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ABSTRACT

NETWORKED ASSEMBLY OF NONLINEAR PHYSICAL
SYSTEM MODELS

By

Elliot Motato

Global engineering design requires efficient model integration. This process is char-
acterized by the capability of performing an automatic and recursive model assembly.
Model integration is a complicated issue when complex assemblies are involved. Model
reuse is the key for handling assembly complexity. The ability to reuse and exchange
models relies on a standard format [1]. This condition is fundamental to avoid model
reformulation.

The Modular Modeling Method (MMM) [2] is a recursive model integration al-
gorithm designed to achieve automatic integration of linear models. MMM linear
standard models are dynamic matrices with a unique input-output variable represen-
tation. MMM characteristics facilitates the networked integration of large complex
linear models.

The objective of this work is to extend the model assembly properties of MMM to
assemble nonlinear physical models. This work can divided in two parts. In the first
part, the problem of assembling multi-port nonlinear physical models that perform
at a constant operating point is solved. In the second part, the problem of assem-
bly nonlinear physical models that perform at a region of operation is solved. Once
achieved, the MMM nonlinear methodology will contribute to enable cooperative
global engineering design, by facilitating the automatic integration and the simula-
tions of nonlinear physical engineered artifacts which are designed and provided from

different and possibly geographical distant locations.
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CHAPTER 1

Introduction

1.1 Global Engineering Design

Engineering analysts are in the process of creating a global engineering strategy that
is able to integrate product design, product development, marketing analysis, and
manufacturing process [3]. Today’s engineers can communicate with of suppliers
through supply chain management systems over the Internet [4]. The trend is to use
the Internet as the media to achieve this global engineering design strategy.

Product design in the context of a global engineering strategy demands the assem-
bly of dynamic system models from component models retrieved over the Internet.
This process requires four important characteristics: 1. Multi-energy domain compo-
nent models must have a unique standard format, 2. The exchange of model informa-
tion must be executed in a single-query transmission, 3. The models must describe
only external behavior, and 4. The assembly process must be recursive. These four
characteristics make global engineering design practical.

A unique, standard model format is the key to handling model exchange through
model reuse [4]. A modeling methodology using a unique model representation facil-
itates model query standardization. A unique model format query prevents model
reformulation and decreases model exchange time computation. The Finite Element

Method (FEM) [5], is a modeling methodology that uses a unique model format. FEM



uses the same format to represent both elements and the system assembled from those
elements. A modeling method that uses a unique standard format is called modular.

Single-query exchange of model information reduces network traffic during the
assembly of dynamic models through the Internet. A single-query exchange retrieves
the full component model using a single request and answer on the Internet. Repeated
queries increase network traffic dramatically. The Differential Algebraic Equation
(DAE) approach [6] is an example of a model format, which can be exchanged in a
single-query network transmission as a set of ordinary differential equations (ODEs)
and algebraic constraints. Global engineering strategy demands assembly processes
that reduce network load through exchange of model information with a single-query.
A model assembly method that has this characteristic is called single-query.

An input-output model predicts external behavior using only input and output
variables to protect internal proprietary design details. Because design is a dominant
cost of new product development, internal product design details must be protected
from competitors. These design details might include, the components used in the
assembly, the order of connection of those components, the physical parameters of ‘
the components and the performance of each component. Protection of proprietary
information is critical to the commercial acceptance of any model exchange system.
Gu and Asada in [4] have used input and output variables to allow the co-simulation
of a collection of dynamic sub-simulators without disclosing proprietary information.
A model assembly method that uses models that predict external behavior using
external input and output variables is called ezternal.

A recursive model assembly process uses standard format component models to
produce an assembly model in the same format. Once model assembly recursion
is established at a single level, the model assembly method is easily extended to
higher-level, more complex system models. DAE [6] is an example of an assembly

methodology that recursively obtains DAE system models from either DAE elements



or DAE subsystems. A model assembly process that uses standard format component
models to produce an assembly model in the same format is called recursive.

All four characteristics are simultaneously required for a successful global engineer-
ing model assembly method. Co-simulation, [4], is external but is not single-query
because network iteration is required to run dynamic sub-simulators. The DAE ap-
proach in [6], is recursive and single-query but is not external because DAE models
provide internal information about the assembly components, component connectiv-
ity and internal parameters. Bond graphs [7] are modular and recursive but not
external because they provide information about assembly components, component
connectivity and internal parameters. FEM [5] is modular and single-query but not
recursive. Assembly of FEM models generally requires global reformulation to guar-
antee geometric nodal compatibility. A multi-energy domain, modular, single-query,
external and recursive, model assembly methodology is needed.

MMM [8]-[9] is modeling strategy that satisfies global engineering design require-
ments. MMM uses two standard model formats. Dynamic matrices are used in the
networked distribution and assembly of linear models. Transfer function matrices are
used in model simulation. MMM is characterized by the advantages that result from
using these two model representations. This work is an extension of the MMM for
assembly of nonlinear physical models represented through Volterra models. Using
this extension, nonlinear dynamic models of assemblies can be built and distributed
while hiding the topology and characteristics of their structural subassemblies.

This work is divided in four parts. In the first part, the linear MMM procedure,
the standard linear model formats and the physical constraints to assemble physi-
cal models are reviewed. In the second part, the problem of assembling nonlinear
physical models that operate at a constant point is solved. In the third part, a pro-
cedure to obtain Volterra models from port based nonlinear differential equation is

explained. Finally in the fourth part, the MMM procedure for assembling Volterra



models performing at a region of operation is derived.

1.2 Contributions of This Work

This work makes six (6) significant, original contributions to mechanical engineering.

These contributions are:

1. An extension of the Modular Modeling Methodology (MMM) to nonlinear systems.
2. The recognition that two model formats are necessary for physical system model
assembly and simulation.

3. A method to assemble physical port-based affine ODEs around an equilibrium
operating point.

4. A method to obtain subsystems operating points from the system assembly oper-
ating point outputs.

5. A method to obtain frequency domain Volterra system models from MIMO port-
based ODEs.

6. A method to assemble physical MIMO port-based Volterra system models.

Each of these contributions is individually important to the development of a Global
Engineering Design (GED) strategy.

The extension of the MMM to nonlinear systems is important. This extension
allows the application of the MMM to assemble, distribute and simulate system mod-
els for a large class of nonlinear physical systems. This class is consists of nonlinear
physical systems that are analytic or that have fading memory. Before this extension
was developed, the application of the MMM was limited to the assembly, distribu-
tion and simulation of linear physical system models. The extension of the MMM to
nonlinear systems is discussed throughout the thesis. Model distribution is discussed
in the Chapter Two. Nonlinear subsystem models assembly is discussed in Chapters

Three, Four and Five. Finally, nonlinear assembled system simulation is discussed at



the end of the Chapter Five.

The recognition that two model formats are necessary for physical system model
assembly and simulation is important. As discussed below, the use of two model
formats decreases the computational time required to assemble and simulate physical
system models. These two model formats are the linear/nonlinear transfer function
representation and the linear/nonlinear dynamic representation. The transfer func-
tion representation is the traditional format for simulation. This thesis shows for the
first time, that in a constraint-based model assembly, the Transfer Function represen-
tation is not appropriate for MMM assembly because a matrix inversion is required.
Matrix inversion demands substantial computational time, a clear disadvantage in a
global distributed environment. Additionally, for this inverse to exist, system models
are limited to have independent inputs and independent outputs. This is a big limi-
tation on allowable models that excludes many dynamic system models. In contrast,
if the format used for assembly is the dynamic representation, no matrix inversion is
required and system models with dependent inputs and dependent outputs can also
be assembled. The recognition that the two model formats are necessary for efficient
physical system model assembly and simulation is discussed in the Chapter 2.

A method to assemble physical port-based affine ODEs around an equilibrium op-
erating point is important. Affine systems often result of local linearization about an
operating point. In this case, the local system model is linear in deviation variables
and non-linear in physical variables. Because assembly constraints are always given
in terms of physical variables, an explicit method to apply physical assembly con-
straints for affine physical models was first developed in this work. This new method
addresses one of the most common nonlinear systems in mechanical engineering. Us-
ing this method many practical physical nonlinear system models can be obtained
by assembling the affine approximations of their subsystems models. In addition,

this method is computationally efficient because it is recursive and does not require



matrix inversions. These characteristics make this affine assembly procedure original
and ideal for being used in the MMM. A method to assemble physical port-based
affine ODEs around an equilibrium operating point is discussed in the Chapter 3.

The explicit method to obtain subsystems operating points from the system assem-
bly operating point outputs is important. This method for the first time provides an
explicit, closed form solution to the general operating point problem. In a recursive,
closed, form, the method specifies information required to roll-down an operating
point specification through every subsystem to all the lowest level components of a
system. For each lowest level component, the method provides the exact port output
values where the operating point representation of the nonlinear component model
should be developed. The method then provides an explicit method for computing
operating point inputs of the component level and use these inputs to compute the
operating point inputs of the assembled system model. This method is demonstrated
through Affine approximations, one of the standard formats used in the MMM nonlin-
ear extensions to nonlinear system models. Determining the operating point inputs
and outputs of nonlinear subsystems in a system assembly is a classical problem [4].
This method provides an explicit solution to this problem for an important class of
mechanical engineering system models: port-based physical system assemblies. The
method to obtain subsystems operating points from the operating outputs of an as-
sembly is discussed in Chapter 3.

The method developed here to generate frequency domain Volterra system models
from MIMO external port-based ODEs is important. Even though a similar procedure
for the SISO case is available in the literature [10], a method for MIMO port-based,
external nonlinear systems has not been published. The MIMO procedure requires
a nonlinear vector operator to obtain the frequency domain kernels. This nonlinear
operator is not required in the SISO case. An advantage of using this MIMO method

is that the two standard MMM nonlinear formats can be easily obtained. The first



format is the Volterra transfer function representation. This format is traditionally
used in model analysis and simulation. The second format is the Volterra dynamic
representation. This format is used in the assembly of nonlinear system models. The
Volterra dynamic representation was recognized and defined for first time in this work.
The Volterra dynamic representation is important in the MMM because this external
port based model format protects internal design details. This procedure generates
the Volterra dynamic port-based system models in an explicit form for the first time.
The method to obtain frequency domain port-based Volterra system models from
MIMO port-based ODE:s is discussed in Chapter 4.

The method to assemble physical MIMO external port-based Volterra system
models is an original contribution to mechanical engineering because it is a direct
procedure to assemble nonlinear, port-based, Volterra system models using port-
based physical constraints. Volterra representations are appropriate to the MMM
approach to distributed model assembly because they protect internal design details.
This method extends the MMM approach to nonlinear port-based models through a
method that is computationally efficient because it is recursive and does not require
matrix inverses. These properties make this Volterra-based assembly procedure ideal
for distribution and assembly of nonlinear physical engineering system models. The
method to assemble physical MIMO port-based Volterra representations is described

in the chapter 5.

1.3 Limitations of the Nonlinear MMM Extension

The nonlinear Modular Model distribution and assembly methodology has two (2)

limitations. These limitations are:

1. The nonlinear subsystems must be modeled using port-based Volterra representa-

tions.



2. The assembled system model is valid if the subsystem models used in the assembly
are valid.

The nonlinear subsystems must be modeled using port-based Volterra representa-
tions because the formats used in the nonlinear MMM extension developed here are
port-based Volterra models. Not all nonlinearities can be represented using Volterra
models. A non-linearity can be represented using a Volterra model if it is analytic
or if it has a fading memory. The analytic requirement for Volterra models was first
recognized by Brilliant [11] and later by Sandberg [12]. Because many common non-
linear systems are modeled with non-analytic non-linearities, Boyd [13] reduced this
limitation by showing that for non-analytic nonlinear operators with fading memory,
a Volterra representation can be obtained for a useful set of bounded input signals.
Although port-based Volterra models are not possible for all nonlinear systems, SISO
Volterra models are common in engineering literature and have been used for a variety
of engineering applications [14],{15] and [16].

The assembled system model is valid if the subsystem models used in the assembly
are valid. In the MMM process it is assumed that each provided Volterra subsystem
model is valid at a specific input-output operating condition. When these subsystem
models are assembled using the MMM procedure, the input-output operating condi-
tions for each subsystem in the assembly do not change, then the resultant assembled
model is valid. Component operating conditions do not change because the MMM
method provides an explicit method for computing the operating point inputs of the
assembly required to operate the components at the desired input-output conditions.
This explicit method is explained in the Chapter 3 of this thesis. It is important
to clarify that the validity of the Volterra subsystem models is not address in this
work. This work only deal with the problem of assembly and distribution of nonlinear

models.



CHAPTER 2

Background

2.1 Internet Distribution of Models

The Internet has enabled a global engineering design strategy where collaborative de-
sign teams perform irrespective of physical distance. Models of components provided
from different sources must be distributed and assembled to generate system models.
This section will discuss the functionality of the networked software agents required
to implement the model information flow.

The performance of a networked model distribution system (Figure 2.1) relies on
the operation of autonomous and flexible computational systems called Agents [17].
Four agent classes are used: Component agents, Assembly agents, the Agent Reg-
istry and the Query Ontology. Initially an User connected to the Internet, consults
to an Agent Registry for the locations of Assembly and Component Agents on the net-
work. The User uses standardized queries whose format is obtained from the Query
Ontology which publishes an organized list of these queries. An assembly agent assem-
bles models by using queries to lower level components. Assembly and Component
agents, respond to queries with models in the standard model format specified by the
Ontology.

The networked distribution of models is hierarchical. This characteristic is the

result of the agent’s capabilities to perform either as a client, as a server or both.
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The User can perform only as a client, requesting model information from lower-level
agents. Assembly agents can perform either as clients requesting model informa-
tion from lower-level agents or as servers providing model information to higher-level
agents. Finally, component agents can perform only as servers, providing model in-
formation to higher-level agents.

In a three level network example (Figure 2.2), the User requests model informa-
tion from the server in the tier 1 assembly agent. The tier 1 client requests model
information from servers in tier 2 agents. The tier 2 client requests models from tier 3
component agent servers. Starting at the lower tier in the system, model information
is provided by servers to higher-level assembly agents that assemble them into yet
higher-level assembly models. These assembled models are then provided to agent

servers that respond to queries from above.

2.2 The Standard Linear Physical Model Formats

A physical system is an entity separated from the environment that interchanges
energy through a boundary [7]. Physical systems are composed of interacting compo-
nents that perform in a synchronized way to generate an energy flow. This energy
flow is transferred through physical connections consisting of input-output pairs called
ports [18]. The product between the input and the output variables of a port defines
the energy flow through the port. Positive energy flow through a port is defined as
the work done on the system. The total energy flow in a physical system is the sum
of all the energy flows through each of its ports.

Physical systems can be modeled using a port-based approach. Port-based models
always have an equal number of inputs and outputs because an input-output pair
defines each port [7]. Port-based models are considered external models if they are
given as functions of external port variables. A valid external port-based model has

independent external work ports. This characteristic requires the number of model

11



equations to be equal to the number of system ports outputs. An external, time-
invariant, port-based dynamic linear physical system model having r external ports

has r equations in the form

Noy(t) + -+ N; (a";;it)) +] - [Moy(t) + -+ M;j (djgﬂ(.t)) +J (2.1)

where, N; V(0 <4 < n)is a (r xr) matrix of constants, M; V(0 < j <m)isa (rxr)
matrix of constants, y(t) is the (r x 1) system output vector and u(t) is the (r x 1)
system input vector. Causal physical system models require m < n [19]. Applying

the Laplace Transform to the linear ODE (2.1) and factoring common terms,
[Noso +-- 4 an"] Y(s) = [Moso + -+ Mmsm] U(s) (2.2)

where Y (s) and U(s) are respectively the Laplace transform of the physical system
output y(t) and input u(t) . Defining the two polynomial matrices

N(s) = [Nos® + Nys + -+ - + Nps"]

(2.3)
M(s) = [Mps® + Mys + - - + Mps™]
and substituting them into (2.2), yields
N(s)Y(s) = M(s)U(s) (2.4)

where N(s) and M(s) are (r x r) matrices of polynomials. Two model representations
can be derived from (2.4). These are the dynamic model representation [20] and the
transfer function model representation [21].

The dynamic model representation
P(s)Y(s) = U(s) (2.5)

uses the (r x r) matrix

P(s) = [M(s)] "' N(s) (2.6)

This first model representation is a dynamic extension of the traditional format used

in dynamic structural analysis [5]. The dynamic matrix P(s) exists only if M(s) is

12



nonsingular. When M(s) is nonsingular, the effects of the port inputs in the equations
are independent. Model representation (2.5) exists even if the matrix N(s) is singular,
allowing models where the effects of their outputs in the equations are dependent.

The transfer function model representation
Y(s) = G(s)U(s) (2.7)

uses the (r x 7) matrix

G(s) = [N(s)] 71 M(s) (2.8)

This second representation is the traditional format used in system dynamic analysis
[22]. The transfer function matrix G(s) exists only if N(s) is nonsingular. When N(s)
is nonsingular, the effects of the outputs in the equations are independent. Model
representation (2.7) exists even if the matrix M(s) is singular, allowing models where
the effects of their inputs in the equations are dependent.

The linear state space model representation [22],

x = Ax + Bu

y = Cx+ Du (2.9)

is another commonly form used to obtain the external model representation (2.4). A
state space model representing a physical system with r ports and p internal states
uses a (r x 1) output vector y(t), a (r x 1) input vector u(t) and a (p x 1) state vector
x(t). Space state models are internal representations because they are functions of
internal state variables. The internal state variables can be removed to obtain an
external representation in the form (2.4). The transfer function model representation

can be derived from (2.9) by using the well-known equation
Y(s) = [C[sI - A]"! B+ D] U(s) (2.10)

The equivalent model format (2.4), using equation (2.10) is
I|[sI — A]| = [C adj(sI — A) B + |[sI — A]|D]U(s) (2.11)

13



where adj is the matrix adjoint operator. Comparing (2.4) and (2.11),
N(s) = |[sI — A]| (2.12)

M(s) = [Cadj [sI — A] B + |[sI — A]|D] (2.13)

In general, external model representations derived from (2.1) can describe systems
with outputs that produce dependent effects on the port equations (the matrix N(s)
can be singular). In contrast, the external model representations derived from the
state space representation (2.9) do not allow this characteristic because the resultant
matrix N(s) is always nonsingular since N(s) = [sI— A| #0 .

Port-based physical systems can be modeled by the dynamic model representation
(2.5) or by the transfer function model representation (2.7). If the matrices M(s) and
N(s) are nonsingular, both model representations can be obtained either by using
the external model (2.4) or by using the state space model (2.9). These two model
representations are the standard formats used by the linear MMM for distribution
and assembly of models.

In the next section, the two properties that characterized the assembly of physical
systems are introduced. These properties are represented mathematically by two
constraints equations. These equations are used in the linear and nonlinear MMM

assembly method.

2.3 Physical Assembly Constraints

Physical model assembly is characterized by two conditions. The first condition is
associated with the word assembly. The assembly of two or more system models means
their response or outputs variables are equal at the geometric location of the physical
assembly. This condition will define the relationship between port output variables.
The second condition is associated with the word ”physical”. All physical system

connections must satisfy conservation of energy. The assembly of physical systems

14



requires both conditions at physical connections: equal system output response and
energy conservation.

The connection of physical subsystem models is executed by joining port variables
that exchange energy. The output and input pair of each port is determined using the
two concepts characterizing the assembly of physical systems. The output variable is
selected as the variable physically constrained to be equal to other output variables
when ports are connected. The input variable is selected, as the port variable required
to compute units of energy when it is multiplied by that port’s output. Energy

conservation requires all connected ports to be in the same energy domain.

{  Energy Domain | Output (y) | Input (u) |
Electrical Potential Charge
Mechanical Translation | Displacement Force
Mechanical Rotation Angle Torque
Hydraulic Pressure Volume
Acoustic Sound Pressure | Volume
Heath Transfer Temperature Heat flux

Table 2.1. Input-Output MMM Causality for Different Energy Domains

Input and output port variable pairs for different energy domains are shown in
Table 2.1. Connected port outputs measured with respect to the assembly’s system
reference are equal. Ports assembled in the electric energy domain require equal
potentials. Ports assembled in the mechanical energy domain require either equal
angular or linear displacement. Ports assembled in the hydraulic or acoustic energy
domain require equal pressure. Ports assembled in the heat transfer energy domain
require equal temperatures. All these required conditions describe physical assembly
in their respective energy domain. The associated port inputs in each energy domain
permit the computation of energy. This standard facilitates a the model assembly
process. The naturally constrained port variables allow the use of standard physical
assembly constraints to assemble models.

Joins are used to enforce these assembly constraints. A join is not a model of

15



a physical connection subsystem and does not store nor dissipate energy. Joins are
mathematical mechanisms that provide the proper physical connection constraints
for connecting the ports of physical components within a single energy domain [8]. A
join is graphically represented as a circle enclosing the letter J for Join (Figure 2.3).
The lines represent ports with the direction of positive energy flow indicated by the
arrowheads.

Two kinds of control volumes are defined in any assembly. The component control
volume (c) interchanges energy with the assembly control volume (a) through the
component output y.(t) and input u.(t) port variables. The assembly control volume

interchanges energy with the environment thorough the assembly output y,(t) and

input ug(t) port variables.
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Figure 2.3. Unconstrained and Assembly Control Volumes

A simple relationship determines the number of assembly variables. If a set of
components with r port variables uses f connections to connect p component ports,
the assembled system has | = r+ f — p pairs of port variables. In a practical assembly
f < pand! < r . The dimension of the component and assembly port variable

vectors are respectively (r x 1) and (I x 1).

The two conditions that characterize a physical systems assembly can be repre-

16



sented using two equations. The first equation constrains connected outputs to be

equal. For a join connecting d outputs,

y1(t) = = yi(t) = - = ya(t) = va(?) (2.14)

where y;(t) is the it" connected component output at the join and y,(t) is the output
assembly variable at the join. For both joins in (Figure 2.3), d = 2. For a set of [
joins generating [ assembly output variables from r» component ports, the relationship

(2.14) between the r component outputs and the | assembly outputs is,

Ye(t) = Sya(t) (2.15)

where S is a (r x I) matrix of constants called the constraint matrix. The second
equation, constrains the energy stored at all the connections to be zero when the
work done internally on the component ports equals the external work done on the

assembly,

uf (ye(t) = ug (1)ya () (2.16)
This equation states that the total energy supplied to the component port equals
the total energy supplied to the assembly port. The equation (2.16) includes input

and output variables and is difficult to use. An equation easier to use relates only

component and assembly inputs and can be derived substituting (2.15) into (2.16),
ug (1)S¥a(t) = ug (1)ya(t) (217)
From equation (2.17) it follows that,
STu,(t) = uqa(t) (2.18)
Applying the Laplace Transform to (2.15) and (2.18),
Yc(s) = SYq(s) (2.19a)
STU,(s) = Ug(s) (2.19b)

17



Equations (2.19a) and (2.19b) are the two constraints used to assemble physical mod-
els. This two constraints are satisfied by any assembly, independently if the compo-
nents are linear or nonlinear.

The assembly of three components is shown (Figure 2.4). These three components
have a total of eight (r = 8) ports. Component 1 has three ports: 1,2 and 3. Com-
ponent 2 has 1 port: 4. Component 3 has four ports: 5,6,7 and 8. Five additional
ports (a, b, ¢, d and e) are defined for each of the five (f = 5) joins of the assembly
(J1, J2, J3, Jy, and Js5). These joins are used to connect eight (p = 8) component
ports. The total number of ports for the assembled system is five: (I =7+ f —p=5).

They are the ports a, b, ¢, d and e.

e

yz=y¢‘ Vg~ Ve

7
@
"=, 5—"'
3 s Y1=Ya
E Y= N
=M Ysi= Yy

b

Ta

ol

Figure 2.4. Assembly of Three Components Through Five Connections

A constraint is defined for each of the eight connected component port outputs.
At the join (J;), the output of component port 1 is constrained to be equal to the
output of assembly port a. At the join (J2), the outputs of component ports 3, 4

and 5 are constrained to be equal to the output of assembly port b. At the join (J3),



the output of component port 6 is constrained to be equal to the output of assembly
port c. At the join (Jy), the output of component port 7 is constrained to be equal
to the output of assembly port d. At the join (J5), the outputs of component ports
8 and 2 are constrained to be equal to the output of assembly port e. The matrix

form of the equations that relate component outputs and assembly outputs is,

[s7] [1 000 0]
Yo 0000 1(, -
y3 01000 Z"
01000 b
z‘; =10 100o0llw (2.20a)
Y6 0o0100/|%
Y7 00010]|"LY%:
lw] 00001

This equation is an example of (2.15) that defines the constraints between component
and assembly outputs through the constraint matrix S. A constraint equation is
defined for each of the five joins used. At every join the sum of the component port
inputs must equal the input of the respective assembly port. For joins (J1), (J2) and
(J3) the result is trivial because only a single component port is joined. At the join
(J2) the sum of the inputs of component ports 3,4 and 5 must equal the input of the
assembly port b. At the join (J5) the sum of the inputs of component ports 2 and
8 must equal the input of the assembly port e. The equation that relates component

port inputs and assembly port inputs is,

]
10000000]|™“| Jud]
oo111000(|™ wp
00000100||™|=]u (2.20b)
00000010f|™ ug
000000O0T1[[|™ Ue
i g | Lrel
| ug |

The matrix above equals the transpose of the constraint matrix S in (2.20a). The next

section shows how the two physical dynamic constraints equations (2.19a) and (2.19b)
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are used to assemble external physical system models. Additionally, it is shown that
two different model representations, one model representation used for distribution
and assembly and the other model representation used for simulation and analysis

are required to effectively implement the MMM process.

2.4 The Modular Modeling Assembly Procedure

The Modular Modeling Method (MMM) uses a systematic process to assemble dy-
namic matrix models (2.5). These standard format models have port pairs standard-
ized through the two concepts that generate constraints (2.19a) and (2.19b). It is
shown in this section that the dynamic matrix representation is a convenient form
for assembling physical system models from component models. The MMM assembly
includes four steps. These steps are: 1) Generation of the unconstrained component
model, 2) Generation of the constraint equations, 3) Generation of the assembled
model and 4) Generation of the condensed model.

The generation of the unconstrained component model is the first step. This
process formulates a matrix of component dynamic models (2.5) in diagonal form.

An assembly of k£ component models with a total number of r ports yields,

Pis) O - 0
P =| O P (221)

0 0 0 Pk(s)
where P;(s), (1 < i < k) is the (r; x ;) dynamic matrix of the " component and

P.(s) is the (r x r) unconstrained matrix constituted by the dynamic matrices of all

the assembly’s components. The number of ports in an assembly of k£ components is,
k
r= Y1 (2.22)
1=1

The unconstrained component model relates the (r x 1) component output vector Y
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to the (r x 1) component input vector U, through the equation,
Pc(s)Yc(s) = Ue(s) (2.23)

The generation of dynamic constraint equations in format (2.19a) and (2.19b)
is the second step. This process builds the constraint matrix S that relates uncon-
strained component variables to constrained assembly variables. The matrix S is
dependent on the connection topology between components. This matrix equates
each component output in Y. to an assembly output in Y, based on the constraints
associated with the assembly. An example is shown in the next section.

The generation of the assembled model is the third step. This process is executed
by applying output (2.19a) and input (2.19b) constraint equations to (2.23). Initially,
(2.19a) is substituted into (2.23) to yield,

Pc(5)SYa(s) = Uc(s) (2.24)
Multiplying both sides of (2.24) by ST and using (2.19b) yields the assembled model,
Pqo(s)Ya(s) = Uals) (2.25)
where
P.(s) = STP.(s)S

is the (I x l) assembly dynamic matrix and Ug(s) and Y (s) are the (I x 1) assembly
input and output vectors.

The dynamic model representation (2.5) is particularly effective as the standard
assembly MMM format because constraints (2.19a) and (2.19b) can be easily applied.
Additionally, the overall process is recursive since the assembled model (2.25) is again
in the standard format (2.5). In contrast, the transfer function model (2.7) cannot be
used as the assembly MMM format because (2.19a) and (2.19b) cannot be substituted

directly. This process requires the (r x [) left inverse of the matrix S. This matrix
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does not exists because in the matrix S the number of rows is greater than the number
of columns. Even though standard format (2.5) is effective for the model assembly
process, it is not appropriate for simulations because is not possible to use it to solve
directly for the outputs given the inputs. A different model format is required for
simulation.

The transfer function model representation (2.7) is chosen as the MMM simulation
format because it can directly be used to solve for the outputs given the inputs. This

format is obtained by inverting (2.25) to yield,
Ya(s) = Ga(s)Ua(s) (2.26)
where
Ga(s) = [Pa(s)) ™

is the transfer function matrix. Model (2.26) is the traditional model format used in
the analysis and simulation of dynamic systems [22].

The two different MMM system representations (2.25) and (2.26) are important.
The analysis above demonstrates that the MMM modeling format (2.25) is partic-
ularly well suited to recursive assembly of models using output constraints but not
appropriate for perform model simulation. The analysis above also reveals that the
model format (2.26) is particularly well suited for simulation but not appropriate to
perform recursive system model assembly. If only one format is used, the advantages
of both model representations are not obtained. MMM used the model representation
(2.25) for distribution and assembly and the model representation (2.26) for analysis
and simulation. This is a clear difference with the traditional methods that use the
transfer function model format (2.26) as the unique model representation.

The assembly model (2.25) is formulated in terms of assembly port variables con-
sisting of both internal and external assembly ports. Internal ports are those ports

whose inputs are zero during normal use of the model. These zero input ports can
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be removed from the model. Additionally, these ports might be removed to protect
the proprietary response of the internal model ports. Conversely, external ports must
be accessible to the users and should remain in the model. A process to eliminate
the internal ports is required. This process is called condensation and the resultant
model is only a function of external port variables.

Model condensation is the fourth and final step. This process uses a symmetric
transformation matrix T to reorganize assembly variables into internal and external

varaible vectors in the form,

T [ :{rfg:; ] =Ya(s) (2.27a)
[ &8 ] = T"Ua(s) (2.27b)

where the port input Ue(s) and output Ye(s) are external and the port input U;(s)
and output Y;(s) are internal. To remove internal port variables substitute (2.27a)

into (2.27b),

Ye(s) | _
Pq(s)T Yi(s) ] = Ugq(s) (2.28)
Multiplying both sides of (2.28) by TT and substituting (2.27b),
T Ye(s) _ Ue(s)
et | 0 = v | (229
Defining the matrix,
T _ Pee(s) Pe;(s)
RO E o (230
yields the form,
Pee(s) Peils) Ye(s) _ | Uels)
e o] 1Ye =[] (231

where Pee(s), Pei(s) , Pie(s) and Pj;;(s) are dynamic matrices. Because internal
assembly inputs will not be accessible in the condensed model, these inputs are set to
zero (U;(s) = 0) to solve for the external inputs as a function of the external outputs

in the form,

Pe(s)Ye(s) = Ue(s) (2.32)
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where,

Pe(s) = Pee(s) — Pei(s)Pyi(s)P71 (s) (2.33)

is the condensed dynamic matrix. The condensation process is recursive because the
condensed model is again in the standard format (2.5). Internal dynamics matrix

inverse P; 1is always computable (See Appendix A).

2.5 Example of a Linear MMM Assembly

The assembly of a mechanic transmission linear model and an electric generator linear
model is developed in this section. The first component is an electric generator with
two ports (Figure 2.5). The generator’s first port variables are the input electrical
charge ¢, (t) and the output voltage potential € (t) . The generator’s second port
variables are the input rotational torque Tl’Q(t) and the output angular displacement
0, 5(t). The second component (Figure 2.5) is a mechanical transmission with two me-
chanical ports. The transmission’s first port variables are the input rotational torque
7,1 (t) and the output angular displacement 6, , (t) while the transmission’s second
port variables are input rotational torque To 2 (t) and the output angular displacement
0, 5(t). In total, the two components have r = 4 ports.

The assembly is executed thorough three (f = 3) joins that connect three (I = 3)
assembly ports to the four (r = 4) component ports. The left joint connects the ex-
ternal electric charge-output potential port pair (e41(t),qe,1(t)) to the internal port
pair (e1,1(2),q1,1(t)) . The right joint connects the external torque-angular displace-
ment port pair (6, 3(t), 7 3(t)) to the internal port pair (62 2(t), 72,2(t)) . Finally the
middle joint connects the internal port pairs (6; 2(t), 71 2(t)) and (62,1(t), 72,1(t)) to
the external torque-angular displacement port pair (6, 2(t), 74 2(2)).

The dynamic model representation for the generator is

Pri(s) Pria(s) || Erals) | _ | @uals) ]
Py121(s) Pyp22(s) l [ ©1 2(s) ] [ T} 5(s) (2.34)
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722(0)

Figure 2.5. Assembly of a Transmission and an Electric Generator

where Ej(s), Q1,1(s), ©1,2(s) and Tja(s) are respectively the Laplace trans-
form of the time variables €1 1(t), q1,1(t), 61 2(s) and 7y 3(t), the complex variable
functions Py 11(s), Py12(s), P121(s) and Py 22(s) are ratio of polynomials respec-
tively representing the relations between the input-output pairs (Q1,1(s), E1,1(s)),
(T1,2(5), E1,1(9)),(Q1,1(s), ©1,2(5)) and (T1,2(s), ©1,2(s)).
The transmission dynamic model representation for the is
Pyai(s) Poaa(s) ] [ 62,1(s) ] o [ Ta(s) ] (2.35)
Pa21(s) Popa(s) | | ©2.2(s) T2(s)
where ©31(s), T»,1(s), ©22(s) and Tp(s) are respectively the Laplace trans-
form of the time variables 61(t), 721(t), f22(s) and 722(t), the complex
variable functions P11(s), P22(s), P221(s) and Ppas(s) are ratio of poly-
nomials respectively representing the relations between the input-output pairs
(T2,1(5),02,1(5)),(T2,2(5), ©2,1(5)),(T2,1(5), ©2,2(s)) and (T22(s), O2,2(s)).
The construction of the unconstrained component model is the first step. The
unconstrained matrix is built by inserting in the main diagonal of a square matrix,

the dynamic matrices of component models (2.34) and (2.35). The other elements of
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the unconstrained matrix are set to zero.

Pr1i(s) Pr2(s) 0 0
P 91(s) Pr22(s) 0 0
P.(s) = ! ’ 2.36
e(s) 0 0 P(s) Pria(s) (2.36)
0 0 Pyoi(s) P2o(s)
The unconstrained component model P¢(s)Y¢(s) = Ue(s) is,
Pr11(s) Pr12(s) 0 0 Eqy1(s) Q1,1(5)
Pigi(s) Praa(s) 0 0 ©1,2(5) | _ | Th2(s) (2.37)
0 0 P211(s) Ppaa(s) | | ©2,1(s) T3,1(s)
0 0 Poi(s) Peaa(s) | L O2:2(s) Tz2(s)

The generation of the constraint equations is the second step. Initially the time

variable equations that relate component output to assembly outputs are written.

e11(t) 1 00
’ €q,1(t)
0, o(t 010 @
2 L= 10 1 o | et (2:38)
02,2(t) 00 1]L0%30
T
100 da1(t) q1,1(%)
010 @ T12(t)
Ta2(t) | = ’ 2.38b
010 T“’zgtg} 72,1(t) (2:350)
0 01 @3 T2,2(t)
Applying the Laplace Transform to (2.38a) and (2.38a),
oo | |01 o[ 5@
92’1(8) =101 0 O4,2(8) (2.39a)
©22(s) 0 01 Oa3(s)
T
100 @1,1(5)
010 Qa1 (5) T 2(s)
0 1 0 Ta,?(s) = T‘ (S) (239b)
To,3(s) 2!
0 01 @ szg(s)
The constraint matrix is
1 00
010
S=101 0 (2.40)
0 01



The assembly model generation is the third step. Using (2.39a) and (2.39b) to gener-

ate the assembly’s dynamic matrix Pq(s) = STP.S,

Py 11(s) P1 12(s) 0 E,1(s) Qa1
P121(s) Ppoa(s) + Pa11(s) Po12(s) Ba2(s) | = | Tap2 (2.41)
0 Py 21(s) P292(s) | | ©4,3(s) Ta3

Equation (2.41) is the dynamic model of the generator-transmission assembly.
This model in the standard format (2.5). At this point, any port of (2.41) can be
selected as internal or external. Internal ports make internal variables unavailable to
the user. Because internal ports are not accessible, internal inputs are set to zero.
The condensed model is determined assuming that the internal variables are 6, 2(s)
and Ty 2(s) and the external variables are Ej 1(s), Qq,1(5), ©4,3(s) and Ty 3(s).

The condensed model generation is the fourth step and uses the matrix,

100
T=|001 (2.42)
010

to reorganize the assembly variables into external and internal vector variables,

Eq1(s) Eq)
T| 643(s) | =| Bap2 (2.43a)

ea,Z(S) ea,3

Q1,1(s) Q1,1
To3(s) | =TT | Tuz (2.43b)

Ta,2(3) Ta,3
Using the definition in (2.30), (2.31), (2.32) and (2.33) yields the condensed model,
[ Pee(s) Pei(s) } [ Eq,1(s) J _ [ Q1,1(s) } (2.44)

Pie(s) Pii(s) | | ©a,3(s) T 3(s)

where
Py 12(s) Py 21(s)
Pee(S) = Pl,ll('s) - P1,22(s)+P2’11(S)
_ _P112(s) P2 12(5)
Py 22(s)+ P 11(s)
Py 91(s) P 21(5)
Py 92(s)+P2 11(s)

Py 21(s)P2.12(s)
Pii(s) = Py 22(s) — Py 22(s)+ Py 11(s)

Pei(s) =

Pie(s) =
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The condensed model is also in the standard format (2.5) and can be assembled to
other standard models using the same algorithm. The condensation process is again
recursive.

The analysis and simulation of the generator-transmission system assembly, re-
quires the simulation format (2.26). This model is obtained by inverting the con-
densed model (2.44) to yield,

Eq1(s) | _ | Gee(s) Gei(s) | | Q1,1(5)
[ea,3<s>]‘[ ) G, )H a,3<s>} (249)

where,
Gee(s) = [Pa,22(s) P122(s) + Pa22(s) Pa,11(s) — P2.21(s)Pa,12(s)] /D(5)
Gei(s) = [P1,12(s)P2,12(s)] /D(s)
Gie(s) = [P221(s)P121(s)] /D(s)
Gii(s) = [(Pr22(s) + P2,11(s)) Pr11(s) — P112(s) Py,21(s)] /D(s)
D(s) = Gee(s)P1,11 — Pr,12P121P2 22

2.6 Summary

In this chapter, the recognition that two model formats are necessary for physical
system model assembly and simulation is addressed for the first time. The use of two
model formats decreases the computational time required to assemble and to simulate
physical system models. These two model formats are the transfer function represen-
tation and the dynamic representation. The transfer function representation is the
traditional format used for simulation. This thesis shows, that in a constraint-based
model assembly, the Transfer Function representation is not appropriate for MMM
assembly because a matrix inversion is required. Matrix inversion demands substan-
tial computational time, a clear disadvantage in a global distributed environment.
Additionally, for this inverse to exist, system models are limited to have independent

inputs and independent outputs. This is a big limitation on allowable models that
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excludes many dynamic system models. In contrast, if the format used for assembly is
the dynamic representation, no matrix inversion is required and system models with
dependent inputs and dependent outputs can also be assembled.

This chapter also introduces the process of model condensation. Model condensa-
tion is the removal of ports that are considered interior to the model. Removing those
degrees of freedom reduces the overall size of the model, and additionally, protects the
proprietary information of the model. Condensation of models significantly increases
the difficulty associated with reverse engineering a model. Invariably the number of
internal model parameters exceeds the number of inputs/output pairs making reverse
engineering difficult. In the next chapters the MMM process for assembly physical

nonlinear models is presented.
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CHAPTER 3

Assembly of Affine Physical System
Models

3.1 Affine Physical System Models

Affine systems are important in the MMM procedure because the assembly of general
differentiable nonlinear physical models performing at a constant operating point can
be executed as the assembly of its affine approximations. In an affine system the
inputs and outputs exhibit a proportional relationship, but the model outputs are
nonzero at zero input. Affine systems are nonlinear because they do not obey the
two linear system properties: superposition and homogeneity [23]. Affine systems
can be static or dynamic. A static affine system is characterized by an input-output
relationship that is independent of the system’s input and output time derivatives.
Static affine systems are discussed first, then, dynamic affine systems are presented.

A static affine system having p outputs and q inputs is,
y=Ku+c (3.1)

where y is a (p x 1) vector that represents the system’s outputs, u is a (g x 1) vector
that represents the system'’s inputs, K is a (p x ¢) matrix of constants and c is a
(p x 1) vector of constants called the bias vector. The static affine model (3.1) is

non-linear because it does not obey superposition and homogeneity. Superposition is
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not satisfied by (3.1) because given two arbitrary inputs u; and ug the relation:

y(u; + ug) = y(uy) + y(us) (3.2)

does not hold. Homogeneity is not satisfied by (3.1) because given an arbitrary

constant A and any input u, the relation

y(Au) = Ay(u) (3.3)
does not hold.

Two examples of physical affine systems are an electrical battery model with non-
zero open circuit potential (Figure 3.1) and a mechanical system with fixed load
(Figure 3.2). Both systems have input-output models with non-zero output at zero

input. The static affine electric battery model (Figure 3.1)
e=—-Ri+V (3.4)

has output potential e, input load current ¢ and battery internal resistance R. Here

the bias constant V| is the battery potential at zero current.

@

Figure 3.1. Electric Battery

The dynamic affine pulley-load assembly model (Figure 3.2) is described by the

nonlinear ordinary differential equation

Jo+ kb =1+WR (3.5)
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with output angular displacement 8, input torque 7, spring parameter k , mass mo-
ment of inertia J, and bias constant W R. The bias constant depends on both the

pulley radius R and the load W. At static equilibrium model (3.5) becomes,

where, g is the angular displacement at equilibrium for a given constant torque 7.
The static model (3.6) does not include the point (feq,7) = (0,0) . Like the previous
example, the static (3.6) and the dynamic (3.5) models are nonlinear because they

do not obey superposition and homogeneity.
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Figure 3.2. Pulley-Load Assembly

An affine system is an intermediate result of any linearization process. A lineariza-
tion (Figure. 3.3), usually generates a linear model with respect to the operational
variables but an affine model with respect to the real physical variables. Physical
variables are most appropriate for use in a model’s assembly process because when
models are connected to form a system model, their behaviors are constrained [6] and
these constraints are in function of physical variables.

An affine approximation of the external nonlinear model,

f(y7Y1y7"'au1ﬁ7ﬁa"')=0 (37)
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Figure 3.3. Linearization Yielding and Affine System

where f(e) is a (r x 1) vector of functions, y(t) is the (p x 1) system physical output
vector and u(t) is the (¢ x 1) system physical input vector, can be obtained through
a Taylor expansion in five steps.

In the first step, all the input and output derivatives of (3.7) are set to zero,
F(y,u)=f(y,0,---,u,O,-~-)=O (38)

where for any y on the map, at least one u exists.

In the second step a point (y,u) on the map (3.8) is selected. Traditionally, a
desired value of the output y = y( is defined first to determine one input u = ug
that satisfies,

(v, uy) =0 (3.9)
In the third step, the equilibrium point

R Ir s @10
is selected as the system’s operating point (op). Applying Taylor series expansion to
equation (3.7) around the operating point (3.10)

f(y,u,---) = £(y;,ug,---) + Dy(Dl,, (¥ —¥y) + D3 (D], (¥ — ¥,)?

3.11
#ov+ Du(D], (a— ) + $DAD] (a4 =0

33



where each element of the matrix Dé(h(g, g)),---)) is the the k*" partial derivative
of the vector function h respect the vector g. Since (3.10) is a solution of (3.7) the

first right side term of (3.11) is,
f(y, 1p,0,---) =0 (3.12)

In the fourth step, equation (3.10) and (3.12) are substituted into (3.11) and
retaining only the 1%¢ partial derivative terms,
£(y,u,---) = Dy(H],_ (v - y,) + Dy(Ol,,¥ + Dy(Hl, 5+ -

+Du(B),, (4 — ug) + Dy(Bl,,u + Dg(Hl, i + -

Equation (3.13) can be reorganized in the form

£(v,u,- ¥ @) = Dy(D],,y + Dy(H],,7 + Dy(Dl,,5 + -
+Du(f)|0pu+D‘-,(f)lopil—}—Dﬁ(f)lopﬁ-i---- (3.14)
—Dy(H),,¥, - Du(®)l,,u

All the partial derivatives evaluated at the operating point (op) in (3.14), yield con-

(3.13)

stants matrices. The fifth and final step is to define:

1. n (r X p) matrices of constants (1<i< n) N;= [3f/8(diy/dti)]]op

2. m (r X q) matrices of constants (1<:<m) M;= [af/a(diu/dti)]lop

where n and m are respectively the highest derivative of the output and the input of
equation (3.7).

3. A (r x 1) vector of bias constants ¢c=— [0f/9y]|,,y, — [0f/0u] |,,u,

to write (3.14) in the form,

f(y’u’." ,y,ﬁ)gN0y+le+N2S’+...+

: ) (3.15)
Mu+MU+MU+-- +c

Equation (3.15) evaluated in its physical variables is affine if the vector ¢ does not

vanish. The vector ¢ will vanish if,

(05/0y) |,p¥, + [0/0u] |, uy = O (3.16)

Operating points that satisfy condition (3.16) can be approximated in its physical

coordinates by a linear model and are a special case. This fact would imply either
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that the operating point of the assembly is the origin (y,, u,) = (0,0), what in most
cases is not practical, or that even though the operating point is not the origin, the
linearized system intersects the origin. Any differentiable nonlinear system that does
not satisfy condition (3.16) can be locally approximated in its physical variables by
an affine model (3.15).

An affine model describing a physical system with r external ports, requires r

equations in the form,
Noyy+N,y+Noy+---+ Mju+ Mju+Myu+---+c=0 (3.17)

where respectively V(0 <7 < n) and V(0 < j < m), N, and M; are (r X ) matrices
of constants and y(t), u(t) and c are (r x 1) vectors. Physical systems are causal

requiring [19]. The bias vector,

c=-Nyy, - Myu, (3.18)
substituted into (3.17) yields,
Noy+Njy+ Ny +---+Myju+ Mju+M,yi+---—Nyy, —Myu, =0 (3.19)

A procedure to assemble affine physical models in their physical variables is proposed
in this chapter. The procedure satisfies the four characteristics required by a global
engineering strategy and applies to any differentiable nonlinear physical model. The
chapter is organized as follows: Affine systems were defined in the first section. The
networked distribution process for affine models is explained in the second section.
The standard model format is described in the third section. The constraints required
to assemble affine physical models are defined in the fourth section. The MMM
algorithm to assemble affine physical models is shown in the fifth section. An example

is shown in the sixth section. Finally conclusions are provided.
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3.2 Internet Distribution of Affine Models

The networked distribution of affine models requires a two-part query-response format.
In the first part, agent clients request from lower-level server agents, models of systems
valid around specific output operating conditions. In the second part, server agents

provide the models and the input operating conditions required to operate the system

at the desired outputs.

Query of a system
model valid around

Yo

Client

System model and
required input

“0

Tier 1

Server

Client

Query of
model 1
valid around

Vo,1

y

Model of
component 1,
and required

input %, |

Query of
model 2
valid around

Yo,2

Model
Component 2,
and required

input U, 5

Figure 3.4. Query-Response Model Distribution Format
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In a two-level network example (Figure 3.4), the User client makes a request to
the Tier 1’s server agent for a model of a system valid around the desired output
operating conditions Yo The assembly agent determines that two model components,
the first operating around the output Yo.1 and the second operating around Yo,20
are required. The Tier 1's client requests a model to each of the two component
agents. Two responses are generated. In the first, the server 1 returns the model
component 1 and the required input g, to operate the first component around Yo1-
In the second, server 2 returns the model component 2 and the required input U o
to operate this second component around Yo,2- The assembly agent uses component
model information to execute the assembly. The assembly agent also returns to the
user client, the system model and the required i, inputs to operate the system around

the desired outputs y,,.

3.3 The Standard Model Formats

This section defines the standard dynamic model formats used in the MMM process
and the standard equations used to transform deviation variables into physical vari-
ables. In the proposed networked environment, component models are distributed as
linear models defined in deviation variables but assembled as affine models defined in
physical variables. Initially the linear format is presented, then the required variable
transform equations are defined.

The standard MMM model format can be obtained by substituting the change of

variables
G = _ dy _ dy <i<
_ dJa _ da .
a=ut) —u, “F=°5 V1<j<m) (3.21)

into the affine model (3.19). This process yields a linear differential equation in the
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deviation variables y(¢) and u(t),
Ny +---+ N, (d"y/dt") + Mja+---+ M,, (d"a/dt™) =0 (3.22)
Applying the Laplace Transform to (3.22) yields,
0 n — 0 m —
[Ngs” + -+ Nps"| ¥(5) + [Mys” + -+ M,s"| T(s) = 0 (3.23)

where Y(s) and U(s) are the Laplace transform of the deviation variables ¥(t) and

i(t). Defining the two polynomial matrices,
N(s) = [Nys + -+ N,s"| (3.24a)
0 m
M(s) = — [Mos 4o+ M,s ] (3.24b)
and substituting them into (3.23), yields the general form
N(s)Y(s) = M(s)U(s) (3.25)

where N(s) and M(s) are (r X r) matrices.
Two external model representations are derived from (3.25). These are the dy-

namic stiffness [20] and the Transfer Function representation [21]. The Dynamic

representation
P(s)Y(s) = U(s) (3.26)
uses the (r x r) matrix
P(s) = [M(s)] "' N(s) (3.27)
The Dynamic representation
Y (s) = G(s)U(s) (3.28)
uses the (r x r) matrix
G(s) = [N(s)] 7! M(s) (3.29)
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Affine model representations (3.26) and (3.28) are respectively analogous to linear
model representations (2.5) and (2.7). As it was shown in the last chapter for the linear
assembly process, model representation (3.26) is a convenient format for assembly
affine physical system models but it is not appropriate for simulation since is not
possible to solve directly for the outputs. Model representation (3.28) is used for
simulations of affine models because it can be used to compute the output given the
inputs.

The required change of variables is obtained by defining the unit step u(t) and
substituting the equivalent time functions yj = y u(t) and uj = u,u(t) into (3.20)
and (3.21),

y(t) =y(t) - yy(t) (3.30a)
a(t) = u(t) — uy(t) (3.30b)

The Laplace Transform of (3.30a) and (3.30b) is,

Y(s) =Y(s) —y,(1/s) (3.31a)

U(s) = U(s) —uy(1/s) (3.31b)

where y, and u, are respectively the output and input operating vectors of the com-
ponent, Y(s) and U(s) are the Laplace transform of the output and input deviation
variables, and Y (s) and U(s) are the Laplace transform of the output and input phys-
ical variables. Equations (3.31a) and (3.31b) are the component standard equations

used to change deviation variables into physical variables.

3.4 Physical Assembly Constraints

Affine component models are specified with respect to the output and the input
component operating points y, and u,. The resultant assembled affine model is

specified with respect to the output and the input assembly operating point vectors
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Yy, and u,. Since component operating point vectors Y, and u, are a subset of the
component variables y,_ and u, and the assembly operating point vectors 5'0 and 1,

equations (2.15) and (2.18) are

are a subset of the assembly variables y, and u, ,

also satisfied by the component and assembly operating points
¥, = Sy, (3.32a)

S u, =1, (3.32b)

where y, and u, are (r x 1) and y,, and @, are (I x 1). Equations (3.32a) and (3.32b)
provide a method of computing the output operating points of the components from
the output operating points of the assembly.

The process of determining system’s operating point (5'0, 1) follows a standard
network procedure (Figure 3.4). The client specifies the operating point output ¥,
in a request to the assembly agent for a model. The assembly agent knows the
assembly constraints S and uses (3.32a) to compute the operating point outputs 5'0
for all the assembly’s components. These component outputs are sent to component
agents as part of a request to each component for a model. At every level, each
component responds to a model request with that component’s linearized model and
that component’s operating point inputs u,. The assembly agent determines the

assembly’s operating points inputs @, using the connection constraint S and (3.32b).

3.5 Assembly of Affine Physical Models

The MMM uses a systematic process to assemble dynamic matrix-based models.
These models have port pairs standardized through the two concepts that charac-
terized physical systems. The assembly process for affine models includes three steps.
These steps are: 1) Generation of the unconstrained component model, 2) Generation

of constraint equations, and 3) Generation of the assembly model.
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The unconstrained component model is the first step. This process formulates
a diagonal matrix of component dynamic matrices. An assembly of k& component

models with a total number of r ports yields,

P,(s) © 0
Ps)=| 0 . o0 (3.33)
| 0 P.(s)

where P;(s) is the (r; X7;) dynamic matrix of the it* component and Pc(s) is the (rxr)
unconstrained dynamic matrix of components. The unconstrained component model
relates the component deviation output vector Yc(s) to the deviation component

input vector Uc(s) in the form,
P.(s)Y¢(s) = Ue(s) (3.34)

The required equations to transform deviation variables into physical variables are
also available.

Ye(s) = Ye(s) —y,(1/5) (3.35a)

Uc(s) = Ue(s) —uy(1/s) (3.35b)
The formulation of the dynamic constraint equations (2.19a) and (2.19b) is the sec-
ond step. The objective is to generate the constrain matrix S that relates component
output variables and assembly output variables. This relation is established by con-
sidering that output variables are constrained to be equal to other outputs variables
when ports are connected. The process is illustrated in the next section.

The generation of the assembled model is the third step. Initially the equation
(3.35a) and (3.35b) are substituted into (3.34)

Pc(s) [Ye(s) — y,(1/5)] = Ucls) — uy(1/s) (3.36)
Multiplying both sides of (3.36) by ST yields,
STPc(s) [Ye(s) =y, (1/)] = STUc(s) — STuy(1/5) (3.37)
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Substituting (2.19a),(2.19b), (3.32a) and (3.32b) into (3.37) yields,
STPc(s) [SYa(s) — S¥,(1/5)] = Ua(s) — i(1/s) (3.38)
Factoring matrix S in the right side and rewriting (3.38)
Pa(s) [Ya(s) = 75(1/5)] = Uals) — @ (1/5) (3.39)
where the assembly dynamic stiffness matrix is
Pa(s) = STP.(s)S (3.40)
Defining a new set of (I x 1) deviation variable vectors,
Ya(s) = Ye(s) = ¥4(1/s) (3.41a)

Uq(s) = Ue(s) — i1y (1/s) (3.41b)

and finally, substituting (3.41a) and (3.41b) into (3.39) yields the assembly model in

deviation assembly variables,
Pa(S)Ya(S) = I-Ja(s) (3.42)

The assembled model (3.42) is in the MMM assembly standard format (3.26). The
process is recursive. Model (3.42) can be assembled to other standard higher order
models using the same algorithm. As in the linear case, model (3.42) must be inverted
to obtain the transfer function model in deviation variables. The transfer function

model is used in the simulation procedure

3.6 Example

The assembly of a mechanic transmission model and an electric generator model
is developed in this section (Figure 3.5). The electric generator has two ports. The

generator first port variables are the input electrical charge ¢(t) and the output voltage
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potential e(t). The generator second port variables are the input rotational torque

71(t) and the output angular displ 0:(t). The hanical tr ission has

two ports. The transmission first port variables are the input rotational torque 75(t)
and the output angular displacement 65(t). The transmission second port variables
are the rotational torque 73(¢) and the output angular displacement 63(t).

The assembly uses seven ports and three joins. Three of these seven ports are
assembly ports. The other four are component ports. The left joint connects the
charge-potential assembly port (¢*(t),e*(t)) to the component port pair (q(t),e(t)) .
The right joint connects the torque-angular displacement assembly port (73 (t), 63(t))
to the component port (73(¢),63(t)) . The middle joint connects the component
ports (71(t),61(t)) and (72(t),02(t)) to the torque-angular displacement assembly port
(7a(t), 0a(t))-

a’() 4 €0 7,01 A 640 7' () |40, ()

0,0 ]| 0.0
—> Xl <«

~Fhgttg 0,0
0 T S

70

Figure 3.5. Transmission-Electric Generator Assembly
The external nonlinear models for the generator and the transmission have respec-
tively the general form,
fg=(c.00,€,601,- ,q1,71,41,71,--+) =0 (3.43a)
= (02,603,063, , 75, 73,72,73,---) =0 (3.43b)
where fy(t) and fr(t) are vectors of functions. The user requests a model of the

assembly by defining its output operating points. These are the operating voltage

ea, and the operating angular displacements 96':’ and 9; 3 Using this information,
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the assembly agent computes the generator output operating points e, = eg and
00’1 = 00’ o> and the transmission output operating points 90‘2 = 00,0 and 00‘3 = 06"3.
Component agents have at this point all the information to provide the component

models and the physical variable transformation equations. For the generator,

[ B e Bl B
[ %<(ss>) ] - [ o ] - [ 92(‘)‘ ] ; (3.44b)
[ 2((3 ] ) [ o ] ] [ - ] ; (3.44c)

where Q(s), T1(s), E(s) and ©1(s) are respectively the Laplace Transform of the
deviation time variables §(t), 71 (t), &(t) and 8;(t). The complex variables Q(s), Ti(s),
E(s) and 0;(s) are respectively the Laplace Transform of the physical variables q(t),
71(t), e(t) and 6;1(t). The complex variable functions Pj;(s), Py2(s), P13(s) and
Py4(s) are the dynamic elements of the generator and finally the constants o and
g, are respectivelly the operating input torque and the operating input charge.

The mechanical transmission model is,

Pyi(s) Poa(s) | _ [ ©a(s) | _ [ Tals)
[ P23(S) P24(s) ] - [ 63(3) } - [ T3(S) ] (3.458.)

[29])-[29]-[2]

To(s) | _[Ta(s) ] | 702 |1 ]
IZTS(S)}_\T;;(S)] [70’3}3 (3.45¢)

where ©5(s), To(s), ©3(s) and T3(s) are respectively the Laplace Transform of the

(3.45b)

» | =

deviation time variables 0(t), 72(t), 03(t) and 73(s). The complex variables Q(s),
T,(s), E(s) and 6;(s) are respectively the Laplace Transform of the physical variables
q(t), 11(t), e(t) and 61(t). The complex variable functions Ps;(s), Pa2(s), Pe3(s) and
Py4(s) are the dynamic elements of the transmission and finally the constants o

and To.3 aT€ the operating torque inputs.
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The first step is to generate the unconstrained component model. Initially the

unconstrained component matrix is generated. This matrix is,

Pii(s) Pia(s) O 0
_ | Pi3(s) Pu(s) 0 0
Pels)=1 " 0 Pu(s) Pxl(s) (3.46)
0 0 Pu(s) Pauls)
The unconstrained component model is,
Pii(s) Pra(s) 0 0 ©1(s) Ti(s)
Pi3(s) Pu(s) 0 0 E(s) | _ | Q) (3.47)
0 0 Pu(s) Pr(s) || O2s) Ty(s) '
0 0 P3(s) Pals) | L Os3(s) T3(s)

The second step is to generate the constraint assembly equations. Initially the
time dependent equations that relate component output to assembly outputs are

written. These equations are,
e(t) = e*(t)
01(t) = 62(t) = 6a(t) (3.48)
03(t) = 63(t)
Additionally, conservation of energy at each joint requires
q(t)e(t) = g*(t)e*(¢)
Ta(t)0a(t) = T1(t)01(¢) + 2(2)62(t) (3.49)
73(t)03(t) = 73 (£)63(¢)
From (3.48) and (3.49), follows that
q(t) = ¢*(¢)
Ta(t) = T1(t) + T2(2) (3.50)
73(t) = 73(t)

Applying the Laplace Transform to (3.48) and (3.50) results,

91(5) E*(S)
E6) | _s| e4s) (3.51a)
92(3) e*(s)
O3(s) 3
T1(s)
Q*(s)
sT | QL) Ta(s) (3.51b)
T2(s) T*(S)
T3(s) 3
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010
: . 100 . . .
where the constraint matrix S = 010l Similarly, for the operating points,
0 01
9,1 e
€
0 | =8| 6, (3.52a)
0,2 o*
90’3 0,3
T
0,1 q;
sT| % | = |, (3.52b)
70,2 o
70,3 03

where qa, Ty o @nd Tg 4 are the operating inputs of the assembly.

In the third step, the assembly model is generated. Substituting (3.44b), (3.44c),
(3.45b) and (3.45¢) into (3.47) yields,

{1 ©1(s) 60 | Y {[Ta(s) o1 | )
i| E(s) e 1y j| Q(s) q 1}
P - 0 | =3= -1 0 |- .
) {. O2(s) b2 | s .} {. Ty(s) To2 | S .} (3:53)
LL ©3(s) 90,3 j l T3(s) 70,3 j
Multiplying both sides of (3.53) by ST yields,
(1 ©1(s) 1 | ¥ [ [T o1 | )
j| E(s) e |1{_jar| Q) | 9% |1}
sTp — 0 == - U .
C(s)i O (s) 6os | s } {'s Ty(s) | =5 Toz | 3 } (3:54)
LL ©3(s) 90}3 ) \ T3(s) 70,3 )
Replacing (3.51a), (3.51b), (3.52a) and (3.52b) into (3.54) yields,
(2] [, ((ee] [4],)
sTP(s) { S| ©a(s) | -S| 654 | - } = { Ta(s) | = | Toa -} (3.55)
* * $ * x | S
L 93(5) 00’3 } l T3 (S) T0’3 J
Factorizing the matrix S in the right side of (3.55) yields,
(6] [a1,) (eo] [%];)
Po(5){| als) | = | foa [ f=1| Tals) | = | 70a [5}  (356)
L] ©3(s) 03] J UL T3(s) Tos | J



where the assembly matrix Pg(s) = STP¢(s)S. Defining a new set of variables ,

EONECIRERE
8a(s) | = | ©als) | = | oa |5 (3.572)
| ©3(s) | | ©3(s) ] |3 |
(@] [ee] [% ],
Ta(s) | =| 7o) | = | 70 |5 (3.57)
L T36) ] L TE6) ] [ 75
and replacing them into equation (3.56) yields,
Pyy(s) Py5(s) 0 E*(s) Q*(s)
Pia(s) Pra(s)+Pn(s) Poa(s) | | @a(s) | = | Tals) | (358)
0 Pa3(s) P(s) | | ©3(s) T3(s)

Equation (3.58) is the the assembly of the generator model and the mechanical trans-
mission model. This resultant model is in the standard format defined in (3.26).
The variable transformation equations (3.57a) and (3.57b) are in the standard format
(3.31a) and (3.31b). The process is recursive and the model (3.58) can be assembled

to other standard higher order models using the same algorithm.

3.7 Summary

In this chapter, two important contributions to mechanical engineering are presented.
The first contribution is a method to assemble physical port-based affine ODEs around
an equilibrium operating point. Affine systems often result of local linearization about
an operating point. In this case, the local system model is linear in deviation vari-
ables and non-linear in physical variables. Because assembly constraints are always
given in terms of physical variables, an explicit method to apply physical assembly
constraints for affine physical models was developed. This method addresses one of
the most common nonlinear systems in mechanical engineering. Using this method
many practical physical nonlinear system models can be obtained by assembling the

affine approximations of their subsystems models.
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The second contribution is an explicit method to obtain subsystems operating
points from the system assembly operating point outputs. This method for the first
time provides an explicit, closed form solution to the general operating point problem.
In a recursive closed form, the method specifies information required to roll-down an
operating point specification through every subsystem to all the lowest level compo-
nents of a system. For each lowest level component, the method provides the exact
port output values where the operating point representation of the nonlinear com-
ponent model should be developed. The method then provides an explicit method
for computing operating point inputs of the component level and use these inputs to

compute the operating point inputs of the assembled system model.
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CHAPTER 4

Volterra Model Formats

4.1 Background

Physical nonlinear dynamic systems have traditionally been modeled using nonlin-
ear ordinary differential equations (ODEs). One solution technique for single-input,
single-output (SISO) nonlinear ODEs is obtained through a Volterra transfer func-
tion. Applying this solution technique for multi-input, multi-output (MIMO) non-
linear ODEs is a complicated issue due to the difficulty of analytically determining
MIMO Volterra models.

MIMO Volterra transfer function models are multi input-output representations
used to describe nonlinear behavior. A Volterra model is nonlinear with respect to its
input but linear with respect to its parameters [24]. Volterra models have been used
to obtain solutions for SISO nonlinear systems in areas such as dynamic behavior of
offshore structures [25], power amplifier behavior [14], rheology [15], nonlinear model
reduction [16] and others. Areas such as sub-harmonic nonlinear behavior [26] and
noise characterization [27] use Volterra models for describing the behavior of multi-

input single-output nonlinear dynamic systems.

Although an analytical procedure to obtain Volterra transfer functions for SISO
nonlinear ODEs is available [28], [10], no general analytical procedure to obtain a

MIMO Volterra transfer functions from port-based, external nonlinear ODEs has
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been published. This is a complicated issue when the number of system’s inputs and
system’s outputs are not equal. The orientation of existing works in MIMO Volterra
models is to experimentally identify the model kernels [29], to approximate weakly
nonlinear MIMO systems [30] and to determine error bounds [31].

In this chapter, a procedure to analytically obtain MIMO Volterra models from
port-based nonlinear ODEs is derived. This procedure provides a solution to this
class of MIMO nonlinear ODEs. First, the standard nonlinear port-based ODEs used
in this procedure are described. Second, the Volterra MIMO models are presented.
Third, a nonlinear operator required to obtain the MIMO Volterra models is defined.
Fourth, the procedure to obtain MIMO Volterra model expansions from port-based
nonlinear ODEs is presented. Fifth, an example of a two-port nonlinear ODE is shown.
The Volterra model response is compared to the nonlinear ODE model response using

a Simulink simulation.

4.2 Port Based Nonlinear ODE Models

A port-based nonlinear ODE model has equal number of inputs and outputs because
an input-output pair constitutes each port. This section considers nonlinear port-
based models in the form,

fl (y17y17"‘(%;f%ly"'vyryylr)--‘%%t) = Uu
' (4.1)

fr (yhylu---dr:_(rrl?lll’---vyraljr,---%#) = ur

where the number of ports 1 < 7 < r; f;(-) is the ith port’s nonlinear operator; u;

is the " input and y; is the ith output of the system. , Many physical models of

nonlinear engineering systems take this form when modeled using the energy-based
Lagrange approach [32].

An example is a two-port system (Figure 4.1) composed of two masses, one nonlin-

ear spring, one linear spring and one linear damper. The mass m, is connected to a
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fixed point through the nonlinear spring with force fy, =k, (y, + yi)A The mass m,
is connected to the mass mj with a linear damper having damping coefficient b; and
a linear spring with constant k,. The first port uses the input-output pair (u;,y;)
where u, is the input force applied to the mass and y; is its output displacement. The
second port uses the input-output pair (u,,y,) where u, is the input force applied to

the mass m, and y, is its output displacement.

uy(f) u,(f)
k
2
Nonlinear | _| —{Ummm\—‘
Spring i my

L,

»@® B0

Figure 4.1. Double-Mass Spring Damper-Nonlinear System

The nonlinear, port-based, ODE model for the system (Figure 5.3) in the required
format (4.1) is

myy + by (G — Gy) +kyyy Ry k(v —v) =

B 5 5 4.2
myiy + by (U = 9y) + k(U — ) = Uy il

4.3 Volterra Models

In this section two nonlinear model formats are presented. The first model format
is the MIMO Volterra transfer function representation. This model representation is
used in the simulation of port based nonlinear dynamic models. The second model
format is the MIMO Volterra dynamic model. This model representation is used in
the nonlinear MMM assembly of port based dynamic physical systems.

A Volterra transfer function model is an extension of the linear convolution integral

approach for time-invariant systems. Any nonlinear time-invariant system can be
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represented as an infinite sum of multidimensional convolution integrals of increasing

order [10]. For a SISO system this is
(o¢]
y(t) = /0 g, (r)ult — ) )dr, +
oo 00
/0 /092 (11, Tp)ult — 7)u(t — 7y)dr dy+

oo 00 00

/o /(-, /093(7'117'2’7'3)u(t—T1)U(t—T2)u(t-7'3)d7-ldT2dT3+'_-

(4.3)

where y(t) represents the nonlinear system output, u(t — 7;) is the input associated
to the it? dimensional convolution integral, and g;(71,...,7;) is the ith kernel of the
system. All the higher order kernels can be analytically derived from the first order
linear kernel g;(71) (28]. This kernel is the traditional linear unit impulse response
of the system. The second order kernel, go(m1,72), is a two-dimensional function of
time and is the response of the system to two independent unit impulses applied at
two different points in time. The kernel go(71, 72) is a function of both time and one
time lag (1, — 72) . The kernel g3(71, 72, 73) is a three-dimensional function of time
and is the response of the system to three independent unit impulses applied at three
different points in time. The kernel g3(71, 7, 73) is a function of both time and the
two time lags (77 — 72) and (1o — 73) [33].

The ith integral in (4.3) is called a ”degree-i homogeneous system” and its respec-

tive output

oo 00

yiz/:../‘-) gi(le"'7Ti)u(t'_Tl)"'u(t’"Ti)dTl---dTi (44)

o
is called the "degree-i homogeneous output” (4.4). Notice that if a new input au
where « is a scalar, is applied, the resultant output is §; = a™y; [10]. The SISO
response y(t) in (4.4) is then a sum of partial outputs provided by different ”degree-i

homogeneous systems” in the form,

y(t) = y1(t1) + ya(t1, t2) + y3(t1, to, t3) + - -- (4.5)
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where,

oo

Y1 = / g1(m)u(t — m1)dm
o0
/ 2(71, T2)u(t — 1) u(t — 19)dT1dT9

y3=/ / /g3(7'1, T3)u(t—’/"1) (t—75)u(t—T5)dr, drodry

and g;(r1,---7;) is the i*" kernel.

The Laplace transform of a multi-time variable system is an extension of the single-
time Laplace transform. Given an " dimensional function of time g;(r1, --- 7;) that

is one-sided in each variable (0 < 7; < 00) , its Laplace transform is defined as [10)

oo o0
Gi(slf" usi): /(; o /0 gi(Tla"' 17;:)6—317-17"' ae—si‘qd’rl"” 7dTi (46)

where (1 < k < i) the set of complex variables s, = 0, +w,j. Applying the Laplace

transform to each term in (4.5) yields,

Yi(s1) = G1(s1)U(s1)
Ya(s1,2) = Ga(s1,52)U(s1)U(s2)
(

Y3(s1, 52,53) = G3(51, 52, 83)U(s1)U (s2)U(s3) (47)

where U(s;) is the Laplace transform of the input u(t;) and G;(s;, -- ,s;) is the
multi-complex variable Laplace transform of the it? order kernel. The SISO Volterra
transfer function is obtained by summing all the rows in (4.7)

Y (s1,82,--+) = G1(51)U(s1) + G2(s1, s2)U (51)U(s2)

(4.8)
+G3(s1, 52, 53)U(51)U(52)U(s3) + - - -

The model representation (4.8) is used to simulate the response of SISO nonlinear

systems [10].
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The MIMO extension of (4.7) for a system with r ports is,
Yi(s1) = G1 (U(s1))
Ya(s1,52) = G2 (U(s1)U(s2))

(4.9)
Y3(s1,52,53) = G3 (U(s1)U(s2)U(s3))

Each element G;(e) in (4.9) is a functional that operates on a set of (r x 1) input

vectors, yielding V(< ¢ < 00) the (r x 1) "degree-i homogeneous output” vector,
T
Yi(s1, - ,50) = [¥; (51, Y, (51,05 53)] (4.10)

The Volterra transfer function for a port-based system with 7 ports is an extension

of (4.8) and is obtained by adding all the G;(e) functionals in (4.9). The response is

a vector in the form,

Y(s1,--+) = G1(U(s1)) + G2 (U(s1), U(s2)) + G3 (U(s1), U(s2), U(s3)) + - --
(4.11)
where U(sy),U(s2),---, are (r x 1) input vectors and Y(s,---) is the resultant

(r x 1) output vector.

The MIMO notation in (4.11) can be simplified if the following input argument

list is defined,
U £ U(s1)

U; £ {U(s1),U(s2)}

N (4.12)
Us £ {U(s1), U(s2), U(s3)}
Using (4.12) into (4.11) yields,
Y(s1,52, ) = G1(U1) + G2(U2) + G3(U3) + - - (4.13)
In the same form, the output notation is further simplified using
Y1) 2 Yi(s1) = G1(U1)
Yy £ Yo(sy,s2) = Go(U
2) = Ya(s1,52) = G2(Up) (4.14)

Y(3) £ Y3(311 52, ’53) = G3(U3)
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Using (4.14), the MIMO Volterra transfer function model in (4.13) can be written as,
Y(sy1,---) =Y(1) +Y(2)+Y(3) +--- (4.15)

This model format is used in the simulation of nonlinear port based physical systems.

A procedure generates each of the Y(;) [34]. Each Y(;) has an unique standard
format that can be represented in function of the first order linear operator G,(U;) =
Gy,(1)U1. The term Gy (1) is the (r X r) transfer function matrix obtained from the
linearization of the system nonlinear ODE in (4.1) around an equilibrium operating

point op. The matrix Gl,(l) can also be obtained by inverting the dynamic matrix

() () () (28)

where (1 <4,j <) and each element in the brackets is a (r x ) matrix of constants.

Py =

The sub-index (1) in Gy (1) or Py (;) indicates that these matrices are function of
a single complex variable s; For any sufficiently differentiable ODE, the first three

standard Volterra operators are [34],

Y(l) = Gl,(l)Ul (4178.)

Y(2) = =G1,2)P2,2)¥ (Gl,(l)Ul,Gl,(l)Ul) (4.17b)

P33)¥ (Gl(l)U G, (1)U G1(1)U)

P2,(3)¢[G1,(1)U1’Gl,(2)P2,(2 W(Gl,(l)Ul’Gl oY )]

where G (, is the result of inverting the dynamic matrix Py (., and ¢(e) is a non-

(4.17¢)

Y3) = _Gl,(3h{

linear operator. Any dynamic matrix Pu’(v), includes v complex variables, s1, -+, sy

and can be derived from (4.1) using,

(G 8

Puw = ! ouf oY% 3
(@t

35

(4.18)

e !

where s,y = 51+ - + Sy.



The Volterra Dynamic Model is other Volterra format. The Volterra dynamic
model is composed by a set of multi-complex variable dynamic matrices. For the ith

component model that includes q expansion terms, this model has the form,

{Pi,l,(v)’ Piowy ’Pi,q,(v)} | (4.19)

Model (4.19) is used for the MMM to assemble nonlinear physical models. For any
Pi’u’(v) in (4.19), the index i, represents the component, the index u represent the
order of the expansion and the index v represents the number of complex independent

variables used. Each P, () matrix satisfies,

Pi,u+1,(v) = Dy,y'y,"' (Pi,u,(v)) (4.20)

where each element of the (r x r) matrix D, ;oo (Pi,u,(v)) is the first partial deriva-
tive respect the vectors y,y, ¥, - - - of its corresponding elements in the (r x r) matrix
P; w(v)- Equation (4.20) is derived from (4.18)by rewritten it in general form V(1 < u).

In example, for the ith component, the dynamic matrices,

Pi,2,(v) = Dy,y,y"" (Pi»l,(v))
P;3) =Dy g (Piow)
Piaw)=Dyyy. (Pi,3,(v))

The Volterra series is an infinite power series with memory and suffers from the
problem of a limited zone of convergence. For the Volterra representation to prop-
erly describe a subsystem system model, the Volterra series must converge over the
input/output variable range used in the assembled system. This issue is recognized |
in multiple works: Frank [39], Brilliant [11], Christensen [40], Boyd [13], Czarniak
[41], Tomilson [43], Chatterjee, [42] and others. The series convergence depends on
system parameters [42], BIBO stability [40], amplitude of the input applied [13], trun-
cation point of the series and other factors. One necessary condition for existence of

the series and its convergence is that the linear term cannot be zero [39]. Boyd [13]
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showed that the radius of convergence of a Volterra series is directly related to the
amplitude of the input applied. This radius of convergence can be presented in the
form |u(t)| < p, where u(t) is the input vector applied to the system and p is the
radius of convergence. Sandberg [12] has also shown that a truncated Volterra series
provides a uniform approximation to the in finite Volterra series on a ball of bounded
inputs for a large class of systems. SISO Volterra series have been recognized as
a useful approach to engineering modeling. This work assumes a useful convergent

Volterra model exist and converges over the domain of model application.

4.4 The Nonlinear Multiplicative Operator

A nonlinear operator () is used to build the Volterra functionals in (4.13). This
operator uses as argument an arbitrary set of vectors (r x 1) in the form,

ui U1 wi 21
R: u= E ,V= S W = 5 ’---’z= E (4.21)

Ur Ur Wr 2r

to perform the operation ¥(R) that yields the (r x 1) vector

(u1) - (v1) - (w1) -+~ - (21)

p=v(R)= (4.22)

(ur) - (vr) - (wr) -+~ (2r)
Each element in the vector p is a scalar formed by the product of corresponding
elements of the argument vectors u,v,w,---,z. Restated, the ith element of the
vector p results of multiplying the ithelements of the vectors u,v,w, - - ,Zz , that is
Pi = (ug) - (v;) - (wq) - - (v5)-

The result of operating on a set of (r x 1) degree-i homogeneous output vectors by
the multiplicative operator (o) is defined to have the standard notation Y(a,b,--- w)-
This process also satisfies (4.22), but the resultant vector notation includes the ad-
ditional sub-index (a,b,--- ,w). This sub-index is used to identify the number of

argument vectors with equal degree-: homogeneous outputs. In the notation, a is
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the number of degree-1 homogeneous output argument vectors, b is the number of
degree-2 homogeneous output argument vectors and so on. Finally w is the number

of argument vectors having the maximum homogeneous degree.

Two examples are presented to illustrate the multiplicative operator (e) notation.
In the first example ¢(®) operates on the combination of two (r x 1) degree-1 homoge-
neous output vectors. In the second example 1)(e) operates on the combination of one
(r x 1) degree-1 homogeneous output vector and one (r x 1) degree-2 homogeneous
output vector. These examples will illustrate the use of the required sub-index when

different combination of degree are present in the operator’s argument list.

In the first example, the (r x 1) vector

Y9 =v(Y(1): Y1) = (o)1) - Yy0) - » (V)0 - (Y(l),r)]T (4.23)

is the result of operating two degree-1 homogeneous (r x 1) output vectors Y(l) =

(Yayn) - (Y(l)’,.)]T] (Figure 4.2). Each element of the vector Y., is obtained by

(2
performing V(1 < 7 < r) the operation (Y{3);) - (¥(1):)- The sub-index (2) in \?(2)
indicates that it is the result of operating on (2) degree-1 homogeneous output vectors.
Because the indices in parentheses end after the first entry, no higher degree terms
are indicated.

The resultant output Y, can be also presented as a function of the external

()
input U, . Substituting the first row of equation (4.14) into (4.23) yields,

Y () = ¢ (G1(U1), G1(U1)) (4.24)

Using (4.24), Volterra functionals (4.14) that includes ?(2), can be written as a

function of the system external inputs.

In the second example, the (r x 1) vector

Y1) =v(Ya), Ye) =Yy K)o Yoy - Koy T (4.25)
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Y(n s Y(l)“
il a (o) o)} | |5
Y(I).' 2)

Yo (Y(l),r ) '(Y(l)-')

Yo,

|| ~
DEMUX

m

Figure 4.2. Block Diagram Representing the Operator ¥(Y(y), Y(1))

is the result of operating on a combination of one degree-1 homogeneous (r x 1)
output vector, Y1) = [(Y(1)1), ", (Y(l),r)]T with one degree-2 homogeneous (r x 1)
output vector, Y(g) = [(¥(2)1),""- ,(Y(Z)YT)IT] (Figure 4.3). Each element of the
vector ’.Y(“) is obtained by performing V(1< i < r) the operation (¥(1;) - (¥{2),:)-
The sub-index (1,1) in ?(l.l) indicates that it is the result of operating on one degree-
1 homogeneous vector and one degree-2 homogeneous vector. Because no additional

indices are included beyond the first two, no higher degree arguments are present.

Yo 5 ou
== =
B | [t | g,
: =
Yo | |z e () (K.)
= Yorr

Figure 4.3. Block Diagram Representing the Operator ¢(Y (1), Y(2))

The resultant output ?(“) can be also presented as a function of the external
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input Uj and the input set U by substituting the first two rows of equation (4.14)
into (4.25) to yield,

Y(1,1) = ¥ (G1(U)), G2(Uy)) (4.26)
Using (4.24) and (4.26), Volterra models including ?(1,1) can be written as a function
of the system external inputs. This capability is important because the Volterra

models obtained from MIMO port-based ODEs will include (4.23), (4.24) and other

similar higher order terms.

4.5 Generating Volterra Models From Port-Based ODEs

The Volterra model of a port-based MIMO nonlinear ODE model in the form (4.1),
is obtained in this section. Assuming that this system is operating around an equilib-

rium point (op) located at the origin (y,, uy) = (0,0) and using the vector notation

r

a"=[a%,---,a"]" (4.27)

a Taylor series expansion is applied around this equilibrium point V(1 < ¢, < r) and

V(1 < k < m), (m is the maximum time derivative of the outputs) to yield,

5[4 ((5F)ol+ [(56)]r"+ ()]s )] o

n=1 3 Y Y

Defining the (r x r) matrix of constants,

bl = (s =) 2

For an specific k and n, each constant b, j in the matrix, is the nth partial derivative
of the scalar function f,(y,y,--) respect the variable [dky;1 /dtF] evaluated at (op).

Using a constant «, a new input in the form

i =ou=alu(t), - ut))" (4.30)
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is defined. If this new input is applied to (4.28), the resultant output y is a MIMO

extention of the SISO form shown in [28],

¥ = ayi(t1) + a®ya(t1, ta) + a3ys(ty, ta, t3) + - - - (4.31)

Equation (4.31) is a direct result of the "degree-i homogeneous system” properties
(4.5) and is extended here to the vector case. Defining y(;) = y;(t1,---,¢), (4.31)

can be written in the form,

y= ay(q) + a2y(2) + aay(3) +--- (4.32)

Substituting (4.30) and (4.32) V(1 < 4,7 <) into (4.28) yields,

[bi,j](lvo)(a}hfra%(z) +- ) + [bi,j](l,l)(ay(l) + 0‘25?2) + ) Tt

2 2
71_, [bi’j](z,o)(ay(l)—m2y(2)+ .. ) + §lr [bi’j]@,l) (05E1)+ 02322)—% . ) + -4+
3 3
3 [bi‘j](\'},o)(ay(l) + 0‘2y(2) to ) +3 [bi,j](3,1)<0521) + 035'(2) t ) tooo=ou

(4.33)

Terms multiplied by a particular ap, V(1< p € o) in (4.33), are independent from all
others because «a is an arbitrary constant. This property is used by Schetzen [28] to
determine all the SISO Volterra transfer functions in (4.8). Extending this procedure
to the MIMO case, all the Volterra operator G,(e) in (4.11) V(1< p < 00) can be
derived from the terms that are multiplied by the constant o

The first term in the expansion (4.11) is the linear Volterra operator Gi(e). This

term is derived from the elements multiplied by al,

: . d"y
[bi’f]umyuﬁ [bi,i]a,nym* [bi,j](1,2))f1)+ o +[ i,j](l’m) '}1%"#1 =u (4.34)

where m is the maximum output derivative. Define the time dependent 15 order

vector operator,
Py () = [bys), o7 il oy % F [bis)y gy %+ (il TR (4.35)
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where x is an arbitrary (r x 1) vector, to write (4.34) in the form,
P1 ()’(1)) =u (4.36)
Applying the Laplace transform to (4.36) with respect to ¢; variable yields,
Pl’(l)Y(l) =1, (4.37)

where Y(l) and U, are respectively the Laplace transform of y ) and u and,

Po= [bi,j](l,m)s;n Tt [bi,j](l,g) sf + [bi,j](l,nsl + [bi,j](l,o)

is a (r x ) dynamic matrix of polynomials in the complex variable s,. The elements
between parenthesis in the sub-index of the matrix P, ) indicates that this matrix

is function of one independent complex variable. All the above elements of P, ) in

brackets are (r x r) matrices of constants. Inverting P, ) yields,
Y(l) = GL(I)U1 (4.38)
where
-1
2
G, . =|[b . s+ b ] si+[b] s+ b (4.39)
1,(1) [ LJ](Lm) 1 [ z,J](m) 1 [ 1;]](1,1) 1 [ 1,J](1)0)

is the transfer function matrix. Equation (4.38) is equivalent to the linearized model
of the nonlinear system (4.28).

The second term in the expansion (4.11) is the nonlinear operator Go(U2). This
term is found by equating the elements that are multiplied by the coefficient a? in

both sides of (4.33),

. dm
[biyi](l,O)}z2)+ [bi’j](l,l))b) 4o+ [bi’j](l,m) dty(2
\ \ dmy2 (4.40)
7 [bi,j](2,0)321) +31 [bi,j](z,l)y(l) ooy [bi,j](2 m) dt(l) -

Using the vector notation (4.27) and the operator (4.22), the (r x 1) vector
Yoy =¥y (4.41)
@ - '
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The definition (4.35) of operator p, (e) and (4.41) are applied to (4.40) to yields,

P1(¥y) +P2(3,) =0 (442)

where the second order functional

m 2
p,(x) = 4 [b; j](w) "+ % b, j](2,1) LR | [bi,].](m) Lx ()

Applying the Laplace transform to (4.42) with respect to two independent time vari-

ables and using the Theorem 2.3 in Rugh [10] yields,
Pl’(2)Y(2) + P2,(2)?(2) =0 (4.44)

where the (r x r) matrices

P,y = [b; ].](Lm) (s;48)™ +-+[b;]  (sy+sy) + [bi‘j](lyo)

(1,1)

Py = 7 [bi,j] (s145)" + -+ 31 [bi,j] (51 +55)+ o1 [bi,j]

(2,m) (2,1) (2,0)

The vector Y(2) in (4.45) is defined in (4.24). Substituting this result into (4.45)

yields

Solving for the (r x 1) vector Y, by inverting the matrix P,

(2 (2)’

Y(2) - _G11(2)P2»(2)w (Y(1)’Y(1)) (4.46)
-1
where Gl,(?) = [Pl,(2)] . Finally substituting (4.38) into (4.46) yields,
Y(2) = =G oP2¥ (G1,(1)U1’G1,(1)U1) = G, (Uy) (4.47)

The output vector Y, is obtained (Figure 4.4) by multiplying each of the two

(2

inputs U, vectors by the G matrices. The two Y| resultant outputs, are oper-
1 1,(1) (1)

ated on by 1(e) to yield the vector Y . . This vector is then operated by the matrix

)
P (2)- The resultant output is finally operated by the matrix —Gy (9).

63



— G,
Y,

— Gy

=}

Figure 4.4. Nonlinear Operator G (Uz)

(2)
—

The third term in the expansion (4.13) is the nonlinear operator G3(Us). This

term is found by equating the coefficients of 03 in both sides of (4.33),

d )’s )
[bi,j](l,o)}zii‘y- e [bi'j](l.m) a4 ;

2
(90)1%00 ) o v 1Y )
b 1 :
+ [bu (2, n){ ] ?+ o [bu (2,m d_"r{ '
Y)Y ) ly(l)ry(z)r ]

F%! [bl.J](ll,U)y(i¢- ik El' [bw] _"'Q =

(3,m) dt
The vectors
v}
W) Ye)r)
5 ia g
Yo =Y

and the functional (4.35) are substituted into (4.48) and,

P1 (y(a)) +P2 (5'(1.1)) +P3 (5'(3)) =0

where the functional
P

dt

(3,m)

Py(x) = 3 ["aj](avo)xa +3 [bi‘j](:j,l) 4+ J]
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Applying the multivariable Laplace transform to (4.51) with respect three indepen-

dent time variables yields,

P13 Y@ T P23 Yoy T P33)¥YE =0 (4.53)

where the (r x r) matrices,

Pl,(3)=[bi,j](l,m)(s(s))m+ a +[bz‘,j](1,1)(3(3)) + [bi,j](l,o)
P2,(3)=71Y[bi,j](2,m)(3(3))m+ o +§1![bi,j](2,1)<5(3)) + %![bi,j](z,o)
Ps,(S):?»lT[bi,j](g,m)(s(s))m+ T +§T[bi,j](3,1)<s(3)) + ?}I[bi,j](g,o)

and 4 = s, + 5, + 55 The nonlinear operator (4.22) is used to evaluate the vector,
Y, =% (G1(U1),G1(U1),G1(Uy)) (4.54)

Substituting (4.54) and (4.32) into (4.53) yields,

P, 3 Y3 + P2,3)% (G1(U1), G2(Uz)) +
P3 3¢ (G1(U1),G1(U1), G1(U1)) = 0 (4.55)
Solving for the vector Y(s) by inverting the matrix Pl’(3) yields,
Y 5==G1,3)P3,3)% (G1(U1), G1(Un), G(Uy)) - -

G1,(3)P2,(3)¥ (G1(U1), G2(Uy))

1
where G P . Finally by substituting (4.47) and (4.38) into (4.56) yields,

1,(3)=[ 143)]
Y(3)= G3(U3) = ‘Gl,(3)P3,(3)¢ (G1,(1)U1 ’ Gl,(l)Ul’Gl,(l)Ul) -

Gl,(S)P2,<3)¢(G1,<1)UvGl,(2)P2,<2)¢(G1,(1)U11Gl,(l)Ul)

The addition of two third order components (Figure 4.5) is required to compute the

(4.57)

output vector Y( Using a similar procedure, the " Volterra functional G;(U;)

3)
can also be calculated. Any P, () matrix of this Volterra operator can be calculated

using the equation,

Py = a [bz‘u‘] (wm) (S(v))m +o [bu] . <3(v)) + [bz',j] w0) (4.58)



Figure 4.5. Nonlinear Operator G (Us)

where Sy = (sy 4+ +3,).

The Volterra functional in (4.13) requires an infinite number of expansions. A
realizable Volterra functional uses only a finite number of expansion terms and is
a truncated version of the general Volterra model (4.13). For example, a Volterra
functional truncated at the third expansion is obtained by adding the Volterra models
(4.38), (4.47) and (4.57)

Yi1-3 = G1(U1) + G2(Uy) + G3(Us) (4.59)

To obtain a truncated time solution of (4.59), the inverse Laplace transform is applied
sequentially with respect to the time variables ¢),¢, and then t;. The result is the
multi-time variable truncated solution yl_s(tl ,t,,t3)< Finally the condition t = ¢, =

t, =t, is applied to obtain the single variable solution y, _,(t) [28]-[10].
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4.6 Example

The Volterra transfer function for the nonlinear ODE model of a mass-spring system
(Figure 4.1) is obtained in this section. The two masses m; and my , are given different
values to introduce asymmetry in the responses y, and y,. Because the nonlinear
spring force dominates the linear spring force, ||k, (v, +y:1;)|| >||k2(yo —y;)II, the spring
parameters are selected as k; =8 and k, = 4 to make the nonlinear spring dominate
the system response. The damping parameter is selected as b, = 2 to increase energy
dissipation rate and decrease settling time. Substituting these parameters in (4.2)

yields,
2§y + 29, — 20, + 8y; + 8y, + 4y, — 4y, = u,
Uy + 2y, — 2y, +4y, — 4y, =y,

Following the procedure (4.30) through (4.33) yields,

(4.60)

2 0]/ . . o 2 21/ . 2
[0 1}(ay(1)+°‘y(2)+ )+[—2 2](ay(1)+a’?2)+ )+

12 —4 9 8 0 2 ’ _
[ —4 4 } (ay(1)+a Yo ¥ )+[0 0] (ay(1)+a Yoo ¥ ) =eu
(4.61)
The linearized transfer function matrix G, ) is found by equating the elements
multiplied by al in (4.61),
2 0].. 2-21]. 12-4]
[0 1]’?1)+[—2 21y(l>+[—4 4}%‘“ (4.62)
Defining the operator
2 0.. 2-21. 124
pl(x)—[o 1]x+[_2 2Jx+[_4 4}x (4.63)
where (xeR?), the equation (4.62) can be written as,
P (Y(l)) =u (4.64)
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Applying the Laplace transform with respect to one time independent variable yields

and zero initial conditions yields,

P, Yy =1, (4.65)

where Y(l) and U(l) are the Laplace transform respect ¢, of the vectors y( 1) and u

and the dynamic matrix

2
p 231 + 251 + 12 —231 —4

= 2
LM —2s,—4 s +2s +4
Solving for Y(l) yields,
Y, =G, U, (4.66)
where
2
o 251 +655 +20s, +165, +32 2sf+6sf+2053+16s1+32
L) 25, +4 25 +25; +12

T .3 p) 7 3 p)
231 +631 +2031 +16s; +32 251 +€is1 +2Osl+1651+32
is the linearized matrix transfer function and is equal to the inverse of the linearized

dynamic matrix P,

(1)
The term G, (U,), is found by equating the elements multiplied by the coefficient
o’ in (4.61),

2 0. 2 -2, 12 4
[0 1}y(2)+[—2 2 ]y(2)+[—4 4]y(2)_0 (4.67)
Using the functional (4.63), equation (4.67) can be written in the form,
p1(v(2) =0 (4.68)

Taking the laplace transform of (4.68) for zero initial conditions yields,

P, Y =0 (4.69)
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For nonsingular Pl‘(2), Y(2) = 0. This result, Y(Q)

nonlinear system is an odd function. This result shows the second Volterra operator,

= 0, is expected because the

G,(U,) =Y, =0 (4.70)

The term G;(U,), is found by equating the elements multiplied by the coefficient

o in (4.61),
2 0].. 2-2 |, 12 -4 8 0 3
[0 1]}23) " [—2 2 J’?SYL [—4 4 hs) + [ 0 0]5’(3)—0 (4.71)
Using the functional (4.63) and substituting (4.50) into (4.71) yields,

8 0|
P () == |5 o |% (@12

Applying the Laplace transform to (4.72) with respect to three time independent

variable yields,

P .Y

8 01}~
=2 0] s

0 0] ®
Substituting the multiplicative operator (4.54) into (4.73),

P, 3 Ys) = ~Ps¥ (G(l)(Ul), G1(Uy), G1(U1)) (4.74)
where P3 = [ (8) 8 ] and
2
p 5= [ 23(3) +2s(3) + 12 2-23(3) -4 }
1,3) : B
23(3) 4 S(3) + 23(3) +4

Solving for Y,,, by inverting P and substituting (4.66) in (4.74) yields,

3) 1,(3)

Y, =-G, o Py (G, ,U,,G

. U,.G,,U,) (4.75)

1,(1)

-1
where G, 3) = [Pl (3)] . Equation (4.75) is the third term in the Volterra model.
The Volterra model truncated at the third expansion includes equations (4.66) and
(4.75) (Figure 4.6),

Y13 =G1(U1) + G3(Us3) (4.76)
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el Linearized @
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u,
: G,(¢) ;A
B H=r
G! (.)

Figure 4.6. Simulink Diagram for the Volterra Model Including the First and the Third
Expansions

The term G,(U,), is found by equating the elements multiplied by 014 in (4.61),

2. 2 =2l .
01T | -2 2 [Y

= el -
= AL L3(y(1)2) Y2)2 )

Using the operator (4.64), equation (4.77) can be written in the form,

(4.77)

( 1
8 01 3 Y ”1 ?J(w)l H

p1 (V) = —[ ] ( (4.78)
o {l 3(”(1)2) Y2),2 )?

Using (4.70)
Yo
o) [ o ] =0 (479)
Y22
into (4.78),
P1(y() =0=G,(U,) =0 (4.80)

Result (4.80) is expected because the nonlinearity is an odd function.

The term G4(Uj), is found by equating the elements multiplied by the coefficient
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o’ in (4.61),

2 00y 2 2. 12 —4 E (y(l),l)2‘/(3)l]'
[0 1]y(s>+[_2 z]y(sﬁ[ 4 4] [ ]{ ( ) } 0 (4.81)
UP\Yy2) Y3)2)

Defining the vector,

oy v s ) (v )2y ]'
}.,(201) :i y(l),ly(l),l 31 }:{ (1 2 @1 } (482)
m,2Y%1),2%@3),2 L (y(l),2) Y3)2 )

Substituting (4.82) into (4.81) and using the operator in (4.63) yields,

24 0| .
P, (y(5)) =T [ 0 0 ] }22,0,1) (4.83)

Applying the Laplace Transform to (4.83) respect five independent time variables

yields,
ProYe = 73Ps¥ o) (4.84)
where 9
B 23(5) + 23(5) + 12 —23(5) -4
Pl,(5) = ) 4 2 . . (4.85)
6) T S T T
Substituting the vector
Y — <)/(1)»1) ()/(1),1) (Yv(s)vl) w(Y ,Y ’Y ) (486)
(2,0,1) (y ) (Y ) (y ) (1> =1~ @)
(1),2 (1).2 3).2
and inverting the matrix P, 5) into (4.84) yields,
Y(S) = 5¢(Y Y(l)’Y(3)) (4.87)
-1
where Gl,(s) = [Pl,(S)] and P, = 3P, and previous results (4.66), and (4.75) yield,
Yo =Gl
Y = =G, o) Ps¥ (G y U1 G,y Us, Gy ) U)
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all terms of the fifth order expansion can now be computed from the linearized transfer

function le(v)

The Volterra model truncated at the fifth expansion, includes equations (4.67),

(4.77) and (4.87) (Figure 4.7)

Yi-5 = G1(U1) + G3(Us3) + G5(Us) (4.88)
% Volterra Model o v
: Including 1% and 3 ) :
e g
u, ’J (Figure 4.6) G,(-) X _/*O_’
T V2

Ps Model

Gs(+)

Figure 4.7. Simulink Diagram for the Volterra Model Including the First, the Third and
the Fifth Expansions

The time responses of the truncated Volterra models in (4.66), (4.75) and (4.87)
are compared to the response of the nonlinear ODE model (4.60). The two inputs
used to excite the system are sine waves with amplitudes -0.3 and -0.15 at frequencies
of 2.27 rad/sec and 1.5 rad/sec respectively. These frequencies are the two natural
frequencies of the linearized system and are determined by calculating the roots of the

characteristic equation of G in (4.66). The linearized model exhibits the greatest

1,(1)
error between all the three responses. The error shown by the truncated Volterra

72



model that includes the linearized and the third expansion terms is substantially
smaller than the error exhibit by the linearized system (Figures 4.8 and 4.9). The
error exhibit by the truncated Volterra model that includes the linearized, the third
and the fifth order expansion term is the smallest of all the three responses. For
a specific bound at the input, the more expansion the Volterra model includes, the
smaller is its error. Theoretically, if the Volterra series is convergent, the error between
the Volterra model and the nonlinear ODE will tend to zero when an infinite number

of expansions is used .

4.7 Summary

In this chapter a method to generate frequency domain Volterra system models from
MIMO external port-based ODEs is presented. Even though a similar procedure
for the SISO case is available in the literature [10], a method for MIMO port-based
external, nonlinear systems has not been published. The MIMO procedure requires
a nonlinear vector operator to obtain the frequency domain kernels. This nonlinear
operator is not required in the SISO case. An advantage of using this MIMO method
is that the two standard MMM nonlinear formats can be easily obtained. The first
format is the Volterra transfer function representation. This format is traditionally
used in model analysis and simulation. The second format is the Volterra dynamic
representation. This format is used in the assembly of nonlinear system models. The
Volterra dynamic representation was recognized and defined for first time in this work.
The Volterra dynamic representation is important in the MMM because this external
port-based model format protects internal design details. This procedure generates

the Volterra dynamic port-based system models in an explicit form.
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Figure 4.8. Nonlinear ODE resp

A pared with different truncated Volterra
transfer function responses. y(1) is the linearized response, y(3) is the third expansion and
y(5) is the fifth expansion.
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X ¥(1)+yG)#y(6), ODE

Figure 4.9. Nonli ODE resp Y, 1 with different truncated Volterra
transfer function responses. y(1) is the linearized response, y(3) is the third expansion and
y(5) is the fifth expansion.
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CHAPTER 5

Assembly of Nonlinear Physical Systems

5.1 The MMM Algorithm to Assemble Nonlinear Physical
Models

The algorithm for assembling nonlinear dynamic models through a networked envi-
ronment (Figure 2.1), is explained in this section. Two types of information and a
procedure are required to assemble nonlinear physical models. The first type of infor-
mation is the component connectivity structure of the assembly. The second type of
information is the Volterra dynamic model for each of the components that constitute
the assembly. Once these two sets of information are available at the assembly agent,
the standard procedure to assemble the component models is initiated.

The component connectivity structure of an assembly is enclosed in its constraint
matrix S. The matrix S is dependent on the order of connection between components.
This matrix equates each component output in the unconstrained output vector Y.
to an assembly output in the assembly vector Y, based on the physical constrained
associated with the assembly. Matrix S should be available in the assembly agent
before the assemble procedure is initiated .

If the ith component model includes g expansion terms, the component Volterra

dynamic model has the form,

{Pi,l,(v)’ Pio )y ’Pi,q,(v)} (5.1)

76



For any dynamic matrix P the index %, j and v respectively indicates the compo-

i5,(v)
nent number, the expansion term and the number of independent complex variables

The standard procedure to assembly Volterra dynamic models include 2 steps. In
the first step, the Assembly Agent uses all the Volterra dynamic component dynamic

models to build the unconstrained Volterra dynamic model. This model has the form,

{Perw)Pe2)  Peg ) (5:2)

where (v) is the number of independent complex variables. In an assembly constituted
by k components with a total of r ports, V(1 < i < ¢q), each (r x r) unconstrained

component matrix in (5.3) has the form,

Pl,z‘,(v) 0 0 0

0 P, (v) 0 0
P..,.\= " 5.3
¢,i,(v) 0 0 0 (5.3)
0 0 0 Pk,i,(v)

In the second step, the assembly agent generates the Assembly Volterra Dynamic

model. This model is,

{Pa1,w)pPa2(v) Pagw) (5-4)

Each assembly Volterra Dynamic Matrix in (5.4) is determined using the transforma-
tion,
sTp

P S (5.5)

ai,(v) = ¢,i,(v)
The reason of using (5.5) to determine the Assembly model is explained in detail at
the Appendix B.

The assembly model (5.4) is in the same format than the component model (5.1)
and can be recursively used as a component model to built higher order physical
assembly models. The Volterra dynamic model representation is particularly effective

as the standard assembly nonlinear MMM format because constraints (2.19a) and

(2.19b) can be easily applied [38]. In contrast, the Volterra transfer function model
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(4.15) cannot be used as the assembly nonlinear MMM format because (2.19a) and
(2.19b) cannot be substituted directly [38]. Even though the Volterra dynamic model
format is effective for the nonlinear model assembly process, it is not appropriate for
simulations because is not possible to use it to solve directly for the outputs given

the inputs. A different model format is required for simulation.

5.2 Simulation of the Assembled Nonlinear Physical Model

The Volterra transfer function model representation (4.15) is chosen as the nonlinear
MMM simulation format because it can be directly used to solve for the outputs given
the inputs. The simulation of the assembled nonlinear physical model is done in two
steps:

In the first step, the Dynamic Assembly Matrix Pa,l,(v) is inverted to generate
the Volterra Transfer Function Matrix of the assembly Ga,l,(v)-

In the second step, the assembly Volterra Transfer Function Matrix G ; (,) and
each of the Volterra Dynamic Assembly Matrices Py 3 (), - -+ , Pg g () are substituted
with the appropriate index (v) into the standard Volterra Transfer Function formats

(4.17a), (4.17b), (4.17c),- - - ). For the first three standard formats,

Yo 1) = Ga1,1)U1 (5.6a)
Y2 = —Ga1,2)Pa2,2)?¥ (Ya,(l)’Ya,(l)) (5.6b)

Yo3) = ~Ga1,6) | Pas3)¥ (Ya) Yo Ya1) + Pa2.@¥ (Ya ) Ya2) |
(5.6¢)

The Volterra transfer function of the assembly is,
Y. = Ya,(l) + Ya,(?) + Ya,(3) + - (5.7)

A simulation of a Volterra model truncated up to the second expansion [10] uses

recursively equations (5.6a ) and (5.6b). Initially the matrix G ; (1) is multiplied by
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the input vector U(s1). The resultant output is the vector Y, (1) in function of the
complex variable s;. The inverse Laplace transform respect s; is applied to Ya,(l)
what yields the the degree-1 time homogeneous output y, 1(¢1). The time variable
t; is redefined as t = t; what finally yields the degree-1 time homogeneous output
Ya,1(t)-

Equation (5.6b) operates the previously calculated vector Ya,(l) into
Y(Yq, (1), Ya,1)). The resultant vector output of this operation is multiplied by the
matrix P, o (), and then by the matrix —G, ;1 (2) what yields the vector Y, () which
is a function of the complex variables s; and s9. The inverse Laplace transform is
applied sequentially to Ya,(2) two times, first respect s; and then respect to sy what
yields the the degree-2 time homogeneous output y, ;(t1,t2). The time variable ¢;
and t9 are redefined as t = t; = t9 what finally yields the degree-2 time homogeneous
output y, o(t).

The time response of the Volterra model truncated up to the second expansion
Yo 1-2(t) is obtained by adding the degree-1 time homogeneous output to the the

degree-2 time homogeneous output what yields,

Yai_o(t) =¥a,1(t) + ¥a,2(t) (5.8)

Simulation of higher order terms are obtain following a similar procedure.

5.3 Example

The assembly of two component models using the nonlinear MMM algorithm is de-
scribed in this section. The first component is a linear model with one external port.
This port is the input-output pair (ug,y3). The second component is a nonlinear
model with two external ports. These ports are the input-output pairs (uj,y;) and
(u2,y2). Two joins are used in the assembly. The first joint connectes the port (u3, y3)

of the linear component and the port (us,y2) of the nonlinear component to an as-
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sembly port (@2, 2). The second join connects the component port (u1,y1) to the
assembly port (@7,7;). The assembly model has two ports, these are the input-output

pairs (&1, §1) and (d2,72) (Figure 5.1).

) I i Y2 |';2
U Nonlinear L3 3 Linear
Y Component ¥, Vs Component

Figure 5.1. Port Connection Diagram of the Assembly

The linear model describes a one-port linear mass-spring system (Figure 5.2), with
mass mg and spring constant k3. The port uses the input-output pair (ug,y3) where
ug is the input force applied to the mass mg and y3 is its output displacement. The

ordinary differential equation that represents this linear mass-spring-system is,

Myl + kyys = uy (5.9)

»3(0)

Figure 5.2. Linear Mass-Spring System

The nonlinear model describes a two-port mass-spring-damper system (Figure
5.3) composed of two masses, one nonlinear spring, one linear spring and one linear
damper. The mass m, is connected to a fixed point through the nonlinear spring with
force fy, = ki(y1 + y:lj). The mass m, is connected to the mass m; with a linear
damper having damping coefficient b and a linear spring with constant k,. The first

port uses the input-output pair (u,,y,) where u, is the input force applied to the
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mass m) and y; is its output displacement. The second port uses the input-output

pair (u2,y,) where u, is the input force applied to the mass m, and y, is its output

displacement.
uy(9) u,(1)
k
2
Nonlinear _JGMW
Sprive .o| PSS Tl
bl |—>
(1) »a1)
Figure 5.3. Double-Mass Spring Damper-Nonli System

The ODE that represents this nonlinear mass-spring-damper system is,

m§ +b (?1 - l-’z)."‘ kl?l +hw® Ak - v) =y (5.10)
Mgy +by (U — 1) + Ky (Y — 1) = uy
The assembly is performed by attaching the mass mg of the linear system to the
mass 1y of the nonlinear system (Figure 5.4). The resultant assembled system has two
ports. The first port uses the input-output pair (@, %) = (u1,¥1). The second port
uses the pair (2, §2) where @y is the input force applied to the mass mq = mg +m3
and g is its output displacement. Traditionally and ad-hoc procedure is used to
obtained the ordinary differential equation of the assembly. This procedure is difficult
to automatize because it usually requires a new reformulation using physical laws or

energy methods. The new ODE for the assembled system is,
Mgy + by (= 3y) + Gy + R0+ R - 5) = (5.11)

(my +my)yy + by (Uy — Uy) + Ky (U — §y) + KBy = Uy

The nonlinear MMM algorithm requires the Volterra dynamic model of each as-
sembly component. A standard procedure is used to derive the corresponding Volterra
dynamic models of the linear and nonlinear ODEs in (5.9) and (5.10). Each Volterra

dynamic model provided has a finite number of expansion terms.
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Figure 5.4. Assembly of a Linear and a Nonlinear Mass Spring System

The third order truncated Volterra dynamic model for the nonlinear ODE in (5.10)

has the form,

{PriPraw Prawm} (6.12)
where
2
= ms + bls(v) + k1 + kg ;bls(v) — ko (5.139)
LL(@) _bls(v) — ko mas + bls(u) + ko
00
Piasis [ 5 ] (5.13b)
k0
Bl [ e ] (5.13¢)

The third order truncated Volterra dynamic model for the linear ODE in (5.10)
has the form
2
P“‘(v) =mgs, + k3 (5.14a)
Pyyy =Pagiy =0 (5.14b)

The matrix S is generated by relating the component and assembly variables. The
component variables are y (t), y2(t), y3(t), u1(t), ua(t) and ug(t). The assembly vari-

ables are 7;(t), §2(t), @) (t) and @z(t). The two constraint equations for this example

are:
yi(t) 10|
w®)| =101 [?1(1)] (5.150)
() o 1| L2®)
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10 ) uy ()
01 [~ ]= uz(t) (5.15b)
o 1| L2012y
where,
1 0 Y;(s) Ur(s) Y ;
S=|0 1|, Ye(s) = | Ya(s) |, Uc(s) = | Ua(s) ’Y“(s)z[?gz;}’U“(S)z[glgg]
01 Y3(s) Us(s) 2 ?

In the first step the Assembly agent generate the unconstrained Volterra dynamic

model. This model have five matrices which are,

( Pl,l,(v) 0 [ P1,2,(v) 0 ] [ P1,3,(v) 0 ]‘ (5.16)
i 0 P2,1,(v) ' , }

0 0 0 0
In the second step, the Assembly Agent determines the five dynamic assembly

matrices. These are:

P 0
_qT| T 11,(v)
Fal=S [ 0 P2 1,(v) >
5 ’ (5.17a)
p _|mas(y + bls(v) + k1 + ko "bls(u) — ko
a,1,(v) —bys(y) — k2 (mg + mg)s%v) +b15(y) + k2 + k3
P 0 00
Poow=S" [ b ] S = [ 0 0 ] (5.17b)
P 0 ki 0
T 1,3, _| "
Pa,3,(v) =8 [ O(U) 0 l S = [ 0 0 ] (5.17¢)
Finally the Volterra dynamic model is,
{Pa,l,(v)v Pa,2,(v)’ Pa,3,(v)} (5.18)

The simulation is done in two parts

1. The dynamic matrix Pa,l,(v) is inverted to generate the assembly transfer function

matrix,
(m2+m3)sa,)+b1S(v)+k2+k3 b1s(y)+k2
_ -1 asd+bsS+cs?+ds+e asd+bs3+cs?+ds+e
Garw) = [Parw] = 2
) bls(v)+k2 mls(v)+bls(u)+kl+k2
ast+bsd+csi+ds+e asl+bsS+csi+ds+e

(5.19)

83



where

a=mj(mg +m3)
b = bj(m1 + mg + m3)
¢ = (k2 + k3)my + (k1 + k2)mg + (k1 + k2)m3
d= bl(kl + kg)
e = ki1ka + k1k3 + koks

2. The assembly transfer function matrix G ; (,) and the four dynamic assembly ma-
trices Pa,2,(v)’ ee ,Pa,s’(v) are substituted into the standard Volterra transfer func-

tion formats. The first five Volterra formats for this system are,

Yy =Ga1,)Ui (5.20a)
00

Y, = [ 0 0] (5.20b)

Y3 = ~Car,@Pas@¥ (Y 1 Yay Ya )) (5.20c)
00

Y(4)=[O 0] (5.20d)

Y5y =3Ga1,5)Pa3,6)Y Yy Yy Y3) (5.20e)

The truncated Volterra model up to the fifth expansion is,

Y, . =Y, ,+Y,+Y

Mt Yt Y (5.21)

One way to simulate the Volterra transfer function model is using a Simulink dia-

gram. The Simulink diagram for the truncated model in (5.21) is shown in Figure 5.5.

The time responses of the linear, third and fifth truncated Volterra models are
compared to the nonlinear ODE of the assembly in (5.11) using the system parameters,
my=2,mg=1mg=1b; =2 k =8, kp =4 and k3 = 1. The two inputs used
to excite the system are sine waves with amplitudes -0.3 and -0.15 at frequencies
of 2.36 rad/sec and 1.31 rad/sec respectively. These frequencies are the two natural

frequencies of the linearized system of the assembly and are determined by calculating
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Figure 5.5. Simulink Program Used to Simulate the Volterra Model




the roots of the characteristic equation of G in (5.19). The linearized model

1,(1)
exhibits the greatest error between all the three responses. The error shown by the
truncated Volterra model that includes the linearized and the third expansion terms is
substantially smaller than the error exhibit by the linearized system (Figures 5.6 and
5.7). The error exhibit by the truncated Volterra model that includes the linearized,
the third and the fifth order expansion term is the smallest of all the three responses.
For a specific bound at the input, the more expansion the Volterra model includes,

the smaller is its error. Theoretically the error between the Volterra model and the

nonlinear ODE will tend to zero when an infinite number of expansions is used.
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Y+GE)
B

Figure 5.6. Nonli ODE bled y,(t) d with different truncated
Volterra transfer function responses. y(1) is the ].mea.nzed response, y(3) is the third ex-
pansion and y(5) is the fifth expansion.
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Figure 5.7. Nonlinear ODE assembled response y,(t) compared with different truncated
Volterra transfer function responses. y(1) is the linearized response, y(3) is the third ex-
pansion and y(5) is the fifth expansion.



5.4 Summary

In this section an original method to assemble physical MIMO physical external port-
based Volterra system models is presented for first time. Volterra representations are
appropriate to the MMM approach to distributed model assembly because they pro-
tect internal design details. This method extends the MMM approach to nonlinear
port-based models through a method that is computationally efficient because it is
recursive and does not require matrix inverses. These properties make this Volterra-
based assembly procedure ideal for distribution and assembly of nonlinear physical
engineering system models. This method does not present a new modeling methodol-
ogy but rather a new strategy to distribute and assemble existent nonlinear models.

The main purpose of this nonlinear model assembly methodology is to enhance
Global Engineering Design by providing a procedure that satisfies the four require-
ments of a Global design environment. These four requirements are: standardize
model components, single query exchange of model information, external input-output
model formats and a recursive assembly.

An example of an assembly of one, nonlinear 2-port mass-spring-damper system
and one, linear 1-port mass-spring system was presented. The resultant Volterra
model of the assembly includes the first five expansions. Different truncated MIMO
Volterra models for the assembly where also simulated using Simulink, and their
responses were compared with the nonlinear ODE of the assembled system. The
response results show increasing simulation accuracy as the number of expansions
included in the Volterra model is increased. Experience with these simulations models
shows convergence a requires bound on input amplitudes. Convergence radii are
available for SISO Volterra models {13]. Future work will be needed to find these

limits for the MIMO models derived from the MMM assembly methodology.
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CHAPTER 6

Conclusions

The nonlinear Modular Model distribution and assembly methodology presented in
this work, provides six (6) significant, original contributions to mechanical engineer-
ing. These contributions are:
1. An extension of the Modular Modeling Methodology (MMM) to nonlinear systems.
2. The recognition that two model formats are necessary for physical system model
assembly and simulation.
3. A method to assemble physical port-based affine ODEs around an equilibrium
operating point.
4. A method to obtain subsystems operating points from the system assembly oper-
ating point outputs.
5. A method to obtain frequency domain Volterra system models from MIMO port-
based ODEs.
6. A method to assemble physical MIMO port-based Volterra system models. Each
of these contributions is individually important to the development of a Global Engi-
neering Design (GED) strategy.

This methodology has two (2) limitations. These limitations are:
1. The nonlinear subsystems must be modeled using port-based Volterra representa-
tions.

2. The assembled system model is valid if its subsystem models are valid. These
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limitation still allows the model assembly of a high variety of nonlinear port-based
physical system models.

The nonlinear model distribution and assembly methodology developed in this
work enhances Global Engineering Design by providing a procedure that satisfies the
four requirements of a Global design environment: a standard model format, single
query exchange of model information, external input-output models and a recursive

assembly method.

91



APPENDIX A

Singular Internal Stiffness Matrix

A singular internal dynamic matrix P;;(s) occurs when the assembled system includes
internal disconnected subsystems or non-observable modes. When P;;(s) is singular,
a modification of the approach taken in (2.44) it is required. The objective is to
remove the internal singular degrees of freedom associated with the disconnected
subsystems. The internal singular degrees of freedom are removed using a null-space
transformation. Once these degrees of freedom are removed, the modified internal
dynamic matrix f)ii(s) is non-singular and the condensation continues.

Initially the rank p orthonormal null space T(s) (v x p) matrix of P;;(s) is deter-
mined. The columns of this matrix are the p eigenvectors of P;;(s) whose eigenvalues

are zero. The null space T(s) defines the (v x v) transformation matrix

Q) - [ o ) (A1)

constructed with the (v x v) null space T(s) and an arbitrary set of independent
vectors. The independent set vectors constructed here are an (v — p) x (v — p)
identity matrix filled below with a (p x p) zero matrix.
The above null space transformation is used to define a new set of internal output
variables
Yi(s) = Q(s)Y(s) (A-2)

where the new internal output variables Y (s) = [ Yi(s) Yo(s) ]T are the (v—p) non-
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singular output Y;(s) combined with the p singular outputs Yo(s). Work must be
conserved under this coordinate transformation. Defining the transformed generalized

input fJ'(s) and applying a work analysis parallel to (2.16) above,
Yi(s)TUi(s) = ¥(5)" O(s) (A.3)
Substituting (A.2) into (A.3) yields
Q(s) Ui(s) = O(s) (A-4)

Applying this transformation symmetrically to (2-5-11) yields

Pee(s)  Puils)Q(s) ]—‘-;% _[ Ue(s) ] (A5)

QTEPic(s) QTEPa()QM) | | o | L Q1))

Transformation Q(s) contains the null space transformation with P;;(s)T(s) so that

(A.3) becomes

I?ee(s) li)ei (s) O Y:e (s) Ige(s)
Pie(s) Pu(s) 0[] Yi(s) | = Uils) (A.6)
0 0 || Yo(s) Uo(s)

None of the system equations involve Y(s) and this vector can be removed from
the system of equations. The last p rows and columns of the transformed system are
now removed and the analysis continued with U;(s) = 0 applied on the transformed
matrices to find

Pe(s)Ye(s) = Ue(s) (A7)

where

Pe(s) = [Peels) = Pei(s)P5 (5)Pic(s)]
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APPENDIX B

The Assembly Operator

The reason of using (5.5) to obtain all the assembly Volterra dynamic matrices is
explained here. Since the matrix G, (,) is the linearized transfer function of the
assembly, its inverse, P, 1 (), is the linearized dynamic matrix of the assembly. It

was shown previously that P, ; (,) can be obtained using,

P,1(w)=STP,1 (S (B.1)
The dynamic matrix Pg ; () satisfies (4.20). Applying the operator Dyyyr" (o) to
both sides of (B.1) yields,
T
Poow)=Dyyy (Pas(w) =Dyyyr (STPerw)S) (B.2)
The matrix of constants S can be taken out of the operator to yield,
T
Poo@w)=S"Dy 4 (Peiw) S (B.3)
Using (4.20) in the left side of (B.3) yields
T
Pa’2'(v) = S PC,?,(U)S (B4)
Applying again the operator Dy g5 (e) to both sides of (B.4) yields
T
P,3w) =Dyyy (Pa2() =Dyygr (S Pe2,w)S) (B.5)

The matrix of constants S, can be again taken out of the derivative operator to yield,
T
Po3)=STD, - (Pe2w) S (B.6)
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Using again (4.20) in the left side of (A.6) yields
Pa,3,(v) = STPC,B,(U)S (B.7)

Applying sequentially a similar procedure for any ¢ = 3,4,5,--- yields the assembly

operator (5.5) ,
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