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ABSTRACT
DROPLET EVAPORATION IN A QUIESCENT, MICRO-GRAVITY ATMOSPHERE
By
Paul Raphael Cole

Droplet evaporation is important in many applications and spans numerous
research topics ranging from rocket fuel to crystal growth. In this thesis, the author gives
a detailed analysis of the sensitivity of the droplet surface temperature and the droplet
radius-squared to various physical parameters of common hydrocarbon fuels.
Furthermore, the author has provided a brief optimization analysis in which the physical
parameters are optimized in such a way that the time required for the droplet to
completely evaporate is minimized. Due to the nonlinearity of the governing equations, a

numerical algorithm was developed so that these analyses might be conducted.



Ad Matris Sapientia quod est non factum
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Chapter 1: Introduction

1.1. Background

In the study of a physical system described by mathematical relationships it is
essential to pare the system down to its most important elements, while at the same time
retaining that system’s essential nature. Then its behavior can be described in terms of
those elements. In theoretical analysis the elements are the dimensionless parameters that
appear in the equations describing the problem. The number of parameters may range
from only one (e.g. the Reynolds number in laminar, incompressible fluid mechanics), to
dozens (as in combined fluid mechanics/combustion/heat transfer studies). A theoretical
or mathematical model is commonly understood to be optimized for the description of a
particular process when the number of parameters is minimal. How this minimization is
to be accomplished has been a subject of discussion since the dawn of the scientific age.
On a historical note, Antoine de Saint-Exupery (French writer and aviator, 1900—1944)
said “A designer knows he has achieved perfection not when there is nothing left to add,

but when there is nothing left to take away.”

- 1.2. Motivation

This thesis examines an evaporating droplet in a quiescent atmosphere. This
problem was chosen for two reasons. First, as a pseudo—combustion problem it has

relevance to the huge and growing discipline of research into the combustion of fuel



droplets in oxidizing gas flows. This is a mainstay topic of combustion research on which
many lengthy articles and reviews have been written. Furthermore, evaporation is not
limited to fuels but is also important in other sciences such as cloud physics and

biological crystal growth [10].

The second reason is that this problem can be simplified to eliminate all
combustion and flow quantities while still retaining a fairly large number of
dimensionless parameters in the governing equations. Hence, the relatively simple
physical problem of an evaporating quiescent droplet can be extremely difficult to
examine from the standpoint of running sufficient numbers of cases to encompass the
phenomenon or even to make reliable generalizations and predictions. It is difficult to run
a one—parameter flow system within a specified range of operating Reynolds numbers;
one can imagine the difficulty of operating a system with approximately ten parameters

that must be specified and controlled to remain within specified intervals.

1.3. Methodology

The first goal of this thesis is to examine the influence of a large number of
parameters on droplet evaporation. The influence must be examined in a careful, rational
way even for this relatively simple example. The procedure outlined here exemplifies the
need for even more careful considerations of complicated problems that may, in addition,
involve chemical reactions, non-symmetric flows and other difficulties which were

removed at the outset from our model. If it is difficult to sort out the importance of



parameters when there are few, it will be correspondingly more difficult to accomplish

this sorting when there are many.

Sensitivity analyses related to this thesis have been systematized for large systems
of chemical reaction equations. These studies benefit from the qualitatively identical
mathematical structure of the chemical kinetic equations. Their response to temperature
is functionally the same, and the sensitivity analysis reduces to one of sorting out areas in
the temperature spectrum where certain groups of reactions dominate other groups of
reactions. In the problem considered here, by contrast, there is a set of “physical”
processes that lead to a set of equations, each of which describes a different physical
process. The problem is then not one of sorting out the dominant members of a certain
class (e.g. among a large set of reactions) but rather one of sorting out the important and
dominant physical terms in the equations themselves before any approximations were

made. This is an altogether different approach with an altogether different goal.

The second goal of this thesis is to study the results of parameter optimization so
that droplet lifetime is minimized. This is something of a novel approach to studies in
combustion although the importance of evaporation cannot be disregarded: the
evaporation process can be the slowest process, which consequently determines the

overall burning rate [19].



Chapter 2: Literature Survey

2.1. Overview

There are relatively few studies devoted to pure evaporation; rather, the majority
of archival research on droplets seems to be in the actual combustion process and/or
flame behavior. This is somewhat surprising in light of the fact that evaporation would
seem to constitute the simpler “model” problem which should be solved. first. However,
the papers that are described in the following section seem to be relevant to this study in
that they offer commensurate computational and experimental results. The following

section seeks to highlight the important aspects of the corresponding works.

2.2. Survey

J. Hegseth et al. [10] experimentally demonstrated to show that when a droplet

evaporates sufficiently fast, it exhibits a vigorous flow in the interior; a flow that is driven

by surface tension gradients. The Dz—law theory formulated by Maxwell assumed that

the evaporation process is controlled by a mass diffusion process exterior to the droplet.
If there is no convection, then the liquid interior of the evaporating droplet must supply
the heat to the surface for vaporization. In this thesis, we have assumed that the motion

inside the droplet is negligible and that Marangoni effects are negligible.



Vai-meng Ha et al. [9] intended to investigate the onset and physical mechanisms
of the Marangoni instability of an evaporating droplet. Generally, evaporation at the
surface of a liquid is an unsteady process involving heat and mass transport.
Additionally, the process of evaporation also leads to a local reduction in the temperature
of the bulk liquid near the surface. The Marangoni instability may then be induced by
surface temperature reduction and the consequent variation in surface tension. With the
quasi-steady approximation (i.e., the regression of the droplet is negligible during
evaporation), the surrounding gas motion is asymptotically steady and the temperature
distribution of the droplet is temporarily frozen at each specified instant. Thus, the
authors derived a lower limit of the onset of Marangoni instability via a linear stability
analysis. Although the evaporation of a droplet is never a steady process since the radius,
surface temperature, and hence the evaporation rate decrease during evaporation, the time
scales of the gas phase are two orders of magnitude smaller than the time scale of heat
diffusion in the liquid phase. Therefore, when the interest is mainly on the liquid phase,
the gas phase can be treated as asymptotically steady since its response time is so much
faster than that of the liquid phase. For this thesis we use the assumption of a negligible

regression rate to simplify the boundary conditions.

T. Elperin et al. [7] numerically investigated the evaporation of a spherical droplet
immersed in a stagnant, sub—critical, radiative gaseous mixture. Here, heat flux from the
high temperature surrounding conducts to the droplet causing the droplet to evaporate.
The authors showed that, in the case of sub—critical evaporation, neglecting the liquid
volumetric expansion causes underestimation of the evaporation rate at the initial stage

and overestimation of the evaporation rate at the final stage of the evaporation process.



Furthermore, the authors demonstrated the significance of liquid thermal expansion
during the evaporation process. Some of the oversimplifying assumptions used in this
work were: (1) the quasi—steady behavior for the gaseous phase heat and mass transfer,
(2) the thermo-physical properties were evaluated at some reference condition, (3) the
“1/3” was rule used for averaging the thermo—physical properties, (4) liquid thermal

expansion and radiation effects were negligible. However, the quasi—steady assumption

for droplet evaporation is valid when thermal (¢7) and diffusion relaxation (¢p) times are

much smaller than the droplet lifetime. The authors demonstrated that evaporation of
highly volatile droplets in a hot gaseous medium cannot be assumed quasi-steady.
Additionally, liquid volumetric expansion is significant. For this thesis, the temperature
of the ambient, i.e., the gaseous medium, is taken as room temperature thereby allowing

the quasi—steady assumption.

R. Digilov et al. [5] showed that Trouton’s empirical rule for the entropy of
vaporization follows from the similarity of the potential function of molecular interaction,
thus illustrating that the rule is associated with the law of corresponding states. Frederick
Thomas Trouton (1863-1922) developed an empirical rule that makes the following
statement: for most liquids at atmospheric pressure, the ratio of latent heat of
vaporization to normal boiling point has a value between 75 and 80 kJ/kmol-K for a large
number of different pure substances. If one wishes to obtain a dimensionless result,

Trouton’s rule can be formulated to read:

L

Y_~0(10)



Water and alcohols do not follow this rule exactly — in fact, only for elemental liquids
whose molecules are quasi-spherical and non-polar does this rule hold reasonably well.
Furthermore, the authors showed that Trouton’s empirical rule should be reformulated to
read “constant within a family of similar substances alone, and possibly differing for
substances from different groups.” For this thesis, we have restricted possible fuels to

hydrocarbons, thus appreciably maintaining Trouton’s rule.

Kozyrev et al. [15] examined a diffusion model for droplet evaporation which
considered the reduction in the droplet temperature and vapor pressure near its surface.
The evaporation of a single spherical droplet can be regarded as classical; in its simplest
form, it was solved by Maxwell in 1877. However, Maxwell assumed the vapor above
the droplet surface was always saturated, which is generally not true. Furthermore, the
concentration of saturated vapor at the surface is determined by the droplet temperature
rather than the ambient temperature. In their study of the vapor and heat fluxes, the
authors confined themselves to the simplest assumptions, viz., the linear diffusion of
molecules and the supply of energy to the evaporating droplet by heat conduction.
Overall, the model allowed estimation of the condensation coefficient of the vapor
molecules from the experimental form of this dependence. For this thesis, we have not
assumed that the vapor above the droplet is a function of the ambient temperature; on the

contrary, the droplet temperature is one of the variables sought.

Zhu et al. [27] investigated the evaporation of fuel droplets (n-heptane) in high—

pressure environments where the thermodynamic conditions exceed the critical state of

"'pg. 20



the fuel. Droplet gasification in such surroundings is important for diesel engines and
liquid rockets. To model such conditions is no simple task since the conventional “low—
pressure” models generally break down in high—pressure situations; in high—pressure
surroundings, mass transport within the droplet interior cannot be neglected. To make
matters more complex, as the droplet surface approaches the critical state, the latent heat
of vaporization, as well as the surface tension, goes to zero. For this thesis, it has been

assumed that the droplet evaporates under atmospheric conditions.

Ghassemi et al. [8] experimentally investigated the evaporation characteristics of
single and multi—component droplet which were suspended from the tip of a quartz fiber
in normal gravity conditions. In this study, the authors varied the environment pressure

from atmospheric to 25 times atmospheric; the temperature, 400-700 °C. For single

. 2 . .
droplets, the authors observed the classical D —/aw in the last stages of the evaporation

process. They also observed that an increase in ambient temperature would act to
decrease the total droplet lifetime. From their experiments, they found that when the
ambient temperature is not too high (relative to the boiling temperature), the interior

temperature is not uniform. Under this condition, the evaporation process does not

2
exactly follow the D —/aw. For this thesis, there is a large enough difference between the

ambient and the boiling temperature to allow a linear evaporation process.



Chapter 3: The Governing Equations

3.1. Overview

The equations and boundary conditions for an evaporating droplet in a quiescent
atmosphere are derived in the following sections. These include the conservation

equations for the liquid phase and the gas phase. For the liquid phase, the domain is 0 < r
< rg(t); for the gas phase (i.e., the vapor above the surface of the droplet, which is
assumed to be an ideal gas), the domain of interest is rg?) < r < . The surface
temperature and square of the droplet radius (i.e., the surface area) are both functions of
time. The physical parameters are as follows: R (the gas constant), L,, (the latent heat of

vaporization), Tp, (the boiling temperature), T, (the ambient temperature), T (the initial

droplet temperature), Cp, (the constant-pressure specific heat of the vapor), Cr (the

constant—pressure specific heat of the liquid), Ler (the fuel Lewis number), Yg,, (the
ambient fuel mass fraction), Ygp (the fuel mass fraction that exists at the boiling
temperature), kg (the thermal conductivity of the droplet vapor), and py, (the density of

the droplet).

A relevant quantity in this analysis is & which is a ratio of gas and liquid

densities. This parameter is defined in equation (1).



_Pg
€= 4L M

Here the subscript “g” refers to the vapor above the droplet surface (assumed to obey the

ideal gas law) and the subscript “L” refers to the liquid comprising the droplet. Under

. e -3 . . .
atmospheric conditions, €~ O(10 ). At high pressure, ¢ increases and achieves a value

of unity at the critical point. The parameter & relates to the derivation of appropriate

boundary conditions and also serves as an indication of suitable “disperse” conditions.

A major assumption in this study is that the gas-phase analysis is quasi-—steady,
i.e., at any instant in time, the process can be treated as if the gas phase were at steady

state. It can be shown that the characteristic response time of the gas is much shorter than

the vaporization time, i.e., fg <<, where

OV
t ~ 8.0
v &
and
2
|20
g aT,goo

Clearly, as ¢ diminishes, #, becomes large. This means that evaporation is a faster

process relative to the thermal equilibration of the gas. Hence, it is not unreasonable to

expect a nearly uniform droplet temperature throughout the vaporization process.

10



3.2. The Ideal Gas Law

The “gas” under consideration is the vapor around the droplet surface as well as
the surrounding gas phase. The ideal gas law (IGL) is typically written in the following

form:

pV=mRT
where m = MN, i.e., (mass [kg]) = (molar mass [kg/kmol]) x (number of moles [kmol]), p
is the pressure in kPa, V is the volume in m3, R is the particular gas constant for the gas

under consideration in kJ/kg—K and T is the temperature in K. Note that the IGL can also

be written in the following form:

p=pRT
where pis the density in kg/m3 of the gas at the pressure p and temperature 7. It has been

assumed that atmospheric pressure exists at the surface of the droplet, i.e., p = pgpm =

101.325 kPa. So, at the droplet surface toward the gas side, we can write the following

P (t)z pat%Ts (t)

For the purposes of this study, we write the following:

p
—" atm
pg— %Tb

expression:

11



Now, we shall test equation (1); for ethane, p, = 1.986 kg/m3 > £=(0.0036 thus equation
g

(1) seems to be satisfied for this hydrocarbon. In terms of the IGL, we can describe the

&-term in the following way:

3.3. The Clausius—Clapeyron Relationship

In this section, a method for expressing the Clausius—Clapeyron relationship in
terms of mass fraction rather than pressure is given. Such a form will allow this

relationship to be used as a boundary condition.

A detailed derivation of this relationship is usually found in most thermodynamics

textbooks. The conventional form is written as:

The subscripts “1” and “2” refer to the states under consideration. Specifically, the
derivation considers two thermodynamic states, 1 and 2, for the same chemical species.
One of the assumptions associated with this relationship is that the change in volume
(induced by evaporation) is equal to the volume of the vapor produced. Another
assumption is that the latent heat of vaporization is constant over the temperature range

from state 1 to state 2.



The mass fraction of species j is defined as the ratio of the mass of species j to the

total mass, i.e.,

This means the IGL can be written as pY; = m;RT. For an ideal gas mixture at constant

volume, we can define the gas phase mole fraction as

4
J p

where p; is the partial pressure of species j and p is the total pressure. Alternatively, we

can write

Nj/
yj= N

where N is the number of moles of species j and N is the number of moles of the mixture.

Since m = MN, we can write the relationship between y;and ¥; as

Finally, we can say



Note that M; = M) since there is just one specie under consideration, viz., the fuel vapor.

Hence, the Clausius—Clapeyron relationship can be written as follows:

For this study, state 2 exists at the droplet surface; state 1 exits at the boiling condition.
In [9], the authors used a similar form of this relationship for a boundary condition at the

liquid/vapor interface.

3.4. General Governing Equations

The spherically symmetric conservation equations of mass, species, and energy
are given by equation (2). The initial conditions are given by equation (3) and the
boundary conditions are given by equation (4).

op
g 1 6( 2) .
ot 2or\’g’g” @

d 1 8 2 )
Zlp v +=Zp ¥ Py
at(pg 1) 2 ar(pg g i

2.11
19 29Y; @
=——2lp DAL
fL2or| &t or

14



%(p C T )+i-a—(p v c Pr )

g preg),2or\"g’ g P g
o7 \ (2iii)
=:12_%[pg Cplelp o arg J
re(t=0)=ry G.)
T(r,t =0)=T, (3.ii)
T(r—o0,t)=T,, (4.i)
T(r=r¢,t)=T,(r) (4.ii)
Ypg (rzrs ,t)= Yep exp(—LI—;— {i— Tsl(t)}] (4.1i1)
Pq (Vg —Fs e == py ¥ (4.iv)
. aYF v
pg(Vg— S]YF ~PePr o, (4v)
' oY, .
pg (Vg -rsJYOx —pg DOx 3, =0 (4.vi)
pelVg—is )L, +di=d% (4.vi)

Equation (4.iii) is the Clausius-Clapeyron equation which is discussed in section
3.3. Equation (4.v) and (4.vi) are mass—conservation equations for the fuel and oxidizer,
respectively [19]; they are also the classic boundary conditions in mass diffusion
problems [25]. Equation (4.vii) is an energy balance at the liquid-vapor interface, i.e.,

this equation equates the difference in conductive fluxes to the energy required for

15



vaporizing the liquid at the surface [19]. Note that the vapor and the liquid heat fluxes

can be expressed according to equation (5).

=k L (5.)

' ar '
oT

§" =k —% (5.ii)

g 8 or

Note that equation (5.i) describes the heat flux entering the liquid interior, and equation

(5.i1) describes the heat entering the vapor above the droplet surface.

The droplet regression rate is considered negligible insofar as the gas—phase

response is concerned [9]. This can be exploited when we examine the relative velocity

term, i.e. (Vg —r's ) . If we make the following definitions:

4
= gV ,r*=y, t*=/
g o 5/ L

then we can obtain an estimate for the relative velocity, viz.,

r
0
V *
vV * /g’o drs

V - = y: L 57
s ,0 *

Recalling the magnitude of the vaporization response time, we can write the following

expression:
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M
*

dt

Clearly, as the value of &£ diminishes, then the term & becomes negligible.

This means that the regression rate of the droplet can be neglected in the boundary

conditions in comparison with the vapor velocity. Similarly, since ¢; << ¢,,, the droplet

temperature during most of the bumning process is essentially uniform, as already

mentioned.

The heat flux entering the liquid interior (multiplied by the surface area) must be
equal to the volumetric heat capacity of the liquid droplet (multiplied by the transient rate

of temperature rise), i.e.,

oT,
. 2)_(47 3 Tl
(qlx"ﬂrs )_( 3 s Pl Cl)( ot ]

oT, dT
where—a-tl—=—de since the droplet temperature is spatially uniform [19].

Now equations (2.i-iii) need to be integrated under the boundary conditions
(equations (4.i—vii)) and the quasi-steady assumption for the gas phase i.e., the partial
derivatives with respect to time are zero. On integrating equation (2.i), we obtain an

expression of the mass flow rate.

p V re="Ccp (6.0)

17



Using this result in conjunction with a negligible regression rate, we can re—cast

equations (4.v-vi) as

. ,0Y, )

MYF-pg DFr 5, =M (6.11)
oY

2___01._

M YO -p DOx P =0 (6.111)

Equation (2.iii) will be evaluated via integration, substitution of the M term, then
utilizing equations (4.i1) and (5.ii) to evaluate the integration constant. For convenience,

equation (5.ii) will be expressed in terms of the Lewis number and mass diffusivity term.

oT
2 _ 2_ 8
(p 14 Cpr Tg )—[ngpLeDFr 5 }+C0

g g r
_ 26Tg
MC T =p C LeD +C

pg Pe p ™ F" 5, "0

Tg (r= rs,t)=Ts (t)

ZaTg 2

C LeD =r‘q"
Pe“p™"F| " T3, s Ig
r,T

s’s

_ 2.
CO—MCPT r g

Thus, we arrive at the following equation for the gas—phase energy equation:

aTg(t,r)

r

MCp(g(t r)- T(t))+ iy =p,C LeDyr?



This equation must be integrated again. We say that Tg(t, r — o) — Tg(1) = Teo, which

yields equation (7).
rr e 0| o[ M
T \r,t)-T (t)+— =|T -T (t)+— exp| ———— 7
T R TN P kyr 7

Now we examine equation (6.i1), which can be re-arranged to read as follows:

aYF
or

y 2
M(YF-I)ng DFr
On integration under the limits Yg(r = rgy) = Ygg and Yp(r — o) = Yg, we obtain the

following solution (for kg/Cp, = pg DF LeF):

MC 1-Y
P F oo
LeF=ln 7
grs " 'Fs

Later on, it will prove convenient to define the following surface parameter given in

equation (8):

MC 1-Y
p

=% =L1 7 YFOO )
g's “°F "'Fs

If now we evaluate equation (7) at the droplet surface, i.e., at r = rg, we can make the

following statement:
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or

U
Q.
Il

g r
)

£y (Tw-rs(:))[ . )

eX —1

On recalling equation (4.vii) and the expression for the heat flux entering the

liquid, we can use the above result to obtain the following expression:

k r -1()) dT
e B LRI e
rs el -] 3 dt
This expression can be re—arranged to yield equation (9.1).
T, __ x (Too_Ts(t))_ L, 9.i)
eX -] Cp

dt 2
ar

_ 3k, | | | N .
where ar = b1 CL is a particular and convenient definition of a combined

gas/liquid thermal diffusivity.

From equation (4.iv) we can extract an equation for the radius-squared of the

droplet which is given in equation (9.ii).
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S _ 1= ..
i laT,z' (9.11)

In this equation,/lzzc% C.» 1.e., A is a ratio of liquid/gas specific heats. Equations
pP

(9.i—ii) constitute the governing equations of the droplet evaporation process.

3.5. Derivation of the Dimensionless Governing Equations

The governing equations are rendered dimensionless since such equations are
typically easier to program. The dimensionless variables and parameters are given in

equations (10.i-vii). This method of non—dimensionalization is adapted from [7].

- (Ts_(’)] (10.i)

T
£? =’s2(‘) p (10.ii)
"0
70 =(TS;:0)J (10.iii)
7 =(%J (10.iv)

§ z%o (10.v)
r2 .
= ar (10.v1)
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L .
I,= %Tw (10.vii)

(10.viii)

Note that y is the ratio of specific heats which is usually tabulated in thermodynamics

tables and that 7p # 0. From these definitions the governing equations take the following

form:
d .
2o (u-0) (11.i)
dS 52
2
ds =—Ay (11.i1)
ds

Here, we have used

Yg =Yg exp(lv{ % A }) (12.0)

0= 1-YEy

- 12.ii
1-Ypg (12.11)

7= In(6) (12.ii)
Lep

4= I-7 (12.iv)
eX —1

(13.1)
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£2(0)=1 (13.ii)

An interesting quantity is the transfer number B [24]. Qualitatively, this transfer
number represents the ratio of an impetus for inter—phase transfer to a resistance
opposing the transfer. For a vaporizing droplet, the gas—phase diffusion of the fuel is the
primary impetus for vaporization, as opposed to the heat conduction. Thus the transfer

number takes the following form:

3.6. Solutions for a Propane Droplet

Figure 1 describes a representative solution for the evaporation process of a
propane droplet. The plot will describe the dimensionless surface temperature solution
and the dimensionless radius—squared solution, i.e., equations (11.i-ii). The

representative hydrocarbon is propane, so the parameters assume the following values:

R =0.1885 kJ/kg—K; L, = 427.8 kJ/kg; Tp = 231.05 K; Top = 300.15 K; Tp = 100.15 K;
Cp = 1.6794 k/kg-K; Cp, =2.25 kJ/kg-K: Lep = 1.0; Ypz = 0.010;

Yep = 0.9; kg = 0.0151 x 10 kWim-k: pL =581 kg/m3
Hence, the dimensionless variables (equations (10.1ii—viii)) are as follows:

79 =0.3337; 1, =0.7698; I, =7.5612; 2 =0.8487;
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y=1212.1; ar =1212.1; A = 12121.0; ty) =7.2144 seconds,

For a propane droplet under these conditions, the burn—out time is sp = 4.304158,

i.e., tp = 0.64202 seconds. Qualitatively, the solutions shown in Figure 1 agree very

closely with the results from several sources, viz., [3], [7], [8], [9], and [26]. However,
the actual numerical quantities differ mainly because of differences in fuels, initial

conditions, and non—dimensionalization techniques.

1.1 T T T T T
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1pesoeaactsass - -~ - A b AR —e— 2 (-]
0.9} -------- R i W L Aomnns o |
7] E S S N A SN
07 """"""" '%""”""““1“"# """ *;11 ““““ 1::"‘““‘11‘
0.6 -------- SRREEEEES R R e RRREEEEEE
05l /- s eeeeeee- S R SR
0.4 #----- dommae- - U e
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0 0.5 1 1.5 2 25 3
s [—]

Figure 1. The solution for the surface temperature and for the radius—squared for a propane droplet.
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Chapter 4: The Sensitivity Analysis

4.1. Overview

The approach to the sensitivity analysis for this study is to induce small changes
in the vicinity of a set of representative values in the relevant physical parameters. This
seems to be a very intuitive way of conducting a sensitivity analysis since such an
approach will aid in determining the influence of the physical parameters on the droplet

vaporization rate and the droplet surface temperature.

For this thesis, when a parameter is varied, the other parameters are maintained at
their representative values for propane. Also, in each section, there are a total of four
plots; two plots for the surface temperature and two plots for the radius—squared. One
plot is the actual sensitivity, which contains five contours to show how the value of the
parameter itself affects the sensitivity. The other plot is the solution, which also contains
five contours in order to show how the value of the parameter itself affects the solution.
An interesting characteristic of the solution for surface temperature is that the surface
temperature is always less then unity as well as less than the boiling temperature. In fact,

the surface temperature converges to a wet-bulb temperature [25].

It has been found that the derivatives of the surface temperature and the radius—
squared (equations (11.i-i1)) play an important role in the sensitivity behavior. The
derivatives under consideration are those taken with respect to time. In equations (11.i-

ii), the derivatives are taken with respect to s, which is a dimensionless time.
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4.2. Computational Methodology

The majority of sensitivity work was conducted in MATLAB®. The

methodology for inspecting the sensitivity of 7 (the dimensionless surface temperature)

and gz (the dimensionless radius—squared) to small changes in the physical parameters is

as follows:

1. Define an offset value. For example, if the sensitivity of 7 and 52 to some arbitrary

parameter P is under consideration, the notation for this offset value is AP; the

method of definition will be given later.
2. Define P; and P, where P; is fixed and P = P; + AP. Subsequently, P3 P5 P7 and

Pg will be defined. Note that the (®),44 terms are referred to as primary values, and
the (®)qyen terms are the secondary values; thus the general method for computing

the Pegyen values is Peyepn = Podd + AP. As mentioned earlier, the reason for defining

five primary values was to see how the value of the physical parameter itself

influenced the sensitivity.
3. The formula for the sensitivity of an arbitrary solution X to an arbitrary parameter P is

X

X _ o
-P 5

given as ¥ P ~Fagl3p where ¥ 7 is interpreted to read “the sensitivity of X to

small changes in P.” For this thesis, the arbitrary solution X can be either 7 or 4;'2 ; the

arbitrary parameter can be any of the physical parameters examined in this thesis.
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Since the solution was obtained numerically, the sensitivity was also evaluated

numerically, viz.:

Xpyap-X
Y’jaY=Pavg| P+21; PI

4. The offset value (AP) is taken as the average of the absolute difference of the Pgyg

value and the primary values, i.e.,

7))

AP=avg anvg -

wherei =1, 3, 5, 9, and Pgyyg is the average of the primary parameter values.

4.3. Results and Discussion

4.3.1. Sensitivity to the Gas Constant

Recall that the normalized gas constant, R, is defined by the expression R W = R,,

where R,, is the universal gas constant (8.31434 kJ/kmol-K) and W is the molar mass of

the substance (kg/kmol). Hence, if a substance has a large gas constant, then the
substance must have a smaller molar mass. The following plots illustrate the sensitivity
of the surface temperature and the radius—squared to the gas constant for s ¢ [0, 3.0/

where AR = 0.0447 kJ/kg—K.
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The sensitivity of the surface temperature and the solution for the surface
temperature are shown in Figure 2 and Figure 3, respectively. From Figure 2, there
exists a very brief interval in which surface temperature has negligible sensitivity to the
gas constant; this is the same interval in which the droplet experiences condensation (see
Figure 5). Also, there is a reversal in the surface temperature sensitivity contours; at first
a large value for gas constant induces a low sensitivity; then it induces a high sensitivity.
This reversal occurs because the heat-up rate decreases, i.e., a larger value of the gas
constant causes the surface temperature to reach its constant value faster. It is interesting
to note that a large gas constant always induces a smaller temperature (Figure 2).
Additionally, a large gas constant always corresponds to a smaller surface temperature

derivative, i.e., a slower rate of change.

The sensitivity of the radius—squared and the solution for the radius—squared are
shown in Figure 4 and Figure 5, respectively. Similar to the behavior of the surface
temperature, the radius-squared initially experiences negligible sensitivity to the gas
constant. Then there is a steady rise in sensitivity throughout the remainder of the
evaporation process. However, there is a reversal, i.e., an instance where the value of the
gas constant has an opposite effect on the sensitivity (see Figure 5). This reversal occurs
because larger gas constant values allow the radius-squared to experience faster decay.
However, the radius—squared grows progressively more sensitive to the gas constant for
larger values of the gas constant. Additionally, a larger gas constant allows a smaller

degree of condensation as well as faster evaporation.
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Figure 5. The radius—squared solution.
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4.3.2. Sensitivity to the Latent Heat of Vaporization

Recall that the latent heat of vaporization is the amount of energy a substance
needs to absorb in order to change from the liquid phase to the gas phase. The following

plots illustrate the sensitivity of the surface temperature and the radius—squared to the

latent heat of vaporization for s € [0, 3.0] where AL, = 27.4 kJ/kg.

The sensitivity of the surface temperature and the solution for the surface
temperature are shown in Figure 6 and Figure 7, respectively. It is apparent from Figure
6 that, overall, a large value of latent heat always induces a relatively low sensitivity in
the surface temperature. Additionally, from Figure 7, a large latent heat allows the
surface temperature to achieve a higher value. This stands to reason because if a
substance has a large latent heat then that substance will require more energy in order to
change phase. An interesting characteristic of the surface temperature sensitivity is the
initial, steady increase in sensitivity, up to a peak; each contour has its own peak, and
these peaks do not occur at the same instant. Specifically, these peaks occur when the
contours of the derivative of surface temperature (equation (11.i)) reverse. Note that the
derivative contours do not intersect at exactly the same instant, i.e., there is no “fixed
point.” Specifically, on the LHS of the peaks, a large latent heat allows a faster rate of
change in surface temperature, whereas on the RHS of the peaks, a large latent heat

allows a slower rate of change.

The sensitivity of the radius—squared and the solution for the radius—squared are
shown in Figure 8 and Figure 9, respectively. From Figure 8 and Figure 9, it can be seen

that during the small condensation period, the radius—squared has negligible sensitivity to
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latent heat. However, once the droplet starts to evaporate, the radius—squared becomes
progressively more sensitive to changes in the latent heat, although a large value of latent
heat induces less sensitivity. Additionally, a large latent heat always corresponds to a
larger radius—squared, i.e., a large latent heat induces more condensation as well as a

longer evaporation time.

Figure 10 and Figure 11 illustrate the variation of the sensitivity of the surface
temperature and the radius—squared with the value of the latent heat for select instances
of time. From these figures, it is apparent that when the latent heat has a lower value,
both the surface temperature and the radius—squared experience lower levels of
sensitivity for all time. It is also apparent that the radius—squared is more sensitive to the

latent heat than is the surface temperature.
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Figure 11. Variation of the radius-squared sensitivity with the latent heat at select instances of time.






4.3.3. Sensitivity to the Boiling Temperature

The boiling temperature of a liquid is that temperature at which the liquid changes
to a gas at a solid interface. At atmospheric pressure, the boiling temperature of propane
is 231.05 Kelvin, i.e., -42.1 °C. The following plots illustrate the sensitivity of the

surface temperature and the radius—squared to the boiling temperature for s ¢ [0, 3.0/

where ATp = 36 K.

The sensitivity of the surface temperature and the solution for the surface
temperature are shown in Figure 12 and Figure 13, respectively. There is a brief interval
in which surface temperature has negligible sensitivity to the boiling temperature; this is
the interval in which the droplet experiences a small amount of condensation — the longer
the condensation process, the longer is the interval of negligible sensitivity. Furthermore,
a large boiling temperature induces a lowered sensitivity in the surface temperature. It
also allows the surface temperature to achieve a higher value. This characteristic stands
to reason because a lower boiling temperature means that a substance does not require so

much energy to boil.

The sensitivity of the radius—squared and the solution for the radius—squared are
shown in Figure 14 and Figure 15, respectively. During the brief condensation phase, the
sensitivity of the radius-squared is very similar to the sensitivity of the surface
temperature in that during the condensation process, the radius—squared has negligible
sensitivity to boiling temperature. However, once the droplet starts to evaporate, the
radius—squared experiences a progressively larger degree of sensitivity until the droplet is

completely evaporated.  Additionally, a higher boiling temperature allows more
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condensation to occur, thus a longer evaporation process, while at the same time allowing

the radius—squared to be less sensitive to small changes in boiling temperature.
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Figure 14. The sensitivity of the radius-squared to the boiling temperature.
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4.3.4. Sensitivity to the Ambient Temperature

The ambient temperature is the temperature of the medium in which the droplet is
suspended. For this thesis, it was set at a nominal value of 300.15 Kelvin, i.e., 27 °C.

The following plots illustrate the sensitivity of the surface temperature and the radius—

squared to the ambient temperature for s € [0, 3.0] where AT, = 12 K.

The sensitivity of the surface temperature and the solution for the surface
temperature are shown in Figure 16 and Figure 17, respectively. The first noticeable
characteristic is that the sensitivity decreases, with a larger ambient temperature inducing
a larger decrease (see Figure 16). These relative minimae do not occur at the exact same
instant; rather they occur in the interval in which the contours of the derivative of the
surface temperature intersect. Again, the derivative contours do not intersect at the exact
same instant. Specifically, on the LHS of the sensitivity peaks, a larger ambient
temperature induces a larger derivative; on the RHS, this behavior reverses. Although the
contours of the surface temperature derivatives and the contours of the surface
temperature sensitivity intersect, the contours of the surface temperature solution do not;
in fact, a lower ambient temperature allows surface temperature to achieve a higher value

for all time.

The sensitivity of the radius—squared and the solution for the radius—squared are
shown in Figure 18 and Figure 19, respectively. During the brief condensation phase, the
radius-squared has negligible sensitivity to changes in the ambient temperature (unlike
the sensitivity of the surface temperature during this interval). However as soon as

evaporation begins, the radius-squared grows progressively more sensitive until the
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droplet has evaporated. Furthermore, the radius—squared has greater sensitivity to the
ambient temperature when the ambient temperature is large; however, the radius—squared
converges to the same amount of sensitivity regardless of the actual value of the ambient
temperature. Additionally, a larger value for the ambient temperature allows less

condensation, thus, a faster evaporation process.
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Figure 19. The radius-squared solution.
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4.3.5. Sensitivity to the Initial Temperature

The initial temperature is the temperature of the droplet surface at time zero. For
this thesis, it was set to a nominal value of 100.15 Kelvin, i.e., -173 °C. The following

plots illustrate the sensitivity of the surface temperature and the radius—squared to the

initial temperature for s € [0, 3.0] where ATy = 30 K.

The sensitivity of the surface temperature is given in Figure 20 and the solution
for the surface temperature is given in Figure 21. At first, the surface temperature has
relatively high sensitivity to its initial temperature, but this sensitivity quickly diminishes
to zero. Additionally, a larger value of the initial temperature induces a quicker decay in
the sensitivity. Additionally, the surface temperature becomes independent of initial
temperature (unlike the behavior of the other parameters). Furthermore, the sooner the
surface temperature reaches its constant—value behavior, the faster the sensitivity decays

to zero.

The sensitivity of the radius—squared and the solution for the radius—squared are
shown in Figure 22 and Figure 23. Between these figures, the radius—squared exhibits
remarkable and unique behavior toward this parameter. During the condensation phase,
there is a quick rise in the sensitivity of radius-squared. As the radius—squared
approaches its linear decay regime, the sensitivity starts to level off to a constant value.
This behavior is unique to this parameter in that such behavior does not show up in any
of the other parameters. Furthermore, the sooner the radius—squared starts to decay, the

more sensitive it is to the initial temperature.
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4.3.6. Sensitivity to the Specific Heat of the Droplet Vapor

The specific heat of the droplet vapor is the constant—pressure specific heat. At
atmospheric pressure, the constant—pressure specific heat of propane is 1.6794 kJ/kg—K.

The following plots illustrate the sensitivity of the surface temperature and the radius—

squared to the vapor specific heat for s € [0, 3.0] where AC, = 0.2263 kJ/kg-K.

The sensitivity of the surface temperature is given in Figure 24 and the solution
for the surface temperature is given in Figure 25. From Figure 24, it is apparent that the

surface temperature has very small sensitivity to the vapor specific heat, i.e., the

ey -3
sensitivity is always of the order of /0 . However, there are some noteworthy

characteristics. The first is that a higher vapor specific heat always induces a smaller
sensitivity in the surface temperature. Also, there exist “peaks” in the sensitivity. These
contour peaks occur when the contours of the surface temperature derivative reverse;
specifically, on the LHS of the peak, a larger vapor specific heat induces a smaller
derivative. On the RHS of the peak, the reverse is true. At first, a large vapor specific
heat induces a lower temperature (on the LHS of the peak); later, on the RHS of the peak,
this characteristic has reversed. In fact, this reversal in the solution occurs at the
instances the sensitivity contours have returned to zero. In the steady-state regime, a
high vapor specific heat allows smaller sensitivity, although a higher value is allowed for
the surface temperature. It must be noted that the derivative contours do not intersect at
the exact same instant, thus the sensitivity contours do not peak at the exact same instant;

this means that there is no fixed point in the behavior of the surface temperature.
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The sensitivity of the radius—squared and the solution for the radius—squared are
shown in Figure 26 and Figure 27 respectively. From Figure 26, it is apparent that the
radius—squared is substantially more sensitive to changes in vapor specific heat than the
surface temperature. Similar to the surface temperature sensitivity, a large vapor specific
heat allows the radius—squared to be less sensitive to the vapor specific heat. However,
the sensitivity contours also experience peaks. These peaks occur at the instances the
contours of the derivative of radius—squared intersect. These derivative—intersections do
not occur at the exact same instant, thus the sensitivity peaks do not occur at the exact
same instant. The sensitivity contours all return to zero at the instances the solution
contours intersect. Prior to this intersection, a large vapor specific heat allows less
condensation to occur; after this intersection, a vapor specific heat corresponds to a

longer evaporation time.
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Figure 25. The surface temperature solution.
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Figure 27. The radius—squared solution.
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4.3.7. Sensitivity to the Specific Heat of the Liquid
Comprising the Droplet

The specific heat of the liquid comprising the droplet is the constant—pressure
specific heat. At atmospheric pressure, the constant—pressure specific heat of liquid

propane is 2.25 kJ/kg-K. The following plots illustrate the sensitivity of the surface

temperature and the radius—squared to the droplet specific heat for s € [0, 3.0] where ACy,
=0.12 kJ/kg-K.

The sensitivity of the surface temperature and solution for the surface temperature
are shown in Figure 28 and Figure 29, respectively. Overall, the surface temperature is

essentially insensitive to the droplet specific heat, since, from Figure 28, it is apparent

e -4 .
that the sensitivity is always of the order /0 . However, even at this scale, there are

some interesting characteristics. The first is that the surface temperature becomes
insensitive to the droplet specific heat quite quickly.  Also, there are two peaks in
sensitivity, both of which occur when the derivative contours of the surface temperature
intersect, although the intersections do not occur at the exact same instant. Thus, the
contour peaks do not occur at exactly the same instant. The instant where the surface
temperature has zero sensitivity to the droplet specific heat occurs at the instants where
the droplet returns to its original dimensions. However, relative to the sensitivity of the
radius—squared, the surface temperature has negligible sensitivity to the droplet specific

heat.

The sensitivity of the radius—squared and the solution for the radius-squared is

shown in Figure 30 and Figure 31, respectively. Similar to the behavior of the surface
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temperature sensitivity, the sensitivity contours of the radius—squared return to zero when
the droplet returns to its original dimensions. Although a large droplet specific heat
induces more condensation, it also induces quicker evaporation. During the period of
condensation, a high droplet specific heat allows the radius—squared to be more sensitive
to the droplet specific heat, whereas when the droplet is evaporating, the radius—squared

is less sensitive to changes in the droplet specific heat.
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Figure 29. The surface temperature solution.
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Figure 30. Sensitivity of the radius—squared to the droplet specific heat.
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Figure 31. The radius-squared solution.
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4.3.8. Sensitivity to the Lewis Number of the Fuel

The Lewis number is the ratio of the thermal diffusivity of the fuel to the mass
diffusivity of the fuel. In most combustion-type problems, the Lewis number is of the
order unity, which means that the mass is diffusing away from the droplet surface about
as fast as heat is conducting toward the droplet surface. If thermal diffusivity is constant,
then the Lewis number can only vary if the mass diffusivity varies. The following plots

illustrate the sensitivity of the surface temperature and the radius—squared to the fuel

Lewis number for s € [0, 3.0] where ALer = 0.1.

The sensitivity of the surface temperature and the solution for the surface
temperature is given in Figure 32 and Figure 33, respectively. There is a small peak in
the sensitivity at the instant the contours of the surface temperature derivatives intersect;
specifically, on the LHS of the peak, a lower Lewis number corresponds to a lower
derivative (i.e., slower rate of change). On the RHS of the peak, this behavior reverses.
Furthermore, a low Lewis number always allows the surface temperature to be more
sensitive to changes in the Lewis number. The sensitivity returns to zero when the
contours of the surface temperature solution contours intersect again. This intersection is
significant since prior to the intersection, a low Lewis number corresponds to a higher

surface temperature — a characteristic which reverses after the intersections occured.

The sensitivity of the radius—squared and the solution for the radius—squared
contours are given in Figure 34 and Figure 35, respectively. Some interesting behavior is
that the solution contours intersect a few instances before the droplet returns to its

original dimensions for a given Lewis number. This intersection is significant since a
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low Lewis number corresponds to a larger amount of condensation as well as a faster
evaporation. This phenomenon appears to correspond to the instances that the sensitivity
returns to zero. Additionally, the sensitivity peaks occur slightly before the droplet
attains is maximum size for a given Lewis number; note that radius—squared attains its
maximum value when the derivative of radius—squared is zero. Specifically, the
sensitivity peaks occur when the contours of the derivatives of the radius—squared
intersect. It must be noted that the radius—squared solution contours do not intersect at
the exact same instant, nor do the radius—squared derivative contours intersect at the
exact same instant, nor do the radius—squared sensitivity contours intersect at the exact

same instant; this means no “fixed point” exists in the radius—squared behavior.

Finally, a low Lewis number always allows the radius-squared to be more
sensitive to changes in the Lewis number, and also allows a larger amount of
condensation (as well as a faster evaporation). Similarly, a low Lewis number always

allows the surface temperature to be more sensitive to changes in the Lewis number.
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Figure 32. The sensitivity of the surface temperature to the fuel Lewis number.

ERARERERANTERRRRRESE

'

FAEEEBERAEN SAEES

1
'
1
I
'
-
!
|
1
'
.
|
'
)
!
'
B i eI

- mmm——-——

1
1
1
1
[
1
[
1
1

Le,_; 0.9

= 0.95

—— LeF: 1

e e e e m e = m mm——— — o~ —

0.7

04l f- L.

2.5

1.5
Time, s [—]

0.5

Figure 33. The surface temperature solution.

57



B et R Il S

- mmm - -

LeF' 0.9

LeF' 1.05

[ LQF: 1
—_— LeF. 1.1

1--= 7%
J

2.5

1.5
Time, s [—]

0.5

0.14
0.12f--------

0.02}--------

Figure 34. The sensitivity of the radius—squared to the fuel Lewis number.

lllllllllllllllll

-~ S s B

llllll

T T T T T
1 1 1 | 1
1 1
Y] v ! ! d
@ o S = | A
0. O = - Ll " " h
¢ ¢ o o a| | | :
o O [ i [ | ||.r |||||||| “
1 I
) _
' )
1 '
1 I
1 i
1 I
|||||||||||||||||||| R, AL PR —
1
'
-.

0.4} --------

2.5

1.5
Time, s [—]

0.5

Figure 35. The radius-squared solution.
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4.3.9. Sensitivity to the Ambient Mass Fraction

The ambient mass fraction of the fuel represents the portion of the fuel which is in
the ambient; as such, it usually has a very small value. For this thesis, ambient mass
fraction was set to a nominal value of 0.01. The following plots illustrate the sensitivity

of the surface temperature and the radius—squared to the ambient mass fraction for s € [0,

3.0] where AYp, = 0.012.

The sensitivity of surface temperature and solution of surface temperature is given
in Figure 36 and Figure 37, respectively. Each sensitivity contour experiences a steady
rise to a peak; then there is a steady decrease to constant—value behavior. However,

before each sensitivity contour attains its peak, there is a reversal (Figure 36).

Specifically, on the LHS of the reversal, a large Yr.—value induces greater sensitivity in

the surface temperature; also, a large Yg,—value corresponds to a higher surface

temperature, as well as a higher value for the derivative of the surface temperature. On

the RHS of the reversal, a large Yp,—value induces a low sensitivity in the surface

temperature which is maintained for all time. The sensitivity contours attain their
respective peaks in the same interval in which the surface temperature derivative contours
intersect one another, although the sensitivity contours peaks do not occur at the exact

same instant nor do the derivative contours intersect at the exact same instant. For the
entire evaporation process, a higher Yg,—value allows surface temperature to achieve a

higher value.
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The sensitivity of the radius—squared and the solution for the radius—squared are
given in Figure 38 and Figure 38, respectively. From Figure 38, the radius—squared
sensitivity has similar behavior to the surface temperature sensitivity. The sensitivity
contours intersect one another just after the solution contours attain their respective peaks

(i.e., before condensation reaches a maximum) and just before the solution contours

return to unity. Prior to the intersection of the sensitivity contours, a high Yr—value

induces a high sensitivity in the radius—squared; afterward, a high Yg,—value induces a

low sensitivity in the radius—squared which is maintained for the remainder of the
evaporation. The first peaks (i.e., relative maxima) of the sensitivity contours occur in
the same interval in which the respective radius contours return to unity. This is also the

same interval in which the contours of the derivatives of the radius—squared intersect

each other. On the LHS of the first sensitivity peaks, a high Yr.—value corresponds to

higher derivative; on the RHS, a lower derivative. After the sensitivity contours have
attained their respective peaks, the sensitivity contours of the radius—squared
monotonically decrease until they reach their respective relative minima. These relative
minimae occur in the same interval in which the contours of the derivatives of the radius—

squared intersect each other a second time.
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Figure 36. The sensitivity of the surface temperature to the ambient mass fraction.
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Figure 38. The sensitivity of the radius—squared to the ambient mass fraction.
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Figure 39. The radius—squared solution.
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4.3.10. Sensitivity to the Mass Fraction above the
Evaporated Surface

The mass fraction of the fuel above the droplet surface represents the portion of
fuel that exists immediately above the droplet surface. As such, it is always of the order
unity. For this thesis, the mass fraction above the droplet surface was assigned a nominal
value of 0.9. The following plots illustrate the sensitivity of the surface temperature and

the radius—squared to the mass fraction above the evaporated surface for s € [0, 3.0/

where AY gy, = 0.06.

The sensitivity of the surface temperature and the solution for the surface

temperature are given in Figure 40 and Figure 41, respectively. At first, the surface

temperature has negligible sensitivity to Ygp — this is the interval of condensation. Then

there is a steady increase in sensitivity up to a steady state value. For all time, a large

Yrp—value induces lower sensitivity in the surface temperature. Additionally, a large

Ygp—value allows the surface temperature to achieve a lower value.

The sensitivity of the radius—squared and the solution for the radius—squared are
given in Figure 42 and Figure 43 respectively. Similar to the surface temperature

sensitivity, there is an interval in which the radius—squared has negligible sensitivity to

Yrp. Then the radius—squared becomes progressively more sensitive for the remainder of

the evaporation process. Also, a high Ygp—value induces lower sensitivity in the radius—
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squared, as well as allows the radius—squared to achieve smaller values, i.e., a high Ygp—

value corresponds to a smaller condensation, thus a shorter evaporation time.
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Figure 42. The sensitivity of the radius—squared to the evaporated mass fraction.
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Figure 43. The radius-squared solution.
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Figure 43. The radius-squared solution.
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4.3.13.  Final Conclusions for the Sensitivity Analysis

Essentially, both the sensitivity of the surface temperature and the sensitivity of
the radius—squared follow the same pattern. For example, if the surface temperature
sensitivity contours intersect, the radius—squared sensitivity contours also intersect. The
first major difference is that the surface temperature sensitivity contours level off to
constant values, whereas the radius—squared sensitivity contours progressively increase

throughout the evaporation process.

The only parameter that defied this generality was the initial temperature. The
surface temperature quickly became totally insensitive to the initial temperature of the
droplet, whereas the radius-squared developed a constant sensitivity to the initial
temperature. The second major difference was in the magnitude of the sensitivity —
usually the radius-squared was substantially more sensitive to small changes in the
parameters than surface temperature. The exceptions were the boiling temperature, the
ambient temperature, the ambient mass fraction, and the evaporated—surface mass
fraction. The surface temperature and the radius-squared had approximately equal

sensitivity to these parameters.

Overall, the surface temperature experienced some interesting behavior with
respect to certain parameters. The sensitivity of the surface temperature experienced

reversals for the following parameters: the gas constant, the ambient temperature, and the

ambient mass fraction. Specifically, large R and large Yg, at first induced more

sensitivity in the surface temperature, whereas large T, induced lower sensitivity (Figure
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2, Figure 16, and Figure 36, respectively). The reversal was maintained for the gas
constant and the ambient mass fraction for the remainder of the evaporation process.
However, the ambient temperature induced another reversal in the surface temperature

sensitivity (for a total of two reversals).

Although these parameters reversed their influence on the sensitivity of the

surface temperature, they did not appear to reverse their influence on the surface
temperature itself, i.e., large R and large T, allowed the surface temperature to achieve
smaller values (Figure 3 and Figure 17, respectively) for the entire evaporation process,
and large Yr—values allowed the surface temperature to achieve higher values (Figure
35).

The radius—squared tended to be relatively insensitive to all of the parameters
during the condensation process. The exceptions to this were the initial temperature
(Figure 22) and the ambient mass fraction (Figure 38), both of which saw an immediate
increase in the sensitivity. After the condensation process ended and the evaporation
started, the radius—squared grew progressively more sensitive to the parameters for the

remainder of the evaporation process.

Concerning an overall “sensitivity magnitude,” the surface temperature is

sensitive to the following parameters (from lowest sensitivity to highest): Ty, C;, Yr,

Ly, Cp, Ler, Yrp, R, T, Tp. The radius—squared is sensitive to the following parameters

(from lowest sensitivity to highest): Y, Leg, Yrp, R, Cp, Tg, Cr, Ly, Tp, Teo.
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Another interesting characteristic was the presence of “peaks” in the sensitivity
contours; these contour peaks occurred as either relative maxima or relative minima.
Specifically, these contour peaks occurred for the following parameters: the gas constant,
the latent heat of vaporization, the ambient temperature, the vapor specific heat, the
droplet specific heat, the fuel Lewis number, and the ambient mass fraction. The contour
peaks always occurred in the same interval in which the surface temperature derivative
contours or the radius—squared derivative contours intersected — the derivative contours
never intersected at the exact same instant, thus the sensitivity contours never peaked at
the exact same instant. Figure 44 is a plot of equation (11.i) for contours of constant
latent heat of vaporization; Figure 45 is a close—up of Figure 44 in the vicinity of the
contour intersections. The purpose of these figures is to illustrate that there is no “fixed

point” in the governing equations.
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Chapter 5: The Optimization Study

5.1. Overview

This part of this thesis is concerned with parameter optimization. For this portion
of the study, the HEEDS®? software package was utilized. Since this software was
developed to find optimal designs based on certain constraints, the parameter
optimization study can be considered as finding a hydrocarbon fuel that possesses these
optimized parameters. In a HEEDS® parameter optimization study, optimized designs
are sought by iteratively changing the values of certain variables, executing the defined
analyses, and evaluating the responses of each design candidate. New design candidates
are generated based on the various mathematical search algorithms in HEEDS®.
Primarily, the SHERPA?® search algorithm was utilized since it is a particularly effective
method for most parameter optimization problems. During a single search, this method
uses multiple search algorithms simultaneously as opposed to sequentially. Furthermore,
the SHERPA method is capable of learning about the design space and adaptively

navigating many types of design spaces.

2 Acronym for Hierarchical Evolutionary Engineering Design System

3 Acronym for Systematic Hybrid Exploration that is Robust, Progressive, and Adaptive.
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The parameters tp be optimized are the relevant physical constants (e.g. latent

heat, boiling temperature, etc.); they are optimized in order to minimize sp, where sp is

the dimensionless instant of time that the droplet disappears. At this condition, we have

.;2 (sp) = 0. For this study, all values for these parameters are restricted to those of

hydrocarbon fuels. In other words, the range of the parameter space of the governing
parameters is restricted to that which corresponds to hydrocarbon fuels. For all of the
parameter optimization runs, the following items will be shown: an agent response plot, a

table containing the best designs, and a table containing the parameter ranges.

For this study, a good design is one in which the burn—out time is less than the
baseline as well as one in which the parameters lie within the specified range. The

baseline hydrocarbon is propane; the baseline parameter values are given in section 3.6.

5.2. Computational Methodology

This optimization study is done in two parts. The first part is the necessary
background analysis work, viz., solving the governing equations based on the given
values for the physical parameters; this part is done in the C++ programming language.
The governing equations are solved with the classical 4™ order Runge—Kutta method, the

form of which is given in equation (14).
x(¢ +h)=x(t)+é(1{, +2K, +2K, +K,) (14.i)

K, =h flex) (14.ii)
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K, =hf[t+%,x+K%] (14.iii)

K, =hf(t+%,x+K%] | (14.iv)
K =hfli+hx+K,) (14.v)

Note that the function f{?, x) refers to the ordinary differential equation or system thereof.
Since we have a system of two ordinary differential equations, we can write them in

vector form as follows:

x=1(e.7(t))

This algorithm was validated by comparing its results to those acquired by MATLAB®O;

there is agreement between the two usually to the second or the third decimal place.

The second part is the optimization process, which is conducted in HEEDS®. It
is necessary to explain some of the terms that are found in a HEEDS® optimization
study. All HEEDS® projects, regardless of type, have the following elements: at least
one process which contains at least one analysis; a set of project variables; a set of
project responses; and at least one agent [28]. In this thesis, the analysis solves the
governing equations in order to determine the instant at which the droplet is completely
evaporated. A process is the analysis (or set of analyses) that are performed by an agent
to fully evaluate a particular design. Some evaluations may require a single analysis,
while other evaluations may require several analyses and use different analysis tools.

The project variables are the quantities that are varied — here, the variables are the
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physical parameters. The project response is simply the value of sp, i.e., the

dimensionless instant of time that total evaporation has occurred. Finally, an agent
executes and controls the design exploration. In this application, a design evaluation is
simply the burn—out time. In other words, the computation of a new value for the burn—

out time, given new parameter values, constitutes a design evaluation.

For this particular study, HEEDS® requires three items from the user: an input
file, an executable file, and an output file. The input file contains a list of values for the
physical parameters, or the baseline design, which is used by HEEDS® as a starting point
for the optimization process. As mentioned earlier, propane was chosen as the baseline
design. The executable file is created when the C++ source code is compiled. Finally,

the output file is created when the executable file is run (or executed).
Finding the instant that the radius—squared goes to zero makes this is a root-

finding problem. The derivative of 52 is known from the governing equations (equation

(11.i1)), so 52 itself is needed in order to utilize the Newton—-Raphson method, the general

form of which is the following:

Inyl =th —

A subtle point about all root—finding methods is the choice of an initial guess for the root.
This means that if the initial guess is ‘“close” to the actual root, then the method will
converge to that root. For the Newton—Raphson method, a quadratic convergence rate

exists for an initial guess which is sufficiently close to the root.
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In this particular study it is known a posteriori that ¢2 develops a linear decay.

Also, the Newton—Raphson method converges in exactly one iteration if F(?) is linear,

i.e., if F(?) has the form F(z) = a + bt. Thus, for this study, the burn—out time, sp, is

calculated via equation (15).

2

Sb =Sb,initial ~ (15)

(- 47)

The algorithm is as follows:

1.

Compute € until 8is about constant; if > I, evaporation is present so the algorithm

can proceed.

Check for condensation. If éz > | at s = h, i.e., the next time step, then condensation
is present. Thus a critical time (s.) can be calculated (s, = instant where 52 returns to
unity). The current code will return s — h. This is acceptable since s, is ONLY used

for computing an initial guess for sp, which is sp jnitiql = 2.0*s¢c. It is known a
posteriori that the factor of 2.0 moves the evaluation far enough into the linear region

of {2 such that the single-iteration N-R method returns reasonable results.

If condensation is not present, then the slope of 52 must be considered in order to

determine an initial guess for s;. The slope is first computed at s = h/10; then the

slope is computed a second time at s = h (note that h has been fixed at 0.001). Then
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these results are passed to a pretest loop where subsequent slopes are computed.

-8 )
When two consecutive slopes are within 1.0 x /0 ~ of each other, the loop stops since

the slope of ;’2 is sufficiently linear. The initial guess to sp, is taken as the s — value

where the most recent slope was computed.

5.3. Results and Discussion

5.3.1. Optimization of the Gas Constant, the Latent Heat
of Vaporization, the Boiling Temperature, the Vapor Specific
heat, the Droplet Specific Heat, the Vapor Thermal
Conductivity, and the Droplet Density

For this optimization run, the following parameters are optimized in order
to minimize the burn—out time: the gas constant, the latent heat of vaporization, the
boiling temperature, the vapor specific heat, the droplet specific heat, the thermal
conductivity, and the droplet density. For this study the parameter domain is given by
Table 1. These ranges were selected since they are representative of common
hydrocarbon fuels such as ethane and benzene. The computed burn—out time per
evaluation (agent response plot) is given in Figure 46. The top-ranking designs (from
worst down to best) are given in Table 2. The units of the parameters are given in section

3.6.
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Table 1. Parameter ranges for those that are varied.

R L v Tb Cp CL kg PL
Minimum | 0.072783 300 180 1.2 1.7 0.0136 | 546.49
Baseline | 0.1885 427.8 231.05 1.6794 2.25 0.0151 581
Maximum| 0.2765 500 400 1.823 3.11 0.148 680.5
Table 2. Top — ranking designs.

Sp R L, T, Csr C, kg (10%) oL
2.50135] 0.1441 492 186.6 1.5987 2.024 1.22 671.1193
1.91127] 0.0769 304 224 1.4617 2.433 0.19 638.9569
1.63547| 0.0728 500 180 1.2000 3.110 1.48 680.5
1.19067] 0.0728 300 180 1.2000 3.110 1.48 680.5
1.18933| 0.1054 300 180 1.2000 3.110 1.48 680.5
1.18578 0.1013 300 180 1.2000 3.110 1.48 680.5
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Figure 46. Burn—out time per design evaluation. The horizontal line represents the
burn—out time for a propane droplet, i.e., the baseline design.
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From Figure 46, it is apparent that in about the first twenty evaluations, HEEDSO
has found about as many “bad” designs as good designs; this is because the SHERPA

method is randomly sampling the design space in order to acquire an understanding of the

design space. However, by the 30’h evaluation, HEEDSO has essentially converged.

The presence of the outliers is due to the fact that the SHERPA method never stops

searching the design space for an even better design.

From the Table 1 and Table 2, we see that the optimal gas constant is between the
minimum allowable value and the baseline, albeit closer to the minimum; the optimal
latent heat is consistent at its minimum allowable value as is the optimal boiling
temperature. The vapor specific assumed its minimum allowable value whereas the
liquid specific heat assumed its maximum allowable value. The thermal conductivity and

liquid density both assumed their maximum allowable values.

Intuitively, a fuel droplet will experience the quickest evaporation if the droplet
has a low latent heat of vaporization and a low boiling temperature (thus the droplet must
absorb a smaller amount of energy in order to change phase). Also, vapor with a low

heat capacity will serve to accelerate evaporation.

A minimal gas constant indicates a large molar mass (recall section 3.2 and 4.3.1).
A larger molar mass would aid in evaporation since it would allow the substance to have
a higher heat capacity. Thus it follows that a droplet with a large heat capacity would
serve to accelerate evaporation since a large specific heat essentially means that the

droplet “holds” a large quantity of heat that aids in the evaporation of near—surface

molecules.
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To optimize kg and p may not yield reliable results since it is known from the

sensitivity analysis that both the surface temperature and the radius—squared are

completely insensitive to these parameters.

5.3.2. Optimization of the Gas Constant, the Latent Heat
of Vaporization and the Boiling Temperature

For this optimization run, the following parameters are optimized in order to
minimize the burn—out time: the gas constant, the latent heat of vaporization, and the
boiling temperature. For this study the parameter domain is given by Table 3.  These
ranges were selected since they are representative of common hydrocarbon fuels such as
ethane and benzene. The computed burn—out time per evaluation (agent response plot) is
given in Figure 47. The top-ranking designs (from worst down to best) are given in

Table 4. The units of the parameters are given in section 3.6.

Table 3. Parameter ranges for those that are varied.

R L, T,
Minimum [ 0.072783] 300 180
Baseline | 0.1885 | 427.8 | 231.05
Maximum| 0.2765 | 500 400
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Bum-out time [—]

Table 4. Top — ranking designs.

Sy R L v Tb

33.06541 0.1278 462 380.2

14.97371 0.0789 396 318.6

7.828994 0.2419 396 303.2

3.184831 0.1033 378 191

3.131561 0.1033 404 182.2

2.561621 0.0728 300 180

2.556044 0.0769 300 180

2.553503 0.0789 300 180

2.54645 0.0932 300 180

2.545874 0.0911 300 180

2.545723 0.0893 300 180
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Figure 47. Burn—out time per design evaluation. The horizontal line represents the
burn—out time for a propane droplet, i.e., the baseline design.
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From Figure 47, it is apparent that in about the first twenty evaluations, HEEDS© found

th
about as many “bad” designs as good designs, but by the 30  design, HEEDSO has

converged. However, the minimal burn—out time for this run is not as small as for the

previous run.

Between Table 3 and Table 4, the optimal gas constant is close to the minimum
allowable value; the optimal latent heat is equal to the minimum allowable value; the
optimal boiling temperature is also equal to the minimum allowable value. These results

seem physically plausible for the reasons given in the previous section.

From the sensitivity analysis, it is known that the radius—squared exhibits a high
level of sensitivity to the boiling temperature and a smaller level of sensitivity to the gas
constant. Such a characteristic might explain why the gas constant required more

evaluations to converge to its optimal value, whereas the boiling temperature converged

to its optimal value relatively quickly.

5.4. Final Conclusions

Unfortunately, there was only sufficient time to thoroughly investigate two

optimization runs. However, the results from the two runs seem to suggest a certain

pattern which supports the sensitivity analysis.

Between the two optimization runs, the radius—squared was relatively insensitive
to some parameters and sensitive to other parameters. The order of the radius—squared
sensitivity is given in section 4.3.13. For the insensitive parameters (i.c., the parameters

to which the radius—squared had relatively no sensitivity), HEEDS© seemed to converge
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to their optimal values rather quickly. For the sensitive parameters (i.e., the parameters to
which the radius—squared was sensitive), HEEDS©O seemed to require slightly more
evaluations to converge to their optimal values (if indeed optimal values exist). This
stands to reason because if the radius—squared is insensitive to a given parameter, then
that parameter would have minimal effect on the burn—out time; thus, that parameter
could be assigned almost any value. Of course, this is only suggested by the current

studies; more optimization studies would be necessary to verify this pattern.
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Chapter 6: The Asymptotic Analysis

Due to the non-linearity of the governing equations, they must be solved

numerically. However, if we consider a hypothetical fuel that possesses a high activation

energy, i.e., l,, >> O(1), then it is possible to conduct an asymptotic analysis that might be

analytically tractable. The purpose of the asymptotic analysis is to remove all but the

most essential elements of a system so that the system is simplified but still illustrates the

relevant physics.
When [, >> O(1) (say that /,, ~ 100) and while the surface temperature (7) is still

increasing, it can be shown that the y parameter is about constant. This would constitute
the first interval in which the asymptotic analysis is conducted. As the surface
temperature approaches the transition to its constant-value behavior, y is still about
constant; this is the second interval for the asymptotic analysis. These intervals are

quantified in Figure 48. In this figure are plots of 7 (the dimensionless surface
temperature), fz (the dimensionless radius—squared) and the y—parameter for a large /,~

value. For the remainder of this section, the dimensionless parameters take the following

values:

79 =0.3337; 5 =0.7698; 1, =97.21; 2=10.91; 1 = 0.893; y=1.126.

C=0.009;K=0.01;J=1.005;B=111.4;m=112; U=-0.306.
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The first interval of the asymptotic analysis extends from s = 0 to just before 52
attains its maximum value. The second interval extends from there to just before r attains
its constant—value behavior.

In the first interval of this limiting case, we have y = —0.0101. If we
define y = —K in this particular interval, and substitute this definition into equation (11.ii),

then the solution for the dimensionless radius—squared is:
E2=1+Cs

On substitution of this expression into equation (11.i), the ordinary differential equation

(which is now linear) is:

dr  ds
KB-Jr 1+Cs
1 K .
Here,C=AK, B= % +02, J= . It can be shown that the solution for the
1-e~ 1-e~

dimensionless surface temperature is:

r=£J£{l—(1+Cs)_2m}+ 10(1+Cs)—2m

Here,mr%,. These two solutions suggest that the dimensionless time variable, s, be

R B . .
scaled with C , i.e., n = Cs; also, that the dimensionless surface temperature be scaled,

i.e.,@:('] %( B)' Thus, the radius-squared and the surface temperature can be

expressed in the following ways:
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£ =1+7

o=1+UEm

(‘] T%( B)—] . Figure 49 illustrates these two asymptotic solutions. From

Here, U

inspection, it is clear that as s — o, @ — . From Figure 46, the first interval extends to

about s = 0.6. From the definition of 7, the corresponding 7-value is about 0.0054.
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Figure 49. Asymptotic solutions for the interval of increasing surface temperature

and radius—squared.
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As the dimensionless surface temperature approaches its constant—value behavior,

this first asymptotic analysis breaks down. Thus we start the second analysis in the next

interval which begins at the instant 52 attains its maximum value; at this instant, y is still

about equal to —K. In this particular analysis, &2 (s, ~0.75)= &2, =1.007 . We make the

following definition:

In the above expression, o=0y)+ a% +92 (2% Also, we expand s in the
v
v

neighborhood of s, viz., h = I,(s — so). Thus, with the y = —K approximation, and
assuming /,, is large, we can integrate equation (11.i1) from 52 (s¢) to 4'2 (s); then we
substitute the definition for 4. The solution for 52 is now the following:

AK

4: fmax —Th

If we define g(h) = h, we can extract the following differential equations:

do y ) }
dh §max (1 el)

g

=

L

>IN
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One advantage that the above system offers over the original system (equations (11.i-ii))
is that the o—equation has no explicit dependence on the g—function. Additionally, it is
clear from the definition of g(h) that g(0) = 0; and that this occurs at the instant the

radius—squared attain its maximum value. In order to acquire an initial condition for the
o—equation, we note that o= /,(I — 7). Thus, oth =0) =1, (I — 7(s = 5c)). Consistent
with the numerical values of the other parameters, of0) = 25. If the asymptotic

definition of 7 is substituted into equations (12.i-iii), we can approximate the -

parameter with the following expression:

4= 1 In 1-Yr o
Lep | [-Yppe P

AR

The asymptotic solutions are shown in Figure 50, Figure 51, and Figure 52. From

Figure 48, this analysis only applies from s = 0.75 to about s = 0.85; from the definition

of the h—variable, the corresponding h—value is about /0.
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Chapter 7: Notes concerning the
Computational Algorithms

The first issue that was problematic to this study was not realizing the importance
of the @ parameter in the evaporation process. Essentially, if 8 becomes greater than
unity at some point in time, then evaporation is present. Specifically, it is the constant

portion of @that has the greatest relevance to the evaporation process.

The second issue was setting a final time, sfinq/, in order to provide a time interval

in which the governing equations would be solved. At first, sf4/ Was set to a value of 6

since the surface temperature reached its constant—value behavior around this time in

many simulations. Then it seemed to be a simple matter to check if &sfinal) > 1; if so,

then evaporation was present. However, it was discovered that for certain values of the

physical parameters, total evaporation occurred before sfinq/ = 6! This created havoc

with the algorithm. This was resolved by setting an s-window from 0 to 400. Then, 8

was computed until it reached its constant—value behavior.

The last noteworthy issue was that @had two constant—value regions under certain
conditions. Typically, the first constant—value region was less than unity. As the then—
current algorithm was written, this first constant—value region of #indicated to the rest of
the algorithm that no evaporation was present when in fact evaporation was present!

Thus, the algorithm was modified to read:
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1. Compute 6; = s = 0).

2. Compute 6, = & = h).

3. Compute AG =6, 6.

4. If AG< A8 pgx, then there is “flat behavior” toward the start of 6.

4.a. 6, = 0y; continue until AG> A8 0.

4b. Attheinstant AG> A@ 4%, 62 = 0.

4.c.Continue on in computing &; and &> until A@> A plerance-

5. If A@> A@ qx, then there is no flat spot, so go to step 4.c.
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