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ABSTRACT

Generalizations of the Reduced Distance in the Ricci Flow

- Monotonicity and Applications
By

Joerg Enders

The evolution of a Riemannian metric by the Ricci flow has been found to be
very powerful in studying and classifying manifolds of certain curvature conditions.
However, the flow typically develops singularities in finite time, which need to be
understood. Quantities monotone in time are a common tool to study geometric
flows near singularities.

We define a reduced distance function based at a point at the singular time
of a Ricci flow on a complete n-dimensional manifold M. Our curvature bound
assumption is weaker than the generic type I condition. We show that the corre-
sponding reduced volume based at singular time is monotone along the flow. Since
the quantity being constant implies that the flow is a gradient shrinking soliton,
type I singularities can be modeled by those special solutions. We also show the
monotonicity of the reduced volume arising from the reduced distance to a compact

submanifold of M, and we similarly extend that notion to singular time.
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CHAPTER 1

Introduction

Given an n—dimensional Riemannian manifold M™, Hamilton [16] introduced the
evolution of an initial metric g(0) on M™ through a family of metrics g(t) according
to

ot
Such a family (M™,g(t)),t € [0,T) is called a Ricci flow. The analysis of this
quasilinear second order (weakly) parabolic partial differential equation requires un-
derstanding the competition between the heat equation type (smoothing) behavior
of the evolution and the development of singularities. In general, Ricci flows in di-
mensions n > 3 develop singularities and do not limit to a constant curvature metric
(after renormalization). To classify manifolds in a particular case in dimension 4,
Hamilton [19] introduced the concept of “Ricci flow with surgery” to continue the
flow beyond singularities. Pursuing this idea in arbitrary dimensions without strong
curvature assumptions requires a careful analysis of the singularities developing in
Ricci flow. This is where one of Perelman’s main contributions comes in. For any
p € M™ and 0 < t( less than the singular time T, the “reduced distance” lp 4, arises
from a space-time version of Riemannian geometry adapted to the Ricci flow in all

dimensions [26]. It is a locally Lipschitz function on M™ x [0, tg] and satisfies impor-



tant partial differential inequalities. Those imply that the “reduced volume based at

(p,t0)”

Vp,to(t—) = /M" (4m(ty — t—))_ge—lp’to(q'f) dvolgm (9)
is monotone nondecreasing in ¢ along the Ricci flow on [0,¢g]. Moreover, Vp’to(ﬂ is
constant in ¢ if and only if (M™,g(t)) is isometric to Euclidean space with the flat
(non-evolving) metric.

The reduced volume is the key analytic tool to prove the “No Local Collapsing
Theorem”, which is essential to extract Cheeger-Gromov type limit flows from a
sequence of rescaled Ricci flows around a singularity. For limit flows with nonnegative
curvature operator arising from finite time singularities, Perelman uses the reduced
distance again to obtain blow-down limits that are gradient shrinking solitons, i.e.
only evolve by shrinking in scale and changing by diffeomorphisms generated by a
gradient vector field. By classifying gradient shrinking solitons in dimension 3, this
fully explains the structure of singularities and allows one to perform surgery to
continue the flow [27].

Perelman’s argument is 3-dimensional in several key steps. On the other hand,
Hamilton conjectured that gradient shrinking solitons arise as blow-up solutions for
type I singularities, i.e. as rescaling limits around singularities of Ricci flows satisfying

the (generic) curvature bound

<

sup |[Rmyg(4)lg() < 77—

mn

If such a rescaling limit is compact, the conjecture follows from [29]. The proof
uses the monotonicity of Perelman’s entropy functional: the scaling properties of the
entropy imply that the functional is constant on the limit flow, which is precisely the
case on gradient shrinking solitons.

Unlike the entropy functional, the reduced volume is defined for any complete

Ricci flow (of any dimension). After presenting the necessary background in Chapter
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2, we extend in Chapter 3 the reduced distance and volume to the singular time T
to allow for gradient shrinking solitons other than flat Euclidean space to appear in
the equality case of the monotonicity formula. To do this, we introduce a new (mild)

curvature bound, which is more general than the type I assumption:

Definition 1.0.1 Let T < co. A complete n— dimensional Ricci flow (M™,g(t)) on
[0,T) is said to be of type A if there exist C > 0 and r € [1, %) such that for all
tel0,T)

To our knowledge, it is not known whether there are closed maximal Ricci flows
on [0,T) that are not of type A. In [11], and in this dissertation in Section 3.3, we

prove the following main

Theorem 1.0.2 Let (M™,g(t)) be a complete n— dimensional Ricci flow on [0,T)
of type A. Also let p € M™ and t; /* T. Then there exists a locally Lipschitz reduced
distance based at singular time lp,T : M" x (0,T) — R, which is a subsequential

limit
cP (M™x(0,T))

lP,ti ’ lP,T

and for all (q,t) € M™ x (0,T) satisfies the partial differential inequality

n

b] 2 S
—ﬁ‘lp,T((L t—) - Ag(ﬂlp,T((Lt.) + lvg(alp,T(QV t—)lg(a - Rg(t—)((I) + 2(T _ t‘) 20

in the sense of distributions.

We then define for ¢ € (0,T) a reduced volume based at singular time (p,T)
by
- ~3 1, (g
Vo ® = [ ((an(r = 0) e T Doty a),
and show any reduced volume based at singular time is monotone nondecreasing in

t. This uses the differential inequality in the theorem. Moreover, Vp,T(t_) <1 for all
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t € (0,T), and if Vp,T(t-) is constant in £ then (M™,g(t)) is a gradient shrinking
soliton (see the precise statement in Section 3.4).

In Chapter 4 we illustrate how the usefulness of the reduced volume for analyzing
the structure of singularities is increased by generalizing the reduced volume defined at
smooth points in space-time to points at the singular time 7. It also is a more direct
analogue to Huisken’s well-known monotonicity formula for the mean curvature flow
[20]. We show how one can use the reduced volume monotonicity based at singular
time to prove Hamilton’s conjecture without the restriction of compact blow-ups.
This has recently been done in (23], where similar estimates to define [, 7 have been
obtained under the assumptions that the Ricci flow is of type I (and k— noncollapsed).

As a further generalization, in Chapter 5, we define and prove the monotonicity of
the reduced volume arising from a reduced distance to a lower-dimensional submani-
fold S of M™. It turns out that this quantity can also be extended to singular base
time. Our discussion is motivated by examples of singular sets, which are of lower
dimension than M™.

The dissertation finishes with conclusions in Chapter 6. We mention an alternative
definition of a reduced distance based at singular time, as well as future directions
of further understanding and employing the generalizations of Perelman’s reduced

distance introduced in Chapters 3 and 5.



CHAPTER 2

Background on Ricci flow

In this chapter we will present the background material on Ricci flow needed in the
subsequent chapters. After a discussion of important solutions to the Ricci flow, we
will mainly focus on the reduced distance and its properties. The natural way the
reduced distance arises is backward in time. While the forward time formulation
chosen here is different from Perelman’s original paper [26], it prepares the discussion
in the later chapters. We finish the chapter with a discussion of the reduced volume

and its monotonicity.

2.1 The equation and its properties

Let (M™, g(t)). t €[0,T),0< T < oo be a 1-parameter family of complete oriented
connected n-dimensional Riemannian manifolds with bounded (sectional) curvature
solving the equation

og

E = —2Ricg(t), (2.1)

where Ricg(t) denotes the Ricci curvature tensor of the metric g(t). We call a family
with the assumptions as above a Ricci flow on [0,7) throughout this thesis. In

particular, we will always assume that the curvature for each g¢(t) is bounded.



It follows from work by Hamilton [16], DeTurck [9], Shi [31][32] as well as Chen
and Zhu [5] that for a given complete Riemannian manifold with bounded curva-
ture (M™, gg), there exists a unique solution to this quasilinear second order weakly
parabolic equation (2.1) with g(0) = gg on a time interval [0,T) and the solution is
maximal if and only if

Jisgsup [Rmg ) lg(e) = o0
where ng(t) denotes the full curvature tensor of g(t).

If we let p € M™, and {z'} normal coordinates near p € M™, then we can

compute at p that

% = —2Rij = 3Agij, (2.2)
where R;; are the components of the Ricci tensor, and A is the coordinate Laplacian.
While equation (2.2) only holds at p, and hence doesn’t prove short-time existence, it
indicates that the Ricci flow is the “heat equation for the Riemannian metric”. This
explains the many results of special curvature cone conditions that are preserved un-
der the flow, as well as convergence to asymptotically round metrics under positivity
assumptions, e.g. (2-)positive curvature operator [2]. In general, however, the non-
linearity of the equation causes the formation of singularities in finite time, before

the manifold tends to constant curvature. This happens even when the topology is

simple.

2.2 Special solutions

In this section we will discuss special solutions to the Ricci flow (2.1). In particular,
gradient shrinking solitons will play a key role in the further discussions, namely in
the equality case of the monotone quantities.

The proper fixed points of the equation are Ricci flat solutions: Any gy with



Ricgy = 0 gives rise to a solution g(t) = gg. The metric does not evolve with time.
A trivial example is the flat metric ggn on Euclidean space R™.
Because of the scaling and diffeomorphism invariance of the Ricci tensor, we next

consider generalized fixed points of the equation.

2.2.1 Einstein solutions

Let (M™,gg). n > 1, be an Einstein manifold, i.e. gy satisfies
) R

where Rg, denotes the constant scalar curvature of gg. Then

o(t) = (1= 2 Rgy ) 0 (23

is a solution to the Ricci flow, where g(t) is Einstein for each ¢. It only changes by

scaling. Einstein manifolds are fixed points of the volume normalized Ricci flow

dg 2 Jm Ryrydvolyqe)

5 = ~2Ricy + = Vol(g(t))

g(t). (2.4)

If Rgy > 0, the solution (2.3) exists on the time interval (—oo, ﬂ?g—o). With T :=

7{2’%, we then get

, 1
Rg(t) = 5T =10 and chg(t) = mg(t)« (2.5)

Example 2.2.1 The shrinking round n-sphere (S™, g(t)), n > 1, on the mazi-

mal time interval (—oc,T) is given by

9(t) = 2(n = 1)(T = t)ggn,

where ggn denotes the standard round metric on S™ of sectional curvature 1.



2.2.2 Gradient shrinking solitons

Motivated by Perelman’s perspective in [26] and [27], we make the following

Definition 2.2.2 A Riemannian manifold (M™,g) is called a gradient shrinking

soliton if there exists a potential function f: M — R such that
. 1
Ricg +VIVIf - =g =0, (2.6)
where VIVI f denotes the covariant Hessian of f. We will typically write (M™, g, f).

Remark 2.2.3 By making the definition as above, we assume that gradient shrinking
solitons come at a certain scale: A more general definition requires (M™,g, f) to
satisfy

Ricg + VIVIf — %g =0,

where A > 0. We can always scale such an f and g to obtain (2.6).

If VI9f determines a complete vector field, then we get a corresponding Ricci
flow g(t) on (—o00,T) with g(T — 1) = g, called gradient shrinking soliton in
canonical form, in the following way [7]: The 1-parameter family of diffeomorphisms
¢¢ of M™ generated by integrating the vector field T1:7V9 f (with ¢p_1 = id) gives
us

9(t) = (T - )¢t g. (2.7)

With the potential function f(t) = ¢} f, the solution g(t) satisfies the analogue of

(2.6) on (—o¢c,T), i.e.

, 1
R‘ng(t) + Vg(t)Vg(t)f(t) - 2—(7,—:—{)-9(15) =0. (28)
Also, f(t) satisfies
0f _ 1g9(t) £p)2
= = 19900 . (29)



As we will always assume that (M, g) has bounded curvature, it follows from (2.6)
that V9f is at most linear, and in particular complete. Given a gradient shrinking
soliton, we can therefore always obtain the corresponding gradient shrinking soliton

in canonical form.

Remark 2.2.4 We would like to make the following clarification, which we have not
seen carefully discussed in the literature: If we have a Ricci flow g(t) on [0,T) which
together with a I-parameter family of functions f(t) satisfies (2.8), this clearly defines
a gradient shrinking soliton according to Definition 2.2.2 by considering the equation
att=T-1. If v9(T-1) f(T = 1) is complete, we can conclude by uniqueness of
the Ricci flow [5] that the corresponding Ricci flow in canonical form equals g(t) on
([T — 1,T). Moreover, if (2.9) holds for the original family of functions f(t), then
the given triple (M™, g(t), f(t)) is the gradient shrinking soliton in canonical form

constructed from g(T — 1) as explained above.

Solitons are “self-similar” solutions, since they evolve only by scaling and diffeo-
morphism. Their existence is to be expected due to the diffeomorphism invariance
of the Ricci flow equation (2.1). We can regard them as generalized fixed points, i.e.
fixed points of the volume normalized Ricci (2.4) flow on the space of metrics modulo

the diffeomorphism group.

Without going into a more detailed discussion, we mention that by changing the
minus sign in (2.6) to “+” (or dropping the metric term), one can analogously define
gradient expanding (or steady) solitons. Also, if the vector field generating the
diffeomorphisms ¢; is not a gradient vector field, one gets a more general notion of
solitons. It follows from [26] (in the compact case) and [23] (in the complete case)
that any soliton is a gradient shrinking soliton for some (possibly different) vector

field.



Example 2.2.5 By (2.5) and Remark 2.2.4 we see that any Einstein solution with
positive scalar curvature can be regarded as a gradient shrinking soliton in canonical

form with f = 0 (or f such that Vf is a Killing vector field) and scaled so that

Ry 1
=g

Example 2.2.6 Consider the non-evolving Ricci flow (R™ g(t) = ggn). With

zl2
flz,t) = Z([Y—,J_—t;, we have

1

VV(t) = 2T =R

which makes flat Euclidean space into a gradient shrinking soliton in canonical form,

called Gaussian soliton. It will arise in an important context in Section 2.4.
Example 2.2.7 Consider the round shrinking cylinder
(S™F x R¥ g(t) = 2(n — k = 1)(T = t)ggn_k + 9gk),

where n — k > 2. It follows easily from examples 2.2.1,2.2.5 and 2.2.6 that this is
a solution to Ricci flow which is a gradient shrinking soliton in canonical form with

potential
2
|« |9le

f(evrvt) = 4—(711_—_7)’

where 6 € S*F and r € R*.

Example 2.2.8 Erample 2.2.7 is a special case of the following: We can construct
gradient shrinking solitons as products of Einstein solutions Nk of positive scalar
curvature with flat Euclidean space RF. It is an interesting question to ask when

gradient shrinking solitons are of that form [28].

We will now discuss an important equation satisfied by gradient shrinking solitons:
Let (M", g(t), f(t)) be a gradient shrinking soliton in canonical form on (—o00,T).

Taking the trace of equation (2.8) gives

Rg(t) + Ag(t)f(t) - XTTLTI‘,) =0. (2.10)

10



We conclude from equations (2.9) and (2.10) that

of
S Ay O+ V9O @) ~ Ry + 2(-7"_—” 0. (211)

In Perelman’s point of view [26], if we let

u(z,t) = (4n(T — ) " T (@), (2.12)

where £ € M™ and t € (—00,T), then a straight forward computation shows that

(2.11) is equivalent to

Here
O* .\ = 0 A R
g(t) = Tt ~ Pat) T ()

- ‘ _ 9 _ o
denotes the formal adjoint of the heat operator Dy(t) =5 Ag(t) under the Ricci
flow. This observation will play a key role in the equality case of the reduced volume

monotonicity.

We will also need the following fact: If (M™,g(t), f(t)) is a gradient shrinking
soliton in canonical form, then it follows from the contracted second Bianchi identity

and (2.8) that there exists a constants C(t), such that

Rg(t) + Ivg(t)f(t)lg(t) — TL(—t—)? = C(t) (2.14)

2.3 Perelman’s reduced distance

In this section we will briefly discuss Perelman’s reduced distance for the Ricci flow.
Contrary to [26], we will use forward time notation rather than backward time, since
it will come more natural when we consider a sequence of different base-times in
Chapter 3. The monotonicity of Perelman’s reduced volume will then be described in
Section 2.4. While the results are due to Perelman, there are by now several references

detailing his work, e.g. [30], [21], [36], [6], [22].

11



Definition 2.3.1 Let (M", g(t)) be a Ricci flow on [0,T). For any curve

v : [t tg] = M, where 0 <t <ty <T, we define the L—length of v by

to ' 9
£ = [ VR =T(HOF ) + Ryt (D)t

Figure 2.1 illustrates this definition.

o
o~
[

o
H..-

Figure 2.1: £-length of a curve v in M™ between (q,) and (p,tg).

At a curve 7, the first variation of £ with fixed endpoints is given by
. t
Sy L(7) = (2y/to = t3(1), Y (1)) |;° (2.15)

‘o 9(t) . !
_/t‘ 2\/f0~t(V7(t)7(t)-2(

to—t)
Y(t) is the variational vector field along ~(¢t) with Y (¢) = Y(¢g) = 0 and # de-

3 (8)=2Ric ) (3(0), ) # —%vg(’)Rg(t), Y (t))dt.

notes the metric dual, which we will omit. The Euler-Lagrange equation is called
L-geodesic equation and given by

t). 1

1
T - m*}(t) — 2Ricy () (3(1), ) - Evg(t)ﬁg(t) = 0. (2.16)

Smooth solutions to (2.16) are called £-geodesics. Multiplying by ty — t, we can

rewrite (2.16) to get rid of the unbounded coefficient of the second term:
t . . . 1
vi’/%__.ﬁ(t)( 0 = £4(t)-2+/fg = ERicy(y(v/ig = B1(8), )~ 5 (to-t) VIO Ry = 0.
(2.17)

12



Using the direct method in the calculus of variations after a change of variables in
L, as well as the ODE (2.17) together with the assumed curvature bound and Shi’s

derivative estimates [32] (see also Appendix A), one obtains the following

Proposition 2.3.2 For any (q,1) and (p,tg) with p,g € M™ and 0<i<ty<T
there ezists an L—minimizing L— geodesic v : [t,tg] — M with 4(f) = ¢ and

v(tg) = p. Moreover, the initial vector limt/‘to Vi —t7(t) € TpM erists.
Definition 2.3.3 For (¢,t) and (p,tg) as in the Proposition 2.3.2, we define

(i) the L—distance from (q.t) to (p,tp)
Lpto(g.t) = inf{L(7) |7 : [t tg] = M,~(t) = ¢,7(to) = p},

(ii) the reduced distance based at (p,tg)

pt D p,t() t_)
0 to —

(iir) and

vp.to(q,t—) = (4n(tg — t_))_1 Ze ~lpag(g t_)

We will fix (p,tg) € M™ x (0,T) and regard Lpty Ipty and vp ¢, as functions on
space-time M™ x (0,tp).

By studying the second variation of £ and obtaining a Laplacian comparison
theorem for the reduced distance, Perelman derives the following three differential

(in)equalities:

Theorem 2.3.4 Fiz (p,tg) € M™ x (0,T). Then for all (g,t) € M™ x (0,tg) the
following hold:
>0,

n
20tg—¢) ~
(2.18)

0
ot pto(9:0) = By lpty(a,t) + Ivg({)ll’vto(q’ DIE(D ~Rypyla) +

13



or equivalently , D;({)vp,to(‘lv t) <0. (2.19)

, l t (Qv E) -n
—1v9Dy, 4 (a, DIZg + Ry (@) + L%O__—t_— + 28,7 lpto(a.) 0. (2.20)
o Ipto(g-t)
259D + 19900 10,012 ) = Ryqpy0) + ”—to"T =0. (221

Remark 2.3.5 It can be shown (see e.g. [36]) that Lp,to(q, t) is locally Lipschitz on
M™% (0,tg). Hence, the same is true for I 1,(q,t) and vp ¢,(q,t), and the functions
are differentiable a.e. in q and t. The (in)equalities in Theorem 2.3.4 therefore hold
in the barrier sense, or in the weak sense. In particular, they hold in the sense of

distributions. For (2.18) this means that for any nonnegative ¢ € ngt(M” x (0,tp))

fgﬁ\-f((‘gflpvto+|V9(t)1p,to|§(t)‘Rg(t)+ 20 - ) o (2.22)

to—t)
+Vg(t)lp,t0 . Vg(t)(p)dvolg(t)dt > 0.

In fact, 1y 4,(q,t) is smooth away from a closed subset C C M™ x (0,tg), and C'N

M™ x {t} has zero Lebesgue measure in M™ x {t} for every t € (0,tg).

2.4 Reduced volume and monotonicity

We can now define Perelman’s reduced volume.

Definition 2.4.1 Let (M™,g(t)) be a Ricci flow on [0,T), and (p,tg) € M™% (0,T).
Then for each t € (0,ty) we define the reduced volume based at (p,tg) by

Vpto(®) 1= /M p,tg (0, 2) dvolypy(g) = /M (a(to - D) Ee~P0@D dvoly o).

Example 2.4.2 For the Gaussian soliton (Ezample 2.2.6) one computes

lqg — pl?
d(tg - t)’

lp,to (q {) =

and hence

2
-~ g —lg-p
Vp,to(t—) = /IR" (4m(tg — 1))~ Ze 4to=t) gg = 1.

14



The monotonicity of the reduced volume along the Ricci flow (see also Figure 2.2)

is now essentially a consequence of inequality (2.19) in Theorem 2.3.4:

Corollary 2.4.3 (Monotonicity of the reduced volume)

Under the same assumptions as in Definition 2.4.1, we have
(i) 40,40 20,

(ii) limg py Voo =1,

(iii) Vp,to(t—l) = Vpto(t2) for 0 <ty <ty <ty if and only if (M™, g(t)) is isometric

to the Gaussian soliton (R™, ggn) and Vp,to({) =1.

‘7p,to(t)
\
Vo (O for (Alg(r)) = (2" gan)

1+

0 0 T

Figure 2.2: Reduced volume monotonicity based at (p,tg) for some Ricci flow
(M™,4(t)) on [0,T).

The reduced distance and reduced volume monotonicity are one of the most impor-
tant analytic ingredients for Perelman’s study of singularities in the Ricci flow [26].
First, the reduced volume is used to prove the “No Local Collapsing Theorem”, which

is necessary to guarantee Cheeger-Gromov-Hamilton convergence of rescaled flows to

15



a singularity model. In a next step, the reduced distance is again the essential tool to
construct asymptotic solitons for ancient solutions. Those help in the classification
of singularities. In the next chapter, we will extend the reduced distance and volume

to base points at singular time.
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CHAPTER 3

Reduced distance and
monotonicity based at singular

time

3.1 Motivation

In the previous chapter, we defined the reduced volume VPvtO for smooth points in
space-time (p,tp). We now discuss our main motivation to allow the base time ¢y in
the reduced volume to be the singular time T of a Ricci flow.

Results of the type of Corollary 2.4.3 are known for other monotone quantities
in geometric evolution equations, e.g. for Perelman’s A— and p—functionals for
the Ricci flow [26], or Huisken’s monotonicity formula for the mean curvature flow
[20]. In all of those, solitons arise in the equality case. Note also that the equality
of Harnack expressions in the Ricci flow similarly identifies gradient expanding and
steady solitons, see e.g. [17], [4], [24].

In the proof of Corollary 2.4.3 (iii), it is the fact that at time ¢g the curvature is

bounded, that limits the equality case of the monotonicity to the Gaussian soliton.
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If we are able to base the reduced distance and volume at singular time (p,T) for a
maximal Ricci flow on [0,T), depending on the base point p € M™, we expect to get
gradient shrinking solitons other than the Gaussian soliton, whenever this generalized
reduced volume is constant. We will prove this in Corollary 3.4.3. Before that, in
Section 3.3, we will define a reduced distance based at singular time and study its
properties. Our approach is as follows:

Let (M™, ¢(t)) be a maximal Ricci flow on [0,T). Let t; /' T and p € M™. Then
for all (g.t) € M™x(0.T) the reduced distance lp,ti(q’ t) is defined for large enough i

and the differential inequality (2.18) holds for each such i. This raises two questions:
(i) Does there exist a good limit by = limti oTlpt;?
(ii) Does a differential inequality analogous to (2.18) hold for b1?

In Figure 3.1, we sketch the idea to define a reduced distance based at a point p

at singular time T.

]l' i T %
0 t ti titas T

Figure 3.1: Convergence of the reduced distances lp,tz.(q,f) from ¢ and p based at
times ¢; approaching the singular time T.
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While the discussion is motivated by a base point p in the singular set (see Defi-
nition 4.2.2) in order to apply the quantity lp,T to the analysis of singularities as we
discuss in Chapter 4, this will not be a requirement in our main result in this section.
We will address the issue of the choice of base points in Sections 3.5.2 and 4.2. In
general, to answer the two questions above positively, we need to mildly strengthen

the bounded curvature assumption to a new curvature condition.

3.2 Type A Ricci flow solutions

Definition 3.2.1 A Ricci flow (M™,g(t)) on [0,T) is said to be of type A if there
ezist C > 0 and r € [1, %) such that for all t € [0,T)

C
sup 1Bmoe)lg(e) < gy
Note that for » = 1 this includes the well-known type I condition. From the
maximum principle for lng(t)' 9(t) it follows that for a closed maximal Ricci flow
on the interval [0,T)

1
maxIRmywlo(t) 2 g3y

which implies that curvature blow-up with 7 < 1 is impossible. On the other hand,
the type I condition is assumed to be generic. To our knowledge it is not known
whether there are closed maximal Ricci flows which are not of type A. The only
known example of a type II (i.e. not of type I) closed Ricci flow is the degenerate
neckpinch [15], but its curvature blow-up rate is not known. In [8], an example of a

type II Ricci flow on R? is shown to blow up proportional to (7—_1—52

Example 3.2.2 Let (M", g(t), f(t)) be a complete gradient shrinking soliton in
canonical form with bounded curvature. Then it follows directly from equation (2.7)

that the flow is of type A, in fact of type I.
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3.3 Reduced distance based at singular time

In this section, we state and prove the main

Theorem 3.3.1 Let (M™,g(t)) be a Ricci flow on [0,T) of type A. Also let p € M™

and t; /" T. Then there erists a locally Lipschitz function
by M*x (0,T) >R

whach is a subsequential limit

C) (M™x(0,T))
p’tl ’ p’T

and which satisfies the differential inequality analogous to (2.18), i.e. for all

(0,5 € M x (0, T)
2 (@D - By 7 D+ 19900, 70 D2 ) - By (a) + 0 (31)
or PT\H ™ Sg(®)'p T p. T Dlgp ~ () \a D 2

holds in the sense of distributions. Equivalently,

O (@D <0, (32)

where

(g.1) == (4m(T - 1))~ 5o lp.1(9h)

Remark 3.3.2 This theorem has been independently obtained in [23] under the type

I assumption (and k— noncollapsedness) using very similar techniques.

Theorem 3.3.1 allows us to make the following
Definition 3.3.3 Under the assumptions of Theorem 3.3.1 we define
b M'x (0.T) - R
to be a reduced distance based at singular time (p.T) in the Ricci flow

(A", g(t)).
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We now give the proof of Theorem 3.3.1.

Proof. To simplify notation let [; := lp‘ti(q,f) and L; := Lp,t,-(Q: t). The proof will
be in 3 steps.

1.  First, we will derive a basic uniform bound on [; on compact subsets
K = Kj x [a,b) C M™ x (0,T). By definition of {; it suffices to show such a bound
for L; on K. Let n: [0,1] — M be a g(0)— geodesic with n(0) = ¢ and n(1) = p.

Fix k € (b,T). As depicted in Figure 3.2, consider the curve

~)

. =l
p t € (k,t;].
MP
(7
n
Tt RS

Figure 3.2: Construction of y(t) for a uniform bound on Ly (g, t).

Since |n’(s)|3(0) = ¢ for a constant ¢, the uniform equivalence of the metrics
along the Ricci flow on [0,k] yields a constant D such that In'(s)lg(t) < D. The

type A assumption implies that there exist constants C > 0 and r € [1, %) such that

21



|R| < ZT_gV If L;(q,t) > 0, we get the following estimate:

@l < | [ Va0 +Rg(t)< <)>)dt\ (33)
< / (/C {)2 t dt+C/T dt
T% = F.

<
= k—b+3— o

If Li(g.t) < 0, we let ~7(t) be an L—minimizing L—geodesic such that

L;(q,t) = L(7). Then we get the same bound:

Li(g.t)

Il

t
L VAT OB + Ry (o)t
- [ TR o

> -F.

v

Thus, we have uniform bounds in 7 on any given compact subset K.

2. Next we derive uniform derivative bounds for L; on compact subsets K of space-

time as above. We first prove

Lemma 3.3.4 Under the assumptions of Theorem 3.8.1 let ~;(t) be an
L— minimizing L— geodesics from (q,t) to (p,t;), where (q,t) € K. Then there ezists

a constant G independent of i such that for all t € [t, k]

| V 71 g(t

Proof. Denote by V;(t) = /I; = £ 4;(t). Using the L£L—geodesic equation (2.17) we

compute
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|V( W2y = —2Ric(Vi(0), Vi) + 2V, Vi0), Vi(1))e

= —2Ric(Vj(t), V;(t)) + Vi(t), Vi)t

2
=tV vilt)
= —2Ric(V;(t), Vi(t))

1

+——~ﬁ—t.2_ (2\/ti—‘tmcg(t (Vi(0) ) + 5t = VIO Ry ), Vi)
= 2Ric(V;(t) )+ Vit — <Vg(t g(t) Vilt)e
o Cy

< 22— |Vj(t) 12 + ——2— V()] y0): (3.4)
(T-1) O g e

where in the last inequality, since t > ¢ > 0, we used Shi’s derivative estimates (32]
(see also Appendix A) combined with the type A assumption to bound V9 (t)Rg(t).
Note that C},Cy are constants depending on the type A constant C, n and ¢, but

are independent of i.

Before integrating this ordinary differential inequality to conclude the proof of the
lemma, we need to get uniform bounds on each V;(t) for some t in a compact set of

time. By definition of £, and using again the type A assumption we estimate

ti 1 ti

| a0yt = Lo~ [ VR R r(0)e
2C
3-2r

3—r
< Llp)+ T2

Now the integral mean value theorem yields the existence of ; € [, k], such that

ViR = = [ iR e
;U Ug(d) T k=t Jf V=t V()

I

dt

—t/ \/zT' (®lgee

2C [ 3_
= T13°T

IN
??‘
—

k-t
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or equivalently

t; — 3
) _ ) 2C §—r
lV’(tl)lg(ti) T k-t (5(7’)+3—2rT )
vT 2C , 3_,
< 2 =:
S Bty )=k

since by choice of v; the bound (3.3) holds for L(v;).

W.l.o.g. we can assume that IV,-(t)Ig(t) > 1 and estimate (3.4) for t € [a, k] to get

d 1,2 Gy Cy 2 2
al‘/z(t)lg(t) < (2(T_ PR + - k)"‘%) Vi)lgeey = C3lVi)lge)-

Integrating this, we conclude that for all ¢ € [¢, k]
V)2 < FeC3(t=t:) < pC3T —. . (3.5)

This proves the Lemma.

To get the gradient bounds for L; recall that from (2.15)

vIOLi(q.0) = —2v/t; = 14:(0).

With Lemma 3.3.4 we obtain for (¢.t) € K
V90 Lifa. Dlgpy = 2VE = T(Dly(p) < 2VC. (3.6)

For the time derivative bound for L;, we compute

OLited) = SLiaD~(VOLeD D)

= Va1 (D2g + Ry @) + 28 — DI 5

= \/t_:———t_ Vit - f’?z’(ﬂlg({) — Vit = tRy ) (v(D).

Using the type A assumption and Lemma 3.3.4, we get the time derivative bound for

(g.t) e K

+ - (3.7)

0 G
~=Li(qg.1)| <
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Recall that by Remark 2.3.5 each [; is locally Lipschitz on M™ x (0,t;). The
above bounds show that [; are in fact uniformly locally bounded and Lipschitz on

M™ x (0,T). Hence, there exists a locally Lipschitz function

l

pT M"x(0,T) - R

such that a subsequence, denoted ; again, converges to a l;, 7 in Cl%c(M " x(0,7)).

This proves the first part of the theorem.

3. To prove that the differential inequality (3.1) holds in the sense of distributions,

we first note that [; € WIIO’C2(M ™ x (0,T)) and the bounds derived above imply

|L; <C.
1|Wl{;3(Mnx(o,T))

W.l.o.g. we can assume that
L=l (3.8)

weakly in Wllo’f(M" x (0,T)). This implies for all (V,y) € Wl{)f(M” x (0,T),R*t1)

L — 9 S 0,
fo f ey s avavolgg = [ 95Oty mV Gty ol

In particular, if for nonnegative ¢ € C&?t(M" x (0,7)), we let ¥ = —¢ and

vV =V9 (t)é, we get the distributional convergence

T
/0 /M vIlt)y, . wet)y _ %zi & duol () dt

T
. a(t), . wgt), O ,
/(; " A% lp,T \% 0] pr lp,T ¢ du Olg(t)dt.

Comparing with the distributional formulation (2.22), we see that we now only need

to show that for all nonnegative ¢ € C&‘,’t(M " x (0,7))

T T
/0 /M Ivg(t)l"lg(t)‘lsd'”"lg(t)dt_'/o /M V9Ot 715 ) & dvolg(eydt.
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It suffices to show for each t € (0,7) and nonnegative ¢ € ngt(M mn

2 2
/A . (VIO 12 ) 0 duoly gy — /M V90, 712 ) 6 dvolyy.

(3.8) implies the weak L? convergence of Javg(t)zi — \/q_ng(t)lp’T, and hence

/M |v9(t)1p,Tlg(t) @ dvol(y) < lim inf /M |v9(t)zi|§(t) b dvolyy.

We now show the other direction
- 9t) 2 9(t); 2 ,
llin—l>s<>li>p /M Y l‘tlg(t) ¢dvolg(t) < /M \Y lp.T|g(t) ¢dwlg(t)
using an argument similar to Lemma 9.21 in [22]. We rewrite
i 942 _w9t) 2
hirisotép /M (Iv lllg(t) A\ lP,TIg(t)) ¢dvolyy)
T 9t (. 9(t)
hin—l-»il;p(/M<V (l; = b 1), 6V, T dvolg(t) (3.9)
+ M(vg(‘)(zi = by 1), 6VI L) dvoly ).
We can approximate ¢V9(t)lp’T by V; € Cg;t(.»’\l, R") and conclude by weak L2
convergence of Vg(t)l,- that the first integral goes to zero as ¢ — 0o. For the second

integral, we first use the Cloo .— convergence of I; — Ip,T to get a sequence ¢; "\, 0,

such that on supp(¢) we have
lp,T - li +€ > 0.
Then the second integral above equals

lim sup/ (Vg(t)(li =l —€), @Vg(t)li)t dvolg(t).
1—00

We multiply Perelman’s differential inequality (2.20) for [; by ¢ and write it in the

distributional sense for a nonnegative ¥ € C’ggt(M m:

L —
-/M<V9(t)(¢¢),v9(t)zi)t dvolg(sy < /M %d)(lvg(t)lilg(t) =Ry~ t’ Ttl)dvolg(t).

1
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By approximation in W1'2, we can take ¥ = T — l; + ¢ > 0 to be only locally

Lipschitz, i.e. conclude

[ 990 = 1,7 = e), 9900 duot

(pr —li+€)d
< /M > (V902 (t)—

Since the right-hand integrand is bounded on supp(rzb) and

)dvol ()"

lp,T_li+fi_’0
uniformly, we obtain

lim sup /M<Vg(t) ((ll — lp,T - Gi)¢), Vg(t)li>t delg(t) <0.

1—00

Now, inserting the characteristic function x supp(¢)» We can rewrite
[ IOt = 1,7 = €)6), VI OLyq dvoly
= / (V l—l T_Ez)¢v () )tdvol()
t t
+ ./M((li — b1 = &)V X8y VIO dvol
= [ (7500~ 1,7), 6990 ol
1 t) 412 t);.12
+ /M S0 = b1 = ) (IVIDG2 )+ Iy V¢ JiI2 ) dvolyey.
As before, the last integral tends to zero because of the uniform convergence of
lp,T - li +€¢ — 0.
This implies that the second term in (3.9) satisfies
i 9t) (. — g(t);.
llgs()lép /M(V (l; = 1), 8V lz)tdvolg(t) <0
and finishes the proof. [
The proof of Theorem 3.3.1 implies that the analogues of the differential

(in)equalities (2.20) and (2.21) hold for a reduced distance based at singular time

as well. We summarize this in the the following
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Corollary 3.3.5 For l,T as in Theorem 3.3.1 and (g,t) € M™ x (0,T), the

following three (in)equalities hold:

0
- p,T(q,t_)—Ag(g)lp,T(q,t_)+|Vg(t_)lp,T(q,Dlg({)—Rg({)(q)+ﬁ >0, (3.10)

or equivalently D;(Dvp,T(q, t) <O0. (3.11)
(@t —n
_|vg(t71p‘T(q,t3|§® + Ryp@) + B 28y 70D 0. (312)
0 (g,
—255lp, (9, t) + |Vg®lp,T(q, f)lg({) - Ryp(9) + _pTT =0. (3.13)

3.4 Reduced volume monotonicity based at
singular time

Definition 3.4.1 Let (M™, g(t)) be a Ricci flow on [0.T) of type A. Let p € M™,
t; /' T, and I, 7 and v, 7 as in Theorem 3.3.1. Then we define a reduced volume

based at singular time (p,T) by

Vp,T(t_) = ./M Up, 7(4; f)dvolg@ (q) = /M ((4m(T - t—))_%e—lpyT(q’advolg(t-) (q).

Remark 3.4.2 The finiteness of Vp,T(t_) for any Ricci flow (M™,g(t)) of type A
and any fized t € (0,T) follows from Fatou’s lemma and the finiteness of Perelman’s

reduced volume as follows:
Y - —limy, l,+.(q.t
Vor(t) = A\l ((4m(T - 1)) Ze ti/T Pl (q'vdvolg(f)(Q)

/M lim (((47T(T— t_))_%e_lp,ti(q,ﬂ) dvol (7 (q)

ti/T
< liminf V, . (Z
= 4 T p,t,(_)

<1
< 1.

Now we state the analogue of Perelman’s monotonicity (Corollary 2.4.3) for the

reduced volume based at singular time. Compare also Figure 3.3.
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Corollary 3.4.3 (Monotonicity based at singular time)

Under the assumptions as in Definition 3.4.1 we have
(i) FVor(® 20,
(i) limg pp V(8 <1,

(iii) If Vp,T(t_l) = Vp,T(t_Q) for 0 < ] <ty < T, then (Afn,g(t),lp,T(-,t)) s a

gradient shrinking soliton in canonical form.

Remark 3.4.4 Similar results have also been obtained in [23] under the type I

assumption (and K— noncollapsedness).

UL (1) for some gradient
o
1+ v shrinking soliton

- e - e —————— .~ ——e

o
|4
N

Figure 3.3: Reduced volume monotonicity based at singular time (p,T") for some
Ricci flow (M™,g(t)) on [0,T).
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Proof. (i) If M™ is compact and lp,T is smooth the proof follows directly from (3.2)

in Theorem 3.3.1:

d - 0
d_t_vp’T(D = /M (52.1!])1 - R) dvoly g
0
= ./M (O_EUP’T + Qv — R)dvolg(t-) (3.14)
= Y —D*’Up,Td’UOlg(f)
> 0

In the general case, we need to justify the differentiation under the integral and

the adding in of the Laplacian term. For both arguments, we need to bound

)
/Me P’T|lp)T|dvolg(D < oo (3.15)

for fixed time ¢ € (0,T). From Remark 3.4.2, we know that

/M e_lP'Tdvolg(t-) < 0o, and hence /M e—IlP'Tldvolg(D < o0.

Since the proof of the finiteness of Perelman’s reduced volume Vj¢. relies on com-
parison of the reduced distance lp.ti with the square of the distance function, we also
get

1 1
/M e—?lP’Tdvolg(i) < 0o, and hence /M e-QIIP’Tldvolg@ < 0.

Now let N :={g € M|l,T(q,) > 0}. Then

-1 1 T
e PT|l pldvol 7 = / e PT|l r|dvol 7 + / e "pT p|dvol 7,

1
where the second term is finite since %“p,T' < telP’Tl. The first integral is bounded
because the type A curvature bound yields an upper bound on ”p,Tl on N by

dropping the energy part in the £—functional. This proves (3.15).
The proof of Lemma 3.3.4 implies that in fact there exist constants C7 and Cy

(depending on t) such that
9900, 712 5 < Cullp 71 + Co.

30



(Note that L, T gets bounded on compact sets by the constant E in that proof.)
This implies

-1
/Me P»T|V9(ﬂlp’T|§(ad'volg(g) < 00. (3.16)

We lastly show that also

-1 0
A/I (4 p’Tlgz.lp,Tld’UOlg(f) < 0. (317)
The differential equality (3.13)

) I
99 g(t) 2 _ _ i 2Y S
25t + VT rlgy ~ Ry + 7 7 =0

can be used to bound Ig{lp,Tl- Then (3.17) follows from (3.15) and (3.16) and the

bounded curvature assumption.

Now we can justify what corresponds to the adding in of the Laplacian term in
(3.14) in the distributional setting. As in (2.22), Theorem 3.3.1 implies that for fixed

t € (0,T) and for any nonnegative ¢ € Cg’?t(M")

0 . _
/M <(_5_t_ PvTHVJ({)lP»TIg(t—)_Rg(ﬂ'{'m%a) <P+Vg({)lp,T'Vg(£)¢)dvolg(i) > 0.

Note that
vID (e~ Ty = _o~ p,Tvg(t_)lp’T,

l

so using the bounds for the integrals proved above and approximating ¢ = e~ »T by

¢;j € C'g)’t(!\fn), we conclude

0 n -l
/1»/ (= glpT — Bepy + m)e P" dvoly () 2 0.

n
Up to the factor of (47T(T - ﬂ) " 2 this is the integral we obtain when differentiating
the integrand in the reduced volume based at (p,T’). To conclude (i), we only have
to justify the differentiation under the integral sign. We will do so using the standard

dominated convergence argument. We bound, at £ € (0,7), the reduced volume

31



integrand difference quotient D(q,t,h), rewritten in integral form, by an integrable

function. Note that

Qvt h h/ t pT q,t-+s) - Rg(t_-{-s)(q)

e ) (4n(T - F - 5))

~3 1, r(a.F+s) Wg(E+) ()
2(T-t-ys)

dvolg(f)(q)

(compare e.g. [6] for the argument in Perelman'’s case). Now from Remark 3.4.2 and
the bound (3.17) as well as the exponential growth bound of the volume form under

Ricci flow, which makes the quotient

dvolg({+s) (q)
dvol 9() (9)

bounded near ¢ (where we have bounded curvature), we conclude that D(q,t,h) is

dominated by an integrable function for h near 0.
(ii) This follows from (i) and Remark 3.4.2.

(iii) From the initial computation in (i), which we have justified for noncompact M™

and in the distributional setting, we get

0=V, 1(f) -V, / Vo r(Ddl = / / —O* vy, pdvolyp)df.

From (3.2) we conclude that in the sense of distributions
O, =0, (3.18)
and hence by parabolic regularity lp,T is smooth. Recall equation (3.13)
0

!
pT _
220, T+ IvOu 725 - R o)+ =0

Subtracting 2 - (3.18) from this, we get

wp = ((T - DAy plpr - |v9(f)zp,T|§m + Ry(p) + lp1 — n) v = 0.
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Hence,

2

- _ : Dol 1
0= Dg(DU‘p’T = —2(T — D RZCg({) + Vg(jvg(jlp,T - M—_f)g(Z) g(t_) vp,T’

where the last equality follows from a formal computation as in Proposition 9.1 [26].
Because of vy T > 0, we conclude
: 9Bge®; L =
Ricy(q) + VIV, 7 2T = Dg(t_) 0. (3.19)
Plugging the trace of (3.19) into (3.18), we obtain

ol
2L (vs O, 1 @12 5. (3.20)

By Remark 2.2.4, this implies that (M™, g(t), Ip,T( -, t)) is a gradient shrinking soliton

in canonical form. O

Remark 3.4.5 We will discuss some issues arising with the inverse of the statement

in Corollary 8.4.8 (iii) in Section 3.6.

3.5 Examples

3.5.1 Einstein solutions

For Einstein solutions (M™,¢(t)) on (0,T) with Ry > 0 as in Example 2.2.1, it

follows from an explicit computation (see [6]) that for (p,tg) € M™ x (0,T)

to—t
arctan

d(p,q)
lp’to(q’{):g<1— tg—t )+ /tt—(t‘ [to—T
TQ—TO 4T - 1) 'I'Q—TO arctan 7-9:%

We can easily conclude the following: if ¢; / T, then

14F

(3.21)

n
bt = 5
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uniformly on M™ x [0,T). In particular, any reduced distance based at any (p,T) is
given by

n
lp,T(9,%) = 3 (3.22)

Then the differential inequalities in Corollary 3.3.5 become equalities for the constant
function I, 7, because of equation (2.5). In particular, VP’T(Q = const. Let us

compute its value using (2.3):

V@ = (4n(T-D) 2 2vol(g(D)
= (47reT)_gVol(go)

= (f&)%voz(go) (3.23)

2men

For the standard shrinking round n-sphere (S™, ggn). we therefore get

oz ® = ("2 2) Fvaiiggn) = (222) Bvaigen)

2men 2me

In the following proposition, we show that the condition lp,T = 1'21- characterizes

Einstein solutions uniquely.

Proposition 3.5.1 Let (M™ g(t)) be a mazimal type A Ricci flow on (0,T),
p€ M™ and lp T a reduced distance based at singular time (p,T). Then we have
the following:

. c n
(i) If lpr =c on M™ x (0,T), then Rg(t) =75 <=

5 and M™ 1is compact.

(ii) b = -g if and only if (M™,g(t)) is a (compact) Einstein solution with

Rg, > 0.

Proof. (i) It follows directly from (3.13) that Ry ;) = 7=, and combined with (3.1)
that ¢ < Z. The compactness of M™ follows from the finiteness of prT by Remark

3.4.2.
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(ii) We have seen for Einstein solutions [, 7 = 1’21 On the other hand, if I 7 = 172‘,
then it follows from (i) that (3.1) becomes an equality, and from the proof of
Corollary 3.4.3 that the corresponding reduced volume Vp,T is constant. We con-
clude (M™,g(t)) is a gradient shrinking soliton with potential function %, ie.

1
AT = 1)

Ricg(t) = g(t). 0

3.5.2 Gradient shrinking solitons

Recall from equation (2.11) that the potential f(t) of a gradient shrinking soliton in

canonical form (M™, g(t), f(t)) satisfies the differential equality

of n
=%t~ Bat0 O + IV OG) = Rygey + 3775 =0

Since by Theorem 3.3.1 the reduced distance based at singular time lp,T for some
p € M™ satisfies the same relation as an inequality, it is natural to attempt to relate
f(t) and L, 7(-,1).

Before we proceed, we discuss a normalization of the soliton potential, which pre-
serves its canonical form. Let (M™, g(t), f(t)) be a complete gradient shrinking soli-

ton in canonical form on (—oo,T) with bounded curvature. Recall equation (2.14):

Ry + V9O f01% ) = 2% = €10

We can use this equation to normalize the soliton potential f(t), a thought which
was triggered in discussions with Xiaodong Wang. To keep the soliton in canonical

form, however, we only normalize such that
Rg(T-l) + Ivg(T—l)f(T - I)IE(T—I) -f(T-1)=0, (3.24)

and replace the original soliton potential f(t) by the gradient shrinking soliton in
canonical form obtained from f(T — 1), as discussed in Remark 2.2.4. From here on,

we will assume a given gradient shrinking soliton is normalized by (3.24).
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Remark 3.5.2 We note the gradient shrinking solitons in canonical form
(Mn.g(t),lp,T(mt)) arising in the equality case of the reduced volume based at

singular time (p,T) are in fact normalized for all t € (0,T), i.e. satisfy

_ lp,T( t)

Ry(ey + 19900, 7(- 02 ) = Zo—— =0

This follows directly by plugging (3.20) into (3.13).
We will next show that for compact gradient shrinking solitons f = lp,T holds.

Theorem 3.5.3 Let (M™, g(t), f(t)) be a compact normalized gradient shrinking
soliton in canonical form on (—o0,T), and let p € M. If lp,T is a reduced distance

based at singular time (p,T), then it is independent of p and

r(-,t) = f(t).
Remark 3.5.4 While the theorem is mentioned in the literature [10], [8], we are
not aware of any published proof. There are however results [6] using an alternative
definition of a reduced distance based at singular time [, which we will briefly discuss
in Section 6.1. The results can be improved to obtain f =1, rather than f =1+,

when using the above normalization. Qur proof utilizes techniques from Section 4.1.
Proof. We know from (2.7) that

g(t) = (T = t)¢;g(T - 1). (3.25)
In particular g(t) is of type I. For p € M™, let lpr and Vp,T a reduced distance
and corresponding reduced volume based at singular time, respectively. We refer to

Section 4.1 for more details of the following argument: For t; /~ T, consider the

rescaled metrics pointed at p and compute using (3.25):

50 = Fr o+ (=40
=7 - P (T =T+ (T = t))0) 07 (7t 9T = 1)

= ~tory () 9T - 1)
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With the definition of Cheeger-Gromov convergence, this implies that the rescaling
limit (M3, 9oc(t), px) is compact. In particular, we can assume MZ, = M™ and
Poo = P-

Next, note that g;(—1) = cp’t"j g(T -1), ie.

9;(-1) =g(T - 1)

are isometric for all j. We can therefore identify the reduced distances defined on the

rescaled metrics by
li)vo(q) t_) = lp,T(Qv T+ (T - t])i)
using the diffeomorphism. After shifting time from T to 0, we have

J
lpao - p'T

Next, we conclude by Cheeger-Gromov convergence
goo(—1) = g(T - 1),

which gives us the identification

where lgoo is the limit as extracted in Section 4.1 from the reduced dis-
tances based at singular time 11];0 of the rescaled metrics. By Theorem 4.1.3,
(;\Igo,gx(t).lgfo(-.t)) = (M",g(t).l,7(-,t)) is a normalized gradient shrinking
soliton in canonical form.

To see L, 7(-,t) = f(t), note that both potentials satisfy equation (2.8) for the

same Ricci flow. Hence, hence
vIOVIO @, (-, 1) - f(1) =0.

As observed by Xiaodong Wang, this implies L, 7(+,t) = f(t)+c, unless the manifold

splits off a line in the direction of Vg(t)(lp?T( -, t) = f(t)), which we can exclude since
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we assumed compactness of AM™. Since both soliton potentials are normalized, we

conclude

Given a normalized complete gradient shrinking soliton in canonical form
(M™,g(t), f(t)), in general for a base point p € M™ and a reduced distance T
based at singular time, we cannot expect to conclude f(t) = lp,T( -, t). The following

example (see also Figure 3.4) illustrates, that the choice of base point p is one issue.

Example 3.5.5 Let (N""k,gN(t)), 0 < k < n—1 be an Finstein solution on
(=00, T) with Rgy > 0. As in Ezample 2.2.8, we consider the normalized gradient
shrinking soliton in canonical form given by

2
|l'|ng + n-— k')
AT -1t) 2 7

(VR X RE, g(t) = gn (1) + g f(O.3.1) =

where € Nk and € R¥. Note that the constant —n—E—k normalizes the soliton by
equation (3.24).

We can then conclude by the obvious additivity of the L— distance for product
manifolds, as well as Ezample 2.4.2 and (8.22), that for p = (0y,zg9) and
g=(0,z) e N* 7k x RE

2

n-—k ]I—l‘ole
L r(g.t) = .
pT@0 ) = 5=+ 77y

Hence, the equality f(t) = lp,T( -,t) holds if and only if we choose the base point
pe Nk x {0}.

Using Ezample 2.4.2 and (3.23), the corresponding reduced volume based at
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singular time can be directly computed:

V,r(t) = /Nn_k /R . (47r(T—t))_%e_vaT(e’x’t)dvolgN(t)(B)dxk

_n=k _n-k
= /Nn—k (4n(T—-1))" "2 ¢ 2 dvol

gn(t)
. z—zolzk
. /R , (4n(T =) Ze T ok (3.26)
R n—k
= (ggg%)TVOZ(gO) (3.27)

In particular, it is constant in t, independent of the base point p and the sequence
{t;} used to define lp,Tr as well as equal to the reduced volume based at singular time
for the Einstein part (N"™k, gn(t)) of the soliton.

We also make the observation that while f # lp,T» we do have

Vpr(t) = /Nn_k fR \ (4m(T — 1))~ e~ fO.2) dvolg (1) (0) dz¥, (3.28)

so in examples of this kind, we can define the reduced volume in terms of the soliton

potential.

"lp,t,' (q) t)”

4
e L Y g

~

]Rk

Figure 3.4: Einstein solution on N n=k x R¥ asan example of a normalized gradient
shrinking soliton in canonical form with f(t) # {, 7(-,¢) +c.

While the choice of a suitable base point p in the very special Example 3.5.5 is

obvious, that choice of base point p € M™ such that f = lp,T might not even exist
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for general complete gradient shrinking solitons, but depend on the structure of the
soliton, and in particular the critical points of f.

For complete gradient shrinking solitons with quadratic curvature decay and non-
collapsedness assumption, which converge to an incomplete metric cone which is
smooth away from the parabolic vertex (consisting of a collapsed compact set), Cao,
Hamilton and Ilmanen state in [3] that the reduced distance and volume based at
singular time are well-defined. Also, this reduced volume is constant. They use this
result to define a notion of density for such shrinking solitons, which we generalize to

type A solutions in Section 4.2.

3.6 The inverse of Corollary 3.4.3 (iii

Recall that Corollary 3.4.3 (iii) stated that if a reduced volume based at singular time
is constant, the corresponding Ricci flow is a gradient shrinking soliton in canonical
form (which is in fact normalized).

The inverse statement holds, whenever for some p € M"™, we have f = p.T More

generally, the following is true:

Proposition 3.6.1 If (M™,g(t), f(t)) is a gradient shrinking soliton in canonical
form on (=00, T), and f(t) =1, 7(-.t) + ¢ for some p € M™ c € R, then Vp,T(t)

is constant in t.

Proof. From Example 3.2.2, we get that the type A assumption is satisfied. Since
lp, 7 = [ is smooth, the inequality (3.1) becomes the equality (2.11), i.e.
* —

From the arguments in the proof of Corollary 3.4.3 (i), we conclude

d -
V() =0. O

40



Remark 3.6.2 As discussed in Section 3.5.2, compact gradient shrinking solitons
in canonical form will satisfy the assumptions of the proposition for any p € M™,
even without being normalized. Similarly, this is the case for solitons of the form in

Ezample 3.5.5 with the correct choice of base point, as well as the ones in [3].
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CHAPTER 4

Applications of monotonicity based

at singular time

One of the main applications of monotone quantities in geometric evolution equations
is the analysis of singularities. We will first show in Section 4.1 how the notion of a
reduced distance based at singular time can be used to model type I singularities by
gradient shrinking solitons. Results of that kind are very important, as they reduce
the study of singularities in the Ricci flow to the classification of gradient shrinking
solitons.

In Section 4.2, based on the reduced volume and its extension to singular time,
we will define a notion of density for any point in space-time in the Ricci low. This
is motivated by the Gaussian density in mean curvature flow based on Huisken’s
monotonicity formula [20] [34], which can abstractly be regarded as an analogue to

the monotonicity of a reduced volume based at singular time.
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4.1 Rescaling limits of type I Ricci flows are
gradient shrinking solitons

We will describe in this section one of the main motivations for extending the notion
of the reduced distance to singular time, as done in Chapter 3.

Let (M",¢g(t)),t € [0,T),T < oo be a complete maximal type I Ricci flow, and let
p € M™. We rescale the flow parabolically: Let tj /T and consider the sequence

of pointed 1-parameter families of Riemannian manifolds (A", g;(t),p), where

g;(t) = Titjg(T+(T—t]-)t). (4.1)

Then g,(t) is a Ricci flow on [— T -, 0) for each j. Because of the type I curvature
J T —t]

bound, we have at any £ € M™ that

(T = tj)Rmy(r i (7—t)t) lg(T+(T-1;)1) ()

C
s T=t)7z (T + (T —t))t)

[Rmg;(1)lg;(1) (%)

(4.2)
C

t

This gives a uniform curvature bound on compact subsets of (—o00,0). Together
with Perelman’s no local collapsing theorem (which here also holds for complete M™
because of the uniform (in t) lower bound on the reduced volume as described below),
we can use the Cheeger-Gromov-Hamilton Compactness Theorem B.0.2 to extract a
complete pointed subsequential limit Ricci flow (MZ, goo(t), poo) on (—00,0), which
is still type I. An example of the convergence of rescales around a neckpinch to a
shrinking cylinder is shown in Figure 4.1.

As ancient solutions are expected to have a very special structure, Hamilton [18]
conjectured (under a different rescaling procedure) that (MZ,, goo(t)) is a gradient

shrinking soliton.
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M" z >
w (AL ) RO

} } >t
0 T
M™ > >
s (171
t t >t
T 0
MZ, ‘
goo(t) (‘,: Poo( :: (‘,: P
} >t
0

Figure 4.1: Parabolic rescalings (M™, g5(t)) of a neckpinch (A ™ g(t)) and pointed
Cheeger-Gromov-Hamilton convergence near a singular point p to a shrinking cylinder

(M™, goo (1))
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In general, MZ, and M"™ are different smooth manifolds. The definition
of Cheeger-Gromov convergence implies that if MZ, is compact, then in fact

MZ = M™. 1t follows from [29], that Hamilton’s conjecture holds in this case:

Theorem 4.1.1 The rescaling limit (MZ,, goo(t)) obtained as described above is a

gradient shrinking soliton, if MZ, is compact.

The proof uses the monotonicity of Perelman’s entropy functional, which is only
defined on compact manifolds.

We will now describe our idea on how to use the monotonicity of a reduced volume
based at singular time to obtain a proof of the conjecture without the very restric-
tive assumption of MZ, being compact: Let Ip,7 be any reduced distance based at
singular time (p.T) for the Ricci flow (M™,g(t)) on [0,T) as defined in Chapter 3.

For each (q,%) € M™ x (—oc,0), consider for large enough j

3 0@.8) = (e, T + (T — t))0), (43)

which is a reduced distance based at singular time (p,0) for the Ricci flow (M™, 95(t))

on [—Tf—j, 0) because of the scaling properties of the reduced distance.

VI 0B = Voo (T + (T = £)D). (4.4)

We can conclude from (4.4) that

-~ ]_yw . ~
Voo = lim Vor(®

uniformly on compact subsets of (—o0,0). Hence by Corollary 3.4.3, Vg o converge

to a constant in (0,1]. Figure 4.2 illustrates this convergence.

45



-

t
T
T—tj

Figure 4.2: Convergence of the rescaled reduced volumes f/j o based at singular time

to the constant lim V,, 7(t).
t /T p,T()

lOO

We would like to conclude that there exists a locally Lipschitz function Poo

OOn

the limit manifold MZ x (—00,0), such that

. Clo
J oc . 100
lva lpGD70’

and which satisfies the differential (in)equalities of Corollary 3.3.5. Since its
corresponding formal reduced volume Vp";’o is constant, those are equalities for
lggo (0> and we can conclude that (MZ,, goo(t),lg‘;o o(++t)) is a normalized gradient
shrinking soliton in canonical form. To do this, we need uniform bounds on the
sequence of functions lj 08 in the proof of Theorem 3.3.1. However, those bounds
must survive under Cheeger-Gromov convergence.

In [23], this problem has been worked on independently, and estimates have been

derived to define a “singular reduced length”, which is a reduced distance based

at singular time as we constructed in Section 3.3. Those estimates are derived by
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comparison with a minimizing geodesic, and hence, are in terms of the Riemannian
distance away from the singular time. As such, they are preserved under Cheeger-

Gromov convergence. In our notation, they read as follows:

Theorem 4.1.2 Let (M™,g(t)) be a complete type I Ricci flow on [0,T), and let
(p,tg) € M™ x [0,T). Then there exist C > 0 (only dependent on n and the type I

constant) such that

L1 di(p,q) |9 di(p,q) o
(2) E(l+ \/to_—t_) _CSIp,to(qu SC(1+ \/t—()Tf) y
) C dz(p, q)

(ll) Ivg(f)lp,to(Q=f)|g(f)(q) S \/t—OTt:(l + \/tto—_t—)v
.0 C di(p. q)
(Z”) I'd_t‘l ,to(q«alg(ﬂ(Q) < tO — t-(l + \/tto——t_)z

In particular, those estimates are satisfiled by any reduced distance based at
singular time [, 7 by replacing ¢y by T in Theorem 4.1.2. For the metrics gj(t)
defined in (4.1), we have the same type I bound (see (4.2)). We can therefore con-

clude from Theorem 4.1.2 that

di(p, q) )2
V=t

In the same way, the other bounds hold and are preserved under Cheeger-Gromov

0@ <C+

convergence. This allows us to extract l;go,o as we described above, which satisfies
Corollary 3.3.5 as equalities and is normalized for the same reasons as explained in
Remark 3.5.2.

We summarize the above discussions by stating the theorem, which is stated

slightly differently in [23]:

Theorem 4.1.3 Let (M™, g(t),p), t € [0,T), T < 0o, p € M™ be a complete maxzi-

mal pointed type I Ricci flow. For t; /' T, consider g;(t) := Tl_t-g(T + (T —t;)t)
J
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on M™ x [_T—Ij_t’ 0). Then there erists a Cheeger-Gromouv-Hamilton limit Ricci flow
J
(MZ,, goo(t), Poo) on (—00,0) and a potential function lggo o on M™ x (0,T), such

that (MZ,, goo(t), lggo o(+»t)) is a normalized gradient shrinking soliton in canonical

form with bounded curvature.

We saw in the proof of Theorem 3.5.3, that if (M™, g(t), f(t)) is a compact normal-
ized gradient shrinking soliton in canonical form, then the limit soliton constructed

above equals the original soliton, and moreover, the soliton potentials are equal.

4.2 Definition of a density

Consider a type A Ricci flow (M™,g(t)) on [0,T), and let p € M™. For a sequence
t; /T defining a reduced distance based at singular time lp,T’ we have from Defi-

nition 3.4.1 that

Vor@®= [ Jim ((<4vr<T - t‘))‘ge”"*‘i("’i)) dvolyp)(9)-

Using the uniform lower estimate on vati by the square of the distance function in

Theorem 4.1.2, we actually obtain from the dominated convergence theorem that
Vo () = lim V,4.(),
p,T(-) t; /T p,tl()

which is illustrated in Figure 4.3.
We will now consider points in the closure of space-time, i.e. in M"™ x [0,T], to

include the singular time.

Definition 4.2.1 Let (M",g(t)) be a type A Ricci flow on [0,T). For any
(p,tg) € M™ x [0,T] and a reduced distance lpt,, we define a density of (p,tp)
in the Ricci flow (M™, g(t)) by

0, ¢+ = lim Vi, (f) € (0,1].
D.to £/t p.to(—) ( ]
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density loss

4
4
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t

0

Figure 4.3: Convergence of the reduced volumes Vp,ti(ﬂ to a reduced volume based
at singular time Vp,T(t_) and density loss.

If tg < T, then 0Op¢, is well-defined since the reduced distance lp ¢, is unique,
and we have 6,4, =1 by Corollary 2.4.3. For tg = T the density might depend
on the choice of the reduced distance functions, which in general is only defined as a
subsequential limit. If (M™, g(t), f(t)) is a compact gradient shrinking soliton, then
by Theorem 3.5.3 the density OP'T is well-defined, in fact even independent of the
base point p. More general, for products of Einstein solutions with Euclidean space
as in Example 3.5.5, we also obtain that the density is well-defined by equation (3.28).
This provides a collection of densities € (0,1] occuring in Ricci flows, and the values
can be computed by (3.26). In [3], Cao, Hamilton and Ilmanen define an analogous
density for gradient shrinking solitons satisfying their assumptions.

In general, for complete type I Ricci flows (M™,g(t)) on [0,T), it follows from
Theorem 4.1.3 that for p € M™ and choice of Ip,T there exists a gradient shrinking

soliton in canonical form (MZ,, goo(t),°°(t)), which models the singularity at p and
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whose potential function satisfies

6 - = 4n(T — 1))~ Fe~  dvol
p,T = M"( (T —t)) Ze Uoly(t)

for any t. This is depicted in Figure 4.4. While the integral is constant in ¢, it is
only a formal reduced volume, i.e. {°® might not be a reduced distance. This could
even be the case when (A, g(t)) is a gradient shrinking soliton in canonical form if

the limit soliton is not isometric to it.

eP.T = -/Mgo(47r(T - t))—ge_lood‘volg(t)

for a gradient shrinking soliton
(M, 9oo(t),12°(t))

Vp,r(t) for some
Ricci flow (M™,g(t))

>t
0 T

Figure 4.4: Relation between density 6, 7 for a type I Ricci flow (M™,g(t)) and
limit gradient shrinking soliton (MZ, g(t),(°°(t)).

To distinguish points p € M™ where the curvature blows up at the singular time

T, from those where the curvature stays bounded, we make the following
Definition 4.2.2 The singular set ¥ C M"™ for a mazimal Ricci flow (M™,g(t))
on [0.T) is given by

£ = {g € M|[Rmyy (@)l 5 oo}.
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Remark 4.2.3 The points in the singular set £ are equivalently those, where the

metric g(t) becomes degenerate as t — T.
We can prove

Proposition 4.2.4 Let (M™,g(t)) be a maximal type I Ricci flow on [0,T) with

singular set ©. If p € M™\X, then Op1 = 1.

Proof. Give p € M™\X, we rescale g(t) for a sequence t; /T by

95(0) = 0T+ (T~ 10

The bounded curvature of ¢g(t) near p for all ¢t implies the Cheeger-Gromov-Hamilton
limit flow is

(N[go:.QOO(t)) = (Rn’an)y

which by Theorem 4.1.3 is a gradient shrinking soliton in canonical form on flat R"™.
The soliton equation (2.8) immediately implies this is the Gaussian soliton, and hence,
0p 7 =1 by the discussions above. U

We generally expect that the structure of a singularity at p € ¥ determines a

“density loss”, so that ep,T < 1 as shown in Figure 4.3,
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CHAPTER 5

Reduced distance and
monotonicity based at a

submanifold

5.1 Motivation

Our main reason to study a reduced distance based at a point (p,T) at singular time
in Chapter 3 was the application to singularity analysis in Chapter 4. In particular,
the case where p € I, the singular set of the Ricci flow (M™,g(t)), is of interest.
In this chapter, we are motivated by the case where the singular set ¥ is a lower
dimensional submanifold of M™. In general, not much is known about the size of the
singular set for a Ricci flow. The considerations here were triggered by the example
of a neckpinch as shown in Figure 5.1. We will extend the notions of the reduced
distance and volume from being based at a point p € M™ to being based at any
submanifold S ¢ M™.

First, we briefly discuss the neckpinch in Figure 5.1. In dimension n = 2 the

picture is actually false, since the curvature in the neck is negative. For n > 3 the
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M‘n

Figure 5.1: Formation of a neckpinch.

existence of symmetric neckpinches has been rigorously shown in [1]. The authors
identify the n-sphere S™ minus two points with (—1,1) x S~ and consider the

evolution of a metric of the form
g = 06(x)%dz? + p(2)ggn-1, (5.1)

where as before g gn—1 denotes the standard round metric on S™~1 (see Figure 5.2.)

Figure 5.2: A symmetric neckpinch.

For a neckpinch the singular set T is of lower dimension than the manifold M™.
Motivated by this, we will study £— geodesics, which are minimizing the £—length

to any given k—dimensional submanifold S of M™, where k < n and (M™,g(t)) is
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a Ricci flow on [0,T"). We show that the monotonicity of the corresponding reduced

volume still holds, and will also extend it to singular time.

Remark 5.1.1 Besides the symmetric neckpinch, there are other examples where
similar pinching behavior occurs on compact lower dimensional submanifolds of non-

compact manifolds, see e.g. [33] and [13].

5.2 Reduced distance based at a submanifold

In this section, we study the reduced distance based at a lower dimensional sub-

manifold S of M™.

Definition 5.2.1 For a Ricci flow (M™,g(t)) on [0,T) and a compact (not neces-
sarily connected) embedded k— dimensional submanifold S ¢ M™, 0 < k < n, we

define for given tg € (0,T) and any (q,t) € M™ x (0, 1)

(i) the L-distance from (q,t) to (S,ty) by
LS,tO (Q7 t-) = Iigg{LP’tO (Q1 D})

(ii) the reduced distance based at (S, ty) by
LS,t (q’t_)
lS,to(q,t—) = 20—\/———-:
tg—t
(i1i) and

_n | t
vS,t0(0: ) 1= (47 (tg — 1)~ Ze S,to(4:8)

Remark 5.2.2

(i) The compactness of S implies that the infimum in (i) is in fact assumed for
some p € S, te. LS,to(qu) s given by the L—length of an L— minimizing

L— geodesic from (q,t) to (p,tg) for some p € S as shown in Figure 5.3.
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Figure 5.3: The L-distance from (g,t) to (S,ty) assumed by an L-minimizing
L—geodesic v for some Ricci flow (M™, g(t)) with submanifold S ¢ M™.

(ii) It follows trivially from Definition 2.5.3 that

l ,t) = inf {l W
S,t0(a: ) Jn f {Upto(a: D)}
and
vS,t0(a0,8) = sup{vp 4, (q,0)}.
pES
To justify the picture in Figure 5.3, we first state and prove the following
Lemma 5.2.3 We make the assumptions as in Definition 5.2.1. If v : [t,tg] —

M™ with v(t) = ¢ and (tg) = p € S is an L— minimizing L— geodesic such that

L(y) = LS,tO(q’D’ then «y is orthogonal to S at t = tg.

Proof. By the assumption £(vy) = L S,to(q’ t), we consider the following variational

problem: Let
@ (—€,€) x [t tg] > M™

be a (C1) variation with

¢(S,t0) € S,
¢(s,t) = gq,
and ¢(0,t) = ~(t).
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Then the first variation formula (2.15) for £ at the £—geodesic v implies

d
0=10dyL(y) = —

ds |S=O£(¢(S’ t)) = <2 tO - t’Y(t)a Y(t))g(t) %0’ (52)

where
Py
Y(t) = a%ls:o(s’t)’
Y(D = 0,

and Y(to) S T’Y(tO)S'

Recall that by Proposition 2.3.2, the initial vector
w = tl—l'ntl() to —ty(t) € Tv(tO)M

exists. Hence, we conclude from (5.2) that

0= Jlim (\/ig = T3(1). Y (D) (1) = (w. Y (t0))g(rg)

This holds for all Y (tg) € T,y(t O)S (arising from any variation ¢ as above) and implies

that w € (T,y(tO)S)l, the normal space to S at v(tp) in (M™,g(tg)). O

Remark 5.2.4 The case k = 0 is included in the above proof; S is then a finite

collection of points in M™,

The main result of this section is that the three differential (in)equalities for Ip.to

in Theorem 2.3.4 also hold for lg 4,

Theorem 5.2.5 Under the assumptions of Definition 5.2.1, let tg € (0,T). Then
for all (g,t) € M™ x (0,tq) the following three (in)equalities hold:
n__ S 0

2Ato—1t) ~
(5.3)

0
~ 5800 1) — Bg(plste(a:D) + |Vg(015,to(q’ t—)lszv(ﬂ ~ Ry +
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or equivalently , D;(t-)v&to(q,ﬂ <0. (5.4)

lS,to(Qa t-) -n

—IVg(Dls,to(q,Dlg(z) + Ry () + et 208 ,p)l5,t0(0:0) 0. (5.5)

Isto(@®)

=0 (5.6)

0
~252l540(0. ) + 190 40 (0. DI ) = Rypy(a) +

Remark 5.2.6 Similarly to the reduced distance lP»tO’ the reduced distance based at
a submanifold 1 Sty locally Lipschitz on M™ x (0,tg), and in fact smooth away
from a closed set of Lebesgue measure zero for all t. Hence, the (in)equalities hold in

the weak sense, or in particular in the sense of distributions. Compare Remark 2.3.5.
The proof of Theorem 5.2.5 will follow from the next two propositions.

Proposition 5.2.7 Under the assumptions of Definition 5.2.1, let tg € (0,T). Then
for all (¢q,t) € M™ x (0,tg) we have

_3
(i) Vis,1(a DI = =Ry (0) + -7 I5.49(.D) = (to = D 2K (7. 9),

) 0 _ 1 1 -3
(1) F7ls,t9(a.1) = ~Ry()(0) + -7 15,80 (a: 1) = 5(to = )" 2K (7,2),

where
t
k(0= [t - DTHGE.0

0 1 .
H(X,t):= aRg(t) + ZRg(t) - 2(VR, X) + 2Ric(X, X),

and (t) is as in Lemma 5.2.5.

Remark 5.2.8 The equalities in the proposition were observed for lp,to by Perelman.
H(X,t) is Hamilton's Harnack ezpression, which is nonnegative for all vector fields
X along any complete Ricci flow (M™,g(t)) with bounded nonnegative curvature
operator. We will not need any properties of this expression, as will become clear in

the proof of Theorem 5.2.5.
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Proof. It follows from Lemma 5.2.3 and the first variation formula (2.15) that
VLg,(q.8) = =2V/tg — £5(1).
Hence,
VL3400 DI = 4ltg = 1) 1507 = =4(tg =D Ry() +4(to =D (Ry(py +15(). (5.7)

We also get

0 d .
c')tLS to q’D = di LS tO »{) - (VLS to(qat_)»v(f))

= Vg = LIADP + Ry (@) + 2Vt — T H(D)?
= —2Vlg—tRyp(9) + Vo - L (Ry(py (@) + 1(DI?).  (58)

We can use Perelman’s [26] computation along the £— minimizing £— geodesic ~(t)

as in Lemma 5.2.3, which in our context reads
3 2 1
(to = D2 (Ry(qy(0) + 1¥DI?) = ~K(3,0) + 5L 40(a, D). (5.9)
Plugging (5.9) into (5.7) and (5.8), we obtain

4 1
VLg 4(a.D1% = —4(tg - DRy + \/’t—o'—__{(ﬁLS,to(Q»{) - K(7,9))

0 1
and “LStO t-)“'_QVtO_ tR t_) (2LSt0 ’{)_K(%t_))’

and therefore
1 _3
IVis.1(a.DI* = =Ry (@) + = 1s.49(0. D) = (to =D 2K (7,1)

0 1 1 _3 A
and  —=ls15(9.0) = =Ry (@) + = s4(a-8) = 5(to =) 2K (v, 8). O
To obtain the monotonicity result of the next section, we will now show that the

crucial differential inequality (5.4) holds for the reduced distance to a submanifold.
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Proposition 5.2.9 Under the assumptions of Definition 5.2.1, we have

O @)vSit(:1) <0
in the weak sense.

Proof. We argue by contradiction: Assume there exists a (small) parabolic cylinder
P =Ux[tg,t1) C M™x(0,¢g), U open, such that for all 0 < ¢ € C2,(M™ x (0,t0))

with support in P
//P US,t0D¢ dvolg(t)dt > 0.

Inverting time (7 := ty — t) implies that ~VS to is strictly subparabolic in the weak
sense of Friedman [14], and we will apply his (strong) maximum principle several

times to derive a contradiction. By Remark 5.2.2 (ii)

USt0(a: 1) = sgg {vp,to(a: )}
Let p € S, vp :=vpy,(q,f) and vg := vs,to(q,t_). Then vp < vg,, and we know
from (2.19) that
D*vp <0
in the weak sense. Now let T := P\P and wp be a solution to
O*wp = 0 inP
wplp = vplp
Hence,
O0*(vp — wp) <0,
and the maximum principle implies
vp < wp in P. (5.10)
Similarly, let wg be a solution to
O*wg = 0 inP

wglp = vglp



Since
O*(wp —wg) =0
and wp|p = vp|pr < vglp = wglp, the maximum principle implies that
wp < wg in P. (5.11)
As p € S was arbitrary, we conclude from (5.10) and (5.11) that
vs; < wg in P.

Using vg|r = wg|r and the maximum principle again, this contradicts the assump-

tion that in the weak sense in P
O0*(vg —wg) > 0,
which finishes the proof. 0O

Remark 5.2.10 In the above proof, we only needed the weak mazrimum principle,
which follows trivially from Friedman’s strong mazimum principle. Moreover, by
Remarks 2.3.5 and 5.2.6, we could have assumed vp and vg are smooth and P,

and purely worked in the smooth category.

Proof of Theorem 5.2.5. The first differential inequality is equivalent to Proposi-
tion 5.2.9 by definition of VS to-

We obtain equation (5.6) by subtracting (i) —2: (ii) in Proposition 5.2.7, since then
the term involving K(vy.t) cancels.

Finally, the inequality (5.5) follows as —2-(5.3)+(5.6). O

Remark 5.2.11 By combining the ideas of Perelman’s original proof for the first two
equalities with the comparison principle proof for the differential equality, we avoid a
lengthy discussion of a Laplacian comparison theorem for L Sito in the setting of the

submanifold S.
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5.3 Reduced volume monotonicity based at a
submanifold

The purpose of this section is to show the monotonicity of the reduced volume corre-
sponding to the reduced distance based at a submanifold S. Therefore, we now make

a further generalization of Perelman’s reduced volume.

Definition 5.3.1 Under the assumptions of Definition 5.2.1, we define for each

t € (0,tg) the reduced volume based at (S,tg) by
Vsig® 1= [ us,10(0.D) duolya(a)
By definition, we have for any p € S and t € (0,¢ty) that
VS,tO(Z) 2 ‘:,p,t()(t_)'

To guarantee the existence of the reduced volume based at (S,ty), we prove the

following
Lemma 5.3.2 VS,to(t_) as in Definition 5.3.1 is finite for any t € (0, tp).
Proof. Fix t € (0,ty). For any g € M, there exists a p € S such that

15,00 1) = lpto(a. D).

The known estimate for the reduced distance in terms of the Riemannian distance at

time tp (see e.g. [36]) gives

lp.t(0,2) = C1d5 (p.q) - Co,

where C; > 0 and Cy > 0 are constants only depending on { and the curvature
bound. Using the equivalence of the metrics along the Ricci flow on [0, tg], we obtain

for a possibly different constant Cy (with dependencies as above) that

l5.45(2.D) > C1d3(p,q) - Co,
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and thus
l5,4(0:D) > C1d3(S,q) - Co. (5.12)

The finiteness of VS,tO(E) now follows from the convergence of the integral

—d%(s,
/Me £(5:9) dvolg(a(q) < 00
for compact Sc M™. O

Corollary 5.3.3 (Monotonicity based at a submanifold)

Under the same assumptions as in Definition 5.8.1, we have
(2) %Vs,to(a > Oa

(i) If Vs,1o(T1) = Vi 4y (f2) for 0 <@y <3 < tg, then (M" g(t),lg4,(-,1)) is a

flat gradient shrinking soliton in canonical form.

Proof. This is very similar to the proof of Corollary 3.4.3 (i) and (iii), since the
differential (in)equalities in Theorem 5.2.5 hold. The technical ingredient in the
setting here is the comparison of [ S’to(q,f) with dtg(S’, q) in (5.12).

To see the flatness of the gradient shrinking soliton (M™, g(t), ! S,to( -,t)) obtained

in (ii), we first use Remark 2.2.4: For t € [tg — 1,tg], we have

g(t) = (tg — t)oig(tg — 1).

Together with the fact that the curvature of (M™,g(t)) is bounded by C on

[to — 1,tp], we obtain

SXJPIng(tO—l)Ig(tO—l) = SX}’|Rm¢{g(to—1)'¢29(to—1)

= splEm L) et
= (to—1) v 1Ry t)lg(t)

< (tp-t)C.
Letting t — tg finishes the proof. O
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5.4 Reduced distance and volume based at a
submanifold at singular time

The purpose of this section is to show that similar to Section 3.3, we can define
a reduced distance and volume based at a submanifold at singular time under the

type A curvature bound assumption.

Theorem 5.4.1 Let (M™,g(t)) be a Ricci flow on [0,T) of type A, and S C M™
be a compact (not necessarily connected) embedded k— dimensional submanifold,

0<k<n. Let also t; /" T. Then there ezists a locally Lipschitz function
lgr: M™% (0,T) — R,

which is a subsequential limit

CO

loc

(M™% (0,T)

Ist; ST
and satisfies for all (q,t) € M™ x (0,T) the following differential (in)equalities:

0
—a_t_lS‘T(q’a - Ag(DlSaT(q’t_) + |vg(t_)lS,T(Qv ﬂlgm - Rg(f) (9) + —Q(Tn—_ﬁ >0,

(5.13)

or equivalently for vg (g ©) = (4m(T - )~ ZeST(@)
Og@vs.r(@:d) <0. (5.14)
—|v9 (t_)ls,T(q, ﬂlf,@ + Ryp(9) + ET—;‘]?{—_”— +28p)ls,r(g,) 0. (5.15)
_za%‘lsf(q’ 0 +1v90i5r(a, DIZ(Q - Ryp(9) + 15—5@ = 0. (5.16)

Proof. This proof is now almost identical to the proof of Theorem 3.3.1. For the
uniform bound on LS,tiv we can use the same estimate: For p € S, (¢,%) € M"x(0,T)
and Lg . (g,t) > 0, we have

ILst, (.0 < |Lp;(a,B)l-
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If LS,ti(q’t—) < 0 the bound follows from the same argument as in the proof of
Theorem 3.3.1, with y(t) being an £—minimizing £— geodesic from (g,f) to (S,¢;).

Similarly, the derivative bounds follow by letting <;(t) in Lemma 3.3.4 be an
L—minimizing £—geodesic from (g,%) to (S,¢;). With the results about [ Sty Ve
have stated earlier, in particular Lemma 5.2.3 and Theorem 5.2.5, the rest of the
proof follows. (]

With Theorem 5.4.1, we can make the following
Definition 5.4.2 Under the assumptions of Theorem 5.4.1 we define
lsT: M*x (0,T) - R

to be a reduced distance based at singular time (S,T) in the Ricci flow

(M™, g(t)).
Next, we define the corresponding reduced volume.

Definition 5.4.3 Under the assumptions as in Theorem §.4.1 we define a reduced

volume based at singular time (S,T) by

Vs (f) := /M vs,1(q, t)dvoly iy (q).

Remark 5.4.4 Contrary to Remark 3.4.2, the finiteness of VS,T(t_) does not follow
by the same argument. However, we can transfer the estimates from Theorem 4.1.2
to the submanifold setting, in the same way as we did in the proof of Lemma 5.3.2.

We conclude that for every t, VS,ti(a subconverge to VS,T(E)- which is finite.

Now we state the monotonicity for this reduced volume.
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Corollary 5.4.5 (Monotonicity based at a submanifold at singular time)

Under the assumptions as in Definition 5.4.3, we have
(i) £Vsr() 20,

(ii) If Vgr(f1) = Vgr(tp) for 0 < t) <ty < T, then (M™,g(t),lg(-t)) is a

gradient shrinking soliton in canonical form.

Proof. This is now standard. O

5.5 Examples

We consider examples, to indicate that the structure of the submanifold S in the
Ricci flow (M™,g(t)) determines the behavior of the monotone quantities defined in

the previous sections.

Example 5.5.1 Consider the Ricci flow on [0,T) from FEzample 8.5.5 on

M™ = Nk x RE, where Nk is an Einstein solution. Let
S =N""Fx {z¢} c M.

Then we use (3.21) to compute for t; € [0,T), p = (0g,zg), as well as
g=(0,z) € N"F x RF

le+.(q,t) = inf l,+.(q,t
S,t,(q t) es p,tz(q t)

|z — 1'0|2 k
= inf g 4 (0,0)+ ——R
fpeNn—k foti At; — 1)
t t'—t- 2
nk 1 arctan f—_ti)+|z—x0|Rk
2 t,—t 4t; — 1)

X
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In particular, we find that for any p = (6g,z9) € M

2
n—k 1T—zolo

and therefore, as computed before,
- Rgo \ 5 -
%xm—(g;)vwwM—%z@,

i.e. we can say that

Rgy \ 3
Os1 = (ﬁ) Vol(go) = 0y

Alternatively, in Example 5.5.1, we can immediately see from Lemma 5.2.3 and

the £— geodesic equation that £—minimizing £- geodesics from (g,%) to (S,tg) are

constant in N~ This is similarly the case for a symmetric neckpinch as discussed

in Section 5.1. In fact, the symmetries in equation (5.1) imply

br=IlyT

for a symmetric neckpinch, where p € £. For general Ricci flows, however, we do not

obtain this.
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CHAPTER 6

Conclusions

6.1 Reduced distance based at a point at singular
time

In Chapter 3 of this dissertation, we have extended the reduced distance to base points
at singular time, and have shown that the associated reduced volume is monotone. We
can make the following alternative definition of a reduced distance based at singular

time, which we denote by (.

Definition 6.1.1 Let (M™,g(t)) be Ricci flow on [0,T) of type A. For p € M™, we
define

1 (T .
U0 = smmsinf [ VT30 + Ry 0(0)

where the infimum is taken over all (piecewise C1) curves
v [ET] - M y(E) = q. +(T) = p.

The infimum is well-defined, since the functional is bounded from below because of the
type A assumption. In general, however, I(q,t) will not be assumed by a minimizing

curve v : [t,T] = M™, ~(t) = ¢, v(T) = p.
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Understanding the relation between [(q,f) and lp’T(q,t-) might help to answer
both, the question of uniqueness of I, 7, i.e. independence of the sequence {t;}
used to define it, as well as the question of the dependence of lp,T on the base
point p € M™. This is of particular importance in the case of gradient shrinking
solitons, where the relation between the soliton potential f and a reduced distance
Iy T based at singular time needs to be further understood (in the noncompact case).
The failure of f to be equal to lp T seems to contain geometric information about
the structure of the soliton, in particular the relation between the critical points of
f and the choice of the base point p. Here, both the comparison geometry and the
partial differential equations points of view of the reduced distance should be helpful.
Techniques involving the reduced distance based at singular time, similar to the ones
in this dissertation, are also a main tool in (23] to classify 4-dimensional solitons of
nonnegative curvature operator.

We discussed applications to the singularity analysis using lp,T in Chapter 4.
The uniqueness of the reduced distance based at singular time would imply a well-
defined notion of the density Gp‘T in Section 4.2. Regularity theorems similar to
White's local regularity theorem for the mean curvature flow [35] should then hold,
i.e. using localized quantities one should get a generalization to singular time of the
local regularity theorem in [25].

One can obtain similar results to those in this dissertation for the forward reduced
distance and volume as defined in [12]. In this case, gradient expanding solitons
replace the role of gradient shrinking solitons. We will not include further details

here.
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6.2 Reduced distance based at a submanifold

We have generalized the reduced distance to be based at a compact k— dimensional
submanifold S, 0 < k < n, of a Ricci low on M™ in Chapter 5, and extended
the associated reduced volume monotonicity to singular time. We mention that
one can also develop the theory of L£g—geodesics similar to Perelman’s theory of
L~ geodesics. In particular, for each t' € [,tg), the time ¢ £g-exponential map

is
L . 1 n
sexpy: (TS)~ — M7,

(p,v) — ’Yp,v(tl)»

where p € S € M", v € (TpS)J' ~ Rk and Yp,u is the L—geodesic with
Yp,v(tg) = p and initial vector v at ty. One can then study the Lg-cut locus and
Lg-Jacobi fields to obtain the expected results.
Similarly to the reduced volume based at a point at singular time, we expect
Jim Vo,

if finite, to carry information about how the submanifold S evolves under the Ricci
flow on M™. We can then define a density of a submanifold in the flow. When S =X,
the singular set, this limit is related to the structure of the singularity as is the case
for the reduced volume based at a point in the singular set at singular time. If the
singular set does not collapse completely (unlike a neckpinch), this quantity should
provide insight which the reduced volume based at a point cannot provide. Finally, we
expect that one can weaken the smoothness assumptions on the set S, in particular

to include more general (compact) singular sets.
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Appendix A

Shi’s derivative estimates

For the convenience of the reader, we give the following statement of Shi’s local

derivative estimates [32], as it can be found for example in [7]:

Theorem A.0.1 For any o, K,7 > 0 and n,m € N, there exists a constant
C =C(a,K,r,n,m) such that if M"™ is a manifold, p € M™, and g(t) is a Ricci

flowon U x [0,T],0< T < %, where Bg(O) (p,7) C U open, and if
[Rmyy (@, )y K forallz €U and t € [0,T],

then
C(a,K,r,n,m)
Ivamg(t) (y’ t)lg(t) < t%l'

for all y € Bg(O)(pv 5) and t € (0, 7).
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Appendix B

Cheeger-Gromov-Hamilton

Compactness Theorem

For statement and proof of the following compactness theorem, see for example (7]. It
is Hamilton’s adaptation of the well-known Cheeger-Gromov Compactness Theorem

from Riemannian geometry to the Ricci flow.

Theorem B.0.2 (Cheeger-Gromov-Hamilton Compactness) Let
{(.r\fl-",gz-(t),a:i)},t € (a,w), be a sequence of complete pointed solutions to the

Ricci flow and tg € (a,w). Assume that

(i) |Rm(gi(t))|gi(t) < C on M} x (a,w) for some constant C' independent of i

and
(ii) injgi(to)(xi) > 6 > 0 for some constant 6 independent of 1.

Then there exists a subsequence of {(M]*,g;(t),z;)}, which converges to a complete

pointed solution {(MZ, goo(t),Too)},t € (a,w), to the Ricci flow and

|Rm(900(t))|goo(t) < C on ML x (a,w).
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The convergence is in the CP(goc(tg))-topoiogy for each p > 0, i.e. there exists a
sequence of open sets U; C M, with 200 € U;, U; C U;4q and U;U; = MY, and
there ezists a sequence of diffeomorphisms F; : U; — MD with V; := F;(U;) and

F;(z00) = z; such that for every compact K C MY, and I C (a,w)
F'9;(t) — goo(t) in the CP(K x I, goo) topology .

The injectivity radius bound needed to extract the limit flow generally follows from

Perelman’s “No Local Collapsing Theorem.”
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