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ABSTRACT

TENSOR FACTORIZATION AND SPIN
CONSTRUCTION FOR KAC-MOODY
ALGEBRAS

By

Rajeev Walia

In this paper we discuss the “Factorization phenomenon” which occurs when a
representation of a Lie algebra is restricted to a subalgebra, and the result factors
into a tensor product of smaller representations of the subalgebra. We analyze this
phenomenon for symmetrizable Kac-Moody algebras (including finite-dimensional,
semi-simple Lie algebras). We present a few factorization results for a general em-
bedding of a symmetrizable Kac-Moody algebra into another and provide an algebraic
explanation for such a phenomenon using Spin construction. We also give some ap-
plication of these results for semi-simple finite dimensional Lic algebras.

We extend the notion of Spin functor from finite-dimensional to symmetrizable
Kac-Moody algebras, which requires a very delicate treatment. We introduce a cer-
tain category of orthogonal g-representations for which, surprisingly, the Spin func-
tor gives a g-representation in Bernstein-Gelfand-Gelfand category O. Also, for an
integrable representation Spin produces an integrable representation. We give the
formula for the character of Spin representation for the above category and work out

the factorization results for an embedding of a finite dimensional semi-simple Lie al-



gebra into its untwisted affine Lie algebra. Finally, we discuss classification of those

representations for which Spin is irreducible.
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Introduction

The factorization phenomenon occurs when a representation of a Lie algebra g is
restricted to a subalgebra g, and the result factors into a tensor product of g-
representations:

Vig=Wiglhe.

We will consider general embeddings of symmetrizable Kac-Moody algebras g C g.

This phenomenon has been widely studied when ¢ is an affine Lie algebra and
g its underlying finite-dimensional subalgebra; see [FL1],[FL2],[KMN],[HK],[Ka] and
[OSS]. In this case, Fourier and Littelinan [FL1] have shown that every irreducible
g-representation factors into a tensor product of infinitely many g-representations.
Their proof by character computations is essentially combinatorial. Our work aims
toward an algebraic framework in which factorization appears functorially and in a
more general context, treating finite and infinite dimensional Lie algebras simultane-
ously.

We define a large class of representations which exhibit tensor factorization. First
we give some motivation for this class in terms of the charaters of its representations.
For now, we consider embedding of one semi-simple finite dimensional Lie algebra
into another, but we will see later that the arguments also work for embeddings of
symmetrizable Kac-Moody algebras with some additional structure. We fix some

notation:

e g C g, an cubedding of semi-simple finite dimensional Lic algebras .



p = half sum of all positive roots of g.

e W = the Weyl group of g.

o Ay = D uew sign(w)e® ()| the skew synunetrizer of e# with respect to W.
e RT = the set of all positive roots of g.

e V() =irreducible representation with highest weight .

Vlg = restriction of a g-representation V to g.

Also, for an object a associated to g, we use a to denote the corresponding object for
g. For example, p denotes the half sum of all positive roots of g and V(5) denotes
the irreducible representation of g with highest weight p.

Consider the character of V(5). By Weyl denominator identity:

Ap=e? [J(1-e?)
a€lRt

and Weyl character formula:

A -
Char V(\) = ¥,
Ap

we obtain:

CharV(p) =’ [[ (1 +e7).
a€R
This multiplicative form of the charater of V() suggests that the g-representation

V (p) when restricted to g, might factor into tensor product of g-representations.
Now, without loss of generality we may assume that Cartan subalgebra of g is
contained in Cartan subalgebra of g and positive roots of g restrict to positive roots

of g. Then the restriction of the g-character €harV(p) to g will in fact factor as



follows:

Qibar(V(ﬁ)lg) = ((:/’ H (1+(3‘”l)) e(f’l—ﬁ) n (1+e—01)

aER a€R\R
= Char V() Pl=p) T (14e2b)
a€R\R

where | denotes restriction from g to g and R is any subset of R which on restriction to
g forms the set of all positive roots of g. Now, if we can find a g-representation whose
character is the second factor above, we can conclude that for any embedding g C g
of semi-simple Lie algebras, the irreducible g-representation V(/3), when restricted to
g, always factors into a tensor product of at least two g-representations, one of them
being V(p). |

The g-representation whose character is the second factor above is obtained using
Panyushev’s [P] reduced Spin functor Sping. We wili define Sping in Chapter 2 (and
briefly in Section 1.3). Basically, Spin for a given Lie-algebra g is a functor from
the category of all g-representations which have a non-degenerate symmetric bilinear
formm preserved by the action of g (called orthogonal g-representations) to the category
of all g-representations. By reducing multiplicities in the resulting representation we

obtain Sping which has the remarkable property that:
Sping (V1 @ V) = Sping(V)) ® Sping(Ve).

It is a well known fact that for any semi-simple finite dimensional Lie algebra g,
the representation V' (p) can be realized as Sping of adjoint representation of g (which

is indeed orthogonal due to the invariant Killing form). Thus, for the Lie algebra g,
V() = Sping(3).

When we restrict to g, it turns out that Sping commutes with the restriction according
to:
Sping(g)l = 2" Sping(gl),

3



where 7 is the number of positive roots of g which restrict to zero. Now, g = g @ g+
as g-representation, where L denotes the orthogonal complement with respect to the
Killing form. Therefore,
V(p)I§ = 2" Sping(s® gb)
= 27[Sping(g) ® Sping(gh)],
by the property of Spiny mentioned above. So,
V(5)I§ = Sping(g) © [2" Sping(gt)
= V(p) & [2"Sping(gh)],
as V(p) is isomorphic to Sping(g). Hence, we get the tensor factorization of the
restricted V' (p). This is the content of Theorem 1 in Section 1.2 where it is extended
to embedding of symmetrizable Kac-Moody algebras with some additional structure.
The detailed proof is given later.

From this, using Weyl character formula, we can obtain a tensor factorization of
the g-representation V (2/i + p) for any dominant weight z, which forms the content
of Theorem 2 in Sectionl.2. In Section 1.3, we state some important properties of
the Spin functor. We describe some consequences of the above theorems for finite
dimensional semi-simple Lie algebras and untwisted affine Lie algebras in Section 1.4
and Section 1.5 respectively. In Section 1.6, for a subclass of orthogonal represen-
tations of untwisted affine Lic algebras, called affinized representations, we classify
those whose Sping is irreducible. Following Panyushev [P] these are called coprimary

representations.



CHAPTER 1

Main results

1.1 Background for symmetrizable Kac-Moody al-

gebras
An n x n matrix, A = (a;;), is called a generalized Cartan matrir if:
1. aqj;=2foralli=1,2,--- n.
2. a;; is a non-positive integer for all i # j.
3. a;; = 0 implies aj; = 0 for all ¢ # j.

For any n x n matrix A = (a;;) of rank [, we define a realization of A as a triple
(h,TI,11V), where b is a complex vector space, [T = {aj,a9, -+ ,an} C h* and I1Y =
{aY, 0§, - ,ay} C b are indexed subsets in h* and b respectively, satisfying the

following three conditions:
1. Both sets IT and ITV are linearly independent.
2. aj(a;/) =a;; foralli,j =1,2,--- ,n.

3. dim(h) =2n - 1.



Two realizations (h,1.TIV) and (h;, 1T, TTY) are called isomorphic if there exists a
vector space isomophism ¢ : h — b such that ¢(I1V) = H}’ and ¢*(I1}) = IL
There exists a unique (up to isomorphism) realization of every n x n matrix. The
realizations of two matrices A and B are isomorphic if B can be obtained from A by
a permutution of the indexing set [Ka, Proposition 1.1].

An n x n matrix A is called symmetrizable if there exists an invertible diagonal
matrix D = diag(ey, €9, ,€n) and a symmetric matrix B such that A = DB.
Definition (Symmetrizable Kac-Moody algebra) Let A = (a;;) be a sym-
metrizable generalized Cartan matrix and let (h,TI,TIV) be a realization of A. A
symmetrizable Kac-Moody algebra, g, associated to A is defined as the Lie algebra

‘on generators Xy; (i = 1.--- .n). all /I € h with the following defining relations:
1. [Hy, 1] =0 for all Hy, Hy € .
2. [H, X4;] = 2o (H) X4 for all 4 : l,---,nand H €b.
3. [Xin X—j] = d;a) fér alli,7=1,--- ,n.
4. zt(l(Xii)l_aiJ(Xij):O foralli,j=1.---.n.

Here, ad(X)(-) := [X, -] and b is called the Cartan subalgebra of g.

Let g be svinmetrizable Kac-Moody algebra. We define a non-degenerate symimetric
bilinear form ( -, - ) on h which can be extended (See [Ka, Thm 2.2]) to a non-
degenerate symmetric bilinear form on whole of g such that ( -, - ) is preserved by

the adjoint action of g, that is:
(X, Y],Z2)+ (Y, [X,2]) =0

for all X,Y,Z € g. Let A be a symmetrizable generalized Cartan matrix with a fixed
decomposition A = DB (See the definition of a symmetrizable matrix above). Let

!/ n /
b =@, Ca}. Fix a complementary space h to b in b and define:

(af H)=0a;(H)e; V HEb;



(Hy,Hy) =0 Y Hy,Ho€h .

1.2 Factorization Theorems

We now state our main factorization results using Spin construction. We consider
embeddings, g C g, of symmetrizable Kac-Moody algebras. Our analysis deals with
finite as well as infinite dimensional representations. For example, we consider in-
finite dimensional irreducible representations of an affine Lie algebra g with finite
dimensional weight spaces. If we restrict such a representation to a finite dimensional
Lie algebra g, the g-weight spaces no'longer remain finite dimensional. To avoid
this, we define below the notion of an augmented symmetrizable Kac-Moody algebra,
a d-embedding of such algebras and d-finite representations so that any d-finite g-

representation V', when restricted to g, has finite dimensional weight spaces.

Definition (Augmented symmetrizable Kac-Moody algebra g) A Lie alge-
bra g is called an augmented symmetrizable Kac-Moody algebra if g has a certain

distinguished element d such that either:

e g itself is a symmetrizable Kac-Moody algebra, d € h and a;(d) € Z- for all

a; €11,
e or g = g1 & Cd where:

— g1 is a symmetrizable Kac-Moody algebra.
— d commutes with the Cartan subalgebra b; of g;.

— d acts diagonally on the root vectors X1, of g1, that is : [d, X4q] =
+co X +a, for some constant ¢, € Zq, so that we can define a(d) := cq
which extends the action of roots « to (h; b Cd). We call h := by & Cd

the Cartan subalgebra of g.



Example: Let g; = sl9C := CHo®CXo D CX_4 with usual bracket relations. Define
[d.Ho] := 0 and [d, X+a] :== £X+a , so that a(d) := 1. Then, g := g & Cd is an

augmented symmetrizable Lie algebra.

Definition (d-embedding) An embedding g C g of augmented symmetrizable Kac-
Moody algebras with distinguished element d and d and Cartan subalgebras b and E

respectively, is called a d-embedding if :
o d=d,
e hC E and

e positive roots of g are restrictions of positive roots of g.

Let g be an augmented symmetrizable Kac-Moody algebra with distinguished el-
ement d in the Cartan subalgebra b and weight lattice P. For a g-representation V
and Ae P, let VIV .= {v eV : Hv) = A(H)v V H € b} denote the corresponding
weight space of V. A is called a weight of V if VA) £ {0}.

For the distinguished element d in the Cartan subalgebra of g, we say a g-

representation V' is d-finite if :
e A(d) € Z—{0} for all non-zero weights A of V' and
. @A(d):k V() s finite-dimensional for cach k € Z .

As we mentioned in the Introduction, the input for the Spin functor is an orthogonal
representation which we defined for semi-simple finite dimensional Lie algebras. The
same definition extends to the augmented symmetrizable Kac-Moody algebra too.
For an augmented syminetrizable Kac-Moody algebra g, a g-representation V is called
orthogonal if there exists a non-degenerate symmetric bilinear form @ on V, invariant

under the action of g, that is, Q(Xu,v) + Q(u, Xv) = 0 for all w,v € V and



X € g. For example, the action of a symmetrizable Kac-Moody algebra on iteself
by brackets, called adjoint representation, is orthogonal due to the invariant bilinear
form (see Section 1.1).

Next we define the adjoint representation of an augmented symmetrizable Kac-
Moody algebra in such a way that it is orthogonal, so that we can apply the Spin
functor to it (see the Introduction). Adjoint representation for an augmented sym-
metrizable Kac-Moody algebra g with distinguished element d is already defined if g
is itself a symmetrizable Kac-Moody algebra. So, let g = g1 & Cd. In this case, the
action of g on g; by brackets is defined as the adjoint representation of g. We can
show that the action of the distinguished element d preserves the bilinear form on g;
and thus g; is orthogonal as a g-representation. |
Note. 1t is easy to show that for a d-embedding, g C g, the adjoint representation of
g is d-finite and orthogonal both as a g-representation and a g-representation.

Theorems 1 and 2 (given below) describe a class of representations which exhibit
the factorization phenomenon (see the Introduction). We will follow the notations
used in the Introduction except that g C g will denote a d-embedding of two aug-
mented symmetrizable Kac-Moody algebras and p and g will denote the sum of all

fundamental weights of g and g respectively.

Theorem 1. For a d-embedding, g C g, of augmented symmetrizable Kac-Moody
algebras, suppose the adjoint representation of g decomposes into orthogonal g-
representations as: § = g& p; D po® --- . Then the g-representation V(p), when
restricted from g to g, factors into a tensor product of g-representations as:

V(i’)lﬁ V) WisWe---

with W; = Sping(p;) , where Sping is the reduced Spin functor defined in Chapter 2.

In the finite-dimensional case, the Theorem is closely related to the results of Kostant

(K1, K2).



Theorem 1 leads to a large class of representations exhibiting tensor factorization.

Theorem 2. Let g C g be as in Theorem 1, and let i be a dominant weight of g. Then
the g representation V (2ji + p), when restricted to g, factors into a tensor product of
g-representations which include the same W; as in Theorem 1. The other factor can
be expressed in terms of the irreducible decomposition of the restricted V (1).

That s, if we let:
V()ld = V).
then:

V(2f1+p) 13 = (@ V(2;1,j+/))) e Wiehyg... .
i

We will prove these theorems in Chapter 3.

1.3 Basic properties of the Spin functor

We ﬂow describe the basic properties of Spin functor, reserving the more technical
discussion for Chapter 2. In the finite-dimensional case the construction is quite
simple, and was examined by Panyushev [P]. For an n-dimensional vector space V
with a non-degenerate symmetric bilinear form, recall that the orthogonal Lie algebra
s0(V) has a representation on the 21"/2]-dimensional space Spin(V) := A®V* | the
total wedge space or exterior algebra of a maximal isotropic subspace V¥ c V.

Let g be a semi-simple, finite dimensional Lie algebra. For an orthogonal g-
representation V', g acts by orthogonal matrices: that is, through an embedding
g C so(V). Restricting the action of so(V') makes Spin(V') a representation of g. If
the zero weight space of V has dimension r, it turns out that Spin(V') can be decom-
posed as the direct sumn of alr/2] copies of a smaller representation, which we call
Sping(V).

Now let g be an augmented symmetrizable Kac-Moody algebra. In Chapter 2,

we will define the g-representation Spin(V) = A®V* for V in the category of all d-

10



finite and orthogonal (possibly infinite-dimensional) g-representations. We will prove
that the output, Spin(V'), will be a d-finite g-representation in the category Oyeak
(defined below). Category Oyeak contains the Bernstein-Gelfand-Gelfand category O
and has similar properties. Further if the input representation V is root finite (defined
below) then we will prove, Spin(V') belongs to O. If the zero weight space of V is
even, Spin(V') decomposes into direct sum of g-representation which we call half-Spin
representations NSVt and A°4Y+ We also denote these by Spin®¥e®(V') and
Spin°dd(v).

We define a partial ordering < called root order, on the the weight lattice P of g
as follows: We say, 8 < v in the root order if y — 3 = )", cha where « is a simple
positive root of g and ¢y € Z>¢ for all a.

For an augmented symmetrizable Kac-Moody algebra g and a g-representation V'
define:

My := Set of all weights of V maximal in the root order.

Definition (Category Oyeak Of g-representations) O ..x counsists of all g-

representations V' such that for each weight 3 of V:
1. the weight space V(3 s finite dimensional and
2. there exists A € Ay such that 3 < A .

Remark: The morphisins in Oye,) are g-representations homomorphisms. Following
fact can be deduced, using [Ka, Thm 10.7], that for a representation V in Oyeqy Which
is integrable (meaning simple root vectors act locally nilpotently), the isomorphism
class of V is determined by its character.

The well-known Bernstein-Gelfand-Gelfand category O of g-representations can be

defined as a subcategory of Oyeak:

O :={V € Oyeax : My is a finite set} .

11



It is worth noting that O can be defined to consist of g-representations V' such that V'
has finite-dimensional weight spaces and there exists a finite set F', a subset of weight
lattice P of g, so that for each weight 8 of V' we can find A € F with g < A.

Let {a;};; denote the simple positive roots of an augmented symmetrizable Kac-
Moody algebra g with distinguished element d. Let h* be the dual Cartan subalgebra
of g. Define the root cone C := {37 a;a; € h* 1 a; € Ryg Viora; € RegVi}.
Definition (Root finite g-representation) We say a g-representation V' is root-
finite if for every weight A of V, V(A) is finite dimensional, A(d) € Z — {0} for A # 0
and there are only finitely many weights of V in h*— C.

Propositions 1 and 2 give some basic properties of Spin(V).

Proposition 1. Let g be an augmented symmetrizable Kac-Mnoody algebra with dus-

tinquished element d. Let V', V| and Vy be d-finite and orthogonal g-representations.
1. Spin(V') is d-finite and belongs to Oyeq-

2.V is integrable = Spin(V') is integrable and Spin(V) = WP for some g-
representation W called Sping(V'). Here r = |mg/2] where my is the dimension

of the zero weight, v of V.

3. Letm; := dim(Vi(m), be the dimension of the zero weight space of V;, fori =1, 2.

If at least one of m| or mg is even, then:
Spin(V; £ V4) = Spin(V}) ® Spin(V3).
If both m| and mg are odd, then:
Spin®’“™(V; @ Vu) = Spin(V}) & Spin(Va) = Spino‘id(Vl ® Vy).
and

Spin(Vy 2 Vo) = (Spin(V1) 2 Spin(Vp) )*2.

12



4. If V1 and V4 are integrable then
Sping(V) @ Vo) = Sping(V) & Sping(Va).
5. W is root-finite = W 1is d-finite.
6. V is root-finite < Spin(V) € O
7. For adjoint representation g,

Sping(g) = V(p).

Let

I = Category of all d-finite and orthogonal g-representations |
Ii = Category of all root-finite and orthogonal g-representations.

Then, by Proposition 1(5),
Ip CIp
and by Proposition 1(1) and 1(6) Spin(V') is a functor from the category 7 to the

category Oyeax and also from category Zp to category O. Thus,

Spin
Z-O I Oweak
U . U
Iz P o

The following Proposition gives the character of Sping(V') in terms of the character

of V.

Proposition 2. Let V be an integrable g-representation in I . Let mg be the

multiplicity of a weight 3 of V so that the character of V can be written as:

ChartV = 5 mge®+eP) + mg.
Ad)>0

Then the g-representation Sping(V') has the character:

Char Sping(V) =et ] (1+e79)™5.
B(d)>0

13



Here A := Y1 ¢;\;, where {A;}]-, are the fundamental weights and the coefficient
¢; is defined as follows:

1
¢ = Z 5771,13,(}((12/),

where the sum is over all weights 3 of V' such that 3(d) > 0 and s;(3)(d) < 0. Here
s; denotes the reflection in the plane perpendicular to the simple root a;. Because of

the d-finuteness of V', ¢; has finitcly many nonzero terms .

Remark : When V is finite dimensional, the A simplifics to A := Zﬁ(d)>0 %7“5!}-

1.4 Special cases for Finite-dimensional Lie alge-
bras

We give some special cases of Theorems 1 and 2 when g C gis an arbitrary embedding
of finite-dimensional semi-simple Lie algebras. This embedding can be turned into
a d-embedding of augmented symmetrizable Kac-Moody algebras by appropriately

choosing a d in Cartan subalgebra of g.

1.4.1 Principal Specialization

We let g C g be the embedding of a principal three-dimensional subalgebra in the
special linear lie algebra: sly(C) C sl,(C), defined as slp(C) := CX ¢ CY o CI,

where
n—1

X = Y iE i,

i=1

n—1 )
Y = Zl (n=)Eiy1
i=

3

H = (n +1- Qi)Ei,i-

Ll
Il
o

Here, E; ; denotes the n x n matrix which has 1 at (i, j )th place and zero elsewhere.

14



The character of a sly-irreducible V(1) is the Schur polynomial Sy (zy, ..., z5). Its
restriction from g to g corresponds to the principal specialization Iilg =¢'~1, where
q = ¢® for o the simple root of g. Theorem 2 implies the following factorization of

the specialized Schur function:

Proposition 3.

5'2[1,4-/)(1‘ q. q2’ e qn._l)

= (a®1+9) Su(t.a%.a*....a™72)) - wilg) - wa(a) - wn-2(q),

where wi(q) = (14+q)(1+¢%) - - (1+¢* 1), p = (n—1,...,1,0) and all n — 1 factors

on the right-hand side of the formula are symmetric unimodal q-polynomials.

Definition (Symmetric unimodal polynomial) A polynomial, f(gq) =
Zi‘i}\:’ ajql, is symmetric unimodal if ay4; = apy_; for all 4, and ay < --- < ag >
ap 4y > -+ > ayy for some K.

Proposition 3 is a kind of multiplicative analog of a result of Reiner and Stanton
which states that for certain pairs A, y, the centered difference S)(1,.. .,q""l) -

qNSN(I ..... ¢~ 1) is symmetric unimodal.

1.4.2 Folding of Dynkin diagrams

Let g be a simple Lie algebra with Dynkin diagram D. A graph automorphism ¢ of
l~), induces an automorphism, call it ¢ again, on g. We let g be the fixed subalgebra,
under this automorphism, ¢. Then the Dynkin diagram, D of g is called the folding

of D. For such an embedding, g C g, Theorem 1 implies:

Proposition 4

V(p)§ = V(o) & [V(e(ptps)+ps) @ (a=2)V(0) %7,

where ps is the half-sum of the positive short roots of g, a is the order of the auto-

morphism ¢, and e is the number of edges oo in D such that ¢ ezxchanges i and

15



J-
For example, the natural embedding so09, 41 C slo,41 corresponds to horizontally

folding the diagramn Ag, to obtain By :
1 2 n-1 n n+l n+2 2n-1 2n

Ay, : e—6.. - 06— 06 06— --- oo
1 2 n-1 n
B, : e—e--- e=e

The automorphism is ¢(i) = 2n—i+1 of order a = 2 with a single folded edge ¢ = 1,

s0 V()18 = V(p) R V(p+2ps).

1.5 Factorization Theorems for affine Lie algebras

The most remarkable aspect of our construction appears when g = g is the untwisted

affine Lie algebra associated to a finite-dimensional semi-simple algebra g:
g=goC[t.t7] = CK % Cd.

Here K is the central element and d the canonical derivation. We also let Ag be the
distinguished fundamental weight, and ¢ the minimal iinaginary root. Also, if a is an
object associated to g, then a denotes the corresponding object for g.

Let d := pV + hd where h := - oa; is the Coxeter number. Here a;'s are the
numeric labels of the Dynkin diagram of g in [Ka, Page 54]) and pV is the sum of all
fundamental co-weights of g, that is a(p¥) = 1 for all simple positive roots a of g.
Then g< Cd c gisa d—embedding of augmented symmetrizable Kac-Moody algebra.

Let V €T R be an integrable g-representation of level zero, that is the center K
acts by zero. Then, even though the input g-representation Vel R has level zero, by
Proposition 2 the output Spin(V) is a representation of positive level in the Bernstein-
Gelfand-Gelfand category O. That is, Spin is a functor from the category of graded
level zero representations in Zp , a sub-category of the graded level-zero represen-

tations Z examined by Chari and Greenstein [CG], to the positive-level category

0.
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Now we introduce a subcategory T4 of Zp . We will work out Theorems 1 and 2

for this sub-category.

1.5.1 Affinized representations

For the remainder of this setion we will work with g-representations in a more re-
stricted class T4 C Iy . the subcategory of affinizations of finite-dimensional orthog-
onal g-representations. That is, for an orthogonal g-representation V, its affinization

is the ﬁ-reprosentati()n

Vo= @ tkyv

kezZ
where the loop algebra acts as X - thy = t“”(,\’ -v) for X €g, v €V, the center
acts as 0; and the derivation d acts as t% . This inhérits a non-degenerate symietric
bilinear form from V. Choose a strictly dominant co-weight d; in the Cartan sub-
algebra b of g such that 3(d}) € Z — {0} for all weights 3 of V. Since V is finite
dimensional, for sufficiently large N, =N < 3(d}),0(dy) < N for all weights 8 of V
and highest root 8 of g. Define d:= Nd+d;. It can be verified that the weights of the
V are of the form A := kS + g for k € Z and /3 a weight of V. Thus for all non-zero
weights A of V, A(d) € Z — {0}. Now, g Cd C g is a d-embedding of augmented
syminetrizable Kac-Moody algebras. Also, it is easy to check that Ve Zpr and is an
integrable g-representation.

For the representations Ve Z 4. we refine Proposition 2 below to obtain the char-

acter of Sping (V') in terms of the character of V.

Proposition 5. Let V' be a finite dimensional orthogonal g-representation. Let T
be the set of all weights of V. and mg the multiplicity of a weight 3 € T so that the

character of V' can be written as:

ChatV = > 771}3((’3"}'6_3) + my.
8(dy)>0
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Then Sping of the affinized g-representation V has the character:

CharSping(V) = *+eho JT (+e78)"3 ] (14+e78-F0)8,
A(d1)>0 k>0
BeT
where v = %Z3(d1)>0 mgaf and ¢ = %Zﬁ(d1)>0 "1,35(9v)2, called the level of

Spino(V). Here 0 is the highest root of g.

1.5.2 Factorization Theorems for affine Lie algebras

If we restrict an affinized g-representation Sping(V) to g ® Cd and apply Proposition
5, we obtain:
Proposition 6. Sping(V'), when restricted from § to g Cd, factors into an infinitc

tensor product:

SPi“o(V)l,g;Cd = Sping(V) = A*(IV) o A(2V) g

Note. The g= Cd-representation U = A®t*V contains a canonical one-dimensional
representation C1 = A%*V . The infinite tensor product above is the direct limit of
the maps:

lig 2 U (‘('-"’X‘Uk — Ugx Uy I‘)(-~-?K(/kff<‘[/(k+l)
UpKup - YBup — uy © up ® -+ @ up K1

where Uy := Sping (V).
We now work out Theorems 1 and 2 for Affine Lie algebras.
Proposition 7. The §-representation V(p), when restricted to g ® Cd , factors into

an infinite tensor product:

VAIE V() 3 Ate) ©A%(t%) ©---.

Proposition 8. If we let:

R

VIS = @V,
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then:

TNL o~ 4 . 202 ...
v(2“+p)lg—b(&i = (@ V(2p,+p)> & NIgRNLg® .
1

1.6 Classification of coprimary representations
Motivated by Proposition 6, we ask: For which representations V is Sping(V') irre-
ducible?

Definition. A g-representation V' is coprimary if Sping(V) is irreducible.

Panyushev [P] gives a complete list of coptinary representations V of a simple Lie

algebra g and deduces the classification for a semi simple Lie algebra.

Proposition 9. Let V7 be an orthogonal representation of a finite dimensional simple
Lie algebra g. Then V' is coprimary i.e. Sping(V') is wrreducible if and only if V' is

itself irreducible and s one of the following :
1. V(#), forallg where Sping(V) = V(p);
2. V(0s), for g € {02,41C, sp2,C, f4} where Sping(V) =V (ps);
3. V(205), forg=1509,.1C (n>1) where Sping(V) = V(2ps + p);

where 85 = highest short root of g.
Note. For n =1, we have s09,4,1C = slpC, and we take 65 := 6.

The classification of coprimary affinized representations is as follows:

Proposition 10. For a representation Vel A of @ obtained from a representation

V' of a simple Lie algebra g,

~ . V is coprimary and belongs to
V s coprimary < i
cases 1 or 2 of Proposition 9
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Panyushev proves the irreducibility of Sping(V') using the Weyl denominator iden-
tity for the Langlands dual of g, and analogously we can prove the irreducibility of
Sping( L) in Proposition 10 using the Weyl denominator identity for the Langlands

dual of g, a (possibly twisted) affine Lie algebra.
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CHAPTER 2

General Spin construction for
augmented symmetrizable

Kac-Moody algebras

Next we give the construction of Sping for representations of augmented symmetriz-
able Kac-Moody algebras. This surprisingly delicate matter has been briefly studied
by Kac and Peterson [KP] and Pressley and Segal [PS, Chapter 12]. We will provide
a different and more detailed presentation. Also, we will do this in a more general
setting which is compatible with restriction of representations.

Let V' be a vector space with basis {e; : i € I'} where the index sct can be finite, [ =
{m,...,1.0,-1,....,—=m}or {m,....1,—-1...., —m} ; or infinite. I =Z or Z — {0}.

Define a symmetric bilinear form on V by Q(e; .ej) :=6; _; .

2.1 Finite dimensional case

First, let V be finite dimensional (I is finite). The orthogonal Lie algebra so(V) is

defined to consist of matrices which are skew-syminetric with respect to the anti-
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diagonal i.e.

so(V) :={A=(a;)ijer:aij= —a_j_i}-
Thus, so(V') has a basis {Z; j := E; j — E_j _; :1,j € I, i > —j} where E; j are the
coordinate matrices. We define the Clifford algebra C'(V, Q) as the associative algebra
with 1 generated by all v € V' with defining relations e_;e; = —eje_; + 24;; V i,j €
I. There is an ciibedding of Lic algebras defined by :

op:s0(V) — C(V,Q)
Zi,j [— i-(e_iej—eje_i).

Now, the Clifford algebra has an action on a wedge space Spin(V) := A®*V*, which
on generators {e; 11 € I} of C(V.Q) is as follows : Define It = {i € I:i > 0}.
Then A®VT has a basis {cJ =ej, Nej, /\"'Aej/\} for 0 < k < ! 1+| and J =
{j1 > j2 > ... >ji} C IT. Here |A| := #(A). For i € F* define

6(7,]) €(J~{i}) if i1ed

ciley):=einey. J#{}:  e_iley):= { ) g

where ¢(i, J) 1= 2(= 1) UST 15> Also, 1(ey) = e, eile(y =1) =e; and eo(ey) ==
("‘1),J|€J if 0 € I. Finally, due to the embedding ¢p detined carlicr, this action of
C'(V, Q) induces an action of so(V) on A*V+ which is called Spin representation of
orthogonal Lie algebra so(V).

As described in Section 1.3, for an orthogonal g-representation V, g C so(V) and
g acts on Spin(V') by restriction. It is easy to find the character of Spin(V')(see [P])
as a g representation. It turns out that if mg is the dimension of the zero weight
space of V' then Spin(V) is isomorphic to the direct sum of 2lm0/2] copies of another
g-representation which is defined as Sping(V'). The character of Sping(V) is given in

Proposition 2.
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2.2 General case

Now, let V be infinite-dimensional (I is Z or Z — {0}) with only finite linear combina-
tions of {e; : 1 € I} allowed. First, we naively extend the above definitions with the
following modifications: The orthogonal Lie algebra, now denoted by so.0(V'), consist
of skew-symmetric matrices with respect to anti-diagonal (as before) which have only
finite number of non-zero entries in each column (skew-svmmetry implies the same
on the rows too), so that sox (V) is closed under commutator. Clifford algebra is
allowed to have wnfinite suns of finite products of {¢; : 7 € I'}. The map ¢ is still an
embedding of Lie algebras. The infinite wedge Spin(17) := A*V'? is now an infinite
dimensional vector space consisting of finite linear combinations of finite wedges of
{"i (1€ I+}.

The action of {e;:i € I} on A®*V™T, as defined in the finite case, does not ex-
tend to Clifford algebra nor induce an action of so (V). For exawmple, for Y =
Ziez>0 Z_iiv1 €505 (V), 0p(Y) = EieZ>0 e'r—éil— does not act on 1 € A°V+ as
it leads to an infinite sum. Also, for H = Ziel‘* Z; ;. an infinite diagonal matrix in
s0x(V), op(I)eC(V,Q) does not act on 1 € A°Vt as ¢p(Z;;)(1) = 1/2.

In order to resolve these two issues, next we suitably modify so (V') and ¢ and
define a smaller Lie algebra so(V') and a map ¢ so that the image of so(V') under ¢
does act on A*V T,

The Lie algebra so(V) consists of matrices A = (a; j); jes such that:

1. A is skew-symmetric with respect to the anti-diagonal: q; ; = —a_j _;.

2. Each column (a;j);er has finitely many non-zero entries.

3. The blocks (a; —;); j>0 and (a_; ;); j>0 have finitely many non-zero entries.

Define the map:
¢:s50(V) —> CI(V,Q)
2

Zij +— —geje_.
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Now referring to the matrices Y and H defined earlier, note that the matrix Y €
50, (V) does not belong to so(V) and even though H belongs to so(V'), ¢(H) does
acton 1 € A®V*. Further, we can verify that image(¢) C C(V, Q) does act on A°V+.
In exchange, the map ¢ is not a Lie algebra map and image(®) is not closed under

brackets in C'(V. Q). But the central extension of the image(¢):
so(V):={o(A4): Aeso(V)} ® C1 cC(V,Q),

is a Lie algebra which also acts on A®V* (as C acts diagonally). The Lie algebra
so(V) is a central extension of so(V) also by one dimensional center C1 due to the

following exact sequence of Lie algebra maps :

0— C — so(V) 5 so(V) — 0
1 — 1 — 0

eje_; — —QZ,'.‘J'.

This can be verified using the following commutator relations in so(}") and so(V).
[(fje_i. ese_,.] = 2;¢cje_r — 20; rejes + 20; _se_re_; — 20j,ese_ ;.

[2Zi.j,22r.s] = _45i.sZr.j + 45i,-1'Z—s.j - 4‘sj.—-sZi,—-r + 4‘5_)'.r2'z',.<s'

We can prove that this extension does not split when V is infinite dimensional.
Thus so(V)-representation A®*V+ which we call Spin representation does not induce
an action of so(V'). Therefore, the orthogonal Lie algebra so(V'), when V is infinite
dimensional, does not have a Spin representation, but its central extension so(V)
does.

The above construction can also be carried out when V is finite dimensional.
There the extension splits as (image(¢r) ® C1) because ¢ is an embedding and
7o ¢p = Igoy). Thus, s0(V)-representation A®V* does induce an action of so(V)
and the resulting representation coincides with the Spin representation of so(V') de-
fined carlier. Thus, the above construction is the general construction of Spin(V') for

a finite or infinite dimensional vector space V.
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Now let g be an augmented symmetrizable Kac-Moody algebra with distinguished
element d and V' a d-finite orthogonal g-representation (as in Section 1.2). Orthog-
onality and d-finiteness of V' leads to a map g — so(V). Once we have the map
g — so(V), using m : so(V) — so(V) defined earlier, we get an induced map
g — so(V) for any augmented symmetrizable Kac-Moody algebra due to the fol-

lowing lemma.

Lemma 1. Let g be an augmented symmetrizable Kac-Moody algebra unth Cartan
" '
subalgebra by. Fir a complementary subspace b to b = @i Ca;/ in b, where each

aly is a simple co-root, so that:

/ "
g=bhDdh &g,

*

"
where gp is the space spanned by all roots. Fiz v € (h 1, gp)* such that y:(gp) =

0. Then for any Lie algebra map o . g—so(V') there erists a unique lifting & :

,

g—50(V) such that the following diagram commutes:

g — so(l)

oN, T«
so(V)
and 6 = doo + ¥ on h” @ gr. Recall that s0(V') was defined as ¢(so(V)) = C1.
Note. The conclusion of the above lemma is also true if the quadruple
(so(V),s0(V'),¢,7) is replaced by (s,3,,7) satisfying following conditions : s is
any Lie algebra and s is a central extension of s by one dimensional centre C1 due
to a surjective Lie algebra map 7 : § — s with kernel C1. The map ¢ : s — § is
a vector space map which maps Cartan subalgebra of s onto Cartan subalgebra of s,
satisfying 5 = ¢(s) © C1 and 7 o ¢ = Ids.
Now since so(V) acts on Spin(V), that is:
g — so(V)

o\, Im
s0(V) — Endg Spin(V),
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for a given orthogonal d-finite g-representation V', we may define the g-representation
Spin(V) . In Section 1.3, we defined Sping(V') and some basic properties of Spin(V')

and Sping (V') are listed.
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CHAPTER 3

Proofs

3.1 Proof of Lemma 1

Let X4;.¢ = 1---n be the simple root vectors of g and {dy,ds.--- ,d;} be a basis of
b”. Then, X4;’s and d;’s generate g as a Lie algebra.

Note that by the commutativity of the diagram and due to the map ¥, the map g is
uniquely defined on the generators of g. Now, to be able to extend this map & to whole
of g, we need that 5(X4;) and &(d;) in so(V) satisfy the defining bracket relations
of g. But since 0(X4;) and a(d;) in so(V') satisfy the defining bracket relations of g
(as o is a Lie algebra map), and 7 : so(V) — so(V) is a Lie algebra map, mapping
6(X4;), o(d;) to 0(X4;), o(d;) in so(V), we can prove that 6(X4;), o(d;) also
satisfy cach defining bracket relation of g up to a constant because ker(n) = C. We
show that this constant is zero for each relation.

Let f and b be the cartan subalgebras of so(V) and so(V) respectively so that
f = n~1(h). Then the constant term in &(X +i), when expressed in standard basis
of so(V), is zero and (d;) € b as o(dj) € b. Set d(a)) = [6(X;).6(X_;)] for
i=1,---,n. Then clearly, 5(cr)) € b for all i. This defines & from b into b (may not

be injective). For any H € h we can easily conclude that [6(H), (X y;]—a;(H)d(X1;)
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is a constant. This constant must be zero because constant term in 6 (X4;) is zero and
G(H) € h. Now fori # j, X := [6(X;),5(X_;)] must be constant and for all H € b,
d(H) acts diagonally on X with eigenvalue («; — a;)(H). This implies that X = 0.

Similarly, the generators satisfy the last bracket relation also (see Section 1.1).

3.2 Proof of Propositions 1-2

First we obtain the character formula for Spin(1") as so(V')-representation. As in
Chapter 2, let V" be the vector space with basis {e; : i € [}. We can check that
b= @D,c 1+ Ceie_i D Cl is a Cartan subalgebra of so(17). Consider the dual basis
of {1, :)—(2:—4— (J € I+} ie. L, € b* defined as :

Ly =1 Ly(Ld)y=0 eIt

~ e Y

L,(1)=0 Ll(—LQ—l) == (le 1.7 € It.
A Dasis of weight vectors of A*V*is {e;: J C I}, wheree; := ejNejo N Nejy s
for J = {j1,j2, -+ ,jx}.- Observe that :

lleg) = ey

eje_j; _ ej if jeJ
“rien) = { 0 if j¢J.

So, ¢ has the weight Lo + > I~/J Therefore,

jeJ
(L0+ E L_))
CharSpin(V) = Char(A°VH) = 5 e jed
Jc1t -
= elo [T (1+€li).
ie It

r

as so(V')-representation. Due to the map, g 9, s0(1”), (described in Chapter 2
Lemma 1), Spin(V') becomes a g-representation. Then, L;o&, i € (It U{0}), are the
weights of Spin(V') as a g-representation. Due to the commutativity of the diagram

in lemma 1 we can show that L;06 = —L; 00, i € I', where L;’s are the weights
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of the defining representation V of so(V). Let 3; := L;00, i€ It and A:= Lgoo.

Thus, as a g-representation,

¢harSpin(V) = J[ 1+e77).
ie I't

Without loss of generality, we may assume 3;(d) > 0 for all i € I*. When V is finite

dimensional (sce [P]), A = %Zieﬁ' ;.
Proof of Proposition 1.

Now we prove parts (1) - (7) of Proposition 1.
Proof of (1), |
We show the following:
V is d-finite
= Spin(V’) is d-finite and the set {v(d) : 7 is a weight of Spin(V')} is bounded above.
= Spin(V) € Oyeak- o

Let V be d-finite. Result is obvious if V' is finite dimensional. So, let V' be a
infinite dimensional so that I = Z, I = Z( and the set of positive weights are
{8; i € Z>0}. Any weight of Spin(V) is of the form : A — a where a = ZieZ>0 a;B3;
for a; =0 or 1 for i € Z~g where a; = 0 for all but finitely many ¢’s. Let’s call such
a sequence, (ai)i€Z>0, an (a)-sequence.

For d-finiteness of Spin(V'), it’s enough to show that the above character when
restricted to Cd has finite coefficients. This is equivalent to: For each N, there are

finitely many (a)-sequences such that (A — a)(d) = N. Define

Ly := {i € Z»o : B;(d) = k},
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Ly is a finite set due to d-finiteness of V.
(A-a)(d) = N

= Ad)-N = > api(d)

1€Z~q

= Ad)-N = ) > ai |k

k€eZ>g \B;(d)=k

= AD)-N = Y [ D alk

kGZZO iGLk
= Ad)-N = Y bk (3.1)
kEZzO

where by == 3, L, 0 In the above equation k € Z>g because j3;(d) > 0 for all
1 and the sum is a finite sum as a; # 0 only for finitely many i’s. Clearly, by
is finite. Thus each (a)-sequence ((li)ieZ)O satisfying equation (3.1) gives a non-
negative integral partitioh of A(d) — N where each non;negative integer is repeated
by times. Conversely, for every such partition given by (bk)keZ>0 with all but finite
nuimber of by to be zero, there exists only finitey many (a)-sequences, (“i)iez>0 such
that by = ZieLk a;. Since there are finitely many such partitions of A(d) — N, there
are finitely many (a)-sequences satisfying equation (3.1). Thus Spin(V) is d-finite.

Finally, {v(d) : v is a weight of Spin(V')} is bounded above by A(d) asy = A —a
for a = ZieZ> 0 a;B; and 3;(d) > 0. That proves the first implication.

To prove Spin(V') € Oyeak, we show that if W is a d-finite representation, such that
{~(d) : v is a weight of W} is bounded above then W € Oyeai- First of all weight
spaces of 1" are finite dimensional by d-finiteness of W". So, let P(W’) denote the set
of all weights of W. For B € P(W), let v € Sg := {y € P(W) : 8 < v}. That is,
v =B =3 cac, for some ¢y € Z>( where the sum is over simple positive roots of g.
This implies v(d) — 3(d) > 0 as a(d) > 0 by definition of d. As v(d) is bounded above,
K < y(d) £ N where K = 3(d). So Sg is finite, otherwise @ g <~ (@)<n w) will

be infinite dimensional contradicting the d-finiteness of W (see Section 1.2). Now the

30



set of all maximal weights of the non-empty finite set Sy is non-empty and intersects

My non-trivially. Thus W € Oyeak-

Proof of (2).

The result is obvious if V' is finite dimensional. Assume that V is infinite dimensional.
Let X be a positive or negative root vector of g. We will show that X acts locally
nilpotently on Spin(V') if it acts locally nilpotently on so(V) (see Chapter 2).

First assume X to be a positive root vector. We denote the matrix of the action
of X on the representation V given by the map g — so(V') by X only. Recall, that
so(V) is defined with respect to a polarization of V = V* @ V~. Fix an ordered
basis {--- >e9 >e1 >e_1 >e_9g>---}of V, where V = €thezi Ce;. We may
assume that X is a strictly upper triangular matrix in so(V') with respect to above
basis. We can write X = Z + F such that Z(V*) ¢ V* F(V*) ¢ VF. Then
by definition of so(V'), F(V) is finite dimensional. Since X is a upper triangular,
F(Vt) = {0}. Thus, let F := Y rtbriZr ¢, afinite sum, where {Zi'j} forms a basis
of so(V') defined in Chapter 2. Rufnrring. to Lemma 1 in Section 2.2, the image of X,
say X, in §0(V) can be written as: X = Z + F, where Z = ¢(Z) and F = ¢(F) in
s0(V') (see Chapter 2). Here F= —=1/2%, 1 brte_te_r. Now action of Z and F on
Spin(V) := A*V* is defined as:

Z(G,jl /\6i2/\---/\€,1k) :=Z€i1 /\61‘2/\~--/\e,‘k + e /\Z€i2/\---/\eik +
where Z denotes the transpose of Z. Thus,
~ pl A A -
Zp(e,‘ ANejg N Nej, ) = Z -—p-—'Zple,' AZP2e; N --- A ZPke;, .
17 g k pil--pp! 1 2 k
and

F(e;

l/\---/\er/\---/\eﬂ\-»-/\e,-,k):=§:c,.,,eil/\---/\é,,/\-~-/\ét/\---/\.eik.
r.t

where €; denotes the absence of e; and ¢t = +2b;.; depending on positions of e, and
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et . Also, ¢rt = 0 if e, and/or e; do not occur in the wedge. Let
Vin i=Ce; ®Ceos & --- @ Cepy .

for m € Z~q and let

Z.Vyn = @ Zk(v"l) .
k6220

By definition of Z, above is finite direct sum as Zk(Vm) = 0 for large k, say q.
Lemma 2. For any given K € Zq and a matriz Z in so(V) satisfying Z(VE) c vV
and Z9(Vy) = 0 for some q. ZP N (Z°Vin)] = 0 for allk <K and P = K(g-1)+1.
Proof. Let a :=¢; Aejy A<= A ()"k’ e AN(Z°Viy).

~p P - .

Z) = > ,qule.il./\Zq?e,-z Ao A Z%e; .

qy+--+q =P

Since, for 1 < s <k, ¢, € 2%V, => Zq-s(eis) € Z’(ZQ-S\/W,). Now, if g3 < g — 1 for
all s then P = Z§=1 gs <k(¢g—1) < K(g-1) .= P.— 1. So, P < P -1 =<. Thus,
gs > q for some s. And, Z9s (eig) € Z'(qu Vin) = 0 for some s meaning ZP(a) =0
for all a € Ak (Z *Vin) since « is arbitrary. Hence, zP [/\k (Z'an)] = 0 which is Lemma

2.

We will prove that for a given s € Z~, we can find NV, depending on s such that:
(Z+FP)N(svn) = o, (3.2)

which will prove that X = Z + F acts nilpotently on Spin(V) = A*VT.

Setl:=|3], P:=s(¢q—1)+1and N := (I +1)(P — 1) + 1 + 1. Consider:

Z+PNnv)= P | @  zZPhFzRe - FZP | (A%Vp).
k=0,N \¥ P,=N-k
Verify that for any p,k € Zsqg, ZP(AK(Z*Vin)) C AR(Z*Vin) and F(A*(Z°Vim)) C
AK=2(Z*V). Thus,
U:=ZPFZP2 . . FZP+1(A3V,) € AS2K(Z2%V,,),
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where right hand is defined as zero for s < 2k. Let k < |§] = 1. Since 3°; P, = Nk,

P; > P for some ¢ for a similar reason as in Lemma 2. Let P; > P. Now,
FZPiH1 . FZPr1(ASV) € AS—2=04D) oy, .

By Lemuma 2,
2P FZEi+ FZPeey(AV) = 0
= U.=zNF. . rTZPJ(ﬁZPJH o FZPR 1) (A V) = 0
= (Z+F)N(AVm) =0

which proves X = Z + F is locally nilpotent on Spin(V) = A*V .

Note that we have not used the integrability of V' yet. Now. for X a negative root
vector of g, whose matrix corresponds to a strictly lower triangular matrix, the proof
will require the integrability of V. Nost of the analysis is same but is significantly
different at few places.

As before X = Z + I". This time (V™) = {0}, F := 3, 4 breZ_rp and F=
=1/2%, s brrerer.

f(eil/\eg/\ AG’L thet/\er/\ell/\-'-/\e.ik.
Tt

It is enough to prove equation (3.2) for all m > Max {r.t: br; # 0}. In the previous
case, we got for free the condition that Z9(Vy, ) = 0 for some ¢, beacuse Z was a
strictly lower triangular matrix with Z(V*) ¢ V£, In this case, we use the fact that
X is a locally nilpotent matrix. So, there exists a g such that (Z+ F)7(V,;;) = 0 where
Vip i =Ce_1@®Ce_g9g=---@Ce_mpm . Since X is skew-symmetric, this is equivalent to
(Z+F)9(Vin) = 0 where I is the transpose of F. Since, F(V ~) = {0}, F(V) = {0}.

In particular, F(Vy,) = {0} which leads to Z9(Vy,) = {0} as required.

Let Z*Vim C Vi, for some R depending on m. We modify | := lEQ——SJ P =
(s+20)(g—1)+1todefine N:=(+1)(P—1)+![+1 as before. Also,

F(AM(Z*Vim)) € M H(Z0Vy)
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for all k € Z- so that
U= Z0FZP . FZE+1(ASV,,) € AST2R( 20V,

and is zero if s + 2k > R and the proof goes through.
The fact about Sping(V') follows from the character formula given before the proof

of Proposition 1.

Proof of (3).
Let the chosen basis of weight vectors of V| be {¢;:i € I}} and that of V5 be
{e: (1€ 12}. If at least one of m; or my.is even, (V] @ Vo)t = V1+ ) V;'. De-

fine the map:
Spin(17 3 V3) 2, Spin(Vy) % Spin(Vs)
/ /
ejNe Y egXeg
1l — 1®1
for J C 1 l+ and K C 12+ , where at least one of them is not empty and e =1 and
/ ~ ~
ey = 1. Here, p is an isomorphism of so(Vy) @ so(Va)-modules as it can be easily
verified that X op =po X for X € so(V}) and X € so(V}).
Now let both my and mo be odd, so that the chosen bases of V; and Vs are
14 / ! /
{---.,ez,e1.e0,e_1,e_2,---} and { ,e’g,el,eo,e_l,e_2,~--} respectively. Define
!/ !/
u = (eg +teg)/ V2, v = (eg — iey)/V/2 so that u, v are paired non-degenerately with
respect to the bilnear form. Now, (V] ® Vo)t = Vl+ B V2+ @ Cu. Define the map,
Spin(V1) ® Spin(Vy) - Spin®Ven(Vy & V)

—1)thit2

! ’
6.]1®€J2 — 5 e(,l/\eJ2/\(1—t+t\/i§)

181 — 1
where, t; = |Jgjmod 2, k = 1,2 and ¢ := (|Jy| + |J2|])mod 2 and i := /—1. Again,
p is an isomorphism of so(V}) @ so(V2)-modules as it can be easily verified that
Xop=poX for X € s0(V;) and X € so(Va). A similar isomorphism can be given
for Spin®dd(V; & V5).
Proof of (4). Sping(V) @ Vo) = Sping(V}) ® Sping(V2).
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Using Proposition 1 (3), let at least one of m) or mg is even say, m;. So, let m; = 2k,

and mo = 2k + ¢, where e = 0 or 1. Now using Proposition 1 (2) we get:
ok1+ky Sping(V) = Vo) = 2k Sping(V)) ® ke Sping(Va),

which gives the desired result.

Now let mj; = 2ky + 1 and m9 = 2k9 + 1 then as before we get:
ok tha+1-1 Sping (V] @ Vo) = 2k1 Sping (V1) & k2 Sping(Vy),
which again gives the desired result.

Note 1. . Proposition 3 is also true for an infinite direct sum V .= Vi@ Vo - if V

is d-finite. Also, we define the infinite tensor product on the right hand side as: Let
U := Sping (V7)) ® --- @ Sping(Vy) ® Sping(Vigy < Vigo P ---).

There is an isomorphism Uy — Uy, by Proposition 1 (4). The infinite tensor prod-

uct, Sping(V)) % Sping(Ve) % -+ | is defined as direct limit of maps Uy — Uy y.

Proof of (5).
Let W be root finite. So, there exists only finitely many weights of W out-
side the root cone C defined in Section 1.3 and W has finite dimensional weight
spaces. Hence, for d-finiteness of W, it is enough to prove that the sets S,:ct =
{(BePnCE:pd) =k} > {BePW)NCE: p(d) =k}, is finite for cach k € Z*,
where P denotes the weight lattice of g, P(W) are the weights of W and C* :=
{Z?zl cjaj + cj € REU {0}}

Let PR be the root lattice, P/Pr = {P1.Pa,---}. There cxists finitely many i's
for which ;N C*t # {},sayi = 1,---,m. For1 <i < m,let p; € P,NnC*
be a coset representative of P; such that for each 3 € P; N C* can be written as

B =pi+ L cja; with ¢j € Zp. Then

n n
{(BeP,nCt ) =k} =S pi+ ) _cjej : pi(d)+ Y cjaj(d) =k, cj €Zxgp,
j=1 j=1



which is clearly a finite set using the definition of d. This leads to finitness of S;’.

Similarly we prove that S is finite.

Proof of (6).

Let V be d-finite and orthogonal. To prove:

V is root-finite & Spin(V) € O.

(=)
Use the character formula given before the proof of Proposition 1,
Char Spin(V) = et H (1+e 7).
ie It

Refer to Proof of 5 for the definitions of C',C*,C~, P, Pp, pj;Pj.j =1---m and
define the sets:

L:={iel":3ePnC*},

L={ielt:B,eP-C}.
Note that Iy U Ty = I as 3; ¢ C~ because by assumption 3;(d) > 0 for all i € I'".
By root finiteness, 19 is a finite set.

Now let A/ denote the set of all minimal weights (in the root order defined in

Section 1.3) of the finite set {Zie.lg Bi:Ja C 12} . Thus, Al is finite. Define the set

of weights in P:
T:={A—pj—'y cg=1---m, 7€M},

which is a finite set and p;’s are coset representatives defined earlier. We will show
that elements of T “cover” all weights of Spin(V') in the root order.

Due to the character formula above, any weight of Spin(V) is of the form A —
YiegBi = A— ZieJl 8 — EieJ2 8;, for some set J C I and Jy := JN I} and
Jo := JNIy. Let A be any such weight of Spin(V'). For the sum ZieJl i in A,

each §; can be written as p; + b; for some j and b; € Pr N C*. Now any finite
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sum of coset representatives p;’s can be written as py +a for e € PR N Ct. So
SienBi =pkta+ Y1b; = pr+bfor b € PpnCt. Write ¢ := Yiedy Bi-
Therefore, A = A — (py. +b) — ¢. Choose an element v € M such that v < ¢ so that
c—y€PrRNCt. Sett:=A—-p,—v€T. Thent—A=b+c—vy€PrNCT s0
that A <t. This proves that Spin(V') € O.

(=)

Suppose V is not root finite. Refer to the character formula given at the beginning
of the Proof of the Proposition 1. Since V is not root finite, there exists an infinite
set J such that 3; € P — C for all : € J (See definitions of P and C in Proof of 5).

Extend the collection of simple positive roots, {ay.};_1, of g to a basis of h*, say:

{”la"' Yy, (X1, 7”P}‘

For i € J, let

n

G = Z cixer = Bi1+ Bi2

k=1
where 3; ) lies in the real space spanned by {a1,- -, an} and 3, 9 lies in the real space
spanned by {ap41, -+ ,ap}. Because 8; € P — C, for each ¢ € J, either §; 5 # 0 or

f3i2 = 0 and there exists a k such that 1 < k < n for which ¢; ; <0.

Thus, we may find an infinite set J; C J and a k such that if n + 1 < k < P then
¢; k is of same sign for all i € Jy and if 1 <k < n then ¢;; <0 for all i € J;.

Define v := ) ;c i B; for K a finite subset of Jy. Also, let Agr := A — yg. Then
Ak is a weight of Spin(V') for each K C Jy. If n+1 < k < P then Ag when expressed
in terms of above basis, will have cocfficient of o, unbounded (above or below) when
K varies over finite subsets of J;. If 1 < k < n then this coefficient will be unbounded
above. Thus these weights of Spin(V') can not be bounded above in root order by

finitely many weights from the weight lattice. Thus Spin(V') ¢ O.
Proof of (7). V(p) = Sping(g).
For the distinguished element d of g, the character formula given at the beginning of
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the proof of Proposition 1 leads to:

Char Sping(g) = et H (1+e™ %),
acRt

where the positive roots Rt corresponds to the d-positive weights {a € R : a(d) > 0}
of adjoint representation g. Also, A = Y i—; ¢;A;, for A; the ith fundamental weight
of g. The formula above is the character formula for V() if ¢; = 1.

Restrict the adjoint representation to the 4-dimensional subalgebra 9; := 5; & Cd C
g, where s; = sly(C) corresponds to the simple root a; and decompose the adjoint
representation into finite dimensional 9;-orthogonal-irreducibles: g |= @ Vi.. Here

| denotes the restriction to 9;. Thus, by Proposition 1(4):

Sping(g |) = Sping(Vy) o> Sping (Vo) & - - -

Using the character formula for Sping for finite dimension representations, [P], the
distinguished weight A of Sping(V}y) is the half sum of d-positive weights of V.
Consider a highest weight vector v =3 3a3Xg of V} for 8’s positive roots of g. If
B =3, baa for a’s simple roots of g, then ad(X —”i)[(Xﬁ) is a positive root vector
or zero for all | unless 3 = o;. This leads to Ag(aY) =0if v ¢ (%) and Ar(e)) =1

if v e g(®). Thus, ¢; = SorAk(e)) =1 for all i.
Proof of Proposition 2.

Refer to the character formula given before the proof of Proposition 1 which leads to:
Char Sping(g) = et H (1+e9),
$(d)>0
where we can write, A = Y ; ¢;A;, for A; the ith fundamental weight of g. The
weights 3 of V such that 3(d) > 0 are called d-positive weights of V. If V is finite
dimensional then by [P], A =37 34)50 $mgB. When V is infinite dimensional, this is

an infinite sum but as in proof of Proposition 1(7), we may restrict V to9; := 5;@Cd C
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g and decompose V |= PV} into finite dimensional 9d;-orthogonal-irreducibles V.
Then the distinguished weight Ai. of Sping(V}.) is the half sum of d-positive weights
of V.. But for a weight 3 of V' if both 8 and s;(3) are d-positive, that is, (3(d) > 0
and s;3(d) > 0 they will not contribute to Ag(a}) because 8(a)) + s;8(a)) = 0. By

Proposition 1(4), ¢; = 3"p Ar(a)), and the result follows.

3.3 Proof of Theorem 1

Pro[.)osition 1 (7), says:

Sping(3) = V(5)
We restrict the adjoint representation g to g and apply Sping with respect to g. Using,
Proposition 1 (1), we get the following commutative diagramn:

g = V(p)
! N !
gpyr=p2b--- Smp Vip) W @ We o ---
where vertical arrows denote restriction. The diagram commutes for the following
reason. Fix a d-finite, orthogonal g-representations V' (such as adjoint representation
of g). Clearly, Spin comnutes with restriction, 1% when acted on V. Express, Spin
in terms of Sping using Proposition 1(2). Since g C g is a d-embedding and V is
a d-finite representation, the non-zero g-weights of V' restrict to non-zero g-weights.

Thus the dimension of the zero weight space does not change upon restriction. Hence

Sping also commutes with lg when applied to V.

3.4 Proof of Theorem 2

Let x) := Char V(A). Forany x =Y ¢y exe, I C P the weight lattice, define x(2) =

Yoaerl cxe?*. Weyl character formula for character of an irreducible g-representation
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with highest weight A, says:

Xou+p = ——
X20i+p A

X2ji+p = T2 A
2
Thus. x2i45 = r\;(':v) Xj (3.3)
Let xji L= 32\, where | denotes restriction from g to g. Also, let W := W @
Wo ¢ -+ where WW.'s are defined in Theorem 1.
N ) i
X2[i+p L = Xi ! Xpl
k
= (Z \flzi)) (xp Char(117)) by Theorem 1.
1=1

k
= 3 xPxp) ehar(w)
=1

k
Thercfore. xo;45 | = (Z )(2,,,1.+/,) Char(11") for the same reason as for equation (3.3).

i=1
which proves Theorem 2.
3.5 Proof of Propositions 3-4

Proof of Proposition 3

We will use Sy(zy, 9. ,z5) to denote irreducible characters for g = sl,C and xy

for irreducible character of principal g = sloC with highest weight k. The restriction
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in this case corresponds to setting z;, in Sy as q("“"m/2 for ¢ = €®, and o the root

of g. We fix the following notation:

Sy L= S/\((I(n—l)/2,q(n—3)/2’ . ’q—(n—l)/Q)’

and
S() —S,\(II,IQ -,172,).

Then character of adjoint representation of g when restricted to g gives:

S L= X2+ X4+ Xo(no1)-

where 6 is the highest root of g. We apply Sping on corresponding representations,
and use the character formula for Sping from Proposition 2. Then using Theorem 1

we obtain:
Spl=Xx1"up ug - uUp-2
where . := I—[}"H((j/2 +q7I12) ‘ind =(n—-1n-2,---,1.0). Now, Theorem 2
e =TI (@7 +q77/%) and p = »n—2,--+,1.0). Now, me

leads to:

9 ~(2)

AS‘Z;1+/) I= (‘Su Ix1) ~up-ugsrup_g
where all n — 1 factors on right hand side are characters of g = sloC. In order to

translate this in language of principal specialization, we observe the following identity:

n

q/\(laqu2v"'7q—)——q S’/\l«

n
where N = 15—1 ST A for A= (A1, A9, -+, Ap). Using the above formula, we obtain:
i=1

g’2;1+p(1 q. (I _l)

( (14q) Su(1, 6% ¢*, ,19”“2)) ~wi(q) - wa(q) - wn-2(q),
where wy.(q) = (1+q)(14¢2) - - - (14¢**1) , where all (n — 1) factors on the right are
syminetric unimodal as they have been obtained from sloC-characters.

Proof of Proposition 4
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We list all graph automorphisms of Dynkin diagrams, D, of simple Lie algebras
g and the corresponding fixed subalgebras g. We obtain the factorizations using
Theorem 1. Let 6 and  be the highest roots of g and § repectively so that V(f)
and V(é) denote their adjoint representations. Let V(é) lg% Ve)eprdp2---,
so that V(p) lgg Vip) @ W1 @ Wo ® ---. We specify p;’'s and W;’s. The fact that

Sping(p;) = W; will be proved in Proposition 9.
1. Graph automorphisms of order 2.

(a) g = Agy_1 = sz, C.
g = /'n = SanC.

<

e 2n —1.
V(6) 13’.‘:’ V(8) ¢ V(8s). where 6, is the highest short root of g.
V(p) 1§= V(p) @ V(ps).

(b) 8

g = Bn =502,41C.

D1 = 5095,42C.

©

n « n + 1, interchanges two forked nodes and fixes others.
V(6) 13":‘ V(8) & V(8s), where 6, is the highest short root of g.
V(p) 18= V(p) @ V(ps).

(c) 8 = Es.
g= F4.

145 22 4 and fixes others.(See page 53 [Ka] for ordering of nodes)

V() J,gé V(6) ® V(6s), where 65 is the highest short root of g.
V(p) 182 V(0) @ V(ps).
(d) 8= A2y = slgn41C.
g = Bn =s02,41C.
idoam+1-i

V(6) 18~ V(6) @ V(265), where 6, is the highest short root of g.
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V(5) 182 V(p) ® V(p +205).

2. Graph automorphism of order 3.

(a) 8= D4
g =G
o cyclically pemutes the three outer nodes and fixes the middle node.
V() 132 V(0) @ V(8s) & V(0s), where 6, is the highest short root of g.
V() 18= V(p) & (V(ps) + V(0)) & (V(ps) +V(0)).

3.6 Proof of Propositions 5-8
Proof of Proposition 5.

We will prove Proposition 5 using Proposition 2. Recall that —N < (#(d}).0(d)) < N
for all weights 3 € T of V. Now all weights of V are of the form k6+3 with multiplicity
m 3 for k € Zand 4 a weight of V. Thus, for d = Nd+dy, (ké+06)(d) = kN+8(d1) > 0
if and only if £ > 0 or & =0, 5(dy) > 0 by the definition of N. Proposition 2 leads

to:

CharSping(V) = A [ +e™?)™3 [[(+e7F0)™3,

B(dy)>0 k>0
BeT

where A = 3" g ciAy, ¢; as defined in Proposition 2. It is casy to verify that for
i=1-n¢=) %m/j,@(az\/) summing over weights 3 of V (as opposed to V) such
that 8(d;) > 0 and s;(3)(d;) < 0 because s;(kd + 3) = kd + s;(3). Futher, since V is
finite dimensional, we may drop the condition s;(3)(d;) < 0 and sum over all weights
f3 of V such that 3(d;) > 0 because 8(a)) + s;(8)(Y) = 0. Thus:

1
Cp = Z 5111)3/3(();/), i=1,--,n
A(dy)>0

For i = 0 case, (k6 + B)(af) = —3(8Y) as a9 = K — 6Y. Also, mysg = mp.

Therefore by replacing 8 by —3, we get cg = %nzg,ﬁ(ﬁv), sumiming over all k € Z
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and 8 € T such that (kd + 8)(d) > 0 and so(ké + 8)(d) < 0 which simplifies to the

inequality:

d B(d
N N
where sy denotes reflection corresponding to the highest root 6 of g.

Now. by definition of N, ﬂ%L) and ii%(i) are fractions. So the inequality (3.4)

/
implies that 3(8Y) > 0. Since ¢ involves summing ém[;a(av) over inequality (3.4),
we may sum over (V) > 0. Consider the following cases:

Case 1: 3(8V) > 0. 6B(d)) <0 (= sgi(dy) <0).
Case 2: 3(6Y) > 0, B(d;) >0 and sgB(d;) > 0.
Case 3:3(6Y) > 0, B(dy) >0 and spB(d;) < 0.

In Case 1, inequality (3.4) = 0 < &k < 3(0V) — 1. In Case 2, inequality (3.4)

= 1 <k < 6(8Y) and in Case 3, it implies 1 < k < 3(8Y) — 1. Thus, we get:

1 1 1, v
0 = 3y 5m,jza(ov)% > 5171.3/3(9\/)2-4- 3y émﬁ(ﬁ(ev)2 — B(6Y))
Case 1 Case 2 Case 3
1 e ~ 1
= ¥ 5771,,/3(9%2— 3y 5m@ﬁ(ev).
Case 1,2,3 Case 3

Now, in the first sum the union of the three cases leads to the case 3(6V) > 0 and
due to the square in the sum, it is equivalent to summing over 8(d;) > 0. In the
second sum over Case 3, we may drop (3(6Y) > 0) as it is implied by 8(d;) >
0 and sgf(d;) < 0. Further, we may also drop (s¢8(d;) < 0) for the same reason

which led to the expression for ¢;, ¢ = 1---n. Therefore:

1 1
o = 3y §m5/3(0v)2— > §m,}d(ev),

3(d1)>0 B(d1)>0
¢ = Z %mgﬂ(az/) i=12--n,
A(d1)>0

and A = ) " ¢;A; which leads to Proposition 5 using A; = w; + a}/AO and Y =

i=1a’a). Here, =; is the ith-fundamental weight of g.
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Alternate proof of Proposition 5.

Now we will use a different machinery involving computations in so(V') to prove
Proposition 5. Refer to the characer formula in the Proof of Proposition 1. Now,
the Lie algebra under consideration is g (in place of g) obtained from affinization
of finite dimensional Lie algebra g. The representation under consideration is 1% (in
place of V') obtained from affinization of finite dimensional g-represutation V. The

g-representation V" is orthogonal, so we have the map
§ 2 so(V)
corresponding to the g-representation V' given by th.e map
g -5 so(V).

Recall that in the Proof of Proposition 1, for the comutative diagrain given by Lemima

1: )
g— so(V)
&\, I
s0(V)

we did not calculate A = ZO o ¢ which we do now in the present setting.

First we do this for g = s0(V), g = so(V) when V is the defining representation
of so(V). Recall from Section 2.1, the definition of so(V') for a vector space V' with
the following basis {em > ....e1,e0,e—1,...,6—m}. Let [m] := {-m....,0,...,m}.
To distinguish objects associated to so(V') and so(V) with corresponding objects of
g and g, we will put 2~ on top.

A basis of the cartan subalgebra of diagonal matrices of so(V') is:
{f[,‘ =Ziji= 1...m}

and let the dual basis be:

{I:,-:i=1...m}.
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The set of positive roots are:

{i’i B Lj}i>j20U { Li+ Zj}i>j>0'

The highest root:

é:in'}‘fzn_].

Define a bilinear form B on so(V) as B(X,Y) := %Trace(XY). The highest

root vectors X'é and X 5 are Zp,—(n-1) and Z_ respectively. Note that

-9 n-1)n
B()Z'(j. X’_é) = 1. Let so(V) be the corresponding affine Lie algebra with central

element A" and derivation d. So

o)== P c*z)rCrecd

k€Z,i>—j
with cartan subalgebra
P chHeCrecd
i=1..m

where H,; := Z; ;. Let the dual cartan subalgebra be

P CL; ¢ CAyaCo.

i=1..m
Let V be the corresponding affinized representation of V ofso(V) as defined in Section
1.5.1. Denote this representation by 4 : §6(V) — so(V). Also, recall the map
7 :60(V) — so(V') defined in Section 2. Then by Lemma 1, with 1 = 0, we have a

Lie algebra map 5 : $0(V) — $0(V') such that the following diagram commutes:

so(V)
4 I

(V) 2 s(V).

Lemma 3.

.o~ 1. y
A:=L0°7=§(2Li)+/\0
i=1

Proof of Lemma 3.
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Recall that for the basis element tkej of V we write €(k,j)- So for so(V) and so(V)
the indexing set, instead of Z, is ( Z x [m]). But for the index (0, j) we will write j .

According to Section 1.5.1 , % : §0(V') — so(V) is defined so that,

WZij) = Zij + 2 (Zikiy k) = Zik,—g).(k,—i))
ke zt

VZij) = 2 (Zaariyhg) = Zk+1.-j), (k=)
kGZZO

712 = X (Zaykrrg) = Ziki—j) (k+1-i))
kGZZO

According to Lemma 1 with ¢ = 0, 5 : §0(V) — $0(V') is defined so that for i # j,

~([, _}) —?(’J‘(’._i - Z 5((',“‘..1)(’,(_’:'_1') - ()‘(L‘.—-I')H(—k,j))’
ke zt
Zij) = = % 5k (cho1mi) = (e} (—F=1.)))s
AEZZO
A2 = = 8 SOy~ kemi) ~ €k, i) (= k)

Using (Z; ), i # j we can also find 3(H;) as follows:
Hi=Zi; =120, 204 = 7(H) = [5(Zi0):7(2Z0.)]
and using ¥(Z; ;) for i # j, we can show that:

- 1 ee_; 1 r
(1) = (5 -— ’) = D 5Ok k) iy ki))- (3.5)
ke zt

Now, we find 5(K). Let X g and X _¢ denote highest root vectors and 6V the highest

coroot in s0(V"). Then,

S R T
[tX_o,t Xo] - [X_o-,xo] + B(X,, X_,)K.
(X pt71%] = =6V 4+ Trace(Xp, X_pK.

Applying 4 both sides we get:

[a(tx_é),a(t-lxé)] = —3(6Y) + ITrace(X; X_,)A(K).
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In so(V'), the highest root vectors )?é and X_é are Zp, _(n—1) and Z_,_y) , Tespec-

tively and 6V is (Zn-1n-1+ Znn)- So,

~ < 1
Al(l‘)(_()) = - 2 Q(C(k,n)e(—k—l,n—l) - e(k’"—l)e(—k—l,n)),
F(t71X 1
(¢t ng) = = 2 3(e(k41,—n+1)€(=k,—n) ~ E(k+1,—n)€(=k—n+1))>
?(év) = 1- e"—l‘;—nﬂ _ e"e{"

-2 %(e(k,n—l)e(-k.—nﬂ) ~ €(k,—n+1)€(-k,n-1)
keIt

+ €(kn)€(=k,—n) ~ €(k,—n)€(~kn))-
Now, it is easy to verify that:
[3(eX ). 3071 %p)]

- %(('71~1“—71+1 + ¢ne—n)
1
+ Z+ ?(('(k.n—l)(’(_.k.—n+1) - ('(k,--n+l)('( “ka—1) + ()(k.n)(,(-k.—--n} _ (f(k —n)"(_k’n)),
ke I

= —3(HY)+ 1.
Using
e N 2l vy 1 e e
HEX_5). 371X ] = —3(0Y) + 3 Trace(X;. X_s)(K),
and knowing that %Tl'ace(xo,,‘?_e) =1, we get :
Y(K) = 1. (3.6)
In Lemma 1 we choose v = 0 so that ,
(Constant term in %(d)) = 0. (3.7)

Recall, Zo is zero on cartan subalgebra of s~o(f/) except on constants with Zo( 1)=1.
Therefore, using equations 3.5, 3.6 and 3.7, we conclude that:
~ 1 &
Looy= 5(2 L;) + Ao.
i=1
which proves Lemma 3.
For the general case, let V' be an orthogonal representation of a finite dimensional

Lie algebra g given by, o : g — so(V) and V be its affinized representation of the
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corresponding affine Lie algebra g (as described in Section 1.5) given by ¢ : g —
s0(V). Then as in Lemma 1, we have the map 6 : § — 5~0(V) such that following

diagram commutes.
g = so(V)
oN, In
so(V)
As before, let V has a basis of weight vectors, {¢m,....¢1,€0,¢-1,...,—m } (¢g ap-
pears if V' is odd dimensional). Let weight of e; be 8;, j > 0. Assume that the

killing formm B on g is normalized so that B(Xy, X_g) = 1, where Xy and X_gy are

root vectors for the highest root 8 of g. Let ¥ = coroot of highest root 6 of g. Then,

Lemma 4.
A= Zoo&: v+ cAg
m m
where v = 712 2 0 and = % Z 3 (0V)2.
1=1 =1
Proof of Lemma 4.
In the commutative diagram
g 2, so(V)
N, I
so(V)

we relate ¢ and 6 with 4 and 5 described in commutative diagram in Lemma 3,

so(V)
/% I

so(V) —> so(V).
Since both g and $0(V) act on V via ¢ and 4 where action of § is obtained by
affinization of the action of g on V by matrices in so(V) and action of so(V) is
obtained by affinization of defining action so(V') on V|, image of & lies in image of
%. Note that, due to the map % : $6(V) — so(V) with kernel CK, so(V) is a
central extension of the itnage of 4. Thus using the note after Lemma 1 with ¢» = 0,

there exist a map of Lie algebras 7 : § — $§0(V) such that the following diagramn
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commutes.

i S so(V)

nl /A
so(V)
Combining this with the commutative diagrain
so(V)

/A A
so(V) —> so(V),

we have the commutative diagram:

g — so(V)
nl /% 1w

so(V) -5 so(V).

Comparing above diagram with

-5 so(V)
o\ K
s0(V)

we get & = 4 o1 because 4 o n satisfies the conditions of Lemma 1 and & is umque.
Next we compute 7). so that we can compute Lgod = Lgojon. For X € g, n(tkx) =
1*(X), where o : g — so(V) gave the finite dimensionl orthogonal representation
V of g. In particular, n(H) = o(H) for H € b. Calculating bracket of 0'* simple root

vectors, tX_g and t 1 X, in g where B(X_g, Xp) = 1 by assumption, we get,

[tX_g.t71Xy] = [X_p,.Xg] + B(X_g.X9)K.
[tX_g.t71Xy] = -6V + 1K.

Applying n both sides:

t(X_g)nt1(Xg)] = -n(6Y) + n(K),
[to(X_g),t7'o(Xg)] = -n(6Y) + n(K).

Calculating [IU(X_g),(_l(T(Xg)] in so(V),

[0(X_p),0(Xg)] + ?(Ux—e,dxe)fi( = —n@Y) + n(K),
—n(Hy) + B(oX_g,0Xg)K = -n(6Y) + n(K).

o — ————



This shows that:

Since ¢ = yo 1.

zoo& =

= B(UX_O,UX())R (3.8)
o(H) for Heph (3.9)
= d (3.10)
Loodon.
(Loo 7)o,
1< Fo. &
(3 ZILMAO)OU,
1:

(Using Lemma 3)

o

m ~
3 Zl(Li on) + (A9 o).
l:

Now, using equations 3.8, 3.9, 3.10 and o(H)(e;) = B;(H)e; for H € b, we can show

that L on = B; and Agon = B(6X_g,0Xg)Ag. Now, g embeds in so(V) via

o :g — so(V). Thus invariant bilinear form B on so(V') is invariant over o(g) also.

Therefore,

v

B(cX_g.0Xy) =

which proves Lemma 4.

—%é( oX_g, [0Xg.060Y])

3B([0Xg,0X_g) .06Y)
% B(a8V,06Y)
Trace(c8Y - 06V)

B

y definition of B )

( As 08V is a diagonal matrix )

3 g:l B;(6V)?

Now we can write the character of Spin(V), when V is obtained by affinization of

a representation V of g (o : g — so(V') ). Recall from Section 1.5.1, the action of



gonV,6:§— so(V). For the chosen basis of V, {tkei Seqiyk€Zic€ [m]}:
H)(tFe;) = tka(H)(e;) = 8;(H)tke; for H € b
6(K)(tke)) = 0
5(d)(t*e;) = ktke; .
Thus, weight of tke; = e(k.) 18 Bi + kd. Using Lemma 4 in the character formula

given in the Proof of Proposition 1, we get:

. m g
CharSpin(V) = e [[(1+e¢ f’z) ) I a+ e—-@i-ké)
=1 k>0.i€[m]

m m
where v = % 3 and = % S 8;(6Y)2.
1=1 1=1

In case of Affinized representations, (zero weight space of V) C (zero weight space
of V). Then from Proposition 1 (2), Proposition 5 follows directly.
Proof of Proposition 6.
Exactly same as that of Theorem 1 using property of Spilio given in Proposition 1(4).
Proof of Proposition 7.
Direct consequence of Propositions 6 and 1(7).

Proof of Proposition 8.

This is just Theorem 2 for affine Lie algebras where we make use of Proposition 7.

3.7 Proof of Propositions 9-10

We will use R, Rs and R, to denote the set of all roots, short roots (if any) and long
roots (if any) of a finite-dimensional semi-simple Lie algebra g with distinguished
element d = pV, the sum of all fundamental co-weights of g. Similarly R*, R} and
Rl+ will denote the set of all positive roots, positive short roots and positive long

roots.
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Proof of Proposition 9.

This classification was done by [P]. Here we give proofs of the facts about Sping(V)
for each of the 3 cases.

Proof for Case 1 is given in Proposition 1(7) earlier which uses Weyl denominator
identity. We use it again to prove other cases also.

Proof for Case 2.

Let y := Char Sping V' (6s). By Proposition 2:

x = ePs H (1+e79).

aER:

Weyl denominator identity is:

Ap = JJ - J] (17

OER; aERf

Ay = cPstP H (1—6_20) H (1-e79

aER;{' a€ Rl+

= ePstp IIT a-e. (3.11)

a€ (2RFUR})

If for g, ( ||()[|2 / ||03||2) = 2 (as in Case 2) then (2Rs U R;) forms the root system of
the dual algebra, denoted by g, of g. Then the half sum of positive roots g of g is

given by p = ps + p. Thus by Weyl denominator identity for g and equation (3.11):

X Ap = /‘ﬁ = ‘1P5+P

Since, g and g have the same Weyl group and A is the anti symmetrizer of u w.r.t.

Weyl group, /ips+p = Aps+p-

A
= X = ———/’;”:CbatV(ps).
p
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Proof for Case 3.

For n > 2, Panyushev [P, Prop. 3.8] showed that the set of all nonzero weights of
V(20s) is S = 2R, U Ry U R; with multiplicity of each nonzero weight as 1. For n =1,
define Rs := R, R} := R* and R; := {}, R := {}. Also define [loegy fla) =1

for any function f. Let y := €har Sping V(265). Thus by Proposition 2:

v = 2 I a+e®) [T @+em) J] (1+e™@).

aeRj aeR; aGR?
Ap = ¢ H (1-—e7%) H (1-€e9).
aERi aeﬁf
VQ0¢+92 . \ —
vAp = A T -t JT -e®)
aeRR} acRf

(= Agp = Ag(ps4p) s ps = p for n=1)

= 2pstn) H (1-e729) (Forn>2)

a€ (2RFUR)
= /i‘_)ﬁ (By comparing with /i,; of dual algebra g for n > 2)

= Ay(petp) (As p = ps + p as in case 2)

Apstp)4p _

= =
X A,

CharV(2ps +p) ( Forn >1).

Proof of Proposition 10.

Proof of (=).
Let Sping(V) be irreducible and denote its character by x. Also let S denote the set
of all non-zero weights of V and q := €®. Then by Proposition 5:
X = Char Sping(V) eAo H (1+e Bg=ky"3 H(l +q k)Mo
k>0,3€eS k>0
where ¢ = Z‘3€S+ %71:315(()\’)2. Suppose that Char Sping(V) = 3°7_; xu; where xy,

is the irreducible character with highest weight v;. We first show that s = 1 meaning
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V is coprimary. Weyl denominator identity for g is :
i +hVA - —a—ké —k6
Ap=el 0 H(l—c *) H (1 -7 H(l—e "
aeRt k>0,0€R k>0
where hY is the dual Coxeter number. Using Weyl denominator identity for g, namely,
Ap =P [ ep+(1—e ) and writing g = ¥, we can say:
A hY A ~a_—k -k
Ay=2A, " 70 H (1-e" % ") H(l—q i
k>0,0€R k>0

Mutiplying y with /ip. we get:

. s
vy = (Z \y; AP) AR L (gt 4 (a2 #
=1

ol L pV » .
= <ZIA,,I+,)) elcth™)Ag 4 (...)q_l + (...)q“z +
1—=

X - l,, will contain the term e”i+”+("+hv)’\0}—- e’itcAo*P for each i = 1...s where
v; 1s a dominant weight of g. By character of Sping(V), all its weights of are of the
form: %Zﬁes* a3 for some —mg < ag < mg. Since ¢ = 525654. 771,».3#(()\/)2,
v;i(6Y) < e. Also, since v; is a dominant weight of g, this shows that v; + cAg is a
dominant weight of g for alli = 1...s. Hence x contains irreducible Xv;+chg for each
i in its decomposition into irreducibles. So, s must be 1 because y = €har SpinO(V)
is irreducible.

Next, we show that when V = V(26;,) for g = s09,4+1C then SpinO(V) is not
irreducible. By [P, Prop 3.8], the set of all nonzero weights of V' (26,) is S = 2Rs U
Rs U R; with multiplicity of each nonzero weight as 1. This holds for n = 1 also, if
we define Rg := R, R):= {} and R} := RT, R‘l+ = {}. Let [[aeqy f(cx) :=1 for
any function f and S* = 2R§ U R} U R;". Now by Proposition 5:

Char Sping(V) = e2pstptchg H (14+e 9 H (1+ e—ﬂ—kJ) H(l + e—k&)mo .
peS+ k>0,3eS k>0

We calculate the level ¢ of the representation SpinO(V) as follows: Forn > 2, R} =

{L;}. R?’ = {L;£Lj:i<j} and dual positive roots {2H;} U {H; £ H; :1 < j}
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where {H; : 1 <i < n} is the dual basis of {L;:1 <7 <n}. Then § = Ly + Ly and
6V = Hy + Hy = Ha + Hap + 25775 Ha;. Thus:

e = 2n+3 forn>2
N 10 for n = 1.

Also, the multiplicity of zero weight space, mg = n, the rank of g, by Panyushev
P, Prop 3.8]. Thus, €har Sping(V) reduces to:
0

x = CharSping(1") = 2542 eho T (14e™?) [ (1+e=59) [ (140",
BesS+t k>0,0¢S k>0

The highest dominant weight appearing in y is A := 2ps + p + ¢Ag. To prove that x
is not an irreducible character of g, it is enough to produce another dominant weight
appearing in y, say, A’ such that '(A—A,) can not be expressed as non-negative integral
linear combination of simple positive roots of g. For n > 2, take A= 2ps+p+2L) -
& + cAg which corresponds to the term in y, e2Ps+# eNo e=Bkd for 3 = -2L; €S
and k = 1. Clearly, Ais dominant as /\, := 2ps+p+2L; is dominant weight of g and
N (V) =2n+2 <c=2n+3. A=A = —2L,46 = 6—(L1+La)— (L1 = Lo) = ag—ay.
For n =1, take A = 2ps+p+ (20 —08)+cAg = 7p—5+10Ag. Then /\/(0\/) =7<10.
Here, A = 3p + 10Ag. So, A — A = —dp+d=-2a+d=0—-a)—a=ay—ay.
Proof of («<).

Using Proposition 1 (7), it is enough to prove :
V=V(6s) = Sping(V)="V(ps),

where, ps := ps + hy Ao, hY :=3; a}/, i’s corresponding to short simple roots of g.
In the proof of Case 2 of Proposition 9, we dealt with finite dimensional Lie algebras
g and its dual algebra g. In the same spirit, here we will deal with the affine Lie algebra
g for g € {s02,+1C, sp2,,C, f4} and its Langlands dual (obtained by reversing the
arrows of the Dynkin diagram of g) denoted by g. So if R denotes an object associated

to g (say R = the set of roots of g) then the corresponding object (the (multi-)set
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of roots) associated to g, g or § will be denoted by R, R and R respectively. Let

x = €har Sping(V). In order to completly adapt the proof for Case 2 of Proposition
9, we will define multisets associated to roots of g, namely ﬁ: and ﬁ?’ and show the

following Facts:

L x=eP [ (14e9).
acRY

2. ﬁ;’ U ﬁf’ = R* the multiset of all positive roots of §.
3. ZIA?.j U Rl+ = R* the multiset of all positive roots of §.
1 p=ps+p.

First we introduce the following notation: For.any set A. define Ay := a multiset
consisting of elements of A with each element appearing & times. Further, the multiset
A{l} will be written as A.

Proof of Fact 2

Now, the multiset of all positive roots of g:
RY:=R* U {a+ki:a€RkeZs} U {ki:keZsg},
For g € {s02,+1C, spy,,C, f4}, define:
Rf =R} U {a+ké:a€Rske€Zsg} U {ki:k€Zso}y,
where ng := number of short simple positive roots of g. Similarly,
Rf =R U {a+ki:a € R k€Zsg} U {k6:k€Zso}y_y,-

Clearly, 2 is true.

Proof of Fact 3
8 € {s02041C, 592, C, fa} = (11817 /165]1%) =2 in g
S ge (B0 c V) = ge (a2, 02, ERY.
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Note that, g is a twisted affine Lie algebra which contains the finite dimensional dual
algebra g of g. The set of all positive roots of g is 2RY U R?'. Now 3 is obvious for
real roots or one can check directly using [Ka, Prop. 6.3]. We only need to check
the multiplicities of imaginary positive roots. We observe that, in 2§;‘ U Rl+ the
multiplicity of 2ké is ns + (n — ns) = n and multiplicity of (2k + 1)d is n — ng which
matches with multiplicities given by V. Kac [Ka, Corollary 8.3] for twisted affine Lie
algebra g.

Proof of Fuct 4

Let [[; UTI; = the set of all simple positive short and long roots of g. Similarly,

let S~ = the set of all simple positive coroots corresponding to short roots of g and
let 3, = the set of all simple positive coroots corresponding to long roots of g. Then
(2TIsull;) and (% s Uzl) forms the sets of simple positive roots and coroots of
g respectively. From this we can conclude that p = ps + p.

Proof of Fact 1

Refer to Proposition 5 for expression for y := €har Sping(V). It’s easy to check that
set of all nonzero weights of V = V(f5) is S = Rs. Since multiplicity of zero weight

space is ng, Proposition 5 leads to :

x = eu+cA0 H (1 +e—a)
aeﬁ;

. 1 _ _ 1 V2
where, v 1= 5 ZQER;' a=psand c= 35 Zaelij a(6V)=.
We will show that v + ¢cAg = ps. Since, # is always a long root for g €

{509,,41C, 5p2,,C, f4}, a(6V)is 0 or 1 for all a € R} due to following Lemma.

Lemma 5.

a€ RT\ {8} = a(8V)=0orl.

Proof. Verify the following facts about any finite root system R = Rt UR™.
l.LaeRt = a+60¢R.
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22.0€eRT = a-0¢R.
3. ForaeRY, a-0eR = a-0eR” = a-20¢R.

Counsider the restriction of the adjoint representation, V' (6), to the sloC corresponding
to 0, sp := CXy & CX_gd CHY. Using above facts, we conclude; for a fixed o €
RT\{0}

o If a — 6 ¢ R, then CX, is a trivial irreducible component of V(0) as an sy-

representation, and thus a(8V) = 0.

o Ifa -0 € R, then CXy & CX,,_g is an irreducible component of V() as an

sg-representation, and thus a(8Y) = 1.

This proves Lemma 5.
Thus, a(8¥) is 0 or 1 for all @ € RF = a(68Y)? = a(8Y). Therefore, ¢ = ps(6Y) =
IY as ps = the sum of all fundamental weights of g correspondiug to simple short

iL1a)a). We get, v+ cAg = ps + hyAg = ps which proves the

roots and 67 =
Fact 1.
Finally we get the proof by replacing p, ps, R and Rl+ by p, ps, ﬁ;" and ﬁf re-

spectively in Proof of Case 2 in Proposition 9.
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