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ABSTRACT

A DISCREPANCY PRINCIPLE FOR PARAMETER SELECTION
IN LOCAL REGULARIZATION OF LINEAR VOLTERRA
INVERSE PROBLEMS

By

Cara Dylyn Brooks

We consider the problem of solving of a linear, first kind Volterra convolution
equation with finitely smoothing kernel. Deeming that the problem is ill-posed. we
approximate its solution using local regularization. In [22], sufficient conditions were
established for local regularization of the problem under which regularized approx-
imations based on exact data in C[0,T] were shown to converge uniformly to the
problem’s true solution. An a priort strategy was also provided for choosing the reg-
ularization parameter for which uniform convergence of approximations made with
perturbed data in C[0, T] was also guaranteed.

However, until now, no a posteriori regularization parameter selection criteria
existed to be paired with local regularization and convergence of the resulting method
proved. We supply this missing piece by defining a new discrepancy principle for
selecting the regularization parameter constant-valued based on measured data and
the known level of noise. We establish sufficient conditions for the local regularization

scheme, based on those in [22], so that when paired with our discrepancy principle,



we are able to prove uniform convergence of approximations made with perturbed
data in C'[0, 1] to the true solution in C[0, 1] as the noise level shrinks to zero.

We also extend the theory of local regularization to address the case when the
linear Volterra convolution operator with finitely smoothing kernel is defined on the
space LP|0,1],1 < p < 0o. We amend our conditions slightly and prove them sufficient
for LP-convergence of approximations based on exact data in LP[0,1] and provide
an a priori rule for selecting the regularization parameter given perturbed data in
LP[0,1]. We redefine our principle and again establish sufficient conditions on the
local regularization scheme so that when paired with the principle, approximations
based on perturbed data in LP[0,1] converge to the true solution in LP[0,1] as the
noise level shrinks to zcro. For both the C[0,1] and LP[0,1] cases, we provide a
rate of convergence. Numerical examples are provided to illustrate the method’s
effectiveness.

Our principle is found to be a natural complement to the existing theory in C[0, 1]
as well as its extension to LP[0,1],1 < p < oo. This is an initial, yet fundamental
step in the development of a posteriori principles for use with local regularization in

solving linear and eventually non-linear Volterra equations.
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Introduction

Over the last few decades, a variety of applications emerged that require solving
inverse problems and thus accurately approximating their solutions is of great interest
to the scientific community. For example, the need to solve an inverse problem arises
in areas such as tomography, image reconstruction, and remote sensing. The difficulty
lies in that these problems are frequently ill-posed, either due to non-existence or non-
uniqueness of a solution, or due to a lack of continuous dependence of a solution on
data. Issues of existence and uniqueness can often be handled, though the problem’s
ill-posedness, due to the failure of solutions to depend continuously on data, is much
more problematic. As is the case in practice, we are given measured data that alwavs
has an element of error associated with it, thought of as a slight perturbation of the
true data or a version corrupted by noise. The problem’s lack of stability means that
a solution obtained using noisy data can have arbitrarily large error.

Let A: X — X be a compact linear operator from a Banach space X into itself.

We may consider an inverse problem as the abstract operator equation



which we would like to solve for u € domn(A), where f € X is the data and the
operator A represents a known relationship between the variables derived from the
physics of the problem.

In this thesis, we consider specifically the problem of solving a linear first-kind
Volterra integral equation with finitely smoothing kernel. We take 4 : X — X to be

a linear Volterra convolution operator from a Banach space X into itsclf defined as
t
Au(t) = /0 k(t — s)u(s)ds, ae. teo,1], (1)

where the kernel k € CY|0, 1] is v-smoothing, v > 1, meaning

¢ (v—1),

dk d k
—(0)=0, £€=0.1....,v -2, and —F— F  (0) # 0.
0 proes UL

We would like to solve

t
Au(l) = /O k(L — s)u(s)ds = [(1), ae. Le€0,1], (2)

for u € dom(A) given f € X.

The need to solve a linear first kind Volterra cquation with finitely smoothing
kernel arises in various applications. For example, determining the v-th derivative
of a given function f can be expressed as solving equation (2) with v-smoothing

ll/_l

kernel k(1) = Z——l)' Determining the propagation rate for a simple population
v—1)

problem from measurements of total population can be viewed as a first kind Volterra

problem with one-smoothing kernel, [44]. In [4], the author describes the problem of



determining the density of a chain, given information about its motion as it slides
down a known curved surface. This problem is modeled as a first kind Volterra
equation with kernel determined by the shape of the surface, and in the case where
the surface is a cycloid, the kernel is two-smoothing.

We will show that the v-smoothing problem, a generalization of the derivative
problem mentioned above, is ill-posed due to a lack of continuous dependence of
solutions on data. It is worthwhile to note that the degree of ill-posedness of the
problem depends on v. Thus as v increases, the ill-posedness of the problem becomes
more like that of the very ill-posed inverse heat conduction problem, a first kind
Volterra problem with infintely smoothing kernel.

In the 1960’s, J.V. Beck developed a method for approximating the solution to the
discretized inverse heat conduction problem that was used successfully in practice for
years. In (23], Lamm established its convergence and stability, as well as generalizing
the method to the continuous case. This work resulted in the development of a class
of regularizations for solving (2) called sequential local regularization or just local
regularization (motivation for the name to follow) for which Beck’s method was a
special case. We refer the reader to [23], [25], [22], [27], [28], and [26] for developments
of the theory to date. With local regularization of (2). stable solutions of a particular
parameter-dependent second kind Volterra equation are taken to be approximations
to the problem’s true solution.

Lamim extended the theory of local regularization further by providing sufficient
conditions to prove convergence in C|[0, 1] for the linear finitely smoothing problem
in the noise-free case and provided an a priori rule for selecting the regularization

3



parameter given noisy data for which convergence in C'[0, 1] was guaranteed. A rate
of convergence was also proviaed.

The theory for the linear finitely smoothing problem in C[0, 1] was however with-
out an a posteriori parameter selection strategy. The drawback of a priori strategies
is that they only provide an asymptotic result, specifying how to select the regular-
ization parameter in the limiting case as the noise level goes to zero. In practice,
one typically has a single value of 4, relatively small, and would like a rule to select
a single value of the regularization parameter, something a posteriori criteria would
provide. The work we present here supplies this missing piece. We also extend the
results in [22] to include a convergence theory for the case when the underlying space
is LP[0,1],1 < p < o0.

We begin Chapter 1 with a brief introduction to the theory of regularization and
a short survey of a posteriori parameter selection criteria that lead to convergent
methods for solving (2) using the classical Tikhonov regularization and those used
with the non-classical Lavrentiev regularization. In Chapter 2, we outline the existing
theory of local regularization for the linear Volterra v-smoothing problem when the
underlying space is C[0, 1]. We then define a discrepancy principle and prove uniform
convergence in C[0.1] for the regularization method. In Chapter 3, we extend the
theory of local regularization to the linear Volterra v-smoothing problem when the
underlying space is LP[0,1].1 < p < oo. We prove LP-convergence of approximations
in the noise-free case as well as redefine our discrepancy principle and prove LP-
convergence for the regularization method. In Chapter 4, numerical examples are

presented to illustrate the success of the method in practice.



CHAPTER 1

BACKGROUND

1.1 The Linear v-smoothing Volterra Problem

We now take A : X — X to be a lincar Volterra convolution operator with

v-smoothing kernel k € C¥[0, 1], where X is a Banach space. We refer to solving

t
Au(t) = /0 k(t — s)u(s)ds = f(t), ae te|o,1] (1.1)

for u € dom(A) given f € X as the v-smoothing problem or the finitely smoothing
problem.

If f € R(A), then a solution to our problem exists. If N(A) = {0}, then 4~}
exists and the solution is unique. However if the dim R(A) = oo, then R(A) is not
closed since A is a compact linear operator [15]. It follows from the closed graph
theorem that A~ ! fails to be continuous and so the problem is ill-posed due to the
lack of continuous dependence of solutions on data. We will examine the nullspace and
range space for 4 in the two cases of interest here, namely X = (/[0. 1] (Chapter 2)

and X = LP[0,1],1 < p < oo (Chapter 3).



Note that in the case when X is a Hilbert space, (for example LQ[O, 1)), if the
data f ¢ R(A) but instead contained in the dense subspace R(A) + R(A)'L C X, we
are content to solve the problem in the least squares sense. More precisely, we solve
m&n |Au — f|| x and let ut denote the (unique) solution of minimal norm (MNLS).
We define AT : R(4) + R(4)L — N(A4)L as the mapping of f € R(A) + R(A)L to
uT € N(A)L. Then vt = AT f, where the unbounded linear operator AT is called
the generalized inverse of A.

In an effort to mimic the properties of Hilbert spaces, the concept of or-
thogonality and orthogonal subspaces can be defined for the Banach spaces
LP{0,1},1 < p < oo,p # 2 [11], or one may consider so called semi-inner product
spaces [12]. However, exploring the possibility of extending the least squares so-
lution concept to finding a best approximation to u € dom(A) for which u uniquely
solves m&n || Au — f“Lp[O, 1] for 1 < p < 20,p # 2 is bevond the scope of our current
study. It is worth noting that the extension of the theory of regularization of linear
ill-posed problems from Hilbert spaces to Banach spaces is of relatively new interest
to the inverse problems community and we refer the reader to [8], [35], and [41] for

recent developments.



1.2 Regularization and A Priori Parameter Selec-
tion

In practice, one commonly does not have access to exact data, rather a measurement
of the exact data which always has an element of error associated with it. The ill-
posedness of the problem due to a lack of continuous dependence of solutions on data
now becomes an issue. As previously mentioned, we think of the given measurement
data, denoted f 5, as being a slight perturbation of the “true” data f or a version of
the true data corrupted by noise. And so for a given level of error 4, we assume that
the given “noisy” data f‘s satisfies ”f - fd“X <4

We are then faced with approximating the “true” solution u of Au = f given f .
Notice that even if we are given [ 0 ¢ R(A), the ill-posedness of the problem (due to
A~1 being unbounded) means that A"lf‘s could be a very poor approximation of u
-even if the noise level is small. Moreover, there is no guarantee that solutions 4™ 1 f Y
converge to A~1 f in X as the noise level § shrinks to zero. A similar argument can
be made regarding the unbounded generalized inverse. It follows that A7 f 0 need
not converge to u1 in X as the noise level shrinks to zero.

To handle this issue, we implement a regularization method. The idea is to con-
struct parameter-dependent approximations that depend continuously on the noisy
data f 0 in such a way that the approximations converge to the true solution as the
noise level shrinks to zero, or for a given level of noise, so that the error made in

approximating the solution is small.



Definition 1.1 Let {Tq}, > o be a family of continuous operators from X into itself

such that for any u € X,

im [ ToAu—ulgpg 1) =0 (1.2)

We say that Ty, > 0 is a regularization operator for AL (We may define

similarly a regularization operator for A+.}

A regularization method consists of a family of regularization operators {Ta'},, 5 ¢
accompanied by criteria, which we denote as dqn, for choosing the regularization

parameter c.

Definition 1.2 A regularization method ({Ta}y > 0. da) is said to be convergent
if for any u € X, and given data f‘s € X such that “f - f‘;'l/\, <94, with f = Au,
the reqularization parameter o = «(4), selected via the criteria dey, satisfics

Jim a(6) =0 and 51}:110”Ta(6)f‘5 _ “‘“x - 0. (1.3)

(We note that generalizations of the above are used in the case of least squares
problems when X is Hilbert.)

For « > 0, let Ty be a regularization operator and consider the bound on the



error made in approximating the solution,

|Tar® 4|, < |Taf® - Tas|, +ITaf - ulx
< Tl |70 - 7| +1Taf - ullx
< WTall 8+ |Taf = ullx - (1.4

The second term on the right-hand side of (1.4) represents the error due to regular-
ization and tends to zero as o — 0. The first term on the right-hand side of (1.4)
represents the error due to regularization accompanied by noise in the data and as
a — 0, ||Ty|| tends to infinity in the case of A~ ! unbounded. Thus regularization
parameter selection strategies are devised in an effort to minimize this upper
bound or to guarantee that this upper bound shrinks to zero and the noise level goes
to zero. Note that the value of a dictates the amount of regularization; in classical
methods, a choice of » too small tends to lead to highly oscillatory approximations

whereas if a is chosen too large, approximations tend to be overly flat.

Tikhonov Regularization

Classical regularization methods, such as Tikhonov regularization, have been fully
developed in the context of underlying Hilbert spaces. Since our purpose is only
to briefly introduce regularization methods commonly used, we will assume for the

moment that X is a Hilbert space. Then classical regularization methods involve



regularization operators of the form
Ta = ga(A*A)A*, o >0,

where A* denotes the Hilbert adjoint of A and for each a > 0, gq : [0, ||A|[2] —Ris
a continuous function defined on the spectrum of the sclf-adjoint compact operator

A*A. If go has the properties
. 1
i) gu(t)—+? as a — 0 for each t > 0,
ii) [tga/(t)] is uniformly bounded for each & > 0 and t > 0,

then for each a > 0, the approximation
Taf = ga(A*A)A* f (1.5)

depends continuously on data and ||To f — ul[y — 0 as a — 0.

The function g (t) = corresponds to Tikhonov regularization. With this
l

choice of gq, for each a > 0. the approximation Ty f = ga(A*A)A* f is the unique

minimizer of

Jo(w) == || Au = [1|% + o |fu]®.

Equivalently, considering the Volterra operator defined in (1.1),

Tof = ga(A*A)A* f = (al + A*A) 1A%,

10



which solves the second-kind Fredholm integral equation

1
ou(t) +/ k(r — t)/0 k(r — s)u(s)dsdr = / k(s—t)f ae telo,1]
t
(1.6)
It can be shown that for the Tikhonov regularization operator, ||Ta|| < —= \/_ [15].

In the case of noisy data f 5, referring back to (1.4) leads to the error bound

”Taf6 —u

% | Taf -l

If we use the a priori parameter selection criteria

52
(P1) Choose a = a(d) such that — — 0 asd — 0,

e

then (Ta = ga(A*A)A*,Pl) is a convergent regularization method. Further, if

the truc solution satisfies an additional smoothness assumption, we can obtain a

rate of convergence. For instance, a common source condition is to assume

u € R((A*A)H), for 0 < u < 1 and so u = (A*A)Hv for some v € X. Then choosing
= K§2/(2n+1) (for example as in [15]), it follows that

“Tafé _Jdl=0 (5(211)/(2;1, + 1)) .

In fact, with Tikhonov regularization the fastest rate of convergence that can be
obtained for non-degenerate kernels in (1.1) is ()(52/3). For detailed proofs, see (7],

(15], or [21].

11



Lavrentiev Regularization

Lavrentiev (or simplified) regularization involves regularization opcrators of the form
Ta=(aI+A)_1, a > 0.

Then for the Volterra operator defined in (1.1), we see that T, f = (af + A)_1 f

solves the second-kind Volterra integral equation
t
au(t) + /0 k(t — s)u(s)ds = f(t). ae. te]0,1]. (1.7)

When X is Hilbert and A is monotone, it was shown that for the Lavrentiev
1

regularization operator, |7 || < —, [42]. With noisy data f‘5, referring back to (1.4)
«

leads to the error bound

”Tafé —ul| < % + TS — ul] -

If we use the a priori parameter selection criteria
)
(Po) Choose a = a(d) such that S 0asd — 0,

then if z(0) = 0, (and possibly higher order derivatives of @ are zero at t = 0 depending
on v) it can be shown for the one-smoothing problem that (Ta = (ol + A)_1 , PQ)
is a convergent regularization method [24]. If the true solution satisfies the additional
smoothness assumption, u € R(AH*) for 0 < u < 1, and so u = AHv for some v € X,

p+1)

we can obtain a rate of convergence. Choosing a = Ko/ , as shown in [43], it

12



follows that

“Taﬂ —u

=0 (5#/(# + 1)) ,

1.3 A Posteriori Parameter Selection

Recall that a regularization method consists of a means of constructing parameter
dependent stable approximations of u accompanied by a rule for selecting the regular-
ization parameter. And so to say that the method is convergent, the rule for choosing

o must satisfy
i) a=a(d) -0 as §—0.

o [t

X—>O as 4 — 0,

where T\, @ > 0 is any regularization operator.

There are many drawbacks of a priori strategies. First of all, to make the most
proper choice of the regularization parameter requires knowledge of the smoothness
parameter u and ||v|| appearing in each of the rate estimates in the previous section
[43]. They also only provide an asymptotic result, specifving how to select the regu-
larization parameter given a sequence of §’'s approaching zero. However one usually
does not know the the level of smoothness p of the unknown true solution or |jv||.
Furthermore, one typically has a single value of § and would like a rule to select a
single value of the regularization parameter. As we will find, a posteriori parameter
selection criteria are much more useful in practice since they give direction on how

to select o for a given value of 4 and do not rely heavily on knowledge 1 or ||«|| .

13



It must be noted first that convergence cannot be guaranteed for any strategy with
which the regularization parameter is chosen independent of the noise level (for a proof
see [1]). Therefore we will focus on theoretically sound parameter selection strategies
that depend on the noise level § and in some cases the noisy data f‘s. Heuristic
parameter choices rules, those not relying on the noise level, are still used in practice
with much success. L-curve is an example of one such rule and a counterexample to
its convergence can be found in [19]. More examples of heuristic parameter selection
strategies may be found in [7] and [20].

A number of a posteriori parameter selection strategies, a few of which we list
below, were developed originally for use with classical regularizations of linear prob-
lems. Paired with a suitable regularization, each leads to a convergent method when
A is linear, see (7], [15], [16], and [34). When A is non-linear, slight modifications of
these strategies were made in [9] and [43] to obtain convergent methods.

Most a posteriori parameter selection strategies require the selection of the regu-
larization parameter “online,” i.e. the user computes an approximate solution Ty, f g
at various values of a and selects the value of o for which Ty f 0 gatisfics a set of cri-
teria. Morozov’s Discrepancy Principle is the most popular with which one chooses
the regularization parameter so that the norm of the discrepancy, ”A(Ta f5) - f 5” .
is of the order of the noise in the data. The heuristic motivation of the principle is
that the method should not produce results more accurate than the level of error in
the given data [7].

With this idea in mind, we present the following strategies that are based upon
defining a functional d to represent the “discrepancy” resulting from the approxima-
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tion and then choosing the regularization parameter a« > 0 so that d is of the same
order as the noise in the data on which the approximation was based. Assume that
for & > 0, Ty is a regularization operator and let uéx = Tafé. Let 7 € (1,2) be fixed

and let d : (0,00) — (0, 00) be defined according to one of:

(d1) Morozov's Discrepancy Principle - d(a) = “Au‘sa - f‘s”

(ds) Archangeli’s Method - d(a) = va HAug; — 0 H

(ds) Rule of Raus - d(a) = ”[I — ATo) Y/ (2P0) 448, — f5]|| ., pp>0
(d4) Modified discrepancy principle - d(a) = o9 HAU'(SQ' - f‘SH , ¢>0.

The rule for each is to choose the regularization parameter a > 0 so that
d(a) = 765,

where s = 1 in dy,dy.d3 and s > 0 in d4. For a detailed development of each rule
see [9], [16], [30], [31], and [34].

Although Morozov's principle is by far the most well-known, it is not best suited
for use with all regularization operators. For instance, with Tikhonov regularization,
the rate of convergence obtained with this principle under standard source conditions
is at best O(d 1/ 2) [7]. Bakushinski also proved that Lavrentiev regularization with
Morozov’s discrepancy principle is not a convergent method [1]. An example of this
failure of approximations to converge can be found in [16].

Convergent methods can be obtained however using the other principles listed.
Tautenhahn proved convergence of Lavrentiev regularization using the Rule of Raus
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in [43]. The class of modified discrepancy principles, a generalization of Arcangeli’s
method (s = 1 and ¢ = %) considered originally by Engl, Groetsch, and Schock in
(5], [14], [39], and [40] was used to improve the rate of convergence with regulariza-
tion operators that already lead to convergent methods when paired with Morozov’s
discrepancy principle. For example, an optimal rate was given for Tikhonov regu-
larization for specified choices of s and q. Convergence of a modified discrepancy
principle with Lavrentiev regularization was shown in [16] and [31], as well as values
of s and g determined that lead to optimal rates under various source conditions in

(9] and [32].

Regularization Methods for Volterra Problems

In general, classical regularization methods are deemed unsuitable for Volterra prob-
lems (22], [23], [29] since as was previously discussed in the Hilbert space setting, they
require use of the adjoint A* of the operator A in (1.1). In making use of the adjoint,
the regularized equation one solves is no longer Volterra [29] thus one loses the causal
nature of the original Volterra problem. This was seen when Tikhonov regularization
was applied to the v-smoothing problem leading to the Fredholm equation in (1.6).
This loss is also evident when the regularized equation is discretized, for instance by
collocation with piecewise constants. The numerical discretization leads to solving a
system Dz = b where D is a full matrix which leads to numerical methods requiring
0 <N3) floating point operations where D is N x N. Whereas with non-classical

methods, such as Lavrentiev regularization and local regularization (to be defined),
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the regularized equation is Volterra, (second-kind in the examples mentioned), and
thus the causal nature of the problem remains intact. The same discretization leads
again to solving a syvstem Dz = b instead with a lower triangular matrix D (in the
convolution problem, D is Toeplitz). These methods are faster and more efficient,
of order O (N 2) floating point operations, since the resulting system can be solved

sequentially.
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CHAPTER 2

THE THEORY OF LOCAL

REGULARIZATION IN C[0, 1]

In this Chapter, we begin our study focusing on the case when A : C[0,1] — C[0,1]

is a linear Volterra convolution operator of the form
t
Au(t) = / k(t — s)u(s)ds, forall te|0,1], (2.1)
0
and the kernel k'€ CV[0, 1] is v-smoothing, v > 1. Recall

dlk dv =1
W(O)zO, ¢t=01..,v-2 and
t

and without loss of generality, assume that k(v = 1)(O) =1L

Our goal is to solve the v-smoothing problem

t
Au(l) = /0 k(L = s)u(s)ds = [(1), forall t€]0.1], (2.2)



for uw € C’[0, 1] given f € ([0, 1]. Note that the range of A is given by
R(4) = Gy 0= {g € C"[0,1]lg(0) = g'(0) = - = ¢ = D(0) = 0},

which we verify as follows.
For any v € C[0,1], we may write Au(l) = k * u(l) for all £ € [0,1]. Since
k € C|0,1], then

kxue CI[O, 1] and k=*u(0)=0.

(see Theorem 3.5 of [13].) We may repeatedly differentiate with respect to ¢ to obtain

for all t € [0, 1],

€ )
%[Au(t)] = k({) xu(t) € C'I[O_ 1] and k((’) +u(0) = 0,

using that k() ¢ C0,1) and k(é))(O) =0, for £ =1,--- ,v — 1. Differentiating the
v-th time, we obtain

u(t) + kW) wu(t) € Cl0.1],
for all t € [0,1]. Thus

v—1
Dl =

Au € CV[O, 1] and Au(0) = i[Au(t)] = ... =
dt =0 dt(l/— 1) £ 0

This proves that R(A) C G, .
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On the other hand, if / € G, 5, then consider the second kind equation

for all ¢t € [0, 1]. There exists a solution @ € C|0, 1] to this equation since f(") € C[0,1]
and k € CY[0,1] (see [3] or [13]).

Now consider the initial value problem,

v () = ae) + k) xae),

y(0) =y'(0) = =y = V(o) =0,

t
where equality is understood to be pointwise. If y(t) = /0 k(t — s)u(s)ds for all
t € [0, 1], then it it easy to see that y satisfies the initial value problem (2.3). However,

y = [ also solves (2.3), so by uniqueness of solutions, it follows that

for all t € [0,1]. Therefore given f € G, o, we have found @& € CJ0, 1] for which
At = [. This proves G}, o € I?(A). Therefore
R(A) =G, o

bl

One can also verify that the solution to the v-smoothing problem defined in (2.2)
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is unique. Suppose that

t
/0 k(t — s)u(s)ds =0,

for all ¢t € [0, 1]. As before, we may differentiate v times. Using that k is v-smoothing,

we obtain the second-kind Volterra equation
u(t) + / k(u)(t — s)u(s)ds =0,
JO

for all ¢ € [0, 1], which has a unique solution that may be expressed using the variation
of constants formula, [3] or [13] (see also equation (2.20) below). With this, we
conclude that u(t) = 0 for all t € [0,1) and N(A) = {0}.

Since k € CY[0, 1], it follows that A is compact (Theorem 2.5 in [13].) We showed
that A is injective with dim R(A) = oo, however R(A) is not closed in C[0, 1] and
so A~1 fails to be continuous. Our problem is ill-posed due to a lack of continuous
dependence of solutions on data.

In this chapter, we add to the theory of local regularization for solving the linear
v-smoothing problem, by introducing an a posteriori parameter selection strategy.
We begin by deriving the second kind Volterra equation associated with local regu-
larization for the underlying data space C|[0,1]. We outline the sufficient conditions
developed in [22] under which uniform convergence of regularized approximations
to the true solution was achieved for exact data f € C]0, 1] and for perturbed data
fd € C|0, 1] for appropriate a priori parameter choices. While doing so, we normalize

the approximating equation and alter onc of the conditions therein slightly, defining
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the conditions here to be [A0] and [A1]. We make explicit a sufficient condition on
the relationship between the kernel k and length of the interval (0, R] for which the
approximating equation is well-posed and the resolvent of the approximating equation
is uniformly bounded for all r € (0, R]. We restrict the choice of regularization pa-
rameter to an interval (0, R] over which this condition is satisfied so that regularized
approximations are uniformly bounded on (0, R]. This result sheds light on the con-
dition in [22] and [36] that so long as k and R are sufficiently small, approximations
are bounded uniformly.

Once applying the normalized local regularization scheme satisfying [A0] and [A1]
to the v-smoothing problem in equation (2.2), we define the additional assumption
[A2] in preparation of introducing our a posteriori parameter selection strategy. Our
strategy consists of a newly defined discrepancy principle to assist a user in select-
ing a constant value of the regularization parameter r. We establish that conditions
[A0]-[A2] are sufficient to conclude that local regularization paired with our discrep-
ancy principle is a convergent method. We do so by showing that approximations,
constructed from noisy data f5 € C[0,1] in a local regularization scheme satisfying
[A0]-[A2] and the new discrepancy principle to select the regularization parameter,
converge uniformly to the true solution as the noise level shrinks to zero. We also
provide a rate of convergence under a suitable source condition. One will find that the
discrepancy principle we introduce is a natural complement to the theory established

in [22].
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2.1 Local Regularization in CJ|0, 1]

Let @ denote the “true” solution given “exact” data f and f 0 the “noisy” version of

f. Our first assumption concerns the availability of the data.

[AO] Let 0 < R << 1 be such that @ € C[0,1+ R] and f € R(A) C C[0,1 + R] so
that A = f for all ¢ on the interval [0,1+ R]. Given § > 0, the data fé(t) is

available for all t € [0,1 + R] and f dec 0,1 + R] satisfies

”f B fd”(}[o, 1+ R] <8

If additional data is unavailable, we suffice with approximating @ on the slightly

smaller interval [0,1 — R] .

2.1.1 The Approximating Equation

Proceeding as in [22], it follows from [A0] that @ satisfies

t+p
/0 k(t +p— s)u(s)ds = f(t + p),

for all t € [0,1] and p € [0,7] for any r € (0, R]. Splitting the integral and using a

change of variables we obtain
p t
/0 k(p = s)u(t + s)ds + / k(L +p—s)u(s)ds = f(L + p), (2.4)
0

for all t € [0,1], p € [0.r] and for any r € (0, R].
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For each r € (0, R),

Recall that the continuous dual space of C[0,7] can be identified with the space of
all regular Borel measures on R. Then for any Q € [C[0,7]]*, there exists a signed

measure 7 defined on the o-algebra of Borel sets of R [37] such that

Qr(g) = /0 g(p)dnr(p),

for any g € C[0,7]. Applying a functional Qr, we integrate both sides of equation

(2.4) with respect to 7y and obtain

/ / p—s)u(l+s)dsdnr(p) / / (t+p—s)dny(p)u(s ds—/ J(t+p)dne(p),

(2.5)

an equation that @ still satisfies for each 0 < 7 < R and all ¢ € [0, 1].

Beck'’s original idea in [2] for solving the discretized inverse heat conduction prob-
lem involved stabilizing the problem by assuming « to be constant locally. Extending
this idea to the abstract setting formulated above, i.e. taking u constant on the small
local interval [t,t + p], p € [0.7], leads to consideration of the second-kind Volterra

equation,

T P t ,r T
u(l,)/O /0 k(/)—.'i)(lh(l'l]',-(/))+/(; A k(l,+/)—s)(///«,»(/))'u,(s)(/s=/O S+ p)dnr(p),

(2.6)

for t € [0.1].
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2.1.2 Properties of 7

In [22], hypotheses (H1)-(H3) were given indicating how to select a family of measures
nr,7 € (0, R], in the approximating equation (2.6) . We state them here as assumption

[A1], with any changes made to (H1)-(H3) mentioned in the remark that follows.

[A1] The measure 7y is chosen to satisfy the following hypotheses.

(H1) Fori = 0.1,...,v, there is some ¢ € R and ¢; = ¢;(v) € R independent of

(H2)

(H3)

r such that

T A )
/0 pldnr(p) =1t T %¢;,

with ¢y # 0. Without loss of generality, we may assume that nr is scaled

so that ¢, = vl

The parameters c¢;, i = 0,1, ..., v, satisfy the condition that the roots of

the polynomial py()). defined by

vw, ‘v-1, ,v-1 ‘1 €0
N = Yy v= Ly T S ()
N =+ ) RS TRORTE

have negative real part.

There exists C > 0 independent of r such that

' /(; ' h(p)dnr(p)

< ||h,||C[0y ) Cre,

for each h € C[0,7] and any 0 < r < R.



Remark 2.1 In [22], a generalization of (H1) was given which allowed for a larger
class of ny’s. It allowed for c; to be replaced by c;4+O(r) ast — 0 in (H1). In fact, the
theory we develop in Chapters 2 and 8 carries over to this more general case without
much conceptual difficulty;, however, the increase in some technical detail needed to
consider this more general case did not seem to be worth the slight additional benefit,

especially since the measures nr used in practice do not require this O(r) term.

We recall two classes of measures (constructed in Lemma 2.2 and 2.3 of [22]) that

satisfy assumption [A1].
Lemma 2.1 [22]

1. Let v = 1,2,---, be arbitrary and let ¥ € Ll[O, 1] be such that

.1
/O p¢(p)dp = V. Then for r € (0, R], the measure nr defined by

T T
/0 g(p)dnr(p) = /0 a(p)ir(p)dp, g€ Clo.7),

where iy € Ll[O, r] s given by

Yr(p) = ¢ ('g) . a.e pel0.7],

satisfies condition (H1) (with ¢, = fol P’y (p)dp and 0 = 1) and condition

(H3) (with C = |||

Further, for allv = 1,2,---, and given arbitrary

L. 1) )

positive my.mo.---, and my,, there is a unique monic polynomial v of degree

v so that the resulting family {ny} satisfics (H{1) with cy = v! and o =1, (H2)



with the roots of the polynomial py in (H2) given by (-m;),i = 1,--- ,v and

(H3).

. Letv=1,2,---, be arbitrary and let 8p. 7 € R.{=0,1,--- L, be fired so that
0<Ty<T<---<1p_1<7p<], (2.7)

and

L
" By =t (2.8)
=0

Then for r € (0, R, the discrete measure ny defined via

T L
[ st)ine(e) = 3" Bea(rr), g€ Clorl
JO F=0

L
satisfies condition (H1) (with cy = Z ,@[Tél and ¢ = 0) and condition (H3)
=0 '
) L
(with C = Z IK?(I .) Further, for allv = 1,2,--- . and given arbitrary positive
(=0
my,mg, -, and my, and for L = v there is a unique choice of 3y, 31, -+, 3

satisfying (2.8) (for each given collection of 7y satisfying (2.7)) and such that
the resulting discrete measure ny satisfies (H1) with ¢y = v! and 0 = 0, (H2)
with the roots of the polynomial py in (H2) given by (—m;),i = 1,--- v and

(H3).
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For 7 € (0, R], assume 7 is any measure satisfying [A1] and define

- /0 dnr (p). (29)

If we let (—m;),i = 1,--- v, represent the roots of the polynomial py in (H2) such
v
that m; € C, Re(m;) > 0, then py(A) = H (A +m;) taking into account the
i=1
scaling of nr by assigning ¢y = v!. Further, with ¢; € R,i =0,--- , v, then

14
co= [] mi>o0 (2.10)
i=1

It follows that
= T‘UCO > 0, (2-11)

for all 7 > 0. Then define for any v € C[0,1] and v € C[0,1 + R],

ap = fO [ — 8)ds dnr(p ), (2.12)

r

Jo k(¢ + p)dnr(p)

kr(t) := (2.13)

Ir

14
Aru(l) = /0 kr(t —s) u(s)ds, (2.14)
)) dnp(p

fr(t) = o ! '+~’ ie), (2.15)

m

—sv sd )

Dru(t) := [0 [O 5 ’z (t + s)dsdny (/), (2.16)

T
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for all € [0.1] and each 7 € (0, R]. With this notation and recalling that @ satisfics

equation (2.5), then equations (2.5) and (2.6) may be written equivalently as
D7ﬂ(f) + Arﬂ(t) = fr(f), for all t e [O, 1] (217)

and

aru-(t) + Aru.(t) = fr(t), forall te€|[0,1], (2.18)
respectively.

Remark 2.2 FEquation (2.18) is a normalized version of the reqularized equation con-
sidered in [22]. However, this is an important difference and will later allow for our

discrepancy functional to be appropriately normalized.

Provided ay # 0, equation (2.18) is well-posed and there exists a unique solution
ur € C[0,1] that depends continuously on f € C[0,1] [13]. For each r € (0, R] for
which ar # 0, (ar] + Ar)~1 is a bounded linear operator on C/[0, 1] (13], so that we

may represent the solution as
wr = (arl + Ap) "1 f. (2.19)

We may also express ur using the variation of constants formula in (3],

f7‘(5)d57

ar

-t
ur(t) = f’a—f’) - /0 Xr(t — s) (2.20)
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for all ¢ € [0,1] and 7 € (0, R] for which ar # 0. For each such r > 0, there exists a
unique function Xr € C[0, 1] [13], called the resolvent kernel, that satisfies the integral

equation of the resolvent kernel (corresponding to equation (2.18)) [4] given by

t
X (t) + /0 krt=5) x (syds = Fr®) (2.21)

ar ar

for all t € [0, 1].

Therefore to guarantee well-posedness of equation (2.18) for all r € (0, R], for
some 0 < R < R, we must ensure that ar does not vanish on the interval (0, R]. The
following lemma gives a condition under which this is true. Based on assumptions [A0]
and [A1], we obtain the following results that will be used frequently later sections.

To simplify notation, define

Lemma'2.2 Assume [A0] and [A1] are satisfied.

1. Let ar be as defined in (2.12). If R and k satisfy

+ 1)!
R ||x(¥) <D 2.22
H C[O, R] - Ck ( )
for some k > 1 and 0 < R < R. then
- 41
K_‘ ! r¥ <ar < hf v (2.23)
ke KeQ

for allr € (0, R].
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2. Let h € C[0,1+ R] and dcfine

r
h(t dnr
ity o 1 P 5)
r
for allt € [0,1]. Then
im(lr = hll g, 1) = 0. (2.24)

3. Let Ar be as dcfined in (2.14) for r € (0, R]. Then

lim ||Ar — Al| =0, (2.25)
r—0
where ||-|| is the operator norm on B(C0.1]).

Proof:

1. Consider the general v-smoothing kernel which may be expressed in terms of

its Taylor expansion about 0. Then k € C¥[0, 1 + 1] is of the form

tl/"—l

(1) = )
k) = oy TR @)

tI/

!’
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for some (; € [0,1] and ¢ € [0,1+ R]. By [A1], for any € (0, R]

B (Mo s)ds) dm(o)
T T
_ f (fop (s)ds)dm()
T
: %[/; (=)o [ (05w

_ [0 2 dnr (o) /O ( /Opk(u)(Cs)idS>dTlr(P)]
[(u+a<"/ | </L Cs): ds)dnr()].

If R and k satisfy

< (V+1)!‘

Rk ClO.R] S Cn

for some k > 1 and 0 < R < R, then since r Hk('/) is a continuous,

“ clo,r)

monotonically non-decreasing function of r that has value zero at + = 0, it

follows that for all » € (0, R],

(v+1)!

r Hk(u ”C[O, R] S TEe

Clo, 7] - ”k Y

32



and so

ad 1 v+l o
>
o= <o r"cO “ ”CO [0, 7] (u+1)C r
T € g
T (v+ 1)
v
> (1 _ 1)
o K
KcQ
Similarly,
TV 1 I/ + 1 - o
<
o= <o T r7cq “ ”C[O r] (v +1)! T
o Cr s ”C[O,r]
) (v+ 1)
o (0)
< —(1+-
<o K
_ k& +1 7
Kco
2. For all t € [0,1], (H1) and (H3) imply
(t )d
hett)  hip) = [T L2 _ b
_ | Jg (ht + p) = h() dnr (p)
Tco
< b +) = AWl ]
= C sup |h(t+p)—h(t).
p€l0,r]
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Since h is uniformly continuous on [0, 1 + R] and by properties of suprema,

lm ||k (t) = A(2)]| 1< C lim  sup sup |h(t+ p) — h(t)| = 0.
r—0 c¢o.1] r—=0tec0,1pe0,r)

3. Let z € C[0, 1]. Recalling the notation in (2.13) and (2.14), for any r € (0, R],

[Ar — Al = sup I(Ar = A)zlicpo, 1)
”I”C[O, 1= 1
t
= sup sup / (kr(t —s) — k(t —s))z(s)ds
”l'HC[Q =1te [0,1]1/0
< lkr - ’\'vHC[()‘ 1]

From the previous result, it follows that

li Ar - Al < 1 kr —k =0.
lim A= A< lim (k= Kol )

2.1.3 Properties of X

We now turn to the establishment of an estimate on the size of “(arl + Ar)—IH.
This information can be obtained by examining the size of || Xy .
Ring and Prix established in [36] that for any v—smoothing k and positive mea-

sures nr satisfying versions of (H1) and (H2) as given in [25], there exists a con-
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<D
[0,1] =

then the norm of the resolvent was bounded uniformly, i.e. there exists 0 < M =

stant D = D(u, cp,€1,- - »cv) independent of r, such that if Hk(”)“Ll

M(k,v,cq,c1,- -+ ,cp) for which || < M for all r sufficiently small. A

LYo, 1]
detailed proof of this result can be found in Lemma 1 of [36].

By introducing the use of signed measures nr satisfying the versions of (H1)
and (H2) in addition to the condition (H3) as given in [22], Lamm later proved
the existence of a constant C = (i‘(u, cg,¢1, - »cv) independent of r, such that if
“k(”) HL"" 0.1+ R < C for R > 0 sufficiently small, then the resolvent. ||y ||
is still bounded uniformly for all r € (0, R].

LYo, 1]

In Lemma 2.2, we proved that a sufficient condition for ar # 0 for all r € (0. R}

is that

(v+ 1)

U)”C[O, R] S e (2.27)

Al

for some k > 1 and 0 < R < R. Therefore we have existence of a unique solution to
equation (2.18) for all r € (0, R]. In the two lemmas that follow, we take the analysis

of ||| in [36] and [22] further by clearly illustrating the dependence of the

Lo, 1)

length of the interval (0, R] on which || Xr|| is bounded for all r € (0, R] on

Lo, 1

the size of R “k(U)”C’[O R

In the first of two lemmas below, we establish a condition on the size of k that
determines the length of the interval (0, R] to which we restrict our choice of r in
relation to the selection of the roots of the polynomial py in (H2) of [Al]. In the

second lemnma, we conclude that the resolvent || Xy || is uniformly bounded for

L. 1]
all r € (0, R], provided ”k(’/)]

clo.1+ m satisfics a particular bound. The proofs of
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these two lemmas are quite technical and serve as an update of the proof found in
Lemma 1 of [36] with modifications found in [22]. Therefore many of the arguments

follow closely or are identical to the proofs in the references mentioned.

Lemma 2.3 Assume [A1] holds and that for some 0 < R < R, R and k satisfy

(v+1)!

”cm, RS Er (2.28)

for some k > K where kK > 1 is sufficiently large. Then the eigenvalues of

Ar := A+ My have negative real part for all r € (0, R]. where

0 1 0 0 \
0 0 1 0
A= )
——('0/0! —(‘1/1! —('V_l/(l/—l)!
0 0 0 0
0 0 o -- 0
My = ,
=My gy —Mlgpe o My ]y

and

N T (R B L A _ﬁ/"/f%m o
IJ’T—GTW [7 /()’" (CJ)(]’+1)!M7(;}) o Jo k (.)U!d~dl7(P)~

Sy
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forj=0,1,--- ,v—1.

Further, for the matrizc

> T
Br E/O (exp(Art))” exp(Ar)dt.
there exist positive constants L, K, and S so that

lz| > 2L (ITBr.’E)%
\Brz| < K ( TBrr)% (2.29)

1
lz| < S (ITBTI) 2
for allx € RY and all v € (0, R], where |-| denotes the usual norm on RY.

Proof:  The eigenvalues of A are exactly the roots of the polynomial py,/(A) in (H2)

of [A1] which are chosen to have negative real part. To estimate the size of m jor

7=0,1,--- Jv — 1, we use the lower bound on ar to write

m

ar]ﬁ/’r I:TV_]./OT k(v)(é])(p}Tlel _ J'/ / dsdnr( )}

- v+1 _ il w1l

: W [+ clo.7) TS [+ l—]—l(:lﬂ)! 0
] .

< Wlk(w C[O,T]C,.u+l+a (j-:l)!_f_j!(l’/i}l)!

< r”k(”) K¢ ‘J‘

gl k=17 (+1)' v+ 1)
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Since

1<

leo,n = 2 1E e, my

for all r € (0, R], then assuming (2.28) gives

o <(1/+1)! ‘JI
U | (]+1) (v +1)!

bl

for all r € (0, R]. Then for k] > 1 sufficiently large, if K > &1, then the eigenvalues of
A+ My have negative real part. It follows that if R and k satisfy (2.28) with x > &y,

then for Ar = A + My, the matrix

00
Br = /0 (exp(Art))T exp(Ar)dt

is well-defined, symmetric, positive definite and such that
AL B+ BrAr = =1

for all » € [0, R] [3]. Further, since Br — By (asr “k(’/ — 0) as r — 0, there

“C[O. 7]
exists a & > &1 sufficiently large so that if R and k satisfy (2.28) with x > &, then
there exist positive constants L, K, and S so that (2.29) holds for all z € R” and

any r € (0. RR] [36]. O

Lemma 2.4 Assume the hypotheses of Lemma 2.3 hold. Then there exist constants

C >0 and M > 0, independent of T (but dependent on k,v,cq,c1.--- ,cv), such that

38



Kl 1. 6

) _
HC[O, 1+ R)
then we have

[l |l .

<
Lip,1) = A

for all r € (0, R], where Xy is the resolvent defined in equation (2.21).

Proof: Let Ay denote the resolvent defined in equation (2.21) . Then for r € (0, R|

1
and t € [0, ;], A satisfies

Tt (g o (7
X7~(7't)—+—/0 Fr(rt = 9) . (s)ds = 22D,

ar ar

and so making a change of variables, we obtain

U ((s _ 3
Xr(rt) +/ TMXr(TS)(IS = l‘r(rt)’
0 ar ar
1 .
for all t € [0, —} . Define
T
Ap(t) := rXr(rt).
Then
t
« or(7r(t — ¢ N kr(rt
X (1) +/ rwxr(s)ds =r rlr ), (2.30)
0 ar ar
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for all t € [0, 1] . In order to bound ||| we see that

r

Lo, 1)

-1
12 / 1 (1) dt

L.

1/r .
- A I&ﬁﬁa

I’ Lo, 1/r)’
and so it suffices to show that “/{)THLI[O 1] < M for all 7 € (0, R] under the
,1/r

conditions of the lemma.
Proceeding as in [22] and [36], and since k € CY[0, 1], we may differentiate equation

(2.30) j =1,---,v times to obtain

L (j S
paom - -y = HO20 ~1= 0
£f=0 r .
toj+1 a1
_/0 rJ; ng)(r(t_s));\?,-(s)dHL;_k’(g)(rt)’ (2.31)

1
for all t € [0, ;] . We focus on the v-th differentiation

(v v=1 r+1 oy
Ho = - ¥ o1
£=0
t v+l (v) A v+l (v)
—/ K (1t = ))& (s)ds + e, (232)
JO ar ar

r

forallt € [0, lJ .
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Recalling the definition of kr in (2.13) and ar in (2.12), using the Taylor expansion

of k at 0 and [Al], we have

k7(‘£)(0) = ’71’/ k p)dnr(p
- pV—l—f " =L |
o [/0 o1t /0 K )(Cz/—l—f)md’h'(!))]

1 Cu—l—l’,l/—l—€+a P’ ¢
= ’y_r[m7 /k (Cu—l—é)( 5)'(17)1(,0)]

foreach ¢=0,1,--- ,v — 1 and

ar = —1—[ 0 gdnr / / de’?r(P)]
_ __[u+a //ku) dsdm()].

Then dividing we obtain

(
00 o1y
ar (v—1-4¢)!

-/
A+1 v) P
aryr / g -1~ L)( )'dm (°)

- UV_—II__:) / / A(U —(1'9(11)7 DIk

foreach ¢=10,1,--- ;v —1.

Define mj r as in Lemma 2.3. Then substituting into equation (2.32), we arrive

41



at

—1. (v —1—
o =- ¥ 254 %
Py i

v—1

- S(v—-1-1¢
- z mu—l—f,rXT( )(t)
=0

v+1

t,v+1 v - T v
_/0 L;ﬁ )(r(t — 5))Xr(s)ds + k$ )(rt),

ar ar

forall t € [0, l] .
r
As in [22] and [36], we rewrite the v-th order integro-differential equation as the

system

t

where A and A/;- are given in the statement of Lemma 2.3, and

0 0 0 0
){',(0)(1)
0 0 0 0
R’I’(t) = aD = )
(v —1)
&, (t)
' —rV+1k,(.”)(rt)/a,,~ 0 0
( 0
9-(1) =

0

v+ U (1) o

Now By defined in the statement of Lemma 2.3 is well-defined and satisfies (2.29) for
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7 € (0, R], and positive constants L, K, and S independent of . Following closely the
proof of Lemma 1 in [36], we choose a constant K > 0 independent of r € (0, R] and

define the Lyapunov functional

1t Llr
Vr(t,z()) = (SET(f)BrI(t)) L K/O ./t I Dr (¢ — s)ltd¢z(s)ds. (2.34)

for suitable z : [0, %] — RY, where ||-|| is the matrix norm on R” * ¥ induced from
the Euclidean norm |-| on RY.

Let Z(-) denote the v x v matrix whose columns ZJ'(-), j =1,---v, are solutions
of the homogeneous part of (2.33) (taking gr = 0) such that Z(0) = I. Following the

arguments in [36], we differentiate Vi along zj(-) to obtain

t
(0] - (& - 1\')/0 IDr(t = )]

zj(s)‘ ds.

ravia
< —(L—K/t IIDr(C—t)IIdC>

As in [36], our goal is choose K > 0 independent of r € (0, R] such that
d /., =
= (vt ze0) < -L|550]

1 _
fort e [0. ;] and some L > 0 independent of r € (0, R].

If this can be done, then exactly as in [36] we may integrate to obtain

ot
Vit (0) < V(0,200 - L |
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Then from (2.29), we have

N

! 50| < (T0Brz0)

< Veltyz)

< VT(O /
- ( (0)Brz;(0 )%
< 2—1L-|z]~(0) —[:/(; z

1
for all t € {O, —] . Exactly as in [36],
’

1

HVHLl[o l/r] 2LL’

and Z(t) satisfies

IZ()] < —SeJ\p( SI:t),

fort e {O, 1] and so

r
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Bounding gr(t) we have

vl

lgr ()| =

ar
Keg 1
K—1lyr

T

/07- Kt + p)dnr(p)l

r_R—CO—(_J k(V

k-1

IN

lleo.1+ 5

= deW)cm1+R]

for some constant m > 0 independent of r € (0, R).

Further, from (2.31)

X (0) = rtt lff(!) 0, - rA,;FO)’
and for ¢=0,--- v —1,
A+ 1,\,‘,('5)( ) _ @10
ar (v—1-=()! v—1-41
where
(v+1)! 1 ‘Cl/—l—f! -

it <
mv—1—04— 1 | =0 T o101

for all r € (0, R] using the bound in the proof of Lemma 2.3. Therefore

A(0)] < dy(R),

< M(R) <

(2.37)

oC.



for some 0 < d(j(R) < oco. Evaluating (2.31) at 1 = 0, we have

20 == k902 =190+ =10,

ar ar

=0

and we may argue by induction that

with 0 < dj(R') < o0, for j=0,---,v—1, and all r € (0, R]. Therefore

Ry (0)] < d(&) < o0,

for some d(%) > 0, independent of r € (0, R).

(2.38)

(2.39)

Using the variation of constants formula in [3] for the non-homogeneous equation,

we have
t
Ry (t) = Z(t)R+(0) +/0 Zy(t — s)gr(s)ds,

1
fort e [0, 7—] . From (2.35), (2.36), (2.37), and (2.39), we have

v+1 v+1
Ry(t)] < _
[Re(t) s

Y Sexp(—SLt)d(r) +

m
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forallt e [0, 1] and r € (0, R]. Therefore,

T

-

IE: IR

T

o1 S L0, 1/7]

= HZ(-)RT(O)%-/O. Zr(- = s)gr(s)ds

Lo, 1/7)

1/r
l/+1 _ - 1V+1 ~ (l/)
< — _——— D,
< 3 Sal(rc)/0 exp(=SLt)dt + —r=rmr ”k “c[o,1+R]
< V+15d(7€) 1 I/+_1mc,

for all r € (0, R]. Therefore the resolvent X, is uniformly bounded for all r € (0, R].

It remains to show that we can choose K > 0 independent of r € (0, R] such that

% (V,-(t,zj(t))) <-L ZJ'(")”

1 C- -
for t € [0, —] and some L > 0. Returning to (2.35), if we take K > K > 0, we have
T

that

& (vt z00)
1/r
< —(L—ff./t “DT(C—t)“dC) 250

fort € [O, 1] . And so we need K > 0 and L > 0 so that
,

v ]
L=k [ o=l 2 L (2.40)
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forallt e [O, l] . Consider
T

IA

1/r PVt 1 (v)
/, K (¢ = 1))de

ar

vl l-rt
- ar ;A

keg 1 ‘/T (v)

— k s+ p)d

=17 Jo 0 ( p)dnr(p)
Keg AllL(v

<

< 225C ]

B~

= 719¢

1/r
/, 1D (¢ — )]l ¢

k7(.'/)(s) ds

ds

WCM1+R]

1
for all t € [O, —] , then returning to (2.40), we have that
T

i

\Y
h
I

N

1
L-K /I 1D+ (¢ — )]l d¢

p—

X0
&

Qe
&

X!
I
—_

which means we need K > 0 and L > 0 so that

or so that

BN

IA
l
I
t~

. N
|
—

as well as K > K > 0. But such a K can be found for any L € (0, L) if

C Cr

L-L k-1

K < 1.
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or equivalently, for any C satisfying

This proves existence of a

C Ck

for which (2.40) is satisfied for all 7 € (0, R]. O

Corollary 2.1 Assume that R and k are such that Lemmas 2.3 and 2.4 are satisficd.

Define
\[ = inf {,u || X7 ”Ll[(), ) < u  for all rin(0, R]} (2.41)
For each r € (0, R],
_ 1+ M
l'(arf + Ar) lll < hs ) (2.42)
ar
where ||-]| is the operator norm on B(C0,1]).
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Proof: Representing ur using (2.20), we have for each r € (0, R} [13],

fr Ir
[Jurl = 5= —Arx =
c0.1] ar " arllcp
fr fr
< = + [ &7l —
ar llclo, 1] "L10,1] flar Clo,1]
< a+m|l]
arliClo, 1)
Therefore representing ur using (2.19),
1+ M

(arl + A?‘)—lfr

clo,1 ~ lurlico, 1) < . Ifrllcpo, 1)

and thus

|(err + ar)7Y < 1M
ar

for all 7 € (0, R]. O

2.1.4 Uniform Convergence with A Prior:i Parameter Selec-
tion

In Theorem 3.1 of [22], under condition [A0] and the original (H1)-(H3) in condition
[A1] described in the remark, uniform convergence of solutions of (2.6) to % was proved
given exact data f € C[0.1 + R]. Replacing f by f‘s in equation (2.6), an a priori
rule was given to guarantee uniform convergence for the case when the given data

ffecC [0, 1 + R] contained noise. For purposes of obtaining a rate of convergence, it



was assumed that # is uniformly Holder continuous with power « € (0, 1] and Holder

constant Ly, i.e. for any x,y € [0,1+ R],

li(z) - a(y)| < Lglz - y|* . (2.43)

We state the results of Theorem 3.1 of [22] using the hypotheses [A0] and [Al], as
well as the conditions on R and k as given here. We instead consider solutions of
the normalized approximating equation and give a proof that will be referenced in

sections that follow.
Theorem 2.1 [22] Assume that [A0] and [A1] hold and k satisfies Lemma 2.4.

1. Let ur denote the solution of equation (2.18) forr € (0, R], for R > 0 sufficiently
small. Then

[lup — ﬂ”C’[O 1]~ 0 as r—0.

Moreover, if the true solution @ satisfies (2.43), then

Jupr — @

0,1 = 0 (ra) as r— 0.

2. Let ué denote the solution to equation (2.18) with fr replaced by f,‘.S for

r € (0, R], then

8 _q <Ol —
[ = all 1y = Crz + wr = algo, .

for some '] > 0, so that a choice of 7(8) satisfying
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i) 7(0) > 0 as § — 0, and

i) 6[r(8)] Y — 0 asé — 0,

ENsures

—0 as 6§ —0.

) _
Yr(e) ” u“c[o, 1]

If @ satisfies (2.43), then

6 Al i v .,
' lc[o, ) S G T

— i

for some C1,Co > 0, and so for any K > 0, the choice

r=r(s) = Kel/(@+v),

gives

0 (5101 as 50

”uf@) “epy T

Proof: Let ||| = ””C[O 1]

1. Let ur denote the solution to equation (2.18) for r € (0, R]. We bound the error
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due to regularization using (2.17), (2.18), (2.19), and (2.23) to obtain

lur —all = ||(arf + 40) " (fr = Ara - ar)|

= ”(arl + Ar)_1 (Dra — arﬁ)“

1+ M
( a ) ”Dr’l_l. o G,T’L_L”
(14 M) kcq _ _
e 1) ||Dra — aral . (2.44)

Recall the respective definitions of ar and Dy in (2.12) and (2.16). Then using

the Taylor expansion of k in (2.26), we have

| Dyt = aral| =

J§ JE k(o = 8) (a(- + ) — () dsdny (p)
sup it +-) = W(Dllrpo. )

r
/. k(- = s)ds
0 Clo,7)t € [0,1)

< Crlllep,q, S et )=l

I

IA

c l

_ -1

’r(’/—_lﬁt 651[1(1))) . lla(t +-) — ﬁ(f)||C[0 )

|

- Clo,7] _ _

+Cr su a(t+-) —a(t T

” L [&1] lla(t+-) o,
2 u u ) —u 2.45

for all r € (0. R], for R > 0 sufficiently small. Substituting into (2.44), we have

(14 M) KCQ iy

flur —al] < oD O oD, e“[l(l)) . la(t +-) = a)licpo, )
= D su a(t + ) — u(t , 2.46
lteg[(r)), | la(t +-) = a®llco, ) (2.46)
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for D] > 0 constant. Since % € C[0,1 + R) it follows that

lim ||lur — )| < Dy lim su u(t+-) — u(t = 0.
fmglr =l < Dy limg sup [a(-+) = a0lp,

If the true solution @ satisfies (2.43), it follows that

su u(t +-) —alt < u L()® r
te{g”n( )= a®)llepo, 7] tes[é’,l]” e, 7]

< Lgr®.
Returning to (2.46), we have

lur — @ < DyjLgr®

for C9 > 0 constant. Therefore

lur —all=0(r*) -0 as 7 —0.

2. Let ué denote the solution to equation (2.18) with fr replaced by j',q- for

r € (0, R]. We bound the error due to regularization and noise in the data using
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(2.19), Corollary 2.1, and (2.23) to obtain

”(arl + Ar)_l (fr(s - fr)
(1+ M)

ar

fu]

IN

-]

IA

(2.47)

for C7 > 0 constant. This establishes the bound on the total error for @ € C|0, 1]

to be

ué - 17” < ”ué - urH + |lur — al|
) _
If @ satisfies (2.43), then
) ~ o v K
ur—u’ SClr—U-f—CQT ,

and so for the choice r = r(§) = K&/ (@+ V) for some K > 0, we have

““i(é)—ﬂ“ < C1ﬁ+02[r(5)]“

Cra(rat/ (@t y=v o (kal/lat V))a

_ C'vlo-a/(a-i—z/)+C;25a/(a+z/)‘
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for (:‘1,(?2 > (0 constants, and so

|u£(6) - a“ -0 (o‘a/(a+'/)) as §—0.

2.2 A DiScrepancy Principle for Local Regulariza-

tion Given f9 € C|0,1]

2.2.1 Preliminaries

For the purpose of defining our discrepancy principle, we make our final assumption

that the choice of measures 7 satisfies the following continuity property on (0, R).

[A2] The measure 7y is chosen so that for any g € C[0, R],

—0 as h—0,

T+ h T
/O g(p)dn, 4 (o) - /0 o(p)dnr (o)

where the convergence is uniform in bounded equicontinuous sets of g € C[0, R).
Our assumption implies the following.

Lemma 2.5 Assume [A0] - [A2] are satisfied. For any g € C[0,1 + R], define

arlt) = Jo alt ‘:f)dﬂr(ﬂ)’
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for allt € [0,1]. Then the mapping r — gr is continuous in C[0,1], for all v € (0, R).

Proof:  Let ||| = “HC[O 1] and r € (0,R) be fixed. Let h be such that

T+ h € (0,R). By (2.11), we have 1. 01 . Then
Yr TV CQ

5 o+ o), w(0)  f5 g+ p)nr (o)
Tr+ h T

Ir+h —9r

55" g+ pn 4 o) S5 g+ p)dnr (o)
B (r+h)9¢ r9¢q
T g+ p)dne o (o) = f§ o(- + p)dne ()
(r+h)9¢q

IN

1o 9+ p)dnr(p)  J§ g + p)dnr(p)
(r+h)%c r7cq

1 _
Since yr > 0 for all 7 > 0, the mapping r — — is continuous on (0, R). Then
~r

| Jo gt +p)dnr(o)  fg g+ p)dne(o)||
lim - =0,
h—0 (r+h)9¢cq r7cq
and
r+h r
fo |[J0__9C A p)dny 4 p(p) = Jo g( + p)dnr(p)
h—0 (r+h)%¢cq
r+h r
= lim su / g(t + p)dr —/gt—}—pdn-) .
"acoh—>0te[(1)3,1] 0 (t + p)dn, 4 p(p) 0 (t + p)dm-(p)




Decfine

L(h) = sup
t€10,1]

bl

r+h T
/0 ot +p)dn, (o) - /0 g(t + p)dnr (o)

and let € > 0. By properties of suprema, there exists tg € [0.1] for which

€
L(h) < + 5

r+h T
/O oltg + p)dn, 1 (o) /O 9(to + p)dnr (o)

From the continuity property of n, in [A2] and the uniform continuity of g on [0, 1+R),

lim =0,

h—0

r+h T
/0 g(t + p)dn,. 4 p(p) - /0 g(t + p)dns(p)

uniformly for t € [0, 1], and so in particular, there exists 6(¢) > 0 such that for all
|h] < d(c),
<

T+ h T €
./0 g(t + p)dn, 4 plp) — ./0 g(t + p)dnr (p)| < 3,

for all t € [0,1]. Let |h| < §(¢). Then

r+h T ¢ ¢ ¢
L(h) < /0 g(tg + p)dn,. 4 5, (p) — /0 glto +p)dm(p)| +5 <5 +5=¢
Therefore
+ h
lim Jo T gl + p)dn, 4 (o) = Jo 9( + p)dur(p) —0
h—0 (r+h)%¢q '
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We see that measures standardly used in local regularization also satisfy this

additional assumption.
Lemma 2.6 The measures given in Lemma 2.1 satisfy [A2].
Proof:

1. Recall the continuous measure defined in part 1 of Lemma 2.1. Namely, for
v=1,2---, arbitrary, let ¢ € LI[O, 1] and for r € (0, R], let the measure 7y

be defined by
r T
/0 g(p)dnr(p) = /0 g(p)ur(p)dp, g€ C[0,7],
where ¢ € L [0,7] is given by

Yr(p) = (’;)) , ae pelo,r).



Let 7 € (0, R) be fixed. Then for all g € C[0, R,

r+h r

Jim /0 g(o)dn, ¢ (o) /0 9(o)dnr (o)

r+h T
= im q(p) p ) — ) )
= hl—»o/o .1(/)¢<r+h>d/ /0 (/)1/( )d/

1 1

= lim [+ 1) /0 ol(r+ Moo (o) dp =7 [ gtro)e (o) dp
< lim / ((r + W)g((r + h)p) = ralr) 1 (o) dp

IA

im0+ Rg((r+h)) = rg(r)l o, 1) Wl 1

INA

1l 1yq, y ,im o [ 19 + 1) = a(rllgo, 1y + Rl + W)V, )

= 0,

where the rate is uniform in bounded equicontinuous sets of ¢ in ‘[0, i2).

. Recall the discrete measure defined in part 2 of Lemma 2.1. Namely, for

v =12, arbitrary, let 3p,7p € R,{=0.1.--- L, be fixed so that
0ST0<T1<~--<T€_1<’T€SI,
and let the discrete measure 7y be defined by

r
/0 (p)dnr(p) Z B¢g (ryr), g€ Clo,r].
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Let r € (0, R) be fixed. Then for all g € C[0, R),

r+h r
lim / d —/ dy
LA g(p)dn, 4 p(p) 0 g(p)dm(p)
L L
= lim Z By g((r+h)7'£/) - Z 3¢ g(TTé«')
h—20
£=0 t=0
L
< lim Z |3¢| |a((r + R)g) = g(r7y)]
h—20
(=0
L
< lim sup |g((r+h)Tg)—9(TT[)| }: |J€|
= 0,

where the rate is uniform in equicontinuous sets of ¢ in (’[0, 17].

2.2.2 Definition and Properties

We are now ready to define our discrepancy principle for selecting the regularization
parameter in local regularization on C[0, 1]. We restate our assumptions and modify

[A0] to be:

[AO] Let 0 < R << 1 be such that @ € C[0,1 + R] and f € R(A) C C[0,1 + R] so
that A% = f for all t on the interval [0, 1+ R]. Assume that Hf’HC[O 1+ R) # 0.

Given 4 > 0, the data f’s(f) is available for all 1 € [0.14 R] and f(s € C[0,1+R)
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satisfies

s l _ <46 d J 1)é
|- 7] co1+R =% |7 HLQ[O, > (T
with 7 € (1,2) fixed for all 4. If additional data is unavailable, we suffice with
approximating % on the slightly smaller interval [0, 1—- i—i] .
[A1] The measure 7 satisfies hypotheses (H1)-(H3) for all r € (0, R].

[A2] The measure 7 is chosen so that for any g € C[0, R),

— 0, as h—0,

r+h T
/O alp)n, 1 (o) - /O 9(o)dnr ()

where the convergence is uniform in bounded equicontinuous sets of g € C|0, R].

Remark 2.3 A specification of the form ”deLZ[O 1) > (7 4+ 1)6 is a classical as-
sumption when working with a posteriori parameter selection rules (see [7], [17], and
[43].) The specification Hfl“C[O 1+ R # 0 simply implies that our true data 1is

sufficiently “rich™.
Henceforth we will assume that R and k satisfy the conditions of Lemmas 2.3 and 2.4.

Definition 2.1 Discrepancy Principle for Local Regularization in C[0,1]
Assume that the conditions [A0)-[A2] are satisfied. Let d : (0, R) — [0,00) be the
discrepancy functional defined by

,4r,~u§5- - j,o

d(r) == aj* | (2.49)

1L2[0, 1)’
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for m € (0,1] fized. Choose the regularization parameter v so that

771

lAru7 - fr =T4. (2.50)

HL2[0 1]

By Lemma 2.2, we observe that
Ar— A and f8— f9

in B(C|0, 1]) and C'[0, 1] respectively as 7 — 0 (and therefore also in B (LQ[O, l]) and
LQ[O, 1] respectively.) Also, by Lemma 2.2 we have that ar ~ r¥. Thus for R small,

our rule leads one to select the parameter r = r(§) such that

) 70

47“7‘ fTHLQ[O 1] W =~ 71/_771

HA“’ f(SHLQ[o 1] I

which correspouds roughly to the class of modified discrepancy principles defined in
Chapter 1.
We will show existence of an 7 € (0, R) for which d(r) = 74 once establishing

properties of d. To do so, we use the bounds on ||ur|| in following lemma.

L2[0,1]

Lemma 2.7 Assume [A0] and [A1] are satisfied. For any r € (0, R},

< furll o Ir
ar+Cl|}\||(‘[0’1+R] L=[0,1] ~

ar

1+A1)

L20,1)’

where ur is the solution of (2.18).
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Proof: Let ||-]| = |||l Representing ur using (2.19), for any r € (0, R,

L2[0,1]

Ifrll = Il(arl + Ar)ur|

IA

(ar + [|Ar]]) lurll-

Let z € L2[O, 1]. Recalling the notation in (2.13),

|Ar]l = sup |Arz||
flzll =1
_ aw H | et = 91a()s
[zl =1 1170
< sup k|l ]l
izl =1
_ Jo k(- + p)dnr(p)
Yr
< C ”k”C[O, 1+ R]
Therefore
el < (o +ClMlgro, 1 4 ) Ioel
or

sl

< lurll
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To establish the upper bound, we represent uy using (2.19) and use the bound on the

operator norm in Corollary 2.1 to obtain

furl = |(rt+an71s|
1+ M

ar

IN

7711,

for all r € (0, R). O

Lemma 2.8 Assume that the conditions [A0]-[A2] are satisfied. The function

d:(0,R) — (0,00) defined as in (2.49) has the following properties:
t) The mapping r — d(r) is continuous on (0, R).

i) lim d(r) = 0.

T —
iti) There exists an R= f?(f, R), 6 = 6(f,k, R), and vs = vs(f,k, R), such that if

6€(0.8) or | 19] 21 > 16 then lim_d(r) > 76.

[0.1] r— R
i Hf(s”LQ[o 1]
Therefore, for & sufficiently small or —5—— sufficiently large, there exists

r € (0, R) such that d(r) = 76.

Proof: Let ||| = ”.“LQ[O 1]

i) Fix r € (0, R) and let h be such that r + h € (0, R). From the definition of ur,

we have

d(r) — a} +m

gt



where Lemma 2.2 gives ar > 0 for all € (0, R]. Thus

uu+m—dUH==L¢i?”ﬁ+h“‘W+m“ m

IN

”+’ 1+m _ +m“|uo“

14+m
%+h”“+h Y +h

Since 7 is fixed, we may use (2.51) to bound “u‘r’” and obtain

I

|d(7‘+h) l+m 1+m_a}+ml(1+1\,[) ;
T

)
=4 4 H Urth™ u'Tl'+|a7‘+h

Since p — fé’ k(s)ds is continuous on (0,r) for all r € (0, R], it follows from

[A2] that 7 — a; is continuous on (0, R). Therefore

l+m 1+m_} .
Yy h T 0 as h=0,

and thus

lim |d(r+h) —d(r)| < a1 +m lunsup ” d 4 h fﬂ . (2.52)

-0 h —
From the representation of ué in (2.20), we have

4 4] )
fr+h f7§ fr+h, X, _7{)
o r+h* +arx

r+h Or Ar + h ar

e =] =
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Dcfine for all ¢ € [0, 1],

e n® £
QG +h ar

Sp(t) = -

Xp(t) = X, 4 p(1) = Xr(t)

- kr + h,(") _ kr(f')

kp(t) == P pont
f5
Using the above notation and adding and subtracting A * ": i Z’, we have
; ; N P :
W -l < “f,,” + ||, * aiiz + ‘ r‘t’r*f;,\
X _ 2o, )
< ”th + XhHLl[O’ Pla ol 1%l 10,4y Hth
, ~ fo‘
< a=anf]+ |2 LYo.1] a::

Using the fact that r — ay is continuous on (0, ) and Lemma 2.5, we have

; 1 1 1
Hfh.” S ‘f1§+h - ,5 + - — ‘/,(S — 0 mbozas h—0,
ar + h ' ., + h ar
and
Iy |-
Thy f_r S“fhl|-—>0 as h — 0.
y 4+ h ur
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Therefore

7
ar

5 6
U4 h T

<

lim sup
h—0

l}:“_s,ué) H/thLl[O, 1]

and

1 R
Lim |d(r +h) — d(r)| < ap T[T
0 ar

—

lim sup HA;”I’LI

h—20 [071]'

It remains to prove that limsup llih”Ll[O 1 = 0. Using equation (2.21), we
0 .

h —
have
k. 1 p kr k h(t) ky(t)
r+h() (1) a4 4 h r+h() ar (1) a 4 h ar
kr+h

for all 1 € [0, 1]. Adding and subtracting * Xr, we obtain

r + h

Sk i k . b e
Xh([)+7_+ﬁ*/\f'h(t)+ _C_iﬁ_l\_’ *Xr(t): T+h()_ ,(/)'.
AQr 4+ ar 4 p ar a4 p ar

Substituting the notation k.h’

§ bk, (t—s) - - -
A (t) = - / M—Xh(s)ds — Ky *x Xp(t) + kp (1),
0 A+ h
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so that for all 1 € [0, 1],

|A?h(t)| < /0, %ﬁ |A;h(s)[ds+Ik'h*xr(t)‘+|£h(t)|
k ty - .
= ﬁ o, 1}/0 Ixh(”)‘d'** Ikh*x"“cm, 1]+”kh”0[0, 1]

kr+h
Qr 4+ h

IN

clo, 1])

taking the supremum over ¢t € [0,1] of the last two terms and then using
kr 4 b

“r+hilc, 1])
A +h

o)
o)
cp, 1]) '

With r € (0. ?) fixed, the maps 7+ kr and 7 — ar continuous on (0, /?) by

(1l # Bl )

Gronwall’s Inequality. It follows from [13] that

IN

(Il il ) oo

(”k}"”c*[o, g Il 1]) exp ( kr 4 h

”A;huz,l [0.1]

IN

kr+h
Ar + h

+ ”"7’1”0[0, 1 &P (

kr+h
ar + p

IN

(1+ M) H’;h”C[Q DR (

Lemma 2.5 and [A2], and ar > 0, it follows that

1 1
Qr 4 p ar

1

o Ty 4+ h

|

”kT +h” er(/,[O’ 1] + |lkr||c[0. 1]~ 0,

'C[O, S
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as h — 0, and

exp (

Therefore

kr+h

A L h ar

) as h — 0.
Cl0, 1]

— exp
clo.1]

lim sup ”“Y-h”LI[ 0,

h—0 0,1

and so lim |d(r +h) —d(r)| =0 proving that 7 — d(r) is continuous on

h—
(0, R).
1) Using that ar > 0, (H3) to bound f,é , and the upper bounds on ar in Lemma
2.2 and uén in Lemma 2.7,
d(r) = o | ‘4',112- - ,(»SH
= a,1« tm ’ u;s (2.53)
f5
r
= o1+ M) | 7]
v +1\™ 5
< pym ) K )
s LA ( KCQ ) C”f “C[O.1+R]
Since m € (0, 1], it follows that lim d(r) =0.
r —
i11) Define
/112
R:=min{ R, C—QY . —,—i—ﬁ)——ll—— . (2.54)
2 |f ”C[O, 1+ R)
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Then for all 7 € (0, R],

For all r € (0, R], define

Then using the lower bound on

.re€(0,R)

d(r)

U - s = |0 +P);f(t) dnr (o)
< Clfleppy 4 B
< W
- 2
< 5l -1+ 1]
< sl (255
Jdtm
b= ; (2.56)

v

\Y

I\

ar +ClMicio, 14 B

d

Uy

in Lemma 2.7 and (2.55), we have for all

a}+m ué

B(r) | 12|

B) |72 - |2 - 52 - | #° = £ - e = 1]
[ 5

B(r) LHf‘su -éa_g_g_u}
(1| £

B(r) ”f_2H - (C'+ g) 5} .

(2.57)



For all € (0, R], define

B(r)
FO) = v 80 EC* +3/2)]

Define

. F(R)

o=/l T PR
and

| 1
By [A0],
THLE I A
and
(r+ 08 < | £ s+ |1 =70 < usl+6

imply

|2 = ns1-6>0.
If § € (0.4).

b6
7] = M=o

IS F(R)

I/l (1+ F(R)) = |IfIl F(R)
F(R).

72

(2.58)

(2.59)

(2.60)

(2.61)



Equivalently,
)

Hf‘s“ > FR) (2.62)

Alternatively, if § ¢ (0, 6), the assumption that llfé”LQ > 7560 implies that

[0,1)
(2.62) still holds. Then substituting (2.58) and (2.62) into the lower bound on

d in (2.57) and taking the limit as r approaches R, we have that

> 20 - e

B B(Tm:ﬂlf%)_(zwg)]o

_ B(sz)L T+B(}~g((]§+3/2)_(20+3) 5
_ [T+B(é)(é+g)_3<m(t+g)]a
_

O
We observe that the choice r(d) of the regularization parameter given by the dis-
crepancy principle in (2.50) is bounded away from zero by r*(4) > 0. where 7*(d) is

defined in the next lemma.

Lemma 2.9 Let ¢ € (0. &) or ”f(s“ > ~g8, where 3.~ > 0 are as given in

Lemma 2.8. Let r = r(d) be defined by

r(6) = min{r € (0. R) | d(r) = 74} . (2.63)



There ezists an r* = r*(8) > 0 such that v(8) > r* > 0, where r* € (0, R) is given by

)

-5\ 1/ vm)
()

€

wine= (SN 00 [ o 1 >0

KCo
Proof: = We first obscrve that the set {r € (0, R) | d(r) = 76} is compact and thus

has a minimum value r(d). Note that

d(r) < a1+ M) “f’é”LQIO, 1]
ym (5 +1\™ s
<, (_KC_O) L+ [ ”c[o.1+R]

/)
— 67“1 ’ITI,,

by Lemma 2.2 and Corollary 2.1.

vm

Since r — ¢ 1 is a continuous, strictly increasing function that bounds d from

above for all r € (0, f.?),

lim e’ > lim _d(r) > 70.
TR r— R

Therefore there exists a unique *(6) € (0., R] for which

€ (r*)um =79,
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and so for r(6) € (0,R) for which d(r(§)) = 74, we have necessarily that

r(8) > r*(8) > 0. Further,

1/(vm)
C(l) +m, m

. =(T_5)1/(um): iy 7
€ (k + 1)1 (1 +M)C*Hf5

C[0,1+ R]

2.2.3 Uniform Convergence

We now make more definite the choice of the regularization parameter r given by our

discrepancy principle.

Definition 2.2 Discrepancy Principle for Local Regularization
Let d : (0, R) — [0,00) be the discrepancy functional defined by
AT“Q - f16

d(r) = al

(2.64)

£20,1]’

for m € (0,1] fized. Choose the regularization parameter r = r(d8) to be the smallest
r € (0, R) so that

oM ”Arué _ 48 74. (2.65)

“L?[o, 1]~
Remark 2.4 Anyr € (0, R) satisfying (2.65) would be acceptable.
We now prove that local regularization with the discrepancy principle defined via

equation (2.65) is a convergent regularization method for f e [0, 1]. For purposes
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of obtaining a rate of convergence, we make the additional smoothness assumption
that @ is uniformly Holder continuous with power a € (0, 1] and Hélder constant L.

Recall the definitions of R, B(r), and F(r) in (2.54), (2.56), and (2.58) respectively.

Theorem 2.2 Assume that [A0J-[A2] hold and let §,4s > 0 be given as in
Lemma 2.8. For § € (0,4) or ”f‘SH > 56, let u,é denote the solution to equation
(2.18) with fr replaced by f,é . Then for r(8) selected according to the discrepancy

principle in definition 2.2, we have
1. r(d) - 0asd — 0.

ur(d)—'u — 0 asd — 0.

clo, 1]

8. If @ satisfics the condition (2.43), then

“ui(é) IHC'[O. 1 =0 (dm/m + 1) 10 ((5()/(1/(1 + m))) asd — 0,

and so the rate of convergence is determined by min {a,vm}.

If w =min {a,vm}, then

=l g =0 (10T s o

o
Moreover, if the choice of m is such that m = —, then
v

”“35-(5) - f"”c[o, 1 0 (50‘/(0 i V)) asé =0,
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which is identical to the rate of convergence obtained in Theorem 2.1 using the

a priori rule to select the parameter r = r(9).
Proof:

1. Let {dn}, > 1 be a positive sequence for which én — 0 as n — oo, with

6n € (0,0) or Hf5n|| > vs0n for each n, and Hf - < ép for

P lore
Cl0,1+ R]
each n. Let {rn},, > 1 be the corresponding sequence of regularization parame-

ter values selected according to the discrepancy principle for local regularization

given in definition 2.2, namely for each n,
rm =71(0n) =min{r € (0,R) | d(r) = 7dn}.

Using the lower bound on d in (2.57), we have

Top = d(rp)
|| 7on
> B(rn) H%___<C+:_23) on
o [0 P2 o3y,
> B(rp) ”g” ((’+2)($] (2.66)

and so



Then
B(rn) Il f]]

0= 1 0n > liminf ——— > 0.
n o "—nlrilI%OT+B(rn)(2+C) 2 -

We now claim that
lim 7rp =0.

n — oo

By (2.61), ||f|| > 0, so this can only be true if
n ll)mooB(Tn) = 0.

Recalling the definition of B(rp) in (2.56), it must be that n l_iinooay~n = 0.

Using the lower bound on ar in Lemma 2.2, we have

(k - l)r% >0
KC(Q

0= lim ar, >
n—oo N

Therefore

n hmw rn = 0.

. Let r be chosen according to the discrepancy principle for local regularization

given in definition 2.2, i.e.

r=r(0) =min{r € (0,R)| d(r) =74} .
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Let ||| = ||'“I,-2[0, 1 Using (2.53), our choice of 7 = r(d) is such that

orhy™ [ =

)

and so representing ur( 5) as in (2.19), we obtain by substituting into (2.47),

26y = oo

IN

|26y =)

)
“ [r(cm"
saldtm |, “

IN

O

(9)
< piap () " Hrert |
4]

= C1[7 ™

7(5)”

for (' 1 > O constant. Using Theorem 2.1 and the first part of the thcorem where

we proved that hmor( ) = 0, we have

IN

Jrev(s) — ] +
uuu

“r(d) ”

IN

+ 1]l -
for § > 0 sufficiently small. Therefore

w5, < @™ ubygy [ + 5 v

79



and thus

imsup |25 < g 1l (2.67)

Substituting the principle in for § into (2.48), we have

L .
< Cl[ldym”é l 5)—11
Then by (2.67) and part 1 of the theorem, it follows that
i o5y = 7l g1y < gtime (o tr@l”™ gy + furie) - 5]) =0

proving 'u(?( converges uniformly to @ on [0,1] as § — 0.

r(d)

. Returning to (2.48), we have

”uf((’;)—ﬁHC[o,l]— [((5] Ty e

1 Oy
To obtain a rate of convergence, it remains to bound ———; and [r(6)]®

r(4)]

terms of 4 using our rule. First we bound [r(6)]% in terms of 4.

in

Using the upper bound on ar in Lemma 2.2 to bound B(r) in (2.56), we have

for all 7 € (0, R]

} m
B() < <" + 1) pm
- KCQ
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and so it follows from the lower bound on d in (2.66),

5 = d(r(6))

v

Be®) |75)]

v

B(r(é))”'%” - B(r(8)) (2+C) 4

sl (AN a0
> B(r(#) (mo) RV (2+C)s.
(2.68)
Thus,
(r+ Ep)é > B(r(d))w, (2.69)

2

for the constant £ > 0. Now using both bounds on ar in Lemma 2.2 to bound

B(r) in (2.56), we obtain for all r € (0, R),

B(r) > (K,~ 1>1+mr1/(1+m) (K'+ 1RV+C’|Ik|!C[O’1+R])_1.

I‘CCO IQCO

Therefore,
Ber(8) = Eplr(a)+m™), (2.70)

for the constant E9 > 0. Combining (2.69) and (2.70) . we have

2(r+ E) ~(s L+ )
YT

1
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and so raising both sides to the power,

(¢
v(1+m)

r(8)]® < Ee/(W(1+m)) (2.71)

for E > 0 constant.

Next we obtain the bound for ———; in terms of 4. Bounding d above using

[r(

the inequality in (2.53), Lemma (2.2), and [A0], we have

6 = al BT |ud s

IN

a

| P

r(
allts) (14 M)Co +al £ [y [r(8)) + 1l
(

'“‘r((ﬁ) — || + ||17||]

INA

7 (4)
v m
(M) (1+ M)C6
K;CO

D (811 I+m
. (<_+u) (co + 1)

h',CO

IN

= G ™6+ Gyl ™),

for G; > 0 and G > 0 constants. Since 7 — Gy [+ (6™ > 1 - Gll:lmn >0
for r(8) € (0, R] for some R sufficiently small, we have that

T — Glﬁum
Go

)

5 < [7_((5)]1/(1+m)
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for 6 > sufficiently small so that 7(d) € (0, R). Then

L <G5/ (tm),
[r(9)]

for G > 0 constant and for § > 0 sufficiently small.

Substituting (2.71) and (2.72) into (2.48), we have

0 - 9 (SN
< Clééé_l/(l+7”) +C2E50l/(l/(l+m))’
and so
Iu(f_(é) —al=0 (yn/(m + l)) +0 (50/(1/(1 + m))) 25 5 — 0.

If w = min {a.vm} . then
a2l = sw/(v(1+m)) 5
Hur(é) u” O(o ) as 0 — 0.
Then taking m = %, it follows that

”uﬁ(d) - ﬂ” =0 (60‘/(a+")) as 0 — 0.
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CHAPTER 3

EXTENSIONS OF THE THEORY

OF LOCAL REGULARIZATION

The purpose of this chapter is to extend the theory of local regularization to solving
the v-smoothing problem in the case when the true solution is no longer continuous,
but instead contained in the space LP[0, 1], for some 1 < p < 0.

In this chapter, we take the operator A : LP[0,1] — LP[0,1] to be defined by
A ‘
Aul(t) = /0 k(t — s)u(s)ds, ae. tel0.1], (3.1)

where the kernel & € ('7[0, 1] is v-smoothing, v > 1, and it is assumed without loss of
generality that (v = l)(0) = 1. We would now like to solve Au = f for u € LP|0, 1]
with f € R(A4) C LP[0.1]. An argument may be made similar to the one in Chapter 2

to show that
R(A) =Gy p:= {g el Plo.1)lg0) =4(0)=-- = ,r/(l/ - 1)(0) = 0} .

and that the V(1) = {0}. Since dim R() = o0 and A is compact, it follows that
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A~ 1 is unbounded and the problem is ill-posed.

We begin our extension of the ideas in [22] by rederiving the second kind equa-
tion associated with local regularization for the case when the underlying space is
LP[0,1].1 < p < oo. Modifying the conditions in [22], assumptions [A0] and [Al]
are redefined to be [A0] and [Al-p]. We again restrict the choice of regularization
parameter to an interval (0, R] over which R[Ik(" )||Cl0’ R] is sufficiently small so
that the resolvent of the approximating equation remains uniformly bounded for all
r € (0. R]. We prove that these conditions are sufficient to guarantee convergence in
LP[0,1].1 < p < ¢, of regularized approximations to the true solution @ € LP[0, 1] in
the noise free-case. Given noisy data fd € LP(0. 1], we provide an a priori parameter
selection strategy and determine a rate of LP-convergence of approximations to # sat-
isfving the source condition of uniform Holder continuity. In doing so, we complete
our generalization of [22].

Next, we once again apply the normalized local regularization scheme satisfving
[AOI and [Al-p] to our problem. define the additional assumption [A2], redefine our
discrepancy principle in this new context and establish its properties. We show that
approximations, constructed from noisy data f‘s € LP0,1].1 < p < oo using a
local regularization scheme satisfying [A0], [Al-p], and [A2], and the new discrepancy
principle to select the regularization parameter, converge in 1./’{0,1],1 < p < o to
the true solution @ € LP{0, 1] as the noise level shrinks to zero. We also give a rate of
convergence for @ uniformly Holder continuous. We conclude that local regularization

paired with the redefined discrepancy principle is a convergent regularization method.
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3.1 Extensions to LP[0,1],1 < p < o

Again, let u denote the “true” solution given “exact” data f and let f d denote the

“noisy” version of f. We begin with an assumption on the data.

[AO] Let 0 < R << 1 be such that @ € LP[0,1+ R] and f € R(A) C LP[0,1+ R] so
that Az = f for a.e. t on the interval [0,1 + R]. Given § > 0, the data f‘S(I) is

available for a.e. t € [0,1+ R] and f9 € LP[0.1 + R) satisfies

T

_ < 4.
LP0.1+R] ~
If additional data is unavailable, we suffice with approximating @ on the slightly

smaller interval {0, 1 - R] )

3.1.1 The Approximating Equation

As in [22]. it follows from [AQ] that @ satisfies

/0 k(p— s)u(l + s)ds +/O k(t+p—s)u(s)ds = [(L+ p), (3.2)

for a.e. t € [0,1]. p € [0.7] and for any r € (0. R].
For each r € (0, 1;’], consider the space of all bounded linear functionals on
LP[0.7].1 < p < oc. Recall that the continuous dual space of LP[0.7] can be identi-
1

‘ . 1 . :
ficd with the space L9]0. 7] for = + = = 1. Then for any Qr € [LP[0,7]]*, there exists
P q
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'l,i)’]‘ e IJ(I

0,7] such that

for any g € LP[0.7]. We define the measure 7 by

r T
| storim(o) = /0 g(p)r(p)dp, (33)

for g € LP[0, 7], where dp denotes Lebesgue measure.
Applying a functional Qp, we integrate both sides of equation (3.2) with respect

to the measure iy and obtain

TP N o T
/ / I\r(/)—.s)'u(l+S)(1.sdz),~(p)+/ / k(t+p=s)dnr(p)u(s)ds = / flt+p)dnyr(p).
J0 J0 J0OJ0 J0
(3.4)
which @ satisfies for a.e. 0 <7 < R and a.e. t € [0, 1].
With the idea of holding u constant locally, we consider the second-kind Volterra

equation

TP t ,r T
u(l)/ / I\'(p—s)(l.s(h)r(p)—k/ / k(t+p—s)dny(p)ul(s)ds :/ ft+pdnr(p).

0 JO 0 J0 0
(3.5)

for a.e. t € [0, 1] and 7 € (0. R).

3.1.2 Properties of 1

We again specify how to select a family of measures ny, r € (0, R]. in the approximat-

ing equation (3.5), redefining [A1] to be [Al-p].
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[A1-p] The measure nr is chosen to satisfy the following hypotheses.

(H1) Fori =0.1,...,v. there is some ¢ € R and ¢; = ¢;(v) € R independent of

r such that

ro. .
/0 pdn(p) =7" T %

with ¢y # 0. Without loss of generality, we may assume that 7 is scaled

so that ¢y = vl

The parameters ¢;, 7 = 0,1,..., v, satisfy the condition that the roots of

the polvnomial py (\) defined by

_vw, v-1, ,v-1 a 0
I)I/(/\) - 1/! /\ + (I'/'-—l)!/\ + + 1')\+ 0.

have negative real part.
(=]

There exists ¢ > 0 independent of » such that

< |1h)

r
I/() h(pmdny(p) [0, ] 7,

for cach hr € ([0, r] and any r € (0. R]. and there exists 7p < 1, indepen-

dent of r, such that

r
‘/ h(pdm(p)
0

for cach h € LP[0.7].1 < p < x and any r € (0. R].

S thlLP[O T‘] C:/’TU - Tp.
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Remark 3.1 If the function to which the measure nr is applied is in C[0,7], then
(H3) of [A1-p] coincides with (H3) of [A1] in Chapter 2. However, if the measure nr
is applied to a function that is only contained in LP[0,7], then the bound in (H3) of

[A1-p] requires the factor v~ P,

We give an example of a class of measures (similar to the one defined in Lemma

2.2 of [22]) that can be constructed to satisfy assumption [Al-p].

1 1
Lemma 3.1 Letv =1,2,---, be arbitrary and let ¢ be such that — + — =1, for each
P g

-1
1 <p< . Let v e LY0,1] be such that /O pPu(p)dp = V. Then for v € (0, R], the

measure ny defined by

T T
/0 g(p)dm(p) = /0 g(p)ir(p)dp. g € LP[0,7].

where vy € L9]0, 7] is given by

Lr(/’) = 77/ (g) ) ae. p € [077‘]?

satisfics condition (H1) (with ¢ = fol pY(p)dp and o = 1) and condition (H3) (with
C = |It’|qu[0. 1] and ) = ]—1;) Further, for all v = 1,2,---, and given arbilrary
positive my.mag, -, and my, there is a unique monic polynomial ¥ of degree v so
that the resulting famaily {my} satisfics (H1) with ¢y = v! and 0 = 1, (H2) with the

roots of the polynomial py in (H2) given by (=m;).i =1.--- v and (H3).



Proof:  The proper construction of the measure 7y satisfying (H1) and (H2) can

be handled as in Lemma 2.2 of [22], namely for i = 0,1, ....v,

ro.
/ ptdir(p)
0

[ty
-, /O )i (o) dp

. 1
— 7.2-*—1‘/0 pzi,f."(p)dp

_ i+ 1.
=7 ;-

Then (H1) holds with [01 Pl (p) dp = ¢; € R, independent of 7 € (0, R}, and 0 = 1.
In order to satisfy (H2), one can alwavs construct a rth degree polyvnomial ¢ for

; are determined by the choice of

which fol Pl (p) dp = ;. 1 =0.1....,v. where the ¢
1
roots of py(A) and / e (p)dp = cp = v,
0

To show that (H3) is satisfied for such ¢ € LY9]0.1]. consider g € C'[0,7]. Then

)
] / g(p)dnr(m{
0

l/()r g(p): (:—)) dp

T
P
”g“C[(O, r] /0 ’1,'- (,—) l dp
1

= ldlicio, "./0 Iy (p)ldp

IN

= ldllcio, ) ”"'“1,1[0. 1"

< lgleo, ) elpaig, )7
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If g € LP[0.7], then applying Holder's inequality,

/()Tg(k)d7zr(p) = /Tg(p) ( )dp

([wean) ([ @ )"
1

= llalirrp.+) (" /01 ¢ ()| d/)) .

9l Lpio. 191 a0, 1™/

INA

= llgllpyg.r el Lo,y ~ P

- 1
For ¢ = 1, (H3) holds with C' = HL““L([[O 1] and 7p = -
; p

For 7 € (0. R, assume 7y is any measure satisfying 'Al-p] and define

N
0

As described in Section 2.1.1, it follows from (H1) and (H2) that
o= r ) > 0.

for all 7 > 0. Then we may define for any u € LP[0,1] and v € LP[0. 1 + R,

Ji I +o = <)ds dir(p)
ap = ) ’

m

f() (t + p)dny (p)

or

kp(t) =
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L
Apu(t) :=/0 k.(t —s) u(s)ds, (3.10)

_ o £(t+p) dur(p)

fr(t): - (3.11)
TP — S)v s)asanr
Drr(l) o= Jo J§ k(o 5)7(t+ )dsdn (p), (3.12)

for a.e. t € [0.1] and each r € (0, B]. With this notation and recalling that @
satisfies (3.4) , equations (3.4) and (3.5) may be written equivalently as the normalized
equations

and

aru,(t) + Apu,(t) = fr(t), a.e. te€[0.1], (3.11)

respectively.

Providcd ar # 0, equation (3.11) is well-posed and there exists a unique solution
ur € LP[0,1].1 < p < o0, that depends continuously on f € LP[0.1] [13]. For each
7 € (0. R for which ar # 0, (arI + xir)_l is a bounded linear operator on LP[0, 1]

113], so that we may represent the solution as

ur = (arl + Ar) "L fr (3.15)

We may also express ur using the variation of constants formula in 3],

-
up(t) = filt) _/0 X,.({—s)f'(s)d.s, (3.16)

ar ar
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for a.e. 1 € [0.1] and » € (0, 7] for which ar # 0. Exactly as in Chapter 2, for each

such r > 0, the resolvent kernel X € LI[O, 1] uniquely satisfies
kr(t)

t o (t —
X7~(t)+/0 mk}(s)ds = -, (3.17)

ar ar

for a.e. 1 €[0,1].

As in the C]0,1] case, to guarantee well-posedness of equation (3.14) for all
r € (0, R], for some 0 < R < R, we must ensure that ar does not vanish on the
interval (0. R]. The following lemma gives a condition under which this is true based

on assunptions [A0] and [Al-p].
Lemma 3.2 Assume [A0] and [A1-p] are satisfied.

1. Let ay be as defined in (3.8). If R and k satisfy

(r+1)! .
R‘ l\f(u) < — 3.18
oo m <2 (5-18)
for some x > 1 and 0 < R < R. then
k-1 ) ]‘I/ < ay < K+ 1 -TU. (319)

KC() - )
for all r € (0. R).

2. Let h € C|0,1 + R] and define

> \
hit + p)dny (4
hy(1) = jU Wt + p)diy (/;),

r
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for all1 € [0,1). Then
li hr —h = 0. 3.20
- 1’_‘)10 (| For IHLP[O, 1] 0 ( )
3. Let Ay be as defined in (3.10) for r € (0, R). Then
lim ||Ar — A]| =0, (3.21)
r—0

where ||-|| is the operator norm on B(LP[0.1]),1 < p < oo.
Proof:

1. Tt was established in the proof of Lemma 2.2 that

. TP N
ar = e | Lo [T ) S dsd (o)
Teg V! 0 Jo !

14

Since

P sV
N / L‘(V)(C,_q)—'ds e (0.7},
0 Ve

it follows from (H3) of [Al-p] and the hypothesis of the lemma that

TP Sl/ 7.I/+l ( )
AV ) ) (v
/o /0 i )(gs)ﬁd.«l,,,.(,))g T ”L

cor]” " Tk

therefore the bounds on ap may be established exactly as in the proof of

Lemma 2.2
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2. Since h is continuous, it follows from (H3) that for each ¢ € [0, 1],

/0 [h(t + p) = h(t)] dnr(p ! < |lh(t +-) = h([)”C[O,r‘] Cro.

Therefore,

Tr

T )y !
lhr = hllppo, 1) = (/0 o MEE o) _ e

,,.0'(-0

- (/1 Jo (h(t + p) = h(t)) dny (p)
0

p 1/p
dt

1 1/p
< C (/0 |h(t + ) — h(t)[!’é[oi . dt)
< C sup h(t+-) - h(t)”C[O. ok (3.22)
t€0,1] '

and so

hm ||h, - hH,p[O 1] < 67 unol %1[1([)) ) [h(t +-) — h(f)”(v[a = 0.
— € :

3. Let x € LP[0.1]. Recalling the notation in (3.9),

lar =4l = s (A = A)all g )
l|~"||LP[0 1] =

) . R —8))x(s)ds
Il []Lp[l(l))ll =1 ”~/0 g 1‘( )) (9)(

sup lAr — /\‘”L(l 0.1 ”-"”LP"O 1
”.T”L[).'O 1] =1 [ ] s ]

= |ikr =kl 1970.1]"

1110.1]

IN



Since k € C'[0,1 + 7] and ¢ € (1,00), as in (3.22) in the previous part of the

lemma, we have that

llkr =kl Lap0, 1) = érli_f{lot ESL[I(I]) . [kt +-) = k(1)

Cl0.7]:

and so

lim [|Ar — Al = 0.
tim[Ar - 4

In Lemma 3.2, we established again that

(v +1)!

R Hk(y) Cl.R = n

is a sufficient condition so that ar # 0 for all r € (0, R], for some R € (0, R]. We
obtained the same bounds on ar for the LP case as in the continuous case; a direct

result of (H3) in [A1-p] and the fact that the functions being integrated with respect
v

to the measure 7. nanely /'/) k(l/)(Cs)i—,dS, were continuous. The implication then
is that all of the estimates used to prove Lemmas 2.3 and 2.4 require ny to be ap-
plied to a continuous function, and so these estimate will be exactly the same {or any
measure 7y now satisfying [Al-p]. Therefore we restate Lemmas 2.3 and 2.4 replac-

ing condition [Al] with [Al-p] for completeness, with proofs the same as those for

Lemmas 2.3 and 2.4.
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Lemma 3.3 Assume [A1-p] holds and that for some 0 < R < R, R and k satisfy

(v+ 1)

R

for some k > K where & > 1 1s sufficiently large. Then the eigenvalues of

Ay := A+ My have negative real part for all v € (0. R], where

0 1 0 0 \
0 0 1 0
A= ,
—co/0! =/l e e ey _q /(v = 1)
0 0 0 0
0 0 0 0
\[,Z ,
—7770‘7. =My o _7771/——1,1'

and

_ 1 — T W), - pj+1 ¢ rop W), sV )
myr= o ! ]/ k (Qj)md’h‘(ﬂ) - ‘]—,/ /O K (C)-U—!dadnr(p) ,
0 0

forj=0.1,--- v -1

Further, for the matrix

> T
er/o (exp(Apf))" exp(Aq))dt,
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there exist positive constants L, K, and S so that

|z| > 2L (ITBr.’[‘)%

N

|Brz| < K (ITBrI) (3.23)

1
lz| < S (TTBT.T) 2 ,
for all x € RY and all v € (0, R)], where || denotes the usual norm on RY.

Lemma 3.4 Assume the hypotheses of Lemma 3.3 hold. Then there exist constants
C >0 and M > 0, independent of r (but dependent on k,v,cq,c1.--- . cp), such that
f

v

”"’(U) co1+m =

then we have

||l L.

<A
Lo 1) =

for all r € (0, R], where Xy 1s the resolvent defined in equation (3.17).

We have the following estimate on the size of

(ap] + /"1’)_1H :

Corollary 3.1 Assume that R and k are such that Lemmas 3.3 and 3.4 are satisfied.

Define

M = inf {;1 | ”Xr”[,l[() 1 <u forall re€(0. R]} . (3.24)

For each v € (0, R),

1+ M

ar

](llr/ + /'11»)_1H <
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where |||| is the operator norm on B(LP10,1]),1 < p < occ.

Proof:  Representing ur using (3.16), we have for each r € (0, R} [13],

fr f’
lurllpppo 1) = ar A r1ILP[0,1)
fr f’
< | X,
o I P 1%l 10 4| Nl Lppo. 1)
fr
< (1+ A1
< (14 A7) 1/)[0 1]

Therefore representing u, using (3.15),

1

”((z,~] + Ar)_l_/',-‘

LP[0.1] = [lur ”U’[O 1] = ||fr “17)[0 1]

and thus

l+\l

(apl + 47 1”

for all r € (0, R]. O

3.1.3 LP-Convergence with A Priori Parameter Selection

We obtain the following convergence results in the case when @ € LP[0,1 + R]. Given
noisy data f(s € LP0.1+ R].1 < p < 20, we provide an a priori rule for which
approximations converge to the true solution in L”[0.1]. For purposes of obtaining
a rate, we take as our source condition that @ is uniformly Holder continuous with

power a € (0, 1] and Holder constant Lg.
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Theorem 3.1 Assume that [A0] and [A1-p] hold and k satisfics Lemma 3.4.

1. Let up denote the solution of equation (3.14) for r € (0, R], for R sufficiently

small. If the true solution @ € LP[0.1 + R]. then
[l — ﬂ”LP[O. 1]~ 0 as r—0.
Moreover, if the true solution u satisfies (2.13), then

llur — ﬂ“U’[O, 1= O(r") as r—0.

to

Let n?‘ denote the solution to equation (3.14) with fr repluced by f,() for

r € (0. R]. If the true solution @ € LP[0,1 + R], then with Tp given in (H3).

) _ , 0 _
“r(s) T UHLP[[)’ 1] S (17.1/ +7p +[lur = “HU’[(). 1]°

for some ('] >0, so that a choice of 1(d) satisfying

1) 7(8) = 0 as § — 0, and

/

i) @)~ TP) L0 as o,

ENSUres

Hu?(d)—ﬁ]ILP[O.I]—»O as & — 0.
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If @ satisfics (2.43), then

+ CQTQ,

“1 d u <C g
1 oy — U S
r(@) " lppp, ) T v T

for some C1,Co > 0, and so for any K > 0, the choice

r = T((S) = 1\,61/(” +v+ T])),

gives

0

r(d) ~ ﬂ‘HLP[(). 1 0 (50/(V et TP)) as 60, (3.26)

Uu

Proof: Let ||| = ””LP[O 1]

1. We bound the error due to regularization using (3.13), (3.14), (3.15), and (3.19)

to obtain

”‘ll,r - I—L” = ((l]*[ + A7)_1 [fr - (lrl-l. - Arl-l]
(1 + A
< ) |Dyt — apil|
ar
rep (1 + M N
S _(.g(——l)rl_/l HI)7I7 - (I.rﬁ” . (32/)
Notice that
)
p A k(p—s)a(t +s)—a(t)]ds € C[0,7],

and recall the respective definitions of ap and Dy in (3.8) and (3.12). Then by
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(H3), we have

I3 18 k(p = 8) (a(- + ) = a()) dsdnr(p)

Ir

p A\ Up
- i( / | / / alt +5) - <>)dsdqr<p)| dt)
%—(/ H/ k(- — s) [a(t + s) — @(t)]ds g szapdt)l/p

c[o, 7]
N
= C ,/()/)GS[E(I)),«]/ k(p—s)a(t +s) —a(t))ds dt)

] 1/p
C k(P a(t a(t)

1 ,r /p
— / R
crl/a %l 10, 7] (/ / lu(t +s) — a()|P dsdt)
/ 1/p

cpl=1p [ A ||( (/ / lu(t +s) —a()P d sdt)

1 T 1/p
T |k a0 s s) = AP dsdt
(,/ h\”(v[()’,] 0 - O |“(»+h) ll(v)‘ (rsal .

Now using the Tavlor expansion of & in (2.26) and the assumption that & and

1 Dra = arit]| =

IN

IN

IN

IN

IN
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R satisfy (3.18), we obtain

I Drit — arl]

; 1/p
< Criikliepo, ( / 1 : / ' la(t +s) — ()P dsdt>
y_ kW 1/p
O (71/ - 11) H HC[O r] (/0 T/ a(t +s) — a(t )|pdsdt)
L, 2 Ly o D I/
< OV (/o ;/0 (¢ + 5) — a(t)| a’sdt) , (3.28)

for all r € (0. R}, for R > 0 sufficiently small. Substituting into (3.27), we have

0 \/) 1/p
/\(O + _ p o
i e 2 (/0 ,/ it + ) — a(t), ddt)
11 T 1/])
= Dy / —/ la(t +s) — a(t)|P dsdt
Jo 7)o

for D1 > 0 constant. By Lebesgue differentiation theorem [10].

IN

IN

llur — @l

lim / lii(t + ) — ()P ds = 0,

r—0r

for a.e. t € [0.1], but then for r sufficiently small, it follows that for
a.e. t €]0,1].

1 (7
F/o |i(t + s) — a(t)|" ds < 2P (1)
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Then by Lebesgue Dominated Convergence,

1/p

1 T
. _ . 1 _ -
Tlﬂlo [y — @]l < Tll_n;lo D1 (/0 ;/0 la(t + s) — a(t)|P d.sdt) =0.

(3.20)

If the true solution u satisfies (2.43), then

LP 14+ap
/Iut+9—u()|p <

l+ap

and so

2. Let u? denote the solution to equation (3.11) with fr replaced by f,é for

€ (0, R]. We bound the error due to regularization and noise in the data using
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(3.15), Corollary 3.1. (3.19), and (H3) to obtain

b < oo G-
< 4l ”fr g
1/
_ 1+ (/‘fr ldt)l)
. 1/
s ({3
ar
Y 1/p
oo () uﬂw—f<f+->w’zmo,r] ‘)
< U :r‘mf"‘_”' ‘fé - f”/,l)[n. 1+ R
B

i

(' T L~
ll_l/ + 2

for Cy > 0 constant. This establishes the bound on the total error for

ae LP[0,1] to be

’I )

| .
|‘“r_l_li < Hu‘}— u1~”+|§u,«—iz||
< C -L-i- up — | (3.32)
~ ,11."/_*_7_]) ' T ] . )

If the true solution u satisfies (2.43), then

) =
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and so for the choice r = r(4) = Kdl/(a +v+p) for some K > 0, we have

INA

ud —u 0
o~ <

+ Co [r(8)]"
_ Cld(K(sl/((r+z/+Tp))—(l/+rp)
+ 02(1(51/(a+u+7’p))a

_ (fl(sa/(a +v+p) ézéa/(a + v+ 7p)

for (', C9 > 0 constants, and so

=0 (6(1/(“ Tty Tp)) as d — 0.

) e
“T((S) u’

3.2 A Discrepancy Principle for Local

Regularization Given f(s € LP[0,1],1 < p < o0

3.2.1 Preliminaries

Before redefining our discrepancy principle, we assume that the choice of measures

nr satisfies the following continuity property on (0, R). Recall that there exists
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v € 19[0,7] for which

/0 glp)dmr(p) = /0 glp)¢r(p)dp,

for all g € LP[0,7] and any r € (0. R]. We first embed L9[0,r] into LY(0, R] via the
zero extension. For all r € (0, ] and ¢ € 1.9]0,7], define the function vy € LI(0. ]

such that

b 2.e. 0, 7],
) — vr(p) ae. pel0,r] (3.33)

0 ae. pé€(r R

We make our final assumption.

[A2] The measure nr (and thus vy € LY[0, r]) is chosen so that

for all 7 € (0. R).
Our assumption implies the following.

Lemma 3.5 Assume [A0], [A1-p], and [A2] are satisfied. For any g € LP[0.1+ R,

define

.
gr(t) == Jo ot + P )
Yr

Jor allt € [0.1). Then the mapping r — gy is continuous in LP[0,1]. for allr € (0, R).

Proof:  Let ||| = ”'”LP[O, 1] and r € (0,R) be fixed. Let h be such that

14 h € (0. R). Without loss of generality, let 1 > 0. Recall that by (3.7), we have

107



1
- = Then
-0
+h :
Jo 7"l +pn, 4 p(0)  [3 a( + p)dn (p)
b - i
Tr+h r
T+ h
_ o T et nle)de g gl + p)ur(p)dp
(7 + h)9¢ 19¢q
+ h
s Vo 4 p(oMdo = § ol + o) o)
- (r+h)9¢cy

Jo 9t +p)r(p)dp  J3 9( + p)r(p)dp
T+ (7(‘0 '

—~
>
N
3
o)
o

. . 1. . =
Since v > 0 for all 7 > 0, the mapping r — — is continuous on (0, R). Then

'

lim fg g( + p)n(p)dp _ f(; g(- + p)ur(p)dp
h—0 (r+h)%cq r7co )
and
r+h r ,- ;
lim Jo g(-+p)vy 1 plp)dp = Jo 9( + p)ir(p)dp
h—0 O+th
| "
= d . PP d )
racoh_+0 / +p¢7 +h(/)) p— /0 g(- + p)ur(p)dp
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Then for a.e. 1 € [0, 1],

r+h T
| et oy poddo= [ gttt prionn

r+h _ r+h :
/0 gt + )y 4 p(p)dp - /0 gt + p)ir(p)dp

r+h : .
| et ol s o) = dnlo)]do

<
< Mol 1+ 2y |+ =9 oo,y
Therefore by assumption [A2],
r+h 7 .
- To " a9t + vy L p(p)dp = fo g+ plen(p)dp
h—0 (r+h)7cq
1 7 s 7 7
S o014 Ry | 4= L9)0, R)
= 0,
and so
W o+ 5 —or Po.1) ="
for all g € LP[0,1 + R). O

Lemma 3.6 Let ¢: € C'[0. 1] be such that vy € C'|0,r] is given by

Jor all p € [0,7) and r € (0. R]. Then for any g € LP[0,7] and r € (0. R], the measure
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1 defined by

r r
/ g(p)dnr(p) = / g(p)¥r(p)dp,
0 0

satisfies assumption [A2].

Proof: Let r € (0. R) be fixed, h € (0. R) such that r + h € (0, R). Without loss

of generality, let A > 0. Then for all p € [0, R],

.
L'I"‘r + h(p) - U’T(P), if pE [Oa 7'],
‘]’r+h(ﬂ)—’j’7‘(ﬂ)= J ¢‘r+h(,0)a if p€(r,r+h),
0, if pe(r+hR)
\

Then

i o n- i s
hTOIL'JFh e Ry

P . 1/q
= /o 'f',-+/,,(ﬂ)—w(p)‘ dp)
: . 1/q
7 q r+h q
o (P _ (P (P
= hllI—?O /0 4 (r-}-h) d('r)' d/)%-/’: Y (T+h> (l/))
1/
r q -1 Al
. 14 W F . ' q
= lim / T ( ) -y (=) do+(r+nh / vip)|?dp
h—0\Jo r+h (7“) ol )r/(T+h«)| )

which follows from the continuity of . Therefore

i 0 =gy =
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3.2.2 Definition and Properties

We assume that we are given data f 0erp [0, 1+ R] that is a version of the true data

f € LP|0,1+ R] that contains noise. We restate our assumptions and modify [A0] to

be:

[A0]

Let 0 < R << 1 be such that @ € LP[0,1 + R] and f € R(A) C LP[0.1 + R)
so that A4u = f for ae. t on the interval [0,1 + R]. Assume that
L 5 #0. Given & > 0, the data f9(t) is available for a.e.
“f”Lp‘LO.l—%H]# iven > 0, the data fY(f) is available for a.e

I €[0,1+ 7% and /e LP0.1 + R) satisfies

/- f'sHLsz' 1+ R <4 and ||f’sHLp[0‘ 1] > (r+1)d,

with 7 € (1,2) fixed for all . If additional data is unavailable, we suffice with
approximating # on the slightly smaller interval [O, 1- R] .

The measure nr satisfics hypotheses (H1)-(H3) with 7p > 0 for all r € (0. R).

The measure n; (and thus vy € L9[0.7]) is chosen so that

for all » € (0, R). for v defined in (3.33).
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Henceforth we will assume that I? and k satisfy the conditions of Lemmas 3.3 and 3.4.

Definition 3.1 Discrepancy Principle for Local Regularization in LP[0, 1]
Assume that the conditions [A0], [Al-p], and [A2] are satisfied. Let

d: (0,R) — [0,00) be the discrepancy functional defined by
d(r) := al “Aru.,‘ﬁ - f’QHLP[O " (3.34)

for m € (0,1] fixed. Choose the regularization parameter r so that

mnt / 6
ar “‘7'1l7~

7. (3.35)

- f’(‘;”u)[o, 1

We now show existence of an r € (0, R) for which d(r) = 74 once establishing prop-

erties of d. To do so, we use the bounds on ||ur|[[p[0 1] in following lemmna.

Lemma 3.7 Assume [A0] and [A1-p] are satisfied. For any r € (0, R],

el 1o 1
- 0.1] < ““THLP[O 1) < (14 M) Ir , (3.36)
ar + C'| k”(‘[o 1+ R] ! ar LJ)[O, 1]
where ur is the solution of (3.11).
Proof:  Representing ur using (3.15), for any r € (0, R|
= | w A
Wrllpppoy = filor ]+ Ap)arl + Ar)= 0, LP[0.1]

IA

(ar + | ArID ”“"”L"[O, 1)
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1 1
Let 7 € LP[0,1], 1 < p < o0 and = + = = 1. Recalling the notation in (3.9)
p g

1A = sup 1411l Lpjo, 1)
Hl'”LP[() =1
= kr (-
el oo 1) = 1 “/ vy
< sup ||’*«‘7'”L(I[0, 1) ”1'”[])[0, 1]
”-"7”]7’[0 1] = 1
_ fO (-+ p)dnr(p)
or L90,1]

IN

Clilcp, 1+ Ry

(3.37)
Therefore

”fr”LPO 11 = f1r+(_7”k||(7 0.1+ R ”Ur”LpO 1
[0,1] 0.1+ R] [0.1]

or
||fI”L_P[0 1]
ar + Clikllcpo, 1+ R)

< ||UITHLP[()7 1]

To establish the upper bound, we represent ur using (3.15) and the bound on the

operator norm in Corollary 3.1 to obtain

(arl + A.,»)_lfrH
14 A/

“ur”LP[Q 1] Lp[()? 1]

IN

Il fr ”LPO 1)
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for all r € (0, RR]. O

Lemma 3.8 Assume that [A0],[A1-p]. and [A2] hold with 0 < 7p < vm in hypoth-
esis (H3). The function d : (0, R) — (0,00) defined as in (3.34) has the following

properties:
i) The mapping r v— d(r) is continuous on (0, R).
i) lim d(r) =0.
r—0

11) There exists an R = R(/, R), 0 = 0(f,k, R), and ~s = vs(f. k, R), such that if

5 € (0, 5) or ch?”[}p[o’ 1 > g0, then . li_l,n[_{ d(r) > 76.

sufficiently large, there erists

7]
Therefore, for ¢ sufficiently small or _LOM

r € (0, R) such that d(r) = 4.
Proof: Let || = ”'”LP[O. 1]

i) Fix r € (0, R) and let h be such that 7 + h € (0, R). From the definition of ur,

we have

a) = al + 7 ]

and by Lemma 3.2, we again have ar > 0 for all » € (0. R] and so

) 1+m
U+ h H —ar
) )
r+h U

1+m
Y+ h

|[d(r + h) = d(r)|

d
I

14+m _ 14+m
ryh T 0T

)
"

14+ m
r+h

o

a u + |¢
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J

Since r is fixed, we may use (3.36) to bound [{uy || and obtain

7

ar

4]

)
r+h " Ur

ld(r + h) —d(r)] < al TT

r+h ||%

|+

aiihm—av,l.+ml(l+ft[)

To show that r +— ar is continuous on (0, R), we note that

orin-or= [ o ([ k61a5) (3 1 o) = 3r(00) o,

(where we assume without loss of generality that h > 0), and use Holder's

inequality and [A2]. Therefore

14+m _ a}. +m

a. —0 as h—0,

and thus

J

: 1+m ] -
lim |d(r+h)—d(r)| <ay lim sup |{u - Uy (3.38)
h . 0 I ) ( )l T }l _ 0 r + h 7
From (3.16), we have
) ; 4 ;
Ls ol _ fr+h m fr+h Y 7(\
e TV TN T, T r+ R T
r4+h O 9 +h ar

Define for all t € [0, 1],




Xp(t) = X 4 p(1) — X (1)

I\.h(t) - k. + R(t) _ kr(t)'

Ar + h ar
Using the the representation of ué in (3.16) and the above notation exactly as

in Lemma 2.8, we have

4
e I I R e K e
i ; £ :
= “fh“*' *%”le,u a:j:z 'F”A;”le,u“fhn
é
s U+A”L&H+W%AHWJ]G;12

Using the fact that r — ar is continuous on (0, R) and Lemma 3.5, we have

5HH0 as h—0,

7l < e =20+

O 4+ h r+h

and

P
fT + h
ar + h

fr <”th—+0 as h—0.

Therefore

lim sup ”ug 4R T Ur “ luvn sup “Xh“Ll (0, 1]

h—0

and

lim |d(r +h) —d(r)| < a} +m

—

I
(,,

lim sup “/1; H .
b ool ML)
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It remains to prove that lim sup“/\?hH 1 = 0, though this was already
h—0 L [0, l]

shown in Lemma 2.8 based on the continuity of the maps 7 — kr and r — ar,

and ar > 0, to argue that — 0 as h — 0. However this still holds

WWCMH

under the assumptions of this Lemma. Therefore , lim |d(r+h)—d(r)]=0
! —

proving that r — d(r) is continuous on (0, R).

i1) Using the fact that ar > 0, (H3) to bound “ f,é H, and the upper bounds on ar

in Lemma 3.2 and ”ué” in Lemma 3.7,

dir) = a HArué— 7{5[

= gltm “ué“ (3.39)
i

|1

ar

< dtma+an

= o+ |72

IN

m
Frm—= Tp(l + }\/[) (’i‘*‘ 1) ¢
: K

VWU%J+M'

Since m € (0.1], and vm > 7p > 0, it follows that lim d(r) =0.

r—0
117) Define

(3.40)

i 1 17l P, 1) Ve
=ming R, | o= Ilf’”LP[O,1+R]
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Then for all r € (0, R,

Jo ft+p) = (1) dnr(p)

For all 7 € (0, R]. define

l/r(t) = F() = -
< C ||f'”LP[0, 1+r] RI=7P
S|
- 2
< 317 -1+ ]1]
< Lol oa)
Jdt+m
B(r) := A (3.42)

ar +C ke, 1+ 1)

Then using the lower bound on “u‘rs“ in Lemma 3.7 and (3.41), we have for all

r € (0, R,

d(r)

vV

v

v

ol t

B(r)

B(r)

B(r)

B(r)

|

78] = 178 = ] = |78 = 7| = 1t = 1]

14 -ervs-s-4- 1]

“f_;H ) ((_V'T_T,, N g) 5} , (3.13)
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For all r € (0, R], define

Define

and

By [A0],

and

imply

If § € (0.4),

B(r) .
2 [7’ + B(r) (C'T_Tp + 3/2)]

F(r) =

&=nm;{¥%3,

T R I B T A

08 < |2 <usi+ |- 2 <sn+

|72 z1m-6>o0.

5 g
<
“chH - flE=0
ISIFR)
/11 + F(R)) = I/l F(R)
= F(R).
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Equivalently,
> 7 =

Alternatively, if § ¢ (0,4), the assumption that ”f(sHLp[ > vs6 implies that

0,1]
(3.48) still holds. Then substituting (3.44) and (3.48) into the lower bound on

d in (3.43) and taking the limit as r approaches R, we have that

li ? -If(S” (‘v~—’7‘ 3) -
im_d(r) > B(R)|—=——-(CR P+
r— R 2 2 |
B(R)[ ¢ ~p—T ]
_ %R) FLI?)-(2T‘[',‘TP+3)]5
| T+ BR)(CRT™P +3/2 i
_ oy [ BRG]
2 B(R)
= {r + B(R) (C‘R‘TP + g) — B(R) <"R‘TP + g)] s

= T4.

O
As before, we still have a lower bound on the choice of the regularization parameter

as a function of 4.

Lemma 3.9 Let § € ((). 5) or Hf(s“ > g0, where §,~vg > 0 are as given in

Lemma 3.8. Let r = r(d) be defined by
r(6) =min{r € (0,R) | d(r) = 74} . (3.19)
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If vm > 1p, then there ezists an v* = r*(d) > 0 such that v(8) > r* > 0, where

r* € (0, R) is given by

. (ﬁ)l/(um-fp)

€

with ¢ := ('“L l)m 1+ M)C ||

Keq f6“Lp[0, 1+ R] >0

Proof: We first observe that 7(§) is wecll-defined since the set

{r € (0,R) | d(r) = 76} is compact and thus has a minimum value. Note that

d(r) < a;”(1+M)||f;§

LP0,1]
1\ -
< vm i A[ Tp 5
=7 ( K ) (1+AnCr “f HLP[0,1+R]
— (M= Tp

vm

by Lemma 3.2 and Corollary 3.1. Since 7 +— ¢ r¥"" =~ P is a continuous, strictly

increasing function that bounds d from above for all r € (0, ]:2), then

lim_e"™ 7P > lim_d(r) > 70.
r—R r— R

Therefore there exists a unique r*(6) € (0, R] for which

¢ (r*)l/'ﬂl - TP _ 7'6,
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and so for any r(d) € (0, R] for which d(r(§)) = 74, we have necessarily that

r(6) > r* > 0. Further,

1/(vm — 1p)

] =(T_6)1/(um—7'p)_ iy Cé-&-me
(k + )™(1 + M)C “fdjlu,{

€
0,1+ R]

3.2.3 LP-Convergence

We again make more definite the choice of the regularization parameter r given by

our discrepancy principle for the case f‘S € LP[0,1].1 < p < o0.

Definition 3.2 Discrepancy Principle for Local Regularization in LP|0, 1]

Let d: (0, R) — [0.2c) be the discrepancy functional defined by

d(r) = a}’ I .4ru,(§

N fg”LP[o‘ 1]’ (350

for m € (0,1] fived, with vm > 7p > 0. Choose the regqularization parameter r = r(d)

to be the smallest r € (0, R) so that

ayt ”Arué - f,6

P[0, 1] = T70. (3.51)

Remark 3.2 Any r € (0, R?) satisfying (3.51) would be acceptable.

122



We prove that local regularization with the discrepancy principle defined via equa-
tion (3.51) is a convergent regularization method for f derp [0, 1]. For purposes of
obtaining a rate of convergence, we make the usual smoothness assumption that @ is

uniformly Holder continuous with power o € (0, 1] and Holder constant L.

Theorem 3.2 Assume that [A0],[A1-p], and [A2] hold and let §,vs > 0 be given as
in Lemma 3.8. For § € (0,0) or “f‘S” > vsd, let ué denote the solution to equation
(3.14) with fr replaced by f,é. Then for r(8) selected according to the discrepancy

principle in definition 3.2, we have

1. 7(§) = 0 asé — 0.

uf‘(d) - a”ﬂ’[o, 1]

—0asd —0.

3. If a satisfies the condition (2.43), then for p > 0 as defined in (H3),

A”ué - ﬂHLP[O’ 1] < 017_’/_% 4 CQTa,

and hence,

“i(é) _ EHLP[O ’ -0 (5(1/771 —p)/(v(1 + m))) +0 (6()'/(1/(1 + m))) .

as § — 0. Thus the rate of convergence is determined by min {a, vm — Tp} .

If w = min {a, vm — Tp} , then

805y~ g y =0 (51 ) s o
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Moreover, if the choice of m is such that m =

0 = —
“r(o) ”HLP[O, -

a+T
p,then
v

0(5a/(a+u+rp)) s 6 — 0,

which is same rate of convergence as obtained in Theorem 3.1 using the a priori

rule to select the parameter r = r(6).

Proof: Let ||| = ””LP[O, 1]

1. Let {én},, > 1 be a positive sequence for which é — 0 as » — oo, with

6n € (0,5) or Hf5n

> vs0n for each n, and ”f - f571 ”Lp[

0,1+ R

< oy for

each n. Let {rn},, > 1 be the corresponding sequence of regularization parame-

ter values selected according to the discrepancy principle for local regularization

given in definition 3.2, namely for each n,

n =7(0n) =min{r € (0,R) | d(r) = 1on}.

Using the lower bound on d in (3.43), we have that

T(sn = (1(7'77,)
> B ( m )
> B(rn)
>

il o6
‘—f;—nH - (C‘r;Tp + g) dn
ﬂg_ll _ H/ _2'/.5_7__7 - <(_7T;TP + g) dn

B(rn) [”—g” - (@r;Tp + 2) 571] .
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and so

[#+ 8w (2407 0 2 B 1L
Then
0=_lim én> liminf B(rn) — Hgll,
T+ B(rn) (2 +Crp, p)
and by (3.47). ||f|| > 0, therefore
lim B(rn) = 0. (3.53)
n — o0

T+ B(rn) <2 + C_/’r;’rp)

Equation (3.53) can only be true if nl—i+moo B(rn) =0 or if

lim ((—'r;Tp + 2) = 00.
n— oo

If lim B(rp) =0, then recalling the definition of B(7) in (3.42) and using

n—

both bounds on ar in Lemma 3.2, we have we have that

1+m m -1
. k—1 v k+1 1Y 3
=i () (55 ) o)
_ Dr;/l(l + ‘m)’

for D > 0 constant. Then

0= lim DI‘Z(I +m) > 0.
n — 00



n — o0

If lim (CT;TP + 2) = 00, then

) T,
0= lim 'r,,p .
n—oo "

Since mp > 0, we conclude that

lim rp=0.
n — 00

. Let r be chosen according to the discrepancy principle for local regularization

given in definition 3.2, i.e.
r=r()=min{r € (0,R)| d(r) = 74}.

Using (3.39), our choice of r = () is such that

(171 +m

“;5‘(6)” = 74.
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and so representing uf_( ) as in (3.15), we obtain by substituting into (3.31),

d

|96 = Tw@l < [ - el
< (/'1———5—‘—,—
[ren”
. ai(—(g—)m .
- e o ol
‘ 1+m ‘(()u(l+m)
< C1<K~j01) L&W‘%)“

_ él [r(ﬁ)]m” - Tp ui((s) H ,

for (A'l > 0 constant. Using Theorem 3.1 and the first part of this theorem in

which it was proved that lim r(é) = 0, we have

-0
'u‘r(J)H < Up(8) T al| + [ul|
< L0y,

for 4 > 0 sufficiently small. Thercfore

uq

: Bl -

ol <crrerm=m

And since vm > m > 0,

116111_5;11(1)3 ”“?’(6)” < g ||l . (3.51)




Substituting the principle in for 4 into (3.32), we have

IA
.E)

AR H"r(é) - f‘”

CLrEr™ ™ )| + ey - 2

IA

Then by (3.54), part 1 of this theorem, and vm > mp > 0, it follows that

lim
— 0

IN

)

uiy =7 = Sim (CLr@OF™ TP [l + s - @

= 0,

proving “f(,s) converges to @ in LP[0,1] as § — 0.

. Returning to the bound on the total error in (3.32), we have

+ Oy [r(9)]V .

@7 < RNTIEE

. . . T\ Y
To obtain a rate of convergence, it remains to bound and [r(d)]

[r(o)” + 7P

in terms of & using our rule. First we bound [1(6)]® in terms of 4.

Bound B(r) above using the upper bound on ar to obtain

) m
B(r)<a*-1< (K+l> rvm
KeQ
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for all € (0, R]. Therefore using the lower bound on d in (3.52), we have

T = d(r(d))

v

BrO)| s))

> o)) - Br@) (2+ CrE) e
m
> Bl - () R (2 e

since vm > Tp. Thus

2r+ E7)6 =2 Br@) £l (3.55)

for the constant £ > 0. As before, using both bounds on ar in Lemma 3.2 to

bound B(7) in (3.42), we obtain

B(r(9))

v

(K - 1)1 m e+ ("'_+ Lpvye Ikl 0,1 + R]>—1

K (,'O K CO

= Eylr(@rtm, (3.56)

for the constant F9 > 0. Combining (3.55) and (3.56) . we have

T+El> " gL+ m)
2(Gi)e = et

and so raising both sides to the power,

v(1+m)

(r(8) < Es0/ w1+ m)) (3.57)
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for £ > 0 constant.

Next we obtain the bound for [(5)]—11/%-7;)' in terms of 4. Bounding d above
T

using the inequality in (3.39), Lemma (3.2), and [AQ], we have

T = a1‘+m|u(5 H
r©®) 1% (6)
< a5y 4 = )| + e~ 2] + 1]
< s+ MC @5+ al 5™ [ Dy (@) + il
< (DO

<—0> (1+M)C (@)

(N l1+m
+ ((K+1)[7( )] ) (D2Ra+”a”)

K,CO

— C:l [T(O—)]I/'IH. — T,) 5 + G2 [T(O-)]I/(]. + ’I'TI) ’
for G1 > 0 and G9 > 0 constants. Since
e [7..((5)11/771 i 61RI/7TL ~7p 50,

for r € (0, R], for some R sufficiently small, we have that

e ST — Tp
i L 5 o< oprEm.
Go

for § > 0 sufficiently small. Then

W Sé(s_(l/+T1))/(l/(l+m)), (3.

W
(WS ]
o0
~
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for G > 0 constant.

Substituting (3.57) and (3.58) into (3.32), we have

AN
—

iy -1| < ()

IA
®)
[y
o>
Nt
(=%
L
<
+
T
=
<
_
+
3
+
%
e
>y
Q
P
=
p—
+
2

and so

[48 5~ ]| = 0 (st = VW1 + 7))y o (g0/ (1 +10)) a5,

If w = min {a, vm — Tp} , then

11;5,(5) - U“ =0 (5“"/(1/(1 + m))) as 0 —0.

+ T[)

!
Then taking m = , it follows that

‘lzzf((g)—ﬂ =O(5a/(o+u+T17)> as 6 — 0.
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CHAPTER 4

Discretization and Numerical

Results

We illustrate the practical use of the theory developed in Chapters 2 and 3 with a
few numerical examples. In each the following cases, we plot the true @ (dashed line)
versus the approximation ué (solid linc). We sclected the true solution 1 for each case
and found the true data f by computing Au exactly. We then discretized the data and
added uniformly distributed random error to generate the vector f 0 We take 7 = V2
for our discrepancy principle and take the value of § to be Hf - deC[O, 14 R in

Examples 4.1-4.3 and ”f — fé“[ﬂ in Example 4.4

0,1+ R]

4.1 One-Smoothing Problem, Continuous Mea-

sure

Example 4.1 Let k(t) = 1, a(t) = 143t [sin(10t) — sin(f)]. and ny a continuous mea-
.

sure as defined in Lemma 2.1, where ¢ is a first-degree polynomial with py(A) = A + 5.

For the discretization n = 600, R = 0.583 and m = 0.001 in our discrepancy principle,
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we have the following results:

—
g U= Upe
] | 5| ”“ - “‘é‘ clo, 1] 3 bl
C[O, 1+ R] ! U= Upp CIO 1}
0.0500 00750 0.95 0.8070 .
0.0250 00233 0.95 0.3657 0757
0.0125 0.0126 | 0.183 0.1954 0.535
0.007 0.0071 | 0.133 0.1021 0.523

Table 4.1. Example 4.1 Error Analysis

Based on the values of m,a, and v, the ratios in the last column are predicted by
1)0.000999

Theorem 2.2 to be approximately <§ = 0.999. See graphical illustrations in

Figures 4.1-4.4 below.
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Figure 4.1. One-Smoothing Problem with Continuous Measure given in Example 4.1
0

with 5% Relative Error in the Data. Plots of @(t) = 1 4 3t [sin(10t) — sin(t)] and
U (5) with predicted value of r(d) = 0.35
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Figure 4.2. One-Smoothing Prob