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ABSTRACT

ELECTROMAGNETIC INTERACTIONS
IN INTEGRATED ELECTRONIC CIRCUITS

By
Michael John Cloud

Electromagnetic waves in millimeter-wave integrated circuits are
studied. Dielectric film and cover regions overlay a conducting half-
space in the configuration modeled, forming a nonuniform background
for integrated devices. Emphasis is placed upon the microstrip tran-
smission line in this environment.

This research exploits an integral-operator description of the
system. Constructed through Hertz potentials, an electric field inte-
gral equation (IE) quantifies microstrip surface currents. Complex
plane analysis in the axial Fourier transform domain leads to the
rigorous identification of discrete and continuous eigenvalue spectra.
Discrete modes are associated with simple pole singularities, while
the continuous spectrum arises from branch-cut integrals. These modal
spectra are subsequently linked to natural and forced solutions of the
IE.

Discrete wave modes are associated with the homogeneous IE, which
is solved by the moment method for electrically-thin microstrip. The
current density function is expanded in both subsectional and entire-
domain basis functions. Results clearly validate: (1) the dominant

axial current approximation for narrow strips, and (2) the edge



Michael John Cloud

singularity for axial currents. Dispersion characteristics are given
for several modes; those for the fundamental mode compare favorably
with results already in the literature.

Solution of the forced IE, at points along the complex-plane
branch cut, yields spectral components of strip radiation modes. The
forcing function is taken to be the electric field impressed by a
vertical monopole current that resides in the film layer. Preliminary
moment-method results are given.

The transform-domain IE is also a basis for the study of coupling
phenomena in axially-uniform multi-strip systems. System propagation
modes are characterized by coupled currents sharing simple-pole
singularities. Perturbation approximations apply for loose coupling,
leading to an overlap-integral description of the coupling phenomenon.

Finally, a novel approach to the numerical evaluation of

Sommerfeld integrals, using the Fast Fourier Transform, is advanced.
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CHAPTER I
INTRODUCTION

The subjecf of high-frequency, planar integrated circuits is
becoming increasingly important. Rapid evolution in this technology
suggests a need for new, more rigorous methods of analysis.

This dissertation addresses the media configuration indicated in
Figure 1. A dielectric film layer resides between two other regions:
perfectly conducting ground plane, and dielectric cover. Conducting
devices (e.g., microstrip lines [1], patch antennas [2]) are integ-
rated over the film/cover interface. High-speed integrated electronic
circuits operating at microwave and millimeter wave frequencies use
microstrip connections. The strip is an attractive transmission line
for applications requiring high packaging densities [3].

Commonly, the analysis of circuit performance proceeds through
a combination of low-frequency electric circuit and quasi-TEM transmi-
ssion line theories. These are only approximate at high frequencies
and circuit densities. In modern configurations electromagnetic phe-
nomena play key roles in terms of both losses and coupling between
adjacent integrated devices.

Except for an integral equation analysis by Wu [4] of the princi-
pal propagation mode, the isolated microstrip line is studied primari-
ly via the quasi-TEM electrostatic approximation. Existing quasi-TEM
formulations are typified by the variational method of [5].



Microstrip open-end and gap discontinuities are examined by full-
wave analysis in [6]. The finite microstrip segment finds many appli-
cations as a radiating element; this problem is treated, for example,
in [7,8,9,10].

This research exploits a conceptually exact integral-operator
description of the integrated circuit, with primary emphasis on the
microstrip transmission line. The seven chapters of this dissertation
treat various parts of the microstrip problem. The goal of Chapter 2
is to develop and emphasize certain parts of the relevant EM theory.
Chapter 3 formulates an electric field integral equation, which is the
basis for all subsequent work; later in Chapter 3, Fourier transform
and complex plane analyses quantify the proper microstrip eigenmode
spectrum. Discrete modal surface currents are detailed in Chapter 4.
Chapter 5 treats the continuous spectrum. Finally, a simple coupled-
mode theory for parallel microstrips is advanced in Chapter 6.

Some words about notation here might be helpful. A1l integrals,
unless limits are explicitly shown, are over the entire real line. As
is standard in most electrical engineering works, the symbol j denotes
the elementary imaginary number. Vector quantities are embellished
with arrows, and are also slightly boldfaced for emphasis. Dyadic
quantities (also slightly boldfaced) appear with a double overbar.
Finally, a simple-harmonic time dependence is assumed, but supressed,

throughout the dissertation.
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Figure 1. Basic form of high-speed integrated circuit.



CHAPTER II
BASIC EM FORMULATION FOR INTEGRATED ELECTRONICS

2.1 Introduction and Geometry

The electromagnetic description of integrated electronics em-
braces the theory of EM waves in layered dielectric media. An integ-
ral operator method is required here, because boundary conditions: of
differential-operator methods are inseparable for many device geomet-
ries [11]. Integral-operator formulations are also well-adapted to
techniques of numerical solution. Hertz potentials, expressed as
Fourier integrals, are employed in the present analysis; the challenge
faced in this chapter is to derive practical boundary conditions for
their components.

Consider the setting displayed in Figure 2. A perfectly conduc-
ting half-space is overlayed with a dielectric film having refractive
index ne and thickness t; the film is, in turn, covered by a dielec-
tric having refractive index ne- A1l materials are assumed nonmagne-
tic and infinite in extent.

For a suitable geometry, choose a rectangular coordinate system
with z-axis parallel to the microstrip waveguiding axis; x and y axes
are tangent and normal, respectively, to the cover/film interface.
Define unit vector £ as Tocally tangent to all conducting device

surfaces. See Figure 2.
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Figure 2. Geometry and medium parameters.
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Figure 3. Symmetric slab dielectric waveguide.



2.2 Symmetric-slab Interpretation

The cover/film/conductor complex constitutes the background envi-
ronment of an integrated device such as the microstrip line. It is
appropriate to think of this layered-media background structure's
behavior as a symmetric-slab dielectric waveguide. Classical image
theory implies a guiding region dielectric having thickness 2t, of
course, because all phenomena have mirror images through the plane at
y=-t. Some interpretations in subsequent chapters are based upon this
idea; therefore, a brief summary and discussion of the symmetric-slab

guide is given in the next section.

2.3 Homog Dielectric Slab Guide

Assuming axial dependence of electromagnetic fields as exp(-jsz),
where B is a phase constant, a transverse-longitudinal decomposition
of Maxwell's equations is achieved in standard guided-wave theory
[12]. Longitudinal (2-directed) field components satisfy resulting
two-dimensional Helmholtz equations, and serve as generating functions
for transverse field components. This formulation, applied to the
symmetric slab guide of Figure 3, gives the well-known slab field
distributions.

Quasi-standard symmetric-slab terminology exists. The guide is
composed of a guiding region embedded in an unbounded dielectric cover
surround (see Figure 3). Transverse-electric (TE) and transverse-
magnetic (TM) modes are identified for which the z-component of elec-
tric and magnetic fields, respectively, are zero. Surface waves are
discrete, guided-wave modes propagating axially and decaying exponen-

tially in the y-direction; these modes exhibit no transverse



(y directed) power flow. Distinguished by oscillatory, standing-wave
solutions in the guiding region, surface waves arise physically from
total internal reflection when neng. It is conventional to further
classify them as even or odd in their transverse field components.
Radiation modes are spectral-component fields exhibiting oscillations
in both guiding region and surround; such modes do allow transverse
power flow into the surround.

Phase constant 8 for a surface-wave mode is restricted to the
existence interval (kc,k), where k and kc are the guiding region and
surround wavenumbers. For radiation-modes, Bz is confined to be less
than kg. These results follow directly from the mode type defini-
tions.

The fundamental surface-wave mode is the TMO, an even mode with
no low-frequency cutoff regardless of guiding region thickness. Its

characteristic equation is
tan(kt) = ny/nX (2.1)

where n and n. are guiding region and surround refractive indices, and
K and v are the guiding region and surround eigenvalues defined by

2.02,2_g2 2_02_2,2
K=n ko 8 and Y“=8 ncko.

2.4 Hertz Potential Representation for EM Fields

Electric and magnetic fields are obtained through the electric-

type Hertz [13] potential 7 (notation following [14]) as

E =k + el (2.2a)



> >
H = jweVx Z (2.2b)

The Hertz potential satisfies an inhomogeneous vector Helmholtz equa-
>

tion with source term -J/jwe; this term represents time-harmonic

equivalent polarization sources. Expanded in rectangular components,

the electric and magnetic field intensities are

E, = k22, +(/3x)0-1 (2.3a)
E, = K22, +(0/ay)v-1 (2.3)
£, = K22,4(2/22)v-1 (2.3)
He = Juel(3/3y)2,-(3/22)2,) (2.42)
Hy = juel(2/32)2,-(3/3x)Z,] (2.4b)
H, = jue[(a/ax)zy-(a/ay)zx] (2.4c)

These expressions are used in section 2.5 to obtain boundary condi-

tions for components of Hertz potential.

2.5 Boundary Conditions for Hertz Potential

Consider the EM field produced by time-harmonic current sources
embedded in the cover medium. Fields in the film and cover regions

are linked by boundary conditions applicable at y=0. Boundary



conditions for Hertz potential are consequences of familiar conditions
on tangential components of electric and magnetic intensities: at the
film/cover interface Ecx=Efx’ Ecz=Efz’ ch=fo and HCZ=HfZ; at the
film/conductor interface Efx=0 and Efz=°' Development of Hertz poten-
tial boundary conditions proceeds one interface at a time, beginning

with the film/cover.

2.5.1 Conditions at Film/Cover Interface

Consider the y=0 interface. Enforcing continuity of tangential
electric and magnetic fields in terms of equations (2.3) and (2.4),

with definition of the refractive index ratio Nfc=(nf/nc)2, results in

ka2 k22g = (3 /ox00- (Zg-1) (2.52)

Kez ,k%2e, = a2 (Tp-1) (2.50)

ccz " ffz % e
(a/ay)[zcz-Mfczfz] = (3/31’[ch‘NfCny] (2.5¢)
(3/3x)Zey Ne Zgy T = (2/0y)Z,-Ne Zg ] (2.5d)

These conditions on potential are impractical, because many components
appear in each. Following the meritable plan of Sommerfeld [15],
consider the independent effects of each current-source component,
noting that not all potential components are required to represent the
EM field due to each component of current. Then construct, by super-
position, boundary conditions for a general current source having all

three components.



Case (a): J = 'y\Jy
Conjecture that the total fields are determined by i=92y in each
region. In this instance the general boundary conditions (2.5) reduce
significantly. Equality of tangential derivatives (i.e., those with
respect to x and z), for all x and z at y=0, leads to the following

conclusions:
ch = Nfczfy (2.6a)

(3/ay)lZ, 1=0 (2.6b)

cy'ny

Case (b): = QJX

A naive conjecture that 2=QZX is adequate in this case leads to a
mathematical contradiction; therefore, the boundary conditions cannot
be satisfied. Include the normal component of fas well, ie., let

Z=QZX+§\Zy, giving
(B/ay)[Zcx-NfCfo] =0 (2.7a)
(3/3Y)[ch‘zfy] = (3/3x)[Z¢,-7.,1] (2.7b)

Case (c): J= 'z\JZ

This case is similar to (b); let f=?Zz+91y and arrive at
(3/3y)Z, ,-Ng Z¢,1 = 0 (2.8a)
(3/0y)Zgy -2, = (3/32)[2¢ -2 ,] (2.80)

10



LT AL AL LA
Case (d): J = xe+ny+sz

General boundary conditions at y=0 are obtained by combining the

outcomes of cases (a), (b), and (c). The final results, which show

coupling between normal and tangential potential components, are:

Loy = NecZey (2.9a)
Zey = NecZgy (2.9%)
Z., = NeZg, (2.9c)
(3/3y)Z ,-NgZg, ] = 0 (2.9d)
(3/0y)Z,,-Ne Ze,] = 0 (2.9e)

(a/ay)[zcy-z ] = (1-Nfc)[(a/ax)zfx+(a/az)zfz) (2.9f)

fy

2.5.2 Conditions at Film/Conductor Interface

Next, consider the interface at y=-t. Vanishing tangential com-

ponents of electric intensity imply

k%fo + (3/3x)V+Z¢ = 0 (2.10a)
kf,zfz + (3/32)V+Z¢ = 0 (2.10b)

Again, each component of current density receives separate treatment.

11



T A
Case (a): J = ny

>
Let Z=92y represent the EM fields. Setting Efx=0 and Efz=° at

the conducting interface yields

1]
o

2
(3 /axay)zfy (2.11a)

2
(3 /azay)zfy =

|
o

(2.11b)

From vanishing of both tangential derivatives in (2.11) everywhere on

the interface,

(a/ay)zfy =0 (2.12)

* A

Case (b): J = XJ,
>

Let Z=QZX+§Zy. Implement the same conditions as in case (a) to

get
Ze, =0 (2.13a)
mhynﬁ==0 (2.13b)

Case (c): 3 = QJZ

>
Let Z=QZZ+92y. Use the results of (b), with radial slab symmetry

(i.e., rotation of coordinates), to arrive at

Ze, =0 (2.14a)

12






(3/3y)Z¢, = 0 (2.14b)

T OOA,OA, A
Case (d): J = xenyyw*zJZ
General boundary conditions for y=-t are secured by linearity;
specific contributions to 8ny/3y are summed, as are contributions

(all zero) to fo and Zc,. The results,

fo =0 (2.15a)
Zfz =0 (2.15b)
(a/ay)zfy =0 (2.15¢)

show a lack of coupling between normal and tangential potential compo-

nents.

2.6 Integral Representation for Hertz Potential

Integral representations for components of potential are created
via the two-dimensional Fourier transform or, alternately, by conti-
nuous superposition of plane waves with suitable spectral amplitudes.
Care is taken not to transform on y, however, since substitutions into
boundary conditions at y=0 and y=-t are imperative.

Let F{ } and F1{ } denote two-dimensional Fourier and inverse
Fourier transform operations. The spatial/spatial-frequency domain

variable pairs are (x,ux) and (z,uz), with the transforms defined as

F{q} = Q =[[ q(x,y,z)expl-j(u, x+u,z)]dxdz (2.16a)

13



2
F-I{Q} =q-= (1/217)[[ Q(u,.y,u,)exp[j(u x+u,z)]du du,
(2.16b)

It should be stressed that the ensuing development is valid only
for sources in the cover medium. In a later chapter on the continuous
spectrum, expressions for waves excited by sources in the film layer
are needed; however, that development need not be as general as the
present one, and is of more limited and specific interest. Study of
sources in the film layer is therefore deferred to Chapter 5.

Primary potential waves satisfy the inhomogeneous Helmholtz equa-

tion

27 Zi _ 3
v cp+kc cp " -J/Ac (2.17)
where Ac=jwec. Primary waves are those excited in a hypothetical
unbounded region having permittivity of the cover (see Figure 4). The
solution of (2.17) proceeds by standard Green's function techniques,

giving the principal Green's function:

(2.18)

exp[jt-(;-;')]exp[-pc|y-y'|]d2L
Gp(r,r‘) =
ZAOpC

2
c

is a vector 2-d spatial frequency, and d2L=duxduz. It is noted that

where A°=(2n)2. Here p (L)=L2-kg is a wavenumber parameter, E=qu+Qu

z

(2.18) is just an integral representation for elementary, outward-

traveling, spherical waves. By weighted superposition, the primary

14



Figure 4. Principal wave of Hertz potential.

overall

reflected

wave primary
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overall
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Figure 5. Transmitted and reflected potential waves.
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potential wave is

() - (1/AC)/ RICRINCRSLY (2.19)

Scattered (reflected or transmitted) potential waves are, by
definition, source-free. A generic form can be derived to represent
the scattered Hertz potentials. Their components (designated by sub-

script i=x,y,z) satisfy

24 S 2+ S _
v Zia + k Zia =0 (2.20)

where a=c,f for cover and film regions. Substitute, using (2.16), for
213 in terms of F'I{F{Ziz}}. Pass the x and z derivatives of the
Laplacian through integrals and carry them out on the integrand; these
operations are easy due to the integrand's exponential form. Then the
Fourier transform theorem gives an ordinary differential (in the y-

variable) equation for F{Zi:}, which has solutions
S S1
F{Zia(L,y)} = wia(L)exp(tpay) (2.21)

where gf=gf(f)=L2-kf is the transverse wavenumber parameter. The

prototype solution for scattered waves of Hertz potential is:
S-) S-P .-?-P 2
Z;,(r) = (1/A)) W o (Llexp(jL-rlexpl+p, y1d°L (2.22)
Finally, requiring that traveling waves suffer decay, total

16
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solutions for Hertz potential are formed. In the cover,

: f 9 ffexp[ii(?-?')]exp[-pcly-y'lldzmv
i =] —
v A 2AgPc

+ (I/Ao)fj wcm.(f)exp(jf-?)exp[-pcy]dzl.
(2.23)

where Ncr'i (T_) is the overall reflected-wave amplitude spectrum in the

cover. In the film,

Zeg = (1/A) -/:/‘exp(.iil:fl»)'){Nfti (t)exp[pfy]ﬂlfr.i (t)exp[-pfy]}dzL
(2.24)

where We, s (t) and wa(t) are unknown amplitude spectra for waves
transmitted and reflected in the film. Waves affiliated with these

spectral coefficients are suggested by Figure 5.

2.7 Hertz Potential Green's Dyad

Nine boundary conditions derived in section 2.5 provide for
evaluation of the overall spectral amplitudes "W". Their application
and subsequent algebraic reduction lead to concise statement [11] of
results in Green's dyadic form.

It is convenient to express Hertz potentials in terms of a

Green's dyadic G(F,r') composed of principal and reflected parts:



TR et Mecemctess e SR o B ST

Z, = (/n) [ Err)3(rtav (2.25)
v
B(F.F) = & (FF) + G () (2.26)

Principal Green's dyad ép is simply the scalar principal Green's
function multiplied by the unit dyad T=Q§4§94Q9. Vector directions of
primary potentials are therefore determined solely by orientations of
source currents. The more intricate reflected Green's dyad ér embo-
dies cross-coupling effects produced by the cover/film interface:

= > >

§.(r.r) = Qﬁrt’Q+’z‘Grt’z‘+§>c(a/ax)echmm§‘+(a/az)Grc$‘] (2.27)

Subscripts t, n, and ¢ stand for tangential, normal, and coupling,
respectively; these signify how vector components of current produce
other components of Hertzian potential. The reflected Green's dyad

components are

.-b > -)‘ ' 2
G R exp[jLe (r-r')lexpl-p.(y+y')1dL
rt t c
Gry =ff Rn (2.28)
G 2A_p
rc ofc
with reflection and coupling coefficients [11] as follows.
Ry = AL/Z,, (2.29a)
Ry = A/Z, (2.29b)

18



C = 2p_(Ng.-1)/2,2,

where
Ay = p.-pgcoth(pet)
Ay = NP -Pgtanh(pct)
Z, = pc+pfcoth(pft)
Z, = NecP*pgtanh(pet)
and

2 _,.2,2,2
Pc = Ut kc
it

(2.29¢c)

(2.30a)

(2.30b)

(2.30c)

(2.30d)

(2.31a)

(2.31b)

Note that Zh(L)=0 and Ze(L)=0 are, respectively, eigenvalue equa-

tions for TE and TM surface-wave modes of the layered surround; solu-

tions L=Lb of these characteristic equations are named background

poles.

2.8 Reflected Green's Dyad for Equal Permittivities

It is instructive to inspect the reflected Green's dyad in the

situation where ng=n.. The refractive index ratio N¢. equals unity,
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resulting in C=0 and Grc=0' The reflected Green's dyad reduces to
§r=QGrtQ+'y\Gm_'y\+/z\Grt'z\ with PePc- With some algebraic simplification,
it is shown to be proportional to the dyad -Qﬁ\i-%'\-’z\é\. Moreover, a
phase factor exp[-ZpCt] appears explicitly, giving the expected propa-
gation delay as a function of the distance from source to conducting
plane.

In this special case, therefore, the reflected Green's dyad
predicts classical equivalent image currents. The image is placed at
a distance t below the conducting plane, with its normal (y) component
in the same direction as the primary source, and tangential (x and z)

components reversed.

2.9 Green's Dyad Source-point Singularity

A thorough investigation of the Green's function source-point
singularity is worthwhile, as it brings out an interesting physical
interpretation involving charges and currents. For completeness,
salient points of the development for a surface-current source distri-
bution are given in this section.

Let currents, described by density E(;), be located on a surface
S. S has outer boundary contour Co. Assume thati is a continuous
function everywhere on S except at the boundary Cp of patch Sp. Letﬂ
be the outward-directed unit normal vector from S, in the plane of S.
First, consider the electric field associated with the principal
Green's function only.

Despite the double-integral formulation of equation (2.18), it is
also known that G_ can be represented simply by G

P P
where R=|F-F'| is the distance from source point to observation point;

=exp(-jk R)/4mR,
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this reveals the source-point singularity strength experienced when
F=;'. Due to the singularity, integrals involving Gp must be done as
improper integrals, taking care not to allow l;-F‘ |=0 to occur. To
this end it is necessary to further exclude from S a limitingly small
circle, of radius d, centered on the Tocation ;; call the excluded
region Sd with boundary Cd, noting that A is directed into Sd'

From equations (2.2a), (2.25) and (2.26), the principal electric

field component is

£ = (/)2 [ 6 (F,r IK(r)ds' + w9- | G (F,F K(F)ds')
P c e P P’
N S
(2.32)

where, in the 1imit as d approaches zero, S is composed of the two
portions S={S-Sd-Sp)+Sp. It is immediately clear that, in (2.32), the
first term is related to vector potential produced by current. The
second term relates to scalar potential produced by electric charge;
this is evident after passing the divergence operator through the
spatial integral, with subsequent identification of the second term as
the gradient of a scalar potential. Manipulation of the scalar poten-

tial integrand yields
v L6, (F,FR(F)] = Gp(r’,r")v-m‘) +vep(F,F')-i(F')
= - V6 (FF )R

= - LGy (FrOR(F] + 6 (F,F) 70 R(P)
(2.33)
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The divergence theorem in primed coordinates now applies to the first
term to give contour integrals of functions ﬁ'i (clearly equivalent
line charges) around the three contours Co, Cp, and Cd. The second
term, by the surface continuity equation, yields superpositions over
surface charges on S. It is found, moreover, that as d approaches
zero the contribution from the (artificially introduced) line charge
at Cd vanishes.

Treatment of the reflected component of electric field is initia-
11y not as easy. This is due to the more complicated dyadic form of
the reflected Green's function. From equation (2.27) with E=;\(x+’z\l(z,

the reflected scalar potential integrand becomes

7+ [8,0K] = [Ky(2/2x)Gpy#K,(3/52)G,g] +
[K, (a/2x)(3/3y)G, # ,(3/32) (3/3y)G,. ]
(2.34)

The right-hand side can be written Vtér-z, where ér=Grt+(a/ay)Grc and
Vt is the transverse gradient operation involving only partial deriva-
tives on x and z. Referring to equation (2.33), this is of exactly
the form required to carry through steps analogous to those for Gp.
Besides offering a convenient physical picture of equivalent
sources that produce electric fields, the source-point singularity
development outlined here represents an alternative formulation for
later problems in terms of unknown charges and currents (instead of
Jjust unknown currents). Removing derivatives from the Green's fun-

ction and placing them onto currents is a highly recommended method of
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avoiding increasing the Green's function singularity; more is said of

this, in connection with integration by parts, in Chapter 4.

2.10 Conclusion

Electromagnetic fields, maintained by currents over layered con-
ductor/film media, are given by integro-differential operations on the
Hertz potential Green's dyad developed in this chapter. The Green's
dyad formulation accounts rigorously for layered media effects. The
EM fields are, in addition, subject to further boundary conditions
imposed by any conducting devices resting over the film. In the
following chapter, such boundary conditions are carried out for the
infinite microstrip line, resulting in an integral equation for un-

known surface currents on the strip.
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CHAPTER III
PROPER MODE SPECTRUM FOR MICROSTRIP LINE

3.1 Introduction

Propagation modes of axially-uniform microstrip lines are quanti-
fied based upon a general electric field integral equation (IE). IE
construction proceeds through the Hertz potential Green's dyad, equa-
tion (2.26), developed in Chapter 2. A subsequent complex plane
analysis reveals naturally the proper spectrum for microstrip modes,

including the discrete and continuous spectra.

3.2 General Integral Equation for Electric Field

Suppose microstrip excitation is provided through an impressed
electric field Ei maintained by primary current source Je. The impre-
ssed field induces a system of surface currents, described by density
i(), on conducting strip lines. Induced currents maintain a scattered
field Es. See Figure 6. At any point ;, the total field is given by
superposition: E=ET+ES. The boundary condition at a conductor,
’t\-E=0, implies Q-Es(;)=-€-gi(:) at the microstrip surface; this is
the basis for constructing an electric field integral equation (EFIE)

>
for unknown surface currents K(r). Assuming time-harmonic excitation,

(R vv-}j BFFRFes = A BE (R (3
s
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Figure 6.

Impressed and scattered fields.
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Particularily well-suited to moment method solutions, this EFIE is the
mathematical foundation for all topics addressed in this thesis. It

is Fourier-transformed in the next section.

3.3 General EFIE in the Fourier Transform Domain

For axially-invariant microstrip systems,

%-{kg + V9.} / d1'lﬂz'é(;,;';z-z')-z(;',z') = -AC%»-E (;,z)
o
(3.2)

>

where p is the 2-d transverse (x-y plane) position vector, and C
denotes periphery contours of microstrip conductors. Take a Fourier
transform on z, noting the axial (z) integral is purely convolutional,

to arrive at a two dimensional EFIE:

A 2 o = >y, Py " e e
t.{kc + vv-}. c g(p,p' ) klp ,uz)dl = -At-e (p,uz)
(3.3)

where u, is the transform variable for z. Transformed quantities in
(3.3) are stated in lower case letters; furthermore, it is understood
that the differentiation theorem has mapped partial derivatives with
respect to z into multiplications by juz (new symbol 6).

Scalar components of the principal and reflected Green's dyadics

transform to

(3.4)

-/'exp[jux(x-x')]exp[-pcly'Y'I]dux
g =
P 4np c
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(3.5)

9t R¢\ explju, (x-x"')]expl-p (y+y')ldu,
9n | = f Rn
4mp,

Orc ¢

These expressions are useful for applications in Chapters 4, 5, and 6.

3.4 ldentification of Propagation-mode Spectrum

The propagation-mode spectrum is identified from inverse trans-
forms of solutions to the 2-d EFIE for E, equation (3.3). Inverse

Fourier transforming,
> >
K(r) = F'I{E} = (1/21r)fk(p,uz)exp(juzz)duZ (3.6)

Consider wavenumber parameters Pc and pg, found by taking square roots

of pg and p%; they are given generically by
= (ulsyl_2y1/2 _ (2, 241/2
P = (ul+u’-k) (ul+,%) (3.7)
where
v = (W22 < [y ()1t (3.8)

Care is taken to choose correct branch cuts for these potentially
multivalued functions of u  so decaying wave solutions are generated,
i.e., so Re{pc}>0 and Re{pg}>0. As p. and pg exist within an integra-
tion spanning all u , u =0 will occur; this imposes Re{y.}>0 and
Re{Yf}>0. The square roots y. and y¢ have branch point singularities

at u,=tk. and u,=tkc. However, all functions of pc in the integral
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representation for the Green's dyad are even functions; see equation
(2.30). Consequently branch points at fkf are not implicated; only
those at K, are relevant. Considering Ye in detail,

v2 = (u 2 2k 2 ?)+j2(u u

zr Uz Kerei 2r¥zi*erkeq) (3.9)

where subscripts r and i denote real and imaginary parts. It is
understood that kci=Im(kC)<0 for lossy dielectric media.

Now Re{y }>0 implies ]arg{vc}|<90°, or |arg{v§}|<180°, and there-
fore the boundary line for the proper Riemann sheet is the negative
real axis defined by Infy?}=0 and Re{v?}<0. 1Imfv2}=0 and (3.9) Tead

to a hyperbolic branch cut,

Ugi = KerKei/Uzn (3.10)
emanating from the branch points. The remaining condition, Re{v§}<0,
specifies that portion of the hyperbola asymptotic to the imaginary

2<k 2) See Figure 7 for a graphical repre-

2, 2
axis (where "zi*ci and Uyeckep) .

sentation of the suitably cut uz-plane, specialized to the low-Tloss
limit.

The singularities of the transform-domain surface current are:
(1) branch points at fkc through dependence on the Green's dyad, and
(2) surface-wave poles at tu, ; m=1,2,...,p,..., M. With appropriate
hyperbolic branch cuts along Cb, the real-axis Fourier inversion
integral is deformed into the complex u, plane and subjected to
Cauchy's Integral Theorem [16]. Let semicircles of infinite radius in

the upper and lower half-plane provide alternatives for closure of the
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Figure 7. Branch cuts in complex u, plane.

Figure 8. Integration contour closure.
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integration contour. See Figure 8. No contribution from the chosen

infinite semicircle should be made. From

-/; 1 exp(juzz)duZ =.}; K exp(-u,;z)exp(ju,.z)du, (3.11)

the correct selection of closing contour is to choose: (1) upper half
plane closure if z>z', and (2) lower half plane closure if z<z'.

By Cauchy's residue theorem,

>

K = 2 agkpexp(jupz) - (1/2")lc ; exp(ju,zldz  (3.12)
m
b

where
-) (3 . + -
amkmexp(Juzmz) = -JResm{k exp(Juzz)} (3.13)
Suggested in (3.12) are a discrete sum of guided propagation modes,
and a superposition of continuous spectral components leading to the
radiation field. Therefore, a rigorous complex plane analysis reveals

the proper microstrip mode spectrum.

3.5 Forced and Unforced EFIE Solutions

It is conjectured that propagation modes of the strip are affi-
liated with simple pole singularities. That is, E can be expressed as
an analytic function divided by terms of the form (uz-u ). However,
the impressed electric field does not necessarily share these

transform-domain singularities. Therefore, when u_=u

2=Um» the analytic
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factor in f must satisfy a homogeneous IE to maintain an indeterminate
form on the LHS of (3.3). Understandingi now to mean only the

analytic part of the current density function,
L2 vy [k -
E } 9" pou,dlt =0 (3.14)

for propagation modes. Moreover, as propagation modes are homogeneous
solutions of the EFIE, forced solutions must be continuous radiation

modes .

3.6 Conclusion

Discrete and continuous modes comprise the proper spectrum of
microstrip surface currents. This observation arises naturally as the
outcome of complex-plane contour integration. Discrete modes are
terms in a residue series; the continuous spectrum results from impe-

rative detours around branch cuts. &
The importance of this conceptual classification of microstrip

modes resides in its possibility for future application to practical
problems. In case a discontinuity is involved, for example, one might
expect radiation fields near the discontinuity to be produced by, and
therefore relate strongly to, the continuous spectrum -- away from the
discontinuity the discrete modes would probably dominate.

It is also demonstrated in this chapter that discrete modes are
solutions of the homogeneous transform-domain EFIE (3.14), while con-
tinuous spectral components are forced solutions evaluated at points

along the branch cut.
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CHAPTER IV
DISCRETE MICROSTRIP MODES

4.1 Introduction

In this chapter, solutions of the homogeneous transform-domain
EFIE are sought. These solutions represent discrete microstrip propa-
gation modes. The integral equation is solved for the practical
geometry of a very thin strip integrated on the film/cover interface.
It should be understood throughout this chapter that the symbol u, is

an abbreviated version of the pole singularity U

4.2 Limiting Case of Thin Microstrip

Assume a very thin strip of width 2W, centered on the coordinate
origin and parallel to the z axis. See Figure 9. In this situation,
all currents reside at y=0. Source points are therefore located at

y=0, as are locations r where the EFIE is enforced:
A 2 a9 W= ' M '
t-{kc + UV} g(x,y;x"',0)k(x U )dx' =0 (4.1)
-w

A A
This holds at y=0 for all x in (-w,w), where Q=x,z are both tangential
to the strip. Evaluation at y=0, subsequent to differentiation, is
understood. The surface current density function has in general two

components : I=Qkx+9kz.
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Figure 9.

Thin microstrip line.
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4.3 Coupled IE's for Current Components

To write explicitly a set of coupled IE's for x and z directed

currents, first expand the integrand using

= >
9r°k = Qgrth+9[kx(agrc/ax)+kzjuzgrc]+99rtkz (4.2)
leading to
=> 7 A .
g-k = k(gp+grt)+y[kx(agrc/ax)+kzauzgrcl (4.3)
Note also,
Re(3K) = (g_+g.. )k (4.4a)
Xe1g-k) = 19579yt 1Ky -4a
Z-(3°k) = (g + 4
Z-\g°K) = gp grt)kz (4.4b)

Coupled IE's for components of surface current, each holding for x in

(-w,w), are then:

W - w_ .
kg [-w (9p+9rt)kxdx' + (3/ax) Ve /-w g-kdx' =0 (4.5a)

2 v - Wo o
ke ./ﬁ‘w (gp+grt)kzdx + Ju, ve N g-kdx' =0 (4.5b)

where, again, evaluation at y=y'=0 is understood.

In working with equations (4.5a) and (4.5b), the immediate
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interchange of derivative and integral operations is tempting. How-
ever, such exchanges are often associated with problems of integral
convergence; this occurs particularly in the second term of (4.5b).
Interchanges are therefore done with caution, and are avoided in the

case of (4.5b).

4.4 Dominant Axial Current Approximation

Expectedly [3], |kx|<<|kZ|. In this approximation both IE's
cannot be satisfied, so discard the equation arising from the e

boundary condition. The remaining IE, equation (4.5b), with
= A, A
g-k = [yJuzgrc+Z(9p+9rt)]kz (4.6)

is enforced at y=y'=0 for all x in (-w,w). Passing the divergence

operator through the integral,
Vegek = juz[agrc/ay + (9p+9rt)]kz (4.7)

The EFIE is

o2 2 .
['Yc(gp+9rt)'"z(agrc/ay)]kzdx =0 (4.8)
-W

where‘yc=u§-kg. Further simplification proceeds via symmetry. Write
the LHS integral as a sum of two integrations: one spanning (-w,0),
the other (O,w). Then make a change of variable u=-x' in the first

integral. By physical symmetry kz(x) must be either even or odd about
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the microstrip centerline, prompting decomposition of kz(x) into even

and odd modes:

kz(x) for even modes
kz(-x) = Skz(x) = (4.9)
-kz(x) for odd modes

where S=1 for even modes and S=-1 for odd modes. The EFIE is now

enforced over the right half of the strip, (0,w):
-/~ w{[-Y2(9 +g )-uzag /ay]S
0 ¢p Frt’ "z7%rc (x' replaced by -x')

2 2 1 ) -
+ ['Yc(9p+9rt)'”239rc/ay]}kz(" )dx' =0
(4.10)

with y=y'=0 understood subsequent to differentiation. The EFIE is now

written compactly:

W
./; [T(x,x')+ST(x,-x')]kz(x')dx' =0 (4.11)

where

—
[}

2 2
= Yc(9p+grt)+uz(89rc/3y)‘(y=y.=0)

(1/41r)fexp[jux(x-x')]{Y§£(1+Rt)/pcl-u§C}duX (4.12)
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Let
- r.2 2~ _ 2 2
U= [yc(14Ry) /p J-uC = 2y -u,p (Ne -1)/2,1/7, (4.13)

and drop multiplicative constants to get
w
[ fU{exp[jux(x-x')]+Sexp[jux(x+x')}duxkz(x')dx' =0 (4.14)
0

4.4.1 Solution by Pulse Galerkin's Method

In preparation for moment method [17] solution, rewrite the EFIE

slightly:
W
f [Uexp(juxx){exp(-juxx')+Sexp(juxx')}duxkz(x')dx' =0 (4.15)
0

Subdivide (O,w) into N partitions, each of width 2h, and let the

center point of the n'th partition be x The n'th partition is

n:
(xn-h, xn+h). A set of N nonoverlapping pulse functions, defined by

1.. . if (xn-h)<x<(xn+h)
Pa(x) = (4.16)
0 . . . otherwise
is the basis for expansion of the unknown k,(x) as
N
k,(x) = nzgjlkznpn(x) (4.17)
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where Kk, is the n'th expansion coefficient. Substituting this into

the EFIE,

w N
fo /Uexp(juxx){exp(-juxx‘)+Sexp(juxx')}duxz:lkznPn(x)dx' =0
n=
(4.18)

N
Zlkzn fexp(jUXX)[sin(uxh)/ux]{exp(-juxxn)+Sexp(juxxn)}dux =0
n'_'
(4.19)

Galerkin's method expansion and testing functions are identical, so

invoke the following testing operation:
w
-/ﬂ { P (x)dx for m=1,...,N (4.20)
0

Integrating the pulse functions into the x-dependent exponential fac-
tors, combining exponentials, and dropping overall left-hand side

multiplicative constants, a matrix equation,
N
ElkmAmn(uz) =0 for m=1,...,N (4.21)

is obtained for the N unknown expansion coefficients. The mn'th

matrix element is given by

Apn(u,) =/UTZ{exp[ux(xm-xn)]+Sexp[ux(xm+xn)]}dux (4.22)



where T=sin(uxh)/ux.

4.4.2 Physical Implications of Surface-wave Poles

As stated in Chapter 2 the layered background has an eigenmode
spectrum with surface-wave and radiation modes. Its surface-wave
poles occur in functions Rt' Rp»> and C of the reflected Green's dyad.
Components of g are represented above as real-line spectral integrals.
Note, however, that in a complex Uy plane analogous to Chapter 3 the
poles would produce residues (surface-wave modes), while slab radia-
tion modes would arise from branch cuts. In this way the Green's dyad
formulation includes all relevant information about slab eigenmodes .

In a strictly real-line integral format, under certain condi-
tions, poles of Rt' R, and C are encountered along the real integra-
tion axis. If they are isolated within small neighborhoods, and the
integration is done analytically over the small intervals, the results
equal the residue contributions of the preceding paragraph. (By
inference, then, the remaining integration away from poles represents
an expansion in slab radiation modes.)

This represents a possible mechanism for coupling of microstrip
modes to surface waves of the slab. In the present work, physical
parameters are chosen carefully to assure that only the TM0 pole can

be present. More is said of this in the following section.

4.4.3 Computational Methods

A FORTRAN program, using complex arithmetic, provides numerical
solutions for the moment method problem formulated above. Surface-

wave eigenvalues u,=u,, are searched for in the complex plane via
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sécant method. Computation of Sommerfeld-type integrals is regarded a
difficult hurdle in layered-media problems [18]. Numerical integra-
tion of matrix elements Amn(uz) is done in several steps. It is
observed through numerical experimentation that the integrands genera-
11y undergo a transition in behavior at ux=kf. Acknowledging the
possible presence of the TM, surface-wave pole (a Ze(L)= 0 solution)
within (O,kf), a small region centered on the TM, pole is excluded
from the interval. An analytically determined term is added to compe-
nsate; derivation of this term appears in Appendix B. Adaptive
Simpson's rule accomplishes numerical integration over this first
interval. Over the remaining interval from kf to infinity, integra-
tion is handled step-by-step in periods of the slowest-oscillating
contribution. Within these steps, subdivision is done into periods of
the most rapidly oscillating contribution; these are integrated by 9-
point Gaussian quadrature. Several data items are required as input.
Film and cover media refractive iﬁdices ne and n. are entered.
Wavelength-normalized inputs are required for film thickness t and
microstrip half-width w. Surface-wave eigenvalue L for the TM0
symmetric-slab mode is determined for the given film thickness and
refractive indices by a separate program (remembering that the corres-
ponding symmetric slab has thickness 2t). Finally, a value u, is

0
needed for secant method initiation.

4.5 Solution of Coupled Integral Eduations

Proceeding now to the solution for both kx and kz, the IE's to be

enforced at y=0 for -w<x<w are (4.5a) and (4.5b), restated as



(I.+jud) = 0
z7z (4.23a)

(Ix +3d/5x) =0
(4.23b)

in which the following are terms proportional to potentials maintained

by currents:

2 W
I, = k¢ N g1k, (x")dx (4.24a)
2 [ ¥ Dy
Ix = kc /-w glkx(x )dx (4.24b)
- w_
J= Ve g-k dx’' (4.25)
-W

Green's functions appearing in these integral operators are defined by

g, = 9p+grt (4.26)

= A
gk = Rk gg 42,914 (K, g5+ ,05) (4.27)
(4.28)

92,3 ° fexp[jux(x-x' )]f1,2,3 du

where
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f, = Cexp(-p ly[)+Reexp(-py)1/p, (4.29a)
f2’3 = jCexp(-pcy)(ux’z)/pC (4.29)
Note that f1 and f3 are even functions of Uy while f2 is odd.

4.5.1 Expansion in Entire-domain Basis Functions

The transform-domain surface continuity equation,
vek = 3k Jox + juk, = -jmps(x), (4.30)

together with physical symmetry of the charge density function about
x=0, implies kx is (odd,even) in x whenever kz is (even,odd). Thus it
is natural to consider "even" and "odd" (based on the symmetry of kz)
current modes.

Entire-domain basis functions are chosen to represent the coupled
surface currents. This choice is intended to reduce moment method
matrix size by keeping the number of expansion functions small. Fun-
ctions k., and k, are expanded in power series; following [19], expec-
ted edge behaviors are accounted for via multiplicative square root

factors:

kz = Z:Kzn zn (4.31a)
ke = Teneun (4.31b)
e, (x) = (x/w)"[l—(x/w)zl'l/2 (4.32a)

zZn
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e n(x) = (x/w)"[1-(x/w)2]*1/2 (4.32b)

The basis functions are understood to be nonzero only for even or odd
n values, depending upon modal symmetry. (For example, the z-directed
even-mode current is expanded in even powers of x.) Substituting

directly into IZ and Ix,

—
|

w
7 = kE%Kzn /flexp(juxx) /-w e nexp(-ju x')dx'du (4.33a)

—
1}

w
X = kE;'(xn /flexp(juxx) .[-w exnexp(-juxx')dx'dux (4.33b)

It is found by inspection that passing the divergence operator through
the spatial integral in J does not produce convergence problems. The
intent is to carry out the divergence analytically on the integrand of

J, which has a form amenable to this:

(<
[}

w ~ = ’
/ ve[g-k] dx'

-w

W -

w
f-w {kz[juzgl + ag3/ay] + kx[agl/ax + agzlay]}dx'
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Expanding the currents,
W
J = Z:Kzn[j"z flexp(juxx) ./. eznexp(-juxx')dx'dux
n -w
W
+ (3/0y) f3exp(juxx)-/. eznexp(-juxx')dx'dux]
-W
w
+ Kxn[ ./:w exn(a/ax) exp[jux(x-x')]flduxdx'

W
+ (3 /3y) fzexp(juxx) -/- exnexp(-juxx')dx'dux]
-w
(4.34)

Consider the third term in (4.34). Invoking integration by parts
removes the x derivative from the Green's function and, using integ-
rand symmetry with respect to x and x', places an x' derivative on
the basis function. Increasing the strength of the Green's function
singularity is thereby avoided. Evaluation is simplified by noting

- exn(fw)=0.A

W
./:w e,n(3/3x)  [explju, (x-x")]f du dx' =

w
-/}lexp(juxx)./iw e nexp(-ju,x')dx"du
(4.35)

Make the following definitions:
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W
h(1,2,3)n =/-w (em,exn,e;n)exp(-.]uxx)dx' (4.36)
Then

- ke i

To==ike )"T:Kznjflexp(.]uxx)hlndux (4.37a)
i) s

LorkeX Kxnfflexp(Juxx)hZHdux (4.37b)

J =Zn:Kzn[vj“z fflexp(juxx)hlndux + (3/3y) [f3exp(juxx)h1ndux]

+Zn:Kxn[ fiexp(ju x)hg du, + (3/3y) fpexp(ju,x)hy du, ]

(4.38)
4.5.2 Galerkin's Method Testing
Invoke the testing operations
w
f-w t(z,x)m( Hx
with testing functions
tn(x) = ()™ 1-(x/w) 21712 (4.392)
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t(x) = (x/w)"1-(x/w)27*1/2 (4.39)

The testing functions are understood to be nonzero only for approp-

riate values of m. Define

W
L(1,2,3m * f-w (£ s tyms txm)eXP(Ju,x)dx (4.40)

Then

w
2
[—-w tm{Iz}dx ke %Kzn fflhlnledux (4.41a)

w
2

W .
f-w t {0}dx = §Kzn[juz fflhlnledux + (3/3y) [ f3hqplypdu,]

* zn:Kxn[ ff1h3n|'1md"x + (3/3y) [ fohonlypdu,]
(4.42)

w
/-w txm{ad/ax}dx = -Zn:Kzn[Juz fflhlnL3md"x + (3 /3y) [f3h1nL3md"x]

'zn:Kxn [ jf1h3nL3mdux + (3/%y) _/‘thZn"?.mdux:|

(4.43)
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where integration by parts, to place x derivatives onto testing fun-

ctions, is used to derive (4.43).

4.5.3 Simultaneous Equations for Expansion Coefficients

Substituting into the coupled integral equations and collecting

terms,

}"i‘,KmMzmn + ;xxnmzxm =0 (4.44a)
;Kznmxmn + Z;:Kxn“xxmn =0 (4.44b)

where m takes values appropriate for each equation (depending upon '
symmetry of the mode under consideration). Next, exchange partials
with respect to y and spectral integrals; understand evaluation at y=0

after taking derivatives of the f functions. Then,

Mzzmn = f['Y<2:f1+juzf:'i]h1nL1md"x (4.45a)
Mzxmn = JY; _[[flh3n+f'2h2n]L1md"x (4.45b)
Myzmn = '/[j“zf1+f:'3]h1nL3mdux (4.45¢)
Mo = / 126 hop Lo -LF g +F5h TLg b, (4.45d)

where the prime denotes partial differentiation, and where
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f = (1+Rt)/pc (4.46a)
f22’3) = -qux,z (4.46b)

4.5.4 Computational Methods

Techniques used for computation in this case parallel those
discussed in section 4.4.2. However, there exists here the additional
complication that each matrix element is a double integral instead of
a single integral. This is because convenient closed form expressions
could not be found for the h, and L functions. Both the inner-nested
(x-related) and outer (u -related) integrals are therefore done nume-
rically by Simpson's rule. Moreover, due to the unknown nature of
matrix elements in the present case, Gaussian quadrature was abandoned
fn favor of adaptive Simpson's rule for approximation of improper

integrals.

4.6 Results

Microstrip propagation modes may be classified into (1) the
fundamental, and (2) higher-order modes. The quasi-TEM fundamental
mode receives extensive attention in literature on microwave theory;
therefore, it is the first to be treated in the present research.

Dispersion characteristics for the fundamental mode on narrow
strips are presented by Denlinger [3] and by Itoh and Mittra [20].
These provide data for comparison with results gained by the EFIE
method. Figures 10 and 11 show dispersion curves plotted for various
methods. On these graphs, "pulse" refers to the pulse function expa-

sion of (4.17) with N as the number of partitions on (O,w). "Entire"
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refers to expansion in entire-domain basis functions as in (4.31); NZ
and NX are numbers of expansion functions used to represent axial and
transverse currents. In contrast with the papers mentioned above, all
variables here are given in normalized form: for example, the norma-
1ized propagation constant is uz/kf. The normalized x coordinate is
x/w. Figure 12 shows dispersion characteristics for strips electrica-
11y wider than those treated by most workers.

The fundamental mode has a surface current distribution in which
the axial current is an even function of x; then by the surface
continuity equation, (4.30), transverse currents are odd in x. There-
fore, it is only necessary to show currents in the transverse interval
(O,w). Figures 13 and 14 show current distributions, for various
normalized strip widths, obtained in the axial current approximation.
Distributions for pulse function expansion (Figure 13) clearly indi-
cate the well known square root edge-singularity. This edge behavior
is analytically included with the expansion in entire-domain basis
functions (Figure 14), thereby improving convergence properties of
moment method matrix elements. Figure 15 plots the transverse current
for various strip widths. Figures 16 and 17 confirm the validity of
neglecting transverse currents, as an approximation, on narrow strips.
Demonstrated in Figures 18 and 19 are effects of varying the film
refractive index while holding other parameters fixed; both expansion
methods produce similar results.

Higher-order microstrip modes receive much less attention in the
literature than does the fundamental mode. Dispersion curves for the
first odd mode are shown in Figure 20; corresponding axial current

distributions are given in Figure 21. Figures 22 and 23 give results
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for the second even mode. A sample current distribution for the
second odd mode is shown in Figure 24. It is noteworthy here that,
within the limits of machine accuracy, all computed values of the

propagation eigenvalue u, are purely real.
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4.7 Equal Permittivities and the TEM Mode

As in section 2.8, consider the special case of Nfc=1' The EFIE

of section 4.4,

W
2 2 -
,,ﬂ-w ['Yc(gp+9rt)'uz (ang/ay)]kzdx =0 (4.47)
reduces to
2 v \
Y j_w (9,+9pg Jkdx" = 0 (4.48)

since coupling coefficient C vanishes. The readily apparent solution
to this equation is to have uz=kc; this is, of course, the expected
eigenvalue for the TEM mode of an ordinary two-conductor transmission

line embedded in a homogeneous dielectric having refractive index e

4.8 Conclusion

Discrete microstrip modes are quantified in this chapter as
natural solutions of the transform-domain EFIE. The integral equation
is solved by moment method, implementing both subsectional and entire-
domain basis functions. Results are displayed for fundamental and
higher-order modes. A1l modes recovered are purely propagating, with
no evidence of leakage [32,33] phenomena (i.e., u, not complex).
However, it is anticipated that further study will reveal leaky modes

in some parameter regime [21].
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CHAPTER V
THE CONTINUOUS SPECTRUM

5.1 Introduction

In Chapter 3 it is shown that forced EFIE solutions form the
microstrip's continuous spectrum. The forcing function is an impres-
sgd electric field, depending upon transform variable u, at points
along the uz-plane branch cut. Solutions of the forced EFIE, equation
(3.3), are sought in the present chapter; these are spectral component

contributions to microstrip radiation mode currents.

5.2 Microstrip Excitation

Assume that microstrip excitation is provided by a monopole
antenna emergent from the substrate and radiating into the film under
the strip (as in Figure 25). Calculation of electric fields impressed
by this radiating element requires the Green's function for vertical

sources embedded in the film; this is derived in section 5.3.

5.3 Green's Function for Vertical Current in Film

The analysis for vertical sources in the film layer is simple,
mainly because the y-component of Hertz potential is present exclusi-
vely. Boundary conditions for potential are therefore simplified
greatly, compared with Chapter 2. Using results from section 2.5.1,

case (a), boundary conditions at y=0 are
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ny = chzcy (5.1a)
(a/ay)[zcy-zfy] =0 (5.1b)

where ch=(nc/nf)2. Using results from section 2.5.2, case (a), the

condition at y=-t is

azfy/ay =0 (5.2)

Paralleling section 2.6, but with some modification for sources in the

film, integral representations for potential are constructed:
> >
Zey = (1/A) [fexp(jL'r)(V+Hflexp(-pfy)+wf2exp(pfy))d2L (5.3a)
7tz LF) M )12 (5.3b)
oy = (1/A,) exp(jLer){W exp(-p.y)} .

where

v =[V[Jy(r')/prAf]exp(-jL-r')exp(-be"}"l)dV‘ (5.4)

and Ag=juec. Substituting equations (5.3) into boundary conditions
(5.1) and (5.2) gives three algebraic equations for unknown spectral
amplitudes wﬂ, Weps and Nc. The unknown of interest is NC, as it
gives fields in the cover (where the strip is located at y=0+). Sol-

ving for We,
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J(r Yexp(=3Ler" Jcoshlpe(y' +t)]
y P PetY dv' (5.5)

y AcIN_¢pesinh(pet)+p cosh(pet)]

ch is found by back-substitution into equation (5.3b).

Assuming Jy to be the uniform, unit-strength, elemental line

current given by Jy=6(x-xm,z-zm) for -t<y<0, Z_., transforms axially

cy
to:

exp(-ju,z,) fexplju (x-x )lexp(-p y) ]
z =

¢y 21rAf pf[chpf+pccoth(pft)]

Uy (5.6)

Electric fields are given in terms of Hertz potential in equation
(2.2a). Anticipating future focus on the dominant axial component of

current, only the gradient of divergence term contributes to e,

therefore,

u_exp(-ju,z,) explju,(x-x_)lexp(-p_y)
e, = ju,dZ., /3y = Z zm X m d du

j2mA, (pe/p )N gpgtp COth(pet)]

X

(5.7)

5.4 Domfnant Axial Current Approximation

Assume that, for narrow microstrip line, the only significant
component of current is axial. This approximation is consistent with
Chapter 4, where it proves adequate for discrete modes propagating on
narrow strips. The axial-transform-domain inhomogeneous EFIE arises

from equation (3.3), and is

63



2 - B T Ty
ke N (9p+9rt)kzdx + ju, Ve N gek dx' = -A Zzee (p,u)
(5.8)

with evaluation y=y'=0 understood; the equation holds for all points

u, along the branch cut, as discussed in section 3.4.

5.5 Wavenumber Parameters Along Branch Cut

Consider the wavenumber parameters P. and pg. They are each of

the general form

p = (W2s2k®)1/2 = [(u +5y)(u -5v)1172 (5.9)

where vy= [(uz-k)(uz+k)]1/2.

As established in section 3.4 the com-
plex u, plane features branch points +k, with associated hyperbolic
cuts, defining y as a single-valued function whose argument depends
greatly upon the location of u_ relative to the cut. For example, as
u, is varied around -k from one side of the cut to the other, the
angle of v changes abruptly by 180°. The location of u, relative to
the cut (see Figure 26) therefore profoundly impacts wavenumber para-
meter evaluation. Branch points in the complex u, plane occur at +jv.
As Re{y} is limitingly small, Im{jy} is correspondingly small; and, as
in Figure 27, u -plane branch point locations depend upon u, relative
to its cut. For |u |>|y;|, arg{p} is essentially zero. For
lugel<lvil, arg{p} is 90° for u =u,; and is -90° for u,=u,,. Hence,
values of p on alternate sides of the u,-plane cut are complex conju-

gates. Since equation (5.6) is even in Pfs kf related cuts are not
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implicated and only kC related cuts in the complex uz-plane matter.

Finally compute Pc from

[u§°Q]1/2 if qu|>|0|1/2

pe =4 *+il0-u12 it |u |<|a|M?, umu (5.10)

. 241/2 ; 1/2
-j0Q-u,] /2 ¢ lu l<|Ql /2 U=,y

2

=2—
where Q kc u,-

5.6 Moment Method Solution of Spectral EFIE

EFIE numerical solution takes place pointwise along the uz-p1ane

branch cut. Explicitly, the equation to be solved is:
" [ Vexpliu, (x-x' )Tk du_dx' = -2nik 2-et(x,0,u.) (5.11)
" explju, (x-x Jdu dx’ = -2njk z-e (x,0,u, .

where
U = [-v2ulp (N -1)/2,/2, (5.12)

In general it is hard to solve Fredholm equations of the first kind,
such as (5.11). Since the first-kind equation doesn't lead to itera-
tive solutions, moment method is exploited here to gain preliminary
results. Galerkin's method with pulse functions for expansion and

testing (see section 4.4.1) gives
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2 KznfUTzexD[jux(xm'xn)]dux =
n

J'uzexp(-juzzm)/ pcTexplu, (x -x )]
ZNfC pf[chpf+ch0th(pft)]

du,  (5.13)

where T=[sin(uxh)]/ux.

5.7 Results

Figure 28 shows solutions of (5.13) for various values of parame-
ter u,. The equation is solved for the strip dimensions and physical
parameters as indicated in the figure; for simplicity the excitation
monopole is located at (xm=0,zm=0), the geometrical strip center. These
functions are individual contributions to the current of the micro-
strip continuous spectrum.

Note the behavior of the spectral components as u, moves out on
the branch cut: the currents increase, pass what appears to be reso-
nant level, and finally begin to oscillate while decreasing in ampli-
tude. Indeed, examining the u, dependence of each term in equation
(5.13) does lead one to expect the amplitude decrease. The resonant
phenomenon is probably associated with the combined effects of
incident and reflected electric fields. At values of u, well past the
“resonance"”, the impressed field is primarily responsible for driving
the currents; therefore, it is expected that for large u, the currents
will oscillate in a pattern resembling el.

In addition to the u, values given in Figure 28, which all fall
on the imaginary-axis part of the branch cut, u, values along the

real-axis section of the cut were investigated. The continuous
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spectrum functions associated with the latter u, are found to resemble
curves 1 and 2 of Figure 28. These additional curves are omitted from
the graph to avoid confusion.

Finally, one senses a disadvantage of moment method solution to
this problem: very fine partitioning would be needed to continue this
solution process ad infinitum. Perhaps, for future work, iterative

methods of solution (for example [22]) are worth investigating.

5.8 Conclusion

Microstrip modes belonging to the continuous spectrum are quanti-
fied in this chapter as forced solutions of the transform-domain EFIE.
The problem is solved for fields impressed by vertical currents under
the strip; furthermore, transverse currents are neglected for simpli-
city. Numerical results, gained by the moment method, are presented.
It is important to note that the functions shown do not represent the
final solution to the continuous spectrum problem; rather, the
solution process is just beginning. Once a feasibly quick method of
solution for equation (5.8) is developed, it remains to substitute

the spectral components into (3.12).
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CHAPTER VI
COUPLING BETWEEN ADJACENT MICROSTRIP LINES

6.1 Introduction

Coupling phenomena are of great importance in the design of high-
speed integrated circuits. These effects are undesirable in some
circuits (e.g. crosstalk in communication hardware); in others the
design itself depends on their existence (e.g. microwave couplers).

Microstrip coupling problems are treated by various approximate
methods in the literature. For example, [23] uses a "directly-coupled
parallel-plate ideal waveguide model" with quasi-static parameters.
The so-called LSE model of [24] is another quasi-TEM approach.

The transform-domain EFIE provides a basis for studying coupling
phenomena in axially-uniform multi-strip systems. The problem is
formulated in detail here, and preliminary numerical results are

obtained for a simple case.

6.2 Geometry of Multi-Strip System

Consider N parallel microstrip lines as shown in Figure 29. Let
Cn denote the n'th microstrip periphery contour, and In the current
density on the n'th strip. Unit vector Qm is tangent everywhere to
the m'th strip surface. As in previous chapters, the strips are

integrated over a dielectric film layer of thickness t.
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Figure 29. Parallel microstrips.
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6.3 Transform-domain EFIE for Propagation Modes

Formulation of this problem parallels earlier chapters. However,
the metallic cross-section over which the EFIE is enforced must be
collectively the set of strip cross-sections. Moreover, the electric
Green's dyad Ee proves valuable in formulation and early theoretical
stages of the present problem. Based on the tangential electric field

boundary condition, formulate the EFIE as the system

N .
A = > '? ' '). "' ] - A .-’1 -’,':
t -El .[C ge(p,p' )-~kn(p. ,uz)d'l = -Atyre (p,uz) (6.1)
n-

which holds for all p on C; m=1,2,3,...,N. Again, note A_=jue.

System propagation modes are characterized by coupled currents
sharing uz-plane simple polesﬁ Furthermore, it is important to note
that propagation-mode coupling becomes significant only when the iso-
lated microstrip mode propagation constants are nearly equal.

By arguments analogous to those for the isolated microstrip, when
u, is the propagation-mode eigenvalue associated with the simple-pole
u,-plane singularity, the natural eigenmode currents satisfy a system

of homogeneous transform-domain integral equations:

N

A = > %> > VoL

t...-Z/ ge(p,p >k (p')d1' =0 (6.2)
n=1 Cn

holding for all ; on Cm; m=1,2,3,...,N. Note that the electric

Green's dyad depends implicitly upon u,.
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6.4 Testing Operation

In equation (6.2), in place of the simple pre-dot operation with

A
tm, apply the testing operator

d1 k.(P)*
mo

for m=1,...,N. Embedded in this operator is ;mO’ the propagation-mode
current of the m'th strip (when isolated from other strips). Since
Eﬁo is tangent everywhere to strip surfaces, this testing operation is
a suitable replacement for the original operation; its motivation

becomes apparent in the following section. After testing,

> > N - > > > >
dl k_n(p)* g.(psp' )k (p’¥d1' =0 (6.3)
-/}51 m0 ggi /rcn e'PP "%

for m=1,...,N.

6.5 Approximations for Loose Coupling

In weak, nearly-degenerate coupling, propagation constant u,
remains close to the (approximately equal) values Uno of the isolated
strips. For the electric Green's dyad, take the leading two terms in

a Taylor's series expansion about Uono®

9o = 9 . + (u,-u . q)(dg,/du,) L 9e0*(U,7U 001900 (6.4)
zn0 zn0

Substitute into the EFIE system, (6.3), and exploit the reciprocal
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property [25] of the electric Green's dyad. Retain only leading, non-

vanishing terms:

[ 5 [ 35 0l
C, Cp

;/ a1k (p')- / Geo(P" 1K o(p)d1 = (6.5)

where the defihing EFfE for isolated eigenmode current :mo has been
exploited, and the summation now excludes n=m.

As a perturbation approximation, assume k =a, k no where a, is a
constant. That is, the functional form of this approximation resem-
bles an isolated strip current: only the amplitude is allowed to

differ. Again invoking Green's dyad reciprocity gives

4o (U,Umo) * 2o€pnd, = 05 m=l,... N (6.6)
n
where
_ _ , > Foo= o +!) (6.7a)
g = / Kl f cd] ko (P 3gp(Pap" )k e 7a
m m
> <> = > -b. <> +. .
‘mn = fC d1 kpo(p)- [C 9e(psp* ) kpglp')dl (6.7b)
m n

xnd the summation over n excludes n=m. Equation (6.6) is an algebraic

system for the unknown u,. Coefficients (6.7) dictate the location of
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u, relative to the nearly identical values of Umo-

6.6 Illustration For Two Strips

Letting N=2 and solving algebraic system (6.6) for u, gives

uz = 01'1'02 (6.8)

where Ql=(uzlo+u220)/2 is the average of the isolated strip propaga-

tion constants and

0, = [Q5+Q211/2 (6.9a)
Q3 = (uyy9-Uypq)/2 (6.%)

Thus two shifted, coupled-mode eigenvalues result when N=2; they are

symmetrically placed about the average of the isolated strip values.

6.7 Overlap Integral For Coupling Coefficient

Equation (6.7b) is converted to a more useful form by recogni-

zing

/c Ga0(P2p' )+ Kpgp' 1" = Aerg(p) (6.8)
n

where Eno is the electric field maintained everywhere by surface

currents on the n'th strip. Substituting into (6.7b),
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c = A k_(p)e & (p)dl (6.9)
mn < |c mO n0 .
m

which is explicitly an overlap integral, providing a physical picture
in which currents on the m'th strip link with fields of the n'th
strip. Equation (6.9) is also computationally better than (6.7b),

because e,o is easily written in terms of the Hertz potential Green's

dyad:

80(p) = (1/a (K2 + ¥9+) jcﬁ(B,Z')-EnO(B')dr ~ (6.10)
n

The overlap integral formulation is physically significant be-
cause, referring to equations (6.6) and (6.7), the amount of overlap
bears directly upon the strength of coupling between any two micro-
strip lines. The remainder of this chapter is therefore devoted to

overlap integrals for the fundamental modes of thin and narrow strips.

6.8 Overlap Integral For Thin, Narrow Strips

Let X=p; be the center location of the i'th strip; the strip
extends over (pi'wi’pi+"i)' Invoke the dominant axial current appro-
ximation by neglecting transverse currents on narrow strips. Then for

thin microstrip lines, (6.9) becomes

( Py

Con = Ac ~/~ kmo(x)[Q-Eho(x)]dx (6.11a)

(pm' m
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where

(pn+wn)
Qogno(x) = (l/ZnAc) kno(x') »Uexp[ux(x-x')]duxdx‘
(p,-w,)
non (6.11b)
and
U = [-vZrulp (e -1)/2,/2, (6.11c)

Note that equation (6.11c) has U =u_ o
To approximate fundamental mode coupling, let the current on the
i'th strip be represented by the leading term of equation (4.3la).

That is, take
kiol¥) = ay/{1-Llx-p;) ;12172 (6.12)
for x in (p;-w;,p;+w;), and substitute into (6.11a) and (6.11b).
Some preliminary numerical results, obtained under the approxima-

tions of this section, are given next.

6.9 Results and Conclusion

Figure 30 depicts an example of overlap integral behavior vs.
separation between two parallel microstrips. The overlap integral is

done numerically by Simpson's rule. Physical parameters chosen for
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the example are given in the text of the figure. A best-fit exponen-
tial curve appears along with the data points. Coupling decreases
rapidly with increasing distance in this case.

These preliminary results are given for illustration; obviously
many other cases await treatment (e.g., effect of changing strip and
film dimensions, effect of altering medium parameters, effect of

including more terms in the current expansion, and coupling between

higher-order modes).
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Exponential Best Fit:

y = 2.93 exp(-27.6x)

Nf=1.5 Nc=1.0
T/LAMBDA=0.05
W1/LAMBDA=0.05
W2/LAMBDA=0.05

0.10 0.11 0.12 0.13 0.14 0.15 0.16 0.17 0.18 0.19
SEPARATION BETWEEN STRIP CENTERS (WAVELENGTHS)

Figure 30. Overlap integral vs. strip separation.
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CHAPTER VII
CONCLUSION AND RECOMMENDATION

Electromagnetic waves and their interactions in integrated cir-
cuits form a challenging area for investigation. The EFIE approach
departs from other, less cogent methods of approximate analysis; it is
appealing due to its simplicity and conceptual exactness. It predicts
the existence of both discrete and continuous microstrip spectra, and
permits their numerical calculation. In addition, it facilitates the
study of important electromagnetic coupling phenomena. Nevertheless,
because of the high computational demands of even simple problems, it
is doubtful that the EFIE will soon supplant faster methods for design
work .

Chapter 2 of this dissertation outlines in somewhat general form
the electromagnetic theory relevant to high-speed integrated circhits.
This formulation applies not only to infinite strips, but also to
various patch antennas and integrated devices composed of finite
strips. The successful application of this theory to the circular
patch, with initial emphasis on the low-order resonant modes, is
currently underway.

The rigorous identification of discrete and continuous microstrip
eigenvalue spectra via complex plane analysis, as presented in Chapter
3, is believed to be new. Some observations made in that chapter are

probably fundamental to knowledge of the microstrip as an open-
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boundary waveguiding structure. That chapter also provides a crucial
link between the theory and its application, viz., that of associating
the homogeneous IE with discrete modes and the forced IE with the
continuous spectrum.

Moment methods, attempted with various expansion functions, per-
form well in solving the homogeneous microstrip IE of Chapter 4.
Fundamental mode eigenvalues match those published by other authors,
thereby providing solid validation for the EFIE approach. Higher-
order mode solutions are easily generated once their determinantal
zeros are located; however, these zeros are found only by somewhat
fortuitous searching. Certainly, with continued effort, more higher-
order modes will be located; research should be encouraged to catalog
these modes completely.

The continuous spectrum is a topic on which, to date, only sparse
information is available. Chapter 5 brings forward some preliminary
results for consideration. Forthcoming research, perhaps using combi-
nations of different numerical methods, will perforce shed much light
on this new area.

Coupling between parallel microstrips is addressed in Chapter 6.
Of course, much more work remains in this area. Other topics of
interest (besides those already mentioned in section 6.9) include
coupling between nonparallel strips, and coupling from strips to

adjacent printed antennas.
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APPENDIX A

ACCURATE EVALUATION OF SOMMERFELD INTEGRALS USING THE
FAST FOURIER TRANSFORM

An approach to real-axis numerical evaluation of Sommerfeld-type
[26] integrals is advanced in this appendix. The method combines the
Fast Fourier Transform (FFT) algorithm with Simpson's rule. Refe-
rences such as [27,28,29] discuss the FFT for periodic functions only.
A principal advantage is that a single FFT call gives many sample
values of an integral with respect to an integrand parameter. Such
samples could be immediate goals, as when the parameter is a spatial
coordinate variable. In other cases, the Sommerfeld integral is a
Green's function occurring in a spatial integral: here, too, sample
values are desired.

To estimate an integral such as

b
I = ’/' f(t)dt
a

partition [a,b] into N subintervals [ti’ti+1] with t.=a+hi,
i=0,1,2,...,N-1. The step size h is (b-a)/N. Figure 31 outlines
integration rules [30], provided f(t) is sufficiently smooth. Rule
names, corresponding to numbers in the figure, are: (1) rectangular,
(2) trapezoidal, (3) corrected trapezoidal, and (4) Simpson's. (Note:

N is even for Simpson's rule.) Observe that rectangular and corrected
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Integraf!on Rule Error

N-1 :
R 3 ) h(b-a)f " (n)/2
N-1
2. h [ﬂs)_z_f&l, z f(:l)] -h2(b-a)f" " (n)/12

N-1 2 :
3. h [ﬂﬁ—;—‘-ﬂﬂ-* Z f(:l)] +Be@-em1 nteea) M myr20

4. D) s af(e)) v 26(e) v . . .+ £(B)] -hi(b-a)£ (1Y) (n)/180

Figure 31. Numerical integration rules.
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trapezoidal rules are identical for integrands periodic on [a,b],
since f(a)=f(b) and f'(a)=f'(b). Therefore, a rectangular rule ap-

proach to integrating periodic functions really gives corrected trape-

zoidal rule accuracy.

The FFT algorithm computes the discrete Fourier transform (DFT)
N-1
St T L ARGz k0,12, N1
of the sequence Al"°°’AN3 this is viewed as numerical integration of

T
I(x) = [0 g(t)exp(jxt)dt

as follows. A change of variables transforms the integration limits
to span [0,27]. Partition this new interval into N equal segments.

By rectangular rule,

N-1
I(x) = h 2 g(nh)exp(j2mnk/N),
n=0

where h=T/N and x, =27k/T. That is I(x,)=hS,,,, where A  ,=g(nh).
Observe again that for g(t) periodic on [0,T] the above scheme is
corrected trapezoidal rule; however, if g(t) is aperiodic the method
is only rectangular rule. In this instance the simple step of letting
A=g(0)+g(hN), Ay=4g(h), A3=2g(2h), A,=4g(3h), ..., conforms to

Simpson's rule within a factor of h/3.
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To show the improvement, consider the following example. Let
g(t)=exp(-t2/2), which is proportional to its own transform.
Truncation at T=2r is adequate with N=21°. Direct FFT with unweighted
integrand sample values (i.e., rectangular rule) produces an answer
correct to one significant figure. The Simpson's rule scheme gives 13
digit accuracy according to [31].

The error introduced by truncating an improper integral having
infinite upper limit is bounded by proper choice of T, the stopping
point of numerical integration. Assuming g(t) decays monotonically
for large t, the truncation error is an alternating series due to the
oscillatory integrand. Then it is possible to choose a minimum T to
limit truncation error, since replacement of an alternating series by
its n'th partial sum causes an error less than the (n+l)'th contribu-
tion to the sum. To this end, take T at a zero-crossing of the
oscillating integrand.

The error of a truncated integral, or resolution error, is asses-
sed via error terms from Figure 31. For the specific integrand
studied, these are proportional to powers of (Tx/N). Therefore, as
higher order methods are used, N is chosen carefully in relation to x
and T (the Nyquist sampling rate is one guide). Another way is to use
a Rhomberg-type integration, doubling the partition number (each step
reusing old computations) until convergence is met. A single call to
FFT gives values for the next iteration in Rhomberg's method simulta-
neously for all sample points {x}.

As a relevant example suppose the Sommerfeld-type integral
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_ exp(jxt)exp(-ply|)dt
I(Xs.y’g) = f Zp

2 2

where p =t2+g , is needed at 2M evenly-spaced values Xy in [0,2uW].
This example is prompted by application of the point-matching
Galerkin's moment method to a microstrip problem: viz., evaluation of
the 2-d principal Green's function. Let T=(2rM)L, where L is an
integer large enough for good approximation. Taking the real part of
the integral changes the lower limit to zero. By its definition,
xk=2nk/T=k/LM; k=0,1,2,...,N-1. Choose N for desired resolution, and
recover every L'th evaluation by the FFT.

Results from this technique are identical to those obtained by
other methods (e.g. adaptive Simpson's rule); moreover, the
FFT/Simpson's rule method is much faster since a single FFT call
returns a needed sequence of integrals for {xk}.

Some algorithms already using the FFT might benefit from this
slight modification. It also holds promise for evaluation of

Sommerfeld-type integrals.
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APPENDIX B
SURFACE-WAVE CONTRIBUTIONS TO REFLECTED HERTZ POTENTIAL

Integral representations of reflected Green's dyad components, in

the axial transform domain, take the form
‘/lwi(L)/4npc]exp[jux(x-x')]exp[-pc(y+y')]dux

where W, (L) is a generic weighting factor. Note Re{pc}>0 is needed
for waves decaying in the cover (y>0). Since W, and p_ are even
functions of Uys the integration interval is halved by symmetry; an
integration exclusively over Re{ux}>0 implicates only right-half u,
plane poles.

Rational function W;(L) carries TE and/or TM surface-wave poles;
i.e., Wi(L)=A;(L)/Z;(L) where Z;(L)=0 are characteristic equations for
even TM or odd TE modes of the symmetric-slab background. Let L=Lb be

2_2,.2

surface-wave eigenvalues, i.e., solutions of Zi(L)=0. Then L™=u .,

locates corresponding ux-plane poles, where u_ is the propagation

2z

eigenvalue leading to nontrivial solutions of the homogeneous EFIE.
It is desired to have u, as an analytic function of Lb and u,. Since
2_,2_.2__(,2_,2 2ad 1/2

u =L%-u; (uz-L%), v, =+30(u-L)(u +L)]*"“. As only RHP poles are
implicated, a criterion for choice of proper branch cut and algebraic
sign is Re{u, }=0. This means |arg(u,)|<90°, or |arg(u§)|<180°,

2

defining a uy plane region for Uy bounded by the negative real axis.
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It is necessary to approach the lossless case from a low-loss
1imit standpoint; wavenumbers (and related quantities such as Lb) are

then complex:

_ 2 .2 _ 2 2 2 2
Ugp = Lb-uz = (L S-L, ¢ c)+2j (L

br "bi~ zr Uzi br b1 zruzi)

The criteria to meet are

2 =
Im{uxb} Z(LbrLb.l zr 21) = 0
2, _ 2, 2 2

Refu 2} = (L, 21 5-u 2w %) <

The first is the hyperbolic branch cut uzingrLbi/"zr’ The second
indicates proper hyperbola branches as those asymptotic to the real
axis. Define (uz-Lb)=r+exp(ja+) and (uz+Lb)=r'exp(ja') as u_-plane
phasors directed from Hy respectively, to u,. See Figure 32. Then
ux=fj(r+r')exp[j(a++a')/2]. Since Ly, is small in the parameter
regime of interest, take |u ;| small with u . near L,.. So a is
practically 0°, as is seen graphically, while -360°<a+<0°. Therefore
-180%([ (a*+a”)/21<0%, and the plus sign is finally chosen to keep
Re{uxb}>0 .

Analytical pole contributions to an otherwise numerical

integration are of the form

f

where f=du . +d and e=u, .-d. By Taylor series expansion, Z,(L) near
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the pole is approximately Z,(L)=Z,(L,)+(u -u ,)Z:(u ), where the
first term vanishes by definition. Assuming the rest of the integrand

is continuous at Usp s

f
D = [f (uxb)/Zi(uxb)] 311.';‘0 [e du /(u qu)

But

/. ’
du /(u -u
e xb

f
[d" /[(" uxbr) juxbi:I
e

In{exp{jl+r - Ztan'l(uxbi/d)]]}

jl+m - Zta"-l(uxbi/d)]

where I"xbil is understood to be small. Proper choice of algebraic
sign in the last expression depends on the sign of Uypi > and precludes
crossing the branch cut of the In function (negative real axis). The
argument of the bracketed quantity must fall between -180° and 180°.
For uxbi<°’ choose the plus sign; for uxbi>0’ choose the minus sign.

Finally, compute the pole contribution from the preceding formulas.
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Figure 32. Complex u, plane phasors.
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