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ABSTRACT

MICROCAVITY POLARITONS IN QUANTUM DOT
LATTICES

By

Eric Matthias Kessler

Exciton-polaritons are mixed modes resulting from the strong coupling of electron-
hole pairs in a semiconductor (excitons) and photons. In this thesis, the exciton-
polariton modes of a quantum dot lattice embedded in a planar optical microcavity
are studied.Due to the symmetry mismatch of the exciton state in the discrete lattice
with the continuous two dimensional photon modes, each exciton mode couples to
many cavity field modes. These additional coupling terms do not conserve momentum
and are called “umklapp” terms.

We provide a complete derivation of the system’s Hamiltonian, which is subse-
quently investigated both by analytical and numerical methods. We focus our anal-
ysis on novel polaritons appearing at the edge of the Brillouin zone in the reciprocal
space. The large in-plane momentum of these polaritons can give rise to a total
internal reflection, which is expected to greatly enhance their spontaneous emission
lifetime. We show that at certain symmetry points in the Brillouin zone both of a
square and a hexagonal QD lattice this new kind of polaritons can be considered as
nearly bosonic quasiparticles with an exceptionally small. isotropic mass of the order
of 1078 electron masses (mg). much smaller than both the exciton mass (~ 0.5 mg)
and the cavity photon mass (~ 1072 myg). Polaritons with positive as well as negative
masses are found. The large lifetime and the extremely small mass suggest interesting

possibilities for the observation of polariton condensation effects.
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Introduction

Within the broad area of Solid State Physics the physics of semiconductor nanostruc-
tures is currently one of the most active research fields. Perhaps, the best examples
of novel systems in this blossoming area are given by low dimensional quantum struc-
tures such as quantum dots (QD) [36, 37, 38] and quantum wells (QW) [40, 49], which
are zero and two dimensional quantum heterostructures, respectively. Tremendous
efforts both to engineer and to understand the physics of these low dimensional sys-
tems have been made in the last few decades. The elementary electronic excitations
of a semiconductor can be treated in a quasiparticle picture. The properties of these
quasiparticles, called excitons, depend strongly on the dimensionality of the solid.
For instance, the many body behaviour of excitons ranges from an almost purely
bosonic behaviour in the bulk and QW case [12] to purely fermionic behaviour in the
point-like QD case [50].

The most exciting features of low dimensional semiconductor structures become
manifest in the interaction with light. Light trapped in a microcavity - ideally given
by two facing mirrors- can strongly couple to excitons giving rise to a new kind of
quasiparticle called exciton-polariton [19, 40]. Polaritons are coupled half-matter,
half-light states with a photon-like mass - and thus a group velocity close to ¢ - and
at the same time the ability to strongly interact with matter, due to their excitonic
part. These properties as well as recent advances in the experimental fabrication of

semiconductor nanostructures have suggested that polaritons could be applied to the



realization of scalable quantum information devices [51].

The concept of quantum computing was originally proposed by Feynman and
others in 1982 [17]. Feynman suggested that it might be impossible to simulate a
quantum mechanical system with an ordinary computer without an exponential slow-
down in the efficiency of the simulation. A new type of computers, based entirely on
the principles of quantum mechanics, would be necessary for these challenging tasks.
Nevertheless, it was not until Shor’s publication in 1994 {44], where he presented an
algorithm that demonstrated the outstanding potential of quantum computing, that
this novel field gathered momentum and turned into an active and promising area of
research. In a quantum computer the logical units, called qubits , can be realized
by impurity spin states or electrons in quantum dots. For the selective entanglement
of those states polaritons seem to be excellent candidates. Due to their photon-like
mass combined with the ability to interact with matter [35], they can be used as “me-
diating” particles in order to establishing an effective interaction between the qubit
states.

Furthermore, the possible observation of quantum phase transitions in strongly
coupled light-matter systems has attracted much attention lately. Polaritons be-
have in certain limits like a non interacting Bose gas and have an extremely light
mass. Therefore they are considered to be suited optimally for the realization of
quantum condensed phases in solids. In fact, recently several works have been pub-
lished claiming the experimental evidence of microcavity exciton-polariton condensa-
tion (3, 14, 24]. Disregarding the controversial theoretical discussion about the nature
of the observed condensation effects - we will briefly discuss some aspects of that sub-
ject at the end of the thesis - the field of polariton quantum condensation is highly
interesting because it brings pure quantum effects to a macroscopic scale.

In this thesis we will provide for the first time a theoretical discussion of a system

that can be considered as an intermediate case between a quantum well on the one



hand and a single quantum dot on the other. It consists of a periodic array of
semiconductor QD’s embedded in a planar microcavity. The invariance of the system
under translations by an arbitrary lattice vector partially restores the full translational
symmetry of a QW, which is completely destroyed in the single QD case.

Chapter 1 starts with a review of the theoretical core concepts of the physics
of semiconductor nanostructures. We will provide a quantum mechanical treatment
of excitons in QW'’s as well as in confined structures like QD’s and discuss their
many body behaviour in these two cases. Furthermore, we will study the exciton-
photon interaction and present the polariton concept by introducing the Hopfield
transformations.

In Chapter 2, we will focus on the physics of the system under consideration,
which consists of a QD lattice in a semiconductor microcavity. We will see that the
exciton center-of-mass motion in the lattice is quantised and it can be characterized
by a quantum number q, restricted to the first Brillouin zone, which we identify as
the exciton in-plane momentum. In this in-plane motion the exciton behaves like a
quasiparticle with infinite mass. In the interaction with light the quantized in-plane
motion of the exciton gives rise to a quasi-momentum conservation. Unlike the case
of a QW, there is not a one to one correspondence of an exciton mode with a photon
mode in the exciton-photon interaction, but an exciton with momentum q couples to
a discrete and yet infinite set of photons with in-plane wave vector q + Q, where Q
denotes an reciprocal lattice vector. Due to the finiteness of the quantum dot size,
the coupling to photon states with large momentum is suppressed by an exponential
factor, so that the set of photons has effectively a finite size. The chapter ends with
some preliminary considerations on the numerical calculations of Chapter 3

In Chapter 3, we will finally present the numerical calculations of the polariton
modes in our system. At certain symmetry points of the reciprocal lattice the po-

lariton can be considered as a quasiparticle with an exceptionally small and isotropic



mass, which is smaller than the mass for QW polaritons by a factor of 1073, We will
study these novel kind of polaritons in a square and a hexagonal lattice at several
special symmetry points of the reciprocal space. Furthermore, we will see that in our
system polaritons with large in-plane momentum can be created. This is in contrast
with the QW case, where the polariton momentum is always close to zero due to the
steep photon dispersion. This large in-plane momentum can give rise to a total inter-
nal polariton reflection in the microcavity, which is expected to dramatically increase
the spontaneous emission lifetime of the QD lattice polaritons.

The thesis ends with comments on possible applications of this novel system and
future directions of research that may expand the investigations presented in this

thesis.



CHAPTER 1

Core Concepts

By definition a polariton is an excitation that arises from the coupling of an
electromagnetic wave with the elementary excitations of a crystal, like for exam-
ples phonons, plasmons, excitons, magnons, but also coupled excitation modes like
phonon-plasmons, etc. In the further discussion we will focus on the case of exciton-
polaritons, i.e. the coupling of an electronic crystal excitation, the exciton, and the
radiation field.

In the description of polaritons there are two different ways to address the prob-
lem. On the one hand there is the semiclassical, macroscopic point of view, and on the
other hand there is the purely quantum mechanical, microscopic treatment. In the
macroscopic picture the electromagnetic wave propagates inside the crystal, which
reacts to the external fields according to a linear response theory. This response of
the crystal due to the electromagnetic field gives rise to a dielectric constant, that
finally alters the dispersion relation of the propagating wave. These altered electro-
magnetic modes are nowadays called polariton modes. although the name polariton
(a combination of polarisation and photon) had not been introduced until 1958 when
Hopfield established the quantum mechanical treatment of this issue [20].

Hopfield introduced the concept of polaritons, which are the normal modes of a
system of 2 coupled oscillations. namely the photon and the crystal excitation. Al-

though similar ideas have been discussed earlier by Fano [16] and by Born and Huang



[5, 21], Hopfield was the first one to realize that the classical picture of electromag-
netic radiation interacting with matter, in which the wave is partially absorbed and
partially propagates inside the specimen, must be fundamentally reviewed.

In his new idealised picture only polaritons exist inside the crystal. A photon on
the crystal surface can give rise to a polariton which propagates inside the crystal
until it arrives at another surface or decays, e.g. due to scattering processes. In the
following we are going to describe this quantum mechanical picture of a bulk semi-
conductor crystal coupled to photons. We assume excitons to be the only excitations
of the crystal, which is a good approximation in the vicinity of the exciton resonance

frequency.

1.1 'Wannier-Mott Exciton Theory

According to the effective mass equation (which we will derive later) excitons are
quasiparticles in a solid that can be considered as a hydrogenic bound state of an
excited electron in the conduction band and the remaining hole in the valence band.

In this chapter we will review the theory of Wannier-Mott excitons. In contrast to
the so called Frenckel exciton the W-M exciton has a Bohr radius much larger than
the interatomic spacing of the crystal.

The kind of excitons in a solid is determined by the properties of the material
under consideration. in particular by the value of the dielectric constant. Typically,
the type of exciton in inorganic semiconductors is the Wannier-Mott exciton due to
the large dielectric constant, which leads to a screening of the effective electron-hole
interaction and thus to a large Bohr radius.

Starting from first principles, an exciton is an excitation of the whole electron
many body system in the crystal including the electron-electron interaction. For
simplicity we only consider the valence and conduction band of the semiconductor

and we assume a quadratic dispersion for valence and conduction band electrons, as



conduction band

E(k)

valence band

Figure 1.1. The conduction and valence band of the semiconductor with a direct bandgap
of size A.

well as a direct bandgap of size A (Fig. 1.1).

In this choice the single electron energies in valence and conduction band are:

h2k2 ’2 2
Eo(k) = A + 1K

Eu(k) == (1-1)

2my
Here, m, and —m, are the effective masses of conduction and valence electrons,
respectively. So, in second quantisation, the Hamiltonian without interaction, Hy.

takes the form

Hy=Y (E,,(k)c’{_kp,,k + Ec(k)(rlkcck) , (1.2)
k

where c:[ Juk and ¢, ok are the creation and annihilation operators for Bloch electrons

in the valence and conduction band, respectively:

(rl ey 10) = (] ok) = —=e*Fugy(r). (1.3)

vV
The development in the completely delocalized Bloch functions rather than in the
localized Wannier functions turns out to be convenient for the description of weakly

bound, i.e. Wannier-Mott excitons.

=1



As the intraband interaction of electrons does not aftfect excitations in the optical
frequency range we are considering here [13], we exclusively take into account the
interaction between valence and conduction electrons. The general form for such an
interband interaction is

Hi= > fikoksky CI.klflk,chkfvm- (1.4)
kikoksky
Note, that we did not take into account spin interaction and therefore dropped the
related index.

In the wusual approximation [25] the matrix element Sk koksky

( kyv, koc| 1% | kac,kqv ), which arises from the repulsive Coulomb interaction

between electrons, can be evaluated as

4re? 1
fklk2k3k4 = 4|25k1~'k4,k3—k27 (15)

eV |k — k
where € is a finite dielectric constant due to the effective screening of all not explicitly
included charges (electrons and ions) and V is the quantisation volume.

Hence, we can write the total exciton Hamiltonian as
Hy =Ho+

h2k2? t h2k2 t
= zk:(A + T )CoxCek — g e CoxCrk

4me? 1 R
+ Z v Ik_—kl‘zrvklC(,sz'ck;;“a~k45k1—k4,k3—k2- (1.6)
kikoksky 1 4

The subsequent step is to diagonalize this Hamiltonian. The ground state of the

system can be found by occupying all electron states in the valence band
- {
190) = [T el 10)- (17)
k
It is straightforward to verify that this state is is an eigenstate with eigenvalue

Eo=)_ Eu(k). (1.8)
k



In order to find the other eigenstates we define a trial excited state as a superposition
of all possibilities to promote one electron from valence to conduction band:
/
=Y Ak, K)eh e 190) (1.9)

kkl

It turns out to be convenient to introduce new variables, namely

mck! + mpk
K = ——— 1.10
- (1.10)
q = k-K. (1.11)
In this choice (1.9) becomes:
Z Aq(K c,K+(mC/M)q v, K—(my/M)q |®o) » (1.12)

where we have changed the summation index and renamed the coefficients
Aq(K) := A(K + (m¢/M)q,K — (my/M)q). This choice is strictly not necessary,
but turns out to be useful, as it transforms the electron-hole system in the center of
mass frame.

Now we try to determine the coefficients Aq(K) in such a way that |¥) is an

eigenstate of the Hamiltonian (1.6). From the stationary Schrédinger equation
H|¥) = E|¥) (1.13)

we find by applying the Fermi commutation relations for the electron operators

|:Cz.'((*)k' Ci(c)k'] ' = 6k’k,, (1.14)

that the coefficients obey the so called effective mass equation (EME) in momentum
space representation

dme?

Ve |K - K’|

h

h o
E+"—"K +'2“—1 JAq )+Z

AqK') =0, (1.15)

where M = m¢ + my and p = %%’75— are the total mass and the reduced mass,

respectively and E = E — Eg — A. The complete derivation of the EME is given in

Appendix A.



Eq. (1.15) tells us that coefficients with different q are decoupled, which makes q
a good quantum number to label the eigenstates. In this spirit we find the exciton
states to be of the form
Iq’Q> = Z Aq(K)CZ,KJr(mC/M)qCv,K—(mv/M)q |®o) - (1.16)
K

If we now Fourier transform the coefficients in (1.15)

¥(r,R) = % I Aq(K)eiaR+KD), (1.17)
q,K

we realize that Eq. (1.15) is equivalent to the Schrodinger equation of 2 particles of

positive masses m. and my in an attractive Coulomb potential in the center of mass

frame, which is the effective mass equation for excitons in real space representation:
2 2 2

(_%Vg - Z—“—VE - i—r) U =EU. (1.18)

This is a remarkable result. The problem of solving the Schrodinger equation for
the intricate Hamiltonian (1.6) reduces to the elementary problem of two particles
in an attractive Coulomb potential. Naturally we interpret this result in the manner
that the promoted electron enters a hydrogenic bound state with the remaining hole
in the valence band. In that interpretation q is the total momentum of the electron
hole system, which is conserved in our idealised model and thus a good quantum
number to label the exciton eigenstates.

We should mention that the effective mass equation can be derived from first prin-
ciples and taking into account the full electron-electron interaction [43]. By using a
Green’s-function formalism, Eq. 1.18 can be obtained in the lowest order approxima-
tion to the effective electron-hole interaction.

Eq. (1.18) has the well known solutions

h22 4
g _ K (1.19)

| i 1
Uqn(R. 1) = B, (r), an o s
an(R.r) = "@n(r).  Ean = o3r =5 am 2

10



Egn(@)

Figure 1.2. In the two particle picture the exciton states are found to be in the gap
between zero energy and the uncorrelated electron-hole energies (shaded area). Ej(q) is
the exciton energy of the first excited exciton state given in Eq. (1.21).
where ¢, (r) are the atomic orbital states of the hydrogen problem.
With the choice Ey = 0 we have finally found the eigenstates and energies of the

exciton Hamiltonian to be

[vq) = ZAZ(K)C;;H (me/M)qCeK(my/M)q |P0) (1.20)
K

h%q? pet 1
Enla) S8 oM~ 22h2p2’

(1.21)

with the coefficients Ag(K) obeying Eq. (1.15).
Note that the exciton energies are found to be below the uncorrelated electron-hole
energies (Fig. 1.2).

By defining the exciton creation operators

ahn = D AR (me/M)q v K~(me/M)q (122)
K

these new states can be considered as quasiparticles. A calculation of the commutator

["0.71*“?).71] = Z [/‘8(k)|2 {1 - "j-_K“v:,K - C,_,.Kl':_.x} 5 (1.23)
K

i)



shows that these particles behave approximately as bosons and the deviation is pro-

portional to the density of electrons in the conduction and holes in the valence

band [12, 19], where for simplicity we conducted the calculation for excitons of zero

total momentum.

Thus it is clear that the Hamiltonian becomes diagonal in the basis of excitons
H =" En(@)al nagn. (1.24)
q,n
In the following discussion we will focus on the lowest internal state (&, = @) only

and thus drop the index n.

1.2 Polariton Theory

As mentioned earlier polaritons arise from the interaction of excitons with photons.
So in order to describe the polariton modes we have to construct the full Hamiltonian
of the exciton-photon system. This Hamiltonian consists of three parts, namely the

exciton, the photon and the interaction Hamiltonian.
H=H;+ Hem + Hy (1.25)
Let’s first consider the Hamiltonian without interaction
Ho = Hz + Hem. (1.26)

We have seen in the previous section that excitons are (in the low excitation limit)

bosonic quasiparticles with a quadratic dispersion

Ey(k) = hwy(k) = Eg + Hk (1.27)
X - iy = £ oM . .
Thus the second quantized form of the exciton Hamiltonian is
Hy = Z fuu;p(k)a;'(ak. (1.28)

k

12



The photon Hamiltonian has the well known second quantized form [11]

Hem = ;:—f 1k AL Ay, (1.29)
where AL and Ay are the bosonic creation and annihilation operators for photons and
ny is the refraction index of the semiconductor material. We neglected the polarisation
index, as for the moment we are only interested in a qualitative description. Obviously
the natural basis of Hy consists of the direct product states of exciton and photon

Fock states and consequently an eigenvector can be written as
r T T ph _ph _ph
Me; Megr Mg - > & l"kl’nkz’ Mg > \ (1.30)

where the quantities nj and nih stand for the exciton and photon occupation numbers
in the state k, respectively.

In the next step we are going to introduce the exciton-photon interaction. It is
crucial to realize where this interaction has its origin in. The exciton is, as we have
seen earlier, an excitation of the whole electron many body system and with that in
mind it is clear that the exciton-photon coupling arises from the Coulomb interaction
of every single electron with the radiation field.

The Hamiltonian for electrons interacting with light can be written using the

canonical momentum [31] and reads in first quantisation

=3 o (Pi = eAr)?, (131)

where A(r;) = Yy Aok {ALfke_ikri + h.c.} is the electromagnetic vector potential
and e and mg are the electron charge and mass, respectively. Moreover, r; and p;
are the position and momentun of the ith electron. In the Coulomb gauge the vector
potential commutes with the electron momentum [A(r;).p;] = 0. since VA = 0.

Therefore, by expanding the square in Eq. 1.31 we obtain
H= Z —E—’?— - —E—A(r-) P + i2—~A2(r~) (1.32)
- 1 pl 2 nO ? . -

2ing My T
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The first term in the latter equation is part of the exciton Hamiltonian H; and so we

identify the interaction Hamiltonian as

e2

e
H = —;t; Z A(r;)-p; + AQ(I‘-,'). (1.33)
z

2m
0%

Note that the summation in Eq. (1.33) runs over all the electrons of the system.
It is not straightforward to find the second quantized form of that operator, as one has
to perform the transition from electron to exciton operators [41]. After a somewhat

lengthy calculation the result is

Hr =iy g (Af+Aak) (- ol ) + > d (Al + 4s) (A +4x), (139)
3 k

with the constants

o = we (k) f—”:g <\I'(k) Icreikr <1>0> (1.35)
dy = wx(k)ci—T{/ |<\I/(k) lcreikr <p0>|2. (1.36)

The first part in Eq. (1.34) originates from the A - p-term , whereas the second part
arises from the A2-term. ¢ is the polarisation vector of the electromagnetic field,
which will be discussed later.

Putting Eqgs. (1.28), (1.29) and (1.34) together we realize that the full Hamiltonian

is separable in k.
H=> h(k) (1.37)
k

For each k and —k pair we have an equation that describes a system of four coupled
harmonic oscillators {Ay, A_j, ak, a_xg}. Hopfield presented a scheme to diagonalize

this Hamiltonian exactly by introducing suitable operational transformations [20]

allz‘ Cnn Cr2 Ci3 Chy Ak

o | 1 Cn C Coz Cog ak (1.38)
1 — . . N

aly C31 C3p C33 O3y A_k

a? Cqyy Cygp Cy3 Cyg a-k
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all( and alz( are the polariton operators for the upper and lower polariton mode, re-
spectively. By replacing the former operators by the polariton creation and anni-
hilation operators and introducing a corresponding basis the polariton Hamiltonian
Hp = Hy + Hepn + Hjp is diagonal in terms of the new operators and has the form
Hp= 3 Y Eik)alaf. (1.39)
£=12 k
In general, the coefficients C;; of the Hopfield transformation in Eq. (1.38) have the
complicated form given in [20]. But if we apply the rotating wave approximation
and additionally drop the terms quadratic in the photon operator A (which is a good

approximation in the low intensity limit [11]), the polariton operators are found to

be
ai = uiak + vﬁAk, (1.40)
where
uf = % = wpn(k) (1.41)
K 208 — wph (k) — we(k)
‘v5 = %1 Qi ~ we(k) (1.42)
k 208 — wyp (k) — wa(K)
af = Liwa(k K) + K) — wop (k)2 + (2012 1.43
5 (Wa(k) +wpn(k)) £ 51/ (we(k) — wpn(k))? + (201)%. (1.43)

In the latter equations, the + and — signs correspond to the upper (£ = 1) and lower
(& = 2) polariton modes respectively. Note that in the limit (w; — th)2 > (29)2 we
regain the unaltered exciton and photon modes.

A plot of the Polariton energies E,l,(k) and Elzg(k) shows the anticrossing be-
haviour of the polariton modes at resonance (Fig. 1.3). In Fig. 1.4 the exciton and
photon shares of the upper polariton are depicted.

In the limits £ — 0 and k — oo the upper polariton becomes purely excitonic and
photonic,respectively. At resonance however, the polariton consist of an excitonic and

a photonic part of equal weight.



Lower Polariton

k k
Figure 1.3. The Polariton dispersion. Figure 1.4. The exciton and photon
The dashed lines are the exciton and shares, u} and vy, of the upper polari-
photon dispersions without interaction. ton mode

Note that this sketch is not to scale.

1.3 Confined Excitons

Up to now we only considered excitons in a bulk material. In order to describe
excitons in low dimensional quantum structures we have to find a way to confine
both conduction electrons and holes in the same region. With that in mind it is
plausible that conventional confinement potentials like e.g. in electric or magnetic
traps are not applicable, as they act on conduction and valence electrons in the same
way and consequently in an opposite manner on holes. In fact, a simple zeroth
order calculation shows that an electron potential V (r;) acts on holes like a potential
—V/(r;). So it is obvious that it is impossible to confine both electrons and holes in
the same region by applying a conventional potential.

The method to arrange such a confinement for electrons and holes is to make use
of the band alignment of two different semiconductors. In this case a low dimensional
semiconductor structure is embedded in a bulk semiconductor of a different type,
with a conduction band structure like the one depicted in Fig. 1.5.

For the numerical calculations in Chapter 3 we will use a GaAs/Aly3Gag7As
system, i.e. the GaAs structure is embedded in Alg 3Gag 7As.

Although an exact solution for this problem has not been presented in literature
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Figure 1.5. In zeroth order the bandstructure varies spatially like a step function at the
edge of two semiconductors

so far, in the effective mass equation (1.18) this particular band structure is usually
represented as an effective potential for both electrons and holes [34]. Thus, the

effective mass Hamiltonian (1.18) for the electron hole system reads as [46]

h2 2 h‘2 2 82 ~
( v V2 o V(re) + Vh(rh)> Uy = BV, (1.44)

—m re"m rp f|re_rh|

As our aim is to describe excitons in a nearly two dimensional structure, we assume
the z-direction confinement potentials to be strong enough to confine the exciton
in the x-v plane. Therefore the Coulomb potential only depends on the in-plane
distance p = pe — pm. Moreover in case of a very strong confinement in z-direction

the potentials approximately separate in the z and in-plane components as

Ve(re) = Ve(pe) + Ue(ze), (1.45)
as well as

Vi(rp) = Vi(pn) + Ue(zp). (1.46)
This choice makes the Hamiltonian separable in z and p and the exciton wave function
can be written as

Vr(re.rp) = P(pe. pp)oc(z)de(zh), (1.47)

with the notation r, p = (p(f/h. :G/h).
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In case of a strong and narrow confinement it it plausible to assume a rectangular
potential for both electrons and holes [7] and so the functions ¢, and ¢}, are just the
eigenfunction for a particle in a box. The remaining problem is to solve the in-plane

Hamiltonian

h2 2 h2 92 (.’2 ~
\Y v —— 4 Ve(pe) + Vi(pp) | Yo = EVy. (1.48)

2me Pe 2my PR €|p

After introducing the center of mass coordinates

P =pe = Ph (1.49)
MepPe + Mppp
R=—"— 1.50

we expand the potentials in powers of p and find

Ve(pe) = Ve(R + Zp) =Ve(R) + VVe(R) Tl p + O(p?)
~V,(R) (1.51)
and
Vi(or) = Va(R = Sp) =Vi(R) = VVu(R) 50 + O(p)
~Vj(R). (1.52)

Since the exciton Bohr radius is much smaller than the confinement radius (due to
the strong Coulomb potential). we only have to keep the zeroth order in the latter
expansion. In that limit the Hamiltonian separates in the relative and center-of-mass

in-plane motion and finally the envelope function can be written as

Vr(re.tp) = X(R)®(p)de(2c)0e(zp). (1.53)

where ®(p) is the solution of the two dimensional hydrogen-like problem

h2 ) 62
('_2_va - ;m) ®(p) = Epet®(p). (1.54)
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and x(R) is the solution of the problem

2
(—er—uvﬂ +Ve(R) + Vh(R)> X(R) = Ecnx(R). (1.55)

The eigenenergies of a bound 2D exciton state consequently are
E = A + Eze + E:h + Ecm + ETG[? (156)

where E;¢ and F,j are the quantized energies for an electron and a hole in a 1D box,
respectively.

We should note that Kumar et al. [26] showed that the in-plane confining potential
for both electrons and holes in a quantum dot (or the in-plane directions of a quantum
disc) can be approximated reasonably well by a parabolic potential. This has the
great advantage that the preceding approximations in Egs. (1.51) and (1.52) are not
necessary, as the relative and center-of-mass motion separate exactly. The latter then
turns out to be harmonic oscillator like.

Like in the case of excitons in bulk material, we can define exciton creation and

annihilation operators,

ah = > Aalk, k')"zk%k' (1.57)
k.
and
l
aq = ((131) . (1.58)

Here, a denotes a set of quantum numbers, which characterize the state of the in-
plane, center of mass as well as the electron and hole z-direction motion and Aq(k, k')

is the Fourier transforin of the exciton wave function in Eq. (1.53). The commutator

19



of this new defined operators is

[earal,] = D0 ALl k) Ayl k) el o el oty

k11k21k3’k4
=Y ALk KAy K) — S A%k k2)A ,(k,,k,,)cl,k4cj)k2
k.k’ kjko.ky
- ¥ Ag(kl,kg)Aa,(kg,kg)czk3cckl. (1.59)
ki.ko,k3

The first term of the RHS gives a delta function due to the orthogonality of the
eigenstates, so that we get
[aa,aL,] O = 3 An(K1,Kk2) Ay (K1, Ka)eieyCh,
kl,k2,k4

Yo An(kn ko) Ay (ks ka)cly o, (1.60)
kj.ko k3

In the limit of an infinite dot size we recover the relation (1.23) for the QW
case which implies a bosonic behaviour if the exciton density is much smaller than
a saturation density ngqpyration = 1/ (27ra%), where ag denotes the two dimensional
exciton Bohr radius [10, 9].

In contrast, in the limit of point-like dots excitons behave as fermions [50]. Being
in an intermediate regime we have to be careful about making assertions concerning
the behaviour of excitons on mesoscopic structures like the quantum dots we are
considering. However, according to reference [50], the large in-plane size of the dots
we are considering (approx. 50 nm compared to a the 2D exciton Bohr radius of

GaAs of ag = 5.8 nmn) suggests that we can expect a bosonic behaviour.
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CHAPTER 2

The Model

The system we are about to study consists of a periodic array of N identical semicon-
ductor quantum dots embedded in a planar microcavity (Fig. 2.1). It similar to the
system examined in reference [49], where we replaced the quantum well by a quantum

dot lattice.

——
N>

Quantum
Dot

Mirror

ext

Figure 2.1. N identical quantum dots of disc-like shape in an ideal periodic array embedded
in a planar microcavity.

The dots are assumed to have a cylindrical, disc-like shape, like the ones described

in reference [46] (Fig. 2.2).
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(ph’zh)

Figure 2.2. The quantum dots we are considering have a cylindrical, disc-like shape. The
thickness of the dot is labelled by L, and the radius by Rp.

We are going to study the interaction of the confined electromagnetic field with
the QD excitons.

Unlike in the quantum well case, the exciton-photon interaction does not conserve
the in-plane momentum, if the exciton is confined to a quantum dot structure. This
prevents obtaining an exact solution to the problem [47]. As we will see, the spa-
cial periodicity of our system restores a quasi-momentum conservation. This feature
allows us to diagonalize the system hamiltonian with a few approximations and to

analyse the resulting polariton energy dispersions.

2.1 The Hamiltonian
The Hamiltonian of the system we consider consists of three terms:
H = Hy + Hem + Hipg- (21)

In the following we introduce each term separately before analysing the full Hamilto-

nian.

2.1.1 The Exciton Hamiltonian

The first term we are going to discuss is the exciton Hamiltonian, Hy.

Within the quasiparticle picture introduced in the previous chapter, a quantum dot
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exciton can be in bound states with discrete energies

Ea=A+EQ + EJP + EG) + EA (2.2)

< rel’

where a = (a1, a9. a3, a4) stands for a set of quantum numbers characterizing the
state of the in-plane, center-of-mass as well as the electron and hole z-direction motion.

The corresponding eigenfunctions are indicated by
|99) = af [20). (2.3)

As we cannot expect an exact bosonic behaviour of the exciton operators we limit
ourselves to the case of a single exciton. Thus, in second quantisation we find the
Hamiltonian to be

Hz(1) = Y Eqcla. (2.4)
a

For simplicity, we will only include the ground state and the first excited state in
the calculations and we thus drop the index a.

Instead of a single dot we consider a system of N dots arranged in a periodic lattice.
If the separation between the dots is large enough (large enough that the center-of-
mass wave functions of excitons on two different dots have no significant overlap) we
can treat each dot separately. Besides, we assume the dots to be identical, so that
we find the same effective potential for electrons (and for holes) on every dot. This

implies that the effective potential on the ith dot can be written as
: 0
V/(R) = V)(R - R;) (2.5)
for electrons and
] 0
Vi(R) = V{(R - R;) (2.6)
for holes, where R; identifies the center of the ith dot (index 0 indicates the dot at

the origin). It is obvious that this property of the potentials implies for the related

center Of mass wave flln('tri()lls
xi(R) = xo(R - R;). (2.7)
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Consequently the wave function for an exciton on the ith dot reads

‘I/f,;(l'e, r5) = x0(R = Ry)®(p)de(2¢) Pe (21), (2.8)
and we can write the Hamiltonian for the quantum dot array as a sum over the

Hamiltonians from the N sites.
N

Hy =Y Hali) = hwsala;, (2.9)
i=1 i
t

where the operator a; creates an exciton (in the lowest excited state) on the dot .

Consequently the eigenstates of the system can be written as Fock states:

Iny,ng,...) = (a{)"‘ (a;)'” - 1d0) (2.10)
where we restrict the occupation number n;, i.e. the number of excitons on dot ¢, to
{0,1}.

Note that we have set the ground state energy to zero.

According to our assumption that the exciton wave functions from different dots

(1)

have no significant overlap, the operators a;'’ obey the commutation relations

t .
[a,-.aj] = bi; [a,a*} , (2.11)
where the commutator [a,aT] stands for the expression derived in Eq. (1.60) for
a = a = 0. In order to exploit the periodicity of our system we are going to

introduce new operators
N
t._ 1 3 t iqR;
aq = —= ) a;c' T (2.12)
\/N =1
and N
aq = ((1.:[1)]L - L zaie_iqRi. (2.13)
VN &

These operators obey the same commutation relations as the localized operators

1 l iqR; —iqR; [ 1
[aq,aq,] N Z e 1 te J a;, a;
ij N e’

6i‘j[a,a’f]
_ .llvzei(q—q’)lh [a,af] S [a,,af] : (2.14)
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Moreover, they reflect the periodicity of the lattice as for each reciprocal lattice

vector Q we have

M _ 1

aq+Q — \/N aET)eiiqRieﬂ:iQR,i (T) (215)

N
=aq’,
=1

1
since by definition of the reciprocal lattice it is e!QRi = 1. So we see that the quantum
number q can be restricted to the first Brillouin zone and if we use periodic boundary
conditions we find exactly N discrete, possible values for q. Accordingly, the inverse
expression for Eq. (2.12) is

al = L Z aLe_iqRi. (2.16)
q€l.BZ
We would like to express the exciton Hamiltonian, Hz, in terms of these new
operators and thus we insert the latter expression in Eq. (2.9). By exploiting the
useful property

a.q' (2.17)

Y ca-ad R _ N

we obtain

Hy=hoy Y alaq. (2.18)
q€l.BZ

This implies that the excitons in our model are quasiparticles with a quantized
in-plane momentum q, restricted to the first Brillouin zone, and an infinite mass.
Furthermore, we have seen that these quasiparticles obey the same commutation
relations as the QD excitons in Section 1.3.

The natural basis for this Hamiltonian is

|71.q1,nq2, .. > = (agl)nql ((1.2"2)%2 ... |o0) (2.19)

where nq; is a counter for excitons in the state aLi |®g), restricted to {0,1}.
Please note that we changed our single particle basis from a set of completely

localized states a:f |®g) to a set of completely delocalized states a:rl |®o).



2.1.2 The Photon Hamiltonian

In this section we are going to provide a quantum mechanical description of electro-
magnetic radiation inside a semiconductor microcavity. A microcavity is basically a
device to confine the electromagnetic field. The simplest structure for such a confine-
ment is a planar Fabry-Pérot resonator.

This structure consists of two parallel mirrors of a high reflectivity separated by
a dielectric material called the ’spacer’. Classically, an electromagnetic field can only
exist between the mirrors, if the successive passes of a propagating wave interfere
constructively. This leads to the condition that the wave vector perpendicular to the

mirrors k; has to obey the condition

kL = nm, (2.20)
wheren =1,2,3... or
2
w
L ?nz - k|2 = nm, (2.21)

where w is the photon frequency, k” is the component of the photon wave vector
parallel to the mirrors, L is the cavity spacing and n, is the refraction index of the
dielectric spacer. The latter equation tells us that the main effect of a microcavity is
the quantization of the electromagnetic field in the direction of the confinement; in
our case the z-direction.

The second quantization form of the electromagnetic field inside a microcavity
is obtained using the standard procedure of replacing the amplitudes of the vector
potential in its expansion into plane waves by photon creation and annihilation op-
erators [11]. Because of the special symmetry of the microcavity, it turns out to be
convenient to define certain photon polarizations, which we call E-mode (E; = 0)
and M-mode (B, = 0). The definition of these modes is in analogy with the TE and

TM modes of a waveguide [23]. The field operators for the E-and M-modes can be
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frequency o

in-plane wavevector k"

Figure 2.3. The in-plane dispersion modes (n=1,2,3) of a microcavity. The dashed line is
the two dimensional dispersion of a free photon.

written as [4]

[k L
Ayp(r) = Wcos(kzz)q x 2e"¥Ag + h.c. (2.22)

h
Axp(r) =

W (—%sin(kzz)é - i%cos(k;z)(j) eiqp/ikM + h.c., (2.23)

where f‘ikE and fikM are the destruction operators for photons in the E-and M-
mode, respectively. As usual the notation is k = (q, k,) as well as r = (p, 2). V is an
arbitrary quantisation volume, which we choose to be identical to the quantisation
volume that appeared in the treatment of QD lattice excitons in the previous section.
The operators Ax g and Aypy are normalized, so that energy of the field is

hwi(n + 1/2) when there are n photons in the corresponding mode. Consequently,
the photon Hamiltonian can be written in the form

Hem =Y huAl Ay, (2.24)

k, av

Since we will tune the cavity spacing in a way that the exciton energy matches the

energy of the first cavity mode (k; = 7/L) we can neglect the rest of the modes as
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they are off-resonant. Therefore the Hamiltonian simplifies to
Hem =Y by Al Ay, (2.25)
qv

with k = (q,7/L) and v = E, M.

2.1.3 Exciton-Photon Interaction

In this section we derive the interaction between the exciton on a quantum dot lattice
and cavity photons from first principles.

At first we have to describe the coupling of one quantum dot at R; with the
radiation field. As we have seen in Section 1.2 the exciton-photon interaction has
to be expressed in terms of the electron-photon Hamiltonian in first quantisation
(Eq. (1.33))

e e? 2
Hy(Ry) = —%;A(ri) pi+ 2—HOZA (ri),
where the sum runs over all electrons in the dot at R; and mg denotes the electron
mass. For low-intensity radiation the term quadratic in A becomes negligible [11].

This allows us to retain the linear term only and we can write the interaction as

Hi(Rj) = —— 3 A(r) - pi- (2.26)

mq &
075

We have seen earlier that the exciton states |¥$) = a:r, |®g) form a complete set
of basis vectors for the many body system in the quantum dot j. Therefore the

completeness relation

> W) (g =1 (2.27)

a

holds and we can express the interaction in terms of the exciton functions by inserting

the unity operator twice as

Hi(R;) = ,—%le (WS A pil 5 ) (9. (2.28)
a3 1
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Using p; = iﬂ,? [Hz(j),r;] and the fact that Hy(j) |¥$) = Eqo |¥$) we can simplify

the preceding equation to
.€ 3
Hi(Ry) = is 3 (Fa = By) (W13 Ar) v 98) [93) (9] (2:29)
a3 i

As we did before we limit our single exciton basis to the lowest two states, i.e. the
ground state |®g) and the first excited state, which we indicate by |¥z). Before we
proceed, we need to express the many electron operator ) ; A(r;) - r; in terms of a
delocalized basis of Bloch functions (Eq. (1.3)). According to the second quantisation

formalism this expansion is given by

Z AT =3t ek 0 o (2.30)

kk 0,0
ad
where t stands for the matrix element
! = = (ka| A(r)r [K'o’). (2.31)

o0

Using Eq.(1.57) it is straightforward to verify that Eq. (2.29) can be simplified to

Hi(Rj) = icwr { 3t uA* (K K)al =3t A K)ajp,  (232)
kk’ c.v Kk’ ‘UC

where we again used the orthogonality of the states et ey ¢ |®o) and identified the
X g A koK .o’ 170

expression |Wz) (Pg| with the creation operator a}

|®o) (¥z| with the lowering operator a;. Note that in Eq.(2.32) A(k,k’) indicates the

and consequently the expression

Fourier transform of the exciton wave function as defined in Section 1.3 and should
not be confused with the electromagnetic field in Egs. (2.22) & (2.23).

At this point it is important to notice that the matrix element ¢ is a completely
delocalized quantity. The information that we are dealing with an exciton localized
on a disc at position R; is entirely encoded in the coefficients A(k, k’). Note also that

the values of k and k’ are restricted to the first Brillouin zone.
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Due to the property

S b AkK) = [ )t AT KK | (2.33)

kK’ V€ kk! ©v

the only thing that remains to be done is to evaluate the expression

Dt Ak K. (2.34)
kk' ¥€

After a somewhat lengthy calculation, which we present in Appendix B, the final

result for the interaction Hamiltonian for one dot is:

Hi(Ry) = 1S {gﬁ*(nj)Akaa} + g{;(Rj)A{waj} , (2.35)
qo
where q denotes the in-plane component of the wave vector k = (q,k;) and the

coupling constant is defined as
- F . 1., .
i (Ry) = iews®14(0) Cicky (@) (kz)uer, (2.36)
for the E-mode. The coupling constant for the M-mode obeys the relation:
_Af ks g
i (R)) = -2 (R;) (2.37)

The quantities in Eq. (2.36) are defined as

| h
Cx =\|—5—— 2.38
k eonwV (2.38)

I(k:) :/d:(be(z)c‘)h(:)cos(k;z) (2.39)
xj(q) = / dpxj(p)e ', (2.40)

and uep is the length of the in-plane component of

1
Uer = ,—/ druj.(r)ruc(r). (2.41)
Vue Juc

The function @4 is the hydrogenic ground state of the Hamiltonian in Eq. (1.54) and

Vuc is the volume of the crystal elementary unit cell.

30



Earlier we have scen (Eq. (2.8)) that the functions describing the center-of-mass
motion for an exciton at site R; is related to that of an exciton at the origin by the
equation

Yj(p) = xolp — R;). (2.42)

In the lowest order approximation the center-of-mass potential is parabolic and the

solution of Eq. (1.55) is a Gaussian of the form

xo(p) = %c_%z (2.43)

From here it is straightforward to derive that the Fourier transform of x;(p) reads
—iaR. - iaR. _1.232
%j(a) = e Moy (q) = e R I 19, (2.44)
which leads to the final form of the coupling constant

JE(R;) = ie™d J-wxf V®5(0)Crxo(a) ! (/L) ucy. (2.45)

Because of our assumption of a negligible overlap for the exciton wave function at
different sites the interaction Hamiltonian for the whole system is simply the sumn of

the terms for the N single dots

Hy =Y H(R))
j

e (G Tl ) G S

qo

:h,z {g]‘:*AkauL + yﬁA;[ma,q} . (2.46)
qo

where the constant _qf is defined as
e o) .€ T -
gk =VNig (R = 0) = izwaVN@1,(0)Cicko(@) (7/ L)ce

=iyVnewy h(on ——e 3q 3 ®15(0)I(7/L)uco. (2.47)

31



hV . o .
where n = ‘7} stands for the number of dots per unit area. Moreover it is

ke
gl‘:[ = —1 —k-gf (2.48)

Note that in Eq. (2.46) q runs over the full reciprocal space. Therefore each vector
q in the sum can be expressed as a sum of a reciprocal lattice vector Q and a vector

within the first Brillouin zone q as

q=Q+q. (2.49)

If we in addition take into account the periodicity of aq given in Eq. (2.15) we can

rewrite Eq. (2.46) as

_ o* 1 o t
HI_’i'%%zéE%L %;M{?¢+QA¢+QJQV+g¢*QA¢*Qﬂa¢}’ (2:50)
qe€l. o=L,M

.t _ .t e _ .
where the notation Aq’+Q,a = Ak:(q’+Q,1r/L),a as well as gg,+Q = gﬁ:(ql+Q,7T/L) is

understood. Hence, the interaction Hamiltonian is separable in q’.

2.2 Analysis of the full Hamiltonian

By combining Egs. (2.18). (2.25) & (2.50) we compose the full Hamiltonian of the
system. It can be separated in the variable q, which is restricted to the first Brillouin

zone of the two dimensional lattice of quantum dots.
H= > hq), (2.51)

where

h(q) =hwsafaq+h Y0 Y wergAl,goAarqo
o=E M Q€eRL

t t
+h Z Z {ggiqu-Q,a“q + gg.}.QAq{ Q?a(lq} . (2.52)
og=FE.M Q€eRL
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In this form of the Hamiltonian the first remarkable feature of the system becomes
manifest. Unlike in the case of one quantum dot, where the exciton couples to a bath
of photon modes, or the opposite case of a quantum well, where there is a one to
one correspondence in the exciton-photon coupling, in our systemn an exciton state

la) = aL |0) couples to a discrete and yet infinite set of so called umklapp photon

1,
q+Q,o

Similar umklapp photon processes and their role in polariton properties have been

states |1q+Q,a> =A |0), where Q denotes a reciprocal lattice vector (Fig. 2.4).

studied exhaustively in molecular crystals [8].

a) - b) ©)
I

N
—_L

a9
Exciton Photon ! T
i

Figure 2.4. In the quantum well case there is a one to one correspondence of states in the
exciton-photon interaction (a), whereas the quantum dot exciton couples to a continuous
photon bath (b). The QD lattice presents an intermediate case, where the exciton couples
to a infinite but discrete set of photon modes (c). In the latter two cases the coupling for
large q is suppressed by the form factor x(q).

We often will refer to the picture where we consider the different photon modes
as quasiparticles labelled by a quantum number Q, that have an in-plane momentum
q, which is restricted to the first Brillouin zone. In this spirit, the umklapp photon
Q has an energy dispersion wq(q) = wq; Q-

In this quasiparticle picture it is easy to prove that the quantum number q is
conserved. It is important to notice that this is a quasi-momentum conservation
only, as the introduction of the umklapp modes is nothing but a relabeling of the
modes in the reduced zone scheme of the photon dispersion (Fig. 2.5). Obviously the

conservation of q does not imply a in-plane momentum conservation.
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Figure 2.5. The first four photon modes in the reduced zone scheme.

2.2.1 Simplifications and Approximations

As we limit our basis to the states with one excitation only, the basis we choose
q) = |q) ®[0)

and the umklapp photon states “q}Q.a> = 10) ® |]q>Q.n>- where Q runs over the

consists of the ground state |0) = |0) @ |0) as well as the exciton state

M.

reciprocal lattice and o =
In this basis we state that the total number operator

N=Re+Nem= 3 ahoq+ S 3 ,I”Q_”,» Qs (2.53)
qel.BZ qc1.BZQERLo

commutes with the full Hamiltonian (2.51)
[u, _\'] 0. (2.54)

Thus the eigenvalues of N, i.e the total number of excitations, is conserved.
The first approximation affects the coupling constant for large wave vectors. Due

to the finiteness of the quantum dots the coupling constant is suppressed by the form
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factor x(q) = e_'i‘qz"} 2. Thus we introduce a cutoff wavelength Qg and neglect in
Eq. (2.52) all parts in the sum over the reciprocal lattice vectors with |Q| > Qg. This
approximation reduces the dimension of our system to a finite value.
Note that for point-like oscillators (3 — 0), where this cutoff is not present the
contributions from all vectors Q can be summed up analytically in a series [29].
Using the basis ® = {|0),]q), {|lq+Q),|Ql < Qo,0 = E,M}} the Hamilto-

nian h(q) can be written in the matrix form

E M E M M

( wr  9q° 9q gq:Ql gCH*Ql gQ+*Qn\
gf W 0 0 0 -~ 0

q q
gg’ 0 wq O 0 0
h(@) =k | 99+Q, 0 0 wgiq O o, (2.55)

1‘!. . . : . . :

\gq+Qn 0 0 0 o wq+Q")

where we have chosen an arbitrary numeration for the reciprocal lattice vectors in
which Q,, denotes the last vector that fulfills the condition |Q| < Qp.

It is possible to block diagonalize this matrix by changing the basis in the n
subspaces, each spanned by the two polarisation vectors Il‘l+in E> and |IQ+Qis M>,
respectively. The new basis vectors quJrQi) and |LQ+Qi> mix the E and M polari-

sations and are defined as

|Tq) =aq|lqE) + Ba|lqar) (2.56)

Lq) =Bq Ilq,b’) + aq |1q,1\1>, (2.57)

where

aq S R (2.58)
1+ (k)2
g =2tk (2.59)



So the transformation matrix between the two basis systems has the block diagonal

form

&q = , (2.60)

\ .' Bq+Qn/

where the two dimensional blocks Bq are defined as
aq B
Bg=1{23 "]. (2.61)
q P
In this new basis the Hamiltonian h(q) = &4h(q)8q splits up into two blocks
of dimension n + 1 and n, of which the latter is diagonal. It turns out that this
diagonal block belongs to the space spanned by the n L-polarisation vectors so that
these polarisations are completely decoupled from the system and thus necglected in
the following.

The remaining n + 1 dimensional Hamiltonian has the form

( Wy 99 9q+Q; 9Y9q9+Q, - qurQn\
99 wq 0 0 0
- 9q+ 0 w +Q 0 o 0
hQ)=h| U T 0 (2.62)
99+ Q, “q+Qq
\gq+Qn 0 0 0 e wQ+Qn)

where the new coupling constant is

9q = \/ 1+ (%)2 |.f/qE|- (2.63)

In the next step we show that we can safely neglect terms in the Hamiltonian that
are off-resonant. i.e. for which the condition |w; — wy| > 2¢; holds. where i stands
for the expression q — Q; for a fixed q.

We will calculate the energy shift due to the off-resonant modes using a pertur-

. . 29; . .
bative approach on the quantity z; := —=2_— = Without loss of generality we assume
W] -
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all off-resonant modes to have a higher energy than the exciton. The treatment of
the modes below the exciton energy is analogous, with the only difference that the
respective energies are shifted in the opposite direction.
In the first order in z; the energy shift of the exciton mode can be calculated as
1
Awy = — Z igi:’:i +0 (1112) ) (2.64)
i

and the shift in the photon energy w; is

1 «
Aw; = +§g,~:1:i +0 (rf) , (2.65)

Denoting with Qg the off-resonant photon mode with the lowest energy and thus
smallest deviation from the exciton energy, we notice that g = ;,02—2%; represents a

upper boundary for the set {r;}
x; < x> Vi. (2.66)

Since also 0 < g; < g;-¢ Vi, we can obtain an upper bound for the exciton energy

shift as:

|Aw| < I%gol‘0| +0 (1‘(2)) , (2.67)
where m denotes the total number of off-resonant modes which is finite due to the
earlier introduced cutoff. This result holds in the case where we take into account
photon modes below the exciton energy.

This approximation shows that in the system we are considering we can safely ne-
glect the off resonant terms, as for the parameters we are using the energy deviation
can be estimated to be of smaller than 0.1 meV. Note that this is a very rough esti-
mation as we approximated the x; by their upper bound xg. Numerical calculations

show that the actual effect of the off-resonant modes is much smaller.

2.2.2 The Exciton at Resonance and the Strong Coupling Regime

In this section the focus lies on examining the Hamiltonian given in Eq. (2.62) at

special symmetry points of the Brillouin zone. The feature that makes these points
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of special interest for us is that here two or more photon modes are intersecting.
Let qg be such a symmetry point where n photon modes intersect at energy
w. Then, by neglecting the off-resonant modes according to the previous section and
assuming the system to be tuned in such a way that the exciton has an energy resonant
with the intersecting photon modes, the corresponding matrix has dimension n + 1

and the simple form

(w

999 - 9g)

g w 0 O 0

- g 0 w O 0
h(q()):h g 00 w ol (2.68)

\g 0 00 - w)

where g = gq;qQ and Q is the quantum number of one of the considered photon
modes.
In a procedure similar to the one used when we were dealing with the E-and

M-polarisation we can reduce this matrix to the form

[(w ig 0 0 0)
vng w 0 0 0
. 0 0 wo 0 _
h(qg) = h 0 0 0 w 0 (2.69)
N0 0 00 - w

We realize that in the new basis at the crossing point only one mode couples to the
exciton while the remainder of the modes is left unaltered. The two dimensional
matrix can easily be diagonalized and we find the eigenvalues of the whole matrix to

be

A2 =w+ V/ng. (2.70)

as well as the (n — 1)-fold degenerate eigenvalue

A3 = w. (2.71)
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That means that the Rabi splitting between the highest and the lowest mode Q2 =
2,/ng is proportional to the square root of the number of intersecting photon modes.
The factor y/n gives an important enhancement of the Rabi splitting at the lattice
symmetry points. According to our assumptions at a given point qg in the first
Brillouin zone and for a given radius 7 we only have to consider those umklapp terms

for which the Bragg-condition
r—6<lqp+ Qi <r+4, (2.72)

holds. Here é denotes a small deviation tolerance. The number of modes that fulfill
this condition for a large r in a regular lattice is proportional to r. In the limit of
point-like quantum dots the form factor x(q) reduces to 1 and the coupling constant
is proportional to 71; Thus we see that for large r the factor due to the number of
modes cancels the factor arising from the coupling constant.

So far we did all the calculations under the assumption that we are dealing with
an ideal cavity and an exciton of infinite lifetime. We now want to include the effects
of a finite lifetime of both excitons and cavity photons, due to e.g. exciton-phonon
scattering processes and the imperfection of the cavity mirrors.

We therefore introduce decay factors & for photons and «y for excitons in the Hamil-
tonian, which become manifest as an imaginary part of the diagonal elements [33] and
subsequently solve the resulting non-hermitian eigenvalue problem.

At the crossing point of n modes the Hamiltonian then has the form

h(ag) = (w“’ ving ) : (2.73)
Vg w4 ik

so that the eigenvalues can be calculated as

1 1 .
Mo =wt 5ily+R) % oy (Vg = (s = 1)2. (2.74)

Note that additionally there is the (n — 1)-fold degenerate eigenvalue A3 = w + ix.
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From Eq. (2.74) it follows that there is only a Rabi splitting if the condition
(2vng)® > (k=) (2.75)

is fulfilled. In the literature, this case is called the strong coupling regime. The other
case, where the root becomes purely imaginary and the real part of the eigenvalues
is left unaltered is called the weak coupling regime. We assume the decay rates to
be small enough to be in the strong coupling regime and neglect splitting reductions

due to decay processes as they can assumed to be small.
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CHAPTER 3

Numerical Calculation

In this chapter we will present the numerical calculations we conducted in order to
study the energy dispersion of the QD lattice polaritons.

In the analytical expression we provided for the coupling constant gy in Eq. (2.63)
and (2.47) there are certain constants of unknown magnitude like the relative motion
wave function ®,4(0), the integral I(n/L) and the dipole moment uc,. Instead of
conducting analytical estimations for these quantities we will determine them by
linking our theoretical results to experimental data.

The system we consider in the following is GaAs/Alg 3Gag 7As. This I11I-V com-
pound has a refraction index of nr = 3.55 in the considered wavelength range (1] and
a bulk exciton resonance energy of hw; = 1.515 eV [28]. Due to the z-confinement
the exciton energy in a 25 nm quantum well is increased to the value hwg W 1525
eV (27]. In such a QW the Rabi splitting if found to be Q = 3.6 meV [6].

In order to exploit these data we use the fact that we can recover the QW coupling
constant [41] from Eq. (2.63) in the limit of one dot (N = 1) which covers the whole

V213

quantisation area ( 75 1). Moreover, it is necessary to replace the QW by the

QD exciton energy, which has been found for lens shaped dots of radius Ry = 50 nm
to be hw®? = 1.68 eV (18].

Therefore, using the fact that the coupling is proportional to the exciton energy,
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we find the relation b
_W? V2rei’a QW
9k = W\/H e 9% > (3.1)

4
Wy

QW

where ¢ can be written as
9k

k) VkLess
Here, v stands for all the remaining constants, including the unknown quantities

®,4(0), I(w/L) and ueyp.

(3.2)

Note that the cavity length L has to be replaced by an effective width L,y = 2L+
L pppr which arises from the imperfection of the cavity mirrors and the resulting finite
penetration depth of the electric field in the mirrors [39]. L denotes the resonance
length of an ideal A\/2 cavity. Lppgg can be calculated by an exact transfermatrix
calculation for the modes of a real cavity. We use the value Lpgpg from [39] which is
sufficiently accurate for our purpose.

By comparison with the experimental data we find a value for the effective constant
v of hy = 8.09 meV.

In the following sections we are going to examine the dispersion modes for a square
and a hexagonal lattice, which are obtained by a numerical diagonalization using
generalized Hopfield transformations. These transformations are implicitly applied in
the diagonalization of the matrix in Eq. (2.62). After having calculated the eigenvalues

numerically the Hamiltonian can be written in the form

H =" huf(@ph cpqe, (33)
q.£

(1)

where hu;f,(q) denotes the €% eigenvalue and Pq.

is the polariton creation (annihila-
tion) operator.
We have to stress that the latter form of the Hamiltonian was derived under the

assumption of a system with a single excitation. In order to expand this result to the
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many body problem of a highly excited systemn, a careful investigation of the polariton
commutator relations is necessary.

Since the polariton operator is composed by the exciton and photon operators as
])]L = al-aT + ZathAfQ, (3.4)
Q

the commutator can be calculated as

[p. pT] = |ag,¢|2 [a,aT] + XQ: |0‘th|2- (3.5)

Therefore, in the case of very large dots, in which the bosonic approximation
holds and [a,aT] =~ 1 the polaritons approximately behave as bosons too and their

operators fulfill
[P, H] = hwb(Q)pge- (3.6)

Thus, the Hamiltonian is diagonal in terms of the polariton operators pq ¢ and

1.

Q. and the eigenstates of the system can be written as a Fock state

_ 1 R AR :
lTI‘(!l . "(}2. .. > = W (P(”) (Paz) NN le()> s (37)

where a; denotes an arbitrary pair (q.£).

p

This is not true if the exciton operators show a remarkable deviation from bosonic

behaviour.

3.1 Preliminary Discussion

In this section we will exemplarily present the conducted preparatory calculations
for the case of a quantum dot square lattice, before we turn to the actual numerical
calculation of the polariton modes. An analogous calculation has been carried out for
the hexagonal lattice.

The simple square Bravais lattice, with square primitive cell of side a, has as its

reciprocal another simple square lattice, but with square primitive cell of side 27 /a.
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Figure 3.1. The reciprocal lattice:(a) of a square lattice with lattice constant a and (b) of
a hexagonal lattice with constant a. As usual I denotes the origin q = 0.

In the reciprocal space there are two symmetry points that are of special interest,
the X-point, which has a m-rotational symmetry and the M-point, which has a 7 /2-
rotational symmetry (Fig. 3.1 a)).

After having linked the constants in our theory to the experimental data in
the previous section, we can finally write down the coupling constant for the

GaAS/Aly3Gag7As system as

V23 1 k- 2 1009
gq=vvn—— 14 (—“) P G (3.8)
V2L +Lppr vk ;

where iv = 8.09 meV.

At first, we try to optimize the system parameters with regard to the coupling
strength at resonance. The free parameters in our system are the quantum dot radius
Rg = (3/V/2, the length of the ideal cavity L and finally the lattice constant a, which
determines the dot density n as well as the size of the Brillouin zone.

Generally, at a point in the reciprocal lattice qg where two or more photon modes

Q; intersect the Bragg-condition

Qi + qol =d Vi. (3.9)

is satisfied for a constant d (Fig. 3.9). Our purpose is to maximize the coupling

constant at this distance d in order to achieve the largest possible Rabi splitting.
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Exploiting the fact that the photon energy has to match the exciton energy at the
crossing point
2
fiwy = 1.68 meV = h-sy/d2 + (7) : (3.10)
nr
and by expressing d in units of the reciprocal lattice constant d = (327” we find a
functional dependence of the coupling constant for a fixed exciton energy hwy =

1.68 meV which is independent of the lattice constant a
de2b .
94 = EI(LL L), (3.11)

where we excluded the special case § = 0.
Thus we only have to optimize the function f with regard to the remaining free
parameters of the system, which are the dot radius Ry = v/2/3 and the cavity length

L. A two dimensional plot of f(/3, L) is given in Fig. 3.2.

31
=
=3
g
I -1
e —
L([):m] o 95 015 025 035 045
L [um]
Figure 3.2. The function f(3.L). Figure 3.3. Plot of the derivative
The light regions correspond to higher of f(Ro/V?2.L) with respect to L for
values. a fixed Rp = 50 nm. Notice that
the coupling is maximal for a value of
L=0171 pm.

For a fixed radius of Ry = 50 nm we find the optimal value for the cavity length
to be L = 0.171 pm (Fig. 3.3). According to Eq. (3.11) this value for L is optimal

independently of the crossing point under consideration. We find a simple expression



for the coupling constant at the resonance point that only depends on d

1

94 = =90 (3.12)

where gg = 0.387 meV for the optimized values. From this equation we can calculate
according to Eq. 2.70 the expected half Rabi splitting €2/2 for different symmetry
points of the 1%¢ BZ by multiplying g; with the square root of the number of inter-
secting photon modes. In Tab. 3.1 the calculated values for the Rabi splitting at the

symmetry points of the square lattice are listed.

X K1 K2
d 1/2 V2 5/2
#modes 2 4 8
Q 2.19meV | 2.19meV | 1.385 meV

Table 3.1. The Rabi splitting © depends on the relative size of the wave vector d at the
crossing point and the number of intersecting modes.

In the following we are going to turn our attention to the polariton modes in the

vicinity of a high symmetry point.

3.2 Square Lattice: The X-Point

At first, we will focus on the X-point at qg = (7/a,0) of the reciprocal space of a
square lattice with constant a (Fig. 3.1). For the calculation we included all umklapp
terms in the Hamiltonian of Eq. (2.62) up to a certain cutoff length due to the form
factor x(q). Furthermore, we dropped the completely decoupled L-photon modes.
At the X-point, the lowest photon modes crossing are arising from the original
photon mode (Q = 0) and the umklapp term with Q = (—27/a,0). Speaking in the
quasiparticle picture, these two photon modes have the same energy at the edge of

the Brillouin zone at qy = (7/a,0). We will present the calculations of the polariton
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Figure 3.4. The polariton modes (1)-(3) at the X-point along TX (a) and along XM (b).
The upper polariton (1) has a local minimum and can thus be considered as a quasiparticle
with a positive effective mass. The dashed lines represent the unperturbed modes.

dispersions and properties using the optimal parameters calculated in the previous
section.

For the lowest crossing at the X-point, where d = 1/2, the corresponding lattice
constant we have to choose according to Eq. (3.10) is a = 0.131 pm. Using these
parameters we find the polariton dispersions in the vicinity of qq in Fig. 3.4, which
shows the modes along the gz-and gy-axis, respectively.

As predicted, we find at the crossing point a Rabi splitting of about 2.2 meV
between the upper (UP) and the lower (LP) polariton mode.

The energy of the lower polariton mode has a saddle point at qg and thus the
assignment of an effective mass is not well defined. The upper (1) as well as the
central (2) polariton, however, show a local minimum at the X-point. The upper
polariton mode is shown in a two dimensional plot in Fig. 3.5.

The w-rotational symmetry of the X-point is reflected in the energy dispersion.
which has a very different appearance along the gz-and gy-directions. This property
can be checked numerically by calculating the effective masses of the polariton modes.
The effective mass of a quasiparticle is defined only at a local minimum or maximum

of the mode as
1 02E(7)

*y—1
)™ = 25

(3.13)

It describes the behaviour of the mode in the direct vicinity of the extremum. The cal-
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Figure 3.5. The upper polariton dispersion at the X-point. Because of the special 7-
rotational symmetry of this point the dispersion has a valley at the edge of the Brillouin
zone.

culated effective masses for the polariton modes (1) and (2) can be found in Tab. 3.2.

The masses are expressed in units of the of the cavity photon in-plane effective mass

UP (1) [CP(2)
Mo /mpp | 171073 | 0.44

”’!/u/”'ph 3.32 1.24

Table 3.2. The effective masses for the upper two polariton modes at X. The masses are
expressed in units of the photon effective mass in a ideal cavity of length L = 0.171 pum
(mp, = 2.52-10"%my).

in the lowest mode (k; = 7) at q = 0 in an ideal cavity of length L. This mass can
be calculated as myy, = h%5F = 2.52 - 10 5 mg, where mq denotes the electron rest
mass.

As

suggested by Fig. 3.5 the upper polariton mas

is extremely small in the gz-
direction (about 1073 m,,;,), while in the g,-direction it is of the order of the photon
effective mass. The latter also is of the same order of magnitude as the effective mass

of quantum well polaritons [15].

48



An explanation of this behaviour is given in the expansion of the unperturbed
cavity photon modes at the point qy = (7/a,0). The leading term in the cavity
modes along the gy-axis is (disregarding the constant term) is of quadratic order,
while along the gg-direction the linear term dominates. This accounts for the fact
that the effective mass in g-direction is approximately by a factor /2§ smaller than
the mass in gy-direction, as an expansion of the polariton energies in gy and gy

hows. 7 i 5 5=3%0 s . ats
shows. § is defined as § = o and has for typical constants for the system under

consideration a value of the order of 1073,

The anisotropy of the polariton modes is a direct consequence of the m-rotational
symmetry of the X-point. So, in order to find polariton states with an isotropic mass,
which is important with regard to condensation effects we will discuss later, we have
to consider a point with higher symmetry like the M-point of the square lattice or the

‘W-point of the hexagonal lattice, which have an 7/2- and 27 /3-rotational symmetry,

respectively. Before we are discussing these highly symmetric points we will closer

0.505 01

. . . : 0]
Figure 3.6. The exciton component of polariton mode (1) |a¥

(q)|". Only in the direct
vicinity of gy the upper polariton becomes excitonic. g

examine the polariton modes at the X-point.
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Qx 0.505

Figure 3.7. The exciton component of mode (2) |a!?(q)|. Remarkably this mode is

purely photonic on the edge of the Brillouin zone.

Since in the vicinity of qq the polariton states can be expressed as a linear com-

bination of the exciton state and the two photon states,

£ o 0 3 ~Q=(-1,0 q
1:;> = af(a)la) + ol (a) {1,‘3 > ; ,.;,,._,(q)|1(? J>_ (3.14)
we can keep track of the excitonic and photonic parts in the new eigenmodes.

9
In Figs. 3.6-3.8 the excitonic part 4»5-(q)‘ of the three polariton modes (§ =

1,2,3) is depicted. Since the polariton state is normalized to one, the photonic part
2 3 2
‘uf),” (q)‘ 4 [«.;h2<q)[ appears as the negative of the Figs. 3.6-3.8.
We see that near resonance we have a strong mode mixing between photons and

excitons. At resonance, the upper and the lower polariton are exactly half excitonic

is a remarkable

and half photonic, whereas the center mode is purely photonic. Thi
result, because although the center mode has exactly the exciton energy at resonance
the corresponding eigenstate is purely photonic

Note that the center mode’s deviation from the unperturbed exciton mode in

Fig. 3.4 along the g, direction is too small to be seen on this scale. But in fact



0.505

2
3 % .
o ’(q)| . At resonance this mode is half

Figure 3.8. The exciton component of mode (3)

excitonic half photonic.

the mode has a local minimum at gy with photon-like effective masses in gz-and
qy-direction, respectively (Tab.3.2).

Moreover the x-y asymmetry of X is once again reflected in Fig. 3.7. While in
qz-direction the central mode returns to its excitonic nature very quickly. it remains

purely photonic in the g,-direction on the edge of the Brillouin zone.

Note that except for the well localized region around qg. Fig. 3.7 is the negative
of Fig. 3.8. At the edges where the two modes change their nature from excitonic
to photonic and vice versa the unperturbed exciton mode intersects a single pho-
ton mode. At this intersection points, the polariton modes behave similar to bulk

3.

polaritons depicted in Fig.

We summarize that we have created a novel kind polariton states at the edge of the
Brillouin zone, i.e. they have, unlike quantum well polaritons, a finite momentum.
This is associated with interesting effects in the interaction with external photon

modes. These effects will be discussed later in section 3.5. Moreover, we found that
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Figure 3.9. At the M point we distinguish two cases. M1 labels the crossing, where the
closest photon modes intersect (black dots). At the M2 crossing the second closest photon
modes intersect (crosses). The different modes fulfill |Q; + qq| = d,/, for the two cases,
respectively.

the upper polaritons have a photon like effective mass along the zone boundary, as
usual QW polaritons, but along the gz-direction we find an exceptionally small mass,

which is by a factor of 1073 smaller than the QW polariton mass.

3.3 Square Lattice: The M-Point

At the M-point we are going to examine not only the lowest crossing (M1) but also
the second lowest crossing (M2) (Fig. 3.9).

The M-point has a 7/2-rotational symmetry with regard to the reciprocal lattice.
We therefore expect the effective mass tensor to be isotropic. Moreover the higher
symmetry leads to the fact that at the lowest crossing point (M1) four photon modes
(Q; =0, Qy = (—27/a,0), Q3 = (—27/a,—27/a), Q4 = (0, —27/a)) are intersect-
ing instead of two at the X-point. In order to tune the intersection to the exciton
energy we have to choose a lattice spacing of ¢ = 0.185 ym if we keep the remaining
parameters in their optimal ratio (Ry = 0.05 ym and L = 0.171 pm).

Fig. 3.10 displays the polariton modes along the path TM/. Note that the central
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Figure 3.10. The polariton modes at the lowest crossing point at M (M1). The modes are

displayed along the path TM

mode (3) is an unperturbed photon mode, as along this path the energy of photon
Qo and Q4 is identical and thus we can introduce a basis in the respective subspace

with one completely decoupled state (Section 2.2.1).
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Figure 3.11. The polariton modes at the lowest crossing point at M. The modes are
displayed along a path parallel to the ¢;-axis. Due to the symmetry we find the same

energy dispersions along the g,-axis

Along a path parallel to the gz-axis we find two unperturbed photon modes ((2)

and (4)) which arise because of the degeneracy of energy of the photons Qg and Q3

as well as Qg and Q4 (Fig. 3.11).



Note that the increased number of intersecting modes compensates exactly the
effect of a decreased coupling constant, when we go from the X to the M point. Thus,
we find a Rabi splitting of = 2.19 meV like in the case of the X-point. Our main
interest lies on the first polariton mode because it has a positive isotropic effective

mass. This mode is depicted in Fig. 3.12 in the vicinity of qg.
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Figure 3.12. The upper polariton mode at M1. The energy dispersion is symmetric in

gs-and g,-direction.

The mode is half excitonic and half photonic at resonance (qg) and becomes purely
photonic away from of qg. as can be seen in Fig. 3.13.

The LP mode (5) has a strong resemblance with the UP mode (1). The energy
dispersions show the same shape and symmetry, with the difference that at qo we
find a local maximum for the LP mode, while there is a local minimum for the UP
mode. The excitonic part of the LP in the vicinity of the resonance point is almost
identical to the one of the UP 3.13.

mmetric in rotations

As we expected the polaritons show a dispersion that is

about /2 like the lattice itself and we find an isotropic mass tensor as the calculation

of the effective masses at the M1 point shows (Tab. 3.3). Note that all the polariton
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Figure 3.13. The exciton component of mode (1) at M1 \u‘,"(q) &

mode is half excitonic half photonic. An almost identical figure is found in the case of the

At resonance this

lower polariton (5).

masses at M are of the order of 1073 m, which is 1073 times smaller than the usual
QW polariton mass.

Next we will turn to the M2 crossing where eight photon modes intersect as
depicted in Fig. 3.9. We calculated that in this case the increase of modes is not

able to compensate the reduced coupling constant completely (Tab. 3.1). Instead we

2 of © = 1.385 meV. This

expect a Rabi splitting reduced by the factor s depicted
in Fig. 3.14

Again we focus on the upper polariton mode for which we find a very isotropic
dispersion relation (Fig. 3.15) with an positive effective mass of m = 2.08-1073 my,,
which is even smaller than the mass at M1 (Tab. 3.3). By keeping track of the exci-
tonic part of the mode in Fig. 3.16 we find that the magnitude of exciton component

is equal to the one of the photon component at resonance but then drops quickly to

zero at higher distances.

1
&



M1 M2
UP (1) LP (5) UP (1) LP (9)
3.43-1073 | —-3.4-107% | 2.08-1073 | —2.06-1073
3.43-1073 | -3.4-1073 | 2.08-1073 | —2.06-1073

Mgz /Mph
Myy/Mph

Table 3.3. The effective masses for the upper (UP) and the lower polariton (LP) at M1
and M2. The masses are expressed in units of the photon effective mass in a ideal cavity of
length L = 0.171 pm (my; = 2.52-107° my).
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Figure 3.14. At M2 eight photon modes are crossing. The resulting nine polariton modes
are displayed along the g,-direction. Note that along this path the unperturbed photon

modes can be grouped in degenerate pairs.

Like in the case of the M1 point the LP mode bears a strong resemblance to the
UP mode, which is indicated by the almost identical magnitude of the effective masses
in both cases 3.3. Also, the lower mode shows the same shape and symmetry as the

UP in both the energy dispersion and the excitonic component. (Figs. 3.15 & 3.16).
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Figure 3.15. The highest polariton mode at Ms

The large number of interacting photon
modes provides a high symmetry of the dispersion.

Figure 3.16. The exciton component of the highest mode at M2 |a,(q)[?. At resonance

this mode is half excitonic half photonic. We find an almost identical figure in the case of
the LP.



3.4 Hexagonal Lattice: The W-Point

In this section we will consider a lattice of quantum dots in a hexagonal arrangement.
A two dimensional hexagonal lattice is made up of equilateral triangles and can thus
be characterized by the two primitive vectors a; = (a,0) and ag = (a/2,v/3a/2),
where the lattice constant a denotes the distance between two neighboring lattice
points. The reciprocal lattice is again a hexagonal lattice with lattice constant a* =
%. We are going to examine the lowest crossing at the so called W point of the
reciprocal lattice (Fig. 3.1), which has coordinates (1/2,1/(2v/3)), in units of a*. At
this point there are three photon modes crossing.

Also for the hexagonal lattice the coupling has a maximum for a dot radius of 50
nm, if the cavity length has the value L = 0.171 pm. This corresponds to a lattice

constant of @ = 0.175 pym and thus a optimal dot density of n = 37.8#—1117. For these

optimized values we find a Rabi splitting of 2 = 2.16 meV. The polariton modes along

1.682 1.682
~ 5
T 168 @ 168
w w
1.678 1.678
0485 05 0515 0.28 0.288675 0.3
ax [4n/(V3a)] ay [47/(V3a)]

Figure 3.17. The polariton modes at the W-point of the hexagonal lattice along the
x-direction (a) and the y-direction (b) are displayed.

the qz-and gy-axis, respectively, are depicted in Fig. 3.17. Note that the dispersion
relations along the gz-axis are even functions. while in gy-direction they are odd.
The highest polariton mode has an local minimum at the resonance point
(Fig. 3.18) and we find isotropic effective masses of 2.52 - 1073 myp and —2.51 -
103 mpp, for the highest and lowest mode, respectively. The excitonic character of

the mode has a strong resemblance to the modes in the previous cases (Fig. 3.19).
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Figure 3.18. The highest polariton mode at the W-point of the hexagonal lattice.

One can clearly see that the excitonic component survives over a long range in the
directions where there is no nearest neighbor reciprocal lattice vector present. As
expected the 27 /3-rotational symmetry is reflected both in Figs. 3.18 and 3.19.

In the case of the W-point of the hexagonal lattice another interesting effect
appears. While at the symmetry points of the square lattice the lower mode beared
a strong resemblance (in shape and symmetry) with the upper mode. in the case of
the hexagonal lattice the lower mode, still having a similar shape, is rotated by an
angle 7 (Fig. 3.20). The same effect can be seen for the excitonic part of the LP in
Fig. 3.21.

This mismatch in the upper and lower dispersion as well as the excitonic com-
ponents is likely to suppress the polariton scattering between these two modes as
polaritons can only scatter to states with a significant exciton component. In order
to confirm this assumption detailed investigations on the polariton dynamics of the

system are necessary.
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Figure 3.19. The exciton component of the highest mode at W in the hexagonal lattice
|az(q)[®. At resonance this mode is half excitonic half photonic.
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Figure 3.20. The lowest polariton mode at the W-point of the hexagonal lattice. Note

that it is rotated by 7 with regard to the upper polariton mode.
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Figure 3.21. The exciton component of the lowest mode at W in the hexagonal lattice

laz(q)[%. It is rotated by 7 with regard to the excitonic part of the upper mode
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3.5 Dark Polariton States

Unlike quantum well polaritons, which can have a momentum in the direct vicinity
of zero only, the novel microcavity polaritons described in the previous sections have
a large in-plane momentum, being located at the edge of the Brillouin zone of the
reciprocal lattice. This leads to interesting effects that become manifest in the in-
teraction with external photons in a material of refraction index nez¢, smaller than
the refraction index of the cavity spacer n,. Due to a total internal reflection of the
polaritons at the edge of the Brillouin zone their spontaneous emission lifetime is
expected to be greatly enhanced.

In the following we keep the basis determined by the microcavity symmetry, where
q and k; are the components of the wave vector parallel and perpendicular to the

mirrors, respectively. Since the external photons have an energy dispersion

V@2 + k2, (3.15)

it is clear that the function E(k; = 0) = hy; Cﬂq represents a lower boundary for the
€.

E=h

Next

energies accessible to the external photons (Fig. 3.22).
Let us consider polaritons at a symmetry point qg on the edge of the Brillouin
zone. These polariton states are partially in the non accessible region of the external

photons, if the polariton energy at the edge Fp(qq) is smaller than the lowest external

photon energy Eezt(qq, kz = 0) = h=5

Nert

q0-

By approximating the polariton energy with the unperturbed cavity photon energy

Ep(qg) = Eint(qg) = h%‘/qg + (%)2, this condition reads

h

c ¢ . s
q > h—q/qd + (+)2. (3.16)
Nert Ny L

which can be rewritten as a condition on the refraction indices as

Next < aNy, (3.17)
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Figure 3.22. The dispersion for external photons for several arbitrary values of the (con-
tinuous) parameter k.. The dispersion for k; = 0 imposes a lower boundary for the energies
accessible to free photons.

where o = 1/,/1 + (Tj’;—o)z

If this condition is fulfilled there are polariton modes in the vicinity of qq that do
not couple to the external photons due to selection rules imposed by the conservation
of energy and in-plane momentum (Fig. 3.24). This effect can be seen as a total
internal reflection for microcavity polaritons for a large in-plane momentum q.

The primary decay process of polaritons is the coupling to the external photon

bath, which gives rise to a short polariton lifetime in quantum wells of the order of

a few picoseconds. If polaritons are unable to dec

v to external photons due to their
total internal reflection, we expect their spontaneous emission lifetime to be greatly
enhanced.

Although the spontaneous emission lifetime of these QD lattice polaritons can be
greatly enhanced using this total internal reflection. we have to note critically that
there are other decay processes that come into play, such as polariton-phonon or

polariton-polariton scattering.
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Figure 3.23. The boundary between states accessible for external photons in the reduced
zone scheme for the unperturbed cavity modes in the cases (1) ney < ang, (2) neyr = an,
and (3) neze > an,. Moreover, the figure shows the lowest 2 cavity photon modes along
OX of the square lattice.

In fact, the upper polariton modes we are discussing do not represent the lowest
state of the system. While the scattering processes into the central modes are likely to
be strongly suppressed due to the purely photonic nature of these modes at resonance,
the scattering to the lower polariton mode may significantly reduce the polariton
lifetime.

This effect is not present if we consider polaritons in the lowest mode. These
polaritons have a negative isotropic mass of the same magnitude of the upper polari-
tons. The lower polaritons do not relax to lower and lower energies, but they tend to
accumulate at a certain value of g. This is due to the so called bottleneck effect, which
is a consequence of the vanishing excitonic part in the polariton state away from the
resonance point [48]. The polaritons lose their ability to scatter when their excitonic
nature decreases. At these accumulation points (e.g. along the excitonic branches in
Fig: 3.21) we expect a very long polariton lifetime and a population buildup.

In order to study these accumulation effects or to determine the actual lifetime of
QD lattice polaritons a careful study of the polariton dynamics is necessary and we

expect this to be subject of future investigations.
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Figure 3.24. If the condition n.;y < an, is fulfilled there are polariton modes in the dark
region (shaded area). These states do not couple to external photons and are thus expected
to have a greatly enhanced lifetime.
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Conclusion

In recent years, the field of quantum phase transitions in solids (such as Bose-Einstein
condensation (BEC), Berezinskii-Kosterlitz-Thouless transition (KBT), or superflu-
idity) has attracted remarkable attention as it brings quantum mechanical effects to a
macroscopic scale. In particular, microcavity polaritons are promising candidates for
the observation of a phase transition into a coherent light-matter condensed phase,
because in certain limits they behave as a non-interacting Bose gas. Moreover, their
extremely light mass of the order of 10~ electron masses, suggests the possibility of
high temperature condensation. In fact, the critical temperature 7, of a BEC in an

ideal, non-interacting Bose gas is inversively proportional to the particle mass [42]

27rhz( n )2/3. (3.18)

bole === 2612

As discussed by Imamoglu et al. in Ref. [22], microcavity polaritons might undergo
BEC. This has stimulated extensive experimental studies 3, 14, 24, 32] and controver-
sial theoretical discussions [42, 45]. Undoubtedly, some recent experiments show evi-
dence of some type of condensation of polaritons in semiconductor heterostructures,
but up to now it is unclear what the nature of the observed coherence phenomena is.
Most theoretical works agree that the ideal BEC theory is not applicable for several
reasons. Aside from the fact that the claim of the bosonic nature for polaritons
holds only in the low excitation limit (which is highly questionable in the context
of condensation effects), the most striking argument is that in a two dimensional

system, like the ones studied in the cited experiments, the critical density above
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which BEC occurs diverges for every finite temperature. For interacting particles this
is a direct consequence of the Mermin-Wagner theorem [30]. Thus, theoretically BEC
in a two dimensional system occurs at zero temperature only. Moreover, BEC theory
describes always a system in thermal equilibrium, which is in direct contradiction with
the short lifetime of polaritons (of the order of a few picoseconds). Snoke therefore
proposed [45] to consider the observed effects rather within the more general concept
of a spontaneous emergence of coherence. Nevertheless, disregarding this questions
of terminology, the mentioned experimental data clearly proves the existence of some
kind of condensation effect for microcavity QW polaritons in quantum well structures.

In this thesis we presented a study of polariton modes of a novel kind, for which we
propose the name of umklapp polaritons, as they arise from and umklapp scattering
of excitons and photons. The investigated umklapp polaritons are the eigenstates of a
periodic array of lens shaped GaAs quantum dots within a microcavity in the strong
coupling regime. This system is of special interest as it represents an intermediate
case between the limits of a zero dimensional quantum dot on the one hand, and of a
two dimensional quantum well on the other. The translational symmetry of the QW
case, which is lost in the case of one QD, is partially recovered in a QD lattice.

Before turning to the actual physical system we reviewed in Chapter 1 the funda-
mental concepts needed throughout this thesis.

In Chapter 2, we provided a full quantum mechanical treatment of the system un-
der consideration. It turned out that, due to the periodicity of the system, the exciton
states have a quantized center-of-mass motion with an in-plane momentum which is
restricted to the first Brillouin zone of the reciprocal QD lattice. We have seen that
these new exciton states behave like quasiparticles of infinite mass. The quantized
center-of-mass motion accounts for the fact that a quasi in-plane momentum conser-
vation (which is lost in the case of one QD) is restored, as the exciton states couple

to a discrete and yet infinite set of umklapp-photon states. These umklapp states
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turned out to be the different photon branches in the reduced zone scheme of the
QD lattice Brillouin zone. The resulting umklapp polariton modes have a quantized
in-plane motion labelled by the quantum number q, which is restricted to the 15t
BZ. Due to the quasi-momentum conservation a polariton q is a mixed state of one
exciton mode of in-plane momentum q and a set of photon states with wave vectors
q + Q, where Q denotes a reciprocal lattice vector. In a good approximation this set
of states is finite, as the coupling to large wave vectors is strongly suppressed by an
exponential form factor due to the finite size of the dots.

QW polaritons always have a in-plane momentum close to zero due to the steep
dispersion of the photon modes [40]. In contrast, in Chapter 3 we demonstrated that in
our scheme we can create polaritons with both positive and negative effective masses
and a large in-plane momentum at the edge of the Brillouin zone. We calculated
that in the majority of cases, namely the cases that have at least a 27 /3-rotational
symmetry, this new type of polariton has an extraordinary small, isotropic effective
mass of the order of 10~8 electron masses.

We studied the umklapp polariton dispersions for different symmetry points of the
square and hexagonal lattice, respectively. In all cases a Rabi splitting of approx. 2
meV was found. Since this value may appear to be very small, we should mention that
in II-IV compounds like CdTe, a much larger Rabi splitting at the edge of the Brillouin
zone is expected. Moreover in QW’s a significant increase of the Rabi splitting can
be achieved by the use of stacked layers of QW’s. The increase is approximately
proportional to the square root of the number of QW’s and thus huge values for
the QW vacuum field Rabi splitting (in CdTe up to 26 meV) are realizable [2, 39].
The investigation of the effect of stacking layers of QD lattices (i.e. effectively an
3D lattice with small extension in z-direction) could be an interesting project for the
future.

Furthermore, we showed in Section 3.5 that the system can be designed in such
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a way that the polaritons accumulate in regions where the spontaneous emission
lifetime is greatly enhanced due to the inability to fulfill both energy and momentum
conservation in the interaction with external photons. We pointed out that for both
the positive and negative mass polaritons a population buildup is likely to happen,
due to the special dispersion profile and a bottleneck effect.

Certain properties of the umklapp polaritons (as the small mass and the enhanced
spontaneous emission lifetiine) make them attractive for quantum condensation ef-
fects, suggesting very high critical temperatures (Eq. (3.18)). However, we have to
stress the fact that the calculations were conducted under the premise of a single
excitation and, as we stated above, the presented model only applies to many-body
problems, if the lateral exciton confinement does not interfere with the bosonic char-
acter of the quasiparticles. Only in this pure bosonic case the statistical properties
can be studied exactly. Although Ref. [50] suggests that for a ratio between the dot
size and the exciton Bohr radius larger than 5 (for our system we find this ratio to
be aﬁg ~ 10) the bosonic behaviour is recovered, further investigations are necessary
in order to extend our model to a analysis the statistics of a many polariton system.

Another application for the syvstem studied here could be found in the field of
quantum information. The natural exciton states are superpositions of localized states

on the different QD’s
lq) = > Wiy (3.19)

;
Thus in the superposition of multiple polariton states interference effects may lead
to a controlled pattern in the occupation of QD’s in the lattice. This can be used
for a selective entanglement of quantum dot qubit states in the realization of scalable
quantum information devices [35. 51].

We conclude that the novel type of quasiparticle called umklapp polaritons, which

we studied in this thesis, has many properties. which are attractive for both the field

of quantum computing and the field of quantuin condensation. Further theoretical
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as well as experimental investigations of these novel polaritons seem to be interesting

and promising research projects for the future.
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APPENDIX A

Derivation of the Effective Mass Equation
in Bulk

In the following we are going to show how to derive the effective mass equation (1.18)
from the many-body Hamiltonian (1.6)

—Z(

2).2
b= S At
2m ) Cok ek zk: 2my €

vkCrk
A B
oot
+ Z i kokgkyCok, Coky CekyCrky (A1)
kjkoksky
c

We need to find an equation that the coefficients A(k, k’) have to fulfill in order
to make |¥z) =

ki’ Ak K)c e [Po) an eigenstate of Hy. i [¥;) has to satisfy
the stationary Schrodinger equation

IIII\IIJ_> = El\llr)

(A.2)

Therefore we are going to examine the action of Hy on our trial exciton state piece

by piece. We start with the part due to conduction electrons A

hk)
AlWg) = ZZ( 4 2"1 ) Iklccklc:r_kcl_k,|<l>0)A(k,k') (A.3)
k; kK

=1
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The product of creation and annihilation operators can be simplified by applying the

fermion commutation relations

[Cak, Cf)”kl] + = 6k’k’6a’a'" (A4)

Using these rules we find:

{ — t o f
Cok; Ccky CokCok! = ‘Skl,kcckl Cold T Coky CekCuk Ccky - (A.5)
If we take into account that the last term on the RHS vanishes, when acting on the

ground state |®g), Eq. (A.3) becomes

Allg) =Y {(A + (hk)2) A(k, k’)} el e 190) (A.6)

.Y 2me

To deal with term B we have to simplify a similar term.

LR | ) Tt
CL'kl(‘l'klcckC'z,'k' =CekCok’ T CUklcckaklcvk'

—of { f t
=CekCok’ T 6kl,k'cvklcck ~ Cuk) Cek Cuk/ ok, (A7)
where again, the last term produces zero acting on the ground state. With this

simplification the action from B on the trial state reads as

hkp)2  (hk')?
B|¥,) = Z Z (277:3 1); A(k, k') clkc'/,k/ |®o) (A.8)
k,k’

The calculation of the third term is slightly more complicated as we have to calculate

a product of six operators.

t T .
e iy oy ety el 120) = _‘5k3,k"lk,‘1k2“ vk ot [P0) (A.9)
The remaining product of four electron operators was already calculated in (A.7) an

so we finally find
C|¥z)

’ f ; ]
= > fklkzksk«“(k-k){5k,k35k.,k4%k2%k'—5kk3°k1k'cck2%k4}lq’o)
k.k’ k1.ko,k3.ky
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k' Ukp ko
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The first term on the RHS plays the role of a constant, diverging self-energy we are
going to suppress in the following. By plugging in the expression for the matrix
element f given by (1.5) and by exploiting the fact that the functions clkcvk: |®g) are
linearly independent we end up with an equation for the coefficients A(k,k’) when

we put all the three parts together.

o n_ (h‘k)2 (hk,)2 N 4me? /
(E - Ey A)A(k,k)—(zmc * o A(k, k') ;equA(uq,k +q)

(A.11)

By finally introducing the new coefficients

Aq(K) := A(K + (mc/M)q,K — (my/M)q) we obtain Eq. (1.15).



APPENDIX B

Evaluation of the Interaction Matrix

Element

In this appendix we are going to calculate the expression (2.34)
X =)ty i, Alkr ko),
kikp €

in order to complete the exact derivation of the interaction Hamiltonian (2.46) in
Section 2.1.3. We carry out the calculation for the E-mode only and present the solu-
tion for the M-mode witch is obtained in an analogous manner. We start by writing
the explicit expression for the matrix element ¢ using the real space representation of
the Bloch functions in Eq. (1.3) and the form of the vector potential for the E-mode
(Eq. (2.22))

tk?’kl = <k2U IA(I')I'I k](,.’)
v.c

1 Hky — . P 3 - ; "
= Zv/drez(kl k2)r o ¢ pocos (ks 2) (ALEG iqp | AkEezqP) e, o (T)Tgc (T),
q

(B.1)

= [—P— ¢p =G x 2 and as be = (p.z = (q. k-
where Cy = W,CB—(]X~&ll(lc\bb(,f0rer (p,z) and k = (q, k;).

Using the Rotating Wave Approzimation we can drop the term proportional to

AkE because in the Hamiltonian it would appear as a fast oscillating term of the form




Ay pa. Inserting the latter relation to Eq. (2.34) we find

. 1 i .
X =3 Cyé EAl L / dr { & 3 Ay k)et®1kr B cos(k,2)e Wiy (O)rug o (r)-
q ki.ko
(B.2)
At this point we will exploit the fact that the sum in k and k’ are restricted to
the first Brillouin zone of the quantum dot lattice. This Brillouin zone is very small
compared with the crystal Brillouin zone, in which the Bloch functions are defined.
In fact for reasonable values for the two lattice constants the volumes of the two zones

differ by a factor of approx. 10°. Therefore to a very good approximation we can

substitute the k dependent Bloch parts by the functions for k = 0

“‘kc(v)(r) ~ uOC(‘L’)(r) = "c(v)(r) (B.3)

Within this approximation the only k dependence is inside the curly braces and one
can easily identify this expression as the exciton envelop function taken with the

electron and the hole at the same position r

1 .
7 2 Ak ka)e MR = Wy (r,0) = x(0)815(0)c(2)0n(2). (B.4)
k17k2

Now, in order to evaluate the remaining integral

I= /drx(p)fbls(O)cbe(z)qsh(z)ros(k;:)e—iqpu:(r)ruc(r), (B.5)

we decompose the integral over the whole space into a sum of integrals over the atomic

/dr - Z/UCdri, (B.6)

wherer; =r — r? and r? denotes the ith atom in the crystal. Note that r; runs only

unit cells as

over a simple crystal unit cell and thus its magnitude has an upper limit defined by

the interatomic spacing (= 0.1 nin). None of the functions appearing in Eq. (B.5)

76



changes noticeably within a unit cell except for the Bloch parts u}, and uc.

1=3 [ 2rox(s? + 1,006 = )on(eD = idcos(ha (0 - )

x =102yt (19 4 1) (1 + r3)ue(r? + ;)

~ZX ;) ®15(0 )ée(z )én(z; )('os(kzzo)e ’qu/ dryuy(ry)riuc(r;),  (B.7)

i
where we used the periodicity (u, /v(r? + ;) = ugy,(r;)) and the orthogonality [13]
([ druj(r)uc(r) = 0) of the Bloch functions. The remaining integral is independent

of the index i and we define this quantity as

1
Vue Juc

ey =

druj(r)rue(r), (B.8)

where V¢ is the volume of a crystal unit cell. By retransforming the sum into an

integral ), — ij J dr we find
I = @15(0)x(a)] (kz)ucw, (B.9)

in which we defined I(k;) = [ dz¢e(2)¢p(2)cos(kzz) and x(q) = [ dpx(p)e~'9. Note
that all the information about the position of the dot is contained in x(q) = x(q)-

Gathering the results we finally can write down a compact form for the expression

X

h .
X=—% ar®)Al, (B.10)

1eWy

where we defined the coupling constant
- . 1., . .
ng(Rj) = ww.rq’ls(o)ﬁckx_j(Q)](kz)(fEucv)- (B.11)

Note that ¢ puey is a constant independent of the unit polarization vector € puey = ey
In a equivalent calculation one finds the relation between the coupling constants for
E- and M-mode to be

Gar (Ry) =~ Gap(R,), (B.12)
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where we neglected the polarization component perpendicular to the mirrors, as the

corresponding coupling term is proportional to

nG) = / d2e(2)on()sin( 7 2) (B.13)

and is zero if the z-direction confinement is symmetric. This is equivalent to the state-
ment that in this limit we exclusively couple to excitons that are polarized parallel

to the mirrors.
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