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ABSTRACT

RECOIL CORRECTIONS TO THE HYDROGEN HYPERFINE
SPLITTING OF ORDER (mc/m,, Ya®lna !

By
Robert S. Cole

A calculation of the (me/mp)aelna'1 recoil corrections
to the hydrogen hyperfine splitting is presented. The result

is

il

2 -5
Me De 4 -1 Me 2 Te
(%; l*mp a’'cRy lna 3-K 13+7mE)+K (7»14ﬁ;)

= 2.899 X 1074 MHz (0.2 ppm)

The calculation is performed using a perturbation theory
based on the Bethe-Salpeter equation and on a wave function
obtained by a single iteration from the nonrelativistic
Pauli wave function. Form factors were included to account
for proton structure, but it is shown that the
(me/mp)on’slnou'1 is totally insensitive to the details of the
proton form factors.

The recoil corrections calculated here, when combined
with similar results for muonium, can be used to set an

upper limit on the proton polarizibility.
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I. INTRODUCTION

A calculation of the (me/mp)azln&1 recoil contributions
to the triplet-singlet splitting of the hydrogen ground state
(the hydrogen hyperfine splitting) is presented. The result
to this order is
J,: (’(%“-/;%%ﬁx%“-'('*%)_z{q - k(s 7o )+ k(- 14’%;/‘}

(152)
where « is the proton anomalous magnetic moment (k = 1.79).
The calculation was done using the perturbation theory treat-
ment (developed by Karplus and Klein(1) and Fulton and
Martin(z)) of the Bethe-Salpeter (BS) equation(3). The wave
function used was a perturbation approximation to the Coulomb
wave function obtained by a single iteration of the BS equation
containing only the Coulomb interaction. In addition, the
calculation included proton form factors to account for proton
structure.

The theoretical expression for the hydrogen hyperfine

interval, Vy» can be written as

_3 ’
2= LRy A A1+ 2e I 1%
h=5 Ry, /a( = +prdy+d, (1.2)

where up and Wp are the proton magnetic moment and Bohr mag-

neton respectively, and where p represents the radiative cor-

rections to the electron magnetic moment, Gp the nuclear size




and recoil terms, and dé the proton polarizibility (proton
structure) terms.

Equation (1.2) takes the form of the Fermi frequency
(namely the first term in the expression) due to a point
magnetic dipole in the proton interacting at zero range with
the electron moment in a spherical S state, modified by radia-
tive corrections, nuclear size and recoil corrections, and
polarizibility corrections. The leading term of the radiative
corrections to the electron magnetic moment is of order
o (=1/137.) relative to the Fermi term. These radiative
corrections have been completely calculated to order
a(Za)?log?(Za) ? relative to the Fermi frequency., and the
dominant o® terms have been computed. The leading recoil
correction from the static magnetic moment and charge distribu-
tion is of order (me/mp)u relative to the Fermi term, and hence

! correction is of comparable magnitude to

the (me/mp)azlna’
the a® terms in p.

The nuclear polarization (having to do with the ''non-
rigidity" of an extended proton) is an extremely important
yet difficult term to deal with rigorously. It cannot be
calculated since it involves, in principle, most of the
uncertainties of proton dynamics. Attempts have been made
to calculate 5é using inelastic electron - proton scattering
data(4), but at present such calculations are highly model

dependent. Most of these model dependent calculations find

the proton polarizibility to be of the order of |1| to |2| ppm




(a recent calculation by Jensen, Kovesi-Domokos, and
Schonberg(s) places Gé at 1 ppm).

While the direct calculation of the proton polarizi-
bility appears to be far in the future, new experimental
measurements of the hyperfine interval of muonium,

(u* e~ bound system), when ccupled with the calculation of
the recoil terms, provides an exceedingly accurate measure

of 6ﬁ.

muonium hyperfine interval 1is

2 = %; ,C;¢£L— 1+ ) ;\/+~f +_€ﬁ K (1.3)

Specifically the theoretical expression for the

where, again, p represents the radiative corrections to the
electron moment, Gu the recoil terms, and both are, in
principle, calculable. Taking the ratio of (1.3) to (1.2),

we obtain:

A_dzl Sivdi-d-
yH g (14 25)

The important point to note about (1.4) is that the radia-

(1.4)

N
'\
5

M

tive corrections to the electron moment have cancelled out,
as has the leading o dependent coefficient. Thus, the ratio
is free of uncertainties in o and affords an opportunity

to directly measure the (calculable) recoil terms and the
(non-calculable) polarizibility terms. Hence, although the

1

absolute size of the (me/mp)azlna' recoil correction pre-

sented here is small, it is nonetheless significant because



its effect can be compared directly with experimental data.

Moreover a precise calculation of the recoil terms pro-

vides an accurate measurement of the proton polarizibility.
Another noteworthy feature of the (me/mp)oczlnoc'1

recoil correction is that, as will be shown, it is totally

insensitive to the details of the proton form factors.

This is due to the fact that the logarithmic dependence

arises from the low momentum limit of the exchanged quanta.

Hence, no further ambiguity or uncertainty from the proton

form factors is introduced into the theoretical result for

Vy -
Finally, although the calculation is presented here in

the Lorentz gauge, it was also done in the Coulomb gauge

as a check on gauge invariance of the perturbation formalism. (6)

In the following calculations we denote the space-time

coordinates by X, = (x,ixo) and take Y, to be Hermitian

matrices satisfying {Yu>Yv} = 25pv' The symbol my will

refer to the electron mass, and m, will refer to the proton

mass. M will denote the total mass of the system, (m1 + mz),

and u the reduced mass of the system, u = mjm,/M.



IT. BACKGROUND

The starting point for the calculation of the hyper-
fine splitting to our order is the Bethe-Salpeter(s) equa-
tion. We use the perturbation theory treatment of the Bethe-
Salpeter equation as developed by Karplus and Klein(l).

The essential idea is to separate the instantaneous Cou-
lomb interaction, which accounts for the major part of the
binding, from the total interaction. Using an approximate
solution to the Bethe-Salpeter equation containing only
the Coulomb interaction, the remaining time dependent
interaction terms are treated by perturbation theory.

We start with a two body Green function defined by:

G @ n,%,%,) = T M) ??H'lm)%_k;‘l'x,>]>fo> (2.1)

Note that the spinor indices are suppressed, that the sub-
script H denotes the Heisenberg operator, and the particles
are labeled (1) and (2) respectively. Using well known
techniques, (2.1) can be transformed to the interaction
picture as:

(OIT§ 39" e W) v Wi Dy Slet, ~co!| 0D

Glx, % v50,) = - (2.2)
7/ 3 ’)‘/ (0] S (=, -)] 0)

where the y are the interaction picture field operators,
|0) is the unperturbed vacuum state, and

5



0 t t
4 S\ ! PRI t‘ LIRS
S(tt#Z(-z);T At f‘* T ) HI&MJ] (2.2a)
MZ=-p ) t’ §
where HI is the interaction Hamiltonian given by:(7)
st g .——/ (2)
~ie P LAV —ie Yoy U, Ay Py (2.2b)

8)

Using the Wick theorem( on (2.2) one derives the perturba-

tion expansion:

’ ) ! 2 ) 1 Q
6,25 )= S5 1) - e [y b S S, o)
o @ 1
LD, G ) S0 ST

VU TuvF

4 .. (2.3)

which can be exhibited diagramatically as:

3 4 2 4 3 4
—_ o N //
— + Syr—-7 + \/\( + o o o
L N
| 2 |
/ 2 / 2 { 2

Formally we write the infinite series in (2.3) as:



G (1, %, %, 4y) = S:)(x,—xs)gg(x,-n) + fd”rs.fx‘d‘x,ﬂ(‘x? Sk (%-%,)

@

\ —— (1 Q)
x S\F {7(1 ~'x6) _L<¥5,Xg, X?, Xg’) g}!(";'X}) SF ['Xg‘ 14)

(2.4)

where I is the sum of all graphs contributing to the two
particle interaction. One casts this in the form of an
integral equation be denoting I as that part of I which

consists of the sum of all irreducible graphs(s). Then

(2.4) can be written:

0 o ‘ 1
G(/’(/, Xe, Xy, 7[4) = gp (’)(,—9(3) S’F{ (YL‘ 14) T /d%‘/[‘?(‘/(’?[’ [{7(! S‘/»' (Y/ - Xs)

&

(7101 Tl )G 0 %, 30) 29

which is schematically shown as

3 4
> 4 3 : ‘
\n
G
I,
g + , ;
I/
5 Y4 /Q
/ 2 [ 2



Equation (2.5) is the Bethe-Salpeter equation(s). From
equation (2.5) one can rigorously derive a form for the two

particle wave function of a bound state(g):

) ; ¢ Q
Wi, %) = fd“%d‘&eo(i, b S 1) S <)
« T %, %, o5, %1) P, x) (2.6)

For convenience we will henceforth use the convention
that all repeated indices are to be summed (integrated)
over. Equation (2.6) is the basic equation used in calcu-
lating the hyperfine splitting. Introducing center of

mass and relative coordinates X and x, where:

X = IR AR 2 =X +7x

= v, =X -7
7 _ . _ M
T M My 4 71 - ”m, f—/y;,_ (2. 7)

we can write (2.6) as:

fe®) = Guox) T, x7) ¢, (x") (2.8)



h AKX,
where (ﬂ((x) = ¢ (2) '%A(%/,xz) ) (2.8a)
/ —)Z(X‘X) o
Gubsx) = [d'T 2 SU[T-%+ plx-n]
(2.8b)
X S’pw[Y—X’ + 7, /7(—7(’)]
: F JK(X-X) —=
and T, (xx)= fd"Xe T (% v, X-%) (2.8¢)

We have used momentum K as conjugate to center of mass posi-
tion X. For convenience we will work in the system where
the center of mass is at rest so that Ku = (0,iKp) . We
will also take p to be the relative momentum, conjugate to

x. Thus we can rewrite (2.8b) as

A ipl-%) .
GK@(/X/) - (;;)t;‘ <€ S;: V'ﬁ 7 K)gp (’ﬁ+—fz k) (2.84d)

We now begin the perturbation theory by separating

the instantaneous Coulomb interaction from the interaction

kernel: I,=TI+ I, (2.9)
. R , () Q)
where TS = —iadlx-x) dm) ¥4/ (2.9a)
and II'< the remaining part of the interaction kernel.
Hence (2.8) can be written:
o] Q)
G = ~iKG, (¥, d”@’/‘x/y/(\?(o) bt Gx")
N

(2.10)

+ Gu¥% ) I‘(’(x’, X %((7(”)
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For the unperturbed (Coulomb interaction) equation,

having total energy KO, we take:

e ) = -ix G (% %)l ¥ ”4 4,0 (x’) (2.11)

We then want to evaluate the energy difference
AE = Ko - KS. In order to get at this energy difference,

it is useful to factor GK(x,x') into the following form:

GK ('X,’X’) = g“ (7(/ ?) /11((7,7(/) XLW}/‘*(;J
= Alry) Qe WU
(2.12)
where
— Ifdx ; (2) -
9, %) - [z, . 2 T e - k] .
and
y  pl -x!) 7 5! @) -
Nlyx) = /('%4 ri %H’éo)-@w{,l@/ +[u(-,a)-(-,mzm)]}
(2.12b)

where H(l)(p) = o(1). ‘p o+ g (1) ; is the Dirac Hamiltonian.

A similar factorization holds for GKC(x,x')‘ Then we note
that:
bg) = ae[L2e Ty ’
g «;)j 4/ =AE ——ae [/J )+//(~4f> /(][H{/n (z) /(o]
(2.13)

Multiplying (2.13) by AK(y,x') we obtain:



11

gm,;)/w, )~ g“c i A1) = BEG ) Ade g) Jucl, %)

Gl 1)5’2(’/32(@‘ gwu’;)/\”‘{y’w = A€ Gl Xla)‘ﬁygkcgfxl) (2.10)

In order to utilize this equation we define a hybrid wave

function, (which differs from ¢Kc(x) by terms of order AE):

v, (%) = g () Ay, D (=25 fiy) e )) (2.15)

1)

- /\K(«,y)aﬂ%)j((ﬂ) (2.15a)

where 0/‘(7,) )C(/])s X Qe %) S 0) Pt ),/ (2.15b)

Then multiplying (2.14) by —iaé(xo')¢KC(x‘)/r' we have:

Gulxx) I (3, x) $lx) - %) = AE Gy g) P gk‘(é" x’)
M s
x(—iﬂ( ”/(:‘f) @A’l’))
(2.16)

where we've used 3%%) /(«) 26@0 cx) which follows
K N K n

because 6(XO)AK(x,y)6(yO) is independent of K.
(2.16) then becomes:

Equation

%I("‘)_ G“(«,yQIKC(«/’ 1’7%'{«’) =2 AZ—G«('X/;I) 32(/’&(2)4{2/,)}/(7) o
We then write (2.17) as:

(60 = 16 0]l = 1AEGY deo X

(2.17a)
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whose adjoint is

SOKIZ“Q [G: (x %) - I:<7<f 7‘)]= tAE a?;(,)?(jgc) (2.18)

We then multiply by ¢K(x):

‘ﬁ‘l(x')(ét:’(«,'y)vff(x;y)] G = & AE

X
where we've taken the normalization XfﬁjJ&in&)==l

Adding and subtracting Igp(x.x'):

%'(*’)[é}'(% )= T + IK'WJ«)]%(«) = i Ae

Loyt o
= o) I (xx) px) = ¢ AE (2.19)

where we've used (2.8) and (2.9). We have already seen

that ¢y differs from ¢KC by terms of order AE, which is negli-
gible to our order of accuracy. Hence we wish to express
(2.19) in terms of ¢k which we will then replace with ¢KC.

To find the relationship between ¢K and ¢k we write (2.17a)

as:

[67«—‘(«, )= I, (xx)~ IK’(«, «)+T [, 4’)]%(«9 =1 08 Y, ) Ko
Q)

v G o) (x) - Gyt X)) + L% )¢, ) = L A8 0V oy T 0

so that

Ol = ) + G b 0) I )P ) = z'AEé,(«/;)?/;ﬂL&maéw}f(ﬁ/ (2.20)
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Expanding the exact Green function in terms of the Coulomb

Green function:
G(’X, 'x//: Q c <7(;7(/) + Ch(c (’X);) I,{%,J')G“Cg;y) U

and neglecting the term in AE in (2.20) we write (2.19) as:
Ag = -1 6@ [T + L gGely, 4) Tly, 2] PoetX) (2.21)

This expression is the one that will be used in the follow-
ing calculations. But first we must derive an approximation

to the Coulomb wave function.



ITI. FIRST ITERATED WAVE FUNCTION

In order to make use of the expression for energy shift,
eq. (2.21), we need an approximation to the Coulomb wave
function ¢Kc(x). This may be obtained by using (2.11) as the
basis of an iteration procedure(lo) beginning with the non-
relativistic Pauli wave function ¢p(x). Specifically the first

iterated wave function is written as

o) "
Y @) =fd‘x'd‘«'éx (%, %) Tye (', 27 Pl (3.1)
, d‘, if(f'zy p .
where G, = [£L e S (e 14) Sel-p+ 2:%)

. 0 02 ’ ” " y 2’;%
and I_cm«“) N ) ‘ﬁ; /(5'1//(t)f(% %—/;T‘_

/9 = o_ﬁf_:/‘ei,gfz" ?M‘ LP?(O) )

@) @ e (P

where y = pa, and¢p(0) = ys/zﬂ_l/z(spin ftn) = ¢(0) (spin ftn)
The x'"" integration is trivial using §(x'-x"). The x' inte-
gration yields (2m)°6( -p'-q). Hence the now trivial q

integration yields

) . e yWEN YR 4 o
oty LI [APAR Sk St ol ) ST k)
et e g
(3.2)

14
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but 423; _T: ,
PTG

SO

(1) “y 2 2
(')0,((’)‘)"147[)(344& 4/’”[ Z

zﬂf ) o
(271:) W:._f_yy SF 6@7“7"() gp('f+7; K)%p(o)

(3.3)

In order to do the P, integration, we expand the propagators:

), (@

_ [ Al e AN
Sep+1.0) Sebprty (/(f““ T E})‘“(PMZ,KO-;) ,+1 Ko+ )

L My aley) L Nl
(et vkare ) Fo t 7t E) (ot TitorE) (-0 + 7 Ko +Es)
(3.4)

The P, integration is then accomplished by closing the inte-
gration contour in the lower half of the complex plane if
t>0 and in the upper half of the complex plane if t<0. For

example: (++ term):

-t =/ -/
(")/jﬁé " Tt -Ctnrew-ic)] [#o=(t. 4oy +2c) ]

~ilz,-7.0)1¢/ - (Ee-p o u)lt]
_ 1({./9&/€ &4 e (e {

+
E,+Ez ‘K. E ’*Ez _z(.

{

/’ / t >o

where 9&/ = and using 714"7,_ =
o t <o

(3.5a)

Similarly the (+-) term yields
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“i (B -2,k,) el —¢ (6 + 7 o) JE]
_42,“)/ - = . )je(tj

-E, + K, Es —E, + Ko
(3.5b)
and the (-+) term
-0 (&, #7, ) el sile, -7, 1)
- = )
_.(277:() { E,+Ko E, - E’ + K,
(3.5¢)
and the (--) term
SR ~i(e + k)L
(21-(,/ {&Ft) e’ + 9(‘&) € f
CitEa 4l E,+E, + K
(3.54d)

Substituting (3.5a - 3.5d) into (3.4) and rearranging we have:

2ni Ok ([E, sH e+ HEtp] i (5 1 hylt]
4EPIEP “

E,+E, - K,

O
- £

E,-E, + K,

. B Hip[le. - 4l p) PRAGES 2 l(o)lt/f

EI*EZ + ‘(o

t 2 66t ) [E i [E + HE] i (e- k)M
4 elpE.(p) €

E/"Ea. - K,

B w[e. + HL4) (2-1[5,”(,%)/&“ é-[(el —4(,%)&7

€. - E| + U,

E+E; +Vo (3.6)




17

This equation can be rearranged by using 6¢) =4 (1 +e¢)

/ t >0
and oCt) =+ (1 - é'(ﬁ)/ where €& = 2/0 t=o
—/( t <o

Then we use H(i)(p) = G(i)-p + B(i)mi, (i=1,2) and the fact
that B(i)¢p(0) = ¢p(0) so that we can effectively set
8(i)=1(i=1,2). We combine the exponentials according to the
formula:

£ tlemlilea ) £ eatf il e ] ]

(3.7)

Terms of order @’ in the numerator are neglected
(i.e. Kg = M - ua?/2 = M) while the denominators are expanded

in exact powers of momentum:

R B L Ml P—
(Evef-n  lere)w)fe,-e)- k')
(3.8)
o E -e)>-M + Ok
—4M (prd) 4 (57
and similarly
/ _ Eve) M s O (3.9)

Byt g M(Pl] s oY)

After a bit of manipulation we obtain

0

fiet)

1

l@m+c@o +</((n/ (3.10)
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where

(1 > .
0= @M{/ # %—% )//— %——'/)[Fw + et)Ge)] X $o0
% / m,

(22) %M (e 22
and
a/;o = p° [/F/t) +e(é)/é(9] &m/)’i%%p*(ijrj‘
and

/ ) P o) / v (7;(’%/ X ;ﬂp{O/
0/){0 =7 (?'f‘%/ +X /)[O/F(H* é(f)cf ](ZI/ZAM(/’*XYL

with

ry- (247 +48) + 1=
G- [(20"+4")- U]
Jro- [(Z 601 2
S = [ (2razm [T [7) - 0
A Fie) - [-’g—” ~ ()]

76 = [—ﬁ;l - (13 f

(3.10a)

(3.10b)

(3.10¢)

(3.104d)
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It is also useful to note at this point that the static wave

function (i.e. at t = 0) is given by

4 o o 11(%?@’
((0 0) [Dég/ F(,é/ﬂ; Fg_//ﬂ Y- éé’/mgﬂ (zrc}’/‘M(/'ﬂ’*rJ'j‘ (3.11)

where

W= 4 (B0 ) £ [nlE <) 3l )l -2 )]
Fég}:fm e ) P(E EL)

o (3.12)
Fig)= am, (’7*% +fa/?,'gll

)= 5 -

2 and hence repre-

Both é¢ and 6¢' are proportional to p
sent those terms of the first approximation to the true
Coulomb wave function which may be in error. Only a second
iteration process would resolve the uncertainty in these
terms, but a second iteration calculation appears to involve
a prohibitive amount of unnecessary work at this stage.

The only other uncertainties or approximations made
in the calculation of ¢KC(1) are that terms of order o? were
neglected in the numerator and terms of order o* were neg-
lected in the denominator. In each case such terms would

contribute only to an energy splitting of order a’ or higher,

hence we are justified in dropping them.



IV. CALCULATIONS

Chapter IV consists of the details of the calculations

“! hyperfine split-

involved in the computation of the a®lno
ting. For convenience this chapter will be broken up into
five sections: A. The Coulomb recoil, B. The one photon
exchange, C. The two photon ladder exchange, D. The two pho-

ton crossed exchange, and E. Non-contributing diagrams.

A. Coulomb Recoil
The first source of potential a®lnc”! contribution
comes from the Coulomb recoil. In order to determine AE
(eq. (2.21)) to order o®lna”! we must first determine the
"unperturbed" energy, KOC, to the same order. The aflna™!
component of KOC is called the Coulomb recoil.

We begin by writing (2.11) as(2).
. . (2) ]
(kS -HEw [ f,c2,0

A g KN £ =

Adding and subtracting (a/r)?KC(r,O) and using the property

(4A.1)

of projection operators that
] ! )
/\( A + A/)A(Z) A-(-”A(: /\ /\
we can write (4A.1) as:

20
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(=W - o+ § g0

(4A.2)
_ f;(ju D222 Gepl o) =0
where
‘h /2.') dsé a) (3 1) )
@)= o SATA Ll + A%y
, (4A.3)
) (2 k-(ng'
+zA‘_’(,k.)A_2-LJf/~ )
Equation (4A.2) is very similar to the Breit equation:
(4A.4)

[KOCI_ Hﬂéﬂ)_yﬂ/‘#) + %](703(@/ 0) = 0

The energy levels of the Breit equation can be expressed as

a power series in 0?2(11) with no a®lna”! term in the expan-

sion.
We then take the Q(a/r) term of (4A.2) as a small per-

turbation of (4A.4) and compute the difference of K,© and

1

Ko€' to order a®lna”!. Since KOC' contains no a®lna”?! term,

the difference mentioned above will be the Coulomb recoil to
1

order a®lna”

Hence we write:

X |
AE. =K -k = (in; f‘{;” Ay Pelt) 0p) " (aa.s)
T )%_qg//z
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where Q(p') is the Fourier transform of (4A.3) and where

- 3, ~ig-A
Gl = [H+ 0w - k'] (jf;}/, &’ [}% ﬁmf

(4A.6)

which is the Fourier transform of (4A.4). Taking the first

iteration of (4A.6) by inserting
, Ny
G) = ¢ % ©

on the right hand side. we obtain:

-
{f - i . (1?' _ K(’/ 4(“ fp(o)
Gl = [Wln - - 4, ](zw)”‘/fw*)

as the first iteration. The operator [H(l)(p)+H(2)(-p)

-KOC']"1 can be explicitly written as:

[W@)+W3£W‘“j“:

E +E, - K, €,-€, - K E,~E, —K, E,+E, + Ko

) @ | / )@ ,
-{ Ay A, . ALAZ N AN _ ,\.‘_',\f’)?

Thus from (4A.3) and (4A.7a) we have:

(11:)3/1(/7’[#3“) E,)-E 'K E,-E'-Uo  E4E '+

T 2
* , 0) () & al @ al @
Rlp) = O Ah | ALK A

Se tting B(i) = 1 (i=1,2) the projection operators are

ef fectively:

(4A.7)

(4A.7a)

(4A.8)
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() 42
A ’/] ) {(Ewm)(Ezfm,/ +(E +/m¢)p(f - *‘4“)0( 'y — o(u’#d(uzz

-m)-r$zfmdﬂ ¢7ﬂ2+m)x pt g:ylz ?

A /\4 preye 1{(5 -m (€, +oms)- (E,wn,)p( Jg (.- /m,)D( £+ X {;/g (z/f

[ |

= s e em o ey -1

(4A.9)

Since we will need only the 5”{¢’ g“ﬁﬁ/ term in

computing the spin-spin term (see Section 4C and Appendix B)

we can write (4A.8) as:

T (" (2
X , A Y xop'ap x"p x™p
%(f)ﬂ(/;)—‘l_fﬁ__ Af £ . B2

2 )’/;(fu. y) (Ez. E, f‘Ko) m)
A 4% ' (4A.10)

__—___’_’_’_,___

4E e, (£, +E +K,)

Similarly the only part of ¢z(p) that can possibly con-

tribute to the spin-spin interaction is:

A7 X Ppld _’LﬁL Ky o:g
%(ﬂ‘czf’* r) (4eE, (64—« T ]
p+ 2 +E, ) 4‘::5,[&;-5*“@)

(4A.11)

4&&( -Ko) 4'55-(&‘*‘&“’“")



24

g / ' ] 2 , N
Using the fact that <€§'-jf’g"{l, ap 5(.{¢a> =5 g ] >
(4A.5) becomes:

3 2
AE = — 4 ”1“2)@@)‘ {7 o) "(;’w_———
couL @2%® @)’ R (f‘.-.t Xu)l (f’}- K") ),!‘72/1 :
— | I |
S T -
E & <Ell' E:/“"K“) E"Ez’(exl’ E:"Ku E.’E},/ (E;_/+E,'+ ko)
[ - ! f J
X - + -
E'EZ(E'-"EL—K“) g €&, (EL‘E:"'ko) ElEl(El‘En—“") E.EL(EI+E1+I(°):’
(4A.12)
Now
| |
~ |
Ezl’ E, '+ K, (Ezl*”’“) - (E,=m,) '"L/"”() Am, + W’L)
\ !
E,)-E. -, 2m, + ()
| | 7
Eove, -k (Eo-m) +(E-m) 4 3 uk pr+ P

The most singular term in (4A.12) (the term involving
(El + EZ - KO)'l) has dimension [momentum]0 at small mo-
mentum and hence(lz) will not contribute to order a®lna’'.

Thus, to this order, the Coulomb recoil 1is zero.




B. One Photon Exchange

"1 contribu-

The simplest interaction to yield an o®lna
tion is the exchange of a single photon. We separate the in-
stantaneous Coulomb interaction (which accounts for the major
part of the binding) from the covariant single photon ex-
change, and then utilize (2.21) from perturbation theory to

approximate the remaining time dependent contribution.

The single photon exchange kernel is (see Appendix A):

‘%z”’(
T (x4) =1 4rx - x// FUIL'LY %‘/&“’%ﬁ%f (4B.1)

where ku is the four momentum of the exchanged photon. Sub-

tracting out the instantaneous Coulomb interaction,

i(4ﬂa)yk(l) yq(z)/[klz, we obtain:

;A

R Ry A LA )

(4B.2)

h (£ X\ ")0_ ‘”/2”

2/’”; e /av

Thus we substitute this kernel into

= - /d'fxz(ix’ ﬁ{:/(x) I"(x,2) e &) (4B.3)

(]
where Q}réﬁ) is the first iterated Coulomb wave function.
The kernel (4B.2) very naturally separates itself into a

"charge" part I1S(x,x') and a "dipole" part I9(x,x'). We
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compute each part separately for computational ease.

1. Charge Component
For the charge component it is sufficient to set
Fl(kz) = F1(0) = 1(13) since the o®lna”! contribution arises
from low momentum recoil terms. Indeed for any term to give
a logarithmic contribution, we can take k<<m1(14). Equa-

tion (4B.3) in momentum space 1is

AE = —zf”lf“’(/’ W I" (17 #) ") (4B.4)

(27)*
At o) ¥ :
where ¥l = Qr}/,€ ‘ng/t) ; Yz t) given by (3.10)

and

) (a)
N
A
R
N
el
/\\
£
)
S
T
\/
.
R~
W
D
\
A

Thus we can write

y t At' ~>' T+t .t ) "y 13
he, - -dxa [ 42 2L P ) L

. (é_ - X" x"’) ol

| E]

To do the Po and pb integrations we invoke the following

formulas (based on the outgoing wave prescription):

e —— e —— TS — T
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. —ipet kIt
fos
- % fa - I,é/l ,,{fl
* 2 *"fot . .
[dn £~ fea- = o (4. 5b)
#o' - ¢

and quickly obtain

Re“= droyq [L2APAE g YL, Ik

z)* e
+ 1 kil
“{g//‘lngz/+ ﬁ&/ﬁ'ﬂ‘"_ _ xfﬁﬁ&/ff) (4B.6)
It is worth noting that ¢(£,t) = fﬁY#,‘t)&y ,? (4B.7)

which can be seen by examination of the steps leading up to
(3.5). We also have ¢'(p,t) = ¢é + 8¢ + 8¢' where both 69
and §¢' are of order p? compared to ¢é. Since they are of
higher order in momentum they won't make a logarithmic con-
tribution, and hence we need examine only ¢éK¢é.
We first examine the part of (4B.6) that contains
1,1,

a” o

~
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_c) 4t f/(?ﬂ,(?/ 7(’0(1/30('0)/‘4 “)*
(42 @d S (0T M (20)? (4utt)

</+~Mf)[/ 2% x‘”[/ ﬂ:f)(-z%»
/ﬁ/// L) (/c—»z)][/ L) s 12

—e/a///”’f f/ //HZ)]//””’ £%1" —//Hsz

i [kt

x £ (4B.8)

4]

We have eliminated all terms linear in =(t) as they would
lead to an integrand that is an odd function of time. The
time integration can then be put in the following form
(using the fact that e€?(t) = 1 except for a point discon-

tinuity at t = 0):

2
2 /
M, - E, v, (1) ", @ /m, rr/ W (/ ()
/ﬂ/?[ﬁf—ﬁ f.)+ //f
24

. m M, +EE, (ﬂCW,Ca’.,a_f 7[0) <#+ m, (fwf(z Iu[

EE,’
~ 2 k] [¢]

s lerz)f & —
)Z/ (4B.9)
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We note that we encounter integrals of the form

[“at e-ialtle-ikltlo-iblt] ynich, since the integrand is an

even function of time, can be written as

medt e'ialtle'ik‘t\e'ibltl = -Zi(a+k+b)'1.

Hence we can draw up Table 1.

Thus (4B.9) will yield

._Z'l _‘_ [M‘Z—E‘E,/) + ! (El'*"’m’)(ELI“"mz_)
(k] { ze k+E+E] 2EE' k+E «5'—M

(4B.10)
| E - E, - m, )
+ ’( ( / MI)( /'n) + ([ > Z)
ZEE, k""E/ +€, '+ M
We then expand the denominators according to
J .
- =L ErE (4B.11)
kfe/?él/ lz \ 1(+E,+E" /
so that equation (4B.11) can be written as
-2 [ m, m, _’m:L . 1025_‘!‘# p/zE‘ 701(51—1—'./’"1)-'_7”2 (‘E‘-,L/IM/)
3 ( £’ E €’ E,E,’(lu&,ﬂf,) ,’LE‘EL'(L+-E,+EL/-—M)
B ¢1(Ez/_./ﬂ’h,) + ﬁ’l/E,__,m,) N (]‘-_’2) (4B.12)
266, [L+E, +€,'+ M)

Referring to Table 2 we see that the spin averages (sece
Section 4C and Appendix B for the details of their computa-

tion) are

(4uM) -1 (9 + & + ZY) (4B.13)
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Table I. Time Integrations for One Photon Exchange.

o .0 ur . a)y '21‘}{:/ . !
/Z /‘fﬁ' 1(+ h '[- 7(‘/ < L =7 ZTQ—(LHE' *E’/)
-0

2 0w Y _11()1&/
/Aﬁ/£[_‘£_f+/ilz—— = C
e

f:Zf /16“_ e klel )
S oy E I R
’ T k /1 (JH E +E,"-M E+E,+E}’+M
—A
“) ¢ ) (2 =? ftlt/ .
/’&/ﬁf_y+f_f( € - ( / - /
2 ' d b \k+gre,-m £+, +E;/%M)




31

Thus we can write (4B.8) as

l/ + '21))
AES = - ZXlPel Dt @9 Bk 4
b5 =~ G gﬂw /f"x) Te-aT

(4B.14)

x /(43,11) n BEACESE

The only terms that will yield a logarithmic dependence
are those terms with an integrand of dimension [momem:um]_2
at small momentum and with a coupling between the p and p'
(12z)

integrations Inspection will show that the

(e rm)+s ptletrm)

term will yield a potential loga-
266, (b+E+5"-m) S P ' i

rithmic contribution. Since the integrand of this part has
dimension [momentum}-s at small momentum, we expand in powers

of momentum to extract the [momentum]'2 behavior.

o, AT T, R IEe i E+g/-m
L+E +8,-M ety ke

~ _ﬁi([__ﬁ‘

= T 2at / (4B.15)
so that
WQ_KYL_‘L‘ 2 (4B.16)
Frelrennw - a0 L) El£

with the potential logarithmic contribution underlined. We

are thus left with
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Table II. Spin averages for one photon exchange.
Spin average Coefficient of <@Jqﬁﬂﬁ>
é@ Lo sp> — --%;p'z
<ﬂ(ﬁ/"0(u/ﬂmﬂ/ - %t;e/
_ <A,fl/ “mﬂ(”jf/\
ﬂ = <ﬂ(”f0(0’,ﬁ ﬁ’"’-ﬂw o _ % 2
K= L dpaipyxty) ———> - Sipxpl
J= Brab 8y npy) —— Ll
Tz Gpipabaiyy — > X
1wz {apaty 8t gty ——— Lo
Uz A gy e ]
W= KAL) e 2 (g
— (“ "o e
e (T
y = g atadlhatydtpd = ) gl
% Xty 2% xS wo = Ep- vit4)]




33

—7t%f/VﬂW 0 u \/tzﬂ”(f }¢_7¢/‘
M (am)* S / W) -l

(4B.17)
,{_,fgﬁ,__T} R A__liiﬁ_jl + (1 —2)
Zug lp-#l" 2B -2

Using Table III (see Appendix C for a derivation of the

integrals) we obtain:

2 o’ [PO) Lo 7 i (4B.18)
3 //M.A4

We now return to that part of (4B.6) that has no a

matrices in the kernel. The only possible spin-spin contribu-

tion comes from R so that we have

(a2, = Se [y dy 7o lver
@ T M (2
” (4B.19)
x/ﬁ [Fﬁhéﬂ/é{ﬁ][f&H w6 @]/fg/@ L
ke ?/é/ é/
(4B.19)

The integral over the § function is trivial, while the inte-

gral over the other term is identical to that done above

Inspection of (4B.12) shows that only the

m, m 2
(-———l + ) portion will be singular enough to
E E,’ E E

yield a logarithmic contribution, so that we have:
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Table III. a®lno ! momentum integrals for one photon exchange.
fdM PPII - A g
(P (p 48" -1 i
d{’/ﬁ |2 xR]* _ 27{4%«’
(p¥ T (0 -
df)O{F }0 4{ ,f) 274 /
= 2% 4o
g (P8 (P -2 € ;
drdy w ‘
2T [
X
S\dZPd'LP: Fll/fﬁX'P’[L _ :ZE/&‘“‘,
pretl(emrt) Jeprltel
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(AE[) Al /{3/@ l(gf/ w‘ﬂ(l/yj@/‘ 3
/s (21/4 (/017‘.}“/1/[“9‘/7‘ M; {172)3
(4B.20)

it (’HZ/ i ?7/_]

which vanishes identically.
Hence the total contribution of the charge component of

the one photon exchange is

AE‘= 2 « &g Loy bx” (4B.21)
| ? //LLA4

2. Linear Dipole Component
We now turn to the linear dipole component of (4B.2).

We have

7 _ (,//( ]
_;/,("m(”y’ Veoew I ox) Yoot (4B.22)

where I(Mé)(, X') = -1 47{9(5/&-1)’/(//{4[" / FM/ Zy) (4B.23)

2m, /"/’w

Equation (4B.22) in momentum space is

/(2 ot 77;%)’/[(73/”)?”/// (4B.24)

2

where f(p} f—— e’ (é’f/ ; 3/’(;,0 given by (3.10)
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and kU = (pu-py)
Thus

06 wtun [P LA iy ) L BNy iy, 17

@) (2n)
(4B.25)
We can do the P, and pé integrations by first expanding
/ 1z /, ¢ 2
2 = ate -k e 2?00 L gh)] (4.26)
/IA ‘v v 4 o o~ ~ ~ ~ A~

and then invoking the following formulas (based on the outgoing

wave prescription):

/ﬂz,, M—-
- - (14 +02)

/;{0 KAZe‘;‘fot ”+K7u‘/’e-)élf/ l(é /\)/‘/t/ .
© 4 (ﬂz—/é/j(%z> ([{+n) b (1) .

For Fz(kz) we have written «A?/(A%+k?) where « is the proton

bl ke )
—-Km’(@ /—e (k) /)é‘-(t/ (4B.27)

anomalous magnetic moment (13) . This particular form factor
is quite suitable for low momentum processes, which is what

"1 contribution is. It will be seen that the exact

the a®lno
functional form of Fz(kz) is unimportant, and indeed, the
results to our order would be unchanged if we had used a
point proton (i.e. let A? > «). This is not surprising since

! contributions come from low momentum recoil

again all o®lna”
effects.

Thus we can write (4B.36) as
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(H @) 0
PeIr

~ ~

4
(AE) = 4 47(’”;/1‘“;” LT f}{ e K TA% - -

. TR Y
X(e—lut( ) .6-2<L+A)M
k (k*+ A*)"
w0 e -liut/ - IL1+/\l%t/' ),
— Kri 32“% -’g(} ¢ -2 () €W y?((f/t)

(4B.29)

We now do the trivial t' integration and insert the wave

¥

«

function (3.10) recalling that Lf’(;(e t) = ‘f“’—r@ t) ¥,

and €*(t) = -e¢(t). Again we keep only even powers of e(t),
as €(t) is itself an odd function of time, and the rest

of the time integrand is an even function of time. As was
the case with the charge component we separate out the

part from the remainder terms (involving §¢ or §¢'). First

the -‘7—9:" 14 %w part:



_ 2‘71:9( KTL’ it lg%)}’ djp Aa/ 2
(AE ) un M (i‘f[)a &“4.3‘7’(1"&_'_ Xu)x (4/"” M)

0( Je ( 0(“4' f e u) 0] (ﬂL o L
' f' ~ ,L — . — u A d JM X
) o1

[z ie) ol 5] 0]
e[t n) - a |z S Hz)]f

-kl _ S (ke ny) e
’ l - (4 a)" ] (4B.30)

N <<1+M U)X ﬁ)y(/ﬂuﬂw +—_/£ )>
2

x j 1 { (e v 60 1) I

[l - £ 1) sei] e

X ):-e“;“t‘.- »Z-‘.U‘l*/\j%] \f

(4B.30)
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The spin average for the first term can be written (see

Table II)

(zmyuM)"(,J-J)-(ym/aM) [u+v) ~lom) (1 - w)~ 56, m)/;+})

(4B.31)

while the spin averages for the second term can be written

(4uM) Lo - @) (4B.32)

The momentum integrations in (4B.30) thus become

Jf g [0 om l03) - o] con53

Lp 4y’
i Joi J4um( 2 -3)] (48.34)

Next we turn to the time integrations. The first time inte-

gration in (4B.30) has been done previously (see (4B.12))

and can be written as

2.{ m, m, LmE e+ 7 E _ prE ) p'ile +m.)
—et ” z ’ 1 2 ’ A
E.E;’k} E.E"b k(k+e'+5') ZE'ELk (E+E’+EZ—M)

plan el (e (o)

2€€, b (k+ E+E "+ M)

(4B.35)

The second time integration in (4B.30) is

il -y bl i

ke e \E E. 26 €] (k+E +E,'-M) 2E,E," (k+& &'+ M)

!

- lHZ)E - (ke*(k‘w\’)”‘)}
(4B.36)
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Combining (4B.33) and (4B.35) and taking the spin average

terms one at a time we have for the (S-T) term,

gm, i ‘1‘2"13/ <0“” 0'B)> { — m>
3 (rz+r§1(rz+r) ﬁ ﬁ 2 ;

L' E, E; k* e E,

L PE PR e m) s (e )
VEE (kreve) 28,8k (k+ £ +e,'-M)

pE=) + P (E ) —=2)f - <+.V+N%’§
ZErEa‘k‘<‘t+E,+El’+ M) + 0 Z)f qﬁ k ))

(4B.37)
Only the underlined terms are of the proper dimension to
give a logarithmic contribution. Hence the relevant inte-

gral in (4B.37) is:

Lo 22" [ mom .t
LfamiV(V“+x9‘ E& | p-pl T e e T (2
(4B.38)
M, M, m?t ( )z
- / RS 2 - / - «*>2
e e (lp-p1r+ 1) EE (lp-21* + A*)

Since A is of the order of m,, the A dependent terms will not
commtribute to order a®lna”! since they are not singular
enough to give a logarithmic contribution. The remaining
terms can be integrated with the help of Table III and we
obtain for the J-J term:

Ur p(a/ﬁp@)/‘<g. o, r“’>A 5

BMz § ’ (4B.39)
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The next term of (4B.33) and (4B.35) is the ‘%+§,term:

/m.' da dgl 2 92 7\ 3 2 /2 / 1, 2
- ?3 : (101+fy)jzf2?,z+r;)2 (f f + W‘,) “(1‘ 'T'P )(,# "#))<d"(/.(7‘//>

E,E, e Ee k’ E.E, e (I:+E +E) 286 b (k+ B+ B —M)

_ fL(El’_ML)+14"(E‘ -m,) + Uﬁz)g_ (k ¢-,-(L1+Az)'/z)§

266, k" (k+E,+€,7+ M)

(4B.40)
Again the terms singular enough to contribute to order
0®1na”?! are underlined, and as before the A dependent terms
will not contribute as they are not singular enough. The

relevant integral 1is

fd dﬂ[?f+(~l#/—@"z*1’/@! /)]//mmu L +0H2))

(pr+ ) (pe g -2 E B EE/
(4B.41)
Using Table III we obtain for they+} term:
L Rl (c"_'
3M? M (4B.42)

Finally the X+W term in (4B.33) and (4B.35):
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32 m, £M1‘<U-(/{ 0_(1>/ ﬁ{? ﬂlzf” (1”.‘ {/ﬂl Mma /"1,1
3 )

(P9 (p" gk‘ EE L

+ ¥E = pE prErm) (e rm) (4B.43)
E,E, U(k+E+E) 2&E{E%k+a+&ﬂ4ﬂ

ZEEzk (l&+E +E, +M)

(4B.43)
The only term singular enough to contribute to our order is
the underlined term in (4B.43). Again the A dependent terms

-1

do not contribute to order a®lnc The remaining integral

is

dp 4%’ pr(E +m )+ P H(E, +m,
pd’ [ prleemy)+ p(e )+(le~>1)g (4B.44)

o 598 {288 (vE e m)

which is identical with the one leading up to (4B.16) so

that we obtain for the X+wW term:

5 K|l e > bx
3 M M

(4B.45)

In order to evaluate the remaining linear dipole con-
tribution, namely the second term in (4B.30) we combine

(4B.34) with (4B.36) to obtain:
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3 9 (p*

A i/uM <f("- a-“> ‘{3 J’p/ {{ M < { _ ;)
E, e

+E +E’

- (El-'-rml)(E;'-*-mu,) (E‘vrm,)(g;’,.,m’) . ,-
2€,E ' (k +&+5,-M) T 2EE L+, +E 4+ M) ) U@Z)E_ Q‘ < (k */‘99;

(4B.46)
Only the underlined terms in (4B.46) are singular enough to

contribute to our order. The first term can be written:
El,—El . / ,“ '
m, ( ‘ ) = m, .___E' E'._ -— | — E' _&E +E,
€ €, Q+E.+E/ E &, k L+ E, +&'

- m E - R Al (4B.47)

F —Ez /M,(P”—/o)
Z kEE! k(€ +&)

Both terms are of dimension [momentum]+1 so they will not
give a singular enough integrand in (4B.46) to yield a log-
arithmic contribution. The A dependent term in the form of

(4B.47) is even less singular. The second term in (4B.46)

can be written:
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(Ezl"”ml) <.E|""’”") - (E +'"’))(E “””‘/) P"(E‘+M,) +P’ (Ez_"b/ﬂu,)
ZE,ElI (k"'E(*'El/"M) LEF ZkEIEL' (k*el"—el/-M)
(4B.48)

A — (EM—”;:)(E; /+//m;) + P‘2 2om, . Efl Zoma
2 b, E; ZkZEI E;,’ ZLIE‘EL,

AA Lt gt

In (4B.48) the underlined terms represent the potential log-
arithmic contribution from the A independent terms, while the

only A dependent term that could possibly contribute is

32 / 'k b "+ om
Sed (p'- ﬁ) {j €, +m (&, ‘)V _ («s2)f (4B.49)
(pr+¥" (P 8) N

Again using the fact that A 2 my, and keeping only the lead-

ing terms in the numerator, we could write (4B.49) as:

3 ] ,2 2
dpdr 2m,my{“ . L PP (4B.50)
(p+27 (P 82" A 'E; BB &'E

Letting p< p' in the last two terms we obtain:

4/m,/mx - —

dp A%’ fop” % (4B.51)
(p? w12 (P 1) A z E/E. EE'

the leading term of which is

A’pd’p Fu(Qma-mw(P‘—Pf/ (4B.52)
(P +¥* (p' +X‘) | 2EE'E, E’
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which has an integrand of dimension [momentum]0 at low mo-

mentum and hence won't yield a logarithmic contribution.
Returning to the A independent terms of (4B.48) that are

underlined we find the potential logarithmic contribution

of (4B.46) to be:

lbz/AM Lo O»(z)>f APdP Pn_P,) <— 4”.["‘2 m, p*

'fX) (Pl1+xl)3 Evexlka E;Ez.lkl
(4B.53)
which can be written:
3 3( R 2
i () (-
N A ey & &’ EcE,’
P p (4B.54)
The leading behavior of the expression in braces is
12
/ml</m“’mz[lo —-F)'f' 2/»1, ])
E.Ey E,E,’
(4B.55)

t4_ 4 ~.
<M'”"*[P"F’+ ﬁ'a’«%*"']) )
ﬁ/}/m'
E E,E'E,’ J

The only terms in (4B.55) yielding an integrand of proper

dimension (at small momentum) are the lowest powers of mo-

mentum. Thus (4B.54) is to our order:
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Caf O‘%P dzf( T '@L—/m‘)(?u— Plj
(F1+ AA;)1<P.1+AA:\)1 E‘El E:"E;/

(4B.56)

=Cmm. (. -m,) A% d>y’ (’”"*P)1
(P 8*)*(pr+8?) Ee s

Using the symmetry of p' and p the integral in (4B.56) can

be written:

3 4 [R3
dpdr v (4B.57)
(Pr+ 82" (p+¥)*E e, By

2

and (4B.57) contains no lna~! dependence whatsoever. This

can be seen by writing:

/ {/ &% [p*+ 8- ) ?
¥ g€, (p'*+6)" €, €, )

The p' integration yields a number independent of a, while

the p integration can be approximated as mu”‘fJ?(y‘+x9'z&‘

"'”'I{XT(‘L taM"[(m"—x“)%} 2 . 2 Y _ta“-—o [M]

mpr-yy” Y o W m- B *

which has no logarithmic dependence whatsoever.
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Thus we can finally write (4B.30) as equal to (see

(4B.39), (4B.42) and (4B.45)):

v 2 ) N -1
N 2a? [ YOI Lo 7D o1 (_-;_M_+.___“_,,_, (43, 58)
! M* 3 m 3 3 om,

Thus the total a®lna”! contribution from the exchange of

a single photon is (see (4B.21 and (4B.58))

AE, =/Z<Z3’t\—4'+ KY(—-—‘* _SL/';: (4B.59)
where 7Z = K(XSILPA((;)J1<W<')‘04;)>A“—I

C. The Ladder Diagram
The ''ladder diagram'" contribution to the energy shift
comes from the second order perturbation formula of the one

photon exchange. Specifically we have(lz):

a)
- 24 fd"x 2 F0 I 0, x) Pye (2 (4C.1)

where Ie(x,x") 1is derived in Appendix A and is:

ol @)

~gts)- BEIL Dk
~ 20‘";

LT L L W
o= -5 | e ”*(%g’

INYe) 2,, 2) 1&) bAM (UL
G %= x){ )"(—m--— ) F (4C.2)

Zm,

4
where &, (x-v) = Zg—r%; VX SU} ¥ K)§ ( "+ 7, K)

Inserting (4C.2) into (4C.1), the integration proceeds as
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follows: do the x integration obtaining (2m)*8(-k-p'); d
the p' integration using the & function; do the x' integra-
tion obtaining (Zn)“G(—k'-k-p)G(kb+k0). Then change var-
iables: k' =+ -k' and we obtain:

The charge component of AE;

2 ) d,,mm S k-a) A L) —
(2:d)* j@ /@,; 9%(

e
AEL =

Je> (k]> @™

)
{ r“’rf‘ L _ g S bken)S, b+ ) 3:"')1“’(2_ 4 ’4,‘7} bet)

(4C.3)

the linear dipole component of AE;:

AE; d_ 2i(4na)’ d‘od%d#‘l 0/& L“J?)O%Q» é)
&m)?! YL d

' '/ (v Q) 2 €~} ()
X{}:)r%l—f—l’ A SFHH(X)S}(&MZJQ RIS G by 0 )

‘ l Z’mt (21)3/;

F‘W QU 20 S e 7. KM"'/“/ Wi ")
a )% 4C. 4)

the quadratic dipole component of AE; :




L
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B ey (Aol d S F ) dh-L)
Ag = thfi)?dl 3 2 4 o ©

X'{'E(L)X”MS) ”g k+ ;“)§F<‘¢+"Z K) Fd‘/ (’) (2} } %{ /Z)

2.m, 2.m, (21( )3/1-

(4C.5)

1. Charge Component
We turn out attention first to the charge component
given by (4C.3). The kb integration 1is trivial using
G(k -k} ) Inserting the first iterated static wave function
(3.11) we have:
et= Aixlvol f Sl b A k-
- * M (2)* b b ()

(st vostoeonilh )

Lows Fwaly - Fpaty - Guap 4]

(4C.6)
The product of propagators can be expanded as a series of

projection operators times Yiyi

SF(I)SF(Z) = [ Jv,v: (see (3.4)). Thus the expression in

the angular brackets can be written as the sum of four terms:
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—

<£° [ qw. f} - /\@kl [ ld;('}d‘;’){w.f.} - T%‘dlmd(‘”[ ]{w.ﬁ.}

(4C.7)

() ()

a1 Qoo fw ]

where [ ] is the product of projection operators associated

with SF(l)SF(Z) (See (3.4)) and {W_f.} is
(D) + Fex'e - Foa?p - Goya"pa®p |

When we insert the product of projection operators,
(3.4) into (4C.7) and anti-commute the B(i) (i=1,2) toward

the left we will get different results depending on the «

matrices multiplying [ ] on the left. Specifically we can

write:

For a(1)o(2) on the left:
: {(E,-M')(Eq.-ﬂn;) —-(E,; —‘/m;)g(“{k + (E: ‘W/)Q(a’)é _ Lx('ljg 'e,(zz‘é

(- B 4700 - + 75 4a-E)

[]= 4EWE.W)

(£ -m)(Esrmms) = €2 rams) A"k — (£, -m )ALk + K"k 4%k

(“«Qc + 7 Ko -E,Xj,, + 7 U, +Ez)

E,+ m)(E, -ms) + €, -m) A"l + (& -m) a®k 4+ 2"t &L

+
RPNy ey
" (E,+M|Q(El+ m1)+(E,+/m;7)Q‘(“.}k - (E‘+nu,)ﬂ°).g - Q_(".’jg q‘(_(‘!é
("ga + ”Z,‘(o-fE,)(.Q,‘f' 7: l/,,_— E;)

(4C.8)
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and for no o matrices on the left:
[]=— { (EcrmNestm) = (E,+m)) "L + E+m) K - yk g
re ) (4 +ghe) (& rtHe-tr)

(Erm)(Es - ms) - (B - m) "k — (E+m) 8"k + X £

4
(e +q.4,-8) (o + 1.4 + )
(E-m)(Es +my) + (Earmie) 8"k + € -, )AL 4 &b 4%
éza + 7 Hs TEI)(»/Q + 7, W, —E;)
(e )Emm) + (E ) 8~ )87k - B z’é}
("z@o + “o‘f‘E,) (-/Qq t+ 7{11(64-51)

(4C.9)
The spin-spin interaction portion of AE% is extracted
in the following manner: Repeated use of the relation
ajoy = éij + ieijkgk is made to reduce a product of «

matrices to a o matrix. Then use is made of the relation

Qu). A o(D) § . él).gcz>>

(see Appendix B) to separate the momentum vectors from the
spin variables. It is important to note that in order to
yield a spin-spin contribution, and given product of «
matrices must have an even number of a matrices for particle
(1) and an even number of o matrices for particle (2). An
odd number of a matrices will not result in a <é(1)—o(2i>>

term. An example of this method follows:
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Table 1IV.

Spin averages for two photon ladder diagram.

Spin average

Coefficient of {0 7t

>~
i\l

<ﬁ<m‘ “a) a 0(")>

<p(m PE 0((2) Q x" o(”‘//x >

e (WA 1R A

S gt A gt S

= LR A D

= (o KOl 2% x " K

L= & ayk K a® g Ly A >

N TS T T YTy
= (" a7 AR K" g )

O = <0((l,/0(11/d12f£ p’{u/é ﬂ(//{d()/o((z{é/e{ﬂ!l>
‘P _ <p(/,/ (2 a,/z/é D(/,éo(”/k dmp‘()/

~ ~

e(/z/é ~/t/_4€ ,\(ll}ﬂ 7

@z {8 a"p 2% >

B o= "k " x¥x™ > = (2
o = e gVl 2o

- ey - (e
0= L& g alpy = <72
oz (KUl KRR

F = LAyl 2k >

A\l

2 b(kp) -5 k0l
2 b (lep)
N,

<
oS
~
T

]

(IS VITN

i~ x ?‘b‘ ~
B S

\

(VRIS
L
A

-
—

\

i
win Wip (LY
{

{

.
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Table IV (continued)

Spin average

Coefficient of <o"". Vﬁ)>

D= LRy g O = (1) -z Lk

Y = Lamoo b A 1 A -3 lep
Yz g g Rty (=Y | -z (k)
H o= a0l xh ¥ g -2l (k)
Wz Law et g s U | oz e (i
VERCE TR S YL STYE (k)
O = LK ) )| 2 Ly
IR TS TP -4 |kl
Tz kg™t 2"p xS (e>2 | -1 | kxp)
Loz (xR XXy ler) |0
Pre (a0 | 4Ll
w o= (AU A A A °

v = (e ah g4 ) 0
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G4 2" GBS = b 755
= <A1, B, (02‘1 + Z'Gﬁ )(J;M + 1€, (7;(2)>

Z.J<Aj E.. é«?z‘m »2‘ ms ”) (>)> <AeB (.lm ns T apsdjl‘o«) “ (1)>

fi

AR (T"qy - L ABLTo> = 2 4.5 (o0, >

Tabulation of all spin averages for the ladder diagram
occurs in Table IV.
We now extract the ko integration from (4C.6) and apply

it to (4C.7):

f <W []fes} - =

mJu/ JZ (l (2)[ }[w ?

a’(ﬂlﬁ(;y[ ]0(;){;/[‘”- 7[} (4C.7a)

Since both [ ] and {w.f.} contain terms independent of «a,
dependent on a(l), or on a(z), or on a(lla(z), one can ex-
tract the spin-spin contribution (remembering to keep an

even number of o matrices for each particle) by inspection.

AL Jfwd] tern:
Clearly the only spin average to contribute to the

spin-spin interaction is <g\(”-’£ X% Z"p Q'((’.’,g> =T
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Thus the above term contributes

- | (Ix) (T )
I, +I GI{} (4C.10)
48,&)&01){ - POE
where IGI) f:&a ”@
s (21 8- K P) Uhea(nik, 56, £26) ][ bs- (-q,k,tg:(zz)g .

All such kO integrations for the ladder diagram are tabulated
in Table V.
i 2 -2 iz .
In like manner the -0, |k | {: ]O(géyz)[w.ﬁ} term will
contribute

4! E. {{ (E +m )(E; +ﬂn;)@,[£)d + (E +""¢)§£}B (E +fm)F(4e)B _'Dw'@} I

STt A

p{-erm e mfpn + E-mFB - E vy B + el 1,
+ { ~(Bi-m)(Es+m)p)g — Ex+m)FigB +(E -m)Fp/B + N ,@f Y

+ Z(; (E-m)(E.~m) G - (E, ~wm,)FRIE - E-m)rp ¥ —Ez)ﬁgl.’: g
(4C.12)

? [ZA?!
Similarly the -ﬁo’ / ‘)[][w f} term will contribute:

k ~2
2E fzz {{ (E-m)E-m)epa +(E, ~m )RR +(E~m )8 - D@)zz

+{.(E,_M,)(ez+m) S + Crm)Fgb — (& -m)Fp S + Dp)T )? I..

+ {—(E,d—m«,XErﬂ":)G(ﬂa -E ‘”"‘)E(?)/S +(E +om) gD + lng I-"+

+ f Erm)(Ertm) G@ A ~ (Ectm) TPl - E+m)Fg) B -Dp T 1

(4c.13)
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(@) vy, @)
And the 0([“1)([ []0(; 9% (fw.-fol? term contributes:

45.(& {{(E,-MI)(E;-WA)D/?}A - (B« )R B ~ (6 - Fm + GOCS T,

+ B -m)(Erm) A - E+ms) FpB +E-m)Fps ~ Glgcf T

[Ermle-m)pw A + (E-m)FED - (EemFpB - GEICT T,

+ { (€, m e, +m)REA + (Ec+m)F@B  + (& +m)Fg)B +G<e)CEI“}

(4C.14)

Previous results(lz) have shown that the only terms

! contribution are those with an in-

]‘2

which can give an o®lna’

tegrand of dimension [momentum in the limit of low mo-

mentum. Such terms are underlined in equations (4C.10),
(4C.12), (4C.13), and (4C.14). The term underlined twice
in (4C.14) is of dimension [momen'cum]'3 in the low momentum
limit. The remaining. non-underlined, terms are not singu-
lar enough to give a logarithmic contribution and hence

6

will contribute to order a® or higher. Thus the entire

o®1na”! contribution from the charge component of the ladder

diagram is:
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Table V. ko integrations for ladder diagram.

L ‘2’( 4, ' - ‘
T T B W B (g 5 6,2 19] - e R

zm{ LR [l s (kI %
e (g (el +1y 26 )P (1] )

-
I —_— t
A A TIPS TRIE i

Loy 2 {m PR lk‘l‘}

T — 2u | ' §

R IR

/ - S— \/“//m, i
1++ 27ZL< l\c‘{ “/‘II—#X‘/ + l“_,l;lux\f

I 1_ - 2. -
i : gle Ve [e|(le1+]e) g

/

I — l(‘ —(
., = 2n f Ty TN TEI(ET 5 lu)§

/ 2ns - ) - |
L= ;lém,‘mz((k‘|+lkl) T ?

(em,m,* ([lk+]Ll)

I++” —-?-Qr([{ 4 : + </a/2'”"l) {“l
2Nl (kT k1) el (Tel+ 0 }
1,

. 7 an(

—
T ([T 1T

1_: — zm‘f -/ ;

Sz (€] [L])

I_:’ —» ar g@'(f);
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Table V (continued)

"t N . (/‘/4'»1,3) 1'4/4 %
L. —”Q’“{ [e] (tel* )

I¥’—+‘ﬁu{ 0&”%
1" — aci{o)f
17— axifo)f
L?— o

()

I, — ;zm[@(&)f

()

L, — ax {ﬂ(k'))z
I(’j:l_‘)——r 2T ¢ {&(é?g
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(pES) = LELYOF fd%dgpd"/:dw/e-.,e>

M(an)* ) (p+2)" EWE.W

< [-ErmE ) GRIA + Etm)F B +{E )P B - Dp 2] 'ﬁﬁt

+ [ (B-m)(E-m) DA - (- m)FpIB -, -m)F)B + G ] T

- DY I|1:+ + [(E,- m)(E, +/m,)1w,q -(El-o—tma) F@)B] I,.

T [(Eu +’ml)(Ez"”71)D(£JA ‘(Eﬂ-fm.) E{pB] 1. .

+ [ (&, m)(Estom,) DIA]T__ }

(4C.15)
Since it is the low momentum region that will make the log-
arithmic contribution, we can make certain approximations

in the above expression(l4).

Namely we can expand the Ei

in the numerators, and keep only the leading terms as they
occur. Thus (Ej + m3) = 2mj (i=1,2) and (Ej - my) = kz/Zmi.
We must be a bit more careful in the denominators. Here we
have the product E;(k)E,(k)E;(p)E,(p), where E{ (K)E, (k)
comes from the projection operator expansion of the particle
propagators, and El(p)Ez(p) comes from the wave function co-
efficients of the matrices. It can be shown (Appendix E)
that it is sufficient to set El(p)Ez(p) = mqm, in the de-

nominator so that the only explicit energy dependence left

is El(k)EZ(k) in the denominator. Thus for purposes of
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1

calculation to order a®lno™! we can effectively set:

D(p) = 8

F(p) = 4m,

F(p) = dm, (4C.16)
G(p) = 2

Hence we can reduce (4C.15) to the point where we can then
use the table of integrals, Table VI.
For example, the first I term inside the braces of

(4C.15) can be written:

lBE/uM T I—’ETZ (%»)ZFH 2k-p + lc’] (4C.17)

where we have used only the term with dimension [momen'cum]'2
from I',, since the other terms would not give a logarithmic
contribution. TIf we now integrate over (4C.17) using Table

VI we obtain

Fodd [P+ kg k]
(p+¥) e, WEM) |k]* |k +2]”

to order o®lno”'. Similar methods are applied to the other
terms in (4C.15). Only the I__ term deserves special men-
tion. I__ contains terms of dimension [momentum]'3 and

[momentum]—1 but none of dimension [momentum]"z. The term
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Table VI. o®lna”! momentum integrals for two photon exchange.

ffkff P _ A gy

(P e Wed e kgl Mo

fdwp (k-p) ety
T Eded) b lketp]® o,
dz(ﬁdzp /21 _ 5

(p*+ yx)‘ ELIED L ]k*ﬂ‘

Ll dp |k xpl|® _ 2t -
(P2+X\vl El(&)EI(L) ILA-U&_WP - s /é/t a/
A’k Lo lexpl _ 274

Ao«

(P89 E Bl b [4ag)? o, p,
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of dimension [momentum]—3 contributes to order o® and the term

of dimension [momentum]'l contributes to order o®, but there

is no a®lno” ! dependence to this term. Hence summing up all

of the terms in (4C.15) we obtain

EE

L
3

) AL A

> ] (4C.18)

%z

2. Linear Dipole Component
The linear dipole component of AE;, (4C.4), is computed
in the same way as the charge component, although the situa-
tion is slightly more messy. For computational convenience

we break (4C.4) up into two terms:

d, _ 2(4nx)? O‘ZPO{"L b Oﬂ(é’_k_g
(AEL)(D__ @7(}4 /élzlz

0 v /'l o)\ (2) "’ X‘W ¢
{} Y, /E; Lb+1.%)SE (k47 K/F;&:j O;f ¢ (pk P

m, (27)*

(4C.42a)

[ @ (2%]’ /gl /@,1 ('FP(O)

(AEJ) _ 24’ dsF 44LA4LI/&’"E’¢)OFZ£C,E’)

At 0 12
x{._h_m/jﬂ Tk ST S B ”)(IL o) Bl

(2’[) 3y

(4C.4b)

We deal first with (AE3)1~ The matrix product

is reduced using o, = -iy,y, *+ i6,,, and v k, = y4ik; - iY4ai'ki
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We readily obtain:

AT C T CUTICTy) JCRE

We again expand the propagators in terms of projection oper-
ators (see (3.4)): Sél)SF(z) = [ J]vyiaZ. Incorporating the

matrix portions of the wave functions, we can write the

matrix portion of (4C.4a) as:
QU (e - ) D (10 - 04 )

[ Tt - T - G@)ﬁqe’f')’§>

_ <:-——ﬁmfﬁ[][d”4/ (nL_ MM%£I pw)]

e+ PR Ay s Fg e + G & a7

(4C.20)
where we have anti-commuted a Y3 to the right through the
wave function.

We then integrate over k! using (ko-kb) and explicitly

0
indicate the ko integration so that we can write (4C.20) as:
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|LI

00
* [ Q) > )
Jtbe CE s ewifos - L1100y
-0

- Qol ]0(’:’0((2)2'((2‘/,.élfw. f§ _ %(/‘1504[ j((o,i/.(/')é,} Q(_(z'},éyfw‘ f.§

@; A o~
sl ]%'{/)'“(zyw.f.? + Z‘ﬂgﬁw[ ]d’@"’x“fﬁé’{w. i.g

(4C.20a)
When we insert the product of projection operators, (3.4)
into (4C.20a) and anticommute the B(i), (i=1,2) toward the
left we will get different results depending on the @ ma-
trices multiplying [ ] on the left. For the calculation at
hand we can use (4C.8) and (4C.9). As before we extract the
spin-spin contribution be retaining only those terms with
an even number of @ matrices for each particle. We thus

obtain

A LI@"E g k) {w ] erm:
;(?klgi {{- Eirm) GV + Erm) Cp Y- T2 - P8 f I,
t e m) G T —(Etm )T+ Fpl + Byl 1)
. §<El+m)c7¢)7~+(e.-ml>éw7”+ Rt + w’f T,

g(g,m)wm’- (€, -m) o)V '~ F) ¥ - FMZ'{I,,}

+

Similarly the *’&3“61-2[ ]g".’g“’[w. ,f.)? term is
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4

k - "
!;{ {{t&.ﬁ—m,)(‘érkﬂm) G A —(Eﬁ-/m;) E(-ﬁ)g +-<E‘ +m)Fe)B - W)QEI-H
) m)o B - € mIFpB - )R8 + 2] T,

+ {(E, -W,)(Erkﬂh,)@@,)a_ + (Ez-i—/mL)Fée)B =+ (E‘—m\():(ﬁ)$ +D@)Q§ I_”i

+ {(E,“’M,)(E;—/ml)c_@)&?-(gl‘ M;)ﬁg)@ "(E‘-m,)p(,g)ﬁ "M)AQ'}I__g

and the - £, Ugl_l[ ] Q{ﬂ-’ %™ xk ;w, " E term

- \k; {{(E'—f-rm,)(gz‘*”m\JFw)/@/ ~E )D€t (&, +m)GR)7 -fw;{’fl}j

4E MmN I nramm i
K AR A

+ ZQEﬁ/m,)(El-me) F@Mgﬂ (EL-Mz)’D(,?)E’ —(E:"'"“)é;(,?)/’( +T’5¢);f§ I,:,

*ZRE,—«‘,)(&M‘L) Fo R +(Ectm) PE + €E,-m) BN + F_c%ffr_';

- { (e, - m)(Er-m)F B +Eu- ) DRIE = (5imw) GR7L = E@)IEI,}

and the — a"x® ] Ja" ¢ [ w. ﬁ{ term

.
—~

L ememF 8 €, - m)epd) s e, g - Fodt{ 1.,

485

N {(E‘_,,,J(Eﬁm):mg’ — e+ m)6@) Y —(E-m) D) '+ F«emf//j?L_

. {(EI-O»M,XEL‘”"L)E&)/@'I t (Ba-m) Gupd '+ B+ ) D) T & F4p)¢/’fI,+

+ {(E,W'J(Ew%)ﬁe)/@%(&+m) Gp) ¥ - Erm)Dg) - F@)W’fl--f
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and the - 0<“)- O(a)[ }O(WoL/{w. .,C.} term

4EE, {{(E -m (e, -m«;)F@/S —(E; M‘)M)Z/-{-(t ) 7(2)& %}Wﬁ

4 {(E 'W-)[EL+/’"L) ’:'Le) El_ (El+”n")D(2)‘1’ - (E’ _,ml)é@)y’-‘- E@}W’El;_

o (e m) ) B 46 oo+ (Eem) Gl Tl (T,

; ZC (Bt ) (Ertm) @) B +{Et w2) D) T = (E,vmn) Gp)dd - fw»i/’f r_,{

and the koglegz[ Jata? {w.f.} term

4E|lgl {{(E.—M,)(EZ-M)DQ)A - (B, - m:)Fp B (E,-m)EpB ‘Q(JZ)CiI
*g(ﬁ-"")(a“’"z)bée//\ - (e, +mm)Fp)p - (E.-m) Fi)B +C7@)CJ7 1+'-
i {(E\W\)(Ez-m)mm v (E-m) Fig) B + (Evtm) P8 + é,ce)cil_
! {(E:W')(Ezwz)mm Eatm) @B - € om)FRB - Gk § I‘__g

and finally the ao'-a?[ Jo! -k'{w.f.} term:

4—EE {[““Jez ) Fa) F = (Ea- )Gl +(E-mdp D= Fgm | T,

AARAAAA

g(g —m (st mJFp) F - Earm)GRIL — E-my)Dp) > + qu)Mf T,-

[ ,-mu) G L +Etw,)De)D + FRIMET
s ()l B P+ Enom) Gt B fr_.

+ {(E;+’ml)(51+4”z)f((l} F +<E;_1‘/mz) G L -~ (El'*’”‘-)‘M)D - ':(Q)Mg I--g






67

As before, all terms underlined once are of dimension
[momentum]'2 while those underlined twice are of dimension
[momentum]'S. All other terms are less singular in mo-
mentum and hence won't contribute to order a®lnoa”'.
Collecting all terms with a potential logarithmic contri-
bution we have

O IOl [ Ledkd Sk -g)
(A )@ 2m, M (2)* f(p%X“)l E,0)E.(W

L

X gk}(a+m0@,MWJFmLSC—G;+MJDW5JI;:)kld

- (E,‘"M‘,)D(,B) :' I++ - (E .+M">)D@)3 /I-.; + (E"M‘)D«QJQII++

+<Ez+/ML).D(B/2’I+_ - FoMmI,, + (E;'M')DCP)DI++

+ E,+W,)?X2)CDI_+E (4C.21)

Only the I term merits special attention as it is of di-
mension [momentum]’s. A careful calculation of I}, shows
that it contains a term of dimension [momentum]"3 plus a
term of dimension [momentum]"z. Explicit calculation of the
integral involving the integrand of dimension [momentum]'3
shows no logarithmic dependence, while explicit calculation
of the integral with the integrand of dimension [momentum]-2

3 3 2 ) N
reveals the integral uf 4"k d’p LF T ik'¥ + b j
(pr+ YY) E WEM) L [k+2[

which,
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from Table VI, is zero to order a®lna”?.
The remaining terms in (4C.21) are quickly calculated

using the low momentum approximations mentioned before equa-

{ l_ _/Z’_
2 3 m,

(4C.22)

tion (4C.17) and Table VI. We obtain

o2 PO (> 4 - [ ls 2

N

J

GAIZ¥2> =X

3

MZ

We turn now to (AE%)Z as given in (4C.4b). As before

2 — 1 1. 4_ 2. 1,.,2 v 2.
we write Yuguvkv = y,lo"-k-a®-k+a’+a (k0 a“+k)] and expand
the propagators as in (3.4) so that the matrix portion of

(4C.4b) can be written as

<[Q(,“‘)Alf _ f’i(l"g +£(//15(u - % 1‘)][ ( 01/'/ ;m

(4C.23)

[DW+~F¢m”ﬂ - Py - ca'ly ﬁg}

When we insert the product of projection operators (3.4)

into (4C.23) and anti-commute the B(i), (i=1,2) toward the
left we will get different results depending on the a
matrices multiplying [ ] on the left. For the present calcu-
lation we need (4C.8), (4C.9) as well as, for

a(l)(or a(l)a(z)a(z)) on the left:
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[:l - {(E."”‘I)(EL*M«.)—(Ez*Wz)g"/é +E, -m)dU — XAV
4EWE,b) B, + 7o -E) b+ 7. K. -E,)

€ -m)(Es-mr) = €r-mjy "l —(&,- )Xk + &k 2%
(’f@o +4Z; Ko 'E/){Ea + 7. U, +E;)

+ (E,+mNE, +m,) rErm) X+ (E.+/m,)Q('k-),é + A" x¥%

- Lo+ 71w ve) (My+ 72 4, -Ea)

L

Exm)e, - m,) +(E: '/V":)Q_(“/;é —(E.+m)&/z/£ —%Cl},éﬁ(f),é
<~/£o + i Ko fE/)(/@o + 7, Ko “"E;)

(4C.24)

and for a(z) on the left
[ } _ {(E,*‘/mo)(&-nm) Ry G PR CRY T A R F Y
1EWEWw (- £o + g ko~E) kv 7. K0 - B

E +m) (Esm)— €2rim) "k = (B, +m )XYk + g% R®lh
(’ja + 71 wc ‘E;> (,20 + 4&— k" +E2>

(& (e ) +(Er ) A (e -m) Al + K" X%

<—/Qo +%IV¢> +Et>( 241'4(‘ ‘(O—E))

Er-mm )t ans) + Eutms) 8"l = Emm) Xk — 2"k Xk
(‘jc"'f(lko‘fe,)(ﬁo"'?(zwn +E;)

(4C.25)
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Again we extract the spin-spin content by retaining only
those terms with an even number of o matrices for each

particle. Doing the trivial k(') integration, we obtain:

/eozzk,]-zg(qk[]{w.{.} term
(k)™

4E, E,

{{;Q}"’”"} C-,(,Q)T + Fo) Z)g I,+_: +{<E;”m.)@1(p)T_ E(p) ;’EI:__
+ Z(—(e, w')éazﬂﬁf@)é’} I_'l + g(E,+/m,) ot + E&}E’frf_f

Similarly the -&z)k‘[-é(('.’k[]{w,(.g term is

L {{(E‘ ) GOT ~F Y {1, J€ram) )V +rp 5{T,"

4EE;
T R S,
and the /ﬁos [I L"I '22( “ 5(”[ ] gw. ﬁ{ term

lkl'—z

4E\E1

i

{{“ (Bi-m) (8- m:) QDA + (E.-m)F@) B HE, - m) Fip b, —DCP)QE I,

+ f—(ﬁl-m,)(swm)cqma (g +ma)FRQ R —(E,-m) Fp B +D(£):tjr+"_’

+ [- (€1 +m)(E, -m: ) G ~E.-m)FR B +E -m) F@)R + D@Ulgl,’+

+ ;-— (E,+/m,) (g, +m,) Glp) X —(Ez+/mljf(p% - (E/+m) ng),g -_YXW:{I__E

and the - §, "o a®pell | Y{w f,f term
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4E

- IEIE {{V(E, - fm,)(Ed—/mL) Fp ,9 ~(E. +nn;)‘qp)3 - QE‘-rm) G;@).d+ EQ)W§I+:
+ & - m)e - m )Ep ~(E.-m)Dipi + (- m) e ~Fidf {1
+ ; E +m)(Es v ) OB +(Extm DT (€, +m) G — Figid/ f I

+ ;(E, tom ) Ex-m) HRB HE, —m)Dp 7 + (E,+m)Gpd + ﬁ#)i/j)r /’_g

and the - ’DV(M‘AE’ [ ] ,q(’(’{’ga}{w,,ﬂi term

4EE. {{’@"”‘“'XE””“JE@)@ +(E+m)C@1d + (& - )DL - Ry I..

+{- (& -m)(E-m)Fp) B + (E.-m) G ~(E-m, )02 + Fg))a/jL_
[ Enieam Ty 8 -l +enm) D% TR S

" ;— (Eﬁ»ﬂ,)(&—m,)ﬁg)@ —(El-,ym) (7@/0[ - (E l+/m,) D@)Q’ —F(p}o/fI__ §

and the /Q((u'é [ ] p(”jp((vfw, ﬁ} term

| .
s [{(Eﬁ/m,)(EL-/w‘z)Fﬂﬁ)B "?Ez"’?"l) D) & 'W-@E@JE I,

+ Z{\(“E,+m.)(51+/m;) F@)@ - (EL +/mz)ﬂwﬁ' + (E' +m)) 6747)0[ ——EAO )Jg I,,,
M aadoaed R g R VR P Y VPSPPI

+[(E/‘”"')(Ez ~m) R B +(E. -mDpl - (E,—w,)é,(pjg‘{ - _F‘—@)ﬁ/)? I+

Y Erm)(eiimjeg & + ErrmdIp R+ (E-m ) h + RS I--g
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and the "‘/20 ﬂ/-”()(a)[ ]o(({)d(z){w. £.¢ term

- _ /
1EE {Z[ E-m)(E-m) DDA ~(E.-mi) FipB ~E -m)Ro B +C,(.p)0§1++

+§(E|"”":)(EL+""’2)M)A - (Eﬁ/wu) F@)B +(E,—/M.>E(*)B —Cﬂ)CEI‘*L
+ {(E“t—/m,)(el-/ml)])(z)/l t E.-m)Fe)B - E+m,) F@B —é,apcfr_',r

+ g(E.w.)(ewm)DaZ)A -Erm)Fp) B +(E, +m)Fp)R +C7L2)C§I-'.%

and finally the o("fﬂ(mg'(a.)k[ ]a(".’a(‘” w[f term

I
Jee. ;{ —-.(E,-fm,) (Ez+/m;) F@p B +(Ez -i-fmz)Q(p)C +(E‘ -fm)W)é’, -F(P/N}I-H.

WMWMAAMMMW

*{ (Erm)E-m T B+ (B2 ) GIC ~(E 1w )DG + RN T,

- [ (E,+m. )+ m)FigB - (E. +m)GQRIC + (E,+mp)§ +Fp) N §I-+

+ 2’7"<E,+MXEZ+M;)E¢) g = (E.-m)GRIC — (E,+m)Dp)6 -p@}ufz__g

As before, all terms underlined once are of dimension
[momen‘cum]_2 while those underlined twice are of dimension
[momentum]'s. All other terms won't contribute to our

order. Thus we can write:
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- o[ PO’ fﬁ pdkd Sk -z){(ﬁ,m,)mll
Yo 2m M) | (prapf E e |1

[Erm)aed- rey L x,, +[Eam)Esm)Fy B-Emw LT,
+ [(E,»r/m)(Ez -m)Fp) 8 -E. -y Joy) R ‘(E'*’”")éﬁ?)d +F D/JIM
+ [-(E, -m,) (E+m) T B +(E;+/m1)éﬂg)c +(E, -m,) D)6, ‘F(.p)M]I++

+ [(E +%)(;—Z+/mz) F(,?);B E'-z +”"1)DQ) QJ I+_

+ I— (E\+M»)<EI+M;)E/,,2),B + (E(-r/m,') D‘Q}Q} I,+ /g (4C. 26)

As in the (AEi)l case the term with integrand of dimension
[momentum]_3 (the I, term above) will contribute zero for
exactly the same reasons as in the (AE%)l case. The remain-
ing terms in (4C.26) are qguickly calculated using the low
momentum approximations mentioned before (4C.17) and using

Table VI. We obtain:

. 0(3 0)/ - (), 52/ -/ .
@E&§=-K 7 /W&ﬁ‘“,>ﬁd [3+§

33

—Jﬂ_] (4C.27)

2 M,

Adding (4C.22) and (4C.27):

(// 2
Aed. ond’ wo)//ir 7)o X 4+ %%;_335] (4C.28)
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3. Quadratic Dipole Component
The quadratic dipole component of AEL is computed using

identical methods as before.

i _ zi<4no<)‘fdpdw"é S~ L

L 4,0

AE 2 7

x{ Mgeb WSk g K Lo by | Gl

z ma Zmy J (27)%

(4C.5)
Using (4C.19) and (3.4) we can write the matrix part of

(4C.5) as:
<"’4W"é’ AL Ja e g [ T A AU ]
N S ARLETA AT VR SR EEF VLYY
g -2 [T+ g e (-2 )] ] 0"

rle ]D(N)o(lzl _ Za 2(/"),9.((2’[ ] ﬁﬂ‘/gmﬁza{é/

/@ 2
+ jo N“}dm (I)L[ ] 0(“/ 0((2/ Q(_ﬂ‘l 0((2)0\((%),\4[]5“" ﬂ(lz)ﬁ(a{}_’ ;‘“‘ 4\‘?

whore fw fl = {0+ Fpap + Fpate + Goapxe g

Again using the same techniques as before we can extract the

SpP in-spin content.

The /ﬂ\'(/‘/’,é [ ] %//%/gw‘ {"g term



75

l
4EE,

{{(E‘-m')t‘@zf— G)@)Gg Tayp + ?_ (E/—’M,)f(p)zl.,. GW/QE T,

+ ;Q,:ﬁw)g(#)jlﬁ- Q(?)QJ? T_4+t g"(gc"’”")E(f)g /-‘ Q@/Qfl‘_’ ;

while the Ly [ T ™k . ‘ff term yields

A~ ~

4;::& g{‘ (- m)Fp ¥~ el Loy + [-Crrm)r s o 61,

+ { (€, - mn) sz/+ Q@)9g1_+ + g@””"’) F@)_;’/‘ 674?/951—-§

and the - QSO% [ jg‘\ﬂf,é/[unf.} term; since the spin averages

are of dimension [momentum]4 we need examine only I__,

= {(E'*”"»XEL-N 6)Y = (£, ) F) B+ € o) FDO D@)V§I++

4EE,

and the A" k[ ™k fw f.3 term: since the spin averages

are of dimension [momentum]4 we need examine only I__ |,

|
4EE,

and the - ﬁo/g('fk[]%/'f ﬁo(f/fw,_[,? term

{(E.—m)(eﬁm/@m?" =Bt m) PR +(E - m ) Y- DQ)))§I++

4;:':1 g(E.—w.)(E,+/m,) E(Q)@ -(E, +4Mx)é7({2)C%+ E, ~m,)'_D(.y)Q - Fp JjI«H’-

1

All terms in IJ’r+ are of dimension [momentum] - so all

terms in r, , 1',, or I' will be of the same dimension or

even less singular. Hence no a®lna ' contribution.

The [, /0&‘2% [ ] o g‘”fw. i g term,
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‘ {(E,+m,)(EI—WJF¢)3 - (€ ~m) DL + €+ ) Gl —fqz)c/§ T,

4EE.

There is no contribution to our order here for the same rea-

son as in the previous paragraph.

The - g(""k [ ]0(“"0(‘”95‘2%’ fw. fg term,

= | {{<E.~m)<ea+m)m)€ - (fz-w)ﬁwh(a-m)fwi~C7(42/771§I++

4’El Ez MARAAARANAAAAN AU AANANAA~

+ ZV(E,-W.)(EI - DRE - (& - m)F ) K €, -m)Fpd +Gom (T,

+{(E,+/m,)(51+m1)])@){ HE2+m, ) K +(E?/+/m.)E(p/j +CW(¢)7”§I_+

4 29(5, *m,)(E 4 o)V E + Eo-mo)Fp) Y - (E+m)Fipd = G f1_. ?

and the Z((Z).Né [ ] Q{w,p‘(”:é/fw,‘f_ 5 term,

! (e
e O T T

+{(E,+/m,)(&+om>(7@)7( ~E ) gy O —(E,+m)Fg) P+ DQ?JQEI"“

+;(El-fm,)(& - om. ) Gug) 1 (B -m) Fip) O +E,- m)Fp) P + DM/Q§I-+
N 5(5, - m (B ) Cipr N + (€, +m) Fig) & - (E,~m)Fg) P - wa&fI_- }

and the 4“%[ Ja LA A g ;W. [; term,

\ P 4 / ’
AEE, {(Ea"m)(et—-fmz/ F(,(a),é}f _(Ez-w,/é;(p).// + (€~ m,)mﬁ— F(p/'J/ jZIﬂ
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the most singular term here is of dimension [momen‘cum]'1

so the terms in I, , I!,, or I'_ will be of the same dimen-
sion or even less singular.

Identical arguments apply to the‘ﬁcywd”[deé?}hgf term
whose most singular term is:

(

L {(E € JBp) B Em o3 6 )l - P W] T,

4’E1El “++

The — ¢ x®ab[ JA" L [w.{. % term contributes

4e, a{ (& mfEcemIDO 3" (£ toms) By ]+, o) Fp) 7 - Gud I,

AU AN AT

+ { (Erm)(Etma D) Y + (E4me) Fa)df)’ +(E+m)F P + QWJJ/ I,

4 g(EH”W'.)(Ez *””L)M)Q/ +(E -m) ’:(P)J// _(El-;-»m,) F(jgif —ééij I__K

and the - @"z%“4[ JaL {w.f{  term,

45—51{{(6 M)<tz+"’1;)@i(P/»y M E W,)F¢),p b(#)'(/])l'

(BB G~ () Fiy sl (1) Py R+ 2t ki1,

+ ?(E."’”«)(Eﬁ%)éwd’ + (Eoramy) Fig)d/ " + (Evram) Fo/® + D) 7@1—4

o Comfem) o e Tl - (ecom) R D T

and the —ﬁozfxﬂfo‘w):] “W’“(U(r“’w('; term
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= | 1"

It e, {{(E,-,m,)(ez_,m,) Dp/A - -m)FpR +(E,-m)FeB -&piC } T,,

+{(E e )01 A e ) g (6, ) Fip +Gpef I,
+ ;(E,«fm,)(Ez-w,)j)az)A +EL-m) FR)B + E,+m )R B + Gpﬁ)cf 17,

+{ (€ xm)(Ect ) Dp) A ~(Extom) Re) B —(E +m,)Fig) B *éwcf I."_f

and the —420 K(ﬂ-/gm[ ]ef,"}fwﬁ(j}é/;wﬂ(‘g term

—l —_ —_— ¢ ’
JEL. {[(tf ) Ex=rm)FQ)F — & -m) Gl +(E, - m )2 D - P@)MJ} T,,

+ {(E—W.XGJ’M-.)EMF - (Bt )@ - (e - )DRD + F/@Mf I,
+ f(e,w,)(a ) Ap)E +(Ec-m)G@L + (Er ) DD + FwM}I,;
,r{(awm,)(awm,)—f(mr tEAm)GpIL —(E,+m)DRID - FG?JM% I_i %
and the 2’ gn{gwﬁ({)é[]%Q//dmfw.;f term
l h _ /
ToE, (LIt FOR — (Enm) G +(6, - 20 - Fonf T,

*ﬁgf-w)@zw FipB ~ (E-m) GpC ~E-m)DpiG + FoN{ I,

+ {(Eﬁw,)(E.ﬁm,)ﬁf)B r(Eatm) Q@) C HEAm) D)6 + FR) Mf I_/f

+ S(Emu.)(ez —omy) B@) B +(Ea-mm) @I ~(Eom) NP6 - WWEI-— 57
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and finally the /Q(“-’ Q’(Z’Q(&.{é[ ]ff(l') ffmf_((z-}é ’er. ff term

( —
4% E ;g<8"w’>(51*”‘)m)9 - E+m)Fpic +E,- )R O —é@)?} I.,

P S Y e R et

+{ (E-m)(E-m)NgD - E-mI)FgC ~(5,-m)Fy) O +G@)P§ I,

*{(Emm.)(a-fm)hm + E,tm)FRIC +(Eran)FR)0 +é¢)P§I_+

+ §(E,+ma,)(Ez-4n>) Dip)p + E.-») Frc =€+ 2 Fe)o - &) P?I__E

Collecting those terms that will contribute to our
order, we have:
dd CCIOL P d R P Y ke
O = i [y 21 e omteem e ]2
e ) (P87 E ) el *“

— [Erm)rp e sm B WL, (€ rmNestm) Dy T,

+[(erm)rgP - DR] T, , +[—(&,-m,)(el+m,)b(p)2} Q(Eum)l—‘(p)i/jjjﬂ

+ B ) B - D)k tE ) (Erran 2D — (&, tmm.) F@) €)1,
v L(Edm)Erm,) O . }

Using the same procedure as before, we quickly find that

AE‘M Iy AT Y W S (4C.29)
L - M* 3
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and finally the Q(“o’@”ﬁp_((l.{é[ ]5(") g(ziq(’f’,é 'er. ;)Z term

(

4% E (&A@‘_W')(E‘*””‘)D@D - E,4+m)FIC +E,-mFp O -@,@)P)Z I,

A

cfErm)(E gD~ EmIFYC (5 )Fy) O +C@PS T,

+ {(E,+W.)(EL+W))M)D + (B, tmy)FR)C +(E,+/m,)73—(,p)0 + §¢)P§I_+

+ g (B rom )(E-m5) D)) + E:- ) Fg)c = [+ m,)Fp)O — Q) PEI--}

Collecting those terms that will contribute to our
order, we have:

dd , 9(-3/(9(@/& O(BPO(BLC’BL, 0{&,— ff '12)
AEL = - ’ : - 1~ l+/m;
o4t /74/)'712l (?7_4_ 8\1}; g, (k) EZ(L) { [(E /m,)(E )D@){]I""‘.

- [(El-{-/m,)FéQ)w +(E,<+MLJF@)LUJI++ = (Bt gt ) D ET

+ + o, ) Ey - DR, [~(g,~m M) Dp)Q % (E, +m /
[ )P -SRI, +[~Cm)Erm) D2 e e i 1,

+ (EL“””"A)E@)J/’“ M)K "*‘(E,"”‘.)<E;+rm

DD~ (Erm) e )T,

v [(Edm)Etom,) DD/ . E

Using the same procedure as before, we quickly find that

AEdd = K 7(&\’}/30/0)/1< “‘V'“)>,é\ X! é/— (4C.29)
ML
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In summary the total ladder diagram contribution is:

(G IR ER FY R (40:30)

T Rkt X
where 7 = E

D. Crossed Diagram
The crossed two photon contribution to the energy
shift comes from the irreducible crossed two photon kernel,
and is given by(lz):
_ o~ ()
A 4 , - / 4 4D.1)

where ik(x,x‘) is derived in Appendix A and 1is

) f Gl iR
@n)t ) 4 1"

4 Y a2 () (3
{f e 2 x4, /” g-& LY, éi(wwyﬁaéd

fi~@&«)=-—
g

2)){( wéﬁ GN(X ’)())AMXM

2/"‘11

 RWIEAY e e e g' ”’L (4D.2)
STl A S

, 4 & "Y‘) . ) -~ () ‘ ~
where QE(X—X):fggﬁ ng(x Sﬁ&uﬂﬁfjspfp+7g{) (4D. 2a)

Doing the x,x' and p' integrations when we substitute (4D.2)
g p g

into (4D.1) we obtain:
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e - ff phed Sk -2) (L i/
¢ 7[(27t)" /2 R

. Zf&(/)x(z)g’:( L»"?Z, K) éél‘f"Z; K) Mv(f))::z/

Y “ 2 nl <
RS s e,

2o,

- E&Q_‘? " ()}L Sr(L+4g,k]§,~(L+%k)y”’X“)

2

Q}F 7 ('} (2 ) 2y al (3 x
Ry sk ) s gl

(1l

K Jar) ™ (4D.3)
The expression for AE; rather logically breaks itself up
into a charge component, a linear dipole component, and a
quadratic dipole component. We consider first the charge

component.

1. Charge Component
The matrix portion of the charge component of (4D.3)

can be written as

mi\f(2) 1) 2) [} 2/ (2)
QL SOS R T+ Fdy - Byaty - Gpiapay? >
(4D.4)

We expand the product of propagators according to (3.4) so
that (4D.4) can be rather quickly reduced to the following

expression in brackets:
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<[] Jwf3- %1 1o, fwd.f - o [ 14, i)+ a4 ]K;’xf’{w. z.§>

(4D.5)

where [ ] contains the projection operators and {w.f.}

() = 3, «
{P(B) + Fpgp - ng)ﬁ('({‘g - 7(3)2('.1’!,4(2).[3 . The kb
trivial using é(ko—ké), so that we can readily extract the
de-

integration is

spin-spin contribution using identical methods to those
scribed earlier. All that 1is needed is the expression for
the projection operators when various combinations of a

matrices multiply it from the 1eft. These are given by:

for a(l)a(z) on the left:

[ 1= 5= { (€ =)&) ) ~(Es-m) Bk €, ) gk + otk AVET
4E b EL) [Lo,(q,n-gjj[io-(ﬁzko-EI)]

(E,—m,)(a'+ ) - (E,'*/mljga(”./k + (E,-m,)ga(é g ﬁ(”fé@_’(z./_é/

-+
[L.- @x2)]] L, -0 Ko tel)]

L Eem)eytm) rle - m)aE e ) XL - aka® L
[ L~ (nwuArE)][ D, - (7. «-=E)]

+ (€, */m')(Ez s my) '\‘(E) /-rou;)ﬁ((’—),é -+ @p frm.)g(z.l __L’/ +g(’/_é g(i)ﬁL’ !

[L, ~(q.u0te)]] b, - WotE)]
(4D. 6)

for a(l) on the left:



83

[-] = ‘ {(E,-/m,l(e,/*rm;) '(E; '+om)2(((/i‘= "(E,-/m,)g(zjk’ + g/(u'k %Qzé'
JEE,’ [ -0 k0~E)][ Lo- . & £1)]

¥ (& - ”")(E -y ) = (€ mv;)d”é + (E, -/M)O(w/ﬁ’ ,f/fég(’ié’
[£. - (th-€)][L -7 ke+ED ]

! 1) (& [ s @)’
(E‘wm.)(E; */Mz) + (&' +4“z) ‘2{1,}‘; - (& *""J,‘Z(, é - Q(,(/'},é fo,é

L - gut®)I[ L - ek -E)]

—+

. (E f/m)(EL m,) + &,/ (m;)()(”é +(E +m,)0(2)11/+ 0(020(2/[ g
I/Qo -, « +E,)j[L - (*Z;Vu—&,)]

(4D.7)

for a(z) on the left:

r ] - \ { (E’-‘—/m/)/& /'/m,/ -E Lm‘/’éj’ﬂ/ﬁé -(E,+m,}/{(q/,é,/ + g".’j ;é'(y:é/
¥ [G-(ti-e)]] & - 0k -£)]

" X / ” /
Eor (€ 1) = (€2 e JL L + (Bt )5 e - 2" kL

[L - ttn -] L, - b Ko +€)7

(e -m(e) o) + (€~ ) X"k~ )8~ 2"k gk

LZ-MJHEﬂ[j,-W%¢Q]

+

BB ) ¢ (B o)A (6 ) XE XL
[ﬁ 7/1(01'5)][/21 fz—/(o‘f‘El)]

(4D.8)
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for a(z)a(z), or no & matrices on the left:

[] LE"’/’"I) €. +nm) ~(E— +/m;)ﬁ”k - E+/m)ﬂ”L %ﬁ(yé,
45 £’ [4, - ¢wo-e)]L A, - (040 ~&7) ]

+ (?.-f//".)\(E;'-M;)—(E,’-of«,)g(f.)g +-(E,+/m‘)g(vu{é’__ Q{('// XL’

[,Q‘, - @z,l(o-E,)J[L (7.4, +E‘)]

- )£, +m.) ~(e, +m )X b ~(E.- —m ) — Z L a®h

1L - wne)l[L -t -e)]

—“+

e mm)E ) @ m) AL+ (e )AL 8
[/ev - (11 Uy ‘*'E/)]):,é '('le K, +Elj]

(4D.9)
From (4D.5) we now extract the spin-spin terms.
[ J{w.f.} term
d [ ~ -~ P
Jox -1 - +1‘,§ ,
4&Eﬁ{ﬂ++ t- I’* the most singular

term here is of dimension [momentum]'1 so there is no con-

tribution to our order.

The - a””[ ] /J; A f term yields:
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4E_, E. {{’@"~*”‘“'> .- m.) G -+ (E;’—/mz)ﬁp)g-(e,qupwf - mz/,yg ’fﬂ

- Ermle )Rl i o) By B e g F - VE

R CEAN Y S RN R O ) S i

e i)l e e, mrE 2F T

and the - 0(~w[]0<'{4;w-/‘.{ term:

4EE ;{ (E /m)(a +/m1)é7(p/ﬂ + E, +m)F@)3 (&, w)p{gﬁ’ +b@/’3}>I

¥ {-(e,,m,)@;_%)g@)&“ “E )P B +{E,-m ) F BT,

+{"(E.+”"J(Eﬁ+m;/é/£9)z (&)t ) FQ) B ~Erm)rp€ - 2B {T-,
e et i i e

+(5’(E,+WI)(EL"W»)C7@)Z -(E;"Wx)'—:ga/g-*(emmjﬁp/? +l“()2)v/§§f__?

and the o(l"é(]“)[j 0 [ term:

(Ez'wm)ﬂrfé +~(&-m)Fp B —é@)g} i*

(
4E’—

+[(e/-»m,)(51’pmtﬂjp);lv -E ) Fp B —(g,-m)F@B + Qcﬁ)fcvff)r_
WWWW AAMAAARAAAAALLAAN

) Cm)E B ) FofE +(& )P + GpT {1
MMMt e ANiaiaassatasnes '

He

+ [E +m,)(E, +/Wu)ﬂ2)/4 +(E. +fm,,)F(2)B “(C'*’M‘)PQ-)_B/ S5@) < g
Rttt g g e e et
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Thus we can write the entire charge component of the

crossed diagram as:
(e) = PO [ A A Sk
</ 7 M(z27)* P+ B Bk

,42) [[(E‘ «hm.) C@/% - D@e)/@']f“

+ Z‘E. ‘rm'-XE;""'"‘*)é;(«?)ﬁ ‘(ELQ-ML/E@)f -E, +MJF¢/2 +D@)§Jf+,
+ I(E‘+WI)(EL'~+M,)C7Q)2 +(E;’+MJE@)/§+E'*M)FGQ}E +ip) ;9‘_];'_’

[(em P g « DB ]T,, + 20T, + @51,
) [(E"”“')(EL“*”"L)DWZ '(E;/+ML)§¥),§JJE1;, + €, +m)Fyp B I,

+ [(E‘ +M,XE;’+ML)D(£}E] E__ E

(4D.10)
The first two i++ terms, with integrands of dimension

[momentum]'3, will give zero contribution to our order.

The remaining terms in (4D.10) are quickly calculated using

Table VI, and we obtain:

£ x| e hn M (4D.11)
AEC - = N _—
M y

2. Linear Dipole Component
The linear dipole component is given by the second and

third terms of (4D.3). For computational convenience we

d

d
C)l and (AEC)Z.

break the expression up into two terms, (AE
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Table VII.

Spin averages for two photon crossed diagram.

[

Spin average

Coefficient of (I T¥)

oy 1% 2,07 (e
A= {2757
’g = < ”b/j”g{“'ﬁ A/W e f/)ﬁ>
% <0(“0((1}ﬂ(0’(< 0(0{”%/”2{"19>
R TS Y N UL
DERCRAPI AR Y
F e G gt 4
e e g
L= & abn)n? "’W )
iz kg s
»/: e RIS ) Gl ., .
V= ;ﬁé,m;,ﬁ'f— 2"k
53 <d((r%/2/z(z‘//v/ﬁajé /‘921(‘(/3/2‘(”,\_0"* 9:(2"#>
~ ) " p 7 00) ,
i <0(( igyﬁagé%/‘,v %(z'/” Qﬁ(r/?;’””{('/_éﬁ//f
Q= <.Xa¢m9( SR 2%y
> @ ‘"
B = & oy
5o ke
o w2y
IR SR ST
< A @) )
2 = Lo pE )
A CR AT
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Table VII (continued)

F = k> sk
B Kl e
E = gk avp> 3k
g = (oo gD PN
7 = dukaty L

e CERINETITE ng

Dz R PR g S ol
i = {7 A ’aJ"' A x¥p> o,
72 (a2l AR g o)
B2 o g 1 2> ot
K= <o'amll a4 4l 4> o)
K= a1 gy o)
L= a7 a e wlqnle o o 6"
L= 4wl gt a2y > ok
g’z o a7 R o
7= ot e g ol

W= (e ey 4> o4

0= Lo 2 > o
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Table VIII. kO integrations for crossed diagram

~ (m) _ . ,@,,(MJ | | '
Ift —;{‘Z&o “gol - “P(‘L ’2“; —\h‘v [‘20 ‘(%l(o T E Iz‘e)] Lﬁg—(ﬂz’(o TEuf ).\(-)J

~ o [+ ) ]k] + k]! !
R Y0 E NPT ‘f/*l\él"l"“E
~ \ -

L. =2 4nn;lkWL‘kllg

f_f > Qm[ 4%‘—(/‘(‘11 lu‘g
T —2x { 3m,mlk“|lu((w!+!kl)g
I/, = ST

~ _ -1
I =2 §4mzlk'fllgl(llc’l+lu) }

-~ | ~1
1. — ar {4,,”, ' el (\\L'Mkl)g

fi_—ﬁ—lﬂ(g =L - §

2 +
Vol o, (W] (kD) low, am> (4 [])

I, —2 { — -+ (= :
vy AT 2 k'] (L' T k) ™ 4</m.k" N mzb*)g
QR

LA LN = (Ve 4 (k)

1" —» 27 g-‘““;:——-————g
' Em (el 4L

1" — an: g Cgﬂﬂﬁg
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5 o 3_ 13, 3 L b o>
(Aef)o= ———:ﬂf{z"},fd Apdkd’ J(lﬁ 2) I, L) I,D(o) =5

x Z(‘a;"?ry/" SFW('L* 7 K)gFN<‘ k' 7 K) K‘;’) WA( } ﬁ‘ )(ﬂrz)

(4D.12)
Using (3.4) and (4C.19), we can write the matrix portion

of (4D.12) as

<[]£(mé[rw[} X a‘/fi[ ]ﬂ’wﬂwé)ﬂ“‘-/-]) A ”l'/[]%(z){[ +Wld{))"w {f
g L[] + a0 [ 100 (D g fuk] - UL TR Pk p

(4D.13)
where {w.f.} = {Dp +Fp 4"y + Fpa®lyp v Gwalp ¥ p}
We use (4D.6) through (4D.9) where appropriate and do the
trivial k(‘) integration as well as the k; integration (see
Table VIII). We then extract the spin-spin contribution.
[ ]g(z)'lg(w.f.} term: the spin average are of dimension
]4

[momentum while the most singular k0 integration, I

+42
is of dimension [momentum]_s, so the integrand will not be
singular enough for a contribution to our order.

The - 4";‘#[]%/'2/1% [.u[f term:
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-

= E\L/ {{ZE,-r fm,)(E,'—’mz/F(p} g —(E‘L'_ml) D) 3 -(E,-wm,)é}(pﬁ? + @/ Jﬁi‘\;f

B I ()G + €, o) T - R E.

LR g T T o

+ }(a mNE ) PR E (B, )3y T —(E,—m,)é@/g— ﬁm?f f,+

+ E(E. - ) (€ dm, ) B E (B ) Ne) T+ € %2/# F@/ﬁf f._}

and the - 4. J Ja® (4 +4%) [w.f,f term:

;;—'(E‘/ ff(a - J(E 4 ) QT — €+ ) F ~(E,-m,) @/54,‘_@& ;f:*
. {(e,-m)(e;—m)é@)& - (& - m)F) B +(Eimm) FR)2 —M'ﬁ} I
o] (&) (6 mi) Gtk HE ) DB (e, v BT,
- S(EM«J (&, -my) GL dﬁ’-m}ﬁtp)% +(E +m)Fl +30)5 )2 T

B )l s my) Fi) & - (Es +mn) D) 7 ~E~m)G0Z + ) flﬂ
¢ (r‘(E NE. "+ m,) Fig) ( )
v {(E.-fm//(a "o )& — (E-m) D)3 +(E,- M) 6P ~ qu/ﬁgI _

~ o~ A = P
+ ;(Em m,) (E;/—Hm;) Fp) +(EL'+/"'1)M);Z —(E,wm,J @,wé/ - F@/Wjﬁ[_+
b)) e -y T el ) + F I ff—-g

and the o I{w.f.} term: Again the spin averages are

of dimension [momentum]4 and the most singular of the ko
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integrations is of dimension [momentum]vs. so there will be

no contribution to our order.
The Ak A?/w [/ Q’/”/[w.-f,]? term yields:

T {{(E, -/m,j(el’-/ml) Fa) % - (,_:Lf,,,,,,)gép;wf; -(E‘—meﬁfﬁp/%’f fﬁ

+ {(5."'")(61% /m,,) Epp) g—- (Ezl-("?’”z)é@? 7;2 -f-(E,—m,):DLp}/g —'F(fP/;ijf;_
+ {(E;t—m)(g,’-om) =7 § +(&.’ —m;)éjg//i?f ~E +sz3:{;)§ —F(p”?i}ﬁf_*

B mE s B § + e+t + Ermm) DB W%ﬁ--g

and finally the q/('”’{;/[ ] ﬂ{/ﬂ/ﬂ’,-w/ﬂg + Q(f‘f,zj-/) [w. F,)Z term

[ ) ~ ( " N o
- {{(&—m)(&-rmt)b@/ A -E-m)FpB - - m)Fob +GpCFT,

t e -mlel oo B -t mo)F) T + (€, -m) B’ - 0T L

+ 5- (Ef’"m')(.ezl’ ’m;/h/[?}/’f +<el/"'ml) F(w(g —(E1+/m’)E(?}§/ B Q"D}EE I"“‘

4_{( Gl +M’XE1'+MWQZ +<E:+m,)t(,?)rg +(E.+WJF(9)’§/ -+ él@)évg IN_
~ o~ ~ ~ ~

* {E‘ )€ )P F ~(E.-m) /L~ -)Dp)D + FEM fT..

(6 m) (B[ B € ) G +E gl - FH T,

+ {(E.Jrﬂw.)(a’_ ) Fp) B+ Ei - /T €& +m)DP)D - Qp)ﬁffﬂ

" {(E,WJ(E;#%) FOF +E ) ol +(Erm ) D + R:z/ﬁﬁ’f,,g
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Collecting the terms with a potential contribution to

order a®lna”!, we have

s _ davel [ dpdkdLE A - 4 ﬂ[ .
(4% o zmM(Xn)’/(,om) ELEL] (&m) 20 I T,

- [(5, tom J€+m ) FyE -(E, +/m1)l>¢//‘i]f
" e I o W 1€ )T 62 m )08 e i BT,

- 1208 - P37,
(40.14)
The integrand of dimension [momentum]'3 (the last E++ term

in (4C.14)) yields zero. The remaining terms in (4C.14)

are readily evaluated using Table VI:

d @)’ D> e K
(AEC)@:_KM\//‘P//{P D /35:2*%%) (4D.15)

We now turn to (AEC) which is given by

(AEcd)@ - —752;?(27)4 MMK;Z aiéé Lt Ly oo F, iy

(UG Y S b )ST el 0 K B 0l

/IA
(4D.16)

Using the same method outlined before (4D.13) we can write

the matrix portion of (4D.16) as
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@"-’m{ o ff + o (B 2L 1%k - O LD o3

P T4 ot - AT )10 ] - A e

(4D.17)

where {w.f.} = {Dﬁﬂ)+Fm,Q("’.£ -~ Fpigiy - G?WQ&“%E%"Q?E

Using (4D.6) - (4D.9) where appropriate, and doing the k(')

and k; integrations, we then extract the spin-spin contribu-

tion.
The g(zlk'[ J{w.f.} and [ ]g(l)'g'{w.f.} terms have

spin averages of dimension [momentum]4 and the most

~

singular of the kO integrations, I_,, has dimension

[momentum]_S, so there won't be any terms singular

1

enough to yield an o®lno ! contribution.

The /Q, A’J,/W[ ] ﬁjll/[w‘ £ } term
! ) — ond / _— o~ ~ .
Jee, Z( [t m)(Es ) GOIE + €. ) Eip T (E o)y B +1>w§)2f /
M e ) Tt 4

+ f‘/EﬂWJ(E/—I-w;)Q@) Z +& +m)Fip) B Hem)Fp 2 _ m)ﬁdf E:_

b (e, ) GOZ (B ) F T ~ €, ) B -2 (T,
+ }\— (E,‘/mJ (Ez /”"")(7@)&‘ - (Ez. ’_M,&)E‘m %+ (E,"W,)F@);év + M/Ej ’f-/-f

and the — d;’g_"’.k' i j D{J“) fw,{ f term
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- C , ~ / - ~ o~
aE 'E'z{(E‘MmJ(EL +/’m) Fo) 2 -(E hm;)b@)/g +(E, +/m,)@4j7{ - %}jf?r++
(74 MasrmAan i AN AN AMArAr AN
PR A A A ANAA AN

+{<‘El+’m()(Fz.’"mz) F(.ﬁ}a ~(Ez"/mz)m)§ —(El +M‘l.) C‘I("Z) f +7:—60/ ?fii_

+ {(5,-W,XE;'+ML)F@/Z +(E+m)DRIE +E,-m) é@g +€l}£§f—f

+{(E'-w.)(EL'—m;JF@) 2+ (& -m) DR - (E, - w,)c,@/?( -Fe fIwi

and the a’(‘(”fimk' [ ] A’('ﬂ)fw. f,g term

450 -, {{(E,‘MJ(EL LML)F@)/QV —(EL"/m;)D(ﬂ):g + (& - »m,}é@)'z - E@/f}fﬂ

+ L (e )@ )8 - DR - € -mow R +Fd (T,

+

. § (E +m)(E=m)Fp 2 +E, "~ m)Uy T +E, )Gk +F—"@/§§-}’_+

+ {/E.M"I)(Ez#m)w); +E +un) D) § — (€4 m) Gy K -?@)zﬁ’f.-g
and the - o((“)[ ]f(_”‘/flé}’szw,{.g term
— |

/ — //\\’/, //\‘5/ P oy
i (et E B b e B 1y (.

- (Em) e m) Tl L, o)) +(E -m) W - R (T,

+{—(i,‘:+/m,)‘(5‘ '+M,]F761{2/’ - (5. '+m1;) [762)027’ - <E, +//ﬂ,}%0/,g/ - Ry;;i+

4 (r’ Erm e, m )’ - (.- m) Gip ) HErrm) 20)R" 4 F@/o?izf"g



96

and finally the — M”Qh7 ?Zy[]4;@ﬂ”/w,ﬂf term:

45'8 / [‘ {(5,"'"')(5;"'“:):0(4?)/7 -~ m)FwE +(E,-m)Fa)B - é;ng)f,(;

T ) (&t m) DRI —Es tm) FOE -(E,-m)FB +Gp/d §T,.

_ g(e,m,J(a’-m)j,@)A“ (&= m:) FpiB + €, +m)Fip) B/ +GpEST.,

- 5 (E|+M,)(E,’+4ul)_bgp)7+(5 '+fmzj@? ~(E+m)FR3 - Ga)C I’

+ ;“ (El‘”"f)(‘:l/+""z);(;ejg/ -{-(E),/‘f'/"!g)é}g?/g —(E,-m)2pG + AN §I++

T (Bl T eI -l - VT,

P E )6 m) FiB — (€ by € = (& vm) DG R (T

S A e ) U B ORI+ (E e h G+ Py W ﬁ"%

Collecting all terms of potential contribution to our order,

we have:

(A Ecd) >

The integrand of dimension [momentum]"3 (the 1

_id?) o)) fdzp T A

[ .
2m. M (z2m)* QD‘*W e,® e () zzb"”/@ -E.+ )F@)ﬂji

.'

- (& +m) i) ;gf_ , —ESrm)Ddp b ,f’ _
) I ~ , ~
+ [€rm)(&, v B 2 +(E +m)D@)B ] I, &) BT,

[(E-&/M)(Ez +m ) F(‘Q)'B’ ‘«r/m)M)( ] I E "M") E,- ""1)':@‘@ I+.¢ g

(4D.18)

+4+ term above)
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makes no contribution to order a®lna”!, and the remaining

terms are quickly calculated to be:

(AEj)O L xa[O) LD g 1M QL%) (4D.19)

M* 3 ZR

Thus the total crossed diagram contribution to the

linear dipole component is (see (4D.15) and (4D.19)):

—4‘ i 7 K] Po)? <0'(t/ z)>,£,A’" (é M -f-?:ﬂ) (4D.20)
M?> 3 m, 3 m,

3. Quadratic Dipole Component
The quadratic dipole component of the crossed two photon

diagram is given by the last term in (4D.3):

dd i [ pedd e k-p Y- L .
Ae. - L(xrz)‘/l Z; VZM { ) fp(O/E(é‘/E{l’j

2 Gy by Sebbq )b inny ) L J? ¢
(4D.21)

Using now familiar techniques we write the matrix portion

of (4D.21) as:
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4’5(4?[7@{2‘!‘ - AL [l - a/;/g”:'é[’]pgwé(“.’é’

. ﬂ'{”{({)’é/[ ]a/"(z/q({/é _ g”{é “(;yﬁufél []dJ(’/ _ O(‘I'r/[]ﬁ( '{é a’“(llﬂ(%{é

=

R R S e A F A e
+ /Z 0((”9:(2}?‘/[ ]‘X{”’_fﬁ Q'ﬂ')é A:/(IJZJ“JM _ ,Z zﬁ/ " (u[]a, "

»,ZA/(-M&(J(U[legmﬂ(;z}&uf,é 4 /z A,(// (’7’ Ué [7 (1/

/// (l/ ”’é []0(” a/ﬁ,a(é];w, fj)

(4D.22)

where {w.f.} = {Dw + F)jxp + E(P)D((”,f + Gp) X'y p(“’/._ﬂg

The spin-spin contribution is extracted using identical
techniques to those discussed earlier. In all of the fol-

lowing we need consider only spin averages of dimension

2

[momentum] “ or less as the kO integrations have dimensio-

-5 -4

[momentum] ~, [momentum]

-2

, -.., and we want an integrand

of dimension [momentum]
The - f_('z)aé' I YQ(G% fw.f,i and - g”’&[]g”-}’fw.ﬁ} terms:
No contribution from these terms as spin averages are
at least of dimension [momentum]4.
The —05;221_(1%[]0:/2{“.1 Jw.$.¢ and + XAk | K- %% fw.f.] terms:
All spin averages are of too high a dimension to con-

tribute to our order.
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The - dﬂ/L*’ “ £ r]‘g Jw. £y term: we consider only spin

. . 2
averages of dimension [momentum]

- JE —m ) (&, +.m) ) D

T E,-m) (€'~ ) 10p) D
45\5;/ +4 +( J )‘P 4

+ (E“nm‘)(g;"f,,m)ll]z)ﬁf__’ + (€, +/m,)(sz/_om)3>¢p)'5‘i_g

and the - a/(vﬂ/[ ]Q(U~}~é ﬂ,‘u%%;wrﬁf term:

4_5(5}/ g(EI'W.)(El’ﬂ‘-%,)M) 3/ f4+ "'(E, */)14,) (E;/-m,)_u#)/i/ EE*_

A A A A A A A A A AA A A AAAAAAAAS A

and the "L g% [17w §3 and A% 2L [ fw.b)S

~~ ~

terms:

There is no a®lna”' contribution because spin averages

are of too high a dimension.
L0170 2k .
The _, 1 ['7&3 AN Sw b term:

at least dimension [momentum]2

Spin averages are of

, so need to examine

I.,y only:

4&, ; {(r: s (Bt ) FO E (€, ' ) DIVT- (E,+m)(7@,,£/+ Fep 9/ 51

The - /Q° dt‘mI] Z{“'%/ﬂ([m )ﬂ“’(g term
- [ %/ ~ o ‘L-‘d” ~
4eE,’ §<E' ") (€] I — g, ) GO - € -m) D) R g L {If/f

e AEUW 0 Sk tem

| p ~ , ~ ~ = ~
JEE % ( = L Mu) o) % —<Ez ‘Wl)bwlb' ~(E,-'MJG760)7< +F@) 4 _{ I++

The & p(“'é M(L)Z ] fw fg term
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L fle,-om(es ) B B e ) G )0 1Ry £ 5T,

4EB
The - L' ”[]a}m acoﬁ} term: Since IY_ is of dimen-

sion [momentum] * the only spin average which could

possibly contribute 1is A:
"Z f / ~ v / ~ ~
Ter é(e, ~m )€ ~m )T | & € m)E:'+m) T " F(E +mm)(e, - m) I,

+(El*’”"l)(€-:zl'f/mz/ f:_ g

The /&0(() (/[] o/ «z/ a'é ;‘w/.)) term:

A&,

The Z‘, 9(({,’0(01(2/{{% I]djuf’(l-‘” w. f.z term:

¢ / =. = ! T D a T
2¢,wﬂa,mqﬁwp_@ﬁwyé@ﬂ %EWUDWD+FWM§:I;

Finally the N(’A/J/UQ/(”&[Yﬂ((/ Yl [ w. ! § term:
\

ek,

« o ~

} (€,-m)le,'+m) D0 DT, 4 E, - )& =) DU D T,
+(E, +MJ(EZ.*M1):D(P/N£f + <El +’“"{) (Et/””"l) M/ﬁ--§
WMWMMMAWW

Collecting all the underlined terms which will poten-

tially lcad to an «®lna”! contribution, we have:
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AEM: — i3 ) A Ak dzk' J\(lc’—é -2)
4m,* M (zn)f (9 +8) € (k) E.(kY

Il

’({(E,*"“./(Ez/'l'/m;) Np) Lﬁ- E— §/J r_,

(4D.23)
Using Table VI we find:
Ad 3fpo))* g,
pel o o 2Pl et c ) ha (2 ) (4D.24)
M:— /M;_

Thus the total crossed diagram contribution is (see

(4D.11), (4D.21), and (4D.24)):

win

2)

2 2
DEc= -7 4 —kn($ 8 1)+ ey

(4D.25)

where 7= 4 KA/WOJ/ZWU‘J“?A“#
M*
E. Non-Contributing Diagrams

Radiative corrections to the one photon exchange repre-
sent a potential source of aflna”! contributions, but de-
tailed calculations(14) have shown that in fact they do not
contribute to our order.

Since terms involving three photons are at least of
order «®, we conclude that the a®lna ' terms are those cal-

culated in this Chapter and give by (4B.59), (4C.30), and

(4D.25):
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, 1 & m
AR =7 3~ K?ﬁ?*i‘%)*“‘?(;"‘s‘ﬁ;) (4E.1)

vt [P ot o>
Ml

where ¢l =



V. SUMMARY AND CONCLUSIONS

The (me/mp)oczlnoc'1 recoil correction for each of the
components is listed below, diagram by diagram. n repre-
sents the quantity ma®|¢(0)|2%<o'+0?>1no '/M? which can be
readily factored (see (5.4)) into the Fermi frequency times
a term with the "correct' mass dependence (i.e. doesn't
diverge for m, > ©), It should be noted in Tables IX, X, XI,
terms with the "wrong' mass dependence (e.g., n(M/u) cancel
out so that we are left with only terms with the '"correct"
mass dependence.

The total o®lno ! contribution is thus

AE=%{9-K(B+7%)+K2(7-:4%)5 (5.1)
where, again, 7 = 7 o2 PO)* L7 D heat M7 (5.2)

Using M = (m; + m,), l6(0)| % = y*n-*, and Ry = a2m1/2 we

can write (5.2) as

¢ (%) W dad " By, (5.3)
(&)

This can then be rewritten with the Fermi coefficient

as a factor
- F:Ga %ﬁﬂff(u%)’}}(; :"'_”_;(7—4_'7)0(2%%-///4*%)_7
(5.4)
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Table IX. Charge component

L
|
One Photon Two Photon Two Photon
Diagram Ladder Diagram Crossed Diagram
2 M 1 M M
TTq n(3+§ﬁ) U

Table X. Linear dipole component

One Photon Two Photon
Diagram Ladder Diagram

Two Photon

Crossed Diagram

Table XI. Quadratic dipole component

Two Photon
Ladder Diagram

Two Photon
Crossed Diagram

2 _ mq
Kr](S 4 mZ)
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where the later factor in parentheses has the value

1.070 X 10°% MHz (where we have used a”! = 137.03608).

Thus the frequency shift corresponding to (5.1) is

v, = 2.899 X 107% Mz (0.2 ppm). (5.5)

It is interesting to note that, numerically, the linear
dipole term and the quadratic dipole term almost exactly
cancel each other (the linear dipole term being -8.324 X 1074
MHz, and the quadratic dipole term being +7.913 X 10°4 MHz) .

The present theoretical value(ls), including this work, of

the hydrogen ground state hyperfine splitting is
(vH)th = 1420.4026 (1 + 65) + 0.0057 MHz (4.0 ppm) (5.6)

where the quoted uncertainty is the root sum square of the
following errors: 3.8 ppm in uWQEDZ’ 0.6 ppm due to the un-
certainty for the uncalculated terms in p, and 0.9 ppm in
Sp(ls). Hence the uncertainty in the determination of the
fundamental constant, o, represents the bulk of the uncer-
tainty in (vH)th‘

The experimental value for the hydrogen hyperfine split-

ting of the ground state 15(16)

(Vi) exp = 1420.4057517864 (17) MHz (1.2/1012)

which is over six orders of magnitude more precise than the
theoretical calculations.
The uncertainty in « does not affect the ratio of muonium

to hydrogen hyperfine splittings (see (1.4)) as this ratio
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is insensitive to the value of a:

(- %) ,
Z :/{: (14 22 {H@C‘—J“"O&? o

P

The greatest difficulty in using (1.4) is the uncertainty
involved in the determination of the ratio ”u/“p° At
present there are two determinations of the ratio, a Uni-
versity of Washington/Lawrence Radiation Laboratory (UW/LRL)

(17) which measured the muon and proton pre-

collaboration
cession rates in a liquid, and a University of Chicago re-
sult(18) which measured Zeeman transitions in muonium.

The two results are

(v /up) yw/LRL = 3-183 346 7 (82) (2.6 ppm)

(“u/“p)Chi 3.183 338 (13) (4.1 ppm)

From these values we can put an upper limit on GP'

using (1.4). The present value (including this work) of

the proton recoil correction, is (-34.4 = 0.9) ppm(ls),

§
p,
the uncertainty coming primarily from uncertainties in

the form factors in the (me/mp)a correction. The muonium

recoil correction, 6u’ is (-174.0 ppm)(lg), and the muonium

hyperfine frequency, v is 4463.3023 (35) (0.7 ppm)(17).

m?
These numbers then lead to an upper limit of 6p':

(S S (6.5

i+

p JUW/LRL 2.8) ppm

I+

(6p')Chi S (3.8 4.3) ppm
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The uncertainty in each case was computed as the root sum
square of the component uncertainties listed above. C(Clear-
ly, the méasurement of the “u/“p ratio affords a most accurate
determination of the proton polarizibility.

The calculation presented here is the logical culmina-

tion of a series of a®lna !

recoil correction calculations
that have included the positronium calculation(lz), the
muonium calculation(lg), and finally this calculation which

has been the most involved of all.
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APPENDIX A

DERIVATION OF KERNELS

1. Single Photon Exchange
% v

*
Using well known Feynman diagram techniques, the above

diagram is written:

T, %, x'x) = - 61/1(47%’)(,'76/3“/( /a) - (x //);f (X -y, - x;))

A A d A L ipl x,) kit-g) ip'(x-g)
v CZT ‘e £ Vi

o 1'(/"(;/-’)&) ,,,)

79, F

d/zlf//j

(A.1)
We introduce the center of mass and relative coordinate

system (see (2.7)):

Thx, X X')- L2 /;( ApdUdyol’y” 1, Dy OF (7. 7]

(2>
' z/ - \ /z - W S 4
’e,/'z 'xv({@zé/yx;)ﬂ_(//fg,x,#;/be,/ é}w'{,x)

, (y’ féf—/jz_‘z 'l\/?’*flyxﬂ

(A.2)
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, ik
But I(x,x'") gfd"X ‘B (X I(x x, X, X’) (2.8¢)

so performing the indicated integrations on (A.2) we obtain:

¢ +é K)x
&’ o ¢22f5/6p+;7tﬁz)

THx)= f4-2§
Now do the trivial p integration. Then do the y integration
obtaining (2m)*8(k+p'-p"). Then do the p'" integration:

I(xx)= (2),//'[/4 '/«

(’)

Dos s W E ) ¢ o ((F -0 ) 1x-=)

(A.3)
Now change variable p' —2—— ¢ + 7, K and do the p'
integration:

?% g
«af(%"x) (A.4)

J

Tix, %) =<ii}4/d’é 1, @ A

Insert D = éux/k2 and let F, (k) include a phenomenological

magnetic moment for particle 2:

Rli= e~ BB gy (1.9
Thus:
L ilan) . " 9
I, ) =050 do-) e f(fr,wmx iff,)MS’Lf
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2. Ladder Diagram
% X, '

_—— - -
RS ———

D
A Ly,

As was seen in Chapter II, the two photon ladder kernel is

a second order perturbation expansion of the one photon
interaction kernel, Kk (see (2.21)). Ik is that part of:the
one photon interaction kernel (A.6) that remains when the

Coulomb interaction 1is separated out, namely:

/ /] - C/| /{} / (7 Ne) )
I, 1) =i dna -7 FE7 1, (W-g.d)

The two photon ladder kernel is then given by:

T (xx) = Ty Q,(g/;)r"’ ' (A.7)

where g,«(x,«y=fﬂ[)f; ) ip(x- Y)S,moﬂ ,J;)SF(Z)("P”Z‘I)
Thus

, , Ar ) /(440(‘% ‘L c' , ,
IK('X,’X) . ((272;) /é/éu I /x ;544()X(2) /QT _N(.lﬂ(y+

) @) , \,@) _2_‘_'2_ " u; d_) v @
g ol faun ) W (g - 3

5o b

(A.8)
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which is the desired result.

3. Crossed Diagram Kernel

The indicated idagram is written:

Tho, i) = e [dydledly der U0 sy -2)SE o)

S¥le =) B ey )0, KDy by )

(A.9)

4 / N ot
We set /—' ?7(1 9 3 2) f/;A (%#)41:(‘7 ‘g)’}“)éj.?‘)

(2m)¥

and take the appropriate Fourier transforms:
Tlxjwxm) = 255 4‘1 “d'e A2 d'sHs Ay dy Ay dyd UYL
(ff)&(f)??f/y {7 7//‘“,/1’)})”(}7
Q1A 15 irlnr) ipes] sy

P I ‘/ {k(x‘, ') N !
eq(?’x)ﬁ H)‘ez(c(g x/)
(A.10)
The y.,y',z,z' integrations yield:
/ch/"//—é’+§’+Z}//—7+r-l//(—z’#ﬂ//%’m‘)

Doing the now trivial ¢,&£', n, n' integrations, we have:
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) 1

wla® ., , b
o150 - £ [lpdy 44 L )
M
g J(k+p)x,
P ¢rb) D, » @) Dy &) 2
eI () (k] (A.11)
£ 2

We transform to the center of mass using (2.7) and then in-
tegrate over X' according to (2.8c):
- dna 4y 4O = = wan al @
:[CSX) = L;;m jl/f J/VZ{A / é aﬂ C:// fk‘;f/)f;;OW Se 0) X
ilkrp +ps L-F)X

S 58 D, @ Dy, ) 2
ﬁ;(fz-www pk-qk)x Y Hrr-np stk - b)a
(A.12)

sl il <)
Do the p' integration and change variables pzw p +7 (E-£-4)
Tow - 2, /Wm' 5 D) S e . DS 2 E)
B ) By ) Dy, 8 6777 e E b

If(’('k"zzwx’
(A.13)

~
where K =XK-£-4'
We now insert the appropriate vertex functions:



15

,_5/4/2/ _ —z’e('-’,()i?x‘;’— {:} >) /z} L)

Zra

and obtain:

et ALY ilek-nk) (b -nk)e
4 e

I@(/X):‘/?Jr)? W
g {E@"/F, WA g () 88
_RWIELY oy
EEER YN G trr) 1) G e
EUYrlY) w®® | A p®?
+ BORE) 77 L, Gl 1L,
. ?4@/“1) A ”L Gglra) YT b, ;{
e (A.14)
where

i i e
Gyl - (A5 2 S+ Z) SUprn)







APPENDIX B
SPHERICAL AVERAGING

We outline the proof(14) of the statement
L4 g > — S48 <V""-V"> which was used extensively in
the calculations. Consider an integral of the type we en-

countered in Chapter IV:
o = [0hd's £ (a3 400 )T ¢ 8.1)

where A and B are momentum vectors, and f an arbitrary
function bilinear in A and B. If we subject all momentum
vectors to a simultaneous rotation, R(¢.¢,8), where ¢, y, 6

are the usual Euler angles, remains invariant. Thus:

J://M’B fA 8 42, )(T"2a) (" 02) (3.2)
We integrate both sides of (B.2) over the invariant volume

for Euler angles, dQR = sin6 d6 d¢ dy
S [ da, - /A’M’B F5 3, 40,..) [aa e en)g” 23)
Rk 3

(B.3)
33 A w_w
P /AA,/B fa: 3. 48, .)'s, 49, (£4). 0 ),

/4

The integral over R can be written as a general second rank

tensor:

o fedy+ o Aty ¢ (.4
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where Cl and CZ are constants. However C2 is zero which can

be shown by the following argument:
f 40 RAL€E) - Cdy +Cdi B (®. 5)

Now perform a further rotation R' such that

A > R'A
(B.6)
B > R'B
Then (B.5) becomes:
f(RE’A)t«(ee',g)j AR, = f(u’g);(ee'g)j AR,
(B.7)

= c,fg- +C A

The second term in (B.7) 1s not invariant under (B.6), so
CZ must be zero.

Thus (B.4) becomes:

TG Cdy = o g

A A~

(B.8)

To evaluate C1 we take the trace of (B.5):

T /(@/, (2); dy = Ta Cd, - 3¢,

1oy
[124)- (e3) a2,

. A'ﬁ/ﬂmz
A3 (ST

1

li

= ¢, = L A-E

(B.9)
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Thus using (B.1) and (B.3) we obtain:

LA 228> —> L Ao o> (B.10)

The remainder of this section lists some general

spherical averages used in computing the values listed in

Tables II, IV, and VII. Anticommutation relations can be

applied to find related spin averages.
g a8 > 2 g.p oo
LA BRBRCANDD + ~5 (Axe)- (B x2) o 00>
S AEE R AL gD ) - T-2 (Ap) (D) -4 A rD)-(20)
+ 4@ B-2) +@ Bg9§ LD

<0(/’? ”(WZ’/% %a/}> 25 ,33 A-B Lo UuJ>

Ll gy — 3 pp <7D
<p("’. «® gf’,ﬁ f’iﬁ XK a ) - '—§ A -3LT. po
LI xagy - AR Lo
iaa a8y - -2 40k 0D
L
QIR RS > ¢

G4
L KB A I S - SN e2) + A eD)

£ ER)(E O -3 IR

B <g-('7‘ 741>



APPENDIX C
INTEGRALS

In this Appendix the derivation of the kO integrations
and the momentum integrations used in this calculation will
be given. We start with the k, integrations.

The basic k; integration for the ladder diagram is of

the following form:

gl | Ty (R R o e B i
W VANV RITT (ﬁ “ (Iel+0)) [ -(1ho €0 2] [Bov roke—e rie)7

(E€s1)
where we have included one form factor of the type
«A?/(k? + A*). We will show that, in fact. any form factors

! calculation because terms

are superfluous to the a®lna”
with the form factor parameters (in this case A2?) are not
singular enough to yield a logarithmic contribution.

The integrand in (C.1) has poles in the upper half
plane at kg = -|k| + ie, ky = -|k'| + ie,
K

kg = -(K? + A%)1/2 4 ie, and k) = E; + ie. We then

M1%0
close the integration contour in the upper half plane to
obtain

1319
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AJ—

I, = W, "
1+ = Klan /{azlk! (k)b p)(-b - (1o €) (-l 22 o -£3)

Al
+
R R T I YOICR AN D) ey

Al
N 206 0" (k- ket A)A (- (lc‘m’)"’-(z,a—z))((rm‘)"‘«,//,,-s}j

A* _
.
R A A (R A R S S I L AR RN g

(C.2)
Since all logarithmic contributions come from the low mo-
mentum limit of momentum integrands of dimension [momentum]'z,
we can set n1Ky - Ey * m; - Ep - ua2/2ml = —k2/2ml - Y2/2m2.
Moreover, A is at least as large as m, SO that we can expand
in powers of k?/A% to obtain the leading low momentum behavior

of I,,-

) N 2 (k)] + (k]
T,, = k(2 = - T
e = K( TL){:wwwu £ 2ETIEP (k] k)

(C.3)

_ oz L
(YT P
|

The important point in (C.3) is that the form factor
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dependent terms (i.e. the A dependent terms) are two powers

of momentum less singular than the A independent terms.
Explicit calculation has shown this to be true for all ko
integrations encountered in this thesis. If the momentum
integrands are never more singular than dimension [momentum]'s,
then the most singular A dependent terms will always be of
dimension [momentum]’l, and hence will never give a logarith-
mic contribution. This is in fact the case. The [momentum]'3
terms in the two photon diagram give part of the a® contri-

bution, but there are no terms more singular than [momentum]'3

|

in either of the two photon diagrams. Thus the a®lna”
contribution from the two photon diagrams will be totally
independent of the proton form factors. This is a valuable
result.

A few examples of other kj integrations where special
care must be taken to isolate the two most singular momentum

terms will be given below.

"o i /2‘ | 2
L. f‘% L1k 4 K] L-tpn ~€rie) ] [ttt =6x45))
~0°

Poles in the upper half plane are at kg = -|k| + ie,

kg = -|k'| + ie, and nyKy - E; + ie.
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I, =2m - lkf*
s {2(£/ (k") (lese, -7, )k - (& 1))
o £
2l L2 L) (b ve-n4) (k- (6 ~7:46))
) (26-8)" ?
(wa-e)'- ks €)= L n -5, r2: 4 -2
but ' :‘_(t__ff_‘_ilL\z,L__/_
bve -7k A k+E -2k /) 2m,
using 71‘(4 = m, - _)A_L i Ej-m, = L’/zrm,

T

Keeping only the two most singular terms of I} _, we obtain

I“=ﬂm\'[ ' iy LI o) c.4
+4 2T+ 1K) kPl -0 } i

The calculation for the crossed diagram is similar.

i b B ! )
Lo ){: ARV A [ﬁ,-(’z,%fawe)] E@.—(mh-f"ﬂ'e}]

Poles in the lower half plane are at k; = |k| - ie, and

kg = k'] - ie



1:2:3

~u ] b Lo
S .
= Zr 2k b (ot - (rEm] * 2Tk e, ) (v )

] —k ( = T
:—@m)(f;&(k"-k‘) i kkEw'm,/<l biesoms

3 L' 5 <‘_ E,-m = €,
>4 (k“’ lLl) k! L'+E -m, Live, -2

Keeping only the two most singular terms at low momentum,

we have,

Tl - ol oS LR dler s i - 3
o [Zlk‘llkl(u'f* ) 4<k"m. + Um)us(lc }§ (C.5)

And in like manner,

~ _ Z&., yZl | | !
S - 16 Bl L -qtorm 1) [h-(tere—ic)]

Poles are in the upper half plane at kg = -|k| + ie, and
kg = -|k'| + ie
T [}

. =2Zni
{ﬂa (oL (-k - (&7 m)[- ke {e,u,.y)

+ |
-2k (k™) (-L [Em )L (e ) f
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but
o510 het gl (, RS
k+E + m, E tm, k+Em/m,)
SIS o k
= Ciram, m etc,

b e L - (L 8

| L ( L)
P - E:
2L (L b (Erm (o) (' R e

which for small momentum becomes

fz{ , IS s -
Gom,oma | € |IE] (1K' 5 (k]) s (1) \Em a’w,}

| ( ) 2
S S (k.lk k‘) (E,wm, o+ E—‘ﬁa"rﬂﬂ)) + l%k)§

= T ’ o]
g [?M, TTET (167 18T) *’5‘0‘){

The rest of the ky integrations are listed in Table V and

(C.6)

in Table VIII.
We turn now to the momentum integrals (Tables III and

VI). The general form of the momentum integrals encountered
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in this calculation is

fd‘w Fie.t)
(I"urw(f”‘o')“)‘% )gi(y«))‘.m,

(x=1,2) (G 7)

where F is a function involving the spin averages.

The first thing to note is that for both p and p'
>>y(=pa), (C.7) is simply of order o® because the inte-
gral itself is independent of a. Thus the logarithmic be-
havior arises from the low momentum region. We also note

that by putting on of the wave functions at the origin in

the two photon calculation, we have forced the other wave
function momentum, p, to be small to insure a logarithmic
contribution. Hence we are justified in setting
E(k+p) = E(k) in the denominators of the two photon momentum
integrals. Similarly we are justified in setting
mi/Ei(p) = 1 as was done repeatedly in the use of the static
wave function.

The momentum integrations depend upon the use of the

formula (12)

! e Y] ’ =3
U (T%,[“*@>“)”J (c.8)
o

which is used in conjunction with the usual Feynman para-

meter integrals to obtain the following expressions:
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v = %;jﬂlylé: ,ﬂhL (”ﬂ)
a’/*c 0(,_4;-)"1 3 [a+@—a)v+(C-A)W’(4"9)MVJ%

(C.9)

|
Arpier

= ’0; A % (1-%)

(l N‘) & [“ o) i H(C-a)u - [f-a)un ] Y2

(c.10)

Equations (C.9) and (C.10) are used to expand the denomina-

tors of the momentum integrals For example, (i=1,2)

1 = dgfd}lak V’f‘l
@ oo i, R [
) (p T -2l &

is o /v—AAf - 29
e i g

where A; = (1-u) [pzu + miz + (y2 - miz)v]
= (1-w) [pPu + 8;] % 0.

Let p'z»(p' + up) and integrate over p'

(/T//A«/ }3/1f7f<{;& %‘)4 ! 2

lapt el
s AR




127

The integral over p is then done, yielding

1, fdul- )fﬂr) ST .

G W -ZA [N

The parameter integration over u is trivial. The v inte-

gration is

-4 2
’—‘_T—[m/‘ [”2"} 1 ”/'Z'g /f’“.“—w"— rml-}

expanding in powers of (y/mi)z, since y << mj;, the leading

logarithmic behavior is
_Z; 2 me -/
%;V"é;‘“%’“ ]

Since the coefficient of the momentum integrals contains an

a®, we need keep only the lna™!

term. All other terms of
the v integration contribute to order o or higher. Hence

we can write

- 2 < :
f(, —of ;L_j“”( (v=13) (1)
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The other momentum integrals for the one photon ex-
change (Table III) are done in a similar manner. The general
method is to integrate over p' (using the Feynman para-
meters), integrate then over p, and finally do the parameter
integrals using (C.10). Rather than go through all of the
details of the remaining integrals in Table III, we list a
few helpful p' integrations that are necessary to the re-

maining derivations.

/3
(F’Z N

e |axtl acpt
IV’ ) a-plte) fdm(r u) flw% ~

it o [, =

T ) .éL S el
fM )f< - LA

A

0{3(’/ = \
j‘(f"l*mjllw#’l’%' fﬂ(l 4 f(' -#)% A

f% /AA(_,L)’//(IW"F £
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where A =(-9[pru +m? (i m)w] = (-W[p u + A 20
Similar methods are applied to the momentum integrals
for the two photon diagrams (see Table VI). For example,
3
[t -5
(P e EW le™ [Ltpl

et djk ) e k? n* 2n? -1k
i fewem e (el ¥ T o {F)

>
e ldt 4 (T A st db ton” (%)
Fee P ) ewel T | Tewew k
0

The first two terms contain no logarithmic dependence,
while the later integral is evaluated by integration in the
complex plane.

i L - /¥
f; 1222 /I‘ = f M
EW f 7 /Z 4o )
: ‘./: LO-HY) s (G 4 (s sly)
z //;‘-f/rh‘)/‘ f(f +M}4
Change variables in the later integral, q =» -q.

A
s [y, A (- 8
T 2/5 ;/f“*/ml)l/)

oo

In the complex plane we have poles at q = 0, and q = *im.
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The square root branch cut is indicated by ©ecoccoocoeos
while the logarithmic branch cut is indicated by A~

and there is a logarithmic singularity at q = -iy

rim COMPLER
PlanE
T
Ko7
-

p'[m

2

0

o

]

We close the integration contour in the upper half plane,

and use the residue theorem.

L il _(L/}’ [M,L//- #/p) A{’-'f/’)
% 4; &= 3/ ; C; 08 ’A 2 ﬂk f'/f *”“}VL JCi f Cf +aa2) s z
Lo

8T B -

We note that the function just to the right of the branch

cut is the negative of the function just to the left of the

branch cut. so we have



f (!-If/l‘) "z'fd A(/—z;/i‘)
t 4 rrragT ") 2 Grem T

Now let y = -iq in the later integral

i (4, £ (- ce/r) A2
zigf/;+m) /@?(7 ,m)/;

= L1+ 3y [A“’/r)«»l@(wz)
£ PIT /A‘? 3 (g2 )"

ConmeAruTes 1o (X7
Fd e
__,f %N‘/Zy L a4
~ It Lty

| —
Conmeqpumes To q?9

™ »
-—‘)‘_,,—,"/ﬁp(/

Thus to order a®lna”

ta (MY B
L /f Tew gl T A

! we have

(-1

An identical procedure is followed in performing the

(C.12)

remaining integrations listed in Table VI.
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