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ABSTRACT

ESTIMATES ON SINGULAR VALUES OF FUNCTIONS OF PERTURBED
OPERATORS

By
Qinbo Liu
In this thesis we study the behavior of functions of operators under perturbations. We
prove that if function f belongs to the class Ay, = {f : wr(d) < const w(d)} for an arbitrary
modulus of continuity w, then s;(f(4) — f(B)) < ¢ w«((1 +j)_1l?||A - B”SZZ,) |l flla,, for
arbitrary self-adjoint operators A, B and all 1 < j < I, where ws(z) = z I %dt (x >

0). The result is then generalized to contractions, maximal dissipative operators, normal

operators and n-tuples of commuting self-adjoint operators.
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PREFACE

It is well known that a Lipschitz function on the real line does not have to be operator
Lipschitz. The situation changes dramatically if we consider the Holder class of functions.
In [1] and [3], it was proved that if f belongs to the Holder class Ay (R) with 0 < a < 1,
then || f(A) — f(B)| < const || f[[a,[|A— B||* for all pairs of self-adjoint or unitary operators
A and B. The authors also generalized their results to the class Ay, and obtained estimate
1£(A) = F(B)I| < const || lln, ol A — Bl

In [2], it was shown that for functions f in the Hélder class Aq(R) with 0 < a < 1 and
if 1 < p < oo, the operator f(A) — f(B) belongs to Sp/a, whenever A and B are arbitrary
self-adjoint operators such that A — B € S). In particular, it was proved that if 0 < a <1,
then there exists a constant ¢ > 0 such that for every [ > 0, p € [1,00), f € Aq(R), and for
arbitrary self-adjoint operators A and B on Hilbert space with bounded A — B, the following

inequality holds for every j < I:
_a .
si(f(A) = f(B)) < c | fllaqm) (1 +J) PlA- BHg]lj(see (3.1.1) for definition).

In section §3.2, we generalize this estimate to the class A,. We prove that if function f
belongs to the class A, for an arbitrary modulus of continuity w, then s;(f(A) — f(B)) <
cw*((l +j)_2l9|\A — B”S]l))HfHAw for arbitrary self-adjoint operators A, B and all 1 < j <
[. The result is then generalized to contractions, maximal dissipative operators, normal
operators and n-tuples of commuting self-adjoint operators. We also obtain some lower-

bound estimates for rank one perturbations which also extend the results in [2]. In section

§3.3, similar estimates are given without proofs in case of contractions, maximal dissipative

v



operators, normal operators and n-tuples of commuting self-adjoint operators.

In chapter 1, we give a brief introduction to the theory of double operator integrals and
their applications to the perturbation theory. We refer the reader to [21] for more details.

Necessary information on function spaces B;,q and A, are given in section §2.2. We refer
the reader to [1] for more detailed information.

The results obtained in section §3.2 and §3.3 were proved in [14], submitted to the Indiana

University Mathematics Journal in April, 2016.
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Chapter 1

A brief note on double operator

integrals

1.1 Introduction

1.1.1 Formal definition of double operator integrals

Formally, Double Operator Integrals (DOI) are objects of the form

T:/X/ch(x,y)dEl(x)QdEg(y). (1.1.1)

In (1.1.1) (X, E1(-)) and (Y, Ea(+)) are two spaces with spectral measure. The values of the
measure F1(-) are orthogonal projections in a separable Hilbert space Hi, and similar for
the measure Fo(-) in the Hilbert space Hs. The scalar-valued function ®(x,y) (the symbol
of the DOI) is defined on X x Y. Finally, @ is a linear bounded operator acting from Hs to
Hy, or @ € B(Ho, H1). Under reasonable definition the result 7" is also an operator acting

from Hs to Hy. Hence, the integral (1.1.1) defines a linear mapping (transformer)

gEPr g (1.1.2)



Tp 172 45 often written as Jg for short, especially when the spectral measures Fy, Fo are
fixed. Sometimes we write

To = Ty V72Q (1.1.3)

If E'y, B9 are the spectral measures of self-adjoint operators A, B (FE = Ei4, Ey = EQB ), then

instead of (1.1.3) we write

Tp = T42Q (1.1.4)

Rigorous definition of the integral (1.1.1) depends on the space of operators we wish to
deal with and the class of admissible symbols is also determined by the choice of this space.
In the case of the space So of Hilbert—Schmidt operators, the integral (1.1.1) can be well
defined for an arbitrary bounded and measurable symbol with respect to an appropriate
measure ;4 on X X Y. The measure p is determined by the given spectral measures £ and

Es; the operator T is also Hilbert—Schmidt and moreover,

1Tollsy < (1)-sup|®[[Q]|s,- (1.1.5)

All this, including the construction of the measure o, will be explained in section §1.2. For
other spaces of operators the situation is more complex. One of the most important cases is
when the integral (1.1.1) can be well defined for any bounded operator ) and the resulting
operator Tg is also bounded. Then the transformer §¢E1’E2 acts in the space B(Ho, Hy)
and is bounded by Closed Graph Theorem. Theorem 1.3.1 gives a full description of the
class 9 of all admissible symbols of this type. If & € 9, then the transformer 9¢E1’E2 is
also bounded in the space S; of all trace class operators and in the space Sy of all compact

operators. It is possible to consider the action of the integral (1.1.1) between other spaces



of operators, and the spaces for ) and T" may differ from each other and the exhaustive
description of the class of admissible symbols for the most of cases is not know. However,

there are many sufficient conditions which allow one to apply the general results of the theory

of DOI.

1.1.2 Functions of non-commuting operators

Suppose that Hy = Hy and in (1.1.1) X = Y = R, By = B{', By = EJ where A, B
are self-adjoint operators. Then it is natural to regard Ty as the function ® of the pair
(A, B), separated by the operator (). The operators A and B are not assumed commuting,
since the presence of the operator () prevents any possible gains which might come from the
commutation of A and B. For the simple case when ®(x,y) = ¢(x)¥(y) where ¢ and 1 are

bounded functions, we have by Spectral Theorem

H(A)Qu(B) = / o(2)dE1 (2)Q / b(y)dEa(y).

Formally, this can be re-written as

Ty = o()QuB) = [ [ ola)iy)dE: («)QE(y). (116)
o(A) Jo(B)
Moreover, we have
IToll < ¢l Loo(a;e) 191l Loo (B2 QU] (1.1.7)



The equality (1.1.6) can serve as the definition of the integral (1.1.1) for the function

O (z,y) = ¢(x)1(y). This definition extends naturally to the finite sums

O(z,y) = Y bp(@)ny),

1<k<N

in particular to the case when ® is a polynomial in z,y and the operators A, B are bounded.

However, the estimate similar to (1.1.7), i.e.

[Toll < || oolIQ]

is no longer valid. Theorem 1.3.1 will give an estimate of the operator norm in a more general
situation. If one is only interested in the Hilbert—Schmidt norm, the estimate (1.1.5) gives

the desired result.

1.2 DOI on SQ

Let (X, Eq) and (Y, E5) be two spectral measures in the space Hy and Hy respectively. The

Hilbert—Schmidt class Sy = Sy(Ho, Hq) is a Hilbert space, with respect to the scalar product

(Q,R) = r(QR") = tr(R*Q). (1.2.1)

We will construct a certain spectral measure on So, the tensor product of measures (X, E7)

and (Y, E5), and define the DOI g as integral with respect to this spectral measure.



Consider the mappings

£100):Q— E1(5)Q, fordc X, Qe So;
(1.2.2)

E9(0) : Q— QFE2(0), fordCY, Q€ Ss.

Each operator £1(6) is an orthogonal projection in S9, the mapping § — £1(0) is o-additive,
and £1(X) = Z (the identity transformer on Ss). So we see that & is a spectral measure in
S5, and the same for £. The types of £ and & coincide with that of £ and E5 respectively.

Thus for any bounded measurable functions ¢(zx), ¥ (y) we have

/ o(2)d(E1(2)Q) = / o(x)dE1 (1) - Q
X X

and

/ S AEWQ) = Q- / $(y)dE(y).
Y Y

The measures £ and £ commute, since one corresponds to the multiplication from the left
and the other from the right.
The mapping

E(5 % 9) = £1(5)E2(0) : Q — E1(5)QE»(0) (1.2.3)

is an additive projection-valued function on the set of all "measurable rectangles” § x 0 C
X xY (orthogonal projections on Ss). It turns out (see [20]) that this function is o-additive.
The o-additive projection-valued function £(A) extends, in a unique way, from the set of
measurable rectangles A = § x d to the minimal o-algebra A of subsets in X x Y, generated
by such rectangles, and the extension is o-algebra, so it is a spectral measure in Sy. We

denote it by the same notation £. It is convenient to add to Ag all the subsets € C ¢ of sets



€ € Ag of E-measure zero, putting £(¢’) = 0. The resulting family A is also a o-algebra, and

the spectral measure £ on A is N—full (see Birman section 1.3.7). A scalar measure of type

& can be chosen as the measure p in (1.1.5).

Now we take by definition

T = / B(x, y)dE (x.y).
XxY

or

TpQ = P(z,y)d(E(z,y)Q).
XxY

So, for bounded & this is a bounded transformer in S9. Then we have
y@l—f—@Q = y(bl + 9@2, y(b1q>2 = ‘7(131‘7(1’2;

Ty =T

170l =[]l oo (x xv)-

(1.2.4)

(1.2.5)

(1.2.6)

(1.2.7)

(1.2.8)

If ®(x,y) = ¢(x), then T = [y ¢(x)dE1(x), or TpQ = [y d(x)dE1(x) - Q. The similar

formula is valid for ®(x,y) = ¥ (y). From this observation and (1.2.6), we see that

/ ()b (y)d(E (z,9)Q) = / o(x)dE1 (2) - Q / b(y)dEa(y).
XxY X Y



1.3 DOIon S, and B

1.3.1 Class I

Now we extend the definition of Jg to the space B = B(Hs, Hy) of all bounded operators.
To do this we need some additional assumptions on the symbol ® since it is not always
possible.

Let S; be the trace class of operators, then

S1C Sy CB. (1.3.1)

Moreover, the space B is adjoint to S7, with repect to the duality given by (1.2.1):

(Q.R) =tr(QR"), Q€ S, ReB. (1.3.2)

Clearly, any transformer Jg with a L°°—symbol maps S; into S9. Suppose that Jg is
a bounded transformer from S7 into S itself for a given function ®. Then the transformer
T is also bounded in §7 and has the same norm. The adjoint transformer fg acts in the

space B. The equality (1.2.7) shows that it is natural to define

ToQ = (T3181)°Q, VQ € B. (1.3.3)

The properties (1.2.6) of the transformers 74 extend to the whole of 5.
Let 9% be a bounded transformer with a L°°—symbol that maps from Sj into S7. If
@ € S (the space of all compact operators), then J5Q € S5 . Indeed, it is sufficient

to show this for the dense in Sy, subset K of finite rank operators. But if € K, then



TpQ € 81 C Soo. So T acts from Sy into S and

|70llB-8 = | 70lls;—5; = | 78l 550500 (1.3.4)

By interpolation, we get

175l B-8 = [ 7allsy—5, = [l oo (1.3.5)

Denote by Mg the set of all functions ¢ on X x Y, such that the transformer g is

bounded on B. This is a normed algebra of function, with respect to the norm

1@l = |73 8-

The mapping ® ++ ® is an involution in 9Mg. It then follows from (1.3.5) that the algebra
My is complete and hence, is a Banach C*—algebra. The Banach algebras Mg, and Mg

are introduced in the same way. It follows from duality that

M = Mg = Mg, = Mg

including equality of the corresponding norms.
The class 9 depends on the choice of the spectral measures £ and E9. We shall use

M (Eq, E2) when it is useful to reflect this dependence explicitly.



1.3.2 Criterion of ® € O

Let (X, Eq) and (Y, E2) be two spectral measures in the space Hy and Ho respectively. For
each hy € Hy, the function phl(-) = (F1(-)h1, h1) is a finite scalar measure. Similarly , the
function 7, (+) = (E2(-)hg, he) is defined for each hy € Hy. The class 9MM(Ly, E2) admits the

following description.

Theorem 1.3.1. [17, 18, 23] Let & € L°°(Eq, E). Then the following statements are
equivalent:

(i) ® € M = M(E, Ey).

(ii) For any ho € Hy, h1 € Hy the integral operator

Kig iy - L0V 7h) = Do pny), (K 0)() = fy @, y)u(y)drag ()

belongs to S1, and

sup  [[Kpy pylls; =1 € < 0.
71 lI=llholl=1

Moreover,

[®lon = C.

(iii) There exist a measure space (Z,n) and measurable functions o on X x Z, B onY X Z

such that

B(r,y) = /Z a(z, 2)B(y, =)dn(2) (1.3.6)

and

A2 = (By)-sup [7la(z, 2)[2dn(2) < oo
v (1.3.7)

B := (Ep)sup [41B(y. )[Pdn(z) < cc.
Y
For any such factorization
|®llan < AB, (1.3.8)

9



and there exists a factorization such that

cAB < ||®|lgn, ¢ > 0. (1.3.9)

The constant ¢ does not depend on the spectral measures E1, Fo.

For the proof, see [17], [18] and [23]. The set of functions that admit the representation

in (1.3.6) and (1.3.7) is called the integral projective tensor product of spaces L°°(E7) and

L>(Ey).

1.4 Transformers on other classes

Let B =B = (Ho, H1), where Hy and Hs be two given separable Hilbert spaces. For each
Q € B, the singular values sy, is defined by $,,(Q) := A (v/Q*Q), n > 0. The Schatten ideals

Sy, weak Sp-ideals Sp 4 ,ideals S;vw and spaces Sy, 1 are defined by

Sp={Q € Soc : {s5n(Q)} €lp}, 0<p<oo. (1.4.1)

Spw =1{Q € Soo : 5n(Q) = O(n~YP)},  0<p< oo (1.4.2)
S0 w=1{Q € S : 5n(Q) =0o(n VP)}, 0 <p< oo (1.4.3)

Sp1 =10 €8 S+ 1P Ley(Q) <}, 0<p<o (1.4.4)

For 1 < p < oo, certain norms can be introduced such that these spaces become Banach
algebras. They will be called the nice symmetrically-normed ideals (See [12] for more details

on symmetrically-normed ideals (SNI)) and we have the following duality relations given by

10



(1.2.1)

Sy =8, (Spuw) =8y1: Sp1 =8y, 1v=1-1/p. (1.4.5)

Given a SNI S| the set of symbols ®, such that the transformer g is bounded on S,
form a commutative Banach algebra of functions on X x Y, with complex conjugation as
the involution. We denote this algebra as 9g. It follows from the duality arguments and

interpolation that for 1 < p < oo

Dﬁsp = f)ﬁsp/; Qﬁsg’w = Qﬁsp/ L= mspﬂu (1.4.6)

7

and for any nice SNI S, the following topological imbeddings hold:
M C Mg C Mg, = L>(X xY). (1.4.7)

Furthermore, if ® € 91, then ||(I>||§mS < ||®@||oy for any nice SNI S.

1.5 Applications of DOI to the perturbation theory

1.5.1 Transformers Zy

Let (R, F1) and (R, E3) be two spectral measures in the separable Hilbert space H and Hg
respectively. The spectral measure € is defined as in §1.2. Denote the diagonal of R? by
diag, i.e. diag = {(z,z) : € R} € R?. Then it is shown in [21] that &£|diag is an atomic
measure.

Let A and B be self-adjoint operators in the Hilbert spaces Hy and H9 respectively. If ¢

11



is a uniformly Lipschitz function on R, then the function

is well defined and continuous outside the diagonal and bounded. Suppose that it is somehow
extended to diag and the extended function is bounded on RZ. Note that this function is
always E-measure since £ is N-full. If at some point x € R the function ¢ is differentiable,
the natural choice of extension is ¢(z,z) = ¢/(z). Otherwise, the value of ¢(z,z) can be
chosen arbitrary.

Below we suppose that some extension of ¢ to the whole of R? is chosen and fixed. Then
the transformer

AB & HAB () — d(Y) ;.4 B
73 e gt~ [ | SO =g ) aef ) (15.1)

is well defined, at least on the class S5. We do not reflect the choice of extension in the
notations, since the formulas presented in Theorem 1.5.1, 1.5.2 hold true independently of
it. Moreover, for any SNI S the membership ¢ € Mg does not depend on this choice. This

follows from section 7.1 of [21].

Theorem 1.5.1. [18] Let H| = Hy be a Hilbert space and A, B be self-adjoint operators
with the same domain in Hy, and suppose that B — A € S where S is a nice SNI. Suppose

also that the function ¢ is such that ¢ € Mg. Then,
AB
o(B) — p(A) = Z¢’ (B—A). (1.5.2)

It allows the operators A, B to be unbounded.

12



Formula (1.5.2) is called the Birman-Solomyak formula. A similar formula also holds for
unitary operators, in which case we have to integrate ¢ of a function ¢ on the unit circle
with with respect to the spectral measures of the corresponding operator integrals.

Theorem 1.5.1 extends to the quasi-commutators JB — AJ. Here J is a linear bounded
operator acting from H9 to Hy. The operators A, B are not supposed bounded, and JB—AJ
is understood as the operator generated by the sesqui-linear form (JBho, h1) — (Jho, Ahy)

where h1 € Dom A, hg € Dom B.

Theorem 1.5.2. [18] Let A and B be self-adjoint operators in Hilbert space Hy and Ha
respectively and let J € B(Ho, Hy). Suppose that JB — BA € S where S is a nice SNI, and

that ¢ € Mg. Then, independently on the way b is defined on the diagonal,

J&(B) — ¢(A)J = Z(;l’B(JB — AJ). (1.5.3)

Theorem 1.5.2 turns into Theorem 1.5.1 if we take H9 = Hy and J = I. Both theorems

were proved in [18].

1.5.2 Tests for ¢ € Mg

For practical usage of Theorem 1.5.1, 1.5.2 one needs tools for checking the inclusion ¢ € Mg
for a given SNI S. A particular case of Theorem 1.5.1 says that for self-adjoint operators A

and B

0(x) = o(y)| < Lz —y| = [[6(A) = 6(B)lsy < LIA = Bls,-

13



It is well known that a Lipschitz function on the real line is not necessarily operator Lipschitz,

i.e., the condition

() = &(y)| < const|z —y|

does not imply that for self-adjoint operators A and B
[6(A) — &(B)|| < const[|A — B,

Denote MM (R, R) and 9(T, T) by 9(R) and 9%(T) respectively. It was shown in [23] that

if ¢ is a trigonometric polynomial of degree d, then ¢ € 9(T) and

19llogy < const ||| oo (1.5.4)

On the other hand, it was shown in [25] that if ¢ is a bounded function on R whose Fourier

transform is supported on [—o, o] (in other words, ¢ is an entire function of exponential type

at most ¢ that is bounded on R), then ¢ € 9M(R) and

9llan(r) < consto ||| oo (1.5.5)

Inequalities (1.5.4) and (1.5.5) led in [23] and [25] to the fact that functions in functions
in the Besov spaces Béo 1(T) and Béo 1(R) are operator Lipschitz. The gegeral Besov space
By , will be defined in §2.1 for 1 < p,q < co and s € R. Here we only give an equivalent

description for B;o 1(R). A function ¢ on R belongs to for B})O 1(R) if

()% [~ (suploti + 1)~ 20(0) + ol — 1)) < o0 (156)

z€R

14



Any function ¢ € B éo 1(R) has uniformly bounded continuous derivative, and we denote

r(¢) = ro(6) + sup|¢'(z).

zeR

The space Béo 1(T) can be defined similarly.

Theorem 1.5.3. [25] Let ¢ € Béo {(R). Then ¢ € M(R) for any spectral measures Ey, o,

and

19llonr) < Cr(6),

where the constant C is independent of the spectral measures Ev, Fo. In particular, for any
nice SNI S we have

176(B) — ¢(A)J||s < Cr(¢)||JB — BA| (1.5.7)
for self-adjoint operators A, B and bounded operator J as in Theorem 1.5.2.

A similar result also holds when ¢ € B |(T).
In chapter 2 we will explain the result found in [1] that if ¢ belongs to the Holder class
Ao(R) with 0 < a < 1, then [[¢p(A) — ¢(B)| < const||A — B||* for arbitrary self-adjoint

operators A and B.

1.6 DOI with respect to semi-spectral measures

Let H be a Hilbert space and let (X,.A) be a measurable space. A map F from A to the

algebra B(H) of all bounded operators on H is called a semi-spectral measure if

F(A) >0, AecA,

15



F(@) =0 and F(X)=1,

and for a sequence {A;};>1 of disjoint sets in A,

N

F( U Aj) = lim F(A;) in the weak operator topology.
7=1 N—>ooj:1

If K is a Hilbert space, (X,.A) is a measurable space, F': A — B(K) is a spectral measure,

and H is a subspace of K, then it is easy to see that the map F : A+ B(H) defined by
F(A)=PygF(A)H, AeceA (1.6.1)

is a semi-spectral measure. Here Py stands for the orthogonal projection onto H.

Naimark proved in [15] that all semi-spectral measures can be obtained in this way, i.e.,
a semi—spectral measure is always a compression of a spectral measure. A spectral measure
F satisfying (1.6.1) is called a spectral dilation of the semi-spectral measure F.

A spectral dilation F' of a semi-spectral measure F is called minimal if
K = clos span{F(A)H : A€ A}.

It was shown in [16] that if F' is a minimal spectral dilation of a semi-spectral measure F,
then F' and F are mutually absolutely continuous and all minimal spectral dilations of a
semi—-spectral measure are isomorphic in the natural sense.

If ¢ is a bounded measurable function X and F : A +— B(H) is a semi-spectral measure,

then the integral

/ ¢(z)dF(x) (1.6.2)
X

16



can be defined as

/ o(2)dF (z) = Pr( / o(x)dF (x)) | H, (1.6.3)
X X

where F' is a spectral dilation of F. It is easy to see that the right-hand side of (1.6.3) does
not depend on the choice of a spectral dilation. The integral (1.6.2) can also be computed

as the limit of sums

Zgb(wa)}_(Aa)a Ta € Aq,

over all finite measurable partitions {Aq}q of X.
If T is a contraction on a Hilbert space H, then by the Sz.—Nagy dilation theorem (see
[8]), T has a unitary dilation, i.e., there exist a Hilbert space K such that H C K and a

unitary operator U on K such that
T" = PgU™H, n >0, (1.6.4)

where Py is the orthogonal projection onto H. Let Fpr be the spectral measure of U.

Consider the operator set funtion F defined on the Borel subsets of the unit circle T by
F(A)=PyFy(A)H, ACT.
Then F is a semi-spectral measure. It follows from (1.6.4) that
" = /T(nd}"(() = PH/T(”dFU(()‘H, n > 0. (1.6.5)

Such a semi—spectral measure F is called a semi—spectral measure of T. Note that it is not

unique. To have uniqueness, we consider a minimal unitary dilation U of T, which is unique
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up to an isomorphism (see [8]).

It follows easily from (1.6.5) that

o) =y | ¢<<>dFU<<>\H

for an arbitrary function ¢ in the disk—algebra C4.
In [24] and [27] DOI with respect to semi-spectral measures were introduced.
Suppose that (X1,.41) and (X9, As) are measurable spaces, and Fi : Ay — B(H7) and

Fo 1 Ay — B(H3) are semi-spectral measures. Then double operator integral

/ (21, 22)dF1 (71)QdF2(72)
Xl XX2

were defined in [27] in the case when @) € Sy and ® is a bounded symbol. DOI were also
defined in [27] in the case when @ is a bounded linear operator and ® belongs to the integral
projective tensor product of the spaces L°°(F7) and L°(F3).

In particular, the following Birman—Solomyak formula holds:

o(R) —o(Q) = (¢, T)AFR(Q)(R — Q)dF (7). (1.6.6)

TxT

Here R and @ are contractions on Hilbert space. F and JF() are their semi-spectral mea-

sures, and ¢ is an analytic in D of class (BéO 1)+ (For definition, see section §2.2.1).
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Chapter 2

Operator Holder Functions and

arbitrary moduli of continuity

2.1 Introduction

Let 0 < a < 1. In was proved in [1] that the functions in the Holder class A, are also operator
Holder continuous for arbitrary self-adjoint operators, unitary operators and contractions,
and their sharp estimates are also obtained. Similar results for maximal dissipative operators,
normal operators and n—tuples of self-adjoint oprators are also obtained in [1], [4], [5] and
[10]. In those papers, the authors also extended the results to class Aw. We will show the
proof for self-adjoint operators and unitary operators and give a short discussion for other
types of operators. An introduction to the function spaces Ay, and Aw are given below in

§2.2.1 and §2.2.2.

2.2 Function spaces

2.2.1 Besov classes

In this subsection we give a brief introduction to the Besov spaces that play an important

role in the problems of perturbation theory. We start with Besov spaces on the unit circle.
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Let 1 < p,q < oo and s € R. The Besov class B} , of functions (or distributions) on T

can be defined in the following way. Let w be an infinitely differentiable function on R such

that
1
w > 0,supp w C [5, 2], and w(z) =1— w(g) for z € [1,2]. (2.2.1)
Define a C**° function v on R by
v(z) =1forx € [-1,1] and v(z) = w(|z|) if |x| > 1. (2.2.2)

Define trigonometric polynomials W, Wﬁ and V), by

k
Whn(z) = Z w(2—n)zk,n >1, Wo(z) =241+ 2, and Wﬁ(z) =Wn(2),n>0
keZ

and

keZ

Vp, is called de la Vallée Poussin type kernel.

If f is a distribution on T, we define fy,, n > 0 by
fo= fxWa ot f5Wh n>1, and fo = f+ Wy,

Then f = ano fnand f— fxV, = Z%o:n—i—l fn-
The Besov class B, , consists of functions (in the case s > 0) or distributions f on T
such that

{27 F % Wallpp}zt € €4 and {27 f % Wh| 1p}uz1 € £9 (2.2.3)
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Besov classes admit many other descriptions. In particular, for s > 0, the space Bg’q admits

the following characterization. A function f € LP belongs to By, ,, s > 0, if and only if

[N '
f’JI‘ T 7-|1+3‘1 m(r), for ¢ < oo

a7 £l p |1T_fTH|£’p < 00, for ¢ =00

(2.2.4)
sup

T#1

Here m is the normalized Lebesgue measure on T, n is an integer greater than s, and A,

7 € T, is the difference operator:

(Arf)(Q) = f(m¢) = f(Q), C€T.

We use the notation By for By .
The spaces Ay = B&, form the Holder—Zygmund class. If 0 < o < 1, then f € A, if and
only if

1£(¢) — f(1)| < const|¢ —7|%, (¢, 7€T.

These spaces are called the Holder spaces. A function f € Ay if and only if f is continuous

and

|f(¢T) = 2f(C) + f(¢T)| < const|l — 7|, ¢, 7€T.

By (2.2.4), for a > 0, f € Ay if and only if f is continuous and

[(AZ/)(Q)] < const|L — 7|7,

where n is a positive integer such that n > «a.
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Note that the (semi)norm of a function f in A, is equivalent to
sup2" ([ 5 Wall oo + [ 5 Wil z20).
n>

It is easy to see from the definition of Besov classes that the Riesz projection P,

Pif=Y f(n)2",

n>0

def

is bounded on By ,. Functions in (By )+ = P4 By , admit a natural extension to analytic

functions in the unit disk D. It is well known that the functions in (Bj )+ admit the

following description:
' (n)
feByge e [ 1=ntI s < oo, g < o0,
0

and

feBio)s e sup (1—r)m M), < oo,
O<r<l1

where f-(¢) £ f(r¢) and n is a nonnegative integer greater than s.
Let us proceed now to Besov spaces on the real line. We consider homogeneous Besov

spaces By  (R) of functions (distributions) on R. We use the same functions w, v as in

(2.2.1), (2.2.2) , and define functions W, WEL and Vj, on R by

22



and

Vp, is also called de la Vallée Poussin type kernel.

If f belongs to .#’/(R), the space of tempered distribution on R, we define f;, by
Fo=fsxWnt [+ WE neZ

Initially we define the (homogeneous) Besov class B;jq(]R) as the set of all f € .#/(R) such

that

{2 fnllLp tnez € C1(Z). (2.2.5)

According to this definition, the space Bg’q(]R) contains all polynomials. Moreover, the
distribution f is defined by the sequence { fy, },,c7 uniquely up to a polynomial. It is easy to
see that the series Y, ~( fn converges in .#/(R). However, the series _,, o fn can diverge
in general. It is easy to prove that the series ), fr(lr) converges uniformly on R for each
nonnegative integer r > s — 1/p. Note that in the case ¢ = 1 the series ), qur) converges
uniformly, whenever r > s — 1/p.

Now we define the modified (homogeneous) Besov class By ,(R). We say that a distri-
bution f belongs to By ((R) if {2"°|| fnl rp}nez € ¢4(Z) and Fr) = Y oneZ f,(LT) in the space

Z'(R), where r is the minimal nonnegative integer such that » > s — 1/p (r > s — 1/p
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if ¢ = 1). Now the function f is determined uniquely by the sequence {fy},c7z up to a
polynomial of degree less than r, and a polynomial ¢ belongs to ng(R) if and only if
deg ¢ < r.

Besov spaces B ((R) admit equivalent definitions that are similar to those discussed
above in case of Besov spaces of functions on T. In particular, the Holder—Zygmund classes
Aa(R) £ BEL(R), « > 0, can be described as the classes of continuous functions f on R
such that

(A7) ()] < comst[t|*, R,

where the difference operator A; is defined by

(Atf)(z) = flz +1) = f(z), =R,

and m is an integer greater than a.
As in the case of functions on the unit circle, we can introduce the following equivalent

(semi)norm on Ay (R):

sup2" (|« Wl oo +11f + Wilo), f € Aa(R).
ne

The following result will be used in §2.3.

Theorem 2.2.1. [1] Let « > 0. Then for each ¢ > 0 and each function f € Ay(R) there

exists a function g € Ao(R) with compact support such that f(t) = g(t) fort € [0,1] and

191aa < [[fllaq +€
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where the constant can depend only on a.

To prove Theorem 2.2.1, we use the well-known fact that if ¢ and f are functions in
Aq(R) and ¢ has compact support, then ¢f € Ay (R). We refer the reader to [11], Section
4.5.2 for the proof.

Denote by .7} (R) the set of all f € .”(R) such that supp.Z f C [0,00). We define the
analytic Besov space (Bj,(R)), as By (R) U 7L (R). Put (Aa(R)), = Ao(R) U 7L (R).
For f € YJ/F(]R), we have f * Wg =0,n€Z.

We refer the reader to [1], [13] and [26] for more detailed information on Besov spaces.

2.2.2 Spaces A,

Let w be a modulus of continuity, i.e., w is a nondecreasing continuous function on [0, co)

such that w(0) =0, w(z) > 0 for z > 0, and
w(z +y) < w(@) +wy),z,y € [0,00).

We denote by Ay (R) the space of functions on R such that

w 1f(x) = fy)]
||f||Aw(R)_fC‘;I; w(lz —y|)

The space Ay, (T) on the unit circle can be defined in a similar way.

Theorem 2.2.2. [1] There exists a constant ¢ such that for an arbitrary modulus of con-
tinuity w and for an arbitrary function f in Ay,(R), the following inequalities hold for all
n e L:

If = Vallpeo < c w27 fll Ay (w)- (2.2.6)
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Proof. We have

(@) = (f % Vi) ()] = 2"

/R (f(2) - f(x — y))V(2"y)dy

<21l ey [ DIVl

2771
<2 Wflaggm [ DIV lay

F 2l gmy [ eIVl

Clearly,

2—71

2 [ eV ldy < w27V

On the other hand, keeping in mind the obvious inequality 27 "w(y) < 2yw(2™") fory > 27",

we obtain
o0 o
21 [ wlVEldy < 4@ [ yvenyid
2—n 2—"n
o0
= 4w(2_n)/ Y|V (y)|dy < const w(27")
1
This proves (2.2.6). O

Remark 2.2.3. [1] A similar inequality holds for functions on T of class A,:

|f = f*Vallpoo <cw@2™ ™) flla,, 7> 0.

To prove it, it suffices to extend f as a 2m—periodic function on R and apply Theorem

2.2.2.
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Corollary 2.2.4. [1] There exists a constant ¢ such that for an arbitrary modulus of conti-
nuity w and for an arbitrary function f in Ay, the following inequalities hold for all n € 7Z,

in R case, or for alln >0, in T case:

1 % Wallgoo < cw@ ™) fllas I1f < Whlzoo < cw@™fllay.  (2:27)

Put (AW(R))+ L Au(R)N 1 (R) and C4 © {2 € C:Imz > 0}. Then a function in
Au(R) belongs to the space (Ay(R)) . if and only if it has a (unique) continuous extension
to the closed upper half-plance clos C4+ that is analytic in the open upper half-plane C4

with at most a polynomial growth rate at infinity.

2.3 Holder estimates for self-adjoint operators

In this section we show that Holder functions on R of order o, 0 < a < 1, must also be
operator Holder of order a. Note that if A and B are self-adjoint operators, we say that
operator A — B is bounded if B = A + K for some bounded self-adjoint operator K. In
particular, this implies that Dom A = Dom B. We say that ||A — B|| = o if there is no such

a bounded operator K that B=A+ K.

Lemma 2.3.1. [3] Let A and B be self-adjoint operators and let R be an operator of norm
1. Then there exist a sequence of operators {Rp}p>1 and sequences of bounded self-adjoint
operators {An}p>1 and {Bp}p>1 such that

(i) the sequence {||Rn|}n>1 is nondecreasing and limy, o0 || Rn|| = 1;

(ii) limy—so0 Ry = R in the strong operator topology;
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(iii) for every continuous function f on R, the sequence

{Hf(An)Rn - Rnf(Bn)H}nZl

18 nondecreasing and

lim || f(An)BRn — Bnf(Bn)ll = | f(A)R — Rf(B)]];

n—oo

(iv) if f is a continuous function on R such that | f(A)R — Rf(B)|| < oo, then

lim f(An)Rn — Rnf(Bn) = f(A)R — Rf(B)

n—oo

i the strong operator topology;

(v) if f is a continuous function on R such that ||f(A)R — Rf(B)|| < oo, then the sequence

{55 (f(An)Rn — Rnf(Bn)) tn>1

18 nondecreasing for every 7 > 0 and

lim s;(f(An)Rn — Rnf(Bn)) = sj(f(A)R — Rf(B)).

n—oo

Proof. Put P, & E4([-n,n]) and Q, £ Eg([-n,n]) where E4 and Ep are the spectral

def def

measures of A and B. Put A, = P,A= AP, and B, = Q,B = BQ,,. Clearly,

Po(f(A)R = Rf(B))Qn = f(An) PpRQn — PaRQnf(By), n=>1. (2.3.1)
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def

It remains to put R, = P,RQ,. O

Theorem 2.3.2. [1] Let 0 < a < 1. Then there is a constant ¢ > 0 such that for every
f € Aa(R) and for arbitrary self-adjoint operators A and B on Hilbert space the following
inequality holds:

1F(A) = FB < cllfllanw) - 1A = BII*. (2.3.2)

Proof. Due to Lemma 2.3.1, we can assume that A and B are bounded operators. It then
follows from Theorem 2.2.1 that we may assume that f € L°°(R) and we have to obtain an

estimate for ||f(A) — f(B)|| that does not depend on || f||;00. Put

fn:f*wn‘Ff*WT%-

Let us show that

FA) = F(B)= > (falA) = fu(B)) (2.3.3)

and the series on the right converges absolutely in the operator norm.

For N € Z, we put gx = fx V. Clearly,

F=1*VN+ D> fa

n>N

and the series on the right converges absolutely in the L°° norm. Thus

FA) = (f = VN)A) + ) fa(A) and f(B) = (f = VN)(B)+ > _ fu(B)

n>N n>N
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and the series converge absolutely in the operator norm. We have

FA) — £(B) — 3 (nlA) — fulB)) = (f(A) - anm)) - (f(B) - an(B))

n>N n>N n>N

gn(A) — gn(B).

Since gy € L°(R) and gy is an entire function of exponential type at most 2V+1 it follows

from (1.5.2) and (1.5.5) that
lgn(A) = g (B)| < comst 2V || f # Viy|| pos|| A = BI| < const 2| f]| poo | A = B} = 0

as N — —oo. This proves (2.3.3).

Let N be the integer such that
27N < |A-B| <27 N (2.3.4)
We have

FIA) = F(B) = )" (fulA) = fu(B)) + > (falA) = fu(B)).

n<N n>N
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It follows from (2.2.5) and (2.3.4) that

S () fn(B))H < S 0(nlA) — fu(B)]

n<N n<N

< const Yy 2"|| fullpool|A - B||
n<N

< const 3 227 |, s 14 — B
n<N

< const 27| f[|y o [|A - B

< const || flla,(w)llA = Bl

On the other hand,

S (fulA) - fn(B))H < S (] + 1 n(B)

n>N n>N
—-N
<2 3 fullgoo < const 37 27N fll4
n>N n>N
—-N
< const 27| fll g r) < const || fllp . w)llA — BII®
by (2.3.4). This completes the proof. O

2.4 Holder estimates for other classes of operators

In this section we obtain analogs of the result of the previous section for functions of unitary
operators, contractions, maximal dissipative operators, normal operators and n—Tuples of

commuting self-adjoint operators.
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2.4.1 The case of unitary operators

Theorem 2.4.1. [1] Let 0 < a < 1. Then there exists a constant ¢ > 0 such that for
every [ € Ao(T) and for arbitrary unitary operators U and V' on Hilbert space the following
inequality holds:

1A () = FWII < ellfllag ) - IU = VI (2.4.1)

Proof. Let f € Ay(T). We have

J=Pyf+P_f=/fr+[f-.

We estimate || f4(U) — f+(V)]||. The norm of || f—(U) — f—(V)|| can be obtained in the same

way. Thus we assume that f = fi. Let

fn & f % W
Then
F=> fu (2.4.2)
n>0

Clearly, we may assume U # V. Let N be the nonnegative integer such that

27N < U -V <27 N (2.4.3)

We have
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It follows from the Birman—Solomyak formula for unitary operators and (1.5.4) that

S (ul0) - fn(V))H < S Nal®) = )]

n<N n<N

< const Z 2" fallpoo U = V||
n<N

< const Z 2°27" fllAqmllU = VI
n<N

< const 2V £y oy [U = V]

< const || fl[ o, (m U = VI

On the other hand,

S (nl0) — fn(V))H < S (a@) + 1))

n>N n>N
—N
<2 3 fallgee < const S 27N £l )
n>N n>N
-N
< const 27| fllp (1) < comst || flla,mIU = VI*
by (2.4.3). This completes the proof. O

2.4.2 The case of contractions

Recall that if T" is a contraction on Hilbert space, it follows from von Neumann’s inequality

that the polynomial functional calculus f +— f(7T) extends to the disk—algebra C'y and

LA < Wfllcys feCa.

Theorem 2.4.2. [1] Let 0 < aw < 1. Then there exists a constant ¢ > 0 such that for every

f € (Aq)+ and for arbitrary contractions T and R on Hilbert space the following inequality
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holds:

1F(T) = F(R) < clifllag - 1T = BRI (2.4.4)

Proof. The proof of Theorem 2.4.2 is almost the same as the proof of Theorem 2.4.1. For

f € (Aq)+, we use expansion (2.4.2) and choose N such that

2N < ||T - R|| < 27N+,

Thus as in the proof of Theorem 2.4.2, for n < N, we estimate || f,(T) — fn(R)|| in terms of
const 27"||T'— R|| (see (1.6.6) and (1.5.4)), while for n > N we use von Neumann’s inequality

to estimate || fn(T) — fn(R)|| in terms of 2| f||,00. The rest of the proof is the same. [

Corollary 2.4.3. [1] Let f be a function in the disk-algebra and 0 < o < 1. Then the
following two statements are equivalent:
(1) [|f(T) = f(R)|| < const || T — R|| for all contractions T and R,

(i) |f(U) = f(V)]| < const ||U — V|| for all unitary operators U and V

Remark 2.4.4. [1, 9] This corollary is also true for « = 1. This was proved by Kissin and

Shulman (see [9]).

2.4.3 The case of maximal dissipative operators
2.4.3.1 Dissipative operators

In this section we give necessary information of dissipative operators in order to interpret
the construction of the semi—spectral measure of a maximal dissipative operator. We refer

the reader to [4], [8] and [7] for more information.
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Definition 2.4.5. Let J# be a Hilbert space. An operator L (not necessarily bounded) with

dense domain Z; in J¢ is called dissipative if

Im(Lu,u) >0 ,u€ 9y,

A dissipative operator is called maximal dissipative if it has no proper dissipative exten-
sion.

Note that if L is a symmetric operator (i.e., (Lu,u) € R for every u € Zy), then L
is dissipative. However, it can happen that L is maximal symmetric, but not maximal
dissipative.

The Cayley transform of a dissipative operator L is defined by

TE(L—il)(L+il)~!

with domain Zp = (L + iI)Zy, and range RangeT = (L — iI)Z, (the operator T is not
densely defined in general). 7T is a contraction, i.e., ||T(u)|| < |lul|, v € Zp, 1 is not an
eigenvalue of T, and Range (I —T) = {u — Tu: u € Dy} is dense.

Conversely, if T' is a contraction defined on its domain 27, 1 is not an eigenvalue of T,

and Range (I —T) is dense, then it is the Cayley transform of a dissipative operator L and

L is the inverse Cayley transform of 7™

L=i(I+T)I-T)"', 2 = Range(I—T).

A dissipative operator is maximal if and only if the domain of its Cayley transform is the

whole Hilbert space.
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Every dissipative operator has a maximal dissipative extension. Every maximal dissipa-
tive operator is necessarily closed.

If L is a maximal dissipative operator, then —L* is also maximal dissipative.

If L is a maximal dissipative operator, then its spectrum o (L) is contained in the closed

upper half-plane clos C1 and

(L -7 < Im \ < 0. (2.4.5)

b
[Tm A|”

If L and M are maximal dissipative operators , we say that the difference operator L — M
is bounded if there exists a bounded operator K such that L = M + K. An elementary fact
is (see [4] for the proof) that if L is a maximal dissipative operator and M is a dissipative
operator such that L — M is bounded, then M is also maximal dissipative.

The construction of the functional calculus for dissipative operators was given in [4].

Let L be a maximal dissipative operator and let T be its Cayley transform. Consider its
minimal unitary dilation U, i.e., U is a unitary operator defined on a Hilbert space . that
contains 7 such that

T" = PyU" |, n >0,

and ¢ = closspan{U"h : h € #’}. Since 1 is not an eigenvalue of T, it follows that 1 is
not an eigenvalue of U (see [8], Ch. II, §6).
The Sz—Nagy—-Foiag functional calculus allows us define a functional calculus for 7' on

the Banach algebra

Caa = {g € #°: g is continuous on T\{1}}.
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If g € Cy 1, we put

9(T) = Pyy(U)| A .

This functional calculus is linear and multiplicative and
lg(T)l < llgllgroe, g € Can-
A functional calculus for the dissipative operator on the Banach algebra

CA 0o ©{fe H*®(C,): f is continuous on R}

FL)E (fow)(T), f€Chn,

where w is the conformal map of I onto C defined by w(¢) = i(14¢)(1—¢)~ L ¢ eD.
Let L be a maximal dissipative operator, T" be its Cayley transform and let & be the

semi-spectral measure of T on the unit circle. Then

o(T) = /T 9(Q)dEX(C), g€ Cay. (2.4.6)

The semi-spectral measure &£, of L can be defined by

Er(A) ¥ Ep(w(A)), A is a Borel subset of R.

37



It folllows from (2.4.6) that

f(L) = /R F(2)dEL(r), [ € Cune. (2.4.7)

2.4.3.2 Holder Estimates

It was shown in [4] that if f is a bounded function on R whose Fourier transform has
compact support in (0,00), and if L and M are maximal dissipative operators such that
L — M is bounded, then the Birman—Solomyak formula holds for L and M with respect to

their semi—spectral measures and

1F(L) = F(M)|| < 8o f]| LoowylI L — M. (2.4.8)

It then follows that if f € (Béo L(R))., we can associate with f the sequence {fn},ez

+7

defined by fn, £ f % W,,, which gives

oo

]E: Z]En

—00

The series converges uniformly. Then the Birman—Solomyak formula also holds for f. Note

that f is not necessarily bounded, and when it is not bounded, the difference operator

f(L) — f(M) is defined by

e.¢]

FL) = FM) = > ((falL) = fu(M))). (2.4.9)

n=—oo

As in the case of self-adjoint operators, the series on the right converges absolutely and the

definition does not depend on the choice of the functions W,. Furthermore, the functions in
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(Béo,l(R)) . are operator Lipschitz on the class of maximal dissipative operators.

Theorem 2.4.6. [4] There is a constant ¢ > 0 such that for every o € (0,1), for arbitrary
f e (AQ(R)) 4 and for arbitrary maximal dissipative operators L and M with bounded

L — M, the following inequality holds:

IF(L) = FOD) < e (1 =) M fll gL =M%, (2.4.10)

where f(L) — f(M) is defined by (2.4.9).

Proof. Using the same arguments as in the proof of Theorem 2.3.2 | we get

1(L) = fF(M)]| < const || £ g ) I L — M.

The fact that the constant in this inequality can be estimated in terms of ¢ (1 —a)~! follows

immediately form Theorem 2.5.5 below. [

2.4.4 The case of normal operators

In [5] it was shown that the Birman—Solomyak formula holds for arbitrary normal operators
only for linear functions and a new formula for the difference f(A) — f(B) was established
for functions in the Besov space Béo’l(]R2) and normal operators N1, N9 in terms of DOI.
Readers are referred to [5] for the definition of B éo,l(RQ) and the construction of the theory
of DOI for normal operators.

Also denote by .Z the Fourier transform on L1(R™), n > 1 by:

(ZF)t) = f(x)e_i(x’t)dx, where
R[X
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= (21, tn), t = (t1, .., tn), (2,1) = 2181 + ... + Tnty.

The following important result was proved in [5]:

Let f be a bounded continuous function on R? such that

supp Zf C{CeC:[(|<a}, o>0.

There exists a constant ¢ > 0 such that for arbitrary normal operators N1 and Na,

I(f(N1) = F(N2)[| < c ol fllpool| N — Naf| (2.4.11)

The class Aq(R?) of Holder functions of order o, 0 < a < 1,is defined by:

Aa<R2>"=“{f: 1£lly (m2y = sup
Aa(R2) vy

|f(z1) — f(§2)\ .
|21 — 2|
The class Ao (R"™), n > 2 is defined in the same way.
Using (2.4.11), it was proved in [5] that the functions in Béo,l(R2) are operator Lipschitz
for normal operators and there exists a constant ¢ > 0 such that ||f(N7) — f(N9)]| <
|| fllagllNV1 — Naf|* for every function in Ao (R?) and arbitrary normal operators Ny and

Ny.

2.4.5 The case of n—Tuples of commuting self-adjoint operators

In [10], another formula for the difference f(Ajy, ..., An) — f(B1, ..., Bn) was established for
functions in the Besov space B})O 1(R™) and n-tuples of commuting self-adjoint operators

(A1,...,Ap) , (B, ..., Bp) in terms of DOI. Readers are referred to [10] for the definition of
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B éo 1(R™) and the construction of the theory of DOI for n-Tuples of commuting self-adjoint
operators.
The following important result was proved in [10]:

Let f be a bounded continuous function on R" such that
supp Ff Cc{eR": ¢ <o}, o>0.

There exists a constant ¢, > 0 such that for arbitrary n-tuples of commuting self-adjoint

operators (Aq, ..., Ap) and (B, ..., By),
(A1, s An) = F(B1, s Ba)ll o ollfllpoo max [[4; — B (2.4.12)
1<j<n

Using (2.4.12), it was proved in [10] that the functions in BéOJ(]R") are operator Lips-
chitz for normal operators and there exists a constant ¢, > 0 such that || f(Aq,...,An) —
f(B1,..., Bp)|| < cen(l —a)*1||f||Aa maxi<j<p ||A; — B;||* for every function in Ao (R™) and

n—tuples of commuting self-adjoint operators (Ay, ..., Ay) and (By, ..., By).

2.5 Arbitrary moduli of continuity

In this section we consider the problem of estimating || f(A)— f(B)|| for self-adjoint operators
A and B and functions in the space A, where w is an arbitrary modulus of continuity. We
also show similar results for unitary operators, contractions, maximal dissipative operators,

and n—tuples of commuting self-adjoint operators.
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Given a modulus of continuity w, we define the function wyx and wy by

w*(m):x/;ow(t)dt, x>0

t2

and

_ [T fwlt)
wﬁ(a:)—x/x 2 dt+/0 tdt,x>0.

In this paper, we assume that wy is finite valued whenever it is used.

For example, if we define w by
w(z)=a2% >0, 0<a<l,

then wy(z) < const w(z).
It is well known(see [6], Ch.3, Theorem 13.30) that if w is a modulus of continuity, then the

Hilbert transform maps A, into itself if and only if wy(z) < const w(z).

Theorem 2.5.1. [1] There exists a constant ¢ > 0 such that for every modulus of continuity
w, every [ in Ay (R) and for arbitrary self-adjoint operators A and B, the following inequality

holds:

17(A) = F(B)II < e[l f ]l o, m)ws (1A = BI)- (2.5.1)

Proof. Due to Lemma 2.3.1, we can assume that A and B are bounded operators and their

spectra are contained in [a, b]. We replace the function f € Ay, (R) with the bounded function
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f, defined by

f(b), x> b;

fylz) = f(z), € a,b]; (2.5.2)

f(a), x < a.

Clearly, [|f,[la,®) < If[ay®)- Thus we may assume that f is bounded.

Let N be an integer, we claim that

N

FA) = F(B) = > (falA) = fa(B) + ((f = [+ Va)(A) = (f = f * Va)(B)),  (2.5.3)

n=—oo

and the series converges absolutely in the operator norm. Here f,, = f W, + f * Wﬁb and
the de la Vallée Poussin type kernel V, is defined as in §2.2.1. Suppose that M < N, it is

easy to see that

Clearly, f — f % Vs is an entire function of exponential type at most oM+1 Thus it follows

from (1.5.5) that

I(f = f* Vap)(A) = (f = F = Var)(B)]| < const 2M || f]|poo|A = B|| =0 as M — —oc.
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Suppose now that NN is the integer satisfying (2.3.4). It follows from Theorem 2.2.2 that

I(f = f*VN)(A) = (f = [+ VN)(B)I| < 2[|f = f * Vallpoo

< const |||,y ()(2 ) < const £y, (14 ~ B).

On the other hand, it follows from Corollary 2.2.4 and from (1.5.5) that

N

N
Y Ifn(A) = fa(B)] < const Y 2" fallzool|A — B

n=—oo n=—oo

N
<const . 2"||f], @« (2 V)4~ B

n=—oo

= const Y 2N K| £ myw(@ VM)A - B
k>0

o0 t
< const ( . %dt) 1711614 = Bl

= const 2w (27N) | fll oy, m) |1 A — Bl

< const ||f||Aw(R)w*(”A — BJ))

The result now follows from the obvious inequality w(z) < wy(x), x > 0. O

Corollary 2.5.2. [1] Let w be a modulus of continuity such that wy < constw(x), x > 0.
Then for an arbitrary function f € A,(R) and for arbitrary self-adjoint operators A and B

on Hilbert space the following inequality holds:

1FCA) = FB)I < el flla, @yw(llA = BID). (2.5.4)

Below we give similar results for other types of operators. Their proofs are similar to the
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proof of Theorem 2.5.1.

Theorem 2.5.3. [1] There exists a constant ¢ > 0 such that for every modulus of continuity

w, every [ in Ay and for arbitrary unitary operators U and V', the following inequality holds:

17 U) = FI < ellfllagws«(IU = VD). (2.5.5)

Theorem 2.5.4. [1] There exists a constant ¢ > 0 such that for every modulus of continuity

w, every f in (Aw)+ and for arbitrary contractions T and R, the following inequality holds:

IF(T) = FR) < ellfllagws (1T = RI). (2.5.6)

Theorem 2.5.5. [4] There exists a constant ¢ > 0 such that for every modulus of continuity
w, every f in (Aw)+ and for maximal dissipative operators L and M with bounded difference,

the following inequality holds:

1F(L) = F(M)]| < e[ fllagpws (1L = M) (2.5.7)

Let w be a modulus of continuity, the class Ay (R?) is defined by:

Au(R2) {f: 171l 2, = sup LED= T2 <oo.}

sz Wiz — 22))
The class Ay, (R™), n > 2 is defined in the same way.

Theorem 2.5.6. [5] There exists a constant ¢ > 0 such that for every modulus of continuity

w, every f in Ay (RQ) and for arbitrary normal operators N1 and No, the following inequality
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holds:

1F(N2) = FN2)I < €Ll 2y (1V1 = Nal)). (25.8)

Theorem 2.5.7. [10] Let n be a positive integer. There exists a constant ¢, > 0 such that for
every modulus of continuity w, every f in Ay(R™) and for arbitrary n—tuples of commuting

self-adjoint operators (A, ..., Ap) and (By, ..., By), the following inequality holds:

£ (AL An) = F(Br, o B < e llay, mise w14 - Byl (25.9)
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Chapter 3

Estimates on singular values

3.1 Results for perturbation of class S,

Let [ > 0 be an integer and p > 1.Denote by S;) the normed ideal that consists of all bounded

linear operators equipped with norm

Tl (Y (s .11

Classes Sll, and S) are both nice SNI. Thus Theorem 1.5.1 and (1.5.5) can be applied to
them, i.e., if f is an exponential function of finite type at most o that is bounded on R, then

for arbitrary self-adjoint operators A and B, we have:

1F(A) = f(B)HS}z7 < const o || f]| ool A - BHS]@, (3.1.2)

and

1£(A) = F(B)lls, < constal|f ] <]l A - Blls,. (3.1.3)

Similar results also hold for maximal dissipative operators, normal operators and n—tuples
of self-adjoint operators.

We also have if f is a trigonometric polynomial of degree d, then for arbitrary unitary
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operators U and V/,

I£) = FV)ll g < const o< U = V] g,

and

1A (U) = F(V)ls), < constd|[fl[poo||U = Vs,

Similar results also hold for contractions.

Theorem 3.1.1. Let 0 < a < 1. Then there exists a constant ¢ > 0 such that for every
[ >0,pe[l,n), feAu(R), and for arbitrary self-adjoint operators A and B on Hilbert

space with bounded A — B, the following inequality holds for every every j <I:

5 (F(4) = £(B)) < ellfllaqqmy(+3) 14~ Blg (3.14)

Proof. Put fn = f Wy + f * Wﬁb,n € Z, and fix an integer N. We have

N
S () - Z 1£2(A) = Fu(B)ll g
n=—0oo Sp neTee
N
< const z 2"l fnllzeollA = Bllgy

1
< const ||| s () 22“ 4~ Blg

n—foo

< const 2V g, )14 - Bll gy
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On the other hand,

Z (fn(A) - fn(B))

n>N

<2 |fallrec

n>N

< const | [l @) D27

n>N

< const 2V flla, m)-

N
Put Ry £ 3 (fu(A) — fu(B)) and Qn £ 3 (fu(A) — fu(B)). Clearly, for j <1,

n=—00 n>N

sj(f(A) = f(B)) < sj(Ry) + QN
< (1497 PR g + QNI

\ L N(1-a) —Na
< const ((1+7) P 2 1@ 1A = Bllszzj + 27 fllagm))-
To obtain the desired estimate, it suffices to choose the number N such that
27N < (145)7PA- B g <2V
p

]

Using the same type of arguments, we can get similar estimates for unitary operators,
contractions, maximal dissipative operators, normal operators and n—tuples of self-adjoint

operators.
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3.2 Estimates on singular values of functions of per-

turbed self-adjoint and unitary operators

In this section, we generalize the estimate in §3.1 to the class A, and also obtain some lower—
bound estimates for rank one perturbations which also extend the results in [2]. In section
§3.3, similar estimates are given without proofs in case of contractions, maximal dissipative

operators, normal operators and n—tuples of commuting self-adjoint operators.

Theorem 3.2.1. There exists a constant ¢ > 0 such that for every modulus of continuity w,
every f in Ay(R) and for arbitrary self-adjoint operators A and B, the following inequality

holds for all l and for all j, 1 <5 <1:

S7((4) = £(B)) < can(1+9) DA Bllgy) Il (3.2.)

Proof. Due to Lemma 2.3.1, A and B can be taken as bounded operators, then we may
further assume f is bounded. Let Ry = ery:_oo(fn(fl) —f(B), Qn = (f—f+xVN)(A) —
(f—f+Vn)(B). Here fy, and the de la Vallée Poussin type kernel Vj; are defined as in §2.2.1.
Then f(A) — f(B) = Ry + Qp, with convergence in the uniform operator topology. Note
that for any integer m € 7Z, functions fy, and f — f %V}, are entire functions of exponential

type at most 21, Thus it follows from (3.1.2), (2.2.6) and (2.2.7) that

QNI < cw@ ™M) fllay
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and

N
HRNHS%)S Z ||fn(A)_fn(B)HSIl7
B N
<c ) (QannHLOO)”A_BHS}l)

N -N
<2V w, (2 )||A—BHSZz?HfHAw~
Then

si(f(A) = f(B)) < sj(By)+[Qn]l < (1 +j)*1HRNHSzz?+HQNII

_1
< (1) 72N @A = Bllgg + w27 ) Il

1
Take N such that 1 < (14 5) P 2V||4 — B||Sl < 2 and use the fact that w(t) < w(t) for
p

any t > 0, we get (3.2.1). O

Theorem 3.2.2. There exists a constant ¢ > 0 such that for every modulus of continuity
w, every f in Ay (T) and for arbitrary unitary operators U and V', the following inequality

holds for all l and for all 7, 1 < 7 <1:
_1
si(f(U) = f(V)) < cw((1+7) PIIU ~ Vllszz))llfllAw- (3.2.2)

1
Proof. If (1 4+ j) P||U — V||Sl < 2, the proof is similar to Theorem 3.2.1 with Ry =
p

S Unl0) = a0 (1 )P0 = Vi]gy > 2, then
(V) = FV) S IFO) = SV < cwnlU = VIS g, < con() g
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Corollary 3.2.3. Let w be a modulus of continuity such that
wx(z) < const w(x), = > 0.

Then for an arbitrary function f € Ay(R) and for arbitrary self-adjoint operators A and B,

the following inequality holds for all I and for all j, 1 < 5 <1:

s ((4) = F(B) < const w(1-+3) 1A= BlLg) Il

Let H, H be the Hankel operators defined in [2].

Theorem 3.2.4. Let w be a modulus of continuity on T. There exist unitary operators U,

V' and a real function h in Awﬁ((T)) such that
rank(U —V) =1 and  sp(h(U) = A(V)) > w((1+m)"1).

Proof. Consider the operators U and V' on space Lo(T) with respect to the normalized

Lebesgue measure on T defined by (see [2])

Uf=zfandVf=zf-2(f 1z, fe L’
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For f € C(T), we have

(F@) = FV)22) = =28 F— k), i j <0,k > 0:

0, otherwise.

Define function g by

g(Q) = wd™(" + ), ceT
Then we have

llg * Wyl foo < const w(27"), ||g * WTﬁLHLOO < const w(2™"), n>0.

N
Let &, n be two arbitrarily different fixed points on T, choose N > 0 such that % < 2§T77| <1,

then
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lg9( |<Z|9n ) =g+ (g — g+ VN)(E) — (9 — 9% VN)1n)|

(0.9]
< Z\gn —gnml+2 Y llgnllzeo
n=N+1
N 00
< const 30 2 gall el — 1l +2 3 llgnllzos
n=0 n=N+1
N 00
< const Z 2"w(27™)|€ — n| + const Z
n=0 n=N+1

0
< const wy(|€ —n|) + const/ Tdt
0

< const wy(|§ — nl).

Consider the matrix I'y = {§(—j — k)}jzl,kZO ={g(j + k)}j217/€20'

Let n > 1. Define matrix Ty, = {§(j + k +4""1 4+ 1) then

}Ogj,k§3.4”*1’

Tn:

If R is any matrix with the same size of T}, such that rank(R) < 3-4"~1 then || T, — R|| >
w(4™"). Tt follows that s;(T) > w(4™") for j < 3- 471 For each T}, there is some

orthogonal projection P, such that T, = PpI'g Py, hence s;(I'g) > s;(Tn) > w(4™") for all

o4



n and for all 7, j < 3-4"~1 Thus for all j > 0, we have

s;(Tg) > w(% (7 + 1)_1) > % -w((j + 1)_1).

To complete the proof, it suffices to take h = %g. O]

Corollary 3.2.5. Let w be a modulus of continuity such that
wy(r) < const w(z), 0 <z <2
There ezist unitary operators U, V' and a real function h in Ay, (T) such that
rank(U — V) =1 and sy (h(U) — h(V)) > w((1+m)1).

Theorem 3.2.6. Let w be a modulus of continuity on T and f be a continuous function on

T. If for all unitary operators U and V', we have
1
sn(f(U) = f(V)) < const w((1+n) P||U - VHSp), for alln >0,

then f € Ay(T).

Proof. Let (,n € T, we can select commuting unitary operators U and V such that so(U —
Vy=s51(U=V)=...=s,U=V)=|C—n|] and s(U—-V) =0,k > n+ 1. Then

SnlF(U) = FV)) = 1) = F@)l, U = Vilg, = (1+m)7 ¢ — . a

Theorem 3.2.7. Let w be a modulus of continuity on R and f be a continuous function on
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R. If for all self-adjoint operators A and B, we have
1
sn(f(A) — f(B)) < const w((1+n) P||A— B||Sp)> for alln >0,

then f € Ay (R).
Proof. Similar to Theorem 3.2.6. [

Theorem 3.2.8. Let w be a modulus of continuity over R. There exist self-adjoint operators

A, B, and a real function f in Awﬁ (R) such that
rank(A — B) =1 and sy (f(A4) — f(B)) > w((1 + m)_l), for allm > 0.

Proof. WLOG, we assume w(t) = w(2), for all ¢ > 2, that is, w can be regarded as a modulus
of continuity on T.

We then choose a function(see [2], Lemma 9.6) p € C°°(T) such that p(¢) + p(i¢) =
p(¢) = p(¢) for all ¢ € T, and p vanishes in a neighborhood of the set {—1,1}. Note that
p € Ay(T), since w(st) > jw(t), for all £ >0 and s, 0 < s < 1.

Define function g; by
> n n
Z M+, ¢eT.

Then g; € Awﬁ (T). If gg = Cpgy for a sufficient large number C, then gy € AWlj (T), vanishes
in a neighborhood of the set {—1,1} and go(¢) = go(¢) for all ¢ € T, and sm(Hgy) >
w((1+ m)*l) for all m > 0.

Define ¢(z) = (22 +1)"!(as in [2], Theorem 9.9), then there exists a compactly supported
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real bounded function f such that f(¢(z)) = go(g—__&) and a simple calculation shows that
f belongs to Awﬁ (R). Denote L2(R) the subspace of even functions in L?(R). Consider
operators A and B on L2(R) defined by A(g) = H-'M,H(g) and B(g) = g, here H is
the Hilbert transform defined on L(R) ( see [2]) and My, is the multiplication by ¢. Then

rank(A — B) = 1, and we have

sm(f(B) = f(A)) = V2sm(Hfop) = V2sm(Hgy) = V2w ((1+m) ). O

3.3 Estimates for other types of operators

The following estimates are given without proofs in case of contractions, maximal dissipative

operators, normal operators and n-tuples of commuting self-adjoint operators.

Theorem 3.3.1. There exists a constant ¢ > 0 such that for every modulus of continuity w,
every f in (AQJ(R))Jr and for arbitrary contractions T' and R on Hilbert space, the following

inequality holds for all l and for all 5,1 < j <1

SUT) = F(R) < coon(1+3) PIT = Rl gp) Il

To prove this result, the following result is important(see [1], [2] and [24]):
There exists a constant ¢ such that for arbitrary trigonometric polynomial f of degree n

and for arbitrary contractions 7" and R on Hilbert space,

IA(T) = F(B)lls, < cnllfllpoollT = Rl s,
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Theorem 3.3.2. There exists a constant ¢ > 0 such that for every modulus of continuity w,
every f in (AW(R)) " and for arbitrary maximal dissipative operators L and M with bounded

difference, the following inequality holds for all | and for all j, 1 < j <1 :

L) = D) < caon(L+5)PIL= Mgy

To prove this result, the following result is important(see [4]):

There exists a constant ¢ > 0 such that for every function f in H°°(C4) with
supp Z f C [0,0], o >0,

and for arbitrary maximal dissipative operators L and M with bounded difference,

IC(F(L) = F(M)ls, < collfllpoolll — Mg,

Theorem 3.3.3. There exists a constant ¢ > 0 such that for every modulus of continuity w,
every f in AW(R2) and for arbitrary normal operators N1 and Na, the following inequality

holds for all l and for all j, 1 <5 <1:

SN = F(N2) < can ((1+) PN = Nl g ) I

To prove this result, the following result is important(see [5]):

There exists a constant ¢ > 0 such that for every bounded continuous function f on R2
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with

supp Zf C{CeC:|(|<a}, 0>0,

and for arbitrary normal operators Ni and Na,

1f(N1) = f(N2)lls, < collfllpee| N1 — Nollg,-

Theorem 3.3.4. Let n be a positive integer and p > 1. There exists a positive number cy,
such that for every modulus of continuity w, every f in A, (R™) and for arbitrary n-tuples of
commuting self-adjoint operators (Aq, ..., Ap) and (By, ..., By), the following inequality holds

for alll and for all j, 1 < 75 <1:

1
si(f(A1, ..., An) — f(B1, ..., Bn)) < en lrgnjagnw*((l +37) PllAj - Bj||5213)||f||AW'

To prove this result, the following result is important(see [10]):

There exists a constant ¢, > 0 such that for every bounded continuous function f on R
with

supp Ff C{eR": || <o}, 0>0,

and for arbitrary n-tuples of commuting self-adjoint operators (A, ..., Ay) and (By, ..., Bp),

(AL s Aa) = F(Br, s Bl < € 0l oo max [14; = B ls,
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