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ABSTRACT

TOPOLOGICAL INVARIANTS OF CONTACT STRUCTURES AND
PLANAR OPEN BOOKS

By

Mehmet Firat Arikan

The algorithm given by Akbulut and Ozbagci constructs an explicit open
book decomposition on a contact three-manifold described by a contact
surgery on a link in the three-sphere. In this work, we first improve this
algorithm by using Giroux’s contact cell decomposition process. Our algo-
rithm gives a better upper bound for the recently defined “support genus
invariant” of contact structures. Secondly, we find the complete list of all
contact structures (up to isotopy) on closed three-manifolds which can be
supported by an open book having planar pages with three (but not less)
boundary components. Among these contact structures we also distinguish
tight ones from those which are overtwisted. Finally, we study contact struc-
tures supported by open books whose pages are four —punctured sphere.
Among these contact structures we prove that a certain family is holo-
morphically fillable using lantern relation, and show the overtwistedness of

certain families using the study of right-veering diffeomorphisms.
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Introduction

In the past decade, the study of open book decompositions (open books) in
contact geometry and related fields became more and more important in or-
der to understand the connection between geometry and topology. In 1975,
Thurston and Winkelnkemper [TW] constructed a special contact structure
on a given closed 3-manifold equipped with an open book decomposition
in the sense that certain compatibility conditions are satisfied. In 2002,
Giroux [Gi] proved the existence of a 1 — 1 correspondence between open
books and compatible contact structures on a fixed closed 3-manifold mod-
ulo certain equivalence relations. Based on this correspondence, in 2002,
Ozsvath and Szabo [0Sz] defined Heegaard Floer contact invariant (also
called OS —contact invariant) using open books. OS —invariant has allowed
for a much better understanding of tight but not fillable contact structures.
It is nonzero for a Stein fillable structure and it vanishes for an overtwisted
one. In particular, if the invariant is nonzero, then the contact structure is
tight. Later (in 2005) Honda, Kazez and Matic [HKM1] initiated the study
of right-veering diffeomorphisms of surfaces with boundary. They proved
that a contact structure on a closed 3-manifold is tight if and only if the

monodromy map of any compatible open book is right-veering. Recently



(in 2006), Etnyre and Ozbagci [EO] introduced two purely topological in-
variants of a given contact structure based on the above correspondence.
Let (M, €) be a closed oriented 3-manifold with the contact structure £, and
let (S,h) be an open book (decomposition) of M which is compatible with
€. In this case, we also say that (S, h) supports £ (for the definitions see
the next chapter). Based on Giroux’s correspondence theorem (Theorem
1.3.2), we can ask two natural questions:

(1) What is the possible minimal page genus ¢g(S) =genus(S)?

(2) What is the possible minimal number of boundary components of a page

S with ¢g(S) minimal?

In [EQ], two topological invariants sg(£) and bn(€) were defined to be the

answers. More precisely, we have:

sg(¢) = min{ g(S) | (S,h) an open book decomposition supporting £},

called the support genus of £, and

bn(€) = min{ |8S] | (S,h) an open book supporting ¢ and g(S) = sg(£)},

called the binding number of £. There are some partial results about these

invariants. For instance,

Theorem 0.0.1 ([Et1)) If (M,€) is overtwisted, then sg(§) =0. O

Also the contact structures with support genus zero and the binding number
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less than or equal to two are classified in [EO] (see Theorem 3.0.1). Unlike
the overtwisted case, there is not much known yet for sg(£) when & is
tight. On the other hand, if we, furthermore, require that £ is Stein fillable,
then an algorithm to find an open book supporting £ was given in [AQ].
Although their construction is explicit, the pages of the resulting open books
arise as Seifert surfaces of torus knots or links, and so this algorithm is far
from even approximating the number sg(£). In [St], the same algorithm
was generalized to the case where £ need not to be Stein fillable (or even
tight), but the pages are still of large genera.

Based on the result of Ding and Geiges [DG] (2004), and by the result of
Gompf [Gm] (1998) on Stein surfaces, we can study the contact structures
and their possible fillings by using Legendrian framed link diagrams de-
scribing them. It is not clear, in general, yet that what property of such
a diagram determines the tightness or the type of the filling. However,
once we obtain a compatible open book, we can encode the surgery data
by means of its monodromy, and then the monodromy can determine the
tightness and the type of the filling for some (and maybe for all) such di-
agrams. To study overtwistedness, right-veering diffeomorphisms are very
handy. On the other hand, OS —contact invariant and its recent interpre-
tation, FH—invariant (defined in [HKM2]), can be used to determine the
tightness for some cases.

As an another approach, we can fix an abstract surface and study all possible
monodromies to understand which ones give tight structures and which ones
not. Planar surfaces (the surfaces of genus zero) are the best choices to start

3



with for such an approach. By Theorem 0.0.1, if sg(£§) # 0, then & is tight.
Therefore, understanding planar open books almost solves the tightness
classification of contact structures. We remark that a monodromy which is
not a right-veering can not support a tight structure. In fact, the following

conjecture is the main motivation of the author throughout this work.

Conjecture 0.0.2 If the monodromy of an open book with minimal page
genus and binding number is right-veering, then the compatible contact

structure is tight.

This dissertation thesis is organized as follows: In the preliminaries chapter
(Chapter 1), we will give the basic definitions and facts which will be used
in the rest of the work. In Chapter 2, we will present an algorithm which
finds a reasonable upper bound for sg(£) using the given contact surgery
diagram of £&. We will also give examples to understand how efficient the
new algorithm is. In Chapter 3, the complete list of contact structures with
sg(§) = 0 and bn(€) = 3 will be given by analyzing the mapping class group
of the surface so called “pair of pants”. In Chapter 4, we will explore the
planar contact structures with bn(§) < 4: After studying the mapping class
group of “four —punctured sphere”, we will prove that a certain family is
holomorphically fillable, and also show the overtwistedness for some other

family.



Chapter 1

Preliminaries

This chapter provides the definitions, notation and facts that will be used in
the next chapters. Some well-known material is included in order to make

the presentation self-contained.

1.1 Contact Structures and

open book decompositions

A 1-form a € Q}(M) on a 3-dimensional oriented manifold M is called a
contact form if it satisfies a A da # 0. An oriented contact structure on
M is then a hyperplane field £ which can be globally written as the kernel
of a contact 1-form a. We will always assume that £ is a positive contact
structure, that is, a A da > 0. Note that this is equivalent to asking that
da be positive definite on the plane field £, ie., dal¢ > 0. Two contact
structures &y, £, on a 3-manifold are said to be isotopic if there exists a 1-
parameter family & (0 < ¢ < 1) of contact structures joining them. We say
that two contact 3-manifolds (Mj,£;) and (Ms, &) are contactomorphic if
there exists a diffeomorphism f : M; — M, such that f.(§;) = &. Note

)



that isotopic contact structures give contactomorphic contact manifolds by
Gray’s Theorem, and any contact 3-manifold is locally contactomorphic
to (R3,&) where standard contact structure & on R3 with coordinates
(z,y,2) is given as the kernel of ayg = dz + zdy. The standard contact
structure &, on the 3-sphere S3 = {(r1,79,01,02) : 72+ 12 =1} Cc C? is
given as the kernel of ay = r2df), + r3df,. One basic fact is that (R3,&) is
contactomorphic to (S%\ {pt},&). For more details on contact geometry,
we refer the reader to [Ge|, [Et3], and [MS].

An open book decomposition of a closed 3-manifold M is a pair (L, f)
where L is an oriented link in M, called the binding, and f: M\ L — S!
is a fibration such that f~!(¢) is the interior of a compact oriented surface
S; C M and 0S; = L for all t € S'. In such a case, L is also called a
fibered link in M. The surface S = §;, for any ¢, is called the page of
the open book. The monodromy of an open book (L, f) is given by the
return map of a flow transverse to the pages (all diffeomorphic to S) and
meridional near the binding, which is an element A € Aut(S, 8S), the group
of (isotopy classes of) diffeomorphisms of S which restrict to the identity
on 39S . The group Aut(S,dS) is also said to be the mapping class group
of S, and denoted by I'(S).

An open book can also be described as follows. First consider the mapping

torus

S(h) = [0,1] x S/(1,2) ~ (0, h(z))

where S is a compact oriented surface with n = |0S| boundary components



and h is an element of Aut(S,0S) as above. Since h is the identity map
on 0S, the boundary 8S(h) of the mapping torus S(h) can be canonically
identified with n copies of T2 = S! x S!, where the first S! factor is
identified with [0,1]/(0 ~ 1) and the second one comes from a component
of 8S. Now we glue in n copies of D? x S! to cap off S(h) so that D? is
identified with S! = [0,1]/(0 ~ 1) and the S factor in D? x S! is identified

with a boundary component of S. Thus we get a closed 3-manifold
M = M(S,h) = S(h) Un D2 X Sl

equipped with an open book decomposition (S, h) whose binding is the union
of the core circles in the D? x S'’s that we glue to S(h) to obtain M. To
summarize, an element h € Aut(S,0S) determines a 3-manifold M =
Msp) together with an “abstract” open book decomposition (S,h) on it.
For further details on these subjects, see [Gd], and [Et2].

Throughout the work, D, will denote the right Dehn twist along the sim-
ple closed curve 7y, and most of the time we will write v instead D, for
simplicity. We want to state the following classical fact which will be used
in Section 4.1. We also give a proof since the author couldn’t find the given

version of the theorem in the literature.

Theorem 1.1.1 Let S be any surface with nonempty boundary, and let

o,h € Aut(S,0S). Then there exists a contactomorphism

(Mis.hy: €s,my) = (M{s,0n0-1)s&(S.000-1))-



Proof:  The proof based on the idea of breaking up the monodromy

ocho™!

into pieces as depicted in Figure 1.1. First take each glued solid
torus (around each binding component) out from both (Mgp),&(s)) and
(M(,S,aha‘l)’gzs,aha‘l)) to get the mapping tori (S,h) and S(cho~!). By
breaking the monodromy cho™!, the mapping torus S(cho!) = [0,1] x
S/(1,z) ~ (0,0ho~!(z)) can be constructed also as follows: We write

4

S(oho™) = ([ S/ ~

i=1

where S; = S x [Z}, £] and ~ is the equivalence relation that glues S x {1}
in S; to S x {3} in S; by o, glues S x {3} in S to S x {3} in S3 by
h, glues S x {2} in S5 to S x {3} in S; by o7, glues S x {1} in 54 to
S x {0} in S; by the identity map id. (See the picture on the left in Figure
1.1.)

Sl 4 S2
o

Qefhfih et

Figure 1.1. Mapping torus S(cho~!), before and after the cyclic permutation.

Since S(cho~1) is a fiber bundle over the circle S!, we are free to change
its monodromy by any cyclic permutation. Therefore, the monodromy

element 0! - id - oh = h also gives the same fiber bundle S(cho™!) (the

8



picture on the right in Figure 1.1 shows the new configuration of S(cho™?)
after the cyclic permutation). Therefore, S(h) = S(cho™!). By gluing
all solid tori back, we conclude that (Mg ), &) is contactomorphic to

(M(IS-U’W'I)’ gZS,aho—l)) . O

1.2 Legendrian knots and contact surgery

A Legendrian knot K in a contact 3-manifold (M,€£) is a knot that is
everywhere tangent to £. Any Legendrian knot comes with a canonical
contact framing (or Thurston-Bennequin framing), which is defined by a
vector field along K that is transverse to £&. We call (M,&) (or just &)
overtwisted if it contains an embedded disc D =~ D?> C M with boundary
0D ~ S! a Legendrian knot whose contact framing equals the framing it
receives from the disc D. If no such disc exists, the contact structure £ is
called tight.

For any p,q € Z, a contact (r)-surgery (r = p/q) along a Legendrian
knot K in a contact manifold (M,§) was first described in [DG|. It was
proved in [Ho] that if » = 1/k with k € Z, then the resulting contact
structure is unique up to isotopy. In particular, a contact (+1)-surgery
along a Legendrian knot K on a contact manifold (M,£) determines a
unique surgered contact manifold which will be denoted by (M, §)(k +1)-

The most general result along these lines is:

Theorem 1.2.1 ([DG]) Every closed contact 3-manifold (M,§) can be



obtained via contact (+1)-surgery on a Legendrian link in (S3,£4). O

Any closed contact 3-manifold (M, §) can be described by a contact surgery
diagram drawn in (R3,&) C (S%,£,). By Theorem 1.2.1, there is a contact
surgery diagram for (M, &) such that the contact surgery coefficient of any
Legendrian knot in the diagram is £1. For any oriented Legendrian knot
K in (R3,&), we compute the Thurston-Bennequin number tb(K), and the

rotation number rot(K) as

th(K) = bb(K) — (# of left cusps of K),

rot(K) = %[(# of downward cusps) — (# of upward cusps))

where bb(K) is the blackboard framing of K.
If a contact surgery diagram for (M, &) is given, we can also get the smooth
surgery diagram for the underlying 3-manifold M. Indeed, for a Legendrian

knot K in a contact surgery diagram, we have:
Smooth surgery coeff. of K = Contact surgery coeff. of K + tb(K)

For more details see [OSt] and [Gm).

1.3 Compatibility and stabilization

A contact structure £ on a 3-manifold M is said to be supported by an open
book (L, f) if € is isotopic to a contact structure given by a 1-form a such

that

10



1. do is a positive area form on each page S = f~!(pt) of the open book

and
2. @ >0 on L (Recall that L and the pages are oriented.)

When this holds, we also say that the open book (L, f) is compatible with

the contact structure €& on M.

Definition 1.3.1 A positive (resp., negative) stabilization S§(S,h) (resp.,

Sg(S,h)) of an abstract open book (S, h) is the open book
1. with page S’ = SU 1-handle and

2. monodromy h' = ho Dk (resp., k' = ho Dg') where Dk is a right-
handed Dehn twist along a curve K in S’ that intersects the co-core

of the 1-handle ezactly once.

Based on the result of Thurston and Winkelnkemper [TW] which introduced
open books into the contact geometry, Giroux proved the following theorem

strengthening the link between open books and contact structures.

Theorem 1.3.2 ([Gi]) Let M be a closed oriented 3-manifold. Then
there is a one-to-one correspondence between oriented contact structures
on M up to isotopy and open book decompositions of M wup to positive
stabilizations: Two contact structures supported by the same open book are
isotopic, and two open books supporting the same contact structure have a

common positive stabilization. O

11



For a given fixed open book (S, h) of a 3-manifold M , there exists a unique
compatible contact structure up to isotopy on M = Mg, by Theorem
1.3.2. We will denote this contact structure by £s4). Therefore, an open
book (S, h) determines a unique contact manifold (M(sp),&(sr)) up to con-
tactomorphism. We will shorten the notation as (Mp, &) if the surface S
is clear from the content.

Taking a positive stabilization of (S, k) is actually taking a special Murasugi
sum of (S,h) with the positive Hopf band (H™*, D,) where v C H* is the
core circle. Taking a Murasugi sum of two open books corresponds to taking
the connect sum of 3-manifolds associated to the open books. The proofs

of the following facts can be found in [Gd], [Et2].
Theorem 1.3.3 We have

(Msx(shysEst(sy) = (Misny Esm)F#(S%, €st) = (M(shy,€sm)- O

1.4 Symplectic and Stein Fillings

A contact manifold (M, ¢) is called symplectically fillable if there is a com-
pact symplectic 4-manifold (X,w) (that is, w is a non-degenerate and closed
2—form on X) such that X = M and w|¢ # 0. A Stein manifold is a
triple (X, J,v) where J is a complex structure on X, ¢ : X — R, and the
2—form wy = —d(dy o J) is non-degenerate. We say (M, &) is called Stein
(holomorphically) fillable if there is a Stein manifold (X, J,%) such that ¢
is bounded from below, M is a non-critical level of ¥ and —(dy o J) is a
contact form for £. We note that any Stein filling (X, J,¢) of (M,§) can

12



be also considered as the symplectic filling (X,wy). See [Et2] or [OSt] for

the related facts. We will use the following theorem later.

Theorem 1.4.1 ([EG]) Any symplectically fillable contact structure is

tight. ( = Any holomorphically fillable contact structure is tight. ) O

Following fact was first implied in [LP], and then in [AQ]. The given version

below is due to Giroux and Matveyev. For a proof, see [OSt].

Theorem 1.4.2 A contact structure & on M is holomorphically fillable if
and only if € is supported by some open book whose monodromy admits a

factorization into positive Dehn twists only. O

1.5 Monodromy and surgery diagrams

Given a contact surgery diagram for a closed contact 3-manifold (M,¢§),
we want to construct an open book compatible with £&. One implication
of Theorem 1.2.1 is that one can obtain such a compatible open book by
starting with a compatible open book of (S3,&,), and then interpreting
the effects of surgeries (yielding (M, &) ) in terms of open books. However,
we first have to realize each surgery curve (in the given surgery diagram
of (M,€)) as a Legendrian curve sitting on a page of some open book
supporting (S3,&,,). We refer the reader to Section 5 in [Et2] for a proof of

the following theorem.

13



Theorem 1.5.1 Let (S, h) be an open book supporting the contact manifold

(M, €). If K is a Legendrian knot on the page S of the open book, then

(M, &)k, +1) = (M(s, hoDZ): &(5, hoDT))- O

1.6 Contact cell decompositions

The exploration of contact cell decompositions in the study of open books
was originally initiated by Gabai [Gal, and then developed by Giroux [Gi.
We want to give several definitions and facts carefully.

Let (M,&) be any contact 3-manifold, and K C M be a Legendrian knot.
The twisting number tw(K, Fr) of K with respect to a given framing F'r
is defined to be the number of counterclockwise 27 twists of £ along K,
relative to F'r. In particular, if K sits on a surface S C M, and F'rg is the
surface framing of K given by S, then we write tw(K,S) for tw(K, Frg).
If K =098, then we have tw(K,S) = tb(K) (by the definition of tb).

Definition 1.6.1 A contact cell decomposition of a contact 3— manifold

(M, €) is a finite CW-decomposition of M such that
(1) the 1-skeleton is a Legendrian graph,

(2) each 2-cell D satisfies tw(0D, D) = —1, and
(8) & is tight when restricted to each 3-cell.

Definition 1.6.2 Given any Legendrian graph G in (M,£), the ribbon of

G is a compact surface R = R satisfying
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1. R retracts onto G,
2. T,R=¢&, forall pe G, and

3. T,LR#E, forallpe R\ G.
For a proof of the following theorem we refer the reader to [Gd| and [Et2)].

Theorem 1.6.3 Given a closed contact 3—manifold (M,&), the ribbon of
the 1-skeleton of any contact cell decomposition is a page of an open book

supporting £. O

1.7 Right-veering diffeomorphisms

We recall the right-veering diffeomorphisms originally introduced in
[HKM1). If S is a compact oriented surface with 9S # 0, the sub-
monoid Veer(S,0S) of right-veering elements in Aut(S,0S) is defined
as follows: Let o and ( be isotopy classes (relative to the endpoints) of
properly embedded oriented arcs [0,1] — S with a common initial point
a(0) = B(0) =z € 8S. Let m : S — S be the universal cover of S (the
interior of S will always be R? since S has at least one boundary compo-
nent), and let Z € 85 be a lift of 2 € 8S. Take lifts & and B of a and
B with &(0) = B(0) = Z. & divides S into two regions — the region “to
the left” and the region “to the right”. We say that 3 is to the right of «,
denoted a > 3, if either @ = 8 (and hence &(1) = [3(1)), or ,3(1) is in the
region to the right (Figure 1.2).

15



“the region the region
. to the left to the right

Figure 1.2. Lifts of o and 8 in the universal cover S.

As an alternative to passing to the universal cover, we first isotop a and (3,
while fixing their endpoints, so that they intersect transversely (this include
the endpoints) and with the fewest possible number of intersections. Then (3
is to the right of o if the tangent vectors (3(0), &(0)) define the orientation

on S at .

Definition 1.7.1 Let h : S — S be a diffeomorphism that restricts to the
identity map on 0S. Let a be a properly embedded oriented arc starting at
a basepoint x € S. Then h is right-veering (that is, h € Veer(S,385S))
if for every choice of basepoint x € 0S and every choice of a based at z,
h(a) is to the right of a (at z). If C is a boundary component of S, we
say is h is right-veering with respect to C' if h(a) is to the right of a for

all o starting at a point on C.
It turns out that Veer(S,0S) is a submonoid and we have the inclusions:
Dehn*(S,0S) C Veer(S,0S) C Aut(S,0S).

We will use the following two results of [HKM1].
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Theorem 1.7.2 ([HKM1]) A contact structure (M, §) is tight if and only
if all of its compatible open book decompositions (S,h) have right-veering

h € Veer(S,0S) C Aut(S,dS). O

1.8 Homotopy invariants of contact structures

The set of oriented 2— plane fields on a given 3-manifold M is identified
with the space Vect(M) of nonzero vector fields on M. v;,v; € Vect(M)
are called homologous (denoted by v; ~ vs) if v; is homotopic to v, in M\ B
for some 3—ball B in M. The space Spin°(M) of all spin® structures on
M is the defined to be the quotient space Vect(M)/ ~. Therefore, any
contact structure £ on M defines a spin€ structure t; € Spin°(M) which
depends only on the homotopy class of £&. As the first invariant of &,
we will use the first Chern class c;(§) € H?(M;Z) (considering ¢ as a
complex line bundle on M). For a spin® structure t¢, whose first Chern
class ¢1(te)(:= c1(€)) is torsion, the obstruction to homotopy of two 2-
plane fields (contact structures) both inducing t. can be captured by a
single number. This obstruction is the 3-dimensional invariant d3(€) of
¢). To compute ds3(§), first recall an almost compler manifold is a pair
(X,J) where J: TX — TX is such that J?2 = —idrx. Now suppose that a
compact almost complex 4-manifold (X, J) is given such that X = M, and
¢ is the complex tangencies in TM , i.e., £ = TMNJ(TM). Let o(X), x(X)

denote the signature and Euler characteristic of X, respectively. Then we
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have

Theorem 1.8.1 ([Gm]) If c,(€) is a torsion class, then the rational num-

ber

ds(€) = (X, J) = 30(X) — 2x(X)

is an invariant of the homotopy type of the 2-plane field £&. Moreover, two

2-plane fields £ and 1 with t¢ = t, and c;(§) = c1(n) a torsion class are

homotopic if and only if d3(€§) = d3(n). O

As a result of this fact, if (M,€) is given by a contact (£1)-surgery on a

link sitting in (S3,£). then we can compute d3(£) using

Corollary 1.8.2 ([DGS]) Suppose that (M,€), with c1(€) torsion, is
given by a contact (£1)-surgery on a Legendrian link L C (S3,&y) with
th(K) # 0 for each K C L on which we perform contact (+1)-surgery. Let
X be a 4-manifold such that 0X = M. Then

5(€) = 3(¢* ~ 30(X) — 2x(X)) + 5,

where s denotes the number of components in . on which we perform
(+1)-surgery, and ¢ € H*(X;Z) is the cohomology class determined by
c(Xg) = rot(K) for each K C L, and [Ek] is the homology class in
Hy(X) obtained by gluing the Seifert surface of K with the core disc of the

2-handle corresponding K. O
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We use the above formula as follows: Suppose L has & components. Write
L = U;*K;. By converting all contact surgery coefficients to the topological
ones, and smoothing each cusp in the diagram, we get a framed link (call it
L again) describing a simply connected 4-manifold X such that 0X = M.

Using this description, we compute
x(X)=1+k,and o(X) = o(AL)

where Ay is the linking matrix of L. Using the duality, the number ¢? is

computed as
C2 = (PD(C))2 = [bl b2 v bk]AL[bl b2 s bk]T

where PD(c) € Hy(X,0X;Z) is the Poincaré dual of ¢, the row matrix

[b1 b - - - bi] is the unique solution to the linear system
AL[by by - - - bk)T = [rot(K:) rot(Kz) - - -rot(K)]F.

Here the superscript “T ” denotes the transpose operation in the space of

matrices. See [DGS], [Gm]| for more details.
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Chapter 2

An upper bound for the support

genus invariant

In this chapter, we will present an explicit construction of a supporting open
book (with considerably less genus) for a given contact surgery diagram of
any contact structure £. Of course, because of Theorem 0.0.1, our algo-
rithm makes more sense for the tight structures than the overtwisted ones.
Moreover, it depends on a choice of the contact surgery diagram describing
€. Nevertheless, it gives better and more reasonable upper bound for sg(&)
(when ¢ is tight) as we will see from our examples in Section 2.2.

Let L be any Legendrian link given in (R3,& = ker(ap = dz + zdy)) C
(S3,&4). L can be represented by a special diagram D called a square
bridge diagram of L (see [Ly]). We will consider D as an abstract diagram

such that

1. D consists of horizontal line segments Ay, ..., h,, and vertical line seg-

ments vy, ..., v, for some integers p > 2, ¢ > 2,
2. there is no collinearity in {hy,...,hp}, and in {v1,...,v4}.
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3. each h; (resp., each v;) intersects two vertical (resp., horizontal) line

segments of D at its two endpoints (called corners of D), and

4. any interior intersection (called junction of D) is understood to be a

virtual crossing of D where the horizontal line segment is passing over

the vertical one.

We depict Legendrian right trefoil and the corresponding D in Figure 2.1.

D

Us

/ﬁ\\v/

U4

Legendrian right trefoil

hs
hy
V3 Vo
hs vy
ho
hy
p=qg=3

Figure 2.1. The square bridge diagram D for the Legendrian right trefoil.

Clearly, for any front projection of a Legendrian link, we can associate a

square bridge diagram D. Using such a diagram D, the following two

facts were first proved in [AO], and later made more explicit in [Pl]. Below

versions are from the latter:

Lemma 2.0.3 Given a Legendrian link L in (R3,&), there exists a torus

link Tpq (with p and q as above) transverse to & such that its Seifert
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surface F,4 contains L, dog is an area form on F,,, and L does not

separate Fpq. O

Proposition 2.0.4 Given L and F,,; as above, there ezist an open book

decomposition of S® with page F,, such that:
1. the induced contact structure & is isotopic to &y;

2. the link L is contained in one of the page F,,, and does not separate

it;
3. L 1is Legendrian with respect to &;

4. there exist an isotopy which fizes L and takes £ to &y, so the Legendrian

type of the link is the same with respect to & and &;

5. the framing of L given by the page F,, of the open book is the same

as the contact framing. O

Being a Seifert surface of a torus link, F,, is of large genera. In Section
2.1, we will construct another open book OB supporting (53, &,;) such that
its page F' arises as a subsurface of Fp,, (with considerably less genera),
and given Legendrian link L sits on F' as how it sits on the page F,, of
the construction used in [AO] and [Pl]. The page F of the open book
OB will arise as the ribbon of the 1-skeleton of an appropriate contact cell

decomposition for (S3,&,). As in [Pl], our construction will keep the given
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link L Legendrian with respect to the standard contact structure &;. The

following theorem summarize our algorithm:

Theorem 2.0.5 Given L and F,, as above, there ezists a contact cell

decomposition A of (S3,&.) such that

1. L 1is contained in the Legendrian 1-skeleton G of A.

2. The ribbon F of the 1-skeleton G is a subsurface of Fy,4

(p and q as above).
3. The framing of L coming from F is equal to its contact framing tb(L).

4. If p>3 and q > 3, then the genus g(F) of F is strictly less than the

genus g(Fpq) of Fpq.

As an immediate consequence (see Corollary 2.1.1), we get an explicit de-
scription of an open book supporting (S3,¢) whose page F contains L
with the correct framing. Therefore, if (M*,£%) is given by contact (£1)-
surgery on L (such a surgery diagram exists for any closed contact 3-
manifold by Theorem 1.2.1), we get an open book supporting £ with page
F by Theorem 1.5.1. Hence, g(F) improves the upper bound for sg(§) as
9(F) < g(Fpq) (for p > 3, ¢ > 3). It will be clear from our examples in
Section 2.2 that this is indeed a good improvement.

The following lemma will be used in the next section.

Lemma 2.0.6 Let A be a contact cell decomposition of a closed contact 3-
manifold (M, &) with the 1— skeleton G. Let U be a 3-cell in A. Consider
two Legendrian arcs I C OU and J C U such that
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1. ICG,
2. JNoU =9J =9I,
3. C=1UyJ is a Legendrian unknot with tb(C) = —1.

Set G' = GU J. Then there exists another contact cell decomposition A’

of (M,§) such that G’ is the 1-skeleton of A’

Proof:  The interior of the 3—cell U is contactomorphic to (R3,&).
Therefore, there exists an embedded disk D in U such that 0D = C and
int(D) C int(U) as depicted in Figure 2.2(a). We have tw(éD, D) = —1
since tb(C) = —1. As we are working in (R3, &), there exist two C®-small
perturbations of D fixing 0D = C such that perturbed disks intersect each
other only along their common boundary C. In other words, we can find

two isotopies Hi, Hs : [0,1] x D — U such that for each i = 1,2 we have
1. H;(t,.) fixes 8D = C pointwise for all ¢t € [0. 1],
2. H;(0,D) = Idp where Idp is the identity map on D,

3. Hi(1,D) = D; where each D; is an embedded disk in U with int(D;) C
int(U),

4. DN DyN Dy = C (see Figure 2.2(b)).

Note that tw(0D;, D;) = tw(C, D;) = —1 for i = 1,2. This holds because
each D; is a small perturbation of D, so the number of counterclockwise

twists of £ (along K) relative to Frp, is equal to the one relative to Frp.
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(a) ,«"}':-“""“m““j:-—':li (b) "..'-.5"'"'“"“'“':;:'

............................................

Figure 2.2. Constructing a new contact cell decomposition.

Next, we introduce G’ = G U J as the 1-skeleton of the new contact cell
decomposition A’. In M — int(U), we define the 2- and 3- skeletons of
A’ to be those of A . However, we change the cell structure of int(U) as
follows: We add 2-cells Dy, D, to the 2-skeleton of A’ (note that they both
satisfy the twisting condition in Definition 1.6.1). Consider the 2-sphere
S = D, U D, where the union is taken along the common boundary C.
Let U’ be the 3-ball with U’ = S. Note that £|y- is tight as U’ C U and
€|U is tight. We add U’ and U — U’ to the 3-skeleton of A’ (note that
U — U’ can be considered as a 3-cell because observe that int(U — U’) is
homeomorphic to the interior of a 3-ball as in Figure 2.2(b)). Hence, we
established another contact cell decomposition of (M, &) whose 1-skeleton
is G’ = GU J. (Equivalently, by Theorem 1.3.3, we are taking the connect
sum of (M, §) with (S3,&y) along U’.) O
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2.1 The algorithm (The proof of Theorem 2.0.5)

Proof: By translating L in (R3,&) if necessary (without changing its
contact type), we can assume that the front projection of L onto the yz-
plane lying in the second quadrant { (y,2) | ¥y < 0, z > 0}. After an
appropriate Legendrian isotopy, we can assume that L consists of the line

segments contained in the lines

ki={z=1z=-y+a},1=1,...,p,

L

I

r=-l,z=y+bj},7=1...,q

for some a; < a; < - <@y, 0 < b < by <--- < by, and also the line
segments (parallel to the z-axis) joining certain k;’s to certain I;'s. In
this representation, L seems to have corners. However, any corner of L
can be made smooth by a Legendrian isotopy changing only a very small
neighborhood of that corner.

Let 7 : R3 — R? be the projection onto the yz-plane. Then we obtain
the square bridge diagram D = w(L) of L such that D consists of the line

segments

hicnk;) = {z=0,z=-y+a;}, i=1,...,p,

v;Cn(l) = {z=0,z=y+b;}, ij=1,...,q
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Notice that D bounds a polygonal region P in the second quadrant of
the yz-plane, and divides it into finitely many subregions P,..., P, ( see
Figure 2.3-(a) ).

Throughout the proof, we will assume that the link L is not split (that is,
the region P has only one connected component). Such a restriction on L

will not affect the generality of our construction (see Remark 2.1.2).

J e

as a4 as

Figure 2.3. The region P for the right trefoil knot and its division.

Now we decompose P into finite number of ordered rectangular subregions
as follows: The collection {m(l;) | j = 1,...,q} cuts each P; into finitely
many rectangular regions R},...,Rp*. Consider the set P of all such

rectangles in P. That is, we define
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B={R |k=1....,m, [=1,...,m}.

Clearly B decomposes P into rectangular regions ( see Figure 2.3-(b) ).
The boundary of an arbitrary element R in 9 consists of four edges: Two
of them are the subsets of the lines 7(l; ), m(ljk)+1), and the other two
are the subsets of the line segments h; (), higky) where 1 < 4(k,1) <

i2(k,1) <p and 1< j(k,l) < j(k,l) +1 < q (see Figure 2.4).

AV

bk
7T(lj(k,l)+‘1_)""
Pia(k,t). |
. 0j(k.1)
b,
n(k,l)"'-._. ::i'ﬂ'(lj(k,l))
Y

a'zl (k’l) a'L?(kJ)

Figure 2.4. An arbitrary element R. in 9.

Since the region P has one connected component, the following holds for

the set P:

(%) Any element of P has at least one common vertex with another element

of P.
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By (%), we can rename the elements of 8 by putting some order on them
so that any element of P has at least one vertex in common with the union
of all rectangles coming before itself with respect to the chosen order. More

precisely, we can write

B={Ri|k=1,...,N)}

(N is the total number of rectangles in ) such that each Ry has at least
one vertex in common with the union Ry U--- U Ry_;.

Equivalently, we can construct the polygonal region P by introducing the
building rectangles ( Ri’s) one by one in the order given by the index set
{1,2,...,N}. In particular, this eliminates one of the indexes, i.e., we can
use Ry’s instead of R.’s. In Figure 2.5, how we build P is depicted for
the right trefoil knot (compare it with the previous picture given for P in
Figure 2.3-(b)).

Using the representation P = Ry U Ry U --- U Ry, we will construct the
contact cell decomposition (CCD) A. Consider the following infinite strips
which are parallel to the z-axis (they can be considered as the unions of

“small” contact planes along k;’s and [;’s):

St = {l-e<z<l4¢z=y+a},i=1,...,p,

S; = {-1-e<z<-1+¢ z2=-y+b},j=1,...,q
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Figure 2.5. The region P for the right trefoil knot.

Note that 7(S;") = n(k:) and 7(S;) = 7(l;). Let Ry C P be given. Then
we can write

OR, =CLuCEuCEuCH

where C} C w(ka), C? C n(l;), C} C w(kia), Cf C m(lj41) for some 1 <
i1 <ip <pandl<j<gq. Lift C},C%C3 C{ (along the z-axis) so that
the resulting lifts (which will be denoted by the same letters) are disjoint
Legendrian arcs contained in k;;, [, ki2, ;41 and sitting on the corresponding

strips S, S:, S5, S

; i+1- For 1 =1,2,3,4, consider Legendrian linear arcs

I,’C (parallel to the z-axis) running between the endpoints of C’,’c 's as in
Figure 2.6-(a)&(b). Along each I} the contact planes make a 90° left-twist.
Let B be the narrow band obtained by following the contact planes along

I ,‘c Then define Fj to be the surface constructed by taking the union of
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the compact subsets of the above strips (containing corresponding C’,lc’s)
with the bands Bl’s (see Figure 2.6-(b)). C}’s and I.’s together build a

Legendrian unknot 7 in (R3,&), i.e., we set
w=CiULLUCIURUC}URUCiU I

Note that 7(yx) = ORk, 7 sits on the surface Fy, and Fj deformation
retracts onto 7. Indeed, by taking all strips and bands in the construction
small enough, we may assume that contact planes are tangent to the surface
Fy only along the core circle ;. Thus, Fj is the ribbon of ~;. Observe
that, topologically, F} is a positive (left-handed) Hopf band.

Let fx : Rx — R3 be a function modelled by (a,b) — ¢ = a® — b? (for an
appropriate choice of coordinates). The image fix(Rx) is, topologically, a
disk, and a compact subset of a saddle surface. Deform fx(Rx) to another
“saddle” disk Dy such that Dy = 7, (see Figure 2.6-(c)). We observe
here that tw(vyk, D) = —1 because along <y, contact planes rotate 90° in
the counter-clockwise direction exactly four times which makes one full left-
twist (enough to count the twists of the ribbon Fj since Fj rotates with
the contact planes along 7 !).

We repeat the above process for each rectangle R; in P and get the set
fD:{Dk | Dszk(Rk), k=1,...,N}

consisting of the saddle disks. Note that by the construction of ©, we have

the property:
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Yk

()

Figure 2.6. (a) The Legendrian unknot <y, (b) the ribbon Fj, (c) the disk
Dy, (shaded bands in (b) are the bands B.’s).

(*) If any two elements of © intersect each other, then they must inter-
sect along a contractible subset (a contractible union of linear arcs) of their
boundaries.

For instance, if the corresponding two rectangles (for two intersecting disks
in ©) have only one common vertex, then those disks intersect each other
along the (contractible) line segment parallel to the z-axis which is pro-

jected (by the map =) onto that vertex.
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For each k, let D) be a disk constructed by perturbing D slightly by an

isotopy fixing only the boundary of Dy. Therefore, we have

(*x) 0Dy =y =0D;,, int(Dx)Nint(D,) =0, and

tw(vk, Di) = =1 = tw(y, D).

In the following, we will define a sequence { Ax |k =1,...,N } of CCD’s
for (S3,&4). A}, A2, and A} will denote the 1-skeleton, 2-skeleton, and
3-skeleton of Ay, respectively. First, take Al = v, and A? = D, U, Dj.
By (*x), A, satisfies the conditions (1) and (2) of Definition 1.6.1. By
the construction, any pair of disks Dg, D) (together) bounds a Darboux
ball (tight 3-cell) Uy in the tight manifold (R3,&,). Therefore, if we take
A3 = U, Uy (8% — Uy), we also achieve the condition (3) in Deﬁnition 1.6.1
(the boundary union “ Uy” is taken along 80U, = S2? = §(S3 — U;)). Thus,
A is a CCD for (S3,£&).

Inductively, we define Ay from A;_; by setting

Al = Al JUp=mU- Uy Unp,

A2 = Al UDg Uy D =Dy Uy D{U- -+ U Dg_q Uye_1y Dy_y U Di Uy D,

A} = UyU---UU UURUp (S3 =T U---U Uk, ULR)

Actually, at each step of the induction, we are applying Lemma 2.0.6 to
Aj_; toget Ar. We should make several remarks: First, by the construction

of v:’s, the set

(MU Uyk_1) Ny
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is a contractible union of finitely many arcs. Therefore, the union A}_; U~k
should be understood to be a set-theoretical union (not a topological gluing!)
which means that we are attaching only the (connected) part (¢ \ A_,) of
7k to construct the new 1-skeleton A}. In terms of the language of Lemma
2.0.6, we are setting I = A;_, \ v and J = v, \ A}_,. Secondly, we have
to show that A = A2 | U Dy U,k D;, can be realized as the 2-skeleton of a
CCD: Inductively, we can achieve the twisting condition on 2-cells by using
(*x). The fact that any two intersecting 2-cells in A2 intersect each other
along some subset of the 1-skeleton A} is guaranteed by the property (*) if
they have different index numbers, and guaranteed by (*x) if they are of the
same index. Thirdly, we have to guarantee that 3-cells meet correctly: It is
clear that Uy,...,U; meet with each other along subsets of the 1-skeleton
AL(C A2). Observe that (U, U---UU;) = S? for any k= 1,...,N by ()
and (*x). Therefore, we can always consider the complementary Darboux
ball S3 —U;U---UUg_; UU, and glue it to U; U --- U Ui along their
common boundary 2-sphere. Hence, we have seen that A is a CCD for
(83,&5) with Legendrian 1-skeleton AL =y U--- U .

To understand the ribbon, say ¥, of A}, observe that when we glue the
part v, \ A;_, of 7% to A}_;, actually we are attaching a 1-handle (whose
core interval is (7% \ AL_,) \ Zk-1) to the old ribbon X;_; (indeed, this
corresponds to a positive stabilization). We choose the 1-handle in such
a way that it also rotates with the contact planes. This is equivalent to
extending X;_; to a new surface by attaching the missing part (the part
which retracts onto (yx \ Aj_;) \ Zk-1) of Fi given in Figure 2.6-(c). The
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new surface is the ribbon ¥; of the new 1-skeleton Aj.

By taking k = N, we get a CCD Ay of (53,£,;). By the construction, vx’s
are only piecewise smooth. We need a smooth embedding of L into the 1-
skeleton A}, (the union of all v;’s). Away from some small neighborhood
of the common corners of A}, and L (recall that L had corners before the
Legendrian isotopies), L is smoothly embedded in A},. Around any com-
mon corner, we slightly perturb A}, using the isotopy used for smoothing
that corner of L. This guaranties the smooth Legendrian embedding of L
into the Legendrian graph A}, = UY_ ;. Similarly, any other corner in A},
(which is not in L) can be made smooth using an appropriate Legendrian
isotopy.

As L is contained in the 1-skeleton A}, L sits (as a smooth Legendrian
link) on the ribbon ¥y. Note that during the process we do not change
the contact type of L, so the contact (Thurston-Bennequin) framing of L
is still the same as what it was at the beginning. On the other hand, con-
sider tubular neighborhood N(L) of L in ¥y. Being a subsurface of the
ribbon £y, N(L) is the ribbon of L. By definition, the contact framing of
any component of L is the one coming from the ribbon of that component.
Therefore, the contact framing and the N(L)-framing of L are the same.
Since N(L) C Zy, the framing which L gets from the ribbon Xy is the
same as the contact framing of L. Finally, we observe that Xy is a subsur-
face of the Seifert surface F,, of the torus link (or knot) T,,. To see this,
note that P is contained in the rectangular region, say P, g, enclosed by the
lines m(ky), m(kp), (1), 7(ly). Divide P,, into the rectangular subregions
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using the lines m(k;), 7(l;), i =1,...,p, j = 1,...,q. Note that there are
exactly pq rectangles in the division. If we repeat the above process using
this division of P, g, we get another CCD for (S3,£,) with the ribbon F .
Clearly, F,, contains our ribbon ¥y as a subsurface (indeed, there are
extra bands and parts of strips in F,4 which are not in Xy).

Thus, (1), (2) and (3) of the theorem are proved once we set A = Ay,
(and so G = AL, F = Xy). To prove (4), recall that we are assuming

p >3, g > 3. Then consider
k = total number of intersection points of all m(l;)’s with all h;’s.

That is, we define k = |{n(l;) | 7 =1,...,¢}N{hi | i=1,...,p} |. Notice
that k is the number of bands used in the construction of the ribbon F,
and also that if D (so P) is not a single rectangle (equivalently p > 2,
q > 2), then kK < pg. Since there are p + ¢ disks in F', we compute the

Euler characteristic and genus of F' as

|OF|

2—-p—q kK
2 2 2

X(F)=p+q—&=2-2g(F)—|0F| = g(F)= +

Similarly, there are p + g disks and pq bands in Fj g, so we get

2—p— dF,
P—q. Pq_|0Fp,|

X(Fp.q)= p+q—pq = 2_29(Fp,q)_|an,q| = g(Fp,q)= 2 5 )

Observe that |0F, 4| divides the greatest common divisor gcd(p, q) of p and

q, SO

lan,ql < gcd(p,q) <p= g(Fp,q) > +

2-p—q g
2 2

w.l“d
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Therefore, to conclude g(F) < g(F,4), it suffices to show that

pg— Kk >p— |0F)|.

To show the latter, we will show pg — x — p > 0 (this will be enough since
|OF| # 0). Observe that pg — « is the number of bands (along z-axis) in
Fyq which we omit to get the ribbon F'. Therefore, we need to see that at
least p bands are omitted in the construction of F': The set of all bands

(along z-axis) in Fp, corresponds to the set

{r)1i=1,....,¢}n{n(k) |i=1,...,p}.

Notice that while constructing F' we omit at least 2 bands corre-
sponding to the intersections of the lines = (k;),n(k,) with the family
{m(l;) 1 j=1,...,q} (in some cases, one of these bands might correspond
to the intersection of the lines m(kz) or m(kp,—1) with 7(lj) or m(l;), but
the following argument still works because in such a case we can omit at
least 2 bands corresponding to two points on 7(kz) or m(ky-1)). For the
remaining p — 2 line segments hy,...,h,_1, there are two cases: Either
each h;, for i = 2,...,p — 1 has at least one endpoint contained on a line
other than m(l;) or n(l;), or there exists a unique h;,1 < % < p, such that
its endpoints are on m(l;) and w(l;) (such an h; must be unique since no
two v;’s are collinear !). If the first holds, then that endpoint corresponds
to the intersection of h; with m(l;) for some j # 1,q. Then the band

corresponding to either m(k;) N 7(l;—1) or m(k;) N 7(lj41) is omitted in the
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construction of F' (recall how we divide P into rectangular regions). If
the second holds, then there is at least one line segment h;, which belongs
to the same component of L containing h;, such that we omit at least 2
points on 7(ky) (this is true again since no two v;’s are collinear). Hence,
in any case, we omit at least p bands from F,, to get F'. This completes

the proof of Theorem 2.0.5. O

Corollary 2.1.1 Given L and F,4, as in Theorem 2.0.5, there exists an

open book decomposition OB of (S3,€&s) such that
1. L lies (as a Legendrian link) on a page F of OB,
2. The page F is a subsurface of Fp,
3. The page framing of L coming from F is equal to its contact framing,
4. If p>3 and q > 3, then g(F) is strictly less than g(F,,), and

5. The monodromy h of OB is given by h =ty 0--- ot Ny where v 1is
the Legendrian unknot constructed in the proof of Theorem 2.0.5, and

tyk denotes the positive (right-handed) Dehn twist along i .

Proof:  The proofs of (1), (2), (3), and (4) immediately follow from
Theorem 2.0.5 and Lemma 1.6.3. To prove (5), observe that by adding
the missing part of each 7 to the previous 1-skeleton, and by extending
the previous ribbon by attaching the ribbon of the missing part of

(which is topologically a 1-handle), we actually positively stabilize the
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old ribbon with the positive Hopf band (H™,t.x). Therefore, (5) follows. O

With a little more care, sometimes we can decrease the number of 2-cells in

the final 2-skeleton. Also the algorithm can be modified for split links:

Remark 2.1.2 Under the notation used in the proof of Theorem 2.0.5, we

have the following:

1. Suppose that the link L is split (so P has at least two connected com-
ponents). Then we can modify the above algorithm so that Theorem

2.0.5 still holds.

2. Let T; denote the row (or set) of rectangles (or elements) in P (or in
B ) with bottom edges lying on the fized line n(l;). Consider two consec-
utive rows T;,Tji1 lying between the lines w(l;), m(lj41), and m(lj42).
Let R € T; and R' C Tji, be two rectangles in P with boundaries

gen as

OR=CiUC,UC3UCy, OR =CjUCUC3UC,

Suppose that R and R' have one common boundary component lying
on m(lj+1), and two of the other components lie on the same lines
m(ki1), w(ki2) as in Figure 2.7. Let v,7' C A\ and D,D’' C Ay be the
corresponding Legendrian unknots and 2-cells of the CCD Ay coming

from R, R'. That is,

0D =+, 0D'=+', and n(D) = R, n(D') = R’
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Suppose also that LN~yN~' = 0. Then in the construction of Ay, we
can replace R, R’ C P with a single rectangle R" = RU R'. Equiva-
lently, we can take out YN+ from A),, and replace D, D’ by a single
saddle disk D" with 0D" = (yU+)\ (yN¥Y).

Figure 2.7. Replacing R, R’ with their union R”.

Proof: To prove each statement, we need to show that CCD structure
and all the conclusions in Theorem 2.0.5 are preserved after changing Ay
the way described in the statement.

To prove (1), let P ... P(™ be the separate components of P. After
putting the corresponding separate components of L into appropriate po-

sitions (without changing their contact type) in (R3,&,), we may assume
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that the projection

p=pPVy...ypm™

of L onto the second quadrant of the yz-plane is given similar as the one
which we illustrated in Figure 2.8.

In such a projection, we require two important properties:

1. PO .. P™ are located from left to right in the given order in the

region bounded by the lines w(k;), 7(l;), and w(l,).

2. Each of PV, ..., P(™ has at least one edge on the line 7(ly).

If the components P() ... P™) remain separate, then our construction in
Theorem 2.0.5 cannot work (the complement of the union of 3-cells corre-
sponding to the rectangles in P would not be a Darboux ball; it would be
a genus m handle body). So we have to make sure that any coﬁponent
P is connected to the some other via some bridge consisting of rectangles.
We choose only one rectangle for each bridge as follows: Let A; be the
rectangle in T} (the row between 7(l;) and 7(l3)) connecting PY) to P(+1)
for l =1,...,m —1 (see Figure 2.8). Now, by adding 2- and 3-cells (cor-
responding to Aj,...,An-1), we can extend the CCD Ay to get another
CCD for (S3,&,). Therefore, we have modified our construction when L is
split.

To prove (2), if we replace D" in the way described above, then by
the construction of A%, we also replace two 3-cells with a single 3-cell
whose boundary is the union of D" and its isotopic copy. This alteration

of A3, does not change the fact that the boundary of the union of all
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m(ly)

Figure 2.8. Modifying the algorithm for the case when L is split.

3-cells coming from all pairs of saddle disks is still homeomorphic to a
2-sphere S2, Therefore, we can still complete this union to S% by gluing a
complementary Darboux ball. Thus, we still have a CCD. Note that yN«/
is taken away from the 1-skeleton. However, since LNy N+ = 0, the new
1-skeleton still contains L. Observe also that this process does not change
the ribbon N(L) of L. Hence, the same conclusions in Theorem 2.0.5 are

satisfied by the new CCD. O
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2.2 Examples

Example I. As the first example, let us finish the one which we have already
started in the previous section. Consider the Legendrian right trefoil knot
L (Figure 2.1) and the corresponding region P given in Figure 2.5. Then
we construct the 1-skeleton, the saddle disks, and the ribbon of the CCD
A as in Figure 2.10.

In Figure 2.10-(a), we show how to construct the 1-skeleton G = A! of A
starting from a single Legendrian arc (labelled by the number “ 0 ”). We
add Legendrian arcs labelled by the pairs of numbers “1,1”,...,%8,8” to
the picture one by one (in this order). Each pair determines the endpoints
of the corresponding arc. These arcs represent the cores of the 1-handles
building the page F' (the ribbon of G) of the corresponding open book OB.
Note that by attaching each 1-handle, we (positively) stabilize the previous
ribbon by the positive Hopf band (H},t,x) where ~y; is the boundary of the
saddle disk Dy as before. Therefore, the monodromy h of OB supporting
(S3,€&4) is given by

h=ty0: 0ty

where t,x € Aut(F,0F) denotes the positive (right-handed) Dehn twist
along vx. To compute the genus gr of F', observe that F' is constructed

by attaching eight 1-handles (bands) to a disk, and |0F| = 3 where |0F]| is
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the number of boundary components of F. Therefore,
X(F)=1—8=2—29F—|3F|:>gp=3.

Now suppose that (M;t, &) is obtained by performing contact (£1)-surgery
on L. Clearly, the trefoil knot L sits as a Legendrian curve on F by our
construction, so by Theorem 1.5.1, we get the open book (F, h;) supporting

& with monodromy

hi =ty 0---otgoti' € Aut(F,OF).

Hence, we get an upper bound for the support genus invariant of &;, namely,

sg(&1) <3 = gr.

We note that the upper bound, which we can get for this particular case,
from [AO] and [St] is 6 where the page of the open book is the Seifert

surface Fy5 of the (5,5)-torus link (see Figure 2.9).
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> 11 twists are left-handed

&~ & \ z—y=

/ <
AN

oz z+y=0

Figure 2.9. Legendrian right trefoil knot sitting on Fjs.
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Example II. Consider the Legendrian figure-eight knot L, and its square
bridge position given in Figure 2.11-(a) and (b). We get the corresponding
region P in Figure 2.11-(c). Using Remark 2.1.2 we replace Rs and Rg with
a single saddle disk. So this changes the set 8. Reindexing the rectangles in

P, we get the decomposition in Figure 2.12 which will be used to construct

the CCD A.

Z Tbg
(c) bs
| b
(a)
ay, ay a3 a4 as Qg
(b)

Figure 2.11. (a),(b) Legendrian figure-eight knot, (c) the region P.

In Figure 2.14-(a), similar to Example I, we construct the 1-skeleton G = A!
of A again by attaching Legendrian arcs (labelled by the pairs of numbers

“1,1”,..., “10,10”) to the initial arc (labelled by the number “0”) in the

47



Figure 2.12. Modifying the region P.

given order. Again each pair determines the endpoints of the corresponding
arc, and the cores of the 1-handles building the page F (of the corresponding
open book OB). Once again attaching each 1-handle is equivalent to (pos-
itively) stabilizing the previous ribbon by the positive Hopf band (H;,t,x)
for Kk =1,...,10. Therefore, the monodromy h of OB supporting (S3, £,)
is given by

h=t710~°~0t710

To compute the genus gr of F', observe that F' is constructed by attaching

ten 1-handles (bands) to a disk, and |0F| = 5. Therefore,

X(F)=1—10=2—2gp—|aF|=>gp=3.

Let (MJ,&5) be a contact manifold obtained by performing contact (+1)-
surgery on the figure-8 knot L. Since L sits as a Legendrian curve on F

by our construction, Theorem 1.5.1 gives an open book (F, hy) supporting
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& with monodromy

hy =ty o0---otygoti' € Aut(F,0F).

Therefore, we get the upper bound sg(é) < 3 = gr. Once again we note
that the smallest possible upper bound, which we can get for this particular
case, using the method of [AO] and [St] is 10 where the page of the open

book is the Seifert surface Fgg of the (6,6)-torus link (see Figure 2.13).

All twists are left-handed

z—y=0

z+y=0

Figure 2.13. The figure-eight knot on Fgg.

49






Chapter 3

Planar contact structures with

binding number three

In this chapter, we will obtain a complete list of contact manifolds cor-
responding to a fixed support genus and a fixed binding number. To get
such complete list, we consider all possible monodromy maps. Throughout
the chapter L(m,n) stands for the lens space obtained by —m/n rational
surgery on an unknot. The first step in this direction is the following result
given in [EQ].

Theorem 3.0.1 ([EO]) Suppose & is a contact structure on a 3-manifold

M that is supported by a planar open book (i.e., sg(§) =0). Then

1. If bn(€) = 1, then € is the standard tight contact structure on S3.

2. If n(§) = 2 and £ is tight, then £ is the unique tight contact structure

on the lens space L(m,m — 1) = L(m, —1) for some m € Z, U {0}.

3. If ln(§) = 2 and £ is overtwisted then £ is the overtwisted con-
tact structure on L(m,1), for some m € Z,, with e(§) = 0 and
d3(€) = —im + 3 where e(€) and d3(€) denotes the Euler class and
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d3— invariant of £, respectively. When m is even then the refinement
of e(&) is given by T'(&)(s) = -7—;— where s is the unique spin structure
on L(m,1) that extends over a two handle attached to a p with
framing zero. Here we are thinking of L(m,1) as —m surgery on an

unknot and p is the meridian to the unknot. O

We remark that Theorem 3.0.1 gives the complete list of all contact 3-
manifolds which can be supported by planar open books whose pages have
at most 2 boundary components. Next step in this direction should be to
find all contact 3-manifolds (M, ) such that sg(§) = 0 and dn(§) = 3. We
will not only get all such contact structures, but also distinguish tight ones
by looking at the monodromy maps of their corresponding open books (See
Theorem 3.0.2 and Theorem 3.0.4).

Let ¥ be a planar compact oriented surface with |0%| = 3. Consider the
boundary parallel curves a,b,c in ¥ as in the Figure 3.1. Throughout the
chapter, ¥ will always stand for this surface whose abstract picture is given
below. Consider Aut(X,0%), the group of (isotopy classes of) diffeomor-
phisms of ¥ which restrict to the identity on 90X (such diffeomorphisms are

automatically orientation-preserving).

It is known (see [Bi]) that

Aut(Z,0%) =Z(D,) & Z(Dy) ® Z(D.) =73
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Figure 3.1. The surface ¥ and the curves giving the generators of Aut(Z,dL).

where D,, Dy, D, denote positive Dehn twists along the curves a, b, c given
as in Figure 3.1. In the rest of the paper, we will not make any dis-
tinction between isotopy classes of arcs/curves/maps and the individual
arcs/curves/maps.

We start with studying the group Aut(3,0%) in details. Since generators

commute with each other, we have that

Aut(Z, 62) = {Daprchrl p,q,T € Z} :

For any given p,q,r € Z, let Y(p,q,r) denote the smooth 3-manifold given
by the smooth surgery diagram in Figure 3.2 (diagram on the left). It is
an easy exercise to check that Y (p,q,r) is indeed diffeomorphic to Seifert
fibered manifold given in Figure 3.2 (diagram on the right).

Now we state the following theorem characterizing all closed contact 3-
manifolds whose contact structures supported by open books (X,¢ =

D DyID,T).

Theorem 3.0.2 Let (M,£) be a contact manifold supported by the open
book (X,¢) where ¢ = D;PDyID.” € Aut(XZ,0%) for fized integers p,q,r.
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p+rT g+r p

I
o

(r in the box denotes the number of full twists)

Figure 3.2. Seifert fibered manifold Y (p, q,r).

Then (M, &) is contactomorphic to (Y (p,q,7),&pqr) where & qr is the con-
tact structure on Y (p,q,r) given by the contact surgery diagram in Figure

3.8. Moreover,
(1) € is tight (in fact holomorphically fillable) if p > 0,q > 0,7 > 0, and

(2) € is overtwisted otherwise.

I|
copies

Figure 3.3. Contact manifold (Y (p,q,7),&pqr)-
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Remark 3.0.3 In Figure 3.3, if r = 0, then we completely delete the family
corresponding to T from the diagram, so we are left with two families of
Legendrian curves which do not link to each other, and so the contact surgery
diagram gives a contact structure on the connected sum of two lens spaces.
However, if p = 0 (or ¢ = 0), then we replace the Legendrian family
corresponding to p (or q) by a single Legendrian unknot with tb number
equal to —1, and we do (+1)-contact surgery on the new unknot. Note
also that Figure 3.3 is symmetric with respect to p and q. This reduces the

number of cases in the proof of Theorem 3.0.4.
Of course not all &,,, have binding number three. We will prove

Theorem 3.0.4 Let (M,&) be a closed contact 3-manifold with sg(§) = 0
and bn(§) = 3. Then (M,§) is contactomorphic to some (Y (p,q,7),&pqr)

satisfying the following conditions:
1.If r=0,thenp#1 and g # 1.
2. If r=1, then p ¢ {—1,0} and ¢ ¢ {-1,0}.
3 If r=—-1,thenp#1 and q#1.
4. If || =22, then pq # —1 and (p,q) ¢ {(1,0),(0,1)}.

Suppose that (M, §) is a closed contact 3-manifold with sg(¢) =0, bn(§) =
3, and let ¢, = ¢;(§) € H*(M;Z) denote the first Chern class, and d; =
d3(§) denote the 3-dimensional invariant (which lies in Q whenever ¢; is

a torsion class in H?(M;Z)). Using c; and d3, we can distinguish these
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structures in most of the cases. In fact, we have either M is a lens space,
or a connected sum of lens spaces, or a Seifert fibered manifold with three
singular fibers. If one of the first two holds, then using the tables given
in Section 3.1, 3.2 and 3.3, one can get the complete list of all possible
(M, &) without any repetition. That is, the contact structures in the list
are all distinct pairwise and unique up to isotopy. On the other hand, if the
third holds, we can also study them whenever c; is a torsion class. More
discussion will be given later in Section 3.3.

We first prove that the submonoids Dehn*(3Z,0%) and Veer(X,0%) are

actually the same in our particular case.

Lemma 3.0.5 Dehn*(X,0%) = Veer(X,0%) for the surface ¥ given in

Figure 3.1.

Proof: The inclusion Dehn*(S,0S) C Veer(S,0S) is true for a general
compact oriented surface S with boundary (see Lemma 2.5. in [?] for the
proof). Now, suppose that ¢ € Veer(3,0%) C Aut(X,0X) . Then we can

write ¢ in the form
¢ = D,’DyID,. for some p,q,r € Z.

We will show that p > 0,q > 0,7 > 0. Consider the properly embedded
arc o C ¥ one of whose end points is £ € 0¥ as shown in the Figure 3.4.
Note that, for any p,q,7 € Z, D." fixes «, and also any image D,?D?(«)
of a because ¢ does not intersect any of these arcs. Assume at least one of
p,q, or r is strictly negative. First assume that p < 0. Then consider two
possible different images ¢(a) = D, Dy?(a) of a corresponding to whether
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left circling

: right circling
|p| times

q times

left circling left circling
|g| times  |p| times

p<0Oandg>0

p<0andg<0

Figure 3.4. The arc « and its image ¢(a) = D, Dy¥(a).

g <0 or ¢ > 0 (See Figure 3.4). Since we are not allowed to rotate any
boundary component, clearly ¢(«) is to the left of a at the boundary point
z. Equivalently, ¢(a) is not to the right of a at x which implies that h is
not right-veering with respect to the boundary component parallel to a.
Therefore, ¢ ¢ Veer(X,0X) which is a contradiction. Now by symmetry,
we are also done for the case ¢ < 0. Finally, exactly the same argument
(with a different choice of arc one of whose end points is on the bound-

ary component parallel to the curve ¢) will work for the case when r < 0. O

Lemma 3.0.6 Let (M,€) be a contact manifold. Assume that § is sup-
ported by (X, ¢) where ¢ € Aut(X,0%8) . Then & is tight if and only if £

is holomorpfically fillable.
Proof:  Assume that & is tight. Since ¢ € Aut(X,0X) , there exists
integers p,q,r such that ¢ = D,?DyID.. As £ is tight, the 'monodromy
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of any open book supporting & is right-veering by Theorem 1.7.2. In
particular, we have ¢ € Veer(XZ,0L) since (X, #) supports . Therefore,
¢ € Dehn*(X,0%) by Lemma 3.0.5, and so p > 0,g > 0,7 > 0. Thus,
¢ is holomorphically fillable by Theorem 1.4.2. Converse statement is a

consequence of Theorem 1.4.1. O

Now, the following corollary of Lemma 3.0.6 is immediate:

Corollary 3.0.7 Let (M,&) be a contact manifold. Assume that € is sup-

ported by (2, ¢) where ¢ € Aut(X,0%) . Then

€ is tight <= ¢ = D,’DyD,” with p >0,¢q>0,r>0. O

3.1 The proof of Theorem 3.0.2

Proof: Let (M,§) be a contact manifold supported by the open book
(Z, dpqr) Where ¢por = DJFDYD, € Aut(Z,0%) for p,q,r € Z. As
explained in [EO], (M,§) = (M(zg4,,.),€(E6,..)) 18 given by the contact
surgery diagram in Figure 3.5. Then we apply the algorithm given in [DG]
and [DGS] to convert each rational coefficient into +1’s, and obtain the
diagram given in Figure 3.3.

To determine the topological (or smooth) type of (M,&), we start with
the diagram in Figure 3.3. Then by converting the contact surgery coeffi-
cients into the smooth surgery coeflicients, we get the corresponding smooth

surgery diagram in Figure 3.6 where each curve is an unknot.
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3
|-
ot

1 -
-
1
-1

Figure 3.5. Contact surgery diagram corresponding to (X, ¢pq.r)-

Q

q .
P coni lg] — = copies
|p| i copies || copies lal

Figure 3.6. Smooth surgery diagram corresponding to Figure 3.3.

Now we modify this diagram using a sequence of blow-ups and blow-downs.
These operations do not change smooth type of M. We first blow up the
diagram twice so that we unlink two —1 twists. Then we blow down each
unknot in the most left and the most right families. Finally we blow down
each unknot of the family in the middle. We illustrate these operations in
Figure 3.7. To keep track the surgery framings, we note that each blow-up
increases the framing of any unknot by 1 if the unknot passes through
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p : l|g| — = copies
|p| — <= copies q p
Il ' |
p+rT qg+r
Y(p.q,7)

|r| copies

Figure 3.7. Sequence of blow-ups and blow-downs.

the corresponding twist box in Figure 3.6. So we get the first diagram in
Figure 3.7. Blowing each member down on the left (resp. right) decreases

the framing of the left (resp. right) +1-unknot by —l | (resp. ——)

Since there are |p|—— blow-downs on the left and |q|—i blow—downs

on the right, we get the second diagram in Figure 3.7. Flnally, if we blow

down each (——) unknot in the middle family, we get the last diagram.

Note that each blow-down decreases the framing by ——, and introduces

— full twist. Hence, we showed that (M,¢&) is contactomorphic to

(Y(p, q,7),&pqr). The statements (1) and (2) are the consequences of
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Corollary 3.0.7. O

We now examine the special case where Y (p, ¢,7) is homeomorphic to 3-
sphere S3. The following lemma lists all planar contact structures on S3

with binding number less than or equal to three.

Lemma 3.1.1 Suppose that (Y (p,q,7),&pq,r) is contactomorphic to (S3,€)
for some contact structure € on S®. Then Table 3.1 lists all possible val-
ues of (p,q,r), the corresponding & (in terms of the ds-invariant), and its

binding number.

r P q ds(€) bn(§)
........ =8 .72 |y o looyzoo 8
........ -2 | =3 .1 oo-yzo 3
________ -l enye | L2 2
........ -1 {8 2 foo82 8
0 L 1 [-1/2 (tight)| LS
0 -1 ] -1 82 3
0 LSRN O -1 vz |2

L S DU N I 1 |-1/2 (tight)| 1
B -1 | eyq | 2 |2
......... v oloz2 s sy 8
23 -1 132 | .3
RS S 2 -8 3

Ir| > 2 1 -1 1/2 2

Table 3.1. All planar contact structures on S® with binding number < 3.

Proof:  The proof is the direct consequence of the discussion given in

the proof of Lemma 5.5 in [EQ]. We remark that the interchanging p and
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g does not affect the contact structure in Figure 3.3, so we do not list the
possibilities for (p,q,r) that differ by switching p and q. Note that in
Table 3.1 there are only two contact structures (up to isotopy) on S3 with

binding number 3, namely, the ones with ds-invariants —1/2 and 3/2. O

3.2 The proof of Theorem 3.0.4

Proof: @ We will use the results of Theorem 3.0.1, Theorem 3.0.2, and
Lemma 3.1.1. Consider the 3-sphere S® in Theorem 3.0.1 as the lens space
L(1,+1). By Theorem 3.0.1, for any contact manifold (Y,n) with sg(n) =0

and bn(n) < 2, we have either
L (Y,n) = (8%&) if bn(n) =1,
2. (Y,n) = (L(m,—1),ny) for some m > 2 if bn(n) = 2, and 7 is tight,

3. (Y,n) & (L(m,1),ny,) for some m > 0 if bn(n) = 2, and 7 is over-

twisted (for m # 0).

where 7,, is the contact structure on the lens space L(m,—1) (or L(m,1))
given by the contact surgery diagram consisting of a single family of Legen-
drian unknots (with Thurston-Benequen number —1) such that each mem-
ber links all the other members of the family once, and each contact surgery
coefficient is —1 (if 7, is tight) or +1 (if #,, is overtwisted). These are
illustrated by the diagrams (*) and (x) in Figure 3.8, respectively. Notice
the exceptional cases: m =1 in (x), and m =0 in ().
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m—1]};

copies

\m+1

copies

(Y, n} (L.( T -1), nm{ (Y,n) = (. L(

m,1),n )
Nm always tig Nm overtwisted if m
m = 1= empty dlag'ram Nm tight if m = 0

Figure 3.8. Contact surgery diagrams for (Y, 7).

Now, if (M,€) is a contact manifold with sg(¢) = 0 and bn(€) = 3, then by
the definitions of these invariants there exists an open book (I, @) sup-
porting €. Therefore, by Theorem 3.0.2, (M,€) is contactomorphic to
(Y(p,q,7),&pqr) for some p,q,7 € Z, and the contact surgery diagram
of € is given in Figure 3.3. However, p,q,r can not be arbitrary integers
because there are several cases where the diagram in Figure 3.3 reduces to
either (x) or (x) in Figure 3.8 for some m. So for those values of p,q,r,
(M,€) can not be contactomorphic to (Y (p,q,7),&pqer) = (Y,n) because
bn(€) = 3 # 2 > bn(n). Therefore, we have to determine those cases.

If |p| > 2 and |q| > 2, then the only triples (p,q,7) giving L(m,+1)'s
are (—2,q,1) and (2,q, —1). Furthermore, if we assume also that |r| > 1,
then the Seifert fibered manifolds Y (p, ¢,7) are not homeomorphic to even
a lens space L(m,n) for any m,n (for instance, see Chapter 5 in [Or]).
As a result, we immediately obtain bn(é,,,) = 3 for |p| > 2 and |q| > 2

and |r| > 2. Therefore, to finish the proof of the theorem, it is enough to
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analyze the cases where |p| < 2 or |g| < 2, and the cases (—2,q,1) and
(2,9,—1) for any q. As we remarked before, we do not need to list the
possibilities for (p, g, r) that differ by switching p and q. We first consider
r =0, 1, £2, and then the cases r > 2 and r < —2. In Table 3.2 - 3.8,

we list all possible (M, &) for each of these cases.

Remark 3.2.1 To determine the binding number bn(€) in any row of any
table below, we simply first check the topological type of the manifold under
consideration. If M ~ S, we determine the corresponding binding number
using Table 8.1. If the topological type is not L(m,1) or L(m,—1), then
we immediately get that bn(§) =3. If M =~ L(m,1) with m > 1, then we
first compute ¢, (§). If c1(€) # 0, then bn(§) = 3 as ¢1(nm) = 0 for any Ny,
given above. If ¢1(§) =0, we compute the d3(€) using the 4-manifold defined
by the surgery diagram in Figure 8.6. (Indeed, we can use the formula for d3
given in Corollary 1.8.2 as long as ¢;(€) is torsion. In particular, whenever
H%(M) is finite, then ds is computable). Then if d3(§) = d3(nm) = (—-m +
3)/4, then & is isotopic to m, which implies that bn(§) = 2 by Theorem
3.0.1. Otherwise bn(§) = 3. In the case that M =~ L(m,—1) with m > 1,
we first ask if € is tight. If it is tight (which is the case if and only if
p>0,g>07>0) then bn(€) = 2 (again by Theorem 3.0.1) since the
tight structure on L(m,—1) is unique (upto isotopy). If it is overtwisted
(which is the case if and only if at least one of p,q,r is negative), then
bn(€) = 3 because € is not covered in Theorem 3.0.1. As a final remark,

sometimes the contact structure £ can be viewed as a positive stabilization

64



of some ny,,. For these cases we immediately obtain that bn(§) = 2 because

positive stabilizations do not change the isotopy classes of contact structures.

To compute the ds-invariant of &, (for ¢;(§,4,r) torsion), we will use the
(n+1) x (n+ 1) matrices A, (n > 1), B, (n>1), and C, (n > 4) given

below. It is a standard exercise to check that
l.o(A))=n—-1ifn>1,and o(C,) =n—-1if n > 4.

2. 0(Bpy)=n—-3ifn>3,and o(B,) =0if n=1,2.

3. The system A,[b]Z,; = [0]%,, has trivial solution [b]L,, = [0]Z,,
where
[bln+1 = [b1 b2+ -+ bpt1], [0)ns1 =[00---0] are (n+1) x 1 row matrices.
(0-1-1... -1 (0-1-1... -1 (0-1-1... -1
-10 -1...-1 -10 -1...-1 -10 -1...-1
An=_1-1", Bn=—1—1'. ] Gr= 1 -1 7 :
. 0 —.l . 0 —.1 . 0 —.1
c1-1-- - -1 0 Ll—l © 12 c1-1- -0 -1 2]

In some cases, A, appears (as a block matrix) in the linking matrix L, r
of the framed link L,,, given in Figure 3.6. On the other hand, B, and
C, are very handy when we diagonalize £, , to find its signature. As we
discussed before, the link L,,, defines a 4-manifold X, ,, with 0X = M.

So we have
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0(Xpqr) = 0(Lpgr),
X(Xpgr) = 1+ (# of components of L, ),
2 = [bliLpgrblf

where [b]] is the solution to the linear system
L, - bl = [rot(K)) rot(Ky) - - - rot(K)]T

with K1, Ky, - - Ki being the components of L, 4 .

To compute the first Chern class ¢;(¢,,,) € H*(M), note that in Figure
3.3, the rotation number of any member in the family corresponding to r is
+1 (depending on how we orient them). We will always orient them so that
their rotation numbers are all +1. On the other hand, the rotation number
is 0 for any member in the family corresponding to p and ¢q. Therefore,
c1(&pgr) = PD7 (1 + po + - - - + pyr) where p; € Hi(M) is the class of the
meridian of the Legendrian knot K; in the family corresponding to . Then
we compute H,(M) (which is isomorphic to H2(M) by Poincaré duality)

as

HI(M) = ( Hi, K2y - 1/1'k| £p,q,r[/1']£ = [O]Z)

where [u)p = [u1 p2---px) is the k£ x 1 row matrix. The final step is to
understand PD(c1(p4+)) = t1 + p2 + -+ + py in this presentation of
H(M).

In Table 3.2, we need to compute the binding number bn(§) for the rows
5, 12. For the other rows, see Remark 3.2.1.
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rlp| q resulting M |bn(€)|diagram for &|c,(§) € HX(M)| d3(€)

o=y =1 4 S . ..|.8| Figued | o0€efo} | 3/2
o=y o | S#S'xS* | 3| Figure3d | 0€Z | 1
o=y 1 4 S 12| ®Wm=11 o0efo} | 12
0|=1g>2| S*%L(g,-1) | 3| Figure3 | o .| (g+1)/4
0|-1lg< 2| S*L(al,1) | 3| Figue3 | o l=lgl+7)/a
ool o | 3 S'xS | 3| Figuwe3 | [0eZoZ | 1/2
ool 1 | S'xs#s® | 2| (Ym=0 | 0€zZ | 0
0[0|g>2|S xS#L(g,~1) 3 | Figure3 | o] (g-1)/4
0]0|g< 2|5 xS%L(lgl,1)| 3 | Figure3d | | 0 . (=lg+5)/4
ofrp o1 S 1| ())m=1 1 0€efo} | - -1/2
0l1)g>2| S#Llg-1) | 2| ()m=gq | | o] | (9=-3)/4
0f1|g<-2| SP#L(|q|,1) 2 | (x) m=]|q| [0] (—lql +3)/4

Table 3.2. The case r =0 (|p| < 2 or | q| < 2).

oIfp=—-1,q < -2,7 =0, we need to compute d3(£_140) as ¢1(£-1,40) = 0:

We have
A 0
E—l,q,O =
0 Agn
The contact structure £_;40, and L_, 40 describing X_; 40 are given in

Figure 3.9. We compute that s = |g| + 3, ¢® =0, x(X-140) = |q| + 4, and

0(X_140) =0(A1) +0(Ajg) =0+ g —1=q] -1,

and so we obtain d3(§_140) = (—|g| + 7)/4 by Corollary 1.8.2. Therefore,
§_1,4,0 Is not isotopic to 74 as d3(ny) = (—|q|+3)/4. Hence, bn(£_140) =3
for any ¢ < —2 by Theorem 3.0.1.

elf p=1,¢g<-2,7r =0, wehave (X, ¢,40) = SF(H™, D]) (recall the iden-

tification of ¥ and the curves a,b,c in Figure 3.1). Therefore, & g0 = 7y
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+ 1+
et ] |
0

s Iql +1
coples

Figure 3.9. (a) €-1,40 on S*#L(|q],1) = L(|q|,1), (b) the link L_; 4.

since (H*, D}) supports the overtwisted structure 7, on L(|g|.1). Hence,
bn(1,40) =2 for ¢ < 2.

In Table 3.3, we need to compute the binding number bn(§) for the rows
1 and 9. For the other rows, see Remark 3.2.1.
o If p=-2¢g< —4,r =1, let K;’s be the components (with the given

orientations) of L_5,; as in Figure 3.10. Then we obtain the linking matrix

(23 -1 -1 =1 =1 - —1)
-1 0-1-1 0 --- 0
-1-1 0 -1 0 --- O
-1 -1 -1 0 0 --. 0
Logi=]-1 0 0 0
Al
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r|p| g resulting M |bn(§) c1(§) € HA(M) ds(§)
1|-2a<—4) Lg+2lD) | 3| [lal-4 |(~¢*-7q-14)/(~4g~8)
-2 -3 | s 18| oe{oy | -2
e s 2 S'xs§ |3 . .-2€Z | ¢Q
1|-2(g>2 | L(g+2-1) 3 (q] (*+9+2)/(49+8)
1|-ijeyg | st 2| oefoy |12
100 0 4 S'xs 2| . %ez | 0
S L O O S ] 1] .0efo} | .. -2
1]0j(¢22] Lig-1) | 2| | (O A @=3)/4. .
1]oje<-1)  L(lebY) {2 ] (V) (-lgl +3)/4. .
RN 2 LE,-1) 1.3 .. B
N R O T L,y 18] Y R O -3
L) 1jes-8|L2g+l—g—1)) 3 | (-1 | (- —49-2)/(~4¢-2)
1{1(g>2 |[L(2g+1,—¢—-1)| 3 lg+1] (® —2¢-1)/(49+2)

Table 3.3. The case r = 1, |p| < 2 or |q|] < 2 (and the case (p,q,7) =
(_2aq’1))'

It is not hard to see that

Hy(M) = (a2, bigres| L2005 = 01145 )

= (2| (lg| = 2)u2 = 0) E Zyy 2,

and u; = (|g| — 4)ps. Therefore,

01(5—2,41,1) = PD_I(NI) = PD—1(|Q| —4)ug = [|Q| - 4] € Zyg)-2-

Thus, if ¢ < —4, then .54, is not isotopic to 7Mgs9 as c1(Mg+2) = 0
implying that dn(¢_241) = 3 by Theorem 3.0.1. If ¢ = —4, we compute
that d3(€—2-41) = —1/4 # 1/4 = d3(n2), so bn(€_2_4,1) = 3.

o If p=0,9 < -1,7 =1, we have (Z,¢041) = SH(H*,D}) (again re-

call the identification of ¥ and the curves a,b,c in Figure 3.1). There-
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X//}{i}lqm ..'_

copies

K lg|+5

Figure 3.10. (a) {_241 on L(|g+2|,1), (b) the link L_54;.

fore, £o,q,1 = 7)q since (HT, Dg) supports the overtwisted structure 7 on

L(|q|,1). Hence, bn(&41) =2 for ¢ < 0.

In Table 3.4, we need to determine the binding number bn(§) for the rows
4, 7,9, and 11. For the other rows, see Remark 3.2.1.
o If p=2,9g < —-2,r = —1, then using the corresponding matrix Lo, _1,

we have

Hi(M) = (p1,p2, -, g+l ﬁm—l[“]@w: [O]IEHS)

= (p2| (lgl +2)u2 =0) = Zyg 4o,

and py = |q|uz. Therefore,

c1(€24,-1) = PD7} (1) = PD™(|glu2) = [lg]] € Zigj2-

Thus, if ¢ < -2, then &4 1 is not isotopic to m,_o as ci(Ng-g) = 0

implying that dn(€24,-1) = 3 by Theorem 3.0.1.
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r|lp| ¢ resulting M |bn(€) c1(§) € HA(M) ds(€)

-1l 2{g=>4 L(g-2,-1) 3 (g —14] (—q¢*+3q—6)/(—4q +8)
-z s fss o ls | oefoy |32
42 2 | S'xs | 3| -2z | ¢Q ...
-1 2jg<-2| L(lg-2[1) 3 (lql] (—¢* —3q+6)/(—4g +8)
Sl 1jayg s el oefoy |12
SH01.0 S'xs 18| 0ez | | SR
oot | LU et SO OO S 1.3 o0efoy o822 .
-yofe>1) Lle-1) 13| | (0 I @+1)/4 .
“yofe<-t) o Lleht) {3 ] ] [0 . .| (lgl+7)/4 .
oot | Fent | et N1 DO LE,-1 131 .. AR
4=y o2 L@,y 18 2B
—1~1jg < -2 L(—2qf1,—q+1) 3 (lg| + 1] B (—q2.—6q+3)/(—flq_+“2_)
~1|-1¢>3 [L(-29+1,-¢+1)| 3 [g-1] (—¢%)/(—49 +2)

Table 3.4. The case r = —1, |p| < 2 or |¢g| < 2 (and the case (p,q,7) =
(2)q’_1))’

o If p=0,g < -1,r = —1 (the rows 7 or 9), then ¢;(§o4,—1) = 0 and so
we need to compute d3(§o4,-1). Let K;’s be the components of Lg,_, as

in Figure 3.11. Then

-1 -1 -1 —l\ /1 o0 -- 0\
-1 0 O oo 0 0-10 --- 0
-1 0 0 0
Log-1= . —
Al Agl
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By diagonalizing the first two rows of L4 1, we obtain the matrix on the
right. So o(Log,-1) = 0(Aj) = lg| — 1. The contact surgery diagram for
€0,4,—1 and the corresponding 4-manifold Xy, (with 0Xo4-1 = M) are

given in Figure 3.11.

K
K,
+1 0
/'ﬁ !
LN o 8
) copies
K|Q|+3

Figure 3.11. (a) 0,4,—1 ON L(|q|,1), (b) the link Log,-1-

Then the system Log_1[b]T = [rot(Ki) rot(Ks)---rot(Kig4s)]T =
[1 0 0---0]% has the solution [b] = [0 — 1 0---0], and so ¢* = 0.
Moreover, x(Xoq4-1) = |g| + 4 and s = |q] + 3. Therefore, we obtain
d3(§o,g,-1) = (—lg| + 7)/4 implying that &g -1 is not isotopic to 7 as
d3(ny) = (—lg| + 3)/4. Hence, bn(§oq,-1) = 3 by Theorem 3.0.1.

o If p = —-1,g = 2,r = —1, we have ¢;(é_12-1) = [1] implying that
bn(€-12-1) = 3. To see this, note that ¢;(6—1,2,—1) = PD(y;) where

(1 is the meridian of the surgery curve corresponding K;. Then using
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L oyp-1=

(—1 -1 -1 —1\

-1 -2 0 0

we get Hy(M) = ( p1, po, 3, pa] Lor2,1[p]] = [0]] ) = (p2| Bp2 = 0) =

Z3, and p; = —2us. Therefore, we compute

S

01(5_13,_1) = PD_I(NI) = PD—](—Q[,Q) = [—-2] € Z3 = [1] € Zs.

ds(§)

B DN ININININININ. N N NN ININN

p| ¢

-1l|¢g< -3
-llg=-1
-llg=-2
=11
-2
-3
-1l ¢g>4
ol.o
ol 1
0]a>1
0]9<0.
1 =2
R
llg< -3
11g>2

resulting M bn(€)| c1(€) € H3(M)
L(lg -2[,1) 2]
[ LY s
....... Ly o3|l
......... S ]2 ] 0efo}
...... Stxs? 1.8 . 2ez
......... S ]3] 0sd0
L(q_27_1) 3 [q—4]
|8'xs*#L2,-1) 3| ol .
| S#LR2,-1) | 2] 0. ...
|E(g, ~1)#L(2,-1) 3 | O......
(Eal D#L2,=1)) 3 | O......
...... La,-1) f8 2
...... L(=52) | 3| [
L(-3¢-2.q+1) 3 2]
L(-3¢—-2,q+1) 3 2]

(—¢* —3¢+6)/(—49 +8)

(3¢> — 3¢ — 2)/(12q + 8)

Table 3.5. The case r =2 (|p| < 2 or |¢q| < 2).

73



In Table 3.5, we need to compute the binding number bn(§) for the rows
1, 2, and 3. For the other rows, again see Remark 3.2.1.

For the first three rows in Table 3.5, the contact structure §_; 42 on L(|g —
2|,1) and the link L_, 42 (g < —1) are given in Figure 3.12. We write the
linking matrix £_; 42 as the matrix on the left below. It is not hard to see
that ¢1(§-142) = [2] € Zj4_2|, and so bn(€_142) = 3. As an illustration we
will compute d3(€_142) (even though it is not necessary for the proof). The
matrix on the right below is obtained by diagonalizing the first two rows of
L_142. So we compute 0(L_142) =2+ 0(A;) + 0(By) which is |g] — 1 if
g < -3, and is equal to 2 if ¢ = —1,—2 (recall o(B,) is n —3 if n > 3,

and 0 if n = 1,2). By a standard calculation, the system

(C3-2 -1-1-1-1 .. .- (2 0:00; 00 -+ 0
—2-3 —1-1—=1-1 - - - -1 01/20 0: 0 0 0
B R R R 00y g
-1-1 /11: 0 0 --- 0 00:“: 00 --0
£—1q2 — _1_ .:.00.3 ..................... —_ 00.:.0.0..' .....
™ -1-10 0: A 00:00: B
L lq] S [
-1-1: 0 0 y 0 0:0 0 J

L_142[b]" = [rot(K1) rot(K2) -+ - rot(Kgss))T =[110---0]7
has the solution

lq] lgf  —2lg| -2|¢f -2 —2]
lgl+2 |g|+2 |g| +2 || +2 g/ +2 |q| +2

[b] = |
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for ¢ < —1, and so we compute

¢® = [b]L_142[b]" = 2lg|/(lg| +2).

lal +1

copies

Figure 3.12. (a) &-1,42 on L(|g —2|,1) for ¢ < —1, (b) the link L_; 4.

o If p=—-1,g=—1,7r =2, then 2 =2/3, 0(X_112) =2, x(X_1-12) =
7, and s =4. So we get d3(§-1,-12) = —5/6.

elf p=-1,g=-2,r=2,then =1, 0(X_1-22) =2, x(X-1-22) =8,
and s = 5. Therefore, we get d3(§-1.-22) = —1/4.

o If p=—1,¢g < 3,7 =2, then ¢ = 2|g|/(lg] +2), o(X-142) = lg| = 1

X(X-142) =|q| +6, and s = |g| + 3. So we obtain

2
—q°—3q+6
d3(§—l,q,2) = _4q + 8 :
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r|p| ¢ resulting M |bn(€) a1(§) € H2(M) ds3(£)
-2|1|¢g>3| L(g+2,-1) | 3 2] (¢ +q+2)/(49+38)
—2{1 ] 2 | LGN s bl
T201 )L LB, -1 13| | Rl 13
T2 1 S 2. 0e{oy o 12
211072 Stxs? | 3]| 2z | €Q ...
2\l 3 S 3. 0efor | 12
-2 1 [g< -4 L(lg+2,1) 3 (la| — 4] (—¢% — 7q — 14)/(—4q — 8)
=200 | 0 |S'xSgLEDl 3| o] [ 34
=210 1 ) S#LR2Y) | 2| O ... .l 14
7200 =1 S#L(2,1) | 3| O ...l ......584 ...
=20 1922 |L(g,-D#L21)] 3 | O oA
-2/ 0 l¢ < =2|L(|q|, )#L(2,1) | 3 | o ... .|| (—lq| +6)/4 . .
2|72 L4y (3] ] O L 2
2=l L(-5,-2) |3 | ... Rl /10
—2|-1|g<-2| L(3g—2,9-1)| 3 2] (—3¢% — 15¢ + 10)/(—12q + 8)
-2|-1{lg| >3| L(3g—2,9-1)| 3 2] (=3¢ + 3¢ — 2)/(—12q + 8)

Table 3.6. The case r = -2 (|p| < 2 or |q| < 2).

In Table 3.6, we need to compute the binding number bn(£) for the rows
7,9, 10, and 13. For the other rows, see Remark 3.2.1.

o If p=1,9g < —4,r = —2, the contact structure & 4_2 on L(|g + 2|,1)
and the link L, , _o are given in Figure 3.13.

We will first compute that ¢;(&1,4,-2) = [|g| —4] € Zjg-2 (s0 bn(&1,4,-2) = 3),
and then (even though it is not necessary for the proof) we will evaluate

ds3(€1,4,-2) as an another sample computation. Using L;4_2 (on the left
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(a) (b)
-1

K
+1 K,
+1
A
fraebamcil;% E}|CI| +1
+1 < copies

Kigl+3

Figure 3.13. (a) &1,4—2 on L(|g + 2|,1) for ¢ < =3, (b) the link L; 4 _».

below), we have

Hy(M) = (p,pz, s igesl Lrg-2lliges = [0l )
= (p,pal —3p — (gl + ps =0, —2p — |qlps =0)
= (3| (lg] —2)us =0) = Zjg s,
and also we have p; = pus = —u3. Therefore, we obtain

¢1(b2,9-1) = PD7 (1 + p2) = PD7H(—2u3) = —2 = [|q| — 4] € Zyg».

The matrix on the right below is obtained by diagonalizing the first two
rows of Ly4_2. So we compute o(L;q-2) = 0+ 0(Cy) = |g| — 1 (recall
o(Cp)=n—-1if n>2).

By a standard calculation, the system

Ly4,-2[b]" = [rot(K;) rot(K3) - rot(Kpgs3))]T =[110---0)7

77



[ : (- : =
_2_1_1. . ._1 0_1/20 .« . .0
£1q_2 vt _‘.I—' ................ . QQ ...............
A i Cg
-1-1 | 0 0 )
—lgl gl 2 2

has the solution [b] = | ], and so we obtain

lal =2 |g| =2 |g| =2 |q| -2

¢* = [b]L14-2[b]" = ~2lql/(lq] - 2).

Moreover, x(X14-2) = |q| +4, and s = |¢| + 3. So we compute

—q¢*—Tqg—14
—49-8

d3 (él,q,—2) =

o If p=0,¢g=1,7r= -2, then &2 and Lo, 2 are given in Figure 3.14.

(b)

Figure 3.14. (a) &1,-2 on S3#L(2,1) = L(2,1), (b) the link Lo —o.
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One can get ¢;(&1,-2) = 0, so we need d3(£p1-2). The corresponding

linking matrix is

-1 -2 -1 -1 00
Loj—2=| -2 -1 -1 | — 020
-1 -1 0 001

We diagonalize Lo, -2, and obtain the matrix on the right. So o(Ly;-2) =
1. We find that the system Lo; —o[b]T = [rot(K)) rot(K2) rot(Ks)|]T =
[1 1 0]T has the solution [b] = [0 0 — 1], and so ¢ = 0. Also we have
x(Xo01,-2) = 4 and s = 3. So we get d3(&,1,-2) = 1/4 = d3(n2) which
implies that &, o is isotopic to 72. Thus, bn(&o,1,-2) = 2 by Theorem
3.0.1.

e If p=10,g =—1,7 = —2, then the contact structure &p; -2 on L(2,1)
and the link Lo _; _o describing X _; _2 are given in Figure 3.15. It is easy
to check ¢;(€o,—1,-2) = 0, so we compute d3(&o,—1,-2):

The corresponding linking matrix is

(1 -2 -1 -1 —1\ (2 00 0 o)
—2 -1 -1 -1 -1 0-1 0 0 0
Lo-1,-2=]| -1 -1 0 0 O]—¢{0 O 1 0 O
-1 -1 0 0 -1 0 0 0 -1/2 0
\-1 -1 0 -1 0) \0 0 0 0 2
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Figure 3.15. (a) 60,—1,—2 on S3#L(2, 1) = L(2, 1), (b) the link ]LO,—I,—2-

We diagonalize Lp_1-2, and obtain the matrix on the right. So

0(Lo,-1,-2) = 1. The system
Lo_1,-2[b)]T = [rot(K) rot(K;) rot(Ks) rot(Ky) rot(Ks)]T =1 1 0 0 0)F

has the solution [b] = [0 0 —1 0 0] which yields ¢? = 0. Also we have
x(Xo-1-2) =4 and s = 3. So we get d3(§o,-1,-2) = 5/4 # 1/4 = d3(n2).
Therefore, & 1 2 is not isotopic to 72, and so bn (& —1,—2) = 3 by Theorem
3.0.1.

o If p=—1,qg =2,7r = —2, then the contact structure {_;2_2 on L(4,1)
and the link L_;2_» describing X_,5_» are given in Figure 3.16. We

compute that ¢;(é-12-2) = 0, so we need to find dz(é_12_2).
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Figure 3.16. (a) 6_1,2,_2 on L(4, 1), (b) the link ]L_l,g,_z.

The corresponding linking matrix is

(21 =2 -1 -1 -1 (2 0 000)
—2 -1 -1 -1 -1 0-1 000
Lag—2=|-1-1-2 0 0]—]|0 0-100
-1 -1 0 0 -1 0 0 010
K—1—1 0-1 0) \0 0 00 2)

We diagonalize L£_,2_2, and obtain the matrix on the right. So

o(L_12-2) = 1. The system
L_12_2[b]T = [rot(K)) rot(K,) rot(K3) rot(K4) rot(Ks)T =1 1 0 0 0]T

has the solution [b] = [1/2 1/2 —-1/2 -1 - 1], so we compute
¢ = 1. Moreover, x(X_12-2) = 6 and s = 4. Then we get d3(é_12,2) =

1/2 # —1/4 = d3(ms). Therefore, £_14_5 is not isotopic to 74, and so
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bn(é-1,2,—2) = 3 by Theorem 3.0.1.

p| g |a()eH (M) ds(€)
S0 o r+1/4
Sl opo0efoy ] 12
Shi2o @ (r?=3r+6)/(4r=8) ...
-lig< -1 [r] (@>r+gr?—¢*—r?—q—r)/(4qr —4g - 4r)
-1|¢>3 [r] (¢*r + qr® — ¢* — % — 6qr + 5q + 57)/(4qr — 4q — 47)
ol o Lo r=nA
o O (r+3)/4
0les -2 O (@+r+2)/4
0jez22] | O ] GHr=4)/4
B0 20 ] (P4r+2)/4r+8)
Lo LN I (PP=2r-1)/(4r+2)

1lg< -3 7] (®r+ qr2 + q* + 12 + 4qr + 3¢ + 3r)/(4qr + 4q + 4r)

1|g>2 [r] (¢*r + qr® + ¢* + % — 2qr — 3¢ — 3r)/(4qr + 4q + 4r)

Table 3.7. The case r > 2 (|p| <2 or |¢| < 2).

In Table 3.7, we do not need any computation to find bn(€): For any

row, we can use Remark 3.2.1. For example, in the 1% row, we have an

overtwisted contact structure on the lens space L(m,—1) for some m > 1.

Therefore, the resulting contact manifold is not listed in Theorem 3.0.1, and

hence we must have bn(§) = 3.

In Table 3.8, we need to compute the binding number bn(§) for the rows

1, 3, 7, and 10. For the other rows, see Remark 3.2.1.

o If p=1,9g=-2,7r < -2, {,_2, is an overtwisted contact structure on

L(Jr +2],1). It is not hard to see that ¢1(€1,—2,) = [2] € Zj;—2. Therefore,
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p| g |alf)eH (M) d3(€)
R = 2 (rP+7r+14)/(4r +8)
0 st 0 S = (V) S R 12
LT O . O (Il 34
1 . q$—3 ______ [_|.r.|] ....... ( .q"_’r. +qr? + q? + 12 + 10gr + 9 + 97)/(4qr + 4q + 4r)

1¢g>1 (I71] (¢®r + qr? + q* + 12 + 4qr + 3q + 3r) /(4qr + 4q + 4r)
N N N ) oo O ot o ) V2
LU Wont SO0 DO (0 T (=Irl+0) /4
Ojg< =2 | o (g+r+8)/4
0lg=z2| | o (g+r+2)/4
-ilo2 | g (-r2—3r+6)/(-4r+8)
3 st T O L N (—r?—6r+3)/(z4r+2)
—1lg< -2 () (¢°r + qr® —g* — v + 6qr — Tq — 7r) /(4gr — 4q — 4r)
-1|¢>3 (I7]] (¢Pr+qr? —¢* — 1% —q—r)/(4qr — 4q — 4r)

Table 3.8. The case r < =2 (|p| <2 or |g| < 2).

we immediately get bn (&) 4,-2) = 3 because c¢;(n,42/) = 0.

o If p=1,¢g=0,7 < —2, the contact structure &, o, on L(|r|,1) and the

link L, are given in Figure 3.17. It is easy to see that ¢,(§10+) = 0 € Zyyy,

so we need d3(&; o,): The corresponding linking matrix is on the left below.

Diagonalize £, to get the matrix on the right. Therefore,

(1-2-2. .. —2:-1) 100 0:0)
—2-1-2. .. —2i-1 020 0:0
—2-2-1 o 002, R
: _1-2: L 2 0
—2-2,..-2-1:—1 00 ... 0 1/2:.0
—1-1 -1:0 0 0 0 =3

o(Lipr) =|r| — 1.
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(a) (b)

each
7 framing —

Figure 3.17. (a) &0 on L(|r|,1) for 7 < —2, (b) the link L; .

The system
Li9:[b]" = [rot(K;) rot(Ks) - rot(Kigs)]T = [1---10)T

has the solution [b] = [0---0 — 1], and so we obtain ¢ = 0. Moreover,

x(X10s) =|r| +2, and s =|r|+ 1. So we compute

d3(1,0-) = (=Ir| + 3)/4 = d3(nyr))

which implies that &g, is isotopic to ), on L(|r|,1). Thus, dn(&10,) = 2
by Theorem 3.0.1.

o If p=0,9g=—1,7r < —2, the contact structure & _;» on L(|r|,1) and the
link Lo, are given in Figure 3.18. Again we have ¢,(§,-1,r) = [0] € Z,
so we need to find d3(§o,-1,): We diagonalize £y _1, and get the matrix on

the right below. So, we conclude that (Lo -1,) = |r| — 1.
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(~1-2-2. .. -2-1-1-} (1 0 0 0:0 0 0
—2-1-2...-2-1-1-1 |0 2 0 0:00 0
—2-2-1 - 00 2 C L
Lo-1,r= ~1-2 — 20
=2-2,...72-1-1-1-1 0.0 ... 0.1/20. 0 0
2151 Z1070°0 070 C70E3070
~1-1 10 0-1 |00 0:02 0
-1-1 -1:0-10J) (00 0:0 0-1/2
(b)
0 —
—1| |-1
00 =

Figure 3.18. (a) &o,—1r on L(|r|,1) for » < —2, (b) the link Lo _; .

The system
Lo-1,b]T = [rot(Ky) rot(K3) -« rot(K|g43)]T = [1---1000])7

has the solution [b] = [0--- 010 0], so we get ¢ =0. Also x(X14-2) =
Ir| + 4, and s = |r| + 3. So we compute d3(§o-1r) = (—|r| + 7)/4 #

(=|r| + 3)/4 = ds(n) implying that & 1 ¥ mr on L(|r|,1). Hence,
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bn(éo,-1,) = 3 by Theorem 3.0.1.
o If p=—1,q =2,7 < —2, we have bn(é_12,) = 3 because ¢;(é-12,) =
(7] € Zjj+2. We compute c;(€-12,) as follows: We use the linking matrix

L_1 2, to get the representation

H, (M) = < Ky p2y e - )u|r|+3| ‘C—I,Z,T[#]IT,.H:; = [O]|7;|+3 )

= (ml (Ir| +2)p = 0) = Zyy.

Moreover, using the relations given by £_;2, we have p; = uy--- = pyy

(u;i’s are the meridians as before). Therefore, we obtain

a(é12:) = PD N + - + pyry) = PD7(|r|w) = [Ir]] € Zjp 2.

To finish the proof, in each table above we find each particular case for
(p,g,7) such that the corresponding contact structure &,,, has binding
number 2. Note that the conditions on p, q,r given in the statement of the
theorem excludes exactly these cases. This completes the proof of Theorem

3.04. O

3.3 Remarks on the remaining cases

Assume that r = 0,+1,|p| > 2,|g| > 2. We list all possible contact
structures in Table 3.9. These are the only remaining cases from which we
still get lens spaces or their connected sums. Notice that we have already

considered the cases (—2,¢,1), and (2,g,—1) in Tables 3.3 and 3.4, so we
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do not list them here.

r| p g |al(é) e HY(M) d3(€)
0|lp22 (g22 | | O (P+qg-4)/4¢
0lp=2 |gs-2| . | o p+q+2)/4
Olp<-29<-2| | o . p+q+8)/4
l1|p>2|g>2 [—p] (P*q + pg* + p* + ¢* — 2pq — 3p — 3q)/(4pg + 4p + 4q)
l{p>2jg<-2 (—p] (—p%q +pa® + p* + ¢* + 4pg + 3p + 3q)/(4pg + 4p + 4q)
1lp<—2g<-2 [p) (p°q + pg* + P* + ¢* + 10pg + 9p + 99)/(4pq + 4p + 4q)
......... A
-ip>2|g>2 [—p] (p*q + pg* — p* — ¢* — 6pg + 5p + 5q9)/(4pg — 4p — 4q)
-Up>2jg< -2 (] (P’q+pe* —pP* —¢* —p—q)/(4pg — 4p — 4q)
—lps —2¢< -2 [p] (p?q + pg® — p* — ¢* + 6pq — Tp — 7q)/(4pg — 4p — 4q)

Table 3.9. The case r =0,%1, |p| > 2, |q| > 2 (bn(§) = 3 in each row).

As we remarked at the beginning of the chapter (after Theorem 3.0.4) that
one can obtain the complete list without any repetition: We first simply
find all distinct homeomorphism types of the manifolds which we found in
Table 3.2 through Table 3.9. Then on a fixed homeomorphism type we
compare the pairs (¢, d3) coming from the tables to distinguish the contact
structures.

Suppose now that M is a prime Seifert fibered manifold which is not a lens
space. Then as we remarked before we have |p| > 2,|q| > 2, and |r| > 2.
Then two such triples (p,q,7), (¢/,¢',7’) give the same Seifert manifold Y

if and only if
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and (p'.¢',7') is a permutation of (p,q,7) (see [JN], for instance). Notice
that we can drop the first condition in our case. Switching p and g does not
change the contact manifold as we mentioned before. On the other hand, if
we switch r and p (or 7 and ¢), we might have different contact structures
on the same underlying topological manifold.

Another issue is that there are some cases where the first homology group
H,(Y(p,q,7)) is not finite. Indeed, consider the linking matrix £ of the

surgery diagram given on the right in Figure 3.2 as below.

(0111\

1 p00O0
10q0

\1001‘)

The determinant det (£) = —r(p+¢) —pg = 0 implies that r = —pq/(p+q).

Thus, if 7 # —pg/(p + ¢), then H1(Y (p,q,7)) is finite, and so d3(&pq ) is
still computable since ¢;(§,4,) is torsion. For instance, if p > 2,9 > 2,7 > 2
or p< —2,¢g <—2,r < -2, than det(£) # 0, and so we can distinguish
the corresponding &,,, by computing the pair (ci,d3). Whereas if the
sign of the one of p,q,r is different than the others’, then we might have
det(£) = 0. For instance, for the triples (4,4,—2),(3,6,—2) and each
nonzero integer multiples of them, det(A) = 0. So more care is needed for
these cases.

We would like to end the chapter by a sample computation. Assume that

det(£) # 0, and that r < 2,p > 2,q < 2 (similar calculations apply for the
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other cases). We compute the first homology of M =~ Y (p,q,r) as

Hi((M) = (2, Bprgir]] Ep,q,r[/‘];qﬂrl = [O]§+q+lr| )

= (1, Hpri+1, Hpir | By Ra, Rg)

where the relations of the presentation are

Ri: —@2r|-1)m — 0= Drar — (gl +ppsrp = 0
Ry : P Hir+1 - IQlMp+|r| =0

Ry: —rlm = Pl =0

While getting these relations, we also see that pu; = py-- -y (recall py;’s
are the meridians to the surgery curves in the family corresponding to r for
i=1,---,|r|). Then using this presentation, and knowing that c;({pq) =

PD=Y(|r|u;), we can evaluate (understand) c;(&,,,) in H3(M) = H,(M).

Now if ¢1(&,4,) € H?(M) is a torsion class, then we can also compute

d3(&pqr) as follows: By solving the corresponding linear system we get

2 plgllr|
plg| + plr| = |q||r|

Moreover, we compute 0(Xpqr) = 0(Lpgr) = —p + q| + |r], x(Xpqr) =
p+lq+|r| +1, and s = |g| + |r| + 1. Hence, using Corollary 1.8.2, we
obtain

d3(&p.gr) = 8pqr + p*q + p°r + 4pg® + 4qr® —pr® — ¢*r —pg —pr —gr
3 pgq,r) — 4pq+4pr+4qr .
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Chapter 4

Contact structures associated to

four-punctured sphere

In this chapter, we consider the contact structures for sg(¢) = 0 and dn(£) <
4. We first focus on the mapping class group of the four-punctured sphere
in Section 4.1. In Section 4.2, we show certain families are holomorphically
fillable. We show the overtwistedness of certain families in Section 4.3 where
we also give alternative proofs of some results recently proved in [Y] (see
Lemma 4.3.3, Remark 4.3.5, Lemma 436)

Let S be any surface with nonempty boundary as before. We will stick
with the following convention: In Aut(S,8S), we will multiply a new el-
ement from the right of the existing (pre-introduced) word although we
compose the corresponding difeomorphisms of S from left. That is, if
0,7 € Aut(S,0S), then (denoting the corresponding diffeomorphisms with

the same letters) we have
(0-7)(x) = (yoo)(x) =7(o(z)) for z€S.
Let ¥ be the four —punctured sphere obtained by deleting the interiors of
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four disks from the 2—sphere S? (see Figure 4.1). Let C;,Ca, C3, C4 be the
boundary components of 3, and let a, b, ¢, d denote the simple closed curves
parallel to the boundary components C, Cy, C3, Cy, respectively. Also con-

sider the simple closed curves e, f,g,h in ¥ given as in Figure 4.1.

Figure 4.1. Four — punctured sphere ¥, and the simple closed curves.

Let ¢ € Aut(X,0%) be any element. In Section 4.1, it will be clear that

we can write

¢ — arlbr20r3dr4emlfnl . emens
for some integers m;’s and n;’s. Our main results are the following:

Theorem 4.0.1 If min{r;,} > max{-m,—n,0}, then (My,&;) is
holomorphically fillable, where ¢ = a™ b2 3d™4e™ fM...emif"8 ¢

Aut(3,0%) and m = L_m; and n = X_n;.
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Theorem 4.0.2 The contact structure & is overtwisted in the following

cases:
(1) ri <0 for some k,

(2) rx =0 for some k and min{m,n} <0,

(8) min{rr} =1, {rs =1 or ry =1}, min{m,n} <0 and mn > 2,
(4) min{ri} =1, {r1 =1 or r3 =1}, min{m,n} <0 and mn > 2,

where ¢ = a™b"2c3d™Me™ fr ..MM € Aut(Z,0%), m = Li_,m; and

4.1 Four—punctured sphere

For simplicity, we will denote the Dehn twist along any simple closed curve

by the same letter we use for that curve.

Definition 4.1.1 An element ¢ € Aut(Z,0%) is said to be in reduced

form if there erists an unique integer 0 < s such that ¢ can be written as

¢ — arlbr2cr3arr4eml fnl em2fn2 L. emens

where T, m;,n; are all integer for 1 < k <4, 1 <1i < s with possibly m,

oT Tlg ZETO.

Lemma 4.1.2 Any element ¢ € Aut(X,0%) can be written in reduced

form.
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Proof:  From braid group representation of full mapping class group,
we know that the mapping class group Aut(Z,0L) can be generated by
Dehn twists along the simple closed curves a, b, c,d, e, f, g, h given in Figure
4.1 (see [Bi] for details). Therefore, any element ¢ of Aut(X,d%) can be
written as a word consisting of only a,b,c,d,e, f,g,h and their inverses.
Since a, b, ¢,d, are in the center of Aut(¥,0%), we can bring them to any
position we want. For the second part including e and f, we use the well-
known Lantern relation (also known as /-holed sphere relation). In terms
of our generators we will use two different Lantern relations. Namely, we

have
gef = abcd and hfe = abcd.

These give g = abcdf~'e™! and h = abede™!f~!. Therefore, we can
exchange any power of ¢ and h in the word defining ¢ by some products
of a,b,c,d,e”!, f! (and a7},b71,c7!,d7},e, f for negative powers of g
and h). Combining (and canceling if there is any) the powers of e and f,
and commuting the generators a,b,c,d, we get the reduced form of ¢ as

claimed. O

From now on, we will always consider the elements of Aut(¥,0X) in their
reduced forms. In the following, we will say that two monodromy elements
hi,he € Aut(S,0S) on the same surface S are equivalent if the contact
manifolds (M(s 1), &(sh1))s (M(s,h2),§(s,p2)) are contactomorphic. We will

denote this equivalence by h; ~ hs.
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Theorem 4.1.3 Let ¢ = a™'b™2c3d™e™! frlem2 fr2... eMms fns ¢ Aut(Z,0%) be
as before. Consider the element ¢' = a™'b"2c3d™e™f* where m = LI m;

and n =X_n;. Then ¢ ~ ¢, i.e., there is a contactomorphism

(Mz.4),€z9) = (M6, &(z.6))-

Proof:  First consider only the last parts ¢ = e™ frle™m2fn2...gms fns
and ¢y = 'em f" of ¢ and ¢'. We will show that (Mg 40),&ze0) and
(M5 ¢0), §(5,¢0)) are contactomorphic (indeed they are isomorphic as open
books). We will induct on s. All the equivalences in the induction follow

from Theorem 1.1.1 and Theorem 1.5.1.

For s = 2, we have
~ eml

e \—
emlfnlemen2 ~ f—nl . emlfnl em2fn2 . fnl ~ em1+m2fn1+n2

proving the first step of the induction. Now assume that the result is true
for s — 1, ie., em frlgm2fn2 ... gm(s=1) fn(s=1) ™ 7 where m = Li-lm;
and @ = Ef;llni. Then

emlfnl . em(s—])fn(s—l) . emsfns ~ eﬁfﬁ . emsfns

Nem

——N—
Nf—ﬁ . eﬁfn emsfns . fﬁ ~ em+msfﬁ+ns

which proves the result for s. Therefore, we have showed that ¢o ~ ¢j.
Now adding the same word a™b™2c3d™ to both ¢y and ¢} give contacto-

morphic manifolds by Theorem 1.5.1, so ¢ ~ ¢’ (Recall that a™b™2c™3d™ is
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a central element of Aut(%,0%)). O

4.2 Holomorphically fillable contact structures

In this short section, we will prove Theorem 4.0.1 using the lantern relation.
Proof: [Proof of Theorem ‘4.0.1] By Theorem 4.1.3, we will prove the
statement for £, where ¢’ = a™b"2c3d™e™f". We assume that m < n,
the other case is similar. If m > 0 then the result follows immediately
from Theorem 1.4.2. Otherwise we first find a monodromy ¢ for which
(Mz,4),€z,¢)) is contactomorphic to (M(E’J,),f(z’&,)) using Theorem 4.1.3
and then use the Lantern relations to write the monodromy é as a product

of positive Dehn twists as follows:

—m times
(Z; — arlbr2cr3dr4 Ee—lf—l)(e—lf—l) L (e—lf—l‘) fn-—m
—m times
— arl+mbr2+mcr3+mdr4+m Zabcde‘lf'l) . (abcde-—lf—li fn—m
—m times

— ar1+mbr2+mcr3+mdr4+m ‘h chee- h‘ fn—m.

Theorem 1.4.2 implies that {; is holomorphically fillable. Hence, {4 and

&4 are also holomorphically fillable. O
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4.3 Overtwisted contact structures

Among the contact structures £, with ¢ € Aut(%,0%), we want to distin-

guish overtwisted ones. First, we prove three lemmas.

Lemma 4.3.1 Let S be a planar hyperbolic surface with geodesic boundary
S = U._,C;, | > 4. Suppose h € Aut(S,0S) and there is a properly
embedded arc vy starting at x € C;, ending at C; such that h(v) is to the
left of v at x and i # j. Then (h- Ds)(7y) is to the left of v at z € C; for

any curve & parallel to Cy with k # 1.

Proof: Isotoping if necessary, we may assume that vy and h(7y) intersect
minimally. We need to analyze two cases:

Case 1. Suppose k # j. Then we may assume yN§ = @, and so h(y)Nd =
@. That is , Ds fixes both v and h(y). This implies that Ds(h(7y)) = h(y)

is to the left of ~.

ANN
ANY
\
<<
>
—
5)
N
AN
NN\

Figure 4.2. h(7y) is to the left of v (Left and right sides are identified).
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Case 2. Suppose k = j. First note that h # ids since h is not a right

veering. Therefore, there exists a region R C S such that

1. R is an embedded disk punctured r—times for some 0 < r < m — 2,

and
2. ORCyUh(y)udSs.

Let Ci,---,Cir be the common components of S and 0R. We may as-
sume that OR contains the common initial point z and the first intersection

point y (of v and h(v)) coming right after z (See Figure 4.2).

S /
O O 1O 0O-0)
4 1y Ds(h(7)) #
‘//
g Cr = C;

Figure 4.3. Ds(h(7y)) is to the left of « (Left and right sides are identified).

Since the Dehn twist Dj is isotopic to the identity outside of a small
neighborhood of §, the image R’ = Ds(R) is isotopic to R. In particular,
OR' N Ds(h(y)) is to the left of OR' N v (see Figure 4.3). Note that
Ds(h(7y)) and v are also intersecting minimally. Therefore, we conclude
that (k- Ds)(y) = Ds(h(y)) is to the left of v. O
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The following corollary of Lemma 4.3.1 is immediate with the help of The-

orem 1.7.2.

Corollary 4.3.2 Let S be a planar hyperbolic surface with geodesic bound-
ary 0S = Uﬁ=IC,-, | > 4. Suppose h € Aut(S,0S) is not right veering with
respect to C; for some i, and so the contact structure §(sp) is overtwisted.
Then the contact structure compatible with (S,h - Ds*) is also overtwisted
for any k € Z, and for any curve & parallel to the boundary component

which is different than C;. O

Let us now interpret the notion of right-veering in terms of the circle at infin-
ity as in [HKM1]. Let S be any hyperbolic surface with geodesic boundary
dS. The universal cover 7 : S — S can be viewed as a subset of the
Poincaré disk D? = H2U S.,. Let C be a component of &S and L be a
component of 771(C). If h € Aut(S,8S), let h be the lift of h that is the
identity on L. The closure of S in D? is a starlike disk. L is contained in
dS. Denote its complement in S by Lo. Orient Ly using the boundary
orientation of S and then linearly order the interval Ly, via an orientation-
preserving homeomorphism with R. The lift h induces a homeomorphism
hoo : Lo — L. Also, given two elements a,b in Homeo™ (R), the group of
orientation-preserving homeomorphisms of R, we write a > b if a(2) > b(z)
for all z € R and a > b if a(z) > b(z) for all z € R. In this setting, an

element A is rigth-veering with respect to C' if id > hy. Equivalently, if «
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is any properly embedded curve starting at a point a(0) € C, and & is the

lift of a starting at the lift @(0) € L of z, then we have
h(ca) is to the right of @ <= a(1) > heo(@(1))

Therefore, h is not right-veering with respect to C if there is an arc «

starting at C' such that we have &(1) < hoo(@(1)).

Lemma 4.3.3 Let S be any hyperbolic surface with geodesic boundary 0S.
Suppose h € Aut(S,0S) and there is a properly embedded arc ~y starting at
z € C C 0S such that h(y) is to the left of v at x. Then (h- D;')(y) is

to the left of v at x € C for any simple closed curve o in S.

Proof: Write o for D,. Fix the identification of L., with R as above.

Consider the lift 5 and induced homeomorphisms oo, 00, 05! : Loo — Lo .

-1

Since 0™ - 0 = idg, we have

-1

(071 0)oo = 0o 00} = (ids)co-

Therefore, 0! must map any point in Ly, to its left because o is right-
veering. In particular, (A - 07 )e(7(1)) = 03! (heo(F(1))) is to the left
of he(%(1)) which is (by the assumption) to the left of 4(1). That is,
(h-0™ ) (3(1)) > h(5(1)) > F(1). Hence, (h-o7')(y) is to the left of .

a

Corollary 4.3.4 Let S be a planar hyperbolic surface with geodesic bound-
ary 0S = U,_,C;, 1 > 4. Suppose h € Aut(S,0S) is not right veering with
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respect to C; for some i, and so the contact structure s p) is overtwisted.
Then the contact structure compatible with (S,h - D¥) is also overtwisted

for any k € Z_ and for any simple closed curve o in . O

Remark 4.3.5 The idea used in the proof of Lemma 4.3.8 gives a simple
proof for Lemma 6. of [Y]. Moreover, the following lemma is given as
Lemma 5 in [Y]. We want to give a different proof for it using the idea of

the circle at infinity.

Lemma 4.3.6 Let S be a hyperbolic surface with geodesic boundary, and
let h € Aut(S,8S) be a right-veering diffeomorphism. Then h' = cho™! is

right-veering for any o € Aut(S,05S).

Proof: Clearly, it is enough to consider the case when o is a single Dehn
twist. First, assume that o is a positive Dehn twist. We need to show that
k' is right-veering with respect to any boundary component of S. We will
use the notations introduced in the previous paragraph. So fix the boundary
component C', and an identification of L, with R as above. Let o be any
properly embedded curve in S starting at a point «(0) € C'. Consider the
lift & and induced homeomorphisms h’_, b, 000,05} ¢ Lo — Loo. From

their definitions we have

R (@(1)) = B(&(1)) = cho1(&(1)) = 6ho™1(G(1)) = Toohooo (&(1))
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Suppose that 0 }(&(1)) = a € Ly and hy(a) = b € L. Then since

T00(8) = (671 Noo(b) = (62) 7' (b),

b must be mapped (by o) to a point in Ly, which is to the right of &(1)

as we illustrated in Figure 4.4. Equivalently, &(1) > 0whaog (&(1)) =

ag—\b a(l) Goohooa;l(d(l))“ L
. the region the region "
g to the left & to the right

Figure 4.4. The point &(1) € Ly, = R, and how it is mapped to the right of
itself.

hl.(&(1)) implying that A’ is right-veering with respect to C'. The proof of
the case when o is negative Dehn twist uses exactly the same argument, so
we omit it. O

Now we can characterize the overtwisted structures stated in the introduc-

tion.

4.4 The proof of Theorem 4.0.2

Proof: By Theorem 4.1.3, we will prove the statements for £, where

¢I — arlbr2cr3d‘r4emfn.
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To prove (1), consider the properly embedded curves ay, as, a3, oy starting
at the boundary components C;, Cs, Cs, Cy, respectively, and their images

under ¢’ as given in Figure 4.5. In all the pictures, we are assuming m > 0,

r =-1 (Qi O)d)/(gl O@C?Q) ro = —1
ry = —1 %03)(0 ;EE)) @ ry = —1

Figure 4.5. The curves a4 and their images under ¢’ in X.

n > 0, and 7, = —1 (otherwise the fact that ¢’ is not right-veering with
respect to Ck is even more obvious). We can see from the pictures that
if r, < 0 for some k, then ¢'(ax) is to the left of a; , so ¢’ is not right-
veering which implies by Theorem 1.7.2 that {4 is overtwisted. Note that
in any picture in Figure 4.5, we are taking all the other 7;’s to be zero.
However, even if ¢’ has a factor of some positive power of Dehn twist along
the boundary component other than C, ¢'(ay) is still left to the ay at their
common starting point by Lemma 4.3.1, so €4 is overtwisted by Corollary
4.3.2.

To prove (2), consider the properly embedded curves [, 32, B3, B4 starting

at the boundary components C},Cs, C3, Cy, respectively, and their images
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Figure 4.6. The curves (§; and their images under ¢' in X.

under ¢’ as given in Figure 4.6. In all the pictures, we are assuming m =
—1, n > 0, (again otherwise the fact that ¢’ is not right-veering with
respect to C is even more obvious). We can see from the pictures that if
rr = 0 for some k, then ¢'(05y) is to the left of B; , so ¢’ is not right-veering
which implies again by Theorem 1.7.2 that {4 is overtwisted. Again, in all
the pictures, we consider all the other 7;’s to be zero, and if ¢’ has a factor
of some positive power of Dehn twist along the boundary component other
than Cy, ¢'(0x) is still left to the (% at their common starting point by
Lemma 4.3.1. Therefore, £, is overtwisted by Corollary 4.3.2.

To prove (3), consider the curve < running from C; to C; as in Figure
4.7. In the left picture each r, = 1,m = —2,n = —1, and in the right one
each 1, = 1,m = —1,n = —2. Clearly, the image ¢'(v) is to left of v at

both their common endpoints on Cy and Cy, so &y (¢’ = abede 7! or
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abede™! f=2) is overtwisted. In both cases, if we take r,r3 and only one of
ro and r4 to be any positive integer, £, is still overtwisted by Lemma 4.3.1
and Corollary 4.3.2. Moreover, for m < —3,n < —3 in both cases, &y is

overtwisted by Lemma 4.3.3 and Corollary 4.3.4.

¢'(v)
O O
¢'(v) \|7 7

Figure 4.7. The curve v and its images under two possible ¢’ in X.

The proof of (4) is similar to that of (3), so we will omit it. O
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