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INTRODUCTION

The first paper on the subject entitled "Analysis of the Stresses
in the Ring of a Concrete Skew Arch" by J. C. Rathbun was published in

A.S.C.E. Transactions, 1924, p. 611. At that time Professor Rathbun's

theory was questioned and the A.S.C.E. appointed & a special Committee
on Concrete and Reinforced Concrete Arches to give a practical test of
the theory Professor G. E. Beggs of Princeton, N. J., was engaged in
making deformeter anelysis on models of skew arches. At the same time,
Professor Rathbun was making mathematical analysis of the structures of
the same proportions. After the asnalysis was completed individually with-
out consultation, results were compared and were found to be in close agree-
ment, and so Professor Rathbun's theory was accepted.
In 1925 Professor Rathbun extended his theory of skew rigid arches

to skew rigid frames and an adsptation of his theory was made by Mr. A.G.
Hayden &nd is presented in & book "The Rigid-Frame Bridge" by A. G. Hayden,
John Wiley & Sons, Inc., 1940, 2nd Edition. In the presentation made by
Mr. Hayden, it 1s necessary to derive and solve 4 simultaneous equations.

| Later Mr. Hodges presented a paper "Simplified Analysis of Skewed
Reinforced Concrete Frames and Arches" and it is published in A.S.C.E.

Transactions (1944), p. 913. Mr. Hodges has simplified the work by re-

ducing the solution of four simulteneous equations to solution of two
simultaneous equations.

For this thesis, Mr. Hodges' paper is the principal reference al-
though references are made to other papers and one example has been
worked out to illustrate the application of the theory.

The analysis has been made for assumptions that rotetion may occur

about any axis. There is no justification to assume complete fixity in






any direction since the degree of rotetion required to change the effect
of complete fixity is small. On the other hand, any assumption of com-
plete unrestricted rotation about any axis is not correct. Therefore,
the frame is analyzed for:

Assumption 1 - rotation about Z axis.

Assumption 2 - rotation about Z and X axes.

Assumption 3 - rotation about Z, X and Y axes.

2.
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OUTLINE FOR DETERMINATION OF REACTIONS

The skew frame, if restrained against translation and rotztion in all
three priﬁcipal directions, would have six reaction components. Let the
principal axes be designated by X, Y, and Z. The X axis is horizontal
and is perpendicular to the axis of the abutments, Y axis is vertical,
and Z axis is parallel to the axis of the abutment.

The reaction components at the right footing are Ry, M,, Ryrs Myr’ R;,
Hz. The usual assumption for footings on earth foundations is that there
can be free rotation about the 2Z axis. So M, = 0. Ryr is obtained by
statics and will be the same as the reaction for a simply supported beam
over a span = the span of the corresponding rectengular frame.

The reactions to be determined are Rx’ My Myr’ Rz'

It has been proven before that the component H of a two hinged rect-
angular rigid frame is so nearly equal to the Rx of a two hinged skewed
rigid frame of equal right span, that the difference is negligible for
purposes of design. This assumption has greatly reduced the amount of
lebor in the solution of the probleh. The reaction components H and its
equilibriant ¢H are the most important in the design.

The equilibrant ¢H is the principal part of the Rz component. The
remaining part of R, which will be designated R%z the reactions M, and
My constitute a separate group which depend on the torsional elastic de-
formation, so we have to solve three simultaneous equations for the three
unknowns. However, My turns out to be a function of R]’z so we need to
solve only two simumlteneous equations for the remaining redundants.

The solution of two separate elastic systems 1is certainly less likely

to be of error than a combined elastic system, and so it is definitely

an advantage.
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DETAILS OF ANALYSIS

The forces acting on the structure are shown in Figure 1 for vertical
loading end in Figure 2 for balenced earth pressure. Unbalanced earth
pressure is omitted due to the fact that it is not usually considered in
practical design.

Let us determine the reaction components &t the point of origin at the
right support. The solution of the reaction components is done in two
stages.

Stage 1s This consists of computing the horizontel component H of the
reaction at the footing of a two-hinged rectengular rigid frame (designated
as the "corresponding rectangular frame".) which is the projection of the
skew frame on a plane parallel to the XY plane for loads on one foot width
of the bridge. The H is equal to the Ry of the skew for vertical loading
and earth pressure and H(1l +(_2) = Ry in case of temperature change.

Stage 2: This comprises of setting up equations and solving for the
redundants R%, My, Myr for the structure in equilibrium under the forces H,
¢H, Ry, R,, My, and Myr acting at the origin.

The equations are set up to satisfy the following conditions:

There can be no displacement along any of the axes. There can be no
rotetion about any axis except for

Assumption 1 - about the Z axis.

.Assumption 2 - about Z and X axes.

Lssumption 3 - about X and Y exes, and Z axis.

The internal stresses acting at any point P are represented as the re-
actions exerted by the portion to the left of P on the portion to the right
of P. The reactions whose directions are unknown are shown in Figure 1 in
their assumed positive directions. The subscript on each moment term indi-

cates the axis about which the moment occurs.
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Geometric Reletions and Definitions.

The coordinate axes, the applied loads, the reaction components, the
components of the internal stresses acting at any point P lie in a plane
parallel to or perpendicular to the XY plene. The profiles shown in
Figures 1 and 2 are projections of the skew frame on a plane parallel to
the XY plane. The point P is on the neutral axlis and at the center of any
subdivision S. The internal stress components at P are along the axes u,
v, and z axes with origin at P. The angle § is the slope of the neutral
exis (v axis) at P. The quantity u is the component parallel to the w axis
of the distence between P and the origin 0. Also:

¢ = coefficient of linear expansion for concrete and reinforcing
steel.

%= temperature rise or fall, in degrees Fehrenheit.

w = equivalent fluid pressure of earth, in pounds per square
foot per foot of depth.

My= simple span moment on the corresponding rectangular frame,
for vertical loading.

_ Modulus of elasticity for concrete under axial stress

K= Modulus of elasticity for concrete in shear
=E
G
= 2.67 (a2ssumed)
F = factor of torsion (corresponding to the moment of inertia I
in case of flexure)
:E@B
3.58
H = horizontal thrust in the corresponding rectangular frame for
the particular loading.
h = height of the structure from bottom of footing to the highest

point of the structure (crown).
(8 = the summation sign >

- = €= teno-
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Derivation of Equations for the Redundants rL,, Myps My, Hyre

Three sets of equations are derived to satisfy the three different
assumptions. Fach set of equations is derived for vertical loasding, bal-
enced earth pressure and temperature change.

The assumption is made that the effects of all thrusts and shears are
negligible in considering deflections. In the following equations, the

effect of only the torsionsl moment Mv at &ll points of the structure is con-
sidered.

Let

M, = moment at P about the v-exis due to all forces acting.

mv(z) = moment at P about the v-axis, due to a unit force acting

1

along and in the direction of R7,.

mv(ox)= moment &t P about the v-axis due to a unit moment acting

along and in the direction of M,.

mv(oy)= moment &t P about the v-axis due to a unit moment ecting
along and in the direction of My.

The equation for no deflection along the Z axis is:

s s

c E‘;V‘E‘_;j}l =0 (1s)
The equetion for no rotation about X-axis is:

s (s M

¢ ¢ Txlex-o (1b)
The equation for no rotation about Y-axis is:

M .
s (S VmV‘OZ)z 0 (lC)
G F

Lssumption 1:
The expression for M, for vertical loading from Figure 1 is:

My= Ry (X sin & - R,u + My cos B - My sin & + Ryp € x cos
- W & (x-x1) cos B

=Ry, &x sin & - Rgu + My cos &

-Myp sin & + M, Ccos B (2)

But for vertical loading R, = H



Also

mv(g) = -u

= cos B

By (ox)

By (oy) = -Sin

Due to symmetry

and

Rg

From Figure 1:

u

2. x

&

sin & cos & _

F =0
ysin & cos & _ 0
F

CH+ Rlz

x sin 6 + y cos ®

u-ycosd
sin ®

Substituting Egys. 2 and 3 in Eq. la, we have for vertical loading,

2 2
s xusin g 1 s u s u
-H e ( = + Re (T F+eH (O 7
s ucos d s usin b
My F A F
s ucosd _
-Mo (‘ ( F = 0 2
2 s u
o H L (s ; + HE (8 X;E§29§_§.+ ¢H 5
2
My (8 % cos B + My (8 z_§1%_4§
_ sucos d 1 2
2 2
. s u s u s xsin®™ &
o R, = -y (° Foosd + M -
8 M, ucos b
= ¢ E ( o - q (8 Yy cos 5 }

F

F

(3e)

(3b)
(3¢)

(3e)
(31)

(3e)

(2h)

(3k)

(4a)

Ey similar substitution of Egs. 2 and 3, in Eq. (1b) we have for vertical

loading

£

x sin & cos b

(s E Hu cos &
F F



1
R 2
g ucosd x
) (s chos 5 4 (s M c;s b . (8 M, € cos? §
= 0
(s H C xsindcosd _ (s CHxsind cos B
. F F
_ (s £H¥CofB (s Rgucosd
F F
+ (5 Mycos” @ cos? B + (8 Mo(»coszb
F F
= 0
1 s ucos b - 8 cos? &
. Ras ( ¥ My ~
2
- ( s En_c_o_s_ﬁ s c032§
= ¢ Foo- B (5 reed ) (4b)

By similar substitution of Egs. 2 and 3 in Eq. (1lc), we have for vertical

loading
- (° héxsw’s , (s Ry usind
F F
T Mx sin & cos & (s My~ sin? &

+
F F

- (s M, € sin & cos &
F

0

In the expression on the L.H.S., the 3rd term becomes O and substituting

u=x8in & +y cos ® in the 2nd and 5th terms, we have

- (s HExsin®s It H x sin® B
F F
2
v (S H YFsin cos B + (s Rls x ;in b

rl, v sin & cos &
F

(8
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1 (s X sin2 [

R

sin™ @ S Mgsin b cos &
F + My’r F = € ( F (4c)

Equations 4 are moaified for application to earth pressure and
temperature change as follows:

1. Ealsnced earth pressure

In Eq. 2
Rx = E%E - H
Ryr =0
W =0
'
In equations 4, M, term is omitted and H is replaced by E%E - H.
2. Temperature rise:
The increase in span = C t° L
Deflection of right end in direction of R, = - ¢ ct® L

(See Figure 6.)
Equation la represents the deflection of the right footing in the

direction of Rg

. (la) tecomes

(5 ML:V_(Q.- Cct®L =0

[+310]

multi plying by the constsnt G
s

¢ EP(s)

ct® L
- ¢

W]
]l
o

]
o

F Ks



Also W®W=0: Ryr =0 Jo Mg =0
and Ry = H (1 + @2 )
< In Eqg. 4a M, term is omitted, H (1 + ij is substituted for H and the

term i% (- ct°L is added to the L.H.S. (or %% € ct°L can be added to the
R.H.S.)

In Eqs. (4b) and (4c) omit the Mo term and replauce H by H (1 + (-%.
(See Figure 7.)
For & symmetrical frame as shown in the Figure, there are pairs of
points like P and P' in such a wey that
2 _ s.2
sin® & for P = sin & for P!

and P is at a distance x from origin and P' is at a distence (L-x) from

origin,
x_sin? & sin? ® ﬁiBE,Q
» For the 2 points, (° =5 = (x+L-x) F - L F
2 si 2 [
<. For the whole frame, (° X s;n g L (s E
<R 2
where (S 51; b is the sum of ELEF—Q-for half the number of
sin2 )

8
points on the frame. For sake of convenience, if ( F has to be

cin<
the sum of =i%——§ for &ll the points on the frame, then

s x sin? § L s sin® B
e

For symmetrical loading in Eq. (4c) Mo term becomes zero.
s 2
. o1 L /s sipn©®

- 1 L
o Myr = - RYg 2
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Also ng and My at right support = Rlz and My at left support

Taking moments about left support

((—H+R%)L+myl+uyr—ﬂ ¢L=0; My1+Myr=-R]EL
L

... “yr-—-uyl:-R]é 2

For unsymmetrical loading

. . 2
s My sin bcost s sin® &
6 gl e B .
r
ty sin?
(s —_—
F
- ] Mo sin & cos 2
F
- 1
s Mo sin § cos?®
where C = <' ( F
(s sin® &
F
but Myr 4+ iyl = -r% L
..- Myl = - C - Rla %

Now supposing the unsymmetrical loading is made symmetrical by
adding equal loading placed symmetrically with the unsymmetrical loading,
then Myr due to additional loading = -C - B%LL

Myp " " " " = C-R% L
2
. The total My, due to the combined balanced losding = - R's L
and My) = -rk L.
Designating the Myr and Myl for the combined balanced loading by
My, we have My = - R!b L
* L =
S oRE L = 5!%
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<. For unsymmetrical loading

Mgy = G +
e otk

Myl = -C+ gl
where My = Myyp OT ¥ for balanced loading.

My and ng for unsymmetrical loading are helf of the respective quan-

tities for symmetrical loading. So in case of unsymmetrical loading also

it is only necessary to solve only 2 equations in which quantities of the

balanced louding are used, and to apply the correction discussed.

Making the aforesaid substitutions, L.H.S. of Eq. (4a)for symmetrical

loeding 5
2 1 (s Xxsin®d
=Rlz (sEF_ My (S uco;ﬁ -%Rg ( F
2 2 2 s ucos d
-l i s uw L s sin< & _ === 8
= (C -7 F - e F
<. Eq. (4a) becomes
u cos &
1, (s wd_12 s sin®d ) 8 =
Re 2 C o F-77 F ; My F
for symmetrical vertical loading,
=@£(5!.L‘3.FTC.O_S_§_H (5 BLgesl ) (5e-1)
for balanced earth pressure,
2
= wvh® _ o } (8 uy c;s [ (5a-2)

and for temperature rise,

S (EEL gy (0 ugel (58-3)

Eq. (4b) becomes

ng (s ucos d - M (s cos? B

F X F
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for symmetrical vertical loading,

25 W

= _ (S M, cos - s cos<dh (5b—l)

for balanced earth pressure, 5
2 [

=-¢ § B-r) (¢ T (5b-2)

and for temperature rise,
2

=-CH(E) (5 Lo b (5b-3)
For symmetrical loading,

Myr 3 Myl = - ng 1'2‘— (50)
For unsymmetrical vertical loading,

M. =Ny + M = My _¢c (54

yr = 3 C and Myl % 5d)

where My is Myl or Myr for balanced vertical loading.

¢ (8 Mo sin § cos &
and C is = F

(s 8in? 5
F

in which Mo are values for actual vertical unsymmetrical loading.
Also, Rﬁiand My for unsymmetrical loading are equal to one half of R
and My for balanced vertical loading.

Eqs. 5 constitute a set from which Rz, Myr, Myl, and My are deter-
mined for Assumption 1.

Assumption 2.

Since My~ 0, it is only necessary to solve one equation, say Eq. 5a.

For vertical loads and temperature rise in the L.H.S. of Eq. 5a, omit
the My term.

For balanced earth pressure loading, we assume that the frictional
resistance of the concrete surface also acts.

Assuming the coefficient of friction of earth on concrete = .5, the
total frictional force =‘!%3 acting at a distance of %.above the bottom
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of the footing on either faces.

3
¢. The moment at the right end = YB
€ 1z

. wh3 wh3
.. The contribution towards M, due to - is Iz~ cos &

< In the expression for M, in Eq. 2, omit My-term and add the term

3
%%— cos B
. wh3 /8 u cos B
<+ The R.H.S. of Eq.(5a)will have an additional term = 1 —7F

.. Eq. (5a) becomes:

2 12 2
e ({§- T ¢ 28,

=-¢n (5 BLopsB oy -'B—B- (s Mecosd

Assumption 3.
Since Mx = 0 and My = 0, in the expression for My, the My ~-term and My-term

3
are omitted and add %%— cos b.

o« Eq.(5a) becomes:

2
RJ; (s u
2
— wh™ _ 8 uy cos wh3 8 ucos b
== ¢ {TF-E) ucosd,mh (s ucosh

Internal Stresses at a Point.

The stresses at Point P are represented by M., Tv’ Mg, and T . M,
and T, are determined from the analysis of the corresponding rectangular
frame. Tz = Rg, and Mg is computed after solving for the redundant re-
actions and substituting the wvalues in Eq. 2.

But for design purposes, the stresses have to be transformed in di-

rections parallel and perpendicular to the skew.

Let Mp, = direct moment

axial thfust

= torsional moment

=
-3
|

= ghear

3
-3
|
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The transformation is shown in Figure 3 and M; = M; Sec. V
TL = Tv Sec. V
Mp = Mg Tan V - M,

=Ty Tan V - T,

-3
=)
|

where V = projection of skew angle € on the vz plane

The M and Ty control the cross sectim of the structure and the longi-

tudinal reinforcement and they are entirely independent of M, and Ty;

MT and TT determine the transverse reinforcement necessary.

This concludes the analysis of the skew rigid frame.



EXAMPLE
Analyze a rigid frame 16' being span of corresponding rectangular
frame, skew angle = 45° for w = 30 1b. per square foot per foot of

depth, and live loading H-20-44-no impact, and temperature change

t = b 45° F. for the frame shown in the Figure 5.

20.



Part

21.

Solution.
1.
Analysis of the corresponding rectangular frame.-
The frame is divided into equal parts with s = 4!

The dead loads assumed acting at the center of the subdivisions are

shown in the Figure 5. The earth pressure acting is also shown in Figure

5.

The origin of coordinate system is chosen at the bottom of right footiag.

Y
(5 M7

(® i

By the formula H=

where H = horizontal thrust

simple span bending moment

<
i

Y coordinate of any point

I = moment of inertia of the section at the point whose
coordinate is Y.

Tables are self-explanatory and Tables 1 to 5 show the complete analysis

for obtaining the moments and normal thrusts at the required points of the

frame for various loads.

Some

definitions.

In Table 1:

M = simple span moment at a point in KIP-FT.
= horizontal component of reaction at the origin in KIPS

H
t = depth at any section in ft.
I

moment of inertia.

M. F. = moment factor which is the influence line ordinate for the moment

at the particular point.

Tables 2 and 3:

M.F.

= moment factor obtained from Table 1.

(M.F.) x load in KIPS
Kip ft.

"
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N.F. = normel thrust factor
N = normal thrust in KIPS
Table 4:
V = vertical reaction at the hinges due to the earth pressure.
Part 2.

This consists of tabulating the maximum moments and thrusts which

control the cross-sectional areas and longitudinal reinforcement after
applying the necessary skew corrections. This is indicated in Tables 6

and 7.

Part 3.
This comprises of analysis of the frame for torsional moments and
shearing forces acting in the transverse direction. This is carried through

in Tables 8 to 15.



DEAD LOADS FOR THE FRAME

23.

POINT WT. COMPUTATIONS WT. IN KIPS
4 =4x1 =4
1
1%12)- x1 = 2 3/4
az+ad), =31 1.65
2 11
3 =(ML;;_-12)x 4 = 8.2 1.23
2.2 X 2 = 2.5
2
= 4.92 .737)
)
2 =2.5x2 = 2.5 )
2 g=1054
= 1.7 x 1.5 = 1.28 ;
2
= 3.78x1.41475.35 -802)
1 =1.7+ 1.3 x 2 =3
2
= 5.4 X 1.41477.65 1.15
0 = 1.05 x 4 = 4e2 x 1.414=5.95 .892
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TABLE 2
DEAD LOAD MOMENTS
~1F Load Pgints T Total

Formte Load 1.15K . 89K 1.15K Dot
4L MF - 32 - 52 - <32

M - .37 - 46 - 37 -1.20
3L MF - .56 -1.57 - .96

M -1.11 ~-1.4 -1.11 -3.62
2L MF -1.6 ~<.6 -1.6

M -1.%4 -2.3 -1.84 -5.98
1L MF - 7R - .3 +1.28

M - 33 -7 +1.47 - .07
0 MF + 24 +1.13 + 24

M + .28 +1.00 + .28 +1.56
1R MF +1.28 - .8 - W72

M +1.47 - .7 -.33 - 07
2R MF -1.6 -2.6 -1.6

M -1.84 2.3 -1.84 -5.98
3R MF - .96 -1.57 - .96

M -1.11 -1.4 -1.11 -3.62
4R MF - 32 - <52 - .32

M - 37 - 46 - W37 -1.20

Dead Load Thrusts
Point 4 N=V=6.02
"3 N = 6.02-1.65 = 4.37

Pomts lL, 0’ l.R = (1015+1015)016 +(-89 X 0261) = -6
Point 2 = (4437-1.23).71L + .6 x .71 = 2.65

25.



TABLE 3

CONCENTRATED LIVE LOAD, MOMENTS AND THRUSTS
(C.L.L.M., C.L.L.N.)
C.L.L. = 3.2 KIPS

26.

Toad Point 4R Point 3R
Point| MF M NF N NF M NF N
IR [-.32 | =1.02 | 75 | 2.4 | = <96 | =3.07 | .75 | 2.4
0 [-.52 | =1.67 | «5 | 1.6 | -1.57[-5.03 | .5 .1.6
IL [-.32 | -1.02 | .25 | .8 | - .96|-3.07 | .25 | .8
Load Point 2R Point 1R Point 0
Pt-er | 8 [NF[N | wF M [NF | N | WF | M |NF | N
IR [-1.6|=5.13 | .65 [2.08 | +1.28 | +4.1 | .16 |51+ 24|+ 77| .16 | .51
0 [-R.6 |=8.32 |54 [1.73 | = «8 | =2.56 | «261 | .83 | +1.13 | +3.62 | 261 | .83
1L [-1.6[-5.13 | .29 |93 |- 72| -2.3 |[.16 |51+ 24|+ 77| .16 | .51

Normal thrust for Point 2R

For load at 1R

n

For load at O

]

For load at

"

1L

v

H

factor = .75

factor = .16

factor = .71 (.75+.16) =

645

factor = .5

factor = .261

factor = 71(.5+.26) = .54
factor = .25

factor = .16

facto

r = J71(.25+.16) = .29



LIVE LOAD

7.

e assume that only one truck can pass and for maximum moment only

one concentrated load of 3.2 KIPS is placed at the position where it

gives the maximum moment.

= o+ QO
1 i " " I 0

/]
|

Temperature Stresses

coefficient of thermsl expansion = 6.5 x 10-6
temperature change in degrees Fahrenheit
I4s°
span length = 16!
modulus of elasticity of concrete
144 x 2,000,000 = 288,000,000 p.s.f.
length of axis divisions = 4!
ECtL
8
8 P
( I
6 -6
288 x 10° x 6.5 x 10 ~ x 45 x 16
4 x 2758
122 1b. = .122 K.
Normal
Points y Hy Thrust
4 2 ¥.244 to
3 6 *.732 o
2 10 ¥1.22 t.086
1 10.75 | ¥1.31 MG PY)
0 11.0 ¥1.34 Tz
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TABLE 5
SUMMARY OF MOMENTS (M)

AND THRUSTS (N) RESULTING FROM VARIOUS LOADS
IN THE CORRESPONDING RECTANGULAR FRAME

29.

Point AR Point 3R Point ZR Point 1R Point O
Loading M| N M N M N M N M | N
Dead 21.206.02 | -3.62 |4.37 | -5.98|2.65 | - .07| .6 [+1.56| .6
Earth P.

Right |+2.55 |-e48| +4.60 |-.48 | +4.01|-.06 | +1.83] .29 |- .17] .39
Earth P.

Left |- <78 [+.48| =2.33 |+.48 |-3.88|+.62 | -1.97| .39 |- .17| .29
Sub-Total |+ 57 [6.02 | -1.35 [4.37 |-5.85/3.21 | - .21 (1.38 |+1.22|1.38
[ive Load

0 “1.67 1.6 | -5.03 (1.6 |-8.32|1.72 | -2.56| .83 |+3.62| .83
IR |-1.022.4 | =3.07 [2.4 [-5.13[2.08 [+4.1 | .51 | +.77| .51
1L -1.02| .8 | -3.07 | .8 |-5.13] .93 |-2.3 | .51 [+ .77| .51
Temperature| ¥.24| 0 .73 0 |F1.22%.09 | F1.31 a2 |F1.asfha2




TABLE 6

VALUES OF FUNCTIONS OF THE ANGLE V

cos 8= J707; 0= 45% €=1; (*=1; secd = 1.414; seco= 2;
Function Point o|Point 1R ([Point 2R [Point 3R [Point 4R
Cos @ 1.00 0.99 0.97 0 0
TanV=( cos §| 1.00 0.99 0.97 0 0
v 45° 4428 44218 0 0
Sec V 1.414 1.412 1.295 1.0 1.0
Sec € Sec V | 2.00 2.00 1.972 1.414 1.414

30.



TABLE 7
QUANTITIES IN TABLE 5 CORRECTED FOR SKEW

31.

Load %‘ Point 4R Point 3R Point 2R Point 1R Point O
L
cacs 0l Mg Tv Mg Tv Mg Ty Mg Tv |Mg TV
Dead load
plus earth
pressure + .57 [6.02 F1.35] 4.37[-5.85 | 3.21 | - <21 [1.28 | +1.22 | 1.28
Live Load
0 1 -1.18 1013 '—3.56 1013 -50% lo22 —1081 059 +2056 059
].R- 1 - 072 1070 —2-17 107 ‘3.63 1047 +2-9 036 + CSL .36
].L 1 - .72 057 l—2c1'7 057 —3063 066 ‘1-63 .36 +051‘- .36
Temp.
Rise) . N
Fell) |2| ¥.48 | 0 Fl.46| 0 [¥2.44|%.18] ¥2.62 [F.24 F2.68 | t.24
Totals
Max. 3 +095 6-02 "4-64 2-21
"1009 7015 -6.37 5-5 ‘14017 4061 +5.31 050 +6.46 1.73
Corrected | 3| +1.24/8.51 ~6.55(3.12 [49.14 | .44
_9000 7.78 —20.0 6052
-1.54110.10 +7.50(2.12
#*Note: Step 1l: Live loed quantities multiplied by cos & (.71)
Step 2: Temperature load quantities multiplied by se02-€r(2)
Step 3: Max. moments & thrusts summed up and multiplied by

sec ©-sec V (Table 6)



TABLE 8

SOME CONSTANTS

g y u u? sin & | sin® & cos? B |ucosa|Y cgs?
4R 2.0 0 0 -1 1 0] 0 0
3R 6.0 0 0 -1 1 0] 0 0
2R 10.0 7.0 | 49.0| -.71 | 0.501 0.501| 4.97| 5.01
1R 10.75 | 10.2 | 104.0 | -.122 | 0.0149 0.98 [10.1 |10.%5
0 11.0 | 11.0 |121.0 0 0 1.00 [11.0 |11.0
1L 10.75 | 12.2 | 148 +.122 | 0.0149 0.98 [12.1 [10.55
2L 10.0 | 18.4 | 338 +.71 | 0.501 0.5C1 13.1 | 5.01
3L 6.0 | 16.0 | 256 +1 1.0 0] 0 0
4L 2.0 | 16.0 | 256 +1 1.0 0] 0 0]
g cos?® | u cos § | sin & sing cos &
2 F F cos B F
IR 1.285 13.2 -.121 -.1585
0 3.58 39.4 0 0
iL 1.285 15.85 | +.121 +.1585




33.

Table 8 (Continued)

5 gf sing_g cos® D umcos d I;pos%gzgpsﬁ
guy cos B F F F F F F
4R 0 0 0.67 0 0 0] 0
3R 0 0 0.45 0 0 0 0
2R | 49.7 11.20 0.115 0.115 1.1451 1.15 | 11.45
1R | 108.6 136.20 0.0195 1.285 | 13.22 [13.82 | 142.20
0 | 121.0 433.00 0 3.58 39.40 [39.40 | 433.00
1L | 130.0 194.0 0.0195 1.285 | 15.85 |[13.82 | 170.40
2L | 131.0 77.7 0.115 0.115 | 3.015 | 1.15 | 30.15
3L 0 115.1 0.45 0 0 0 0
4L 0 171.5 0.67 0 0 0] 0

(°|1138.8 2.509 6.38  [72.630 |69.34 [787.20




TABLE 9

LOADING TERM SUMMATIONS FOR EQUATIONS

34

Dead Load Live Load Live Load Live Load
at Point O at 1R at 1R and 1L
=1 e [ Qa ™

+ ) a n @ 0 3 ol |

% . 8 N . 8 N(u [ 8 |§ L 8 N’J)
o % 5 = § x4 g 5 8 =) g Q) = a [ é - 4 8 =y

o o o 5 ol |o

= o = = )] g = =
1R| 6.28(84.2 8.2 6.4]|84.5 8.22| 9.6]-4159|-.153| 12.8|169|16.4
0 8.16(322.0(29.2 | 12.8[504.0(45.8 6.4 0 12.8|504 |45.8
1| 6.28{101.0] 8.2 6.4[101.5| 8.22| 3.2|+.159|+.51 12.8(203|16.4

Quantities for direct substitution in Equations.

Assumption 1.

The following values of H are obtained for the rectenguler frame.

Dead Balanced | Temp. Live Live Live
Load Earth Rise Load Load Load
Pressure }Boint 0 [Point1R|Points
1R & 1L
06 078 012 -83 051 1-02




35.

Substitutions for the left hand sides of the egustions are:

Eq. Expression Solution Substitution
58 (s 12_ - _L_?_ (8 ¢in® & 1139-64%2.5 981
F
¥ 4 =(1139-158)
5a
goag | (5 neped 72.6
2
5b (S CO; ) 6.38

Guantities for the right hend sides of the equations are listed in
Teble 6.

For assumptions 2 and 3, quantities for direct substitution:

Balanced earth pressure substitution, in the right hand sides of

Equations 5a and 5b for assumptions 2 and 3 are:

*h< s uy cos & , wh3 s wcos?d
- (=% -H ( F ot ( F

= _1(1.98-1.2) 787.2  + 30x11.57 4 70,6
12

= =945 + 274
= -671

”

The substitution for left hand side (Assumption 3) is (° %— = 1139.

The My correction for Assumption 2 is same as shown in Table 6 for
Assumption 1. With the above mentioned exceptions, &all substitutions
for the R.E.S. of Egs. 5a for Assumptions 2 and 3 are the same as the

corresponding substitutions in Egs. 5a for Assumption 1.



TABLE 10

SUBSTITUTIONS FOR THE R.H.S. OF EQ. 5a,ASSUMPTION 1

36.

Substi-
Loading Expression Computation tution
Dead Load: | f (5 Houcos 8 1(507.2-.6x787.2)
- (PR Ls By =(507.2-472) 35
2
Balanced i - &-mx -1(1.98-.78)787.2 | -945
earth
pressure ( (¢ HX;§9§_§ )
Temperature ¢ [EELEL
rise. Ks
-(1+ e?) H (S El;ﬁgﬁ_lﬂ
1 [.288x106x6.5x166x45x16
2.67x4
- (1#12) (.122 x 787.2)
= -(126.4-192) -66
Live Load: .
sou cos & "
¢ ( (5 ERSeE R 1(690-.83x787.2)
0
-H (furceshd ) cos & )| X707
F
=(690-653) .707
= 37x.707 26.2
Live load
1R m 1(876-1.02x727.2)
(balanced) 2707
=(876-803)x.707
= 73x.707 51.6




TABLE 11

SUBSTITUTIONS FOR THE R.H.S. OF
EQUATIONS 5b: ASSUMPTION 1.

37.

Substi-

Load at 1R

Loading Expression Computation tution
Dead Load:  |¢{ (8 @-C-Peéz—-@ 1(45.6-6x69.34)
|y (° rcosmd =(45.6-41.6) 4:0
th 2 5 a
Balanced ) |- 2—5 - g (S eos -1(1.98-.78)69.34
earth F
pressure ? =(1.2)69.24 -83.0
Temperature 2 s vcos? &
rise. - € (+6) B ( EL—?r—— -1(2).122(69.24) -16.9
ive Loads E Mo cos? &
Live Load: ¢ F 1(62.2-.83x69.34)
2 x.707
5 Ycos“B) o
0 AR D s = (62.2-57.5).707
= (4.7).707 .32
Live load
Rl n 1(78.6-1.02x69.34)
balanced) x.707
=(78.6-70.7)x.707 5.6
M_ correction ¢ (¢ Mo sin b cos &
¢ (5q.5) cin? B 1x (-1.02) 406
4.5 + (" TF 2.509
for Live




TABLE 12

SOLUTION OF EQUATIONS FOR VARIOUS
ASSUMED FOOTING CONDITIONS: ASSUMPTION 1

38.

Eq. Left Hand Dead 23122;3 Temp. Live Load 1R
Sides Load |press Rise 0 Balanced
5a | 981 R%
72,63 Me= | +35 | 945 | 66 | +26.2 | +51.6
5b| 72.63 Rl
Dividing throughout by the coefficients of My.
s5a | 13.52 R
- My = | +.482 =-13.01 -.91 +.361 +.711
5b |11.4 Rlg
53.- l
5b | 2.12 R 8 -.145 |+ 0O +1.74 | -.16 -.167
RB= | -.068,| + .0 + .82 | -.0755| -.0788 | -.0394
5¢ |My=-L Rlg
2
=8 R, = | +.547 0 —6.56 | +.604 | +.63 +.315(Av.)
For live load at 1R.
5d |dyg = 315 -.406 =-.091
5d |Myr, = 315 + 406 = +.721
-11.4 RL = | +.78 0 -9.34 | +.86 +.896
Adding -11.4 R} to 5b
My = | +1.407 | -13.01 | -11.99 | +1.38 | +1.774 | +.887
My = | -1.407 | +13.01 | +11.99 | -1.38 <1.774 | —.887




TABLE 12 (Continued)

SOLUTION OF EQUATIONS, FOR ASSUMPTION 2.
(b). ROTATION ABOUT x AXIS AND s AXIS

39.

_ ——JLive Load4—
Dead Balan-| Temp.
s ced E. 1R 1R
Eq. L.H.S. Load |pregss.| Ri€e 0 Balanced
5o | 981 RL =|+35 [-671 |- 66 +26.2 | +51.6
RL  =|+.0357|-.684 | -.0673 | +.0268| +.0526 | +.026
sc |dy= -8Ry =|-.286 |+5.47 | +.538 | -.214 | -.42 -.21(Av.)
For live load at 1R
(c). SOLUTION OF EQUATIONS FOR ASSUMPTION 3
ROTATION ABOUT x-AXES, y-AXES, and 8-AXES
5 | 1138.8 RE&={+35 [|-671 | -66 +26.2 +51.6
rRL = +.0308| -.591 | -.058 | +.023 +.0454 | +.0227(Av.)
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Notes for Table 15:

Tp

Ma tan V - Mv

Values of M_ and Tv are given in Table 7, T, = R, in Table 13,

My in Table 14.

45.



46.

CONCLUSION

A look at Table 15 in our example indicates that Mp and TT for
Assumption 1 are greater than the corresponding quantities for any other
assumption. So it appears that velues of My and Tp have to be computed for
a1l the three assumptions for any skew rigid freme, to determine the worst
condition.

Also, the Ml due to temperature change, is not less than .74 of the
total My for Assumption 1 and is not more than .17 of the Mp for Assump-
tion 2 or 3 for all points except for Point 2R. Thus torsional moment
due to temperature change constitutes the principal psrt of the final
torsional moment in Assumption 1, and constitutes & minor part of the final

torsional moment for Assumptions 2 and 3.
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