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ABSTRACT

THE CONTRIBUTION OF AN ELASTIC

WALL SUPPORT TO THE DEFLECTIONS

OF A THIN CIRCULAR PLATE

by William V. Brewer

The axially-symmetric problem examined is as follows.

A thin circular plate (or disk) is attached (bonded, glued,

welded) to the wall of a cylindrical shaft (or hole) in a

massive or thick walled solid, The disk and shaft share the

same axis of symmetryo

The generality of the mathematical model of this

problem is limited by the two component theories used in

its solution: classical, three-dimensional, small-strain,

theory for a homogeneous isotrOpic elastic solid used for

the supporting wall; classical, small—strain, thin—plate

theory without mid-plane forces used for the plate fixed

to the supporting walla

The other two limitations on the generality of the

theory are: choice of axial-symmetry to obtain a non-plane-

strain solution in two dimensions; selection of the stress

profiles at the boundary shared by the two bodies. Thus

the matching of the SIOpe and displacements at this common

boundary is limited to a single apprOpriate point.
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Within the above limitations the problem is solved

for all plates without holes or inclusions and having uni-

form thickness and material parameters. Any load q(r) is

admissible. The solution for the wall would allow the other

plate solutions (i.e., with a hole and/or inclusions and

also having variable thickness and/or material parameters)

to be develOped in a parallel fashion with comparative easeo

The solution allows the wall and plate to have dif—

ferent material parameters.

The solutions for the shear and the moment applied

to the cylindrical wall are easily used together or separately

to solve a variety of other problems where such a wall is

similarly loaded.

Since the mathematical model for the wall is solved

for all of space and since the solutions all decay with

respect to increasing r and 2, these solutions can be used

to approximate those of objects with sufficiently thick

walls having cylindrical cavities. In the case of the self-

equilibrating moment, where shear is small, the walls need

not be very thick.

The specific example used to illustrate the solution

procedure sets the load q(r) = q(a constant) and lets the

10 5 2

100' 100' 100'

ratios the ratio of the elastic moduli of plate and wall

For these
 plate thickness/diameter ratio be

is allowed to range from Ep/Ew = 0 to Ep/Ew = 10. For each

of the thickness/diameter ratios, the deflections w(r) based
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on the assumptions of a rigid wall and of a wall and plate

of same material, never differ by less than 300% for any

given r. Similarly the maximum radial tensile stress at

the wall never varies by less than 200%. The effect of

Poisson's ratio varying from .25 to .30 is relatively small

but becomes more significant for thinner plates.

The deflection at the wall is small for thinner

plates, while rotation at the wall is still comparatively

large.

There is little reason to believe that the trends

indicated by this example would change significantly for

other usual loadings and geometries within the scope of

the problem.
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TABLE OF SYMBOLS

English Symbols

AIL»). B(w)

a,b

c=2(l-v)

D_ 2Eb3

_ 3(l-v2)

arbitrary coefficient functions of solutions to

V” E (r,z)=0

radius and half-thickness of the undeformed plate

group of constants appearing frequently

plate modulus

D(x)=[x2(K2(x)—l)-c] group of terms appearing frequently in

the displacement solutions

elastic modulus in tension and compression or

Young's modulus

E for the circular plate

E for the wall supporting the plate

vector potential function defined by Galerkin

Elastic modulus in shear G: the Lame‘ constant u

HP: R/b or na/b half-period of functions to be integrated in

HPS

HPR

expressions for displacements

starting point for the numerical integrations

expressed in half-period lengths

range of the numerical integrations expressed in

half-periods

vii
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% f pq(p)dded6dY an integral appearing

o

Iw(r)= i

O
H

Y

I 6 f

o o

in the general solution for the plate displace—

ment w(r)

Iw=Iw(r) at r=a the edge of the plate

Iwr(r) = 5%Iw(r)

Iwr = Iwr(r) at r=a the edge of the plate

1 _d(rIwr(r))

 

Iwrr(r)=-E-dr

Iwrr = Iwrr(r) at r=a

Kn(x) Modified Bessel Functions of the Second Kind and

order n

K(x)=KO(x)/Kl(x) group of terms appearing frequently

K=K(x) at x=wa

Mr(r) moment resultant per unit circumferential length

applied in the 0-direction (right-hand-rule) to

the r-face of a differential element of plate

material (dr)x(rd0)x(2b)

z=b

M(o)= f [or(a,z)]sz = f [0°z]z(l°dz) moment resultant per

A z=_b

unit circumferential length applied to the wall

N(x) = [l+xK(x)] group of terms appearing frequently in the

displacement solutions

viii





PHP partition of the half-period HP into PHP equal

parts

Qr(r) shear resultant per unit circumferential length

applied in the z-direction to the r-face of a

differential element of plate material (dr)x(rd0)

x(2b)

z=+b Z 2

0(1) = f [Trz(a,z)]dA = f T(l-Bf)(l°d2) shear resultant per

A z=-b

unit circumferential length applied to the wall

q(r) plate load per unit area applied in the z-direc-

tion to the z-face of a differential element of

plate material (dr)x(rde)x(2b)

R(r) one of the solutions to V2 §2(r,z)=0 where

gZIrIZ)=R(r)Z (2)

R =3R(r)

r 3r

=32R(r)

rr 3r2

(r,6,z) cylindrical coordinates

S(x) [§$2I§L - Cos(x)] group of terms appearing frequently

X

> .

u=(ur, v6, w) displacement vector in the elastic solid

ur(r,z,o,T) displacement in the r—direction

ur(r,z) displacement in the r-direction

g u (r,z,o,0) infinite integralsus(r,z)= r

us(z) = us(a,z) infinite integrals

us = us(a,0) constant

ix



G
ut(r,z) =I? ur(r,z,0,T) infinite integrals

ut(z) = ut(a,z) infinite integrals

ut = ut(a,b) constant

G aur

uzs(r,z) = 3 FE— (r,z,c,0) infinite integrals

uzs(z) = uzs(a,z) infinite integrals

uzs = uzs(a,0) constant

G aur

uzt(r,z)= ? FE—'(r’z'0’T) infinite integrals

uzt(z) = uzt(a,z) infinite integrals

uzt = uzt (a,0) constant

w(r) displacement of the plate in the z- direction

w(r,z,o,T) displacement of the elastic solid in the z—

direction

w(r,z) displacement of the elastic solid in the z-

direction

ws(r,z)= g-w(r,z,o,0) infinite integrals

ws(r) = ws(r,0) infinite integrals

ws(z) = ws(a,z) infinite integrals

ws = ws(a,0) constant

wt(r,z) = g-w(r,z,0,T) infinite integrals

wt(r) = wt(r,0) infinite integrals

wt(z) = wt(a,z) infinite integrals

wt = wt(a,0) constant

g(r,z) component of Galerkin's vector potential F in the

z-direction....also referred to as the Love strain

function





§4(r,z) satisfies V1+ §4(r,z)=0

§2(r,z) satisfies V2 §2(r,z)=0

Z(z) one of the solutions to V2 §2(r,z)=0

where 52(r,z)=R(r)Z(z)

 

_ 3Z(2)

ZZ— 32

Z = 822(2)

22 32

Greek Symbols
 

v Poisson‘s ratio

or, 06, oz, etc. tensile stress in the indicated directions

(not partial derivatives)

0 maximum or on the common boundary between the

plate and wall support

Trz, Ire, T62 shear stress on the faces and in the direc—

tions indicated where Tij= Tji for all cases

considered

T maximum Trz on the common boundary between the

plate and wall support

w separation constant in the solution of

V2§2(r,z)=V2R(r)Z(z)=0 but considered a

variable in the Fourier integral sine and cosine

transformations

Other Symbols
 

2_ 32 1 a 32 a .
V -(§ET + 5-5? + 5;?) LaplaCian operator shown for the ax1ally

symmetric case

xi
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I. Introduction

Design and the boundary value problem

Design may be defined as the combination of two or

more known techniques or solutions in a new application to

achieve a desired result. Most design problems in mechanics

 

are in some way concerned with specifications and/or results

at boundaries and therefore may also be interpreted as

boundary value problems. We will combine two solutions in

such a manner as to both match and influence each other at

their common boundaries.

Area of interest

In the area of elastostatics the interaction of

bodies having a thin cross—section with those having massive,

solid or thick cross-sections is often neglected. In such

cases the solid is usually assumed to be rigid and contri-

butions to deflections therefrom are not investigated.

That the solid may contribute to deflections is recognized

even in cases where both bodies are made of the same mater-

ial. A plane stress (strain) case of a beam intersecting

a half-plane body at right angles was investigated inde-

pendently by Weber [1] and Muskhelishvili [2] who employed



  



different assumptions. Weber modeled the problem by applying

to the half-plane the linear axial tensile stress distribu-

-b$y$btion of simple beam theory: 0X(0,y) = (Omax) y

-b>y>b
= O

Muskhelishvili however applied a linear axial displacement

distribution:

u (0,y) = (u )y -b<y<b
x = max -b>y>b

It is noted by O'Donnell [3], who compared these solutions,

that even though the latter case results in an infinite

 value of stress Omax at y = 1-b the resultant displacements

obtained due to rotation at the wall differ by only 15%.

O‘Donnel chose a cubic stress distribution as a compromise

between the first two models and obtained results between.

He also investigated the effect of shear by applying a

constant shear to the wall: I (0,y) = T constant -b$ys+b

XY = O -b>y>+b

O‘Donnell also investigated the plane stress case experi-

mentally. The various results and comparisons are displayed

in several graphs. More recently Cook [4] generalized this

problem to many evenly spaced beams intersecting a half-

plane.

An investigation of a non-plane-stress problem was

conducted by Brown and Hall [5]. In this case a shaft of

circular cross-section intersects a half-space body at

right angles. The problem is modeled by applying the axial

tensile stress from simple beam theory to the half-space.

Deflections are obtained both theoretically and experiment-

ally. Shear stresses were not.considered.



II. Selection and statement of the problem

We will study the contribution of an elastic wall

support to the deflection of a thin plate whose edge is at

every point attached (bonded, glued, welded) to the surface

or cast in one piece with the surface of the wall support.

See figure 1. We will want to be able to specify the ma—

terial parameters of plate and wall separately.

Symmetry

The axially—symmetric problem to be examined is as

follows. A thin circular disk or plate is fixed at its

edge to the wall of a cylindrical hole or shaft in a solid.

The disk and shaft share the same axis of symmetry.

Coordinates and geometry
 

Cylindrical coordinates (r, 0, z) are used to des-

cribe the problem with independency with respect to 0 due

to symmetry. The axis of symmetry (0, z) is taken with

"z" positive downward. The undeformed disk is described

in the obvious way, occupying the space -b$zs+b and 0<r$a

for all 0 where a>>b. Similarly the undeformed solid occu-

pies the space -w<z<+w and r>a where an infinite solid is



chosen to further simplify the problem. The positive direc-

tions of important quantities listed in the table of symbols

are shown in figure 2.

Component theories
 

The deformed solid is to be described by the classi—

cal three-dimensional elasticity theory for homogeneous

isotrOpic solids experiencing small strains. The deformed

disk is to be described by classical elastic plate theory

approximating the conditions to be prescribed at the common

boundaries and compatible with the resulting displacements.

Boundary conditions
 

On the common boundary between the plate and solid

let the radial tensile stress or(r,z) and the shear on the

r" face Trz(r,z) be assumed to be or(r = a,-szSb) = 0:2

2

— .. = -31..
Trz(r — a, bszsb) T(l b2)

where o and I are constants to be determined. Only the

stress profiles are specified. It is not expected that any

choice of o and T will produce identical displacement solu-

tions at every point on the common boundary. If however

0 and T are determined by requiring displacements and slope

be equal at the plate midplane (a,0) then displacements in

each solution should be close for all coordinate values on

the common boundary except perhaps near points of stress

discontinuity (a,b) and (a,-b). In O'Donnel's [3] discus-

sion of the analogous plane stress (straim case, where



Figure 1. Thin plate with thick wall support
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Figure 2. Coordinates and geometry
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shear is neglected, he notes that if a linear displacement

profile or a linear stress profile is assumed the variance

of the general results from experimental evidence is approxi-

mately 15% in either case even though stress becomes in—

finite at (a,b) and (a,-b) for the linear displacement

assumption. The stress profiles imposed are the major

restrictions on the problem.

First, solutions for the wall will be found and

then the requirements of the plate will be examined in

Section III.



III. Mathematic development

Axially-symmetric isotropic elastic solid

In elastostatic problems without body forces the

Navier equation [6, p. 88] becomes

1 > _

mVIVIIU~0o

Galerkin defined a vector function

[V2 +

265 s [2(1-v)v2 -V(V-)]F

such that the Navier equation reduces [6, p. 119] to

V“E'=o.

In the case of symmetry with respect to the z-axis the

z—component of Galerkin's vector is particularly important.

Let F = (0,0,§(x,y,z)).

If both the elastic body and its loadings are axially sym-

metric the gbis a function of r and 2 only. Let

§(x,y,z) = §(r,z).

This last function is called the Love strain function be-

cause it was developed earlier by Love [7, pp.274—277]

using a different method [6, p. 130]. The displacements

and stresses may be expressed in the following manner [6,

pp. 129-130] as functions of §(r,z) where §(r,z) satisfies

the biharmonic equation



V“§[r,z) = 0

32

2Gw = [2(1—\))V2 — €57] 2(r,z)

2Gve 0

_ ’32 (r12)

2Gur _ 3r 32

2

o = 5%I<2-v)v2 - 37:] a

 

_§ IvVZ - 32 ) Z

0r = 32 3rz —

oe=_2.<vv2-_l__a.>z
32 r 3r

_ 3 _ 2 _ 32

Tzr - 3?[(l V)V 322]Z

Ire - 0

I02 = O

(3.1)

Strain function
 

A function §4(r,z) must be found such that

V“§4(r,z) = 0 . . . . . . [6, p. 122]

is satisfied.

The solution begins with

V2§2(r,z) = 0

where §2(r,z) is of the form §2(r,z) = R(r)Z(z).

In cylindrical coordinates the Operator V2 is

(32+_1__§_1 32+32)

3r2 r 3r F7 362 az'2 '

2 — l‘. 2Then V (R(r)Z(2)) — Rrrz + rRrZ + R222 0

and (R +lR)z+Rz =0.
rr r r 22

This equation is solved by separating the variables.



 
 

Choice of constant w2 and the minus Zzz gives results suit-

able for the application to be made.

The resulting equations

 

ZZ _ 2

Z (.0

Rrr ERr
 

become

Z + wZZ = O
22

rZR + rR - rzsz = 0 respectively.
rr r

They are well known and possess the solutions

Z = AlSin(w2) + BlCos(wz)

R = A2I0(wr) + B2K0(wr)

where Al’ A2, B1’ and B are arbitrary constants and I0

2

and K are Modified Bessel Functions of the first and second

0

kind and order zero.

Boundary problem and Fourier integral transforms

From section II the conditions required on the two

boundaries of the elastic solid are these:

1. The stresses must be bounded at infinity.

2. The displacement in the radial direction

ur must be zero at (r,z) = (a,o) where the

midplane of the plate intersects the cylindri—

cal wall.



lO

3. The stresses at r = a on the interior surface of

the hollow cylindrical shaft are

0
a. or(a,z) = 52 -b<z<b

= 0 -b>z>b

_ _ E 2 _
b. Trz(a,z) — TIl (b) ] bszsb

= 0 -b>2>b

where o and T are the maximum stress values and

(plate thickness "t")
b = 2

(3.2)

Consider condition (1) above. It requires that A2 =

0 since IO + w as r + w and would lead to unbounded stress

solutions at infinity. Note that solution Z(2) may be

separated into even and odd parts. Condition (3) above

requires only the even part. Therefore let A1 = O.

The desired solution is

22 = R(r)Z(2) = K0(wr)Cos (LUZ)

It can be verified by substitution that Z4 satisfies V“Z =

0 when

_ 3

£4 ‘Aéz + Brsi'i’lz

and since

—2K (wr) = -wK (wr)

3r 0 1

then

Z_4 = [AK0(wr) + Berl(wr)] Cos (wz)

(3.3)

also satisfies V“Z = 0.
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If equation (3.3) is a solution, then any finite

or integral sum of such functions, having different arbi-

trary coefficients A(w) and B(w), is a solution. The A(w)

and B(w) are independent of r and 2 but will be considered

functions of w in the Fourier transformations to be used

in the solution of the boundary problem. The desired strain

function is given below.

£4 = [JgLa%[A(w)Ko(wr) + B(w) erl(wr)]Cos(w2) dw

o

(3.4)

Substitution of this function into equations (3.1) yields

the following expressions (3.5).

2Gw(r,z) = f7; i—[A(w)K0(wr)

o

+ B(w)(erl(wr)-4(l—v)K0(wr))] Cos(wz)dw

2_°°—1
2Gur(r,z) — /;\—5[A(w)Kl(wr)f

o

+ B(w)er0(wr)] Sin(wz)dw

At 2 = 0 the displacement in the "r" direction

ur(r,0) is zero. Condition (2) is satisfied in

equations (3.2),

 

3u (r,z) w

2G r32 = £¢§TA(M)Kl(wr) + B(w)erO(wr)] Cos (mz)dw

Or(r,2) = éI/glAm) (K0(wr) + UEKIIer)

-B(w)([l-2v]K0(wr) — erl(wr))]Sin(wz)dw

_°°2_
Trz(r,z) — é%;‘[ A(w)Kl(wr)

+ B(w)(2[1-v]Kl(wr)-er0(wr))] Cos(wz)dw

(3.5)
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To satisfy the last boundary condition "3" (3.2) let the

general expressions (3.5) for or and Trz equal "3" at r = a.

—b<z<b 15"-

b °°2 1
= f/::[A(O.)) (K0(wa) + ——Kl(wa))

-b>z>b 0 o N “a

-B(w)([l-2v]K0(wa)-waKl(wa))]Sin(wz)dw

z 2

-b€Z€b T (l—[B] )

= f/Z[-A(w)Kl(wa)
-b>z>b o nO

+B(w)(2[l-v]Kl(wa)-waK0(wa»] Cos(wz)dw

(3.6)

There are now two equations which may be solved for the two

unknown functions A(w) and B(w). Equations (3.6) may be

expressed in the form

or(a,z) = J; f[f(w)] Sin(wz)dw

o

T (a,2) = I/ZHgMH Cos(wz)dw
r2 ITO

(3.7)

which are already the Fourier Integral Sine and Cosine

Transforms of f(w) and g(w). These transforms possess the

property of being the same as their inverse transformation,

hence if the above equations (3.6) are transformed

jngor(a,z)] Sin(wz)dz J§f[J%IIf(w)I Sin(wz)dw]Sin(wz)dz

0 o o

f(w)



l3

J%}[Trz(a,z)] Cos(wz)d2 J%T[J§I[g(w)l Cos(wz)dw]Cos(wz)dz

o o o

= q(w)

A(w) and B(w) can be determined explicitly by substituting

expressions (3.2) for or and Trz in the above equations.

b
00

J%W[%.z] Sin(wz)dz + )ZU[0]Sin(wz)dz = f(w)

o Trb

b
C!)

X§I[T(l-(%)2)] Cos(wz)dz + JEUIOI Cos(wz)dz = g(w)

o b

Integration yields the following results [8,pp. 80-81]

b

I)??? [%-2-Sin(wz)—Z-];—2 Cos(wz)] + 0 = f(uo)

o

fiql Sin(w2) - l (22 c ( )+{ZZ — 2}s‘ ( ))]bR w 37- 57 05 OZ 5— ET in wz o

+ 0 = g(w)

@%I§%HEEL - Cos (wb)I = f(w)

 

Vng§;[Slgéwb) - Cos(wb)] = g(w)

Groups of terms that appear frequently will be given a

symbol for brevity.

Sin(wb)
Let S(wb) = [ wb - Cos(wb)]

then

2 o _

463(wb) - f(w)

5-533:- smb) = 9(3)

If the expressions (3.6) and (3.7) are used, substituting

for f(w) and g(w), a matrix form of the result becomes



l4

 

 

Ifl g-S(wb)
R w

_ : wzbs(wwb) =

E{K0(wa) + afixlman {-[l-2v1KO(wa) + waKl(wa)} A(w)

_ {-Kl(wa)} {2[l-v]Kl(wa) — waKo(wa)} B(w)_

Let K(wa) = K0(wa)/Kl(wa) and divide by the factors Kl(wa),

 

S(wb), and J3, yielding the form

-I

 

 

    

 

[9.
w

2T

-5731

{K(wa) + l—} {-[l-2v]K(wa) + waII J§"A(“)K1(wa)

wa S(wb)

{—1} {2[l-v]-waK(wa) JZ'B(R)K1 (Pa)

- _ . S(wb) —

The functions A(w) and B(w) become

_ 2

A(w) — I);S(wb) [oa(waK(wa) - c)

D(wa)Kl(wa)

6§%%(w2a2 -(c—l)waK(wa))]

-J§S(wb)

B(w) =
2Ta

D(wa)Kl(wa) [Ga + waTb<l + waK(wa))]
 

where

D(wa) = [(wa)2(K2(wa) - l)-c]

c = 2(1 -v)

(3.8)
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Equations (3.5) become

2Gw(r,z) =f /%IK1(“r) [A(w)K(wr)

O (O

+ B(w)(wr - 2cK(wr))]COS(wz)dw

 

_ “ 21K (wr)
2Gur(r,Z) - é‘ng 1 [A(w) + B(w)er(mr)]Sin(wz)dw

w

2G32£(r,z) = f—JEIKl(wr)[A(w) + B(w)er(wr)]Cos(w2)dw

32 o

_ 002 1
or(r,z) — é/gKlmr) [A(w) (K(wr) + 3)?)

 
- B(w)([c - 1]K(wr) -wr)]Sin(wz)dw

Trz(r,z) = f/gRl(wr)[-A(w) + B(w)(c -er(wr))]Cos(w2)dw

(3.9)

When expressions (3.8) for A(w) and B(w) are sub—

0

stituted into equations (3.9)we obtain equations (3.10)

valid everywhere in the elastic solid.

0°S(wb)Kl(wr)

55(wa)K (wa)[0{(
l

 

1Gw(r,z) =

a waK(wa) + c) K(wr) -wr}

0

2T

wawb{(w2a2 - (C-l>waK<wa>) K(wr)
 

- (1 +waK(wa))(wr — 2cK(wr))}ICos(wz)dw

R

-3Gur(r,z) = g

S (wb) K1 (wr)

wD(wa)Kl(wa)

 

[o{MaK(wa)-c)—er(wr)}

+ 2T

wawb{(w2a2-(c-l)waK(wa)) 

-(l+waK(wa))er(wr)}]Sin(wz)dw



l6

 

fl G311r w S(wb)Kl(wr)

-§--§;—(r.z) = g D(wa)Kl(wa)[0{(waK(wa)-C)-er(wr)}

+ 7:59 (mZaZ- (c-l)maK (wan

-(l+waK(wa))er(wr)}]Cos(w2)dw

n w S(wb)Kl(wr) 1

530r(r’z) = g DTUgTEITEETIOLOaK(wa)(K(wr) + a?)

-(K(wr)+wr+6%q}

 

21 - _i
+ wawb {(wzaZ-(c-l)waK(wa))(K(wr)+ wr)

+ (l+waK(wa))((c-1)K(wr)-wr)}]

°Sin(w2)dw

--11 (r 2)

2a r2 ’

w S(wb)K1(wr)

= g D(wa)Kl<wa)[O{waK(wa)-er(wr)}
 

2T

wawb{(w2a2—(c-l)waK(wa))

+(l+waK(wa))(c-er(wr))}]Cos(wz)dw

(3.10)

The expression for w(r,z) above will be used to examine the

decay of displacement with respect to increasing r values.

This will be presented in Section IV.

Of particular importance in this problem are the

values at r = a where the plate is attached to the elastic

solid. Let K = K(wa). The displacement, slope, and stresses

on the boundary become:
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R w S(wb) 2 2 2_ _
EGw(a,z) é wD(wa)[E—{w a K m 2a 2+( c+c)+cwaK}

+ ——23——{w2a2K2-w2a2+(-c+c)

w2a2wb

+2cwaK+cw2a2K2}]Cos(wz)dw

m S(wb) 2T 2 2 2_ 2 2 _
—Gur(a 2) g wD(wa)[Oc + wawb{w a K m a +( c+c)

+cwaK}]Sin(wz)dw

1T-G-3--1-1-—--(a z) = f S(02b)[oc + —31—{w2a2K2-w2a2+(—c+c)
a 32 ' o D(wa) wawb

+cwaK}]Cos(wz)dw

R _ w S(wb) 2_ _
530r(a,2) — é D(Ta)[Ew£wa 2K m 2a2 c}]Sin(wz)dw

1T = 00 S(wb) 2T I 2- _

anrz(a,z) é D(wa)[wawbw 2a 2K m 2a2 c}]Cos(w2)dw

(1+waK(wa)),Let x = wa and define N(wa)

then dx = adw, w = g, N(x) l+xK(x), etc.

00 S(.13x)

Gw(a,z) = o{%f -—%——[l+cN(X)x D(x)] Cos(—2) dx}

a-2°°S(bx) N2(X)

X

+TL— g}. TII+CW1COS (5-2)dX}

Sin(§z)dx}

2a2 a N(x) . x
Rb f ——§——[l+c DIRT] Sin(gz)dx} 
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Bur c m 5(EX) x

G—g-z-(am) = O{F .3). W COS (EZ)dX}

b
w S(-x)

2a a N(x) xi
+T{;T—E' g 7-[14'CW] COS (:a-Z)dX}

2 m S(§x) x

or(a,z) = o{; é Sin(§z)dx}

4a m S(§x)

Irz(a,z) T{FE g x2 Cos(—z)dx}

(3.11)

The above integral equations may be used to compute

displacements on the cylindrical boundary for any magnitudes

of stresses 0 and T in the prescribed stress configurations.

The results of such computations will be presented in Ap—

pendix I.

When 2 = O in the above expressions, the quantities

in braces are constants and will be designated as indicated

below.

Gw(a,0) = O{ws} + T{wt}

Gur(a,0) = G{us} + I{ut}

Bu

GEEEKa,O) = O{uzs} + T{uzt}

(3.12)

These expressions will be used in Section IV to develop the

plate solution. When zfio the corresponding expressions

will be designated ws(z), wt(z), us(z), ... etc. When

r¢a then designate ws(r), wt(r) or ws(r,zL,wt(r,z» etc.
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If the expressions for stress are rewritten as

Gr(a,z) = @é [LE-2% (W - Cos(wb))] Sin(wz)dw

T (a z) = J22? [ii a T (§EE12§L - Cos(wb))] Cos(wz)dw
rz ' n n b 57' wb '

0

they are recognized to be the inverse transforms of the

original Fourier integral transformations of the prescribed

boundary stresses and are therefore equal to them by defini-

tion. These may be retained as computational checks.

The solution of the elastic solid problem is now

complete. This solution was obtained by applying to the

boundary two stress configurations of arbitrary magnitude.

It may now be mated with any other body that would produce

the same stress configurations and satisfy displacement

compatibility requirements. It is this class of problems,

requiring the matching of two separate solutions, that pro-

vided the motivation for this effort.

Approximate solutions can be found which satisfy

stress equilibrium only in the St. Venant sense and/or are

compatible only at specified points. The mating of this

solid with any plate problem of the class to be described

in Section IV would be an example of such an approximation.

The Plate
 

In order to match a plate solution to the elastic

solid, the plate solution will be required to have the

following properties:
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a. Axial symmetry (i.e. w=w(r))

b. Negligible radial displacements at the mid—plane

(i.e. z=0)

c. Arbitrary Shear and Moment resultants at the

outer edge. (r=a)

(c.1)

Any solution with these properties can be matched to the

elastic solid at (r,z)=(a,o) by solving the following boundary

value problem.

 

Let:

plate elastic solid

w(a) = w(a,o)

(B.l)

Require the mid—plane of the plate to intersect the wall

at right angles.

 

Gw(a) = -8u(a,o)

3r az

(13.2)

Mr(a) = M(o)E f or(a,z)sz

A (13.3)

Q (a) = Q(T)E-H"r (a,z)dA

r A H (3.4)

(such other conditions as the plate

solution requires)

(13.5)

Resulting approximations to the true solution will depend,

of course, on the limitations of the solid and plate theories

used, and also on how well the single point matching at

(a,o) compels the boundary stresses and displacements to

conform to each other over the entire plate thickness
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(a,-b)<(r,z)§(a,+b)

As b+o we would expect improved estimates, at least for

values of r>>a or r<<a since the Principle of St. Venant

assures us that small differences in stress distributions

are local and only the resultants are of importance else-

where.

Any solutions satisfying conditions (C.l) and the

classical fourth-order plate equation are admissible.

q(x,y)=[D(wXX+\)wyy)]XX+2[D(l-\))wxy]Xy

+ D +
[ (wyy vwxx)]yy

D = E(X.y) t3(X.y)

Where 12[1-v‘(x,y)]

v = v(x,y) etc.

(3.13)

but where condition (C.lb) disallows cases involving mid-

plane forces.

For purposes of illustrating the procedure in solv-

ing this type of boundary value problem let us consider only

those cases where E,t,v are constants. The above equation

becomes the familiar

DV”w(x,y)=q(x,y) .

The theory to be used in describing this plate problem is

the well known "classical" theory governing small lateral

deflections "w" of a thin plate as described in Section II.

The relationships required for the axisymmetric

plate of uniform E,t,v are listed on the following page.
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Q

__r_d_2

D _ drv w

Q

__E = §_[£ _§(£§EIEL)]

D dr r dr dr

M

-—% = [wrr+ r wr]

(3.14)l

_2Eb 2 _ d2 i d . a a
where D—37l:§77 and V - (dr7+r a?) in the aXisymmetric

case.

To begin the solution, forces are summed in the vertical

direction for the portion of the plate from radius p = a

to p = B.

B

ZFZ = QB(ZHB)+ f q(p)(2wp)do+Qu(2wa)=0

0L

—1 8

QB — —g[ i pq(p)dp+Qaa]

d l

“D fit
.2

B

— _ .1.
dBm—(fi— - B[ i pq(p)dp+anc]

The above differential equation describes the plate solu-

tions under consideration.

Solution of the boundary value problem when the

plate has a hole, inclusions, etc. follows essentially the

same procedure as below but will not be treated here.

 

1[9, p. 53] Note that differences in sign are due

to choice of positive direction for Qr'
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Let a = 0, then for condition B.5 the requirement will be

that solutions must remain bounded at the origin and

B

_§.$._§ dw(B) = lDdB[B dB<B d8 )1 B[fa=8q(o)do+0]

Assuming that the necessary functions are integrable over

the range 0gpga, then

Y 5 B
dw( ) 1 1 1

D———l— - — f 6 f — f d d as + A + —BdY Y O O B O pq(p) o B Y Y

 

r Y (S B 2

% f pq(p)dod8d6dY+é%—
O

+Bln(r)+C.

Condition B.5 requires that w(r) remain bounded as r+0

which implies that B=0 since ln(r)+m as r+0.

There are four conditions B.l to B.4 left to satis-

fy and the four arbitrary quantities G, T, A, C to specify.

Apply B.l w(a) = w(a,0)

Y 5 B 2

i f pq(p)dod8d6dY+ A3 + c] =

éw (WS)+T (wt) ]

where ws and wt are the constants in (3.12) and define

51 B

6 f - f pq(p) ddedédY.

O B O

r
l

Iw(r)= f —

O Y

o
s
s
<

Then define Iw(r) at r=a to be Iw.

Aa2 + C = 2»[o(ws)+T(wt)]Condition B.l becomes Iw + 2 G 

(3.15)
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Apply B.2 dw(a) = -8ur(a,0)

dY az

1[1 faa I61 f8 ( d d d6+A 1 — —l[ ( ) + ( t)]5’; o o E pq p) p B a — E o uzs T uz

Where uzs and uzt are from (3.12) and define

r 51 B

6 f — f pq(p) ddedS.

o o

Iwr(r) =

H
H
A

0
‘
s

I
D

Then Iwr + Aa = -%[o(uzs) + T(uzt)]

(3.16)

where Iwr is defined to be Iwr : Iwr(a).

Apply B.3 Mr(a) = M(o) E f [or(a,z)]sz

A

From equations (3.14)

v z=+b

-D[wrr(a)+§wr(a)] = £=£gz]z(l-dz)

_ a B
-[—%Iwr+%(a f i f pq(p)dde)+A+§(Iwr+Aa)] = ébao.

o 0

"
C
D

Define

r 1 B

Iwrr(r) = f — f pq(p)dde.

o B 0

Then

(1w)? - (l+\))A—Iwrr + %b3o

(3.17)

where IwrrEEIwrr(a).
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Apply B.4 Qr(a) = Q(T) E + Trz(a,z)dA

f

A

From summing forces in the "z" direction

r = a z = +b

31—1- fr (r)dr = + f[T(l- 22)] (1-dz) = $19»:
a q 5'2 3

r=0

z = —b

-3 a

T =EB-érq(r)dr

Now I is a known constant.

Equations (3.16, 3.17) can be solved for o and A explicitly

D

(+2Iwr-aIwrr) +15 (1+v)uth

% ab3 - % (l+v)uzs

(3.18)

D(1-v)uzs 2b3 Q’ _23
G a + 3—) Iwr + G(+uzs Iwrr 3b3 uth)

g

A=-( 

% ab3 - 3(1+v)uzs

(3.19)

From equation (3.15)

U

C =-[O(WS)+T(Wt)] —
 

O

(3.20)

Now for Ogrsa in the plate

6 e
2 c

pq(0)dpd8d6dy +1.... + .5

0
‘
3
<

0
9

o
x

m
l
!
—
l

O
'
fiw(r): f-l-

OY

dw(r) _ l 1. Ar

------dr — 5-1-5!) 5 £3- qu(p) dpdsdé + ——5

ddwér) + V _d___W:ér)]

Mrm = -D[d—r-(-——-—-——-—> a

or
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2

Dw(r) = Iw(r) + A: + C

dw(r) _
D—dE—— — Iwr(r) + Ar

(3.21)

Two limiting cases are of interest for purposes of compari-

son later

1) Rigid wall support: Gwall +

2) Simply supported plate: Gwa11+ O and terms

involving T are neglected.

1) Let G + w

from (3.19)

 

 

0- 2b3

A = ( -§-9Iwr + O _ ”EEE

3ab3 + o a
3

from (3.20)

_ a2 -Iwr _ a2
C—O 7(a)-Iw—-2—5Iwr-Iw

from (3.21) *

Dw(r) = [Iw(r)-Iw(a)] + l¥§(a2-r2)

since Iw = Iw(r) at r = a

dw(r) _ _ E
D —aE—— — Iwr(r) aIwr(a)

since Iwr =Iwr(r) at r = a

(3.22)

2) First let T 0 then multiply numerator and denominator

of (3.18) and (3.19) by g and let G + o
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A = -(il:§LEE§ - 0) Iwr + (+uzs Iwrr + O)

-(l + v)uzs

= (1-v)Iwr _ Iwrr

(1+v)a (1+v)

2 -C = [O + 0] _ a [(1 v)Iwr Iwrr

—7' (l+v)a — (1+v)] ' IW

from (3.21)

- 2_ 2

Dw(r) = Iw(r)-Iw(a)+[W .. avg“ (r 2a )
 

dw(r)

dr

= Iwr(r) + [(1-v) Iwr _ Iwrr

D (l+v) a _(1+v)]
  

(3.23)



IV. Illustrative Example

Further investigations and comparisons of interest

would be awkward to carry out in general. The remaining

text will deal with specific loading, geometry and material

parameters.

The plate loading

Let q(r) = q a constant

-3 a

Recall T = 153-: rq(r)dr

then

T = 2.3.53.
8 b q

Recall

r l B

Iwrr(r) = f ? f pq(p)dpd8

o 0

then

r 2 2

Iwrr(r) = q f l%§§0d8 = 3%_.

o B

2

and Iwrr = Iwrr(a) = 9%—

_ l r _ g l r 3 _ qr3
Iwr(r) — E £ 6 Iwrr(6)d6 — 4 Ebé 6 d6 — —l€

3

= 9__
and Iwr 16

m

28
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r r

Iw(r) = f Iwr(y)dy = 3 f ysdy = fir”
16 64

o o

= .9. kIw 64 a

. y . dw(r)
With the above formuli DW(r) and D—aE—- may be found by

algebraic substitution. The load q in the examples is a

multiplying factor in the expressions for w(r) and is set

at 100 for all numerical results. First the two limiting

cases in the previous chapter will be examined.

Limiting cases
 

1) Rigid wall support: equations (3.22) become

Dw(r) = 3% [r”-a”] - §%:«r2-a2) = €%{r“-2r2a2+a“]

dw(r) ...—.33- 2
D dr 16[r r a ]
 

which are the classical plate equations for this problem.

2) Simply supported plate: equations (3.23) become

 

 

_ _ qaz (l-V) ._ ...—.12... _Dw(r) — €%[r” a”] + 2 [16(l+v) 4(l+v)](r2 a2)

= €%(r”-a”) - q§:[%$%l(r2-a2)

dw(r) 3+v

D dr T%[ 3‘(I¥U)ra2]

and again these are the expected solutions.
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Plate geometries

For purposes of illustration three plate geometries

will be used.

(a) Thickness to diameter ratio b/a = 1/10 will

be used to explore the maximum differences be-

tween the rigid and elastic wall assumptions

even though it is recognized that "thin" plate

theory is probably not a very good model for

this ratio.

 

(b) Thickness to diameter ratio b/a = 2/100 will

be used to explore the differences between the

rigid and elastic wall assumptions for a plate

that "thin" plate theory should describe quite

well.

(C) Thickness to diameter ratio b/a = 5/100.

With the geometry specified the quantities ws, wt, uzs,

uzt from (3.12) can be found using the integration techniques

as explained in Appendix 1.

Material parameters

For the given loading and thickness to diameter

ratios the ratio of the elastic moduli of the plate to

that of the wall Ep/Ew will be allowed to range over eight

values from zero to ten where zero represents the plate

built into an inflexible wall. Ep/EW = w does not repre-

sent the simple support because w(r) # O at r = a.
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Each of the above cases will be done for v = .25

in both wall and plate and for v = .30 in both wall and

plate though v in the wall and the plate need not be the

same.

Results

The deflections Dw(r) of the midplane of the plate

together with corresponding maximum stresses 0 and T at

 

the wall are displayed in Figure 3. It is apparent that

for each of these thickness/diameter ratios, the deflec—

tions w(r) based on the assumptions of a rigid wall and

of a wall and plate of same material, never differ by less

than 300% for any given r. Similarly the maximum radial

tensile stress 0 at the wall never varies by less than

200%. From a practical viewpoint the latter variation is

on the safe side. The effect of Poisson's ratio varying

from .25 to .30 is relatively small but becomes more sig-

nificant for thinner plates.

As expected the deflection at the wall is small for

thinner plates, while rotation at the wall is still com-

paratively large.

There is little reason to believe that the trends

indicated by this example would change significantly for

other usual loadings and geometries.
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Other results

Also of interest is the behavior of the wall. For

the case where b/a = 1/10 the displacement Dw(r,z) where

z = 0, r>a is displayed in Figure 4. These results are

obtained by using the technique described in Appendix I to

integrate the first of the five equations (3.10). This

equation is shown below.

 

. e-wr{eer (wr)}

( ) a Iw(Cos(wb) Sinéwb)) wa ma 1G w r,z = — - —

n o e {e Kl(wa)}

{ewaK0(wafl

w((wa)2[(——+-————4)2-l]-2(l-v))

{ewaKl(wafl

wa wr
.{%{(wa{e K0(wa)} + 2(l—v))({e K0(wr)})_ wr}

{ewaKl(wa)} {eerl(wr)}

{ewaK0(wa)} {eer0(mr)}

\

+ {(wzaZ—(2(l—v)—l)wa 
T

(wa)(wb> {ewaKl(wa)}l {eerl(wr)}

{emaK0(wa)} {eer0(wr)}

—(l+wa——BE———————Q(wr —2(2(1—v))——zfi?——————4}

{e Kl(wa)} {e Kl(wr)}

°Cos(wz)dw

where o and T are obtained from the previous results and

the exponentials are required in the computational algorithm

for the Bessel functions. Having obtained Gw(r,0) for

various r it is now necessary to apply the scaling factor
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g in each case to obtain Dw(r,0).

3

2E b E 4b3(l+vw)

2_ 3(1-v) =<> _
G — E 2 EW 3 1 vp 1+vp)

__W__

2(l+vw)

- _ _ .1—In thlS case vp — Vw — .25 and b — l

l

E 4(-———)

G E 3

W 3"4‘) 9__fi§'E—w

 

In a variety of related problems it would be useful to

know the behavior of specified points in or on the wall

responding to a unit load 0 or T. These are essentially

the integrals in (3.10, 3.11, or 3.12) and were used to

obtain the previous results. At the end of Appendix I,

figures 5, 6, 7, 8, and 9 display these results for b/a =

%0’ v = .25 together with the output stresses (3.10, 3.11)

which were used as a computational check. It will be noted

in Appendix I that the apparent uncertainty of convergence

for some of the values is exaggerated in the display which

gives the bounds on the value of the infinite integrals.





V. Summary

Limitations in theory

The generality of the mathematical model of this pro-

blem is limited by the two component theories used in its

solution: classical, three—dimensional, small-strain, theory

for a homogeneous isotropic elastic solid used for the sup—

porting wall; classical, small-strain, thin-plate theory

without mid—plane forces used for the plate fixed to the

supporting wall.

The other two limitations on the generality of the

theory are: choice of axialsymmetry to obtain a non-plane—

strain solution in two dimensions; selection of the stress

profiles at the boundary shared by the two bodies, thus the

matching of the slope and displacements at this common

boundary is limited to a single appropriate point.

Applications

Within the above limitations the problem is solved

for all plates without holes or inclusions and having uni—

form thickness and material parameters. Any load q(r) is

admissible. The solution for the wall would allow the other

plate solutions [i.e., with a hole and/or inclusions and
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also having variable thickness and/or material parameters]

to be developed in a parallel fashion with comparative ease.

The solution allows the wall and plate to have dif—

ferent material parameters.

The solutions for the shear and the moment applied to

the cylindrical wall are easily used together or separately

to solve a variety of other problems where such a wall is

similarly loaded.

Since the mathematical model for the wall is solved

for all of space and since the solutions all decay with

respect to increasing r and z, these solutions can be used

to approximate those of objects with sufficiently thick

walls having cylindrical cavities. In the case of the self—

equilibrating moment, where shear is small, the walls need

not be very thick.
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APPENDIX I

Numerical Integration

The integrated quantities in equations (3.10, 3.11,

or 3.12) must be computed for the illustrative example of

Section IV.

Examination of the functions to be integrated re-

veals several things.

1. They are reasonably well behaved at the origin

even though some of the component functions are

not.

2. They have a periodic behavior for large values

of w.

3. They decay for large values of w.

The partial sums of a good numerical integration procedure

should therefore converge within any specified bounds on

the desired value "I" for sufficiently large w and suffi-

ciently small increments h.

Summation formula

A suitable numerical integration procedure is ob—

tained from the Euler—Maclaurin summation formula and is

developed as follows [10].
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The Euler-Maclaurin formula may be stated thus

Ch=h[%f(a) + f(a+h)+ f(a+2h)+ . . . +f(b-h)+ %f(b)]

_ 2 4 6
Ch— A + b2h D1 + b4h D3 + b6h D5 + . . .

2313 — R (h)I O Q + b 25-1 ZSh

25 (I-l)

Ch is the approximation to A where

b

A= f f(x) dx

a

h= 2&3 m is an integer to be specified

k b

13k = ——dff“ 1 = fk(b)—fk(a).

dx a

. . 25+2

R25(h) is the remainder of order h for small h and

_ _ -1

b0 ‘ 1' b1 ' 2

n-l

Z br/(n—r)l = 0 for n>2

r=0

_ l _ _ —1

b2 ‘ 1_2' b3 ‘ 0' b4 ‘ —720

b2k+l = 0 k>0.

"A variety of formulas for numerical integration

are obtained by taking weighted averages of

Ch’c(2h)’c(3h)’c(4h)’ . . . With weights chosen to eliminate

certain terms in Dl,D3,D5, . . . ."

In this case the elimination of D1 and D3 terms

keep the computation in manageable proportions.
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From (I-l):

_ 15 2 _ 15 4 15

15C(h)‘15A+ I7‘h) D1 736(h) D3+ 3024o(h) 6D5

=-6A+ T6(2h)2D- —(2h) 4D3 *(2h) 6D5
C(2h) 12 l 720 +30240

c = A+~l(3h)2D- w(Bh) 4D3 + 1m(3h) 6D
(3h) 12 1 720 30240

Adding these equations

(15C -6C +C )- 10A+ h6D5 + R (h25 D ) for s>3

h 2h 3h _ _lé-T ZS 28-].

l . . . .
Then 10(15Ch-6C2h+ C3h) 15 a good approx1mation to A If h

and D -l are sufficiently small. Note that h and D
Zs 2s-l

are functions of intervals (bi—ai) for sufficiently smooth

f(x) where the required infinite integral I is broken into

n

a sum of integrals 2 Ai . Also note that the minimum value

i=1

for m is six for this method and it may therefore be con-

sidered a seven point formula. To obtain this formula sub-

stitute the first of equations (I-l) into the estimate A =

1 _
10(15Ch 6C2h + C3h) and let m — 6.

15C =h[i% f(a)+15f(a+h)+15f(a+2h)+15f(a+3h)+15f(a+4h)...

( h)

66(2h)=h[;2 2f(a) -12f(a+2h) -12f(a+4h)...

_ 3 .
C(3h)_h[ §f(a) +3f(a+3h)
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N l _
A — lo(15Ch 6C +

h
2h c3h)= TO—[3f(a)+15f(a+h)+3f(a+2h)

+18f(a+3h)+3f(a+4h)+15f(a+5h)+3f(a+6h)]

(I-2)

If m>6 it must be a multiple 6n and the formula is

the same except that the terms f(a+6ih)are multiplied by 6

instead of 3 when i # 0 or n. This latter form reduces re-

dundant computation where partial sums are not required and

will be referred to as (I-3).

Computation and limitations

The f(x) in this computation has a decaying periodic

behavior owing to the dominance of sinusoidal elements for

large values of x (w in 3.10 and 3.11). It is expected that

the successive partial sums approximating "I" (i.e., I 2

A1+A2+A3....+An) will exhibit maxima and minima for intervalsl

(Bn - an) sufficiently small and that these values bound the

desired value of infinite integrals "I." We choose to con-

trol (Bn—dn) by partitioning the sinusoidal half—period (HP)

of equations (3.10), HP = D/b, and (3.11), HP = Da/b. For

b/a = 1% and 5% the summation began at x = HP and ran in

both directions. We wish to approach limiting values of

component functions K0(x) and Kl(x) at x = 0 from the right.

Summation formula (I—3) was used for x = HP summing toward

 

1The symbols a and b of the discussion "Summation

formula" are changed to a and B to avoid confusion with plate

dimensions (r=a) and (-b<z<b).
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x = 0. In this transient region of f(x) it became necessary

to partition the half period (PHP) into 1000 parts of length

(B-a). This corresponds to an m = 6000 and h = HP/6000.

Summation formula (I—2) was used from x = HP summing toward

x = w because the partial sums are to be used to obtain

bounds on I. A coarse partition PHP = 10 was adequate in

this region. For b/a = g% the summation began at x = 1%HP

and for interval Osst%HP the PHP = 10,000 was used with

a PHP = 100 used for interval —l HPSXQW.
10

The various fortran programs used are listed in

Appendix II.

Note that HP = na/b in (3.11) is the only period

(or frequency) encountered in solving the integrals for the

constants (3.12) used in solving the boundary value problem

at (r,z) = (a, 0) but that for z # 0 the product of sinusoidal

functions in f(x) produces other frequencies that increase

the difficulty of controlling the bounds on any desired "I".

All component functions needed for the various f(x)

were supplied by the Control Data 3600 machine with the ex-

ception of the Bessel functions. These were taken from

ANL C351

Argonne National Laboratory

3600 Library Routine

This subroutine does not give Kn(x) directly but rather

eXKn(x). The machine limits the argument of eX called by

the subroutine to x<709. It can be seen that this restric-

tion imposes limits on the search for improved bounds of
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any value "I". The asymptotic expression Kn(x) 2

/?721e-X/x (for all n) is limited in the same way. Ratio

K(x) = K0(x)/Kl(x) becomes K(x)=1 using the above asymptotic

expression. The Bessel functions appear in (3.12) in the

ratio form exclusively but D(x) = [x2(K2(x)-l)-c]approaches

D(w)=[w2(l-l)-c]=[w2(0)-c] which is still indeterminant.

D(x) appears in each expression. Possibilities of other

asymptotic expressions, computational algorithms, extrapola-

tions, or modification of the existing subroutine have not

been explored. This is partly because the expenditure_of

computer time required to compute to x = 709 was already

sizable. The bounds obtained for the case where b/a = 1%

are displayed in figures 5,6,7,8, and 9 at the end of this

appendix. As the thickness diameter ratio b/a + 0 the re-

striction of x to less than 709 imposes a severe problem.

If for example b/a = 10%0 then the half period HP = Da/b =

D1000 = 3141.6 which means that no bounds on any value I

can be found. The values of (3.12) used in the illustrative

example (Figure 3) are given in Table l on the following

page together with the bounding values. Since the bound-

ing values for the integrals (3.12) are the maxima and

minima of a simple decaying sine curve, values between can

be selected with the assurance that they are a greatim-

provement over the gross maxima and minima and would repre-

sent the true value with less than the large apparent

uncertainty. If great accuracy is required it seems





1.____.___—.~..——__- ...—.-7fi "...—...... . .._ .117, ,, .. .-—._
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clear that improved bounds could be established without

further integration.

TABLE 2.--Results of the numerical integrations used in the

illustrative example

 

 

 

ws wt

b/a v

.1 25 -.0116 -.14157

.1 .3 -.0096 -.l3575

.05 .25 -.0060 -.0815

.05 .3 -.0049 —.0779

.02 .25 -.0025 -.0386

.02 .3 -.0020 -.0367

uzs uzt

upper value lower

bound used bound

. .25 —.464 —.457 -.450 —.232

.l .3 -.436 -.430 -.423 -.192

.05 .25 —.480 -.466 —.450 -.241

.05 .3 —.450 -.436 —.423 -.l97

.02 .25 -.52 -.48 -.44 -.25

.02 .3 -.48 -.44 -.41 -.20

 

Values of the upper and lower bounds agree to the

number of places shown unless otherwise indicated.
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C FRAMES 7 PT

DIMEUSlON AUOOO) (pogésons I'CLtLO‘ _y_

READ 100.HPS.HPR.PHP.AQ RT. 8 T WSa-JT U S. U T, UZS.UZT: PR 2

__LQ1O1E.OLIMLLSE10 011.17? ML0.111.115. “.2371?“012...: 1,, 1111.11 1.1 __

R33T/AR FZCHLC #01de

C1;121._‘112._'3R1_111_11 111 artcttoiux: (Agflaér QkLOC£ _,1_,__1 __11_1111_.111_.1111_1111111

PI=3.14159265358 f f ’ fl

___1_1111X3fl85t811R___1____ m¢(__ ectoci1KQJu c _

H=PI/(R*PHP) ‘/ F j

K=HPRwHP \A..C,£1lpL)-L.L(;._Lst01ht1

H06=h/5.

CALL FNC11$1C1LRIAR11.ZI11.Hlx01.1SlTIHSIHTIU SIU11T1UZSIUZT'.._1AIM,)1_

S0=S

TQFT

W50:NS

NTinT

U SO:U S

11111111011T0=U T..111__.11_1.11_..1111111 1 1 1- .1 1 _

UZSO=UZS

11UZTO=UZT1111 11

DO 900 N=1.K

111_1___X=X-H051 ‘ ____ 111111.111

CALL FNC (C.R,AH, Z, H,X, S T,HS:NTUS.UT,UZS,UZT. A,H)

1111.111 Sl.=Sl+S. 111111-11111-11.1 1 1 W1.

T1=T1+T

111111___U51:081+DS

NT1=HT1+wT

111111111U151=U Sl+U_S1 _1111_

U T1=U T1+U T

111111111U151=U231vUZS.-111 1111.111111111 111 11 1 1 "1 1 1 1 1 1

UZT1= UZT1+UZT

_._1__11 ___11X;1X-HUQ 111.1_______ _____1_ _ 1___1__ 111111111 111—... _ 11__1_1

CALL FNC (C Q, AH. Z) HoX)—S,T.NSDwT,US,UTgUZSHJZTa AOM,

11111___1152=82+S1111 '.11,111111111_

T2=T2+T

11111__11N52=NSQ+AS 1111111111.111111_111 .1111111111111111111,-1,_._ 1_ -

HT2= HT2+WT

1U 52:U SZ+U_ 811—1111111111 1111 1-11, __1

U T2=U T2+U T

11111111U232=U232+UZS,_1_1_____ 11_11

UZT2=UZT2+UZT

___._.11_1_1_X=.X.-.5.06 ..111,__1.11-.,._._1. 1111111 .1 1.11-- 111111 11., .. 11.1.1. ......

CALL FNC (C.R:AR. Z. H:X. SJTONSIWTJU SoU T,UZS,UZT, A,M)

__ _Sé:83‘s 1111111111 1 1

T5: T30T

—__.1 H85=k53+MZS 1.111_1_1111.__11111 _ -1- 1

HTS: wT3+WT

—__11111U153=U 83+U S 11-1 1 1 1.1 11 11 1 11 1 1- 11 11 1 1 1

. U T3=U T3+U T

11UZS3=U753+UZS_111111111_11111.1 .1111

UZT3=UZT3+UZT

~— 1.1X3X'1H0511. 11.11.___1.. __._1 11111... 1111111111.. 1

CALL ch(LAMAR, z. H.x. S.TNSNTU “é.UT"028.UZT. AM)

~—_11_1111SZ= 52+S 11.11 1. 111111111111_11 _ ..1 1111.1111.11 ..1

T2: T2+T

 





 

 
 

,3». 11/06/67 -_.--_....111-

W521;KS 2131» S ..1 ,_ 11.11. 1 1.- .- .

NT2=WT2¢WT

-——~——U—.$2=l.1’§2+l} Q

U T2=U T2+U T

__-1_____JJZSZ=UZS2+UZQ

' UZT2=UZT2+UZT

XQXanfi 1 -WM1WW”11111.

CALL FNC (C;9;AR3 Z. HpX) 81T,NSJNT1U S5U T,UZS.UZTI AIM)

_Sl=51+9 ‘

T1=T1*T

___1~___H51=«S1+fi8

NT1=WT1YKT

_1__-_-__-U.-51:U151+U s ...... -..-1 1.111.1-111-111----._.-1.1-

U T1=U Tl¢U T

.1U251:U7S1+uzs11 - 1-1

UZT1=UZT1+UZT

————-~—X=X-H067—~—

CALL FNC <C.Q.AR. Z. H.X. S:T.NS.HT.U S.U T,UZS.UZTo A1”)
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T4=T4+T

W.11_NS4:L;SA¢»£S 111

HT4:kT4+xT

_1_____1U_54=U sa+u_s

U T4=U T4+U T

—»—w—-»UZS4=UZSG+UZS .111111111111111111.111.1.11.11111111.1111111 . .1111-1111111

900 UZT4=UZT4+UZT

————_———Sl=31*15.~u

T1=T1*15.

———~-——M51=>51~15.

NT1=UT1*15.
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U T1=U Ti*15. '

~~~~————»UZ s 1 = U z s 1 t 1 5 . ~- — ——-»- ...-..__-111 ~ ~—r ~77- 11W1 W11 ~~~~~—~—-~- — -——- -; —- '~-

UZT1=UZT1v15. ““”""‘ “” “"“'""' " " " ‘

111111111152=(11521 .30).3r_1111-- . ————————

T2=< T2+ TU)'5. “”“ '

--—~~u~—mH32=(7N52+ w30)*3.~ 1. , ~-~~

HT2=< ~12+ wT0)*3. ~“—-— '

———-—-~—U~52=(U 73.2w .Sg).3'...1-1.11_ .- .. 1.111.-

u T2=<u 72+u T0,.3. 111-11Pl¢4?U254réL:3,:UZS111.11-
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1111111135=s3.15, . .-111111.11111 F1=2.*F 1..11
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_W1111W1S4=.1.s4.#5’-3., . g ._..1-1. S=F1*( 31* 32“” 83* S4) _

T4: T4*6.-3.* T 1.11-111T=FZ*( T1*1 T2*.1T3* .T4),

W__Mm___1ws4:,#s4*6._3., Mg .... HS=F3*(V51+ N82* 433* H84)

“1‘4: WT“6.‘3." TY _“1111.1-.NT3TT4"('fle"--E‘ITZ" NTS‘T‘W-WT‘T)

-_.u_s4=u sans.-3.«-U q U S=F5~<u 81w SM SM 34)
U 14:“ T4VQ,-5.'U T _1_1__U I=F6*(U T1+U.T2+U1T3+U.T4)

. UZS=F7~(UZSl+UZSQ+UZSS+UZS4)

UZT:F8¢(U7T1+U7T2*UZT3+UZTQ)1

 

 

 

 

 

 

 

 

 

 

 

*— . 1. . - 1...... - . .111. 1111 1 -_-...





.56

 

  

   

 
 

 

    

 
   

PRINT son. N.x. S.T,w5.wT.U s,U“T.Uzs.UZT.' M ‘

_hflflnfiflRflAILSdflNzllz.3x.2HX=lE10,643X.- __u._wmmM“wm__wm__ MM_mew_mmm_“_nm

C1F10.6.2x.

Clfilfl,6,2XPM~__~.____m_m___mmn_mnuww ._"_ d- h

91F10.6.2x,

Q1£19+642x,m_ vwm_ m,m,_mwwmwm_mmmu.mw

c1F10,6,2x.

gm, 5. , 2 x4-

§1F10.6.2x,

_________§1£10,6.2x, u. ‘

9112)

Eflflw -- -m ”wwwmwmn - margwflw _,, -m. -

    

 
 u5,34 _ m A__w -_fl*_hfl-_wm_wmuw.__,“11106/67 .‘w" .0“-

-m _ SUBROUIINE FNC (C.R.AR, Z, H.X, S.T,NS.NT.U SaU T.UZS.UZT: An”)

01%ENSION A(1CCC)

_ ___________.RX:R* X_-_, ____-.__._-_ -, ‘ w aw.--“ ._---_...._..-7--__,___.-_,._-...-_. ._._,~._,* __ 7

X2=th -

K x3=XtX 2 _ #-~..._..._.m_.r..r ... ._-_-~___. *-_*_. -...__H_.-_____.~_--.------mp ,- .W 7. .

X4:XQX3

--—.._..---..___.~....ZXJA= Z * X/A R ... _._-,.---..-... .A_.__‘_... -..... ”Mum“..- _ . ... ,- .-.-..- -. w“. .-. ._.._ Mumfl...” 4 . ,. a ..

CZ=COSF(ZXOA)

Sl=$1NF<ZXOA) .n_~mm_M@_»_vmmmufl-mw;v “_wmwmmwmmamm m "_w-flhjfl J-—_n~u

F5=SINF(?X)/QX~CUSV(RX)

nu~_ v=u, “ ”fidq_m-m _MW_MMW..mnmuflh,dm _m_fimflr__

N31

CALL egsx(x,v,N,A,M).m.mrk.w«mw*V“WwM.p,.@,M-,m,wxmmq.qmdwm.m--mw_.u.

FK=A(1>/A<2)

~ FA=1r+xg¢K - -Mndq-- w- “_MV "w” w __.fl_-"~r.

' F8=x2th<~v2-*.)-C -

._.. CAOB:C§F'A/FB . w ._..-- , ._-_....._..__-.__--—---.~-. .- ‘,-- ---.-m.

SCZ=FS*CZ

.....___._-___.__.,SSZ:FS tSZ . -..-V..._.,,-. ”-...“ , ._-..m, , - , -V . , ,---.-...._ .. - .--- ., -i _. .---.-~-_.... -

S = S SZ/X

---mw.__.._.__'._1_:scz/-x2 -.w_--_-.-,.--_-_-- _W_-_.... w. -... «-..».-i -._,-__-.-

US :T *(1.+CAOS)

~W_Mwwm___.u1m=sczt<1,+CA08*FA)/X4.w.pr~w%_m__rmm”WWwwnwwnwmwwmwmwwwwmmmmwwuw.fim_

US=SIFR

Mm__.ul,:ssz.(_1. +C,—mr-3 ) /x3 . .H--.-.....__...._.. ”4-...“ ....“ .. .. - .--- --."

UZS : SCZ/FB

~._ 921;;ng -.- -. -_.-.-.--_.-___.,_ -_- ._...-__-._..-‘.-_. _,.,-__-, ~ ....-. m"-.- _,_ -H.__--.. _‘ h__ ._-, 7. r

RETURN

-_J_H_"___m_.5¢u1___“m_mfl_”m_.____._________m”_mmm__,m“_wq_- _a“__~_,_~_m.m_*n_mu__An "m,,n,w,_

{D
,- l - z A "

:3 :94; :1? Y DECK. t 1. 5’. l1 .‘4 "xx .4.'Q-€-_§_/<_,::5.5.5kl“(J .."/.5 V! "I /.) .

u.5.no.9uo.7.w ‘“

~_.—- ...— ....._.-- - —_ - ._.—.-. -_.-- . _. -. -.,‘-_- , ._ _-.___._.-_.-.‘_.-.._..V-. _. ...-.. . _ ._-?

  

  

 

  

 

 

  

   

 

  

 





K7

. ‘2’ ,

{HEQLJ’UMEZCAAJ/KEGQAEOA/IO/Q/VUM [‘2 . (OM/307225 ,_1_110_é/_§7_____ -...-__ _

“PROGRAM 9 5 T “EAL“??? EQUAT/O/MS 43” FOE fl€<2§<°°_ '

”' c FRAMES T

DIMENSION A(1000) t ~N+@~q-mv -fi‘ v“

'READ 100.HPS.HPR.PHP,AR.BT. s.T,wS.wr.u s.u T;uzs.uzr. PR.Z

100 FORMAT<5F10,0)

 ,¥»-._’__ 1-

 

R=BTIAR

C=2!12x'p8_ _,W

Plé3.14159265358

X=HPSiPI/R'

H=Rxxca~PHp)

K=HPRtPHP

 

 

 
H06=H/5,

M“ iHoéllElfilQ;)

F1=2,*r

F8=F1IR

 m,.......... 7..” --...., .-., -_. .7 ..A, ‘ A. u~._..-r-,».....‘~..r ,www « "4'... w .... ¥w V.-......_.r._..‘ --.. < .

 

 

 

CALL FNC <C.R.AR. z. H.X. S.T.ws.wT.U s.U T.UZS.UZT; A.M)'

r__._D0fl99iJFJa&wm_

52: 3

T2: T..

‘NSZE“‘”VS”

H72: AT

u 52: u s

p 12: uwr

uzsz= uzs

uzre= uzI _

CAQL ENCWLCOR'ARIWZ{,~HIX'”_S'I!NS{WTQUMSIU-I'EZ§1UzI1-w5KM)F.

 

  

 

  

  

H51: wS

_~*~“_”~~_~_fifiw11; ~,_ NT,“ H m_ ,___ _ fi ‘ fl_ ~A_V- “ _ ,~

U 31: U S

U T1=' U va~7~‘_‘H~_V.fi<¥__ __ K _____

U231: UZS

U211; UZT __ __ _ ‘    

X=X+H06 ,

CALL. FNQWEQ:?AAR1MZ: ,HtX’WHSIToNS'WTvU SLQMTOUZS'UZTQM A'Hl

$2=SZ¢S

T2=T2+T 

 

NS2=wsz+xs

._. *- u___mHI2=KI2*NTHWW ,, <,_ ,¥,,- 4“. __ AH.H -

U 52=U S?+U S

____w*wwm*,mm9.72=u T2*U T -W"“~.hwuwmwmwh_m.yhufimh M.” ,VU ,WHW”H_.,wumm____

UZSZ=UZSZ+UZS

___mm_ ___~_QZIZEUZTZ:UZI___d,_”~_,h_w_,_flw,H_M_dmwmfi--fluw,,.muw,_m__“n____fi,um_

X=X¢h05

CAkL ENC“QC,R.AR.NZ,7 H,X. HS;T.NSHHT.U S.U T;U25:UZTI A;H)q

‘ Sé:

73:

H53: ws

 

«
<
0

 

 





T
 

ms.“ 58 4}!_.°‘?’H°__7.2_"_- 

wrs=ur

“MU"S3EMH"NU

U T3:

 

 

S

U T

U233: U S

UZT3= U T

’T-‘_—_——_X=X1HDK~W

CALL FNC (C'RnAR. Z, HoX. 5;T,WS;NT.U S.U T.UZS;UZTI AIM) .

_82=52+S .7 ._v-7-fi.$..___..,_-V..._h_._n.,,_ «.... ,.m.. U, ,. _ , H“. UH”... U .... . ..

12=72+T

WSZ:N§?:WS

NT2=VT2+NT

—~"NU_52EU”SZ+U“S

U 72=U T2+U T - K 'umWWU
‘.v..,.‘___...__.-r-UZSZ= U752‘UZS . , MUN—w .... .--.-.~*_,..I_..w.._-.« WM. .. » ...,U-.-__._......-.w....-.u_,-..._..._.,..»H_-_

UZT2=UZT2+UZT

Z

Z
 

 

 

 

 

CALL W” FNC (CtRnARt 2' H'x' _EKI[HSQHILHN§LE_IIH{§ngri_mfilv1r“ 

 

 

“WW-h—_' $13$1*S

T1=T1*T ‘ U _~ - -
mm“-.. - “51:”wa .V _~_~__--d _ N” -

HT1= w11+wT

——' —___' “——U'SiEU’Si¥U"S

U T1=U T1+U T

__.._,_~__- ”11251”=’U7_51+st“

UlTl=UZT1¢UZT

X' XHHOé I — ‘ VWW“ _ W“ h” H 2 _,

CALL " WUN_FNC_(C R Z- H'X' 51‘;N$1”IL9_§L9_ILH}§19ZL'-_A ”’
$2=SZ+S

-, T2=T2*T

 

 

 

 

 

_— _ ~_ _~ "”H82ék82+flS"WWT _ '-_

HT2=WT2+WT

—_“‘ - VHU'52=U $2+U S ‘ 2 -

. U T2=U T2+U T

_______m_ iTUZSZ= U7824UZS

UZT2= UZT2+UZMT
_-__U* -—

_'""_W~.wn_w81 81'15. 7 “Ma ”‘27 “A

T1= 11.15.
a

'“E'umwmw “"‘N81=w31;15. " 1 A A

NT1=kT1’15.__ 1 _

_.._-__.M___~__U‘51: U S] t15". ____ ‘__ w R fl

U T1: LJ T1t15. __- - h _____ __ ___ _ 
_@"02515U7Sl335iwv

UZT1= UZT1*15. . ‘N_ mumm»_ddflww__hww_

' 523 ( 82 V )*3. ”~UM'UN4~”"d"TU' ”"Mwnw_h A ‘

72: ( T2 )*3.

_-“_—_“__——fl__~“WSEEIHWJS§MMT0H2T33}WhhT

HT2=( NT2 ).3' ,_W__fl,

——“¢—*W"_M*“WUWS2EIUTS2_"‘"2733._"- ‘Hvr

U 72=(U T2 )*3. . . ,_,‘,W “_‘mqwflv‘w.wnm_dw>w__fin

0232: (UZ$2”“”"“‘)§3:“‘””’”””““ ”"‘””“*" ‘ ‘

UZT2=(LSZT2 "j:§i 7”__

 

$3= 83*18, A ‘ ‘“' ‘”_24"

T5= T3*18. # h - ‘_ “W _ ,- - _ A .__w__

_“_____.___ WSSin3N18JWMGT _

UT3:VT3*18.
A U U U

___”—_ ’"flwafi335UrSSt18gfl*umw2"‘w- N- _

 

 



 

 



 

'TN5,3A

U T3=U T3¢18.

11/06/67

 
qu3Eu233~ia”

uzr3= uzr3.1s
 

W900

P S=F1¢( 81* 82+ S3)*PS

P T: F2¢¢ T1+ T2+ T3X+PT
 

PWS: F3.(131+ w82+ LSS)+PWS

PNT= F4o<XT1+ 372+ HT3)+PNT

mPus=Fsvcu s1+u s2+U 53)+PUS “‘

PUT: 766(U T1+U T2+U T3)*PUT

P023:

PUZT=

PRINT.6UUJN0X3 PSI PTDPWSVI

(U291*U7S?+UZS3)'F7+PUZS

»(UZT1*UZT8+UZT3)7F8+PUZT

PNT PUSTPUTPUzs.PuzT;

 

600 F0?HAT(3H0N=112:3Xa2HX=1F10 6 3X.

‘“C1F106 2X.

C1F10. 6 2X:

C1F10 62X:

 

 

Ciilo 6. 2x,

Cli‘; 0.6. 2X.
 

€1F16.6,2X»
 

c1k1o. 6 21."‘

01F10.6.2X, 
C112)

END
 

 

~“DUTET‘SIONTWILUEJU‘T” "nu,“

""TXZPXTX

""CZ=CCSF(ZXOA)

”TS=SINP(PX)7Px:COS

SUBROUTIXE FNC (C.R:AR.

RX=RPX

H,X.

2 11/06/67

STNS.NTU SUT UZS UZT:- AM)

 

X6=X6X2

HX4 XPX3

ZXOA: Z6X/AR

$Z=SINFKZXOA)

 

 
FTRXY

 

_-.__.....~......__ ..

~ _ ._. ___.._—1-_ 27.1.27 1

._.__,,-,._-._._-M.. UZS =-

-_-_

mAn

..aINXPv DEcxce.

"TNVK=A(1)/A(2)

"r 8' 1x2: 1': x 322:")":5“

..SV:

"‘RETUPN‘P

N=1

CALL BESK(XIVINIAOM)

FA=1.+X*FK

CAGE: C FA/FB

‘SCZ F'StCZ 6

$82: F365?

5 SZ/X ‘

T =SCZ/X2

NS =Tmiii—ltl§§T_—_‘

HT =SCZ*(1 *CAOB*_FA)/X4

US: S/Fa —_'" ”

UT: SSZ+(1. +CAQB)/X3

SCZ/FP'

UZT 2H5

EB9___

 

 

,7a”""
Iii/(X) V; "V; A; lAj.)





F'—

  
r.""" .. . — r . 6"”0‘“ ._.... W” “"‘ " “'“"" ' ""“ ”‘"""‘”“‘ "" ' _w _ - r m ”“"*': ““ -_ _ “

finialjfl/VEE/CAL ...Z/V TEGRA710 ._f019MUM -123 _, f _. -..m ._.; a i l 0 9 / 6 8 .. ..- _ 7

- ‘ PROGRAM ”3.595.631:TONPU7E577'HE“TEZ‘MOF J./O-,.. \

c ‘ FRAMES 7 PT ‘

DIMENSION u1flon,_o),_____ ___________F0,e _ fi/fi’z X_> o. _ .

 

 

  

READ 100.HPS.HDR.PHP,AR,BT. us.wT. PR.Z.R

mains” Ania. 0‘. 0-)--. m - ___-___m-__._-mm-,--,_.,_i,..-._._ -_ -_ _- _.

C22.02.*pR

:, P153114159765358mawumwmnmw,mumu_1*Mm_mumwmwwwmmememm 

xéHPStPI/BT

‘ H.381 [(BDPHP) _v ._.__fi_____,._---_-_____-V_____w__._»-, _ ‘ ______--___. . 

K=HPRtPHP

 

ML. _ mic ec.n‘:z§‘;‘a‘i:2:‘ x, “ism?” “m5“

.WHWHSO=HSWm 

  

' HTflawT

5 DD 90.0.__NE-11-K _______.__---.“-_.___________.__-_-‘__ .______.--___,”-____-__,.-__.____.,,7...”,,“_-____--_-_7.

X=XpH06‘

_. QALKM_MWWWMEQCMJEJBLAB:8:111“_____ )VL_N_WS!HIIMMW_MALM’M__HNM+" v 

N31SN31*NS

----k‘liz-‘HHJ 138.1 ----

X=XeH06

"mu__u_w__wCALL”“Jm__~FNCL(C.R.AR.BT;Z._“MX.._-”SaHTa”~m_uAoH)mmwMW_.L.L”-

H82=U82+NS

-_- __ .___,H,.__.-,._.-,-HI2=N12{Kiwawwuhwflm_. ..- _-_. -_ Wm.“ _-____. -___.-_-___.. _ _ _. _. _ _- _

x=XsH06

"WEALLkmmwummFNCJ(C.R.ARgBT:Za_ “X. _ W$,HT.W_MV_A.H)JU_

u53=w53¢ws

-_- __._~____,_.___.. “HESS-€191.13?“ _ .-._________‘__-_______ ___- _______. -. ____ --V-.-__-___,._

X=XHH06

- ._-.__.____.._._C.ALL ---.V-‘m_._FNC ‘ClptAROBT!ZJ X. ___N$.NT; V ADM,”

NS?=WS?*WS

.mmfi_mfir MH_HHT2=wTe+wI- ~_ “um” w_h-d _...HH _N..w .w” .Vfih---t- M,N'

:XRH06 ' ‘

”MMWW_m__m"m§ALLWM““_MMENCWCCs”:ARgsTIZI “X, _wsawT:u_n AgH)UM

H31EW51*NS

-_-”wm_~_“mnwfl_mkt[1=krfi+?£[.HM_ "h_wm__uu,--.Mme_L_H_w"_,n_.__-__mwu M,__m__qn_-m..fl~~_,_vffif

X=X9H06

”CALL WWVWMMFNC_(C:9:ARgBT:Za_ ‘X. Hspr; . A.H)_

HS4$NS4fiNS

_HHMW_WMQQQMNT43HT4fHL“WWALWWMWM,M HH,MJm‘v,H.I- 7,MW_,wmrmwmwyfiiq,ka+_

N313W81*15. '

,WWH_M_*__~J[11=W11*1I5.__v”mmm_m_n‘,”_wwwwwflw ,, *TWUW_WMWF, 7 vHNHW__Mw~m_ «__,,H,

H523! NSZ‘ HSfl)*3.

_y72=(“H?2#_HIq)*3.

HS3$HSS*18.

.HI3:NIS*1S. _ “Mm ___¢____ ,U_LMWHHML W“H_J_w‘,fiwfl,m

H84: WS¢*6.*3.* HS

-~_uMJumH_..m_HI4:"HT4tb.93.t HT ‘ _ WT '_ Mm,w Wfi

F=H06/(P!*10.)

-*53=AP*F_HW

F4=2.*F/BT

“_._fiflSaF3¢<w81*_wsztwwsxtmws4)._M

' HTar4w<NT1o w72+ MTS‘ HT4)

-hm_uuwm”_wunPRlNIH600. N.X}. HS.WT3 H _fiA , , ,h,fl,kd‘ vJ-WML

600 FORMATt3HON=1I?.3X}2HX=1710.6:3X.

. ._.. ._MC1710. 652x!

ClF!0.),2X,

611?)»-nqwflwm.nu..
mvEfinflfl

unc-..~m-u—.-a.—o‘~ ._.-._.... ..-..- 4.. ...-v- -._-— a- a-- .- .A-. .-. ...-—-...o. -\v --.. ~ . tu- ‘ d-_-. .- - - —. . -- u -4-.-...V..-r.-_u- .-..-_-__ '~- -- ‘

 

...— ’..v--_ 4-..; ‘H_‘» ...-Nana,

 

......— s-o. .F-v v.m—-pu—‘-vu.

!- ”‘1‘ M, ['7‘ -~x—- -.4—---w ~- u-r—o

.... m-- -..--—,-_..q-.r~A'-..~—-.-. *r--— V.--—a ...... A...»_.-‘. . - ‘-..—_ .-‘_. . - _ _ u...

. ~w.-.

—- ._. ..--_.--—._-<.——.-...-s-

"065,416 I _ -_- _~M--- _,-__ _ .-u -. -.-, ”w“.-. finfiw v _ _,



  



 
_EINEEoSA   

 
 

“mallofiléfiuflwummn

  

   

  

  

   

   

  

 

RAK‘(R?/A2)*(EYPF(AX)/CX9F(RX))

RC: RX: 2.0C¢RK
m7. 1,7-.77w7vu~‘—~~---”u --‘ a.» l...v...~ ._ . . .- -- -...-- ._ .- .. ... . A. .. - , . A. 7. - .7 , C . 7L» -.7. _7 _,~. .. -.~_.~--—.--- _J

..-, ___—. —-... _.

non-“'— —-. “Sc-‘- -

LOAD

--..

ScX: FSACZARAK/tXKAC)

._ WSCX3.SCXZXZMMH Hfl__wm_w_wwm“flfivwmmflw“_mm_n _*_m”_fldm_“nm-

H535CX*(AA¢RKs?X)

RETUGN

END
“IR“-.‘M m..— -..-.‘._ .—~.-—-...- .~._.-_.- ..v-n..-- .. -—. --. _ --_--. ,A— .- ... ._. .

RUleocolgoot7IH

 

  

 

 

 

 

 

 

£1381NA9Y_DECKrtt"_n¢_13Lmuz::7“£7¢CJ€_fi?u .£15Kf_ L,MWHHWHMVHMWELW._EJM

=- ~.7 77 7.— —_—.--.—_——— --. .__— _V __ 7‘ . V 7-». -A _ 7 _, 7 . ._. - 7 - ...w # 7-_. -_.v 7 _ , u... - ._.. ~— _. .. _ w

- -. - .1 .- ._.-W -s.. turn-ou— .- _. .- rvc- ... ._.. u... .n .4...» h

— —-7——.- _.. ..— - __——-~._ ._. ._._- ._ ._.—._....” _ __ _,_#‘A _ ¥k~w~ 4— ..- .. — —

'-.< 7. v.r, .4o- . _. ..m .-, «A. .Jf‘ 1 -_.! .,, »-. at- -‘-w - m -u—.-. ~A _-a-..-v-- ‘r ~-;—; 4.. ‘uwM—u. —.-—v ..., 7, ._. ... _ .-~ ._ . .... . ... V... ,. A

-— —— —— 7— *...“ “._.-_— h—r- m _— ..—. ...- .— _. .... _ _. ._

.— ._.- .Ao: _- - m“ ’— _ -_ ~7+ F. .H -

~—_.——.~——-.———- ——-.~....— ._- .-. ——~——. -..-._.- ...-... —‘4 - - ... _.._—.- -— -.J 7. .. _ _. .- ...... M—u .. . .4 _

—. _ - - ..., .- _.__..*.L H f v“ ._. ... __ 7 k

— - - ~~——A..-_-——:_.-.u o. — 7——-_7—»~ 7 . 7 -,;7 ~.- - -- X -. -. -... . .....- .7

_ ._. «- ...-WW- ___.._-‘-.__._.._..~_.-.. ._.. _._. -.—~ -»- . 7 - F 7777-4777-A7 7.7... . , A. ,. ,- in, -.. .. ,

SUBROUTIVEFNC (C 91A938T02; X0 “SaHTO AIM)

DIMENSIOV A<1oao>

b Rx: RtX L_ ,_ _

X2=X0X

; AX=AR*Y ELLLWHMM__WH__Q”flu~-H _ ,__

AXZSAXoAX

_.-” Bx_=8TtX ”H _«_mm.. m “_ -m.“. C... ‘ ‘“*_*b* _

zx= ZKX

____ __CZ§C0$E(ZX_L ML~L__-_ LWLNW_L ”_~_- _

Fs=SINFtBX)/BX.COSF(BX3

;_ V304 ”MW"L~.LLL__ CW” .L-LNW

N31

.Uw_*w_m_wmm_CALL BESKCAXpV;N;A§H3 mwmmm_xfldm_gufimwm”JNWWWLMMwWWHM_me_Hh

K:A(1)/A(2)

____,_W_L_WWA2%A(2LA “w.. _ m “LLB-“

AXK= AX¢AK

"a AA: AXKAC “w_ _M___"_____‘_"_-_L,____«”M_«_ __ _

A8:Ax2+<1.-C)~AXK

Mm‘-mmmuww_AC§1.*KXK-. ,M, -MWMMMWUH,,_ “ - , “A” , _.L, L”- m

AD=AX2*(AK**2-1.)-C

------___.___.-._____CALL BESKmx v.N,A.M) -_- --._,,-________-_--____._-_.h___.-.___--_C . _- w“

RK: A!1)/A(2)

_qfl,qn_.._W_~R2=A(2) CWCMWLW _“m mwm-.u “Mp mwvwwhw,wn_-wn_ -wC

HI=SCX3*(AB*RKeAC*RC)__MMMWEM_JCC“-MW_MMCJ,_MJQWH“MHCCWWLMU-uw-flfi,hr



 



Z. Gt.- -- _m-..-_~____-.____----- - ..

FTLL15A_-W[CALflt/I£6M7ZOMEOIQHULAI«Z -_.---_-___o.1z.o.9/98_-- --

.___._.__.--W.WPRPGRAM“AFORAZ.....COMPUTES THE 1 stOF 3. /0
C“ FRAHES 7 PT .

= DIMENSION_A(_1°M0_02.__-.._ “._--FOE HP<X<_.09... _.____“fl______-_____ __

READ 100 HPS. HPR PHP, ARBT. NS.NT; PR.Z,R

£90 FORHAT15F10 0)

832.32 *PR

; Pl-3.14159265358W“WM_H-W _“memvamqm. WWW” m.wwm__ww-_. “_m_,--

X=HPStPI/BT . .

: EPILJBTtEHEI ‘ -_WWHM

K=HPRAPHP ‘ ‘

a ' HQé:_HI6c_._.._ “---- --q.‘ ---“

F3H06/(P1010.)
.

..m_“_ E39ARtF; - ._-“--WJ--_Umwwmhu_m,nu--,m

F482.*F/BT ‘

CALLHWEN_c_..-(.c. R . AR. 8? . z .. -.---xL HS . HI. .___-_._A . m.--

00 900 N310K

HSZ=HS

HTZ:HT

X~X0H0L .--Hn-- ... ..h. ,H._ .-,-. . -

CALL FNC (CoRaARaBToZI X} NS.NT, Ac")

N§1=HS_-

NTisz

X§.X_2_HO¢S--_. _ ___- ______.-_--.-__-_ -

CALL ' FNC(C,R.ARBr2. x; NS.HT. A.M)

”mmw."n,,muw“H52NSZeflS . “am”--w&a-.hu_fl - ._.- ---“mw

HT2=HT2*NT

.,X§X1506mu __._vw,. _W_... _ ,__w__-U_-n_w_u__.-_-era--w

CALL ' FNC (C R. AR BT Z. x; NS.NT, A.M)

. ---.._ ...—.... ....__._._+.--__.———‘-..v_- , in -..-.... .... _-_ .—_..____.___.__.___ ._.-.-- ._ ._.--._. _ ._.--.— --._,-_.-__--‘.___. ---- ._ .— ._-” --..-.- .. 7 —- . 7L... . . __..

 

 

 

 

   

 

 

  

, .- -. -. no clam—*9“— n—‘fi—vw—fl‘

  - ...—.‘ ..-.

 ...-......-.-__.,_-4_ _ , .fi -m—_-.

._.... _.~V—..—-_~.—_-_—._

 

-.MMX8XtH06H_W. . __._.. ._.. _ .-..“

CALL FNC (C,R,AR,BT,Z. X} ws,w7, Agfi)

3523N52+us.

HT2=HT2§NT .

__ _. XEKtH06__H_MW._.-n-_-_h--___M_--.V-__ ___m__. «-n. -“_.“-_"_u_-“

CALL FNC <C.R.AR.BT.Z, x. NS.NT, A.M)

_HSISHSI*WS.

NT1= HT1+NT ~

-mun_“_w_flnuh-"X9X*H06 _ -_H,MU_H T"_”~w_wn ,_ _w_-m ..-_mwmw--m, W

CALL WFNC(C,R,AR,BT.Z. x} NS.NT, Ag”)

B...... H323NSZ¢NS r” “mnn_.;mnwn _"w"--_“-m_w___u- __”.mumumh___fl+-fi-.kflm_.

HTZ=HT2¢NT

-HMWMW_MN$1=W81*15.

HT1=NT1¢15.

- ____.-_---____.__...H$2§N82*3. -. H --..__ .- ._ _. - _ .-fi. ,h.-- _ _-

HTZ:NT2¢3,

“WWW W+MWHM_H_H53§N83018,, -n __w m---“ “n“-..m.m_nflfl- -0--J-_fi _m . - .mm.-

~ HT3=NT3*18.

RHS=F3v(NSI+ N82* N33)+PNS

PNT:F4t(NT1+ NT2+ UT3)¢PNT

~u_____._w900 PRINT 600. N.X. PNS PNT. _ M H... , H . .vwwg“ .dd-“

600 FORMATT3HON=1I2, 3X. 2HX:1F10 6, 3X.

.“_--»wnm_-_“WC1F10.6.2x.

81(10. 6, 2X, ' ‘

-MC1121w_: ._- J. . H -”-_- _. _ . - ..__ ” -.-.

END

L. ,______________.________-,____._______.-_ __\_S ub PObLtLVKJP. F/VC on. Fay a 67
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,FTN5.3A _ CONFUMf/O/V 0F W66) AND W(£,0) .. - ,. 05/19/66

PROGRAN “AFURGA---H__HM w.m_m "n”~"_._ _

DIMENSION WSGA<1HU)oMTGA(100).RGA(100). _, ' =

meflfi_w_"w.READ 100aA.5. a“ _«L_HHQ__: “wumwflsawT.__ UZS.U£T, AJoAKaAI

a 100 FORMATCSF10.0)

-9.J=AJ .

. K=AK

HI=AI ”--L_m-

D0 90 N=1pl

"WWW w......90 READ 1009R3A(N3:WSGA(N32WTGA(N’a_WJ”

DO 901 ”:1;J

READ inalPQW'PQPoEQoEP

P0W=EPIEN

Igp3|*A*3/(SQ*Q).HMWM

A2=A¢A

AA3=A*A2
A4=A*A3

82=B+B

83:8«82

NAA=G*52/4.

HA =@*A3/16.

_ u =0*A4/64.

G=EW/(2.*2.prd)

D=EP*2.*B3/<3.93.tCPRPttZ))

DG=DIG

- P1=1,+PRP

DGP1=DGtPI

UZTT=UZT*T

C=2.¢A¢B5/3. .

S=<2.*wA-A~KAA+DGP£*UZTT)/<C-D§P1*UZS)

CA=<HA+DGV(S*UZS*UZTT))/(-A)

cc=DG*(S*N§+Tt'T)-52*CA/2o'w

PRINT 600,?UM ,PQN;PRP:S:r;A:B

‘ son FORMAT< '

C1F10.4;2X3

__C1F109402i1

ClFlog432xo

C1F10.0.2Xa

61F10.412¥p

C1F10.4s2¥a

01F10.4)

'P=0,

H=P/(AK-1.)

DO 900 N=1.H _

R2=R*R

R3=R*R?

'R4=R+R3

DH :QtP4/54.+CAtw2/2,+CC

PRINT 600.”.Dw

__9DU P:R+H

DO 901 N=101

” DN=DG*(S*WEGA(H)+TewTGA(w))

901 PRINT 000,PGA(u),DN

FND

RUN: .30;900,7,M
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