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ABSTRACT

FLUCTUATION SPECTRA OF MESOSCOPIC VIBRATIONAL SYSTEMS
By

Yaxing Zhang

We study the spectra of fluctuations in linear and nonlinear vibrational systems. Fluctuations play
a major role in mesoscopic systems explored in nanomechanics, cavity and circuit quantum elec-
trodynamics, and Josephson junction based systems to mention but a few. We find that important
insights into the nature of the fluctuations can be gained by investigating the system dynamics in
the presence of periodic driving. This is because the interplay of the driving and fluctuations leads
to specific pronounced spectral features. Our predictions are corrobarated by measurements on a
carbon nanotube resonator which show that the theory allows one both to reveal and to characterize
frequency fluctuations in a vibrational system, as well as to determine the decay rate without ring-
down measurements. Our results bear on the general area of decoherence of mesoscopic oscillators
and also on the classical problems of resonance fluorescence and light scattering by oscillators.
An important and poorly understood mechanism of fluctuations in mesoscopic systems is the
dispersive mode coupling. This coupling is inherent essentially to all mesoscopic systems. It comes
from the nonlinear interaction between vibrational modes with non-resonating frequencies. We
consider the power spectrum of one of these modes. Thermal fluctuations of the modes nonlinearly
coupled to it lead to fluctuations of the mode frequency and thus to the broadening of its spectrum.
However, the coupling-induced broadening is partly masked by the spectral broadening due to the
mode decay. We show that the effect of the mode coupling can be identified and characterized
using the change of the spectrum by resonant driving. The theoretical analysis is complicated by
the fact that the dispersive-coupling induced fluctuations are non-Gaussian. We develop a path-
integral method of averaging over the fluctuations and obtain the power spectrum in an explicit
form. The shape of the spectrum depends on the interrelation between the coupling strength and

the decay rates of the modes involved, providing a means of characterizing these modes even where



they cannot be directly accessed. The analysis is extended to the case of coupling to many modes
which, because of the cumulative effect, can become effectively strong. We also find the power
spectrum of a driven mode where the mode has internal nonlinearity. Unexpectedly, for a driven
mode, the power spectra dominated by the intra- and inter-mode nonlinearities are qualitatively
different. The analytical results are in excellent agreement with the numerical simulations.

Of significant interest for physics and biophysics are overdamped mesoscopic and microscopic
systems. Inertial effects play no role in their dynamics. We show that where such systems are
periodically driven, along with the conventional delta-peak at the driving frequency their power
spectra display extra features. These can be peaks or dips with height quadratic in the driving
amplitude, for weak driving. The peaks/dips are generally located at zero frequency and at the
driving frequency. The shape and intensity of the spectra sensitively depend on the parameters of
the system dynamics. To illustrate this sensitivity and the generality of the effect, we study three
types of systems: an overdamped Brownian particle (e.g., an optically trapped particle), a two-state
system that switches between the states at random, and a noisy threshold detector. The analytical

results are in excellent agreement with numerical simulations.



Copyright by
YAXING ZHANG
2016



ACKNOWLEDGEMENTS

First of all, I would like to thank my advisor and teacher, Dr. Mark Dykman. I was lucky enough
to meet Mark, who later taught me the fundamentals of doing science, and led me to discover
and enjoy the beauty of physics world. In addition to the invaluable scientific knowledge that
he has taught me, Mark always encourages me to go ahead and do the calculation when I was
intimidated by the problem in the first place. Mark also taught me the importance of interpreting
the mathematical results in a physical term and putting them in a physical picture. On the personal
matters, Mark has always been very caring and considerate for which I greatly appreciate.

I would also like to thank my Thesis Committee members, Dr. Norman Birge, Scott Pratt,
Carl Schmidt, and Steve Shaw, who have been enthusiastic about my work and helpful with their
comments. Particularly, Norman has always been critical and raising questions during my presen-
tations for which I greatly appreciate. Special thanks go to Scott who has been very supportive on
academic and personal matters during my years at East Lansing. In fact, without encouragement
from Scott, I probably would not start my adventure as a theorist. I would like to thank Carl,
from whom I learned the basics of the quantum field theory and diagrammatic technique which I
benefit from in my everyday research. As a close collaborator of Steve, I enjoyed and learned a lot
on mechanical resonators and nonlinear dynamics which I will continue to work on in my future
career.

Many thanks go to my colleagues and officemates at MSU, Dong Liu, Juan Atalaya, Pavel
Pulunin, and Kirill Moskovtsev, with whom I enjoyed discussing physics and everything else.
Special thanks go to Juan, who has been really patient and helpful in answering my questions in
research.

I would also like to thank the staff at the Physics and Astronomy Department, who made my
stay at MSU smooth and pleasant.

Last but not least, I would like to thank my family. I cannot imagine spending these five years



without my wife, Jun, by my side who is always patient, supportive, and caring towards me. I
would like to thank my parents and parents-in-law who are also very patient to me and always
teach me how to be a good person. I would also like to thank my daugher, Audrey, who teaches

me being curious is important.

vi



TABLE OF CONTENTS

LISTOFFIGURES . . . & o ittt i i e e i e i ettt et e et an e ix

CHAPTER 1 INTRODUCTION . . . v it ittt it e it e et ettt te e anen 1
CHAPTER 2 INTERPLAY OF DRIVING AND FREQUENCY NOISE IN THE SPEC-

TRA OF VIBRATIONALSYSTEMS . . . . o v v i i it i i i e e e 6

2.1 Introduction . . . . . . . . . . 6

2.2 Power spectrum of weakly driven systems . . . . . .. ... ... ... ... 8

2.2.1 General eXpression . . . . . ... ..o e e e e e 8

2.2.2  Spectrum of a driven harmonic oscillator with fluctuating frequency . . . . 10

2.3 Oscillator power spectrum in the limitingcases . . . . . . .. ... ... ..... 12

2.3.1 Weakfrequency noise . . . . . . . . . . ... 12

2.3.2 Narrow-band frequency noise . . . . . . ... ... ... 12

2.3.3 Broadband frequency noise . . . . . . . .. ... 13

2.3.4 Gaussian frequency noise . . . . . ... ..o e 14

2.3.5 The weak-noise condition . . . . . . . . . ... ... .. 15

2.3.6  Susceptibility with weakly fluctuating frequency . . . .. ... ... ... 16

2.4 The area of the driving-induced spectral peak . . . . . .. .. ... ... ... .. 16

2.4.1 Scaling of the driving-induced power spectrum . . . . . . ... ... ... 18

2.5 Experiments on carbon nanotube vibrational system . . . . . . ... ... ... .. 20

2.6 Conclusion . . . . . . . 23

CHAPTER 3 SPECTRAL EFFECTS OF DISPERSIVE MODE COUPLING IN MESO-

3.1

3.2
33

34
3.5

3.6

SCOPICSYSTEMS . . o i it e e e e et et et e e 25
Introduction . . . . . . .. L 25
3.1.1 The structure of thechapter . . . . . . . ... ... ... ... ....... 28
Driving-induced part of the power spectrum . . . . . . ... ... ... ...... 29
Equations of motion for the slow variables . . . . . . ... ... ... ....... 30
3.3.1 Stochastic equations for slow variables . . . . . ... ... ... ...... 31
The driving-induced spectrum @z () for dispersive coupling . . . . . . .. .. .. 32
Averaging over the frequency noise for dispersive coupling . . . . . . . ... ... 34
3.5.1 Findingthedeterminant. . . . . . . .. ... ... ... ... .. ... 36
3.5.2 The average susceptibility . . . .. .. ... ... ... L .. 37
3.5.3 The average of the product of the susceptibilities . . . ... ... .. ... 37
3.5.4 The transfer-matrix type construction . . . . . .. .. ... ... ... .. 38
3.5.5 Alternative path-integral approach to averaging over frequency noise . . . . 39
Discussion of results . . . . . . . .. 41
3.6.1 The spectrum @ (w) in the limitingcases . . . . . .. .. .. ... .... 42

3.6.1.1 Weak frequencynoise . . . .. .. ... ... ... ....... 42
3.6.1.2 Broad-band frequency noise . . . . .. ... ... ... ..... 43

vii



3.6.1.3 Narrow-band frequency noise . . . . ... ... ... ...... 44
3.6.2 Evolution of @ (w) with the varying bandwidth and strength of the fre-

QUENCY NOISE .« v v v v v v o e e e e e e e e e e e e e e e e 45
3.6.3 Effect on ®p () of the detuning of the driving frequency . . . . . . . . .. 48
3.6.4 The area of the driving induced power spectrum . . . . . . . ... ... .. 49
3.7 Dispersive coupling to severalmodes . . . . . . .. ... Lo 51
3.7.1 An intermediate number of modes: weak and effectively strong coupling . 53
3.7.1.1 The driving-induced spectrum . . . . . . .. .. ... ... ... 54
3.7.1.2  Driving-induced spectrum for an effectively strong dispersive
coupling to a large number of modes . . . . ... ... .. ... 56
3.8 Power spectrum of a driven nonlinear oscillator . . . . . . .. ... ... ... .. 57
3.8.1 Weaknonlinearity . . . . . . . ... ... . o 59
3.8.2 Large detuning of the driving field frequency . . . . . ... ... .. ... 59
3.8.3 Numerical simulations . . . . . . . ... ... L Lo 60
3.9 Conclusions . . . . . . . . 62
CHAPTER 4 FLUCTUATION SPECTRA OF DRIVEN OVERDAMPED NONLIN-
EARSYSTEMS . . o i it i e e e e et e e e et e e e e 65
4.1 Introduction . . . . . . . . . L e e e 65
4.1.1 Qualitative picture . . . . . . . ... e e 66
4.2 General formulation . . . . . ... oL oL 68
4.3 Power spectrum of a driven Brownian particle . . . . ... ... ... ....... 70
4.3.1 Methodof Moments . . . . . . . .. .. ... 70
4.3.2 Power spectrum for comparatively large driving frequency . . . . . . . .. 72
4.4 Power spectrum of a driven two-state system . . . . . . .. . ... 74
4.4.1 The model: modulated switchingrates . . . . . . ... ... .. ...... 74
4.4.2 Kinetic equation and its general solution . . . . . . .. ... ... ... .. 76
4.4.3 The driving-induced part of the power spectrum . . . . . .. ... ... .. 77
4.5 Thresholddetector. . . . . . . . . . . . . L 80
4.6 Formulation in terms of fluctuating susceptiblities . . . . . . . . . .. .. ... .. 84
4.6.1 Fluctuating susceptibility of a threshold detector . . . . . . . ... ... .. 85
47 Conclusions . . . . . . .. e 86
CHAPTER S CONCLUSIONS . . o it i et e e ettt et ettt ean e 89
5.1 Outlook . . . . . . 91
BIBLIOGRAPHY . . . o i i i i i it i e e e e e e e ettt et et an e 92

viii



Figure 2.1

Figure 2.2

Figure 2.3

Figure 2.4

Figure 2.5

LIST OF FIGURES

Top: sketches of the power spectra of a driven linear oscillator ©(®). Panels
(a) and (b) refer to large and small correlation time of the frequency noise
t. compared to the oscillator relaxation time ¢, respectively, i.e., to narrow-
and broad-band frequency noise. The blue (lower) line shows the spectrum of
thermal fluctuations in the absence of driving; it is centered at the oscillator
eigenfrequency wy = (@osc()). In the presence of driving there is added a -
peak at the driving frequency @wg. The green areas show the spectral features
from the interplay of the driving and fluctuations of @wosc(#). Bottom panels:

Wosc(t) forte >t (@) and te <t (b). . o o o o o oo

The power spectrum of the oscillator with a Gaussian frequency noise with
the spectrum =(Q) = 2DA2/(A% + ©2). The noise intensity is D/T" = 2.
Panels a and b: the full spectrum. The color coding is the same as in Fig. 2.1,
F? / 1612 = 20kgT. Panel c: the driving-induced term. The solid lines and
dots show the analytic theory and simulations; the consecutive curves are

shifted by 0.25 along the ordinate. . . . . . ... ... ... ... ......

The scaled area Sy = 8F2a)§S r of the driving-induced peak in the oscilla-
tor power spectrum as a function of the frequency noise parameters. The
data refer to Gaussian frequency noise with the power spectrum Z(Q) =

2DAZ /(A2 4+Q2). L

AFM image of a 4-um-long nanotube before removing the silicon oxide (top)

and schematic of the device (bottom). . . . . . . . . . . .. ... ... ....

(a) The power spectrum of the fluctuating current 6/(¢) through a driven car-
bon nanotube. The measurement bandwidth is 4.7 Hz. The eigenfrequency
of the studied flexural mode is 6.3 MHz. The driving frequency is 100 Hz
below the resonance frequency. The blue line refers to the power spectrum
without driving; the green area shows the driving-induced spectral change.
This change is separated into the broad peak (darker green), narrow peak
(lighter green), and a delta-spike at the modulation frequency. This spike lies
within 3 bins, within our experimental resolution, and is represented by the
black vertical lines. The separation of the broad and narrow peaks is done by
the straight line that interpolates the broad peak. Shown in the lower panels
is the dependence of the lighter green area (b), the darker green area (c), and
the area under the 0-peak (d) on the squared amplitude of the modulating

gate voltage; as expected from the theory, it is close to linear. . . . . . . . ..
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Figure 2.6

Figure 3.1

Figure 3.2

Figure 3.3

Figure 3.4

Narrow band frequency noise spectrum. It is obtained by fitting the broad
part (812)p,0aq(®) of the experimental spectrum in Fig. 2.5a to a Lorentzian,
and then by subtracting this fit from the experimental spectrum. The red line

isafitto 1/f1/2, where f=|0—@p|/2m. . . . ... ...

The scaled driving-induced part of the power spectrum of the driven mode
dispersively coupled to another mode, which we call the d-mode. Thermal
fluctuations of the d-mode lead to frequency fluctuations of the driven mode.
Panels (a) to (d) show the change of the spectrum with the varying ratio I'y /T’
of the decay rates of the d-mode and the driven mode. The scaled strength
(standard deviation) of the frequency noise is a;I'y/T" = 1. The spectrum
®r () is scaled using the noise-free susceptibility xo(wr), Eq. (3.40), @ =
4T D /| x0(@F)|?. The solid lines and the dots show the analytical theory and

the numerical simulations, respectively. . . . . . . .. ... ... ... .. ..

The evolution of the driving-induced part of the power spectrum with the
varying strength of the frequency noise due to dispersive coupling. Curve 1
to 3 refer to the scaled standard deviation of the noise a;I';/T" = 0.5, 2.5,
and 12.5, respectively. The ratio of the noise bandwidth to the decay rate
of the driven mode is 2I';/T" = 1. The scaled detuning of the driving fre-
quency from the eigenfrequency of the driven mode is dwg /T = —5. The
spectrum is scaled using the noise-free susceptibility xo(@fg), Eq. (3.40),
Sp = 4TPr /|0 (o) ]2. The curves 1 and 3 are additionally scaled by fac-
tors 3.15 and 1.3, respectively, so that the peaks near wp have the same
height. The inset shows the spectrum ®((®) in the absence of driving for the
same values of the frequency noise strength o;I";/I" as in the main panel.
The solid lines and the dots show the analytical theory and the simulations,

respectively. . . . ..

The evolution of the driving-induced part of the power spectrum with the
varying detuning of the driving frequency @g. The scaled strength of the fre-
quency noise induced by the dispersive coupling is o'y /T" = 2.5. The ratio
of the noise bandwidth to the decay rate of the driven mode is 2I';/T" = 1.
The spectrum is scaled using the noise-free susceptibility xo(®r ), Eq. (3.40),
Op =4TDr /| x0(wF) \2. The solid lines and the dots show the analytical the-

ory and the simulations, respectively. . . . . . . ... ... ... ... ...,

The area of the driving-induced part of the power spectrum as a function of
o, for different ratio of the frequency noise bandwidth to the decay rate of
the driven mode 2I';/T". The red (solid), blue (dashed), and green (dotted)
lines refer to I';/T" = 10, 2, and 0.1, respectively. The relative detuning of
the driving frequency is d g /I" = 5. In panel (a), the area S is scaled using
the noise-free susceptibility xo(@r), Eq. (3.40), Sp = 2S¢ /7t|x0(®F)|?. In
panel (b), Sg is scaled by the area of the § peak in the power spectrum of the
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The driving-induced part of the power spectrum of a nonlinear oscillator for
large detuning of the driving frequency, 0 @p /A® = 40. The solid curves
and the dots show the analytical expressions and the results of simulations,
respectively. The values of the nonlinearity parameter and the scaled driving
strength for the curves 1 to 3 are, respectively, « = Aw/T" = 0.125, 1.25, and
5,and B =3yF? /3203807 = 0.016, 0.004, and 0.004. The inset shows the

change of the power spectrum in the absence of driving with varying Aw/I". . .

The driving-induced part of the spectrum of a nonlinear oscillator for small
detuning of the driving frequency. The solid curve (red) shows the analytical
results for ®p(w) for small Aw/T" for the same parameters as the dotted
curve 1. The dots show the results of simulations. The scaled values of the
nonlinearity parameter, the detuning, and the driving strength on the curves 1
and 2 are, respectively, « = Aw/I" = 0.05, and 1.25, dwp /T'= 0.5 and 5, and
B = 3yF2/32w8(5wF)3 = 0.64 and 0.01. The inset shows the full spectrum
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Sketch of a potential of a nonlinear system near the potential minimum. Be-
cause of the interplay of nonlinearity and fluctuations, the curvature of the
potential fluctuates. These fluctuations are shown as the smearing of the
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Scaled driving induced terms in the power spectrum of an overdamped Brow-
nian particle moving in the quartic potential U (g) given by Eq. (4.6), & (o) =
102 KZCIDF((D) /2D. Panels (a), (b), and (c) refer to the scaled cubic nonlin-
earity B2D/ K3 = 0.002 and quartic nonlinearity yD/Kk? = 0.0006, 0.00147,
and 0.002, respectively. The black dots and red solid curves correspond to
the numerical simulations and Eq. (4.12). The scaled driving frequency is
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strength and the noise intensity, the simulation results in panels (b) and (c) de-
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The driving induced terms in the power spectrum of the two-state system for
the ratio of the switching rates W, /Wi, = 7/3. The scaled driving frequency
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Power spectrum of the threshold detector. (a): The full power spectrum;
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spectrum near the driving frequency. The delta peak has been subtracted. The
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The low-frequency part of the driving-induced term in the power spectrum
for wp /k = 50 as given by Eq. (4.28). The solid (black), long-dashed (red),
short-dashed (blue) and dot-dashed (green) curves correspond to the scaled
value of the threshold n(k/D)'/% = 0.1,0.8,1.2, and 2. Inset: the spectrum
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CHAPTER 1

INTRODUCTION

Mesoscopic vibrational systems (oscillators) have attracted much interest in recent years, including
nanomechanical resonators [1], optomechanical systems [2], and superconducting cavity modes
[3]. These systems are usually weakly coupled to the environment, therefore they have very small
decay rate, much smaller than their vibration frequency. What accompanies the coupling to the
environment is fluctuations. The mesoscopic nature of these systems is two-fold: on the one hand,
due to their small size (typically of nano/micro scale), these systems usually experience compara-
tively large quantum and classical fluctuations. On the other hand, the systems can be individually
accessed and manipulated, thus allowing to study their fluctuations without performing ensemble
averaging. In a word, to study the dynamics of these systems, it is crucial to understand the fluctu-
ations in the systems: how to measure them, where they come from and how they affect the system
dynamics.

Another feature of mesoscopic vibrational systems is that they have relatively strong nonlin-
earity [4]. As is well known, frequency of a nonlinear oscillator depends on its amplitude. The
effect of nonlinearity becomes already strong when the nonlinearity-induced frequency shift is
comparable to the decay rate of oscillators. For oscillators with low decay rates this happens
well before the conventional strongly nonlinear effects, such as dynamical chaos, for example,
come into play. There are various mechanisms of nonlinearity. Some are intrinsic in the systems,
and some come from nonlinear coupling to the external degrees of freedom. For nanomechanical
resonators, the nonlinearity can come from the intrinsic phonon nonlinearity, or phonon-phonon
scattering process. They are particularly important for resonators of small size, for example, a
vibrating nanobeam. The nonlinearity can also come from nonlinear coupling to external electric
field that is used to drive the resonator. For superconducting circuits, the dynamics of the employed

Josephson junctions is intrinsically nonlinear.



A standard tool to characterize mesoscopic vibrational systems is spectroscopy. It can be trans-
mission/reflection spectrum for a cavity mode, or the power spectrum of the displacement of me-
chanical resonators. Quite often, the spectrum is modeled as a Lorentzian whose width is thought
to be given by the decay rate of the oscillators. However, there are other mechanisms of spectral
broadening. One of them is fluctuations in the vibrational frequencies, that is, the system eigen-
frequency is subject to a random perturbation in time. For a nanomechanical resonator, frequency
fluctuations can result from attachment or detachment of molecules on the resonator, charge fluc-
tuations in the substrate, or dispersive coupling between different vibrational modes, etc.. For
a cavity mode, it can come from fluctuations in the dielectric constant. The nonlinearity in the
systems also leads to spectral broadening via converting amplitude fluctuations of vibrations to
frequency fluctuations. The convoluted effects of different spectral broadening mechanisms make
the shape of spectral line complicated, and generally non-Lorentzian and asymmetric. In order to
quantify different sources of fluctuations and nonlinearity in the system, it is important to be able
to identify and characterize their effects on spectral broadening. This is the central topic of the
thesis.

The effects of frequency noise on spectral broadening have been observed in different meso-
scopic vibrational systems. To name a few, Sansa et al. [5] showed that frequency fluctuations play
a crucial role in silicon nanoresonators based on a Allen variance analysis, yet the source of fluc-
tuations largely remain unknown. Barnard et al. [6] showed that in carbon nanotube resonator, the
frequency noise that comes from mode-mode coupling accounts for most of the observed spectral
linewidth at room temperature; Miao et al. [7] observed the same effect in graphene resonator. In
superconductivity cavity, the frequency noise/phase noise was measured via homodyne detection
[8, 9], and was attributed to coupling between the cavity and two-level fluctuators in the cavity
walls or the substrate.

To reveal and characterize frequency fluctuations remains a challenge. The previously men-
tioned Allen variance analysis gives informaiton about frequency noise in a narrow band, not the

whole spectrum. Other methods such as homodyne detection, and direct observation of the spec-



tral line do not provide a direct probe of frequency noise, and are often mixed by other sources of
fluctuations.

In this thesis, we propose a method to identify and characterize frequency-noise and nonlin-
earity - induced spectral broadening. The method is based on applying a near resonant driving
to the oscillator, and analyzing the resulting change to the oscillator power spectrum because of
the driving. More specifically, the oscillator power spectrum will display spectral peaks of certain
shape and strength as a result of driving. As we will show, firstly, these peaks will not occur if
there is no frequency noise. They are consequences of the interplay between frequency noise and
the driving. Secondly, the characteristics of the peaks sensitively depend on the properties of fre-
quency noise such as noise strength and spectrum, therefore allowing one to extract information
about the underlying fluctuations or the nonlinearity mechanisms.

The idea behind the proposed method is analogous to shining electromagnetic wave onto an
oscillating charge (a charged harmonic oscillator), and measure the luminescence spectrum of the
charge. As a standard textbook result, a harmonic oscillator only scatters light elastically. There-
fore, its luminescence spectrum will simply be a superposition of a d-peak at the incident light
frequency and the thermal spectrum due to thermal fluctuations of the oscillator [10]. However,
if the oscillator frequency is randomly perturbed by the environment, the oscillating charge can
scatter light inelastically for which the energy offset is provided by or dumped into the environ-
ment. As a result, the luminescence spectrum will show extra structure away from the frequency
of incident light. Depending on the energy stored in the frequency noise (classically it relates to
the correlation time of the noise) and the relaxation rate of the oscillating charge, one expects that
the scattered light can be at frequencies different from the incident light frequency, and width of
the spectral peaks reflects the bandwidth of the frequency noise.

To illustrate the method, we study in Chap. 2 the oscillator response to a near-resonant drive
based on a phenomenological model of a harmonic oscillator with generic frequency fluctuations
[11]. We formulate the problem in terms of oscillator susceptibility that fluctuates in time due to

frequency noise. We show that indeed depending on the interrelation of the noise correlation time



and the oscillator relaxation time, the driving-induced power spectrum ("luminescence spectrum")
has significantly different structure. We then show the experimental results on a carbon nanotube
resonator obtained by our experimental collaborators, and apply the theory to quantitatively extract
the properties of the observed frequency noise in the system.

An important source of frequency noise is nonlinear dispersive coupling between vibrational
modes, as amplitude fluctuations of one mode lead to frequency fluctuations of the other mode.
Dispersive mode coupling plays a central role in quantum non-demolition measurements, in par-
ticular in superconducting circuits [12, 13] and optomechanical systems [14]. However, revealing
and characterizing the coupling-induced noise of the oscillator frequency becomes challenging in
the presence of dissipation when the fine structure of the oscillator absorption spectrum cannot be
resolved.

In Chap. 3, we focus on mode-coupling-induced frequency noise. We study a microscopic
model of two nonlinearly coupled harmonic oscillator(or two modes), both of which are coupled
to a thermal reservior. Because of the nonlinear coupling between the two oscillators, amplitude
fluctuations of one oscillator become frequency fluctuations of the other. We find analytically
using a path-integral technique the response of one of the oscillators to a near resonant driving,
and the driving-induced power spectrum [15]. As in the generic case, this spectrum reflects the
properties of the frequency noise, in particular, it depends sensitively on the interrelation between
the coupling strength, and decay rates of the two oscillators. We then generalize the analysis from
two coupled modes to many coupled modes.

The driving-induced spectral peaks of the power spectrum result from fluctuations in the system
susceptibility. These peaks are sensitive tools to study system dynamics and fluctuations irrespec-
tive of the particular type of the system. With this in mind, in Chap. 4, we study the driving-induced
power spectra of several types of systems different from a fluctuating oscillator, including an over-
damped Brownian particle (e.g., an optically trapped particle), a two-state system that switches
between the states at random, and a noisy threshold detector. In all studied cases we show that

driving leads to the onset of spectral features near the driving frequency and the characteristic fre-



quencies of the systems [16]. The shape and intensity of these features are sensitive to the form of
the system nonlinearity and the fluctuation mechanism.
In Chap. 5, we conclude by summarizing the major results of the thesis and discuss future

directions.



CHAPTER 2

INTERPLAY OF DRIVING AND FREQUENCY NOISE IN THE SPECTRA OF
VIBRATIONAL SYSTEMS

2.1 Introduction

The spectrum of response and the power spectrum of an oscillator is a textbook problem that
goes back to Lorentz and Einstein [17, 18, 10]. It has attracted much attention recently in the
context of nanomechanical systems. Here, the spectra are a major source of information about
the classical and quantum dynamics [19, 20, 21, 22, 23, 24, 25, 26]. This is the case also for
mesoscopic oscillators of different nature, such as superconducting cavity modes [8, 9, 27, 28] and
optomechanical systems [2]. Mesoscopic oscillators experience comparatively large fluctuations.
Along with dissipation, these fluctuations determine the shape of the vibrational spectra.

A well-understood and most frequently considered [10] source of fluctuations is thermal noise
that comes from the coupling of an oscillator (vibrational system) to a thermal reservoir and is
related to dissipation by the fluctuation-dissipation theorem. Dissipation leads to the broadening
of the oscillator power spectrum and the spectrum of the response to external driving.

Spectral broadening can also come from fluctuations of the oscillator frequency, which play an
important role in mesoscopic oscillators. For nanomechanical resonators, frequency fluctuations
can be caused by tension and mass fluctuations, fluctuations of the charge in the substrate, or
dispersive intermode coupling [22, 23, 24, 25, 26, 29, 30, 6, 7], whereas for electromagnetic cavity
modes they can come from fluctuations of the effective dielectric constant [8, 9]. Identifying
different broadening mechanisms is a delicate task that has been attracting much attention [24, 26,
8, 6,31, 32].

In this chapter we study the combined effect of periodic driving and frequency fluctuations on

the power spectra of nanomechanical vibrational systems. For a linear oscillator with no frequency



fluctuations, driving leads to a &-like peak at the driving frequency wg [10, 19], because here the
only effect of the driving is forced vibrations linearly superimposed on thermal motion. Frequency
fluctuations make forced vibrations random. As we show, this qualitatively changes the spectrum
leading to characteristic new spectral features. We observe these features in a carbon-nanotube
resonator and use them to separate the energy relaxation rate from the overall broadening of the
power spectrum in the absence of driving, as well as reveal and explore the narrow-band frequency

noise.

a D(w) b D(w)

Figure 2.1 Top: sketches of the power spectra of a driven linear oscillator ®(w). Panels (a) and
(b) refer to large and small correlation time of the frequency noise ¢, compared to the oscillator
relaxation time ¢,, respectively, i.e., to narrow- and broad-band frequency noise. The blue (lower)
line shows the spectrum of thermal fluctuations in the absence of driving; it is centered at the
oscillator eigenfrequency @y = (@osc(2)). In the presence of driving there is added a §-peak at the
driving frequency wr. The green areas show the spectral features from the interplay of the driving
and fluctuations of Wy (7). Bottom panels: wogc(t) for ¢, > t, (a) and 7. < 1 (b).

For a linear oscillator, the spectral features resulting from the interplay of driving and frequency
noise are sketched in Fig. 2.1. The two limiting cases shown in Fig. 2.1 correspond to the long
and short correlation time of the frequency noise 7. compared to the oscillator relaxation (decay)
time ¢,. For f. > t, (panel a) the oscillator frequency @ygc(2) slowly fluctuates about what can be
called the eigenfrequency @y = (@osc(7)). One can then think of slow fluctuations of the oscillator
susceptibility x, which depends on the detuning of the driving frequency g from ®osc(f). The
associated slow fluctuations of the amplitude and phase of forced vibrations at frequency g lead

to a finite-width spectral peak centered at wg. This is a frequency-domain analog of the Einstein



light scattering due to spatial susceptibility fluctuations [33].

For t. < t, (panel b), driving-induced random vibrations quickly lose the memory of the driv-
ing frequency. They become similar to thermal vibrations. However, their amplitude is determined
by the driving, not the temperature. This leads to a spectral peak centered at the oscillator eigen-
frequency @y, with the height quadratic in the driving amplitude.

In the quantum picture, one can think that, as a result of pumping by a driving field, the oscil-
lator emits energy quanta. For the familiar example of an oscillating charge driven by an electro-
magnetic field these quanta can be photons, and one can speak of light scattering and fluorescence
by an oscillator. A quantum is emitted over time ¢, after the absorption event. For 7. < 1, the
frequency of the quantum is uncorrelated with the excitation frequency @g. This is a fluorescence-
type process. The energy difference i(wr — @) comes from the frequency noise. For t. >> 1,
emission occurs at frequencies close to wg. In the both cases the spectrum is qualitatively different

from just a 8-like peak in the absence of frequency fluctuations [10].

2.2 Power spectrum of weakly driven systems

2.2.1 General expression

To describe the power spectrum of a nonlinear system one has to go beyond the approximation
implied above, where only the linear susceptibility is fluctuating. If driving is described by the term
—qF (t) in the oscillator Hamiltonian, where g is the oscillator coordinate and F(¢) = F cos @pt is
the driving force, to obtain terms o< F' 2 in the power spectrum one should keep terms o F" and o< F 2

in the response,

) maofe) + [l (t)F )

t
! g1 i / 1
+//_de dt" xo(t,t' 1" )F(t)F(t"). (2.1)

Here g () is thermal displacement in the absence of driving. Equation (2.1) does not include

averaging, ¥; and ), are the fluctuating linear and nonlinear susceptibilities. The standard linear



susceptibility is (x1(z,#')), it is a function of # —¢’. For a harmonic oscillator, which is the central
topic of this chapter, y, = 0.

The conventionally measured oscillator power spectrum is

(@) =2Re [ " die® {(q(t+1)qlt)

where ((-)) indicates statistical averaging and averaging with respect to ¢’ over the driving period

27/ @p . For weak driving
~ T2 2 2
P(0) = Po(0) + S F7|x(0F)["6(0 — oF) + F P (). (2.2)

This spectrum is sketched in Fig. 2.1. Function & is the power spectrum in the absence of
driving, a resonant peak associated with thermal vibrations of the oscillator. The J-peak at the
driving frequency in Eq. (2.2) and in Fig. 2.1 describes average forced oscillator vibrations, ¥ (®)
is the Fourier transform of () (¢,¢')) overt —¢'.

Of primary interest to us is the term ®x (@), shown by the envelope of the green area in Fig. 2.1.
It describes the interplay of frequency fluctuations and the driving. We consider it for @ close to
o assuming a high quality factor, wyt, > 1, typical for mesoscopic systems, and resonant driving,
|oF — ayp| < oF.

The explicit expression for the driving-induced term in the power spectrum of fluctuations of

the oscillator reads
oo . 0 .
Dp(0) = %Re /0 diel(O—F )t / / dtdteOF (7 =7)
X (.14 7) [21(0,7) = (1 (0,7))]) + @ (@) 2.3)

This expression follows from Eqs. (2.1) and (2.2). The first term gives the contribution of the
fluctuations of the linear susceptibility. The second term gives the contribution from the nonlinear

susceptibility,
(2) = it [[° / /
Py (o) :Re/o dte //_mdrdr cos[op (T —1')]

X [(Ha(t,t+ 7,6+ 7)qo(0)) + (g0 (1) x2(0,7,7'))] . (2.4)



This term describes the correlation between fluctuations of the second-order susceptibility and ther-
mal fluctuations in the absence of periodic driving. We emphasize that, for a resonantly modulated
underdamped oscillator, it is pronounced at frequencies @ close to the driving frequency @g, not
2wr. Equation (2.4) describes, in particular, the contribution to the spectrum from the nonlinear
susceptibility of a nonlinear oscillator. It is especially convenient in the case of weak nonlinearity,
where the oscillator spectrum ®((®) is broadened primarily by the decay rather than by frequency
fluctuations due to the interplay of the nonlinearity and the amplitude fluctuations. In this case the
term CIDI(E) gives the main contribution to ®r. The theory of a nonlinear oscillator will be discussed

in Chap. 3.

2.2.2 Spectrum of a driven harmonic oscillator with fluctuating frequency

For a harmonic oscillator with fluctuating frequency, Wosc (1) = wy+ & (¢), where & () is zero-mean
noise. We assume that the noise is weak compared to @ and that its correlation time 7. >> @, L
The noise then does not cause parametric excitation of the oscillator [34, 35].

The most simple model of the oscillator dynamics is described by equation
G420+ [0f +200& (1))g = F cos ot + f(1), (2.5)

where f(r) is thermal noise and I' =7, ! is the relaxation rate. Both f(r) and the direct frequency
noise & (¢) lead to fluctuations of the oscillator phase. Separating their contributions by measuring
the commonly used Allan variance (cf. [19]) is complicated. However, these two types of noise
have different physical origin, and our results show how they can be separated using the power
spectrum; a different approach, which however may not be implemented with a standard spectrum
analyzer, was proposed in [36].

The susceptibility of a linear underdamped oscillator with fluctuating frequency can be found
in a standard way by changing from the fast oscillating variables g, g to slow complex oscillator

amplitude u(t) = [¢(r) + (iwp) " '4(r)] exp(—iwpt) /2. From Eq. (2.5), the equation for u(r) in the
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rotating wave approximation reads

i = — [T+ iSop — i€ (1)]u— i% + fult). 2.6)

Here, d o = wp — @ is the detuning of the driving frequency from the oscillator eigenfrequency;
Su(t) = [f(t)/2iowg)exp(—iwpt). Equation (2.6) applies on the time scale that largely exceeds
(0N I On this scale fu(t) is O-correlated even where in the lab frame the oscillator dynamics is
non-Markovian, cf [37]. Solving the linear equation (2.6), one immediately obtains the fluctuating

linear susceptibility of a damped harmonic oscillator,

i —(F+iw0)(t—t’)—iftt,dt”é(t”)

n_— [
x1(t,t) = 20’06 +c.c. (2.7)

(x> = 0). Equation (2.7) often applies even where the oscillator dynamics in the lab frame is non-
Markovian. We disregard corrections ~ |8 @f |/ ®F; in particular in Eq. (2.6) for convenience we
replaced F /wp with F /ay; similarly, in the expression for f,, we replaced f/wF with f/ay.

We note that the noise f;,(7) drops out from the moments (1" (¢)) [36]. This can be used to char-
acterize the statistics of the frequency noise. Here we consider the change of the conventionally
measured characteristic, the power spectrum, and the extra spectral features related to the interplay
of the driving and frequency noise.

It is convenient to rewrite Eq. (2.3) for the spectrum ®r(®) near its maximum in the form
that explicitly takes into account that, when the expression for the susceptibility is substituted into

Eq. (2.3), the fast-oscillating terms in the integrands can be disregarded. This gives
dp(w) = (8(05)_1Re/0 dtexpli(@ — wp)i]
t 0
X /_mdt’/_wdri<xsl(t,;’)[x:1(0,t{) — (x500,60)]),
; / t
xa(t,1') = e (OO exp {—i /, df”é(t”)} . (2.8)
t

Here, function xg(¢,#') gives the slowly varying factor in the fast-oscillating time-dependent os-

cillator susceptibility x;(z,'). Function (¥ (0,¢)) = (xq(—t,0)) gives the standard (average) sus-
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ceptibility

op) = [ die®F (31,0 :L/oodt £,0)). 2.9
xop) = [ die®F G (1,0)) = 5o [ (a(0,0)) 29
The mean forced displacement of the oscillator in the linear response theory is

(4(6)) = 1 Fe™F () +cc.

2.3 Oscillator power spectrum in the limiting cases

2.3.1 Weak frequency noise

Explicit expressions for ®z(w) can be obtained from Eq. (2.8) in the limiting cases. For weak
frequency noise, one can expand X in £ (). To the leading order, the spectrum @ is proportional
to the noise power spectrum E(Q) = [7_dr(&(¢)E(0)) exp(iQx),

1 E(o— op)

(4] ~ . 2.1
FlO) S 62 + (o — a0 2] T2 + (0 — )2 10

This expression provides a direct means for measuring the frequency noise spectrum. It already
shows the peculiar features qualitatively discussed above. If Z(Q) peaks at zero frequency and is
narrow on the scale I (as for 1/ f-type noise, for example), @ (@) has a peak at wg, cf. Fig. 2.1a.
The shape of this peak coincides with that of E(Q). If, on the other hand, Z(Q) is almost flat
on the frequency scale I', |wr — @y| (broad-band noise), Pr () has a Lorentzian peak at @y, cf.

Fig. 2.1b.

2.3.2 Narrow-band frequency noise
To describe the effect of a narrow-band, but not necessarily weak frequency noise, one can replace

E(¢") in Eq. (2.8) with &(¢). Then it follows from Eq. (2.9) that the susceptibility reads

2(0r) = 3o (X(0). X(0) = [—ider+iE()]". @.11)
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whereas the expression for the driving-induced term in the power spectrum reads

& (o %Re/ d1e©@=OF) (X (1) [X*(0) — (X*(0))]). (2.12)
The quantity iX () /2y corresponds to the “instantaneous” slowly fluctuating susceptibility. The
narrow spectrum Pz (®) is determined by the spectrum and statistics of the frequency noise. These
expressions can be used for numerical calculations if the statistics of the noise & (¢) is known. The
simple relation (2.10) between ®f () and Z () follows from this analysis for (£2) < I'2 + (wp —

a)o)z. Importantly, this condition can be achieved by tuning @y somewhat away from @y.

2.3.3 Broadband frequency noise

The case of flat £(Q), i.e., of &(¢) being d-correlated on time scale 7, can be analyzed for an

arbitrary noise strength using the characteristic functional of a §-correlated noise is

PIK0O) = (expli [ ik EO]) = expl— [ pk(r))d

where function (k) is determined by the noise statistics.

As seen from Eq. (2.8), function () (z,¢')) is determined by 2[k(¢")] with k(t") = —1 if
t' <t <t and k(t) = 0 otherwise. For §-correlated noise, where Z[k(t)] = exp[— [ dt u(k(t))],
taking into account that u(0) = (du /dk)j—y =0 and u(—k) = u*(k), we obtain

(xs1(t,1)) = exp[— (T —iSwp + p*(1)]) (r — 1],
x(0F) = (i/2a) [[ - i(0F — @)] " 2.13)

with '=T+Reu(1) and @) = oy —Imp(1). Thus, frequency noise leads to the broadening of
the conventional susceptibility Re (1) and the effective shift of the oscillator eigenfrequency by
—Imu(1). We note that the noise can be considered §-correlated when its spectrum is flat not just
on the scale 2 T, but on the scale 2 I"+ Re (1), which itself depends on the noise intensity. At
the same time, the noise spectrum is assumed to be much narrower than @y. As seen from Eq. (2.8)

the noise components oscillating at frequencies much higher than I'+Re (1), |6 @ | are averaged
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out; frequency noise with frequencies ~ @y was disregarded in Eq. (2.6). When writing Eq. (2.6)
we also assumed that noise at frequencies close to 2my ~ 2@f is very weak and can be disregarded.
If this were not the case, one would have to take into account the effects of nonlinear friction that
come from the coupling to the source of the noise, cf. [37].

Averaging the term (g (z,7')x(0,7])) in Eq. (2.8) comes to calculating

t 0
<eXp [—i /t e (") +i /t 1 dti’é(ti’)] >

- <exp [i /_ Zdzzk(zz)arz)} > (2.14)

Here t > 0 and —oo < 1’ <t,—c0 <] < 0. Clearly, in this equation k() = 0,%1. For ¢’ < 0 we
have k(ry) = sgn(¢' —#}) if min(¢',1]) <ty <max(t;,1]) and k(tp) = —1if 0 <1, <1; for 1’ >0 we
have k(ry) = 1,if 1| <1y <0and k(ry) = —1, if ' <1y <t; otherwise k() = 0. For a §-correlated
noise the averaging using the explicit form of Z?[k(t)] and integration over ¢',7{,1 gives

oy (o) [Rem(I/T r

= - _ . 2.15
SOZIT2 + (0 — @0)2 T2+ (0 — )2 19

The spectrum (2.15) and the spectrum @ (@) in the absence of periodic driving have the same
shape given by the last factor in (2.15): a Lorentzian centered at the noise-renormalized oscilla-
tor eigenfrequency @y = @y — Im (1) with halfwidth T" = '+ Re u(1). However, in contrast to
®p(w), the area of F2®p(w) is independent of the intensity (o< kgT') of the dissipation-related
noise. Instead it is proportional to the frequency-noise characteristic Reu(1). Equation (2.15)
suggests how to separate the noise-induced broadening of the oscillator spectrum from the decay-

induced broadening, see below.

2.3.4 Gaussian frequency noise

For a stationary Gaussian noise the characteristic functional is expressed in terms of the noise

correlator [38],

P =exp | [ EOEOMOMD)
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Figure 2.2 The power spectrum of the oscillator with a Gaussian frequency noise with the spectrum
Z(Q) = 2DA? /(A% +Q2). The noise intensity is D/T" = 2. Panels a and b: the full spectrum. The
color coding is the same as in Fig. 2.1, F 2 / 16I2 = 20kpT. Panel c: the driving-induced term. The
solid lines and dots show the analytic theory and simulations; the consecutive curves are shifted by
0.25 along the ordinate.

If the correlator (& ()& (¢')) or equivalently, the power spectrum Z(€2), are known, using the values
of k(¢) given below Eq. (2.14) one can perform the averaging in Eq. (2.8) and then perform integra-
tion over time to find the power spectrum ®. The results are shown in Fig. 2.2 for the noise power
spectrum with bandwidth A, £(Q) = 2DA2 /(A2 +Q?). They illustrate how the shape of ®f (o)
changes from a peak at @g for a narrow-band noise (A < T') to a peak at @y for a broadband noise
(A >T). The overall area of the spectrum ®; nonmonotonically depends on the frequency noise

intensity: it is linear in the noise intensity for weak noise, cf. Eq. (2.10), but for a large noise

intensity it decreases, since the decoherence rate of the oscillator increases.

2.3.5 The weak-noise condition

In the limit of weak slow noise, (2(1)) < I — iSwp|?, Eq. (2.12) goes over into the result for
such noise obtained above; note that in Eq. (2.10) one should replace @ — @y with @r — @y in the

slow-noise limit, since function () is concentrated in the range of small Q < I'. For the broad-
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band noise, on the other hand, the weak-noise limit discussed above corresponds to |p(1)| < T'. In
this case the noise power spectrum is flat and Z(Q) = (d?u /dk?)r—o ~ |1(1)| < I. Generally, the
weak noise condition used to obtain Eq. (2.10) certainly holds for maxE(Q) < I'. It is important
that, for slow noise, the condition is less stringent and can be met by increasing the detuning |8 @ |,

allowing one to read the slow-noise power spectrum directly off the oscillator power spectrum.

2.3.6 Susceptibility with weakly fluctuating frequency

Both the standard susceptibility x (®) and the power spectrum in the absence of driving ®¢(w) are
affected by frequency noise. In the considered case they are related by the fluctuation-dissipation
relation, ®y(w) = (2kgT /w)Im x(w). For a non-white frequency noise the spectrum Py(®)
becomes non-Lorentzian.

The explicit expressions for the susceptibility in the limiting cases of fast and slow frequency
noise were given above, Egs. (2.13) and (2.11). A simple explicit expression for (@) follows

from Eqgs. (2.8) and (2.9) also in the case of weak noise. Here, the susceptibility becomes

N i - a0 £(Q)
20~ S T —i0) {1 /2n(F—i5w)F—i5w—iQ ! (2.16)

where Z(Q) is the frequency noise power spectrum and §® = @ — @y. Importantly, the noise-
induced correction just slightly distorts the susceptibility. For example, a sharp low-frequency
peak of Z(Q) does not lead to a narrow peak in ) () and, respectively, in the power spectrum

@ (w). This should be contrasted with the narrow peak in @z (®), which emerges in this case.

2.4 The area of the driving-induced spectral peak

We now consider the area Sg of the driving induced spectral peak for @ close to @y, ®Wr; note
that this peak may have several maxima, as seen from Fig. 2.2. We define the area as an integral

over positive frequencies, S = [;"doPp(w). Keeping in mind that ®¢(w) is small for large
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® — 0F | ~ oF [in fact, Eq. (2.8) does not apply for such @], we obtain

2

0
| a0.0) @17)

T 0 / %0y o T
Sk =y [ drdr' (a(0.0250.40) - 5

This expression describes the dependence of the area of the driving-induced spectrum on the pa-
rameters and statistics of the frequency noise.

From Eq. (2.17), the area S becomes zero in the absence of frequency noise, since (¥ (t,t')) =
Xs1(¢,¢") in this case. The area Sg linearly increases with the frequency noise intensity for weak
noise, as seen from Eq. (2.10).

An explicit expression for Sr can be obtained for white frequency noise. From Eq. (2.15),

oz Re u(1)
- 8T} [T +i(wF — ap) +p(1)]>

S (2.18)

From Eq. (2.18), Sr linearly increases with the characteristic noise strength Re p(1) where it
is small, but once the noise becomes strong, Sr decreases with increasing |u(1)|, with Sg o<
Re p(1)/|u(1)|? for |u(1)| > T, |0 — ay|-

For weak narrow-band frequency noise, from Eq. (2.10) one obtains S in terms of the noise

variance (£2(¢)) as

oo T (Ew)
8oy [ + (wF — @)?]?
An explicit expression for Sg can be obtained also for a strong Gaussian noise. We will assume
that the noise correlator (£(¢)&(0)) is not fast oscillating and, respectively, the noise spectrum

Z(Q) does not have narrow peaks or dips. For the noise variance (£2(¢)) much larger than I'2, § a)%,

and the squared reciprocal noise correlation time 7. 2 from Eq. (2.17)

2

S~ r(E2(n)] "2, (2.19)

8Tl

The variation of Sr with the varying frequency-noise intensity and bandwidth is shown in
Fig. 2.3, which refers to the exponentially correlated Gaussian noise. As seen from this figure, Sg
displays a maximum as a function of the noise intensity D. The dependence on the noise bandwidth
A is more complicated; Sr can have two maxima as a function of A for sufficiently strong noise

intensity.
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Figure 2.3 The scaled area Sp = 820, S F of the driving-induced peak in the oscillator power
spectrum as a function of the frequency noise parameters. The data refer to Gaussian frequency
noise with the power spectrum Z(Q) = 2DA% /(A2 + Q2).

2.4.1 Scaling of the driving-induced power spectrum

A convenient scaling factor for the distribution @z (@) and for the area Sg is provided by the area
Sg of the 6-peak in the oscillator power spectrum at the driving frequency. As seen from Eq. 2.2,
Ss = (n/2)|x(wF)|*. If x(wp) is known from the measured power spectrum in the absence of
driving with the invoked fluctuation-dissipation theorem, scaling by Sg allows one to avoid the
actual measurement of the force F, which requires knowledge of the coupling to the driving field.

The expression for Sg simplifies if the frequency noise can be thought of as a sum of a weak
narrow-band noise &,,,(¢) and a broad-band (J8-correlated in slow time) noise &, (7), which is
not weak, generally, and is statistically independent from the narrrow-band noise. In this case,
combining Egs. (2.13) and (2.11) and expanding to the leading order in the weak narrow-band

noise, we obtain,

T ~ —
Sg ~ 5T+ (0F = )]
oy
1'*2
[r2+ / doZ (o ] (2.20)

Here, &, (@) is the power spectrum of the narrow-band noise; the variance of the narrow-band

noise is <§§b(t)> =2n) 7 [doZ,, (o).

18



For not weak narrowband frequency noise, one has generally,

s I+ i — @ — ()] ol @2
@0

Ss =
where (..),p, indicates averaging over the narrow-band frequency noise.

The correction that contains Z;, can be directly read off the area of the narrow peak Cbglb)(a))
in the spectrum @ (w), which is due to the narrow-band noise. For weak narrow-band noise,
this peak is described by Eq. (2.10) if one replaces in this equation I" with I, @y with @, and
=(w) with Z(®). This can be seen from Eq. (2.8). Indeed, in the expression for yg(z,#') in
Eq. (2.8) one can write [} di"&ny (1) ~ &uy(1)(t —1'). To find CID;Pb) (@), one should integrate
over the range of ¢ given by the reciprocal bandwidth of the narrow-band noise. Since it largely
exceeds 1/T, the contributions of the broad-band noise to xg(z,7') and x4 (0,7]) are statistically

independent. Therefore the averaging over the broad-band noise in these susceptibilities can be

done independently. If this averaging is denoted by (-)pp,

(218, %3(0,17))bb ~ (Xs1(2:1") )b (X1 (0,21) ) bb

forI't > 1. Here

(X1t oo =€ -i(op—6y—&() | ('),

Since function E,,(®) quickly falls off with increasing |®|, in the denominator of Eq. (2.10)
one can replace @ with @r. One then sees that, to the leading order in the narrow-band noise
strength, the ratio of the area Sy}, of the narrow peak @glb)(a)) to the area of the §-peak in the
spectrum is

SnbN 1 1
Sa - 27 f2+(wp—d)0)2

/dco Enp(@). (2.22)

For not weak narrow-band noise, it follows from Eq. (2.17) that,

Sub= g (11 (@ — B — &))"y~ S (223)
20

where S5 is given by Eq. (2.21).
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Equations (2.20) and (2.22) can be used to scale the area of the broader peak of @ () by S
with account taken of the effect of the narrow-band frequency noise. Along with the onset of a
narrow peak in @, this noise leads to the change of the shape and area of the broad peak. To find
the area of the broad peak @g?b) (@), one need to integrate over the range of time ¢ given by 1/I"in
Eq. (2.8). During this period of time, the narrow band frequency noise stays almost constant, that is,
Eab (1) ~ &4p(0). Then the one can simply replace S g with Swp — &y (¢) in Eq. (2.8) for xq(z,1').
The result is particularly simple in the considered case here where the broad-band frequency noise
is O-correlated in slow time and the broad peak of ®(w) is described by Eq. (2.15). One just has
to replace in this equations @y with @y + &, (¢), then averaging the expression over the distribution

of (). To the second order in the &, (¢), the area of the broader peak is given by,

T Reu(l)/T
8w} [T+ (wF — @p)]?

=2
o |1 - T -3or - )’ / dOZ (0 (2.24)
21 [F2+ (op — (0()

~
~

Sbb

For not weak narrowband noise, one has

T Re u(1)
Sbb = (= )nb (2.25)
8Twf [T +i(wp — wy— Enp(t)) +u(1)[>"
One immediately sees from Eq. (2.23) and Eq. (2.25) that,
/T =1+ Spb/(Sup +Ss)- (2.26)

When the narrow-band frequency noise is weak, the width of the broad peak is determined by
primarily the broadband noise, that is, it is close to a Lorentzian with halfwdith I". One can then

use the above equation to extract the spectral broadening due to broadband frequency noise.

2.5 Experiments on carbon nanotube vibrational system

To corroborate the theory, Moser et al. [11] measured the spectrum of a modulated carbon nanotube

resonator. The device consists of a carbon nanotube contacted by source and drain electrodes and
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suspended over a gate electrode, see Fig. 2.4. The vibrational mode under study is a flexural mode
as indicated in the lower panel of the Fig. 2.4. Details of the fabrication and the geometry of
the device can be found in Ref. [39]. The measurement was performed at 7 = 1.2K. For such
T and weak driving, low-lying flexural modes of the resonator are well described by harmonic
oscillators. The driving was applied as an ac voltage 0V, on the gate electrode, and the power
spectrum of the mechanical vibrations was probed by measuring the noise in the current flowing

through the nanotube.

Source I z o Drain
ft:::jjiu y 7

Gate

Figure 2.4 AFM image of a 4-um-long nanotube before removing the silicon oxide (top) and
schematic of the device (bottom).

Fig. 2.5 compares the power spectra of the nanotube vibrations obtained with and without
the oscillating force. The spectrum without modulation (blue trace) is close to a Lorentzian, as
expected for thermal vibrations. The spectrum with modulation (green trace) displays a narrow
peak centered at the modulation frequency and a much broader peak of the same shape as the
spectrum without modulation. The areas of the both modulation-induced parts of the spectrum
scale as 6Vg2 (Fig. 2.5b, c), in agreement with Eq. (2). The separation between the parts is subject
to some uncertainty because of the measurement noise in Fig. 2.5a. The resulting uncertainty in
the slopes in Fig. 2.5b, ¢ is < 10%. The change of the spectrum is not a heating effect associated
with the modulation, since we estimate temperature increases as < 10~8 K. The spectral feature at
o 1s not related to the phase noise of the source used for the modulation; indeed, the phase noise
of our source ~ 10 Hz away from @g could only account for ~ 0.01 % of the measured power

spectrum.
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Figure 2.5 (a) The power spectrum of the fluctuating current 8/(¢) through a driven carbon nan-
otube. The measurement bandwidth is 4.7 Hz. The eigenfrequency of the studied flexural mode
is 6.3 MHz. The driving frequency is 100 Hz below the resonance frequency. The blue line refers
to the power spectrum without driving; the green area shows the driving-induced spectral change.
This change is separated into the broad peak (darker green), narrow peak (lighter green), and a
delta-spike at the modulation frequency. This spike lies within 3 bins, within our experimental
resolution, and is represented by the black vertical lines. The separation of the broad and narrow
peaks is done by the straight line that interpolates the broad peak. Shown in the lower panels is the
dependence of the lighter green area (b), the darker green area (c), and the area under the 6-peak
(d) on the squared amplitude of the modulating gate voltage; as expected from the theory, it is close
to linear.

The driving-induced spectral change provides a simple means for estimating the intrinsic relax-
ation rate of the resonator I' from our experimental data. This can be done using the areas F 2Snb
and F 2Sbb of the narrow and broad peaks in Fig. 2.5, respectively. Comparing them to the area

under the driving-induced d-peak F 25 5» we eliminate F and obtain from Eq. (2.26)
T/T & 1+ (Spb/Ss) [1 = (Sun/S5)]: (2.27)

we used Spp, < Ss. With I'/(27) ~ 230 Hz read out from the collected spectra (such as the one in

Fig. 2.5a), along with Sy, /Ss and Sy, /S s measured from Figs. 2.5b-d, we obtain I'/T" >~ 2.1, which
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gives I'/(27m) ~ 110 Hz. Therefore, the broad-band fluctuations of the resonant frequency account
for 2 50% of the measured mechanical linewidth. Because of the noise in the measurement in
Fig. 2.5a, the uncertainty in " is < 10%.

The narrow-band frequency noise can also be characterized from the measurements. Since the
narrow-band frequency noise in the nanotube is comparatively weak, one can interpret the results
using the weak-noise expression for the spectrum Eq. (2.10). Then the shape of the resonator spec-
trum gives the shape of the noise power spectrum. Figure 2.6 shows the narrowband frequency
noise spectrum obtained by subtracting the broad part of the resonator spectrum from whole spec-
trum as shown in Fig. 2.5a. The spectrum is of 1/ type. The data indicate that o is close to
1/2. Obtaining the power spectra @ for several values of wr — @ should allow separating the
low-frequency part of the frequency noise spectrum E(®) even where it is not weaker than the
broad-band part, and reading it directly off the data on the power spectrum using Eq. (2.10).
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Figure 2.6 Narrow band frequency noise spectrum. It is obtained by fitting the broad part
(512>bmad((0) of the experimental spectrum in Fig. 2.5a to a Lorentzian, and then by subtracting

this fit from the experimental spectrum. The red line is a fit to 1/£1/2, where f = |® — wp|/27.

2.6 Conclusion

The above results show that the interplay of driving and frequency noise qualitatively changes
oscillator spectra compared to the spectra with no frequency fluctuations [10]. The change sensi-

tively depends on the frequency noise intensity and power spectrum. The possibility to separate
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contributions from different parts of the frequency-noise spectrum is of significant interest, as they
may come from physically different sources, like two-level fluctuators and dispersive coupling to
other modes, to mention but a few.

The results suggest a way of discriminating between two major factors of the broadening of the
oscillator spectra: decay (energy relaxation), frequency fluctuations induced directly by the noise
that modulates the eigenfrequency. For linear oscillators, our simple procedure yields the decay
rate without the need of an actual ring-down measurement that is often difficult to implement, in
particular for nanotube mechanical resonators.

The analysis of driven linear oscillators with a fluctuating frequency immediately extends to the
quantum regime, which is attracting much interest in nano- and optomechanics [2, 40, 41, 42, 43,
32]. For nonlinear oscillators, the nonequidistance of the energy levels can bring in new features

compared to the classical limit.
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CHAPTER 3

SPECTRAL EFFECTS OF DISPERSIVE MODE COUPLING IN MESOSCOPIC
SYSTEMS

3.1 Introduction

Mesoscopic vibrational systems typically have several nonlinearly coupled modes. These can be
flexural, torsional, or acoustic modes in the case of nanomechanical resonators[6, 44, 45, 46, 47, 48,
49, 7], photon and phonon modes in optomechanics[50, 51, 2, 52, 53, 54], or modes of microwave
cavities in circuit quantum electrodynamical systems[13]. Often different modes have significantly
different frequencies, so that the interaction between them is primarily dispersive. A major effect
of such interaction is that the frequency of one mode depends on the amplitude of the other mode.
The related shift of the mode frequency provides a means of characterizing the coupling strength
where both modes can be accessed, cf. Refs. [45, 55, 49, 56] and can be used for quantum
nondemolition measurements of the oscillator Fock states.[57, 58]

In many mesoscopic systems only one or a few modes can be directly accessed and controlled.
The presence of dispersive coupling to other modes and the strength of this coupling have to be
inferred from the data on the accessible modes. To the best of our knowledge, there have been no
generally accepted means of doing this.

An important consequence of dispersive coupling is that amplitude fluctuations of one mode
lead to frequency fluctuations of the other mode [37]. The amplitude fluctuations come from the
coupling to a thermal reservoir, but they can also be of nonthermal origin. The mode-coupling
induced frequency fluctuations broaden the spectrum of the response to an external force and the
power spectrum. Such broadening has been suggested as a major broadening mechanism for flex-
ural modes in carbon nanotubes [6], graphene sheets[7], doubly clamped beams[55, 49] as well as

microcantilevers.[56]
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Separating the mode-coupling induced fluctuations from other spectral broadening mechanisms
is nontrivial, see Ref. [5] for a recent review of the broadening mechanisms. The most familiar
broadening mechanism is vibration decay due to energy dissipation. Another mechanism of in-
terest for the present chapter is internal vibration nonlinearity. Because of such nonlinearity, the
frequency of a vibrational mode depends on the mode amplitude and thermal fluctuations of the
amplitude lead to frequency fluctuations. This is reminiscent of the mode-coupling effect, yet the
nonlinearity is different. We show below how the two nonlinearity mechanisms can be clearly
distinguished.

In this chapter, we propose a means for identifying and characterizing the mode-coupling in-
duced frequency fluctuations. The approach is based on studying the change of the power spectrum
of the considered mode, which is due to an additionally applied periodic driving. The approach
does not require access to other modes, in contrast to Refs. [45, 55, 49, 56], for example. It relies
on the fact that, quite generally, frequency fluctuations lead to the features in the power spectrum
of a periodically driven mode, which do not occur without such fluctuations, see Chap. 2. If one
thinks of the driven mode as a charged oscillator in a stationary radiation field, these features cor-
respond to fluorescence and quasi-elastic light scattering. The absence of these effects in the case
of a periodically driven linear oscillator with constant frequency is a textbook result.[17, 18, 10]

The analysis of the power spectra of driven modes with fluctuating frequency in Chap. 2 was
phenomenological. The results were obtained in several limiting cases and in the case of Gaussian
fluctuations. The dispersive mode coupling studied here leads to strongly non-Gaussian frequency
fluctuations. The simplest type of such coupling corresponds to the coupling energy o< qzqfl, where
q 1s the coordinate of the considered driven mode and g is the coordinate of the mode to which it
is dispersively coupled and which we call the d-mode. Where the modes are far from resonance,
the frequency change of the considered mode is proportional to the period-average value of qi,
i.e., to the squared amplitude of g,(¢). Even where g;(¢) is Gaussian, as in the case of thermal
displacement of a linear mode,[18] the squared displacement qfl (¢) is not.

The features of the spectra related to the dispersive-coupling induced frequency fluctuations
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depend on the interrelation between three parameters. These are the typical magnitude of the
frequency fluctuations Aw, their reciprocal correlation time I' 7, and the decay rate of the considered
mode I". We assume that all these parameters are small compared to the mode eigenfrequencies
and their difference.

In the absence of driving, the power spectrum and the linear response spectrum of the consid-
ered mode have the form of a convolution of the spectrum calculated without dispersive coupling
and a function that depends on the parameter oy = Aw/T";. [59] We call a; the motional narrow-
ing parameter to draw the similarity (although somewhat indirect) with the motional narrowing
effect in nuclear magnetic resonance (NMR).[60, 61] For &; < 1 the correlation time of the fre-
quency fluctuations is comparatively small. Then the fluctuations are averaged out and their effect
is small, as in the case of fast decay of correlations in NMR. On the other hand, for o; > 1, the
spectrum can be thought of as a superposition of partial spectra, each for a given value of the am-
plitude of g;(z). The weight of the partial spectrum is determined by the probability distribution
of this amplitude.

In the presence of driving, the situation is different. The first distinction is that, without the
dispersive coupling, there is no driving-induced part of the power spectrum at all, except for the
trivial 6-peak at the driving frequency. Based on the previous results in Chap. 2, we expect that the
driving-induced part of the spectrum will strongly depend on the interrelation between the rates
I' and I';. It is clear that it will also strongly depend on ¢, but this dependence is not known in
advance.

The formulation below is in the classical terms. However, as we explain, the results fully
apply also to the case where the considered driven mode is quantum, i.e., its energy level spacing
is comparable or exceeds the temperature. At the same time, it is essential that the d-mode is
classical. The case of the deeply quantum regime of the d-mode is in a way simpler. In this
case, the power spectrum of the considered mode without driving can have a pronounced fine
structure, with different lines corresponding to different occupation numbers of the d-mode.[37]

This is similar to the spectrum of a two-level system dispersively coupled to a quantum vibrational
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mode[62, 63], where the fine structure has been seen in the experiment.[12]

3.1.1 The structure of the chapter

An important part of the chapter is the averaging over the fluctuations of the d-mode. This is an
interesting theoretical problem, with direct relevance to the experiment. It involves an explicit
calculation of the appropriate path integral. The calculation is presented in Secs. 3.4 and 3.5.
These sections as well as Sec. 3.3.1 can be skipped if one is interested primarily in the predictions
for the experiment. Below in Sec. 3.2 we give a general expression for the power spectrum of a
mode driven by an external field, which applies where the field is comparatively weak, so that the
internal nonlinearity of the mode remains small. The effect of the field is most pronounced where
it is close to resonance. In Sec. 3.3 we derive equations of motion for weakly damped dispersively
coupled modes in the rotating wave approximation. Section 3.6 provides the explicit analytical
expressions for the driving-induced part of the power spectrum in the limiting cases, which refer
to the fast or slow relaxation of the d-mode compared to the relaxation of the driven mode and also
to the large or small frequency shift due to the dispersive coupling compared to the relaxation rate
of the d-mode. This section also presents results of numerical calculations of the spectra, which
are compared with the results of simulations. The last part of the section describes the dependence
of the area of the driving-induced peak on the dispersive coupling parameters. Section 3.7 extends
the results to dispersive coupling to several modes. In particular, we consider the cumulative effect
of dispersive coupling to many, but not too many modes, which may become strong even where the
coupling to each of the modes is weak. Section 3.8 describes the driving-induced part of the power
spectrum for a nonlinear oscillator, where the fluctuations of the oscillator frequency are due not
to dispersive coupling but to the internal nonlinearity. The last section provides a summary of the
results. The transfer-matrix method used to perform the averaging over the dispersive-coupling
induced fluctuations and an outline of an alternative derivation of the major result are given in the

appendices.
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3.2 Driving-induced part of the power spectrum

Frequency fluctuations render the mode response to driving random. Generally, the response is
nonlinear in the driving strength. Respectively, even for sinusoidal driving, the mode power spec-
trum ®(w) is a complicated function of the driving amplitude F and frequency @g. The conven-
tional way of measuring the power spectrum of a driven system with coordinate g corresponds to

the definition
(@) =2Re [ die® ((glt+1)qlt")),
0
where ((-)) indicates statistical averaging and averaging with respect to ¢’ over the driving period

27/ wF (sometimes the power spectrum is also defined as ®(w)/2x). If the driving is weak, one

can keep in ®(w) only the terms quadratic in F,
N ) 28(0 — 2
P(0) = Po(0) + S F7|x(0F)[*8(0 — oF) + F Pr(0). (3.1)

Here, ®( is the power spectrum in the absence of driving. For the considered underdamped
mode, it is a resonant peak at the mode eigenfrequency @y, which is due to thermal vibrations;
the width of the peak is small compared to @. Function ¥ () is the mode susceptibility, o (®) =
(2kT /wp)Im x(®) in the classical limit. The term o |y (wg)|? describes the contribution of
stationary forced vibrations at frequency @f.

Of utmost interest to us is the last term in Eq. (3.1), ®r(®). For a linear oscillator with
non-fluctuating frequency, this term is equal to zero. Indeed, the motion of such oscillator is a
superposition of thermal vibrations and forced vibrations at frequency @g, which are uncoupled.
Frequency fluctuations affect both thermal vibrations, leading to spectral broadening, and forced
vibrations. The latter effect is particularly easy to understand in the case of slow frequency fluc-
tuations. Here, one can think of the amplitude and phase of forced vibrations as being determined
by the detuning of the instantaneous mode frequency from the driving frequency. Therefore they

fluctuate in time, which leads to the onset of a “pedestal” of the d-peak at ® = wg in Eq. (3.1).

Some other limiting cases have been considered earlier in Chap. 2.
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3.3 Equations of motion for the slow variables

We will consider the power spectrum ®(®) in the case where the mode of interest is dispersively
coupled to another mode (mode d). The modes are weakly coupled to a thermal reservoir, so that
their decay rates are small. The mode of interest is driven by a periodic field F coswgt. The

Hamiltonian of the system is
1 1
H = Hy+Hjp+ H;, Hozi(p2+w§q2)+z}’q4

3
+ = (pg+ 0gq3) + Zmzqﬁ — gF cos . 3.2)

| =

Here, p and p,; are the momenta of the considered mode and the d-mode, respectively, @y and @,
are the mode eigenfrequencies, ¥ is the parameter of the intrinsic nonlinearity of the considered
mode, and 7; is the dispersive coupling parameter. We do not incorporate the intrinsic nonlinearity
of the d-mode, as it will not affect the results if it is small, see below.

The term Hj, is the Hamiltonian of the thermal bath (each mode can have its own bath, but we
assume that in this case the baths have the same temperature), whereas H; describes the modes-
to-bath coupling. We assume the coupling to be linear in the modes coordinates, H; = gh + q,hy,
where h and h; are functions of the dynamical variables of the bath. Such coupling is the dominant
mechanism of relaxation for small mode displacements and velocities. For H; of this form, the

decay rate of the considered mode is[64, 65]

I'=T(ap) = 5 2Re /O " ar((h (1), O (o)) i, (3.3)

where 7(9) is function & calculated in the neglect of the mode-bath coupling. The expression for
the decay rate I'; of the d-mode is similar to Eq. (3.3), with h(0) replaced with hglo) and @ replaced
with @,. Parameters I',I'; correspond to friction coefficients in the phenomenological description
of the mode dynamics

G+ 0gHy = —20g— O (r). (3.4)

The analysis below refers to slowly varying amplitudes and phases of the modes and applies even

where the above phenomenological description does not apply.[64, 65, 37]
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In what follows we assume that the modes are underdamped, the nonlinearity is weak, and the

driving frequency is close to resonance,

(g?) 1val(a3)

I'I'y,
T oy T

|0 — oF| < @y, 0y, |y — @y (3.5)

The condition on ¥, 7y, means that the change of the mode frequencies due to the nonlinearity is
small compared to the eigenfrequency. However, it does not mean that the effect of the nonlinearity
is small, as the frequency change has to be compared with the frequency uncertainty due to the
decay I',I';. We assume that the nonlinear change of the d-mode frequency, which comes from

the dispersive coupling and the internal nonlinearity of the d-mode, is also small compared to @,.

3.3.1 Stochastic equations for slow variables

Where conditions (3.5) apply, the motion of the underdamped modes presents almost sinusoidal
vibrations with slowly varying amplitudes and phases. It can be described by the standard method
of averaging, which is similar to the rotating wave approximation in quantum optics. To this end,

we change to complex variables

(1) = 3la(0) + (i00p) ' d(0) expl~ieop1) (.6)

and similarly u,(r) = %[qd(t) + (iwg) "' (r)] exp(—iwyt). Disregarding fast oscillating terms in

the equation for u(t), we obtain

i = —[Ct ooy — i€ (O)]u—i—— + £(t),

4y
3 3
Sop = op — 0, §0) =5 )P + 50 o), G.7)

where £(1) = —(2ioy) " 'h(0) (t) exp(—iwpt). Similarly, the equation for u(t) reads

3
g = |Ta iz W) | g+ (o) (338)

with £4(t) = —(2ig) "W (1) exp(—iagt).
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Functions f, f; describe the forces on the modes from the thermal bath. The forces are random,
and one can always choose (f) = (f;) = 0. Asymptotically, they are delta-correlated Gaussian

noises,

(F() (")) = (TkpT [ 5) 8 (1 — 1),

(1) £5(1)) = (CakpT /@7)8(t —1'); (3.9)

all other correlators vanish. The J-functions here are d-functions in “slow" time compared to
a)a 1 , w;l , and the correlation time of the thermal bath. The stochastic differential equations
(3.7) and (3.8) are understood in the Stratonovich sense: (u(z)f* (1)) = FkBT/Za)g, (ug(t)f;(t)) =
[ kgT/ 20)5. These equations were obtained and their range of applicability established for a har-
monic oscillator coupled to a bath,[64, 65] but they also hold for a weakly anharmonic oscillator.[37]
As seen from the definition of the complex amplitude u(z), function &(¢) in Eq. (3.7) describes a
change of the frequency of the considered mode due to the intrinsic nonlinearity and the dispersive

coupling. Because of the noise terms f, f,;, the frequency becomes a random function of time. The

related frequency noise is of primary interest for this chapter.

3.4 The driving-induced spectrum ®5(w) for dispersive coupling

In this and the two following sections we will study the spectrum @y (@) in the case where the
internal nonlinearity of the mode can be disregarded, i.e., one can set Y = 0. In this case frequency
|2

fluctuations & (¢) o< |uy(2)|* in Eq. (3.7) are due only to the dispersive nonlinear mode coupling.

An important feature of this coupling is that it does not affect the frequency noise & (z) itself, as

2 are the same as if the

essentially was noticed earlier.[59] In other words, fluctuations of |uy(t)|
d-mode were just a linear oscillator uncoupled from the considered mode.
The simplest way to see this is to change in the equation of motion (3.8) from u () to i, (1) =

K(t)uy(t) with K(t) = exp[—3i(y;/204) [*df'|u(t')|*]. The Langevin equation for iy is ii; =

—T gy + fa(t) with f;(t) = K(¢)f;(t). From Eq. (3.9), the noise f;(¢) has the same correlation
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functions as f,;(r). Therefore the term o< 7, drops out of the equation for ;. Since |ug|*> = |iy|?

B

the term o< }; does not affect |u (t)|? either [even though it does affect u (t)].

It is convenient to write £ (¢) in terms of the scaled real and imaginary part of

iig = (200/3| 7)) /2 (Qy +iPy).

Functions Q,, P; are the scaled quadratures of a damped harmonic oscillator. They are described
by the independent exponentially correlated Gaussian noises (the Ornstein-Uhlenbeck noises)[66].

Using the Langevin equation for i, we obtain

(Qa(1)Qa(0)) = (Py(1)F4(0)) = atgTgexp(=Tglt]),

oy = 3|14 |kpT /B @iTy,

E(r) = [05(r) + P (1)]sgnyy. (3.10)
The frequency noise of the driven mode &(7) is non-Gaussian. Parameter o; characterizes the
ratio of the standard deviation of the noise, which is equal to the noise mean value (E(7)) =
3vkgT /4(00(0 to its correlation rate I'.

Since &(¢) is independent of u(t), the Langevin equation for u(z) (3.7) is linear. Its solution

reads
0= [ dl gy =iF o)+ )
%Sl(t7t/) — e_(r—i(st)(t—t/) exp |:—l//t dl'llé (l,ll):| ) (311)
t

Function xj(¢,#’) describes the response of the considered driven mode to a resonant perturbation.

The coefficient at F averaged over realizations of £ (¢) gives the resonant susceptibility of the mode,

x(or) = 50 [ di(ra(t.0)). (3.12)

It determines the d-peak in the power spectrum (3.1). From Eq. (3.11), the term @z (®) in Eq. (3.1)
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for the power spectrum has the form

®p () = (Swg)_li)i/owdtexp[i(a)— op)1]

t 0
<\ [_annate 0.6 - dadla(r P (3.13)

(in the integral over ¢ it is implied that Im @ — +0).

The term o f(¢’) in Eq. (3.11) determines the power spectrum of the mode ®((®) near its
maximum, |® — @y| K @, in the absence of driving. Thus, Egs. (3.11) - (3.13) give a general
expression for the power spectrum of an underdamped mode with fluctuating frequency in the

absence of internal nonlinearity.

3.5 Averaging over the frequency noise for dispersive coupling

To find the driving-induced part of the power spectrum F ZCI)F((D), one has to perform averaging
over fluctuations of & (¢) in Eq. (3.13). This calculation is the central theoretical part of the chapter.
In what follows we outline the critical steps that are involved.

The integrand in the expression for @ (®) can be written as

(xs1(t. 1) x5(0,27)) = o~ (T=i80p) (=) +(T+idop)

—7 / . /
X G2(t,t/7ti)7 GZ(t’tljt{) — (e i9g (11) +igg (O,tl)>7

9 (t,f') = /t : di"E(t"). (3.14)

Here, ¢¢ (t,#") is the increment of the phase of the oscillator over the time interval (¢',¢) due to the
frequency noise &(r). Function G describes the result of the averaging over the noise.

Expression (3.14) can be slightly simplified using the relation (3.10) between &(z) and the
quadratures Q; and P;. These quadratures are statistically independent, and therefore averaging
over them can be done independently, so that

G(t,t' 1) = <exp [i tdt”k(t”)Q?l(t")} > (3.15)
0
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where #p = min(¢’,7]) and in the interval 7y < " < t function k(") is equal to 0, %1,

—sgny;, t<t"<t; t=max(,0)
ki")=4 0, 7 <t" <1 1 =max [m(o,ﬂ),z;} (3.16)
sgn(t' —1])sgnyy, to=min(',1) <1’ <7
The averaging in Eq. (3.15) can be conveniently done using the path-integral technique. A
theory of the power spectrum based on this technique was previously developed for the case where
there is no driving.[59] The approach[59] can be extended to the present problem, as discussed in
the Sec. 3.5.5. However, the calculation is cumbersome. Here we use a different method, which is
based on the technique [67] for calculating determinants in path integrals.
In terms of a path integral, the mean value of a functional L[Q;(¢)] of Q,(¢) can be written as
[ 204(t)LIQ,(1)]2]Q4(1)]. For the considered exponentially correlated noise Q,4(), the proba-
bility density functional is (cf. Ref. [38])

21040] = exp | ~(our) " [ (0 Ta0a?

To find G(z,7',{) we need to perform averaging over the values of Q;(¢") in the interval (z,?).
In a standard way, we discretize the time as t, =fy+n€e,n=0,...,N, where € = (t —1y) /N and N >
1. The path integral is then reduced to integrating over the values of Q, = Q;(,)/ (4och?18)1/ 2
with 1 <n < N followed by averaging over Qy = Q,(tg)/ (4OCdF6218) 1/2 with the Boltzmann weight-
ing factor exp[—28FdQ(2)].

In the mid-point discretization, in the integrals over time one uses Q;(¢) — [Q4(t) — Qq(t —

€)]/eand f(Qy(t)) = [f(Qu(t)) + f(Qu(t —€))]/2 for an arbitrary f(Q,).[68] Then the exponent
in Z[Q ()] becomes

N
— (4a,T5)~ /dt 04 +T404) Z [ —0n1)?

+ezr§Qﬂ —eT,(0% — 03). (3.17)
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The integral over t" in Eq. (3.15) is similarly discretized and goes over into 4och?lez Ykn Q,% with

kn = k(t,). Then the expression for function G becomes

N
Gt ) =110, 1= [ a0y @) [ [ ag,exp[-Q7AKIQ+20001 .
n=1
(3.18)

Here, Q is a vector with components Q1,...,Qy. From Eq. (3.17), the diagonal matrix elements of
Alk] are Apy[k] =2+ €2T3(1 —diogky) for 1 <n <N —1, Ayy[k] = 1 + €T3 (1 —diotgky) + €T 4.

The only non-zero off-diagonal matrix elements of A are A,,,,+1[k] = —1.

3.5.1 Finding the determinant

The integrals in Eq. (3.18) are Gaussian. Therefore the calculation of G requires finding the deter-
minants of the matrices A[k] and A[0]. This can be done following the approach [67]. We consider
the determinant D,, = D, [k] of the square submatrix of A[k], which is located at the lower right
corner and has rank N —n 4 1. For example, D is the determinant of the whole matrix A, whereas
Dy is the matrix element Ayy. The result of integration over Qy,...,Qy in Eq. (3.18) for I[k],
besides the Qp-dependent factor discussed below, is 7V /2 / \/m .

It is straightforward to see that D, satisfies the recurrence relation
Dy = 2+ €™ 5(1 —4iagkn)|Dpy1 — Dpya, 1<n<N-2. (3.19)

In the limit € — 0, Dy, [k] goes over into D(t,;k) and Eq. (3.19) reduces to a differential equation
for D(¢") = D(¢";k),
D(e") —T3[1 — 4iogk(")D(") = 0 (3.20)

The obvious boundary conditions for function D are D(t) = limg_,g Dy = 1 and D(t) = limg_,o(Dy —

Dy_1)/€ = —T. The quantity of interest is D [k] ~ D(t(; k); we will also need D(t; k), see below.
Integrating the linear in Q; term in the exponent in Eq. (3.18) gives the factor exp[Q(z) (A=)

It follows from the above analysis that (A™1) | = D(tg+2¢) /D(tg+€) ~ 14+ €D(ty) /D(tg). Then

the result of integration over Qg in Eq. (3.18) is the factor {7/€[["; — D(to: k) /D(t; %)}/ in I[k].
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For k = 0, we have from Eq. (3.20) D(t";0) = exp[[';(t —¢")]. With this, the expression (3.18)

for function G becomes
. 1/2
Glt,1',1}) = { 2" d1=10) /[Ty D(10:k) — Dl(1g: )]} / (3.21)

This expression is the central result of the section. It reduces the problem of calculating the

driving-induced part of the power spectrum to solving an ordinary differential equation (3.20).

3.5.2 The average susceptibility

We start the discussion of the applications of the general result (3.21) with the analysis of the factor
(xs1(t,0)), which gives the average mode susceptibility, Eq. (3.12). Function (4 (,0)) is given
by (exp[—i [{dt"”&(t")]), which in turn is given by Eq. (3.14) with G of the form of Eq. (3.15) in
which ' = | = 0 and k(") = —sgny,. Solving Eq. (3.20) with k(") = const is straightforward,
as is also finding then G(z,0,0) from Eq. (3.21). The result reads

(%s1(1,0)) = exp[~(T = iSwp)) X(1), (1) =€
x [coshayt + (Ty/ay) (14 2iotzsgny,) sinhayt] ~'
ag =T (1+4ioysgny,)'/?. (3.22)

Equation (3.22) expresses the average susceptibility in elementary functions. It agrees with the

result[59] for the correlation function of the mode dispersively coupled to a fluctuating mode.

3.5.3 The average of the product of the susceptibilities

Solving the full Eq. (3.20) with discontinuous k(¢"’) is more complicated. It can be done by finding
function D(¢"") piecewise where k(t"") = const as a sum of incident" and “reflected” waves and

then matching the solutions. The corresponding method reminds the transfer matrix method. It is
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described in Sec. 3.5.4. The result reads

(T —ag) (T —ag)

4F£21ada21

(Gt ') 7% = (o)X (w3)] ' =
x sinh(ay 7y ) sinh(a);73) exp[—L'y (272 + 71 + 73)] (3.23)

where 1) =t — 17,7 = T— 7,73 = T’ —fo; parameters 1o, 7, and 7’ are expressed in terms of #,’,7{
in Eq. (3.16), and ¥ (r) is given by Eq. (3.22). Function Y¥'(t) = %(r) and a/; = a4 for ' <11,
whereas ¥'(1) = 7*(t) and d/, = a}; for ¢’ > 1].

This expression is unexpectedly simple. We use it below for analytical calculations, in partic-

ular for calculating the driving-induced part of the power spectrum in the limiting cases.

3.5.4 The transfer-matrix type construction

The central part of the calculation of the driving-induced power spectrum is the averaging over the
frequency noise due to dispersive coupling. Equations (3.14) and (3.21) reduce this averaging to
solving an ordinary differential equation (3.20) with the coefficient that varies with time stepwise.
The solution can be simplified by taking advantage of this specific time dependence.

From Eq. (3.16), the interval (#(,7) in Eq. (3.20) is separated into three regions m = 1,23
within which the time-dependent coefficient k(") = k, is constant. The boundaries between the
regions 7 and 7’ and the values of k, are specified in Eq. (3.16). We enumerate the regions in the

order of decreasing time, that is, the region T < t" < t corresponds to m = 1, etc. In each region
D(t";k) = My (t" —to;m)Ap + My (1" — to;m) By, (3.24)

Here, M; j are the matrix elements of the matrix

- coshat” sinha,t”
M(t";m) =
am sinha,t”  a,cosha,t”
— () —  dimy T N1/2
am = a(kp) = Ty(1 — dictghm) (3.25)

38



We note that, from Eq. (3.16), a; =I'4(1 +4iocdsgnyd)1/2, whereas ay = I'y; a3 is equal to either
a; or aj depending on whether < ti ort > t{ in the argument of the G-function in (3.21).

The values of A1, By in Eq. (3.24) are determined by the conditions D(¢;k) = 1,D(t;k) = —T'.
The values of Ay, By, for m = 2,3 are found from the continuity of D(t";k),D(¢"; k) at the bound-
aries t"" = 1,7’.

Function G(z,t',¢]) in Eq. (3.21) is determined by D(fp;k) = A3 and D(ty:k) = azB3. From

Egs. (3.24) and (3.25) we have

A3 a1/ . T . r—1 .
=M (’L’ —t0,3)M(’L' —l‘o,Z)M (’L’—l‘o,Z)
B3
. - 1
XM(t—1to; )M~ " (t — 193 1) , (3.26)
Ty

This simple relation combined with Eq. (3.21) give the integrand in the expression for the power
spectrum @ (®) in a simple form, which is convenient for numerical integration. The expression
(3.26) can be evaluated in the explicit form. The result is given in Sec. 3.5.3. It is advantageous

when one looks for the asymptotic expressions for the spectrum ®r ().

3.5.5 Alternative path-integral approach to averaging over frequency noise

Here we provide an alternative approach to evaluating function G(z,t’ ,ti), which is defined by
Eq. (3.15) and describes the outcome of averaging over the frequency noise. The method is related,
albeit fairly remotely, to the method developed for calculating the power spectrum of a nonlinear
oscillator in the absence of driving.[59, 37] We start with writing the probability density functional
of the Gaussian process Q;(t) on the whole time axes, —oo < f < o, in terms of the correlation

function A(tp,13) = (Q4(t2)Q4(13)) and its inverse A~ (1,13),

21040 =exp| -3 [ [ anan@utan.m)0ulw)|.

/dsz_l(fl,tz)A(t2J3) =6(11 —13), (3.27)
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cf. Ref. [38]).

From Eq. (3.15), function G and its derivative dG/dt can be written as

21042104l
G(t, /7 A f d 7
) = 5104710
G 2104002104
E - —ngIl(')/d) f@[ ]:@[ ] ) (328)
where functional 2 has the form
P[04) = exp {—— /dlldtsz A (11,0)04(1) |,
A1) = A7 (11,10) = 2ik(12)8(11 — ). (3.29)

Here k(1) is a stepwise function, which is equal to 0 or &1 in the time interval (¢,), where ty =
min(¢/ ,ti) is defined in Eq. (3.16). This definition has to be extended in the present formulation,
k(tp) =0forty >t and 1, < 1.

A key observation is that functional £2[Q,] is also Gaussian. One can introduce an operator

A(t,1;) reciprocal to A~ !,

/dtlA (t,11)A (tl,tz) o(t—1). (3.30)
In terms of this operator,
J 2104)05(t N 2104]
A(t,t . (3.31)
=TT 9007104

Multiplying equation (3.29) for A~ by A(p,13)A(1;,) and integrating with respect to ¢z,

we obtain an integral equation for A(,t3),
A(t,13) Zz/k 1)A(t,1))A(ty,13)dt; = A(t,13). (3.32)

This equation can be reduced to a differential equation by differentiating twice with respect to #3,

9%A(t,13)

50 —T3[1 —diagk(3)|A(t,13) = —204T38 (13 —1). (3.33)

Interestingly, Eq. (3.33) has the same structure as the differential equation for the "time-dependent"

determinant found in the other method, see Eq. (3.20). Thus it can be solved in a similar fashion as
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in Sec. (3.5.4). The boundary conditions are A(¢, +o0) = 0. It follows from the decay of correlations
of Q,(t) . At the values of 13 where k(t3) changes stepwise, see Eq. (3.16), A and dA /dt3 remain
continuous, except t3 = ¢, where dA /dt3 changes by Zadf‘fl,as seen from Eq. (3.33).

We can now write Eq. (3.29) for function G(¢,#’,1}), in terms of function A,
G(t,t' 1) = —isgn(yy)A(t,1)G. (3.34)

The boundary condition for this equation is G(¢,7,0) = 1. From the explicit expression for G we

also have

9,G(t,t' 1) = isgn(y)A(t ,")G(t,1 ,1}),

at{ G(t,t' 1) = —isgn(yy)A(t],1])G(t,1',1]). (3.35)

The solution of these equations reads

t 0 _
/I/A(t”,t”)dt”—/t/ A(t”,t”)dt”] } (3.36)
1

We have checked that the expression for function G that follows from Egs. (3.33) and (3.36)

G(t,t',t]) =exp { —isgn(7y)

coincides with the result obtained using the transfer matrix method.

3.6 Discussion of results

In this section we use the above results to discuss the form of the driving-induced part F' 2CIDF(CO)
of the power spectrum in the case of dispersive coupling. We give explicit expressions for the spec-
trum in the limiting cases. We also present the results of the numerical calculations of the spectrum
based on the general expressions (3.13), (3.14), and (3.23). These results are compared with the
simulations. The simulations were performed in a standard way by integrating the stochastic equa-
tions of motion (3.7) - (3.9) using the Heun scheme [69].

As we show, the shape and the magnitude of (@) sensitively depend on two factors. One

is the interrelation between the magnitude of frequency fluctuations Aw and their bandwidth 21",
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the motional-narrowing parameter ¢; defined in Eq. (3.10). The other is the interrelation between
I'; and the width of the mode spectrum in the absence of driving @ (o).

The width of the mode spectrum is not given just by the mode decay rate I'. It is affected by the
frequency noise and depends on ;. This is seen from Eqgs. (3.12) and (3.22) for the susceptibility
Im x(®), cf. Ref. [59]. The halfwidth of the peak of Im Y (®) varies with the frequency noise
strength oIy from I+ Zagfd, for oy < 1, to ~T'+ 20,1 for oy > 1 (the peak of Im x (@) is
profoundly non-Lorentzian for ¢t; > 1 and oI’y 2 T).

An important outcome of the analysis in the previous sections is that the spectrum ®r ()
allows one to measure both the strength and the correlation time of the frequency noise due to
dispersive coupling. In the first place, it allows one to directly identify the very presence of this
noise. We emphasize that the full driving-induced term in the power spectrum F 2<I>F(a)) can
be seen even where thermal fluctuations of the driven mode are weak and the peak in the power

spectrum P (@) is too small to be resolved.

3.6.1 The spectrum ®r () in the limiting cases

3.6.1.1 Weak frequency noise

The general expression for the spectrum simplifies in the limiting cases where the frequency noise
is weak or its bandwidth is large or small compared to the width of the driven mode spectrum
®y(w). In the case of dispersive coupling, the limit of weak frequency noise is realized where
oIy < T. A general expression for ®r(w) for weak frequency noise was obtained earlier
Eq. (2.10). It relates @ () to the power spectrum of the frequency noise & (¢). From Eq. (3.10),
in the present case we have (& (1)) = 2<Q621(t))sgn Y4 = 20T 4sgn y,, whereas the correlation func-

tion of the noise deviation from the average 0&(r) = &(r) — (E(¢)) is 40‘31% exp(—2I4|t]). Then,
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extending the results (2.10) to noise with non-zero average, we obtain

Pp(0) = (aiT3/of)[(op — @)* +T7 !

xA{[(0 - oF)? +4T5][(0 — @9)* +T7)} ', (3.37)

where @y = wy+ (E(r)) = @y + 2T zsgny,. This expression can be also directly obtained from
Eq. (3.23) in the corresponding limit.

From Eq. (3.37), for weak dispersive-coupling induced noise, the intensity of the spectrum
®r(w) is proportional to the square of the coupling parameter. If the detuning of the driving
field frequency from the eigenfrequency of the driven oscillator largely exceeds the half widths of

the power spectra of the both oscillators in the absence of driving,

op — @y| > I',T;, the power
spectrum P (w) has two distinct peaks. One is located at the oscillator frequency @y and has
halfwidth I'. The other is located at the driving frequency wr and has halfwidth 2I';. We note that
the noise variance 40631“3 is independent of I';. For constant chl—%, the areas of the peaks at @y
and wp are < I'y /T wf} and 6wy 4 respectively (the ratio T, /T affects only the area of the peak
at ay). As |0 wp| decreases, the peaks start overlapping. For small |§ @ | they cannot be resolved.

This behavior is general and occurs also where the frequency noise is not weak, as we show below.

3.6.1.2 Broad-band frequency noise

We now consider the case of the broad-band frequency noise, where the decay rate of the d-
mode I'; largely exceeds the width of the driven mode spectrum. This condition requires that
the motional-narrowing parameter be small, oty < 1. At the same time, the contribution of the
frequency noise to the spectrum width of the considered mode does not have to be small compared
to its decay rate, i.e., the ratio aﬁl"d /T’ can be arbitrary. In other words, the broadening of the
spectrum of the considered mode can still largely come from the dispersive coupling.

To describe the most pronounced peak in the spectrum ®r (w) for large I'; and small oy, one
can solve Eq. (3.20) in the WKB approximation, D(¢) ~ exp{—T} ff// dip[1 — diazk(tp)]V/2}.

Combined with Eq. (3.21), this solution immediately gives the averaging factor G in Eq. (3.14)
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and thus the spectrum ®. Alternatively, one can use the explicit expression (3.23) for function G.
Only the first term has to be kept in this expression for oy < 1 and I' < I';. Integration over time

in Eq. (3.13) gives

N 202Ty/T
PO o (o] A
2(®) = (i/20) [T —i(0 — ay)] . (3.38)

Parameters I and @ are the halfwidth of the spectrum and the eigenfrequency of the driven mode
renormalized due to the dispersive coupling, I' ="+ 20651“03 and @y is the same as in Eq. (3.37).

Equation (3.38) shows that, for a broad-band frequency noise, the spectrum ®r(®) has the
same shape as the spectrum in the absence of driving, ®r(®) o< Pg(w) o< Im Y (w). However,
from the spectrum ®((w), which is Lorentzian in this case, one cannot tell whether the spectrum
halfwidth I"is due to decay or to frequency fluctuations. In contrast, ®f o< 055 is proportional to the
variance of the frequency noise and has a characteristic temperature dependence (065 o< T2 if I;is
T-independent). It enables identifying the frequency noise contribution to the spectral broadening,
as it was earlier demonstrated for a §-correlated frequency noise, see Chap. 2.

Along with the comparatively narrow peak (3.38), for occ%l" 4 2 I the spectrum @ (w) has a
broad background near @y, with the typical frequency scale I';. To describe it one has to take into
account corrections o< ag to the leading-order term in function G (3.23). For large |Swp| > T, the

spectrum also has a peak near @ with width ~ 2I';.

3.6.1.3 Narrow-band frequency noise

The spectrum © () has a characteristic shape also in the opposite limit where the bandwidth of
the frequency noise 2I'; is small compared to the width of the spectrum in the absence of driving
®y(). In this case P (@) displays a characteristic peak at the driving frequency @, as can be
already inferred from the weak-noise expression (3.37). In the overall spectrum ®(w) it looks
like a pedestal of the J-peak at wp. The typical halfwidth of the pedestal is given by I';. This

allows one to read off the decay rate of the d-mode from the spectrum @z (@) without accessing
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the d-mode directly. To resolve the pedestal for large oy, where a;I'; 2 I so that the width of
the spectrum @ (@) is primarily determined by the dispersive coupling, we need a comparatively
large detuning of the driving frequency from the maximum of @ (o).

The simplest way to find @ () near @g for small I'; is based on Eq. (3.23). One first notices
from Eq. (3.13) that the major contribution to ®x () in this case comes from the time range
t~ F;l, whereas t — ¢/, |1} < |T — iSwp|~!. Therefore in Eq. (3.23) one is interested in the limit
of large  but comparatively small r — ¢, |¢}|. In the limit # — o but for fixed ¢ —¢’, function
G 21,1 ) = 1/%(t —1")x* (—t}) with Z(¢) given by Eq. (3.22). The remaining term in G Zis
oc exp(—2I4¢). One can then write the integrand in the expression (3.13) for @z (w) as a series
in exp(—2I4¢). The next simplification comes from the fact that |a,(t — )|, |agt]| < 1 for [T —
i8wp|/|ay| > 1. Therefore one can expand ¥ (1 — ') ~ [1 + 2iot;Ty(t —t')sgny,] ~! and similarly

for j*(—t{). Ultimately, the result of integration over the times #,’,#| reads

oL

This expression describes the spectral peak at small @ — @p| in terms of the derivatives of the

n

an
(0 —wp)?+(2nT,)%

l daan% F) (3.39)

susceptibility y (@) calculated as a function of the motional-narrowing parameter ¢;. The width
of the spectral peak (3.39) is given by the bandwidth of the frequency noise 2I';. The peak is

generally non-Lorentzian.

3.6.2 Evolution of ®5(®) with the varying bandwidth and strength of the frequency noise

To visualize the dependence of the spectrum ®p(®) on the parameters of the system, we now
present the results of numerical evaluation of the general expressions (3.13), (3.14), and (3.23).
Fig. 3.1 shows the evolution of the driving-induced power spectrum ®f (@) with the varying ratio
of the decay rates I';/T, i.e., the varying ratio of the bandwidth of the frequency noise and the
decay rate of the driven mode. We use as a scaling factor the susceptibility y of the driven mode

in the absence of dispersive coupling,
xo(p) = i200(T —idwp)) . (3.40)
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In Fig. 3.1 (a), the frequency noise bandwidth is much larger than the width of the spectrum
®y() in the absence of driving. The spectrum ®g(w) is close to a Lorentzian centered near
the shifted eigenfrequency of the driven mode, see Eq. (3.38); for small ¢, the shift should be
20417, whereas the halfwidth should be close to I+ 206§Fd,[59] which agrees with the numerics.
In Fig. 3.1 (d), on the other hand, the noise bandwidth is small. The spectrum ®r (@) is a narrow
peak near the driving frequency wr, see Eq. (3.39), with halfwidth ~I';. In Figs. 3.1 (b) and (c)
the frequency noise bandwidth is comparable to the width of the spectrum ®g(w). In this case
the spectrum @ (w) displays two partly overlapping peaks. The overlapping can be reduced by

tuning the driving frequency @ further away from the resonance, see below.
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Figure 3.1 The scaled driving-induced part of the power spectrum of the driven mode dispersively
coupled to another mode, which we call the d-mode. Thermal fluctuations of the d-mode lead to
frequency fluctuations of the driven mode. Panels (a) to (d) show the change of the spectrum with
the varying ratio I';/T" of the decay rates of the d-mode and the driven mode. The scaled strength
(standard deviation) of the frequency noise is ot;I';/I" = 1. The spectrum @ (®) is scaled using
the noise-free susceptibility yo(wr), Eq. (3.40), & = 4T'®r /| xo(wr)|*>. The solid lines and the

dots show the analytical theory and the numericdf simulations, respectively.



Fig. 3.2 shows the evolution of the spectrum @£ (®) with the varying strength (standard devia-
tion) 2a,;I"; of the frequency noise. The frequency noise bandwidth 2I'; is chosen to be close to the
decay rate of the driven mode I'. The driving frequency wr is tuned away from resonance so that
the two peaks of @ (w) are well separated. An insight into the shape of the peaks can be gained
from the aforementioned similarity of the spectrum ®r (@) with the spectrum of fluorescence and
quasi-elastic light scattering by a periodically driven oscillating charge.

For weak frequency noise, curve 1 in Fig. 3.2 , the peaks are located near wg (quasi-elastic
scattering) and wy (fluorescence), cf. Eq. (3.37). As the noise strength increases, the peak near
@ becomes broader and the position of its maximum shifts to higher frequency (if y; > 0, as
assumed in the figure). This resembles the evolution of the spectrum ®(®) in the absence of
driving with increasing o;; this evolution is shown in the inset of Fig. 3.2. For o; > 1 the peak
becomes non-Lorentzian and asymmetric.

In contrast, the shape of the peak located near @wg stays almost the same with varying noise
strength. This is consistent with the picture of quasi-elastic scattering, where the width of the peak
is determined by the frequency noise bandwidth. To illustrate how persistent this behavior is, we
scaled the spectra in Fig. 3.2 so that at their maxima at wg the spectra have the same height for

different o;.

3.6.3 Effect on ©y(w) of the detuning of the driving frequency

To provide more insight into the nature of the double-peak structure of the spectrum ®p(w) for
I' ~T';, we show in Fig. 3.3 the effect of detuning of the driving frequency wr from resonance.
Panels (a), (b), and (c) refer to the driving frequency being red detuned, equal to, and blue detuned
from the the maximum of the spectrum ®(®) in the absence of driving, respectively. The results
we show refer to the dispersive coupling constant y; > 0. For y; < 0, the plots should be mirror-
reflected with respect to @ — wy, and @Wg — @y should be replaced with wy — .

The peak located near the frequency @p is well resolved in Fig. 3.3 (a). It moves along with

or as the latter varies. In Fig. 3.3 (a) one can also see a broader peak, which is located close to @y
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Figure 3.2 The evolution of the driving-induced part of the power spectrum with the varying
strength of the frequency noise due to dispersive coupling. Curve 1 to 3 refer to the scaled standard
deviation of the noise a;I'y/T" = 0.5, 2.5, and 12.5, respectively. The ratio of the noise bandwidth
to the decay rate of the driven mode is 2I";/T" = 1. The scaled detuning of the driving frequency
from the eigenfrequency of the driven mode is g /T = —5. The spectrum is scaled using the
noise-free susceptibility yo(@r), Eq. (3.40), ®F = 4T'®f /|xo(wr)|?. The curves 1 and 3 are ad-
ditionally scaled by factors 3.15 and 1.3, respectively, so that the peaks near wr have the same
height. The inset shows the spectrum ®((®) in the absence of driving for the same values of
the frequency noise strength o;I'; /T as in the main panel. The solid lines and the dots show the
analytical theory and the simulations, respectively.

and essentially does not change its position as @r changes. For small frequency-noise bandwidth,
the peak at wr becomes narrow and is described by Eq. (3.39). However, it is well-resolved for
large frequency detuning even where the noise bandwidth and the width of the spectrum ®(®)
are of the same order of magnitude. If the widths are close and wp is close to resonance, the peaks
overlap and cannot be identified, as seen in panel (b). The areas of the peaks are dramatically
different for red and blue detuning. This is due to the asymmetry of the spectrum ®(®) in the
presence of the frequency noise induced by dispersive coupling, see the inset of Fig. (3.2). As seen

from Fig. 3.1, for very small I';/I" the peak near the oscillator eigenfrequency disappears; this was

discussed earlier in the case of weak noise, but is also true in a general case.

3.6.4 The area of the driving induced power spectrum

The area S of the driving induced power spectrum ®f () is defined as Sp = [;° dw®Pp (). The

major contribution to the integral comes from the frequency range where |® — @f |, |0 — @y| < oF.

49



Swe/T=10

- Wf

w—-wg)/T

Figure 3.3 The evolution of the driving-induced part of the power spectrum with the varying de-
tuning of the driving frequency @wgp. The scaled strength of the frequency noise induced by the
dispersive coupling is o;I'y/T" = 2.5. The ratio of the noise bandwidth to the decay rate of the
driven mode is 2I';/T" = 1. The spectrum is scaled using the noise-free susceptibility xo(oF),
Eq. (3.40), & = 4T'®r /| xo(wF)|?. The solid lines and the dots show the analytical theory and
the simulations, respectively.

Then integration over @ in Eq. (3.13) gives a factor 2w (¢). Further simplification comes from
changing from integrating over ¢’ and t{ to integrating over t' and ¢’ — ti and using Eq. (3.12) for
the susceptibility of the mode. The result reads

T

Sp = —4wOFImX((UF) 2|JC((0F)| : (3.41)

This reduces the calculation of the area Sg just to finding the susceptibility ) (@f) of the mode.
This susceptibility with account taken of the dispersive coupling is given by Egs. (3.12) and (3.22).
The behavior of the area Sy can be found explicitly for small and large ¢;. In the limit of small

o, where the frequency noise is weak, from Eq. (3.37) Sg o< ocg. For large oy, it is convenient
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to write ¥ (z) in Eq. (3.22) as % (1) = (2/iag) X, exp[—2n(ioy) Y% — (2n 4 1)ayt], where we
assumed 7y, > 0; the ultimate result is independent of the sign of y,. The susceptibility x(wg) is
given by the integral of ¥ (¢) over ¢, Eq. (3.12). In the limit Fdaé/z > |I' —idwp| from Eq. (3.12)

x(0F) ~ (20p0,T7) ' Y exp[—2n(ictg)~1/2]/(2n +1). To the leading order in 1/ay this gives

1
x(oF) ~ [Eln(4ad)+iﬂ J4apl 0. (3.42)

We see from Eqgs. (3.41) and (3.42) that Sg o< Ocd_l falls down with increasing o; for large ;.

The nonmonotonic dependence of the area Sy on the parameter oy, which is expected from
the above asymptotic expressions, is indeed seen in Fig. 3.4(a). This figure shows the area Sr as a
function of the motional narrowing parameter o, for different I'y /T. The position of the maximum
of Sg sensitively depends on I';/T".

In terms of a comparison with experiment, it is advantageous to scale the spectrum @, and in
particular the area Sg, by the area of the §-peak in the power spectrum of the driven mode. This
area is given by the expression S5 = (7/2)|x(@F)|?, cf. Eq. (3.1). The quantities measured in the
experiment are F 25 rand F 25 5+ The unknown scaled field intensity F 2 drops out from their ratio.
From Egs. (3.41) and (3.42) Sp/Sg o< 0t;/ In? o, increases with oy for large o;. For small o,

SF/Ss o< 063 also increases with ¢f;. On the whole, we found that Sg /S5 monotonically increases

with ¢;. This increase is seen in Fig. 3.4 (b).

3.7 Dispersive coupling to several modes

The results can be easily extended to the case of dispersive coupling to several modes rather than a
single d-mode. We enumerate the modes by the subscript »z = 1,2,.... The modes eigenfrequen-
cies and decay rates are @,, and I',,. The energy of the dispersive coupling is (3/4)Y,, }/%qzq%{.
The contributions of different modes ¢ to the frequency fluctuations of the studied mode and there-
fore to the random accumulation of its phase are additive and mutually independent. To describe

the driving-induced spectrum, one can use Eqgs. (3.13) and (3.14) and average over the phase ac-
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Figure 3.4 The area of the driving-induced part of the power spectrum as a function of o for
different ratio of the frequency noise bandwidth to the decay rate of the driven mode 2I";/T". The
red (solid), blue (dashed), and green (dotted) lines refer to I';/I" = 10, 2, and 0.1, respectively.
The relative detuning of the driving frequency is g /I" = 5. In panel (a), the area S is scaled
using the noise-free susceptibility xo(@r), Eq. (3.40), Sg = 2S5F /7| %0 (®F)|?. In panel (b), Sg is
scaled by the area of the 0 peak in the power spectrum of the driven mode, S§ = 7|x(@F) |2 /2.
cumulation in Eq. (3.14) independently for each mode 5. The result is the product of the averages
[functions G(¢,#/ ,t{)] calculated for each mode taken separately.

Perhaps of utmost physical interest are the cases where of significance is either dispersive
coupling to one or very few modes, as for example in some optomechanical systems in which a
radiation mode is dispersively coupled to a mechanical mode [50, 58], or where there is dispersive
coupling to many modes, as may be the case in carbon nanotubes or graphene membranes [6,
7]. The present chapter is focused on the first case. The second case may be simpler, since the
parameters 7;, of coupling to individual modes are small; in particular, in nanomechanical systems
this is a consequence of the difference of the spatial structure of the studied mode and the modes .
If the number of the s¢-modes is N, in the thermodynamic limit, N — oo, we would have y,, o< 1/N.

In this limit the spectrum of the modes s« is almost continuous, and frequency fluctuations of the

studied mode come from the coupling <} 7, %/qzq%q .- This coupling leads to quasielastic
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scattering of modes s« off the studied mode, which results in a broad-band frequency noise and in
the Lorentzian spectrum ®g(@); [70, 71] the spectrum ®r (@) for a broad-band frequency noise

is discussed in Chap. 2.

3.7.1 An intermediate number of modes: weak and effectively strong coupling

A more interesting situation can arise in the intermediate case of a large but limited number N of
modes ». We assume that the mode frequencies are well separated, |®,, — a)%/| > 1, s, and the
frequency differences do not resonate with @wgy,2@y. Because N is large, the motional-narrowing
parameters o, = 3|V, |kgT/ Swoa)%rﬂ can be small. However, o, are not infinitesimally small.
For a large N, one can think of a situation where the cumulative effect of the coupling to many
modes is effectively strong.

For a multimode coupling, the factor ¥(¢) in the average susceptibility (¥ (¢,0)) (3.22) is given

by the product of the expressions (3.22) for ¥(¢) calculated for each mode .[59] For a,, < 1

x(1) %epog%(t), 85(t) = —2ia, 5t sgny,,
x
2
+ o [1 — 2T, —exp(—2I,.1)]. (3.43)
For large N, the most simple relevant case is the case of weak coupling, where ) ,, Ot% <

1. In this case the power spectrum ®gy(@) = (2kgT /wy)Im x(w) is close to Lorentzian. From

Egs. (3.12), (3.22), and (3.43), to the leading order in ), Oci,

Im % (0) ~ T/ {209[[2 + (0 - ap)?] }
@ =awp+2Y aLusgny,, T=T+2) oll,. (3.44)
x 4
In contrast to the previous work,[59] we do not assume here that the halfwidth of the spectrum is
close to I'; even for small a,, the dispersive-coupling induced spectral broadening may become

comparable to the decay rate of the studied mode for I',, > I". For I —I" < T" one should keep in

Im y (o) other corrections o o2, which make the spectrum slightly non-Lorentzian.[59].
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Even where o, < 1, the sum ), 06;2{ is not necessarily small. We will now consider the case
where ), ochFi greatly exceeds the scaled squared decay rates of the involved modes F2%(1 +
205%)2 (typically, this requires that ) ,, OCJZ{ >1)and ), OCZ(FZ% >> I'2. This is the case of cumula-
tively strong coupling, where the coupling becomes strong because of the large number of modes
involved. One can see that the major contribution to the Fourier transform of %(¢) in Eq. (3.22)
[and in Eq. (3.43), for a;, < 1] comes from the time range t < (Y, OCJZ{IQ%)*UZ. In this range
% (1) is given by Eq. (3.43) with the exponent expanded to second order in I',.#. Then the power
spectrum in the absence of driving ®g(®) = (2kgT /wy)Im x(w) has a Gaussian spectral peak.

From Egs. (3.12), (3.22), and (3.43) ,

1/2

Im % () ~ (7/80§62) /2 exp[—(w — @)?/267],

ocr=4Y a2l (3.45)
V1

A Gaussian shape of the spectrum in the case of multi-mode dispersive coupling was proposed to
describe the spectra of vibrational modes in carbon nanotubes.[6] This shape was justified[6] in
numerical simulations of a model where all I';, were the same. The numerical analysis [6] further
showed that the tails of the spectrum are Lorentzian, which is generic for nonlinearly coupled

modes[59] and is seen from Eq. (3.43).

3.7.1.1 The driving-induced spectrum

The spectrum ®f(w) is determined by the Fourier transform of function Gz(t,t/ ,t{) which, as
indicated earlier, is given by the product of expressions (3.23) calculated for each mode sc. For

small o,

G2 (1,1',17) ~ expg5c(m1) +83,(73) +sgn(t’ — 1)
% Zaie—zr‘%‘[z (1 _ 6—2F;{T1> (1 _ 6_21—‘%1.3)}, (346)

V4
where g is given by Eq. (3.43), whereas g/, = g, for ¢’ <] and g, = g}, for #/ > 1{; the relation

between T) 5 3 and #,1',1] is explained below Eq. (3.23), see also Sec. 3.7.1.2.
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For small ) ,, OC% and small frequency-noise induced spectral broadening, ), OC%F% < I' and
Y, 022, < I'?, the driving-induced spectrum is given by Eq. (3.37) in which the factor Otﬁl“?l /[(@0—
wF)? +4l“621] is replaced by ¥, 022 /[(0 — @ )?> +4T'2 ] and @ is given by Eq. (3.44). In the case
where ¥, a2, > T, the spectrum ®f (@) has a Lorentzian peak near @y described by Eq. (3.38)
in which one should use Eq. (3.44) for I', @, and (@), and should replace in the numerator Occ%l“d
with ¥, 02T,

The driving-induced term @ (@) arises also in the case of the effectively strong coupling where
Y., aJZ{F%{ largely exceeds the scaled squared decay rates 2, F%f( 1+ 205%)2. In this case one should
keep in the exponent in G? in Eq. (3.46) only terms up to second order in 77, 73. Function G? then
should be expanded in a series in ¥, 22,7 73 exp[—2I,,7y]. The result of the calculation is
given in Sec. 3.7.1.2. The general expressions simplify in the important case where the decay rate

of the considered mode is small compared to the decay rates of the sr-modes, I' < I';,. In this case
Op(0) ~ (2I) " 'my (o) Imy (oF). (3.47)

Equations (3.45) and (3.47) show that, for frequency noise with the correlation time small
compared to the mode lifetime I'"!, the leading-order term in the driving-induced power spectrum
®r (w) has the same shape as the peak in the power spectrum in the absence of driving @ (®). This
behavior was found earlier in Chap. 2 for a general frequency noise provided the noise spectrum
is much broader than the width of the spectral peak of ®y(w) and the standard deviation of the
noise, in which case the spectrum ®(w) is Lorentzian; cf. also Eq. (3.38). In the present case
the coupling is strong and the width of the noise spectrum ~ maxI’;, is smaller than the standard
deviation o, and as a result ®r(w) is not proportional to the squared coupling parameter as in
Eq. (3.38).

Other terms in the expression for @ () obtained in Sec. 3.7.1.2 show that the driving-induced
spectrum is nonmonotonic also near the driving frequency. The structure of the spectrum sensi-
tively depends on the coupling and the decay rates of the s»-modes.

The general expressions (3.48) and (3.50) simplify if all > modes have the same decay rate. In
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this case it is also possible to simulate the spectra numerically. We have checked that the analytical
results are in excellent agreement with the simulations. It is important that the dispersive-coupling
induced term in the power spectrum of the driven mode ®f(®) is always positive, whether the

dispersive coupling is mostly to one mode or to many modes.

3.7.1.2 Driving-induced spectrum for an effectively strong dispersive coupling to a large
number of modes

Calculation of the driving-induced power spectrum involves a triple integral over time, as seen
from Eq. (3.13). It is convenient to evaluate the integrals over ¢’ ,ti separately in three regions,
Al, A2, and A3. Region Al corresponds to —eo < ¢’ < 1], —eo < | < 0; then in Eq. (3.46) 1) =
t,T) = —t{ , T3 = t{ —¢'. Region A2 corresponds to —co < ti <t —o0 <t' <0; then in Eq. (3.46)
7y =1,T = —t', 73 =1’ —t]. Region A3 corresponds to 0 < ¢’ < ¢, —eo < | < 0; then in Eq. (3.46)
1) =t—1', 7y =1',73 = —1]. Expanding the exponentials in G*(¢,#’,#{) as described in Sec. 3.7.1
and integrating G2 with weight exp[— (I —iSop)(t —t') + (T+idwp)t}] [see Eq. (3.13)], we obtain

the contributions of the regions A1 and A2 in the form

A ()~ ~LRe ¥ g TE @) I"X(OF)
n=0

2 Jo"  Ja} ’
41 I S, R S
Hp0=—7 Y, Oy 0I5 T3, P0+2) Tu
n: st i=1
M2, 1o & d"x(w)d"x*(wF)
P () ~ 5Re g e P P (3.48)
n=0 F
In this equation J#; = 1/2I". The susceptibility
o L 22
x(@) = (i/2a) / dre/l O~ @) —T1=0%1%/2 (3.49)
0

can be easily expressed in terms of the error function; @ and o2 are given by Egs. (3.44) and
(3.45).
In the region A3 it is convenient first to change from integration over ¢’ to integration over

i)

7 =t —1t'. To find the spectrum ®, it is convenient to integrate G? with the appropriate weight
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first over # and then over 7. One should take into account that < 1/ < 1/T',,, but the range of

the values of ¢ that contribute to the integral is not limited to < 1/c. The result of integration reads

P (0) ~ —Im[x (@) (0F)]/[2(0 — oF)]

1 & 9" (0)d" " (wF)
+2Reng‘% Ik Jdw} '

(3.50)

Here, the coefficients %, are given by the expression (3.48) for .%#; in which 2T is replaced by
—i(®w — wp). We note that 613;143) is not singular at ® = o, since Im | (®F)|?> = 0 and ¥ (o) is
a smooth function of frequency; the corresponding term is important primarily where either @ or
oF are on the tail of the spectral peak ®g(w).

The series over n in Egs. (3.48) and (3.50) generally converges slowly if the decay rates of the
»x modes I';, <T. For large n, in Eq. (3.50) the derivative 0"y (®)/d ®" should be calculated with
the decay rate I" replaced with I'+2Y7" , I, in Eq. (3.49). The summation over the modes ;
in the coefficients %, should now be extended to include the modified x(®), which now itself
depends on ;. We note that y*(wp) in Eq. (3.50) should still be calculated using Eq. (3.49).

The overall driving-induced term in the power spectrum ®p(®) = 6195;41)((0) + ¢§}42)(w) +

(I)1(;43) (w) has peaks and, generally, more complicated features near both the oscillator eigenfre-

quency and the driving frequency.

3.8 Power spectrum of a driven nonlinear oscillator

An important contribution to the broadening of the spectra of mesoscopic oscillators can come
from their internal nonlinearity.[4] The vibration frequency of a nonlinear oscillator depends on the
vibration amplitude. Therefore thermal fluctuations of the amplitude lead to frequency fluctuations.
The analysis of the spectra is complicated by the interplay of the frequency fluctuations that come
from the amplitude fluctuations and the frequency uncertainty that comes from the oscillator decay.

Nevertheless the linear susceptibility could be found for an arbitrary relation between the standard
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deviation of the frequency Aw and the decay rate I'.[59]. The power spectrum of a nonlinear
oscillator in the absence of driving is generally asymmetric and non-Lorentzian.

Finding the driving-induced terms in the power spectrum is still more complicated. The os-
cillator displacement is nonlinear in the driving field amplitude F, and the driving-induced part
of the power spectrum ®(w) is not quadratic in F. However, if the field is weak, Eq. (3.1) for
®(w) applies. In the calculation of ®z () one should take into account terms in the oscillator
displacement that are quadratic in F', which is generic for nonlinear systems.[16]

We assume that the nonlinear part of the oscillator energy is small compared to the linear
part. Then the nonlinear term in the oscillator energy can be taken in the form of j/q4 /4.[72] The

oscillator equation of motion in the rotating wave approximation is given by Eq. (3.7) with y; =0,

F
m‘l‘f(t). (3.51)

i = —(r+i5wF)u+%|u|2u—i
In this section we do not discuss the effect of dispersive coupling, and the frequency noise that
comes from this coupling is not included into Eq. (3.51).

To find ®p(®), we first consider the dynamics of a driven nonlinear oscillator without fluc-
tuations and then take fluctuations into account. The stationary solution ug of Eq. (3.51) in the
absence of the noise f(¢) can be found by setting i = 0. For weak driving, ug is a series in F,
which contains only odd powers of F. Since we are interested in the terms which are linear or

quadratic in F, it is sufficient to keep only the leading term, usy = F /4icwy(I" + id@f ). One then

substitutes into Eq. (3.51) u(t) = ust + Su(t). The deviation du(r) is due only to the noise,
3
§i = — (i6wp +T)du+ % (180250 -+ 2us|3u® + w552
+2ust[2Su+ ugtsu*) +f(r). (3.52)

Time evolution of Su(t) depends on the driving field in terms of ug. We find this time evolution in

the two limiting cases.
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3.8.1 Weak nonlinearity

The analysis of the dynamics simplifies in the case of small nonlinearity-induced spread of the
oscillator frequency A® compared to the decay rate I'. As seen from Eq. (3.51), in the absence
of driving the frequency shift is quadratic in the vibration amplitude o< ]u!z,[72], and therefore the
frequency spread is determine by the standard deviation of |u|2 due to the thermal noise. This gives
Ao =3|ylkgT /8a3;.

For Aw < T, it is sufficient to keep only the linear in du terms in Eq. (3.52).[73, 74] A straight-

forward calculation then gives a simple expression for the the driving-induced power spectrum,

@ (w)N3kaT (0 — )T
F(0)~ :
80y (I?+603) I+ (0 — w)?]?

(3.53)

The spectrum (3.53) is proportional to the derivative of the Lorentzian spectrum of the har-
monic oscillator ®¢(®) o< 1/[T% + (@ — )?] over @. It has a characteristic dispersive shape,
being of the opposite signs on the other sides of @y. This is the result of the shift of the oscillator
vibration frequency o< yF' 2 due to the driving. Such shift is the main effect of the driving for small

Aw/T.

3.8.2 Large detuning of the driving field frequency

For arbitrary A /T, the analysis is simplified if the detuning of the driving field frequency from
the small-amplitude oscillator frequency |6 wg| > I', Aw. In this case, one can change variables in
Eq. (3.52) to 6ii(t) = & u(t)ei5wF !. The right-hand side of the resulting equation for §ii, besides the
noise term, has terms that smoothly depend on time on the scale |6 oF | ~1 and terms that oscillate
as exp(+idwpt),exp(2idwpt). These oscillating terms can be considered a perturbation. To the

first order of the perturbation theory, the equation for the smooth terms takes the form

Lo By o IMust* | 3iY 0o 7
oi = F5u+w0|ust| 5u—|—<1—|—w06wF 2wo|5u| oi+ f(1), (3.54)

where f(1) = f(t)e!9“F!. We keep in this equation the terms o< |ug;|? o< F2. These terms contribute

to the spectrum ®x (o). The terms of higher oder in |ug|? have been discarded.
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Equation (3.54) has the same form as the equation of motion for the complex amplitude u(z) in
the absence of driving, i.e., Eq. (3.51) with F = 0. The noise f(¢) has the same correlation function
as f(t). Therefore the power spectrum of dii(¢) is the same as the power spectrum of a nonlinear
oscillator found earlier,[59] with the renormalized parameters: the eigenfrequency is shifted by
37|ust|?> /@y and the nonlinearity parameter is multiplied by the factor 1 + 97y|ug|> /@y wF. We
note that the correction o< |ug|? in this factor, which comes from the perturbation theory in 1/8 wp,
is small.

To find ®r (@) we have to expand the result[59] with the appropriately renormalized parame-

ters to the first order in ]ust|2. This gives

F2®p(0) = B{dg[Po(0 — 2B8wp: An(1+68))]} g0,

Dy(w;Aw) = %—g%/owdtexp{[i(w —awy)+ Tt}
x [cosh(ar) + (T'/a)(1 + 2iasgny) sinh(ar)] 2. (3.55)

The parameters a and a have the same structure and the same physical meaning as the parameters
o,y and a; used before, ot = Aw /T and a = I'(1 + 4iasgny) /2, whereas p = 3}/F2/32w8(6wF)3
is the scaled intensity of the driving field.

The major contribution to ®r(w) as given by Eq. (3.55) for large |6 wp|/A®w comes from the
frequency shift of the spectrum without driving ®(®) and is determined by —28 g dgpy P (@; A®).
Physically, this results again corresponds to the shift of the oscillator eigenfrequency associated
with the forced vibrations, and the spectrum @ again has the characteristic shape of a dispersive
curve. To the next order in 1/ wp, the driving broadens or narrows the spectrum depending on
the sign of y/dwp by renormalizing the nonlinearity-induced standard deviation of the oscillator

frequency A®.

3.8.3 Numerical simulations

The analytical results on the spectra of the modulated nonlinear oscillator, Eq. (3.55), are compared

with the results of numerical simulations in Fig. 3.5. The spectrum @ (®) generally has a positive
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Figure 3.5 The driving-induced part of the power spectrum of a nonlinear oscillator for large de-
tuning of the driving frequency, § g /A® = 40. The solid curves and the dots show the analytical
expressions and the results of simulations, respectively. The values of the nonlinearity parameter
and the scaled driving strength for the curves 1 to 3 are, respectively, &« = Aw/I" = 0.125, 1.25,
and 5, and B = 3yF? /320353 = 0.016, 0.004, and 0.004. The inset shows the change of the
power spectrum in the absence of driving with varying Aw /T

and negative parts, in a dramatic distinction from the case of a linear oscillator dispersively coupled
to another oscillator. As A®/T increases, the shape of ®f(®) becomes more complicated, in
particular, the positive and negative parts become asymmetric.

The simulations were performed in the same way as for the dispersively coupled modes by
integrating the stochastic differential equations (3.51). We verified that the values of the modu-
lating field amplitude F* were in the range where the driving-induced term in the power spectrum
was quadratic in F. As seen from this figure, the simulations are in excellent agreement with the
analytical results.

In the intermediate range, where the nonlinearity is not weak and the driving is not too far

0wF| ~ max(I',A®), we obtained the spectrum @ (@) by running numerical simu-

detuned, i.e.,

lations. These results are presented in Fig. 3.6. They show that the general trend seen in Fig. 3.5

that & (@) changes signs and is asymmetric for a nonlinear oscillator persists in this case as well.
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Figure 3.6 The driving-induced part of the spectrum of a nonlinear oscillator for small detuning
of the driving frequency. The solid curve (red) shows the analytical results for @ (@) for small
Aw/T for the same parameters as the dotted curve 1. The dots show the results of simulations.
The scaled values of the nonlinearity parameter, the detuning, and the driving strength on the
curves 1 and 2 are, respectively, @ = Aw/T" = 0.05, and 1.25, Swr/I' = 0.5 and 5, and 8 =
3yF?/ 32008(5 wp)3 = 0.64 and 0.01. The inset shows the full spectrum for the parameters of
curve 2 (blue dots, simulations); the spectrum without driving for the same Aw/T" is shown by the
solid line (analytical) and (green) dots on top of this line, which are obtained by simulations.

3.9 Conclusions

In terms of experimental studies of mesoscopic vibrational systems, the major result of this chapter
is the suggestion of a way to single out and characterize the dispersive (nonresonant) coupling
between vibrational modes. The proposed method allows revealing dispersive coupling even where
there is no access to the mode coupled to the studied one. We have shown that dispersive coupling
leads to a specific, generally double-peak extra structure in the power spectrum of a mode when
this mode is driven close to resonance. The dispersive-coupling induced part of the power spectrum
is quadratic in the driving field amplitude. It varies significantly with the detuning of the driving
frequency from the mode eigenfrequency.

The "tune off to read off" approach, which relies on changing the driving frequency, allows one
to study separately two effects. One is the dispersive-coupling induced broadening of the spectral
peak of the linear response, which is of significant interest for mesoscopic modes.[6, 55, 49, 7, 56]
The other is the decay of the “invisible” mode that is dispersively coupled to the studied mode.

The double-peak structure of the driving-induced power spectrum sensitively depends both on the
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strength of the dispersive coupling and the parameters of the invisible mode.

Another important feature of the driving-induced spectrum is the qualitative difference be-
tween the effects of nonlinear dispersive coupling to other modes and the internal nonlinearity of
the studied mode. Both nonlinearities are known to broaden, in a somewhat similar way,[59] the
linear response spectrum in the presence of thermal fluctuations. However, in the case of internal
nonlinearity, the driving-induced part of the power spectrum changes sign as a function of fre-
quency, i.e., it has peaks of the opposite signs and is similar (and is close, in a certain parameter
range) to the derivative of the power spectrum without driving.

We have extended the results to the case of dispersive coupling to several modes. The con-
tributions of different modes to the frequency fluctuations of the studied mode, and therefore to
the random accumulation of its phase, are additive and mutually independent. Then the averaging
over the phase accumulation can be done independently for each mode. The extension to the case
of a few modes is therefore straightforward. New features emerge if there are many, but not too
many modes. The cumulative effect of weak dispersive coupling to many modes may lead to an
effectively strong coupling. As a result, the spectrum without driving becomes close to Gaussian in
the central part, as was suggested in Ref. [6]. The driving-induced part of the power spectrum dis-
plays a characteristic structure, which sensitively depends both on the parameters of the dispersive
coupling and the dissipation parameters of the involved modes.

In terms of the theory, the chapter describes a path-integral method that enables finding in an
explicit form the spectrum of a driven oscillator in the presence of non-Gaussian fluctuations of its
frequency, which result from dispersive coupling to other modes. The results apply for an arbitrary
ratio between the relevant parameters of the system. These parameters are the magnitude (standard
deviation) of the frequency fluctuations Aw, their reciprocal correlation time, which is given by
the decay rate of the dispersively-coupled mode that causes the fluctuations, the decay rate of the
driven mode itself, and the detuning of the driving frequency.

It is the presence of several parameters that makes it complicated to identify the broadening

mechanisms from the linear response spectra. The results of the chapter show the qualitative
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difference between the effects of these parameters on the power spectrum when the oscillator is
driven. This enables their identification.

Generally, in mesoscopic vibrational systems, and in particular in nanomechanical systems,
the internal (Duffing) and dispersive nonlinearities can be of the same order of magnitude. If the
studied mode has a much higher frequency than the mode to which it is dispersively coupled, its
fluctuations can be comparatively weaker making the effect of the dispersive coupling stronger.
Also if there are several modes dispersively coupled to the mode of interest, their cumulative effect
can be stronger than the effect of the internal nonlinearity. This makes it even more important to
be able to distinguish the effects, which the proposed approach allows.

The results immediately extend to the parameter range where the driven mode has high fre-
quency and is in the quantum regime, 7wy > kpT. This is because, as long as the mode itself is
linear, its displacement is a superposition of the displacement without driving, which is affected
by quantum fluctuations, and the classical driving-induced displacement. The effect of dispersive
coupling to a classical mode (iw; < kgT) on the driving-induced displacement is independent
of hay/kgT. Dispersive coupling of a quantum mode to a classical mode is of particular interest
for optomechanics, where the high-frequency optical cavity mode can be dispersively coupled to
a low-frequency mechanical mode.[50, 58] Driving the cavity mode leads in this case to a charac-

teristic radiation described in this chapter.
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CHAPTER 4

FLUCTUATION SPECTRA OF DRIVEN OVERDAMPED NONLINEAR SYSTEMS

4.1 Introduction

Fluctuation spectra and spectra of response to periodic driving are major tools of characterizing
physical systems. The spectra are conventionally used to find system frequencies and relaxation
rates and to characterize fluctuations in the system. For example, optical absorption spectra give
the transition frequencies of atomic systems and the lifetimes of the excited states, and the spec-
trum of spontaneous radiation is a well-known example of the fluctuation (power) spectrum [75].
In macroscopic systems the spectra are often complicated by the effects of inhomogeneous broad-
ening. Recent progress in nanoscience has made it possible to study the spectra of individual
dynamical systems. A well-known example is provided by optically trapped Brownian particles
and biomolecules [76, 77], where the power spectra are a major tool for characterizing the motion
in the trap [78, 79]. Spectra of various types of individually accessible mesoscopic systems are
studied nowadays in optics [80, 81], nanomechanics and circuit quantum electrodynamics, cf. [4],
biophysics, cf. [82, 83], and many other areas; the technique based on spectral measurements has
found various applications, photonic force microscopy being a recent example, see Ref. [84].

A familiar effect of weak periodic driving is forced vibrations of the system. When ensemble-
averaged, they are also periodic and occur at the driving frequency wg. They lead to a d-shape
peak at frequency @r in the system power spectrum. However, the driving also modifies the power
spectrum away from wg. A textbook example is inelastic light scattering and resonance fluores-
cence. In the both cases, the system driven by a periodic electromagnetic field emits radiation at
frequencies that differ from the driving frequency [10]. This radiation is one of the major sources
of information about the system in optical experiments.

In this chapter we study the spectra of periodically driven nonlinear systems. We show that,
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in the presence of noise, along with the §-shape peak at the driving frequency g, these spectra
display a characteristic structure. We are interested in the regime of relatively weak driving, where
the driving-induced change of the power spectrum is quadratic in the amplitude of the driving, as
in inelastic light scattering.

In view of the significant interest in the power spectra of systems optically trapped in fluids, we
consider systems where inertial effects play no role. In the absence of driving the power spectra
of such systems usually have a peak at zero frequency. In particular it is this peak that is used to
characterize the dynamics of optically trapped particles.

For a linear system, like a Brownian particle in a harmonic trap, the d-shape peak at @p is
the only effect of the driving on the power spectrum. This is because motion of such a system
is a linear superposition of forced vibrations at wg and fluctuations in the absence of driving.
The amplitude and phase of the forced vibrations depend on the parameters of the system and
determine the standard linear susceptibility [85]. In nonlinear systems forced vibrations become
random, because the parameters of the system are fluctuating. The power spectrum of such random
vibrations is no longer just a 8-shape peak (although the §-shape peak is necessarily present). The
driving-induced spectral features away from @g result from mixing of fluctuations and forced

vibrations in a nonlinear system.

4.1.1 Qualitative picture

The idea of the driving-induced change of the power spectrum can be gained by looking at a
Brownian particle fluctuating in a confining potential, a typical situation for optical trapping. The
motion of the particle, after proper rescaling of time and particle coordinate g, is described by the

Langevin equation [86]

g=-U'(9)+f@t), U'(q)=dU/dq, (4.1)

where U (g) is the scaled potential and f(z) is thermal noise. If potential U (q) is parabolic and the

system is additionally driven by a force F cos @ft, forced vibrations are described by the textbook

66



expression

(a(0)) = S Fr(op)expl—iopn) tec,  x(@)=10"(geq)—i0] ', @2)

where geq is the equilibrium position [the minimum of U(g)] and x () is the susceptibility.

For a nonlinear system the potential U(g) is nonparabolic. Because of thermal fluctuations,
the local curvature of the potential U”(g) is fluctuating. Intuitively, one can think of the effect
of thermal fluctuations on forced vibrations as if U” (geq) in Eq. (4.2) for the susceptibility were
replaced by a fluctuating curvature, see Fig. 4.1. If the driving frequency wr largely exceeds the
reciprocal correlation time of the fluctuations 7. 1, the fluctuations would lead to the onset of a
structure in the power spectrum near frequency wg with typical width ¢, ! The quantity 7. I also
gives the typical width of the peak in the power spectrum at zero frequency in the absence of

driving [for a linear system, 7.1 = U"(geq)]-

U(g)

q

Figure 4.1 Sketch of a potential of a nonlinear system near the potential minimum. Because of the
interplay of nonlinearity and fluctuations, the curvature of the potential fluctuates. These fluctua-
tions are shown as the smearing of the solid line, which represents the potential in the absence of
fluctuations.

Another effect of the interplay of driving, nonlinearity, and fluctuations can be understood by
noticing that the periodic force causes a periodic change in the system coordinate. For a nonlinear
system, roughly speaking, this leads to a periodic modulation of the local curvature, and thus of

1

t. . Since t. I determines the shape of the zero-frequency peak in the power spectrum, such

modulation causes a change of this peak proportional to F 2 to the lowest order in F.
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Even from the above simplistic description it is clear that the driving-induced change of the
spectrum is sensitive to the parameters of the system and the noise and to the nonlinearity mech-
anisms. Explicit examples given below demonstrate this sensitivity and suggest that the effects
we discuss can be used for characterizing a system beyond the conventional linear analysis. After
formulating how the power spectrum can be evaluated in Section 4.2, we demonstrate the effects
of the interplay of driving and fluctuations for three very different types of nonlinear systems: an
overdamped Brownian particle (Section 4.3), a system that switches at random between coexisting
stable states (Section 4.4), and a threshold detector (Section 4.5). All these systems are of broad

interest, and all of them display a significant driving-induced change of the power spectrum.

4.2 General formulation

We consider fluctuating systems driven by a periodic force F cos(@pt) and assume that fluctuations
are induced by a stationary noise, like in the case of an optically trapped Brownian particle, for
example. After a transient time such system reaches a stationary state. The stationary probability
distribution of the system with respect to its dynamical variable ¢, p st(g,), is periodic in time ¢
with the driving period 7 = 27/wp. The two-time correlation function (g(1)g(t)) [(-) implies
ensemble averaging] is a function of #; —t; and a periodic function of ¢, with period 7r. The power

spectrum usually measured in experiment is of the form

(0) = 2Re [ “de™ (g(r +1)qlt)

(lgte+1)qN) = [ dr g+ (e, @3)

=
The correlation function in Eq. (4.3) can be expressed in terms of p st(g,#) and the transition
probability density p(q1,t1|g2,1;) that the system that was at position g at time #, is at g at time

t 21,

(a(t1)q(tz)) = /dmdqzcnqu(m,h\Clz,fz)P st(92,12). (4.4)
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For weak driving, function ps(g,t;) can be expanded in a series in Fexp(Li@gtp) with time-
independent coefficients, whereas p(q1,t1|q2,%) can be expanded in F exp(tiwgt,) with coeffi-
cients that depend on #; —#,. Therefore the power spectrum (4.3) does not have terms linear in F'.

To the second order in F for @ > 0 we have

() = Do(@) + 3 F2x(0r) 28(0 — o) + Fp (). 45)

The term ®((w) describes the power spectrum of the system in the absence of driving. The term
o< §(w — ) describes the conventional linear response, cf. Eq. (4.2). However, the expression
for the susceptibility y(®) in nonlinear systems is far more complicated than Eq. (4.2); generally,
the susceptibility is determined by the linear in F term in pg(g,¢). In the optical language, the term
o< §(w — @F) in (4.5) corresponds to elastic scattering of the field F cos gt by the system.

Of primary interest to us is the term ®p(w). This term is often disregarded in the analysis
of the power spectra of driven systems, while the major emphasis is placed on the d-function
in Eq. (4.5). Function ®f(w) describes the interplay of fluctuations and driving in a nonlinear
system beyond the trivial linear response. In the considered lowest-order approximation in the
driving amplitude, @ does not contain a §-peak at 2wg. However, it may contain a J-peak at
® = 0, which corresponds to the static driving-induced shift of the average position of the system.
In what follows we do not consider this peak, as the static equilibrium position can be measured
independently.

Function @ can be found from Eq. (4.4) by calculating the transition probability density and
the stationary probability distribution. This can be done for Markov systems numerically and also,
in the case of weak noise, analytically, see Secs. 4.3 and 4.4. Alternatively, function & can be
related to fluctuations of linear and nonlinear response of the system and expressed in terms of
the fluctuating linear and nonlinear susceptibility, see Sec. 4.6. We emphasize that the nonlinear
response has to be taken into account when fluctuations are considered even though we are not
interested in the behavior of the power spectrum near 2@y or higher overtones or subharmonics of

wF.
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4.3 Power spectrum of a driven Brownian particle

A simple example of a system where @ (@) displays a nontrivial behavior is a periodically driven
overdamped Brownian particle in a nonlinear confining potential U(g), see Eq. (4.1). This model
immediately relates to many experiments on optically trapped particles and molecules. We will
assume that thermal noise f(¢) is white and Gaussian and that it is not strong, so that it suffices to

keep the lowest-order nontrivial terms in the potential,

1 1 1 , ,
Ulq) = 5x¢° +3Ba’ + va* +.... (F0)f(") =2D8(t~1"), (4.6)

where D « kgT is the noise intensity. In the absence of driving the stationary probability distribu-
tion is of the Boltzmann form, p§? ) o exp[—U(q)/D].

For small D and weak driving force equation of motion ¢ = —U’(q) + f(t) + F cos wgt can be
solved directly by perturbation theory in the noise f(¢) and in F, as indicated in Sec. 4.6. Here we
develop a different method, which is particularly convenient if one wants to go to high orders of

the perturbation theory in D and F.

4.3.1 Method of Moments

Systems in which fluctuations are induced by white noise can be studied using the Fokker-Planck
equation

dp =0y {[~U'(q) + Fcoswpt] p} + Do p. 4.7)
This equation can be solved numerically. A convenient analytical approach is based on the method

of moments, which are defined as

My (1) = /0 " drei® / dqq" / dq'p(q,t+1'|q .1 )q psu(d',1"). (4.8)
From Eq. (4.5), the power spectrum is ®(®) = (2/1r)Re fOTF dt'M (w;t).
The moments M,, satisfy a set of simple linear algebraic equations
—ioMy (@) +nF [My(®)] = Dn(n— 1)M,,_(®)

1 N P
+3F e F" nM,,_1 (0 + o) +e " PF" nM,_1(® — @p)| + Qni1(t). (4.9)
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Here, we skipped the argument ¢’ in M, and introduced function F My] = My + BM, 1 +

YM,,+>.. Functions
On(1) = / dqq"psi(q,t) (4.10)

in the right-hand side of Eq. (4.9) can themselves be found from a set of linear equations similar
to (4.9). They follow from Eq. (4.7), if one sets p = pst(g,t) and takes into account that ps¢(q,?) is
periodic in 7. To the lowest order in F it suffices to keep in Q,(f) only terms that are independent
of 7 or oscillate as exp(Li@ft); respectively, in Eq. (4.10) O, (¢) ~ Q,SO) + Q,(ql) exp(iopt) +c.c.|,

and

210 =D(n—1)0", + FrRe 0!V,

iop ol +n 0l = Da(n 10, + Sar0lY) @1

The system of coupled linear equations for the moments M,, and Q,, can be quickly solved with
conventional software to a high order in the noise intensity D. Nontrivial results emerge already
if we keep terms o< DF2: these are the terms that contribute to the power spectrum dp(w) to the
lowest order in D. To find them it suffices to consider terms M, with n < 3 and Q,, with n < 4.

This gives

Bp(w) ~ 2D )2{ BZ[K2<4K2+w%><K2+w2+w%>

(2 + o) (kK + 2 +(0—op ][ + (0+ 0p)?]
—3yK}. (4.12)

This expression refers to |@| > 0; function ®r(w) contains also a §-peak at @ = 0, which comes
from the driving-induced shift of the average static value of the coordinate.

The solution of the equations for the moments in the considered approximation gives a correc-
tion o< D? to the power spectrum in the absence of driving ®y(w). To the lowest order in D this
function displays a Lorentzian peak at @ = 0, ®y(®) = 2D/(k* + @?). This peak is used in the
analysis of optical traps for Brownian particles [78, 79]; with account taken of the term o D? the

zero-frequency peak of ®@y(®) becomes non-Lorentzian.
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4.3.2 Power spectrum for comparatively large driving frequency

The interpretation of Eq. (4.12) is simplified in the case where the driving frequency exceeds the
decay rate, @wr > k. In this case, periodic driving leads to two well-resolved features in the

spectrum ®f. One is located at @ = 0 and has the form
~ 2 2 2 2\—2
®(0) ~ (2D/0F) (282~ 371 (P + 07) 2 (0 < oF). @.13)

This equation can be easily obtained directly by solving the equation of motion ¢ = —U’'(q) +
F cos Wt + f(t) by perturbation theory in which g(7) is separated into a part oscillating at high
frequency @wr (and its overtones) and a slowly varying part. To the lowest order in F and D,
the fast oscillating part renormalizes the decay rate of the slowly varying part of ¢(¢), with k¥ —
K — (F/ap)? [K_l B2 —(3/2)7)|. Using this correction in the expression for the power spectrum
of a linear system <I>(()0)(a)) = 2D/(k? + ®?), one immediately obtains Eq. (4.13) to the leading
order in K/ @F.

Interestingly, Eq. (4.13) describes a peak or a dip depending on the sign of 2[32 —3yk. That
is, the sign of @ is determined by the competition of the cubic and quartic nonlinearity of the
potential U(g). This shows high sensitivity of the spectrum to the system parameters. The typical
width of the peak/dip of @ near ® = 0 is k; the shape of the peak/dip is non-Lorentzian.

The other spectral feature is located at @wr and near the maximum has the form of a Lorentzian
peak, Pp(w) ~ (Dﬁz/a)f;)[lcz + (@ — wp)?]~!. The height of this peak is smaller by a factor
K2 / a)l% < 1 than the height of the feature near @ = 0. We note that the height of the peak at
F is proportional to the squared parameter of the cubic nonlinearity of the potential 3, but is
independent of the quartic-nonlinearity parameter 7, to the leading order in the noise intensity D.

In Fig. 4.2 we compare the analytical expression (4.12) with the results of numerical simula-
tions. The simulations were done by integrating the stochastic differential equation ¢ = —U’(q) +
f(t) 4+ F cos gt using the Heun scheme (cf. [69]). Panel (a) shows that the cubic nonlinearity
of the potential leads to a peak at @ = 0 and a comparatively small peak at @r. The spectrum

becomes more interesting in the generic case where both cubic and quartic terms in the potential
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(b)

mx 16

Figure 4.2 Scaled driving induced terms in the power spectrum of an overdamped Brownian parti-
cle moving in the quartic potential U(g) given by Eq. (4.6), ®(®) = 10?°k>®(w)/2D. Panels
(a), (b), and (c) refer to the scaled cubic nonlinearity BzD / k3 = 0.002 and quartic nonlinearity
YD/ K2 = 0.0006, 0.00147, and 0.002, respectively. The black dots and red solid curves correspond
to the numerical simulations and Eq. (4.12). The scaled driving frequency is @wr/k =5 and the
driving strength is KF 2 / a)%D = 20. For this driving strength and the noise intensity, the simula-
tion results in panels (b) and (c) deviate from the theoretical curve. The deviation decreases for
weaker driving. This is seen from the simulation data in panel (b) that refer to Kk F 2 / a)%D =5 (blue
triangles) and 1.25 (green squares). The corresponding spectra are scaled up by factors 4 and 16,
respectively.

are present and [32 is comparable to yk. Here, as seen from panel (b), as a result of the competition
between these terms, ®r (@) can have a dip at @ = 0 and two peaks, one near ®g and the other
with the position determined by [32 /vx and @p/k. Where the quartic nonlinearity dominates,
YK > Bz, see panel (c), it is hard to detect the peak at wg for small noise intensity. Our analyti-
cal calculations and numerical simulations show that, for larger noise intensity, this peak becomes
more pronounced.

A significant deviation of simulations and the asymptotic expression (4.12) in panel (b) for

small @ is a consequence of the near compensation of the contributions to @ (@) from the cubic
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and quartic nonlinear terms in U(g) to the lowest order in F 2 and D. The terms of higher-order
in D and F2 become then substantial. Panel (b) illustrates how the difference is reduced if F 2 s
reduced. We checked that by reducing also the noise intensity we obtain a quantitative agreement
of simulations with Eq. (4.12).

In some cases the confining potential of an overdamped system has inversion symmetry, and
then B = 0 in Eq. (4.6). In such cases spectral features of ®f at the driving frequency are o< (}/D)z.
They can be found by solving the equations for the moments M,, with n < 5 and Q,, with n < 6 or

by solving the equations of motion by perturbation theory to the second order in 7, see Sec. 4.6.

4.4 Power spectrum of a driven two-state system

We now consider the effect of driving on a two-state system. Various types of such systems are
studied in physics, from spin-1/2 systems to two-level systems in disordered solids to classical
Brownian particles mostly localized at the minima of double-well potentials. We will assume
that the system dynamics are characterized by the rates W;; of interstate i — j switching, where
i,j = 1,2. In the case of quantum systems, this means that the decoherence rate largely exceeds
W;j; in other words, the typical duration of an interstate transition is small compared to 1/W;;.
For classical systems, this description means that small fluctuations about the stable states are

disregarded.

4.4.1 The model: modulated switching rates

A major effect of periodic driving is modulation of the switching rates. It can be quite strong al-
ready for comparatively weak driving. Indeed, if the rates are determined by the interstate tunnel-
ing, since the field changes the tunneling barrier, its effect can be exponentially strong. Similarly,
it may be exponentially strong in the classical limit if the switching is due to thermally activated

overbarrier transitions, because the driving changes the barriers heights. Nevertheless, for weak

(F)

sinusoidal driving F cos gt the modulated rates W, i (t) can still be expanded in the driving am-
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plitude,

wF)

i ~ Wi — 04jF cos pt, i,j=1,2. (4.14)
This equation is written in the adiabatic limit, where the driving frequency wy is small compared to
the reciprocal characteristic dynamical times, like the imaginary time of motion under the barrier
in the case of tunneling [87] or the periods and relaxation times of vibrations about the potential
minima in the case of activated transitions. The rates W;; are also assumed to be small compared
to the reciprocal dynamical times. The driving frequency @ is of the order of W;;.

Parameters ¢;; in Eq. (4.14) describe the response of the switching rates to the driving. They
contain factors ~ W;;. Indeed, for activated processes W;; o< exp(—AU;/kpT), where AU; is the
height of the potential barrier for switching from the state i. If F' cos @7 is the force that drives the
system, then @;; ~ W;;d;/kpT, where d; is the position of the ith potential well counted off from
the position of the barrier top [88]. The terms o< F 2, which have been disregarded in Eq. (4.14), are
o< Wij(di/Iq;;T)2 in this case; a part of these terms that are o cos2@gt do not contribute to @ (®)
to the second order in F', whereas the contribution of the time-independent terms o< F' 2 comes to
renormalization of the parameters W;; in ®((®), see below. For incoherent interstate quantum
tunneling, o;; =< W;;, too.

We will use quantum notations |i) (i = 1,2) for the states of the system. One can associate
these states with the states of a spin-1/2 particle by setting |1) = | 1) and |2) = | |). The system

dynamics is most conveniently described by the dynamical variable g defined as
q=){1]|-12)2[ = 0o, (4.15)

where o7 is the Pauli matrix. For a particle in a double-well potential, g is the coordinate that takes
on discrete values 1 and —1 at the potential minima 1 and 2, respectively.

The power spectra of driven two-state systems have been attracting much interest in the context
of stochastic resonance, see [89, 90, 91, 92] for reviews. By now it has been generally accepted
that, for weak driving, the power spectrum of a system has a d-peak at the driving frequency with

area o< F2, which is described by the standard linear response theory [93]. This peak is of central
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interest for signal processing. However, as we show in this Section, along with this peak, the

spectrum has a characteristic extra structure, which is also o« F 2, to the leading order in F.

4.4.2 Kinetic equation and its general solution

It is convenient to write the analog of Eq. (4.4) for the correlation function of the discrete variable

q as

(a()q(2)) =} (ilozp (11 |12) ocpse(t2)17) (4.16)
2y

Here, p(t1]tp) is the transition density matrix, p(t1(t2) = X [i)p;(t1[t2) (j|. and Pst = X |i) (Pst) i (i
is the stationary density matrix. By construction (in particular, because of the decoherence in
the quantum case) the stationary density matrix is diagonal. Its matrix elements (pgt);; give the
populations of the corresponding states and periodically depend on time, P (7 + 27/ wp ) = Pst(2).
The transition matrix elements p;;(¢1|t;) give the probability to be in state i at time #; given that
the system was in state j at time #,. At equal times we have p(t;|to) = I, where I is the unit matrix.
Equation (4.16) does not have the form of a trace over the states |i); rather it expresses the
correlator in terms of the joint probability density to be in state | j) at time #, and in state |i) at time
11, with summation over i, j [94]. In the quantum formulation, the applicability of this expression

is a consequence of the decoherence and Markovian kinetics.

Matrix elements p;j(¢|t') satisfy a simple balance equation, which in the presence of driving

reads
F F
dp1(tlt’) = _Wl(z )(l)Plj +W2(1 )(I)sz, p1j+p2j=1, (4.17)
where j = 1,2. Equation for the matrix elements of P (¢) has the same form, except that subscript

J has to be set equal to the first subscript.

From Egs. (4.16) and (4.17) we obtain a general expression for the correlator of interest,

(taaton) =exp | [ arwl” )] + o) [ a0
X exp [— /ttl dt’WJ(rF)(t’)] }’ WiF) (t) = éf)(t) in) (). (4.18)
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Here, (0;(1))st = (q(2))st = Tr [0;Pst(2)] is the time-dependent difference of the state populations
in the stationary state. Generally , (0;(f))st is nonzero even in the absence of driving unless the
switching rates are equal, Wi, = W5;. In the presence of driving there emerges a periodic term in
(0(t))st, which describes the linear response, for weak driving.

Disregarding terms oscillating as exp(£2iwgt), to the second order in F we obtain from the

balance equation (4.17) written for (pst);;

W_ F . o, F?
(o))t~ 5+ 5 |1 (@F)e O + ce] + S —Rex (0F),
Wy 2 W,
x1(0) =2(a12Wa1 — a1 Wi2) / Wy (Wi —iw))]. (4.19)
Here we introduced notations
O+ = 0]+ 012, Wi =W =Wpo. (4.20)

Function (@) gives the linear susceptibility. In the case of thermally activated transitions,
Eq. (4.19) for x; coincides with the classical result [88]. The term W_ /W_. gives the difference of
the state populations in the absence of driving, whereas the term o< F' 2 gives the time independent

part of the driving-induced correction to this difference.

4.4.3 The driving-induced part of the power spectrum

Equation (4.18) allows one to calculate the period-averaged correlator ((g(t1)g(t;))) in the explicit
form and to obtain the power spectrum. As before, we will not consider the d-peak in ®(®) for

® = 0. The spectrum is an even function of @, and we will consider it for @ > 0:

W12‘g’21 ;V+ .
b
W+ W++(o

O\ (@) = 0 Yy yes O (RO, VOFR),

Py(w) =8 Pp(0) = 0P (0) + 0¥ (0),

a WipoWyy . W
WJHMFWJJT(@F) : (4.21)

O (0, 0p) = —[Wy —i(0 — p)] !

The term P is the familiar power spectrum of a two-state system in the absence of driving [88].

It has a peak at @ = 0 with halfwidth W, equal to the sum of the switching rates. The term Cbgf)
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describes the driving-induced modification of the peak centered at @ = 0,
() = (0 /207)Po(®) |21 (0F) PW, /(W3 + 7). (4.22)

Of major interest to us is the part CIDg)(a)) of the driving-induced term in the power spectrum
(4.21). For @ > 0, it shows a resonant peak (or a dip, depending on the parameters) at the driving
frequency @p. In contrast to the §-peak of the linear response, the peak has a finite halfwidth
~ Wi =Wy +Wop. It is well separated from the peak at w = 0 for wg > Wy and generally
is of a non-Lorentzian shape. We stress that, to the order of magnitude, the peak has the same
overall area as the d-peak of the linear response (in the case of a dip, the absolute value of the area
should be considered). Another important feature of the peak/dip seen from Eq. (4.21) is that it is
proportional to the parameter ot1 = o[ + 1. This parameter describes the change of the sum of
the switching rates due to the driving.

For activated switching between potential minima considered in the classical stochastic reso-
nance theory, oy = (kgT )~} (Wj2d| +Wa d»). For a symmetric potential ot = 0, since Wip = Wh,
and d| = —d;. Then CIDg) =0, in agreement with [95] where a symmetric potential was considered.
On the other hand, for strong driving it was found [96] that the power spectrum for an asymmetric
potential displays peaks close to odd multiples of the driving frequency and dips close to even
multiples of driving frequency. In our weak-driving analysis we do not consider peaks/dips near
the overtones of wr; however, as seen from Eq. (4.21), the sign of d)ﬁ?(w) near Wy can be positive
or negative, depending on the parameters.

Examples of the driving-induced spectra @ (®) are shown in Fig. 4.3. One can clearly see the
peaks or dips both at @ = 0 and at the driving frequency wr. In agreement with Egs. (4.21) and
(4.22), the signs of the features of @ are determined by the interrelation between the parameters
of the two-states system. For illustration purpose we chose the values of the ratio of the response
parameters 01 /Q;; to lie between plus and minus the ratio of the switching rates in the absence
of driving, W51 /Wj,. As seen from Fig. 4.3, the spectra are very sensitive to the ratio oy /05.

We have seen this sensitivity also for different values of W5 /Wi5.
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Unexpectedly, a finite-height spectrum ®r(®) emerges even where the linear susceptibility
is equal to zero, which happens for o;oWr; = ap;Wjp. This is seen from Eq. (4.21) and also
from Fig. 4.3. The red line with oy /015 = 7/3 refers to this case, and the area of §-peak in the
spectrum is zero. As seen from the figure, numerical simulations are in excellent agreement with

the analytical expressions.

(1/21/(1/12:7/3

Figure 4.3 The driving induced terms in the power spectrum of the two-state system for the ratio of
the switching rates W /W), = 7/3. The scaled driving frequency and amplitude are wp /W, =5
and F oy /Wiy = 1. On the thick solid (red), dot-dashed (black), long-dashed (blue), short-dashed
(green), and thin solid (purple) lines the ratio 0 /a5 is 7/3,7/6,0, —7/6, and —7 /3. The vertical
line at W shows the position of the d-peak at wg. The areas of the §-peaks for different oy /o1
are given by the heights of the vertical segments. The heights are counted off from the lines to
the symbols of the same color, i.e., to the circle, triangle, and open and full square, in the order
of decreasing ot /0; there is no symbol for a1/t = 7/3 as there is no §-peak in this case.
The inset shows the full spectrum with (red) and without (black) driving for oy /0o =7/3. The
curves and the dots show the analytical theory and the simulations, respectively.

The structure of the spectrum near @ = 0 will be modified if one takes into account terms o< F' 2
in the expressions for the switching rates (4.14). In the considered leading-order approximation in
F these terms have to be averaged over the driving period and are thus independent of time. The
correction due to these terms can be immediately found from Eq. (4.21) for ®((®) by expanding
D) to the first order in the corresponding increments of W;;; this correction is of a non-Lorentzian

form.
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4.5 Threshold detector

An insight into the dynamical nature of the driving-induced change of the power spectrum can be
gained from the analysis of the spectrum of a threshold detector. Such detectors are broadly used in
science and engineering, and their analogs play an important role in biosystems. We will employ
the simplest model where the output of a threshold detector is ¢ = —1 if the signal at the input is
below a threshold value 717, whereas g = 1 otherwise, and will consider the case where the input

signal is a sum of the periodic signal F cos gt and noise & (t),
q(t) =20[F (1) +5(t) —n] -1, (4.23)

where ®(x) is the Heaviside step function. To avoid singularities related to non-differentiability of

the ®-function, we will model the output by
q(t) =tanh [A(F(t)+&(r)—m)],  A>1, (4.24)

and in the final expressions will go to the limit A — co. Much work on the interplay of noise and
driving in threshold detectors has been done in the context of stochastic resonance, cf. [97, 98, 99].
In these papers of primary interest was the signal to noise ratio; the issues we are considering here,
i.e., the occurrence of the effective “inelastic scattering" and “fluorescence" as a result of interplay
of nonlinearity and noise, have not been addressed, to the best of our knowledge.

In the absence of noise, the power spectrum of ¢(t) is a series of d-peaks at wp and its overtones
(including @ = 0), provided the driving amplitude F > 1, whereas for F < 1 we have g = —1 and
the power spectrum is just a §-peak at @ = 0. On the other hand, if F = 0 and & (¢) is white noise,
in the limit A — oo in Eq. (4.24) the correlator (g(t)q(¢')) = 0 for ¢ # ¢/, since the values of ¢(t) at
different instants of time are uncorrelated and (g) — 0, whereas (g?) — 1.

The singular behavior of the correlator {g(¢)g(¢')) in the case of white noise persists also in the
presence of driving. This is a consequence of the absence of dynamics, i.e., any memory effects
in the variable ¢(z) (4.23), and the singular distribution of white noise, where the intensity (£2(r))

diverges.
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Dynamics can be brought into the system by the noise color. Such noise can be thought of
as coming from a dynamical system with retarded response, which is driven by white noise. We
will be interested in the correlator (¢(t)g(t')) and the power spectrum ®(®) for weak driving,
where the driving amplitude is F' < 1 (subthreshold driving), and for a simple colored noise, the

Ornstein-Uhlenbeck noise. This is Gaussian noise with correlator

(EME()) = (D/x)exp(—xlr —1]). (4.25)

Parameter k characterizes the decay rate of noise correlations.

Because the threshold detector has no dynamics on its own, the value of the variable ¢(z) is
determined by the instantaneous value of the noise & (7). We can write ¢(t) = §(r,&(t)), where
g(t,&) is given by Eqgs. (4.23), (4.24) with &(¢) replaced with &. Then the general expression for

the correlator of ¢(¢), Eq. (4.4), can be rewritten as

(at)a0) = [ d&1d&a(0,E)d(0.6)p O &0 )Y ). @26

Here, the superscript & indicates that the corresponding transition probability density and the sta-
tionary distribution refer to the random process & (¢).

The form of the transition probability for the process (4.25) is well-known [100],

p &) (&),11|E210) = \/ x exp { k(61— Gpe M1 721)2 } . @27

27D(1— e~ 2KIn=12l) 7T 2p(1 — e 2Kl 1]y

(&)

The stationary distribution pg>’ (&;,71) is given by the same expression with #, — —eo. Substituting
these expressions into Eq. (4.26) and expanding G(¢,&) in F(¢), after averaging over the driving

period we obtain to second order in F(z) fort; > 1

(al)a()) =C+ 4 f7 s [ dg [p© & nlén) - pl )] pF (&)
+2F2cos wp (1 —1)pS) (m, 1y |777f2)P(s§>(71)

2P [ aap P (E) s [ &) —p )] @28)

Here, C is a constant independent of time; it leads to a d peak at @ = 0 in the power spectrum

and will not be considered in what follows. The remaining terms are time-dependent. They decay
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with increasing |#] — t,|, except for the term that oscillates as exp[+iog (t; — )] and describes the

standard linear response to periodic driving. As seen from Eq. (4.28), this term has the form

2
2F2cosp (1 — 1) [p'§ ()] = SF2|x(0p) Peos op (n 1),

2(0) =208 (n) = (2/2D)!/2exp|—kn?/2D), (4.29)

where x (@) is the standard linear susceptibility [85] of the threshold detector. Interestingly, this
susceptibility is independent of frequency. This is because the detector has no dynamics, its re-
sponse to the driving is instantaneous. An alternative derivation of the expression for the sus-
ceptibility, which provides a useful insight into the response of the threshold detector, is given in
Sec. 4.6. It also shows how to deal with the singularities in Eq. (4.28) for #{ — t,, which emerge
after the transition A — oo in Egs. (4.24) and (4.26).

The power spectrum ®(®) is obtained from Eq. (4.28) by a Fourier transform. The F' indepen-
dent term in Eq. (4.28) gives the power spectrum (@) in the absence of driving. It has a peak
at @ = 0. The term o< cos W (1] —1ty) gives a O0-peak and also a finite-width peak F 2d>g)(a)) at
frequency @wg. The last term in Eq. (4.28) gives a driving-induced feature in the power spectrum
at zero frequency F2®©)(w).

The shape of the spectra is determined by the dimensionless parameter that characterizes the
ratio of the threshold to the noise amplitude 7 (k/D)!/2. For weak noise, where n(x/D)!/2 > 1,

the peak near wg has the form

~1/2
2
) 1 KN  .0—ofp —kn?/2D
I () ~ Re +1 e . 4.30
Do)~ ——— <4D _ ) (430)

Here we assumed that wp /x is sufficiently large, so that the features of ®f centered at @p and
® = 0 are well separated; Eq. (4.30) applies for |® — op| < @p. The spectrum (4.30) has a
characteristic non-Lorentzian form with typical width K2n2 /4D. However, its area is small.

In the opposite limit of low threshold, n(x/D) 12 « 1, to the leading order

() N; O — OF 1 O — OF
oo ore e (1590 (1050 )] w3
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near @p. This spectrum falls off slowly away from the maximum, as |® — op|~!/2 for |® — oF | >
k. Equation (4.31) does not contain the threshold 1. The small-n correction to (4.31) for ® = wp
is (1—In2) an / nD?. 1t is positive. From the comparison of Egs. (4.30) and (4.31), one sees
that the height of the peak at wy first increases with the increasing n(K/D)l/ 2 but then starts
decreasing.

In Fig. 4.4 we show analytical results for the power spectra obtained from Eq. (4.28) for several
parameter values and compare them with the results of simulations. Immediately seen from this
figure is that the driving modifies the overall spectrum most significantly near @ = 0 and near wg
for large wr /k. There emerges a finite-width peak at @g. As seen from the inset in panel (b), the
width of this peak increases with decreasing noise intensity, that is, with increasing 1 (k/ D)l/ 2,
This is a counterintuitive consequence of the unusual interplay of noise and driving in a threshold

detector. The height of the peak displays a nonmonotonic dependence on 1 (k/D) 172,

(@)
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Figure 4.4 Power spectrum of the threshold detector. (a): The full power spectrum; the scaled
frequency and the intensity of the driving are wp /2nk = 100 and F 2 k/D = 0.0025. The scaled
threshold is n(K/D)l/ 2 —(.5. Inset: the spectrum near the driving frequency. The delta peak
has been subtracted. The curves and black dots refer to the theory and simulations, respectively.
(b): The low-frequency part of the driving-induced term in the power spectrum for ®g/x = 50
as given by Eq. (4.28). The solid (black), long-dashed (red), short-dashed (blue) and dot-dashed
(green) curves correspond to the scaled value of the threshold T](K/D)l/ 2-0.1,0.8,1.2, and 2.
Inset: the spectrum near the driving frequency, @ /k = 50.

The low-frequency spectrum @ (®) ~ CID;S) (w) also displays a pronounced feature near @ = 0.
One can show from the analysis of the last term in Eq. (4.28) that, for small n(k/D)'/2, this feature

is a dip, with @%)(O) = —1/D for 11(x/D)'/% — 0. The shape of the dip is non-Lorentzian, with
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typical width k. As H(K/D)l/ 2 increases, the depth of the dip decreases. Ultimately the shape

1/2

of the spectrum changes completely. For large n(x/D)'/< the spectrum CID;S) becomes broad and

shallow. To the leading order in [1(x/D)'/2]~1, it can be written as
(2/xD)(D/xn*)! /2 exp(—kn*/2D) ) (2Dw /%),

where the dimensionless function (i)g?) (x) is zero for x = 0, has a minimum at x ~ 1.7, where it is

~ —0.6, and then approaches zero with increasing x as x1/2,

4.6 Formulation in terms of fluctuating susceptiblities

The change of the power spectrum induced by the driving can be analyzed in terms of the fluc-
tuating linear and nonlinear susceptibility of the system, see Sec. (2.2.1). For nonlinear systems,
the term CIDEE) is generally nonzero, and should be kept in the power spectrum in contrast to linear
systems.

A convenient way to calculate the fluctuating susceptibilities x 5 is based on solving dynam-
ical equations of motion of the system. For example, for an overdamped Brownian particle de-
scribed by the Langevin equation ¢ = —U’(g) + f(t) + F cos @p with nonlinear potential (4.6),

one can proceed by rewriting this equation in the integral form,

gy= [ ate e {_ [ [at") + 1) }

x [Fcoswpt’ + f(1)] . (4.32)

For small f and F, one can then expand the g-dependent exponential in the right-hand side and
use successive approximations in F and f. The fluctuating susceptibility ¥; is given by linear in F
terms, whereas ¥ is given by the terms quadratic in F'. The advantageous feature of this method is
that it is not limited to white noise. However, the method becomes impractical if the noise intensity
is not weak, and even for weak noise it becomes cumbersome if one goes to high-order terms in

the noise intensity.
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We have checked that the calculation based on Eq. (4.32) gives the same result for the driving-
induced part of the power spectrum ®x (@) as the method of moments. We have also found that,
in the second order in the noise intensity D, the term yg* /4 1in U(q) leads to the onset of a peak in

CI)F((D) at of.

4.6.1 Fluctuating susceptibility of a threshold detector

Fluctuating linear susceptibility has a particularly simple form for a threshold detector. By lin-
earizing in F(t) expression (4.23) for the output of the detector, we obtain from the definition of
the susceptibility (2.1)

x(t,t")=28(t—1"—0)6(&(r)—n), (4.33)

where 7 is the threshold and &(¢) is the noise. Zero in (¢ —t' — 0) reflects causality: the detector
output ¢(¢) is determined by the value of the driving just before the observation time; the very
O-function indicates that the effect of the driving is not accumulated over time, the response is
instantaneous (but causal).

The standard linear susceptibility (o) is given by expression

x(@) = [ "are® (1(1.0)).

From Eq. (4.33), x(®) = 2p§t(n). where psét(n) is the stationary probability density of the noise

E(1), cf. Eq. (4.29). It applies for an arbitrary noise & (¢), not just for the exponentially correlated
noise considered in Sec. 4.5.

Similarly, the fluctuating nonlinear susceptibility of the detector is
a0t ")y ==8(1t—1"—0)8(t—1t"—0)p8(E(t) —n). (4.34)

Substituting Eqgs. (4.33) and (4.34) into the general expressions for the power spectrum in terms of
fluctuating susceptibilities, Eqs. (2.3) and (2.4), we obtain the power spectrum in the same form as

what follows from Eq. (4.28).
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4.7 Conclusions

The results of this chapter demonstrate that the interplay of driving and fluctuations leads to the
onset of specific spectral features in the power spectra of dynamical systems. Such features are
analogs of inelastic light scattering and fluorescence in optics, where an electromagnetic field can
excite radiation at a frequency shifted from its frequency and also at the characteristic system
frequency. Our results show that, in classical systems and in incoherent quantum systems, the
spectral features emerge as a result of the fluctuation-induced modulation of the response to the
driving. Such modulation is common to nonlinear systems.

Since nonlinearity and noise are always present in real systems, the occurrence of the driving-
induced spectral features in the power spectra should be also generic. However, these features are
specific for particular systems, which allows using them for system characterization.

We have studied three types of systems, all of which are attracting significant interest in meso-
scopic physics and in several other areas of science. The first one is an overdamped Brownian
particle fluctuating in a non-parabolic potential well. This model describes, in particular, small
particles and molecules optically trapped in a liquid. We find that, when the particle is periodi-
cally driven, the nonparabolicity of the potential leads to an extra spectral peak or a dip at zero
frequency. For comparatively weak noise, the sign of the driving-induced term in the spectrum at
small w is determined by the competition of the cubic and quartic nonlinearity of the potential.
The overall shape of the low-frequency spectrum strongly depends on the form of the confining
potential as well. In addition, along with a §-peak at the driving frequency, the driving-induced
spectrum displays a peak at this frequency with a width of the order of the relaxation rate of the
system.

We have also studied a two-state system that at random switches between the states. We as-
sumed that the driving modulates the rates of interstate switching. The driving-induced spectrum
has a rich form. Depending on the interrelation between the switching rates without driving and

the driving-induced corrections to the rates, it can have peaks or dips both at @ = 0 and at the driv-
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ing frequency. The typical width of the peaks/dips is given by the sum of the interstate switching
rates without driving. Interestingly, these finite-width spectral features can emerge even where the
0-peak at the driving frequency has very small (or zero) intensity.

The third system we studied is a threshold detector. Here the dynamical nature of the driving-
induced spectral change is particularly pronounced, as this change does not occur if the noise in
the detector is white, except for the 0-peak at the driving frequency. On the other hand, for colored
noise driving does change the power spectrum nontrivially. As in other systems, we find a driving-
induced spectral feature near zero frequency. It can be a peak or a dip depending on the ratio of
the threshold to the appropriately scaled noise intensity. Also, the height of the finite-width peak
at the driving frequency displays a non-monotonic dependence on this ratio, as does the width of
the peak, too, i.e., noise can both increase or decrease the width.

In all studied systems inertial effects played no role: the peaks of the power spectra are lo-
cated at zero frequency in the absence of driving. Therefore driving-induced spectral features near
the driving frequency and zero frequency correspond to inelastic scattering and fluorescence, re-
spectively. However, in contrast to the conventional fluorescence, driving can induce a dip in the
spectrum at zero frequency, as we have seen in all studied systems (the total power spectrum re-
mains positive, of course). The occurrence of the dip looks as if the driving were decreasing the
noise in the system, although in fact the dip has dynamical nature.

The power spectra of weakly damped nonlinear systems should also display extra features in
the presence of weak periodic driving. The effect should be most pronounced where the driving is
resonant. Along with the features near the driving frequency and near @ = 0, there should arise
features near the eigenfrequencies of slowly decaying vibrations about the stable states. Several
features of the power spectra have been studied for nonlinear oscillators in the regime of strong
driving, see recent papers [101, 102] and references therein. Interestingly, the results do not im-
mediately extend to the weak-driving regime, and the features of the interplay of nonlinearity and
driving where they are of comparable strength remain to be explored. However, it is clear from the

presented results that the driving-induced change of the spectra is a general effect that provides a
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sensitive tool for characterizing fluctuating systems and their parameters.
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CHAPTER 5

CONCLUSIONS

Fluctuations and nonlinearities are key features of mesoscopic vibrational systems. Along with the
reasonably well understood thermal fluctuations of the vibration amplitude, of significant interest
are fluctuations of the oscillator eigenfrequency. They lie at the root of classical and quantum
coherence of mesoscopic systems. Frequency fluctuations lead to broadening of the oscillator
spectra, but this broadening is hard to separate and identify, because it is mixed with other spectral
broadening mechanisms such as dissipation.

In this thesis, we studied how to reveal and characterize frequency fluctuations in mesoscopic
vibrational systems. We showed that the interplay of a near-resonant driving and frequency noise
leads to specific features in the oscillator power spectrum. These features allow one to distinguish
frequency fluctuations of different bandwidths and sources, including 1/f-type noise, broadband
noise, or nonlinearity-induced frequency noise. Besides the immediate relevance to the decoher-
ence of mesoscopic oscillators, the results bear on the general problem of resonance fluorescence
and light scattering by oscillators.

The first and perhaps most generic system in which the effect of frequency fluctuations can
be investigated is a harmonic oscillator. Of interest is the general case where the spectrum and
statistics of the fluctuations can be arbitrary. We showed that, when the oscillator is driven by
a near-resonant force, in the presence of frequency fluctuations the driving-induced part of the
oscillator power spectrum contains not only a § peak at the driving frequency, but also some extra
structure away from the driving frequency. This extra structure is a result of the interplay of the
driving and the frequency noise, and its shape and strength depend sensitively on the characteristics
of the frequency noise. In the case where the frequency noise correlation time is much longer than
the oscillator relaxation time, the extra structure looks like a “pedestal” at the bottom of the

peak. The width of the pedestal is directly determined by the bandwidth of the frequency noise.

89



In the opposite case where the frequency noise correlation time is much shorter than the oscillator
relaxation time, the combined effect of driving and frequency noise is to induce a broad peak near
the oscillator eigenfrequency. Its shape is the same as the oscillator power spectrum in the absence
of driving, and its intensity is directly proportional to the frequency noise intensity.

Our theory was applied to a carbon nanotube resonator. By comparing the experimental obser-
vations with the theory, we found that a half of the observed spectral width came from a broadband
frequency noise. Also for the first time a 1/f-type frequency noise was found and its spectrum was
analyzed in this system.

We studied the spectral effects of dispersive mode coupling in driven mesoscopic systems. We
found that, if the driving frequency is tuned away from the resonant frequency, there emerges a
characteristic double-peak structure in the power spectrum. It results from the interplay of the
dispersive-coupling-induced frequency noise and the driving. The peaks enable characterization
of not only the coupling strength, but also the decay rate of the mode coupled to the driven mode.
This can be done even where the mode is “hidden" and is not accessible to a direct measurement.
We developed a path-integral technique to average over the coupling-induced frequency noise.

We also studied the power spectrum of a driven oscillator with intrinsic nonlinearity. Because
the oscillator amplitude experiences thermal fluctuations and the frequency depends on the ampli-
tude due to the nonlinearity, the frequency is also fluctuating. We found that the driving-induced
changes of the power spectrum are qualitatively different for the cases of dispersive-coupling in-
duced frequency fluctuations and frequency fluctuations due to the intrinsic oscillator nonlinearity.
This is in spite the fact that, in the absence of the driving, the nonlinearity-related changes of the
spectra are not easy to distinguish between the two cases.

Our theory on harmonic oscillators with frequency noise applies to the regime where the oscil-
lators become quantum (i.e. kg7 < fity) and the frequency noise remains classical. In the case
of dispersively coupled oscillators, the theory applies when the oscillator under study is quantum
while the “hidden” oscillator remains classical.

We also studied the interplay of driving and fluctuations in overdamped nonlinear systems,
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where inertia plays no role. We showed that this interplay also leads to characteristic features
in the power spectrum. Unlike vibrational systems, these features occur at zero frequency and
the driving frequency, and they can represent a dip or a peak in the spectrum depending on the
parameters of the fluctuations and the mechanisms of nonlinearities.

In the course of this work we developed new and fairly sophisticated mathematical methods
including a path-integral technique to average over non-Gaussian fluctuations, a method of mo-
ments to compute the correlation functions in nonlinear systems, and several asymptotic methods

to analyze the spectral effects of fluctuations.

5.1 Outlook

Studies on frequency noise of mesoscopic vibrational systems are currently attracting much inter-
ests. Here I briefly mention two immediate directions to extend our theory. An important extension
of our theory on driven fluctuating oscillators is a theory of the spectra in the regime of nonlinear
response, i.e. comparatively strong drive. This is of particular relevance to the superconducting
cavity resonators. It was found that the intensity of the frequency noise in such systems is in-
versely proportional to the driving amplitude. This nonlinear response is sometimes attributed to
the coupling between the resonator and a bath of two level fluctuators distributed in the dielectric.
However, there is no full theory that describes this effect nor is it clear how to separate it from
other nonlinear effects. It would be natural to extend our formalism to such cases.

Another direction is to study not just the spectrum of the frequency noise, but also the statistics
of the noise. This requires calculating higher order correlators or moments of the oscillator dis-
placement. It is an interesting question how the statistics of the frequency noise would manifest

itself in the driving induced vibrations.
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