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ABSTRACT

DIFFERENTIATION WITH HIGH-GAIN OBSERVERS
IN THE PRESENCE OF MEASUREMENT NOISE

By

Luma K. Vasiljevic

The error in estimating the derivative(s) of a noisy signal by using a high-gain
observer is studied and quantified. The error is bounded in terms of the infinity
norms of the noise and a derivative of the signal. The error bound is independent of
the frequency or derivatives of the noise. Guidelines are presented for the observer
gain design when it is used for on-line differentiation. Analytical and simulation

results are presented.
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Chapter 1

Introduction

Differentiation of signals in real time is an old and well-known problem. An ideal
differentiator would have to differentiate measurement noise with possibly large
derivatives along with the signal. In [25], the differentiation error for a higher-
order sliding mode differentiator is quantified in terms of the magnitude of the
noise; that is, a bound on the error is derived that depends on the magnitude of
the noise and not its derivative or frequency. Such quantification is useful because
it provides insight into the signal to noise ratio of the differentiated signal.

In this thesis we derive a similar bound on the differentiation error when a
high-gain observer is used to estimate the derivative(s) of a signal in the presence
of measurement noise. The error bound depends on the infinity norm of the noise
and the infinity norm of the derivative of the highest estimated derivative of the
signal.

Ideally, when no noise is present the error in estimating the derivative with
a high-gain observer shrinks to zero as the observer gain grows to infinity. How-
ever, large gain undesirably magnifies the measurement noise. There is a trade-off
between the closeness of the estimate to the true derivative in the absence of noise

and the noise amplification in the presence of noise. This trade-off is studied



and quantified in this thesis. Guidelines are provided for designing the observer
gain. Results are illustrated by numerical simulation. Simulation results show
that the performance of the high-gain observer with properly designed gain is at
least comparable to the performance of the sliding-mode observer in the presence

of measurement noise.

1.1 Motivation

In many cases, the differentiation problem is reduced to observation and filter-
ing problems. In the case when the frequency bands of the signal and noise are
known, band-pass filters are used to damp noises and the transfer function of the
differentiator is approximated by the transfer function of a linear system. When
stochastic models for the signal and noise are available, detection and linear fil-
tering theory could be utilized [19], [20], [8]. If no information is available about
the bandwidth or stochastic properties of the noise, it is useful to have insight
on the accuracy a differentiator could achieve. In [25] A. Levant points out that
)fh,

no differentiator that is exact on input signals whose (n —1 derivative has a

Lipschitz constant L, producing the ith derivative, where 7 < n, can provide

(n—1)/n

for accuracy better than L/ Mnllso , in the presence of uniformly bounded

I th derivative has a

noise p(t) Indeed, being exact on signals whose (n — 1)
Lipschitz constant L, the differentiator must be exact on sinusoidal noise with
amplitude ||/|loc and frequency (L/”/l”go)l/n, producing an error of at least
L/ "||;1||§,g~i)/ " in the presence of noise. That is, a second-order differentia-
tor exact in the absence of noise on signals whose first derivative have Lipschitz
constant L, must make an error that is at least \/m in the presence of

uniformly bounded measurement noise gu(t). In [25] and [24] A. Levant proposes

Ulilloo = supysq (1]



/ th

differentiators that compute the iR derivative exactly for signals whose (n—1)
derivative has Lipschitz’s constant L in the absence of noise and produce an er-
ror bounded by 1\'Li/"'(|,4||(£—"’)/", for some K > 0, in the presence of noise.
Levant’s differentiators utilize Higher Order Sliding Modes (HOSM).

In this thesis, we show analytically that the same accuracy could be achieved
with high-gain observers in the presence of noise, given the appropriate choice of
the observer gain. We utilized computer simulation to demonstrate our results
and compare the performance of HOSM observers and high-gain observers in the
presence of measurement noise. In this chapter, we briefly review the concepts and
ideas of HOSM and high-gain observers omitting formal proofs. We refer the reader
to appropriate sources for the formal theories. In Chapter 2, we show how the high-
gain observer could be used as a differentiator in the presence of measurement noise,
whereas Chapter 3 is a comparison between HOSM differentiators and high-gain

observer-based differentiators. Finally, Chapter 4 is a brief summary of results

presented in this thesis.

1.2 Higher Order Sliding Modes

1.2.1 The Idea of Sliding-Mode Control

An obvious way to achieve a control task under heavy uncertainty conditions is to
keep some constraints by "brute force.” The most simple way to keep an equality
constraint is to react immediately to any deviation of the system stirring it back
to the constraint by sufficiently energetic effort. This approach leads to so-called

sliding modes [18]. To illustrate this idea, we present the following example.




Example — Stabilization Utilizing Sliding Mode

For the system (1.1) in regular form [22]

f) = fG.(7”§)a

. (1.1)
&= fp(n:&) + 9. &)u+4(t,n.&, u),

where? 1 = (n,€) € R? is the state, u € R is the control input, fq, f, and g
are sufficiently smooth functions in a domain D C R? that contains the origin.
We assume that fq and fj, are known, whereas g and § are uncertain. We
also assume that g is positive and bounded away from zero; that is g > gy > 0.
The function § is piecewise continuous in ¢ and sufficiently smooth in (7,&,u)
for (t,n,€,u) € [0,00) x D x R. Suppose that in the absence of § the origin is
an open-loop equilibrium point. Our goal is to design a state feedback control law
to stabilize the origin for all uncertainties in g and 4.

We begin by designing the sliding manifold (constraint) s =& — ¢(n) =0

such that when motion is restricted to the manifold, the reduced-order model

n= fa(n, é(n))

has an asymptotically stable equilibrium point at the origin. The design of &(n)

amounts to solving a stabilization problem for the system

0= fa(n.§)

with £ viewed as the control input. We assume that we can find a stabilizing

continuously differentiable function ¢(n) with #(0) = 0. Next, we design u to

2For simplicity, we consider a single-input 9@ 4rder system. Sce [22] for multi-
plicity g p \
input higher-order system.




bring s to zero in finite time and maintain it there for all future time. Toward

that end, we write the § equation:

&:&mé)—g%MW£)+ﬂmOu+5mn£w) (1.2)

In the absence of uncertainty; that is, when § = 0 and ¢ is known, taking
u= —g—1 [fb - (8¢)/377)fa] results in § = 0, which ensures that the condition

s = 0 can be maintained for all future time. Assume that

fp(x) = 5<M()+fow
g(x)

< p(x) + kg llullag » Y(t, 0, & v) € [0,00) x D x R,

(1.3)
where the continuous function p(x) > 0 and ky € [0,1) are known. Utilizing

V= (1/2)52 as a Lyapunov function candidate for (1.2), we obtain

V= 55 = sg()u+ s[fy(2) aWM()+MtLUH g(x) {su + Isl[p(x) + kolul]}.

Take
u = —f3(x)sign(s), (1.4)

where
> L5 v eD 1.5
3(0) 2 {2+ g, Vo) € (15)

and 3y > 0. Then,
V < g(x)[-B(x) + p(x) + koB(2)]Is] = g(x)[-(1 = kg)B(x) + p(x)]ls]

< g(x)[—p(x) — (1 = k)3 + p(2)]ls] < —go(2)3p(1 — kg)ls].

The inequality V' < —go(x)3p(1 — kg)|s| ensures that all trajectories starting off



the manifold s = 0 reach it in finite time and those on the manifold cannot leave
it.

Higher order sliding modes (HOSM) generalize the basic sliding mode idea
acting on the higher order time derivatives of the system deviation from the con-
straint instead of influencing the first deviation derivative as it happens in stan-
dard sliding modes. A number of such controllers were described in the literature
[6, 7, 13, 26, 28]. HOSM is a movement on a discontinuity set of a dynamic sys-
tem understood in Filipov sense [17]. The sliding order characterizes the dynamic
smoothness degree in the vicinity of the mode. If the task is to provide for keeping
a constraint given by equality of a smooth function s to zero, the sliding order
is the number of continuous total derivatives of s (including the zero one) in the

th

vicinity of the sliding mode. Hence, the r*"* order sliding mode is determined by

the equalities

S:b:s:zb(r—l):o

forming an r-dimensional condition on the state of the dynamic system. The words

“«rth order sliding” are often abridged to “r-sliding.”

Real Sliding vs. Ideal Sliding

For the smooth time-varying dynamic system described by the equation

T = f(t,z,u), (1.6)

where z is a state variable that takes values on a smooth manifold X,¢ is time
and u € R™ is control. The design objective is the synthesis of a control u
such that the constraint s(t,z) = 0 holds. Here, s : R x X :— R™ and both

f and s are smooth enough mappings. A motion that takes place strictly on



the constraint manifold s = 0 is called an ideal sliding [26]. We also informally
call every motion in a small neighborhood of the constraint manifold a real sliding
[32, 33]. The 157 -order sliding mode (as in example above) exists due to infinite
frequency of the control switching. However, due to switching imperfections this
frequency is finite. The sliding mode notion should be understood as a limit of
motions when switching imperfections vanish and the switching frequency tends

to infinity [17, 1, 2]. The definitions below were introduced in [26].

Definition 1 Let (t.xz(t,c)) be a family of trajectories indexed by ¢ € R with
common initial condition (ty,x(ty)) and let t > ty (or t € [ty,T]). Assume
that there exists t; > tg (or on [tg,T]) such that on every segment [t’,t” ],
where t' > t1 (or on [t1,T]) the function s(t,x(t,c)) tends uniformly to zero
with € tending to zero. In this case we call such a family a real sliding family on
the constraint s = 0. We call the motion on the interval [ty,oc) (or [t1,T)) a

steady state process.
The term control algorithm is used for a rule to form the control signal [26].

Definition 2 A control algorithm is called an ideal sliding algorithm on the con-

straint s = 0 if it yields an ideal sliding in finite time for every initial condition.

Definition 3 A control algorithm depending on a parameter ¢ € R s called a
real sliding algorithm on the constraint s = 0 if with ¢ — 0, it forms a real

sliding family for every initial condition.



1.2.2 First and Second Order Sliding Modes
Preliminaries

For the closed loop control syvstem

T = f(t,z,u) (1.7)
u="U(t,z,§) (1.8)
£=v(tx,8) (1.9)

where U is a feedback operator, £ is a special auxiliary parameter (‘operator
variable’ as in [12, 11]). The initial value of & may be defined as a special func-
tion £(tg) = &y(tp.xy) or considered to be arbitrary. Equations (1.8) and (1.9)
constitute what is called a binary control algorithm [11, 12]. Let s(t,z) be the

desirable constraint, with s € Cl, and 0s/0x # 0.

Definition 4 Equations (1.8)/(1.9) are called the first/second order sliding algo-
rithm on the constraint s = 0 if a stable sliding mode of the first/second order on
the manifold s = 0 is achieved, and for every initial condition (ty,x() the state

x 1s transfered to the sliding manifold in finite time.

First order sliding is characterized by a piecewise continuous function U and
¥ = 0. The second order sliding algorithms are given by a continuous function U
and a bounded discontinuous function v , therefore, the sliding problem is solved
by means of a continuous control [29, 30, 31, 13, 14, 15, 16].

For simplicity, we take s € R,u € R and ¢, s(t),u(t) available. The goal

is to force the constraint s(t) to vanish. Assume the conditions:

1. In (1.7) the function f is Cl. The function s is C2. We assume that

z € X, where X is a smooth finite-dimensional manifold. Any solution of

8



(1.7) is well defined for all ¢ provided that the control wu(t) is continuous

and satisfies |u(t)| < p <1 for each t.

. Assume there exists u; € (0,1) such that for any continuous function

u, [u| > uy, implies su > 0.

Remark: This condition implies that there is at least one ¢ such that s(t) =

0 provided u has a certain structure. Consider the differential operator

Lu() = 2+ ()t .)

where L, is the total derivative with respect to (1.7) when u is considered

a constant. Define s as

$(t,z,u) = Lys(t,r) = s’(t, x) + s,,. t,r)f(t, x,u)
¢ 1z

. There are positive constants sy, K7, Kjn and ug < 1, such that [s(f, )| <
sg implies

. 05 .
0<I\m§a§]\]\[

for all u, whereas the inequality |u| > ug implies su > 0.

. The set {t,z,u:|s(t,x)| < sg} is called the linearity region. There is a
constant C( such that in the linearity region the inequality |LyLys(t,1)| <

Cp holds.

. The region |s| < 55— 4§, where 0 < § < s is called the reduced linearity

region.



Sliding Algorithms

The algorithm

—signs with |s/¢| > 1

U

b

—s/e  with |s/e

<1

forms a real sliding algorithm of the first order.

For ayy > amm > 0,am > 4Ky /sg.am > Cy/Km, and Kpayr —Co >
Kyram+Cyp, the "twisting algorithm” (below) is a second order sliding algorithm
(13, 14, 29]

—u with |u| > 1
u=19 —ampsigns with s5<0,Jul <1 ,

—ayysigns with s8> 0, [u| <1

The algorithm (prescribed law of variation of s [13])

—u for |u| > 1
—asign(s — g(s)), for |u|] <1 ’
constitutes a second-order sliding algorithm on the constraint s = 0, provided
that a > o is sufficiently large and the initial conditions are within the reduced
lincarity region. The function g(s) is smooth everywhere except on s = 0. Also,
all solutions of the equation $§ = ¢(s) vanish in a finite time and that the func-
tion §(s)g(s) is bounded. For example, with A > 0 and 0.5 < v < 1,¢(s) =
—Asigns|s|?, may be used.

All the above examples of sliding algorithms use the derivatives of s calcu-

lated with respect to the system. The following is an example that does not utilize

this property [16]. For o, A > 0,0 < p <1/2,a > Cy/Km, o > 4K y1/5¢. p(/\Km)l//) >

10



(Kpra+ C’O)(QA']\[)I//'_2 and |u(ty)| < p, the algorithm

u=uj + uy, (1.10)

) —u for Ju| > 1
up = , (1.11)
—asigns for |u| <1

—A|sg|Psigns for [s| > s
uy = sol"sig 51> 50 , (1.12)
—Als|Psigns  for |s| < s

constitutes a second-order sliding on s = 0.

In [25] Levant describes arbitrary order sliding algorithms. These algo-
rithms use the derivatives of the output to achieve higher order sliding. He also
develops exact, robust differentiators based on algorithm (1.10), (1.11) and (1.12)
that provide derivatives of arbitrary order. In Chapter 3 we review the robust,
exact differentiators developed by Levant and then compare them to high-gain

observers.

1.3 High Gain Observers

In many practical problems we cannot measure all state variables due to technical
or economical reasons. Therefore, we have to use dynamic compensation to extend
state feedback designs to output feedback. One form of dynamic compensation is
to use observers that asymptotically estimate the states from output measure-
ments. High-gain observers guarantee that the output feedback controller recovers
the performance of the state feedback controller when the observer gain is suffi-

ciently high. The separation principle allows us to scparate the design into two

11



tasks. First, we design a state feedback controller that stabilizes the system and
meets other design specifications. Then, we design an output feedback controller
replacing the state x by its estimate & provided by the high-gain observer. A
key property that makes this separation possible is the design of the state feedback
controller to be globally bounded in z. High-gain observers are robust to model

uncertainties and can be used in a wide range of control problems [22, 21].

Example

Consider the second-order nonlinear system [22]

9 = ¢(x,u) (1.13)
y=1]

where = = [:I‘I,IQ]T. Suppose u = y(z) is locally Lipschitz state feedback control
law that stabilizes the origin £ = 0 of the closed loop system

I1 = T9.
L= (1.14)

iy = 6z, 7(x))
To implement this feedback control using only measurement of the output y, we
use the observer
I =d9+h{(y—7
1= 1(y — 1) (1.15)
T9 = ¢p(z,u) + ho(y — #1)

where ¢q(z,u) is a nominal model of the nonlinear function ¢(zr,u). The esti-
T T — I
:i: —sg = y
T9 r9 — I9

12

mation error



satisfies the equation

I =—-hj71 + 19 (1.16)
I9 = —/12;'?1 + 5(.F,;f?)

where §(r.7) = ¢(r,v(r)). We want to design the observer gain H = [hq, l12]T

such that lim;_,~, & = 0. In the absence of the disturbance term 4, asymptotic

error convergence is achieved by designing H such that

—’ll 1
A =
—~hy 0

is Hurwitz. For this second-order system, Ag is Hurwitz for any positive constants
h1 and hg. In the presence of § we need to design H with the goal of rejecting

the effect of  on Z. This is achieved, for any 4, if the transfer function

G 1 1
7 S) = ¢

from d to & isidentically 0. While this is not possible, we can make sup,,c g |Go(jw)|

arbitrarily small by choosing ho > hy > 1. In particular, taking
o 09 -
h = —, h‘ = — 11(
1= 7 "2=3 (1.17)

for some positive constants aj,a9 and ¢, with € <1, it can be shown that

€ £
Gols) = — N2 '
(Cb) +€Q13+O2 €3+G’1

Hence, lim._,7Gq(s) = 0. The disturbance rejection property of the high-gain
observer can be also seen in the time domain by representing the error equation 1.16

in the singularly perturbed form. Toward that end, define the scaled estimation

13



errors

n=—, mn=I9. (1.18)

=~
m|,_

The newly defined variables satisfy the singularly perturbed equation

5171 =—a1m +n9, (1 19)

€ng = —agn +€d(z, T).

This equation shows clearly that reducing ¢ diminishes the effect of 4. It shows
also that, for small ¢, the scaled-estimation error 7 will be much faster than
z. Notice, however, that 77(0) will be O(1/¢) whenever z1(0) # £1(0). Conse-
quently, the solution of (1.19) will contain a term of the form (1/ s)e_at/ € for some
a > 0. Whereas this exponential mode decays rapidly, it exhibits an impulsive-
like behavior where the transient peaks to O(1/e) values before it decays rapidly
toward zero. In fact, the function (a/a)e_at/ € approaches an impulse function
as ¢ tends to zero. This behavior is is known as the peaking phenomenon. It is
important to realize that the peaking phenomenon is not a consequence of using
the change of variables (1.18) to represent the error dynamics in the singularly per-
turbed form. It is an intrinsic feature of any high-gain observer with hg > hy > 1.
Fortunately, we can overcome the peaking phenomenon by saturating the control
outside a compact region of interest to create a buffer that protects the plant from
peaking [22].

The full-order observer (1.15) provides estimates (i1,9) that are used to
replace (x1,z9) in the feedback control law. Since y = rq is measured, we can

use r1 in the control law and only replace r9 by 9. Furthermore, we can use
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the reduced-order observer

w = —h(uv + h!/) + ¢0(i’ U) (1 20)

o =w+hy
where h = a/z for some positive constants a and ¢ with ¢ < 1, to estimate
Z9. The reduced-order high-gain observer (1.20) exhibits the peaking phenomenon
as the full-order observer and is remedied by saturating the control as well.
The high-gain observer is basically an approximate differentiator. When
¢( is chosen to be zero, the high-gain observer is linear. The transfer function for

the full-order observer from y to 7 is

a9 1+ (cay/a9)s 1
5 — as ¢ — 0.
(es5)* + ajes + a9 S s

For the reduced-order observer the transfer function transfer function from y to

.f'2 is
s
(e/a)s +1

— s ase = 0.

Thus, on a compact frequency interval, the high-gain observer approximates y
for sufficiently small . Realizing that the high-gain observer is an approximate
differentiator we can see that measurement noise and unmodeled high-frequency
sensor dynamics will put a practical limit on how small ¢ could be. Examples of
application to induction motors and mechanical systems are given in [4, 9, 5]. It is
for the first time in [23] and this thesis that this limitation is quantified. Guidelines

are provided for the choice of €. This choice takes into account the amplitude of

the noise, but it is independent of the frequency of the noisc.



1.3.1 Stabilization

Consider the multi-input-multi-output system [22]

&= Azr + Bo(x, z,u)
2 =vy(x,z,u)
Y=Cz

¢=q(z,2)

(1.21)

where u € RP is the control input, y € R™ and ¢ € R® are measured outputs,
and z € RP and z € R! constitute the state vector. The p X p matrix A, the

p x m matrix B, and the m X p matrix C are given by

0 1 0
0 1 0
A = block diag[A], A9, -+, Am], A4; =
0 0 1
L0 01 pixp;
0
0
B = block diag[By, By, -, Bm]|, B; =
0
[ 1] p;x1
C = block diag[Cy,C9,---,Cm), C; =[10 --- - 0]1x p;

where 1 <7 <m and p = p; +---+ pm, represent m chains of integrators.
The functions ®, ¥ and q are locally Lipschitz in their arguments for (r,z,u) €
Dy x Dy x RP, where Dy C RP and D, C R® are domains that contain

their respective origins. Moreover, ¢(0,0,0) = 0, ¥»(0,0,0) = 0, and ¢(0,0) =
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0. Our goal is to design an output feedback controller to stabilize the origin.
The separation principle (see [22]) allows us to approach the design of the output
feedback controller in two steps. First, a partial state feedback controller that
uses measurements of r and ( is designed to asvmptotically stabilize the origin.
Then, a high-gain observer is used to estimate z from y. The state feedback

controller is allowed to be a dynamical system of the form

9 =T(9,z,0)
u =75z,

(1.22)

where v and T' are locally Lipschitz functions in their arguments over the do-
main of interest and globally bounded functions of x. Moreover, 4(0,0,0) = 0
and I'(0,0,0) = 0. For convenience, we write the closed-loop system under state

feedback as

x = f(x) (1.23)

where x = (z,z,7). The output feedback controller is taken as

9 =T(9,1,
( ‘) (1.24)
u=7(d,%,¢)
where Z is generated by the high-gain observer
&= At + Boy(3,¢,u) + H(y — C#) (1.25)
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The observer gain H is chosen as

H =block diag(H{, Hy, -+, Hm], H; =

( p;—1
api—l/" [

L O})i /5,07: dp;x1

where ¢ 1is a positive constant to be specified and the constants a; are chosen
such that
1

Pi 1 .pi— 1 ?
571 + st + +aPz‘—1S+0pi

is Hurwitz. The function ¢q(z,2,u) is a nominal model of ¢(r,z,u) that is
locally Lipschitz in its arguments over the domain of interest, globally bounded in

z, and &((0,0,0) = 0.
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Chapter 2

Differentiation with High-Gain
Observer in the Presence of

Measurement Noise

In this chapter we quantify the differentiation error when a high-gain observer is
used as a differentiator, and provide guidelines for the design of the observer’s gain
and eigenvalues. First, we show how the high-gain observer acts as a differentiator
in the limit as the gain approaches infinity. Next, we identify two additive com-
ponents to the differentiation error in the presence of measurement noise. One
component is due to the differentiated signal, whereas the other component is due
to measurement noise. We then show that both components are bounded once the
gain is chosen. However, the component due to the signal is inversely proportional
to a power of the gain, whereas the component due to measurement noise is directly
proportional to a power of the gain. Hence, reducing one component increases the
other. We show that there exists a gain at which the error is proportional to a
power of the ratio of the Lipschitz constant of the derivative of the signal to the

magnitude of the noise. We then provide an algorithm to compute the error bound
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as a function of the gain, show that there exists a signal for which the bound is
realized, and compute the gain for which the error bound is minimized. Finally, we
show via simulation how the error for actual signals corrupted with noise relates

to the error bound.

2.1 High-Gain Observer as a Differentiator

The linear high-gain observer

1;?i=:fi+1+<§g-> (y—i‘l), 1<:1<n-1

.’i‘n = %;%(y - ‘il)

was developed to estimate the states of a system of the form

.‘i'i:;l.‘.l'_I_l, 1<1<n-1
In = f(x,1) (2.1)

y=1I1;

from its output y, where f islocally Lipschitz in its argument over a domain that
contains the origin and f(0,0) = 0. Asymptotically, as ¢ — 0, the estimation
error z; — &; — 0 (see [22, ch. 14]). For f(z,t) = u(”), the states of (2.1)
become the derivatives u(i),() <1< n-—1, of the input u, whereas the output

is y =21 = u. Thus, the high-gain observer can be represented by

& = Ai + Bu, (2.2)
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with

[ —aq/e 1 0
—a9/e? 0 1 0
'“n—l/sn—l cee e 0 1
T
[ ay/e ]
0'2/52
B ,
an—l/En_l
anp /et

where the polynomial s + alsn_l +-+-+a,_15+ap is Hurwitz. The transfer
function from u to 7 is
1+eop(ag,---,an,s,¢)

s+eog(ay, -+ an,s,¢€)

871,—2 + E(bn_l(()’l, tee,Qn, S, 6)

L Sn—l + 56571,((1'1-, cee,am, S, E)

lalsn_l +:-+ea,_15+an and ¢p(ay,- -, an,s,¢)

n—2 Sn—l ]T

where py(s) = e 4"~
for 1 < k <n are polynomials. Thus, in the limit T(s) - [1 s --- s

as ¢ — 0. Hence, asymptotically, as € — 0, system (2.2) acts as a differentiator.
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2.2 The Differentiation Error in the Absence of
Noise

For the chain of integrators

i = Az + Bu(M), (2.3)
with ) i} L
0 1 0 0
0 0 1 0 0
1= , B=
0 0 1 0
L0 0] [ 1]
and state vector _ -
u
ul
r= ;
u(n—=2)
L u(P=1) _
the nt? order observer that estimates the states is given by (2.2). Consider the

scaled estimation error equation

0= %Ann ~ Bul), (2.4)
where o (‘l.:n__j,, Y. (Z’_:_,P i
m J—QL(IE[-I ) (Z’,—:Z’l
n= : = . = :
M1 (1'71—1;-7'n—1) (11(11_2)€_j11—1)
Lo ] L @n-dn) 1| D —dy)




and

—ap_1 v+ o 0 1

—Qp e e e 0

In order to show that the ultimate bound on 7. in steady-state, for 1 < k < n,

is of the order O (E Hu(”)

) , where ||u.(")|loo = sups>( ]u(”’)(f)], we prove
~ >

the following lemma.

Lemma 1 Consider the stable linear time-invariant single-input system
z=Mz+ Nu, (2.5)
where M s Hurwitz and ||z(0)|| < a. Let
20
K} :/ [{exp(MT)N} | dr,
0

for 1 <k < n, where {.}}. is the kth component of an n-dimensional vector.

Then

1. For all bounded piecewise signals w with ||w|loo < ¢ and each 1 < k <
n, zp. is globally uniformly ultimately bounded by1 0 + Kp|lwlloc where &

could be arbitrarily smallg; that is, there is time T = T (a,c,d) such that

|24(T)] < Kpllwlloo +6, V> T

2. There is a piecewise continuous w with ||w|co < ¢, dependent on k and

'Throughout this thesis § denotes an arbitrarily small quantity
2If 2(0) =0, then § =0
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0, such that

2k (T)] 2 Ky llwlloc = 6

Proof: The solution to (2.5) as a function of time ¢ is given by

t
2(t) = exp(Mt)z(0) —+—/0 erp(M(t — o)) Nw(o) do. (2.6)

Since A is Hurwitz,
lim {exp(Mt)z(0)}; =0, for 1 <k <n.
t—o0

For arbitrarily small &, there is T large enough that |[{exp(}Mt)z(0)},] <4 for

t > T. Hence,

|z ()] < 0+ ‘jbt{(u'p(f\[(t —0))N}w(o) dol
<6+ |lwlloc fé [{exp(M(t — 0))N}}| do, (2.7)

=6+ Kp[wloo:

On the other hand,

T
2. (T) - /0 {exp(M(T — 0))N}jw(o)do| < 6.

Using the inequality [|a| — |b|| < |a —b|, we have

T
|21 (T)| — / {exp(M(T — 0))N}w(o)do|| < 6.
0
Substituting 7 =T — o, we get
T
|21 (T)| - / {exp(MT)N}w(T — 1) dr|| < 0.
: 0 ;
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For an input of the form

0 c- sign({exp(M(T —t))N}p) if 0<t<T
w(t) = ,
0, otherwise

we have

T T
/O {exp(MT)N} w(T = 7)dr| = ||ul|go/0 |{ea‘p(.w’\f7')f\/}k| dr

= Kyllwlioo.

Hence

2k (T)] 2 Kgllwlloo = 6

Lemma 1 shows that by choosing ¢ arbitrarily small, the ultimate bound
on the k" state of the stable, linear, time-invariant, single-input system (2.5)
will be arbitrarily close to the product of K. and the infinity norm of the input.
Moreover, this bound is actually reached for some bounded input.

REMARK: By corollary 5.2 in [22], zj. is ultimately bounded by

2\maz(P)]2 IN ]l

0+
’\'min(P)

l[wlloo, (2.8)

where PM+MTP = —(, for some positive definite matrix @, where Amax(P),

Amin(P) are respectively the largest and smallest eigenvalue of » and ||N||o =

\//\771,(11;(1\/7TN). However, choosing @ to minimize the bound (2.8) is not straight
forward and Lemma 1 shows that the bound (2.8) can not be smaller than K. [|w[|oc+

J.

We now return to the scaled estimation error governed by (2.4). By Lemma
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1 the kth component of the scaled estimation error is ultimately bounded by

oC
16| /O

| {e.z'p(éA,}T)B}k
00
:g”u(n)noo/() |{exp(Ay7)B} .| dr + 6.

dr + 6

Since 7y, = (u(k‘l) - J’k)/en‘"'k , the estimation error (u(k-l) — a7}.) is ulti-
mately bounded by
00
§ + =L () / |[{exp(AnT)B} | dr, (2.9)
0

for 1<k<n-1.

2.3 The Differentiation Error for Noisy Signals

Let & be the state of the observer (2.2) when driven by the noisy measurement
v = u+u, where u is the signal to be differentiated and g is uniformly bounded

measurement noise. By the linearity of the high-gain observer

where

f = fif + Bu and C = :‘i( + B;t.

Without loss of generality, we take ((0) = 0. The estimation error can be written

as

.’?k—u(k_l) = (fk—u(k_l))+(:k. (2.10)
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From equation (2.10) we see that there are two additive components to the dif-

k—1)

ferentiation error in the presence of noise. The component ;. — ul is due

to the fact that the high-gain observer approximates a differentiator in the limit
as the gain approaches infinity, or ¢ approaches 0, and it is independent of the
noise. This component is ultimately bounded by (2.9).

To derive an ultimate bound on (;., consider the change of variables é =

D(g)(, where D(e):diag[l,s,---,g"’l]. Since

~ 1 _
A=-D() La,D(e),

¢ is governed by the equation

~

where B=[a] oy -+ ap_1 an]T. Utilizing Lemma 1 we see that ( is

ultimately bounded by

> 1 _
Il 14])oc —exp(=ApT)B dr,
0 £ € k

for 1 <k <n. Since Ck = Ek_le, Cj is ultimately bounded by

1 B _

for 1 <k <mn. Set

00
Py :/0 I{erp(A»,]T)B}kl dr,

&Y _
Qp =/0 |{(3:IIp(A1}T)B}k| dr,
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for 1 <k < n. Relations (2.9), (2.10) and (2.11) allow the ultiinate bound on the
differentiation error for the kP derivative, where 1 < kK < n — 1, to take the

form

S+ P MCOTTINS

= bk(&‘). (2.12)

Relation (2.12) outlines the two additive components to the ultimate bound on
differentiation error in the presence of measurement noise. One component is
directly proportional to a power of ¢, whereas the other component is inversely
proportional to a power of €. Although shrinking € to 0 in the absence of noise
improves the differentiation error, the error bound will blow up in the presence of
noise since

Elglobk(s) =00, 1<k<n-1.

The error bound by.(¢), as a function of €, attains a global minimum for

PR ( ko, Qp+1llulloo
k n—k

Pryqllu(™ o0

since b’(ezpt) =0 and b’(¢) >0 forall € >0 and 1 < k < n-—1. The

lllloo . :
parameter & should be of the order O( 7 ). Note that the optimal
1)l
choice for € depends on the order of the derivative k , meaning that if, for instance,
we use a 3% order high-gain observer, the optimal choice of ¢ for estimating
the first derivative will differ from the optimal choice for estimating the second

derivative. However, the order of gzp t is the same forall 1 <k <n-1. We

show via simulation in the following section that averaging ezp t for 1 <k<n-1
does not severely damage the performance of the high-gain observer.

Figure 2.1 depicts the behavior of the bound as a function of ¢ . It is possi-

ble to choose the parameter ¢ such that a predefined tolerance for the estimation
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0.9

the error bound

"0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16
the high-gain parameter epsilon

Figure 2.1: The error bound as a function of the high-gain observer parameter .

29



error is met. For instance, if the tolerance for the error is 0.3, for any £ between

0.01 and 0.05 the estimation error is guaranteed to be within the tolerance. If

€= gzpt, the error bound takes the form

bk(az’)t) = (Qk+1ll/zlbc)l‘%(Pk+1||'q(")Hoc)k/" (% — 1)k/n (n i k) +,
(2.13)
for 1<k<n-1.

The error bound (2.13) depends on the bound on the noise ||u||oc , the
bound on the n'® derivative of the signal [|u('"‘)||oo, and through P and @y,
on the eigenvalues of the matrix Aj; and the order of the observer n. We will
explore this dependence via simulation in the next sections.

The bound (2.12) is not useful unless we can compute P and @, for
2 < k < n. In the following section, we provide an algorithm to compute Pj. and

Qf, for 1 <k <n and illustrate the idea by an example.

2.4 Computation of the Bound

To illustrate how the constants P} and Qp., for 1 <k < n, could be computed,
we start with an example.
Example 1. Suppose we want to design a 374 order high-gain observer

to estimate the first and second derivatives of a bounded signal. Suppose further

that we want to place the eigenvalues of the observer at A} = —1, 9 = -2, and
A3 = —3. The matrices Ay, B and B for this choice of cigenvalues are
-6 1 0 0 —6
A=|-11 0 1 ,B={0 ,B=|-11
-6 0 0 1 —6
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The matrices exp(AyT)B, and erp(A,,T)B are

(%6—37 _ 2T + %P—T) -
erp(AyT)B = (%e_?” — e 2T 4 ge_T)

((?_3T +3e727 4 3e™T)

%e_:% — 82T 4 %e‘T 7

exp(AyT)B = %lC_ST — 32727 4 %C_T

2737 — 9246727 4 3¢~ T

The constants P, and Q. are given by
P; " o7 ](%6“37— —e 2T 4 %e“T)I dr
Po| = | J§°1(3e73T = 4e727 + §e~7)|dr |,
P3] L [CUe 3T +3¢72T +3¢7T) | dr

Q11 [ J° |¥e—3r — 82T 4 %({—T| dr
Q| = f(;x |§216_37— —32e72T 4 %(?_T| dr
Q3] L f§C127e 3T — 24¢72T 4 3¢ 77| dr

We show in detail how to compute

o0 81 _ - S _
(22-—-/( |(7e 3T _ 32 2T+-2—e )| dr.

Denote g¢(t) = (—2—0 3272 4 ge_t). We want to compute

/°°|<t)idt
o T

Figure 2.2 displays the graph of g¢(t). Recall that the definite integral is the

numerical value of the arca between the graph of the function and the abscissa.
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a(t)
o

Figure 2.2: The function g(t).

The function g(t) has zeros at t] = 0.3535 and t9 = 2.4315. We evaluate

/0oo lo(#)] dt = [/0

In other words, to evaluate the integral of the absolute value of a function, we add

535 t2:2.4315 00
s+ [ o ai+l [ oft) dt.
t1=0.3535 t9=2.4315

up the absolute values of the integrals of the function between its zeros. Symbolic
software like MATLAB and Mathematica has the capacity to compute P and
Qp, for 1 < k < n, for a given linear system. We provide as an Appendix
to this thesis a MATLAB script that computes the constants Pj. and Qy, for

1 <k < n, from the eigenvalues of the matrix Ay. Application of the script to
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the current example yields

Py 0.1667 Q1 1.4116
Pyl = 1 , | Qo | = | 3.1297
P3 1.8333 Q3 1.8292

We now summarize the algorithm. To compute Pk and Qk, where 1 <

k<n,
e Compute the matrix exp(Apt)

e Compute the kth entry F}.(t) of the n-dimensional vector function F(t) =

exp(Ant)B

e Compute the kth entry G(t) of the n-dimensional vector function G(t) =

exp(Ayt)B
e Find the zeros of Fy(t)
e Find the zeros of G.(t)

e To compute Py, integrate F}.(t) between its zeros and add the absolute

values of the obtained integrals

e To compute ., integrate Gj(t) between its zeros and add the absolute

values of the obtained integrals

2.5 Conservatism of the Bound

The bound given by (2.12) is conservative in the sense that it does not take into
account the low-pass filtering characteristics of the high-gain observer. To illustrate

this point, consider the transfer function of a 9d order high-gain observer that
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estimates the first derivative of the input:

oS
T(s) = 55> .
€fsc +ears+ a9

(2.14)

For a sinusoidal noise u of frequency w,

ISk lloe < 1T (Gw)lllplloo,

whereas
9w

\/(02 —w2:2)2 4 (alws)2

The resonance frequency for the second-order system (2.14) that maximizes |T'(jw)]

IT(jw)l =

50 T l

45+

epsilon = 0.01—>
40+

35

30

251 1

Gain

201 1

10+ .

0 50 100 150 200 250 300
frequency

Figure 2.3: The gain of the high-gain observer as a function of frequency.
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is of the order O (%) . Although the resonance frequency might achieve the bound
b(e) in (2.12), the low-pass feature of the high-gain observer will diminish the
high-frequency noise since |T'(jw)| — 0 as w — oo; hence, the high-frequency
components of the noise will be attenuated due to the low-pass filtering charac-
teristics of the high-gain observer. Figure 2.3 shows the plots of |T'(jw)| as a
function of the frequency w for several values of €. Note that the gain increases
as ¢ decreases; however, it is always a bounded function and it rolls off for high

frequencies.

2.6 Computer Simulation

2.6.1 The Effect of the Eigenvalues and the Order of the

Observer on the Error Bound

Recall from (2.12) that the value of ¢ that minimizes the error bound b;.(¢) where

th

the kth derivative is estimated with an nt? order high-gain observer is given by

e = gzpt _n k , n Qk+1||ﬂ||oo ,
n= Pk+1||u(n)“oo

whereas

k L (T k/n

t _E n n

b7 = Qo) ™ (Pl oc) /7 (7 = 1) (2 ).
(2.15)

The error bound (2.15) depends on the magnitude of the noise ||u||oo , the bound

on the ntf derivative of the signal Hu(")Hoo, and through P and Qp, the
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eigenvalues of the matrix Ay and the order of the observer n. In (2.15) only

) A/n

Gy P, (2.16)

depends on the eigenvalues of the matrix Ay . To investigate the dependence
of (2.16) on the eigenvalues of the matrix A;, we computed (2.16) for different
sets of eigenvalues. These results are summarized in Tables 2.1, 2.2, 2.3 and 2.4.
Since the eigenvalues of the high-gain observer are equal to the eigenvalues of Ay
rescaled by %, it is not surprising that the value of (2.16) does not change if all
eigenvalues of Ay are rescaled by the same constant. In other words, rescaling

the eigenvalues of Ay will result in a rescaled € k , but the bound bk( L ) will

not change.

Table 2.1: The constant /QoPy for k=1 and n =2

Eigenvalues: Eigenvalues: Eigenvalues: Eigenvalues: Elg.,en\dlues

1.-1 1,-3 1.-5 1, -10 i]T
12131 12108 1.2669 1.3051 11356

k)Pk/n

a1 for 1<k<2 and n=3

Table 2.2: The expression Q§€+1

Derivative  Eigenvalues: Eigenvalues: Eigenvalues: Eigenvalues:

2
Ll L35 L5-10 L ¢T3
P23' Q% 2.0950 2.2135 2.3937 1.7607
ond . p3Q3  L77aT 1.9150 2.0928 1.3608

When the eigenvalues are real, the error bound is smallest for equal, mul-

tiple eigenvalues, and it increases as the distance between eigenvalues increases.
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k
1-k .
Table 2.3: The expression (22+1n)plf_{_’1l for 1<k<3 and n=14
Derivative  Eigenvalues: Eigenvalues: Eigenvalues:  Eigenvalues:
27 75
R TR T I T A T Sl
)3T
1 15 AT
1 3
15t . PQZIQFI 3.2164 3.8403 2.6351 2.4524
13
ond P%? Q% 3.6065 5.0592 2.6436 2.3237
3d. Pl 2.4465 3.5602 2.7560 2.3306

The error bound is smaller for complex eigenvalues distributed on a semi-circle of
radius one in a butterworth structure than for real, multiple eigenvalues. How-
ever, it is argued in [9] that although the steady-state error is smaller for complex
eigenvalues, the transient response is oscillatory and the transient time is longer
than for multiple, real eigenvalues. To investigate this phenomenon, we simulated
Qnd’ grd

and 4th

real time differentiation with a order high-gain observer for
both choices of eigenvalues: multiple real and complex eigenvalues distributed on
a semi-circle in a butterworth structure. We differentiated noisy and noise-free
sinusoids.

We simulated high-gain observers (2.2) for n = 2, n = 3 and n = 4.
The signal we differentiated is u(t) = sin(t), where t is time. In the absence

of noise, we set ¢ = 0.01. For the 9 order observer; for Ay with eigenvalues
+ BLs

/\1/2 = e 4 , the coefficients of the observer are a1 = 1.4142 and a9 = 1.

For Aj; with multiple real eigenvalues placed at -1, we have o] =2 and ap = 1.

Figure 2.4 shows the estimation error, where the first derivative is estimated with a

ond

order high-gain observer. The amplitude of the steady-state error for complex

eigenvalues is 0.014 and 0.02 for real eigenvalues.
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Table 2.4: The expression Qi_l;ln) Pk /n

et 1 for 1<k<4 and n=5

Derivative  Eigenvalues: Eigenvalues: Eigenvalues: Eigenvalues:
-1, -1, -1, -1, -2, -3, -1, -3, -5, -1, -9, -10,

-1, -1 4,5 7,9 .15, -20
11

15t . PQOQ% 1.5223 4.7229 4.979 5.5275
9

ond P%?Qg 6.5034 7.2341 8.0703 9.9357

grd PfQi‘; 5.7919 6.5768 7.5188 9.7568
4

ath . POQS 31808 3.4989 3.8921 4.8245

)3T
For the 3" order observer; for Ay with eigenvalues /\1/2 = eilT, A3 =
—1, we have o] = a9 = 2.4142 and ag =1, whereas o] =a9 =3 and ag =1
if Ay has multiple real eigenvalues placed at -1. Figure 2.5 shows the estimation

37‘d

error, where the 15 and 2@ derivatives are estimated with a order high-
gain observer. For the first derivative, the amplitude of the steady-state error
for complex eigenvalues is 0.00024, for real eigenvalues 0.000299. For the second
derivative, the amplitude of the steady-state error for complex eigenvalues is 0.024,

for real eigenvalues 0.03.

For the 4t order observer; for Ay with eigenvalues /\1/2 =e , /\3/4 =

i

e , the coefficients of the observer are a7 = aq = 2.7321, a9 = 3.7321, and
1 3 2

ay = 1. For Ap with multiple real eigenvalues placed at -1, the coefficients are

a] = a3 =4, ap = 6, and ag4 = 1. Figure 2.6 shows the estimation error,

where the 15t ond and 374 Jerivatives are estimated with a 4P

order high-
gain observer. For the first derivative, the amplitude of the steady-state error
for complex eigenvalues is 0.000002, for real eigenvalues 0.000004. For the sec-

ond derivative, the amplitude of the steady-state error for complex eigenvalues is
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Figure 2.4: The estimation error as a function of time. The first derivative of a
sinusoidal signal is estimated with a second order high-gain observer with ¢ =
0.01.

0.00037, for real eigenvalues 0.0006. For the third derivative, the amplitude of
the steady-state error for complex eigenvalues is 0.027, for real eigenvalues 0.04.
Although the steady-state error might be smaller with complex eigenvalues, the
transient response is more oscillatory and the transient time is longer than with
multiple, real eigenvalues.

In the absence of noise, the estimation error is bounded by
ekt (M oo Py, 1<k <, (2.17)

where k is the estimated derivative and n is the order of the observer. In the

absence of noise, reducing ¢ improves the estimation error. For ¢ < 1,5n_k+1
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Figure 2.5: The estimation error as a function of time. The derivatives of a
sinusoidal signal are estimated with a third order high-gain observer with ¢ = 0.01.

is a decreasing function of the order of the observer n. On the other hand, we ob-
served from simulation that for a fixed derivative k, P} is an increasing function
of the order of the observer n. Whether the bound (2.17) increases or decreases as
a function of the order n, depends on the choice of &, the order of the estimated

derivative k, and the differentiated signal through |lu(") |loo. Figures 2.4, 2.5 and

2.6 indicate that for € = 0.01 and wu(t) = sin(t), the estimate of the first deriva-

4fh 37‘d

tive with a order observer is better than the one with a order observer,

whereas the estimate with a 37¢

order observer is better than the estimate with
a 2™ order observer. Also, Figures 2.5 and 2.6 indicate that for ¢ = 0.01 and
u(t) = sin(t), the estimate of the second derivative with a 4th order observer is

better than the estimate of the second derivative with a 3”1 order observer.
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Figure 2.6: The estimation error as a function of time. The first derivative of a
sinusoidal signal is estimated with a fourth order high-gain observer with £ = 0.01.

To investigate the effect of the eigenvalues of Ay on the estimation error
in the presence of measurement noise, we differentiated the signal unoisy(t) =
sin(t) +u(t), where u(t) is noise obtained from SIMULINK Band-Limited White
Noise generator. The noise power is 10_8, sampling time 0.001 seconds. Figure
2.7 displays the noise in time and frequency domain.

We chose the parameter ¢ as n—ll— Zz;% Ezpt’ where n =2,3 or 4. To
justify this choice we show in Figure 2.8 the error bound b;.(<) as a function of

ath order high-gain observer with multiple real

g, given by relation (2.12), for a
eigenvalues. If u(t) = sin(t), then ||u(4)Hoo = 1. We took ||u|loc = 0.012.
The value of ¢ that minimizes the error bound for the first derivative b;(e)

is 6(171)1? = 0.2339. The value of ¢ that minimizes the error bound for the second
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Figure 2.7: The noise p(t) in time and frequency domain.
Sxlss oSt S0P n B 2 o 4
derivative bg(c) is £y = 0.2566. The value of = that minimizes the error bound

for the third derivative b3(<) is :":(;p’ = 0.2664. For the 4th high-gain observer
with real multiple eigenvalues we set & = (0.2339 + 0.2566 + 0.2664)/3 = 0.2523.
Note that this choice of ¢ does not significantly increase the error bound for the
derivatives.

For the 24 order observer with multiple real eigenvalues, 5(1)1" = 0.0664.

For the 20 order observer with complex eigenvalues, = 0.087963. Figure

_opt
3l
2.9 displays the estimation error for the first derivative with a 21 order high-gain
observer.

For the 37 order observer with multiple real eigenvalues, we set & =

51)[)? + cﬂ”pf) 2 = 0.1612. For the 3™ order observer with complex eigenvalues,
1 2

42



45— T T T T T T

first derivative
— — — second derivative| |
— - — - third derivative

40

T

35

30

T

25

the error bound for derivatives

T

10

0 0.2 0.4 0.6 0.8 1 1.2 14
the parameter epsilon

Figure 2.8: The error bound for the derivatives as a function of ¢ for a 4th order
high-gain observer with multiple real eigenvalues.

01)1‘ opt )

we set € = (51 /2 = 0.16739. Figure 2.10 displays the estimation error

3Td

for the first and second derivatives with a order high-gain observer.

For the 4" order observer with multiple real ei envalues, we set ¢ =
P g
(;opt +€opt +60pt)
2 3

-1
values, we set ¢ = (s?pt +¢€

/3 = 0.2523. For the 4th order observer with complex eigen-

(2)11 t opt)/3 = 0.26093. Figure 2.11 displays the

estimation error for the first, seccond and third derivatives with a 4th order high-
g

gain observer.

Recall that bk( A ) given by (2.15) for a ﬁ\ed 1 <k <n-1, depends on

k/n kin/ ,
the order of the observer n. We observed that Qk-}-l a1 (75 1) (n——l')
is an increasing function of the order of the observer n for a fixed 1 <k <n-1.

Hence, whether the error bound bk(ezpt) for a fixed 1 < kK < n—-1, is an
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Figure 2.9: The estimation error as a function of time. The first derivative of a

noisy sinusoidal signal is estimated with a 9nd order high-gain observer. The

magnitude of the noise is ||u]loo = 0.012, ||u/||oc =1, and € = 6(1)pt.

increasing or a decreasing function of the order of the observer n, depends on the

ratio ||U(")Hoc/l|/1||oo Clearly, if [[u(”)llgc/H/lHoc < 1, the error bound is an

increasing function of the order n and it is best to estimate the kR derivative
with an observer of order k + 1. But if “’Il(n)Hgo/“ﬂ”OO > 1, it might be better
to estimate the k" derivative with an observer of order higher than & + 1.

In our simulation, for u(t) = sin(t) and ||u|loc = 0.012, the estimate of

4”1

the first derivative with a order observer is better than the estimate with a

34 order observer, which is better than the estimate with a 914 rder observer.

4th

Also, the estimate of the second derivative with a order observer is better

than the estimate of the second derivative with a 3"'d order observer. For the
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noisy sinusoidal signal are estimated with a 37d order high-gain observer. The

magnitude of the noise is ||u]joo = 0.012, ||u(3)|]oo =1, and € = (e(l)pt—{—sgpt)/z

convenience of practicing engineers, we provide as an Appendix to this thesis a
table of the constants P and Q. for 2 <k <n, 2<n <10 for multiple real

eigenvalues.

2.6.2 Comparison Between the Actual Estimation Error

and the Error Bound

To investigate how the estimation error relates to the error bound (2.12), we sim-

ulated differentiation in the presence of measurement noise for three different sig-
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Figure 2.11: The estimation error as a function of time. The derivatives of a

noisy sinusoidal signal are estimated with a 4th order high-gain observer. The
magnitude of the noise is ||yt]|oc = 0.012, ||u(4)||oo =1, and € = (s(l)pt +5gpt +

opt
e3’")/3.

nals. For a noisy signal3 “‘noisy(t) = u(t) + pu(t), we varied the parameter e
and computed the steady-state error as max;> [u(k)(t) — &gy 1], where & is
the ktP state of the high-gain observer with input unoisy(t)’ t is time, and
T > 0 is transient time. We used a 37 order high-gain observer with multiple

real eigenvalues in the simulation.

3The noise p(t) is noise obtained from SIMULINK Band-Limited White Noise
generator. The noise power is 10_8, sampling time 0.0001 seconds. Figure 2.7
displays the noise in time and frequency domain.
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For u(t) being the state xy(t) of the 37 order nonlinear system4

i 0 1 07 [ 0
o =(0 0 1| |z9|+ |0]b(zy,29,23),
i3 0 0 0] L3 1

u=1ry,

b(ry,19,13) = a(ry,79,73)gs(x1,r9,23) + (1 — a(xy, 19, 23))gulry, 9. 73),
1‘2+.’L‘2+:172
O(II’IQ’JT?’) =21+x +r5+75
177273
gs(xy,r9,r3) = —54r1 — 369 — 913,

gu(ry,x9,r3) = 54r — 369 + 913,
(2.18)

the actual estimation error compared to the error bound for the derivatives is

depicted in Figure 2.12.

For
u =y — [10sin(0.05x) + 5], (2.19)

.
where z and y are the states of the system®

T =V COs5p,
< 1 /4 .
p=rx tand,
0 =c,

Y =V sing,

c=-20 sign{u(3) +3(i8 +at + l'ul?’)l/12 X signlii + (ud + |u|3)1/6

x sign(u + 0.5[u|3/4 sign(u))]},

the actual estimation error compared to the error bound for the derivatives

is depicted in Figure 3.3. For u(t) = sin(t), the actual estimation error compared

4System (3.4) was used in [10] and [9] to test a numerical differentiator.
5The signal (2.19) is taken from [25].

47



first derivative

6 T T
the error bound
s — — the actual error
o 4f 1
=
8
®
E 2}
k7]
o
P e T o o ot
0 0.05 0.1 0.15 0.2 0.25 03 0.35
the parameter epsilon
second derivative
60 T T
the error bound
s — — the actual error
S 401 1
=
-]
®
E 20}
@
3
\
0 - = == = === gy
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35

the parameter epsilon

Figure 2.12: Actual error compared to the error bound (2.12) for estimating the
first and second derivative of u as described by (3.4) with a 37d order high-gain
observer.

to the error bound for the derivatives is depicted in Figure 3.1. Note that for all
signals used in this simulation; that is u(t) given by (3.4), u(t) given by (2.19)

opt

)

and u(t) = sin(t), the value of € that yields the smallest error differs from &
which minimizes the error bound by () (2.12). Relation (2.12) means that for all

signals with ||u(")\|'>o < A, the error is guaranteed to be less than

kg Qk+1\!ﬂ||’>o.
&

Ppypg A

Choosing £ = szpt to minimize the error bound by (), guarantees that the

estimation error will be less than bk(ezpt), which is not violated in simulation. It
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Figure 2.13: Actual error compared to the error bound (2.12) for estimating the
first and second derivative of u given by (2.19) with a 374 order high-gain ob-
server.

is interesting to observe that the "best” ¢ for some signals with Hu(”)Hoo <A,
could be different than 52pt. However, the analytic choice of ¢ is consistent with

the actual error.
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Chapter 3

A Comparison Between
High-Gain Observers and Exact
Robust Sliding-Mode

Differentiators

In this chapter we review arbitrary order robust, exact sliding-mode differentiators
developed by A. Levant in [24] and [25], compare their features to the features of
high-gain observers and compare the performance of the two observers via extensive

simulation in the presence of measurement noise.

3.1 Robust Exact Differentiation via Sliding Mode

Technique

In [24] and [25] A. Levant developed differentiators that are exact in the absence of

noise after some transient time that could be made arbitrarily small, and provide

o1



for an error bound of the order O(H/zlléc—k/nnu(”) ch/n)’ in the presence of noise,

if p is uniformly bounded noise, where the Kkt derivative is estimated and n > k,
provided that the nth derivative of the differentiated signal u is bounded. We
state the theorems about robust exact differentiator as presented by A. Levant in
[24] and [25]. See [24] and [25] for proofs of the stated theorems.

Let the input signal “'n,oz'.sy(t) = u(t) + u(t), be a measurable locally
bounded function defined on [0, oc), u(t) is the base signal that has a derivative

1 1 >0 and j1(t) is noise. The differentiation problem

with Lipschitz’s constant
is formulated as a control problem to keep the constraint s = u — x = 0. For
2-sliding we have $ = £ — 4 = 0, and hence @ = &. Toward that end, consider

the auxiliary equation

r=uy. (3.1)

Applying a modified 2-sliding algorithm (See [26]) to keep z —u(t) = 0, we obtain

y=y; —Alr— u.m)isy(t)ll/2 SIN(Z — Upgisy (), (3.2)

Y1 = —a sign(z — uno,'b.y(t)),

To ensure 2-sliding on s = £ — u = 0, define ®(a,\, L) = |¥(tx)|, where

(2(t), ¥(t)) is the solution of

S =—|g|1/2 4y,

- —Xlg(a—L), “I=Y/2 4w >0 |

—Xlg(a-i»L), =21 <o (3.3)
(0)=0, ¥(0)=1, a>L, A>0and
tx« = inf {t| t >0, X(t) =0, ¥(t) < 0}.

UIf the input u(t) is twice differentiable with bounded second derivative, the
Lipschitz’s constant of the first derivative is equal to |lu”’||oc-
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Choose a > L,A >0 and ®(a, A, L) < 1. The output of the system (3.1), (3.2)
is y(t) = #(t) = u/(t), whereas the solutions of (3.1), (3.2) are understood in
the Filipov sense [17]. In practice ®(a,A,L) is to be calculated via computer

simulation.

Theorem 1 Let o > L,A > 0 such that ®(a,\,L) < 1. Then, with u(t) =0,
provided u(t) has a derivative with Lipschitz’s constant L, the equality y(t) =

u’(t) 18 fullfiled identically after a finite time transient process.

Theorem 1 means that after a finite transient time, the output of the dif-
ferentiator (3.1) and (3.2) is the exact derivative of the input in the absence of
noise, provided that (3.3) holds. It could be inferred from the proof of Theorem
1 [24] that smaller ®(a, A, L), yields faster convergence of y(t) to u’(t). Also,
for fixed a, increasing A decreases ®. A sufficient condition for convergence,

resulting from a crude estimation is

L
a> L A224L“+L.

o —

The substitutions a = k1L, A = koV'L, for k1 > 1, ky > 0 in (3.3) eliminate L
from the equations for ¢ enabling ¢ to be computed regardless of the Lipschitz
constant L. Some triplets of A\, a, and ¢ a.re: A=VL, a=11L,®% = 0.9888
and A =0.5VL,a =4L,® = 0.736.

Theorem 2 Let o > L, A > 0 such that ®(a,\,L) < 1. Then, for u(t) with
llitlloo < oc, provided u(t) has a derivative with Lipschitz’s constant L, the

inequality |c(t) — u(t)] < Aby/]lilloc holds after a finite time transient process,

for some b(QfQL, QXQL) > 0.

If a=kjL, A= koVL, then Aby/[[ulloo = bVI/Tilloo, for b(ky, kg) >

0. The constants b and b could be determined via computer sunulation.
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Theorem 2 means that the steady-state differentiation error is proportional
o Vllullocll”]|>0, when the differentiator (3.1) and (3.2) is driven by the noisy
measurement “nozsq(’) u(t) + pu(t), provided the second derivative of wu(t) is

bounded.

3.2 Arbitrary Order Robust Exact Differentiator

Exact derivatives may be calculated by successive implementation of the
robust exact differentiator (3.1), (3.2) and (3.3) with finite time convergence. How-
ever, in the presence of noise, the differentiation error for the (n— l)th’ derivative
will be proportional to || /1,]|},é2n. Thus, the differentiation accuracy deteriorates
rapidly when noise is successively differentiated. It is proved in [24] that if the
(n— )th derivative of u(t) has a Lipschitz’s constant L, the best possible dif-
ferentiation accuracy for the kth derivative, where 1 < k < n-—1 is proportional
to Lk/"H ||(1 k/n) Therefore, a special differentiator is to be designed for each
differentiation order. In [25] A. Levant proposed two similar recursive schemes for
designing an nth order differentiator that is exact in the absence of noise and
provides for an error bound of the order ()(Lk/nil/ Il(l k/n )) rl<k<n-1
in the presence of noise, when the kth derivative of u(t) is estimated. Let an

nth _order differentiator D, _1 (U,n()isy('), L) produce outputs Dz—l(unoisy)’
for 0 < k < n — 1, being estimations of u,u/,-- -, 'u,("_l), where the (n — l)th

th

derivative of u has a Lipschitz’s constant L > 0. Then the (n + 1) -order

differentiator with outputs z; = D;‘l(unmw) 0 < k < n, being estimates of



!

u,u ,---,u(n)

is defined as

: (n=1)/n
=v, v=—XAy|20— “noisy(t) sign(zy — Unoisy(t)) + 21,
21 = DY v(-),L),
Zn = DZ:%(U() L),
where the base differentiator Dj(u(-), L) is a non-linear filter
Dy: 2= —Xsign(z — upgigy(t)), A>L (3.5)
The second-order differentiator resulting from scheme (3.4) and (3.5) is
=Ewnv 0 <0 Unoisy(OIT < sign(zg — upeisy 21 (3.6)

7] = —Apsign(z) - “noz'sy(t)) = —Aysign(zg - unoisy(t))’

Another recursive scheme is based on the differentiator (3.6) as a base one.
Two additional states are introduced with this scheme for each consecutive deriva-
tive. To estimate the kP derivative, for 0 < k < n, an observer of the order 2n
is constructed. Let 52(71—1)(“7101?3;1/* L) provide estimates of u, ul e u(n—l),
and L is the Lipschitz constant for w(M=1) where 52(“‘7101'33/’[*) coincides with

(3.6), then 52,1( L) is defined as

Unoisy>



n/(n+l)
v=-Xy |20 — “noisy(t)l sign(zg — unoz’sy(t)) + 21 + wy,
(n—1)/(n+1) .
wy = —aq |z — “'noisy(t)’ S?,gn(ZO - “"noisy(t))’ (3.7)
z1= Dy, (), L),

~n—1
<n = DQ(n_l)(V(')v L)’

The 4" order differentiator that estimates the first and second derivative, result-

ing from scheme (3.6) and (3.7) [27] is

zg=v, Yo =—Ag lzg — “noisy(f‘)l2/3 sign(zg — “noisy(t)) + z1 + wy,
wy = —aq |29 - “noz’s-‘y(f/”l/3 sign(zp — “'noisy(t))’
|1/2

z.]. = 1/1, l/l = —/\1|Zl - I/O Sign(ZI - VO) + w]_,

wy = —aqysign(z) — vy); 29 = wy.
(3.8)

Similarly, an arbitrary order differentiator could be taken as a base one. If
the base differentiator is of order m, the differentiator that estimates the deriva-
tives lower than or equal to n would be of order mn. Whereas A. Levant checked
the schemes (3.6), (3.4) and (3.8), (3.7), the conjecture is that all such schemes

produce working differentiators, provided suitable parameter choice.
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Differentiator (3.6), (3.4) could be written as

‘n/(n+1)

20 = v Yo = —A I:O - “n,oz'sy(t) stgn(zg — “7101'..s"y(")) + 21,

1 =vp, vp ==Xl — uol("'_l)/”‘ sign(zq — vg) + 29,

) 1/2 .
In—1=Vp—1: Vp—1= —Ap—1 Izn—l - Vn—21 / sign(zp_1 — vp—2) + zn,

n = —/\n.‘?l“(]n(f.’n - l/n_l).,
(3.9)
or eliminating the variables vg,vq,--,vp_1 as
) n/(n+1) |
20 = —ko |20 = unoisy(t) sign(z = upgisy(t)) + 21,
| (n—i)/(n+1) _
2 = —k; |30 - '“7'2.()'isy(t)‘ sign(zg — “"noi.s"y(f)) + 2,41, (3.10)

t=1,---,n—-1
in = —knsign(zy — “‘noisy(t))*
where kg, kq,---,kp are calculated on the basis of Ay, Ay,---, An.

Theorem 3 In the absence of input noise (u(t) =0 ), if the parameters A;, «;,

are properly chosen, the following equalities hold after a finite time transient process

g=u(t); z; =v,_1= Tt(i)(l‘.), 1=1,---,n

Theorem 4 Let the input noise satisfy ||pt||oo < oc. Then the following inequal-

ities hold after finite transient time for some b;(A;,c;) >0

zi(t) - “(i)(t) < bl-]|;t’|£,7ol—i+1)/(n+l), i=0,---,n.



The parameters A;, a;, are to be chosen recursively such that Ay, aq,---, An, an,

provide for the convergence of the differentiator producing derivatives up to (n —

lth, Lipschitz's constant L, and Ay, aq, are sufficiently large, where ap is
0> @0 g 0

chosen first. The best way is to choose them by computer simulation.

Proposition 1 Let parameters aq;, Ag;, i = 0,---,n of differentiators (3.6), (3.4)
or (3.8), (3.7) provide for exact nth order differentiation with L=1, in the ab-
sence of measurement noise. Then the parameters o; = aOiLQ/(7l_i+1), A=

/\OiLl/("'_H'l) are valid for any L > 0 and provide for the accuracy

(1) — D ()| < B,/ D) =D/ (4D g @)

~1
where bl‘(/\()lj,(}'o,l') > 1.

Proposition 1 allows for tabulating the parameters o, Ag;,t = 0,---,n,
which would enable convenient design of the differentiators for arbitrary L > 0.
A. Levant provides the values for Agg, Ag1, -+, Ag5, for the scheme (3.6), (3.4).

The differentiator with the parameters Ay, Ag1,-* -, Ag5. provides estimates of

u,u’,n-,u(a), for u such that u(®) has a Lipschitz’s constant L = 1. For

ktll

k < n, the parameters for a -order differentiator coincide with the last

I

k parameters of an nt" _order differentiator; that is Ay = Agp, Agp—1 =

An—1:""">200 = Aon—k-

3.3 In Comparison to High-Gain Observers

In Table 3.1 we list the features of high-gain observers and robust exact differen-

tiators side by side. To design a high-gain observer (2.2) to produce outputs that



approximate the kfh',l < k < n—1, derivatives of an input u(-) under ideal
conditions with no measurement noise, the nt? derivative of u(-),u(")(-) needs

to be bounded. Since the differentiation error is ultimately bounded by (2.9)
] o0
S + E’l-k’*‘l HIL(”) ||w ‘/O l{(,jp('47]T)B}k| dT,

for 1<k <n-1 and § arbitrarily small, to cnsure that the error is within a

")||go. To ensure the convergence of the

given tolerance one needs to know ||u(
outputs of the robust exact differentiator (3.6), (3.4) to u(-),u/(-), -, u("'_l)('),
knowledge of the Lipschitz’s constant of the (n— l)th derivative of the input u(-)
is necessary. If w("=1) s differentiable and u() is bounded, the Lipschitz’s
constant of the (n — l)th derivative of u(-) is equal to ||u(")||oc.

In the presence of noise, if the ratio HU.(")HOC/”/l”OQ is known, it is pos-
sible to choose the parameter ¢ of the high-gain observer (2.2), such that the
differentiation error is of the same order as the differentiation error of the ro-
bust exact differentiator (3.6) and (3.8), which is the smallest possible order as
proved by A. Levant [24]. The bound on the differentiation error in the presence
of noise for the high-gain observer is given by (2.12). We provide the constants
P and @y, for high-gain observers of order less than or equal to 10 tabulated
in an Appendix which makes computing the error bound easy provided Hu(”)lloo
and ||p|lro are known. For the sliding mode observer the differentiation error is
bounded by (3.11). The constants Ei(’\Oi’ «y);) could be estimated via simulation
for a particular choice of the parameters A, aq);.

In the presence of noise when an nth

order high-gain observer is used to
differentiate a signal u(-), the ratio between the bound on the nth derivative of
u(+) and the bound on the magnitude of the noise needs to be known in order to

ensure that the bound on the differentiation error is of the smallest possible order



as given by (2.12).

In the absence of noise, reducing the high-gain observer paramecter ¢ in
(2.2) will ensure the convergence of the outputs of the observer to the vicinity of
the derivatives of its input if the nt derivative of the input is bounded regardless
of the size of the bound on u(™) (), HU(n)Hoo- To insure the convergence of the
outputs of the sliding-mode observer to the derivatives of the input it is necessary to
know the Lipschitz’s constant of the highest estimated derivative (which coincides
with ”u(n)”OO when 2("=1) has a bounded derivative) prior to the design. The
design of the sliding-mode differentiator (3.6) and (3.8) is independent of the bound
on the noise ||u||[~o and the error bound is of the smallest possible order as in

(3.11).
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Table 3.1: A comparative summary of the features of high-gain observers versus

robust exact differentiators developed by A. Levant

Feature

High-Gain Observers

Robust Exact Differentiators

Complexity

Linear; we tabulated the

constants necessary to ma-

ke the design straightforward

Nonlinear; a system with
differential equations with
discontinuous right-hand side

Accuracy in the
absence of noise

The observer could be
designed such that the
differentiation error

is arbitrarily small
after finite time

The differentiation error
is zero after transient
time

Accuracy in the
presence of noise

The differentiation error
is proportional to
™IS S,
where u is the signal to be
differentiated, u{™ is the
nt* derivative of the
signal u, n is the order
of the observer, k is

the estimated derivative
(1<k<n-1)and pis
uniformly bounded noise.

The differentiation error
is proportional to

LHm |l =7,

where u is the signal to be
differentiated, L is the
Lipschitz’s constant of the
(n — 1)t* derivative, k is
the estimated derivative,
(0<k<n-1)and pis
uniformly bounded noise.

Computability
of the bound

We provide an algorithm
to compute the bound
given [[u™]|5 and ||u]l

The bound could be
estimated via simulation

Prior knowledge nce-
ded for the design
in the absence of noise

The quantity |[u'™||

The Lipschitz’s constant of

the highest estimated derivative

Prior knowledge nee-
ded for the design
in the presence of noise

The ratio [ [l /Il1]

The Lipschitz’s constant of

the highest estimated derivative
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3.4 Computer Simulation

In this section we compare robust exact differentiators developed by A. Levant and
high-gain observers via simulation. The simulation was carried out via MATLAB
and SIMULINK. The noise used throughout the simulation is always a rescaled ver-
sion of noise shown in Figure 2.7. First we examine the error while differentiating
sinusoids of various frequencies contaminated with white noise of varied magnitude
using high-gain observer and higher-order sliding-mode robust, exact differentiator.
We then compare the performance of higher-order sliding-mode differentiators to
high-gain observers on more complex signals. The high-gain parameter ¢ is always
chosen such that the error bound (2.12) is minimized as described in Chapters 2
and 3.

Gth

To differentiate sinusoids we used the -order sliding-mode robust, exact

differentiator estimating up to the 5th derivative given by the equations (3.12)

- 1/6 5/6
z9 =y, yg = —12L <0~ “nozsy( sign(zq unozsy( ) + 21,
‘él =Vvy, Vv —8L1/5[ 21 —1/0|4/58LJ72( 1—1/0)—}-22,
29 = V9, Vg = —5L1/4); |29 — 1/1|3/4 sign(z9 — v1) + 23, (3.12)
i3 =v3, v3 = —311/3 |25 — 1/2|2/3 sign(zg — v9) + 24,
2=y, vy = —1.5L1/2 |24 — I/3l1/2 sign(zg4 — v3) + 25,
25 = —1.1Lsign(z5 — vyg),
where “nozsy( ) = Asin(wt) + u(t), p(t) is white noise and L = AwS s the Lip-

schitz’s constant for the 5! derivative of the differentiated sinusoid of amplitude

62



A and frequency w. The 6!" _order high-gain observer is given by (3.13).

iy = =] = uppisy) + T2,

£2 = _gﬁ)“(jQ - “’noisy) + 13,

I3 = _g%(f’S - “noisy) + 2y, (3.13)
Ty = "j (74 - “noisy) + 15, |
7'5 = _gf}(IS - “‘noisy) + 7¢,

1;76 = _(; (g — unoisy)'

Figure 3.1 displays the sliding-mode and high-gain estimate of the first and sec-
ond derivative of a sinusoid contaminated by white noise with magnitude no
higher than 0.01. Tables 3.2-3.9 display the estimation error for higher-order
sliding-mode differentiator and high-gain observer. The error was computed as
maxy>T |u(k)(t) — &y 1(t) (or z(t))], where ¢ is time and T =4 seconds is
transient time. The performance of high-gain observer and higher-order sliding-

mode observer is comparable.

Table 3.2: The percentage differentiation error for a 6t" order high-gain observer
and a 6" order HOSM differentiator. The differentiated signal is sin(¢t) and
l14]]>c = 0.01.

Derivative High-Gain Observer HOSM Observer

15t 411 % 3.15 %

gnd 95.10 % 97.45 %
grd 81.62 % 103.70 %
gth 151.59 % 150.96 %
5th 151.03 % 115.47 %

Observe from Tables 3.2-3.6 that the estimates for derivatives higher than
the second derivative are useless for the lower noise level of ||jt|loo = 0.01. Observe

too that the high-gain observer outperforms the sliding-mode observer for high
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Figure 3.1: Sliding-mode/high-gain estimate of first and second derivative of a
noisy sinusoid.

frequency sinusoids, whereas the sliding-mode observer outperforms the high-gain
observer for low-frequency sinusoids. Tables 3.7-3.9 indicate that it is pointless to
estimate derivatives beyond first for the higher noise level of ||u|loc = 0.1. For
both, high-gain observer and sliding mode observer part of the error is due to a
phase shift of the estimate with respect to the actual derivative as Figure (3.2)
shows. Note that even though in Tables 3.7-3.9 the magnitude of the noise is
10 times the magnitude of the noise in Tables 3.2-3.6 the error bound (2.15) for
corresponding signals increases by a factor of 10§%ﬁ, where k is the order of
the derivative. For the fifth derivative k& = 5, and IOQ_EE = 1.46. This means

that we may reasonably expect the error for the 5P derivative estimated with

high-gain observer in Table 3.9 where the magnitude of the noise is 0.1 to be
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Table 3.3: The percentage differentiation error for a 6th order high-gain observer

and a 61" order HOSM differentiator. The differentiated signal is sin(0.5¢) and
lli|loo = 0.01.

Derivative High-Gain Observer HOSM Observer

15¢ 5.98 % 2.6 %
gnd 36.7 % 23.6 %
3rd 116.88 % 94.4 %
gth 198.24 % 147.2 %
5th 150.48 % 114.7 %
Table 3.4: The percentage differentiation error for a 6th order high-gain observer

and a 6" order HOSM differentiator. The differentiated signal is sin(5t) and
l14]]oc = 0.01.

Derivative High-Gain Observer HOSM Observer

15t 5.2 % 5.05 %

gnd 28.4 % 38.06 %
ard 88.6 % 121.63 %
4th 156.2 % 176.6 %
5th 153 % 122.5 %

1.46 times the error for the 5! derivative estimated with high-gain observer in

Table 3.5 where the noise magnitude is 0.01; however, the error is com?arable. In
5 op

this simulation we took the high-gain parameter € as ¢ = _k_:sl_gk_ Perhaps

this causes the error to be closer to the error bound in the case of noise p with

ll4¢|loc = 0.01.

Next, we compare the higher-order sliding-mode and high-gain observer on

the signal (3.14).

u =y — [10sin(0.05x) + 3], (3.14)



Table 3.5: The percentage differentiation error for a 6th order high-gain observer

and a 6t% order HOSM differentiator. The differentiated signal is sin(10t) and
|l >0 = 0.01.

Derivative  High-Gain Observer HOSM Observer

15t 5.6 % 8.3 %

gnd 30.3 % 51.76 %
grd 93.18 % 139.65 %
ath 160.2 % 180.9 %
5th 155.95 % 124.04 %

Table 3.6: The percentage differentiation error for a 6th order high-gain observer

and a 6!% order HOSM differentiator. The differentiated signal is sin(50f) and
lit]]oo = 0.01.

Derivative High-Gain Observer HOSM Observer

15t 8.4 % 13.63 %
gnd 40.4 % 74.3 %
ard 110.6 % 188.8 %
4th 178.1 % 922.4 %
5th 162.7 % 142.13 %

where r and y are the states of the system

I =V cosyp,

o= % tan,

0 =c,

Yy =V sing,

c=-20 sign.{u(3) + 3(1'},6 +ad + Iu|3)1/12 x signlii + (at+ |“|3)1/6
x sign(u + 0.5|u]3/4 sign(u))]}.

We differentiated the aforementioned signal u,,,,; Sy(t) = u(t) + p(t), using a ard

order high-gain observer with multiple real eigenvalues and a 37 order sliding-
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Table 3.7: The percentage differentiation error for a 6th order high-gain observer
and a 6% order HOSM differentiator. The differentiated signal is sin(0.1t) and
|ulloo = 0.1,

Derivative High-Gain Observer HOSM Observer

15¢ 66.9 % 17.5 %
gnd 269 % 99 %
grd 340 % 140 %
4th 317 % 147.05 %
sth 857 % 814 %

Table 3.8: The percentage differentiation error for a 6th order high-gain observer
and a 6t" order HOSM differentiator. The differentiated signal is sin(t) and
|illoo = 0.1.

Derivative High-Gain Observer HOSM Observer

18t 20.48 % 14.45 %
ond 78.62 % 68.67 %
3rd 173.10 % 165.65 %
4th 205.97 % 163.47 %
5th 143.29 % 109.05 %

mode observer given by equations (3.15) [25],

Zp = 1)0, vy = —3L1/3!zo - 11.]2/3 sign(zg — u) + 21,
2] =vp,v = —1.5L1/2|zl - 1/0|1/2 sign(z1 — vg) + 29, (3.15)

79 = —1.1L sign(z] — vq),

where L = [[u(3)||oo = 6. We added white noise u(t) such that ||jzljoo = 0.012.
For the 37¢ order high-gain observer with multiple real eigenvalues, s(l)p b~ 0.0836
and E(2>pt = 0.0939. In the simulation we set ¢ = (sgpt+£gpt)/2 = 0.0887. Figure
(3.3) displays the estimates and estimation errors of the first and second derivatives

of u(t) with high-gain observer and sliding-mode observer. The steady-state error
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Table 3.9: The percentage differentiation error for a 6th order high-gain observer
and a 6/ order HOSM differentiator. The differentiated signal is sin(10t) and
[l1]]loc = 0.1.

Derivative High-Gain Observer HOSM Observer

15¢ 28.25 % 42.59 %
gnd 96.2823 % 149.5259 %
3rd 194.48 % 265.36 %
gth 229.02 % 212.32 %
5th 151.70 % 121.63 %

for the first derivative after 3 seconds is 0.1361 for the high-gain observer and
0.1408 for the sliding-mode observer. For the second derivative, the steady-state
error after 3 seconds is 1.4655 for the high-gain observer and 1.2497 for the sliding-
mode observer. However, for a 3@ order high-gain observer with e = 0.05, the
steady-state error after 3 seconds is 0.0714 in the estimate of the first derivative,
and 1.0051 in the estimate of the second derivative.

We now differentiate the signal up(t) being the state z1(t) of the ard

2

order nonlinear system.

Iy 0 1 0 Ty 0
9|l =10 0 1 x9 | + [ 0] b(xq,x9,13),
I3 0 0 0 T3 1

u=rTy,

b(r1,r9.713) = a(x],19,13)gs(r1. 9. 23) + (1 — a(xy, 79, 73))gu(r, 19, r3),
22 +13+22

a(ry,r9,x3) =2 )

1+171+.’L‘2+:l‘3

gs(ry,r9.r3) = —54ry — 36r9 — 9rg,

gu(ry, r9.23) = 5dry — 36r9 + 93,
(3.16)

2System (3.16) was used in [10] to test a numerical differentiator.
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Figure 3.2: The estimate of derivatives of sin(10t) + p(t) with high-gain/sliding-
mode observer. The noise magnitude is ||u|loo = 0.1.

The differentiator (3.15) and a 374 order high-gain observer with multiple real
eigen-values were used. It was observed from simulation that the 37d derivative
of uj is bounded by 16, the parameter ¢ was set as ¢ = 0.064. The noise is
bounded by 0.012. Figure (3.4) shows the estimate of first and second derivatives
with a sliding-mode observer and high-gain observer. The estimation error for the
first derivative is 0.1 for high-gain observer and 0.12 for the sliding-mode observer,
whereas for the second derivative the estimation error is 1.7 for the high-gain

observer and 1.73 for the sliding-mode observer.
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Figure 3.3: The estimate of derivatives of (3.14) with high-gain/sliding-mode ob-
server. The solid line depicts the actual derivative, whereas the dashed line is the
estimate.
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Chapter 4

Conclusions

The theory of high gain observers is an asymptotic theory. Ideally, when no mea-
surement noise is present the estimation error shrinks to zero as the gain of the
observer grows to infinity. When noise is present, the high-gain of the observer
amplifies the noise. Hence, in the presence of noise there is a trade-off between the
error in the absence of noise and the amplification of the noise. The trade-off is
quantified through the ratio of a uniform bound on the noise and a uniform bound
on the nt? derivative of the differentiated signal, where n is the order of the
observer. Due to this trade-off, when the high-gain observer is used for differentia-
tion, extra care is to be taken when designing the gain. The gain should be neither

th

too large, nor too small. We find that the gain of an n"'" order observer should

n
be of the order O (ﬂ%ﬂ@)
oo

Inspired by Levant’s results in [25, 24, 26], where Levant showed that a nu-
merical differentiator can not provide for accuracy better than O(Li/ | p||(og—_l) / n),
and developed differentiators that provide for this accuracy, we showed that the

high-gain observer can provide for this same accuracy if the gain is properly cho-

sen. First, we showed that the estimation error when high-gain observer is used as
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a differentiator is bounded by

Q};+1 |1l oo

) = (n n—~k
be() = 6 + Py 1 0l oo™ F + 7

b}

where k is the estimated derivative, n is the order of the observer, P, Q. are
constants dependent on the order and eigenvalues of the observer, and § could be
made arbitrarily small. The effect of the order and the choice of eigenvalues on the
estimation error is analyzed in Chapter 2. We provide the constants Py, Q, 1 <
k<n and n=1,2,---,10 for high-gain observer with multiple real eigenvalues
in Appendix 1 of this thesis.

Next, we choose

gopt _n] k n Qk+1”ll“oo
k - _ )
n=k\ Pl oo

that minimizes the error bound b.(¢). Note that, the choice of ¢ depends on
the derivative estimated. However, we observed during simulation that ezp t does

not vary significantly with k, nor does bj.(¢) vary significantly with &, which
n opt
Zk=71 ¢
1

to realize that this choice of Ezpt minimizes the error bound on the estimation

allowed us to choose ¢ = throughout the simulation. It is important
error for a class of signals u with the same ||u(n) lloo, rather than the error for the
particular signal at hand. In Lemma 1 we show that there is a signal for which the
estimation error comes arbitrarily close to the bound b;.(¢). Simulation examples
are presented to verify and clarify analytical results.

In Chapter 3 we compare high-gain observers to Levant’s sliding-mode dif-
ferentiators. Table 3.1 is a comparative summary of the features of high-gain
observers and sliding-mode differentiators. Simulation shows that in the presence

of noise the performance of high-gain observers and sliding-mode observers is com-
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parable. It appears that high-gain observers are better for high frequency signals,
whereas sliding-mode observers are better for low frequency signals. The signal
to noise ratio ! affects the usefulness of the estimated derivatives. In our exam-

374 and higher derivatives was over 50%, making

ples, the error for estimates of
the estimates useless for both of the observers. We also observed from simulation
examples that large portion of the error is due to a phase shift of the estimate
from the actual derivative. Also, being a low-pass filter, the high-gain observer
deminishes the high-frequency components of the noise.

Results in this thesis for high-gain observers, as well as results in [25, 24, 26]
for sliding-mode differentiators outline the limitations on differentiation in the
presence of noise. They also provide design guidelines to achieve best results
within these limitations. They allow us to quantify the effect of noise on the
estimation error, without placing restrictive assumptions on the noise nor on the
differentiated signal. The only assumption on the noise is that it is bounded and
the bound is known. For the differentiated signal, we require that the bound on
the derivative consecutive to the one we wish to estimate is known. However, large

measurement noise remains a problem for on-line, real-time differentiation when

estimating higher derivatives as simulation examples in Chapter 3 show.

infinity norm of the signal
infinity norm of the noise

By signal to noise ratio, we mean

74



Appendix — Constants

Table 1: The constants P for 2 <k <n, 2 <n <10 for multiple real
eigenvalues

n/k 2 3 4 5 6 7 8 9 10
2 2 0 0 0 0 0 0 0 0
3 3 3 0 0 0 0 0 0 0
4 4 6 4 0 0 0 0 0 O
5 5 10 10 5 0 0 0 0 0
6 6 15 20 15 6 0 0 0 O
77 21 3 3 21 7 0 0 0
8 8 28 56 70 56 28 8 0 O
9 9 36 8 126 126 8 36 9 O
10 10 45 120 210 252 210 120 45 10

Table 2: The constants Q. for 2 < k < n, 2 < n < 10 for multiple real
eigenvalues

n/k 2 3 4 b) 6 7 8 9 10
2 0.735 0 0 0 0 0 0 0 0
3 1750 0.620 0 0 0 0 0 0 0
4 2990 2167 0.559 0 0 0 0 0 0
5 4410 4881 2.553 0.521 0 0 0 0 0
6 5979 8952 7.094 2917 0.493 0 0 0 0
7T 7.678 14.539 15494 9.615 3.265 0.471 0 0 0
8 9493 21.785 29.229 24316 12435 3.6 0.454 0 0
9 11411 30.814 49.925 52.162 35.694 15.544 3.925 0.439 0
10 13.424 41.741 79.338 99.893 85.722 49.897 18.934 4.24 0.426
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