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ABSTRACT

ELECTROMAGNETIC MATERIAL CHARACTERIZATION OF A
PEC BACKED LOSSY SIMPLE MEDIA USING A RECTANGULAR
WAVEGUIDE RESONANT SLOT TECHNIQUE
By

Andrew Eric Bogle

Electromagnetic material characterization is the process of determining the com-
plex constitutive parameters of a certain media. The motivation here is the devel-
opment of a non-destructive material characterization technique for a lossy, simple-
media (linear, homogeneous and isotropic) backed by a perfect electric conductor
(PEC). In order to extract both the permittivity and permeability of the media, two
independent experimental interrogations of the material are required. For a rectan-
gular waveguide the experimental interrogations take the form of either reflection or
transmission coefficients. The experimental data is then compared iteratively to the
formulation, resulting in the extraction of the complex constitutive parameters for
the media.

This dissertation will demonstrate, through the use of a transverse slot cut in the
bottom wall of a rectangular waveguide, how waveguide scattering parameters are
used to effectively extract both the permittivity and permeability of a lossy simple-
media backed by a PEC. A two-dimensional Newton’s complex root search algorithm
is used to iteratively solve for the complex constitutive parameters. Results for a
magnetic radar absorbing material are compared to measurements using a partially-

filled rectangular waveguide technique to verify the formulation.
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CHAPTER 1

INTRODUCTION AND BACKGROUND

Electromagnetic (EM) material characterization is the process of determining the
constitutive parameters of a specific medium. The parameters typically sought are
the bulk permittivity and permeability, which are specific values that describe an EM
materials susceptibility to becoming polarized or magnetized when exposed to either
an impressed electric or magnetic field, respectively. For time-harmonic representa-
tions. both of these constitutive parameters can be complex values. where the real
parts are related to the energy storage of the material, and the imaginary parts are
related to the loss mechanisms that convert incident electromagnetic radiation into
heat. As the number of applications for EM materials continues to grow, so does the
need to accurately characterize them.

A number of disciplines rely extensively on the characterization of EM materi-
als, including stealth, integrated circuits and agricultural technologies. For example,
stealth uses the permittivity and permeability to describe how effective a material is
at absorbing an incoming radar signal [1]-[3]. Whereas agricultural technologies uses
the complex constitutive parameters to aid farmers in deciding when to harvest their
crops [4]. A common thread to all of the applications is the increasing demand for
better accuracy to achieve the desired results. This has lead to new challenges and
increased levels of complexity for the material characterization field as a whole.

No matter what the complexity level though, the desired result is still the consti-
tutive parameters. Two distinct evaluation methods, destructive and non-destructive,
exist for extracting the permittivity and permeability of a specific medium. The ma-
jor difference between the evaluation methods is how the sample is handled. For a

destructive evaluation the sample may be altered to fit the desired testing device,



whereas for the non-destructive evaluation (NDE) the testing device must be built
around the existing operational environment of the desired sample. Destructive eval-
uations are typically measured in a small scale laboratory setting, since this generally
keeps the cost low and the environmental control high, both of which are desirable
traits when attempting to characterize any material. NDEs are generally not afforded
either of these luxuries, and must be done in the existing operational environment at
significant cost.

Still there is a need to perform NDEs of EM materials. The same basic steps in
comparing the measured and theoretical data are usually used to find the permittiv-
ity and permeability in either the laboratory or operational setting. First. a material
sample or testing device is built in the machine shop to facilitate the desired evalu-
ation. Then the testing device is connected to a vector network analyzer (VNA) in
order to obtain experimentally measured data. Finally, numerical algorithms are used
to extract the complex constitutive parameters of the sample from the experimental
data.

One of the most widely used algorithms is the Nicolson-Ross-Weir (NRW) tech-
nique, because it has the advantageous ability to directly solve for the material param-
eters in closed form [5]-[6]. However, for the NRW technique to be properly applied,
the test samples must be linear, homogencous and isotropic with coplanar front and
back surfaces [7]. Essentially this means the testing device must not excite higher
order modes, which unfortunately is not always possible.

Several NDE techniques have been developed to allow full-characterization of
conductor-backed materials [8]-[11]. Three techniques, free-space, coaxial probe, and
rectangular waveguide probe, are the most prevalent characterization methods. The
free-space techniques have some unique advantages when compared to the other meth-
ods. For instance. the characterization may be done having no physical contact with

the material sample. They may also be characterized as a function of incident angle or



vertical and/or horizontal polarization [12]-[15]. However, they are not very effective
outside the laboratory setting since significant errors are introduced when the nu-
merous assumptions associated with the technique cannot be met in the operational
environment.

Probe methods tend to have less restrictions associated with them, thus making
them better fits for the operational environment characterization methods. To date,
the majority of work investigated involves just single probe methods. These maybe
grouped based on how they radiate electromagnetic fields: antenna probes; open-
ended coaxial line probes: and open-ended waveguide probes. Antenna probes are
essentially a combination of free-space and waveguide techniques, thus they still have
a number of the drawbacks due to free-space component of the measurement [16]-[17].

Coaxial line probe methods make good NDE techniques since they have a wider
measurement bandwidth and a higher accuracy than antenna probes [18]-[22]. The
major drawback associated with these methods is the lack of ruggedness the coaxial
lines have when used in an operational environment. Also, it is very difficult to ensure
that no air-gaps are present between the center conductor of the open-ended portion
of the coaxial line and the material sample.

Waveguide probe methods ultimately offer physical and EM advantages over coax-
ial probes. Physically, waveguides are more rugged than coaxial lines, making them
smart choices for tests performed in operational environments. Since the accuracy
between waveguide and coaxial probes is similar, the EM advantages of waveguide
probes are in characteristics such as; wave impedance, radiation and linear polar-
ization. Allowing for more accurate characterization of low permittivity materials,
deeper penetration in lossy materials, and measurement of anisotropy, respectively
[23]-[40].

The potential drawbacks of waveguide probes include their limited bandwidth and

bulky size at lower frequencies. The concern of bulk sized waveguides is negated by



using higher frequency waveguides. For instance, the WR90 X-band waveguide has
dimensions 0.9” by 0.4”, which make it very practical for use as a hand-held device.
The concern of limited bandwidth has been investigated and solved by dielectrically
loading the waveguide, enabling operation of the given waveguide at lower frequency
ranges [10].

Recently, dual probe (collincar aperture) waveguide methods have been investi-
gated [41]. These techniques are able to obtain multiple independent interrogations
of the medium, without altering the experimental setup, which leads to the ability
to simultaneously extract both of the complex constitutive parameters. This ability
is especially significant in NDEs where alternate experimental setups are extremely
difficult to develop. The dual probe techniques also help save time, reduce cost and
remove the error associated with multiple measurements. all by simplifying the overall
procedure necessary in the operational environment.

Slot apertures are another possibility for a collincar aperture waveguide method
[42]-[45]. Extensive investigation of antennas involving slot apertures in waveguide
walls has been done [46]-[56]. However, no investigation has yet been done to extend
these antennas to a material characterization technique. This leads to the motivation
for this dissertation, develop a NDE technique to characterize an EM material per-
manently affixed to a perfectly electric conducting (PEC) surface. More specifically,
full characterization of the complex constitutive parameters, permittivity and perme-
ability, for a lossy simple-medium (linear, homogeneous and isotropic) backed by a
PEC surface using a slot aperture cut in the bottom wall of a rectangular waveguide.

Chapter 2 presents the integral equation (IE) technique that finds the theoretical
scattering parameters for a rectangular waveguide radiating through a transverse slot,
with finite thickness, into a half-space (HS). This is a well known antenna problem
that will provide confidence in the waveguide (WG) and cavity (CV) portions of the

formulation presented in Chapter 4, that will ultimately be used for extracting the



complex constitutive parameters of the medium.

Chapter 3 develops the Green’s function, which will be used in Chapter 4. for
an EM field within a parallel-plate (PP) environment. Chapter 4 presents the IE
technique that finds the theoretical scattering parameters for a rect'angular waveguide
radiating through a transverse slot, with finite thickness, into a lossy, homogeneous
and isotropic medium backed by a PEC surface. These scattering parameters are then
compared to experimental results in order to extract the desired results, permittivity
and permeability.

Chapter 5 shows results of the complex constitutive parameter extraction for a
magnetic radar absorbing material (MagRAM). The extraction is done using a com-
plex two-dimensional Newton's root-searching algorithm, since the measurement tech-
nique developed violates the assumptions of the NRW technique. Chapter 6 presents

conclusions and recommendations for future work.



CHAPTER 2

RECTANGULAR WAVEGUIDE RADIATING THROUGH A
TRANSVERSE SLOT INTO A HALF-SPACE

2.1 Introduction

The formulation of a finite-thickness transverse slot centered in the broad wall of a
rectangular waveguide, radiating into half-space, is considered in this chapter. Specif—
ically, the reflection and transmission coefficients for the rectangular waveguide are
sought. This is because they are ultimately used to perform the complex constitu-
tive parameter extraction in Chapter 5, where the half-space is replaced by the PEC
parallel-plate structure that is analvzed in Chapter 3. Understanding this well-studied
problem provides an important form of confidence since the problem has been pre-
viously studied, well known results are available for referencing with the formulation
presented here.

The first step in the formulation is to develop representations of the fields in the
three different regions (WG, CV, and HS). Next, a set of coupled IEs are developed
by satisfying the continuity of the tangential fields at the two interfaces (boundary S1
(BS1) and boundary S2 (BS2)) between the three regions. The final step is to solve
the coupled IEs using a method of moments (MoM) technique for the unknown slot
voltages. which in turn identify the scattered fields in the rectangular waveguide and

ultimately the reflection and transmission coefficients desired.

2.2 Geometrical Configuration

Consider a rectangular waveguide, backed by an infinite ground plane, with a trans-
verse slot cut in the lower broad-wall as shown in Figure 2.1. The waveguide has fixed

dimensions for width —a/2 < & < a/2, height t < z < by and length y; <y < yp,



where by —t = b and the width (a) is in general greater than twice the height
(b). The slot, shown in Figure 2.2, has fixed dimensions for width —L < = < L,
height 0 < = < t and length —W < y < W, where the height (t) corresponds to
the wall thickness of the waveguide and infinite ground plane. BS1 is located at
1 = (r1,¥1.t) and is the interface between regions I and II. Similarly, BS2 is located

at 5 = (22,y2,0) and is the interface between regions II and III.

S
>
N

Z'—'bl [ < ]

Region I: Waveguide

PEC
z=1 ¥ V
b <« Region II: Cavityy Y
z=0 —>

y =0 RegionIIl: Halfspace

Figure 2.1. Geometrical Configuration: Rectangular waveguide radiating through a
transverse slot into a half space

2.3 Field Representations

In order to develop the desired 1Es, a representation of the fields in the three regions
is needed. However, to generate the appropriate set of field equations a knowledge of
the sources is necessary, thus the first section solves for the equivalent currents that

maintain the fields in the three regions.



2.3.1 Equivalent Currents

To develop the equivalent currents for this formulation, a discussion of the excitation
of the geometrical configuration in Figure 2.1 is helpful. The system is excited by the
TE 1/0 mode, which propagates down the guided-wave structure until it encounters the
transverse slot in the broad wall of the waveguide, disrupting the current along the
waveguide wall. An impressed field is then maintained in the slot aperture, inducing a
voltage across the slot that subsequently maintains scattered waves in the rectangular
waveguide. Thus, it is the impressed slot-fields that lead to the equivalent currents

used to represent the fields in the three regions of this formulation.

v
/ =12
y=W

y=0 — >
Ey; H.\'/ X

< _»

y=-W T
==L x=0 x=1

Figure 2.2. Geometrical Configuration: Top view of the transverse slot cut in broad
wall of rectangular waveguide

Noting that the dimensions of the slot are long and narrow (i.e. ratio of slot length
to slot width equals 1/20), then the electric-field in the slot is assumed to be strictly
longitudinal (y-directed), which in turn assumes that the magnetic current in the slot
is strictly transverse (x-directed). These assumptions mainly serve to simplify the
overall complexity of the formulation and have also been proven very accurate [47].
Under these assumptions, the use of Love's equivalence principle [57] leads to the

following four equivalent magnetic currents as seen in Figure 2.3.
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Figure 2.3. Equivalent currents for slot electric-fields at BS1 and BS2

1\';:1 (i) = —a x E} (7)) = - (3) x I/EJ] (7i') = IE:/I (GY] (2.1)

Koy (117) = =i x By (71') = = (=2) x By (ri') = ~2E]; (1) 2.2)
Ky (7)) = —i x By (%) = = (2) x 9B, (7)) = 2B} (%) (23)

=~ x By (%) = - (-2) x §E, (%) = —2E, (%) (2.4)

Where (2.1) corresponds to the waveguide equivalent magnetic current, (2.2) and (2.3)
to the cavity equivalent magnetic currents at BS1 and BS2 respectively, and (2.4) is
the half-space equivalent magnetic current. Note that all the equivalent currents have
only a z-directed component.

2.3.2 General Field Relations

Since all the sources are equivalent magnetic currents, the general field relations
are those based on Maxwell’s equations due a magnetic source. These general field
relations in terms of magnetic-type (MT) Hertzian potentials (details in Appendix
A) are written as follows

E(7) = —jwpV x 7, (7) (25)

H(7) =V (V-7 (7) + k27, (7) (2.6)



where the MT Hertzian wave-equation is

(92 +82) 7 (7) - KTJ(:—) (2.7)

and the solution to this wave-equation in terms of the MT Hertzian potential may be

written as

7, (7) = / (7M7) - ;’L(ﬂ)lsz, (28)

«—>
where G is the dyadic Green's function.

2.3.2.1 Total Fields in each Region

Using the knowledge that there are only z-directed components of the sources, and
the principle of superposition [58], the magnetic field in equation (2.6) is now written

in terms of only the z-component as follows

o2
He ()= (52 + ) 1, (09 (29)
where 7, . is the x-component of the MT Hertzian potential given as

Kmy (7—'4)

ds’ 2.10
oo a (2.10)

e (= [ Gar (77)

with Gz as the z-component of the dyadic Green’s function and K7, as the equivalent
magnetic current for each specific region.

This allows the total magnetic field in region 1 to be written as
Hy " (07) = HP (1) + H 9% (1) (2.11)

where HY' is the incident wave in the rectangular waveguide, and H}f‘" GS is the

waves scattered by the transverse slot in the rectangular waveguide. In a similar

10



manner, the total magnetic field in region 2 is
Hy 9" () = HEVY () + HEV2 (7)) -+ for 1=1,2 (2.12)

where H. .C V1 s the waves scattered by the transverse slot at z = t in the cavity region,

HC\/?

and is the waves scattered by the transverse slot at z = 0. Finally, the total

magnetic field in region 3 is
Hy 9" (73) = HES (r3) (2.13)

where Hf S is the waves scattered by the transverse slot into the half-space.
2.3.2.2 MT Hertzian Potentials in terms of Equivalent Currents

All that remains to fully represent the fields in each region is to define the MT
Hertzian potentials associated with the total fields in equations (2.11-2.13). This is
accomplished by substituting equations (2.1-2.4) into equation (2.10) and defining

the Green’s functions for each region, leading to

69 () = S, Gwe (rili) %dsg (2.14)

m L) = | =Gev (7)) u i )dsi (2.15)
] Jwho

w2 () = : Gev (7ilr3") fi(l—f)dsé (2.16)

w9 (%) = 5, ~Gys (131%) %fl)dsé (2.17)

11



where (2.15-2.16) are observed at either BS1 or BS2. The Green's function for the
rectangular waveguide due to a transverse slot is given by
=, 1 Y o . - G .
Gwe (i) = s Z,), 7y sm [1‘17 (1 — (1/2)] sin [k” (2} - a./2)]

,~Ikyy |y1-y
e y”‘ 1= 1} cos [ (21 — t)] cos [kzﬁ, (=] - t)] (2.18)
while, the Green's function for the rectangular cavity is

Gey (Alif) = =2 F
CcVvV (’ll’l ) (L(-bc r k:I" sin (k‘:rc(’.)

-sin [I"I‘ —a./2) } sin [["-TI‘ (.’17; — aC/Z)]

- COS [A‘-‘/F (y1 — be/2) ] cos [1{ ur (Ul _ b(-/'Z)} (2.19)
cos [/\':r (21 —ce ] cos (kzI~ :l’) for =z >z
cos (’“ ~l> Cos [lv )] for z <z

and the well known half-space Green's function is

Gys (7373 e Jtof 2.20
us (r2lm3') = e (2.20)
where the distance R is defined as
2 I\ 2 7\ 2
R=1/(r2— 12) + (yo — -‘/2) + (22— :2) (2.21)

12



The wavenumbers and the Neumann'’s number [56] for both the rectangular waveguide

and cavity are given as

. . Xg.c0)T B
kr(%r) - a(u.'(].c.u) ’a(u'g.m,) - 1’ 2’ 3’
3. T
. _ Plwg.cev)” .
B00) T Ty ) 012
ke =k§—kI = kE k2 9.22
‘() 0 "¥(yr) T(y.I') Z(~,I ( )

and

1 for Biwgeny =0
€)= (wg.en) (2.23)

2 for Brugen) #0
respectively. Details of equations (2.18) and (2.19) are found in Appendix B. These

field representations for the three regions are now used to develop IEs in the next

section.

2.4 Development of the Coupled MFIEs

In this section, a pair of coupled IEs are developed (for unknown slot-voltages (V1, V»)
at BS1 and BS2 respectively) by invoking boundary conditions at the two interfaces.
The continuity of both the electric and magnetic fields ensures a unique solution for
the desired unknowns. The fact that magnetic fields are used leads to the formulation

being called a MFIE.
2.4.1 Development of the MFIDEs

Since the MT Hertzian potentials involve and integral over the slot apertures, the first
integral equations developed are actually magnetic field integro-differential equations
(MFIDE). Standard techniques are then used to solve the resulting second-order

partial-differential equations, ultimately resulting in the desired MFIEs.

13



2.4.1.1 BS1

The MFIDE at BS1 is developed by invoking the continuity of tangential magnetic

fields at the interface (2 = t) giving
HY9OM (7)) = HE9 () (2.24)
then, substituting equations (2.11) and (2.12) into equation (2.24) leads to
H () + HY 95 (i) = HYVL (07) + H V2 (71) (2.25)

finally, substituting (2.10) into (2.9) and then (2.14-2.16) into the respective magnetic

field representation, leads to the first MFIDE result

d? E, (i’ i
T .

Jwto
E 3! ;
- [ 2 ) Gy (s dSé} = —H“ (1) (2.26)
Sy JwHo
where
Gwe (rilfi’) = Gwe (Filri’) + Gev (i) (2.27)

Note that the continuity of the electric fields across the two interfaces is enforced

by making Ey+1 = E;l and E;Tz =Ep.

2.4.1.2 BS2

Similarly, the MFIDE at BS2 is developed by invoking the continuity of tangential

magnetic fields at the interface (z = 0) giving

H ' (r3) = Hy 7 (1) (2.28)

14



where substitution of equations (2.12) and (2.13) into equation (2.28) gives
HEVY(i3) + HEVE (13) = HES (r3) (2:29)

and finally, substituting (2.10) into (2.9) and then (2.15-2.17) into the respective

magnetic field representation, leads to the second MFIDE result

0? E, (i’ oy
(0_c_2 + "3) {/s B (1) )GCV (r31r7") dSy
' 1

Jwio
E.> (15
—f Ein (%) )G(vH (13]1%") dS{)} =0 (2.30)
Sy JwH
where
Gey (13113) = Gev (1313) + Ggs (r3r3') (2.31)

2.4.2 Solving the Second-Order Partial-Differential Equation

By inspection, it is seen that the MFIDEs developed in the last section are integro-
differential equations. These integro-differential equations are converted into purely
integral equations by superposing the homogencous and inhomogeneous solutions
to the second-order partial-differential equations [56]. Thus, further simplifying the
complexity of the overall problem.

The solution of the homogeneous equation is solved using the method of unde-
termined coefficients [59], where sine and cosine functions are chosen as the comple-
mentary solutions. To solve the inhomogeneous equation, the forced response to the
inhomogeneous one-dimensional Helmholtz equation

xTr

U (r)= A /s (') sin [k (x — 2")]de’ (2.32)

a

is used as the particular solution [60]. The superposition of the complementary and



particular solutions leads to the strictly integral equations desired. These MFIEs are

complements of Hallen’s integral equation for a dipole antenna [56], given the fact

that the slots are assumed to lie in a PEC plane.
2.4.2.1 MFIE at BS1

The integro-differential equation (2.26) is written as

where

. Ey (17 i
Fy (i) = / %(——)Gwc (rilri') dS
$; Jwho

Ey2 (r-él) oy /
- —_G T™1\T dS
/52 jwho cv (1ilE) dS

is in the form of the MT Hertzian potential and

Ay (77) = —H (17) = — Ay [(n/a)? = k] cos (rz1 fa)e™ M0

is the forcing term based on the r-component of the incident magnetic field.

The solution to equation (2.33) is written as
- C = P~
Fy (ri) = Fy (7)) + F{ (1)
where the complementary solution is given as

FE (r7) = Cy (y1) cos (kox1) + Dy (y1) sin (kox1)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

and the particular solution, in terms of the forced response of equation (2.32) and the

16



z-component of the incident magnetic field from equation (2.35), is

Ao [(n/a)? = k3] e Finom 7}

ko

Flp (ri) = - sin [kg (1 — T1)] cos (7Z1/a)dT] (2.38)

0

Solving the forced response integral, and performing some algebraic manipulation,

gives the following form of the particular solution
FP (77) = = Ajge™* 9101 [cos (koz1) — cos (m71/a))] (2.39)

Finally, substituting equations (2.34), (2.38), and (2.39) into equation (2.36) and

combining complementary solutions, leads to the MFIE at BS1

Ey (fi,) oyt / / Ey‘l (fé/) oyt ’
——— L Gwe (r11177) dS7 — G r11ra") dS
/51 e we (rili’) dsy s, Japo cv (rilr3') dSg

= C1 (y1) cos (kox1) + Dy (y1) sin (ko) + Amf’_jkyl()yl cos (mxy/a) (2.40)

2.4.2.2 MFIE at BS2

Similarly for BS2, the integro-differential equation (2.30) is written in the form

o2 . .
(&j + k%) Fy (r3) = Ao (73) (2.41)
where
E‘ll(r-i,) ' /
Fy (73 =/ 22 Gev (13]r7') dS
2 (72) s, o cv (r3lri') dS;
E !
- / ”?—('Q)GCH (r3]13") dSh (2.42)
Sy JWHO
and
Ay (73) =0 (2.43)

17



The forcing term Aj is equal to zero since there is no incident field at BS2, thus the

solution to equation (2.41) has only a complementary portion given as
F§' (13) = Cy (y2) cos (koxa) + Dy (y2) sin (koxa) (2.44)
Substituting equations (2.42) and (2.44) into equation (2.41). gives the MFIE at BS2

Ey (1) N / Ey (%) n gat
= Gey (1) dST — = Gcepy (ra]r3’) dS
/51 o v (i) dsy s, Jwpo CCH (r31r%") dSy

= C9 (y2) cos (kox2) + Do (y2) sin (koxo) (2.45)

2.5 MoM Technique

In this section, a MoM technique is applied to solve the MFIEs developed in the last
section. The steps taken to apply the MoM technique, along with a summary of the
solution, is discussed here in.

2.5.1 Expansion of Fields In Terms of unknown Slot Voltages

In order to solve equations (2.40) and (2.45) using a MoM technique the slot electric-
fields are expanded in terms of the unknown slot voltages. Based on the discussion in
section 2.3.1, the slot electric-field is assumed to have only a longitudinal component.
Using this assumption, it is appropriate to separately expand the slot electric-field

into longitudinal and transverse components as follows

Ey (i) =Vi(e) fily)  for 1=1.2 (2.46)

where the voltage rise across the slot width is interpreted as

_y W
Vit == [ Egdn= [ Egti)dn (2.47)
W, ~W,

18



The distribution f; is chosen to ensure the integral over the y-dependence is equal
to one. This is so the only contribution to the slot field, due to the expansion, is
from the unknown slot voltage. The following expansion of the slot electric field is

obtained
Wi

Ey () = Vi (z1) = Vi () / dyfi () (2.48)
_Wl

where a constant distribution is chosen leading to the function

1

fr(y) = w (2.49)

2.5.1.1 Expanded MFIE at BS1

Applying the slot electric-field expansion in equation (2.48) to equation (2.40) leads

to the expanded version of the MFIE at BS1

L Ly
/ driV (z}) Kwe (z1.911x]) - / dzhVa (zh) Keve (21, y1]25)
L "Ly

= €1 (y1) cos (kox1) + D1 (y1) sin (koa1) + Ajge 71091 cos (mz1/a)  (2.50)

where the kernels at BS1 are defined as

W,
. / /fl( )
e lepoy]ey) = 2.5
Kwe (21, y1]07) / 1 Gwe (rili’) (2.51)
~vy
2 (1) 4
K x, 1 /d cv (11 ' 2.52
cva (z1,y1]29) = S0 cv (rilr2") (2.52)
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2.5.1.2 Expanded MFIE at BS2

Similarly, substituting the same slot electric field expansion from equation (2.48) into

equation (2.45) leads to the expanded version of the MFIE at BS2

Ly Lo
/dI'lV1 (1) Kevi (22, y2l2) — / dzyVy (z9) Ko (r2,y2]29)
-I )

= C9 (y2) cos (koxa) + Do (y2) sin (kozo)  (2.53)

where the kernels at BS2 are defined as

W

. f1 Y] L

Kevi (r2.l)) = / a0 6 (i) (2.54)
il
Wy

- /f2 oy =t

Kcy (1,‘2, y2|;r2 dys (rQIrQ ) (2.55)

2.5.2 Application of the MoM Technique

The coupled MFIEs in equations (2.50) and (2.53) are classified as inhomogeneous
Fredholm IEs of the first kind, and are solved using a MoM technique. There are two
steps associtated with the MoM technique. They are the expansion of the unknowns
and the application of a testing operator, using an appropriate set of expansion and
testing functions, respectively.

The choice of these functions is usually strongly influenced by the physical and
mathematical characteristics of the IEs. From the physical point of view, the expan-
sion functions should closely model the behavior of the unknowns, so that a minimum
number of expansions is necessary to obtain accurate results. In addition, a prudent
choice of the expansion and testing functions could allow the various integrals to be

computed in closed form. It is not necessary to obtain closed-form integrals; how-
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ever, they do significantly reduce the computational efforts. However, experience
with the moment method has indicated that simple basis functions, which expedite
the computation of the matrix elements, are usually a suitable choice [60].

The slot under analysis in this formulation was chosen to be resonant at the mid-
frequency of the rectangular waveguide. Using the knowledge that the slot is the
complementary problem of the strip dipole, a reasonable approximation for the be-
havior of the slot voltage is a sinusoidal distribution. Thus, it would seem a sinusoidal
expansion function is the best fit from a physical standpoint. However, based on the
discussion at the end of the last paragraph a pulse function expansion is likely a more
convenient choice, and therefore is chosen in this formulation. Also for convenience
point matching at the center of cach cell is used for the testing operator.

Applyving the following point-matching testing operator

WL
/ / dx;dy;6 (.T[ - 'Tlml) d(y)) for my=12,..,N, (2.56)
.

(I = 1,2 depending on which interface the testing is taking place at) to equations

(2.49) and (2.52) respectively, leads to

Ly Lo
[ @ ) Kive (sny 08) = [ b 05) Keva (1, 017%)
-1 —-Ly

= ('} (0) cos (A'U.rlml) + Dy (0) sin (1"0-"1”11) + Ay cos (m‘lml/a>

for my=12,...N; (2.57)
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for BS1, and

Lq Ly
!y, / - -
/ daiVi (1) Keva (1‘2n1‘2,0|:1:’1) - / dzoVa (2h) Koy (x2m2,0|1"2)
-L —Ly

= C(0) cos (k0$2m2) + D4 (0) sin (k0z2m2)
for mg=1,2,..., Ny (2.58)

for BS2. These equations are then expanded in terms of the unknown slot-voltages,

using the pulse-function expansion shown in Figure 2.4 and given as

Yy
1\
=12 AR B Py
y=W
aieie|ssie|eialnjes—>
X
y=-W
- L =L
x=-L Ax,--lvl Xpy X
Axy Ay
x,,,-—z— X"I+T

Figure 2.4. Pulse function expansion for the MoM technique

Viz) =) Vin Pin, (21) (2.59)
’ nl=1
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where the individual segment length and location respectively are

Az =2L)/N; Tty = —L;+(n; —1/2) Az (2.60)

and the pulse function is defined as

. Ar A.rl
1 .. (.’ll”l - —2—() <r < (Ilnl + T)

Ply, (17) =
0 ... otherwise

(2.61)

Substituting the expression for the pulse-function expansion into equations (2.57) and

(2.58) respectively, gives

Ar
. 1t gt
Ny n]
7 . !
Vlnl / dx1Kwc (.’lel ,Ol.l,l)
1

n= Ar
Ilnl -2

Z , 7o v 7
— "‘2”2 / dIQAC‘/2 (.l'l,”l.()l.l,xz)
ny=1 Ary
.1'2“2 ——T

= C1(0) cos (lf()'l‘l,,,l> + Dj (0) sin (k():rlml) + Aqg cos (M‘lml/a)

for my=1,2,...N; (2.62)
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for BS1, and

I\'l ‘Tl“l + %
S, dryKovy (12,0127 )
np=1 Ar
Ilnl -
ro + Ar
No D)

- Z V2712 / dlréKCH (I27"2’0|I’2)
Arx

12712 __;_2

= (9 (0) cos (ko:rng) + D3 (0) sin (kommg)

for mg=1,2,...,No (2.63)

for BS2. These equations represent the Mol solution, for the unknown slot voltages
(V1. V9). to the MFIEs of section 2.4. However. four constants (Cy, D1, Co, Dg) still

remain unsolved. These constants get evaluated by invoking the boundary conditions

Vll,Nl =0 for 1=1,2 (2.64)
which leads to the final expressions for the MoM solution

Ar
T +—2-l
Ni-1 1”1
P !

nyp=2 Ar
rlnl -
. n ANro
1\'2—1 . 2712 2

_ Z V2“2 / (1,’1:’2]\'0‘/2 (:[1,"11,0|:13’2)
712:2 Ar
'F2n2 _72
- 71 (0) cos ("‘Uflml) + Dy (0) sin (k()xlml) + Aj cos (ﬂ'l‘lml /a)

for mp=1,2,..,N; (2.65)
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at BS1 and

Ny -1 Ilnﬁé;l
Z Vln,l / d;L‘ll Kcvi (1‘2,"2,01.1‘/1)
ny=2 11”1_£§1

No—1 ‘r2"2+%2
~5 V_g”z / dl’éK(*H (.E2,772.0|.1'-/2)

= (9 (0) cos (ATUJ,‘Q,,Q) + Dy (0) sin (k0-772m.2)

for mo =12 .. No

at BS2.
2.5.3 MoM Solution in Matrix Form

Equations (2.65) and (2.66) are summarized in matrix form as

N
Z amnCm =by  for m=123....N

n=1

where N = N; + N9 and

) Ajocos (mxy,,/a)  for m=1,2,.., N
m =

0 for m=N{+1.Ni+2,.,N
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(2.68)



is the forcing vector due to the incident z-directed component of the magnetic field.

The unknown slot voltages and constants are defined as

Cm = <

for
for
for

m=1

m=N;+1

m=N;+2, N +3,..

m=N

26
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and finally, a summary of the moment method admittance matrix elements

U = 9

— COS (k()rlm)
— sin (A'O-l'l,,,)
— oS (k():rgm_i\.l )

— S (/\‘()AI'QM_;\,I )

0

we

m.n

1
m.n—;\'l

2
‘m—Nyp.n

_[C'H
‘m-Np.n—N;

for

for

for

for

for

for

for

for

2.5.3.1 Matrix Element Definitions

The solutions for the various admittance matrix

are given here. For the first quadrant of matrix
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m

m

n

m

n

m

m

m

n

m

=1,2,.., N
=1
=1,2,.., N
=N

== ]Vl + 1,]\[1 + 2, ceey

=N +1

=N;+1,N] +2, ...

=N
=1,2,..,N
=N +1,N

=N +1,Ni+2,..

=1,N
=1,2,..,N;
=2.3,...N; - 1
=1,2..... N

=N, +2,Ny +3, ...
=Ny +1.Ny+2,...
=2,3,..,Ny =1

=N +1,Ny+2,...
=N +2,N| +3,...

N
N

bl

N

N =1

N

N

N -1
(2.70)

elements (details in Appendix C)

elements, the combination of the



waveguide and cavity self terms at BS1 is

peo _wae o cevil (2.71)

‘7711.771 'IlllJll I”l.'lll

where

e —2j v wnle (4 in |k
lml,nl = bW Zy: 0 sin [qu (llml - a/2)] sin [kr,y (171"1 — a./2)]

]
h W‘I‘y'y
i s a=1,23,..
- 8in (1‘7-"7&‘1"1/2) [e_-’kyﬁ'“l _ 1] for @2.72)
#=0,12,..
and
[(v\,'ll — J : €r (/\ “Ar 2)
my,ny u.’/l()LW'Z ; k.rafl\'yrl\i,:r sl K IOWAS 1/

- sin [kfr <171m1 - L)] sin [kII‘ (J:lnl — L)]

- cos? (L‘_UFVV) sin (kyFW’) cot (kﬁth) (2.73)

For the second quadrant of the matrix elements, the coupled cavity terms at BS1 are

’ J €1
l7C7;1 Ty = IS;L}IQ = T
1-72 2 pg LW WY ; k-"”; k_,,g. A‘;F sin (k;rt)

- sin (A'.,-A’ A.I'g/?) sin [I‘V-"I‘ (J-lml — L)] sin [l"-"l“ <J'2“2 - L)]

ccos? (kypW) sin (kyp W) (2.74)
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For the third quadrant of the matrix elements, the coupled cavity terms at BS2 are

2 _ovar J Z €r
momy T tmomny T T r9 .
LW T kg kypkiap sin (Rapt)

-sin (kh,,y A11/2) sin [kfr‘ (332-m2 — L)J sin [kIF (I]nl — L)]

-cos? (kyp W) sin (kyp W) (2.75)

Finally, for the fourth quadrant of matrix elements, the combination of the cavity

and halfspace self terms at BS2 is given as

CH cv22 HS
lm?.nQ = [772‘2,712 t+ 177‘12.712 (2.76)

where
V22 _ J €r ¢os (kzl“t)
MM g LW Wy T krwkyrkzr sin (kzrt)
-sin (k.r7 AIQ/2) sin [kfl“ (x2m2 - L)] sin [er (xgnz - L)]
- cos? (kyr W) sin (kyr Wg) (2.77)
and

—jkgle —re
—jAro 01 2my " 29
| w2

[HS _ 11‘2”1.2 _‘T2n.2
mo.ny - { . [—%1_2 Sinh—l (23‘/}_,2)

w/toﬂﬂg T9
L +Wosinh~1 (%%)] for mg =mny

for mo # no

(2.78)

2.6 Rectangular Waveguide Scattering Parameters

The objective of this section is to obtain expressions for the rectangular waveguide

scattering parameters S;’{y and Sé’lly . This is accomplished by comparing the ratio of
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scattered to incident electric field intensities at specific interfaces in the rectangular
waveguide [58]. The effect of various slot dimensions on the scattering parameters is
also discussed.

2.6.1 Reflection and Transmission Coeflicients

A general formulation for computing the reflection and transmission coefficients in a
rectangular waveguide is as follows. First, the reflection and transmission coefficients
are defined as

r=sv . 1=sv (2.79)

where the ratio of scattered field intensity to incident field intensity for the reflection

cocfficient is given as
: —
E: (7)
I'= ————T—,—

EX (0,2,

(2.80)

and the ratio incident and scattered field intensities for the transmission coefficient

is given as
[Em(‘( )+ Es‘+ (?)]l

y=yT
T = — (2.81)
Einc (7 )\y=y1

where the incident and scattered fields are added together because both fields are
measured at the transmission plane.

The incident field intensity is then given by the TE;O mode of the electric-field.
Based on the modal fields found in section B.2.2.1, this is defined as

EMC(F) = Asyyeayy (2. 2) e M08 (2.82)

The scattered field intensities, based on the mode expansion fields of section

B.3.1.1 are

Ei(7T)=- Z ByA: e, (1,2) dkny y < —Wp (2.83)
5
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ES(7) =3 CyAses, (z.2)e /MY Ly >y (2.84)
n

where B, and (' are the mode expansion coefficients.

Since the incident electric field is a known T E1g mode, along with the properties
of mode orthogonality and band-limited guided wave structures, the only mode of
interest in the scattered electric fields is also the T E1g mode. Thus, equations (2.83)

and (2.84) are written in terms of the TE}g mode as
E3 () = ~BioAsy ez (2. 2)2™10Y Ly < —wy (2.85)

ES(T) = CloAsy ez (v.2) e TR0V 0y > Wy (2.86)

where solving for the mode expansion coefficients Bjg and Co gives the desired
scattered field intensities. Substituting (2.82), (2.85), and (2.86) into (2.80) and
(2.81) respectively, leads to

= —Bloe’jkyIOQyI (2.87)

and

T = e~ Fuom=v0) 1 4 ¢y (2.88)

the reflection and transmission coefficients in terms of mode expansion coefficients
B and Cqg respectively.

Now the mode expansion coefficients, given in equations (B.54) and (B.55), are
solved by substituting the slot voltages (determined by the solution to the MolM

technique) into these equations and rearranging the solutions so that

AY
Axrq sin (kymwl) Zl -
Bio=C10 = Wiabwuok?, ni=1 " (Il”'l) €0 <k1’10“‘1"1> (2.89)

where Ny is the number of slot partitions at BS1.

31



Substitution of (2.89) into (2.87) and (2.88) gives respectively, the reflection coef-

ficient
[ (z.y) = &"0%IT (z) (2.90)
where N
Arysin (ky; o W1)
T(x)=— -10 Vi ( s (Krqgr :
(r) I,‘l,'labwy,okﬁlo 71%;1 1 (11711) cos ( T10 l1n,1> (2.91)

and the transmission coefficient
T (2,y) = e 10T =91 |1 _ T ()] (2.92)

Note that the reflection coeflicient in 2.90 is directly related to the slot voltage in
2.91, and the transmission coeflicient in 2.92 is related by one minus the same slot
voltage. This has physical intuition, in that if the slot voltage goes to zero (ie. the
slot is filled with PEC), then the waveguide is restored and complete transmission of
the signal is obtained.

2.6.2 Analysis of Slot Dimensions

The purpose of this section is to understand the effect of various slot dimensions

(length, width and height) on the rectangular waveguide scattering parameters.

2.6.2.1 Thickness of Slot

The thickness of a standard waveguide wall is approximately A/15. Generally in
electromagnetics distances of this magnitude have negligible effects on the system.
However, the slot thickness due to the waveguide wall thickness, even when the size is
small compared to the wavelength, exerts a noticeable effect on the slot admittance.
Since the admittance of the slot is significant at non-resonant frequencies, the effect of
the wall thickness is very noticeable on the scattering parameters over a given waveg-
uide band. Figure 2.5 shows the effect of various slot thicknesses on the rectangular

waveguide scattering parameters versus a frequency range of 8.2 - 12.4 GHz. Notice
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the upwards shift in resonance frequency and the decrease in bandwidth (increased
Q of slot cavity) for the scattering parameters as the slot thickness increases. These
results mirror those found by Oliner [47].

2.6.2.2 Length of Slot

The length of a strip dipole is associated with its resonant frequency [55]-[56]. Since
the rectangular slot is the complementary problem of a strip dipole, the slot length
is therefore also associated with its resonant frequency. Figure 2.6 shows the effect
of various slot lengths on the rectangular waveguide scattering parameters versus a
frequency range of 8.2 - 12.4 GHz. A constant slot length to width ratio of 1/20 and
a slot thickness of 3.25 mm were used to ensure only the effects of the slot length are
seen. Also, only 21 frequency points are used in both figures to save on computation
time, a little accuracy is lost, but the overall concept is shown very well. The four
slot lengths, 1.67 ¢cm, 1.50 c¢cm, 1.36 cm, and 1.25 cin, where chosen since they are
resonant at frequencies of 9,10,11, and 12 GHz respectively. The results show the
resonances to be just slightly less than the desired value as expected [55], as well as
a slightly higher power loss as frequency increases.

2.6.2.3 Width of Slot

The dimensions of the slot are assumed to be long and narrow, with a ratio of one-
twentieth chosen as a safe value for application purposes. Here the effect of various
slot widths is studied by keeping the length of the slot fixed at 1.50 cm. Figure
2.7 shows the effect of various slot length to width ratios on rectangular waveguide
scattering parameters versus a frequency range of 8.2 - 12.4 GHz. The four slot length
to width ratios (1/25, 1/20, 1/15, 1/10) are chosen, and it is seen that as the slot
width grows, so does the coupling through the slot. However, it is also seen that
if the width becomes too great, the assumption of a strictly transverse directed slot

electric-field begins to break down. Hence, there is a trade-off between coupling and
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complexity at around a length to width ratio of 1/15.
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Magnitude of s11 & s21 for Various Slot Wall Thicknesses vs.
Frequency
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Figure 2.5. Effect of the slot wall thickness on the magnitude (dB) of the waveguide
scattering parameters vs. frequency (GHz).



Magnitude of s11 & s21 for Various Slot Lengths vs. Frequency
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Figure 2.6. Effect of the slot length on the magnitude (dB) of the waveguide scattering
parameters vs. frequency (GHz).
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Magnitude of s11 & s21 for Various Slot Length to Width Ratios vs. Frequency
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Figure 2.7. Effect of the slot width (using slot length to width ratios) on the magni-
tude (dB) of the waveguide scattering parameters vs. frequency (GHz).
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CHAPTER 3

GREEN’S FUNCTION FOR EM FIELD WITHIN A PEC
PARALLEL-PLATE ENVIRONMENT

3.1 Introduction

In this chapter, the MT Hertzian potential dyadic Green's function [61] is derived,
for a general 3D current source immersed within a PEC parallel-plate environment.
This analysis is utilized in Chapter 4, ultimately leading to the extraction of the
constitutive parameters for a lossy PEC backed homogeneous, isotropic media in
Chapter 5. Simple relationships are given to extend the MT Hertzian potential dyadic

Green'’s function to electric and magnetic field forms.

3.2 Geometrical Configuration

Consider the PEC parallel-plate waveguide filled with a homogeneous, isotropic me-
dia, and excited by an impressed magnetic source as shown in Figure 3.1. The waveg-
uide has fixed dimensions for height —d < z < 0 and is infinite in extent in the

r,y-plane. The origin is placed at the center of the z = 0 PEC plate.

3.3 EM Fields and Helmholtz Equation for MT Hertzian Potential

Various methods are used to identify the electric and magnetic field dyadic Green’s
functions G © (717) and Gh (F17) 62]-[63]. One method involves identifying Ge

and Gh by directly solving the wave equations for E and H. This yields
V2E + k*E =V X Jn (3.1)

o — — — 1 —
VZH + A'QH = j(&’f:}n} -+ —V (v N Jn)) (3.2)
JwWH
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Figure 3.1. Geometrical Configuration: Parallel-plate waveguide filled with a simple
media

which have relatively complicated relationships between E, H and J.

A second method involves using the MT Hertzian potential 7}, as an intermediate
step (see Appendix A for further details), which is advantageous since it produces
a simpler relationship between 7}, and J. This relationship is known as the MT

Hertzian potential wave equation and is given as

T
Jwit

V27, + k27, = - (3.3)

where G € and ‘G " are then identified by solving (3.3) for 7, and then computing E
and H using

E = —jwuV x @, (3.4)
H =7, +V (V7)) (3.5)

Another motivation for using the MT Hertzian potential is that 7, is less singular
than E or H. Thus, the MT Hertzian potential Green’s function is derived, and is

extended to £ and H forms with equations (3.4) and (3.5) if desired.
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3.4 Spectral Representation of Principal and Scattered Waves

In order to identify the MT Hertzian potential Green’s function, a solution to the
differential equation (3.3) is needed. This is done using the method of superposition
where the solution is the addition of a complementary solution and a particular so-
lution. The particular solution represents the principal wave ﬁf emanating from the
magnetic source j;n in unbounded space, and the complementary solution represents

the waves 7?,‘? scattered from boundaries at z = 0, —d in the absence of the source.

The total solution for 7 is therefore
Ry = 7L+ 7 (3.6)

where 7?,{) and 7?;? satisfy the respective MT Hertzian potential wave equations

J;
Vil + 127 = _j:; (3.7)
Vi + kA =0 (3.8)

and k2 = w2pe.
Equations (3.7) and (3.8) are then decomposed into three separate scalar equations

each as follows

9 P 2 P o Ima (1)
v ’/Tha (F) + k 7Thﬂ (f) = — qu (39)
2_S (= 2SS (A _
Very, (7)) + kSmy, (7) =0 (3.10)
where @ = z,y,2. The solutions of these equations are found using the Fourier

transform domain method. It is apparent that the structure is invariant along the

z and y directions, thus prompting transformation of those variables using the 2D
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Fourier transform pair

1 oo OC
= 2./ /'é dAﬂﬁA (3.11)
27)
-0 —O0
(o SN o]
jf j[ U (7) e M dady (3.12)
—00 —0OC

where X = €+ yn (=> AM=X-X= € + nQ), F=dr+ jy+ 5z and d2X\ = dédn. No
transformation with respect to z is applied so boundary conditions may be enforced

later at = = 0, —d. Applying the Fourier transform differentiation theorem, equations

(3.9) and (3.10) become

0? P (¥ 2P (% jma (X, 3)
8227rha ()\’ Z) — P T, (/\, 2) = —T (3.13)
s (v 2-5 (7
522 "ha (/\, z) — P Thy, ()\, z) =0 (3.14)
where p? = A2 — k2 and
¢ 00
7}}1;)0 <X, ,Z) = / / 7]'}]“ (f') e“j/\‘f‘dllfdy (315)
—0C =G
oo 00
frl}gﬂ. (X» z) = / / Wfa (7) e I T dxdy (3.16)
—oC —0OC
oo 0
J*ﬁaz//J(mﬁﬁm (3.17)
Mo : Me Tray .
-0 —00

The general form of the solution to equations (3.13) and (3.14) is investigated in

sections 3.4.1 and 3.4.2.
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3.4.1 Principal Wave Representation

The spectral-domain representation of the principal wave is obtained by solving equa-
tion (3.13), as dictated by the method of superposition. Since there are no boundaries
present, the solution to this sccond-order partial differential equation is valid for all
unbounded space. The solution to equation (3.13) is well-known and the details may
be found in [7]. A quick overview of the steps involved is presented here along with
the solution.

The first step involves the transformation of the last spatial variable z into the
spectral domain. Then, along with the aid of the remaining differentiation theorem,

r p .
solving for The BlVes

= p (* ) _ Jma (X’C) (3.18)
 jwn (2 +p?) '

Now, the inverse transform is taken to return to the complex A-plane, ensuring that

the z-variable is present for implementing the boundary conditions. After solving the

complex (-plane analysis using Cauchy’s Integral Theorem [64], the desired result for

the representation for the principal wave in the complex A-plane is
- - - j777. <X7 Z/>
ﬁfa (/\,z) = /GP (/\;z z') —i-,———-dz' (3.19)

In this, the spectral-domain principal wave MT Hertzian potential Green’s function

is given by
/

>—2

<

GP (X;z|2/> = ip—zl—)—— (3.20)

with z as the field point, z’ as the source point and p is the spectral-domain propa-

gation factor.
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3.4.2 Scattered Wave Representation

The spectral-domain representation for the scattered waves is obtained from equation

(3.14). The well-known solution of this second-order partial differential equation is

iy (X. 3) - Wi (X) e 4 Wi (X) o (3.21)

where W(f: are the complex amplitude coefficients of the up and down traveling re-

flected waves.
3.4.3 Total Wave Representation

The spectral-domain representation of the total wave is obtained by superposing the

results from the previous two sections. This leads to the following result

-
~

/
—plz—2"| =
- _ P -5 _ [€ Jma ;1 vt o—pz L wr—p= )
The = Thy T Thy = / o dz+Wjie + Wie (3.22)

-/

where functional dependence in the above equation has been dropped for notational
convenience. Noting that the distance in the exponential for z-dependance integral
has a sign change based on whether the observer location is greater or less than the

source location, given as

, 2=z .z2>z
2=z = (3.23)
2 — 2 2 < 2!
allows equation (3.22) be written respectively as
Ty = Vae ™+ Wle ™ +Woet™ 2> 7 (3.24)
Thy = Va PP+ Whe PP+ Wiel? . z<? (3.25)
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where

ipz’ jm (X Z,)
- e a !
vE =y ()\) - / , d’ (3.26)
2p Jwi

zl

are associated with the up and down traveling waves launched by the source. This
also helps simplify the notation when implementing the boundary conditions. To
obtain a unique solution for the spectral-domain MT Hertzian potential, six boundary
conditions are enforced to solve the the six unknown spectral-domain coefficients.

These spectral coefficients are determined in the next section.

3.5 Computation of Spectral Coefficients

To determine the spectral coefficients W, boundary conditions are enforced on the
total wave representation of the spectral-domain MT Hertzian potential. Since the
boundaries of the parallel-plate structure are PECs, the well-known relationship that
the tangential clectric field equals zero on the surface of the PEC [58] is used at the
boundaries z = 0, —d. Leading to the expansion of equation (3.4) in terins of the

tangential components E, and Ey as

Jy 0z

. [Omp,.  Omp,
B = T T

E,=—jwu [ (3.27)

Now, using the educated conjecture that any Jp,,,, for @ = z,y, 2, leads only to the
same 7y, and enforcing the previously stated boundary conditions at a PEC inter-
face, the following set of boundary conditions on the spectral-domain MT Hertzian

potential are found

=20y (3.28)

. =0 (3.29)
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where equation (3.28) is the tangential boundary conditions, and equation (3.29)
is the normal boundary condition. These boundary conditions are implemented in

sections 3.5.1 and 3.5.2.
3.5.1 Tangential Components (« = r,y)

Enforcing the first tangential boundary condition (at the z = 0 interface) by substi-

tuting (3.24) into (3.28) leads to the following expression
p(-VH-WH+wWi)=0 ---a=1zy (3.30)
where solving (3.30) for W gives
Wy =VFri+wl «ca=nry (3.31)

Then, implementing the second tangential boundary condition (at the z = —d inter-

face) by substituting (3.25) into (3.28) results in
D (Vﬁ—e—pd _ ‘1”3-(3[)(1 + H,'”—e—pti) =0 --a=u1y (3.32)

where solving (3.32) for W} gives

H-{-:— — (,—21)11 (Va_ + ”(;-) =20y (333)

Now, the substitution of (3.31) into (3.33), combined with solving for W, leads to

e (Vi + V)

S+
Wa = epd — o—pd

ca=1z,y (3.34)
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followed by substituting (3.34) into (3.31), and solving for W, giving

r— —pd r+ .pd
‘/() e P _+. ‘/O (])(

Wy = epd — e pd

&

ca =1,y (3.35)

where the tangential spectral-domain coefficients W are only in terms of known
coefficients V..

All that remains to find the tangential spectral-domain MT Hertzian potential is
to substitute (3.34) and (3.35) into (3.22) and manipulate the expression into its final

form, given as

0 - -
The, (X z) = /d:'é’t (X;:]z') JmaT,LE:I—Z—)—dz' (3.36)
—d

where G is the tangential spectral-domain Green's function
G! (X z|z') =GP (X, z|z') + GSt (X;z|z/) (3.37)

which is split into principal GP and scattered G5t portions as follows

C*D(:—:/—{»d) " (/*1)(:-1—:’4-(1) n e-h(—z+:l+d) + C—p(—:—z'—d)

2p ({,,p([ _ (,—])(1)

(3.39)
This form of the Green's function is very convenient for obtaining physical insight
into its behavior (discussed in section 3.7), however, another form is presented in

section 3.6 that is more practical for use in Chapter 4.
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3.5.2 Normal Component (a = z)

Enforcing the first normal boundary condition (at the z = 0 interface) by substituting

(3.24) into (3.29) and solving for W] leads to
W, =V} —w} (3.40)

Then. implementing the second normal boundary condition (at the z = —d interface)

by substituting (3.25) into (3.29) and solving for W this time gives
Wi = —e (V7 1+ W) (3.41)

Now, in the same manner as the tangential components, substitution of (3.40) into

(3.41), combined with solving for W7, leads to

e eV )
A epd _ o—pd

(3.42)

followed by substitution of (3.42) into (3.40), and solving for W7, giving

Ve~ pd _ vt pd
W=z : < (3.43)

ebd — o—pd

where the normal spectral-domain coefficients W are only in terms of known coef-
ficients V.

Again, similarly to the tangential components, all that remains to find the normal
spectral-domain MT Hertzian potential is to substitute (3.42) and (3.43) into (3.22)

and manipulate the expression into its finally form, given as

0 s (v
). (X :) = /d:’ e (X :!:/) md:’ (3.44)
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where G™ is the normal spectral-domain Green'’s function
G" (X z|z’) =GP (X;z]z') + G (X zlz') (3.45)

which is split into principal G¥ and scattered G°n portions as follows

GP (X; :[:’) - 6—217— (3.46)

e—p(:—:/+d) _ e—[)<2+z/+d) + e—p(—z+z’+d> _ e—p(—z—z’—d)

2p (epd _ e—pd)

GSn (X, :|:/) =

(3.47)

3.6 Dyadic Green’s Function

The purpose of this section is to present a more compact and practical version of
the MT Hertzian potential dyadic Green’s function for a PEC parallel-plate region.
The lack of physical insight upon first looking at this form is the only consequence
of expressing it in this manner. Since, in practical use the MT Hertzian potential
is used in the space-domain, the dyadic Green's function presented is also in the

space-domain. The space-domain MT Hertzian potential is represented as

0= [ av'G ) 2O

(3.48)

«—
where G is the space-domain dyadic Green’s function [63], and is represented as

follows

G (A7) = TG (M) = +G° (AF) & + §G* (A7) § + 36° (A7) 2 (3.49)

e

. L
/ G X:l:') A=) 2 (3.50)
—00



and G is the spectral-domain Green’s function, given as

z—2'|) £ coshp (d + z + 2')
2psinh (pd)

o (X;:IC,) _ coshp (d -

where the * refers to the tangential (+) and normal (-) cases respectively.
It is noted that the dyad has only diagonal entries since no coupling between
sources occurs. This is because the boundary condition at a PEC requires only the

same potential component as the source component to satisfy the boundary condition.

3.7 Physical Observations

In this section, equations (3.37) and (3.45) are analyzed to gain physical insight into
the behavior of the waves in the PEC parallel-plate region. It is noted that the
exponentials in both (3.38),(3.39) and (3.46).(3.47) respectively, are the same, thus
only the independent terms are analyzed. Referencing the geometry in Figure 3.2,
consider first the wave that travels directly from the source point 2’ to the field point
z while traversing a distance of z — z/. Since this wave does not reflect off either of
the PEC walls it is associated with the principal wave in equations (3.38) and (3.46).

Next, the second wave reflects off both of the PEC walls while traveling a distance
of z — 2’ + 2d, thus, it is associated with the first term of equations (3.39) and (3.47).
The third wave is associated with the second term of the same equations since it only
experiences one reflection and travels a distance of z + 2’ + 2d. Similar discussions
show that the fourth and fifth waves are associated with the third and fourth terms
the same equations as waves 2 and 3. Note that since waves 2-5 scatter off the top

(z = 0) and/or bottom (z = —d) plates they are associated with the scattered waves.

49



Z ....................
1
A
z
Sl L r— - 2

Figure 3.2. Physical observations of the waves within a parallel-plate waveguide
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CHAPTER 4

RECTANGULAR WAVEGUIDE RADIATING THROUGH A
TRANSVERSE SLOT INTO PARALLEL-PLATE WAVEGUIDE
FILLED WITH A SIMPLE MEDIA

4.1 Introduction

The formulation for a finite-thickness transverse slot centered in the broad wall of a
rectangular waveguide, radiating into a parallel-plate waveguide filled with a homo-
geneous, isotropic media, is considered in this chapter. Specfically, the reflection and
transmission coefficients for the rectangular waveguide are sought. This is because
they are ultimately used in Chapter 5 to perform the complex constitutive parameter
extraction on the media in the parallel-plate waveguide. A majority of the formula-
tion provided next mirrors the formulation provided in Chapter 2, thus not all details
are repeated herein.

The first step in the formulation is to develop representations of the fields in the
three different regions (WG, CV, and PP). Next, IEs are developed by satisfying the
continutity of the tangential fields at the two interfaces (BS1 and BS2) between the
three regions. The final step is to solve the coupled IEs using a MoM technique for the
unknown slot voltages, which in turn identify the scattered fields in the rectangular

waveguide and ultimately the desired reflection and transmission coefficients.

4.2 Geometrical Configuration
Counsider a rectangular waveguide, on top of an infinite PEC parallel-plate waveguide

filled with a homogeneous, isotropic media, with a transverse slot cut in the bottom

wall as shown in Figure 4.1.
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Figure 4.1. Geometrical Configuration: Rectangular waveguide radiating through a
transverse slot into a parallel-plate waveguide filled with a simple media

|
4.3 Field Representations
In order to develop the desired IEs a representation of the fields in the three regions is

needed. To generate the appropriate set of field equations a knowledge of the sources

is necessary. The equivalent currents that maintain the fields in the three regions are

therefore needed.

4.3.1 Equivalent Currents
The equivalent currents necessary to represent the fields in the three regions for

this formulation, are exactly the same as those developed in Section 2.3.1 for the

formulation in Chapter 2, and are given as

K:zl ('r'i') = :i'EJ'l (r_i') (4.1)
K., (") = ~2E) (1) (4.2)
Koo (1) = 2E} (%) (4.3)




K, o(r3) = ~iE, (3") (4.4)

where (4.1) corresponds to the waveguide equivalent magnetic current, (4.2) and (4.3)
to the cavity equivalent magnetic currents at BS1 and BS2 respectively, and (4.4) to
the parallel-plate equivalent magnetic current. Note that all the equivalent currents
have only an r-directed component.

4.3.2 Total Fields in each Region

Using the general field relations from Chapter 2 (reference section 2.3.2), the principle
of superposition [58], and the knowledge that the equivalent currents have only an
z-directed component, the magnetic field is written in terms of only the z-component
as follows

H: ()= (3 O ik ), () (@.5)

where 7, . is the r-component of the MT Hertzian potential given as

}\’mr (’_j)
Jwp

()= [ G (717) as), (4.6)
“a

with Gz as the a-component of the dyadic Green’s function and K7, as the equivalent
magnetic current for each specific region.

The total magnetic field in region 1 is then written as follows
Hy " () = HY' () + HyY 9 () (4.7)

where H!'¢ is the incident wave in the rectangular waveguide, and H}”’S is the
waves scattered by the transverse slot in the rectangular waveguide. In a similar

manuner, the total magnetic field in region 2 is

;0110712( 7) = HCVI( N+ H('V2 (r;) - for 1=1,2 (4.8)
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where HT_C V1 s the waves scattered by the tranverse slot at z = ¢ in the cavity region,
and Hf V2 is the waves scattered by the transverse slot at z = 0. Finally, the total

magnetic field in region 3 is
" (3) = HP () (+.9)

where H f P is the waves scattered by the transverse slot in the parallel-plate region.
4.3.3 MT Hertzian Potentials in terms of Equivalent Currents

All that remains to fully represent the fields in each region, is to define the MT
Hertzian potentials associated with the total fields in equations (4.7-4.9). This is
accomplished by substituting equations (4.1-4.4) into equation (4.6) and defining the

Green's functions for each region, leading to

oy
; - E; (17)
) % () /Guc, i) ZU_M) S| (4.10)
E (7"1')
I 1
Thy L (77) = s —Gev (1ili") m—dsi (4.11)
1
E}, ()
o o= 2
TV 2 () = ; Gev (7il3") ijTdSé (4.12)
2
E,, (1)
7rhr (r3) / -Gpp r2|7 )_—110 d52 (4.13)

where (4.11-4.12) is observed at either BS1 or BS2. The Green’s function for the

rectangular waveguide due to a transverse slot is given as

Gwa (r][r]’) = —IB ZA’, J—ZA— sin [k‘_r,), (r1 — (1/2)] sin [l\tf,7 (1'l — (1/2)]

. —Jl\y’y1l/1 JJCOE[ (21 — t)] cos [/;:7 (z; - t)] (4.14)
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The Green's function for the rectangular cavity is given by

Gev () = &g T 1 {A J
sin [A-J.F (r) — ac/Q)} sin [A-IF (] — (1,(;/2)]
<08 [kyp (1 = be/2)] cos [kyp, (4] = be/2)] (4.15)
cos [kzr (zl—cp)] cos (kszl') for 2>z
cos (kapan) cos [kop (o = )| for =<7

and the Green’s function for the parallel-plate waveguide from Chapter 3 is

¢ 0C 1’2 )
sh (pd
Gpp I)‘I) / / d cosh (pd) (4.16)
p sinh (pd)
- =

and the spectral wavenumber is
=Xk =2 - k2 (4.17)
The Neumann’s number for the waveguide and cavity regions respectively is

1 for 3 g.cv) =0 ,
€Ly = (wg.c (4.18)

2 for 3uger) #0

and the wavenumbers for both the waveguide and cavity regions respectively are

) _ ”(u'g.('lv)ﬂ. _ N
kr(%r) B (l(ltrgs(-(.') 7(Y(“‘g‘pv) =123, ..
ﬁ(uvq,m))ﬂ
by = = B = 012
k2 = k2 — )2 = k2 k2 4.19
“a.0) =0 TN T G TG (4.19)

(@)
(@]
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Details of equations (4.14) and (4.15) are found in Appendix B. These field represen-

tations for the three regions are now used to develop IEs in the next section.

4.4 Development of the Coupled MFIEs

The MFIEs at BS1 and BS2 are developed in a similar manner as those developed in
Chapter 2 (reference section 2.4).

4.4.1 Development of the MFIDEs

MFIDEs are developed first, followed by solving the second-order partial-differenital

equations, to arrive at the desired MFIEs.
44.1.1 BS1
The MFIDE at BS1 is developed by invoking the continutity of tangential magnetic

fields at the interface (z = t) giving
H;(’gionl (T_i) _ H;egionQ (r_i) (4.20)
then, substituting equations (4.7) and (4.8) into equation (4.20) leads to
g €eq q

finally, substituting (4.6) into (4.5) and then (4.10-4.12) into the respective magnetic

field representation. leads to the first MFIDE result

J El(ﬁl) =t /
Z 4k / L Gwe (FAlA') dS
(02 >{51 ot we (rilf’) dSy

Ey? (T_él) -y ’ i -
— ._____G T 7‘_‘ (IS = —H,”LC T 422
/52 oo cv (rilr3') dS; 2 (1) (4.22)
where
Gwe (Filf") = Gwe (Fili’) + Gev (i) (4.23)
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Note that the continuity of the electric fields across the two interfaces is enforced
bymakngl—E 1 and E. 2 = Epo-
4.4.1.2 BS2
Similarly, the MFIDE at BS2 is developed by invoking the continutity of the tangential

magnetic field at the interface (z = 0) giving

H;cgion? (772) _ H;vgionl} (T—é) (4.24)
where substitution of equations (4.8) and (4.9) into equation (4.24) gives

HCV( 5) + HCV2( 3) = HPP( 5) (4.25)

Substituting (4.6) into (4.5) and then (4.11-4.13) into the respective magnetic field

representation, leads to

92 E; (1) o
(L +i3) [ 2Dy iy as
: 1

o Jwig
o2 2) / E;}T) (r3")
+{—5 +k — G dS}
(dl,g 0) Js, gm0 cv (73l3) dsy
02 2 EI/‘Z( ,)
= == +k ——————G dS} 4.26
(aﬂ + >/52 o CPP (r31r3) Sy (4.26)

By adding and subtracting kg to equation (4.26) and doing some simple mathematical

manipulations, the MFIDE is written as

0?2 Elll( l) /
_ ds
() {1, B s

Eys (1%) -2 Ey2( 3') -
—/SZ—TGCP(WIQ)G’% =k /59 o Gpp (r3113") dSy  (4.27)
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where

k2 = k% — k3 (4.28)

and

Gev (13)r3]) N Gpp (13]r3)
10 [

Gep (313") = (4.29)

This form is useful when solving the partial-differential equations in the next section.

4.4.2 Solving the Second-Order Partial-Differential Equation

The technique used to solve the second-order partial-differential equations in this

section is also used in Chapter 2 (reference Section 2.4.2).
4.4.2.1 MFIE at BS1

The integro-differential equation (4.26) is written in the form

(22 +#) 10D = 41 03) (4.0

where

E,q (7'
Fi107) = /5 MGWC (rilri) dS]
1

Jwio
Eyo (1% o
—/ _—y ( )GCV (7‘1|7'2’) dSé (4.31)
Sy JW

is in the form of the MT Hertzian potential and
A1 (17) = —HJ" () = ~ Ao [(r/a)? — ] cos (mey fa)e™PRv0Mt (4.32)

is the forcing term based on the incident z-directd magnetic field. Solving this partial

differential equation in terms of a complementary and particular solution (details in
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section 2.4.2.1) and then superposing the two solutions leads to the MFIE at BS1

Ey, (-r'i’) ’ / / Eyo (fél) ' ’
’——_G e rilr’) dSy — ——G 1179 1S
/51 oo HC(r1|I'1 ) 1 s ok cv (71|r2)( 9

= C1 (y1) cos (kox1) + Dj (y1) sin (kox1) + Al()e_jkyl()yl cos (mxry/a) (4.33)

4.4.2.2 MFIE at BS2

Similarly for BS2, the integro-differential equation (4.27) is written in the form

2
(a—i-f + A:g) Fy (13) = Ag (13) (4.34)

where

E ('r'i')
By (1% =/ —"LGey (r3]r1') dS]
h (13) s, o cv (r2lri') dS

Ey (13 -
—/ ————"’2,.(, )GCP(T2|7‘2')d5§ (4.35)
52 Jw

is in the form of the MT Hertzian potential and

- Eyp (3’ e
Ag (13) = k? / --‘/,—(lcpp (3]73") dS (4.36)
Sy Jwp

is the forcing term that was generated by added and subtracted k% to equation (4.26)

The solution to equation (4.34) is written as
Fy(r3) = F§ (13) + F§ (1) (4.37)
where the complementary solution is given as

F§ (r3) = Cy (y2,0) cos (koaz) + Do (y2,0) sin (kozg) (4.38)
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and the particular solution, in terms of the forced response in (2.32) and the forcing

term in (4.36) is

1.2 E o (53 x% J£I2 7T )(yz Jr))
FzP(r?z):"—/ a5y B2 %) / /d?,\" cosh (pd)
y (27r) psinh (pd)

[ dmzsinko (a2~ 77T (439)

Solving the forced response integral, and performing some algebraic manipulation,

gives the following form of the particular solution

= o0 X0
F.P(ﬁé) = A_Q/ ’/9 / /dQ/\f Iy ]”(UQ y2) cosh (pd)
: ho 52 > Jen p%mh(pd)
- =

. [stin(k‘orz) +hocos(horg) — kg2 1

€2 — 1\78
Substituting equations (4.35), (4.38) and (4.40) into equation (4.37) and combin-

ing the complementary solutions as well as the similar integrands over Sg, leads to

the MFIE at BS2

E, (1’ I Eyo (5 I
/ ——t ,( )GC'V (m3ri") dSy —/ ——= ),-( )GCP2 (r313") dS;
s; Jwho So

= Cy (y9.0) cos (kga) + Do (y2.0) sin (kg.r2) (4.41)

where
Gev (13]73) L Gpry (r3]73")
1o p

Gep (1313') = (4.42)
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and the new parallel-plate Green’s function is given as

®Q X P2 Pz) , 2 _ 12
c _ d2/\e cosh (pd) (€% — k%) '
ppN (72173) ZC Zo (@) poinh (pd) (€2 — KD) (4.43)

4.5 MoM Technique

In this section, a MoM technique is applied to solve the MFIEs developed in the last
section. The steps taken to apply the the MoM technique along with a summary of
the solution is discussed herein.

4.5.1 Expansion of Unknown Slot Voltages

The expansion of the slot electric-ficld in terms of the unknown slot voltages mirrors
Chapter 2 (reference Section 2.5.1).

4.5.1.1 Expanded MFIE at BS1

Applying the slot clectric-field expansion in equation (2.48) to equation (4.33) leads

to the expanded version of the MFIE at BS1

Ly Ly
/ de Vi () Kwe (v, )0)) = / dryVa (%) Koy (o1, y1]75)
-L -Lo

(:' (y1) cos (koxy) + Dy (y1) sin (kox1) + Ajoe” Iky1091 cos (mzy/a) (4.44)

where the kernels at BS1 are defined as

W
f1(y1) L
Kwe (21,1 ,’=/d’—,—1—-G 7| 4.45
we (z1,y1l21) N we (rilri’) (4.45)
—W"l
and
o n)
, fo (v o
Kevg (x1.p1]ah) = / dy’ I #2 Gev (1) (4.46)
ity
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4.5.1.2 Expanded MFIE at BS2

Similarly, substituting the same slot electric-field expansion from equation (2.48) into

equation (4.41) leads to the expanded version of the MFIE at BS2

Ly Ly
/ dIll Vi (1’1) Kcyvo (1‘2., y2|1"1) — / d.l"gVQ (1‘{2) Kcpo (.’1‘2, y2|xf9_)
-1 -Ly

=y (y2.0) cos (koaa) + Do (y2.0) sin (kgrg)  (4.47)

where the kernels at BS2 are defined as

Wy
fl (yi) =1 =/
Ko To.yolzh) = /d'l,.——-G rolr 4.48
cve (To.yal)) Mo cv (r2lri') (4.48)
._Wl
and
Wy )
) y: L.
Kepa (1o, o)) = / dys ijz Gepa (731r3) (4.49)
~ity

4.5.2 Application of the MoM Technique

Applying the following point-matching testing operator

W, I
/ / dx;dy;0 (xl - 'Tlml) O0(y)) for my=1,2,.. N (4.50)
W, -1,
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(I = 1,2 depending on which interface the testing is taking place at) to equations

(4.44) and (4.47) respectively, leads to

Iy Ly
/ .I‘1V1 f\u C (Ilml 0|11) / dl"QVg (1"2) Kcvyo (2717711,0]1/2)
L —Ly

= (1 (0) cos (ko.rlml) + Dj (0) sin (k():clml) + Ajgcos (77:1?1,”1 /a)

for m;=1,2,...,N; (4.51)

for BS1 and

L Ly
/ (l.l?ll 1% (;[,1) Kceva (:1?2"72,0[1‘/1) — / d;L‘IQVQ (IIQ) Kcpo (;1'2"12,0|IIQ)
-1 =Ly

= (2 (0,0) cos (ko:erQ) + D5 (0,0) sin (k’OI2m2>

for mo=1,2,.., Ny (4.52)

for BS2. These equations are then expanded in terms of the unknown slot voltages,

using the pulse-function expansion given as

where the individual segment length and location are respectively

ANrp=2L1/N =L+ (g —1/2) Axy (4.54)

1171[

and the pulse function is defined as

Ar N ) Ar
1. (‘Tl'nl - TL> <r < (J‘lnl + T)

Ply, (z7) =
0 ... otherwise
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Substituting the expression for the pulse-function expansion into equations (4.51) and

(4.52) respectively. gives

, Ar
‘rlnl +

M
Z Vln1 / dri Kwc ($1,,,,1’0|33/1)
Ny I2712+é§2
_ Z V2712 / dz:'chvg (161,,11,0113,2)
= (0) cos (A'O'flml) + Dj (0) sin (kol'lml) + Ay cos (ﬂxl,nl/a)

for m=12,..,MN

for BS1 and

Ar
+
Ny “lny
/ /
Z V1n1 / dz1Kcva ($2m2,0|l‘1)
ny=1 N Ar
‘1711 -
+A1‘
No 2”2

- Z ‘/':2172 / d‘I‘IQA,CPQ (I2m270|1‘12)
ng=1 Ar
12712 _—'2—2
= (9 (0,0) cos <A'();1'2,7]2) + Do (0,0) sin (If().rng)

for mgo=1,2,...,Ng

(4.56)

(4.57)

for BS2. These equations represent the MoM solution, for the unknown slot volt-

ages (V1, Va), to the MFIEs of section 4.4. However, four constants (C1, D1, Co, Do)

still remain unsolved. These constants are evaluated by invoking the appropriate
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boundary conditions

Vipy, =0 for 1=12 (4.58)

to equations (4.56) and (4.57), which leads to the final expressions for the Mol

solution

Ar
; +
Ny-1 lny
! 1.~ !/
Z vlnl / d‘TlKVVC (mlml’olrl)
ny=2 Ar
1171.1_
AIZ
T +
No—1 l2n2

/’ ,
=Y Vi, / Ay Ky (1, 0lrh)
712:2

IQ:IQ_A’);T

= @1 (0) cos (A'Ulflml) + Dy (0) sin (k'().rlml> + Ajgcos (m‘lml /a)

for mp=1,2,...,N; (4.59)

at BS1 and
Ny-1 Ilnﬁé;l
> Vi, / dri Ky (22,001
np=2 “‘1,,1-%1
No—1 Tmgt é?
-3 v, / drhKepy (12, 01h)
ng=2 - é_?
= (5 (0.0) cos (A'(].I'2”12> + D9 (0,0) sin <A70.1'2,n2)
for mg=1,2,...,Ng (4.60)
at BS2.




4.5.3 MoM Solution in Matrix Form

Equations (4.59) and (4.60) is summarized in matrix form as

N
Z amnCm =bm for m=1,2,3,.... N where N = Nj+ Ny (4.61)

n=1

where N = N + N9 and,

Ajpcos (mry, /a for m=12..,N;
by=4 (71,/0) (4.62)
0 for m=Ny+1, N1 +2,.,N

is the forcing vector due to the incident z-directed component of the magnetic field.

The unknown slot voltages and constants are defined as

C1(0,1) for m=1

Vim for m=23,..,N -1
D1 (0,1) for m =N
077) - < - (463)
(2 (0.0) for m=N;+1
Vo for m=N{+2,N;+3,...N—-1

D9 (0,0)  for m=N
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and finally, a summary of the moment method admittance matrix elements is given

by

v

m =1,2,...,.N
— cos (k()‘rlm) for :
> n =1
m =1,2,...,N
—sin (k(,).l‘l,,,) for ¢ !
L n =N
m =N +1,Ni+2,..,.N
— oS (ko;z'gm_ N ) for ¢ :
L n =N +1
4
m =N +1,Ni+2,.,.N
—sin (k’ozgm_N ) for < !
1 n =N
4
m = 1,2,...,N1
0 for j
n =N +1,N
Am.n = > (4-64)
0 s : m =N +1,Ni+2,.,N
or
n = l,Nl
>
. m =1,2,..,.N
HS for % | :
n =23,..,.Nj -1
>
m =12,..,N
CVl ) )] b
_lm,n—Nl for $

n =N +2, Ny +3, .., N-1
. {m =N +1,N1+2,..,N
cv?2 ) ’ )
lm—Nl J fOT' J
[ » =92,3,...,N; - 1

pe — T
e for m =Ny+1,N+2,..,N
‘m—Ny.n-N; T

| =N +2,Ni+3,.,.N-1

4.5.3.1 Matrix Element Definitions

The solutions for the various admittance matrix elements (details in Appendix C)

are given here. For the first quadrant of matrix elements, the combination of the
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waveguide and cavity self terms at BS1 are

lu'C _ lH"G + l‘CVll (4.65)

7711.711 ml,nl 7771.711

where

’ —2j € . _
lffff,,l = Z 7 sin [kf,7 (Ilml - a/2)] sin [kw/ <.7:1n1 — a/2)]

wppabWy > Kz kgw,
a=1,2,3,..
-sin (k_r,}, Ar1/2) [e—]ky’fwl - 1] for (4.66)
5=0,12,..
and
,nlle u};toLl"/'2 ; k:r’y k'yl_‘ A‘ZF Sin _I'r) Il/ )

-sin [kIr (Ilml — L)] sin [er (:L'lnl — L)]

-cos? (kyp W ) sin (kyp W) cot (kapt) (4.67)

For the second quadrant of the matrix elements, the coupled cavity terms at BS1 are

C1 V12 J €r

0 =1 = — E

T2 g LW WY T koykyphep sin ‘(kvrt)
Ty z r

-sin (I\'IW,A.I'Q/Q) sin [;"J'F (.1'1,,71 — L)] sin [kl.r (1’2”2 - L)]

-cos? (kyp W) sin (kypW2) (4.68)
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For the third quadrant of the matrix elements, the coupled cavity terms at BS2 are
: J €r
lr(”‘z — lC‘ 21 _ Z
2."1 7”2,771 WL LW2 . .
Ho I koyhypkep sin (kapt)

-sin (kI.’ A.1'1/2> sin [A'II‘ (:1:2"12 - L)] sin [er (:1:1_”1 - L)]

- cos? (kyrw) sin (k-yr w) (4.69)

Finally, for the fourth quadrant of matrix elements, the combination of the cavity

and parallel-plate self terms at BS2 are

C cv22 P
11715712 = 11112.112 + 1771,2),7'2 (470)
where
CVe2 _ J Z €r cos (kzrt)
‘o n ;
-sin (k;p,.A;rg/Q) sin [kfr (172,,,12 — L)] sin [k-’l‘ (3?2”2 - L)]
-cos? (kyp W) sin (kyp W2 (4.71)
and
PP2 PP3
17}7)15.7)2 = 171;5}12 + lm?,ng + 17712,712 (4'72)

The three components of the parallel-plate self terms at BS2 are

. o 9 perpl T enc (T 2
pp ) i wo,Fy keos (k)T (4.73)
‘mo.ng w/14[/V2 ~ {3 (f% — ng) d I\(2) sin (kd)
and
> jk cos (kd
(PP _ jhkcos (kd) for m=n (4.74)

ey wi2Wokd sin (kd)
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and

oo

pPP3  _ —J

17712,112 = wunWad z%fu
v=

T cos[e (22, — 220y ) | sin €272/2) (€2 ~ K2) W2
0/ “ AGETT

Other definitions include

[e‘ff”A - e”jéUB] for m>n
erpl : :
F Pt = [e'JE"’A + 615"3] for m=n

[—ejva + le“B] for m<n

and

[c_jl"OA — e‘jkOB] for m>n
rp2 ] g
e = [e‘J’”OA + eﬂ‘OB} for m=n

{—eﬂ"OA + ejkOB] for m<n

where the termms A, B are given as

A=A0Ax(m—-n+1/2)
B=Az(m—-n-1/2)

and the various spectral constants are

jum .
€ =w0, +K i =g i &=—iy/— (&)
jvm .
7}?, = [)12, oy - 52 N VS e v Mv ==\ — (7712/)
T2_2_,2 . T_./r .
K= k* =k k= k2= K}

70

(4.75)

(4.76)

(4.77)

(4.78)

(4.79)

(4.80)

(4.81)



with the Neumann number for the residues given as

1 for v=0
€y = (4.82)
2 for v#0

4.6 Rectangular Waveguide Scattering Parameters

The objective of this section is to obtain expressions for the rectangular waveguide
scattering parameters Si’{'y and Sg’;y. This is accomplished by comparing the ratio of
scattered to incident electric field intensities at specific interfaces in the rectangular
waveguide [58]. The effect of certain slot dimensions, parallel-plate dimensions and
EM materials are discussed utilizing the formulation.

4.6.1 Reflection and Transmission Coeflicients

The rectangular waveguide scattering parameters Si}lly and Sgl'y were developed in

Section 2.6, and are repeated here for convenience. The scattering parameters are

given in terms of the reflection and transmission coefficients as

r=sthv . 7-gih (4.83)
The reflection coefficient is given as

T (z,y) = 02T (2) (4.84)

where the z-dependence with Ny as the number of slot partitions at BS1 is

N
Arysin (ky o W1) & | g
I'(z) =- wvlabwuokgm anZI Vi (.1“‘1”1) cos ('I“I’IO‘Flnl) (4.85)
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and the transmission coefficient is
T (r.y) = e R0 (T=YD (1 - T ()] (4.86)

4.6.2 Analysis of Material Properities

The purpose of this section is to analyze how certain material properties (permittiv-
ity, permeability and material thickness) affect the rectangular waveguide scattering
parameters. Only the magnitude data is considered since the phase data, which essen-
tially represents only a phase shift in the waveguide, adds only consistent information.

4.6.2.1 Relative Permittivity and Permeability

The permittivity and permeability are the parameters of most interest, since they
are the ultimately the desired result from the extraction process in the next Chapter.
Therefore, an understanding of how each specific component of the complex variables
affects the waveguide scattering parameters is of significant importance. For this
analysis the slot dimensions are kept the same as those in Chapter 2, a material
thickness of 5 mm is used, and the material parameters not under analysis are those
of free-space.

Figure 4.2 shows the magnitude, in dB, of the reflection and transmission coeffi-
cients for various real components of relative permittivity versus a frequency range
of 8.2 - 12.4 GHz. As the real component of the relative permittivity increases, the
resonance is seen to shift lower in frequency and the strength of signal coupled to the
material is seen to decrease.

Figure 4.3 shows the magnitude, in dB, of the reflection and transmission coefh-
cients for various imaginary components of relative permittivity versus a frequency
range of 8.2 - 12.4 GHz. As the imaginary component of the relative permittivity
is increased, the resonance of the signal is seen to shift higher in frequency and the

strength of signal coupled to the material decreascs.
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Figure 4.4 shows the magnitude, in dB, of the reflection and transmission coeffi-
cients for various real components of relative permeability versus a frequency range
of 8.2 - 12.4 GHz. As the real component of relative permeability increases, the reso-
nance is seen to shift lower in frequency, but not as quickly as with the real component
of relative permittivity. Also, there is no decrease in strength of signal coupled to the
material.

Figure 4.5 shows the magnitude, in dB, of the reflection and transmission coeffi-
cients for various imaginary components of relative permeability versus a frequency
range of 8.2 - 12.4 GHz. As the imaginary component of relative permeability in-
creascs, the resonance is seen to shift lower in frequency and a general trend of the
strength of signal coupled to the material decreasing holds till the last value. At
which point the strength of signal is seen to jump back up to a higher value. This
might be due to the material thickness and the possibility of a higher order mode
propagation.

4.6.2.2 Material Thickness

The last material parameter of interest for analysis is the thickness of the material.
As the material thickness changes, the distance the signal travels before it reflects off
the PEC boundary is changed. This leads to higher order modes being excited in the
parallel-plate region if the thickness is greater than half a wavelength in the material.
For this analysis the slot dimensions are kept the same as those in Chapter 2.
Figure 4.6 shows the magnitude, in dB, of the reflection and transmission coeffi-
cients for various thicknesses of a loaded material (ep = 2 - j1.d-3, mu = 1 - j1.d-3)
versus a frequency range of 8.2 - 12.4 GHz. As the thickness of the loaded material
increases, the resonance shifts lower in frequency and the strength of signal coupled
to the material increases as the material nears a half wavelength (12 mm). When
the thickness increases above a half wavelength the resonance then shifts higher in

frequency and the strength of signal coupled to the material decreases. The effect of
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higher order modes beginning to propagate is seen on the thicknesses above a half
wavelength.

Figure 4.7 shows the magnitude, in dB, of the reflection and transmission cocffi-
cients for various thicknesses of a loaded material (ep = 2 - j1.d0, mu = 1 - j1.d-3)
versus a frequency range of 8.2 - 12.4 GHz. As the thickness of the loaded material in-
creases, the resonance shifts lower in frequency and the signal coupled to the material
is seen to decrease. As the imaginary component of relative permittivity is increased,
the signal is attenuated faster and thus does not affect the results as significantly.

Figure 4.8 shows the magnitude, in dB, of the reflection and transmission coeffi-
cients for various thicknesses of a loaded material (ep = 1 - j1.d-3, mu = 2 - j1.d-3)
versus a frequency range of 8.2 - 12.4 GHz. Figure 4.9 shows the magnitude, in dB, of
the reflection and transmission coefficients for various thicknesses of a loaded material
(ep =1-jl1.d-3, mu = 2 - j1.d0) versus a frequency range of 8.2 - 12.4 GHz. As the
thickness increases for the magnetically loaded materials increases, similar properties
to the electrically loaded materials with a slightly tighter dispersion of the resonance

curves for the magnetically loaded cases.
4.6.3 Analysis of Slot Dimensions

The purpose of this section is to analyze how certain slot dimensions (thickness, length
and width) affect the rectangular waveguide scattering parameters. This analysis is
performed with the material properties mirroring those of FGM125, the available
sample for validation in the next Chapter. Only the magnitude data is considered
since the phase data, which essentially represents only a phase shift in the waveguide,
adds only consistent information for the analysis.

4.6.3.1 Thickness of Slot

Figure 4.10 shows the magnitude, in dB, of the reflection and transmission coefficients

for various slot wall thicknesses versus a frequency range of 8.2 - 12.4 GHz. As the
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thickness of the slot increases the resonance is seen to shift slightly higher in frequency
and have a slightly larger coupling. However, at non-resonant frequencies the coupling
is seen to drastically decrease as the thickness increases.

4.6.3.2 Length of Slot

Figure 4.11 shows the magnitude, in dB, of the reflection and transmission cocflicients
for various slot lengths versus a frequency range of 8.2 - 12.4 GHz. As the length of
the slot increases, the resonance is seen to shift lower in frequency. This matches the
results of Chapter 2, except that a smaller slot length is needed to match the resonant
length of the wavelength in the material.

4.6.3.3 Width of Slot

Figure 4.12 shows the magnitude, in dB, of the reflection and transmission coefficients
for various slot widths versus a frequency range of 8.2 - 12.4 GHz. As the width of the
slot increases, the coupling to the material is seen to increase. The most significant
change is seen at non-resonant frequencies, although at the largest width the resonant

frequencies are also seen to have increased coupling.



Magnitude of s11 & s21 for Various Values of the Real Component
of Relative Permittivity vs. Frequency
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Figure 4.2. Effect of the real component of the relative permittivity on the magnitude
(dB) of the waveguide scattering parameters vs. frequency (GHz).
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Magnitude of s11 & s21 for Various Values of the Imaginary
Component of Relative Permittivity vs. Frequency
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Figure 4.3. Effect of the imaginary component of the relative permittivity on the
magnitude (dB) of the waveguide scattering parameters vs. frequency (GHz).
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Magnitude of s11 & s21 for Various Values of the Real Component
of Relative Permeability vs. Frequency
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Figure 4.4. Effect of the real component of the relative permeability on the magnitude
(dB) of the waveguide scattering parameters vs. frequency (GHz).
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Magnitude of s11 & s21 for Various Values of the Imaginary
Component of Relative Permeability vs. Frequency
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Figure 4.5. Effect of the imaginary component of the relative permeability on the
magnitude (dB) of the waveguide scattering parameters vs. frequency (GHz).
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Magnitude of s11 & s21 for Various Thicknesses of a Loaded
(ep=(2.0-j1.d-3), mu=(1-j1.d-3)) Material vs. Frequency
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Figure 4.6. Effect of the material thickness of the real component of the relative per-

mittivity on the magnitude (dB) of the waveguide scattering parameters vs. frequency
(GHz).
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Magnitude of s11 & s21 for Various Thicknesses of a Loaded
(ep=(2.0-j1.d0), mu=(1-j1.d-3)) Material vs. Frequency
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Figure 4.7. Effect of the material thickness of the imaginary component of the rela-

tive permittivity on the magnitude (dB) of the waveguide scattering parameters vs.
frequency (GHz).
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Magnitude of s11 & s21 for Various Thicknesses of a Loaded
(ep=(1-j1.d-3), mu=(2.0-j1.d-3)) Material vs. Frequency
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Figure 4.8. Effect of the material thickness of the real component of the relative
permeability on the magnitude (dB) of the waveguide scattering parameters vs. fre-
quency (GHz).
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Magnitude of s11 & s21 for Various Thicknesses of a Loaded
(ep=(1-j1.d-3), mu=(2.0-j1.d0)) Material vs. Frequency
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Figure 4.9. Effect of the material thickness of the imaginary component of the rela-
tive permeability on the magnitude (dB) of the waveguide scattering parameters vs.
frequency (GHz).

83



Magnitude of s11 & s21 for Various Slot Thicknesses (FGM125) vs.
Frequency
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Figure 4.10. Effect of the slot wall thickness, for a parallel-plate region loaded with

FGM125, on the magnitude (dB) of the waveguide scattering parameters vs. fre-
quency (GHz).

84



Magnitude of s11 & s21 for Various Slot Lengths
(FGM125) vs. Frequency
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Figure 4.11. Effect of the slot length, for a parallel-plate region loaded with FGM125,
on the magnitude (dB) of the waveguide scattering parameters vs. frequency (GHz).



Magnitude of s11 & s21 for Various Siot Length to Width Ratios
(FGM125) vs. Frequency
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Figure 4.12. Effect of the slot width (using slot length to width ratios), for a parallel-
plate region loaded with FGM125, on the magnitude (dB) of the waveguide scattering
parameters vs. frequency (GHz).
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CHAPTER 5

RESULTS

To verify the MFIE techniques developed in both Chapter 2 and Chapter 4, several
measurements were taken in the X-band frequency range, 8.2-12.4 GHz. While this
technique is valid over any desired frequency range, the dimensions and availability
of X-band waveguide sections made this the easiest range for a proof of concept
demonstration. In this Chapter, the experimental setup is explained and verified, the

extraction process is investigated and verified, and experimental results are shown for

MagRAM.

5.1 Experimental Setup

The experimental setup used for this resonant antenna material characterization tech-
nique is shown in Figure 5.1 and Figure 5.2. The physical experiment gets connected
to a HP8510C Vector Network Analyzer (VNA) via coaxial cables, coax to WR90
waveguide (where the WR stands for “waveguide rectangular” and 90 refers to the
inner waveguide width a = 0.90 inches) transitions, and WR90 waveguide sections.
The connection between the physical experiment and the WR90 waveguide sections
uses precision alignment pins and screws to help minimize the discontinuities across
the interfaces. Great care is also taken to ensure that the coaxial cables are spa-
tially stabilized while calibrating the experimental setup and measuring samples. The
two-port experimental setup is calibrated using the thru-reflect-line (TRL) method
[65)-[67]. The full two-port TRL calibration method, including the development of
the calibration kit for the HP 8510C, is discussed in [68].

The physical experiment is built out of a single sheet of brass (Length = 5.5 inches,
Width = 5 inches, and Height = 1.625 inches) to help insure that there are no electrical

discontinuities, except at the flanges and the transverse slot. To build the device, the
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machine shop first conductively etched a WR90 waveguide segment (Length = 5.5
inches, Width = 0.9 inches. and Height = 0.4 inches) into the length of the brass sheet.
Next, they milled away the excess material above the WR90 waveguide segment
to achieve the thinest waveguide wall thickness (0.04 inches) that was structurally
durable. Then the precision alignment pin and screw holes were drilled for the WR90
waveguide flanges. Finally, the transverse slot (Length = 0.45 inches and Width =

0.27 inches) is etched into the center of the upper WR90 waveguide wall.
5.1.1 Validation

Before measuring anyv test samples, a standard baseline is checked to initially validate
the experimental setup. After performing the calibration, the two waveguide sections
are placed together and the magnitude and phase of the S-parameters is checked to

ensure that ngﬁQ = 1£0° and

S;f{)n' = 0. Next, the physical experiment, with
the slot covered by conductive tape, is connected to the VNA and the magnitude
and phase of the S-parameters is again checked to ensure that SSfPIQ ~ 1£0° and
‘S;{gQ‘ =~ (0. The magnitude and phase are approximate in this case due to the slot
discontinuity in the waveguide wall.

5.1.1.1 Radiation into a Half-Space

To provide further confidence and validation of the experimental setup. a compari-
son of measured and formulated data. for radiation into a half-space. is considered.
Figure 5.3 shows the comparison of formulation results and experimental data for the
magnitude (in decibels (dB)) of the rectangular waveguide reflection and transmis-
sion cocfficients versus a frequency range of 8.2 - 12.4 GHz. Figure 5.4 shows the
comparison of formulation results and experimental data for the phase (in degrees) of
the rectangular waveguide reflection and transmission coefficients versus a frequency
range of 8.2 - 12.4 GHz. The curves for both the magnitude and phase of the reflection

and transmission coefficients line up very well.
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The resonance of the slot antenna is seen at just slightly less than 13 GHz, which
is expected since the slot is the complement of a strip dipole antenna [55]. Also,
the dispersion of the formulated resonance is slightly tighter than the experimental
resonance. This is expected since the formulation assumes the brass waveguide is a

PEC, when in actuality it has a small amount of ohmic loss.

5.1.1.2 Signal Attenuation

In observing Figure 5.2 it is noticed that the experimental setup has a finite parallel-
plate region, whereas the formulation assumed and infinite parallel-plate region. The
assumption of an infinite parallel-plate region was implemented for two reasons: it
greatly reduces the complexity of the formulation; the motivation of this problem
was the characterization of lossy EM materials. Since the signal in a lossy media
attenuates, no contribution is seen from fringing fields due to the finite boundaries
of the physical experiment. Thus making the assumption viable and allowing the
formulation to correctly model the experiment.

To understand how lossy the EM materials must be to ensure the assumption of
an infinite parallel-plate region is maintained, an analysis of the attenuation of signals
in the parallel-plate region is given. Figure 5.5 and Figure 5.6 show the attenuation
of a wave traveling 6 cm in a parallel-plate waveguide for various real components of
relative permittivity versus the imaginary component of relative permittivity for 8.2
and 12.4 GHz respectively. The signals are seen to decay rapidly as the imaginary
component increases. As the real component of permittivity increases, a higher imag-
inary component is required to achieve the same level of signal attenuation. There is
a tighter dispersion between the curves for the real component of permittivity as the
frequency increases.

The MagRAM sample that is used to validate the formulation is FGM125 from
Cuming Microwave. Using its general material properties [41], a knowledge of the

general attenuation properties of the signal in the MagRAM is obtained. Figure 5.7
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shows the attenuation of a wave traveling in a parallel-plate waveguide loaded with
FGM125 for various frequencies versus distance. The signal is seen to attenuate to
-40 dB in less than 1 cm over the desired X-band bandwidth. Thus, showing that no
fringing effects are seen when measuring the experimental data with the experimental

setup that has been built.

5.2 Complex Constitutive Parameter Extraction

The overall objective of this material measurement technique is to experimentally
obtain sample scattering parameters using a network analyzer and compare them

with their theoretical expressions. That is,

Si’;y (w, €, ) — S;‘f” (w) =0

Sé’{y(w,e,u)— ;fp(w) =0

This pair of nonlinear equations with two unknowns has a solution which is seen to
decompose into two parts. First, analytical theory is needed to relate Si}lw (w, €, 1) and
S.S}{y (w, €. 1) to the complex constitutive parameters (see MFIE analysis in Chapter
4). Second, a technique is needed to accurately measure SHP (w) and S;fp (w) (see
previous section). With the two necessary parts for the solution, equation 5.1 is

iteratively solved using a complex two-dimensional Newton root search method, giving

the desired results of the complex constitutive parameters [7].
5.2.1 Extraction Validation

The ultimate goal for this material measurement technique is to simultaneously ex-
tract both permittivity and permeability. The intention is to perform the extraction
using both the reflection and transmission coefficients from the rectangular waveguide,
while measuring only a single layer of the material. Unfortunately, simple validation

tests of the extraction process showed that this is not possible under the current for-
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mulation. Essentially, the two scattering parameters do not provide enough sensitivity
to perform the extraction.

In order to achieve the desired goal of simultaneous extraction of permittivity
and permeability, a second independent experimental measurement is needed. The
simplest method to achieve this goal is to measure a second thickness of the desired
material. Then using one of the scattering parameters from each of the two different
material thickness measurements, solve the pair of nonlinear equations in 5.1.

To decipher how different the two material thicknesses need be to perform the com-
plex constitutive parameter extraction, tests were performed using generated acrylic
data. Acrylic is used due to its consistent material properties across the entire waveg-
uide bandwidth. Figure 5.8 shows the extracted permittivity and permeability values
for an acrylic material with a material thickness difference equal to 15 percent of the
material wavelength. The data is seen to be very good across most of the bandwidth,
however, certain points are still not converging correctly.

Figure 5.9 shows the extracted permittivity and permeability values for an acrylic
material with a material thickness difference equal to 20 percent of the material
wavelength. The data is seen to be very good across the entire bandwidth, leading to
the conclusion that a 20 percent material wavelength thickness difference is sufficient
to properly extract the desired material characteristics.

5.2.2 Tested Samples

The general concept of this resonant antenna material characterization technique is
to non-destructively measure simple, lossy medias. Thus, the ultimate verification of
this technique is to measure a sample with those properties. MagRAM, in the form
of FGM125 from Cuming Microwave, is a convenient solution in that it exhibits the
desired properties, it is readily available, and comparison data is available using a

partially-filled waveguide technique [68].
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5.2.2.1 MagRAM

The results for permeability of the MagRAM using the resonant slot-antenna tech-
nique are compared to the results using a partially-filled rectangular waveguide tech-
nique in Figure 5.10. Using the results of the partially-filled rectangular waveguide
technique as the bascline for the expected results for the resonant slot-antenna tech-
nique, the values of the permeability are seen to line up very well.

The results for permittivity of the NlagRAM using the resonant slot-antenna tech-
nique are compared to the results using a partially-filled rectangular waveguide tech-
nique in Figure 5.11. Again, using the results of the partially-filled rectangular waveg-
uide technique as the baseline for the expected results for the resonant slot-antenna
technique, the values of the permittivity are seen to not line up very well. The real
component of the permittivity seems to have the general concept, but oscillates wildly
about the desired value. Whereas the imaginary component of the permittivity also
oscillates wildly, but not near the desired value.

These tvpe of results have been noticed before. mostly in coaxial probe tech-
niques. and are due to air-gaps between the probe flange and the material surface
[22],[40].[69]-[70]. Even a small air-gap between the sample and probe causes a signif-
icant discontinuity in the strong, normal electric-fields leading to large errors on the
predicted permittivity values. The permeability results however remain largely un-
changed as there EM boundary conditions are not significantly affected by the small
discontinuity.

However, for a couple of reason the issue is believed not to be due to an air-gap.
First, the real component of permittivity would be lower across the entire bandwidth
than the predicted value, which is not the case. Second, the electric field is actually
tangential and therefore continuous, which should not create such a large effect on
results. Finally, an exceptionally heavy weight was placed on the experimental setup

ensuring a good contact between the material and slot antenna. The alternative
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explanation offered is a poor electric field interrogation of the material.
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Figure 5.1. Experimental Setup: Rectangular waveguide radiating through a trans-
verse slot into a half space.
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Figure 5.2. Experimental Setup: Rectangular waveguide radiating through a trans-
verse slot into a finite parallel-plate region loaded with MagRAM.
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Comparison of Formulation and Experiment for the Magnitude of
sll & s21 vs. Frequency
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Figure 5.3. Comparison of the formulation results and experimental data, using the
magnitude (dB) of the waveguide scattering parameters, for the radiation of the signal

into a half-space vs. frequency (GHz).
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Comparison of Formulation and Experiment for the Phase vs.
Frequency
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Figure 5.4. Comparison of the formulation results and experimental data, using the
phase (degrees) of the waveguide scattering parameters, for the radiation of the signal
into a half-space vs. frequency (GHz).
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Attenuation of a Wave Traveling 6 cm in Parallel-Plate Waveguide
at 8.2 GHz vs. Imaginary Component of Relative Permittivity

'
-
o

'

—

(92}
.

——EPR-1.0

20 ----EPR - 2.5

-----EPR - 10.0

Attenuation of Wave (dB)

1.E-5 1.E-4 1.E-3 1.E-2 1.E-1 1.E+0 1.E+1
Imaginary Component of Relative Permittivity

Figure 5.5. The attenuation (dB) of a wave traveling 6 cm in a parallel-plate waveg-

uide, for various values of the real component of relative permittivity, at 8.2 GHz vs.
the imaginary component of the relative permittivity.
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Attenuation of a Wave Traveling 6 cm in Parallel-Plate Waveguide
at 12.4 GHz vs. Imaginary Component of Relative permittivity
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Figure 5.6. The attenuation (dB) of a wave traveling 6 cm in a parallel-plate waveg-
uide, for various values of the real component of relative permittivity, at 12.4 GHz

vs. the imaginary component of the relative permittivity.
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Attenuation of a Wave Traveling in a Parallel-Plate Waveguide
Loaded with FGM125 vs. Distance
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Figure 5.7. The attenuation (dB) of a wave traveling in a parallel-plate waveguide,
at 8.2 and 12.4 GHz. loaded with FGM125 vs. distance (cm).
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Relative permittivity & permeability extraction of generated acrylic
data (15% material thickness difference) vs. frequency
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Figure 5.8. Relative permittivity and permeability extracted using generated acrylic
data that has a 15 percent wavelength difference between the two material thicknesses.
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Relative permittivity & permeability extraction of generated acrylic
data (20% material thickness difference) vs frequency
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Figure 5.9. Relative permittivity and permeability extracted using generated acrylic
data that has a 20 percent wavelength difference between the two material thicknesses.
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Comparison of Relative Permeability for FGM125 vs. Frequency
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Figure 5.10. Comparison of the relative permeability, for the MagRAM FGM125,
using a partially-filled rectangular waveguide method and the resonant antenna tech-
nique vs. frequency (GHz).
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Comparison of Relative Permittivity for FGM125 vs. Frequency
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Figure 5.11. Comparison of the relative permittivity, for the MagRAM FGM125,
using a partially-filled rectangular waveguide method and the resonant antenna tech-
nique vs. frequency (GHz).
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CHAPTER 6

CONCLUSIONS

This dissertation has provided a waveguide slot-antenna technique for the non-
destructive evaluation of a PEC backed lossy. simple media. The sample permittivity
and permeability were found by using an iterative complex two-dimensional Newton's
root-searching algorithm to compare the theoretical S-parameters obtained using the
MFIE technigque with the experimentally measured S-parameters obtained form the
network analyzer.

The initial goal of this research was to extract both permittivity and permeability
simultaneously with only a single experimental setup. This was not possible under
the current formulation, thus a second material thickness was needed to perform
the simultaneous extraction. A couple of special case tests were done to show that
the extraction process, using the two separate thicknesses, was converging to the
correct complex constitutive parameters. Then the waveguide slot-antenna material
characterization technique was experimentally verified, through the comparison of a
MagRAM sample, with a partially-filled rectangular waveguide measurement. The
accuracy of the permittivity data suffered, likely due to a poor electric field interro-
gation of the material. This comparison demonstrated a proof of concept, and thus

the validity of the technique.

6.1 Suggestions for Future Work

As this is initial research into the use of slot antennas for material characterization,
many areas of future research are note worthy. First, looking into why the single
laver of material was unable to simultancously perform a full characterization of
the material. This should include looking into various extraction methods to see if

the 2-D Newton's method used was not the appropriate choice. Next, a study into
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increasing the coupling though the slot. The most practical way to achieve this is to
relax the assumption of a long an narrow slot, and increase the size of the aperture.
Another area of interest is using multiple slots. This should also increase coupling
to the material, but could also help achieve the initial goal of using only a single
material thickness to fully characterize the material. Finally, looking into the ability
to extract the complex constitutive parameters for two-layers, which could be done

using a two-layer parallel-plate Green'’s function.
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APPENDIX A

MAXWELL’S EQUATIONS AND HERTZIAN POTENTIALS

A.1 Introduction

Appendix A provides an overview of Maxwell's Equations and Hertzian potentials
due to a magnetic source. A development of the wave equations, for both EM fields

and Hertzian potentials, is also included.

A.2 Maxwell’s Equations and the Wave Equation for E and H

Maxwell's equations, due to a magnetic source, for a simple medium (linear, homo-
geneous and isotropic) and the magnetic source continuity equation in the spectral-

domain point form are

V x E () = =Ji (7) = jupH () (A1)
V x H (F) = jweE () (A.2)
V-€E(7) =0 (A.3)

V. #ﬁ (7) = pm (7) (A.4)

Y j;n (™) = —jwpm (7) (A.5)

where j;,, is a volume magnetic current density, p;, is the density of the magnetic
charge, and € = € (1 — jo/wé) is the effective complex permittivity. The wave equation
for E is found by taking the curl of (A.1), substituting (A.2) into the resulting relation,
then applying the vector identity V x V x E=V (V . E) —V2E and using equation
(A.3). The result is

V2E + k2E =V x Jp, (A.6)
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where k2 = w?jie. Similarly, the wave equation for H is determined by taking the
curl of (A.2), substituting (A.1) into the resulting equation and then using the vector
identity Vx V x E = V (V . E) — V2E and also equations (A.4) and (A.5). The
result is

— d — 1 -
V2H + k2H = jwedn + —V (v : Jm> (A7)
Jwp

A.3 MT Hertzian Potential

The primary use of Hertzian potentials is as a simplifying intermediate step to deter-
mining electric and magnetic fields. The MT Hertzian potential may be identified by

observing that (A.3) implies that E is written as
E = —jwuV x @, (A.8)

since V - V x 7, = 0 by vector identity. The magnetic field is then determined by
substituting (A.8) into (A.2) and using the vector identity V x V& = 0. This leads
to

H = k7 + Vo (A.9)

The wave equation for @, is identified by substituting (A.8) and (A.9) into (A.1),
applving the identity V. x V x 7, = V(V - 7)) — V27'r'h and then using the Lorentz
gauge condition ® = V - 7). The resulting Helmholtz wave equation is

-
Jm

V27?h +k27?h = —=
' JwWi

(A.10)

Equation (A.10) is decomposed into three scalar equations in Cartesian coordinates

(reducing mathematical complexity) as follows

—
_ J"ln

2 2
AV Tha + Kk Thy = I

(A.11)
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where a = x, y. z. Substituting ® = V - 7, into (A.9) leads to
H = k7, + V(V-7,) (A.12)

Since (A.10) shows that 7, is maintained by a magnetic current, it is called a MT
Hertzian potential (ET Hertzian potentials are also possible, but since they do not
occur in this problem they are not discussed here). A comparison of (A.11) with
(A.6) or (A.7) demonstrates why Hertzian potentials are introduced in mathematical
analysis of EM problems. In equation (A.11), each component of 7, is directly related
to each component of J_;,,. The relationship between E, J in (A.6) or H , J in (A7) is
more complicated and thus a solution is generally strongly singular and more difficult

to obtain. Thus, it is easier to solve for 7, first then determine E and H using (A.8)

and (A.12).
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APPENDIX B

PROPERTIES OF RECTANGULAR WAVEGUIDES AND CAVITIES

B.1 Introduction

An analysis of the guided wave structures used in Chapters 2 and 4 is needed to
ensure proper application in the formulations developed. Appendix B develops the
characteristic eigenmode fields of the rectangular waveguide, for both the y and z-
axial directions. These modal fields are then extended to Green’s functions for both
the rectangular waveguide and cavity respectively. Followed by the development of

the rectangular waveguide scattering parameters for the y-axial direction modal fields.

B.2 Waveguide Modes

In the interior of a rectangular waveguide, Maxwell’s equations (A.1-A.4) can be
divided into two basic sets of solutions or modes. For one set of modes no longitudinal
or axial magnetic field component exists, these modes are called transverse magnetic
(TM) modes. The other basic set of modes have an axial magnetic field but no axial
electric field component, this set is referred to as the transverse electric (TE) modes
[58]. The TE modes are used in the rectangular waveguides (with a > b, see Figure
B.1), because the T Ey mode is the dominant mode due to the fact is has the lowest
cutoff frequency.

The cutoff frequency of the T E,y,;, mode is given by

cke eV m2b2 + n2a?
f(',,mn = Zr— = 2ab (B.l)

where c is the speed of light in free space, a is the width of rectangular waveguide, b is
the height, and m and n are the modal values [58]. The cutoff frequency helps define

the bandwidth of the waveguide, where the first higher order mode to propagate
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defines the upper bound of the bandwidth, and the cutoff frequency defines the lower
bound of the bandwidth.

B.2.1 Geometrical Configuration

Consider the cross-sectional view of a rectangular waveguide shown in Figure B.1. The
origin is located in the center of the bottom plate and the waveguide has dimensions
of width —a/2 < x < a/2 and height y = b. The width (a) will in general be twice

the height (b).

z
N
z=b
X
z=0 >
a
2 2

Figure B.1. Geometrical Configuration: Rectangular waveguide (y-axially direction)

B.2.2 Modal Analysis (T E; Modes)

Generally when describing a set of TE modes, the direction of propagation has no
electric-field component. However, sometimes the geometry of the problem lends
itself to an alternative set of modes. In the case of the rectangular waveguide used
in the formulations of Chapters 2 and 4. where the direction of propagation is the
y-direction, the T E, modes are the most complete set of modes. This is because the

transverse slot can only have an equivalent z-directed magnetic current. This can
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alternatively be reasoned by noting that the slot causes higher order modes to be
scattered, thus a superposition of TEy and T My, modes would be needed to have a
complete set of modes. This superposition of TEy and TM, modes is seen to equal
the set of TE; modes, for propagation in the y-direction [60], thus the latter set of
modes is developed here.

B.2.2.1 y-axial direction

To develop the desired set of modes, the appropriate choice of the MT Hertzian
potential is necessary. To ensure that the z-directed component of the electric-field
is equal zero and the z-directed component of the magnetic field is not equal to zero,

the appropriate choice of the MT Hertzian potential is

T, = I, (B.2)

Then, substituting (B.2) into (A.8) and (A.12) and carrying out the vector operations

gives respectively for the EM fields

E = JwpoZ X Ve, mh (B.3)
and
= o (.9 0
H = th.%ﬂh +z (kO + -51‘—2) Th (B.4)

where the transverse Laplacin operator with respect to the z-direction is

0 0
Vip =07+ 24— B.5
x yay 0z (B-5)
To solve the homogeneous Helmholtz equation
V2, + kEmp, =0 (B.6)
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in terms of longitudinal and transverse components requires writing the MT Hertzian

potential as

m), = Aqgmy (z.2) €Y (B.7)

Then utilizing (B.7) in (B.6) along with the separation of variables technique leads

to
Th = Aag [Acos (kyr) + Bsin (kpx)] [C cos (kzz) + Dsin (k;z)] e ¥V (B.8)
where the cutoff wavenumber and propagation constant are respectively
k2= k3 + 12 = k2 + 42 (B.9)

T = jky, (B.10)

The boundary conditions on the PEC waveguide walls are

EU-Z’;rz—a/‘Z.a/Q =0— 7Th|1t=—a/2,a/2 =0 (B'll)

O
0z

Eyl:=tp; =0— 2=ty =0 (B.12)

where the partial derivative required for enforcing the boundary conditions is given

as
Omh _ A,k [Acos (kex) + Bsin (kyz)] [-C'sin (k;z) + D cos (k- z)] et1Y  (B.13)
0z !
leading to the generating eigenfunction for the ~th mode as
Thy = A sin [.lcr7 (r — a/2)] cos [k37 (z — t)]e;ﬂ‘%'y (B.14)
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with the wavenumbers defined as

l\"_r.., = Qa'l.() == 1,2,3,...

key =5 3=0,1,2,... where b= (b —1) (B.15)

2 _ 1.2 2 1.2 2
K2 = k3 -k =k + k2

Substituting (B.14) into (B.3) and (B.4) and applying the mathematical operations,

the modal fields are summarized as follows
EY (M) = [:téA:ﬁ ez (7) + Ay, ey, ('r*)] TRy (B.16)

AE () = By () % 5y, by, ()] 7107 (B.17)

ez, () = sin [kh (r — a/2)] Ccos [1;;7 (z— t)] i Azy = wpokyy Ay (B.13)
ey, (1) = sin [kr7 (x — a/2)] sin [kz,y (z — t)] i Ay = Jwpokzy Ay (B.19)
hty (1) = 3 Az, by (7) + 2Azy hey (7) (B.20)

hrs, (1) = sin [k;,), (r— a/2)] cos [1‘757 (z — t)] ; ‘417 = (Ag - kg) A, (B21)
he (7) = cos [A-M (r —a /2)] sin [A~z7 (2 — f)] o Auy = —kpy ks Ay, (B22)
hy (7) = cos [A (r —a /2)} cos [A-:.‘, (z— f)] . Ayy = —jkogky, Ay (B.23)

B.2.2.2 :-axial direction

Consider the cross-sectional view of a rectangular waveguide shown in Figure B.2.
The origin is located in the center of the waveguide having dimensions of width
—ac/2 < x < ae/2 and height —b./2 <y < b./2.

Using the same steps as the previous section, the TE, modes with propagation



2N

/
.
2
z=0 - >
X
2= be
2, | a
x=--* x=0 x=—5
2 2

Figure B.2. Geometrical Configuration: Rectangular waveguide (z-axially direction)

in the z-direction may be summarized as follows

-~ R . . (ko z
EE () = |2 Aspesy (0.0) F jAypeyy (2,9)] 77T (B.24)

AE () = [fip (2.9) F 2Aephp (2.y)] 7007 (B.25)

ezp (L y) = sin [I"~rF (r — ap/Q)] sin [k“/l“ (y — b(./Q)} i Azp = jwpokyp Ar

(B.26)

Cyr (r.y) = sin [A'_,.r (o — a(./Q)] Cos [A‘-‘/I“ (y — b(;/2)] : A-‘/I“ = wu()k;FAF
(B.27)
Htl" (.’If, y) = ‘i‘ATr\hIF ($’y) - gfil/[‘hyl‘ (l" y) (828)

hep (2.y) = sin [k_,.l, (x— a,(-/Q)} cos [kyl-\ (y — bp/Q)] ; AIF = (kg - kg) Ar
(B.29)
th (2,y) = cos [l\"rF (r— (1'(:/2)] Cos [}“yr (y— b('/2)] ) Azr = jkr.r‘kerl"
(B.30)
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h!’l‘ (z,y) = cos [1.‘,,]\ (z — u,/Z)} sin {kyr (y— l),./‘Z)} 3 A-ljll, = A-,[.kyrAp

(B.31)
A'TI' = %.a =) [ (R
SRS -1, (. T B
kyp = 30,6=0,1,2,... (B.32)
KA = k§ - kEL = K3+ kDL

B.3 Green’s Functions

In this section the Green’s functions for the rectangular waveguide and cavity are
developed. The rectangular waveguide Green’s function is determined by using the
Lorentz reciprocity theorem, while the rectangular cavity Green’s function is deter-
mined by using the method of scattering superposition [61].

B.3.1 Rectangular Waveguide

Consider the waveguide configuration given in Figure B.3. The slot is assumed to be
cut in the bottom waveguide wall between cross-sectional planes C'S} at y = y; and

C'Sy at y = yo. It also supports a field Ej that is excited by the incident TE;O mode.

. y=W_ St

Figure B.3. Rectangular waveguide with slot discontinuity
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B.3.1.1 Slot Excited Modal Fields

The first step in the determination of the desired rectangular waveguide Green's

function, is to express the scattered waveguide fields, excited by the slot, using a

modal expansion. These electric and magnetic field expressions are given as

E = ZB» () = ZB}[ A A,,z,(;,‘.)+y4%(y7( )] Jhy~y

k-
H= ZBw 5y ()= ZBW [htv 2) = §Ay, hy, (a:,z)] et d

and
E = Z C"/E‘:;_ (7_) = Z C’)’ [SA:,\/GZ,), (_'lj, z) + gAy,).f’yV (1.’ Z)] e—jky,\’,y
v R

H= ZC}ﬁ:’ (r) = ZCH [/_217 (x,z) + 'gfiyﬁ,h,y7 (z, z)] eIk Y

ki v

for y < y; and y > yo respectively.

B.3.1.2 Determination of Modal Expansion Coefficients

(B.33)

(B.34)

(B.36)

The next step is to determine the modal expansion coefficients by using the Lorentz

reciprocity theorem on a source-free, bounded region S. The closed boundary of this

source-free region S consists of the cross-sectional surfaces C'S; and CSg, and the

conducting waveguide surface Se, or

S=Sc+CS51+CS9

(B.37)

The Lorentz reciprocity theorem applied to this source-free region is written as

f{ e (B 7Y BV 1) ds =0
S
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where the fields

(B.39)

represent the EM fields (described in section B.2.2.1) radiated into the bounded

waveguide region by the slot aperture field Es and

b= B
. ji (B.40)
A = 3

arc the waveguide modal ficld (described in equations (B.33-B.36)) traveling in the
+y-direction. Substituting the fields in (B.39) and (B.40) into (B.38) gives the spe-

cialized form of the Lorentz reciprocity theorem

(R GE_ Bt
n- N —FEFxH)dS =0 B.41
7{5 (B x A% - B2 x i) (B.41)

where the superposition of the three boundaries set equal to zero determines the
modal expansion coefficients. Solving for the conducting surface S by first using a

vector identity [57] gives

/ fz-(E‘xﬁvi—_‘ifxﬁ)dS:/Sﬁ,-(Esxﬁf)dS (B.43)
a

where the only remaining contribution is due to the slot electric-field.

Solving the cross-sectional surface C'Sy next (where the outward normal is defined
g 1
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as —y) leads to
CS; = / —§- (E x HE — EX x ﬁ) ds (B.44)
cs
with the substitution of the scattered and modal field expressions from (B.39) and

(B.40) leading to

— (.%A,,,yez,7 (x,z) x f-it,y (z, z)) ej(ky‘ﬁky‘Y)yl
} (B.45)

CS1 =5, By Jos, ~-

T (5,42763,7. (x,z) X l-z.lt7 (z, z)) ej(¢ky7+ky‘/)y1
Then by defining the mode orthogonality relationship as
CcS
equation (B.45) is simplified to
CS) = B, S, 1FURn1 (1 4 1) (B.47)

where the F is associated with forward and backward traveling waves respectively.
Similar steps are taken to solve the second cross-sectional surface C'Sy (where the

outward normal is defined as g) giving
CSy = / g - (E x HE - EX x ﬁ) ds (B.48)
C'Sy

Substitution of the scattered and modal field expressions from (B.39) and (B.40)

along with simplifying the expression using (B.46), leads to

CSy = CySye? T1F VR Y2 (1 1 1) (B.49)
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where the F is again associated with the forward and backward traveling waves
respectively.
Superposing the terms in (B.43), (B.47), and (B.49) and setting them equal to
zero generates the expression for all values of v as
B~,S«,ej(l¢1)ky7 (1£1)+ CW.SA,ej(_l;l)ky’Vy? (1F1)
' . . (B.50)
+ Js, - (s x i) ds =0
Solving this equation using either the upper or lower sign and then rearranging the

terms leads to the modal expansion coefficients as

-1 - ) 7+ E
BA,_E/San-(ESxHAJdS (B.51)
and
\ _1 - "‘ e
€)= 35 /S i (Es x Hj ) ds (B.52)

respectively. Substituting the appropriate fields into the mode orthogonality relation-

ship, the mode expansion constant is defined as

A Az ab 1 for =0
Sy =—2 T €y = for 5 (B.53)

2y 2 for B#0

Finally, the modal expansion coefficients are determined as

_ & N i [0 (o e (o dkyyd
B, = b /Sa dSE, (/) sin [klﬂi (z a/2)] cos [L,, (2 t)]c Y (B.54)

€~

g - = RS - jl"l—~,y, e
Cy = 7 /Sa dSE, (f’) sin [k” (tLl - a./2)] cos [kz,), (‘,v’ — t)]e Yy (B.55)

-~
<

~ab
Y
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B.3.1.3 Green’s Function due to a Transverse Slot

The Green's function is now found by simply substituting the modal expansion coef-

ficients into equations (B.34) and (B.36) (repeated here for convenience)

HY =Y ByApfiny (@2)"nV Ly <y (B.56)
-

H} = ZC’V‘AMHM (z,2) Ty y>y (B.57)
7

and then manipulating the subsequent expressions into the form of equations (2.9)
and (2.10). The resulting z-directed component of the magnetic field for all y and y’
is

9° Ey (7)

HS = (k2 + = dS= XL Gve o (P B.5

where the MT Hertzian potential is the dot product of the slot electric field and the
resulting rectangular waveguide Green's function, due to a transverse slot cut in the

lower broad wall, which is given as

Gwg (7)) = 515 PO J—l—f;% sin [}‘717 (x - a/2)] sin [kI7 (af - a/2)]

il 1
- CO8 [k:,y (z = t)] cos [kz7 (=" - t)]e Tky~ |y—y l

B.3.2 Rectangular Cavity

The Green’s function for the rectangular cavity derived in this appendix follows the
development of Tai [61]. This approach involves starting with the functions already
available for a rectangular waveguide of the same cross-sectional dimensions and then
applies the method of scattering superposition to find the desired function. The
method of scattering superposition is applied in two separate steps. The first step is
to generate the Green's function for the semi-infinite waveguide, with a PEC plate

placed at the z = ¢, interface. The second step is to generate the Green’s function
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for the rectangular cavity with a second PEC plate placed at the z = 0 interface.

To solve for the Green's functions by placing PEC plates at the interfaces z = 0, ¢,
the PEC boundary condition (tangential electric-fields equals zero) is applied to the
fields at these locations. Since only the y-directed component of the electric-field
is tangential at both interfaces, it is the only component of the electric-field that
is represented here. To develop the expression for the y-directed component of the
electric-field, the modal ficlds of section B.2.2.2 are used to derive a rectangular
waveguide Green’s function using the derivation in section B.3.1. The y-directed
component of the electric-ficld, that is valid for all z and 2/, of an infinite rectangular
waveguide is thus represented as

Ey ()

. 17}
a

where the Green’s function is represented as

€

L ; oo sin [er (x — ac/Q)] sin [kfl‘ (' - ac/Q)]

Gwe (M) = o X 1
r (B.61)

—jk —2!

- cos [kfyr (y— bp/2)] cos [k“JI’ (v - bc/2)]e ! ZFIZ ’

Substituting this Green's function into the field expression and rearranging terms so
only the z-dependence is considered, leads to the following

0 S el !
Ey = Ey (I,yll‘,, y,) E [e:Fka«[‘Ze:tJl‘ZI‘z ] (B62)

Now that the necessary field is developed, the method of scattering superposition
may be applied to generate the first Green’s function for a semi-infinite rectangular
waveguide. This is accomplished by added a scattering term to the field expression

in (B.62) that accounts for the waves scattered off the PEC interface at z = ¢.. The
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resulting field is

0 G RN N
) AT e RE e e (B.63)

where applying the appropriate boundary condition determines the constant A4 as
Agy = e Hkyr2ec (B.64)

Substitution of this constant back into (B.63) and then applying mathematical ma-

nipulation to the field for the z > 2’ and z < 2’ cases respectively, leads to

o | cos [k;r (z - cp)] T (2/_C")

Ey=E,(z,y]2",y) =2 . (B.65)
Jhep(z=ce) [k'zr (« - Cc)]

0z

e.g. the representation of the y-directed comi)onent of the electric-field for a semi-
infinite rectangular waveguide. The second step is to generate the desired Green's
function for the rectangular cavity. Just as before, this is accomplished by adding a
scattering term to the field expression in (B.65) that accounts for the waves scattered
off the PEC interface at z = 0. The resulting field for the z > 2’ and 2z < 2/ cases

respectively is

. _ Jk= (Z/—Cc) )

Ey,=Ey, (z,yl2",v) 2%2 Co_i [AZF_(z C(’)] ot \
| € 2p(2=ce) g [kzl‘ (2" - cc)] ) (B.66)

+Ag9 cos [kzl“ (z — cc)] Ccos [kzl“ (=" - CC): ]

where applying the appropriate boundary condition determines the constant Ao as

. —jkzpee
je 7T
Asg = —

sin (k;r c(,>

(B.67)
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Then, substitution of this constant back into (B.66) and then applying mathematical

manipulation to the field for the z > 2’ and z < 2/ cases respectively, leads to

2 jsin ['I"ll"c"} cos (k;r:) cos [lv ( > = Q)]

Ey = Ey (r,yle,y") = (B.68)
the representation of the y-directed component of the electric field for the rectangular
cavity. Expanding this field, which is valid for all z and 2/, to include the x and y-

dependencies and manipulating the expression to look like equation (B.60) gives

Ey (7)
Jwio

, 3}
E, = —]u),uoE/; ds GCV(_T ) (B.69)

where the rectangular cavity Green’s function for the z > z/ and z < 2’ cases respec-

tively is

Gr (FAF) = =2 ‘r k 2]~' [l\-.‘;'—..Q]
cv (7) a('bpzl‘:k‘r Sin(k~ u) *111[ rp (£ = ac/2)]sin [k (+' = ac/2)

- cos [AUF — be/2) ] cos [kyp (' = be/2)
cos [ (= cp)} cos (kzl‘ )

Jjcos( )cos[ Z—(‘(']

(B.70)
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APPENDIX C

SOLUTIONS TO ADMITTANCE MATRIX ELEMENTS

Solutions to admittance matrix elements developed in Chapters 2 and 4 are detailed

in Appendix C.

C.1 Waveguide Matrix Elements

The waveguide matrix elements only interact with one of the equivalent currents

defined in the formulations. Therefore, they have only self terms defined as

Ar
-T1nl+~7l
WG / Y
lml.nl = / d‘rlK‘VG <‘T17nl ‘Olll) (Cl)

A..
‘Tlnl—_?l_l

where the kernel is represented as

Wy
. fi (1)
Kwa (;r.lml,()l.r'l) = / dyllmGWG (xlml,O,tLr'l,y'l,t) (C.2)
-W

and the rectangular waveguide Green’s function, due to a transverse slot cut in the

bottom wall, from Appendix B is specialized as

1 €
/ Yoo . .
Gwa (:1?1,”1.0. f|.r'l‘y1.t> == E 7, sin ['1‘1'7 (-llml - (1/2)]
b < o

gl
- sin [kfﬁ' (x] - (1/2)]0_JA”7| yl’ (C.3)
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Substitution of (C.2) and (C.3) into (C.1) and rearranging the termns leads to

Wy
WG _ & o o 1y ~Ikyy —yﬂ
I = u./l()(lb Z }‘yw sin [;\1‘7 (-llml a/2)] W/ dylfl (yl) €

=W

Tlng +é;l
/ dx) sin [kf,y (7'1 - a/Q)} (C.4)
'[177.1 _%T—l

where solving the spatial integrals gives the solution to the waveguide matrix elements.
Solving the 1"1 -dependent integral first, the addition theorem for sinusoidal functions

is used to split the single integral into two closed form integrals. This is given as

Wy

we . —1 €4 , i —ikys | o

lmm = mz msm [k” (rlml a/2)] / dy1 f1 (L’ll) e :l 11
—ivy

Ar
‘Tln,l +Tl
- COS (krva/2> / da:'l sin (k%,a"l)
AV
’rlnl __2_1
Ar
‘rlnl +—2_l
— sin (kh (1/2) / dr) cos (kh 1’1> (C.5)
Ar
'rlnl ——Tl

where substitution of the solution for these closed form integrals leads to

"Vl .
l,‘,‘,ﬁ; N wuoab Z k sin [k” (xl’"l a/Q)] M// dyifl (yll) e_]kyv‘_y”
-1
- CO8 (kr,ya/Q) &— sin (kfvxlnl) sin (k,A/A.rl/2>
Y
—sin (ks,a/2) f 05 (kiy 1,y ) sin (key B71/2) (C6)
8
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Combining the similar sinusoidal terms and again using the addition theorem for sine

functions, the matrix elements are written in terms of the only the y’l-(l(‘.pen(loucy as

we . —2 €y o[
lm,.n. B wityab ZY: k_r,y ky,7 St [kI'V (Ilml - a/2>] sin [AI’Y ('rlnl - 0/2)]
Wy
R _ ,
sin (kMA.rl /2) / dy' f1 () o~y || (C.7)
_”71

Now, to solve the yi -dependent integral, the y;-directed distribution of the slot electric

field from equation (2.49) is substituted, giving

i¥e —1 & o[ [
Iwt = wityabily ; Ky l,\'!/’y o [1”'7 (Il""l B a/2>] st [A” (Il”l B (1/2)]
VVI
e -
-sin ( kpy Ay /2 dye Y (C.8)
W

Analysis of the exponential integral (making sure to handle the absolute value cor-

rectly) leads to the final solution for the waveguide matrix elements as

WG —2] €~ - . ' . .
SRR E a=12.3,..
-sin (/"J'y A.rl/Q) [(’—ﬂ‘y‘lnl - 1] for (C.9)
3=0,1,2,..

C.2 Cavity Matrix Elements

The cavity matrix elements interact with two of the equivalent currents developed in
the formulations of Chapters 2 and 4, thus having both self and coupled terms. The
matrix elements are solved (observed) at either BS1 or BS2, where the self terms are

excited by the equivalent current at the same interface, and the coupled terms are
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excited by the equivalent current at the opposite interface.
C.2.1 BS1 - Self Terms

The self term cavity matrix clements at BS1 are defined as

J:lnl +A.l?1/2

cVi1l cvil J o
[m.n = l"’l‘”l = / dllKC‘Vll (Ilml : ()ll 1) (C~10)
;1‘1”1 —AI]/?

where the kernel is given as

"Vl
) f1 (v
Kevii (1.1,,71,o|1,-'1) _ / dyi%%ch (Ilml,O,tlm'l,y'l,t) (C.11)
-W

and the rectangular cavity Green’s function is specialized as

-2 er

Gev (J,‘lml .0, fl.l"l,y’l, t) =

- sin [/\‘_,T ("'lml - (LC/2>] sin [}’"'T (;r'l — (1(-/2)
£ COS (kyrb(-/Q) QO [l"-'/l" (45 — be/2)

- COs [kzr (t— cc)] cos (Arth (C.12)

]
|
)
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Substitution of (C.11) and (C.12) into (C.10) and rearranging the solution gives

cvil_ _ J2 €r cos (szt) os (&
lm.'n - b cos AyFbC/Q
witpQeOe T kZF sin (/C;;FCC)

-sin [kl’l‘ (a:lml - aC/Q)] cos [kzr (t— c(,)]

Wy
: / dy f1 (y1) cos [A‘yp (1 - bc/2)]
~iy
1‘1"1 +AJ’1/2
/ dr! sin []“II‘ (z] - ac/2)] (C.13)

1‘1711—&.7‘1/2

Solving the .1"1—<lvp('n(lvm integral first, it is noticed that the waveguide matrix ele-
ments had a similar +’-dependency, thus similar steps are taken to solve this integral.
Therefore, the self cavity matrix elements at BS1 are written in terms of the only the

y’l-dependency as

cvii J4 €r €os (k‘T t)
lnun =7 b -
WL()AeOe T kr.}. I"zr sin (kZI‘CC
-sin (k‘r,yA;rl/2) sin [k‘"l‘ (.’I,‘lml - a.(./Q)] sin [k-"l‘ (’Tl“l - ac/Q)]
H"’l

[ sy (h) cos [kup (6 - ber2)] (C19)

-

) cos [kzr (t — cc)] cos (kyr be/ 2)

Again, similar to the waveguide matrix elements, solving the y}-dependent integral
’ 1

involves the substitution of the y;-directed distribution of the slot electric field from
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equation (2.49) giving

ovin_ 2 €rees (k:rt)

m,n WILO(LCbCVVI . km'y A;ZF sin (kzPCC

-sin (km A;m/?) sl [k’”l" (Il’”l B a,f/Q)] i [kr[‘ (Ilnl i GC/Q)]
Wy

. / dy cos [kyp (5 = be/2)|(C.15)
_W'l

) cos [k;r (t — c(.)] cos (kyFbC/Q)

Then to solve the yi-dependent integral, the addition theorem for cosine is used to

split the single integral into two closed form integrals. This is written as

Vi _ _ J2 frcos (szt)
‘mn T .
whpacheWh T k.rq l"ZI’ sin (kzl‘ Ce

-sin (k;r,),A.zrl/Q) sin [kfr (Ilml — a.c/2)] sin [k—rl“ (Ilnl - ac/?)]
w1
- COs (kyrbc/ 2) / dy] cos (kyr y'l)
-W
W,
. —sin (I.tyrbc/Q) / dy] sin (kyry'l)(C.lﬁ)

-y

) cos [l"zl‘ (t — c(_,)] cos (l\‘yrbc/ 2)

where it is seen by inspection that using the concept of even/odd integrals over

svimetric limits, leads to

v _ g4 €r cos (k"f‘t)
m,n wpoacbcWy T klg,y kzF sin (kzpcc

-sin (k'MAa:l/Q) sin [kII‘ (zlml — ac/2)] sin [er (;1".1”1 - ac/2)]
Wi

./dy'l cos (kyry'l)C.l'T)

0

) cos [k‘zr (t— c(,)] cos? (A'yrbc/2)
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Solving this cosine integral leads to the final form of the self cavity matrix elements

at BS1, with unspecified dimensions

JCVIL _ J4 ) fr €os (szt)
mmn
wppacbcWi T kI’kaszr sin (kzrcc

- sin (kl,w.Aa:l/Q) sin [kII‘ (a:lml - aC/Q)] sin [kfr (l'lnl - ac/Q)]

- cos? (kyrbc/2) sin (kprl) (C.18)

) cos [krzl, (t — cc)]

Applying the specific cavity dimensions used in the formulations of Chapters 2 and
4, given as

ac=2L ; be=2W ; co=t ; Wi =W (C.19)

the self cavity matrix elements at BS1 are finally written as

cvie €r
mip,ny w#OLW2 X[‘: kmykykaF

-sin [krr (‘Tlml - L)] sin [kl-r (.7;‘1"1 — L)]

-cos? (kypW ) sin (kyp W) cot (kapt) (C.20)

sin (krvAwl/Q)

C.2.2 BS1 - Coupled Terms

The coupled term cavity matrix elements at BS1 are defined as

;1'2”2 +AJ‘2/2

V12 V12 1 - 7/
[m,,u = lml,nQ = / d'l'?ACV12 (r17711’0’1'2) (C21)
1'2712—A.‘r2/2

where the kernel is given as

VVQ
) f2 ()
Kcvia (:L‘lml,(”.‘r{z) = / dyé jwltz Goy (:Ell,ll,o,ﬂ;lflz,yé,()) (C.22)
-iv,
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and the rectangular cavity Green’s function is specialized as

-2 €r

Gey (-Tl,,, ,0,t[;1.é.yé,0> =
1 a bc r kzF SiIl (kzFCC>

-sin [er (mlml - ac/2)] sin [kII‘ (1'2 — ac/2)]

- cos (kyrb(,/2> cos [kyl“ (yg — bc/2)] cos [kzl‘ (t — cc)] (C.23)

Substitution of (C.22) and (C.23) into (C.21) and rearranging the solution gives

r 12 €
I€VI1Z _ J L cos | kyrbe/2
mmn wlloacbc = kzl.. sin (k‘zFCC> ( yr C/ )
-sin [kfl" (Ilml — ac/Q)] cos [k’:I‘ (t — cc)]
Wy
: / dyh fa (yh) cos [kyl‘ (yy - bc/2)]
—Wy
1?2112 +Arg9/2
/ drf sin [er (zh - aC/Q)] (C.24)
rQnQ—A12/2

Solving the spatial integrals in a similar manner as the self terms at BS1 and then

applving the following cavity dimensions

ac=2L ; be=2W ; co=t (C.25)

the final solution for the coupled terms of the cavity matrix elements at BS1 is

ICV12 _ J Z €r
m,n ;
o LWW2 F ko kypkap sin (apt)

-sin (kr,y Aa:g/?) sin [er ('T'lml - L)] sin [er (:c2n2 - L)]

-cos? (kyp W) sin (kyp W2 ) (C.26)
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C.2.3 BS2 - Self Terms

Similarly, the self term cavity matrix elements at BS2 are defined as

1‘2”2 +Arg/2

CcVv22 CcVv22 r 1
lm n [7712 ng = / d"l‘ZACVZQ (1'21”2’0“'2) (C~27)
12712—A;r2/2

where the kernel is given as

H'Q
fo (y>)
I\(‘ 22( -1112 0112) / d 4 ju)[l GC 1% (1'2,"2 0, 0[[0 l/2 0) (C28)
—"1’2

and the rectangular cavity Green's function is specialized as

-2 €r
acbe T kZF sin (kzrcc)

-sin [k-"r (.1‘2,”2 - (L(;/Q)] sin [A"IF (;r& - aC/Q)]
- COS ( 1)(/2> oS [A ur ( '2 be /2)] Cos (kchc> (C.29)

Gevy (12"12 0, ()|I2 J2 0)

Substitution of (C.28) and (C.29) into (C.27) and rearranging the solution gives

: 4 kyc

5 .]2 fl“ COS ( 2 (')

lg;‘,, 22 = Y : cos (kyrb,;/Q)
HO@cDe 1 kp sin (kzrcc)

-sin [er Ty ~ ac/2>]

Wy
: / dy fa (yh) cos [kyI‘ (yy — bC/Q)]
i
£y, + 079 2
/ drlysin [A o (% a(/Q)] (C.30)
19,y = Bry/2
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where solving the spatial integrals in a similar manner as the self terms at BS1 and

then applying the following cavity dimensions

the final solution for the sclf terms of the cavity matrix elements at BS2 is

; €r COS (k‘; t)

m. II , - - .
wll()L” 1% T kr‘) A‘-’/I‘ L'sl‘ sin (k:I‘t>
- sin (l;_,.7 Az2/2> sin [k"T (:I:Qm2 - L)] sin [kf'l‘ (at2”2 — L)]

- o2 (kyr W) sin (kyr WQ) (C.32)

C.2.4 BS2 - Coupled Terms

Finally, the coupled term cavity matrix elements at BS2 are defined as

Il”l +A1‘1/2

V21 V21 Jops . 2!
lm n 17712 np = / du IACV21 (3 ‘2",2 ) Olfl) (C'33)
.71”1 “AJ'I/2

where the kernel is given as

, f1
Keva <1‘2m2’0“71 / d 1 (12772.2’0,0|T,1’y,1’t) (C.34)

and the rectangular cavity Green'’s function is specialized as

-9 ¢
Gevy (.l‘gm‘ .0,0[.’1"1.,111,t> = Z r
? acbe T kzl‘ sin (Ile,c(.)

- sin [1‘.-"1“ (I2m2 — a(,/2>] sin [}‘II‘ ( ap/Q)]
- o8 (k-‘/l“b"'/2> cos [I‘UI‘ (y) — bc/Q)} cos [k:r (t — C(,)] (C.35)
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Substitution of (C.34) and (C.35) into (C.33) and rearranging the solution gives

v Jj2 €
lg; ,121 = - L cos (kyrbc/Z)
H0@cOe " kp sin (kzFCc)

-sin [/{IF (.’L‘Qm2 — ac/2>] cos [k (t — CC)]

Wy 117114-&1‘1/2
: / dy) f1 (y}) cos [AJI‘ (v} bp/Q)] / dx) sin [kl'l‘ (2] = ac/2)] (C.36)
i Ty ~B01/2

Again, solving the spatial integrals in a similar manner as the self terms at BS1 and

then applying the following cavity dimensions

ac=2L ; be=2W ; cc=t ; Wi =W (C.37)

the final solution for the coupled terms of the cavity matrix elements at BS2 is

V21 _
e WﬂOLW 2 XF: kI—y}‘yrl‘zr sin (k~ )

-sin (k;rvA;r1/2) sin [l’flr (T2m2 — L)} sin [kIF (xlnl — L)]

- cos? (kyr w) sin (kyr W) (C.38)

C.3 Halfspace Matrix Elements

The halfspace matrix elements only interact with the equivalent current defined at

BS2 in the formulation of Chapter 2. Therefore, they have only self terms defined as

, Ar
.1‘2,,24-

S, = / dihK s (1'2,,,,2,011’2) (C.39)

A
T2ny ”—212
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where the kernel is given as

Wy
fa(y
KHS( _,712 0[7'12) = / d ! ]ufll{;) GHS (12"72 0 O|J‘2 I/2 0) (C40)
-y

and the halfspace Green's function is specialized as

2 2
—jk()\/<1'2 —z! ) +( -y
. mog  ~2 ( 2)
2 2
271'\/<I21712 - 1J2) + (—yé)

Substitution of (C.40) and (C.41) into (C.39) and rearranging the solution gives

Gys (.1'2"12,0,0|.17,2,yé,0) = (CA4l1)

J' 2 2
+ ’ .
T2y Wy ko \/(‘r?mg ""’/2) +(sh)
HS )€
l = dat dy:
m.n '/104”“ A / 2 / Y9

2
. o WAY:
T r) -Wy \/(‘127712 - '1'72) + (!/2)
2ny T

(C.42)

where depending on whether or not mg equals ng, the solution of the spatial integrals
are approximated differently, leading to the final solution for the halfspace matrix

elements.
C.3.1 m9 #no

For the mo # ng case, the source points are approximated as follows

y/2 — 0 (C.43)

J , .
(1,2 - £2n2,

which is essentially a point excitation at the center of each partition, leading to the

distance between source and observer as

2
Rm;én = \/(1'27”2 - $2n,2) =

T2my = L2, (C.44)
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This approximation is valid since the dimensions of the slot are long and narrow
relative to the wavelength, where by the distance between separate partitions will
vary insignificantly for any point in either partition. Substitution of (C.44) into

(C.42) and then rearranging the solution gives

T2ny + 552

T w,
/ dz?y / dyh (C.45)

Ax -Wy
12712 -2

. —Jko
lHS — —J €
T ypugdnWo

;1'2m2 —12n2

|‘r2n12 - x2n2

which, after solving the spatial integrals, leads to the final form of the halfspace

matrix elements for mo # ng as

—jko L D)
. 2 7l2
Hs —JjlQxge
lm,n = ' (C.46)
wpp2m ‘x2m2 ~ T2,
C.3.2 mg=n9
For the mo = n9 case, the source points are approximated as follows
Th = 12,0 Yo = 05 Ty, = o, (C.47)

where, since the source and observer locations are at essentially the same point, the

distance between them is approximately

R1n,2=n2 § 0 (C-48)
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Substitution of (C.48) into (C.42) leads to the following

) Ar
.r2”2 _2_2 Wo
jHS _ _ 7J ¥
mn u.}[l()élﬂ'u"‘z / dl2 / dJ2 (C49)
T2nz x 2 + (

2
. Wy )
. 2712

where the R,,,2=,,2 in the denominator is not substituted, since this would lead to an
indeterminate form of the equation, and thus a bad approximation. Instead, a change
of variables given as

Ty = rh =u; drh = —du (C.50)

is applied to (C.49) to simplify the analysis of the spatial integrals, leading to

Ar
. Wa
A — - / du / dyy— (C.51)
witpdmo
Arg Wy VU +J

Now the use of a change of variables (v = ') along with the concept of an even

function integrated over symmetric limits gives the solution as
le) R

Ar W’Q
1
1S — / d’ / T S — C.52
i w,u()27rW'2 2 Y2 22 ( )
Ar 0 Iy + Yy

-

The integral over the yé—dependont function was found in an integral table [71] as

dr 1 2cxr +b ) 9
sinh™" | ———= i R=a+br+cx C.53
\/ \/_ ( Vac — b2 ( )
where
/ l2 -
r=yy;, a=1x9; b=0; c=1 (C.54)
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specializes (C.53) to the integral in (C.52). Substituting the solution to (C.53) into
(C.52) leads to

Are
HS —J 1 (W -
Lo = TSI / dy sinh ! (¥> (C.55)
where the simple trigonometric relationship
-1 ~1(1
sinh™" (z) = csch - (C.56)
allows (C.55) to be written as
=2
s _ ——-_—]——— / dl‘fzcsch—l ) (C.57)
m.n u,'llo??.'”‘z ‘172

The integral over the zh-dependent function was also found in an integral table [71]

as
/a’;r esch™! (2) =zeschl (g) +asinh™! (—Z—) (C.58)

where

r=1h a=W, (C.59)

specializes (C.58) to the integral in (C.57). Solving this integral, substituting the
solution back into (C.57). and then using simple mathematical manipulations, the

final solution for the halfspace matrix elements when mo = nog is

HS —J A-'1’32 . | 2W2 . =1 Axg
e = h — Wy sinl —= .60
[ o Vs [ 5 sin (A$2> + Wy sinh (2W2 (C.60)
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C.4 Parallel-plate Matrix Elements

The parallel-plate matrix elements only interact with the equivalent current defined
at BS2 in the formulation of Chapter 4. Therefore, they have only self terms defined

as
.1'2”2 +Ary/2

PP3 1 ;
1"12."2 = / dir 2I\pp3 (J'2m2 , OIIQ) (C.61)
1‘2"2 —Ary/2
where the kernel is given as
Wy

, fa (ys
Kpps (12,5 0l) = / dyh jf)/j)cpps (22019:0.0045,85,0)  (C62)
—W"‘z

and the parallel-plate Green's function from Chapter 3 is specialized as

\ jg(x —I’> )
Gpp3 (12,1910 01} 45.0) 7 7 22E 2 %) e cosh (pd) (€2~ k)
3{xo, ,0,0lr9,y5.0) =
PPS \ Ty T2 52 (2m)% psinh (pd) (€2 - k)
—0C —00
(C.63)
Substitution of (C.62) and (C.63) into (C.61) and then rearranging the solution leads

to

T psinh (pd) (€2 - k(2))

VVQ 1'271‘2 +A.’I‘2/2

-] e !
: / dy fa (y3) e~ ™2 / dahe 572 (C.64)
—Wy 79,y =072/2

|PP3 -J 7 7 2 /\6]&2’"2 cosh (pd) (€2 — k?)
X0 =00
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where the solution is in terms of both spatial and spectral integrals. Solving the

afé-dependent spatial integral first leads to

Jf T o )
1PP3 _ 7 7 d2,\( 2mg " 2ng sin (§Axg/2) cosh (pd) (52 _ kQ)
m,n w,ll?ﬂ’ &psinh (pd) (52 _ k(%)
—00 —0C
Wy
— i
[ b () e
—iv,

Next, the yé-dependent spatial integral is solved after substituting the ys-directed

distribution of the slot electric ficld from equation 2.49, yielding

(PP3 _ __—J
T wu2m W

jE(I_ o )
7 7 9 sin (nWa)e Zmg ™ 2y sin (EAxo/2) cosh (pd) (£2 - k‘2) (C.66)
oCc —0OC

népsinh (pd) (£2 - ktg)

the solution in terms of only spectral integrals.
C.4.1 Spectral Integral Analysis

The use of the Fourier transform domain method in Chapter 3, to solve for the parallel-
plate Green’s function, lead to the spectral integrals in equation (C.63). Solving
the spatial integrals in equation (C.64) has then given the solution to the parallel-
plate matrix elements in terms of only the spectral integrals in equation (C.66).
Solving these spectral integrals will produce the desired solution for the parallel-plate
admittance matrix elements in Chapter 4.

Cauchy’s integral theorem, integral formula and residue theorem, are used to solve
the spectral integrals in equation (C.66). Cauchy’s integral theorem states that if a

function f(z) is analytic at all points interior to and on a simple closed contour C
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[64]. then

ff(z)dz =0 (C.67)
C

Cauchy’s integral formula states that if f(z) is analytic everywhere within and on a

simple closed contour C, then if 2z is any point interior to C

=20

]{ 1) e~ xomif(z0) (C.68)
C

depending on whether C is oriented in the positive or negative direction. Cauchy’s
residue theorem states that if f () is analytic on the closed contour C, then the value

of the integral of f (z) around C is

?{ f(2)dz = %215 Y Res=z, f(2) (C.69)
C k=1

C.4.1.1 7 Analysis
Rearranging equation (C.66) so that all the n dependent terms are separated and
then re-writing the sinusoidal n component in exponential form leads to the following

form of the solution

)
lPP3 B 1 70 66] T27712 271,2 sin (6A12/2) (52 _ k?)
T AWy £ (&2 - kg)
00 (ejqw2 _ e_jnW2) cosh (pd)
dn npsinh (pd) (C.70)
—o0
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Since only the 1 spectral integral is of interest in this section, a separate £-dependent
function is defined as follows

00 (ejnW'Q — e_j7lw2) cosh (pd)
F(€) = / an

—0oC

np sinh (pd) (C.71)

The parameter p = p (n,£) is a function of 7, thus the solution written in terms of 7

is
> <()J'/”'2 - e_j”WQ) cosh (ﬂd)
. / n (C.72)
o ny/i? = g sinb <\/md)
where

Equation (C.71) now reveals the singularities in the complex n-plane, where at first
glance there appears to be both simple poles (ie. 7 = 0) and branch cuts (ie.
p.sinh (pd) = 0). However, upon further evaluation the apparent branch cuts actu-
ally reduce to simple poles, the key to this important reduction is the small argument
approximation for the sine function (sin(r) = x for x << 1). This is because no
matter what value of p makes sinh (pd) = 0, there is always ends up being a p2 in the
denominator which gives simple poles at n = .

By allowing 7 to be complex (ie. 7 = 7re + j7in), the integrand in equation
(C.71) becomes analytic in the entire complex 7-plane, except at the simple pole
singularities stated earlier. This allows Cauchy’s integral theorem to be invoked by
deforming the integration contour off the real axis, where the specific closed contour C
is chosen based on an examination of the integrand. More specifically, the exponential
terms /"2 are considered since proper choice of the half-plane closure provides

exponential decay and thus convergence of the integral. Splitting the integrand into
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two terms as follows

o o0
jTIW2 . , —j77W2 .
F(e) = / dnt cosh (pd) / ant cosh (pd)

npsinh (pd) np sinh (pd) (C.74)
o0 —00
allows the £-dependent function to be defined as
F(©) =F'P @) + FHP () (C.75)

where UH P and LH P describe the half-plane closure used to ensure convergence of
the integrand.
Figure C.1 shows the closed contour for the integrand of F' UHP (&), where applying

Cauchy’s integral theorem leads to

FUIP () = § P (enyan= [ FUHP (g p)ay
C Cr+Cy +Co0

= 2rj Z Res; (FU HP (¢ n)) (C.76)

The infinite contour integral is examined, via inspection, by letting n tend to
infinity. The hyperbolic sinusoidal terms are seen to cancel each other and the p term

tends to 7, giving

UHP M2
/+ F (§,7))dn=/+ dp—— =0 (C.7T7)
c ct

where since 7) is complex and proper half-plane closure was chosen, the exponential
term decays. driving the value of the integral to zero.

The contour integral around the pole at 7 = 0 is examined using Cauchy’s residue
theorem. The semi-circle arc has a negative orientation to ensure the desired integral

has the proper sign. Since the arc in only half a circle, the residue is only multiplied
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Figure C.1. Evaluation contour for UHP closure in the complex n-plane

by —7j instead of —27j, leading to

./(”(')*' pUHP (&,m)dn=—mj [Res (FUHP (5,0))] (C.78)

where the residue is

UHP
UHP _pg " (n=0)  cosh(ppd)

Substituting the results for (C.77) and (C.79) into (C.76) and rearranging the

function to achieve the desired result in terms of the remaining residues, gives

UHP i M]
f{c FrEm G dn = [Po sinth (pod)

Res (FUHP (&, —7}0)) + ﬁ Res (FUHP (&, —n,,))} (C.80)

v=1

+2m)

where the remaining residues have full circle arcs orientated in the positive direction,
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thus they are multiplied by 275 and are found as

: Py, (m=-mo)  e~dnW2
Res (Fb HP (€, _770)) = ,UZ(}P = 2. (C.81)
¢, (m=-m)  m2d

and
JUHP (o — iy W
. v = — —inm Wy
Res (FUHP (€, "Ul/)) = p,UIZP(n ) S 5 (C.82)
2 (n=-m) nyd

respectively. Substituting (C.81) and (C.82) into (C.80) yields the final desired result

as

FUHP (€)=

[ cosh (pyd) e=ImW2 & M} (C.83)

po sinh (pod) 713 d = nid

where the various spectral wavenumbers are given as

. ; % .
;,5=p3+k2—§2 ; p,/:T ; 7)8=k2—§2 L po =gy k- €2 (C.84)

Figure C.2 shows the closed contour for the integrand of F' LuEp (&), where applying

Cauchy's integral theorem leads to

g - §

pLHP (f,n)dn:/ FLHP (§,m)dn
C

CR+Cy +Cix
= —27j] Z Res; (FLHP (&, n)) (C.85)
1

The infinite contour integral is evaluated in the same manner as the UHP, where n
is allowed to tend to infinity. The hyperbolic sinusoidal terms are then seen to cancel

each other and the p term tends to 7, giving

—jnWo
/ FLHP (¢ ) dn=/ dn° 7— =0 (C.86)
Cx Cx n

where again since 7 is complex and the proper half-plane closure was chosen, the
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Figure C.2. Evaluation contour for LHP closure in the complex n-plane

exponential term decays, driving the value of the integral to zero.

The contour integral around the pole at 7 = 0 is again examined using Cauchy’s
residue theorem. The semi-circle arc has a positive orientation for the LHP to ensure
the desired integral has the proper sign. Since this arc is also only half a circle, the

residue is only multiplied by 7j instead of 273, leading to

/C - FLHP (¢ 0V dn = 7 [Res (FLH P e, 0))] (C.87)

where the residue is

LHP (), 0) cosh (pod)
R'~(FL”P 0 _ ])0 1 :_;_p_(.)___ .
€S \ (5* )) q,gHP (77 — 0) Po sinh (])()d) (C 88)

Substituting the results for (C.85) and (C.87) into (C.84) and rearranging the
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function to achieve the desired result in terms of the remaining residues, gives

' .| _cosh (pod)
FLHP (¢ 0y ap = _cosh pod)
fc (&.m)dn =7 [Po sinh (pod)

Res (FLH P e, no)) + i Res (FLH P, 7;,,))} (C.89)

v=1

—2m3

where the remaining residues have full circle arcs orientated in the negative direction,

thus they are multiplied by —27j and are found as

LHP

P’ (m=mo) e~ Im0W2
Res (FEIP (6,0)) =~ = - (C.90)
¢n " (n=10) 2
and
LHP (, _ W,
Py, (=) e M2
Res (FEHP (g.m,)) = —s - - (C.o1)
q nv (77 = n’/) 7]’/

respectively. Substituting (C.90) and (C.91) into (C.89) yields the final desired result
for the LHP as

FLHP € =m

osh : —JjngWo o —jmWo
[ cosh (pod) e 2e ] (C.92)

po sinh (pod) 7)3(1 nid

v=1

Substituting (C.84) and (C.92) into (C.75) and combining like terms gives the

following form of the &-dependent function

F(§) =2mj { (C.93)

cosh (pgd) e—JmW2 X 9e—IimWa :l

po sinh (ppd) ngd = 12d

A more compact form of the £&-dependent function is found by noticing that the
middle term of (C.93) is the v = 0 term of the series in the last term of (C.93). The

compact version of the £-dependent function is thus written as

| cosh (pyd) X e—imWoe,
F(§) =2nj | 5 ——— C.94
(€) = 2n7 [Po sinh (pod) * ‘;] nid (C.94)
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where the Neumann number is defined as

1 for v=20
€y = (C95)
2 for v#0
The &-dependent function in (C.94) is then substituted back into (C.70) giving

the parallel-plate admittance matrix elements in terms of only a £ spectral integral.

Splitting the matrix elements into two separate terms gives

N Jf(f‘z,, ~To ) :
PPy _ __=J / (1{6 "2 T2/ gin (EAx9/2) (€2 — K2) cosh (pod)
MR 2wy (62 - AS) po sinh (pod)
-0

(C.96)

( T2mg ~ 2112> sin (EAz9/2) (52 k?) —jmyWo
S [« - )

Solving the £ integrals in closed form would be the most advantageous computa-
tionally. However, if that is unfeasible to attain, then solving the integral numerically
is the only option. In the case of (C.96) only the first term is able to be solved in
closed form, because the second term has a branch cut due to the multi-valued 7,
term. The parallel-plate admittance matrix elements are thus redefined in terms of

two functions as
ppP3 =]
lm n — u)/127TW/2 {— 1+ E EUFQ} (C97)

where F] corresponds to the first term in (C.96) and is evaluated in the next sec-
tion. After expanding the sine function in terms of exponentials and simplifying the

function, Fy is given as

% (e jEA _ EJEB) po cosh (pod)
Fi- [ -
£(e2 - Ag) sinh (pod)

(C.98)
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F5 corresponds to the second term in (C.96) and is solved numerically, where noticing

that the function is even in £ and is written as

Fy = 7(1&(:08 [6 (IQT”Q - IQng)] sin (EAz9/2) (€2 — k2) e~ T2
0

GE /&8) 2 (C.99)
thus simplifying the necessary compuatations. Other definitions include
m=pp+ k- Pu:jl% ;o=\ k- €2 (C.100)
and
A= (172,"12 — T2, + A;r2/2) = Arg(m—n+1/2)
B = (:rgm2 s AIQ/Q) =Azg(m—n—1/2) (C.101)

C.4.1.2 £ Analysis
The € spectral integral analysis of (C.98) is carried out in almost exactly the same
manner as the 7 spectral integral analysis of the last section. Splitting the integrand

into two scparate terms gives

/ i€ eJ$4 g cosh (pod) / I cJEBpocosh(pU(I)

C.102
£ (€2 - k()) sinh (pod) £(¢2 - Aé) sinh (pyd) ( )

where depending on matrix element being filled, the upper or lower half-plane closure

is defined for the first term as

A =Ax(m—-n+1/2)
>0 V m>n .. UHP Closure (C.103)
<0 V m<n .. LHP Closure
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and for the second term as

B =Azx(m—-n-1/2)
>0 V m>n . UHP Closure (C.104)
<0 V m<n .. LHP C(Closure

This leads to three different closure cases for the function Fj given as

Fi(m>n)= FU HP FIUI';HP (C.105)
Fi(m=n)= FUHP FIL;P (C.106)
Fy(m <n) = F| LHP FLH P (C.107)

Both the first and second terms have the need for upper and lower half-plane closure.
Since they have the same integrand, except for the terms A and B, new functions in

terms of a dummy variable (DV) are defined as

o0 .
FUHP _ / d e?4(PVpy cosh (pod) (C.108)
Ipv £(&2 - k%) sinh (pod)
and
(-
FLHP _ el€( p() cosh (pod)
C.109
lDV / % §2 k2 ) sinh (pod) ( )

for the upper and lower half-plane closure respectively. This is done so that the
complex plane analysis only has to be calculated once instead of multiple times. The
desired F} functions are then created by substituting in the appropriate term for the
dummy variable.

Figure C.3 shows the closed contour for the integrand of F 1UDI{/ P where applying
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Cauchy’s integral theorem leads to

UHP _ UHP _ UHP
P = § aerbiiP @ = [ vt s oV O

= 2rj Z Res; (FFDP{/P (5)) (C.110)

s Im{g}

Y

x >
X, o Re{e}
1

Figure C.3. Evaluation contour for UHP closure in the complex £-plane

The infinite contour integral is examined, through inspection, by letting £ tend
to infinity. The hyperbolic sinusoidal terms are seen to cancel each other and the pg

term tends to £, giving

=0 (C.111)

P LFEDY)
/CSLOFIDV (€)d§—/C;rod£ -

where since £ is complex and proper half-plane closure has been chosen, the exponen-

tial term decays, driving the value of the integral to zero.
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The contour integral around the pole at £ = 0 is examined using Cauchy’s residue
theorem. The semi-circle arc has a negative orientation to ensure the desired integral
has the proper sign. Since the arc in only half a circle, the residue is only multiplied

by —mj instead of —277j, leading to

/(~ 0 FUIP (€)de = —mj [Res (FUHP ()] c.12)

where the residue is

UHP
UHP _pg T (€=0)  kcos(kd)
Res (FIDV (0)> - ql(()]HP (E _ 0) - ]\0 —Sln (l\d) (C113)

Substituting the results for (C.111) and (C.113) into (C.110) and rearranging the

function to achieve the desired result in terms of the remaining residues, gives

" keos (k
vHp _ .| _ kcos(kd) (.. (RUHP (_].
FlDV —ﬂ][ Ifgsin(kd) + 27 [Rcs (FIDV ( A,O))
x,
+ 5" Res (F{JD*{/P(—@))] (C.114)
v=1

where the remaining residues have full circle arcs orientated in the positive direction,

thus they are multiplied by 275 and are found as

Pl_j;g)P (€ =—ko)  e=7k0(DV)k cos (kd)

Res (FUHP (_ ) = —— (C.115)
(Fiy )= ¢ (€ = ko) 2k sin (kd)
and
al( UHP UHP (f ==& ) —jf'v(DV)I)Q
Res (=€) —Su (C.116)
(5 60) = i) ~ @

—U

respectively. Substituting (C.115) and (C.116) into (C.114) yields the final desired
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result as

vip _ | keos(kd) | e T*o(PVEcos (kd) X\ e I(DVIps
Fy =7j | =5 + T + 575 D (C.117)
Dv k§ sin (kd) k§ sin (kd) = & (€2 —kg)d

where
k=1/k% -k} (C.118)

2 2 2
€v = p()v +k ; pOU = -0

Figure C.4 shows the closed contour for the integrand of F LH P where applying

Cauchy’s integral theorem leads to

LHP _ LHP _ LHP
FLAP = § acrtiP e = [ P L

=_2mZRes,( FLHP g)) (C.119)
_&r 0 Im{&}
X
et 5
E—ko x .
-

Figure C.4. Evaluation contour for LHP closure in the complex £-plane
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The infinite contour integral is examined, through inspection, by letting £ tend
to infinity. The hyperbolic sinusoidal terms are seen to cancel each other and the pg
term tends to &, giving

2

LHP _ _
/C _ F{IP (¢)de = /C _ dg———é 0 (C.120)

where since € is complex and proper half-plane closure has been chosen, the exponen-
tial term decays, driving the value of the integral to zero.

The contour integral around the pole at £ = 0 is examined using Cauchy’s residue
theorem. The semi-circle arc a positive orientation to ensure the desired integral has
the proper sign. Since the arc in only half a circle, the residue is only multiplied by

7j instead of 277, leading to

/C _FERP () dg = nj [Res (FLEF (0))] (C.121)

where the residue is

Res (FHIP 0)) = piHP (¢ - 0)  kcos(kd)

, - AL C.122
Dy ¢EP (e =0)  kEsin(kd) ( )

Substituting the results for (C.120) and (C.122) into (C.119) and rearranging the

function to achieve the desired result in terms of the remaining residues, gives

| kcos(kd) ,
LHP _ .| _ _ LHP (.
iy =7 [ k2 sin(kd)] 2n] [Res (F lpy (1‘0))

+ Z Res (F{‘;IVP (ﬁv))} (C.123)

V=

where the remaining residues have full circle arcs orientated in the negative direction,
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thus they are multiplied by —27j and are found as

P;{’HP (E=ko)  eiko(=DV)E cos (kd)

Res ( FEHP (g 0 = - C.124
S( ipy 0)> qlL(fIP (€ = ko) 2k3 sin (kd) ( )
and LHP DV
] v\ ™ 2
Res( flg’vp (gt)) P vaHP(g ) _ e]; (2 )f O (C.125)
e E=6&) & (65 — kg) d

respectively. Substituting (C.124) and (C.125) into (C.123) yields the final desired

result as

FLHP _ _ | _ k:(*os(kd) N CjA-()(—Dv)EEOS (—A—rd) N oo erg,,(_pv)pgv
k3 sin (kd) kg sin (kd) G k) d
(C.126)

Substituting the results from (C.117) and (C.126), with the appropriate A, B term
replacing the dummy variable, into equations (C.105-C.107) respectively, leads to the

following set of three distinct groups of Fy functions

Fy (m > n) 277 i Pb, [e—j&)A — e_jévB]
1 ) =

d = (-3
k cos (Ed) [e—ikoA _ e—jkOB]

+717 — C.127
" kg sin (kd) ( )
27]'] pO [e ng A + e]ﬁl ]
Fi(m=n) .
; €2 (€2 - k3)
+ Feos (50) o704 + o7 o j 08 (k) (C.128)
mM; = - 25— .
/ k2 sin (kd) ' %2 sin (kd)
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.Ecos (kd) [—ejkOA + ejkOB]
k'g sin (Ed)

(C.129)

Substituting (C.127-C.129) into (C.97) and rearranging the terms leads to the

final representation of the parallel-plate admittance matrix elements, given as

PP3 1 2 3
U §7) =ln npp + i npp + I npp (C.130)

where the first and second terms given as

expl T 1. zp2
1 _ i 21)0UF N k cos (kd) F{™P (C.131)
LELD J TV ~ év (gv - 1‘8) d AO sin (k?d)
and
2 _ jkcos(kd) for m=n (C.132)

"PP T e p2Wokd sin (kd)

respectively, are associated with the F function and the third term, given as

l?n n Z €y
npp = w,uﬂ'ng

n 3 b - i . 2 12y - u,
'/dgcos [{ (1 2me 1.2”2” sin (§Ax9/2) (€2 — k%) e= I 1V2
0

(C.133)
€ (62— kg) n?
is associated with the Fy function. Other definitions include
[e‘j&'A - e_ff"B] for m>n
Ff"rpl = [e”JfUA s ejg“B] for m=n (C.134)

[—e]f'“A + leUBJ for m<n

158



-l



and

[e—jkoA - e—ikoB] for m>n
Ffrp2 _ [e_jkoA + ejkOle for m=n (C.135)

[—ejk0A+ejkOB] for m<n

where the terms A, B are given as

A=Ax(m—-n+1/2)

(C.136)
B=Azx(m—-n-1/2)
and the various spectral constants are
Jum _
&=, +K 5 py="7 i &=y~ (&) (C.137)
1% .
m=p+k?-¢? p,,:l-g— o= —jy/— (n2) (C.138)
F=k2—k? ; k= \k2-k2 (C.139)
with the Neumann number given as
1 for v=0
€y = (C.140)
2 for v#0
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