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ABSTRACT

Galois Structure of Modular Forms of Even Weight

By

Erhan Girel

We calculate the equivariant Euler characteristics of an even power of the canonical
sheaf on modular curves over Z with a tame action of a finite abelian group. As
a consequence, we obtain information on the Galois module structure of “twisted”

modular forms of even weight having Fourier coefficients in a ring of algebraic integers.
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Introduction

The normal basis theorem implies that if N/K is a finite Galois extension of number
fields with Galois group G, then N is a free K[G]-module of rank one. In particular, N
is a free Q[G]-module. Let Oy and Ok be the ring of integers of N and K respectively.
Then we can ask for the analogous statement, namely, “Is Oy a free module over the

group ring Z[G]?” The first observation regarding this question belongs to E. Noether.

Theorem 0.1 (E. Noether) Let N/K be a finite Galois extension of number fields
with Galois group G. Then the ring of integers, Oy 1is a projective Z[G]-module if

and only if N/K is at most tamely ramified.

When N/K is tamely ramified, the obstruction to Oy to be a stably free Z[G]-
module is the class (Oy) in the class group CI(Z[G]). Frohlich’s conjecture, proved

by M.Taylor in [T], gives an interesting description for this class:

Theorem 0.2 (M. Taylor) We have the following equality,

(On) = Whyk (1)

in CU(Z|G]). Here Wy, is the “root number class”; the class Wy, has order two
and is given by the signs of the e-constants in the functional equation of the Artin

L-functions of symplectic representations of G.



It was natural to try to extend Frohlich’s conjecture by relating the e-constants
with the Galois modules attached to a group action on an arithmetic scheme. How-
ever, the right formulation of the generalized cohjecture was not clear until the
work of Chinburg and of Chinburg, Erez, Pappas and Taylor ([CEPT], [CPT]) . Let
m: X — Y = X/G be a geometric tame G-cover of projective flat regular schemes over
Z. In [CEPT], the authors define an equivariant deRham Euler characteristic class
x(X,G) in CIl(Z|G]) using equivariant Euler characteristics of differential sheaves.
When X = Spec(Op) this generalizes the class of the ring of integers (Oy). They
also define a root number class Wx/y (similar to Wy, k) and introduced a ramification
class Rx/y which depends on the e-constants of the branch locus of the covering =.
The definition of these classes was motivated by the prior work of Chinburg [C] who
considered the same constructions for covers of varieties over a finite field. Under

some additional technical assumptions on X and Y they show

Theorem 0.3 (/CPT]) We have
x(X,G) = Wx;y + Rx)y (2)

in CL(Z[G]).

This generalizes Frohlich’s conjecture to higher dimensional varieties over Z.



It turns out that one can consider more general equivariant projective Euler char-
acteristics: Suppose that X is a scheme projective and flat over Z which supports a
tame action of the finite group G. For any coherent sheaf 7 on X which supports
a G-action that is compatible with the action of G on X one can define following
Chinburg [C] the equivariant projective Euler characteristics X (X, F) € CI(Z[G]).

The calculation of these Euler characteristic often connects to other fundamental
problems in Number Theory. A recent method, developed by Chinburg, Pappas and
Taylor in [CPT1], shows how to calculate the Euler characteristic of coherent sheaves
on projective flat schemes over Z on which a finite abelian group acts tamely. Unlike
other techniques, this one does not neglect any torsion information if the base scheme
has dimension less than 5. Roughly speaking, the idea in their paper was that Euler
characteristic should differ by computable terms from classes in Grothendieck groups
which have “n-cubic” structures. This idea was motivated by previous works of
Pappas in [P] and [P1]. In this recent paper, a precise formula is given for the Euler
characteristic. Furethermore, they determined the structure of the lattice of weight
2 cusp forms for I';(p) which have integral Fourier expansions as a module for the
action of the finite group of diamond Hecke operators. This is done by calculating
the equivariant Euler characteristic ¥*' (X, Ox) where X is a certain integral model
of the modular curve X,(p).

In this thesis, we calculate the equivariant Euler characteristic of k-th power of
the “twisted” canonical sheaf over an integral module of the modular curve X;(p)
(here some twists are allowed along a fibral divisor at p for some technical reasons).
Moreover, we find a lower bound to the degree of the twist which guarantees that
the first cohomology group vanishes. Consequently, the structure of the lattice of
“twisted” cusp forms of weight 2k and Nebentypus character can be obtained as a
module for the diamond Hecke operators. Here twist means that we allow the Fourier

coeflicients to have denominator a certain (bounded) power of the uniformizer over p



(see below).

More properly, let p = 1 mod 24 be a prime and I' = (Z/pZ)*/{£1}. Suppose
x : I' = u, C Z[(]* is a character of prime order 7|(p — 1) with r > 3. Let
Sor.s(T1(p), p~**Z[(,]), be the Z[(]-module of “twisted” cusp forms of weight 2k,
level p and of Nebentypus character x (for some technical reasons some twists to the
dualizing sheaf on the modular curve is allowed and this é represents the order of the
pole that we allow along the twist). In addition, we ask that the Fourier expansion

a - :
—ﬁje?m"z where the coefficients

n>1
a, belong to Z[(;]. The locally free Z[(,]-module Sa s(T'1(p), p%*Z[(r])y is of rank

2k—-1)(p—2
n(x) = ( l)gp 5). For a € (Z/rZ)* let {a} be the unique integer in the range

of these modular forms is of the form F(z) =

0 < {a} < r having residue class a, and let o, € Gal(Q({,)/Q) be the automorphism
for which o,(¢) = ¢}, Define w, : (Z/rZ)* — Z} to be the Teichmuller character.
The ring Z (resp. Z,) is embedded into the pro-finite completion Z = ITi prime Zi of
Z diagonally (resp. via the factor | = r). Then a modified quadratic Stickelberger
element of Z[Gal(Q(¢,)/Q)] can be defined by

by= Y (—7’2;1}21—)({a}2—wr(a)2)o;1- (3)

a€(Z/rZ)*

We also define truncated Stickelberger element [6,] by

61] = > m(k,7)qo; ! (4)

0<q<kr—1+ [@—2_’%] (gr)=1



where m(k,r) is an integer depending on k and r. The truncated sum-element [

can be also defined by

[6o] = Z n(k, 9, r)ojl'l. (5)

0<q<kr—1+ [6)%’“{5] (g,r)=1

where n(k, d,r) is an integer depending on k,§ and r.

Since the ideal class group CI(Z[(;]) is finite, 6, [61] and [6,) all act on this group.
Let P, be the prime ideal of Z[(;] over (p) with the property that the reduction of x
modulo P, is the -1 power of the identity character (Z/pZ)* — F;.

Let X, be an integral model of the modular curve X;(p) and I = (Z/pZ)*/{£1}
be the group acting on X, faithfully. Let H be a subgroup of I" of index r, we let
Xy be the quotient X;/H and let u : X; — Xy be the quotient map. The special
fiber of X; over p has two irreducible components. The unramified component D} is
distinguished from the other component by the fact that D!  intersects the cuspidal

section oo.

Theorem 0.4 Suppose A C Z[(;] is an ideal with ideal class 0y - [Py,) — [61] - [Pxo) —
[60] - [Pxo)- Then we have

X7 (X, (e (R (RO DNH) = Z[G "0 @ 2

as Z[(,]-modules.

Theorem 0.5 Assuming the same terms as in the preceding theorem, for § > 2 +r,
S2k,6(F1(P)aP_6kZ[Cr])x ~Z[¢]" 0 o

as Z[(]-modules.



This extends the corresponding theorem of [CPT1] to higher weight cusp forms.



CHAPTER 1

Definitions and Preliminaries

This chapter contains basic definitions and facts of tame covers of schemes, modular

forms, Tate curves and moduli schemes of elliptic curves.

1.1 Tame covers of schemes

Let us recall the definition from [C].

Definition 1.1 Let Y be a normal scheme of finite type over R and let D be a closed
subset of Y which is of codimension at least one. A morphism f: X — Y is tamely

ramified covering of Y relative to D if the followings hold:
a. f is finite,
b. f is etale over Y — D,

. Every irreducible component of X dominates an irreducible component of Y.

(el

d. X is normal,

. Let y on D have codimension one in Y and let = be a point of X over y, then

[¢]

Ox /Oy, is tamely ramified extension of DVR’s.



Definition 1.2 Let f: X — Y and D be as in the previous definition and let G be a
finite group. Then f: X — Y is tame G-cover relative to Dif X x (Y —=D)—» Y —D

is a G-torsor when G is regarded as a constant group scheme over Y — D.

Definition 1.3 The G-action on X is called tame if for every closed point z € X,
order of inertia subgroup I, C G is relatively prime to the charactetistic of the residue

field k(z).

Definition 1.4 Let f : X — Y be a tame G-cover. A quasi-coherent Ox-G-module
F is quasi-coherent Ox-module having an action G which is compatible with the
action of G on Ox. i.e. suppose x € X, g € G and let 29 be the image of x under
g. The action of g on Ox and F gives homomorphism of stalks Ox ;s — Ox . and
Fyo — F; both of these homomorphism is denoted by ¢, and ¢(am) = ¢(a)¢p(m) for

alla € Ox s and m € Fis.

1.2 Modular Forms and Diamond Operators

Definition 1.5 Let k be an integer. We say a function f is modular of weight 2k if

it is meromorphic on the upper half plane and oo also satisfying following condition

f(zj:;)) = (cz + d)* f(2) (L1)

a b
for all € SLy(Z).
c d

Definition 1.6 A modular function is called as modular form if it is holomorphic

everywhere including oo.

Definition 1.7 A modular form is called as cusp form if it is zero at oo.



A modular form of weight 2k can also be written as a series,

f(2) =) ang" (1.2)

n=0

27iz

where ¢ = e“™* and verifies the identity

f(1/z) = 2%f(2) (1.3)

So, ap = 0 when f is a cusp form.
Let $ denote upper half plane {z € C|3z > 0} on which we have SLy(Z) action

as follows:

a b az+b
z= .
d cz+d

(1.4)
C

When we extend the upper half plane by adding cusps P}(Q)(= QU{oo}) to H* we
can extend this action on cusps using the same fractional transformation. We have

two subgroups of SL;y(Z), namely I'g(N) and I'y (V) defined as:

To(N) :={ @b € SLy(Z)] ¢=0 mod N} (1.5)

a b
T(N) :={ € SLy(Z)] ¢=0 mod N, a=d=1 mod N} (1.6)
c d

One can easily see that I'; (V) is a normal subgroup of I'¢(/N) and when we take the

quotient we get,

Fo(N)/TW(N) = (Z/NZ)" (1.7)



—d (1.8)

We can define space of modular forms (cusp forms) of weight 2k and level N by

a b
restricting to I'; (V) and we can denote it by Mo (I'1(N)) (S (T1(N))).
c d

There is a I'o(N) action on Sor(I'}(N)) by

a b ok, @2+ b
. f=(cz +d) zf(m) (1.9)

Since the action of I'y(N) is trivial, we can define an action of (Z/NZ)* using the

isomorphism 1.7 as follows:

<d> f:= @b f (1.10)

c d

This operator < d > is called as Diamond Operator.

1.3 Tate Curves

Let R be a noetherian local ring which is complete with respect to ideal gR. The
Tate curve E, proper smooth scheme over R[g~!] defined (as in [CSS]) by following

equation on an affine chart 2 # 0:

y2 + zy = 2° + a4(q)z + as(q) (1.11)

where
o0

n3q® (5n3 + Tn®)¢" .
(q) = — E B L 1.12)
1— qna ab(q) et 12(1 _ qn) ( )

as(q) = =5 Z
n=1

10



The following series gives us parametrization of the curve.

oo

JI(U) Z (1 — uqn)2 Z (1 — 11)2 (113)
y(u) = ; (l(fqu;n)a + ; (1 _qqn)2 (1.14)

They induce homomorphism
(z(u),y(w)) fudgq®;

o, ifueq®,
This map is bijective when R is a complete discrete valuation ring.

Rlg™'1"/q* = Eo(Rlg™"]), u

1.4 Coarse Moduli Scheme of Elliptic Curves

A moduli problem is roughly given by two ingredients. First, a class of objects
together with a notion of being family of such objects over a scheme B. Second, an
equivalence relation ~ on the set of S(B) of all such families over B. We can define
a moduli functor F from the category of schemes to that of sets by F(B) = S(B)/ ~
for our moduli problem. The functor F is representable if there is a scheme 9 and
isomorphism 1 between F' and the functor Mor(e,91). If that is the case, then we
say that 9 is fine moduli spcheme for the moduli problem F. When a fine moduli
exists, every family over B is the pullback of universal family € via a unique map
of B to 9. This allows us to translate information about the geometry of families
of our moduli problem to information about geometry of the moduli space M itself.

Unfortunately, most of the time it is not possible to have a fine moduli scheme.

Definition 1.8 A scheme 9t and a natural transformation gy from the functor F to

the functor of points Mor(e, M) of M is a coarse moduli scheme for the functor F if
i. The map Yspecr) : F(Spec(F)) — M(F) is a bijection for every algebraically

11



closed field F.

ii. Given another scheme 9 and a natural transformation gy from F to
Mor(e,9'), there is a unique morphism ¢ : 9t — 9’ such that the associ-

ated transformation ® : Mor(e, M) — Mor(e, M’) satisfies Yoy = ® o Yon

Often the moduli functor is represented by a more general type of object, a moduli
stack. In our case, we will use the moduli stack 9Mr, ) that classifies triples (E, C,~)
where E — S is a generalized elliptic curve i.e. n-gons are allowed (see [DR], or
[CES]), C a locally free rank p subgroup of the smooth locus E*™ and v : (Z/pZ)s —
CP a “generator” (in the sense of [KM, Ch. 1]) of the Cartier dual of C; we require
that C intersects every irreducible component of every geometric fiber of £ — S.
(Notice that a group scheme embedding p, — E®™ gives data C and v; in fact, if p is
invertible on S, giving C together with v as above exactly amounts to giving a group
scheme embedding p, < E®™.) We denote by X; = X(p) the corresponding coarse

moduli scheme over Spec (Z). The group (Z/pZ)* acts on My, (,) via

(amodp) - (E,C,v) = (E,C,yoa™"). (1.15)

(When p is invertible, this action sends the corresponding j : p, — E®*™ to the
composition j o (z — 2%) : p, < E®™.) This produces a faithful I' = (Z/pZ)*/{£1}-
action on X;. When H is a subgroup of I' we let Xy be the quotient X,/H, and
set Xo = Xr. The singularity structure of Xy is explicitly given in [CES] depending
on the order of H. When they analyze non-regular points they use deformation
theory. In our case we used it as follows: Let R, be the formal deformation ring of
the point s = (E,Z/pZ C E,0) in the moduli stack Mr, ;). Then R, supports an

action of Aut(E) x (Z/pZ)* . Let H' be the inverse image of H under the surjection

12



(Z/pZ)* — T, and let s’ be the image of s on Xy. The completion of the local ring is
Oxpogws = (Re)A*H (1.16)

as ring with G = (Z/pZ)* /H'-action. It tells us that we can get the deformation of
coarse moduli scheme X,/H from the deformation of the moduli stack Mr, (). As it
is mentioned in [CES], checking the regularity along the cusps can be done by using
the Tate curve. We will have similar calculations using the Tate curve, therefore it
is better to mention here what is the place of the Tate Curve in the Moduli scheme.
The Tate curve G,,/q% over Spec(Z[g]]) together with the embedding p, C Gr/q?
(see [DR, VII]) gives a morphism 7 : Spec (Z[[g]]) — Xg. We call the support of the
corresponding section Spec (Z) — Spec (Z{[g]]) — Xy the oo cusp. Over C, provided
we trivialize u,(C) via ¢, = e*™/P, this corresponds to the "usual” oo cusp and the
parameter ¢ to €?™* with z in the upper half plane $. The morphism 7 identifies

Spec (Z|[q]]) with the formal completion of Xy along oo.

13



CHAPTER 2

Coarse Moduli Schemes X{,X; and
XH

We will assume that p = 1 mod 24, and hence using the genus formula [pg.23, Sh],
g=14+—=—--—=—-—=— - (2.1)

where 4 = p+ 1 and v, = v3 = Vo, = 2, then we have g of (Xo)c is (p — 13)/12. The
following theorem is deduced from the works of Deligne and Rapoport [DR], Katz
and Mazur [KM] and Conrad, Edixhoven and Stein in [CES] by Chinburg, Pappas

and Taylor and available in [CPT1]. We directly barrow from them.

Theorem 2.1

a. The scheme Xy — Spec(Z) is a flat projective curve, Xy is normal Cohen-
Macaulay and Xy[1/p] — Spec(Z[1/p]) is smooth ( where Xy[1/p] = Xu ®z
Z[1/p]). The special fiber of Xy over p has two irreducible components DX and
DY distinguished by the fact that D intersects the cuspidal section oo; these

have multiplicities 1 and (p — 1)/(2 - # H) respectively.

b. The scheme Xy has at most two non-regular points which are rational singu-

14



ii.

larities and lie on D — (D N D). Their exact number depends on #H
mod 6: In particular, if 6 divides #H then there are no such points and Xy is
regular. In particular, when H = {1} there are two non-regular points on X;.
There is a morphism b : X] — X, which is a rational resolution of those two
singular points and a morphism ¢ : X] — &) which is a sequence of blow-downs
of exceptional curves such that &) is regular and all the geometric fibers of
X} — Spec(Z) are integral. Let U = X; — él} C X;. Then U — Spec(Z) is
smooth, b and ¢ are isomorphisms on b=1(U) and X, — ¢(b=!(U)) has dimension

0.

. The special fiber of Xy over p is reduced with simple normal crossings. Each

of the two irreducible components D,,, = DI and Dy = D[ are isomorphic to

Pp and Dy~ Do = go+ 1= (p—1)/12.
Assume that 6 divides the order #H.

The morphism 7y : Xy — X, is a tame G = I'/H cover of regular projective

curves and my[1/p] : Xy[1/p] — Xo[1/p] is a G-torsor.

The morphism 7y is totally ramified over the generic point of Dy, and unrami-
fied over the generic point of Dy,. The irreducible components D{f and DX of
Xy ®zF, are the (reduced) inverse images of Dy and Dy, under 74 The char-
acter xpx giving the action of G on the cotangent space of the codimension 1
generic point of Df equals w™2#H where w : (Z/pZ)* — F; is the Teichmuller

(identity) character.

Proof:  Check Theorem 4.2 and Theorem 4.3 in [CPT1].

15



CHAPTER 3

Lattices of cusp forms

If R is a subring of C we will denote by Sor(I'y(p), R) the R-module of cusp forms
F(z) = Y ,5, an€®™"* of weight 2k for the congruence subgroup I';(p) C PSLy(Z)
whose Fourier coefficients a, belong to R. (These are the Fourier coefficients “at
the cusp 00”). For simplicity, we will also denote “twisted modular forms” by

an .
— where a, in

pék

Sars(T1(p), p %% R) when its Fourier coefficients are in this form

R. Particularly, if § = 0, we assume Sa o(T'1(p), R) = Sax(T'1(p), R).

Proposition 3.1 There are I'-equivariant isomorphisms
Sa6(T1(p), p™%*Z) ~ HO( X1, w§r 7 (k6D,)) (3.1)

where the I-action on Sy s(I'1(p),p%*Z) is via the diamond operators and
wx,/z(0Dg,) denotes the twisted canonical (dualizing) sheaf of X; — Spec (Z) along
the divisor § D}, O

PROOF. Let G(q) = %q" € Sors(T1(p),p~*Z) with ¢ = €™ and consider
n>1

G(q)(dq/q)®* as a regular differential over Spec (Z[[g]]). A standard argument using
the Kodaira-Spencer map shows that G(q)(dg/q)®* extends to a regular differential
over X;[1/p] (cf. [Ma, II §4]). This extension must also be regular in an open

neighborhood of the section at co. Hence there is an open subset U’ of the set U C X,

16



defined in Theorem 2.1 (b) such that G(q)(dq/q)®* is regular on U’ and U — U’ is a

finite set of closed points. We obtain an injective I-equivariant homomorphism
@ : Sy s(T1(p), p%Z) — H(U', w3l 5 (kDY) (3.2)
The equalities,
HO(U, wU,/Z(IaSDl ) = HO(Xl,wM/Z(kéDl ) = HO(Xl,wX /Z(kJD' ), (3.3)

follow from the fact that b : X{ — X, and ¢ : X] — &) are rational morphisms
which are isomorphisms on b~ (U’) and that A; — ¢(b~!(U’)) has codimension 2 in
X} and the following lemma, which proves that 0’th cohomology of the k’th power
of the dualizing sheaf is preserved under blow-up of two singular points on X, and
blow-down of a —1 curve. The surjectivity of ® follows from pulling back elements
of H(X,,w /Z(MSD‘ )) via 7 : Spec (Z[[g]]) — U and using the Kodaira-Spencer
isomorphism.

We keep the same notation as in Theorem 2.1.

Lemma 3.1 Let X, EN X, be the blow-up of the surface X, at some point Q. Let

wg, (6DY) and wx, (8Dg,) be the twisted dualizing sheaves respectively. Then,
HO()Z],wﬁgf(de;o)) = H(X,,w$* (k6 DY) (3.4)

PROOF. Asit is explained in [pg.380, CES], X, has two singular points corresponding
to j = 0 and j = 1728 which we call them Qg and Qp respectively. When we blow-up
Qg we get one exceptional curve E such that E? = —2. Similarly, when we blow-up
Qr we get another exceptional curve F such that F2 = —3. Both of these curves are

isomorphic to P!.

17



CASE 1. (j =0) and (j = 1728)

Since we will follow the same routine, we consider both cases together. First, we
will show that Qg and Qp are rational singularities in the sense of Artin [pg.268, Ar]:
Recall that the point Q is a rational singularity if the stalk of R! f+Ox, at Q is zero
for every desingularization X, L x 1- We will show that every singular point Q with
multiplicity « (i.e. when Q is blown-up we get an exceptional curve C, isomorphic to
P!, whose self intersection is —a < —1) is a rational singularity.

Let Fi = limH*(Cy, Oc,) where C,, is closed subscheme of X, defined by I and
7 is the ideal sheaf of the exceptional curve C.

We have,

0—I"/T"*"' - Oc,,, — Oc, =0 (3.5)

We also know that Z/Z2 ~ O¢(a) then I%/I"*! ~ SY(Z/I?) ~ O¢(an).
Since C is just P!, H(C,Oc¢(an)) = 0 for i > 0 and n > 0. By writing the long

exact sequence, we will get the following for ¢ > 0
H(C,Oc,,,) = H(C,Oc,). (3.6)

When n = 1, O¢, = Oc, therefore H(C,Oc,) = 0 for i > 0. So, Fi=0fori>0.
Since it is supported just at Q, F* = 0 for i > 0. So, when we take o = 2 and a = 3
we prove that Qg and QF are rational singularities respectively. If the point Q with
multiplicity o > 1 is a rational singularity, then wy = f*wx, by proposition 5.1 in

[Ar].

Remark 3.2 Since Qg is a double point singularity, the canonical sheaf of the X,
is locally around Qg a line bundle and we could get the equality wy = f*wx, by a
calculation which uses the adjunction formula. However, it is not true for the point

Qr; the canonical sheaf of X, is no longer a line bundle in a neighborhood of Q.

18



We need to show that
HO(Xy, f*(w@H (k6DL,))) = HO(X, w(kSDL). (3.7)
Using the projection formula, we get

R f.(f* (w3 (kdDy.))) =~ w§i(kdDy) ® R f.O. (3.8)

1

By taking 7 = 0, we get
RO f.(f*(wR; (k6 Dg,))) =~ wii (k6 Dg,) (3.9)

because, Ox, = f.Oyx, which simply follows from the fact that X, is normal and f is

birational. Now, using the Leray spectral sequence,
H'(Xy, R fu(f*(wRr(k6DL.)))) = H (X,, f*(wSE(kODL,))) (3.10)

and by choosing i = j = 0 we get the desired result.

CASE 2. (j #0,1728)
Let X, ERD'e 1 be the blow-up of the surface X; at a regular point Q. We have an

exact sequence

0— Og, — Ox,(kE) — Okg(kE) — 0. (3.11)

By tensoring the sequence by f* (wﬁ’f (kéD.,)), we obtain an exact sequence

0 — f* (W (k6Dy,)) ® Ox, — f*(wk,(kdDy,)) ® O, (kE) —

- fr (W (kD)) ® Oxp(kE) - 0 (3.12)
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Since

wx,(8Dg) = f*(wx,(8Dg,))(E) (3.13)

we have

W (k6DL) = f* (WP (kSDL))(KE) . (3.14)
By restricting to kE we get
W (kODY) ke =~ f* (wFi (k6DY,)) (KE) ke = Ok (kE) (3.15)
Let’s try to show that HO(F, Oxg(kE)) is trivial. We have
0 I"Y/IF = Og, /TF - O /TF' -0 (3.16)

where Z is the ideal sheaf of E. After twisting the sequence by the divisor (kE) and
since E is just P!, I!71/I' =~ Og(l) therefore degree in the each summand becomes
negative. By induction on k we obtain, H(X,, Oxg(kE)) is trivial.

Using the above calculation on the following cohomology long exact sequence,

0 — H(Xi, /(R (kD)) — HO(Xi, w3 (k0D)) — HO(E, Ok (kE)) = -
(3.17)
We conclude, HO(Xl,f‘(wﬁ?':(kéD},o))) ~ HO()ZI,w%f(kJD;O)). Now, the only thing
that we need to show is that, HO(X;, f*(w$¥ (k6 DL,))) ~ HO(X1,w$ (k6 DL.)).

Again, using the Projection Formula,
R f.(f" (WS (kDL,))) ~ wii(kdDg,) ® R f.Ox, . (3.18)

The standard argument from Hartshorne (pg. 387, Prop.3.4) gives R f:Ox, =0
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if i >0, and R° f.Oyx, = Ox, for i = 0. Now, using the Leray spectral sequence,
H(Xy, R f(f* (Wi (k8D,)))) = HH (X, f*(wi(k8DL,))) (3.19)

and by choosing i = j = 0 we get the desired result.

Proposition 3.1 gives us explicit relation between R-module of the “twisted” cusp
forms of weight 2k and the global sections of the k’th power of the dualizing sheaf.
If we follow the same argument as in the proof of the proposition, we can get the

similar relation for cusp forms. This is given in the following:

Corollary 3.3 There are I'-equivariant isomorphisms

Sor(T1(p), Z) ~ HO(XU W}g(f/z)- (3.20)
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CHAPTER 4

Galois structure of modular forms

Let’s start this section by defining the module of the “twisted” modular forms of
weight 2k on Xy which will be called as Sa. s(T'y(p),p~%Z). We can define it as

follows:

Soks(Cr(p),p~**Z) := Sa 5(T1(p), p~%*2)"

We will try to calculate it here. Let u: X, — Xy be the quotient morphism. Since

p is a finite morphism, Ry, = 0 for j > 0. Now, using the Leray spectral sequence,
H'(Xa, R p(w§ (kD)) = H™* (Xy, w§i (k6 DL,)) (4.1)

for i = 0,5 = 0 we get:
HO (X, pw@E(kSDY)) = HO(Xy, w§ (kD). (4.2)

Therefore

Saks(Tu(p), p~%*2Z) = H(X,, W?f(kéDéo))H (4.3)
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and

HO(X1, w (k0 D))" = HO(X i, pu(wiy (k6D ))) ™ =

~ H (X, (e (W (R6Dg,)))"). (4.4)

Since p*(wx, (6DH)) and wx, (6DL,) are line bundles, one of them can be written

as a twist of the other. This twist is supported along the ramification locus since the

line bundles are isomorphic on the complement of the ramification locus. Now we can

write

wix,(0D5) = ™ (wx, (6Dgg)) (R')

(4.5)

where R! is supported on the ramification locus. Also, when p = 1 mod 24 then the

ramification locus of the map 7 : X; — Xy is D}, j = 0 and j = 1728. Their rami-

fication degrees are %‘rl, 2 and 3 respectively. A local calculation like in [pg.74 Ma],

shows that R! = (&2)D} +{j = 0}1 +2{j = 1728}1 where {j = 0}1 and {j = 1728}l

are closure of the generic point of each lines j = 0 and j = 1728 on X;. When we

take the k-th power of the sheaves we get
WEH(kSDL,) = p* (WS (kSDH))(kR') .

oo

After taking the H-invariants, we obtain
(WEF(RD)) ™ = (u* (wE (k6 DL)(KR))™ .
We know that

(W, (k6DL))" = (wg}, (k6D) ®oy,, Ox,)"

H
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(W5 (k6DZ) oy, Ox,)" = wij (k6DE) ®oy,, OX, = iy (6DE) . (4.9)

Therefore,
(e (W (RSDL)))Y =~ wE (k6DE) B0y, (1.0, (kRN (4.10)

Notice that Ox, (kR!) is allowing poles of at most order k times along ml, at
most 2k along m and k(2=1=%) along D}. The group H acts on the sheaf.
By writing the sheaf as a direct sum of the eigenspaces with respect to the different
characters of H we can see that it is a direct sum of an invertible sheaf and its
powers. When we take H-invariants, only the powers that correspond to multiples of
ramification degree remain. This happens when 2, 3, or ‘% divides k. Therefore, we

can write explicitly,

where [t] means the rational number ¢ is rounded to the next smaller integer number.

Thus,

(14 (W35 (kDo)

o ot [25255 f=or  [2] =)

(4.12)

Now, we will state a key proposition that allows us to understand how we can
relate the lattice of modular forms and CI(Z[¢,]). This is based on results of [Ri] (see

[CPT1)).
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Proposition 4.1 Let x : I' — Z[{;]* be a 1-dimensional character of prime order
r > 5 with kernel H. Let G = I'/H and suppose M is a finitely generated torsion-free
Z|G}-module. Define MX to be the Z[¢,]-module (M ® Z[(,]x~')C.

a. There is a unique homomorphism €, : Go(Z[G]) — CI(Z[(,]) such that for all M
as above, either MX = {0} and ¢, (([M]) = 0 or M* is isomorphic to Z[¢;]* P U

for some integer s > 0 and a Z|(;]-ideal U in the ideal class €] ([M]).

b. There is a unique isomorphism t, : Ko(Z[G]) — Z@ CI(Z[¢;]) such that
t ([P]) = (rankgc)(P),ex([P])) if P is a projective Z[G]-module, where [P]
is the image of P in C}(Z[G!) and e, : CI(Z[G]) — CNZ[{;]) is the unique

homomorphism such that e,([P]) = e (f([P])) for all projective P, where
f: Ko(Z[G)) — Go(Z|G])) is the forgetful homomorphism.



CHAPTER 5

Proof of Main Theorem

We now compute the image of X7 (X g, (s (w$* (k6 DL,)))#) under the injective homo-
morphism © = 63 : CI(Z[G]) — Cz(G,3), which is defined in [CPT1], by applying
their main result and using the isomorphism (4.11). This result allows us to calculate
the equivariant Euler characteristic of a sheaf if there is a tame cover and if the sheaf
can be written as a pullback from the quotient. In our case, let 7y : Xy — X be our
cover. Since the index of H in I is the prime r > 5, the order of H is divisible by 6.
By Theorem (2.1) 7y is ramified only at the fiber over p. By (4.11) we already get the
sheaf (p,(w$F(k6DL,)))" in terms of w$* (k6DH) twisted by a certain divisor. Also,
wXH(kéD" ) can be written as pull back of the sheaf w§*(k6Dw) with some twist.
Therefore, (p.(wg(k6DL)))H can be written as pull back of the sheaf ka(kéD )
with some twist. Let’s try to see the relation between them.

Making the similar local calculations in [pg.74 Ma], we can say
wir (kdDZ) = nhw§h(k6 DL + k(r — 1)D§).

And hence,
(1o (Wi (RO D)) = mhwi (k6 DZL, + R + nDg). {5.1)

Here, we denote by R the divisor [%] {; = 0} 0} + [Z]){j= 1728} on Xy , which
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can be identified as pull back of the divisor R® = [g] {7 =0} + [%] {j = 1728} on

Xo. We also note = k(r — 1) + [k(”(;—:frl]

We have this fundamental sequence ;
0 — Ox, (—nDf) — Ox,, — O,pp — 0 (5.2)
and tensoring by 75w%s(k6DH + RY + nD§') we get,

0 — mhwis (k6DE+RY) — nhwi (k6 DE+ R+ Df') — nhwie (k6 DXL+ R +nD{l )|, py — 0.
(5.3)

Since (p. (g (kD))" ~ rhwik (k6D + RH +nDY), then our sequence becomes,
0 — mhwe (k6DY, + R7) — (u (W (kSDL)))" - C — 0 (5.4)

where C = 7}, (wy(k6DE + R +nD{))|,px is also supported on D{'.
The sequence implies the following relation between equivariant Euler character-

istics,
X7 (Xa, (e (WZT (ROD)))™) = X7 (X, mwy (kDL + R)) + X" (Xu,C)  (5.5)

On the right hand side, the first equivariant Euler characteristic will be calculated
easily using the main theorem of [CPT1], and the second one will be calculated using
the adjunction formula as follows:

We have the following exact sequence ;
0—I"YI"— Ox,/I"—> Ox, /" -0 (5.6)
where [ is the ideal sheaf of D, By induction on 7 and tensoring each sequence by
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n},w%‘( k6 DH + RM) we get the following sum for the equivariant Euler characteristic

of C

-1
X" (Xu,C) = )X (Xu, [rhw§s (k6D + RT) & (F/ )] | pg). (5.7)

3

Q
Il
(=]

Let us denote by NY,, the conormal bundle of D§. Then (5.7) gives

-1
x"(Xu,C) = WKLYP(XH, [rhwgs (kDY + R™) ® (Nz’,&,&')]ng). (5.8)

q=0
Let us revisit the calculation of the Euler characteristic X (Xy,C). Since the
group G acts trivially on D, the Euler characteristic X (X, C) is just the numerical
Euler characteristic times the class of the character of [xo] of the group G. Here the
class of a character [xo] is defined as follows: As we know [xo] is & homomorphism
from G to field Q. We can extend this homomorphism to Z[G] the kernel of this
homomorphisin, which is an ideal in Z{G] gives a class in CI(Z[G]). This class is
referred as a class of a character. The numerical Euler characteristic of the sheaf
mhwSe(kéDE + RH) ® (Nl‘;(;,@q)” py on D for any ¢ can be calculated by using

Riemann-Roch. We obtain

X (Xu, [rhwia(k6DY + RT) ® (Npu®)]lpy) =

= deg(mw§s(k6DE + R) ® (N3 ™)py) +1 - 9(Xn) (5.9)

where degree of the sheaf in the formula above can be calculated by adjunction for-
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mula: we get,

deg(myw3E(k6DE + RM) @ (Nyjy®) | og) =

_ k=1, Kr-1E-1)
B g T 12r *
kré(p — 1) k 2k (p-1)
+—13 +([2]+[3])r 4N (5.10)
So, we can write the Euler characteristic as,
n—1
X" (Xu,C) =Y (m(k,r)g +n(k,8,7))[x] (5.11)
q=0
for integers
_ =D
m(k,7) = —n 73 (5.12)
and
_ _kr(p-1) k(r—1)(p—1) kré(p—1) k 2k
n(k,d,r) = —5 + 2k o +— +( 5113 ) (5.13)

depending on k,§ and r.

Now let’s turn to the calculation of X*(Xy, njw$*(k6DX + RM)). Since we will
use the main result of [CPT1] for this calculatioxi, it is better to recall the theorem.
For the convenience of the reader we will report the main theorem and some of the

arguments for our calculation from [CPT1].

5.0.1 Main Theorem of [CPT1]

Let R be the ring of integers of a number field K. Let 7 : X — Y be a G-cover,
which is tame, i.e. for every closed point £ € X, order of inertia subgroup I, C G
is relatively prime to the charactetistic of the residue field k(z), and also domestic,

i.e the residue field characteristic of each point of Y which ramifiesin 7: X — Y is
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relatively prime to the order of the group G. Denote by S the finite set of rational
primes such that the cover 7 : X — Y is only ramified at points above S. By our
assumption assumption, p € S implies p /#G. Denote by Sk the set of places of K
that lie above S. Suppose G is a locally free coherent Oy-sheaf on Y and consider

the G-sheaf F = 7*G on X. Consider the injective homomorphism
© = B4, : CI(R|G]) = Pic(R[G]) — Cgr(G;d + 2)

where Cr(G; d+2) is the isomophism classes of the objects which has cubic structure.
For a finite place v of K, we denote by w, a uniformizer of the completion R, and fix
an algebraic closure K, of its fraction field K,,. Also any finite idele (a,), € A} |G+
gives the element (N,(R,[G%"%a, N K[G%+?]),1) of Cr(G;d + 2). Now let v € Sk
(then (v, #G) = 1) and denote by R/, the complete discrete valuation ring R, C K,
obtained by adjoining to R, a primitive root of unity of order equal to #G. Then
w, is also a uniformizer for R;.Let us consider the cover 7, : X @z R, = Y g R,
obtained from 7 by base change. Since R, has residue field characteristic prime to

#G and contains a primitive #G-th root of unity. There is an isomorphism
K,[G™?* & Homgyk,/k.) (Ch(G?),, K;) (5.14)

given by evaluating characters of G4*2. Also if ¢ = ¢; ® - - - ® ¢a42 is & character of
G2 given by a d+ 2-tuple (¢;); of 1-dimensional K,-valued characters of G, we have
OP(¢) = (¢1 — 1) - - - (¢as2 — 1) € Ch(G4*?),. The function T, g defined on R-valued
characters is defined in [CPT1] by an explicit formula and its definition implies that,

for all o € Gal(K,/K,) and ¢ € Ch(G),, we have

Tv,G (d’) = Tv.g (wa)'
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Hence, the map ¢ — wy @) gives a function in Homg,(k,/k.,)(Ch(G*?),, K3).

Theorem 5.1 With the above assumptions and notations,
0(2- X" (X, F)) = (Nu(R[G**?]A, N K[G**?]), 1),

where (A\,), € A is the (unique) finite idele which is such that

},K[Gd+2]

1, ifvd Sk ;
B(A) = (5.15)

—2. D
wy T OO ity e Sk

for all K,-valued characters ¢ of G¢+2.

If the “usual” Euler characteristic x(Y,G) = >_,(—1)'rankg[H'(Y, G)] is even, then
we can eliminate both occurrences of the factor 2 from the statement: ©(xF(X, F))
is then given by the idele ()\,), with ¢()\)) = 1if v € Sk, ¢(\)) = wy wo(O°0) ¢
v € Sk. O

The field Q, already contains a primitive p — 1-st root of unity. Hence, we may

take R, = Z,. We find that O(x" ( Xy, mw$r (kdDE + RM))) € Cz(G;3) is given

0

by the idele (b,), € A} gy Which is 1 at all places v # (p) and is such that
(x ® ¢ ® ¥) (b)) = p~TX"NE=-NE-1) (5.16)

with T : Ch(G), — Q the function associated to the cover Xy ®z Z, — X ®z Z,
in the main theorem . For a € Z/rZ let {a} be the unique integer in the range

0 < {a} < r having residue class a. Using the eqn (3.15) in {CPT1}, T becomes

+(1—2k(1 + 6))M;ZD°)

T(¥) =

p— 1 . (_g(l/"v D0)2
12 2

) (1= 2k(1 +6))g(, Dy)
(5.17)
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—e-1. (_%‘;}; —Q —2k(1+6))%) ra-2k e (s1g)

where ¥ = x5, X0 = W% and w (Z/pZ)* — Zj is the Teichmuller character.

For a € Z/rZ define w,(a) = 0 if a = 0, and otherwise let w.(a) € Z, C Z be the
Teichmuller character associated to r. Define
p—1 (w(a)?

i) = -2 (zﬂ ) and T2(¢)=(1-—2k(1+5)){ir}1 (5.19)

where ¥ = x;® as above. We extend 9 — T;(¢) to a function on the character ring
Ch(G), by additivity. Since p = 1 mod 24 and r|;2, we can define 8 = (3,), with

24
8, € Z ®z Z,[C]* by

1, if v # (p);
Y(By) = (5.20)
p—T(¢r)+Tx W+T(¥) - if ¢ = (p).

Since CI(Z[G]) is a torsion group, 8 defines a unique class [3] in CI(Z[G]).
We now show

X" (Xu, mhwis (kDX + R™)) = [4]. (5.21)

Define D = (8] — X" (Xg, nhwi: (k6D + RM)), and let R=Zifi=1and R=Z
if i = 2. From (5.19) one has rT;(¢) € R and rT;(¢)) = a mod rR. It follows that for
all triples (x, ¢, %) elements of Ch(G),, Ti(x¢¥ — x¢ — ¥ — x¥ +x + o+ — 1) lies
in R. Hence there are elements a; = (ai)y € [], gpie (R ®z Qu[G?]*) for which

L if v # (p);
(x®¢®v)(ai,) = (5.22)
pTa(xW—ch—w'—xw+x+¢+w—1), if v = (p).
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We now conclude from (5.16), (5.17) and (5.20) that
1® G(D) =c) +C (523)

in Z ®z Cz(G; 3), where ¢; is the class associated to the element a;.
Let us first show

Cyp = 0. (524)

For this it will suffice to show that there is a cubic element A € Q[G*]* such that \a,

is a unit idele of Q[G®]. Fix a primitive p-th root of unity ¢, € Q’, and let

)= Y v
JjeZ/p)*
be the usual Gauss sum associated to ¥. Let 7 be the unique extension of the

map ¥ — 7(¢) to a homomorphism from Rg to Q. We let 7® be the element of
Hom(Rgs, Q) which sends (x, ¢,) to

(XY —xb— Y —x¥+x+od+v—1)

From the behavior of Gauss sums under automorphisms of Q, and the factorization of
the ideals they generate (c.f. [La, §IV.3)), it follows that 7 is Gal(Q/Q)-equivariant,
and corresponds to an element A € Q[G®]* of the required kind. This shows (5.24).
Turning now to ¢;, let o(s) be the automorphism of G which sends g € G to g* for
s € (Z/rz)*. By (CPT1) the action of Aut(G) on Z,[G]* corresponds to the action
of Aut(G) on f € Hom(Ch(G),, Q}) defined by (o(s)(f))(x) = f(a(s)7'(x)) = f(x°)
for x € Ch(G),. From the definition of the T} in (5.19) and the multiplicativity of
the Teichmuller character we have (o(s)T})(¥) = w.(s)*Ti(v). It follows that the
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element a(s) = o(s) — wr(s)? sends a; to the identity function, so
a(s)ap =0 (5.25)

Because © is Aut(G)-equivariant, we can now conclude from (5.23), (5.24) and
(5.25) that
1® (6(a(s)- D)) =0 in Z®zCz(G;3). (5.26)

If A — B is an injection of abelian groups, and A is finite, then A = Z®z A — Z®z B
is injective, as one sees by reducing to the case in which A — B is the inclusion

n~Z/Z — Q/Z for some n > 1. So (5.26) and the injectivity of © implies
a(s)-D =0 in Cl(Z[G)). (5.27)

Similarly, since r2Ty () is in Z, C Z and CI(Z[G)) is a torsion group, we see from the
injectivity of © that D is in the r-Sylow subgroup of CI(Z[G)).

We now use the fact that CI(Z[G]) is isomorphic to CI(Z[(;]). Define C; to be the
group of classes c¢ in the r-Sylow subgroup of CI(Q(¢,)) for which (o(s) —wr(s)?)(c) =
0 for all s € (Z/r)*. We have shown a; corresponds to a class in C,. By the
Spiegelungsatz (c.f. [Wa, Theorem 10.9]), C> = 0 if C_; = 0. Herbrand’s Theorem
([Wa, Thm. 6.17]) shows that if C_; # 0, then the Bernoulli number B,_(,_g) = B
is congruent to 0 mod rZ,. This is impossible since B; = é— and r > 5, so we have
shown 5.21.

To complete the proof of our theorem, we will find

—e, (X° (Xn, (ua(WEF(k6DL)))H)) after calculating —e, (X7 (Xu,C)) and adding

1

with our result 5.21. By choosing a suitable element of A = Gal(Q(¢)/Q) to apply,
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we can reduce to the case in which

X=Xo=w * . (5.28)

With these conventions from the definition of e, in Proposition 4.1 we have

—ey([xo]) = [Py] and hence

—ex([X8]) = [0.1(Py)), if (a,7) =1, e,([x§]) = O otherwise. (5.29)

So, when we apply —e, to X' (Xy,C) we will get;

n—-1

— ex(X"(Xn,C)) = D _(m(k,r)g +n(k,6,1))o;" - [Py] =
q=0
n—1 n—1
= Zm(k, r)g o7t - [Pyl + Zn(k, 8,7)o, " [Pyo] (5.30)
q=0 g=0

From the definition of all terms, we get the following equality,

—€x (YP(Xlﬁ (u*(wi%f(kéD;o)))H)) = 02'[77,(0] (1 - p;iik = 1) _01'[PXO]_[93]'[PX0]_[90]'[PXO]
where
6= > {a}o,' €Z[4], (5.31)
ae(Z/r)*
61] = >, m(k,r)qo, " (5.32)
0<q<kr—1+ [(;2_—"1’)] ,(g,r)=1
and
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— -1
[6o] = E n(k,d,r)o, " (5.33)
0<q<kr—1+ [(ffkﬁ] (g,r)=1
Again, by Stickelberger’s Theorem, 8, annihilates Cl(Z[(,]), so the proof is com-

plete.

5.0.2 Lower bound for ¢

In this part we try to find a lower bound on § that allows us to calculate the Galois
structure of lattice of twisted cusp forms explicitly. In our main calculation, we

calculated the equivariant Euler characteristic for any value of §, which is namely,

X7 (Xn, (1 (W (kD)) = [H(X iy, (s (W5 (kD))= [H (X1, pa(wy (k0D )))]
(5.34)
in Cl[Z(G)]. If we arrange so that the first cohomology group vanishes then, we
obtain a precise formula for the twisted cusp forms. Details are given in the following

corollary.

Corollary 5.1 There is §g such that for every & > &y, we have the following. Suppose
A C Z[¢,) is an ideal with ideal class 2 - [Py,] — [01] - [Pxo) — [00) - [Pxo)- Then,

Sk s(T1(P), ZGr))x = Z[G "™ o (5.35)

as Z|[¢,)-modules.

PROOF. With the notations of the theorem, recall that S s(T'1(p), p~**Z[(/]), is the
Z|[(,])-submodule of Sy 5(T'1(p), p~°¢Z[(,]) consisting of twisted cusp forms of weight

2k and of Nebentypus character x whose n’th Fourier coefficients at co are in the
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form of & where 7 in Z[¢,). Proposition 3.1 and its proof together with the fact that
formation of the canonical sheaf commutes with the base change Z — Z[(;] implies
that Saks(I'1(p), Z[¢r]) =~ Saks(T1(p), Z) ®z Z[(;]. Propositions 3.1 and ?? now give

an isomorphism of (torsion free) Z[¢,]-modules

Sak,s(T1(p), P Z[G])x = HO (X, (a (W (K6DL,))) ™)X,

The projective class x”(Xg, (1. (w3¥(k6DL)))") € Ko(Z[G]) has the property

1

that

FOF(Xn, (W (k6 Dg,))) ™)) =

= [H(Xn, (1 (w§y (k8 Dgo)))™)] = [H! (X, (e (i (kS Dg,))) )] (5.36)

1 1

where f : Ko(Z[G]) — Go(Z[G)) is the forgetful homomorphism. If P is a projective
Z[G]-module, then Q ®z P is a free Q[G]-module, so rankg(P) = rankz(P)/r.

Therefore, using Riemann-Roch we get

rankgg (X, (s (W3 (K6DL)))") — ranbg H! (X, (s (S (KEDL))Y) =

_ (26— 1)(i(Xu) - k(P(;i;)Q”)] + [g] + [%] (5.37)

where g(Xp) is the genus of Xy.
Because the generic fiber of Xy — Xy is étale of degree r, by the Hurwitz Theorem,

we can say (9(Xy) —1)/r = g(Xo) — 1 and we know that g(X,) = QITRQ hence,

FRSRCES VLN OEELS) I S

Let X7 (Xu, (ua(wF(k6DL)))") be the image of x¥(Xn, (. (w§F(k6DL)))") in
Cl(Z[G]). If we prove that H'(Xpy, (u.(w§F(k6DL)))") vanishes when § > & for
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some dg, we can easily conclude from (5.36) and 4.1 that there is an isomorphism of

Z[(;)-modules
Sars(T1(p), Z[G:])x = Z[G "X P u (5.39)

where 4 is a Z[(,]-ideal having ideal class —e, (X' (X4, (u,(w?f(kéD}n)))” ).
The only thing left is to prove first cohomology group is trivial when § > dq for

some &g. This is done in following lemma.
Lemma 5.1 H'(Xp, (1. (w$r(k6DL)))") is trivial when 6 > 8 for some &.

PROOF. If we can show that H' (X, (1. (w$r(k6DL,)))#)Y) is torsion free (which
is necessary condition for duality), then the result will follow by duality as follows:

HY (X, (e (W) (k6 Dg,))) ™) = Homz(H(Xr, (1 (R} (k6 Dgo)))™)¥), Z)  (5.40)

1

Here HO( Xy, (. (w$F(k6DL,)))#)Y) is trivial because of the degree of the sheaf is
negative.

To show that H!( Xy, (1. (wgr(k6DL,)))¥)V) is torsion free it is enough to check
that HO((X#)s, ((ps(w$F (k6DL,)))#)Y) it is trivial on each fiber A. If the fiber 8 # p,
then it is just P! and degree of the sheaf is negative implies result. Otherwise (8 = p),
we have two component namely, D and D one of them is totally ramified and the
other one is unramified. Let s be a global section of our sheaf, then its restriction to
DX is zero since DX is reduced. Let’s call W for the non-reduced component. So,
Wred = DI and

Ow=0ps ®NON® @ ... @ N®! (5.41)

where N = Ox, (—=D§)|py-

Recall the following equation,

(WS (REDINY ~ mhwit(k6DE + RY + nD{) (5.42)
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Therefore, s is given by r-tuple of sections s; of the sheaf
N®((1-k)Ky - D —k6DE . D —nDf - DF — R . D¥)

We know that
N®" = OXH(_TDg)ll)g’ = OXH(D£)|D(§'

then

deg(N®T) = Dg’ . Dfo = Lp%_l_)

which implies

p—1

deg(N) = -

We also know that
Ky (D +rDf)=0= Ky -DY = —rKy - D

Adjunction formula gives,

(Ku + D) - DY = 2gpn -2

and Hurwitz formula gives,

(r—1)(p-1)

2g9pn — 2 =7(29p,. — 2) + 1

both together imply that

Kn-Dfo=—Dfo~Dfo—2r+———(r~li;p—l)
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(5.45)

(5.46)

(5.47)

(5.48)

(5.49)

(5.50)



Also,

Dc’,’o-(D;’,+rD§)=0=>D°’1-Df°=—rD5’-Dfo=L(f‘?__l) (5.51)
So,
p—1) (r-1(p-1)
Ky pH =P — :
Dy 2 + 12 2r (5.52)
and
e (=1 (r=1)(p-1)
Ky -Dy = 3 195 +2 (5.53)
If we plug all these into the degree calculation of our sheaf we get;
ilp—1) ké(p—1) (p—1) (r=1(p-1)
12r 12 + (1= k) 12 12r T2+
kp—1-2r)] ,p—1 [k 2k
+[ (p-1) ](12r) 12 3
-1 ké(p—1 -1 -1 10k

- 12 12 12 12r 3

We want to find a lower bound to §, which guarantees that this term is negative, we

say

r(p1—2- 1) k(5(1;2— D 4 ok 1)(p1—21) N (plgrl) e % <0 (5.55)
522+%(r—1+%+(p2_41))—(pég)1) (5.56)

and remember that r > 3 and 24r divides p — 1, therefore r + 2 is going to be enough

for (50.
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