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ABSTRACT
PATTERN AVOIDANCE IN SET PARTITIONS AND COMPOSITIONS
By
Adam M. Goyt

We consider pattern avoidance in set partitions and compositions as natural
extensions of pattern avoidance in permutations. We enumerate pattern avoiding
set-partitions, even and odd pattern avoiding set partitions, and generalized set
partitions patterns. The generalized set partitions patterns are then used to en-
code set partition statistics. We continue our focus on set partitions statistics by
considering distributions over pattern restricted sets. These distributions give nice
g-analogues of the Fibonacci numbers, which are then shown to satisfy g-analogues
of many Fibonacci identities. We finish by considering a poset of restricted com-
positions. We show that this poset is shellable and use shellability to determine
its Mobius function. We then show that the Mobius function and the zeta func-
tion are both rational, and determine generating function in commuting variables

according to the type of the composition.
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Introduction

The focus of this dissertation is pattern avoidance in set partitions and com-
positions. We wish to give some background on paterns in permutations, as this is
the birthplace of our topic. To do this, we will introduce some notation and basic
definitions, to be made more rigorous in the next chapter.

Let [n] = {1,2,....n} and let Sp be the symmetric group on [n]. We write our
permutations in one line notation, so the permutation 132 represents the permu-
tation o € S3 with (1) =1, 0(2) = 3, and 0(3) = 2. If 7 € S} and o € Sp, then
one says that a copy of 7 occurs in o as a pattern if there is a subsequence ¢’ of o
such that replacing the smallest element of ¢’ by 1, the next smallest by 2, and so
on, results in the permutation 7. For example in the permutation 15243, 154 is a
copy of the pattern 132. If there are no copies of a particular pattern in o € Sp,
then we say o avoids the pattern. For a set of permutations R C S}, let Sp(R) be
the set of permutations in Sp, which avoid every permutation in R.

In 1979, Knuth published a proof that the cardinality #5n,(231) = Ch, the
nt" Catalan number. He was interested in the enumeration of this set because the
permutations which avoid the pattern 231 are exactly the stack sortable sequences.
The fact that such a lovely enumeration emerged from a natural computer science
question sparked other people’s interest. The next natural question was the enu-
meration of Sp(o) for any 0 € S3. It was shown that #Sp(0) = Cn for any
o € S3. In 1985, Simion and Schmidt published a paper, in which they enumer-
ated Sp(R) for any R C Sy as well as the odd and even permutations avoiding
patterns in R, and the number of involutions avoiding all patterns in R. The study
of patterns in permutations exploded from this point, and is currently an area of
very active research.

In 1996, Klazar defined a notion of pattern avoidance in set partitions involving

restricted growth functions. More recently, Sagan gave a definition of pattern



avoidance in set partitions, which uses a block form of partitions. Let Il be
the set of partitions of the set [n] and R C II;. Similar to the definition for
permutations, let IIn(R) be the partitions of [n}, which avoid every partition in
R. In a 2006 preprint, Sagan enumerates IIn(7) for any 7 € II3. In the second
chapter we enumerate IIn(R) for any R C II3, the even and odd partitions of
[n] avoiding R, and the partitions in IIp avoiding generalized partition patterns.
Generalized partition patterns are analogues of generalized permutation patterns
introduced by Babson and Steingrimsson and are patterns in which certain blocks
must be adjacent. Babson and Steingrimsson introduce the generalized patterns
as a way to classify Mahonian statistics on permutations. See the next paragraph
for a definition of statistic and Mahonian statistic. In most cases, generalizing a
pattern does not change the enumeration of its avoidance. In two cases we were
unable to obtain a closed form for the enumerations and hence used exponential
generating functions to handle them. Finally, we show that set partition statistics
can be written in terms of generalized partitions.

The second chapter deals with distributions of set partition statistics on pattern
restricted sets of set partitions. A statistic, p, on a set S is a function p: S — P,
where P = {0, 1,2,...}. When studying statistics, we often consider the generating

function

3 ¢"l7).

og€eS

A Mahonian statistic T has generating function

3 ) =[]yt = nlgln — g+ [g.

O'ESn

where [k]g =14+ ¢+ 4.+ qk — 1. Notice that if we let ¢ = 1 then (k]g = k

and [n]q! = n!. For this reason, we say that [n]q! is a g-analogue of n!. It is known



that #In(13/2) = 2" — | and #11,,(13/2,123) = Fy, the nth Fibonacci number.
In chapter three we consider the generating functions for distributions of statistics
Is and rb introduced by Wachs and White and obtain nice g-analogues of 2™ ~ 1
and Fp.

It turns out that the g-analogue of 27 — 1

is exactly the same as the generating
function for the number of integer partitions with distinct parts of size at most n—1.
We are able to prove this relationship by bijection. The g-analogues of Fpn are
closely related to g-analogues of Fj, first discovered by Carlitz and Cigler. We
also prove this relationship using a bijection. The exciting part is that we were
able to take these ¢-Fibonacci numbers, Fp(¢), and prove many g-analogues of
Fibonacci identities bijectively by adapting tiling scheme proofs of Benjamin-Quinn
and Brigham et. al. We also use a method due to Linstrom and popularized by
Gessel and Viennot to prove a g-analogue of the Euler-Cassini identity using lattice
paths and determinants of the Toeplitz matrix for Fn(q).

Recently, Stanley and Bjorner produced an analogue of Young's lattice for
compositions, called C. In the last chapter, we consider a restricted version of
this lattice. That is, we consider all compositions, which avoid the composition
d + 1. This simply restricts the part sizes of the compositions to at most n. We
call this new lattice Cn. The lattice Cj has a nice Mobius function. We show
that Cjj is CL-shellable and show that p(u,w) = (=1)*I(%) | where Ju| is
the sum of the parts of u and (%) dn 1S the number of d-normal embeddings of
u in w. We also provide a combinatorial proof of the same fact. We show that
the series Zg = ((u,w)u ® w, where ( is the zeta function of Cy, and the series
Mg = p(u,w)u®w, where y is the Mébius function of Cj, are rational by showing
that they are accepted by a finite state automota. Finally, we determine norm and

length generation functions for ¢ and p.



Chapter 1
Avoidance of Partitions
of a Three-element Set

1.1 Introduction

If f: S — T is a function from set S to set T, then f acts element-wise on objects
constructed from S. For example, if ajag...an is a permutation of elements
of S then f(ajag...an) = f(ay)f(ag)... f(an). Also, define [n] to be the set
{1,2,...,n} and [k,n] to be the set {k,k + 1,...n}.

Suppose that S C Z is a set with #S = n, then the standardization map
corresponding to S is the unique order preserving bijection Stg : § — [n]. For
example if S = {2,5,7,10} then Stg(2) = 1, Stg(5) = 2, Stg(7) = 3, and
Stg(10) = 4. When it is clear from context what set the standardization map is
acting on, we will omit the subscript S.

Let p=ajag...ap € Sy, be a given permutation, called the pattern, where Sy,
is the symmetric group on k letters. A permutation q = byby...bn € Sp contains
the pattern p if there is a subsequence ¢’ = bilbiz . ..bik of ¢ with St(¢’) = p.
Otherwise ¢ avoids p. For example the permutation ¢ = 32145 contains 6 copies

of the pattern 213, namely 324, 325, 314, 315, 214, and 215. On the other hand ¢

avoids the pattern 132. For R C Sy.. let
Sn(R) = {q € Sn : q avoids every pattern p € R}.

The problem of enumerating Sp(R) for R C S3 was considered by Simion and
Schmidt [37]. We will consider the analogous problem for patterns in partitions.
A partition 7 of set S C Z, written w F S, is a family of nonempty, pairwise

disjoint subsets By, By, ..., By of § called blocks such that Uf= 1B; =S. We



write 7 = By/Bg/.../B}. and define the length of m, written £(r), to be the
number of blocks. Since the order of the blocks does not matter, we will always

write our partitions in the canonical order where

min B] < min By < ... < min Bk'

We will also always write the elements of each block in increasing order. For
example, 137/26/45 b [7] has length 3.
Let
Iy = {7+ [n]}

be the set of all partitions of [n]. Suppose o is a set partition of length m and 7 is
a partition of length ¢. Then o contains 7, written 7 C o, if there are ¢ different
blocks of o each containing a block of 7. For example o = 137/26/45 contains
7w = 2/37/5 but does not contain 7’ = 2/37/6 because 2 and 6 are in the same
block of o.

Let m € I be a given set partition called the pattern. A partition o € Ilp
contains the pattern m if there is some o’ C o with St(o’) = m. Otherwise m avoids
o. For example 0 = 137/26/45 contains six copies of the pattern = = 14/2/3,
namely 17/2/4, 17/2/5, 17/4/6, 17/5/6, 26/3/4, and 26/3/5. It is important to
note here that when looking for a copy of 7 in o, the order of the blocks does not
matter. On the other hand consider the pattern 7’ = 1/234. To be contained in o
the copy of the block 234 of 7' must be contained in a block of size three or larger.
The only such block of o is 137. It is impossible to find an element smaller than

1, so o does not contain a copy of n’. For R C ITj., let

Iy, (R) = {0 € lIp : 0 avoids every pattern T € R}.

The extensively studied set of non-crossing partitions may be defined as the

- L



set [ (13/24). It is known that #I1(13/24) = Cp, where Ch, is the nth Catalan
number [31], [39]. For a survey of results about non-crossing partitions see Simion’s
paper [36].

Sagan [34] has provided enumerative results for I (R) when #R = 1. In
the spirit of work done by Simion and Schmidt on permutation patterns (37],
we will enumerate IIp(R) for #R > 2. We then define the sign of a partition
and enumerate the set of signed partitions of [n] avoiding particular patterns. In
section 5, we define generalized patterns analogous to the generalized permutation
patterns of Babson and Steingrimsson (2], and provide enumerative results for
those. Finally, we will show how these generalized partition patterns can be used

to describe set partition statistics.

1.2 Double Restrictions

In this section we will consider the case of #IIn(R) where #R = 2. Given a set
partition 0 = By/By/ ... /By - [n], let 0¢ = B{/B§/ ... /B be the complement
of o where

sz{n.—a-%—l:aGB,j}.

For example if o = 126/3/45 then 0¢ = 156/23/4. The following result is obvious,

so we omit the proof.

Proposition 1.2.1 (Sagan) Forn > 1,

Hn(()'c) = {ﬂ’c T e Hn((f)},

#In(c%) = #In(0).

The following Lemma is an immediate consequence of Proposition 1.2.1.



Lemma 1.2.2

#11,(12/3,123) #117,(1/23,123)
#11n(1/2/3.12/3) #1n(1/2/3,1/23)

#11,(12/3,13/2) = #I1,(1/23,13/2).

There are 10 different sets R with elements from I13 and # R = 2, so by Lemnma
1.2.2 there are seven different cases to consider. Note that #IIj = 1 by letting the
empty set partition itself. Since any partition in I or Ily cannot possibly contain
a partition of (3], we have #IIg(R) = 1, #II1(R) = 1 and #IIy(R) = 2 for all
R C II3. The fact that #II3 = 5 implies that #II3(R) = 3 for any R C II3, with
# R = 2. Hence, it suffices to consider n > 4 in the following results.

A partition o t [n] is layered if o is of the form [1,¢)/[i+1,7]/[j +1,k]/.../[¢+
1,n]. An example of a layered partition is 0 = 123/4/56/789. A partition o is a
matching if #B < 2 for every block B of o.

We will use the following results of Sagan [34] repeatedly, so we state them

now.

Proposition 1.2.3 (Sagan)

n(1/2/3)

Mn(12/3) = {0 =By/By/.../B}. : minB; =i for each i, and

{o:1(0) <2}, (1.1)

[k +1,n] C B; for somei}, (1.2)
Mp(13/2) = {o:0islayered}, (1.3)

[In(123) = {o:0isamatching}.O (1.4)



Proposition 1.2.4 For all n > 3,

Mn(1/2/3,12/3) {12...n,1/23...n, 13...n/2},

#10,(1/2/3.12/3) = 3.

Proof: Let o € I15(1/2/3,12/3). By (1.1), 0 may have at most two blocks. If
€(0) =1then o0 = 12...n. If {(o) = 2 then by (1.2), we must have [3,n] C B; for
t=1lor2 0O

Proposition 1.2.5 For alln > 1,

Mn(1/2/3,13/2) = {0:0=12...k/(k+1)(k+2)...n
for some k € [n]},

#1In(1/2/3.13/2)

Il
=

Proof: If o € 15(1/2/3,13/2) then o is layered by (1.3), and ¢(¢) < 2 by (1.1).

Hence o is of the form described above. The enumeration follows immediately. [J

Proposition 1.2.6

)
12/34,13/24.14/23} n =4,
Mn(1/2/3.123) = < {12/ / /23}
0 n>>5.
3 n= 4’
#IIn(1/2/3,123) = <
0 n > 5.



Proof: If n > 5 and o  [n], then £(0) > 3 or ¢ has a block of size > 3 by the
Pigeonhole Principle. Thus by (1.1) and (1.4), ITn(1/2/3,123) = § for n > 5. The

case n = 4 is easy to check. (J

Proposition 1.2.7 For alln > 3,

M (1/23,12/3) {12...n,1/2/.../n, 1n/2/3/ ... [n— 1},

#11,(1/23,12/3) = 3.

Proof: Let 0 = By/B,/... /By avoid 12/3. If k = 1 then ¢ = 12...n, which
avoids 1/23. Similarly, when k = n, we have 0 = 1/2/.../n, which avoids 1/23.
Ifk=n—-1and n € B; for i > 2 then By/B; is a copy of 1/23. Thus n € B
and o = 1n/2/3/.../n — 1. If 1 < k < n —1 then, by (1.2), we must have
{n —1,n} C B; for some i, and there is at least one more block. Hence o contains

a copy of 1/23, and so this case can not occur. O

Proposition 1.2.8 Foralln > 1,

Mn(12/3,13/2) = {o=1/2/.../k—=1/k(k+1)...n,
for some k € [n]},

#11,(12/3,13/2) = n.

Proof: Suppose 0 = By/Bg/.../B). € II(12/3,13/2). Then by (1.2) we have
i € B; for each ¢ and exactly one of the B; contains [k 4 1,n]. From (1.3) we have
that o must be layered. So [k 4+ 1,n] € By, and By = [k,n]. Thus there is exactly
one o € IIn(12/3,13/2) of length k for each k € [n]. O

9



Proposition 1.2.9 For alln > 1,

Mp(12/3,123) = {o = By/By/.../B} : min B; =i,
and k =n — 1or n},

#115(12/3,123) = n.

Proof: Assume 0 = By/By/... /B € lIn(12/3,123). Then by (1.2) and (1.4),

k=n —1 or n. The result follows. O

Let Fj, be the nm Fibonacci number, initialized by Fy = 1 and F; = 1. A com-
position of an integer n is an ordered collection of positive integers ny.ng....,ny
such that n = ny +ng + ... + ng. The n; are called parts. It is easy to see that

Fpn, counts the number of compositions of n with parts of size 1 or 2.
Proposition 1.2.10 For all n > 0,

[Mn(13/2.123) = {o:0isalayered matching},

#11,(13/2. 123) Fn.

Proof: Any o € I1;,(13/2, 123) must be layered by (1.3) and a matching by (1.4).

There is a bijection between the compositions of n with parts of size 1 or 2
and the partitions of [n] that are layered matchings. If o = By/Bg/.../By €
1(13/2,123), then we map o to the composition n = ny +ng +... + nj. with
n; =#B;. O

From the results above we know that

10



and we have a very nice description of the elements in each of these sets. It
is interesting to note that one gets similar results when avoiding certain sets of

permutations in S3.

Proposition 1.2.11 (Simion, Schmidt) For every n > 1,

#51(123,132,231) = #5,,(123.213,312) = n.

#51(132,231.321) = #5,(213,312.321) = n.

And:

q € Sp(123,132,231) <= q=(n.n—1...., k+1.k—-1k—-2,...,2,1,k),
q € Sn(123,213,312) «<— ¢g=n.n—-1,...,k+1,1,2,3,...,k),

q € Sp(132,231,321) «<— q¢g=Mn-1l.n—-2,...k+1,nkk—-1,...,2,1)
q € Sn(213,312,321) «<— ¢q=(k-1.....3.2,,n.n—1,...,k).0

The Fibonacci numbers also occur when avoiding permutations.

Proposition 1.2.12 (Simion, Schmidt) For every n > 1,

#Sn(123, 1-32, 213) = Fn,. D

There is a simple map ® : I, — Sy, given by sending 0 = B1/Bg/.../By. to
BBy _1...By. For example, ®(1/23/4/56) = 564231.

Proposition 1.2.13 The map ® restricts to a bijection from the set I (13/2,123)
to the set Sp(123,132,213).

11



Proof: We may describe ¢ € 5),(123, 132, 213) recursively. To avoid the patterns
123 and 213, we must have q_l(n) <2 Ifq_l(n) = 1 then the remaining positions
form a permutation in S,, _ 1(123,132,213). If q_l(n) = 2 then q_l(n -1) =
1, otherwise there will be a copy of 132 in ¢. The remaining positions form a
permutation in S;, _ 9(123,132,213).

Suppose 0 = By/By/.../B). € lIn(13/2,123), then By = {n} or {n — 1,n}.
The permutation ®(o) thus begins with n or n — 1, n. Inductively, one can see
that this restriction of the map ¢ is well defined.

To prove that the restricted ® is a bijection we provide its inverse map. Let
q=4q192---qn € Sn(123, 132,213) then we say that q;. is a descent if q. > q1. 4 1.
Let D = {‘/i1~(1i2 ..... q,z} be the set of descents of ¢, with i] <ip < ... < ip.
Then

(D_l(q)z(li[+l(li[+2"‘(17"/(/i[_1+1"'qu/"‘/(]1"'qu'

For example <D"1(564231) = 1/23/4/56 because its descent set is D = {3,4.6}.

We now show that ! is well defined. Every ¢q € Sp,(123,132,213) must have
a descent in at least one of its first two positions. After this initial descent there
may be no more than one position between any two descents. Thus the blocks
of <I>_1(q) will have size at most 2, and from the description of the elements of
Sn(123,132,213) above ®~1(g) will be layered.

The fact that ® and ! are inverses follows easily from the descriptions of

the maps. (1

1.3 Higher Order Restrictions

We begin, as with double restrictions, by reducing the number of cases. The

following Lemma is a consequence of Proposition 1.2.1.

12



Lemma 1.3.1

#115,(1/2/3,12/3.123) = #Ip(1/2/3,1/23,123),
#101n(1/2/3,12/3.13/2) = #I1n(1/2/3,1/23,13/2),

#10,(12/3,13/2,123) = #I1,,(1/23,13/2,123). 0

The results for #IIp(R) where #R = 3 are easy to prove. Table 1.3.3 de-
scribes these sets and gives their enumeration for n > 4. The following proposition

describes #IIn(R) for #R > 4. We omit the simple proof.

Proposition 1.3.2 For R C Il with #R > 4 and n > 4,

0 if{1/2/3,123} C R,
41 (R) = if {172/ }
1 else.Od

Table 1: Enumeration of partitions restricted by 3 patterns

R In(R) #In(R)
1/2/3,12/3,13/2] 2. n,1/23...7) 2
{172/3,12/3, 123} ) 0

(1/2/3,13/2,123} (12/34) Tifn=4

0] 0ifn>5
{1/2/3.1/23,12/3} 2.1} 1
{12/3,13/2,123} | {1/2/.../n,1/2/.../n—2/(n—1)n} 2
{1/23,12/3,13/2} (123...n,1/2/ ... /n} 2
(1/23,12/3,123) {12/ . Jninj2/3] ... /n—1} 2

1.4 Even and Odd Set Partitions

In this section we will consider the number of even and odd partitions of the set
[n], which avoid a single pattern of length three. A partition o F [n] with l(o) =k

has sign,



Even partitions o satisfy sgn(o) = 1, and odd partitions o satisfy sgn(o) = —1.

We will use the following notation:

ETIn(x) {oF [n] :sgu(o) =1},

Ollp(r) = {ok [n]:sgu(o) =—-1}.

The following follows directly from the definitions.

Lemma 1.4.1 The sign of o is the same as the sign of 0. Thus #FElln(12/3) =
#FETInp(1/23) and
#OI1;,(12/3) = #0Ip(1/23). O

We will use the following result of Sagan [34] repeatedly, so we state it now.

Define the double factorial by

@2 =1-3-5---(2i — 1).

Proposition 1.4.2 (Sagan)

#0,(1/2/3) = 2"~ 1, (1.5)
#10,(12/3) = (;>+1, (1.6)
#I1,(13/2) = 2"~ 1 (1.7)
ln/2)
#11,,(123) = 'Zo (2;,)(21',)!!13 (1.8)
1 =

We now consider single restrictions. By Lemma 1.4.1 there are only four cases.

Proposition 1.4.3 For all odd n > 1,

14



Il
—

#ETn(1/2/3)

#OM,(1/2/3) = 2"~ 1 1.

For all even n > 2,

#EM,(1/2/3) = 2t~ 11,

#OTIn(1/2/3) = 1.

Proof: By (1.1), any o € I1;,(1/2/3) must have £(o) < 2. If n is odd then a
partition of length 1 will be even and a partition of length 2 will be odd. There
is only one partition of length 1, and #OIlp(7) + #Elp(7) = #In(7) for any
pattern m. Thus, the result holds for odd n by (1.5). The proof for even n is

similar. O

Proposition 1.4.4 For all odd n > 0,

n2J
#OMMn (12/3) = ||

Proof: By (1.2) we have, for n odd,

n—3
nod

02 |12
HEM(12/3) =1+ 3 (h+1y=14 0D {( 1) J“'
k=0

15



and by (1.6)

| 2 2
#OI(12/3) = (g) +1- ("Tl) —1= [’—J .

The proof for even n is similar. [J

Proposition 1.4.5 For alln > 1,
#OT1,(13/2) = #ETp(13/2) = 2" ~ 2.

Proof: By (1.7) it suffices to give a sign reversing involution ¢ : IT,(13/2) —
MMn(13/2). By (3), 0 € Iy (13/2) is lavered, so it is of the form o = By /By/ ... /By,
where either By = {n} or B;. D {n}. Let

31/82/.../Bk -1y {n} if Bk = {n.},
81/82/.../Bk—{71,}/n if BkD{n}.

v(o) =

Notice that ¢ (o) is still layered for any o € I15(13/2), so ¢ is well defined. And,
¢ is its own inverse because it either moves n into the block preceding it if {n} is
a block and into its own block otherwise. Also, ¢y changes the sign of o by either

increasing or decreasing the length of ¢ by 1. OJ

Proposition 1.4.6 Foralln > 1,

#EM;,(123) = ( )(4i+2)!!
=0 4i+ 2
(4i)!

o~

—

i n
#OIn(123) = (41)
i=0""
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Proof: Any o € [1,(123) is a matching. If i blocks of o have 2 elements each and
the remaining blocks are singletons then o has i + (n — 2i) = n — i blocks. Thus
sgn(o) = (-1)"* ~ (n—1i) = (=1)%. So the even and odd counts are obtained by

taking the appropriate terms from (1.8). O

Table 1.4.7 gives the results for #ETlp(R) and #O0Ilnp(R) where #R > 2 and
n > 4. We prove the enumeration of ETln(13/2.123) and OIl,(13/2.123) as an

example and leave the rest to the reader.

Proposition 1.4.7

¢

[Fn/2] forn =0,1 (mod6),
#ETR(13/2,123) = 4 Fn/2 forn = 2.5 (mod 6),
|Fn/2| forn = 3,4 (mod6).

4

|Fn/2] forn =0.1(mod6),
#0IIn(13/2,123) =  Fp/2  forn =25 (mod 6),

{ [F1,/2] forn = 3,4 (mod 6).

Proof: Let 0 = By/By/.../B) € In(13/2,123). Then By = {n} or {n —
1,n}. If B = {n} then By/By/.../Bj _{ is a layered matching of [n — 1] and
sgn(By/By/.../By _ 1) = sgn(0). If B. = {n—1.n} then By/By/... /B _
is a layered matching of [n — 2] and sgn(By/By/... /B _ 1) = —sgn(o). Thus

we have that
#ETn(13/2,123) = #E11, _ 1(13/2,123) + #0I1,, _ 9(13/2,123).
Similarly,

#0T15(13/2,123) = #OI0,, _ 1(13/2,123) + #ETL,, _ 9(13/2,123).
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Table 2: Enumeration of even and odd partitions restricted by at

least 2 patterns.

R #EIn(R) #OlIn(R)
{1/2/3,12/3} 1 for n odd 2 for n odd
2 for n even 1 for n even
{1/2/3,13/2} 1 for n odd n — 1 for n odd
n — 1 for n even 1 for n even
{1/2/3,123} 3forn =4 0
Oforn>5
{1/23,12/3} 2 for n odd 1 for n odd
1 for n even 2 for n even
{13/3,13/2) /2] [2/2]
{12/3,123) 1 n—1
{13/2,123} [Fn/2] forn=0,1]||Fn/2] forn=0,1
(mod 6) (mod 6)
Fp/2forn=2,5 | Fp/2forn=2,5
(mod 6) (mod 6)
| Fn/2| for n=3,4| [Fpn/2] for n = 3,4
(mod 6) (mod 6)
{1/2/3,1/23,12/3} 1 for n odd 0 for n odd
0 for n even 1 for n even
{1/2/3,12/3,13/2} 1 1
{1/2/3,12/3,123} 0 0
(1/2/3,13/2, 123} 1 0
{1/23,12/3,13/2} 2 for n odd 0 for n odd
1 for n even 1 for n even
{1/23,12/3, 123} 1 1
{12/3,13/2, 123} 1 1
{1/2/3,1/23,12/3,13/2} 1 for n even 0 for n odd
0 for n odd 1 for n even
{1/2/3,1/23,12/3,123} 0 0
{1/2/3,12/3,13/2, 123} 0 0
{1/23,12/3, 13/2, 123} 1 0
(1/2/3,1/23,12/3,
13/2, 123} 0 0

Now induct on n. To show that the proposition is true when 0 < n < § is easy.
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This leaves us with twelve cases to check for the inductive step. We will show one
of them. It is easy to see that Fp is odd unless n = 2,5 (mod 6).

Suppose that n = 4 (mod 6). Then we have

#ET,(13/2,123) = #ET, _ 1(13/2,123) + #OI1,, _ 9(13/2,123)

[Fp—1/2] + Fp —9/2
Fn—l"l‘*‘Fn—Q

2
= |Fn/2].0

1.5 Generalized Partition Patterns

Babson and Steingrimsson [2] defined generalized patterns for permutations. These
were patterns in which certain elements were required to be consecutive. General-
ized permutation patterns were used to describe permutation statistics and classify
Mabhonian statistics. In this section we will define a similar notion for set partition
patterns and consider the avoidance case. In the next section we will show that
generalized partition patterns can be used to describe set partition statistics.

Recall that if 0 = By/Bg/.../By. is a partition then the blocks are written
in such a way that min By < minBg < ... < minBj. This gives us a well
defined notion of adjacency of blocks, where we consider B; as being adjacent to
both B; _ 1 and B; , 1. Consider the partition 0 = 147/25/36 and the pattern
m = 13/2. Suppose now that a copy of m must appear in adjacent blocks. Then
17/2 is still a copy, but 17/3 is not. We may also have the blocks in the restricted
copy of 13/2 in the opposite order making 25/4 a copy of 7 in . We will denote
7 with the adjacency restriction by the generalized pattern p = 13|2. In general,
we will denote block adjacency using a vertical bar.

Recall that the elements of a block are put in order by size, which gives us a

way to consider adjacent elements. Now, suppose we want to find a copy of 13/2
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in 0 = 147/25/36, but we require that the elements that represent 1 and 3 in this
copy are adjacent. In this case 14/3 is a copy of 13/2, but 17/6 is not, since 1 and
7 are not adjacent in their block. We will denote this by the generalized pattern
p =E3 /2. In general, we will denote element adjacency by placing an arc over the
elements, which must be adjacent.

If p is a generalized pattern, then the notation Il (p) denotes the set of parti-
tions of [n], which avoid p. Similarly, if R is any set of generalized patterns then
IIn(R) is the set of partitions of [n], which avoid all generalized patterns in R.

We are interested in enumerating the IIn(R) where R is a set of partitions of
[3] at least one of which contains an adjacency restriction. It turns out that the
adjacency restrictions do not actually restrict most of the original patterns. This

is summed up in the next lemma.

Lemma 1.5.1 The following are true for generalized patterns:

Mn(1/2/3) = Mnp(1)2/3) = Hnp(1/23) = Mn(1)2)3),
Mp(1/23) = Mp(123) = Mp(1/23) = Mp(1]23),
My(13/2) = Mp(13/2) = Mp(13)2) = Mnp(13[2),
Mp(123) = Mp(123) = Mnp(123) = I(123),
Mn(12/3) = Mp(12/3).
Mp(123) = Mn(12)3).

Proof: We will only prove the second line as the others are very similar. First
we show that IIp(1/23) = I1;,(1]23). It is obvious that if a partition o F [n]
contains a copy of 1|23 then it contains a copy of 1/23. So it will suffice to show
the other containment holds. Let 0 = By/Bg/.../By. F [n] contain a copy a/bc
of 1/23. Suppose a € Bg and b,¢ € B,. If s < t then the block By _ 1 exists and
min By _ 1 <min B; < b < c. Letting d = min By _ | gives a copy d/bc of 1|23 in
o. If s >t then By 4 1 exists and min By ; | < a <b < c. Lettinge = min By 4 |
gives a copy e/bc of 1|23 in 0. We remind the reader that the adjacent blocks of

the copy of 1|23 may appear in either order in o.
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Now we will show that I (1/23) = Hn(l/ii). Again, it suffices to show that
if o + [n] contains a copy of 1/23 then it contains a copy of 1/23 Given a copy
a/bc of 1/23 in o, if b and ¢ are not adjacent in their block B then let d be the
minimum of all of the elements of B which are larger than b. Thus a/bd is a copy

of 1/23 in 0. These two observations can be used to prove the remaining equality.

O

Let R be a set of generalized patterns, and let S be the same set with adja-
cency restrictions dropped. That is if, for example, 1|£3 € R then 1/23 € S, and
S only contains patterns without adjacency restrictions. Lemma 1.5.1 says that
unless 12|3 or f2|3 € R, we have that IIn(R) = IIn(S). However, since we have
Mn(12)3) =
Hn(IAZ |3), we only need to consider cases when 12|3 € R. The sets I, (S) were
enumerated in sections 2 and 3, so we need only enumerate the sets [In(SU{12|3})
where
S C Iy - {12/3}.

Proposition 1.5.2 Let S C I3 — {12/3} then IIn(SU{12|3}) = I (SU{12/3})

unless S = () or {123}.

Proof: The cases where #S > 2 follow automatically from those with #S =1
and Lemma 1.5.1. The three cases with #S = 1 are very similar, so we will only
prove the statement for S = {13/2}. Let o € [In(13/2,12|3), then o must be
layered. Thus any copy of 12/3 in o easily reduces to a copy of 12|3 as in the proof

of Lemma 1.5.1. O

The following lemma describes the elements of I1;,(12|3).

Lemma 1.5.3 We have o € [15(12]3) if and only if whenever a block By of o

satisfies # By > 2, then

#By_1=land#By 1 =1
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Furthermore, if By y | = {a} then a < b for every b € By — {min B}.

Proof: First we show that o = B{/By/.../B}. € lIp(12|3) can be described as
above. Let #B; > 2 and suppose that By _ | contains at least 2 elements and
let a < b be the two smallest elements of By _ 1. Let ¢ < d be the two smallest
elements of B;. By the definition of canonical order, a < ¢. If b < d, then ab/d is
a copy of 12|3. If b > d, then cd/b is a copy of 12|3 another contradiction. The
proof that # By | = 1 is similar. The single element in B; 4 | must be larger
than c by definition. If it is larger than any other element of B; we will again have
an unwanted copy of 12|3.

Now, suppose that o € Il has the structure described above. Then it is

straight forward to show that o cannot contain a copy of 12|3. O

First we will consider the case where S = § in Proposition 1.5.2. Let an =

#I15,(12|3) and let
n
fe)=3 an

n>0

be the corresponding exponential generating function.

Proposition 1.5.4 Forn > 2,

n_2 n—2
(ln,=an_1+l+z ( k )‘ln—k—2
k=1 '

with the initial conditions ag = 1 and ay = 1, and f(r) satisfies the differential
equation

y// — y/+y(eilt _ 1) +e:L‘-

Proof: That #I1(12(3) = #I1;(12|3) = 1 is obvious. Let 0 = B1/Bg/... /By €
IIn(12|3). Either #B; = 1 or #B1 > 2. If #B] = 1 then, by the definition of

canonical order, B] = {1}. Clearly any 12|3 avoiding partition of the set [2,n]

22



will still avoid 123 if we prepend the block {1}. This gives the first term of the
recursion.

Now suppose that # B > 2, then either 0 = 12...7n or not. The case where
o =12...n is counted by the 1 in the recursion. If o # 12...n then, by Lemma
1.5.3, we must have Bg = {2}. If k of the elements from [3.n] are in By, then the
remaining n — k — 2 elements must form a 12|3 avoiding partition. This establishes
the recursion.

Using the recursion to produce the differential equation satisfied by f(x) is
routine and is left the reader. O

The substitution y = wet/2 simplifies the equation to

r 3)+()F/2

W =ulet — =
Using Maple, we obtain the solution

u=Cq - [\/___3(201/2) +(y- K\/:_g(a.r/2)+

21 \/_—3(2@"/ 2 / K \/_—3@-’1‘/ 260/2) -

2K \/_—3(6:"/2) / I \/_—3(28-1’/2)8-'1‘/2(11,

for certain constants C1 and Cq, where I (z) and Kp(2) are the modified Bessel
functions of the first and second kinds respectively. There are known combinatorial
interpretations for certain Bessel functions. See, for example, [3] and [26]. It
is unlikely, however, that there is a combinatorial interpretation for the Bessel
x/2

functions appearing in the exponential generating function f(r) = ue™"*/4, since

K\/-_—.s(e ) is not well defined as a formal power series.
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Now, we turn our focus to I1,, (123, 12|3). Let bp = #I1;,(123,12|3) and

be the corresponding exponential generating function.
The proof of the following proposition is very similar to the proof of Proposition

1.5.4 and is omitted.

Proposition 1.5.5 Forn > 3,
bn=0b, _ 1+ (n— 2)[),1 -3

with the initial conditions by = 1, by = 1, and by = 2. Also, g(x) satisfies the
differential equation

ylll — y/l + ;Fy, + y E]

Using Maple, we obtain the solution
y = D1t 2Ai(1/4 + 1 + Doc™ 2 Bi(1/4 + x)+
D3t/ (Ai(l /4 + ) / Bi(1/4 + r)e~ ¥/ 2z —

/Ai(1/4 + Jr)c_‘r’/Q(l.xrBi(l/él + r)> ,

for constants Dy, D9, and D3, where Ai and Bi are Airy functions.

It is not terribly surprising that Airy functions appear, since these functions
are closely related to Bessel functions, and
I17(123,12]3) is a subset of the set IIn(12]|3). There do not seem to be any ex-
isting combinatorial interpretations of Airy functions. There is also unlikely to
be a combinatorial interpretation of this generating function due to the fact that

Ai(1/4 4+ x) is not well defined as a formal power series.
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For completeness we will consider the cases where odd and even set partition
avoid generalized set partitions. As before only the cases Ollp(R) and ETIn(R)
where R = {12|3} or {123,12|3} are new.

Let oan = #0101y (12|3) and ean = #ETp(12]3). Let obp = #0115 (123,12|3)
and ebp = #FETI,(123,12]3). The following propositions easily follow from the
recursions above. We let x be the truth function. where y of a statement is 1 if
the statement is true and 0 if the statement is false.

Proposition 1.5.6 Forn > 2,

n—2 n—2
l =2, leven ( l )Oan -2-1

n—2 n—2
+30 =1 todd U 1 ean —o 1,

oan =oa, _ 1+ x(niseven)+ 3

and

n—2 n—2y
=2, leven( [ )”"n.—2—l

-2 n—2
+3 21 toda U 1 Doap 9.0

ean =ea, _ 1+ x(nisodd) +

Proposition 1.5.7 Forn >3

obp = ob,, _ 1+ (n—=2)cb,, _ 3.

and

cbp = eby, _ 1+ (n=2)ob,, _ 3.0

1.6 Set Partition Statistics

Carlitz [16, 17] and Gould [27] were the first to give versions of the ¢-Stirling num-
bers of the second kind. In [33], Milne introduces an inversion and dual inversion
statistic on set partitions, whose distributions over partitions of [n] with & blocks
produce these two ¢-Stirling numbers of the second kind. Later, Sagan [35] intro-

duced the major index and dual major index of a set partition, whose distributions
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produced the same two ¢-Stirling numbers of the second kind. At around the same
time, Wachs and White [40] investigated four natural statistics, which they called
lb, ls, rb, and rs, again producing the same two ¢-Stirling numbers of the second
kind. Other statistics of interest are the number of crossings, nestings and align-
ments of a partition, see for example [14], [20], or [29]. In this section we will show
that all of these statistics can be described in the language of generalized partition
patterns.

We will need some more notation. Consider the pattern 7 = 1/23. If we are
looking for a copy of 7 in o = 137/26/45, but we want the element representing 1
in the copy to be the minimum of its block then 1/45 is a copy, but 3/45 is not.
We will represent this generalized pattern by 1 /23. And in general, we will denote
such a generalized pattern by putting an arc over the first element of the block, in
which we want the minimum to occur. In the same fashion, if we want the element
representing 1 in a copy of 1/23 to be the maximum in its block, then we denote
the pattern by 1 /23. If we want the element representing 1 in a copy of 1/23 to
be both the minimum and the maximum of its block, then we denote the pattern
by 1 /23.

In the sequel, if we say p is a pattern then p may or may not have adjacency
restrictions. Let p be a pattern and o € Ily;. Then p will be treated as a function
from Il to the nonnegative integers by letting p(o) be the number of copies of p

in 0. If we have patterns py.p9,...,pp then

(p1+p2+...+pg)(0) =p1() +pa(o) + ... + pg(o).

We begin with the inversion statistic. Let o = By/Bg/.../B}
€ I and b € B;. We will say that (b, Bj) is an inversion if b > min Bj and i < j.
Define the inversion number of o, written inv(o), to be the number of inversions

in o.
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We may calculate inv(e) by summing, over all elements b € [n], the number of

inversions of the form (b. B j)' This observation leads to the next Proposition.

Proposition 1.6.1 For any o € Iy,

—~ —

inv(o) = ( 13/ 2)(o).

Proof: We will show that there is a one-to-one correspondence between inversions
and copies of A13/ 2. Let 0 = By/By/.../By. Let b € B; and (b, Bj) be an
inversion. If @ = min B; and ¢ = min Bj then (b, Bj) corresponds to the copy ab/c
of/\13/ 2. Conversely, if ab/c is a copy ofA13/ A2, then a = min B; and ¢ = min Bj
where i < j since a < ¢. Also, b > ¢ = min Bj. Thus, the copy ab/c yields the

inversion (b, Bj)- a

Let 0 = By/By/ ... /By be a partition. We will say that (b, B; 4 1) is a descent
ofcifbe B; and b > min B; +1 Let d; be the number of descents of ¢ in block

B;. Then the major index of o is

k—1
maj(o) = Y id;=dy +2dg+ ...+ (k—1)dg _1.
i=1

Notice that each descent (b. B; 4 1) contributes i to the major index.

Proposition 1.6.2 For any o € Iy,
maj(o) = (13| 2+ 1/ 24| 3)(0).

Proof: Let o = By /By/... /By and b € B;. Let p; = 13| 2 and py =1/ 24| 3.
We will first show that (b, B; 4 1) is a descent if and only if b represents the 3 in
a copy of pq, or, for i > 2, the 4 in a copy of pg. Then we will show that each

descent (b, B; + 1) contributes ¢ to the right hand side.
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Let (b, B; 4 1) be a descent. If @ = min B; and ¢ = min B; 4 | then ab/c is a
copy of p; where b represents the 3. If additionally i > 2 and we let d = min Bj
where j < i then d/ab/c is a copy of pg, in which b represents the 4. For the
converse, let ab/c be a copy of py, then ¢ = min B; | | for some i, and (b, B; 4 1)
is a descent. Similarly, a copy d/ab/c of pg with ¢ = min B; 4 1 for some i > 2
produces the descent (b, B; 4 1)

If (b, B; 4+ 1) is a descent, then there is exactly one copy of pg with b repre-
senting 3, since the 1 in p; must be represented by a = min B;, and the 2 must
be represented by ¢ = min B; | 1. Now, if b represents the 4 in a copy of pg
then the 2 must be represented by a = min B;, and the 3 must be represented by
¢ = min B; ; 1. But now the 1 may be represented by the minimum of any block

appearing before B;. So the total contribution of the two patternsis 1+(:—1) = 1.

a

Let 0 = B1/Bg/.../B}j. and b € B;. The dual of a descent is an ascent, which
is a pair (b, B; _ 1) with b > min B; _ ;. Note, it is true that each b € B; forms
an ascent because of the canonical ordering. So, we define the dual major index

to be

k
maj(o) = Y (i — 1)(#B)).
i=2

The dual inversion number of o, written in\v(a), is the number of pairs (b, Bj)
such that b € B;, b > min B i and ¢ > j. We will call these pairs dual inversions.

—

Clearly, inv(o) = maj(o) for any o € IIp, since every ascent causes i — 1 dual

inversions.

Proposition 1.6.3 For any o € Ip,

—_— — ~ o~~~

inv(e) =maj(o) =( 1/ 2+ 1/ 23)(0).

Proof: Let 0 = B1/Bgy/.../B}. The proof that iar(o) =
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(, 1/ 2+ 1/ 23)(0’) is similar to the proof of Proposition 1.6.1. The only difference
here is that the minimum of a block can represent the b in a dual inversion (b, Bj).

This is taken care of by the first pattern. O

Wachs and White [40] define four natural statistics on partitions by encoding
the partitions as restricted growth functions. Their statistics are lb, Is, b, and
rs. which stand for left bigger, left smaller, right bigger and right smaller. For
consistency, we will define these statistics without introducing restricted growth
functions, and hence the names of the statistics may seem a little unusual.

Let 0 = By/Bg/.../B}. If b € B;, then we will say that (b, Bj) is:

a left bigger pair of o if i < j, and b > min Bj.

a left smaller pair of o if i > j and b > min BJ-,

a right bigger pair of o if i < j and b < max Bj,

a right smaller pair of o if i > j and b < max Bj.

Let lb(a), ls(o), rb(o), and rs(o) be, respectively, the number of left bigger
pairs, the number of left smaller pairs, the number of right bigger pairs, and the
number of right smaller pairs in o.

Notice that (b, Bj) is a left bigger pair if and ouly if it is an inversion of o, and
(b, Bj) is a left smaller pair if and only if (b, Bj) is a dual inversion of 0. Thus we

have from Propositions 1.6.2 and 1.6.3 that
(o) =(13/ 2)(o),

Is(a) = (1/ 2+ 1/ 23)(0).
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We will now consider the other two statistics.

Proposition 1.6.4 For any o € Iy,
rb(o)=(1/ 23 + 13/ 24 + 1/ 2 + 12/ 3)(0).

Proof: Let 0 = By/By/.../B}. The pattern Al/ 23 counts right bigger pairs
(b, Bj) where b = min B; and #B j = 2. The pattern A13/ 24 counts those pairs
where b # min B; and #Bj > 2. The other two patterns correspond to the same

two cases when # B = 1.0

The proof of the following proposition is similar to the proof of Proposition

1.6.4 and is omitted.

Proposition 1.6.5 For any o € [1p,
rs(o) = (13 / 2+ 14 / 23)(0).O

There has long been interest in non-crossing partitions. Recall that the non-
crossing partitions are those in the set IIp(13/24) for some n. Non-nesting parti-
tions may be described as those in the set Hn,(ﬁl / ZAJ) Note that this definition
of a non-nesting partition is not the only one. Klazar [30] defines non-nesting
partitions as those in the set 15 (14/23).

Recently, however, there has been increasing interest in counting the number
of crossings or nestings of a partition. In [20], Chen et al. show that the crossing
number and nesting number are symmetrically distributed over II; by giving a
bijection between partitions and vacillating tableaux. In [29], Kasraoui and Zeng
give an involution of IIn, which exchanges the crossing number and the nesting
number while keeping another statistic, the number of alignments of two edges,

fixed.
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We will describe each of these statistics and show that they too may be trans-
lated into the language of patterns.

Let 0 = B1/Bg/.../B}. € lIn. We may rewrite 0 as a set P C [n] x [n] in
the following way. If a.b € B; and there is no ¢ € B; such that a < ¢ < b then
(a,b) € P. If B; = {d} then (d,d) € P. It’s easy to see that P uniquely represents
o. We will call P the standard representation of o.

Let A be a family {(i1.j1).(ig,j0)} C P. We will say that A is:

e a crossing if i1 < i9 < j1 < jo,

e a nesting if i| <ig < jo < 1,

e an alignment if i] < j| <9 < jo.

For example, the following diagram represents ¢ = 137/26/45, where an edge

connects elements if they are adjacent in a block.

Figure 1: 137/26/45

Notice that the pair {(1,3),(2,6)} forms a crossing, the pair {(2,6),(4,5)}
forms a nesting and the pairs {(1,3).(4,5)} and {(1,3),(3,7)} each form an align-
ment of two edges.

Let cr(o) be the number of crossings in o, ne(o) the number of nestings, and
al(o) the number of alignments.

The following proposition is an easy consequence of the previous definitions.
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Proposition 1.6.6 For any o € I1p,

cr(o) = (13/21)(0)
ne(o) = (11/2?3)(0),

al(0) = (12/31 + 1234 + 123)(0). O

Let o € IIp and P be the standard representation of o. Consider the family A =
{(i1,J1), (9. j2)se - (i Ji.)} © P. Then A s a k-crossing if i1 <ig < ... <L <
J1 < J2 < ..o < Jpo Wesay Ais a k-nesting if i} < ip < ... < i <
Jb < Jk—1 < ... < J1. Let crp(o) be the number of k-crossings of o and
ner(o) be the number of k-nestings of o. Notice that cr = crg and ne = ney. The

following proposition describes these two statistics as patterns.

Proposition 1.6.7 For any o € Iy,

rp(@) = (k1) /2k+2) /... K2K))(o),

nep(o) = (1(2k) / 22k = 1) /... k(k +1))(0). O
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Chapter 2
Set Partition Statistics and
g-Fibonacci Numbers

2.1 Equidistribution of /s and rb

In this chapter, we are interested in the distributions of set partition statistics
on I15(13/2) and I1;(13/2,123) and the resulting g-analogues of 2™ and Fy,. Of
the known set partition statistics, only the left smaller, [s, and right bigger, rb,
statistics of Wachs and White [40] seem to give interesting distributions on these
sets.

For a statistic p on a finite set S, the distribution of p over S is

Y "),

seS

Hence, the coefficient of qk is the number of s € S with p(s) = k. The follow-
ing theorem shows that the statistics rb and ls are equidistributed over the sets

I1,,(13/2) and Mp(13/2.123).

Theorem 2.1.1 For any n,

Z ql.s(7r) _ z qrb(r)’

m € Mp(13/2) m € M (13/2)

and

J8(m) — J7O(m)
2. >«

7 € Mp(13/2,123) m € Mnp(13/2,123)

Proof: Given a set partition 7 = By/Bg/ ... /B}. € lIn(13/2), let the comple-
ment of m be the partition 7 = B{/... /B§/B{, where Bf = {n—b+1:b¢€ B;}.
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Notice that taking the complement reverses the order of the blocks since 7 is lay-
ered. Clearly complementation is an involution, and so bijective. So it suffices to
show that it exchanges s and rb. This easily follows because the block order is
reversed and minima are exchanged with maxima. Also, complementation does

not alter the block sizes and so restricts to a map on I1,(13/2,123). O

2.2 Distribution over I1n(13/2)

Define

An(q) = Z (Irb(ﬂ)-
T € [In(13/2)

It will be useful to think of the rb statistic in the following way. Let m =
B1/By/ ... /By, be a partition and mj = max Bj. For each element b € B; with
it <jand b < mj, we have that (b, Bj) is a right bigger pair. The number of
right bigger pairs of the form (b, Bj) will be the contribution of Bj to rb. When

restricted to layered partitions the contribution of B i is
> #B; =min Bj—1.
i< J

The generating function An(q) is closely related to integer partitions. An inte-
ger partition A = (A1, Ag....,Ap) of the integer d is a weakly decreasing sequence
of positive integers such that Z{C= 12A; = d; the A; are called parts. We let
A = Zf — 1A;- Denote by D, _ 1 the set of integer partitions with distinct

parts of size at most n — 1. It is well known that

For the rest of this chapter we will refer to a set partition as just a partition and
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an integer partition by its full name.
For the following proof it will be more convenient for us to list the parts of an
integer partition in weakly increasing order. Let ¢ : I15,(13/2) — D,, _ 1 be the

map defined by

O(B1/By/...[B) = (A1. A, A _ 1),
where A ; = Z(l — 1 #Bj

Theorem 2.2.1 The map ¢ is a bijection, and for w € 1In(13/2), rb(w) = |o(7)|.

Hence,
n-—1
An(q) H (1+4")
1=1
Proof: Given A = (A{.Ag...., A _ 1) consider, for 1 < j < k, the differences

dj = ’\j - ’\j— 1> where A\g = 0 and A\p. = n. If A € D, _ then we have
dj > 0 for all j. And if ¢(7) = A then the dj give the block sizes of 7. But
since 7 is layered, it is uniquley determined by its block sizes. So ¢ is bijective.
Since A; = Yi< j #Bj is the contribution of Bj 4  to rb (and By makes no

contribution) we have rb(m) = |o(7)| as desired. O

The proof of Theorem 2.2.1 will be useful for proving g-analogues of Fibonacci

identities.

2.3 g¢-Fibonacci Numbers Past and Present

We turn our focus to the distribution of rb over I1p(13/2,123). As remarked in
the introduction

#11(13/2,123) = Fy,.
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The distribution of rb over I1;(13/2, 123) gives a nice g-analogue of the Fibonacci

numbers. Let

Fn(([) = z qT‘b(ﬂ‘)'
7 € Mp(13/2,123)

Proposition 2.3.1 The generating function Fn(q) satisfies the boundry condition

Fo(q) =1, Fi(q) = 1, and the recursion
Falq) = ¢~ YFy _ 1(q) +¢* ~ 2F,, _ o(q).

Proof: Let 7 € I1,(13/2.123). Since 7 is a matching it must end in a block
of size one or of size two. If m ends in a singleton then the singleton is {n},
which contributes n — 1 to rb, and the remaining elements form a partition in
I1,, _ 1(13/2,123). Similarly the doubleton case is counted by the second term of

the recursion. O

We now introduce the ¢g-Fibonacci numbers of Carlitz and Cigler and explore
their relationship to the g-Fibonacci numbers as defined above. Let BS.},' be the
set of binary sequences 3 = by ... by of length n without consecutive ones. It is well
known that
#BS.,ll = F, 4 1. In [18, 19], Carlitz defined and studied a statistic on BSTI,,

as follows. Let p: BS,I,, — N be given by
p(3) = p(by...bn) = by +2bg + ... 4+ nbp,

and define

FXog= Y ¢V
BeBSL_

Carlitz showed that F,{((q) satisfies F({((q) =1, FlK(q) =1, and

FE@) = FE_ () + ~TEE ().
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Cigler [22] defined his ¢-Fibonacci polynomials using Morse sequences. A Morse
sequence of length n is a sequence of dots and dashes, where each dot has length
1 and each dash has length 2. For example, v = e ¢ — — e— is a Morse sequence
of length 9. Let A Sp be the set of Morse sequences of length n. Each Morse
sequence corresponds to a layered partition where a dot is replaced by a singleton
block and a dash by a doubleton. So, #A/5n = Fn.

Define the weight of a dot to be = and the weight of a dash to be y¢® +1
where a is the length of the portion of the sequence appearing before the dash.
Also, define a weight w : MSp — Z[z,y,q] by letting w(v) be the product of

the weights of its dots and dashes. For example, the sequence above has weight

(@)(2)(5g3) (y°)x(yq®) = e3y3¢16. Let

F (v.y.q) = > w).

v e MS,
Cigler shows that F,?(;r.y,q) satisfies FOC(J: y.q) =1,

Fl(}(x,y,q) =, and
F$ (,y.q) = 2FC_ (2, y.q) + 9" ~ 1y _ o(2.y,q).

Note that FC(I, l.g) = FT{((q). In fact, Cigler [21, 22, 23, 24] studied more gen-
eral g-Fibonacci numbers satisfying the above recursion with yq™ ~ 1 replaced by
t(yq" ~ 1), where t is an arbitraty nonzero function. One could apply our method

to such g-analogues, but we chose t to be the identity for simplicity.

Proposition 2.3.2 For alln >0,

Fn(q) = (I( )Fn (1/q).
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Proof: It suffices to construct a bijection 1, (13/2,123) « BS,, _ 1 such that
if 7 & 8 then rb(r) = (4) — p(13).

Let m € [In(13/2,123) be mapped to the binary sequence 3 = by ...by where
b; = 0 if i and i + 1 are in separate blocks and b; = 1 otherwise. For example,
1/2/34/56 « 00101. We first show that this map is well defined. Suppose 7 +—
by...bn, where b; = 1 and b;  { =1 for some ¢, then ¢, i + 1, and i + 2 must be
in a block together. This contradicts the fact that the blocks may only be of size
at most 2. The fact that this map is a bijection is straightforward.

Now, suppose that 7 « B and 3 = by ...by. If every element of 7 is a maximum
of its block, which is the same as saying that every block is a singleton and that
b; = 0 for all ¢, then rb(r) = Z,nz_lll = (5). If b; = 1 for some i then i and
i + 1 are in the same block. Thus, i is no longer a block by itself and so no longer
contributes rb. When 7 and ¢ + 1 were in different blocks, {i} contributed i — 1 to
rb, so we have lost i — 1. Also, since i and i + 1 are now in a block together, the
block containing i + 1 cannot be put together with ¢ to form a right bigger pair.
This reduces the contribution of {i,i + 1} by 1. These are the only changes made

when b; = 1. Thus, each time b; =1 we reduce rb(1/2/.../n) by i and hence,

m=(3)- X i=(3)-st00

Ibl=l

In order to describe the relationship between Fj,(¢) and F,{ (r,s,q) we will

define a weight, w on the partitions in I1;(13/2,123). Let

w:Mp(13/2,123) — Z[x. s, ¢,
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with w(r) = w(By/By/ .../By) = [1F = 1 w(B;). where

Iqmin Bi -1 if #BL =1,
w(B;) = B 1
yg™n BT L i #B; = 2.

Now, let

Fn(l’a Uq) = Z W‘(ﬂ-)
7 € Ma(13/2,123)

Let s(7) be the number of singletons of 7, d(w) be the number of doubletons of =.

It is easy to see directly from the definitions that

Fn(ilf, Y. ([) = Z $S(7r)yd(7r)qrb(7r) .
7 e I1,(13/2,123)

The proof of the next proposition is omitted since it parallels that of Proposition

2.3.2 using the bijection I1,(13/2,123) « A[Sp mentioned above.

Proposition 2.3.3 We have that

n

Fp(r.y.q) = q(?) F (2.y,1/q).0

2.4 g-Fibonacci Identities

We now provide bijective proofs of g-analogues of Fibonacci identities. Many of the
proofs in this paper are simply g-analogues of the tiling scheme proofs of Fibonacci
identities given in [4, 15]. It is impresive that merely using the rb statistic on
[1n(13/2,123) gives so many identities with relatively little effort. We will state
our identities for Fpn(z.y.q), but one can translate them in terms of F,?(r, y,q) or

F,{((q) using Propositions 2.3.2 and 2.3.3.
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Theorem 2.4.1 Forn >0

£y
Fp ol =2"+t2027) 4 szuq n— jrdd T2yl T 2,q).
J=0

Proof: There is exactly one partition in II,, 4 9(13/2,123) with all singleton
blocks and the weight of this partition is z™ T zq(n %_ 2). The remaining partitions
have at least one doubleton. Consider all partitions where the first doubleton is
{j+1,j+2}. There are exactly j singletons preceding this doubleton contributing
zJ q(%) to the weight of each partition. The doubleton contributes weight yqj . The
remaining blocks of these partitions form layered matchings of [j + 3,n + 2]. We
may think of these as being layered matchings of [n — j] where the contribution of
each block to the rb statistic is increased by 7 + 2. Hence, these contribute weight
F, _ ](qu +2; y¢’*t2,q). Thus, the contributed weight of the partitions, whose
first doubleton is {j + 1,5 + 2}, is

(j+1

2 )Fn _J(rqj+2

o yq el T2q).
Summing from j = 0 to n the weighted count of partitions whose first doubleton

is {j + 1,7 + 2} and adding the weight of the partition with all singletons proves

the identity.(J

Theorem 2.4.2 Forn > 0,

Fop + 1(x,9.q) Z wfdUT DEy, oieg® +1 g2 T 1),
j=0

and
n—1

= > af U VR, o 1w Ty 1)
J=0
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Proof: If 7 € Ilp,, 4 1(13/2,123), then m must have at least one singleton.
Consider all partitions with first singleton {2j + 1}. This block must be pre-
ceded by j doubletons, which contribute yjqj(j = 1) to the weight. The singleton
{27 + 1} contributes J'([2-j to the weight. The remaining 2n — 2j elements form
a layered matching of [2j + 2,2n + 1]. As in the previous proof, we may think
of these as being elements of Ilo,, _ 2j(13/2, 123) where the contribution of each
block to rb is increased by 2j + 1. This portion of our partition will contribute
Fo, _ 2j(;r.q2j +1 yq2j +1 ¢) to the weight.

This proves the first identity. The proof of the second identity is similar, and

hence omitted. O

Theorem 2.4.3 For alln >0 and m > 0,

F+n(ry.q) = Fin(ey.q)Fnleqd™ yi'™ . q)

m + l,qu+ 1

+ oy~ 1Fm _1ey.q)Fy —1(xq q)-

Proof: Every 7 € I1;;, 4+ ,(13/2,123) has {m.m + 1} as a block or does not.
If # has {m,m + 1} as a block then the blocks prior to this block form a parti-
tion in IT,,, _ 1(13/2.123). This contributes F},, _ 1(x.y.q) to the weight. The
doubleton {m,m + 1} has weight yq'™ ~ 1 The remaining blocks form a partition
in H[m +2.m+ "](13/2, 123). The contribution of each block in this partition to
the rb statistic is increased by m + 1, so this portion of the partition contributes
F,

n — 1(zg™ +1 ygm+1 ) to the weight. Thus. the sum of w(x) over all 7 in

T, + n(13/2,123) with doubleton {m,m + 1} is

yq™ T lFm. (. y.q)Fy _ 1(1‘(17"' + l’qu + l,q).
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If 7 € Iy, 4+ 1, (13/2,123) does not have {m.m+1} as a block, then we can split
7 into a partition of [m] and a partition of [ + 1,m + n|. By a similar argument,

the sum of w(w) over all 7 in IT;, 4 ,,(13/2,123) without the block {m,m + 1} is
Fin(r.y,q)Fn(xq™ yq™. q). O

Theorem 2.4.4 Forn > 1,

anFQH + l(l'y (1) + y2q2n -1

= Fp1@y.9)F, 4 1(xd" yd" q)

n+2 . n+2

- Fp_q1(z,y.q9)F, — 1(xq yq q).

Proof: Notice that each partition © € Ilg,, 4 1(13/2,123) has one of three
configurations: Either the element n + 1 is in its own block, is in a block with n,
or is in a block with n + 2.

"We put together the right hand side of the identity by considering the set
M, +1(13/2,123) x I1,, 4 1(13/2,123). A weighted count of the elements (7, 9)
of this set by increasing by n the contribution to 7b of each block in my is
Fp+1(@9.9) Fy 4 1(2q", 99" q).

Let II’n+ 1(13/2,123) x l'I’n_l_ 1(13/2,123) be the set of those ordered pairs
(m1,mg) such that w1 ends in a doubleton and w9 begins with a doubleton. There is
a bijection between IT " 1(13/2,123)xIT7, + 1(13/2,123) and IT,, _ 1(13/2,123)x
I, _ 1(13/2,123) by removing the last block of 7], removing the first block of 9,
and reducing each element of w9 by 2. The weighted count of such pairs (71, 79) is

v2?" —1E, (2.9 q)F, _ 1(zq" T 2,yq" 2 ¢).
Thus,
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Fp o 1(e,y.9)F, 4 1" yq" . q) -

y2q2n — lpn B I(L.Us (I)Fn B I(an + 2! n+ 2,(1)

yq
is the weighted count of (my.mo) € I, 4 1(13/2,123) x IT,, 4 1(13/2.123), where
71 ends with a singleton or mo begins with a singleton or both. In any of these
three cases we create a partition in Iy, 4 1(13/2, 123) by removing the singleton
at the end of mq or the singleton at the beginning of m9, concatenating the parti-
tions and increasing the elements of 79 by n. The statement about the possible

configurations of an element of Iy, 4 1(13/2,123) shows that this construction

gives a bijection

My, 4+ 1(13/2.123) — I, , 1(13/2,123) x IT,, ; 1(13/2,123)

4 1(13/2,123) x T, | (13/2.123).

In each case we lose a singleton block, whose weight is r¢™. Thus, we must multiply
Fyp, 4+ 1(x,y.q) by rq" to obtain an appropriate weighted count of Ig,, 4 1(13/2,123).
O

Theorem 2.4.5 Forn >0, Fn(r.y.q)F, 4 1(v.y.q) =
3
Y= o:r.l/J(I[ Fo — j(x¢d ya) ,q)Fy — j(rgd Ty T1g).

Proof: Consider an element (71, m9) € I, (13/2.123) xI1,, 4 1(13/2,123) with
m = A1/Ag9/... /Ay, and mp = By/By/.../Bm. Search through the blocks in
the order By, Ay, Bg. Ag, ... and find the first singleton block.

If the first singleton is some A; = {j} then By,..., B; are all doubletons, and
J is odd. There are (j — 1)/2 doubletons at the beginning of 71 and (j + 1)/2
doubletons at the beginning of 79 contributing yjq(j - 1)2/2 to the weight. The
singleton block A; has weight J'qj — 1 The remaining £ — i blocks of 77 form a

layered matching of [j + 1. n], which has weighted count F,, _ j(;rqj , yqj .q). The
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remaining m — i blocks of mo are a layered matching of [j + 2,n + 1], which has
weighted count F), _ j(‘rqj + 1,yqj + 1, q). So the weight contributed by all pairs

(my.m9) with A; = {j} as the first singleton is

gLyl By et e ) Fy — jad? Ty Tg).
If the first singleton is some B; = {j + 1} then j is even, and by similar
arguments, the weight contributed by all such pairs (71, m9) with B; = {j + 1} as

the first singleton is

2

d
L o . .
JVM[ Fﬁ_j@vﬁmﬂwﬂ%_40w1+IJMJ+1M)

Summing over all possible cases gives the identity above. O
(=} [} R

The identity Fn = Y1 > ¢ (n & /") relates the Fibonacci numbers Fp to the
binomial coefficients (}). For convenience we assume that (}) = 0 if k > n.
To state a g-analogue of this identity, we need the ¢-binomial coefficients. The

q-binomail coefficients are

n l‘ q7l — 7, + 1 _ 1
k| ooy @
n
Define = 0 if k > n for convenience. Carlitz [18] derived the following

k

identity using algebraic and operator methods. We will provide an alternate proof

using the relationship between layered partitions and integer partitions.
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Theorem 2.4.6 (Carlitz) Forn >0,

n—k

n

Fn(x,y.q) Z o -2k k 2)—k(n_k)
k>0 k

Proof: Let H;‘;,(13/2. 123) be the set of 7 € IIp(13/2,123) with exactly k

doubletons. Thus we have
Mn(13/2.123) = |4 T5(13/2,123),
2k <n

where |# is the disjoint union. This implies that

Z w(r) = Z o 2kyk z qrb(ﬂ')

m € Tn(13/2,123) k>0 n e 1k (13/2,123)

It suffices to show that

Z qrb(Tr) _ q(n) kK| - .

m e Ik (13/2.123) :

Let = € I1%(13/2,123) with doubleton blocks Bi+ Big:- B.ik. As in the

proof of Proposition 2.3.2 the maximum rb(r) is (g) and each doubleton Bij of

m reduces rb by min BIjj. This gives us that

ny _ k . '
Z qrb(w) _ Zq(2) 2. = 1 min Blj.
€ Mk (13/2,123)

where the first sum on the right hand side is over all possible choices of k doubletons

. _ (g) —nk
B . B; i , B; it The right hand side is equal to ¢ > g
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Consider the map which sends 7 to the integer partition A = (A, Ag,..., AL),
where ’\j = n — min B.,-j. This is clearly a bijection H,I%(13/2, 123) — E,A; -1
where ETI,‘L _ 1 Is the set of integer partitions with exactly k parts of size < n — 1

and consecutive part sizes differ by at least 2. It is well known that

2| n—k
DO s
AeEk k

n—1

See Andrews’ book [1] for a proof.

rb(r) '2l) —k(n=k) | ™~ k 0

k

Thus, we have ZW c Hk(13/2 123) q = q(
n )

Another identity involving binomial coefficients is Fy,, = Zz -0 (z)Fn — k-

Theorem 2.4.7 Forn >0,

n n+k oL n LI . 3
F2nl(17,1 ,(]) — Z q( 2 ) nk In, ’\yk Fny _ k(qn + AI, (ln + Ay’ q)
k=0 k

Proof: Let A} be the set of partitions 7 € Ilg,,(13/2,123), which begin with
a partition of [n + k] having exactly k£ doubletons.

We claim that IIn(13/2,123) is the disjoint union of the Aj. First, we show
that each Ak is nonempty for 0 < & < n. The proof is by induction on the number
of doubletons in 7. The case where m has 0 doubletons is obvious. If 7 has ¢
doubletons with the last doubleton B = {a,a + 1} then we split this doubleton
forming a new partition 7’ with a and a+1 in singleton blocks. Now, by induction
there must be some ¢ such that 7’ has exactly ¢ of its doubletons in the first n + ¢
elements. If a > n+t then 7 also has exactly ¢ doubletons in the first n+t elements.
If a <t then m has exactly t + 1 doubletons in the first n + ¢ + 1 elements.

It suffices to show that each m € IIn(13/2,123) is in exactly one Ag. Suppose

that m has exactly j doubletons in the first n + j elements. And suppose that
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for some i > j, m also has exactly ¢ doubletons in the first n + i elements. This
means that there must be exactly i — j doubletons consisting of elements from
[n+;j+1,n+i]. Since there are only i—j elements in this set we have a contradiction.
This also proves the case where i < j. Thus, each partition 7 € Ilo,,(13/2,123) is
in exactly one Ap.

Using Theorem 2.4.6 it is easy to see that
N nk n—k kI T 4k 4k
Z w(m) = q( 2 )—n N /‘yl‘ F, _ p(xq" + ,‘,yqn + l‘,q). O
T € Ak k
We conclude this section by finding a g-analogue of

n—2
Fn+F, _1+ Z Fl‘.2n’_2_k=2n.
k=0

We provide a proof for a g-analogue involving F’ ,{‘ (¢) as this is the nicest proof.

Theorem 2.4.8 For n > 0,

n—2 n n
F@+d"FE_ @+ Y F @3 T a+d)= [I a+dH.
k=0 j=k+3 k=1

Proof: Let 3 = by ...byp € BSp, where BSp is the set of binary sequences
of length n. We consider the same statistic that Carlitz did. Namely, p(3) =
S — 1 kbg. Clearly,

n

Z (/p(d)= H (1+(1k).

3 € BSn k=1

Now, we count in a different way. Separate all binary sequences with no con-
secutive ones into those which end in a one and those which end in a zero. Those

which end in a zero are counted by F,{‘ (¢). and those which end in a one, must
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have a zero preceding the one and are counted by q"‘F,{"_ 1(q).

Now, consider all sequences. in which the first time consecutive ones appear are
in positions k41 and £+2, for 0 < k < n—2. The binary sequence preceding these
ones is a binary sequence of length £, and it must end in a 0. Thus, the first part is
counted by Flf((q). The two ones contribute qQk +3 and the remaining n — k + 3
positions form a binary sequence without restriction contributing H;l =k+ 3(1+

¢/). Putting these together and summing over k gives the identity. O

2.5 Determinant Identities

In [22], Cigler proves a g-analogue of the Euler-Cassini identity,

Fp—1Fy k= FnFp g —1=(D"F_ 1.

We state his theorem without proof.

Theorem 2.5.1 (Cigler) Fork > 1, the q-Fibonacci polynomials F,?(.F, y.q) sat-

isfy

FC (r.yg.q) W ey - FS(a, y,q)FnC+ b 100 ya)
n .
= (—l)"‘q(Q)y"’ - lFlg‘_ 1(.17._1/(1”,(1). a

Cigler proves this identity twice. once by using determinants and once by adapt-
ing a bijective proof of Zeilberger and Werman [41]. We will prove a g-analogue
of the Euler-Cassini identity for Fn(gq) by using weighted lattice paths and their
relationship to minors of the Toeplitz matrix for the ¢g-Fibonacci sequence. This
is a well known method of Lindstrom [32], which was later popularized by Gessel

and Viennot [25].
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Consider the digraph D = (V, A) where the verticies are labeled 0,1.2,. .., and
the only arcs are from vertex n to vertex n+1 and from vertex n to vertex n+2 for
all nonnegative integers n. The portion of the digraph consisting of the vertitcies

0,1,2,...,6 is pictured below. All arcs are directed to the right.

1

Figure 2: D

It is easy to see that the number of directed paths from a to bin D is F, _ .
Let the arc from n to n + 1, written n(n._-f‘- 1), have wieght w(n(n—.—f— 1)) = xq".
Let the arc from n to n + 2 have weight w(n(n_;— 2)) = yq"*. Let p be a directed
path from a to b, written a 2 b. We define the weight of p, written w(p), to be

the product of the weights of its arcs. It is not hard to see that
Z w(p) = Fp _ a(.l‘([a. yq™.q).
14

where the sum is over all paths p from a to b.

Suppose that u) < ug < ... < up and v] < vg < ... < v are verticies in
D. We will think of the u; as starting points of paths and the v; as endpoints of
paths. Let

_ P1 . P2 Pk
P—{Ill _’"u(l)"‘?_'"a(Q) ..... “1\"_)1'(1(/&7)}
be a k-tuple of paths from the wu; to the v where a € Sy, the symmetric group on
k elements. We will let the weight of such a k-tuple be w(P) = Hf= 1 w(p;). Let
sgn(P) = sgn(«), where sgn denotes sign, and consider all such k-tuples of paths,

P. We have that

ngn(P)w(P)
P

49



is equal to the kx A minor formed from rows uy, ug, ..., up and columns vy, v, ..., vy

of the Toeplitz matrix pictured below. We label the rows and columns starting

with 0. For example, column 0 starts with Fjy(r,y.q) and the rest of the entries

are 0.
Folz,y.q)  Fr(e.y.q) Fy(r,y.q) F3(r.y.q)
Fe 0 Fo(rq.yq.q)  Fi(rq.qy.q)  Falrq.yq.q)
0 0 Folra®.ya®.q) Fi(xq® yq®.q)
] : : : : "-J

We will say that two paths are noncrossing if they do not share a vertex.

Theorem 2.5.3 Let up < ug < ... < up and vy < vg < ... < v be ver-
ticies in D. Let m™T be the sum of the weights of the noncrossing k-tuples of
paths, P, from uy,ug.... up to vy.ve,.... vp, with sgn(P) = 1. Let m™ be the
sum of the weights of the noncrossing k-tuples of paths, Q, from uy,ug, ..., ug to

v U9, .. U, with sgn(Q) = —1. The k x k minor given by rows uy,ug,...,u;

and columns vy.vg..... v} of the Toeplitz matrix is equal to m¥ —m™.

Proof: We prove this by giving a weight-preserving, sign-reversing involution
on the k-tuples of paths where at least one pair of paths cross. Let k-tuple P have
a crossing pair of paths. Let s the starting point of path Piy be the smallest
starting point of any path which crosses another path. Let w be the first vertex
shared by Piy and another path p,-J.. Let Ui, be the starting point of path p,jj.
Exchange the portions of the p; 1 and Pig starting at w. This produces a new
k-tuple of paths, @, and is clearly an involution. Since the weight of the k-tuple
of paths is just the product of the weights of all arcs appearing in the k-tuple, the
weight is preserved. Finally, the permutation for P and @ differ by a transposition

so sgn(P) = —sgn(Q). 4

The digraph D that we are working with is relatively restrictive as the next

theorem shows.



Theorem 2.5.4 Let m be the k x k minor of I’ consisting of rows ujp < ug <
< <up and columns v) < v < -+ < vp. If uj > v; for some i then m =0. If
ug < vy or if for somei >0 and j > 1 we have v; < u; and wj 42 <41 then

m = 0.

Proof: If u; > v; for some i then there are no A-tuples of paths with startings
points uy, ug, ..., U and endpoints v, v9. ..., V- Thus = 0.

Suppose that for some i and j we have v; < uj and Uj 4o < V4. Let Pj
Pj +1: and p i+ 2 be the paths starting at u ot 41 anduj + 2 respectively. The
endpoints of Pj:Pj+1 and Pj 4 2 must appear after Uj 4 9 We may assume that
Pj ends before Pj+1- In order to avoid crossing the path Pj+ 1 the path pj must
contain the vertex u j+1 Now, every vertex between u j+1 and the endpoint of
Pj lies on either pjorpj4. Since Pj ends at a vertex appearing after Uj 42,
we must have that u j +2 appears on p;j or pj 4 1. Hence, there is no noncrossing

k-tuple of paths and m = 0. O

There are two more cases to consider. The case where we have a k-tuple of
paths with starting points uj.u9....,u; and endpoints vy.vg,..., vy with u} <
v] <ug <vg <--- <up < U is just the product

k

Fo. —u;(q"ir,q"y.q).

i=1
The last case to consider is the case where u] < ug < v] < vg <
< U < up < vp_q < v This case produces a block matrix with
2 x 2 blocks along the diagonal, whose determinant is just the product of the de-
terminants of the blocks. We may as well just consider the case of two paths with
u] < ug < vy < vg. We will prove the special case where u; =0, ug =1, v = n,
and vg = n + k, which will give us the g-analogue of the Euler-Cassini identity

discussed above. The general case is proved similarly.

51



Theorem 2.5.5 Forn >0 and k > 1,

Fn(z,y. O F, + r — 1(0¢.y9.9) — Fy — 1(7¢, ¥4, 9) Fy, 4 (. y.9)
— (_l)nq(n; l)yan 3 I(an + l’yqn, + l‘q)'

Proof: Clearly the left hand side is the minor given by rows 0 and 1 and
columns n and n+k. We will first show that the weighted count of the noncrossing
pairs of paths is
q(n%- l)y”Fk _ 1(.1?([”"*' L yq®+ 1 ¢). Let p be the path starting at 0 and s
be the path starting at 1. The portions of p and s between 0 and n are unique,
since p must pass through all of the even verticites and s must pass through all
of the odd verticies. Thus if n is even the path p must stop at n, and if n is odd
then s must stop at n. Assume, without loss of generality, that p stops at n. Then
s must contain the vertex n + 1 and must continue to the vertex n + k. Since p
stopped at n there is no restriction on the portion of s between n + 1 and n + k.
The paths between n+ 1 and n.+ k contribute weight F. _ 1 (xq" +1 yq T l,q).
The first portions of p and s contribute q(n -2}_ 1) y™ to the weight. The product of
these gives the weight of all possible noncrossing pairs.

Now, if n is even then p goes from u; to vy and s goes from ug to vg, so the
sign of all noncrossing pairs is 1. If n is odd then p goes from u] to vg and s goes

from ug to v1, so the sign of all noncrossing pairs is -1. [J

2.6 Other Analogues

The ¢-Fibonacci numbers that are the focus of this paper come from two statistics,
which are equidistributed over the set I15(13/2,123). The rb statistic proved most
useful for proving identities. The next natural question is whether the bistatistic
(Is,rb) also has nice propertites when considered on the set [1n(13/2,123). The

answer is yes. Because the proofs of the p. g-Fibonacci identies are very similar to
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the proofs above we will define the p. ¢-Fibonacci nuinbers and leave the proofs of
the identites to the reader.

We define

Fu(r.y.p.q) = Z J‘,s(ﬂ')yd(Tr)pl.s'(n)qrb(ﬁ).
™€ My (13/2,123)

We will also need the p, g-binomial coefficient,

n—i1+1 n—1+1

u p —q
I T

p'—q'

k i
P.q

One identity involving these p, g-Fibonacei numbers is

n . . n—k
Fn(r.y.p.q) Z N -2k AP(I)( )—L(n.—l.)
k>0 k

The proof is omitted as it is similar to that of Theorem 2.4.6

The following is a list of p. g-analogues of some well known Fibonacci identities.
Letting p = 1 gives the identites involving Fp (., y.q). The proofs are very similar
to the proofs given in this chapter. There are some cases where we may let r =
y = 1 and obtain analogues involving just p and ¢. In the list we let Fp(r.y) =
Fn(r,y,p.q), and Fyp(p,q) be the case where r =y = 1.

There are other analogues of Fibonacci numbers which could be studied. For
example, there is a restricted set of permutations which is counted by the Fibonacci
numbers, see [37]. Given the plethora of permutation statistics, these are bound to
be interesting analogues. One may also find another p. g-analogue of the Fibonacci
numbers in the following way. It’s not hard to see that the weight of a dash in a
Morse sequence as defined by Cigler can be translated to give a statistic on layered

matchings where the weight of a doubleton B is ¢™n By and the weight of a



singleton is just x. Call this statistic re, for Cigler. In a similar way we can find
a new statistic l¢, which defines the relationship between the [s statistic and the
g-analogues Carlitz and Cigler. The bistatistic (l¢, r¢) gives another p. g-analogue

of the Fibonacci numbers.

Table 3: List of p.¢g-Fibonacci Identites

n+2)

P alen) ="+ 2p0) (2

vl 2 gl +2)

J . .
+3 = 04yl 1)(1)(2)1)" —J=2F, —

Fop 4 1(x.y) =25 = op2 U+ =JlU+2)ygU+DpE, 2] (pq2) 1 g2 + 1)

Fo, (r.y) = y”(pq)”‘(” -1)

+ 512 ey U ) =03 =10 =Dy ¥+ g2+
Fm+n('l'~y) = Fm (J‘[) 1/[) )F,;(xq JI"")
+ yp" -1 M Fpy, — 1(op n+ 1’ yp"t + I)Fn B 1(.rqm + l’qu + 1)

Fon 4 1(0,y) = T:,)TT (Fp 4 1™ up™ Fpy 4 1 (¢ yq"™)

2.2n — 1(1211 + an

- yp

L (ap ) Fyy _ (" +2 gt + 2))

Fn(r. ,I/)Fn_}_ 1(.[’ y) =
U2l (i pi(en ~2j = 1) [( 22|

J
Fy — 9j (g yq®)Fy _ (g T 1y F1y)
12
n N - 2 +1)%/2]
+ ZJ[n=/2& ({I_yQ.}p/(Qn, -2j - 2)([ [( J )%/
Fy _ 2./‘(_1‘(12_].yq2.})[7‘n B 2j(_,.([2j +1 20 +1y)




Table 3 (cont'd)

—_ 1 v. . _ N . _ .2
z?z h (.ry2’p2("(2L +1) = i(i + 3) 1)(121

,an _9i 2(1,(121 + 2’ quZ + 2)F2n. oi 1(“12;, y(12l)

+ a2+ 1,20 +2)(2n — 4) - 2i2 + 3,2i(i+1)

Fop _9; _ 3(“[21 + 2’ quz. + 2)F2n. g Q(I(IQI' +1 quz + 1))

F3p _q(ry) = Fk(1p2k - 1,y1)2"' _ 1)

k—1k

-Fr.(ep ¢ ypk — Lk

Fi _ 1(xq?%, yq?*)

+yp?K = 2R = LEy g (op?h )

o ek = Lk Lk = L+ L 2k, 2k
gk =22k = L (2 =1 2k — 1)

Fre 1 (cpa)* y(p)F) Py, _ o(aq®h 1, yg2k +1)
F 2Rk =2 (2 k)

Fg 2(-”1)k(1k + 1~.yl)qu + I)Fk - 2(1‘(12k + l,yq2k + 1)

Fon + 1(z.y) =

R G e A U ) U A b Rt

(i—Jj+i+ln—ion+j—i+lyn—j| =7 n—i
(4 L ) i ;
p.q p.q

MR+~ kgky =
Fn(p,q) +pg" ~ 1F, _ 1(p.q)

+3 8 20 Fk — 1" TR TR oy gt T+ 1))
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Chapter 3

The Mobius Function
of a Compostion Poset

3.1 Introduction

We now turn our focus to compositions. A composition « is an element
(a1, 9,...,0p) € Pk, where P = {1,2,3,...} is the set of positive integers.
The length of a composition o« = (. ..., qr) is €(a) = k, and the norm is
n if sz—_— 1 @; = n, also written |a| = n. The «; are called parts. For example,
a=(1,3,2,1,4) is a composition of 11, and (1.3,1.2,4) is a different composition

of 11. Define Cp to be the set of all compositions of n and let

C = U Cn,.
n

We are interested in studying a particular partial ordering on a set of restricted
compositions. Before we define this set, let’s briefly remind the reader of some
basic terminology about partially ordered sets (posets). A poset is a set P with
relation <, which is reflexive, antisymmetric, and transitive. For example, if we
consider the set [12] and we say that for a,b € [12], a < b if and only if a divides
b, then [12]< is a poset with this relation.

The poset [12]5 is finite, but we could easily consider the set P under the same
relation and have an infinite poset. For any x,z € P the set [r, z] of elements
y € P such that r < y < z is called an interval of P. A poset P is locally finite
if any interval is finite. A subposet of P is a set @ C P under the same partial
ordering as P. Finally, two posets P and Q are isomorphic if there is a bijection
¢ : P — @ such that for .y € P, r < y if and only if ¢(x) < ¢(y).

The partial ordering on C' that we are interested in was introduced by Bjorner
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and Stanley to produce a composition analogue of Young's Lattice. Unfortunately,
their paper has since been withdrawn from the arXiv. For more information on
Young’s Lattice, we refer the reader to [38, 39]. To define the poset C' we define
its covering relation o < 3. In a poset an element y covers an element x, y > x, if
y > rand thereisno z withy > z > x. InC, wesay that 3 > o = (o). a9.. .., ay.)

if 3 is of one of the two following forms:

3 = (ap.09. 005 o+ Lo 4q.0...,0p)

3 = (al.(Yz,....ni_l.al‘-l—l—-h,h,(\lj_*_l,...,ﬂk).

We will consider the poset ', which is the subposet of C' consisting of com-
positions o = (ay.a9...., ap) with a; < dfor 1 < i@ < k. Cyis the set of
compositions, with part sizes at most d. Bjorner and Stanley use the fact that
C' is isomorphic to a poset of words to determine the Mobius function of C. We
will follow in their footsteps and use the fact that the poset C is isomorphic to a
restricted poset of words.

Let A* be the free monoid under concatenation of A = {a.b}. We think of
A* as the set of all words that can be created from the alphabet A. The identity
in A* is the empty word e. We say that the length of a word u = ujug ... up is
lu] = k. Let u = ujug...up and w = wywy...wy be words in A*. We make
A* into a poset by letting u < w if there exist i1 <ig < ... < i such that
uj = wi’j for 1 < j < k. We call the set « = {iy,ig... i1} an embedding of u in
w and let w, = Wiy Wigy - Wi . If ¢ is an embedding of u in w, then we say that
w; is supported by w in ¢ if j € 1. For example, the word abaab is a subword of
w = aabbababb, since wowzwswg = abaab, and wj is supported.

k

Use the notation «" = aa...a. Given a composition a = (ay,q9,...,q;) let
a...q l (ag.ag...., )

k.
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dla) = b1 ~ Lo = 1o ap®k — 1, Clearly ¢ : C — A* is a bijection. Note

that ¢ sends a part k of a composition to abb...b unless it is the first part of the
k-1

composition, in which case the inital a is dropped.
Theorem 3.1.1 The map ¢ is an isomorphism of C and A* as partially ordered

sets.

Proof: Since we've already established ¢ as a bijection between A* and C, it is
enough to show that ¢ preserves the partial orderings.

Let a = (ay,a9....,ap) < 8= (81.089,...,8p) € C. If £ = k then, for some
Js 'Hj =a; + 1 and 3; = «; for i # j. It is not hard to see that in this case ¢(/3)

h

is obtained from ¢(«a) by inserting a b into ¢(«x) anywhere between the jt and
J+ I)St occurrence of an a. Thus, ¢(«) is a subword of ¢(3).

If ¢t =k+1 then x'ij+ 1 =aj+l—h for some h, HJ- =hand 3; =q;fori#j
or j+ 1. In this case ¢(/3) is obtained from ¢(«) by inserting an a between the jth'
and (j + 1)5¢ occurrence of an a.

Thus 8 > a = ¢(73) > ¢(a). The converse is proved similarly. O

Let A:‘i be the subposet of A* consisting of all words that do not contain d + 1
consecutive b’s. Notice that ¢ restricts to an isomorphism between Cy , 1. as
defined above, and the subposet, A:‘l. Much is known about partially ordered sets
on words and subword order, so it will be convenient to work with the poset A(’;

to understand the poset C;.

3.2 The Mo6bius Function of Cyq

To every locally finite poset, P, and field, K, we associate an incidence algebra,
[(P). The elements of I(P) are functions, f, which assign a scalar, f(a,b), to

each interval [a,b], and f(a,b) =0if a £ b. For f,g € I(P) and k € K we have
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(kf)(a,b) = k(f(a,b)) and (f + g)(a,b) = f(a,b) + g(a,b). We define "multiplica-

tion™ in this algebra as the convolution

(f*xg)(a.b)= Z f(a,x)g(x,b).

a<r<b

The multiplicative identity of I(P) is

R 1 ifa=b
d(a.b) =

0 otherwise.

We are interested in two special functions in /(P). One of them is the zeta

function,

1 ifa<b
((a.b) =

0 otherwise
That is to say ((a.b) = 1 if the interval [a. b] is not empty and ((a.b) = 0 otherwise.
It can be shown, [38], that ¢ is invertible with respect to the multiplication defined
above. That is, there is some g such that ( x g = u*x ¢ = . The inverse of ( is
the Mobius function, g. It is easy to see that, since pu is the inverse of ¢, p is the

unique function in /(P) satisfying the following three properties.
o u(r,r)=1
* Y r<z<ylzy)=0
o u(r.y)=0forr Ly

To describe the Mobius function of A(’; we will need the concepts of d-normal
embedding and right-most embedding. We will call a set [r.s] a run if
wr = wp 41 = ... = ws. Let the repetition set of w be R(w) = {j : wj =
wj _ 1} An embedding ¢ = {ij.ig,....ip .} of u in w is called d-normal if (a)

R(w) C {iy.ig,.... iy}, and (b) if u has a run of d b’s and the first b in this run
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w

u ) dn

be the number of d-normal embeddings of u in w. The right-most embedding of u

corresponds to w; . in the embedding then w; . _ { =aand i; —1 € . Let
¥ g ij—1 J

in w is the unique embedding {j1. jo,...,jj} such that iy < jp, 1 < € <k for any

other embedding {i,ig,...,i}.} of u in w.

Theorem 3.2.1 For any words u, w € A?l
/L('lt. w) = (_1)|1lf| + |u| w .
“/dn

Proof: This proof is essentially the same as the proof of Theorem 3.1 from [7].
We will show that the function f(u,w) = (—1)|“"| + lul(%’)dn satisfies the three
conditions above and hence, must be .

Clearly, f(u,u) = 1, and f(u.w) = 0 for v € w. It remains to show that
Yu<v<wfleow)=0forany u < w.

Suppose that |w| = n and |u| = k. Let N be the set of « = {iy.i9,...,ir} such
that ¢ is a d-normal embedding of w, in w. Let Ne = {¢ : #tiseven} C N and

No = {¢: #tisodd} C N. Then

> fvaw) = (1) (#Ne — #No).

u<v<w

A bijection between Ne and Ny will complete the proof.
For each embedding ¢t € N let ¢ f be the minimal number in [n] such that ¢ fis

not in the right-most embedding of u in w,. Define ' : N — N by

We show that ¢ is well-defined. If ¢ f ¢ ¢ then, since R(w) C ¢, we must have

R(w) C tU {Lf}. If tf € ¢ then we want to show that Lf ¢ R(w). If Lf € R(w)
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then w; f = w; f

violates the definition of right-most embedding.

—1 and i’f — 1 is in the right-most embedding of u in w,. This

Supoose ¢ removes an

We must show that Wy() is still an element of A;".

{
a creating a run of d+1 b's in Wy (y)- Since u can have a run of at most d b’s,
the first b in this newly formed run of b's cannot be in the right-most embedding.
Thus, the a would never have been removed.

If 9 inserts a b creating a run of d + 1 b's in We(r) then w, has a run of d b's.
Let the first b in this run be in position ;. Since ¢ is a d-normal embedding of
wy, in w, Wiy —1 = @ it —1 € «. Thus, ¢ cannot insert a b at the beginning of
the run. Inserting a b in the middle of the run violates the definition of right-most

embedding.

Clearly v is its own inverse and changes the parity of #:. O
« O J

3.3 Shellability and the Mo6bius Function

w

We now give an alternate proof that p(u,w) = (——1)‘“'I + [ul (u

)dgn, by showing
that AZ is dual CL-shellable. Shellability of a poset is a condition on a simplicial
complex related to the poset. We'll begin by giving the topological background
necessary to develop the theory of shellability.

A simplicial complex A is a family of subsets o of a vertex set V, called sim-
plicies, such that if 0 C 7 C V and 7 € A then ¢ € A. The dimension of
a simplex ¢ is dimo = |o| — 1. The dimension of a simplicial complex A is
dimA = n = max{dimo € A}. Each simplex in A is called a face and the sim-
plices, which are maximal with respect to containment are called facets. We say
that A is pure if all facets are of the same dimension.

We say that a simplicial complex A is shellable if the facets can be ordered,
F1,Fy,... Fp, insuch a way that for each 1 < j < ¢, we have that Fjﬂ (U‘I] ; %Fi)

is a union of maximal subfaces of Fj.
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Let I:Ik(A) be the k" reduced homology group of A over Z, and let dim f[k(A)
be its dimension. We refer the reader to [28] for background on homology and
reduced homology of simplicial complexes.

Shellable complexes have very simple structure and homology as the next the-

orem [13] shows.

Theorem 3.3.1 Let A be a pure, shellable simplicial complex of dimension k then
A is homeomorphic to a wedge of k-spheres and hence dim H;(A) =0 for 0 <i <

k. O

Let P be a poset. A chain of length n in P is an ordered (n + 1)-tuple
(rg,x1,...,opn), withxr; <oy for 0 <i<n—1. A chainc= (zg,71,....7n)
is said to be saturated if r; < .r; +1 for 0 < i < n-—1. We will say that a chain
¢ = (xg,x],....on) in the interval [x,y] is mazimal if c is saturated, g = x, and
rn = y. A locally finite poset P is ranked if every maximal chain in any interval
has the same length.

There is a special simplicial complex associated to each poset P called the order
complex. The order complex A(P) has the elements of P as its vertex set and all
chains of P as its simplicies. Notice that each interval of a ranked poset gives rise
to a pure order complex. A poset P is called shellable if its order complex A(P)
is shellable.

Bjorner showed that the poset of words on any finite alphabet under subword
order is dual CL-shellable [6]. We will show that the poset A; admits a dual CL-
shelling under the same labeling. First, let us define a chain lexicographic labeling
of a poset as introduced by Bjorner and Wachs [11, 12].

Let P be a finite poset with a unique minimal element 0 and a unique maximal
element 1. Let E(P) = {(r.y) € P x P : x < y} be the set of edges of the
Hasse diagram of P, and M(P) be the set of maximal chains in P. A chain-edge

labeling of P is a map € : {(z,y.c¢) € E(P) x M(P) : x.y € ¢} — Z satisfying the
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following condition. If two maximal chains ¢] and cg share their first k edges then
€(z,y,c1) = €(x,y,cq) for the first k edges (x,y) of each chain.
The chain-edge labeling ¢ associates to each maximal chain,

c= (0 =20, L]y In = 1) a unique n-tuple

€(c) = (f(xg,x1.¢),€(r1.29,0),...,€(xp _ 1. Tn,C)).

Notice that any saturated k-chain inherits a potentially different labeling for each
maximal chain that includes it. To establish uniqueness, we use rooted intervals.

A rooted interval of P is an interval [z, y];, where r is a maximal chain in [0, r].
If ¢ is a maximal chain in [z, y]r then rUc is a maximal chain in [0, y]. Hence, the
labels £(m) and £(m’) of any two maximal chains m and m’ of P containing r U ¢
must agree on the elements of rUc. Thus, for any maximal chain ¢ in [z, y]r, €(c)
is unique in [z, y]r.

A maximal chain ¢ in [z, y]r is called ascending (descending) if
€(xg.x1,¢) < (>)f(xr1.x9.¢) < (>)... < (>)(xp _ 1.7n.0).

Given chains ¢(x(, r...., 1) and ¢ = (r(y, 2, ..., 7)) in [z, y]r, we say that c is
lexicographically smaller than ¢’, €(c) <jo, €(c), if €(x;, x; 4 1,¢) < €(xh, 2} L1 d)
in the first coordinate, where £(c) and £(¢’) differ.

A chain edge labeling ¢ is called a CL-labeling (chain-lexicographic labeling) if
for each rooted interval [z, y]r there exists a unique ascending maximal chain c,
and ¢ <j,, ¢ for any other maximal chain ¢’ € [, y],. If P has a CL-labeling then

we say that P is chain-lexicoraphically shellable.

Theorem 3.3.2 (Bjorner,Wachs) If a poset P is chain-lexicographically shellable
then its order complex A(P) is shellable. O

The shelling of the complex A(P) is given by putting a linear ordering <,
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on the set of maximal chains cy,c¢g,...,cp such that £(c;) < E(Cj) implies that
¢i <A €5 This odering on the maximal faces of A(P) is a shelling.

The dual, P*, of a poset P is a poset on the same elements as P, in which z < y
in P* if y <z in P. A poset is called dual CL-shellable if its dual is CL-shellable.
Without considering the dual of the entire poset, we simply reverse the labelings
on our chains. That is to say, for ¢ = (rg,ry,...,x}) in [z,y]r, we consider the
labeling £*(c) = (€(zp _ .. ). €(xp _ 9T _1:€);---,E(xg,T7.¢)). Now, £* is
a dual CL-shelling of P if £* satisfies the same two conditions above. Let P be the
poset P — {0,1}. Clearly, P is shellable if and only if P is.

Shellability allows us to find the Mobius function of a poset using the topology
of its order complex. Let x; be the number of chains of length ¢ starting at 0 and
ending at 1. Thus, kg = 0 and k1 = 1. A proof of the following theorem can be

found in [38].

Theorem 3.3.3 (Hall) For any finite poset P with 0 and 1,

up(0.1)= 3 (-1)';. 0

>0

It is easy to see that ; is the number of chains of length i — 2 in the poset P.
This essentially says that x; = ¢; _ 9 where ¢; _ 9 is the number of i —2-simplicies
in A(P). Define the reduced Euler Characteristic of a finite simiplicial complex A

to be

£(A)=-1+ 3 (-1)e;.

Thus, we have that

A proof of the following theorem can be found in [28].

64



Theorem 3.3.4 For any simplicial complex A,

W)= Y (-nFdimHL(A).O
k> -1

This gives us that ;1[)(0, 1) = Yok > _1(—1)"' dim IYA.(A(I_’)). Thus, by our
remarks above, if P is shellable then A(P) is shellable and hence ;tp((), 1) =
(—l)k dim Hk(A(P)). This simplifies the computation of the Mébius function of
a shellable poset.

The question now is how to determine dim flk(A(P)) from the dual CL-shelling.
Let D(z,y) be the number of descending maximal chains in the interval [z, y]r.
In their paper [8] Bjorner, Garsia, and Stanley give the following corollary, stated

here as a Theorem.

Theorem 3.3.5 (A. Bjorner, A. Garsia, R. Stanley) Let P be a ranked poset,
and [x,y] be an interval of P. If € : P — Z is a CL-labeling of P then

ue.y) = (~1)FD(e.y).0

We apply this information to the poset A%. We will use the same labeling that
Bjorner used in [6] to determine the Mobius function of A*.

Let [u,w]r be a rooted interval of A*, and let each maximal chain ¢ = (v =
r1.rg,..., 1 = w) in [u, w] be assigned a label {(m) = (£1(m). ég(m),....€r.(m))
as follows. Label the edge (rp. _ j.0p.¢) by (g _ .xp.c) = iy, where i is the
least element of [K] such that [A] - {i]} is an embedding of xy. _ | in . Label the
edge (:z'k _ 9 Tf _ 1.(') by E(.rk _ 0T 1,(:) = ig, where i9 is the least element
of [k] — {i1} such that [k] — {i1,i9} is an embedding of rj. _ o in xj. Repeat this
process for the remaining edges. It is clear that if two maximal chains have the
same first s edges then the labels on these edges will be the same. Figure 3 shows

this chain-edge labeling for [abb. aabbab).
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aabbab

(@2}
(=2
—
(9]

aabbb aabba abbab aabab
1
5
1 3
5 5 6 3 1
abbb aabb abba abab

abb
Figure 3: CL-labeling of [abb,aabbab]

Theorem 3.3.6 (Bjorner) The map ¢ : A* — Z described above is a dual CL-

labeling for each interval of A*. O

In Bjorners proof [6] he shows that the unique ascending maximal chain is one
corresponding to the right-most embedding of u in w. Let {iy,io,... i1} be the
right-most embedding of u in w, then the ascending maximal chain is the maximal
chain labeled by the elements of [n] — {i}.i9...., i1} from smallest to largest. The

unique ascending chain in Figure 3 is

=

1 3 :
abbaba — abbab — abab — abb.

It is also clear that since we are working with the right-most embedding, this chain
must have the lexicographically smallest possible entries.

Each maximal chain of an interval [u, ] in A("; is also a maximal chain of the

66

W s -



same interval in A*. We will denote by [u,w], the interval [u,w] in A* restricted
to A(’;. We will label the edges of A;"l by €, : A(’; — 7Z in exactly the same way as

we did for A*.

Theorem 3.3.7 The map € : A(’; — Z is a dual CL-labeling for each interval of
A* and hence A:‘i is CL-shellable.

Proof: We already know that there is exactly one ascending maximal chain, my, in
the labeling of an interval [u,w] in A*, and that mg corresponds to the right-most
embedding of u in w. This means that there is at most one ascending maximal
chain among those in the interval [u,w];. We must show that this chain is still
in [u,w]. Unless a chain passes through an element with a run of b’s of length at
least d + 1, that chain is in [u, w]y.

Note that u and w both do not contain such a run. The only way to pass
through an element with such a run is by removing an a that was originally sepa-
rating d + 1 or more b's. Recall that at each step the left-most element is removed,
maintaining an embedding. Since u does not contain a run of d + 1 or more b’s
and we are considering the right-most embedding of w, such an a cannot be the

left-most removable element. O

Corollary 3.3.8 For words u and w in A:‘i we have p(u,w) = (—1)|“'| + |ul (?Lli’)(lrz'

Proof: By Theorem 3.5 it suffices to show that the number of descending chains
in [u,w] is the same as the number of d-normal embeddings of u in w.
Suppose ¢ = {i1,i9...,i}.} is an embedding of u in w such that there is a max-

imal chain m with [n] — {£](m),lo(m),... €, _ t(m)} = ¢. Then m is descending

n
if m is obtained by deleting the entries w;, with j € [n] — ¢, from right to left.
This is possible only if for each j; < jo < j3 with ji,j3 € [n] — ¢ and jp € ¢,
we have that wj, # Wio - And if u contains a run of d b's and the first b in the

run corresponds to wj, then w jp—1=2a and j; — 1 € ¢, otherwise this maximal
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chain will pass through an element not in A:‘l. These two conditions show that
{i1.i9,...,ip} is a d-normal embedding of u in w.

Similarly, if ¢ = {i1,i9.....i}} is a d-normal embedding of w in w then there
is a descending maximal chain corresponding to ¢ given by deleting the elements

wj, with j € [n] — ¢, from right to left. [

3.4 Rationality

Let S a finite set. The formal power series algebra in the noncommuting variables
of S over the field Z, denoted Z ((S)), is the set of all infinite series f =", ¢;z;.
where ¢; € Z and r; is some word in S*. We define the * operation on Z ((S)) to
be f* =€+ f+ f2 +... where € is the the empty word in S*. A series f € Z ((S))
is called rational if it can be constructed from a finite number of monomials under
a finite number of the usual algebraic operations in Z ((S)) and the * operation.
Let f+ = f* — €. Clearly, f+ is rational if f is.

The ring Z ((A)), where A = {a.b} as before, is simply the set of series of
the form f = Zw c A* Cwtts with ¢ € Z. We may also consider series of the
form f =Y, < w C(u, w) % w where u % w just represents the ordered pair
(u,w) € A* x A*. Rationality of such a series is defined similarly.

In [9] Bjorner and Reutenauer showed that the following four series are rational:

Z(u) = Z C(u, w)w,
w e A*
M(u) = Z p(uw)w,
w e A*
Zy = Z Cucw)u % w,
w e A*
M, = Z p(uw)u x w.
w e A*
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In this section we will use methods similar to those used by Bjorner and
Sagan (10] to do the same for the series Z;(u), M (u), Zglg, and Mg. where
these series are defined exactly the same way as those above replacing A* by A;"i
in each. For the remainder of this section we will assume that d = 3 to avoid
cumbersome formulas and definitions. Everything that is used to prove these facts
for d = 3 can be generalized to any d.

We begin with Z3(u) and A3(w). We remind the reader that the bijection

o : C — A* was given by o(k) = abpb...b. A function f : S* — T* where S
k-1

and T are finite sets is multiplicative if for u = ujug...um € S*. we have that
f(w) = f(up)f(ug) -+ f(um). Let A3 = {a,ab, abb, abbb}. Let B = e+ b+ bb+ bbb,
and notice that (e + b + bb + bbb)(A3)* = A§. Notice that each word u € A§ can
be broken uniquely into its maximal runs of a’s and b’s. Define the multiplicative

function z : A:’; — Z((A3)), where z acts on maximal runs, by

z(ak) = (A3)l" — 1,
z(b) = (B -e€)a*,
2(bh) = (B =e€atba* + (B —-b-e)a*,

2(bbb) = (B —e€)atba*ba* + (B = b—e)atba* + bbba*.

If a run of ¢’s is at the end of the word then let z(ak) = z(ak)B for this run of

a’s. Let pz(u) be the prefir of Z(u) where,

B(A3)* u begins with a,
pz(u) =
(B(A3)*a+¢) wbegins with b.

Define the multiplicative function m : A:’; — Z ((A3)), where m acts on maxi-
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mal runs, by

m(ak) = ((ab)* = a)(a + (ab)* (e — a)a.)l[C - l(a + (ab)ta)
m(b) = b((ab)* —a—b),
m(bb) = (b(ab)*)2(e — b).

m(bbb) = (b(ab)*)3.

Let p;m(u) be the prefiz of M(u) where,

(ab)*  ubegins with a,
pm(u) =
(ab)*a u begins with b.

Lemma 3.4.1 For any u € A§ we have that

Z3(u) = pz(w)z(u).

and

Ms(u) = pm(u)m(u).

Proof: We begin by proving the statement for Z3(u). We must show that the
function z will produce each word that contains u exactly once. This is done by

showing that for w > w, z(u) produces the right most embedding of u in w. We

will explain how this works for z(ak ), how these go together with z(bf ) and how

the prefixes work. The remaining cases are similar.

The last a in the run o¥ is given by the a at the end of z(al"). This is clearly

under the right-most possible a if we focus on z(ak). The preceding k — 1 a’s are

each followed by B = € + b + bb + bbb. If there were an a between any of the k
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a’s, then the preceding a's could be shifted to the right, and hence the embedding
would not be the right-most one.

The only place that any a's could be placed is at the beginning of the run. The
reader will notice that this is not encorporated in z(ak ). This issue is resolved in

ks preced by a run of b’s, then the a* at the end

the following two ways. If this a
of each of z(b), z(bb), and 2(bbb) places as many a's as one would like before the
first a of a¥. If this ¥ is at the beginning of the word the the prefix p;(u) takes
care of the problem.

The same arguments as above, minding the fact that there can be no more
than three b’s in a run explain z(b), z2(bb), and z(bbb). The prefix pz(u), when u
begins with a, is clear. Let’s briefly discuss the prefix, when u begins with b. If we
are considering the right most embedding of u in w and we are trying to generate
any w, then each w can begin with any word from A:’;. Hence, pz(u) must begin
with B(Ag)* regardless of the first letter of u. If u begins with b, we must be
careful not to create a run of more than three b's. To avoid this, we put a at the
end of B(A3)* and add € to take into consideration the fact that the first letter of
u could be the first letter of w.

After a close look at z(b[) for 1 < € < 3, the reader will see that z(u) produces
w only as a right-most embedding, and hence each w > u is generated once.

Now, we turn our attention to m(u). Again, we will explain m(ak), how it
works together with m(b%) and how the prefixes work. We show that each w € A}
appears (—1)|w| + ul (%) 3, times in m(u).

We begin with an explanation of m(ak). At the beginning is ((ab)* —a). Notice
that an a (respectively b) does not have to be part of a 3-normal embedding if it is
immediately preceded by a b (respectively a). This means that we can begin with
a run of alternating a’s and b's. Since we are appending two letters at a time, the

sign of our word isn’t changing. The —a in this first part describes the option of

placing an unsupported a at the beginning of a run of a’s.
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Each of the first k — 1 a’s in this run is taken care of by (a + abt (e — a)a).
The first a covers the option of just having an a. The next portion places at least
one copy of ab followed by nothing or an extra a. This takes care of the fact that
we can place a run of alternating a’s and b’s before each a in our run. As long as
there is at least one copy of ab before the a then we could place another —a bhefore
the next a. The final portion forces m(ak) to end in a so as not to create a run of
more than three b’s.

This description shows that each word w produced by m(u) is produced with
respect to a unique 3-normal embedding of u in w. Also, any possible 3-normal
embedding of u in a word w is produced. The prefix takes care of the beginning
of a word in which u is 3-normally embedded. O

The fact that z(u), m(u), pz(u) and pyp(u) are rational for each u € A§ proves

the following theorem.
Theorem 3.4.2 The series Z3(u) and M3(u) are rational. O

The techniques used above to prove the rationality of Z3(u) and Mg(u) are a
bit cumbersome. We will use finite state automata to prove that Z‘% and M% are
rational.

Let S be an alphabet. A finite state automaton is a digraph D, with vertex set
V and arc set E, allowing loops and multi-arcs. There are unique verticies a and
w, where a is the inital vertex and w is the final vertex. Each arc e € F is labeled
by a monomial f(e) € Z ((S)). A finite walk W with arcs e, eq,..., ey is given

the monomial label

k
fwy =TI feep).

=1

The series accepted by D is

f(D) =" f(W),
4%
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where the sum us over all walks in D from « to w.
Ifeq,... ej are all arcs from one vertex to another, replacing them by a single

arc e and labeling this arc

does not change the series accepted by D. For simplification we will use this
procedure.

It is a well-known fact that a series is rational if and only if it is accepted by a
finite state automaton [5]. We will construct finite state automata accepting Zg’c
and M% to prove the following theorem for d = 3. The pattern in the automata

will be obvious and generalizable.

Theorem 3.4.3 For any d, Z‘% and M% are rational.

Proof: The automata in Figures 4 and 5 are for Z ‘30 and M% respectively. We will
use them to explain why these automata accept Z % and M% respectively and how
they are generalizable to any d. For clarity, we left some arcs off of the diagrams.
In Figure 4, there is an arc labelled € % € from each node to w. In Figure 5, there
is an arc labelled € % € from each of a9, a3, 39, U3, B4, 75, 76, 17, 98, dg, and
010 to w. There is also an arc labelled a % a from each of 89, 33, 84, 75, 16, V7>
dg, dg, and 0 to each of ag, 31, 71. and 61. Also in Figure 5, we separated the
node a from the rest of the digraph.

We claim that for any u = ujug... up. < w = wjwy...wn there is a unique
walk from a to w in the automaton for Z% labelled u®w. First, we show that there
is a walk for any u x w. Consider the right-most embedding ¢ = {iy,i9,...,i;} of
w in w. We'll build v % w from this embedding. The first i; — 1 letters in w are
not supported, so this portion of w is constructed using the nodes a, oy, a9, and
«3. Notice that any word in A§ can be built uniquely by using the nodes a, o,

@9, and a3. Now, if uj = a and w; ) is preceded by an a then we must follow the
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arc from a to a4. If w;, is preceded by a run of b’s then we must follow the arc
from o to d9, construct this run of b’s and then go to ay. If uy = b and Wiy is
preceded by an a then at this point the walk follows the arc from ato 8. If u; = b
and Wiy is preceded by a run of b’s then the walk must follow the arc from a to
09, build up the preceding run of unsupported b’s and then go on to either v or §

from d9 or d3 respectively.

i . 73
Figure 4: Z‘z@

Now, there is no way to get back to the «, a1, a9, and a3 part of the digraph.
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Notice that if u; = a then the unsupported part of w between Wy and Wiy can

only be a run of b’s. If u; = b then the unsupported part of w between Wiy and
Wi, can only be a run of a’s. This is forcing the embedding ¢ to be the right-most
embedding. The construction continues as above for the remainder of u ® w.

It is important to note here that the complication of the digraph develops from
the fact that we must be careful to avoid producing a run of more than three b’s
in u or w. The portion of the digraph involving the /3’s controls the supported b’s
in w, and the portion involving the 4’s controls the unsupported b’s.

Our comments above about the automaton forcing ¢ to be the right-most em-
bedding proves that each u ® w is produced by a unique walk, and hence the
automaton accepts Z%. To generalize this to any Z%, we would merely extend
the a, 3 and v portions of the digraph appropriately.

We turn our focus to the automaton for 1\[%. We claim that for any walk fromn
« to w the monomial u ¥ w associated to this walk is a 3-normal embedding. The
walk must begin at «. Depending on the beginning of the embedding we select our
first destination from «. The reader will see that each possibility is represented.
Without explaining every possibility, we will begin by looking at what happens at
a9. The node a9 is building runs of a’s. Between any two a’s in a run can be
a run of alternating unsupported a’s and b's. This is controled by the exchange
between a9 and «g3. Notice that the only way to create a run of two or more a’s
in w is to make at least one loop around ag9. The automaton is assuring that an
a preceded by an a in w is supported. The automaton is forcing the embedding
that a walk generates to be 3-normal.

Now, the three legs of the diagram labeled with /3’s, ¥'s and 4&'s respectively,
are controlling the three possibilites for a run of b’s in w. If u has a run of three
b’s, the walk producing u % w must pass through the ¢ part of the diagram. Each
of the three different legs of the d portion of the diagram represents a supported

b. So once the walk is on any of the nodes dg, dg, or d1( all three b’s in this run
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have been produced. Notice that in this section between any two supported b's
there can be a run of alternating a’s and b’s. given by the exchange between the
bottom two nodes of each leg. Also, all but one arc going into 7 is labeled with a
supported a immediately preceding the portion of the word to be produced. The
only arc that does not is the arc from «a to §1. This again is assuring that the
embedding of any walk is 3-normal.

The portion marked with 3’s controls situations where u has a run of just one b
and the portion marked with «'s takes care of two b’s. This shows that every walk
from a to w in this automaton produces u X w according to a 3-normal embedding.
It’s not hard to see from the above explanation that any normal embedding ¢ of u
in w is given by a unique walk from « to w.

Finally, notice that anytime a letter in a label on an arc is unsupported the

sign of the monomial label changes. This takes care of the sign of p(w,w). O
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3.5 Generating Functions in Commuting Vari-
ables

The generating functions above are quite beautiful and are rational. but they don't
emphasize the connection between words in A’("l and the compositions in Cy 4 1.
To see how this all ties together we will use what we know from the previous
section to produce generating functions in commuting variables for ¢ and p. This
will allow us to consider the generating functions in terms of the length, £(a), of a
compostion « or the norm of «, |a|. If ng. is the number of £'s in a then we may
redefine £(a) = 1. > 1 nk and laf =3 1 > 1 nik. Let a < u, then the type of «
is 7(a) = (n1,n9,...,npn,r), where r is the number of runs of a’s in u.

k.

Each time k appears in a replace k by z™, where r is a commuting variable.

Then we obtain the norm generating function

Zy(ox) = Z 3.

a<3

If we replace each element in a by the variable ¢ then we obtain the length gener-

ating function

Zy(a;t) = Z (9

a<y
To avoid cumbersome formulas and because these generalize simply to any d
we will focus on the case when d = 3. If a € Cy4 corresponds to u € A§ then any
a that is not immediately followed by a b represents a 1 from « and b, bb, and bbb
represent 2,3, and 4 respectively. Let [k]z be the polynomial 1+ + ...+ k=1
Let z(u; x) and pz(w; x) be the formal power series in Z [[]] obtained from z(u)
and pz(u) respectively by replacing each letter in z(u) by x. Then it’s easy to see
that Z3(u;x) = pz(w;r)z(u;x). Defining m(w;x) and pyp(w;x) in a similar way

gives us that M3(u;r) = py(w;x)m(u: x)
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Suppose u has type 7(u) = (n1.n9,n3.ny.r) then Lemma 3.4.1 gives us that
Z3(u;r) is one of the following rational functions. The first two correspond to u
beginning with a and the last two correspond to u beginning with b. The first and
third correspond to u ending with b and the second and fourth correspond to u

ending with a.

* lTi[z]; (r”l([uﬂ.z.-)"l —r+1) ( 3_.3)”2 ((52_[31]“;.2 +Ji2£11;)n3

(2B, e S )"4
<(1—r)3 * (1—1)2 t17

* T () (1@3)% ((f‘>_[3]r§2 gt ];)"3

_ .r3[3].r 1.4[2]1’ 3 )n4
<(1_I)3 - (1—1‘)2 +l—.l,'

'Tffhﬂz(ﬂ”ﬂﬂrY”"r+1)(#%%)HQ(FF?%%_F#ﬂgf)"3

. .1,'3[3]1. J'-l[Q]‘r .r3 >n4
((1—1‘)3 * (1 —1)? tI==r

o 1_i4£ (171,1([4]“711 - r) ( 3_II>"2 ((IQJ%;Q N 132[_1];)"3

.((1'3[3J.r 4 A2 L3 )"4

-3 1-p2 T-r

Again, if u has type 7(u) = (ny.n9,n3.ny4.r) then M;3(u: r) is one of the following.
The first corresponds to u beginning with a. b. or bb. The last corresponds to those

u beginning with bbb.

3 711 . — r ].—.T+.r3 n2
’ 1-112 (( . 2)2) (1—r+22) (1—r+13)"1 r(J_HF_))

1-=r
n; 3n
. < 12 ) 3 ( T ) 4
rr-2-s) e
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xr 1.3 ni 20y 31— .If(l—17+;r3) no
* 1_‘_’72 ( = 2)2) (I—x+z4)"1-x+2°)"1 (T

T l1—=x
n 3n
() ()
1+x—$2—x3 l—=x

The following theorem is now an immediate consequence of Lemma 4.1.

Theorem 3.5.1 The norm generating fuctions Z3(u; ) and Mz(w; x) for u with

type T(u) = (n1.n9.n3.nq.7) are as stated above. O

Now, we want to consider the length generating functions for ¢ and u. Let
z(u: t) and pz(u; t) be the formal power series in Z [[t]] obtained from z(u) and pz(u)
respectively in the following way. Replace each a that is not immediately followed
by a b by t and each maximal run of b’s by ¢. Then it’s easy to see that Z3(u;t) =
pz(u;t)z(u;t). A similar definition gives that A3(w;t) = pm(u; t)m(u;t).

Suppose u has type 7(u) = (n1,n9,ng,ny.r) then Lemma 3.4.1 gives us that

Z3(u;t) is one of the following with the same correspondance as in the list for

Zy(u; x).
n3 2
3t+ 1,40 —r 'v "2 2{+t2 t 4I+1(2—t
o -7 11?2

° 1_4_(4,)711 - I‘

)2 (; =)
"2(2ﬂ+ﬂ) <ﬂMf+U )

(1—t)* 1—¢)°
B+1)2=1), e —r( 3t \"2 2\"3 /2041 1 1)(2 — 1)\ "™
» Gy = (1) ((fott)7> (t ( t(1+-)t()3 ))

_ ni—r( 3t \"2 4 ¢ 2 "3 t24t (2 —t 4
o Efe0m T () ((QItj-t.tP) (((:-—)t()3 ))

Again, if u has type 7(u) = (n1,n9,n3,n4.7) then

ni-—r ng
(1 2 — 3t +3t2 —¢3 2-3t+2t2\ L (-2 443
Myuit) = (1) " ( (1—1)2 ) < (1_¢>T) S

(=22 ()™ ()™

The following theorem is now an immediate consequence of Lemma 3.4.1.
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Theorem 3.5.2 The norm generating fuctions Z3(u:t) and Mgy(u;t) for u with

type T(u) = (ny.ng,n3.ny.r) are as stated above. [J

We would like to extend our gratitude to Bjorner and Stanley for their work

on the composition poset C, as this chapter would not have been possible without

it.
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