedure is the same as (3.2.4).
With these new notations, we can rewrite the constant spline estimators

m (x),Ma (za) , Mc defined in (3.2.2) and (3.2.4) as
ﬁl (x) = PnY (x) ,ﬁla (Ia) = Pn1aY (xa) ,mc = Pn,cY.

Based on the relation Y =m (5() +0 (}-() E=m (5() + E, with noise vector

E = {0 (X;)€;}i=, similarly define the noiseless spline smoothers
i (x) = Pn {m (X) } (), 0 (za) = Pna {m (X) } a) e = Prc {m (%) },
and the noise spline components
£(x) = PrE(x),éq (Ta) = PnaE(za),éc = Pn cE. (3.3.7)
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Due to the linearity of operators Pp,Pp o,Pnc,a = 1,...,d, one has the following

decomposition, which is crucial to prove Theorems 3.2.1 and 3.2.2

m(x) = m(x) + € (x),Mq (Ta) = Ma (Ta) + €a (Ta) , Mc = M+ Ec,a =1,...,d.
(3.3.8)

As closer examination is needed later for £ (x) and &q (zq), one define that

i=1 a=1J=1

2
n d N
~ ~ = ~ T .
a = {ag,a1,1,...aN4} = argminy {U(Xi)si —ag— Y. Y a54Bqa (Xia)} ,
(3.3.9)
-1
then & (x) in (3.3.7) can be rewritten as a! B (x), where a = (BTB) BTE is the

solution of equation (3.3.9), and matrices B (x) and B are defined as
B(x) = {1,Bi1(z1), - Bna(za)}T ,B= {B(X1),..BXn)}T. (33.10)

To be specific, the least square solution of the noise is

-1
a= 10 ( n~1 E?:l 4 (xt) €¢ )
0 (BraBrw),, |icancs \ " Tie Bra (Xia)o (Xi)&i ) 1<u<w,
’ ISJ,JISN . lSan
(3.3.11)
Our main objective is to study the difference between smoothed backfitted esti-
mator 171, 1 (x1) and the smoothed “oracle” estimator mg 1 (1), both given in (3.2.6).
From now on, we assume without loss of generality that d = 2 for notational brevity.
o . _ [ ON#1
Denote the projection matrix Py N+DIN = , we define another aux-
+14N In
iliary entity

-1 T N
£ (o2) = PasB ) = { (B7B) " BTE} Poy,, 1y (B = 3 dsaBuaea),
J=1

64



which, in particular, entails that
-1 T T XN
& (Xig) = {(BTB) BTE} Poy 1.y (e.TB) =Y ay2Bra(Xa),
= (3.3.12)
in which e; is the n-dimensional unit vector with i-th element 1 and else 0 and hence
the i-th row of matrix B, e‘TB = B (Xj), is the basis functions corresponding to the
i-th observation X;. Definitions (3.3.5) and (3.3.6) imply that £; (z2) is simply the

empirical centering of & (2), i.e.

n N n N
€2 (z2) = & (z2)-n"1 ) & (Xi2) = D ayaBya(Xig)—n~! dj2Bj2(Xia)-
P = i=1J=1

(3.3.13)
Making use of the signal noise decomposition (3.3.8), the difference ms (z1) —

g1 (Z1) + ¢ — ¢ can be treated as the sum of two terms

n" YR Kn (X —21) {g (Xig) —ma (X)) _ _ I(z1) +1I(z1)
n1 3 Ka (X — 1) n155 ) Kh (X — 31)’
(3.3.14)
where

I(@) = n"'Y Kup(Xi—11) & (X2), (3.3.15)

i=1
H(z)) = o7 ') Ky (X —21) - {Mmy(Xi) —ma (Xi2)}.  (3.3.16)

i=1

The term I (z;) is related to the noise terms £ (X;2), while I'I (z}) is induced by the
bias terms Mg (X;2) —ma (X;2) . Propositions 3.3.1 and 3.3.2 below show respectively
that the term I (z1) is of order op (n‘z/ 5) , either at a given point or over an interval.
This is the most challenging part to be proved, mostly done in Subsection 3.6.1. On

the other hand, Proposition 3.3.3 below shows that the bias term II (z;) is uniformly
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of order op (n'z/ 5) for z; € [0,1], to be proved in Subsection 3.6.2. Standard
theory of kernel density estimation ensures that the denominator term in (3.3.14),
n~1 31 | K; (Xi1 — 71), has a positive lower bound for z; € [0,1]. The additional
nuisance term ¢ —c is of clearly order O (n'l/ 2) and thus op (n“2/ 5) , which needs no
further arguments for the proofs. Hence both Theorems 3.2.1 and 3.2.2 follow from
Propositions 3.3.1, 3.3.2 and 3.3.3. Section 3.6, therefore, is devoted exclusively
to the proofs of these three propositions, rather than of the main theoretical results,
Theorems 3.2.1 and 3.2.2 themselves.

The next three propositions follow respectively from Lemmas 3.6.10 and 3.6.11,

Lemmas 3.6.11 and 3.6.12, Lemmas 3.6.1 and 3.6.2.

Proposition 3.3.1. Under Assumptions (AS1) to (AS6), for any z; € [0,1]
| (z1)] = Op (n_l/z) =o0p (n—2/5) .

Proposition 3.3.2. Under Assumptions (AS1) to (AS6) and (AS2’)

sup |I(z;)| =0 n~12 {logn}1/?) = o, (n~2/5).
o 1) p (0712 {togn}!/?) = op (n=2/%)

Proposition 3.3.3. Under Assumptions (AS1), and (AS3) to (AS6)

o T~ 0p (- ) =y (12).
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3.4 Simulation and Examples

3.4.1 Simulation

In this section, we present simulated results to illustrate the finite-sample behavior
of the spline backfitted kernel estimators mg o (zo) for any a =1, ...d.
The data set is generated from the regression model Y = Zg=l mq (Xa)+o (X)-€.

The additive elements are assumed to be
mq (zq) = sin(27z4) ,Va = 1,...,d.

Similar to Nielsen and Sperlich (2005), the predictors X, are obtained through the
transformation Xo = 2.5 % {®(Z4) — 0.5}, where ® is the standard normal distri-
bution function and the variable Z, ~ N (0,1),a = 1,...,d with the correlation
coefficients p,5 = p,a # ( for any pair of Z’s. Now the correlation between X's is
not p any more, it will depend on p. In order to validate the assumption that the
density is bounded below from 0, we will focus on the estimation inside [—1, 1]%.
Meanwhile, the error term ¢ follows standard normal distribution and is indepen-

dent of X. The conditional standard deviation function is defined by

va 100-exp {34 Ial /a}

o(x)= 2 100 + exp {Eg=1 |Zal /d} |

By this choice of o (x), we ensure that our design is heteroscedastic, and the variance

is roughly proportional to dimension d. This proportionality is intended to mimic the
case when independent copies of the same kind of univariate regression problems are

simply added together.
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We now describe how the SBLL estimator are implemented. The first step is to
obtain the spline estimator of Eﬁ:l mq (Xa), using the truncated power B-spline
basis as in (3.2.3). The selection of knots will uniquely define the basis. The knots
number N, will be determined by the sample size and two tuning constants, to be
specific

Ny, = min ([cln2/5 logn] + cg, [(n/4 - l)d_l]) ,

in which [c] denotes the integer part of c. In our simulation study, we have used
c1 = 1 = cg. The choice of these constants c; and co makes little difference for a
large sample. But for small sample size, it does affect the performance to a degree.
The additional constraint that N < (n/4 — 1) d~! ensures that the number of terms
in the linear least squares problem (3.2.3), 1 + dVy,, is no greater than n/4, which is
necessary when the sample size n is moderate and dimension d is high.

The oracle smoother g 1 () for comparison is obtained by local linear regression
of the unobservable m) (X1)+0 (X) € on X directly, while the oracle SBLL estimators
g1 (1) are obtained by local linear regression of {f’u, Xi1 }:l=l' To save space, we
only implement the local linear version of 7141 (z1), i.e., the SBLL estimator, using
the XploRe quantlet “lpregxest”. For information on XploRe, see Héardle, Hldvka and
Klinke (2000) or visit http://www.xplore-stat.de.

We have run S = 500 replications for sample sizes n = 100, 200, 500 and 1000 with

correlation coefficient p = 0, 0.3 respectively. The dimensions are taken at d = 4, 10.

The major objective of this section is to compare the relative efficiency of g o with
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respect to msa

LR {Msa (Xia) = ma (Xiag)} 1 {IXiagl<1) |
effy; = T La=1,.,d1=1,..5
* % Z?=l {'hs,a (Xia,l) - Ma (Xia,l)}2 I{|xiallsl}

S
1
eff, = gg;effa,,,a:l,...,d,

in which {X;,..., Xigy};; is the I-th sample, [ = 1,...,S. Theorems 3.2.1 and
3.2.2 indicate that the efficiency should be close to 1. In particular, when we have
an efficiency value bigger than 1, 15 o (zq) is a better estimator in the sense of mean
square distance.

The corresponding mean and the standard error (in the parenthesis) of the rel-
ative efficiencies for first and third dimension (a = 1,3) is given in Table 4.3. For
the case of p = 0, almost of all the mean values are around 1 without noticeable
influence from the sample size and the correlation. The trend of standard €rrors
confirm the comparability of SBLL s to the oracle estimator s q, with faster
convergence for a larger sample. At p = 0 and all the random selected directions, the
SBLL performs better than the oracle local linear estimator in most cases because
the independent components can be well-estimated at the first stage, then univariate
local linear smoothing at the second stage will treat less noise than the case of direct
oracle estimator, the local linear estimator.

In the cases of p = 0.3, the trend to relative efficiency 1 is very clear regardless
of the dimension d. All the means are becoming larger accordingly and approaching
to 1 steadily when the sample size becomes bigger. Typically, the relative efficiencies

are greater than 0.97 for d = 4 with sample size 200, and for d = 10 with sample size
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500 respectively. We believe that in high dimensional cases the convergence rate is
slower than in lower dimensional cases when the predictors are strongly correlated.
The standard errors in the parenthesis follow the same trend that less variation is
with larger sample size, though it shows slower convergence compared to the case of
p = 0, which is not unexpected.

In addition, several figures display the features of the relative efficiencies in details.
In Figures 4.6 and 4.7 four types of line characteristics which correspond to the four
sample sizes, the solid line (100), the dotted line (200), the thin line (500) and the thick
line (1000). The vertical line at efficiency 1 is the standard line for the comparison
of g 1 (x1) and my ) (1) . More efficiency values distributed around the vertical line
would be confirmative to the conclusions of Theorems 3.2.1 and 3.2.2.

All the curves in Figures 4.6 and 4.7 are the density estimates of relative efficiency
distributions for specific sample size n, correlation coefficient p and dimension d. With
increasing sample sizes, we found that the relative efficiency are becoming closer to
the vertical standard line, with narrower spread out. In addition, the curve with
p = 0 shows a faster convergence to the vertical line than those with p = 0.3 in all
cases. An interesting point is that almost of all the peak points of the thick line (with
the largest sample size) fall very close to the vertical lines. All above confirms the
theorem that SBLL behaves similarly like the oracle local linear estimator.

We have done some more simulation with d = 50, and S = 100 replications
for p = 0,0.3, and n = 500, 1000, 1500,2000, the results of which are graphically
represented in Figures 4.8 and 4.9. The basic graphic pattern is similar to that for

the lower dimensions d = 4, 10, though with slower convergence rate and relatively
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lower efficiency. The corresponding statistics are listed in Table 4.4.

3.4.2 Boston Housing Example

In this section we apply our method to the Boston Housing Data. The data files
bostonh.dat is available in the software of Xplore. The data set contains 506 different
houses from a variety of locations in Boston Standard Metropolitan Statistical Area
in 1970. The median value and 13 sociodemographic statistics values of the Boston
houses were first studied by Harrison and Rubinfeld (1978) to estimate the housing
price index model. Breiman and Friedman (1985) did further analysis to deal with
the multi-collinearity among the independent variables. By using a stepwise method,
they proposed the alternating conditional expectation method to select a subset of the
variables in order to maximize the correlation between the fitted value and the selected
covariates. Four variables were selected by penalizing for overfitting. Opsomer and
Ruppert (1998) illustrated their automated bandwidth selection for fitting additive
models based on the selected four variables. We will use the same four covariates for
our model fitting and current analysis. The response and explanatory variables of
interest are:

MEDV: Median value of owner-occupied homes in $1000’s

RM: average number of rooms per dwelling

TAX: full-value property-tax rate per $10,000

PTRATIO: pupil-teacher ratio by town school district

LSTAT: proportion of population that is of ”lower status” in %
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One major concern is the big gap in the domain of variables TAX and LSTAT,
which will cause severe trouble at the first stage of spline estimation. So logarithmic
transformation is done for these two variables before fitting the model. We will fit an

additive model as follows:
MEDV = u + mj (RM) + m2 (log (TAX)) + mg (PTRATIO) + m4 (log (LSTAT)) + €.

Although the transformation has shrunk the gap in the domain, some compromise
will be necessary to estimate the components since we select the same knots number
for each direction. In this case we choose a large number of knots, N = 5. In the
smoothing step, we use the SBLL estimator to get the final function estimate of each
input variable.

In Figure 4.10, the univariate function estimates and corresponding confidence
bands are displayed together with the “pseudo data points” with pseudo response
as the backfitted response after subtracting the sum function of the remaining three
covariates as in (3.2.5). All the function estimates are represented by the dotted lines,
“data points” by circles, and confidence bands by upper and lower thin lines. The
kernel used in SBLL estimator is Quartic kernel, K (u) = {-g (1- u2)2 for—-1<u<l.

Besides the estimation of the component functions, we also use our proposed
confidence bands to test the linearity of the components. In Figure 4.10 the straight
solid lines are the regression lines with the least square coefficients. The first figure
shows that the linearity null hypothesis Hy : m; (RM) = a; + b; - RM, will be
rejected since the confidence bands with 0.99 confidence couldn’t totally cover the

straight regression line, i.e the p-value is less than 0.01. Similarly the linearity of
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the component functions for log (TAX) and log (LSTAT) are not accepted at the
significance level 0.01. While the least square straight line of variable PTRATIO
in the upper right figure totally falls between the upper and lower 95% confidence
bands, thus the linearity null hypothesis Hp : m3 (PTRATIO) = a3 + b3 - PTRATIO
is accepted at the significance level 0.05.

In addition we add up all the SBLL estimates of component functions and the
mean response as a estimate for the response (MEDV). The correlation between
the estimate and the raw value of MEDV is as high as 0.80112, implying rather

satisfactory fit.

3.5 Conclusions

In this paper we have proposed SBK and SBLL estimators for the component
functions in an additive regression model. These estimators behave asymptotically
like the standard Nadaraya-Watson and local linear estimators in one dimension, thus
breaking the problem of d-dimensional additive regression to d univariate regression
problems. This is achieved by approximating the unobservable sample {Y;;, X;1}7
with the spline estimated sample {f’il,xil}::l- Although much mathematics is
devoted to proving that this approximation works, the implementation is very easy.
To give some idea of how fast the procedure is, to run 100 replications for sample
sizes n = 500, 100, 1500, 2000 and dimension as high as d = 50 takes about 40 minutes

on a Dell notebook. In other words, within this time span, a total of 100 x 4 =

400 SBLL estimators fiis o (To) and the same number of oracle smoothers 74 1 (z1)
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are computed. In addition, the SBK and SBLL estimators inherit the asymptotic
confidence bands (3.2.10) of univariate Nadaraya-Watson and local linear estimators.
The combination of speed and global accuracy for very high dimension regression is

very appealing.

3.6 Proof of Theorems

3.6.1 Variance Reduction

In this subsection we prove Propositions 3.3.1 and 3.3.2. The magnitude of the
variance term I (z1) in (3.3.15) can be measured by its conditional second moment

given Xj,...,Xy. Based on (3.3.13) and (3.3.15), the conditional second moment

~12 -
E {I(zl)l x} of I (z1) given X = {X, ..., Xn} is

n n n 2
E [{n”l Y Kn (X — 1) & (Xig) —n7 1Y Ky (X —x1) -n71) & (Xi2)}

It is clear that
E{1@IX} = E{f} @)|X} - E{@)| X},

where for brevity, we write

n

Li(z1) = n71) " Ku (X —21) & (Xi2) (3.6.1)
=1
n n

Lz) = n7 1) Kp(Xp—z1)-n71) & (Xig). (3.6.2)
1=1 i=1

If further one denotes

§7 (Xy,21) = Kp (X1 — 71) B2 (Xi2) (3.6.3)
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then

n N n N
Li(z) =n"') Kp(Xpn —21) Y dyeBra(Xig) =n"1) Y aya08y (Xp,71).

(3.6.4)

In order to obtain the order of the conditional second moment of I; (z;), we
first find the supremum magnitudes of E¢; (X;,z1), &5 (X, 1) — E€y (X, 71) and
the size of zyﬂ |&J’2|, in Lemma 3.6.3, 3.6.4 and 3.6.7. Consequently, Lemma
3.6.10 shows that sup;, ¢[0,1) £ { I (z1)| )-(} = Op (n7!). In Lemma 3.6.11 we have
supz, efo,1) 2 (z1)| = Op (Nn—1y/logn) . Based on the selection of N ~ n%/5logn,
Proposition 3.3.1 is thus proved.

There is one more Assumption (AS2’) in addition to Assumptions (AS1) to
(AS6) in Lemma 3.6.12. The order of I (z;) under the new restrictions is ob-
tained uniformly over [0,1] inflated only by a factor of {log (n)}l/ 2 compared
with the pointwise case, one has SUPz, c[0,1] [I1 (z1)] = Op (\/M/—n) Now
again, due to the selection of the interval width H « (n2/ 5 log n)—l , the order
Op (Nn~1y/logn) of Supz, efo,1) |12 (z1)| in Lemma 3.6.11 is negligible compared
with order of sup; ¢[o,1] |I1 (z1)|]- So under the Assumptions (AS1) to (AS6) and

(AS2’), we have established the uniform bound over [0, 1] of Proposition 3.3.2.

3.6.2 Bias Reduction

Now we prove Proposition 3.3.3 by bounding the bias term II (z;) in (3.3.16). We

first cite one important result from page 149 of de Boor (2001).
Theorem 3.6.1. Under Assumption (A1) mq € Lip([0,1],Cw), then there ezists a
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function go € G[0,1] such thatVa =1,...,d

9o — Malloo < CooH. (3.6.5)

Lemma 3.6.1. Under Assumptions (AS1), (AS3) and (AS6), for the spline function

g2 satisfying (3.6.5), one has

Yic1 Kn (X — 71) {92 (Xi2) — ma (Xi2)}
sup < CxoH, 3.6.6
zy€[0,1] Yic1 Kp (X — 1) * (3.6.6)
and fora =1,2
n
|Enga (Xa)l = [n71) " g4 (Xia)| = Op (n‘l/ 2 4+ H) : (3.6.7)
i=1

PROOF. The first inequality (3.6.6) follows trivially from (3.6.5). To prove the second
inequality, define a function g (x) = c+ Zﬁ:l da (za), then ||g — m]| < QCOOH and
hence ||g — m|l;,, < 2CooH. The definition of projection in Hilbert space then implies
that
Im—mlly, <llg —mllgpn < 2CH

where m is the projection of m to the space G with respect to (-, )5, , the triangular
inequality implies that

Im — gl < 4CooH. (3.6.8)
Now (3.6.5) leads to |Enga (Xa) — Enma (Xa)| £ CooH, while Emg (Xq) = 0 leads

to Enmg (Xa) = Op (n_ 1/ 2). Putting these together, one has

|Enga (Xa)l < |Enga (Xa) = Enma (Xa)| + |Enma (Xa)| < CooH + Op (n-l/z) ,
(3.6.9)

which establishes (3.6.7). a
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In order to show that the bias term I (z;) defined in (3.3.16) is uniformly

0p (n‘“2/ 5) , the following lemma suffices.

Lemma 3.6.2. Under Assumptions (AS1) to (AS6), as n — oo

sup

p IZ?:l K (X1 — 21) {fha (Xi2) — g2 (Xia) + Engy (Xz)}l —0, (n-—l/2 + H) _
T1€ 0,1

ic1 Ki (Xi1 — 21)
(3.6.10)

PROOF. Using the same notations as in the proof of Lemma 3.6.1, (3.6.8)-and (3.6.9)
now give

I — g + Eng1 (X1) + Engz (X2)llz,n < 6CooH + Op (n“”z) ,
and Lemma 3.6.8 would then entail that

% = g + Eng1 (X1) + Engz (Xa2)llz = Op (n-1/2 + H) . (3.6.11)

To complete the proof of the lemma, we write

2 N

(7 — 9) (x) + Eng1 (X1) + Eng2 (X2) =a+ Y Y ajaBj, (za),
a=1J=1

where the empirically centered spline basis are

n
B} o (Ta) = Bjq (Ta) = EnBjo (Xa) = Byg (za) =771 Y Byo (Xia),

i=1

forany 1 < J< N,1<a<2 Thenfora=1,2,

N
Ma (Ta) = ga (Ta) + Enga (Xa) = Z 8JaBjq (za),
J=1

and according to (3.6.19) one has
1/ g + Eng (X1) + Enga (X2)II3

2 N 2 2 N
> {a+ZZaJ,QE,,BJ,a(xa)} +Y_ Y a},|. (3612

a=1J=1 a=1J=1
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Now

n~1Y " K (Xiy — 1) {g (Xi2) — 92 (Xi2) + Enga (X2)}

i=1
n N

= oY Ky (X —21) ) asaBia (Xi2),
i=1 J=1

which is bounded by

N
Z |a1’2[ sup
J=1

n

n~1Y) " Ky (Xi — 71) Bl (Xi2)

1<JSN =1
N n
< aja|{ sup |01 Ky (Xi - 71) Bya (Xi2)
JE=1| ’I{ISJSN Pyt o

n
1Y Ky (X —m1)

i=1

+

sup |EnBJ,2 (X2)|}
1<J<N

which can be rewritten as the following according to the definitions of £; (X;,z;) in
(3.6.3) and of A:‘l,l in (3.6.28)

N
Zmzl{ sup }
~ 1<J<N

Minkowski inequality, Lemma 3.6.5, (3.6.29) and standard properties of kernel den-

n
n~1) Ky (X - z1)

=1

+ A;,l

n1y 6 (X o)
I=1

sity estimator now imply that

n"1) " Ky (Xi — 71) {2 (Xi2) — 92 (Xi2) + Enga (X2)}

i=1

sup
z1€[0,1]

I IA
Q
2
T IM=
~ 8
..Q‘N
[%)
2 e N,
I M 2 ‘O
= o —~
_g,,ro
~ é
1l +
A NS
NN N
3
~—
| S——
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which according to (3.6.11) and (3.6.12) is
= Op (lI — g + Eng1 (X1) + Enga (X2)|l) = Op (n~V/2 + H
p(lm—g ng1 (X1) + Eng2 (X2)ll2) p\" )

thus proving (3.6.10). ]

Now combining Lemmas 3.6.1 and 3.6.2, one immediately gets

sup |n71 Y Kp (Xi — 71) {2 (Xiz) — ma (Xiz)}

e 1 ) = 0p (n7V2+ H) = 0p (n~%/%),

which establishes Proposition 3.3.3.

3.6.3 Technical Lemmas

In this subsection we have collected all the auxiliary results used in Subsections 3.6.1

and 3.6.2.

Lemma 3.6.3. Under Assumptions (AS3) to (AS6), one has

sup sup |E€; (Xy,z)| = O (H'?).
z1€[0,1] 1SJSN

PROOF. Define fora=1,2,J=1,...,N+1

2
CJ’Q = "IJ,0"2 = /I‘%,a (xa) fa (xa) dxa,
then bjqo(za) in (3.3.2) can be written as bja(za) = Ijy1,0(za) —

cJ+1,aIJ,a (za) /CJ,a and
Ibsall = crr1a (1 +crr1alcia) Yo =1,2,J = 1,.., N.

In Assumption (AS3) the two positive constants cs,Cy are the upper and lower

bounds of all the marginal densities fo (o), then forall J=1,..,N+1,a=1,2
CfH < Cla < CfH. (3.6.13)
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Then forala =1,2,J =1,...,,N, ”b‘],a”g « H, or specifically
2
cf (1+ Cf/Cf) H< "bJ,a"2 <Cy (1 + Cf/Cf) H. (3.6.14)
The absolute expected value of 5 (X;,z;) is

|EEy (X1, z1)| = |E {Kh (X — z1) By2 (Xi2) }|

< //Kh (u1 — z1) | By2 (u2)| f (u1,u2) durdug
= //K I Ii]: (u Ir)l (hvy + z1,u2) dvydug
2

||sz|| K (v1)§ 1412 (u2) + 213 1/211,2(112)
cJ2

X f (hvy + z1,u9) dvydug

1

("’Uﬂ”z)—l {//K(UI)IJ+I,2 (u2) f (hvy + 21, ug) duydug
+ (EJ+_1,2)1/2//K("1)IJ,2 (ug) f (hvy +1'1,u2)dv1du2}.

€J2
The boundedness of the joint density f and the Lipschitz continuity of the kernel

K will then imply that

sup  sup //K (v1) 172 (u2) f (hvy + 71, ug) duydug < CkCyH,
z1€[0,1]1SJSN

the proof of the lemma is then completed. O

Lemma 3.6.4. Denote by Dy, a set of endpoints in [0, 1], with cardinality My, = |Dy|

of order nS, i.e. there exist constants 0 < cp < Cp such that cpn® < My, < Cpn,

op( k;gh"). (3.6.15)

then under Assumptions (AS3) to (AS6)

n
sup sup (a7 (&5 (X),71) - B¢y (Xp,m1)}| =
z1€Dn1<J<N| (o
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PROOF. For simplicity, denote £} (Xy, z1) = £ (X, z1) — E{j (X, 21) . First we will
compute the moments of the theoretical centered random variable £ (X, z;) for later
use in Bernstein’s inequality

E{&5(X;,21)}° = E€} (X1, 71) - {E€; (Xp,21))2,

in which the first term

E€% (Xy,z1) = E {Kp (X1 — 71) Bya (Xi2)}>

_K2 CJ+1,2
= // 5 (v1) {IJ+1,2 (ug) + 221, (uz)}f(hvl + 71, ug) dv dug,
h "bJ,2"2 cJ2 _

so there exist constants ¢,C’ > 0, such that h~1 < E{?I (Xp,71) < C'h~!. Then

E‘{?, (X;,z1) > {E¢y (Xl,:z:l)}2 where ap, > by means limp—00 b /an = 0. Hence
E{&5 (Xp,1)}” = E€ (X,21) - (B&; (Xpyz1)) 2 e*h7,

for positive constant c* < .

When k > 3, the k-th moment E |£; (Xl,xl)lk is

- k
{"bJ,2”2} k//Kflf (w1 —Il){IJ+1,2 (ug) + (Cij}:) Ijg (uz)}f(“l,u2) duydug,

b

and it can be bounded as follows

k k
AR-R gk L1 (2L} 4 < Ble; (X, 20)F < CLAA-R gA-k/2) 11 4 AN
Cr cf

Lemma 3.6.3 implies |E¢;(X;,z1)|f < CH*?, then E|¢;(Xpz)lf >

|E€y (Xl,xl)|k. E l{_‘, (Xl,:cl)lk can be expressed as

Bl (X1, m1) - BEy (Xp,a)lF < 271 (B ley (X, o)l + |1BES (X))

o\ * c.\1¢2
Clzk—-lh(l—k)H(l-k/2) (c_f) k! = Cl {2h—1H"1/2 (_.!_)} k! (h"l)
f

IA

C

f
“1ere (k-2) .

{ngh 1y ‘/2} KIE €5 (X;,21)[2,

IA
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then there exists such a constant ¢ = Co2h~1H =1/2 sych that
k - 2
Eley Xy, m)|* < F2RE €5 (X, 71)|°,

that means the sequence of random variables {E} (xl»l’l)}?:l satisfies the Cramér’s

condition, hence by the Bernstein’s inequality we have
n”! Zs, (Xp,21)

logn —52logn
>0 <2 )
{ =1 (nh) } =P {c* +2C30 H-1/2, flog n] (nh)

there  exists large enough  value ¢ > 0 such  that
< 2 Z NM,n 1 < 2cp Z n73 < 0.

-62/ {c‘ +2C26H™Y/2, flogn/ (nh)} < —10, then
logn
(nh)
n=1 n=1

ZP{ sup sup
Borel-Cantelli Lemma implies (3.6.15). a

n 1261 (Xi,z1)| 2

=1

n=1 .‘L‘lGDn 1<J<N

Lemma 3.6.5. Under Assumptions (AS3) to (AS6)

-1 261 (X1, 21)

sup  sup
z1€[0,1] l<J<N

= 0, (H'?).

PROOF. Denote for z € [0,1], A (z) = supj<j<nN |-n‘ Y1 és (Xl,x)l. If we choose
the subset Dy, as in Lemma 3.6.4 to consist of equally spaced endpoints in [0,1],

specifically
Dp={21 4,0 <k<Mp;0=z19<z1 <...<Ty M, =1},

then the consecutive endpoints make a total of M;, subintervals with length M, 1

Employing the discretization method, we have

sup |A(z1)|= sup |A (xl,k)| + sup sup |A(:z:1) -A (xl,k)l .
z1€[0,1] 0<k<Mn lsksanle[”l,k—l'zl,k

(3.6.16)
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We only need to bound the second term, as Lemmas 3.6.3 and 3.6.4, and the fact

HY2 > Vv 1ogn/ (nh) yield

n“zn:gj (X;,71)| = 0p (H‘/2). (3.6.17)

I=1

sup |A (xl,k)l = sup sup
0<k<Mpn :‘BlGDn 1<JLN

Employing Lipschitz continuity of kernel K, one has

sup sup |Kn (X1 — 1) — Kp (Xi1 — 14)]
1sk<Mn xIE[‘”l,k—l"‘l,k
Xn-z7 Xn-—-=z
<  sup sup Ck “h2 12 ) l’kl < CxM;7 h($6.18)
Hence we have
sup sup |A (z1) - A (xl,k)l
1sk<Mn :'-'le[”l,k—-lv""l,k
n n
< sup sup sup 7)€y (Xpx) - a6y (Xp 3y )
IS’CSMn zle[zl'k_l,zl,k] ISJSN =1 =1
< sup sup |Kh (X1 — 1) = Kp (X — z14)|
1<k<Mn zle["’l,k—lvzl,k

n
-1 B x
* lg.llug)zvn gl 72 (X12)|

1 _ —1p-27-1/2) _ -1
< CK_Mnh2 x2s€u[g’lllss‘1’11<_)N|BJ,2(x2)|—O(Mn h™“H ) o(n ),

since ch6 < M, < C'[)n6 in Lemma 3.6.4. The lemma follows instantly from

(3.6.16), (3.6.17) and the above result. O

Lemma 3.6.6. Under Assumptions (AS3) and (AS6), there exist constants Cy >

co > 0 such that
2
co|af+> a%.] <|lao+d asaBial <Colad+> al,|, (3619)
J)a J,a 2 J,a
T
for any a = (ag,a1,1, -y @GN 1,81,2, ...,aN’2) € RN+
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PROOF. According to Lemma 1 in Stone (1985), there exists a constant cg > 0 such

that
2 N 2 N 2
2
a0+ ) 65aBiall 2co|ad+|D asnBuf + > es2Byaf |,
J,C! 2 J=1 2 J=1 2

If it can be proved that there exist constants C(', > 4) > 0 such that for a = 1,2
2

N N N
q’) Z 03,0 < Z aJ,aBJ,a < C(,) Z 03’0, (3.6.20)
J=1 =1 9 J=

then (3.6.19) follows. To prove (3.6.20), the original B-Spline basis is employed.
Without loss of generality we only provide the proof for @ = 1. We pick the constant

basis {1 (:1:1)}1},:11 and represent the term Z.ILI aj1Bj1 (z1) as follows

N+1
ZGJIBJI (€1) = ) dyilzy (z1). (3.6.21)
J=1 J=1

Theorem 5.4.2 in Devore & Lorentz (1993) says that there is an equivalent relationship
between the Ly (p > 0) norm of a B-spline function and the sequence of B-spline

coefficients. To be specific, in our case
2 2

N+1 N+1 N+1
Y odplnl| = / Y dyulyy(z) g dzy =) d% H.
J=1 Lo J=1 J=1
As in Assumption (AS3) the joint density bounded between c; and Cy, we have
N+1 2 N+1 2 N+1 2
D dndpll <D0 duadua|l <SCpll Y- dualin
J=1 Ly J=1 2 J=1 Lo

The equality (3.6.21) and (3.6.14) leads to

1%1 2 Z CJ+1,1 2
&, - {( 1) +1}
=1 ||le||2 €1

N+1 N
= cha_“H < Zd <CdZa.2,,1H_l,
J=1
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for positive constants ¢y and Cy. Therefore,

2 2

N N N+1 N
cfed Z 03,1 <UDCesmBaa| =D dsalua|| <CsCy > dd,
J=1 J=1 Pt 2 J=1
i.e. (3.6.20) holds given cj = cfcq, Cy = CfCy. 0O

Lemma 3.6.7. Under Assumptions (AS1) to (AS6), the least square solution a de-

fined in (8.8.9) satisfies

N 2 N

ala=aj+y Y a3, =0p (—) : (3.6.22)
J=1a=1 n
-1
PROOF. According to (3.3.9), & = (BTB) BTE, then
-1
aTBTBa = (5TBTB) (BTB) BTE = a7 (BTE) .

Replacing BTB with matrix of the inner products <B Jo Bt a/>2 , as the matrix
» N

B is given in (3.3.10), one has

1
IBa|3,, = &7 < 5 B > a=al (n‘lBTE) . (3.6.23)
Jya’ J’,a’ 2n

Based on (3.6.19), the left hand side of (3.6.23) is bounded below by
2

(1- An) IBa||3 = (1 - An) [|lao + Y dsaByga

Ja

> co (1 - An) (a%+263,a :

Ja
(3.6.24)

2

where Ay, is of order op (1) in Lemma 3.6.8. While the last step in (3.6.24) is obtained
from (3.6.19). Meanwhile by the Cauchy-Schwartz inequality and the expression of a

in (3.3.11), the right hand side of (3.6.23) is bounded from above by

1/2 n 2 n 2
(6(2) + Z&ia) [{n_l Za (X3) Ei} + Z {n.—1 ZBJ,G (Xia) o (X5) si} ]
Ja i=1 Ja

i=1
(3.6.25)

1/2
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Now (3.6.23), (3.6.24) and (3.6.25) will lead implies that a3 + Y 4 a5, is less
than
n 2
g2 (1— An)~> [{n“l 2.0 (x,-)s,} 2 { - 2 Bja (Xia) o (X )e,} ] :
i=1 i=1
Note next that it is trivial to verify that
n 2 n 2
E [{n_l Za‘ (X,’)Ei} + Z {n—l Z Bja (Xia) o (X;) E,‘} ] =0 (n—lN) .
i=1 Ja i=1

Therefore (3.6.22) holds. O

Lemma 3.6.8. Under Assumptions (AS3) and (AS4), the uniform supremum of the

rescaled difference between (g1, g2)9 , and (91,92)9 s

Ap = sup

|(91,92)2,n - (91,92)2| ( logn
= Op

2E2) =0p(1). (3626
llgrllz llg2lle nH) p(1).  (3.6.26)

PROOF. Let

91(X1,X2) = ag+ ), Z ajaBja(Xa),
J=1a=1
N 2

92(X1,X2) = ag+ E Z a'Jf,a/BJ',o/ (X))
J'=1d/=1

in which for any J,J' = 1,...,N,a,a' = 1,2, ajqo and af,,a, are real constants.
The difference between the empirical and theoretical inner products of g; and g9
is

(91,92)2,n—(91,92)2| = |<a0+zZaJaBJmao+ > ZGJ/QIBJ'a'>

J=la=1 J'=1d/=1 2,n

<G,O+ZZGJQBJ&,GO+ Z Z aJ,a,B_,Ia/>

J=la=1 J'=1d=1
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< 2o 0saBuadan| +| 2 (a0 By, |

Ja J o

+ Y agal Ia,f],’ a,||<BJ,a,B J’,°'>2,n" <BJ,O,,B J,’a,>2|.(3.6.27)

JJ a0

The equivalence of norms given in equation (3.6.19) leads to

Y (abasaBradyy| < Ani - lao] - (D asaBia

Ja Ja 2
1/2
1/2 -
< CoAr, 1 |ag| / > a5, < CapAnallarllz llg2llz
Ja
where
Apy = sup |(1’ Bja)yn— (L, BJ,a)2| = sup |(l, BJ,a>21n| : (3.6.28)
a e 4

Similarly it holds for the second term in (3.6.27) that

> (000 Byrer), | < Chrdnslaillz sl
Ja ’

It is easy to show by Bernstein’s inequality that

=0, (W) . (3.6.29)

The third term in (3.6.27) will be in probability less than

Ap 1 =sup

)

n
n 1Y " Bja (Xia)
=1

E Iar;,al Iaf,,,a,l ‘(Bj’a, B",’a,>2,n - (BJ,Q,BJI’C/>2|

JJ a,
1/2 1/2
/
S X lasal [a | Ana < Capais {Zaia PILEW
J,J’,a,a’ J,Q J’,O’I

< Caz24nallgillz llgzlly s

where

*
Ano= sup

JJ! o <BJ’a’ BJ"Q’>2,n - (B‘]'a’ BJ’,a’>2| .
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Now since

(91,92)2,0 = (91,9212 < {(Ca1 + Cay) Any + Caz iz} lanllz lgalla,

if we can show that

Ana=0p (\/log n/ (nH)) , (3.6.30)
plus the fact that y/logn/(nH) > \/logn/n, based on the selection of H~! ~
n?/%logn, then there exists a constant C 4>0

|(91,92)2,n - (91,92)2|
lgrli2 llg2ll

< (CA,I + qu,l) An1+CppAng < Calp,,

the order Op ( \/W) of A will be established as in the statement (3.6.26).

The proof of (3.6.30) will be provided case by case with vari-
ous a,a’,J and J/, via Bernstein’s inequality. For brevity, we set
= 1! [Bra(Xia) By (Xier) = E{Bia(Xia) Byt (Xiw) }|,  then
A} 5 =supicycNa=12 211 7l

We will consider @ = o/ =1 in the CASE 1.1 to CASE 1.3.

CASE 1.1 when |J — J'l > 1. The definition of B in (3.3.3) will guarantee that
in probability By, (Xi1) By y (Xi) = 0if [J - J|>1

CASE 1.2 when J = J'. The variable 1; and its second moment can be simplified

as follows
-1 p2 2 _ 1 2 2_ 1 4
mi=n"'{BYy (Xa) -1}, Bnf = B {B}, (Xa) -1} = — {EBY, (xa) -1},

in which EB.‘}’1 (Xi1) = ”bu”;“ (CJ+1,1 + c?l+l,l/03,1) . The selection of H will

make E’B“’,,l (X;1) the major term of {EB“},l (Xi1) - l}, then there exist constants
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cn,2 and C:,,z > 0 such that
cpan H™' < En? < Cpon 2HL.

In terms of the Minkowski’s inequality, the k-th absolute moment has the following

upper bound
k
Elnl* = n*B|B3, (Xa) - 1| <n k2t {EBY (Xa) +1}.

-2k k— .
where EB?,f‘1 (Xi1) = ”bJ’1”2 (c_]+1,1 -*—c%kﬂ,l/c.z,,1 l) . Hence there exist con-

stants cga and Cpa such that
ckaH'™F < EBY (Xu) < CppH' ¥,

then the term EB?,kl (Xj1) will be the dominant one compared with 1. Hence there

exists a constant Cy o > 0 such that
E|nilF < Ckpnkob-1H1-F,
Next step is to verify the Cramér’s condition
Epmlf < Ckgnkok-1pi=k _ gk n-(k=2)gk-1f~(k-2)-2 -1

2
2C;2 (2Cn,2

(k-2) k-2
n2 7?) oan "0t < (O} R,

in which Cy , = (2Cy2n~'H~1) max (1, 20;‘;,20;,5) . For a large value § > 0, we have
n

p { > o
=1

< 20|

26\/logn/(nH)} S2exp[ —42logn/ (nH) ]

437 En? +2C; 56+/logn/ (nH)

—62logn/ (nH) ]

4n{Ch yn=2H-1} +2C; 16+/logn] (nH)
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If the large enough value ¢ is taken such that —§2/ {40,'],2 + 20,;’26 Viegn/ (nH )} <

> \/l°g"} <2ZNn'3 <2Zn"2

n=1

-3, then

Z P{ sup
=l 1<JLN

Applying Borel -Cantelli lemma, when J = J/,a = o/ = 1 we have

Zm

CASE 1.3 when |J -J I = 1. Without loss of generality we only prove the case

Zm

=1

A} 5= sup
™ 1<J<SN

0, (ViogaT ).

that J/=J+ 1. Nowm; =n lB“ (Xi1) By4+1,1 (Xi1) has the second moment

_ 2
En} =n~? [333,1 (Xi1) By 41,1 (Xi1) = {EBJ; (Xi1) Byy1,1 (Xia) } ]

where
{EBj) (Xi1) By11 (Xa)}?
- _ C
= osallz?oosaaly? | [ {Trna @) - 22405, )}
2
X {IJ+2,1 (z1) — cjiﬂful 1 (Il)}fl (xl)dzl]
2
B -2 —2 [ cJ+21
= |losall; ||bJ+l,l”2 { CJ+1’1/IJ+1,1($1)J‘1 (-’L‘l)dxl}
-2 -2
= Gy lbsally " Nosrally
and

EB%, (Xi1) B3,y 1 (Xa1)

2
losalz? Bornalls® [ {frens e - 2221 o)}

2
CJ+2,1
{0 - 10 @)} i) i

’
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Il

_ _ c 2
16115 2 61,1l 2 { ( J+2'l) /IJ+1,1 (z1) A (zl)dzl}

CJ+1,1

(03+2,1 lesallz? 1bss11ll5 2) /er41,1-

Il

According to (3.6.13), c;H < cj41,) < CfH, so E‘n,-2 will be with the same order as
the major term "—2E33,1 (Xi1) B?, +1,1 (Xi1), i.e. there exist constants cy 3, 0:1,3 >0
such that

c,,,;;n_zH_1 < E17,-2 < C:,,3n_2H_l.

The k-th moment is given by

_ k
Eln* = n*E|Bj; (Xa) By (Xi1) — EByy (Xi1) Bys1,1 (Xa1)|

IA

n~kgk-1 [E' |By1 (Xi1) Brar (Xa)|* + |EByy (Xi1) Brana (Xu)lk] ,
where
k_ k -k -k
|EB1 (Xi1) Brerg (Xa)|” = Gyan [lbaally” Nosennlly” ~1
BBy (Xi1) By X)) = (K bually* orsnally*) /ek74 ~ H1E.
Hence there exists a constant Cy 3 > 0 such that
E|ml* < Ckgn=kok-1g1-k,

Similar as in Case 1.2, the conclusion follows by using Bernstein’s inequality

n

> om

i=1

Ano= sup
! 1<J<N

- 0, (VIsgaT ).

CASE 2 when o = o/ = 2, all the above discussion applies without extra modifi-
cations.

CASE 3 when a # o'. Without of loss generality, suppose a = 1,a’ = 2.
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First we still need to calculate the order of second moment En?,

En? =n"2 [E' {31,1 (Xi1) By o (Xi2)}2 - {EBJ,I (Xi1) By g (X"z)}z] '

The boundedness of the density function f(z1,z2) implies the order O (H) of the

absolute mean

|EBJ,1 (Xi1) By o (Xiz)l < Elny
losall;” "bJ’,2”;l//|bJ,l (zi1) by g (xiz)lf(xl,l‘z)dxldzz
Cj{"b.l,lllz_l/lb.l,l (mn)ldxl} {"bjl,g";l/Ibe,g (Ii2)|d$2}'

or {1+ L} (ol ) {1+ 222 oy 21} < o

for some constant Cg ; > 0, where the last step is derived from the equations (3.6.13)

INA

INA

IA

k
and (3.6.14). As a consequence, IE {BJ’I (Xi1) By, (ng)}l < Cg,lHk' Meanwhile
the uniform order of the mean square O (1) will be obtained by Assumption (AS3),

and (3.6.13) and (3.6.14),

2
E {BJ,I (Xi1) By o (Xi2)}
_ -2
lesallz? [emal,” [ [ @b, i) £ o120 dorcos

- -2
of {lle,l I [ ¢, (zil)dxl} {||by,2||2 [#, (x,-z)dzz}

= o {1+ /B bl B} {1+ 300/ ) {"b . 2"2-2, H} > cpa.

v

Hence there exist constants cy, C’:, > 0 such that

e < B} < Cpn2,
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First we still need to calculate the order of second moment Eniz,

Ep? =n"? [E' {BJ,1 (Xi1) By o (Xi2)}2 - {EBJ,I (Xi1) Byt o (X"z)}z] '

The boundedness of the density function f(z;,z3) implies the order O (H) of the

absolute mean

IEBJ,I (Xi1) By 5 (Xi2)| < E|nil

< “bJ,luz_l||bJ’,2";l//|bJ,l (Zi1) by 5 (zi2)| f (21, 72) dz1dz2
< Cf{"bj,lnz—ljlb.l,l (-’Bz'l)ldzl} {IIbJ/,2||_1/|b11’2 (x,-g)ldxz},
<

Cy {1 ¢ } {"bllnz H} {1 + CJ;H 2} {"b-f"l"-1 } < C,4,

for some constant Cg 1 > 0, where the last step is derived from the equations (3.6.13)
k

and (3.6.14). As a consequence, IE {B_],l (Xi1) By, (X,-g)}l < CE’IH". Meanwhile

the uniform order of the mean square O (1) will be obtained by Assumption (AS3),

and (3.6.13) and (3.6.14),

E {BJI (Xi1) By 4 (Xi2)}2

||le||22"”1'2" //bil (zil)b?,/,z (zi2) f (z1,22) dz1d72

cf {"b.l,l"'; _/b3,1 (:z:il)d:vl} {"bﬂ,2||2-2/b.2ﬂ,2 (zi2) d:cz}

o {1+ Burn/Ba  {leaall;? B} {1+ 2y /%) { e J,,2||;2.H} > cpa.

v

Hence there exist constants cp, Cy, > 0 such that

ein~? < Enf < Cyn™?
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For any k > 2, the k-th moment of |r;| is given by

k
Elnl* = n7*E|Byy (Xa) By (Xi2) - EByy (Xat) Byry (Xao)

IA

k k
n~kok-1 [E |BJ,1 (Xi1) By o (Xi2)| + IEBJ,I (Xi1) BJ’,2‘(X1'2)| ]
where there exists a constant C g >0 such that

E IBJ,I (Xi1) By o (Xiz)lk
losally* ||bJ’,2"; ‘ / / |b'5,1 (i) B ($i2)|f (z1,%2) dz1dzy

Cy {”b.l,l"; ¢ _/ |61 (xn)lkd:vl} {"b,ﬂ,zll; * / lbﬂ,z (-'t%'z)llc dxz}
& _
Cy {1 + Cljcglll } {1 + i,;;z } {|II>J,1||2—lc "bJ’,2"2 k} H

4 y

-
o {1 + c’jc:"‘ } {1 + %‘-’—2} {ef (1 +cs/Cp)} * HE* < Ok 2%,
J,1

J' 2

IA

IA

IA

IA

b

Thus there is a constant Cy > 0 such that

Elfh'lk < n—kzk—-l [CZ’H2—/€ + CE,IH’C] < (C,,)kn_k2k_lH2_k

k-2
2C2 k-2 2 2C2
—1 (20,,n-1H-1) eqn 2 < 2% max [ 21,1 K En?.
cn Cn

IA

Employing the Bernstein’s inequality and the fact that En? ~n~2, for any
1<J,JJ<N,a#d,

" Bja (Xia) BJ',o/ (Xia’) -F {BJ,a (Xia) BJ,’a’ (Xia’)}

sup Z -

1I<JSN =1

n

=Op( logn

Hence for any 1 < J,J' < N, a,a’ = 1,2, the proof of (3.6.30) is completed. O
-1
The next lemma on the positive definiteness of matrix (n"lBTB) is a sufficient

step to achieve Lemma 3.6.10.
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Lemma 3.6.9. Under Assumptions (AS3) and (AS4), for the matriz S =

dN+1 1oTa) ! ) .
(sjj’)~ 1oy = (n" B B) , there exist constants Cg > cg > 0 such that with
)=

probability approaching to 1, one has
cshny1 <871 < Cshy g (3.6.31)

T € R2N+1

PROOF. Take a real vector ¢ = (g, 41,1, .-, UN,1,¥1,2, ---s UN,2) , one has

2 10
T T o-1
=g s=¢"S ", 3.6.32
2n ( 0 <BJ’a, BJ’,C:I>2 n ) ( )

where we denote B, = {1,By,1 (X1),..., BN 2 (Xz)}T. Meanwhile, the definition of

||§TB>¢

Ay, in (3.6.26) entails in particular that
2 2
T
B -
"c *ll2 o (1= 4n),

2
aranz s = s

while (3.6.19) means that there exist constants Cg > c¢g > 0 such that

2
2cs (u(‘o’) + ZU?,’O) )

2
0 = u(2)+
2 J,a

Cg (ug + ZU?I,G) 2> ”CTBt
Ja

hence

Z UJa BJ,a (Ta)
J

x

Cs (u?, + Zu‘i&) (1+ 4n) 2 7B,

J,a

2
. >cg (u% + Zuia) (1-A4p).
m Ja

(3.6.33)
Putting together (3.6.32), (3.6.33), one concludes that with probability approach-
ing 1

CSCTC = CS (U(Z) + ZU?]‘Q) Z CTS"‘IC Z cs (u% + Zu?,,a) = CScTC’

Ja Ja

which gives (3.6.31). O
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Lemma 3.6.10. Under Assumptions (AS1) to (AS6), for any x1 € [0,1] and I; (z1)

defined in (3.6.2), one has

o E { 2 (xl)l )'(} =0p (n“‘) . (3.6.34)

-1
PROOF. It is known that a = (BTB) BTE, then the conditional mean square of

& (Xin) given X is E [ {53 (X12)}*| X]

= E ({5TP°N+1JN (e‘TB)T}T {5TP°N+1JN (eg"B)T}'X)

= ¢ BPoy, Iy (BTB)'l BT .E (E : ET| 5() ‘B (137'13)'l

Based on Assumption (AS2), we have E{ (E-ET)IXh...,Xn} < 031,, in the
matrix sense, then applying these two matrices to a quadratic form with vector

{B (BTB)'l Po, +1,1NBTe,/}, one has E [{e"; (x,;,)}2| )'(]

2 [(T ron-1 rnT

< - {(78) Popsai} (578) " {Fou,uay (475)’}
/
= n—lcg : {ON+1) Bl,2 (Xl2) ooy BN,2 (Xl2)} S {0N+1, Bl’2 (Xl’2) veny BN’z (Xl,2)}

-1,2
= n G- Z BJ,Z(Xl2)sJ+N+I,J’+N+lBJ’,2(Xl'z)’
1<JJ/<N

where the SJ+N+1,J’+N+1’S are elements of S in Lemma 3.6.9. Plugging in the
above term, and employing (3.6.4), the term E { I f (:cl)l 5(}

cz &
3 Y Ky (Xy - z1) Ky (Xyy — 1)
=1

Y Bra(Xi)synirren1Brg (Xirg)
1<T <N

2
c? 1y
£y D SINaLIEN#L D {" "2 Kn(Xu—=z1) By (Xzz)}

1<J,JI<N 1<J<N =1

<

IN

IN

c2 n ?
7;103 > {n'IZKh(Xu—xx)BJ,z(Xzz)} )

1<JEN I=1
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where Cg is the same as in (3.6.31). Now using Lemma 3.6.5, one has with probability

approaching to 1

2
E{I? %V <% =S
Ils.;[g’l] { 1(I1)| }S - Sl<£J2N -

which implies (3.6.34). ]

)

Lemma 3.6.11. Under Assumptions (AS1) to (AS6), for Iy(zy) as defined in

(8.6.2), one has

sup |I2(z1)| = sup
z1€(0,1] z1€[0,1]

n lth(Xu - 11) 1252 (Xi2)| =

=1 i=1

o (1)

PROOF. Based on (3.3.12), n~1 0 —1£3 (Xi2) can be expressed as

n N n
n1 Z {Z &J,2BJ,2 (XiZ)} = Z aj2 {n_l Z BJ,2 (X,'2)} .
i=1 (J=1

J=1 i=1

Lemma 3.6.7 helps to get

N N \ 1/2 Y .
Jzﬂzu,z s{N-Jzzlam} g{N.aa} :op(Nn—/),

Now it is clear from (3.6.28) and (3.6.29) that

n
n"1Y " Bja (Xin)
i=1

<AL, =0p (\/n‘l logn) ,

sup
1<J<N
hence
" n . N ) " n N
n"1Y & (Xig) <) aya|- sup [n71D " Bya(Xig)| = 0p ( =V/logn ).
i=1 J=1 ISISN| 35 "
(3.6.35)

By Assumption (AS4) on the kernel function K, standard theory on kernel density
estimation entails that SUPz, [0,1) |n‘l S Kn (X - xl)l = Op(1). Thus with

(3.6.35) the lemma follows immediately. (]
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Lemma 3.6.12. Under Assumptions (AS1) to (AS6) and (AS2’), and with I} (1)

defined in (3.6.2), one has

n
sup |fi (@)= sup [n"'D Ky (Xu — 1) (Xin)| = Op (Viogn/n).
z1€[0,1] z1€[0,1] =1
(3.6.36)

PROOF. The discretization idea will be employed again in this lemma, by dividing
the interval [0, 1] into My, equally spaced intervals with disjoint endpoints 0 = z10 <
r1) < ... <1 M, = 1. As in (3.6.16), we start with

sup |} (1)l = sup |I1(z14)|+ sup sup |11 (z1) = It (z14)] -

116[0,1] OSkSM l<k<Mn Ile[zl,k—l'zl,k

(3.6.37)
Note that for any z; € [0, 1], (3.3.12) and (3.6.2) imply that
N -1
& (Xig) = ) ajaBy2 (Xi2) = (ezTB) Poni1dN (BTB) BTE.
J=1
n

Iy (z1) = Z (X1 — 1) & (Xi2)

= n-l Z Ky, (X — 1) (e,TB) Poy, Iy (BTB)_l BTE.
=1

Since I (1) is a linear combination of the noise terms in E, its conditional distribu-

tion given X is normal with mean 0, under Assumption (AS2’). Let

~1/2
I (z1 1),

R ()-(,xl,k) = (var{Il (:rl,k)| )-(})

then the conditional distribution of R (i,ﬂ?l,k) given X is standard normal. In what
follows, we use the well-known tail property of the normal distribution, i.e. 1-® (z) <

¢ (z) /z, for £ > 0, hence there exists some ¢ > 0, such that 1 — & (z) < c¢ (z) for
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large z, where ® (z) and ¢ () are the cumulative distribution function and the density
function of the standard normal. Take t,, = +/16logn, then there exists a constant ¢

such that for large enough n

2": P{ sup IR (X’xl,k)l > tn

0<k<Mnp

n
=3P swp 1Zlzh
0<k<Mpn

n=1

n 2 n
74
< E M, - P{IZ[>tn}<cE My, - exp{—7}<c Mpn~8 < oo,

n=1 n=1

where Z ~ N (0,1). Consequently for a large value § > 0, we have

Sor{ o [R(%es)| > ovimea} <oo

=1 losksMp

the Borel-Cantelli Lemma will then imply that SuPosksMan(ivzl,k)l =

Op (VTogn) . The conditional variance of Ij (] ) given X is defined as follows:

var { I (z1)] x} - E [{11 (z14) - ELy (Il,k)}2| x] .y {112 (zl’k)IX} .

Now Lemma 3.6.10 implies that supg<x< p,, var { I (z14)| )-(} = Op (n~1). Hence

sup IIl(xl,k)‘S sup |R(X,x1,k)| sup \/va.r{Il (Il,k)l(i}-%)

0<k<Mp 0<k<Mn 0<k<Mn

=0, ( l°g"> : (3.6.39)

Next, with (3.3.12) and (3.6.18), we note that

sup sup III (z1) - I (Il,k)l
lsksanle[‘tl,k—l’zl,k
n
=  sup sup n-lZ{Kh (X — 1) — K (Xn -Tl,k)} &3 (Xi2)
1<ksMnziefoypormp] | 121 |
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< sup sup |Kn (X1 — 1) — Kn (X — 71 )|
1sk<Mn -""le[”l,k—lv’-'l,k
N

x sup |y dj2Bys(Xi)

N N 1/2
<CM W 2HY2Y " |a | < OM R2H1/2N2 (Z 53,2) ,
J=1

J=1

which, when combined with (3.6.22), leads to

sup sup |11 (z1) = 11 (z1,1)]
ISkSMn zle [zl,k—l ,ZI’k

= Op (Mn_lh_2N . Nl/zn"lﬂ) =o0p (n'l) .

due to the choice of ch6 <M,< CDn6 in Lemma 3.6.4.

Now (3.6.37), (3.6.39) and (3.6.41) establish the lemma.
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CHAPTER 4

Application to Seasonality Analysis

4.1 Introduction

Many studies demonstrate the influence of land use and land cover change on lo-
cal and regional climate. The Climate and Land use Interaction Projeét, or CLIP
(http://clip.msu.edu) attempts to understand the nature and magnitude of the inter-
actions of climate and land use/cover change across East Africa.

Phenological information reflecting the seasonal variability of vegetation is an
important input variable in regional climate models such as Regional Atmosphere
Simulation System (RAMS). It varies not only among different vegetation types but
also with geographic locations (latitude and longitude).

Many climate models use simple functions for vegetation parameters since, to first
order, the planet is warmer and wetter as you approach the equator. However, east
Africa is unique in having semiarid grasslands along the equator, and drastically dif-

ferent surface conditions govern the radiationbudget in this region. Climate models
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are dependent on an accurate representation of the surface radiation budget to repli-
cate atmospheric development. Thus, modeling climate for a unique area like east
Africa requires a different treatment of vegetation characteristics.

RAMS version 4.4 (Cotton et al. 2003), a state-of-the-art three dimensional at-
mospheric model, includes a representation of vegetation called the Land-Ecosystem-
Atmosphere Feedback, version 2 (LEAF-2) (Walko et al. 2000). For a given land
cover class, LEAF-2 provides functions for severalvegetation characteristics including
LAI, fractional cover, roughness length, and displacement height. Although these
characteristics are interrelated, we will consider only LAI here.

Remote sensing parameterization for land surface schemes in climate models is
focusing on the transformation of categorical LULC information into quantitative
land surface biophysical parameters (Pitman 2003). The parameters that will result
from this analysis, and that will be inputs to the regional climate model, include
surface albedo, fractional vegetative cover, leaf area index (both senescence and green)
and above ground biomass. In this paper we will investigate the variation of LAI
temporally and spatially for each land type.

The phenological discrepancy between the RAMS model and the remote sensing
measurement given in Section 2 will show that the pre-assumed relationship is sig-
nificantly different from the colleted information from MODIS (Moderate Resolution
Imaging Spectroradiometer).

Based on the observations of LAI of MODIS data, the polynomial spline regression
is employed to fit the function of each land type in East Africa. The fitted curve is

a piecewise polynomial joined at knots, which are the equally-spaced time points of
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one whole year. The estimated curve is derived from the least square procedure. In
this paper, the linear spline is used for simple implementation and reliable theoretical
property. The corresponding statistical theory were provided in Huang (2003) and
Wang and Yang (2005).

There are two great advantages of spline regression. It is non-parametric, i.e. the
estimation only depends on the available data without assuming any specific form
of the model. Second, it has a specific expression for the estimated function. Other
nonparametric regression methods such as kernel or local polynomial do not produce
an overall function formula. Hence the spline function is preferred for data-driven
estimation and future prediction.

We will develop the function first temporally and then further investigate the
spatial influence. In other words, the estimate function of LAI will rely on the time
and the spatial index (latitude and longitude). Compared with the simulgtion result
derived from RAMS, the estimates at the observations will play the role of ” observa-
tion”.

The research objective of this study was to derive spatially explicit phenologies
for all LULC types in East Africa for improved parameterization of regional climate
methods (such as RAMS). By addressing this objective, the following two questions
must be addressed:

What are the differences in LAI between the observations from MODIS censor
and the simulated values from RAMS?

Are there any significant differences among the land types and do they if any vary

with geographic locations?
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4.2 Method

4.2.1 Study Area and Data Description

East Africa is a region that is undergoing rapid land use change and where changes
in climate would have serious consequences for people’s livelihoods and requiring new
coping and land use strategies.

Consequently, uncertainty in climate modeling is expected to be high, partly due
to uncertainty related to the use of generic land cover parameters including their
phenological functions. The CLIP project also created a new land use land cover
(LULC) classification based on the best available international LULC products for
the East Africa region (cite Ge et al 2005, Torbick et al 2005a). The new LULC
classification (Torbick et al 2005b), labeled " CLIP-cover,” was used as the spatial
land cover layer for which the LAI remote sensing data were extracted by LULC, or
land type.

Two primary data sets are used to develop the phenological curves. The first is a
hybrid LULC classification with 34 land types at 1km spatial resolution for the entire
study region. The hybrid combines the strengths of Global Land Cover for the year
2000 (GLC2000) (Mayaux et al 2004) and Africover (Africover 2002) LULC products.
Assessments determined GLC2000 more accurately classified natural land cover types,
while Africover more accurately classified human-managed landscapes (Torbick et al
2005b). The new hybrid CLIP Cover captures these strengths geospatially for a single
LULC for the study region.

The second is LAI from the MODIS instrument on the Terra satellite platform.
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Briefly, LAI is a description of vegetation structure and the amount of plant canopy
relative to a unit on the surface. In climate models, LAI is used to represent compo-
nents of energy balance equations between the surface and lower atmospheric bound-
aries. The MODIS LAI product used, MOD15A2 v4.0 (Knyazikhin et al. 1999), is
available at 8-day temporal intervals at 1km spatial resolution covering the entire
study region in a 2-dimensional tessellation. The data was obtained through the Na-
tional Aeronautics and Space Administration (NASA) Land Processes Distribution
Active Archive Center.

Data was obtained from February 2000 to December 2003 at 8-day intervals. Data
preprocessing included mosaicing tiles, rescaling data values, quality control for cloud
cover and fill values, and reprojecting data from Integerized Sinusoidal Projection
into Lambert Azimuthal Equal Area. Using the hybrid LULC product, LAI data was
subset into tables by LULC type. Each table contains 8-day LAI from February 2000
- December 2003 by LULC type with geographic coordinates (latitude / longitude)

at each pixel (or LAI value) representing spatial location information.

4.2.2 Polynomial Spline Regression

The imagery data for each land cover type is collected from January 2000 to December
2003, roughly every 8 days for each pixel (solution = 1 kilometer). Some difficulties
that have been encountered were empty cells due to cloud cover, small size of some
land covers.

First calculate the mean for each grid (0.1 degree) at every available Julian day.
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For each specific grid, the LAI of each land cover type can be seen as a series of data
points over explanatory variable time (one year). So we treat each series of LAI at
each grid as a univariate function of time. The linear spline regression was employed
to get the spline estimator of LAI, which is shown in Figures 4.11 and 4.12 .

In order to capture the spatial feature of each land cover type, we combine all
the regression coefficient of linear splines. Then for each coefficient we perform the
polynomial regression on the spatial index, latitude and longitude. The corresponding
outcomes are listed in Tables 4.5 - 4.8.

The dependence of LAI on time is investigated in the framework of nonparametric
regression. To introduce this concept, let {(T};,Y;)}i=; be identically axid indepen-

dently distributed observations, satisfying
Yi=m(T;) + o (T3)eg,i=1,..,n.

where the errors ¢; have mean zero and variance one. The mean function m (t) and
standard deviation function o (t) are not assumed to be of any specific form but
have to be estimated from the data directly, see Wang and Yang (2005). If the data
actually follows a polynomial regression model, the function m (t) is a polynomial of
t and o (¢) will typically be a constant.

To introduce the concept of spline, one divides the finite interval [a, b] into (N + 1)
subintervals J; = [tj,th) ,j=0,1,..,N—1,Jy = [tn,b]. A sequence of equally-

spaced points {tj} ._ 1, called interior knots, are given as

N
j=1
t0=a<t1<---<tN<b=tN+1,tj=a+jh,j=0,1,...,N+l,

in which h = (b—a) /(N + 1) is the distance between neighboring knots. We ap-
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proximate m (t) by linear spline. These are piecewise linear functions, linear on J;
each and continuous on the entire interval [a, b].

The linear spline estimator of m (t) based on data {(T;, Y;)}i-, is given by

N

m(t) =ao+ Y aj (t—t;), +anst (4.2.1)
i=1

where the coefficient are the solutions of the following least square problem

N

n
{ag, . an41}T = argmin pyi2 Y A Yi—ao— D aj (Ti—t;), — ansrt
i=1 =1

in which (t - tj) 4 = max {O,t - tj} is the so-called ”truncated linear function” with

truncation at knot t;.

4.2.3 Spline Fitting for LAI by LULC Type

At first we resample the LAI pixels within 0.1 latitude degree and 0.1 longitude degree
together as one grid block. In order to get the representative LAI values, the spatially
averaged LAI at each grid is obtained for each available Julian day. The second step
is to get the means of the same Julian days over four years. After the above two-step
averages, LAI means of a whole year at each grid is available.

Based on the LAI means, the equation (4.2.1) is established after one step least
squared procedure for each grid. To avoid the non-continuity difference between the
values of early January and late December, we duplicate the one year data to create
a two-year data, hence [a,b] = [0,730]. For uniformity across various LULC types

and locations, we pick one knot every two months, i.e. N =11

11 .
LAI(t) =ao+ Y a; (t—t;), + duat, t; = 365- %,j =1,..,11 (4.2.2)
i=1
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Let Z =LAlI, x = latitude, y = longitude, ¢ =Julian day. For each LC type we develop
the LAI function as follows,
11
Z(z,y,t) = do (z,9) + »_4; (z,9) - (t — ;) , + a1z (z,9) 1, (4.2.3)
j=1
The coefficients a; (z,y) for j = 0,1,...,12, are estimated based on the MODIS
data at each individual grid. Different LC type will have different coefficients set, see

Tables 4.5 - 4.8.

4.3 Results

4.3.1 Land Cover Phenologies

In order to show the magnitude of the difference driven by the spatial affect, in
particular the latitude, the linear spline curves estimated by formula (4.2.1), the
RAMS simulation curve and the difference curve are provided respectively at equator,
59 north, , and 59 south. Each grid points covered the area of .1 by .1 squared degrees,
the longitudinal of three grici points are chosen to be as close as possible. In Figures
4.11 and 4.12, the green solid line represents the LAI at 5° North, the red dashed line
for the equator, and the blue dotted line for 5° South.

Figures 4.11 and 4.12 illustrates several examples of the seasonal variation in LAI
for common classes in the study area. The lower right graphs are the trigonometric
curve of LAI over time for two land types, open to very open trees, and rainfed
herbaceous crop. Although the length of vertical axis of the RAMS curve is the same

0.2, the start points of the range are different though. While in the figures of the linear
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splines the range of the vertical is 6, from 0 to 6, that is a substantial difference. If the
same scale is chosen as the one for the spline estimates, no distinguishable differences
occur among the RAMS curve at the three selected latitudes. While there is no
longitude effect in RAMS, it plays an unnoticeable role in the system. There is only
one valley for northern latitudes and one peak for south latitudes in RAMS, and the
valley or peak point is in the exact middle of the year. At the equator it is a flat
straight line no matter what land type is represented.

The linear spline estimators have a better fit spatially and temporally compared
with RAMS. The green solid line (52 N) achieves its peak point of LAI around August,
while all the blue dotted lines (5° S) show the largest LAI value in the spring, such
as early March for Rainfed Herbaceous Crop. Not surprising are the fact that the
northern and southern curves are symmetric about the center, June, for each type
because the two locations are symmetric about the equator. For both land types, the
LAI at the equator has greater LAI than those far away from the equator. Especially
for land type rainfed herbaceous crop, the regression line at the equator is far above
both the spline regression lines at 5° N and 5°S latitude. The linear spline estimates
produce two noticeable valleys at the equator. That is a big difference from the
constant LAI value of RAMS. The LAI varies at the equator over time, it is not fixed
given the keep-changing weather condition.

The lower right graphs in Figures 4.11 and 4.12 show that the differences between
the LAI values from RAMS and the linear spline estimates. From the graph, except
there is little overlap between the difference at equator and the "0 line” for land

types, all the remaining distance is very large. The statistical testing of the difference
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is given in next section.

In summary, the observed LAI and resultant splines are distinctly different from
the RAMS/LEAF-2 default parameterization, with the LEAF-2 parameterization
completely failing to capture the seasonality at the equator or in the regions +/-
5 away. The spline parameterizations accurately capture bimodal greening events
at the equator, unimodal features away from the equator, and the very low LAI for

maize regions following harvest.

4.3.2 Sensitivity and Uncertainty

Confidence band of a function estimator is the collection of simultaneous confidence
intervals over the range of data. It can be used to test the hypothesized curve. Linear
spline confidence bands were developed in Chapter 2. Given a small significance
level (less that 0.05), the confidence bands based on the sample information can be
obtained. If the null curve is totally covered by the upper and lower confidence bands,
then its deviation from the true curve is insignificant and will be accepted as a valid
representation of the true curve; otherwise, it should be rejected as the null curve,
since it is significantly different from the data pattern.

In this paper, the hypotheses for a land type are:

Hy :LAI trend curve follows the RAMS Curve Ha :LAI trend curve does not
follow the RAMS Curve.

For the test, the same data from the previous four land types for comparison is

used in Figure 4.13 to 4.16. The upper right corner figures represent the LAI average
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value for each grid block. The three grid blocks are chosen to have almost the same
longitude. The triangle is for LAI at equator, the diamond for North 5 degree, the
cross for the South 5 degree. The blue solid line represents the LAI value of the
RAMS, the green solid line is the linear spline regression line, and the dashed red
lines (upper and lower) are the confidence bands derived from the MODIS data given
the significance level 0.001.

Although tested with a significance level as low as 0.001, the RAMS curves are
above both bands for 5°N and 5% S. At the equator there is some overlap for deciduous
woodland and deciduous shrubland with sparse trees, however it is still far from being
totally covered by the bands. Therefore this test illustrates that the RAMS curves
overestimate the LAI, with the difference being significantly large indicated from the

small p-value< 0.001.

4.3.3 Phenological Functions of Land Cover

To model the LAI spatially, the coefficients in equation (4.2.3) are further approxi-
mated with quadratic functions of x and y. The same four dominant land types are
selected for analysis.

From Section 4.2, a coefficient set with 13 coefficient elements {&j (z,v) }}io is
obtained. Each coefficient element d; (z,y) is related to all grid point. For better re-
gression, the outliers (grid points) are first detected and removed from the coefficients
based on the screening of the kernel density estimators. Then the corresponding part

in the data set will be left out too. The deleted outliers are shown in the following
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table , at most 5.234% out of the whole data will not affect the regression.

Deciduous with Deciduous Open to Very Rainfed
Outliers | Shrubland Trees Woodland Open Trees Herbaceous Crop

Grid (%) | 348 (4.831%) | 344(3.985%) | 269 (5.418%) 324 (5.234%)

Data (%) | 16254 (3.2%) | 16084 (2.672%) | 14334 (3.982%) | 18448 (4.068%)

The polynomial regression is applied to fit the above trimmed coefficients. The

employed function is as follows for
d; (z,y) = co + 17 + caz® + dyy + day® + erzy

By the ordinary least square procedure, the new set of coefficients (co, c1,c2,dy,dg, e)
are obtained for the previous four land cover types and are listed in Tables 4.5 to
Table 4.8.

Employ the table coefficients for &; (z,y) in (4.3.3), and further plug into equation
(4.2.3), the LAI estimates are obtained based on the parametric regression spatially
and spline regression temporally. There is negligible amount of unreasonable esti-

mates

Deciduous with | Deciduous | Open to Very Rainfed
Estimate | Shrubland Trees | Woodland | Open Trees | Herbaceous Cro

Less than 0 |  699(0.142%) | 369 (0.062%) | 122(0.035%) | 110(0.025%)

We replace all the negatives with 0, then the linear correlation coefficients between

the final estimates and the raw LAl is provided in the following table.
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Deciduous with | Deciduous | Open to Very Rainfed
Shrubland Trees | Woodland | Open Trees | Herbaceous Crop

0.62814 0.57409 0.59555 0.53253

4.3.4 Implications

Figures 4.17 shows LAI values at 8 May 2000 for three combinations of land cover
and LAI phenology, along with a MODIS image for comparison. LAI exerts a strong
influence on the radiation budget at the surface, and when incorporated into models it
can improve accuracy, see Lu and Shuttleworth (2002). Figure 4.17 (a) shows grid-cell-
averaged LAI for OGE with LAI values assigned from LEAF-2. Figure 4.17 (b) shows
CLIPCover crosswalked with the same vegetation classes in the LEAF-2 lookup table.
Figure 4.17 (c) shows the LAI distribution using the CLIPCover classes, but with
LAI values assigned based on the MODIS-derived spline functions. Here, time class-
specific curves of LAI (splines) have been estimated for different regions to generate
look-up tables for LAI more appropriate for these regions than LEAF-2. Figure
4.17 (d) shows the raw MODIS LAI for the date selected. Since RAMS treats LAI
slightly differently from MODIS, the example shown here has been corrected for this
discrepancy. The profound difference in LAI from Figure 4.17 (a) to (d) at the Equator
shows that the LEAF-2 function is essentially treating the semidesert of eastern Kenya
as having high LAI with no variation. These successive improvements have helped to
give a more precise surface parameterization while keeping the flexibility needed to

accommodate projected land use change.
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4.4 Conclusions

In general, we found that this approach resulted in a large improvement over the
generic cover parameters in RAMS in the representation of seasonal variability of
LAI This improvement is expected to significantly improve the seasonal precipitation
pattern in RAMS scenarios. For certain land cover, the phenological information
varies spatially. At the same grid point the phenologies changes for different land
covers.

Sensitivity needs to quantify spatially and by type. For better estimation and
prediction, the time dependence and the spatial correlation should be considered.
There are more influence affects like the elevation and the topology distance to other

geographic features such as Ocean, lakes, Mountain and human settlement etc.

113



Tables

114



noise level | sample size n | confidence | estimated bands | oracle bands
0.99 0.476 (0.458) 0.606 (0.606)
100 0.95 0.256 (0.246) 0.438 (0.436)
0.99 0.704 (0.708) 0.802 (0.802)
0.2 200 0.95 0.454 (0.456) 0.532 (0.532)
0.99 0.826 (0.834) 0.832(0.832)
500 0.95 0.462 (0.456) 0.468 (0.468)
0.99 0.618 (0.618) 0.618 (0.618)
100 0.95 0.504 (0.504) 0.504 (0.504)
0.99 0.860 (0.860) 0.860 (0.860)
0.5 200 0.95 0.716 (0.716) 0.716 (0.716)
0.99 0.932(0.932) 0.932 (0.932)
500 0.95 0.802 (0.802) 0.802 (0.802)

Table 4.1. Coverage probabilities of constant spline bands.
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noise level | sample size n | confidence level 0.99 | confidence level 0.95
100 0.900 (0.896) 0.816 (0.814)
0.2 200 0.956 (0.962) 0.902 (0.904)
500 0.990 (0.988) 0.954 (0.958)
100 0.904 (0.904) 0.822(0.814)
0.5 200 0.956 (0.960) 0.900 (0.902)
500 0.990 (0.988) 0.956 (0.960)

Table 4.2. Coverage probabilities of linear spline bands.
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effy eff

d n p=0 p=0.3 p=0 p=0.3
100 | 1.015(0.287) 0.958 (0.320) | 1.000 (0.268) 0.926 (0.266)

4 | 200 | 0.992(0.126) 0.974(0.164) | 1.001(0.133) 0.973(0.153)
500 | 0.993(0.060) 0.990(0.083) | 0.995 (0.058) 0.990 (0.083)
1000 | 0.998 (0.0416) 1.000(0.060) | 0.998 (0.042) 0.997 (0.057)
100 | 0.899(0.648) 0.666 (0.597) | 0.952(0.832) 0.641 (0.552)

10| 200 | 1.026(0.434) 0.818(0.361) | 1.045(0.479) 0.826 (0.395)
500 | 1.012(0.145) 0.977(0.171) | 1.002(0.138) 0.970(0.182)
1000 | 0.999 (0.078) 0.986 (0.104) | 0.989(0.082) 0.988 (0.105)

Table 4.3. Relative efficiency of m; o against g o for d = 4, 10.
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n

eff;

eff1o

effig

effsg

500

1.030 (0.830)

0.995 (0.778)

0.737 (0.567)

0.861 (0.648)

1000

1.130 (0.756)

1.015 (0.523)

1.055 (0.467)

1.056 (0.509)

1500

1.022(0.318)

1.029 (0.248)

1.107 (0.302)

0.957 (0.205)

2000

1.029 (0.197)

1.016 (0.194)

1.045 (0.188)

1.061 (0.223)

0.3

500

0.379 (0.297)

0.410 (0.408)

0.352 (0.296)

0.444 (0.721)

1000

0.618 (0.269)

0.604 (0.290)

0.623 (0.268)

0.607 (0.311)

1500

0.864 (0.345)

0.843 (0.280)

0.806 (0.254)

0.831 (0.250)

2000

0.915 (0.247)

0.872 (0.194)

0.917 (0.221)

0.907 (0.221)

Table 4.4. Relative efficiency of ms o against ms o for d = 50.
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cQ ] () d dy el

ag | 13.86733 0.189258 —0.01538 | —0.61737 | 0.007717 —0.00977
a; | 0.501879 0.009621 0.000144 —0.02756 | 0.00039 —0.00021
dg | —0.63643 | —0.00351 | —1.1E — 05 | 0.033409 | —0.00044 | 0.000168
a3 | 0.425755 —0.00089 | -7.2F — 05| —0.02161 | 0.000266 | —1.6F — 05
aq | 0.230287 —0.00537 —0.00025 | —0.01455 | 0.000229 0.000037
as | —0.38993 | 0.001671 —7.7E - 05| 0.022872 | —0.00033 | —6.9F — 05
ag | —0.17788 | —6.9F — 05 | 0.000194 0.010029 | —0.00015 | 0.000025
a7 | 0.560264 0.007802 0.000233 —0.03082 | 0.000431 —0.00013
ag | —0.65163 | —0.00305 | —3.8E — 05| 0.034248 | —0.00045 | 0.000146
ag | 0.430822 —0.00104 | —6.2E — 05 | —0.02189 | 0.00027 —8F — 06
a;0 | 0.222698 —0.00512 —0.00026 | —0.01413 | 0.000224 0.000024
a;l | —0.36273 | 0.000745 —-1.7E - 05| 0.021394 | —0.00031 | —2.3F — 05
a2 | —0.2125 —0.00392 0.000027 0.012197 | —0.00018 0.00008

Table 4.5. Coefficients table for Deciduous Shrubland with Sparse Trees.
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co 5% c2 d) dy el

ag | 15.60422 | 0.258968 —0.01681 —0.7006 0.008762 —0.01201
a; | 0.285465 | 0.010554 0.000218 —0.01437 | 0.000196 —0.00021
a9 | —0.52319 | —0.00485 | —3.6E — 05 | 0.025799 —0.00032 0.000184
az | 0.423792 | —0.00264 | —0.00014 | —0.02168 0.000263 0.000014
a4 | 0.165587 | —0.00551 —0.00016 | —0.01029 0.000164 0.000077
as | —0.44096 | 0.003254 —0.00018 0.025446 —0.00036 —0.00014
ag | 0.062666 | 0.000927 0.000261 —0.00331 0.000032 0.00001
a7 | 0.322273 | 0.008389 0.000262 —0.01656 0.000226 —0.00012
ag | —0.53571 | —0.00429 | —4.9E — 05 | 0.026532 —0.00033 0.000161
ag | 0.428083 | —0.00285 | —0.00013 | —0.02193 | 0.000267 0.000022
ajo | 0.157467 | —0.0052 —0.00017 | —0.00982 0.000158 0.000064
ay; | —0.41156 | 0.002126 —0.00014 0.023738 —0.00034 | —9.7F — 05
ajg | —0.07965 | —0.00318 | —1F —06 | 0.004623 | —7.5F — 05 0.00005

Table 4.6. Coefficients table for Deciduous Woodland.
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() ] 2 d) do el
ag | 21.36797 | 0.582205 —0.01761 —0.9429 | 0.011065 | —0.01953
ay; | 0.755761 | 0.026441 0.000046 —0.0398 0.00054 | —0.00064
as | —0.40319 | —0.00305 | —0.00016 | 0.020365 | —0.00027 | 0.000065
az | —0.52959 | —0.02078 | —1.5F — 05 | 0.030611 | —0.00044 | 0.000568
a4 | 0.583969 | 0.007367 | —0.00017 | —0.03334 | 0.000476 | —0.00027
as | —0.20593 | —0.00388 | —0.00013 | 0.012463 | —0.00018 | 0.000071
ag | —0.4363 | —0.00384 | 0.000293 0.024033 | —0.00035 | 0.000095
a7 | 1.062424 | 0.023523 0.000225 —0.05847 | 0.000819 | —0.0005
ag | —0.49433 | —0.00221 | —0.00021 | 0.025909 | —0.00035 | 0.000024
ag | —0.49496 | —0.02111 0.000005 0.028505 | —0.00041 | 0.000584
ayg | 0.529546 | 0.007892 —0.00021 | —0.03003 | 0.000427 | —0.0003
ajp | —0.01689 | —0.00576 | —1.4F — 05 | 0.000928 | —8F — 06 | 0.000164
ajo | —0.22684 | —0.01172 | 0.000174 0.011508 | —0.00016 | 0.000297

Table 4.7. Coeflicients table for Open to Very Open Trees.
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c ‘] c2 d d2 el

ag | 27.46197 | 0.516892 | —0.01812 | —1.34425 | 0.017536 —0.01782
a; | 0.665941 | 0.016663 | 0.000098 | —0.03529 | 0.000488 —0.00035
as | —0.30472 | 0.00122 —0.0002 | 0.015172 —0.0002 —7.9F — 05
az | —0.44979 | —0.01913 | —2E — 06 | 0.0253 —0.00035 0.000526
aq | 0.59182 | 0.004496 | —0.00022 [ —0.03303 | 0.000461 —0.0002
as | —0.11557 | —0.00089 | —0.00021 | 0.006697 | —9.1F — 05 | —3.5F — 05
ag | —0.56834 | —0.0029 | 0.000415 | 0.031754 —0.00046 0.000102
a7 | 0.902208 | 0.017373 | 0.000252 | —0.04916 | 0.000688 —0.0003
ag | —0.37557 | 0.001015 | —0.00024 | 0.019326 —0.00026 | —9.1F — 05
ag | —0.4228 | —0.01907 | 0.000015 | 0.023719 —0.00033 0.000531
ajg | 0.54799 | 0.004403 | —0.00024 | —0.03046 | 0.000424 -0.00021
aip | 0.038773 | —0.00055 | —0.00012 | —0.00236 | 0.000039 —5F — 06
ayo | —0.28223 | —0.00642 | 0.000175 | 0.015208 —0.00022 0.000154

Table 4.8. Coefficients table for Rainfed Herbaceous Crop. -
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sample size n = 100, confidence = 0.95 sample size n = 100, confidence = 0.99

o

05 s 05 0 [ L]
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Figure 4.1. Constant spline confidence bands with opt = 1.
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sample size n = 100, confidence = 0.95

05 0 05

sample size n = 100, confidence = 0.99

sample size n = 500, confidence = 0.95

05 0 05

sample size n = 500, confidence = 0.99

Figure 4.2. Constant spline confidence bands with opt = 2.
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Figure 4.3. Linear spline confidence bands with opt = 1.
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sample size n = 100, confidence = 0.95

05 0 0s

sample size n = 100, confidence = 0.99

sample size n = 500, confidence = 0.95
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sample size n = 500, confidence = 0.99

Figure 4.4. Linear spline confidence bands with opt = 2.




Degree = 2, confidence level = 0.99 Degree = 3, confidence level = 0.99
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Degree = 5, confidence level = 0.99 Degree = 6, confidence level = 0.80
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Figure 4.5. Testing Hy : m (z) = Eg=l arzk,d = 2,3, 5,6 for fossil data.
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Efficiency of the 1-st estimator, d=4, r=0.0

=2

Efficiency of the 1-st estimator, d=4, r=0.3

10

Efficiency of the 3-rd estimator, d=4, r=0.0
L

1p

Efficiency of the 3-rd estimator, d=4, r=0.3

Figure 4.6. Relative efficiency of m; o against msq, d = 4.
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Efficiency of the 1-st estimator, d=10, r=0.0 Efficiency of the 1-st estimator, d=10, r=0.3

Efficiency of the 3-rd estimator, d=10, r=0.0 Efficiency of the 3-rd estimator, d=10, r=0.3

L

Figure 4.7. Relative efficiency of ms o against g q, d = 10.
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Efficiency of the 1-st estimator, d=50, r=0.0 Efficiency of the 1-st estimator, d=50, r=0.3

Efficiency of the 10-th estimator, d=50, r=0.0

13

03

Figure 4.8. Relative efficiency of m; o against s q, d = 50,a = 1, 10.
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Efficiency of the 19-th estimator, d=50, r=0.0 Efficiency of _the 19-th estimator, d=50, r=0.3

1,5

0,8

Efficiency of the 50-th estimator, d=50, r=0.0 Efficiency of.thc 50-th esfimator, d=50, r=0.3
% i 3 i

Figure 4.9. Relative efficiency of m; o against mgq, d = 50,a = 19, 50.
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Figure 4.10. Linearity test for the Boston housing data.
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Figure 4.11. LAI trend of rainfed herbaceous crops.
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Open to Very Open_ Trees
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Figure 4.12. LAI trend of open to very open trees.
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Deciduous Wood‘land
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Figure 4.13. Spline confidence bands of LAI of deciduous woodland.
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Deciduous Shrubland with Sparse Trees
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Figure 4.14. Spline confidence bands and RAMS curves of LAI of deciduous shrub-
land.
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Figure 4.15. Spline confidence bands and RAMS curves of LAI of rainfed herbaceous

crop.
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Rainfed Herbaceous Crop

Latitude =0, alpha=‘0.0001
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Figure 4.16. Spline confidence bands and RAMS curves of LAI of open to very open

trees.
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OGE (default) with LEAF2 CLIPcover with LEAF2

Figure 4.17. Improved representation of land surface in RAMS.
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