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ABSTRACT

Local Regularization Methods for Nonlinear Volterra Integral Equations

of Hammerstein Type

By

Xiaoyue Luo

We develop a local regularization theory for the nonlinear Volterra problem of
Hammerstein type. Our method retains the causal structure of the original Volterra
problem and allows for fast sequential numerical solution. The fundamental differ-
ence between our method and the previous existing local regularization method for
Hammerstein equations (Lamm and Dai, 2005) is that for our method we do not need
to solve a nonlinear equation at every step of a numerical implementation. We only
have to solve a nonlinear equation for the first step. We prove the convergence of the
regularized solutions to the true solution as noise level in the data shrinks to zero

with a certain convergence rate.
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CHAPTER 1

Introduction

Volterra integral equations arise in a great many applications. For example, in pop-
ulation dynamics [23] [24], epidemic diffusion, reaction-diffusion in small cells [25], in
nuclear reactor kinetics [2] and in general in evolutionary phenomena incorporating
memory.

Of special interest are Volterra integral equations of Hammerstein type. In many
applications, the problem can be written in terms of a Volterra integral equation
of Hammerstein type, as for example in chemical absorption kinetics, in epidemic
models, and also in situations when Laplace transform techniques are used to reduce
systems of ordinary or partial differential equations to Volterra integral equations.

In this paper, we will study the solution of a nonlinear Volterra problem of Ham-

merstein type of the following form
Fu = f, (1.1)

where F is the nonlinear Volterra operator given by

t
Fu(t) = /o k(t, 5)g(u(s)) ds (12)



for suitable kernel &, nonlinear function g and f in the Range of F' which will be
clarified later. Before we get into details of this nonlinear problem, we will first give
some brief introduction for the linear counterpart to this problem. Let us consider a

linear first-kind Volterra integral equation for (1.1), where F is defined by

t
Fu(t)=/0 k(t,s)u(s)ds (1.3)

with the kernel k € L2 ((0,T) x (0,T)), where f is in the range of F and our goal is
to find @ € L2(0, T) or C|[0,T] which solves equation (1.1).

However, such problems are generally ill-posed due to the fact that the solutions
9 which are obtained by solving (1.3) using imprecise measurement data f 9 do not
depend continuously on data, i.e., very small errors in the measurement data f‘s

)

could lead to large deviations in the solution u® as compared to the true solution
4. What we usually see for these kinds of ill-posed problems are highly oscillatory
solutions using measurement data. This is very troublesome because in practice we
never have exact data in hand. Since the available data always contain uncertainty,
regularization methods have to be employed to stabilize the problem.

A classic and well-known example is the Inverse Heat Conduction Problem
(IHCP). The problem can be stated as follows: applying heat on one end of a semi-
infinite bar which we call location z = 0, we measure the temperature f(t) as a
function of time ¢t at some location away from the heat source, which for simplicity
we call location z = 1. The problem is to recover the temperature u(t) at the heat

source z = 0, and this problem can be formulated as solving equations (1.1) and (1.3)

for u with the kernel given by k(t,s) = k(t — s), where

IR s Y2 T,
n(t)—QﬁtS/ze .




This problem is a severely ill-posed linear Volterra problem.
One well-known regularization theory is that of Tikhonov regularization. The idea
of Tikhonov regularization is that, instead of solving for u satisfying Fu = f‘s, we

solve a constrained minimization problem for ug,
min [|Fu ~ /| + el Lu|, (14)

where f S is noisy data, a is the regularization parameter and L is a suitable (usually
identity or differential) operator. The Tikhonov theory gives conditions under which
there is choice of a such that as the noise level § — 0, a(d) — 0, and the corresponding
Tikhonov solution u‘; 6) to (1.4) converges to the true solution .

However, there is a drawback associated with using Tikhonov regularization in
solving Volterra problems. Volterra problems have a nice physical structure called
causal structure. That means the solution u at any given time ¢ does not affect the
data f on the interval [0,¢t). Therefore in finding u(t), it makes sense to use future
data f on the interval [t,T] and it does not make much sense to use all data f on the
whole interval [0, T]. Tikhonov regularization however converts a causal problem to a
non-causal problem, and this leads to nontrivial increases in costs of implementation.

In the mid-1990’s, P. K. Lamm established the local regularization theory which
is a generalization of a regularization scheme for the discretized IHCP developed by
J. V. Beck in the late 1960’s. While Beck’s method was an approach developed to
handle a finite dimensional problem, the local regularization theory can be placed in
both finite and infinite dimensional settings. The theory can be applied to a wide
class of linear first-kind Volterra problems [4] [5] [6]. Local regularization methods
preserve the causal structure of the Volterra problems and therefore they have com-
putational advantages over the classical regularization methods. For example, while

Tikhonov regularization requires O(N3) flops for a discretized problem of dimension



N (or O(N?) if special structure is accounted for), local regularization requires O(N?)
flops (or O(NlogN) flops in the case of special structure). See Section 2.1 for some
background of local regularization methods for linear first kind Volterra problems.
We now turn to some background on the regularization of nonlinear problems.
Consider solving for u that satisfies equation (1.1), where F: D(F) C X — Yisa

nonlinear operator between Hilbert spaces X and Y. We assume that

(1) F is continuous and
(2) F is weakly (sequentially) closed, i.e. for any sequence {un} C D(F)
such that up — v in X and Fupn — f in Y, then u € D(F) and Fu = f.

Also assume equation (1.1) has a solution. Then there exists a u*-minimum-norm

solution u* for the data f € Y, i.e.,

Fut=f and |u*-vu'||=min{lu—-u'||: Fu=f}

(This is by the weak closedness of F, and follows from the attainability assumption
that equation (1.1) has an exact solution [17].)
If the nonlinear operator F is compact, one can give a sufficient condition for

ill-posedness of (1.1) which is similar to its compact linear counterpart.

Proposition 1.0.1. [17] Let F be a nonlinear compact and weakly closed operator
between two Hilbert spaces X and Y, and let D(F') be weakly closed. Moreover, assume
that Fut = y and that there erists an € such that Fu = § has a unique solution for

all § € R(F) N Be(y). If there exists a sequence {un} C D(F) such that

un = ut but up »u',

then F~! (defined on R(F) N Be(y)) is not continuous in y.



Tikhonov regularization

As in the linear case, we can replace problem (1.1) by minimization problem:
IFu— fO)2 + aflu — u*|? = min, u € D(F), (15)

where a > 0, f 0 €Y isan approximation of the exact right-hand side f of (1.1) and

u* € X, ||f5 — f]| £ 4. As in the linear case, any solution to (1.5) will be denoted by
)

Ugy-

Tikhonov regularization gives the following convergence rate analysis

Theorem 1.0.1. [17] Let D(F) be conver, F continuous and weakly closed. Let
f‘S € Y with ||f — f5|| < § and let ut be an u*-minimum-norm solution. Moreover,

let the following conditions hold:

(i) F 1is Fréchet-differentiable,
(i1) there exists v > 0 such that |F'u* — F'u|| < v|jut — u|| for all
u € D(F) in a sufficiently large ball around ut,

(tit) there erists w € Y satisfying ut — u* = (F'u*)*w and

() v|lw|l < 1.
Then for the choice of a ~ §, we obtain an, —ut|| = O(V9).

An example of the application of Tikhonov regularization to a particular
1-smoothing convolution nonlinear Volterra Hammerstein problem is given in [17].

The problem is to consider the Hammerstein integral equation

F: H'[0,1] — L?[0,1]



Since F is continuous, weakly closed, compact and injective {17], Proposition 1.0.1
implies that the problem of solving Fu = f is ill-posed.

Consider the application of Tikhonov regularization method to this problem. In
order to satisfy assumption (zi7) about the source condition, u* and u* have to satisfy
quite strict smoothness conditions and particular boundary conditions. For example,
u* and u* € H*, u}(0) = u3(0), u(1) = uj(1), u*(1) — ufs(1) = u*(1) —ujs(1) and
usss(1) = usss(1) [17].

From the above example, we see that in order to use Tikhonov regularization the-
ory on nonlinear Volterra problems of Hammerstein type, strict assumptions on the
smoothness of the source conditions and particular boundary conditions are needed
in order to achieve the desired convergence rate. Also, as for the linear Volterra prob-
lems, another disadvantage of Tikhonov regularization methods are that they destroy

the causal nature of the Volterra problems and lead to nontrivial computational costs.

Lavrentiev’s regularization

We now turn to the second common form of regularization for inverse Volterra prob-
lems, i.e. Lavrentiev Regularization. The idea of Lavrentiev Regularization is to solve
an equation of the form

ou+ Fu=f. (1.6)

Definition 1.0.1. Let f : R™ — R". We say that f is monotonic if

<r—y,f(:c)-f(y) >20a V:c,y.

Consider the problem of solving for u that satisfies

t t
/0 k(t,s)u(s)ds+/0 F(t,s,u(s))ds = f(t), te[0,T). (1.7)



It is proved in [18] that one can adapt the Lavrentiev method to identify u by solving

the following equation

t t t
. 1 1.4 )
au(t) +/0 k(t,s)u(s)ds +/(; F(t,s,u(s))ds = Z/O e~at S)fo(s)ds. (1.8)
Under suitable assumptions given by the next theorem, this equation is solvable on
the interval [0, 7] and the solution ug[ to (1.8) approaches the true solution @ as noise

0 — 0 in an appropriate sense. See [22] for an introduction of the Lavrentiev method.

Theorem 1.0.2. [22] Assume: 1. The vectors y, u belong to R™, k(t,s) : A - R",
F(t,s,u) : A x R™ — R™ where

A:={(ts):0<s<t<T}

2. F is continuous and the partial derivative Fy(t, s, u) ezists for a.e. (t,s) € A and
for all u € R™.

3. For each u, v € R™ and a.e. (t,s) € A we have
IF(t,s,0) = F(t,s,u)l < N(t,s)lv—ull, [[Fy(t,s,u) = Fy(t,s,0)]| < L(t, s)]lv — ]

and

t t
sup / L3(t,s)ds < L, sup / N2(t,s)ds = N.
t e [0,7])70 te[0,7)70

4. For every t € [0,T), the function u — F(t,t,u) : R™ — R™ is monotonic.

5. The kernel k(t, s) is continuous for 0 < s <t <T and k(t,t) =1 fort € [0,T).
6. The derivative D1k(t, s) exists a.e. and sup; . [0, 7] fot | D1k(t, s)||2ds < C.

7. The true solution @ is piecewise W1’2(0,T).

If Hf‘s — fll £ 6, where § > 0 is a known tolerance, then for the choice of a = a(9)



such that

0 -0t

)

equation (1.8) has a unique solution ug, and ug[ — u1in L2((0,T),R"™).

Notice that by assumption 5, this theorem can only be applied to 1-smoothing
(both convolution and nonconvolution type) Volterra problems of Hammerstein type.
In this case, the nonlinear function g in (1.2) has to be monotonic. The advantage of
this method over Tikhonov regularization is that it still preserves the causal structure
of the Volterra problem. However because the added penalty term au does not
take the given operator F into consideration, the approximation is not as good as
local regularization theory at least for the nonlinear Hammerstein problem from our
numerical results. One reason this is the case is that convergence of ug‘ tou € C[0,T]
in the uniform norm is impossible if ©(0) # 0, unless information about u(0) (which
is rarely known accurately) is built into the approximate equation (1.8). This fact
tends to lead to bad approximations near ¢ = 0. If (1.8) is solved sequentially (the
usual case), this can lead to large errors on the entire interval. Please see Example 1
in Chapter 4 of the thesis and we refer to Figure 2 in [18] for comparison.

Since the results in [18] do not give a convergence rate in the case of noisy data,
we briefly mention the work in [33] where the Lavrentiev method (1.6) is applied to
equation (1.1), in the case of the operator F satisfying assumptions similar to those
in Theorem 1.0.1 (for Tikhonov regularization) along with additional monotonicity
and hemicontinuity assumptions on F. In this case the rate ||ug, —ut|| = 0(6Y?) is
achieved, so that the rate for Lavrentiev regularization can be seen to be the same as
that for Tikhonov regularization under similar smoothness hypotheses on u*.

There are other regularization methods for nonlinear problems in the literature,



for example, Landweber methods [26], where one may seek a solution ui such that
uf g =ud+ (Fu) (- Ful) (1.9)

for k = 0, 1, ..., where ug = u( is the initial guess. A modified Landweber-
method [29] based on the idea that for the numerical realization of (1.9), the use of a
rough approximation Fiy, to F' within the first iteration steps has no influence on the
quality of the iterates, as long as the iteration is continued with a sufficiently good

approximation to F. This leads to the iteration formula

ui 1= ui + (F‘T"(k)ui)‘(f‘s - Fr(k)ui)'

Other regularization methods include Levenberg-Marquardt methods [28] where the
author studied a Levenberg-Marquardt scheme for nonlinear inverse problems where
the corresponding Lagrange (or regularization) parameter is chosen from an inexact
Newton strategy; conjugate gradient methods [27], where the basic idea is to compute
an approximate solution for the linearized problem in each Newton step with the
conjugate gradient method as an inner iteration; iteratively regularized Gauss-Newton
methods [31) [32]; and other Newton-like methods [30], etc. We refer [21] for extensive
discussions of such methods.

In recent years, local regularization methods have been extended to some nonlinear
Volterra problems, for example, the autoconvolution problem [12]. In 2005, Lamm
and Dai studied the nonlinear Volterra Hammerstein problems and their idea is that
if one treats g(u(t)) as the solution of (1.1) where F is given by (1.2), then solving
for g is nothing more than solving a linear Volterra problem. However, this local
regularization method requires one to solve a nonlinear equation at each step of

numerical iteration which can be difficult in practice. See Section 2.2 for details.



Driven by applications and the need to have a regularization scheme that is easy
to implement, we develop a local regularization method that not only preserves the
causal structure of the Volterra problems but also gives accurate approximations and
is easy to implement in practice.

We organize the paper in the following way: in Chapter 2, we first give some
background on the local regularization methods for linear problems and nonlinear
Hammerstein problems. Then we give our main results on the new local regular-
ization theory for nonlinear Volterra integral equations of Hammerstein type with
v-smoothing convolution kernels. In Chapter 3, we extend our results to nonlinear
Volterra integral equations of Hammerstein type with 1-smoothing nonconvolution
kernels. In Chapter 4, we present some numerical results using our regularization

theory.

10



CHAPTER 2

Hammerstein problem with

v-smoothing convolution kernel

We first motivate our work on the local regularization method for the Hammerstein
problem by giving some background on the existing theory for the linear Volterra

problem.

2.1 Linear Problems

We consider the problem of finding @ € C[0, T] solving
Fu=f (2.1)
where F' is the Volterra operator of convolution type given by
t
Fu(t) = /0 k(t = s)u(s)ds, te€[0,T), (2.2)

and f is in range of F.
A discussion of the existence and uniqueness of solutions of (2.1) may be found in

[13] in the linear case. We call k the kernel of the operator F. Throughout we will

11



assume that F satisfies a v-smoothing condition for some v = 1,2,..., that is the

kernel k satisfies
kec’p,7), ko)=0, j=01,....0—2 k¥=D)£0, (23

where without loss of generality, we will take [ 1)(O) = 1. It is well-known
that the degree of ill-posedness of problem (2.1) is characterized by the degree of
smoothness of the kernel k£ and the behavior of k at 0, the larger the value of v, the
worse the ill-posedness is. We will assume the desired @ of (2.1) satisfies the Holder
condition

[a(t) — a(s)| < Nt — s, (2.4)

for 0 < p <1, N:= N(@) >0, and t, s in the interval of interest.

To motivate the sequential local regularization method for linear Volterra prob-
lems, we let R > 0 be a small fixed number and r € (0, R] a small parameter. Assume
that equation (2.1) holds on an extended interval [0,T + R]. If data is not available
past the original interval, then this can always be accomplished by decreasing the size

of T slightly. Then @ solves
t+p
/(; k(t+p—s)u(s)ds= f(t+p), t€[0,T], pe€|0,r]

Split the integral at t, then change the variable of integration, we have

‘b Ju(s)ds + [k Is = T :
/0 (t+p — s)u(s) ,s+/0 (p=s)u(t+s)ds=f(t+p), t€[0,T], pel0r]

Now we integrate both sides of the equation with respect to a suitable Borel measure

12



nr(p) (which will be clarified later) on [0,r], so we have

L ,r T P
/0 /0 k(t + p— s) dnr(puls) ds + /0 /0 K(p — s)u(t + s) ds dnr(p)
- /0 [(t+p)dur(p), te(0,T) (2.5)

For simplicity, we define the following notations which we will use throughout this

paper:

=1 ligeo, 1) -lloo=M-Ngeoo, 7+ R)y: I lr:=1-lige(o,r)

and |lg||; :== sup |g(z)]-
zel
Note that @ still satisfies (2.5) exactly. However, in practice, we only have in hand
imprecise measurement data or perturbed data f dec [0, T + R], instead of the true

data f € C[0,T + R} , where f‘s satisfies
|[f(s — fllo <8 for some &> 0. (2.6)

Since solving for u from equation (2.5) when _f‘s is in place of f is an ill-posed
problem due to lack of continuous dependence on data, some regularization method

needs to be employed.
The idea is if we momentarily hold u constant on a small interval [t,¢ + 7], then

we can replace u(t + s) by u(t) in the second term of equation (2.5). And r serves as

the regularization parameter. Then we obtain the regularization equation

t -
a(r)u(t) +/O kr(t — s)u(s)ds = f,q(t), te[0,7T), (2.7

13



where

() = [ k(e + ) dnr(o), (28)

B = [ £+ i (2.9)
T p

a(r):/o /(; k(p — s)dsdnr(p). (2.10)

Notice that equation (2.7) is a well-posed second kind integral equation in u provided
that a(r) # 0. Sufficient conditions for stability and convergence of solutions u to @

include the hypotheses on the measures 7, given below:

The signed Borel measures 7 (p) on [0, 7] satisfy the following conditions:

e (Hy) Fori =0, 1, ..., v, there is some 0 € R and ¢; = ¢;(v) € R,cyy > 0

independent of r, such that
ro. .
/0 ddn(p) =ri 9 (c; + O(), as 0.

e (H;) The parameters c;, i =0, 1, ..., v, satisfy the condition that all roots of

the polynomial py(\) defined by
cy —
() = C",\V+"—1,\"‘1+~-+c—1,\+%

P (v—1)! 1!

have negative real part.

14



e (H;) There exists a C > 0 independent of r such that

/0 h(p) d")r(P)‘ < Clhllyr,

for all h € C[0,7] and all r > 0 sufficiently small.

It is worth noting that there are an infinite number of continuous and discrete
families {nr}, 5 o of measures which are easily constructed and which satisfy the
above assumptions. In what follows we provide two classes of measures satisfying
(H:1) — (H3) and we refer to [10] for the proof. The first measure is a continuous

measure.

Lemma 2.1.1. [10] Let v = 1,2,... be arbitrary and let y € L*(0,1) be given such
that

1
/0 P ¥(p) dp > 0.

Then the ‘density’ nr forr € (0,R], 0 < R < 1, defined by

/Og<p>dnr<p)= /0 opyr(p)dp, g€ Co,r),

where ¢Yr € L*(0,7) is given by

Yr(p) = ¥(p/r), ae pe0,r],

satisfies condition (H,) (with cy = fol pYY(p)dp and o = 1) and condition (H3).
Further, for allv =1, 2, ... and given arbitrary positive ¢, mq, mo,... and my,
there is a unique polynomial ¥ of degree v so that the resulting family {nr} satisfies
(Hy) with cy = € and 0 = 1, (H,) with the roots of the polynomial py in (H,) given
by (—m;),i=1, ..., v and (H3).
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The second measure is a discrete measure.

Lemma 2.1.2. [10] Let v =1, 2, ..., be arbitrary and let 3, 7 € R, 1 =0, 1, ...,
L, be fized so that

0<Tg<m<---<71,_1<7 <1, (2.11)

and

L
> B >o. (2.12)
1=0

Then the discrete measure nr defined via

L
[ o0t = 3 st g clor
l=0

satisfies condition (Hy) (with cy = Y'_ o fyr¥ and o =0) and condition (Hs).
Further, for all v = 1, 2, ... and given arbitrary positive ¢, my, mg..., and my
and for L = v, there is a unique choice of By, By ..., Bv satisfying (2.12) (for each
given collection of {7)} satisfying (4.4)) and such that the resulting discrete measure
nr satisfies (Hy) with cy = € and o = 0, (H2) with the roots of the polynomial py in
(Hs) given by (-m;),i=1,2, ..., v and (Hs).

Under the conditions on the measure 7 the following lemma shows that a(r) # 0
for all » > 0 sufficiently small and all v-smoothing k. Therefore the regularization
equation (2.7) is always well-posed in these cases so that the solution to (2.7) depends

continuously on data f 9.

Lemma 2.1.3. [10] Assume 0y satisfies (H,) and (H3). Then

a(r) = (;—l;ra TV +0(r)),

so that a(r) > 0 for all r > 0 sufficiently small.
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Using the above lemma, it is easy to see that

a(r) > LotV
20!

>0 for r > 0 sufficiently small. (2.13)
Further, under this construction we have from [10] the following theorem.

Theorem 2.1.1. [10] Let @ denote the solution of (2.1) given “true” data
f € C[0,T + R] and assume @ satisfies the Holder condition (2.4) on [0,T + R] with
Holder ezponent p € (0,1) and R > 0 small. Assume k is v-smoothing and that
{nr} is a family of signed Borel measures satisfying hypotheses (H,) — (H3) for all
r € (0, R]. Then there is a constant C > 0 (depending only on the c; defined in (H,)
and independent of r) such that if

kW00 < C,

and if f‘s € C[0,T + R] satisfies (2.6), then

)

WI(®) - 5] < Cr + Cart, te(0,T),

for some C1, Cy > 0, so that the choice
r= 1(5) ~opFVY
gives
1

d(0) - ()] = OGFFP) a5 50,

uniform in t € [0,T].

We would like to point out that the above convergence result can be obtained

using not only signed Borel measures but also positive Borel measures for v-smoothing
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Volterra problems with v = 1, 2, 3, 4. There is to date no convergence theory for
positive Borel measures with ¥ > 4 and in fact a sufficient condition for convergence

is known to fail in these cases. For details, see [3], [4], [6] and [10].

2.2 Existing results for the local regularization of
nonlinear Hammerstein problems

While the theory for the local regularization methods of linear Volterra problems is
rather complete, the same can not be said for the nonlinear theory. In recent years
the local regularization theory has been extended to the nonlinear autoconvolution

problem [12] and to the nonlinear Hammerstein problem [11]:

t
/(; k(t —s)g(s,u(s))ds = f(t) for te[0,T], (2.14)

where g is a nonlinear function on R. A discussion of the existence and uniqueness of
solutions of (2.14) can be found in [16]-[17]. Based on the idea for the linear problem,
we let R > 0 be a small fixed number and assume that equation (2.14) still holds on
an extended interval [0, + R]. We may define the following nonlinear regularized

equation

t
a(r)g(z,u(c))+/0 kr(t — s)g(s, u(s)) ds = (), t€0,7], (2.15)

where kr, f,é and a(r) are given by (2.8) — (3.4) using a signed measure 7 satisfying
(Hy) — (H3). In a note in 2005, Lamm and Dai observed that if one lets v(t) =
g(t,u(t)), then equation (2.15) is nothing more than equation (2.7) in the new variable
v(t), that is

t
a(r)e(t) + /0 kr(t—s)u(s)ds = fo(t), telo,T). (2.16)
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By the linear theory, if f5 € C[0,T + R], then there exists a unique solution v,é- €
C[0,T] of (2.16). But the goal is to find u € C[0,T] which solves (2.15). So the
question is how to stably recover u from inverting the function g. For g : [0,T]xR — R

continuous with

(g1) lim g(t,z) = +oo, lim g(t,z) = —o0, t€/0,T],
T — +00 T — —00

(92) (g(t.x)—g(t,y))(z—y)>0, forall te[0,T] and z,yeR with z#y,

then there exists a unique ué € C[0,T] such that g(t,u,‘z(t)) = v,é(t), t € [0,T]. The
)

convergence of ur to @ is given by the following theorem:

Theorem 2.2.1. [11] Let @ denote the solution of (2.14) given “true” data f €
C|[0,T + R] and assume u satisfies (2.4) on [0,T + R]. Assume k is v-smoothing and
that {nr} is a family of signed Borel measures satisfying hypotheses (H;) — (H3) for
all v € (0,R]. Assume further that g, g4, 9z : [0,T + R] x R — R are continuous
with g¢, gr bounded on set [0,T + R] x I, where I is a bounded open interval in R,
such that u(t) € I fort € [0,T + R]. Assume also that g satisfies (g1) — (92) for
t € [0,T + R] and

(93) there exists & :=¢1(I) >0 suchthat (g(t,x)—g(t,y))(xz—y)>alz—yl?

forallt € [0,T+ R] and z,y € I.
If ||k(”)”°° < C, for the constant C given in Theorem 2.1.1 above, then if f‘s €
C[0,T + R] satisfies (2.6) then the choice

r=r(8)~ TV (2.17)
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gives

[l (t) - a(t)] = 0(547%) as 6 —0, (2.18)
fort € [0,T).

Remark 2.2.1. Notice that from the above theorem, we derive the same convergence
rate as in the linear case. The assumptions (gl) — g(2) guarantee a unique solution

ué € C[0,T] for the reqularized equation (2.15). Assumptions on g, g4, gz on I make

]

sure that uy converges to the true solution .

However, notice that this theory given by (2.15) requires inverting the nonlinear
function ¢ in order to find the solution ué. In terms of numerical implementation
this means the method requires solving a large-scale nonlinear system or numerous
nonlinear equations which can be difficult in practice. Therefore our goal is to
design a local regularization theory which avoids solving large number of nonlinear
equations. That is, we want to derive a regularization equation such that the solution
to this equation depends continuously on data and it converges to the true solution
14 when noise level shrinks to zero. At the same time, we want to be able to solve
our regularization equation without solving a nonlinear equation at each step of a

numerical iteration. Keeping this goal in mind, we present our local regularization

theory in the next section.
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2.3 New local regularization theory for Hammer-
stein equations

To motivate the sequential local regularization method for nonlinear Hammerstein

problems, we let R > 0 be a small fixed number and assume that

t
/(; k(t — s)g(u(s))ds = f(t) ae te[0,T) (2.19)

holds on an extended interval [0,T + R]. Assume g € Cl(l ), where ] C R is a
bounded open interval, with ¢’ bounded on I. The true solution % to (2.19) satisfies
(2.4) and @(t) € I for t € [0,T + R]. Note that these are the same assumptions that
required in [11]. We will let r € (0, R] be a small parameter. Then the “true” solution
@ of (2.19) satisfies

L+p
/0 k(t—s+p)g(u(s))ds = f(t+p), ae te€[0,T], pel0,r]

Proceeding as in the linear problem, we obtain an approximate equation in u valid

for a.e. t € [0, T), such that

t -~ -~
/0 kr(t - 5)9(u(s)) ds + a(r)g(u(t) = F (1), (2.20)

where kr, f,‘-s and a(r) are given by (2.8)-(3.4) for f‘s € C[0,T + R]. The true solution

u still satisfies the following equation

/ / (t—s+p)dnr(p ds+/ / g(u(s+t))dsdnr(p)

- /0 ft+p)dur(p), ae. tel0,T). (2.21)

Since our goal is to solve for u numerically and avoid solving nonlinear function
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g, we need to linearize the function g. Notice that for suitable functions u(t) € I,
g(u(t)) = g(u(t—71))+g'(u(t—7))(u(t)—u(t—7)), where 7 = 7(t) is assumed to satisfy
0 < 7(t) < min{t,r},if 0 <t < T and 7(0) = 0. Thus in (2.20), we replace g(u(t))
outside the integral by its approximation and we obtain our regularized equation in

u valid for a.e. t € [0,T],

/ Fr(t = 8)g(u(s)) ds + a(r)g' (u(t — 7))u(t)

—a(r)g(u(t = 7)) + a(r)g' (u(t — T))u(t — 7) + FO(), ae. te[0,T]. (2.22)

So we seek a solution u(t) = u‘,s-(t), u(t) € I for t € [0,T] satisfying the regulariza-

tion equation (2.22).

We hope to show that our regularization equation (2.22) is well-posed and the
solution u to (2.22) approximates the true solution @ in some appropriate norm

(which will be clarified later) for suitable choices of the parameter .

Subtracting (2.21) from (2.22) gives

t
/0 r(t - 5) [g(u(s)) = 9(a(s))] ds

_ / / i(s + 1)) ds dnr(p) — a(r)g(u(t — 7))

—a(r)g'(u(t = 7))u(t) + a(r)g'(u(t — 7))u(t — 7), ae. te[0,T), (2.23)

where

= /0 s(t+p)dnr(p), 6(t) = F(O)—=1(1), Nlolloo <8, some §>0. (2.24)
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Assume ¢’ satisfies
(93) there exists a constant ¢; := (/) > 0 such that |¢'(z)| > &) >0 forz € I.
Remark 2.3.1. Theorem 2.2.1 is still true under a weaker hypothesis than (¢3),

namely,

(g3a) 3c1 > 0 such that |g(t,z) — g(t,y)| > c1|z — yl,
fort € [0,T + R] and all z, y € I. This latter hypothesis implies (¢3') if ¢’ ezists
g(z + k) — g(z)

h

regularization method has to utilize g’ term, it makes sense to assume (93') in our

on I since > ¢ > 0 for |h| sufficiently small. Because our local

problem.

By (93') and Inverse Function Theorem, we derive g~} € C*(D), where D := g(I).
Let 9(t) = g(u(t)), for t € [0,T + R]. Motivated by equation (2.23), we will seek a

solution v, v(t) € D a.e. t € [0, T}, of the following equation:

t
A kr(t — s) [u(s) — o(s)] ds
- T rp
—5e(t) + /0 /0 k(p — 5)0(s + t) ds dnr(p) — a(r)o(t — )

—a(r)g' (97 (v(t = 7))) g7 (v(1)) + a(r)g’ (97" (v(t — 7)) g7 (v(t - 7)),

or

t
/0 Fr(t = 5) [u(s) = 7(s)] ds + a(r) [o(t) = (1)) = Gr()(1), ae. te[0,T],

(2.25)
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where for w € L*° ((0,T), D),

Gr(w)() = atr) () ~ 5] + 5 ) + [ [ ko= s)a(s + O dsanr o)
0 Jo
—a(r)t(t—7) —a(r) [w(t — 1) — Bt — 7)] — a(r)g’ (97" (w(t — 7))) g7 (w(t))
+a(r)g (g'l(w(t — T))) g Hw(t—-7)), ae tel0,T). (2.26)
Since § € C[0,T + R], then
Gr: L®°((0,T), D) — L*°(0,T).
Define
Br : L*°(0,T) — L°°(0,T),

where

t ~
Br(w)(t) := /(; kr(t — s)w(s)ds, ae. te€[0,T],

so that we can write (2.25) as:
(a(r)I + Br) (v —0)(t) = Gr(v)(t), ae. te€]0,T]. (2.27)

The following lemma is obtained using Theorem 3.1 of [10].

Lemma 2.3.1. [10] The operator (a(r)I + Br) : L°(0,T) — L®°(0,T) is invertible
with (a(r)] + Br)~} € £(L%®(0,T), L%(0,T)) and, if |kM)|loo < C, for the C

given in Theorem 2.1.1 above, then

|tatryr + B’")—IHL(L°°(0,T),L°°(O,T))

for r > 0 sufficiently small, where m s independent of r.
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Now we are ready to prove the main results.

Theorem 2.3.1. Let @ denote the solution of (2.19) given “true” data f € C[0,T+R]
and let the same assumptions hold as in Theorem 2.2.1 for 4, kernel k and signed
Borel measures {nr}. Let g € Cl(I) with g’ bounded on I, where I C R is an open

bounded interval, assume g satisfies (g3'). Assume further that

(g4) there ezists a constant N > 0 such that |¢'(z) — ¢'(y)| < N|z —y| for

T,y €l

Let R > 0 be sufficiently small and let r € (0, R] be arbitrary. Then there ezists a
6 independent of r such that, if f‘s € C[0,T + R) satisfies (2.24) with § < kyrBb TV,
then there is a unique solution v of (2.27) satisfying ||[v — || < 6r¥. Further, the
mapping f‘s € {w e C[0,T+R),||w— flloo < 8} ve L®((0,T), D) is continuous
for all T € (0, R).

Before proving Theorem 2.3.1, we need some lemmas.

Lemma 2.3.2. If 9(z) = g(a(z)), z € [0,T + R], then

[9(z) = 8(y)| < llg'l:N |z -y
for a.e. z,y € [0,T + R] and p defined in (2.4).

Proof. We have

o(z) - o(y) = g(u(z)) - g(u(y))

= ¢'(§(@, 7, y))(a(z) — a(y)),

where (@, z,y) € I since I is an open interval. Thus |3(z) — (y)| < ||¢'|l:N|z — y|#,

forae. z,y€[0,T + R)]. 0

25



Lemma 2.3.3. Assume that g satisfies assumption (g3'). Then

lg™ (z) — 97 ()| < =lz —y| for z,yeD.

2|

Proof. As stated earlier, our assumptions on g give g~! € C!(D); further, D can be

seen to be an open interval due to the continuity of ¢ and g~!. For any z, y € D,

197 (z) — g7 (W)l = (97Y)'(&(z,y))(z — y), where £(z,y) € D. But

1

1
g =y " a

(Y (el = | -

<
since g~ !(¢(z,y)) € I. So

g7 (x) — g7 ()| < =z - yl.

o~

Now we are ready to prove the above theorem.

Proof of Theorem 2.3.1. Since i(t) € I, so ©(t) € D. Consider the ball M := {v €
L®(0,T) : ||[v— || < 6rt} for some number @ (independent of ) to be determined
and p defined in (2.4). We claim that any v € M, we have v(t) € D for ae.
t € [0,T] when r > 0 is sufficiently small. Indeed, since ¥ is continuous, the set
R(v) = {#(t), t € [0,T]} is a closed bounded interval [a,b] in D. Since D is open,
the interval [a — 67#,b + 6rH] C D for r > 0 sufficiently small. Therefore the claim
is true.

For v € M, Gr(v) € L®°(0,T), so it makes sense to apply the operator
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(a(r)I + Br)~! on Gr(v). Thus
v = (a(r)I + Br) "' Gr(v) + o = Hr(v),

where

Hr : L% ((0,T), D) — L°°(0,T),

is given by

Hr(v) == (a(r)] + Br) "' Gr(v) + .

Our goal now is to show that there is a unique solution vé € L®° ((0,T), D) solving
the equation:

v = Hr(v),

so that such a v will uniquely solve (2.27).

We will prove by the contraction mapping theorem: so we want to show that
Hy : M — M and is a contraction. First we show that Hr maps M to M for r > 0
sufficiently small.

By Lemma 2.3.1 and for v e M,

| Hr(v) = 3|l = || (a(r) + Br)™' Gr(v)||
<l (a(r)I + Br)™ Iz (L0, T), L= (0, T ICr ()

1+m
< 16l

IA

We will add and subtract a(r)o(t — 7), a(r)g’(g”}(v(t — 7)))g~!(v(t)) and

a(r)g' (97 (v(t — 7)))g~*(#(t — 7)), then regroup on the right hand side of (2.26),
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=6ér(t / / — 8)0(s + t) ds dnr(p) — a(r)v(t — 7)

+a(r) [v(t) = 5(t)] = a(r)g'(g7 (vt — 7)))g ™' (v(t)) + a(r)g' (g7 (v(t = 7)))g™" (3(1))
—a(r)[u(t = 7) = T(t — 7)) + a(r)g' (g7  (v(t = 7)))g 7} (v(t — 7))
—a(r)g' (97 (v(t = 7))g ™ (¥(t — 7))
—a(r)g'(g7" (v(t — 7)))g™ (B(t)) + a(r)g' (g7  (v(t — 7)))g ™" (5(t — 7))

=5+ [ [ Ko=) +0) - 50 - ) dson (o)
+a(r) [u(t) = 5(t) = ¢'(g7 (v(t = 7))) (g7 (v(8)) — 7' (5(t)))]
—a(r) [v(t =) = 5(t = 7) = ¢'(g7 (v(t = 7))) (97" (v(t ~ 7)) = g7"(5(t — 7)))]
—a(r)g' (g7 (v(t = 7)) (97 (F(1)) = ¢~ (B(t = 7)), ae te[0,T]. (2.28)

Therefore, for a.e. t € [0, T),

5, ()
Gl < Y T,

1=1

where

“’(t) - |Sr< >|

(p—38)(¥(s +t) = o(t = 7)) ds dnr(p)|,

Tﬁ‘”( ) = a(r) lv(t —5(t) - g (= 1) (6 (@) - g )|, (2:29)
T = () ot = 7) = 8t = 7) = (g (L = 7)) (g7 (1t = 7)) = g7 (@t = 7))
(2.30)

(t) = a(r) |g'(g7" (v(t = 7)) (97" (B(1)) = ¢' (B(t = 7)))], (2.31)
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and where we have used the fact that a(r) > 0 for 7 > 0 sufficiently small from

Lemma 2.1.3. By (H3), we can show that

) =

-
/0 6(t+p) d’)r(ﬂ)' < Cér°.

Now consider the second term on the right hand side of (2.28):

let p(p,t) := fé’ k(p — s)(v(s+t) —ov(t —7))ds. By Lemma 2.3.2

P _
Ip(p, )] < /0 k(p — )16/l N (s + 1) ds
- 14
< Iklellg'l N /0 (s + 1) ds
< lkllrlg N2ttt 1 e te(0,T)

and by assumption of the above theorem, p(-,¢) € C[0,r] for any t € [0,T)]. Further,

for any s € (0, 7]
1

ko) = e~ Ru—106),
where
Ry 10 =200,
0 < € < s. Therefore . )
v— v
Ikl < (7;/_ A + lI% — ||rru‘

So for a.e. t € [0,T),

v—1 k(l/)” PVt
O < la'll, Noftit+ 1T Lad 13 < g N2+ ——
lp(p. )] < Nlg'liN2Hr o\ttt TS lg'lls o
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for r > 0 sufficiently small. So by assumption (H3) on the measure, we obtain

- . _ v+pu+o
(1) < Clpllr® < Cllg'|l N2t + 17

(
Ir -1’

for r > 0 sufficiently small.

For a.e. t € [0,T)], we use the fact that (g7!)'(z) = for suitable z, to

1
g'(g7'(z))

write

T3 (1) = a(r) | (1) = 201 = ¢' (67 (w(t = 7)) (g™ (E(v, B, 1))

a(rart | L0 €@ 5,1)) — g'(g7 (v(t — 7))
s alr)f 9'(g7'(&(v, ,1)))

ort -1 - -1
< a(r)ang (v, ,1)) — g~ (v(t — 7))l

= o) N 0.0 = o= 7)
where we have used Lemma 2.3.2 and Lemma 2.3.3. Further, for a.e. t € [0,T,
min{v(t), 5(t)} < &(v, D, t) < maz{v(t), 5(t)},
so |€(v,0,t) — o(t)| < OrH and €(v,D,t) € D for r > 0 sufficiently small. Therefore

(v, 9,2) = v(t = 7)| < [§(v,0,t) = B(1)] + [9(t) — B(t — 7)| + [5(t — ) — v(t - 7)]
<Ot + ||g' |l NTH + orH

=20r" + ||¢'IINT#, ae. te[0,T),
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and thus

" _
T8 () < a(r) 2 N(20r# + 19/ N1H)
C
1

N@6 + ||g|l;N)r2#, ae. te[0,T).

I
Q
—~~
2

Similarly, for r > 0 sufficiently small,

(2.32)

(g~ Y€, 0.t —T7)))— ¢ (g (v(t —T
100 = st ot = vy — ot - ryy L E 0= 1) = a7 o= 7))

g’(g‘l(g(y7z’j,t - T)))

OrtN
< a(r) r_2 |€(v,0,t = 7) — v(t — 7))
¢
1
62N
S a(T)TT2“, ae. te€ [O,T],
A

because |{(v,0,t —7) —v(t—7)| < |5(t —7) —v(t — 7)| < Or, a.e. t € [0,T).

Finally the last term on the right hand side of (2.28) is

T (1) = a(r) |9/ (g7 (u(t = 7)) () - a(t — 7))

<a(r)|g|lINT* ae. t€[0,T] and r sufficiently small.

It follows that

. - _ v+pu+o
IGr@)|| < C6r% + C|g'|l N2+ 1
(v—=1)!

9 — 92N
+ a(r):Q-N(QH +|lg II;N)rw +a(r) - r2H
1

C (,,’1

+a(r)||g'l1Nr#, for r > 0 sufficiently small.
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Thus, we have from Lemma 2.1.3,

1+m

|Hr(v) =7 < )

IGr ()l

(1+m) --
(c, /200~

1+mv -, , =
ot DAL Gy g

<

2

6 _ 6°N
+(1+m)—2N(20+||g'||1N)r2“+(l+m) 2
5 a
+ (@ +m)|g |l NH,

for all r > 0 sufficiently small.

et 6 = §(r) satisfy & < kyrH TV for some k1 > 0. Then

(1 +m) =2 ~kll/!
B Sl < bl Sl o
((:,,/21/!)1‘”06 <2(1+m)C o r,

for all r > 0 sufficiently small.

So
o kvt o+ tmy s o nor| o
| Hr(v) — 9|l < [2(1 + m)C? +2 —C;—“C”g !N+ @1 +m)|g'liN|r
0 _ 92N
+ |:(1 +m)—%N(20 + lg'lliN) + (1 + m)T r2H.
a gl

To have |Hr(v) — || < 6rF for some 6 > 0 and all r > 0 sufficicntly small, a sufficient

condition is

5

= k1! 1 = - -
214 m)CH 12 g+ 20XV Gy 9y (1 mlg N < 3,
14 -V

[\

32



for » > 0 sufficiently small. So let
Kl p3(lemv s -
0<0<202(1+ m)C—C— + 2K —C—Cllg N+ (1 +m)|d|I:N). (2.35)
v v

Then ||Hr(v) — || < 8rf* for r > 0 sufficiently small where 6 is defined by (2.35).
Therefore

Hr M —> M

for 7 > 0 sufficiently small provided é = §(r) satisfies & < kyr# ¥ for all such .
Now we want to show that for any vj,vg € M = {v € L*(0,T) : |jv — t|| < 6rH},
we have

[ Hr(v1) = Hr(v)ll < allvy — v,

for 0 < a < 1. Since

1

I Hr(wn) = Hr(u)l| €~ 1Gr ) = Gr(wal,

a

we note that for 7 > 0 sufficiently small, we have for a.e. ¢t € [0,T],

75 (Gr)(0) = Gr(w) (0]

= [v1(t) — v2(¢)] = [v1(t — 7) — vo(t — 7)]
— (g™ it = T)lg™ ((0) - g7 (vale))]
+9/(g7 (walt = T)lg™ (n(t = 7)) = g (oa(t = 7))
— g ()l (g 0r(t = 7)) = ¢ (g walt = 7))

— g7 (ot =) (g7 (vt = 7)) = ¢' (g7 (a(t = 7)))]
3
-y sW, (2.36)

1=1
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where

s () = [n(t) = va(t) - (g™ it - 7)) (6 (1) — g™ (wa(t))]  (237)

SO = it = 1) = valt —7)

—g'(97 (vt = 7)) (97 (vt = 7)) = g7  (va(t = 7)))] (2.38)

sP ) = [97 (e = 1) = g7 ((®)] [0 (n(t = 7)) = g'g™ (walt = 7)))] -
(2.39)

Use similar arguments to those used in obtaining (2.32), for 7 > 0 sufficiently small

we have

s (1) = [(wi(t) = va()[1 = ¢ (g7 (a(t = 7)) (g™ (ECvn, 2, )]
< =l g o, - 967 e - )

v v -
< ” lc1 2” lg—l(g(vl,vmt))_g l(’l}](t"T))I
v v
< ” 1 2”N|§( vz,t)_vl(t_‘r)l
1
< —”vlc 2l N 30rt 4 g N7, ne. te 0.7,
1

where here we have used the fact that for a.e. t € [0, 7],

min{v(t), v2(t)} < &(v1,v2,t) < maz{vi(t), v2(t)}

and

€(vi,vo.t) € D forae. tel0,T],
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so that

1€ (v1,v2,t) — vi(t = 7))
< [€(wn, o2 1) — 50 + [8(0) — 7t = )] + ot = 7) — wy (1 = 7]
< 20rk 4 ||g'|| NTH + orH

< 30rH + ||g'|l;NTH, ae. t€]0,T).

Similarly, using arguments like those used to obtain (2.33),

@) 01y = |yt = 1) — va(t — v L €L vt = 7)) = g7 ua(t = 7))
Sp(t) = |(ni(t —7) — va(t — 7)) 7o oot = )

N
< llvr = vall 518w, v2, 8 = 7) = vt — 7))
1

N
< |l = v2[|?20r“, ae. tel0,T],
1

because [£(vy,v2,t — T) —va(t — 7)| < |vi(t — 7) —vo(t — 7)| < 20rH, ace. t € [0,T].
Finally,

s = (™ @ = 1) = g7 a0 - [o' (6™ = 7)) = ¢ (g7 (wate = )]
< 5@+ 19 1R = o = o]
= 5@+ g MNH vy -, ae. teo,T)
1

where we have used

97 (it = 7)) — g7 (2 (0)
< 2 [t =) = a(t = 1)l + [o(t = 1) = 9(e)| + [o(t) = va(t)]
%(20 N, ae te0.T).
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Thus

1+m
| Hr(v1) = Hr(v2)|| < ) |IGr(v1) = Gr(v2)|]
N ety 4+ Nogop 1 RN
< (14 m) { L300k + 1 1) + 200 + L (20 4+ 11 W)V oy - wal
c C C
1 1 1
= a(r)|lvi — vel|,
where
1+ m)NrH# _
a(r) = LEV 70 4 o'l W).
e
Therefore

| Hr(v1) = Hr(v2)]| < e(r)llor = vell,

where a(r) € (0,1) provided r > 0 is sufficiently small.

Thus Hy is a contraction in the ball M for all » > 0 sufficiently small, provided
b = é(r) satisfies § < k;7* TV for all such r. Therefore equation (2.27) has a unique
solution v,‘i € L ((0,T), D) and ||vé — || < 0r#* where 6 is defined by (2.35).

Now we show that this solution v,é depends continuously on the data f . Fixr>0
sufficiently small and let 6 = §(r) satisfy § < kyr# TV, Let fis, fg € C[0,T + R]
satisfy

18— floo <8, i=1,2

Replace d0r(t) in equation (2.28) by 5r. i(t) where 5,., ;(t) is defined as in (2.24) using

flé instead of f o respectively for i = 1,2. Then there exists a unique solution vg ; in

ball M which is defined in Theorem 2.3.1 solving v = Hr, i(v) respectively fori = 1,2.
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Further, using arguments similar to those used to prove Hr is a contraction,

10 1 =98 oll = 1Hy, 108 1) = Hy, 902 )

1+m § 5
< _a_(F“GT’ 1(vy. 1) = Gr, 2(vy 9l

< a0 1= o8 ol + 3| [ (0 - e+ 0) amo)

2(1+m)Cwl|| f§ — f62||oo

<o)l ;- vd ol +

CUTV
S0 i 5
W8 b L 20 mCA - Bl
rn1 o T2l = 1-a(r) cyr? ’

where a(r) € (0, 1) for this fixed 7. Thus continuous dependence of solutions on data

is obtained for equation (2.25). This completes the proof. a

Remark 2.3.2. The only new assumption we need for our theorem is assumption (g4)
on g’ which is not surprising since our theory use g’ explicitly so we expect to have
some assumptions on g'. Also our assumption (g3') is in fact weaker than assumption
(93a) (which could have been used in place of (g3) in [11]) in the case when g’ ezists.
Using (93') alone guarantees eristence of a unique solution ué € L°°(0,T) which

solves u‘,g(t) = g“(v‘rs(t)) a.e. t € [0,T] where vr(t) € D for a.e. t € [0,T).

Corollary 2.3.1. Assume @, f, and g still satisfy the assumptions given in Theorem

23.1. Fork=1,2,..., let f‘sk € C[0,T+ R] satisfy (2.24) with ‘Sk > 0 where 6k -0

ask — oo and let . = rk(5k) > 0 be selected satisfying d1(5k ] k< T < d26k I

for some constants dy, dy > 0 and 5k — 0 as k — oo. Then for k sufficiently large,
)
(Sllcc = urk 5 ) € L°°((0,T), I) satisfying

equation (2.22) has a unique solution u
kO

5 e
k_a|<CsPTY

k as k —> oo for some C independent of k and Sk' (2.40)
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. é
Further, the mapping fék € {w, € C0,T + R],|lwg — flloo < 0} +— uri €

L%°((0,T), I) is continuous for all k sufficiently large.

Remark 2.3.3. The rate of convergence in (2.40) is in fact the optimal rate for
local regularization of linear v-smoothing problems under the assumption of it Holder

continuous with Holder ezxponent p € (0,1].

Proof of Corollary 2.3.1. By Theorem 2.3.1, for each fixed k sufficiently large, equa-
tion (2.27) has a unique solution vgf € L°°((0,T), D) satisfying ||v£: - || Orf: .
Therefore, we can define

udk(t) = g7 vk (1)),

and we obtain that ur"(t) € I for ae. t € (0,T).

Therefore,
ofE (1) = 2(0)] = |g(urk(e)) - 9(a(®)]
) _
= o (eurt, )@ () - (o)
> 5 |urk —a(t)| ae. telo,T). (2.41)

So

6 _ 1

upk (t) — u(t)i < ) 'vrk(t —v(t)‘ < — rk)l‘ =C(rp), ae. te€[0,T),
where C = _ﬂ The above is true for any k sufficiently large. Therefore the

1

k

approximate solution u,ék

converges to the true solution # with order (rp)* in

L®-norm as k — oo.

Continuous dependence of u;s'; on f %% follows from continuous dependence of v,é,’:

on f‘sk and estimates like (2.41). O
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CHAPTER 3

Hammerstein Problem with

nonconvolution kernel

3.1 The regularized Hammerstein equation

We study the following nonlinear Volterra problem:
Fu=f, (3.1)
where F' is the nonlinear operator given by
t
Fu(t) =./O k(t,s)g(u(s))ds ae. te0,T], (3.2)

where f € Range(F) C L°°(0,T) for u € L°°(0,T) suitably defined.

Here k(t, s) is called the nonconvolution kernel. We will assume the kernel k is a

1-smoothing kernel, that is

ke Cl(0,T+R) x[0,T+R]), and k(t,t)#0 for te[0,T+R].
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Without loss of generality, we assume k(¢,t) = 1. For a large class of kernels k,
the solution of (3.1) is a ill-posed problem due to the fact that the solution of (3.1)
does not depend on data in a continuous way. It is for this reason that some kind of
regularization of (3.1) must occur. In order to motivate our method, we will make
the same type of assumptions that we have for the convolution problems in Chapter 2
for the nonlinear function g and the true solutions @. That is, we will let g € C’l(l ).
Assume the true solution @ € C ([0, T + R], I) of (3.1) satisfies Holder inequality (2.4)
and 4(t) € I for t € [0,T + R] . We will let r € (0, R] be a small parameter. Then
using the same idea as in Chapter 2 for the nonlinear problem: we extend the integral
slightly into the future, split the integral and do a change of variable to the second

integral, we obtain

t P
/0 k(t+p,s)g(u(s))ds+/0 k(t+p,t+s)g(u(t+s))ds= f(t+p) ae te[0,T).

Then integrate with respect to a signed Borel measure {7, } which satisfies (H,)—(H3),

and change the order of integration to the first integral, we then obtain for a.e.

te[0,T],

t 1 T rp
/0 /0 Kt + p.5) dnr(p)g(u(s)) ds + /0 /0 K(t+ ot + s)g(u(t +5)) ds dnr(p) = fir(t),

where fr(t) = [q f(t + p) dnr(p).
If we approximate k(t + p,t + s)g(u(t + s)) by k(t,t)g(u(t)) = g(u(t)) in the second

integral above, we then have an approximating equation

t ,r
| [ ke o5 dnr(plgtuts) ds + atauv) = B0, ae. e

where a(r) = f(; pdnr(p) and f,‘.s is defined by (2.9). If we linearize g(u(1)) at u(t —71),
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we then obtain our regularization equation

t ,r
/0 /0 K(t+ p.s) dnr(p)g(u(s)) ds + a(r)[g(u(t — 7))

+ g (u(t — 7)) (u(t) — ult — 7)) = f2(t), ae. te[0,T). (3.3)
From (H;) we have
" l+o 1 140
o) = [ pdnr(p) = @ 0N 2 gart 50 (64)

for r > 0 sufficiently small. The true solution @ satisfies for a.e. t € [0,T],

t ,r
/0 /0 k(t + p, s) dnr(p)g(a(s)) ds

TP ~
+ /0 /0 K(t+ p,t+ s)g(alt + 5)) ds dnr () = fr(2). (3.5)

Because the assumption on k limits the convergence theory to mildly ill-posed

problems of solving for (3.1), we make the following remark.

Remark 3.1.1. We note that this 1-smoothing assumption on k is standardly found in
the theoretical convergence arguments for methods which preserve the Volterra nature
of the original problem. The hypotheses of several well-known methods which preserve
causality are discussed in [7] and [8]. Local regularization theory has been extended to
the linear nonconvolution problem using the assumption of k 1-smoothing [7]. In 2000,
Lamm and Scofield observed that the theoretical assumption k(t,t) # 0 does not appear
to be needed in numerical method for the local reqularization method they present for
the linear problem. Numerical examples for k not satisfying the assumption k(t,t) =0
may be found in [{]. Thus the 1-smoothing assumption in nonconvolution problems

1s more a theoretical limitation than a practical one. Here we extend the existing
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theory for 1-smoothing nonconvolution linear problems to 1-smoothing nonconvolution

Hammerstein problems.

Subtract (3.5) from (3.3) and regroup the terms by adding and subtracting, we

obtain for a.e. t € [0, T,

t pr
/O /0 k(t+ p, ) dnr (9) g(u(s)) — g(a(s))] ds + a()[g(u(t)) - g(a(t))]
_ T P
= a(")lg(u(t)) — g(@(r)] +3r(1) + /0 /0 K(t+ p.t -+ $)g(a(t + 5)) ds dnr (p)

= a(r)g(a(t — 7)) — a(r)g(u(t — 7)) — g(a(t - 7))]

—a(r)g'(u(t = 7))u(t) + a(r)g'(u(t — 7)u(t — 1), (3.6)

where 6r(t) is defined by (2.24)

By (3.4), we know that a(r) > 0 for r > 0 sufficiently small. So for fixed r > 0

sufficiently small, we can divide a(r) on both sides of equation (3.6) to obtain for a.e.

t €[0,7T],

t ,r
%r) /0 /0 K(t + p,5) dnr () g (u(s)) — 9(a(s))] ds + [g(u(t)) — g(a(t))]

= [g(u(t)) — g(a(®))] + ﬁmt)

rop
+ /0 /0 Kt + p.t + $)g(a(t + s)) ds dnr ()] — 9(a(t — 7))

~ (glu(t = 7)) = glalt - 7)) - g'(ult = V)ut) + ¢ (ult = TY)ult = 7). (3.7)

Assume g satisfies (¢3') and let ©(t) := g(a(t)) for t € [0,T + R]. By (¢3') and
Inverse Function Theorem, we derive g! € C!(D), where D := g(I). Motivated

by (3.7), for fixed r > 0 sufficiently small, we will seck a solution v, v(t) € D a.e.
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t € [0, T] of the following equation:

(Br + I)(v — 9) = Fr(v), (3.8)
where
Br : L°°(0,T) — L°°(0,T), (3.9)
defined by
- a_(lﬁ /0 t /0 "kt + p.5) drr (o)uls) ds. (3.10)

If 6 € L°°(0,T + R), then Fr : L2((0,T), D) — L°(0, T) is defined by
Fr()(t) = (u(t) — 3(t)) + (L)Sr(t)
r)/ / k(t+ p,t + s)o(t + s) dsdnr(p)

—t—1)=(v(t—7)—0(t— 7))

- g' (9'1( (t=7))) g7 (v(t) + ¢ (g7 (v(t = 7)) g~  (v(t — 7))
fO fO (t+p, t+s)(t+s) —(t — 7)) dsdnr(p)
(T) a(r)

+ [v(t) = 8(t) — ¢’ (97 (vt = 7)) (97" (v(t)) — 97} (3(t)))]
—t=71) =0t —7)=g (g7 (v(t = 7)) (g7 (v(t = 7)) — g7 (B(t - 7)))]
—g' (g7 (w(t =) (97" (@(1) — g7 (0(t = 7)) , (3.11)

for a.e. t € (0,7).
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3.2 Convergence and well-posedness results

Before we present our main results, we will study the properties of the operator

Br + I first.

Lemma 3.2.1. For any r > 0 sufficiently small, let Br be given by (3.9)-(3.10). If
k € C'([0,T+R]x[0,T+ R]), then the operator Br+1 is invertible with (Br+1)~! €
L(L®(0,T), L%(0,T)) and there ezists a constant C independent of r, such that

I(Br + ])-1”3 (L%(0,T), L(0,T)) < C for all ¥ > 0 sufficiently small.

Proof. For any r > 0 sufficiently small, by Taylor expansion

Jo k(t+ p,s)dnr(p)

a(r)
_ Jo [k(t, s) + Dik(&(t, p). 5)p] dnr (p)
a(r)
_Jodme) i oy o J0 PIKE ). s)pdnr(p)
a(r) ’ a(r)
= k_(ei’i) + Rr(t, S),
where
oo o) _ Jopdmrp)
Jo dmr(e)  Jg dnr(p)
and

Kr(t,s) = Jo le(f(z(l;))as)PdT)r(P)'

Consider the equation

(Br + I)(w)(t) = f(t), ae te[0,T). (3.12)

This is a second kind integral equation in w. If f € L°(0,T), then
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there exists a unique w € L°°(0,7) which solves equation (3.12), i.e.
(Br + 1)1 : L®°(0,T) — L°°(0,T) [13]. This is true for any r > 0 sufficiently small.

By definition

|5 D1k(E(t ), 5)p dnr (o)

Il_{y(t,S)l =
16 pdir(o)
CIDyk|urt +9 _ 2C|Dk]y
Trltog+0(r) T o«

for r > 0 sufficiently small and t € [0,T + R]. Therefore,

oo < 221,

From the proof of Lemma 4.1 of [9] we have

llwll < 2] fl] exp <||Dll}||oo + 220”2_1’“”“7)

= CIIfll
5 . 2C||D
where C := 2exp (||le|loo + 2—”C1ﬂ9) independent of r. Since
1
lwll = 1(Br + D11l < CllTI,

we obtain
l(Br + I)_1||_g(1,°°(0,’1‘), L%°(0,T)) S c.
a

If 6§ € L°°(0,T + R), then by Lemma 3.2.1, for 7 > 0 sufficiently small, equation
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(3.8) is equivalent to

(v—15) = (Br + 1)~ L Fr(v), (3.13)

or

v(t) = Hr(v)(t), ae.te€|0,T], (3.14)

where

Hy : L°((0,T), D) = L*°(0,T),

is defined by

Hr(v) := (Br + )" 1Fr(v) + 3. (3.15)
Now we present our main results.

Theorem 3.2.1. Let @ denote the solution of (3.2) given “true” data f € C[0,T+ R]
and let the same assumptions hold as in Theorem 2.2.1 for @ and signed Borel measure
{nr}. Let g satisfy the same assumptions as in Theorem 2.3.1. Assume k is 1-
smoothing, i.e. k € CL([0,T + R) x [0,T + R]) and k(t,t) = 1. Let R > 0 be
sufficiently small and let r € (0, R)] be arbitrary. Then there exists a 6 independent of
r such that, if fO € C[0,T + R] satisfies (2.24) with § < kyri+ 1, for i the Holder
ezponent on i, then there is a unique solution v of (3.8) satisfying ||v — 9| < 6rH.
Further, the mapping f‘s €{weC0,T+R], |lw— flloo < 6} — v € L%((0,T), D)

is continuous for all v > 0 sufficiently small.
Proof. We will use the same type of arguments like in Theorem 2.3.1. That is, we
will first define a ball

M :={ve L®0,T): |jv- 1| < orH},

for some 6 independent of r and p € (0,1] defined by (2.4), then use the Contraction

Mapping Theorem to prove our result.
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Since u(t) € I, so ©(t) € D. By previous discussion in Chapter 2, we know D is
an open interval and for any v € M, we have v(t) € D for a.e. t € [0,T] when 7 > 0
is sufficiently small. We will show that there exists a unique solution v solving the
equation

v = Hr(v),

so that such a v will uniquely solve equation (3.8). First we will show that Hy maps
M into M.

For v € M, by Lemma 3.2.1,

1Hr(v) = ]l = |(Br + D™ Fr(v))]
< I(Br + DM g (£oo(0, 1), £90(0, )| Fr ()]
< ClIF-)|l-

For r > 0 sufficiently small, by equation (3.11), we have for a.e. t € [0, T],

> bl
IFr)t)l < > Pr(b),
1=1
where
5r(t)

20 =-a(r)',
p2) gy o MO IS (4 .t )+ 5) — ot = 7) s dnr (o)

T . a(r) )
P = (1) = 5(0) = ¢ (57 (vl = 7)) (7 (1)) - 9™ @)
PO) = ol = 1) = 50 =) = f (57 (001 = 7)) (5700 = ) = 4700 = )],

PO = g (67 (wlt = 7)) (a7 @(0) = 7 @t - 7))
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and where we have used the fact that a(r) > 0 for r > 0 sufficiently small.

By (H3), we have

O B sernant)]  cio s

T 1 =1 -
§CIT1+G §C171+0 cr

for r > 0 sufficiently small. Ifé < klr“ + 1, then

2Cky

P,gl)(t)Ser“ where My := .
1

(3.16)

Now consider the integrand of P,gz)(t). We have for t € [0,T), s,p € [0, 7],

lk(t + p,t + s)B(t + s) — B(t — 7))

< |k(t+p,t+s)o(t+s) —k(t+p,t +s)o(t — 7)|
+ |k(t + p, t +8)o(t — 7) — k(t + p, t)T(t — 7)|
+ |k(t+ p, )o(t — T) — k(1,t)T(t — 7)]

< Ikllollg'liN2Hr# + | Doklloor gl

+ || D1klloorllglly = MarH + Mg, (3.17)

where Mg := 2H||k|lcollg’llIN, Mg := || Dok|lcollgllr + || D1 kllcclg]l1, and where we

have used Lemma 2.3.2. Therefore by (H3), for r > 0 sufficiently small,

C(Mort + Mar)r-r9  2C(MyrH + AT
p@y < & 2t + arir-r” _2CWMar? + M3r) _ pprk i bar, (38)
—c1r1+U 1
2
2C M CAT
where My := (AQ,MB 3=m
Cl (,'1

4)

Notice that PL)(2), (1) and P%)(t) are exactly the same as T (), T8 (1)
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and T7§5) (1) respectively defined by (2.29) — (2.31), under the same assumptions on g
and 1, except for a factor of a(r), i.e. Pr(l)(t) = a—(l;)T;gz)(t) for i = 3, 4, 5. Therefore

by similar arguments, we derive for r > 0 sufficiently small and a.c. t € [0, 7],

P < gme g1 N)r 2, (3.19)
1
2

PBw < B, (3.20)
q

POy < g1 Nr# = Mgrh, (3.21)

and where My := ||¢’||;N. Therefore by (3.16)-(3.21), we have
| Hr(v) — &l < C[(My + Mg + Mg)rH + Mgr + o(rH))].

For r > 0 sufficiently small, to have ||Hy(v) — 3|| < 6r for some 6 > 0, a sufficient

condition is

~

C(My+ Mgy + M3+ My) <

N

So let

0 := 2C(Mq + Mo + M3 + My),
then we have || Hr(v) —9|| < 8r# for r > 0 sufficiently small. Therefore Hr : M — M.
Now we want to show for any vj,v9g € M = {v € L°°(0,T) : ||v — 7| < 0rH}, we

have ||Hr(v]) — Hr(v9)|| < allv] — vg|| for 0 < a < 1 and r > 0 sufficiently small.
Since ||Hr(vy) — Hr(vp)|| < C

Fr(vy) = Fr(v9)ll, using similar computations as in
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Chapter 2 to derive (2.36), we have

o)) - Frlo) ) = 32 5800, (322)
1=1
where S&') arc defined by (2.37), (2.38) and (2.39) for i = 1, 2, 3 respectively. There-
fore
v] — v -
IFr(on) = Frtep)l < P2 waarte s+ g0t
1
N o op, 1 R N
+Jlvg — v2|15—2297‘ + 520+ |lg'lIN)NH vy — vg]|
1 a
Nrh L
= llvg = voll—-(76 + 2|lg"ll; V)
a
= B(r)llvy - vall,
NrH P
where ((r) := ) (76 + 2||g' |l V).
‘1
So we have

| Hr(v1) = Hr(v9))]| < ClIFr(vq) — Fr(vo)||

= a(r)lvy - vall,

where a(r) := C4(r).
Hence for v;, vp € M, we have |Hr(v]) — Hr(v9)|| < a(r)||v] —vall, and a(r) € [0,1)
provided r > 0 is sufficiently small. Thus equation (3.8) has a unique solution

vd € L% ((0,T), D) in ball M for r > 0 sufficiently small.

For the proof of continuous dependence on the data, by the same type of arguments
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that we have used in the proof of Theorem 2.3.1. Let vé ; denote the solution of (3.8)
associated with data flf5 and ||f{s = flloo < §,i=1,2. Forfixed r > 0 sufficiently

small, we obtain

”“’7{1 - 1),{2“ = |H;, 1(“?, V- HT,2(U£,2)“
éllFr, l(vi 1)~ Fr, 2(1;;2, 2)“

NG (S +0) = 552+ ) dnrlo)
(MMl 1 =8 ol +C S e )

IA

IA
QA

] 2CCI1{ - flloo
<allegg = 7ol + =g 2

So

1
1-a(r)

2CC
|lvé,1—v‘rs’2ll < -?-llff-féslloo,

where a(r) € (0,1) for this fixed r. The above arguments are true for any r > 0

sufficiently small. Therefore, continuous dependence of solutions on data is obtained

for equation (3.8) for 7 > 0 sufficiently small. a

Corollary 3.2.1. Assume all the assumptions hold as in Theorem 8.2.1. Then for
1 1

Tk = rk(sk) > 0 selected satisfying dlgl?z <rg < dggic’_;—" for some constants dy,

dy > 0 and for ‘):k — 0 as k — oo, equation (3.3) has a unique solution u.é" =

k
Ok

00 g
urk(ék) € L°°((0,T), I) satisfying

kﬁ—u

6 _ _a
lupk — @l < &
as k — 0 for some constant ¢ independent of k and Sk. Further, the mapping

f% € {wy € C0, T+ R). wg = flloo < 6} — w0 € LO((0,T), 1)

51



is continuous for all k sufficiently large.

The proof of the above corollary is similar to the proof for Corollary 2.3.1.

52



CHAPTER 4

Discretization and Numerical

Implementation

4.1 v-Smoothing Convolution Kernel

We first consider the implementation for our regularized equation with v-smoothing

convolution kernel. Recall the regularized equation is

t
/0 kr(t = s)g(u(s)) ds + a(r)g' (u(t = 7))u(t) + a(r)g(u(t — 7))

— a(r)g(u(t — 7))u(t = 7) = F(t), (4.1)

which came from a linearization of certain terms in the equation

t -
/0 kr(t — s)g(u(s)) ds + a(r)g(u(t) = FA(t), (4.2)
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where k, f,‘-s and a(r) are defined by (2.8), (2.9) and (3.4). Let N =1,2,3, ..., and

partition our interval [0, T] into N equally spaced subintervals. That is, we let

At =

Y

=21

t; =iAt, i=0,1,..., N.

Let Xj(t) be the usual characteristic functions on the interval [tj_l,tj) for

j=1,2, ..., N. We seek constants Cj 7=1,2,..., N, so that the step function

N
ut) == Y cjxj(t), te[0,T], (4.3)
i=1

satisfies (4.2) at the collocation point ¢1 (since u(t) in (4.3) has no “past” information
on the interval [0, ¢1), and satisfies (4.1) at t = ¢; fori =1,2,..., N—1. Let r := RAt,
where R is the number of future subintervals that we will use. Note that it is not
practical if the number of future intervals is more than the number of subintervals
on [0,T). Therefore we take R € {1,2,...,N}. By our requirements on 7 from

Chapter 2, we will let
7 = At, forsolvingc;, fori=2,3,..., N. (4.4)

In order to solve for cj, we solve the equation (4.2) at t as t — ¢, that is

L=ty =1 1

t_ N N 5
lim /0 kr(t—s)g 'gl ijj(s) ds + a(r)g Z ijj(t)) = t hrr;_ fr(t),
or
b _ _
ster) [ Erty = s)ds + argter) = FFe)
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since if ¢ € [0,¢1), then xj(t) =1, for j =1 and Xj(t) =0forj=23, ..., N.

Or we can write the above equation as

Argler) +a(r)gler) = f2(ty), (4.5)

where
tl ~ tl T
Aj :=/0 kr(tj—s)ds=/0 /(; k(tj+p—s)dnr(p)ds

forj=1,..., N-1. So

~ Ry
g(cy) = m. (4.6)

To find c9, c3, ..., c)y, we solve the following collocation equation:

t; N
/Okrt—s Z ]x] )ds+a Z ]X]t—‘r)zl
J__
N N
Z cixjlti=7) | —amg | Y eixjti—m) | D eixjlti—7)
=1 — i=1
= f(t;), fori=1,2,...,N—1, (4.7)
where t; —7=1t;, _qfori=1,..., N —1, therefore
1, ifj=1i,
xj(ti —1) =

0, otherwise,

1, ifj=i+]1,
Xj(ti):
0, otherwise.



So the first term on the left hand side of (4.7) is

ti _ N i e
/ kr(ti—s)g | Y. cjxj(s) | ds= > / kr(t; — s)g(cy) ds
= k 1 ti—1
1 tl _
= Z g(ck) kr(tz— (S-f-tk 1))ds,
k=1

The second term on the left hand side of (4.7) is

o Emr) B
() £

C.LCZ+1, 1=1 ot ,N—].

The third term on the left hand side of (4.7) is

N N
(r)g (‘Z cix;(t; — T)) = a(r)g (‘Z cix;j(t; 1)) = a(r)g(c;),
=1 =1

fori=1,--- ,N—-1.

And the last term on the left hand side of (4.7) is

N
a(r)g (1}: ejx;ti - ) 2 el
2 =
N
,Zlcjxj(ti—l) Zl cjx;(t; — 1) = a(r)g'(c))e;, i=1,---,N-1
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Therefore our collocation equation (4.7) can be written as

> 9lep)Bd; g4 1+a(m)g (e)e; 41 +a(r)gle) — a(r)g(¢;)e; = ff(ti),
k=1

fort=1,--- ,N—-1.

We note that only equation (4.6) is a nonlinear equation, which we must solve

for ¢;. Once cy, cg,..., ¢; are found, we can solve for c; . | by the following linear
equation:
1 =5 ’ .
i+ 1= Sy Y r ) T A9 g\ — k)'2i—-k+1
i+ 1= g § ) — aglei) + el ()e g(cx)A

k=1
(4.8)

fori=1,2,..., N—1.
The computation of a(r), f7§ (t;), and A; rely on the choice of the measure 7. We

will show their computation in Section 4.3 for one particular measure.

4.2 1-Smoothing Nonconvolution Kernel

In this section, we consider the discretized equation for 1-smoothing nonconvolution
kernel (not necessarily satisfying k(t,t) = 1). Using the same method as in the above
section for deriving equation (4.6) and (4.8) , we derive the following formulas to
compute c] and ¢j for =2, ..., N respectively,

_ 72(t1)
o) = kL, ) + A1 o

where

a(r) = /0 pdnr(p)
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and

tl T
Ai,j :=/0 /0 k(ti+p,s+tj)d7)r(p) ds,

fori=1,..., N-1,j=0,..., N—2. And

. FA(t3) = alrk(t;,t)9(c;) + a(r)k(t;, t:)g (c;)e; Zi» =19(ct)B; k-1
i+l a(r)k(t;, t;)9'(c;)

fort=1,2,..., N-1,

4.3 Numerical Results

For all numerical examples in this thesis, we used Matlab to evaluate the collocation-
based discretization over the space of piecewise constant functions (defined on a uni-
form grid of N+1 points starting from 0 and ending at T). For simplicity, we used

Lebesgue measure, i.e.

/Orm(p) dr () = /Orm(p) dp,

for m € C|[0,r]. For the v-smoothing convolution cxamples, we defined the kernel to

be
tU— 1
k(t) = =Nk

while for the 1-smoothing nonconvolution case, we used as an example
k(t,s) =ts+1.

Remark 4.3.1. Notice that Lebesque measure is a positive Borel measure that salisfies
assumptions (Hy)—(Hs) for v < 3 [6]. It fails assumption (Hz) for v = 4 [6] and it has

been shown in [3] that there exists no family of positive Borel measures that satisfies
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(Hs) for the case v > 5. Therefore, by this choice of measure, we will only consider
v-smoothing problems for v < 3. However, it is worth noting that it does not mean
that our method only applies to v-smoothing problems for v < 3. In order to use our
method for higher v-smoothing problems, an appropriate signed Borel measure needs
to be picked, for example, see Lemma 2.1.1 and Lemma 2.1.2 for the construction of
such measures. Also, we want to point out that the above choices of kernel k are only
for the purpose of simplicity. There are infinite number of choices for the kernel k

available.

Using Lebesgue measure, we have

for v =1, 2, 3 for the convolution examples. And

r r2
= dp = —
a(r) /Opp 7

for the nonconvolution examples.

Further, we used the approximation

R

/ m(p)dp = At Z m(tj—l)*
0 j=1

SO

Bep= [ Ferndo=ae 3 £ty ;).
i=1

For the convolution examples,

_ 1 ) v+1 v+1 v+1 v+1
Aj_(u+1)![(t]+r) —tj —(tj_1+r) +t]._1],
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forj=1,2,..., N -1, and for the nonconvolution examples,
2

A; t;
= (t;7+ 5

2, -
i S)g |t + D+t | b,

fori=1,...,N—-1;5=0,..., N-2.

We selected our true solution % ahead of time, then generated the data function
f by f(t) fO g(u(s))ds for t € [0,T]. We then added random uniform noise
to f at discrete values of f(t) for t = ¢t;, where i = 1, 2, ..., N, to generate noisy
data f . We let 6 to represent the relative error. In each of the examples, we show
the recovered solution with regularization using our method against the true solution
4. In all pictures below, the dashed line represents the true solution # and the
solid line expresses the approximate solution computed according to our method.
Example 1- Example 6 are for convolution kernels, while Example 7- Example 8 are

for nonconvolution kernels.

Example 1. In this example, we consider a 1-smoothing kernel k(t) = 1 with true

solution
1+ cos2t  cos2t > 0,

a(t)=4 0 cos2t = 0,

-1+ cos2t cos2t <0,

for t € [0,10]. And we choose our nonlinear function g to be g(u) = u + u®. Below
are three pictures corresponding to three relative errors. See Figures 4.1-4.3. See
[18] for a comparison of local regularization to Lavrentiev regularization on the same

example.
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Figure 4.1. Example 1 (a 1-smoothing kernel): solution with regularization, § = 10%,
N = 1000, R = 45.
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Figure 4.2. Example 1, continued: solution with regularization, é = 5%, N = 1000,
R = 35.
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Figure 4.3. Example 1, continued: solution with regularization, § = 1%, N = 1000,

R = 20.

Example 2. In this example, we consider a 3-smoothing kernel k(t) = 0.5t2, with

the true solution @ = 8(t — .4)2+ 1, ¢t € [0,1], and g(u) = u®. Compare to the same

example handled by solving a nonlinear equation for every i, ¢ =1, ..., N, in [11].

See Figures 4.4-4.7.
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Figure 4.4. Example 2 (a 3-smoothing kernel): solution with regularization, § = 5%,
N =60, R = 20.
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Figure 4.5. Example 2, continued, solution with regularization, § = 1%, N = 60,
R =11.
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Figure 4.6. Example 2, continued, solution with regularization, § = 0.1%, N = 60,
R=1.
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Figure 4.7. Example 2, continued, solution with regularization, § = 0%, N = 60,
R=3.

Example 3. In this example, we still consider the kernel k(t) = 0.5¢2, and function

g(u) = u® with discontinuous true solution.

09 1 .
____._(0.3)1/2& if 0<t<0.3,
u(t) =9 t+12 if 03<t<0.6,
15 81
_- —_ if 6 <t<]1.
| —pt+s  if 06<t<]

See Figures 4.8-4.10.
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Figure 4.8. Example 3, (a 3-smoothing kernel): solution with regularization, § = 1%,

N =100, R = 16.
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Figure 4.9. Example 3, continued, solution with regularization, 4 = 0.3%, N = 100,

R =12
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Figure 4.10. Example 3, continued, solution with regularization, § = 0%, N = 100,
R=4.

Example 4. We consider a 1-smoothing kernel k(t) = 1 and the same nonlinear
function g(u) = u3 as in the above example. The true solution is a periodic function

a(t) = sin(2t) + 2, for t € [0,10].

Remark 4.3.2. Notice that this true solution u is similar to the true solution @ as in
Ezample 1 with the same kernel k(t) = 1 for t € [0,10]. However, this true solution
is hard to recover and it is due to the fact that the nonlinear function g in Ezample 1
guarantees that |g'(u(t))] > 1 > 0 no matter what u(t) is for t € [0,10], while in
Ezample 4 if u gets close to the t-azis due to measurement error, then g' gets close to
0. Therefore, in Example 4, really small errors are needed in order to keep g’ bounded

away from 0.

See Figures 4.11-4.13.
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Figure 4.11. Example 4 (a 1-smoothing kernel): solution with regularization, § =

0.05%, N = 200, R = 11.

35+

Figure 4.12. Example 4, continued, solution with regularization, 6 = 0.005%, N

200, R=T.
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Figure 4.13. Example 4, continued, solution with regularization, 6 = 0%, N = 200,
R=2.

Example 5. We consider a 2-smoothing kernel k(t) = t and the same nonlinear

3

function g(u) = u® as in the above example. The true solution is #(t) = sin(2t) + 2,

for t € [0,10]. See Figures 4.14-4.16.
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Figure 4.14. Example 5 (2-smoothing kernel): solution with regularization, § =
0.005%, N = 200, R = 27.
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Figure 4.15. Example 5, continued: solution with regularization, § = 0.0005%, N =
200, R = 21.
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Figure 4.16. Example 5, continued, solution with regularization, § = 0%, N = 200,
R=3.

Example 6. We consider a 3-smoothing kernel k(t) = 0.5t and the same nonlinear

3

function g(u) = u® as in the above example. The true solution is @(t) = sin(2t) + 2,

for t € [0,10]. See Figures 4.17-4.19.
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Figure 4.17. Example 6 (3-smoothing kernel): solution with regularization, § =
0.001%, N =200, R = 42.
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Figure 4.18. Example 6 (3-smoothing kernel): solution with regularization, § =
0.0001%, N = 200, R = 35.
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Figure 4.19. Example 6 (3-smoothing kernel): solution with regularization, § = 0%,
N =200, R =4.

Example 7. We consider the 1-smoothing nonconvolution kernel k(t,s) = ts + 1,

and g(u) = u® with true solution

(

1/0.15¢, 0<t<0.15,
~-10/3t+15, 0.15<t<0.3,

a(t) =< 0.5, 03<t<05,
7.5¢ — 3.25, 05<t<0.7,
—20(t — 0.8), 07<t<1.

See Figures 4.20-4.22.
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Figure 4.20. Example 7 (1-smoothing nonconvolution kernel): solution with regular-
ization, d = 5%, N = 100, R = 7.
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Figure 4.21. Example 7, continued: solution with regularization, § = 1%, N = 100,
R=5.
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Figure 4.22. Example 7, continued, solution with regularization, § = 0%, N = 100,
R=2.

Example 8. We consider the same 1-smoothing nonconvolution kernel k(t,s) =
ts + 1, as in the above example with continuous true solution @(t) = —3t + 5, for

t € [0,1], and g(u) = e*. See Figures 4.23-4.26.
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Figure 4.23. Example 8 (1-smoothing nonconvolution kernel): solution with regular-
ization, § = 5%, N = 100, R = 65.
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Figure 4.24. Example 8, continued, solution with regularization, § = 1%, N = 100,
R = 53.
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Figure 4.25. Example 8 continued: solution with regularization, § = 0.1%, N = 100,
R = 25.

7



45+ >

35} S~

25+ ~.

Figure 4.26. Example 8, continued, solution with regularization, § = 0%, N = 100,
R=2.
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