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ABSTRACT
PROPERTIES OF Lp DERIVATIVES
By

Michael Jon Evans

Suppose a real valued function £, defined
on an interval I, possesses an ordinary derivative
f'(x) at each point of I. Then f' need not be a
continuous function. However, A. Denjoy, J.A.
Clarkson, and Z. Zahorski have shown that f!
possesses the following four properties, defined

here for an arbitrary function g.

1. A function g is said to be of Baire
class one if g 1is the pointwise limit of a sequence

of continuous functions.

2. A function g, defined on an interval I,
is said to have the Darboux property if, on every
subinterval [a,b] of I, g takes on all intermediate

values.

3. A function g is said to have the Denjoy
property if for every open interval (a,b), g-l((a,b))

either is empty or has positive measure.
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4. A function g 1is said to have the
Zahorski property if for every open interval (a,b),x
in g—l((a,b)), and {In} a sequence of closed

intervals converging to x with

-1
lg""((a,p)) N1 | =0
for every n, then

| |z,
I Iy -
n=te n

where |E| denotes the Lebesgue measure of a set

E, and

d(x,I) = inf{] x - y] : y € In].

H.W. Oliver showed more generally that if a
function f has a kth Peano derivative fk(x) at
each point of an interval, then fk has properties
1, 2, and 3 listed above. C.E. Weil showed,

furthermore, that £ has property 4.

k

In Chapter I of this paper we look at the
h

definition of a kt Lp derivative for a function

as given by A.P. Calderon and A. Zygmund. This type
of differentiation is a generalization of the Peano
type. In Chapter II it is shown that if a continuous

L
function f possesses a kth Lp derivative fkp(x)
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L
at each point of an interval, then fkP has the

above listed properties 1, 2, 3, and 4. We also
L

prove some other properties of fkp dealing with

its relationship to approximate and ordinary
derivatives. In Chapter III we show that if we
assume only that £ is measurable and possesses a

kth LP derivative at each point of an interval,

L
then fkp still has property 1.
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Chapter I. Introduction and Definitions

Suppose a real valued function £, defined on
an interval I, possesses an ordinary derivative f£'(x)
at each point of I. Although f' need not be continu-
ous under these circumstances, it does possess certain
properties which make it closely related to continuous
functions. Consider the following definitions of

these properties.

Definition 1l.1. A function g 1is said to

belong to Baire class one if g 1is the pointwise limit

of a sequence of continuous functions.

Definition 1.2. A function g, defined on an

interval I, is said to have the Darboux property if, on
every subinterval [a,b] of I, g takes on all inter-

mediate values, i.e. if g(a) # g(b), and if c¢ lies

between g(a) and g(b), there is a number d, a < d < b,

for which g(d) = c.

Definition 1.3. A function g 1is said to have

the Denjoy property if for every open interval (a,b),

g_l((a,b)) either is empty or has positive measure.






Definition 1.4. A sequence of closed intervals

[In} is said to converge to a point x if x 1is not
in the union of the In and if every neighborhood of
X contains all but a finite number of the intervals

I.
n

Definition 1.5. A function g 1is said to have

the Zahorski property if for every open interval (a,b),
X in g_l((a,b)) and {In} a sequence of closed

intervals converging to x with
-1
lg™" ((a,p)) n1_| =0,

for every n, then

dx,I_) 0,

where |E| denotes the Lebesgue measure of a set E,
and

d(x,I ) = inf(|x-y| : vy €1 }.

If f' 1is the derivative of f at each point
of an interval I, it is well known that £f' is of
Baire class one and that f' has the Darboux property.
Although f' need not be continuous, Denjoy and
Clarkson have shown that f' has the Denjoy property
(see [6] and [3]). 2Zahorski refined this property in

[19] and proved that f' possesses what we have named






the Zahorski property. These four properties do not
classify derivatives. 1Indeed, they are possessed by
more general types of derivatives. Consider the

following definition.

Definition 1.6. A function £, defined on an

interval I, is said to have a kth Peano derivative at

X k =1,2,..., 1if there exist numbers

OI
fl(xo), fz(xo),..., fk(xo) such that

k
h .k
f(xo+h) - f(xo) - hfl(xo)—...— T fk(xo) = o(h")
as h = 0.
The numbers fl(xo),...,fk(xo) can easily be
shown to be unique, and if f has a xth Peano deriva-
tive fk(xo) at X then it also has an nth Peano

derivative fn(xo), n=1,2,...,k-1. Notice that
fl(xo) = f'(xo), the ordinary first derivative. If

f has an ordinary kth derivative, f(k)(xo), at X5

then Taylor's theorem shows that fk(xo) exists and

equals ). However fk(xo) may exist without

0]
f(k)(xo) existing.

Example 1.1 Let £(x) = x> sin i for x # O,

and £f(0) = 0. Then fl(O) = £'(0) = 0, and since






n’ sin § = o(n?),

as h = 0, we have f2(0) = 0. However, f(z)(o)

does not exist.

Suppose now that a function £, defined on an

h

interval I possesses a kt Peano derivative at each

point of I. Denjoy [5] and Oliver [13] have shown that

under these circumstances fk belongs to the first Baire

class. Oliver also has shown that fk has the Darboux
property and the Denjoy property. Weil [18] has given

another proof that fk has the Denjoy property, as well

as proving that fk has the 2Zahorski property.

Calderon and 2Zygmund [2] have introduced a

generalization of the kth Peano derivative as follows:

Definition 1.7. A function £, defined on an

interval I, is said to have a kth Lp derivative at

Xor l1<{p<w=» k=12,..., if there exist numbers
Lp Lp Lp
fo (xo), f1 (xo),...,fk (xo) such that
1
L L k L =
1ln o PR IS -4l Pae} P
{ & [0 lexgrt) £ P xg) £ P(x) -. o om &5 £P(x) |Pae}
= omb),

as h - O.



As with the kth Peano derivative, the numbers

L L L

p P P
fo (xo), f1 (xo),....fk (xo) can be shown to bi
unique, and if f has a kth Lp derivative fkp(xo)
at Xqe then it also has an nth LP derivative

L

P _ _ .
fn (xo) at Xq for n=1,2,...,k-1. In this last
definition it appears that the value of f at X, is

irrelevant. However, if we know that f has a kth

1P derivative everywhere on an interval I, then we
can show that f(x) = fzp(x) for almost every x 1in
I by the following reasoning. Call x a Lebesgue
point of £ if

lim

h
f(x+t)dt = f(x)
h—~0 I'o

o o

By Lebesgue's theorem we know that almost every point

in I is a Lebesgue point of f (see [11] for a detailed

discussion.) Using the fact that f has a kth Lp

derivative at each point x 1in I, it is not difficult

to show that

1 +h L
lim £ [ f(x+t)dt = £ P(x),
o B YO o)
L
for each x 1in I. Hence fop(x) = f(x) for each

Lebesgue point x of f.

Another useful fact that is easy to show is that

if £ has a kth Peano derivative at a point x, then



f has a kth Lp derivative at x for any 1 < p < =,

L
and fk(x) = fkp(x). Furthermore if 1 < q < p < =,

and f has a kth Lp derivative at x, then f has

h

L L
a kt Lq derivative at x, and fkp(x) = fkq(x).

One of the first differences to be noticed

between the Peano and Lp types of differentiation

h

is that while the existence of the kt Peano deriva-

tive of a function f at each point of an interval

implies that £ 1is continuous on that interval, the

same is not true for the kth Lp derivative as the

following example shows. This example also shows that

the kth Lp derivative is a true generalization of the

kth Peano derivative, i.e. a kth Lp derivative is

not necessarily a kth Peano derivative.

Example 1.2. Here we construct a function on

the interval I = [0,1] which has a first Lp deriva-
tive at each point of I (indeed it will have an
ordinary derivative on (0,1]), but which is discon-
tinuous at O. For each positive integer n, let

1

- r = 1 . _1 '
I, = [ o’ on + 8pn]. On I~ we will choose £ so

that



l) f has an ordinary derivative at

each point of In’

2) £ = £+ =) = O,

2 2 8

' _J'_ = ! ._.]:_. _l - ! '
3) f+(2n) = f_(2n + 8pn) = 0, where £, (or f£)

denotes the right (or left) derivative at x,

4) max f(x) = 1.
xEIn

@

For x in I - U In' we let f(x) = 0. Since f(0) = O,
n=1

and since every right neighborhood of O contains
infinitely many of the intervals In' f 1is not conti-
nuous at O. f clearly has an ordinary derivative at
each point in (0,1]. Next we will show that

L L
fop(O) = flp(O) = 0, i.e. we will show that
1

y =
[ole) [Pat}P = o.
Let O < h <1, and choose the positive integer N so

o o
ol ]

lim
h-0

1 1
that <h< —=.
2N+l 2N
Then ) 1, 1 .
= N PN =
171 ,h P3P N+1{N+l 2 8 P..1 P
& { i j()lf(t)l atp+ <2 2 IO | £(t) | dt}

1
N+1 (. N+l < p p
= 2 2 DD f(t) |[Fat
{ n=N Iln' l }






@

N+1 [ N+1
2 2 2 1 dt
S N PR

ot

@

1
2N+l{2N+l 3 1];n P
) n=N 8

oI

2N+l{2N+l(g§§%§§_I7>}

16-21/P 1

= (8p_1)17p ) 22N-N/p

=22 . %
= (gP-1)1/P 2

2

Now as h -0, N - «, and -jﬁ - 0; so the example is
2

established.

In Chapter II of this paper we will show that
if, as in the case of the Peano derivative, we start

with a continuous function f defined on an interval

th L

I, and assume the existence of the k derivative

L

of f at each point of I, then fkp also possesses

the four properties mentioned above as belonging to
ordinary derivatives and Peano derivatives. In Chapter
III we will show that if we dispense with the
assumption that £ be continuous on I, we can still

L
show that fkp belongs to Baire class one.



Before beginning the proofs of these results,
we should look at yet another type of differentiation
which will be quite useful in what follows. This is
the notion of an approximate derivative which was
introduced by Denjoy [4]. Consider the following

definitions.

Definition 1.8. Let E Dbe a set of real

numbers, and let x be any real number. We say that

x 1s a point of density one, or just a point of

density, of E if

lim ENI
I

X€I
|z]-0

We say that x 1is a point of dispersion of E if

lim ENI
xel I
|1]-0

Definition 1.9. We say that a function f has

A as an approximate limit at Xy i.e.
lim f(x) = A,
ap
XX
if there is a set E having X, as a point of density

one such that
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lim f£f(x) = A;

X=X
o)

X€E

or equivalently, if for each ¢ > O, the set
F.= (x : |[F(x) - A] > ¢} has X, as a point of

dispersion.

Definition 1.10. A function f 1is said to have

an approximate derivative fap(xo) at Xq if

f(x) - f(xo)
ap X = X, = fap(x ) -
(0]

lim

X=X

Suppose that f 1is a real valued function,
defined on an interval I, possessing an approximate
derivative at each point of I. Tolstoff [15] has shown
that under these circumstances fép is of Baire class
one. Khintchine [8] has shown that Rolle's theorem
holds for approximate derivatives. It then readily
follows that fép has the Darboux property. The proofs
of Khintchine and Tolstoff are long and complicated. A
shorter proof of the fact that fép is of Baire class
one and has the Darboux property has been given by
Goffman and Neugebauer [7]. Marcus [10] has shown that
fép has the Denjoy property. Weil [18] gave another
proof that fép has the Denjoy property and, further-

more, showed that it has the Zahorski property.



Chapter II. Properties of kth L

Derivatives of Continuous Functions

The following theorem and its proof are due to

Neugebauer [12].

Theorem 2.1. Let f be a measurable function

defined on an interval I. Then at almost all points
x at which £ has a first Lp derivative,

LP
fl (x) = fép(x).

Proof. Let x be a point at which f has a
L
first Lp derivative, i.e. there exist numbers fop(x)

L
and flp(x) such that

1 h L L l
{- Jolfx+t) - £P(x) - ¢t flp(x)lpdt}p = o(h).

Let ¢ > O, and set

L L
B = {t>o0: |[£(x+t) - £P(x) - t £P0)] > et} and

L L
F_ = {t < 0: |£(x+t) - fop(x) -t flp(x)| > eltl}. We

need to show that E€ and F€ have O as a point of
dispersion. Let h > O and set E = E€ n [o,h].

Then we have

1
L L =
{% jg |£x+t) - £P00) - t £P(x) |pdt}P

11
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1
L L =
> { % J o leGe+t) - £Px) - ¢ flp(x)lpdt}P
E
1
> { }-1; j‘E PP dt}p
n
|Ey | :
> {0 PP ac)?
1
A B N N
=JLpil' h}p IF‘hI'

and this is o(h), i.e.

ENNEEN
e

un {5
Hence

lim Byl -6

h-0 h -

i.e. E€ has O as a point of dispersion. Similarly

Fe has O as a point of dispersion. So
L
f£(x+t) - £P00  Tp

llmap T = fl (x) .

t-0

If x also belongs to the Lebesgue set of £, then
L L
p - p — £ :
fo (x) = £(x), and hence f1 (x) = fap(x). Since
almost every x at which f has a first Lp derivative
belongs to the Lebesgue set of £, the theorem is

proved.
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Remark. Suppose that in the statement of the
above theorem measurability is replaced by continuity.
Then since every point of continuity of a function is a
Lebesgue point of the function, we have £f(x) = fzp(x)
for each point where f has a first Lp derivative.

L
Hence at each such point flp(x) = fép(x).

Corollary 2.1. Let f be a measurable function,

defined on an interval I, possessing a first L
derivative at each point of I. Then f?p
1) belongs to Baire class one,
2) has the Darboux property,
3) has the Denjoy property,

and 4) has the Zahorski property.
Proof. In the above theorem we saw that

L
f (x+t) - fOP (x)

L
. - P
11map e £ (x)
t-0
L
at each point x in I. Since f(y) = fop(y) for
almost every y in I, we have
LP LP
£f.5 (x+t) - £.5 (x) L
. o] 0 _ P
11map t = £,7(x),
t-0

(fzp)a;p (x) = fip (%)
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for each x 1in I. As pointed out in Chapter I, an
approximate derivative satisfies 1), 2), 3) and 4).

So the proof is complete.

If we now consider higher order Lp derivatives,

we obtain the following result.

Theorem 2.2. Let f be a measurable function
possessing a kth Lp derivative at each point of an
interval I. Then fip(x) is the approximate derivative
of figl(x) at almost every point x in I, i.e.

fk (%) (f )'p(x) a.e. in I.

Proof. Without loss of generality we may assume
that |I| < ». Let ¢ > O be given. By the corollary
to theorem 9 in [2] there exist a closed set E C I
with |I - EI < ¢ and a decomposition f = g + h,
where

l) g € Ck(I), i.e. g has k continuous
derivatives on I,

2) h(x) = 0 for all x € E,
and

1
{%fglh(x+t)|pdt}p =o(hk) as h -0

for each x 1in BE.
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Now let x be a point of density of E. If

X + u € E, then by 3)

LP LP
hk_l(x+u) = hk_l(x) = 0.

So
LP LP
(x+u) - h (%)
Lim k-1 -1
u—0 u
X+u€E
« Lp
i.e. (hk—l>ép (x) = O.
Hence
L L L
£5(x) = g, Px) + hPx
= g(k)(x) + 0
= ( (k"l)>| (X) + (th )u (X)
= \9 ap k-1/ap
LP
= (Bl )ap )

L
So fkp(x) = (fkgl>$p(x) for almost every

X € E, and since this is true for each ¢ > O, we have

L L
5500 = (55 ) ®

for almost every x € I.
The conclusion of this theorem cannot be
strengthened to an "everywhere type" result, even if we

assume that f is continuous, as the following example

shows.



Example 2.1.

16

Let f(x) = <L

L
We will show that fz(x) (and hence fzp(x)) exists for

each x, 0 x <1, but f2(0) # (fl ap(O)' We have
1 2 . 1
£'(x) = { -X cos §_+ 3X" sin z O0<Cx<1,
0] » Xx =0 .
Also f"(x) exists routinely for O < x < 1, and since
£(h) = h’ sin £ = o(n?),
we have f2(0) = 0.
Now if (fl)ap(o) = 0, then for each ¢ > O,
the set E_ = (h : |£'(h)] > eh} has O as a point

of dispersion.

Let F_= {h
€

particular consider

F

1

V3

For a fixed positive

We will show that this is not the case.

: |cos %l > ¢} for ¢ >0. 1In

1 1
(h : |cos Z| > —;]

hcs

( n;i[ ! n%ig).

1 4 4

n

integer N,
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ey 0 fo mig) 1= 1o (s wrey) |
in 2 4 4
=§Nl<mig'm£g)l
) niZN ( 2n211 - 11)
1 2 ()
-1 27wy

as a point of dispersion.

So Fl does not have O
J2
Let € > 0, and consider

: ;1

E, =(h: |£m| >(=-c¢)n]

— - ¢ V2

J2

= (h : |cos % + 3h sin %I >;§j - €
2

For a sufficiently large N,
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nlow JDF "o Frog) -
- 2

1
V2 V2

does not have O as a point of dispersion.
- €

S0 Ejp
3
Consequently, f2(0) # (fl)ép(o)'

Although a kth Lp derivative of a continuous

function need not be an approximate derivative, we will
show that it has the four properties of derivatives
mentioned in Chapter I. We will need a few preliminary

results.

In [13] Oliver introduced certain types of
mean value properties for kth Peano derivatives. We
will find it beneficial to exploit these properties,

defined here in terms of kth Lp derivatives.

Definition 2.1. If f has a kth Lp derivative

at each point of an interval I, we say f has properties
M?, j=0,1,...,k-1, if for each x and x+h in I,

there is an X' Dbetween x and x+h such that:

Lp Lp k—j -1 L

. - . - L

£y (x+h) £, (%) —E_E:_T— £.2 1(X) _ ).
hk-j K

(k-3):
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The special case of property M? when the left side
of this inequality is equal to O, we refer to as

property R? 5

The proof of the following lemma is due to

Oliver [13].

Lemma 2.1. Let an interval I and a positive
integer k be fixed.

1) Let j be an integer from O to k-1.
If every function which possesses a kth L derivative
at each point of I has property R?, then every such
function also has property M? 5

2) If a function f has property Rt—l and
properties M? , for each j =0,1,...,k-2, then f

has property R? for each j =0,1,...,k-1.

Proof. Statement 1) is proved in the usual
manner by adding an appropriate polynomial to f.
Suppose y and y+h belong to I. Set

pk-i-1

L L
') 70 < I S VORI S) « W P o
£, (yh) -£.P(y) - .- Fr=yr £ B ()

g(x) = £(x) - =
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Then
g] (Y+h) - g] (Y) - hgj+l (Y)“-..— _(k_-J_T)-'-gk—l(y) = 0O,
i.e. g satisfies the hypotheses of R% ; and
L L k-j-1 L
P Py __h” -~ p
g, (x) = £ (x) - £y ) -£7 () - - - fegoy T B O '
(k-3)

Applying the conclusion of R? to g, i.e., replacing
L
X by x' and gkp(x') by O, the conclusion of M?

follows for f.

To prove statement 2), let j be an integer,
0 < Jj<<k-2, and suppose x and x+h are two points

in I with

Lp Lp hk—j-l Lp
o - fif(x+h) - fj (x{—...— ZE:3:TTT fk_l(x)
ned
(k-3):
So - _
L, L, pk-3-2 L
P (x+h) -£. R S L
h k-1 *
(k-3)

Since f has property Mg_l, there is an x' between

x and x+h such that
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L, L, k=32 L,
fj (x+h) - fj (xX)-...- m fk—2 Lp
e = f (x ).
-J"l
h
k-3-D 7
Consequently,
LP LP LP LP
oo 1) - B0 HL, &) - 556 oy
h (x' - x) h :
k-3 k-3

Since f has property R;-l' there exists an x"
between x' and x such that fk(x") = 0. Hence f

has property R? .

Lemma 2.2. Suppose f has a kth LP derivative

at a point x. Then

L
' k-1 f.p(x) . L
1im L 0B e - T A thae = g P
h-0 h i=0 *°

Proof. Let ¢ > O be given. Since f has a

kth Lp derivative at x, there exists a § > O such

that for 0 < |h| < &

L 1
k P . = k
1 h _ £f.5(x) ,1 P\ p elh
{fm) Joleten) R M at|P}P < elhl

Let h be such that 0 < |h| < 8. Then

' k-1 £, p(x) i
| ktl) jh £(x+t) - 2 —E— t' dt - hkf p(x)|
h o i=0 il

] k f. p(x) i
|—(5;—1L jg f(x+t) - 2 —L—-t dt|

i=
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L,
' kx £.Px)
ﬂ[<%1,_)_-fg|f(x+t) - T A thae
i=o 1

<
L
x £Px) . s
< ) T R ety -3 A Y [Pac}P
< Ly o] s = 2= [Pat}
<e|h|k,

where the next to the last inequality results from an

application of Holder's inequality.

Lemma 2.3. Let f be continuous on an interval
I and have the following properties:
1) f has property Mg_l on I,
2) £ has a kth LP derivative at each point
in I,
L L
3) fkp(x) >0 for each x in I (or fkp(x) >0
for each x in I),
L

4) £ is upper semicontinuous on I.

P
k-1
L
Then fkgl is increasing on I (or nondecreasing on I).
L
Proof. As a first case suppose that fkp(x) >0
for all x in I. Let a and b belong to I with
L L
a < b. We want to show that fkp(a) < fkgl(b). Since
L
fkgl is upper semicontinuous on [a,b], it attains a
L

maximum on [a,b]. Let x € [a,b). Since fkp(x) > 0,

and since by lemma 2.2



L
\ k-1 £.P(x) . L
1im [kfl): oh F(x+t) - 2 —2—— tt dt = £P(x) >0
k+1 (0] i k
h-0 h i=0 .

there exists an O < h' < b=-x such that

L
k-1 fip(x) :
f(x+h') - 2 —— (h')" >o.
i=0 .
So
k LP
-2 £.%(x) .
[f(x+h') - A — (h')l] .
i=0 i o)
- f (x) > oO.
hy k1 k-1
k-1) .

Since f has property Mg—l, there is an x' such

that x < X' < x+h' < b, and

L
k-2 £.P(x) :
[£x#n) -2 A 0t
i=o k—l' - fki)l (xl) .
h')
(k-1):
Hence
LP LP
fk—l (X ) - fk_l (X) > OI
i.e
LP LP
£, (x") > £, ().
L
So fkgl must attain its maximum at b, which implies

L L L
P P . P i .
tbat fio,@) < £7,(), i.e. £7, 1is increasing on I.
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L
If fkp(x) >0 on I, then for any ¢ > O, set

L L
k
ge(x) = f(x) + ¢ X . Then (ge)kp(x) = fkp(x) + kle >0

for all x € I. Hence if a and Db belong to I and
a < b, then by the above argument,

L L
(905 (@) < (g, B ),

L L
b " P '
fk_l(a) + k! ae < fk_l(b) + k! beg,

or

L L
£.51@ < £F () + k! (b-a)e,

and since ¢ 1is arbitrary,

LP LP
£, (@) < £, ®).
L
So fkel is nondecreasing on I.

Definition 2.2. As in [9] we define differences

Dk(x,h;f) for a function f as follows:

Dl(x,h;f) = f(x+h) - f(x),
and for k = 2,3,...,

k-1

Dk(x,h;f) = _1(x,2h;f) -2 Dk_l(x,h;f).

Dy
When no confusion seems likely, we will write Dk(x,h)

for Dk(x,h;f). The following lemma appears in [9]

and is not difficult to prove by induction on k.
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Lemma 2.4. For each k =1,2,..., there exist

numbers ay 5 j=0,1,...,k such that for any f£,
X 51
1) Dk(x,h;f) = ak,Of(X) +j§é 3, 5 f (x+2 h),
k
2) 2 a = 0,
j—o kl ]
k .
3) » 280D, _06 for i=1,2,...,k-1,
. k,J
j=1
X .i(5-1)
4) 2 2 a. . >0 for i=%k, k+1l,°-.
S k,J
j=1
k .
We set iL = 2 Zk(J—l)ak .
k j=1 +J

Lemma 2.5. Suppose f 1is continuous on an

interval I and has a kth Lp derivative at a point x

in I. Then

(k+1):xk h L
lim ——————— D, (x.,t) dt = £ p(x ).
h=0 hk+l =r0 k'O k o)
Proof. As a first case suppose f(xo) = 0.
L
Since f 1s continuous fop(xo) =0 also. Let ¢ >0

be given. Then there exists a § > O such that if

0 < |h| < &, then
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L
. k f.p(x
{T%nglf(xo‘“zj yy -3 22

- i=1

1
) 5 : Y A
o) j-1_,1ip P
T (2°77¢) 7| Fat}

< e!hﬁ .
(k+l).kkk]ak'j|
for each j =1,2,...,k. An application of Holder's
inequality yields

L
. x £Px) .., .
-[%,- [olemor2i™te) - 5 20 237ty ae
i=1 1

‘ clnl®
(x+1) ‘k[a

’

for each j =1,2,....,k.

Now let O < |h| < §. Then

(k+1):xk h X

L
_ p
T fO D, (xo, t)dt - h £, (xol

(k+1) ! k L
"k rh _t  _p
= 5 o Dk(xo,t) I £ (xo) dt|

(k+1) 1h |& B 5 123l -t £ P )dt|
‘)‘kﬁfoj=lak,j 0 x ¥o

klxk
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k .
1
o) 0 {15 o ,Zi[ak’ £(x +20 7 he)
J:
Ip
k £.5(x.) .
_ i o j-1_,1
%, 3 iza 17 23710t
k ko £P0xg) 51 s < Ip
+ 2 [ak,j I 2 @70 ] - e 5P kg ael |
j=1 i=1
(k+1) :x { %) L j11|a f(x +2j_lt)
12y Tl Jo ok 0
k £.P(x.)
- a > + 0 (ZJ-lt)Idt
v ] i=1 1.
“p
x f£.P(x) k . .
1 h i 0 j-1 .1
el Jol 2 —1 jZQ 3,52 ©
kK L
-t p
I (xg) at}
X "
h
(k+1) 1n { & e
k{j=1 (k+1).k)\k
o
k-1 f£.Px) . Xk .
rar e T A D oa c@IThYat
i=1 : j=1 *J
Up
£ 5 (x.) k .
1 h 5% %) x j-1,k
+ ToT f() % t jz& ak'3(2 )
X L
t P
" (xo) |at}
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L
k k f p(x )
h 1 .n 5k &) x
s {D bl Lo , t
k{j=1 R+D) ey T J o I
Ip
£ 5 (x.)
x %) x
- =t Idt
KX }
= (k+1) 2 {% _elb.l_k___}
= MelLZ Trel) TRn
j=1 k
= elhlk.

Hence the lemma is proved for the case where

f(xo) = 0.
For the general case we set g(x) = f(x) - f(xo).
Then
k o1
D(xo,t;g) = ak,Og(xO) + jéé 3y, 3 g(xo+2 t)
k j-1 k
= 2 a, . fx+27 "t) - T a, . f(x.)
5=1 k,J (0] 5=1 k,J o)
k 5-1 k
= 2 a, . f(x.+2° "t) 2 a, . f(x.)
=1 k,J (0] =0 k,J (0]
+ ak,O f(xo)
= D(xo,t;f).

By the previous considerations

(k+1) Iy [ h ( ) Ly )
lim ——————— x ,t;g)dt = g, ¥ (x.).,
R, = | o Px %o x *o
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L L
but clearly gkp(xo) = fkp(xo), and hence

. (k+1):xk h L
lim TS 0 Dk (XO, t;f)dt = fkp(xo) .
h-0 h

Theorem 2.3. Let f Dbe a continuous function,

defined on an interval I, possessing a kth Lp deriva-

L
tive at each point of I. Then fkp is of Baire class

one.

Proof. For each positive integer n let
_ , k+1 ,h
fn(x) = (k+l).xkn I() Dk(x,t)dt.

By lemma 2.5 we have

L
: — P
lim fn(x) = fk (x)

n—w

for each x 1in I. Since f 1is continuous, we clearly

have that each fn is also, and the proof is complete.

Definition 2.3. As in [14] we call a sequence

{fn} of functions, defined on an interval I, quasi-
nonincreasing if for each x 1in I there exists a
number N(x) such that for all n > N(x),
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Lemma 2.6. Suppose f is continuous and
possesses a kth Lp derivative everywhere on an
interval I, with fip(x) > 0 at each point in I.

Then there exists a quasi-nonincreasing sequence [fn]
of continuous functions such that
s Lp
iiﬂ fn(x) = fk_l(x) for each x € I.

Proof. For each positive integer n define

functions fn and 9n by1

~ o ok o
£ =k 270 jo D _, (x, t)dt,
1
n (k+1) 28
gp(x) = (k+l)! 2 e jo Dy (x, t)dt.
Clearly fn and 9, are continuous functions of x,
and by lemma 2.5
LP
lim fn(x) = fk_l(x) for each x in I,

n-w
and

L
lim gn(x) = fkp(x) for each x in I.

n-ow
Let an X5 in I be fixed. There exists a
positive integer N(xo) such that for n > N,gn(xo) > 0.

Now let n > N.
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ik

=1
= xip(n-Lk 2%
fo1(x) - fp(xg) = ki2 Mee1 T

1

- k2™

1

n
nk-k+1 2
M1 Io D, _; (xg,2t)dt

= ki2

L

n
. ,nk 2
- k2" j‘o

L
o0

= k! o Dk-1(%

kel [y S

k-1

-2 l(xo,t)dc]

Mk-1

= k-1 [(k+l):2n(k+l)*k J

= n+ki1](._l ENCTY
2 (k+1) )‘k

> 0.

So £ (x5 > £ (x),

(k+1) Ay o

D, (xo, t)dt

2“
Aeel j'o D _; (%o, t)dt

D _; (xq,t)dt

il
2n

Dk(XO,t)dt]

and the proof is complete.
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The following lemma and its proof are due to

Saks [14].

Lemma 2.7. If (fn) is a quasi-nonincreasing
sequence of continuous functions with fn(x) converging
to f(x) for each x in an interval I, then for each
closed set P, there exists an interval (a,b) such
that (a,b) N P # &g, and f, restricted to P, is

upper semicontinuous on (a,b) N P.

Proof. For each positive integer m, let

Pl {x € P: fn(x) < fn_l(x) for all n > m}. Since

@
[fn] is quasi-nonincreasing, P = mgl Pm, and since

each fn is continuous, each P is closed.
According to the Baire category theorem, there is an

interval (a,b) and an integer Ty such that

¢;£Pﬂ(a,b)CPm. on P (fn:n>mo} is a
[ 0
nonincreasing sequence of continuous functions con-

verging to f. So f is upper semicontinuous on Pm
[}

and hence on (a,b) N P.

The next lemma and proof are due to Oliver

[1373.
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Lemma 2.8. Let f be defined on an interval
[a,b]. Let P be a closed subset of [a,b] and let
f, restricted to P, be upper semicontinuous on P.
For each component interval (c,d) of the complement
of P, let f be nondecreasing and upper semicontinuous
on the closure [c,d]. Then f is upper semicontinuous

on [a,b].

Proof. If x does not belong to P, then £
is upper semicontinuous at x by hypothesis. If x
belongs to P and is isolated on the right (or left)
from P, then x 1is the left (or right) endpoint of
a component interval of the complement of P, and so
is upper semicontinuous on the right (or left). If x
belongs to P and is an accumulation point from the
right of P, choose & > O so that f(y) < g(x) + e,
for all y in P such that x {y < x + 8. Since x
is an accumulation point from the right of P, § may
be chosen so that x + § belongs to P. Let x' be
any point such that x < x' < x + 8. If x' is in
P, f(x') < £(x) + ¢ by the choice of 6. If x' |is
in the complement of P, x' belongs to a component
interval, say (c',d'), of the complement of P. Since

x + 6 and d' both belong to P, d4d' < x + §, so
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that f£(d') < £(x) + e. But f 1is nondecreasing on
(e',d'], so that g(x') < g(d') <g(x) + e. So f |is
upper semicontinuous on the right at each accumulation
point from the right of P. Similarly £ 1is upper
semicontinuous on the left at each accumulation

point from the left of P. Hence f 1is upper

semicontinuous on [a,b].

The next lemma has been proved for the kth

Peano derivative by Oliver [13]. The proof given

here for the kth Lp derivative is based on his proof.

Like Oliver, we shall use without specific reference

in this and subsequent proofs several well known results
dealing with functions that are of Baire class one and/
or have the Darboux property. We list these results

here without proof (see [13] for a more complete list

of such properties):

If f is monotone on (a,b), and has the
Darboux property on [a,b], then f is monotone on

[a,b].

If f is monotone and has the Darboux pro-
perty on an interval, then it is continuous on the

interval.
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If f belongs to Baire class one on an
interval, then the points of continuity of £ are

everywhere dense in the interval.

If f belongs to Baire class one, then £
has the Darboux property if, and only if, for each

number a, the sets Ea ={x : £(x) < a}, and

E® = {x : £(x) > a} have closed connected components.

Lemma 2.9. Let f be continuous on an interval
I and have the following properties:

1) f has property Mg_l,

2) f has a kth Lp derivative everywhere

L
3) fkp(x) >0 for each x in I

L
(or fkp(x) > 0 for each x in I)
L

4) £P

K1 has the Darboux property.

LP
Then £, 7,

continuous on I.

is increasing (or nondecreasing) and

Proof. Suppose first that fip(x) > 0 every-
where. Let G = (x € I: fifl is upper semicontinuous
and increasing in some neighborhood of x)}. G is
clearly an open set. Let P =1I - G. By lemmas 2.6

and 2.7 there exists an interval (a,b) such that
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L
(a,b) NP #¢g, and £7P

k=1 is upper semicontinuous on
L
(a,b) NP. If (c,d) C (a,b) — P, then £P s
upper semicontinuous and increasing on (c,d). Since
L

it possesses the Darboux property, fkgl is actually

increasing on [c,d].
L
Now if we apply lemma 2.8, we see that fkgl
is upper semicontinuous on (a,b). Therefore, by

L
P
lemma 2.3 fk-l

(a,b) € G. Hence P =¢g, and £

is increasing on (a,b), and so

P . :

Kol must be increasing

and upper semicontinuous on I. Furthermore, since

L
P

f1

continuous on I.

L
has the Darboux property, fkgl is actually

L
The case where fkp(x) > 0 on I can now be

obtained from the above case as in lemma 2.3.

The following theorem was proved for the kth

Peano derivative by Oliver [13].

Theorem 2.4. Let f be continuous and possess
a kth Lp derivative at each point of an interval I.
Then
L
1) fkp has the Darboux property

2) f has properties M?. j =0,1,.0.,k-1.
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Proof. We prove this theorem by induction on
k. For k =1 we have from theorem 2.1 together with
its following remark and corollary that
pr(x) = fép(x) for each x in I, and that f?p
has the Darboux property. Goffman and Neugebauer [7]
have shown that if f has an approximate derivative
everywhere on an interval, then f has property Ml.

0]
So the theorem is proved for the case k = 1.

Assume that the theorem is true for k-1. We

want to show it is true for k. Since by theorem 2.3

L L
fkp is of Baire class one, in order to show that fkp

has the Darboux property we need only show that the
L
connected components of ({x : fkp(x) > a} and

L
{x : fkp(x) < a} are closed for every number a. By

considering the function g(x) = £(x) - f% xk, we

may reduce this to showing that the connected components

L L
of (x : fkp(x) > 0} and (x : fkp(x) < 0} are closed.

L

So suppose fkp(x) > 0 for all x in the interior
L

of an interval J. We must show that fkp(x) > 0 on

- L
the closure J of J. By lemma 2.9, if fkp(x) >0
L
p
k-1
the interior of J. Since by the inductive hypothesis

L

L
fkgl has the Darboux property, fkgl is increasing on

on the interior of J, then £ is increasing on
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J. Let ¢ Dbe the left endpoint of 3, and suppose
L
that fkp(c) < 0. Then by lemma 2.2 there is an

h >0 such that ¢ + h belongs to J and

L
k-1 fip(c) i
f(c+h) - 2 ——F— h™ < 0.

3 l.

1=0

L
k-2 fip(c) i

f(c+h) - Z) —i,—h L
i=0 i _ p
So hk—l £,21(c) <oO.

(k-1) !

By the inductive hypothesis f has property Mg—l,

and so there exists an x' with ¢ < x' < ¢ + h, such

that
L
k-2 fip(c) i
f(c+h) - 22 ——h L
i=0 i. p '
k-1 = fk—l (X ).
h
(k-1)
Hence
Lp LP
fk_l (X ) - fk—l (C) < OI

L
but this contradicts the fact that fkgl is increasing

L
on J. So we must have fkgl(C) > 0.
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If d is the right endpoint of J, we can
similarly show that fip(d) > 0. So ({x : fip(x) > 0}
has closed connected components. Similarly we can
show that the connected components of
{x : fip(k) < 0} are closed, and hence pr has the

k
Darboux property.

By lemma 2.1 we know that in order to show
that £ has properties M?, j=0,1,...,k-1, it
suffices to show that f has property Rt-l' So let
x and x+h be such that

pr (x+h) - £ P (x) = O.
k-1 k-1

L o
Let J = [x,x+h]. If £ P s identically zero on J,

k
L
the interior of J, we are done. fkp cannot be
o .
positive everywhere in J because that would imply

L
. . . Q .
that £, P is increasing on J as seen in lemma 2.9,

k-1
L
and since fkgl has the Darboux property, this would
L L L
imply that fkgl(x+h) > fkgl(x). Similarly fkp

L
. ) o)
cannot be negative everywhere in J. So fkp must be
o

either identically zero on J, or assume both positive

and negative values. But the latter situation implies

L
o
that there is a point x' in J where fkp(x') =0

L
since fkp has the Darboux property.
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Lemma 2.10. Let f be measurable and have

th

L
ak Lp derivative at O with fip(o) = 0,

L
i = O' 1' o o 0 ,k—l' fkp (O) = Ao Then

Proof. We will show here that

lim £f(h A
a0 ERh -

k - .
h~0+ h
The proof that
lim f(h) _ A
ap k k!
h=0" h

is analogous.

Let ¢ > O be given, and let

k
Ee = {t > 0O: |f(t) - A %T > € tk}. We must show that

E, has O as a point of dispersion from the right.

For any positive h 1let E, = E, N [0,h]. Then we

h
have
(1 oh X p %: 1 5 p 1]_;
{2 [olew - Al dt} 2{}—1 thlf(t) - A | dt}
1
2{%& P KP dt}P

h
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1
1 Bl pxp 1B
> { 1‘—1 ‘J‘O et dt}
P 'Ehlkp+l ;—;
= { kp+l h } ’

and as h - O+, this must be o(hk), i.e.

1
|E K+ =
— o (D o
(kp+1) h~0+
Hence 1lim —Eh— = 0, and so
+ h
h-0
lim iigl = i% .
ap h k.
h-o"

Besides the use that is made of the above
lemma in this chapter, it has some other interesting

consequences, which will be explored in Chapter III.

Lemma 2.11. Let O Dbe a point of density

of a set E. Then there are sequences {an] c E and

{bn} c E such that

1) lim a_ = lim b_ = O,
n n
n—e n—e
2) a1 < ay and bn+l > bn for each n,
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b
and 3) lim 2fL - 1inm ]‘;*l = 1.
n—ow n n—o n

Proof. Here we construct the sequence [an].

The sequence [bn} can be constructed in a similar

fashion. First we define a sequence [ém}. Choose
6 > O, so that if 0 < h < 81+ then
|lo,hJn E] | 2
h 3
In general, having chosen ém, choose 6m+l so that
m :
0 < 841 < mez S and so that if O < h i1’ then
[[o,h1n E] | m+l
h m+2
Now pick a, € [ 2 ) q nE Such an a
1 3 1’71 : 1

exists since

2

2

. 3 ’ .
Pick a2 € [ i al, i alj N E. Such an a exists

2

since

3 3 2 _ 2
lfo'a al] nEl > ( i a1> 3523
3

. . 2
Keep this process up, choosing a1 € [ Z 32 an} n E,
until we come to the smallest integer kl such that

a <6 Notice that

1 2
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2
a > = a -1
kl 4 kl
> 2 6, (by the choice of k,)
g % WY 1
> 54 (by the choice of 63).
. 3 4
Pick akl+l € [ g akl, g akl] N E. Such a number

exists since

fodm Jnsl> ($n,)3-15,

The process is as follows:

. 3 4 N
Having chosen a . choose a i € [ 5 g anj n E,

and keep this up until arriving at the smallest

integer k2 such that ak2 < 53. Again we easily see
that a, > 54.

2

In general, having found 6m+2 < akm < 5m+l by
the above process we choose

m+2 m+3
3 +1 € | w4 3k ' mid %k ] n E
m m m

which we can do since

r~ m+3 m+3 m+2\ _ m+2
|10 12 akm] nel > ( EIZ) %k ( nrs) = et %
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mi2 mi3 a J N E until we

Keep choosing qh+l € [ m+4 2n’ m+d °n

come to the smallest integer k such that

m+1
Ay < 6m+2' and so on.

m+1
In this way we arrive at a sequence {an}. We
clearly have il < a, for each n, and

lim an = 0. Now fix an n, and choose the smallest
n-—o

of the integers in the sequence {km};=1 such that
a, < a - If a < a1’ then
m m+1
a
m+2 < n+l m+3
m+4d = a = m+d '
n
and on the other hand, if ay > a1’ then
m+1
mtb3  _ (mtl)+2 o Znel o (mil)+3 | md
m+5 (m+l)+4 = a, = (m+1) +4 m+5

Now as n = o, m = o, and as m = o

m+2

m+a L
e © L
and %%% — i.
Hence 1lim _n+l 1.

n—so al’l
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Lemma 2.12. Let f be measurable and have a

th

L
k Lp derivative at O with fip(o) = 0,

L
i=o0,1,...,k-1, fkp(O) = A. If f 1is monotone on
a right neighborhood of 0O and monotone on a left
neighborhood of O, then A = fk(O), the kth Peano

derivative of f at O.

Proof. From lemma 2.10 we have

lim EL%L = ﬁ% ’
h-0 h ‘
h€E

where E 1is a set of density 1 at O.

As a first case suppose that £ 1is monotone
nondecreasing on a right neighborhood of 0. Let
[an} C E be a sequence as described in lemma 2.11.
Let h Dbe in the given right neighborhood of O.

Choose n so that a < h < a - Then

n+1l

fa ) £ (h) f(a))
@k S Tk S L K
2n qh+1
so
( an+l>k . f(an+l) < f(h) < f(an) . < 2n )k .
an (an+1)k hk - (an)k n+l
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Now as h - O+, n - o and the two outside

members of the above inequality tend to ﬁ% -1 = f%
Hence
lim ~£1%L = l% .
+ h ke
h-0

All other cases are treated analogously, and

we conclude that

’

lim £(h) _ A
h-o ht K

fk(o) = A.

We are now in a position to prove a theorem
. th . . th .
which relates k Lp derivatives to k ordinary
derivatives. This result will then be used to

establish the Denjoy property and the Zahorski property
for kth‘ Lp derivatives of continuous functions.

The theorem is patterned after a result by Oliver [13]
in which he shows that if a kth Peano derivative fk

is bounded either above or below on an interval, then
fk(x) = f(k)(x), the ordinary kth derivative of £

at x, for each x 1in the interval.
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Theorem 2.5. Let f Dbe continuous and possess

a kth Lp derivative at each point of an interval I.

L
If fkp is bounded either above or below, then

L
fkp(x) = f(k)(x), the ordinary kth derivative of f

at x, for each x 1in I.

Proof. Assume that fkp is bounded below on

L
I; say fkp(x) > M for all x 1in I. (The proof for
L

the case where fkp is bounded above is analogous) .

Let X5 be any point in I. We will show that the kt

Peano derivative of f at X5 exists and that

L
P _ . . .
fk (xo) = fk(xo). Having done this for all X, in I,

we will use Oliver's result mentioned above to conclude

h

that f(k)(xo) exists for each Xq in I and

®) (xo) -

L
p —
fk (xo) = f (xO

For a fixed X5 in I, let

L 2
- - P X
g(x) = f(x+xo) (f(xo) + xfl (xo) + 5 f2(xo)+.
xk—l Lp xk
DT k1) T M) y
Then

L L
glp(O) =...= gk?l(O) = 0O,

g (0)
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and if we let J represent the interval obtained by
translating I in such a way that X, is moved to the

origin, then

L L
9P x) = £P(x) - M >0 for all x €J.

L L
In particular set A = fkp(xo) - M= gkp(o).

L
p _ .
In order to show that f (xo) = fk(xo), it

L
suffices to show that gkp(o) = gk(O), i.e. it suffices

to show that

limg-ﬂ]:—)-=']zA—,'.
h-0O h :
L
Since gkp is positive on J, 1lemma 2.9
L
together with theorem 2.4 imply that gkgl is non-

decreasing on J. Suppose J = [a,b], and let

L
0]
Yi_1 = Sup {y € J: gkgl(y) < 0],

o _ o 1 _ .0
Lp 1
Now gk_l(x) 20 on J _,, and so by the same
L
argument used directly above, gkgz is nondecreasing on
J1 and similarl Lp is nonincreasing on JO
k-1’ Y 92 9 k-1°

So let
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.

o _ o p
Yk_z = sup {Y € k-1 gk_z 2 O}

1
yk-z = sup [Y € Jk-l * gkgz < O};
and
0 _ 0]
Jk_2 = [alyk_zj'
1 _ .0 0
J'k_2 = [Yk_zr Yk_1]
2 _ .0 1
Jk—2 = [yk_l: Yk_2]
3 _ 1
Jk—z = [Yk_z' b].
Then
nondecreasing on J°
9 k-2°
3 ;s l
nonincreasing on J, ,
g _ 1s
k-3 nondecreasing on Ji_z
nonincreasing on J3
g k-2

Continuing this process for a total of k-1

times, we arrive at 2k—l intervals Ji,
k-1
. k-1 : 2- -1 5
i=0,1,...,2 -1, with J = U Jl' On each
i=0

of these intervals g is monotone and continuous.

The point O can belong to at most two of these

intervals (with the possible exception of degenerate
intervals). Hence g 1is monotone on a right neighborhood

of O and monotone on a left neighborhood of O. So by
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lemma 2.12

1im 2B - A
h-0 h ke

which is what we wanted to show.

In [18] Weil proved that a function g of
Baire class one has the Denjoy property on an interval
I if, for every subinterval J of I on which g is
bounded either above or below, g restricted to J
has the Denjoy property. Using this result along
with the fact that an ordinary kth derivative has
the Denjoy property, we have the following corollary

to the last theorem.

Corollary 2.5. If f 1is a continuous function

having a kth Lp derivative at each point of an interval

I, then fkp has the Denjoy property on I.

Theorem 2.6. Let f be continuous and possess

a kth Lp derivative at each point of an interval I.

L
Then fkp has the Zahorski property.

Proof. Following along the lines of the proof

in [18] we first consider a special case where

Ep U "p
£,P(0) = £P(0) =...= £P(0) = o,
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and assume that {In = [an, bn]] is a sequence of

closed intervals, with positive endpoints, converging

to O 1in such a way that, for each n, x in I
L

implies fkp(x) > c, where c¢ 1is a fixed positive

n

number. Let n be a positive integer. Then the
same inductive proof as that given in [18] will show
that, for each positive integer j with 1 < j <k,

there is a partition

j,m(j) = bn

a = t. < ... <t
of In such that m(j) < 27 and, for each
i=1,...,m(j), one of the following holds for every

t. . ]:

X in [tj,i—l' 5,i

L L .
. p - p < - J
LP
and £P (t, 5 ) >0
“p “p c J
2(:]): fk_j (X) - fk_j (tj,i) S _(?) (t],l_X) ’
LP
and fk-j(tj,i) <0
“p p c J

L
p
and fk-j(tj,i-l) <O
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L L .
1) . P - p < —x)
43 = 5P - 5 Po0e; 0 > G (e 07,

L
P
and fk_j(tj'i) > o.

In particular if we examine the situation when

L
j = k and recall that fop = f, then we can say that,

for each n, there is a partition

a, = tO < wee < tm = bn

k

of In such that m < 2%, and for each i =1,..

one of the following holds for every X in

[ti-l' ti]:

(1) £(0 > ) (x-t,_DF

(2) £(x) < -6 (g;-0F

(3)  £0x) < -6 (x-t; S

(4) £ > ) (£, -5,

In case (1) or (3) holds on [t, ;.t.]
have

ty L t, 1
{ft;_llf(x)lpdx}p > 6 {fti_l(x—ti_l)kpdx}p
= ( K (k;_l)l/p) (tl ty 1)

’lml
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and in case (2) or (4) holds on [ti_l.ti]

1
t. = t.
{1 £ [Pax}? > 680 {10 (e, ax} B

Hence

c P
(t.-t. .)
( k:(kp+l)l/b) i i1

IN
A
—
'—‘
Hh
—~
J
o
Q
»
—
el ]

where e(ti) approaches O as ti approaches O,

L L
because f(0) = flp(o) =...= fkp(o) O. With this

It

estimate we can make the following approximation:

(bn_an) _ g) (ti-tl—l)
b . b
n i=1 n
m (t.-t )
< 3 lt i-1
i=1 i
_P_ .
1/p kp+1 kp+1
¢ on () T )
i=l,...,m
. .
kp+l kp+1

K (k: (k§+1)l/p)

( _max e(ti))

i=1l,...,m

IN
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Since In converges to O, and since

t.—0
i
lim max e(ti) = 0.
n—=eo t. €l
i"n
Hence
(b_-a_)
lim g -0
n-—o n
(bn-an) 4n
But B =1 - 5 ° So
n n
2n
lim 5 = 1,
n-—w n
and hence
(b_-a_) b
lim —2-2 - 1im (—n-)—l
a a
n—w n n-ow n
=1-1= 0.

This completes the proof of the special case.

The procedure for reducing the general case
to the special one is the same as that employed by Weil

in [18] and will not be repeated here.

We have thus shown that kth Lp derivatives

of continuous functions possess the four basic properties
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mentioned in Chapter I as being shared by ordinary
derivatives, kth Peano derivatives, and approximate

derivatives. We now show that kth Lp derivatives

share a couple of other properties with kth Peano
derivatives and approximate derivatives. These

properties deal with the relationship between these

generalized derivatives and ordinary derivatives.

In [17] Weil showed that if f has a K th Peano
derivative (or an approximate derivative) at each
point of an interval I, and if, for some interval
(a,b), f;l((a,b)) is not empty (or (fép)-l((a,b))

is not empty), then

[{x : £ (x) exists and lies in (a,b)}| > 0

(or |(x : £'(x) exists and lies in (a,b)}| > 0).

In his proof of these results Weil used only those

properties of £, (or fép) which we have also shown

L
p
k .

proof we state the following theorem.

to be possessed by £ So without repeating Weil's

Theorem 2.7. If f 1is a continuous function

possessing a kth Lp derivative at each point of an

interval I, and if, for some interval (a,b),

L
(£ p)-1((a,b)) is not empty, then
k

[(x : f(k)(x) exists and lies in (a,b)}| > oO.
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The following theorem is already known to
hold for kth Peano derivatives and approximate

derivatives (see [5] or [13], and [7] or [16]).

Theorem 2.8. Let f Dbe continuous and possess

a kth Lp derivative at each point of an interval I.

Then there is an everywhere dense, open set G C I
at each point of which the ordinary kth derivative

exists.

Proof. Let U = (x € I: for every right
neighborhood of x or for every left neighborhood of
X, fip is unbounded both above and below)}. Let G
be the complement of U. Then G = {x € I: there is
a right neighborhood of x and a left neighborhood of

L
X in each of which £ p is bounded above or below].

k
(k)

G 1is open in I, and by theorem 2.5 f (x) exists

at each point X € G. Since fip is in Biire class
one, the set of points of continuity of fkp is

everywhere dense. But each point in U 1is a point
of discontinuity of fip; and so U can contain no

interval. Hence G 1is everywhere dense.

Next we show that in a sense this result is

the best possible.
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Theorem 2.9. If an interval I, an everywhere

dense, open set G < I, and an integer k > 1 are
given, there is a continuous function f which has
a kth Lp derivative at every point of I and for
which the set F of points where the ordinary kth

derivative exists contains G, and furthermore, if

S 1is an open set with G c s cF, then G = S.

Proof. For k > 2 Oliver constructs a function
f which has a kth Peano derivative at each point of I,
and hence a kth Lp derivative at each point of I,

and which satisfies the theorem. Here we will treat

the remaining case, namely k = 1.

Denote by P the closed, nowhere dense set
@
I - G. Let {(an,bn)}n=l denote the sequence of
intervals contiguous to P. Fix a particular integer
bn-a 3(bn-an)

n , and d_ = a_+ —8,
n n 4

n. Let c¢_ = a_ +
n n 4

Choose an integer m > 2 so that

L - 3p
(2.9.1) P < (cn an) ’

and choose an integer jn so that
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and

1
- » - 0 d 0
Pn In TPy ” %
2 2

We shall first define f on (an,cn) as follows:

For every integer j > jn' let 1I_ . =

n,Jj
[ 1 1 1
a + — , Qa + — + O .
n 23 n 2] m pJJ. On each In 3 we define

2 ’

a function g so that
1) g has an ordinary derivative at each

point of In ‘s

v ]
1, _ 1,1
2) g(an + J) - g(an + ] + m pj) ol
2 2 n
2
1 1 1
3) gl(a_ +—==%) =g'(a_ + = + —) = O,
+' ' n 23 - 'n 23 Zmnpj
4) max g(x) = 1.
X€I .
n, j
For x € (an,cn) - U I., we set g(x) = 0. Then
3=3_
for any x € (an,cn), we set f(x) = (x—an)g(x). We
set f(x) = 0 for x € [cn,dn]. Next we will similarly

define f on (dn,bn). For every integer j > jn’
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1 1 1 J

=1 - = - ; - =1,

let Jn,] [ n 23 mp3 ¢ bn 3 On each Jn
2 n 2

we define a function g so that

1) g has an ordinary derivative at each point

of J_ .,
n,j
1, _ N S
2) g(bn J) = g(bn 3 m PJ) = 0,
2 2 2 n
[ — i_ — 1 -— — —— ___l_ — —_
3 gl -7 =g b, -5 -5y =0
2 2 n
2
4) max g(x) = 1.
X€n, 5
For x € (dn'bn) - u Jj' we set g(x) = O. Then
=3

n

for x € (dn,bn), we set f(x) = (bn-x)g(x). Now f(x)
has been defined for each x € (an,bn). We do this for
each n and set f(x) =0 for x € P to arrive at a

function f defined on all of 1I.

We first show that f is continuous on I. f
is clearly continuous on each interval (an,bn). Now
suppose a is a left endpoint of an interval (an,bn)
contiguous to P. If h > O and sufficiently small,

then

|£(a +h) - f(a )| = f(a_ +h),
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I ., then

and if a  + h € (an'cn) - n, 3

I8

3=3,

’

f(a_+h) = 0; whereas if a + h € I_ ., for some
n n n,j

j > jn' then f(an+h) = hg;(an+h) < h, Dby condition
4) on g. So f 1is continuous from the right at a .
and similarly f 1is continuous from the left at each
bn' Next suppose that x 1is an accumulation point

of P from the right, and let h > 0. If x + h € P,

|£(x+h) - £(x)| = |0 - o] = O;

and if x + h € G, then x + h ¢ (an,bn) for some
n, and so x + h=a_ + h' for some O < h' < (b_-a )
n n n

SO
|E£(x+h) - £(x)| = £(x+h) = £(a +h') < h' < (b -a ).

As h - O+, (bn—an) - O since X 1is an accumulation
point of P. So f 1is continuous from the right at
X. Similarly £ 1is continuous from the left at each
point x which is an accumulation point of P from

the left. Hence f 1is continuous on I.

By the way f was defined, it clearly has an

’

ordinary first derivative at each point in G. However,

if S 1is another open set such that G § S, then S

must contain at least one of the endpoints a,6 or bn
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for some n. We now show that f is not differentiable
in the ordinary sense at any endpoint a or bn. Fix

an an. Choose a sequence {hk] such that hk - 0 as
[oo]
k - », and a + hk € (an,cn) - g I 3 for each k.

Then
f(an+hk) - f(an)

lim = 1lim 2 o.

K~ hy k- Pk

Now according to condition 4) which we placed on the

function g defined on I 50 we may find a number
hj > 0 such that g(an+hj) = 1. Doing this for each
j > 3, we have a sequence {hj] with hj - 0 as

j = », and
f(a_+h.) - f(a.) f(a_ + h.)
lim n 4%, n = lim n
3 3 3w 3

3o 3

= lim 1

J=e
= 1.

So £ does not have an ordinary derivative at a .

Similary f does not have an ordinary derivative at

any bn’
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In order to complete the proof, we must now
show that f has a first Lp derivative at each
point in I. As noted above, f has an ordinary
derivative at each point x € G, and so it has a
first Lp derivative at each point x € G. The
following calculation shows that at each left end-
point a, of an interval contiguous to P, the right-

L
hand first Lp derivative flp(an) = 0. Let a

n
be such an endpoint, and let O < h < 1 + l. .
In m PJ,
2 2
Choose an integer J so that L < h( ——;—-. Then
2J = 2J—l

1
(2.9.2) ili {% jg |£(a +t) lpdt}P

1

gr,3 o297t p =
27{27 [ 2 (f(a +t))Pat}P

IN

I
N
[
A
N
&
™

IN

[\S]

—
5
=




m p+l 1
- ()P &
m_p m_J
2 T 2 1
1
2p+1, = J
2 ) 2 .
< —=—= (since m_ > 2)
( 22p_l) 52J
1
2p+l =
= L = (2 p
= K 2J (where K = ( 22p 1) )
< Kh
So we have
1
1 prh 1P
{£ [ole@+t)[Pat}P = om),

as h - o'. Similarly it can be shown that at each
right endpoint bn of an interval contiguous to P,

L
the left-hand first Lp derivative flp(bn) = O.

Next suppose that x € P 1is an accumulation
point of P from the right. Let h > O, and let
£Mh) = {(n : x < a and bn < X + h}. There are two
possible situations to consider here, namely
X +h€P and x +h €G. If x + h € P, then

1 1
(2.9.3) £{z JRlece+t) [Pac}P = 2 {2 [*P(e(e))Pa}P

b 1
2 Dee(e))Pac P
ne&(h)jan }

g I
—A—
ol T
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B }_1;{% z z [ .(f(t))pdt+f (f(t))pdt]}fl’
neg(h) 3=3, n, j Jn'j
o 1
CHE B, E Dl 0]
o 1
< %{% n%.&(h) j§l 2mlnpj}p
12 Y
- {3 o ;@:}P
1 L
St n@(h) (cqmag) P} by (2.9.1))
1
<Rizewye

= /P2 -1/p

< 21/Pn,

On the other hand, if x + h € G, then there is an

integer N(h) = N such that x + h ¢ (aN,bN). So
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1 1
{2 [2le0et) [Pac}®P = 2 {2 X*Pig(e))Pac}P

o a N

(2.9.4)

> fbn(f(t))pdt}%
nes(h) “%n

I

o I
A
o g o

1
+ {1}1'1 fx"h (f(t))pdt}p

ayn

o d I

1
1/ 1¢r1 +h D
ph + ﬁ.{ﬁ IzN (f(t))pdt}p:

according to calculation (2.9.3). We now must estimate
the second term on the right hand side of the last
We consider three cases:

inequality.
), then proceeding as

Case 1. If h > (cN-aN

in calculation (2.9.3), we have

1 1
= b =
11 +h P P lr1 N Pi,.1DP
5 {6 Jay (£ at}? < Z{% [ay (£(e))Fat}]
1
1(2 _. 3P\ p
< h{h (ey=ay) ™7
< 2MPy,
Case 2. Assume that h < Cy ~ and that
' 1 1 \
h' < — + — , where h' = x + h - a,.. Choose
IN m pj N
2 2 n--N

J(h') = J as in calculation (2.9.2) to obtain
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1 1
= a,+h' =
L(E pmeenPa) o b (h O e B

K h'

N

< Kh.

Case 3. Again here assume that h < c¢c_ - a_,

N N
but now that h' > 1 + ml. . Then
ZJN ZNPJN
1 a,.+h' 1
1 (1 x+h Py P o L[l N Py 1P
= {E j‘:N (£(0)Pat}P < = {5 fay  (E(2)Fat]
1
Jo—1
a._+ N
== LY 2 (f)Pat
N
1
a,.+h' =
w2 [N L (£(0)Pae}P
agt 51
N
1
J -1 1
¢ a,..+ N =
= {F LY 2 (£@)Pat + o} P
N
< K —l—— (as in calculation (2.9.2))
2
< Kh'

Kh.,

I
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Now if we let h - O', with x + h € G, then

1
LB ) |PhPae < [21P + max2'P.0 ] n -0

So the right-hand first Lp derivative of f at x
is O. Similarly it can be shown that if x 1is an
accumulation point of P from the left, then the

left-hand first Lp derivative of f at x 1is O.

L
Combining these results we have that flp(x)

exists everywhere on I, and the theorem is proved.



Chapter III. A Property of k™ I,

and kth Approximate Peano Derivatives
of Measurable Functions

In this chapter we consider some further
consequences of lemma 2.10. If we combine the notions
of a kth Peano derivative and an approximate deriva-

tive we have the following concept.

Definition 3.1. We will say that a function

f has a kth approximate Peano derivative at a point

Xqe k=1,2,..., 1if there exist numbers fip(xo),
ap ap
f2 (xo),...,fk (xo) such that
1 ap k ap
vin, {E(xg#h) - £(x;) - hEP(x ) -...- B £2P(x )}
h-0
= OO

Theorem 3.1. Let f be a measurable function

possessing a kth Lp derivative at a point X5 Then

L
fkp(xo) is a kth approximate Peano derivative at
(xo); specifically,

L L_.ap
p _
£ (%) = (fop>k (xg) -

68
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Proof.

Set

Lp Lp Lp xk Lp .
g(x) = fO (x—xo) - (fo (xo) + x£, (xo) oot IT fk (xo)).

In order to prove the theorem, it suffices to show

that

L
g - (0)

i

ap
Iy (0) .

But since

L L
g() =g,%(00) =...= qF(0) = o,

it will suffice to show that

lim xth) _
ap hk
h-0

and this follows immediately from lemma 2.10.

We want to show that the kth approximate Peano
derivative of a measurable function is of Baire class
one if it exists on an interval, thus generalizing

theorem 2.3. We need a couple of preliminary results.

Definition 3.2. As in [9] we define differences

Ak(x,h;f) for a function £, k =1,2,... by

k .
by (.05 £) = Z)(—l)k-J(g)f(x+jh - L.

j=0 ?
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The following lemma is not difficult to prove

using induction on k (see [1] or [9]).

Lemma 3.1. Let ) Dbe any real number. Then

k . .
k- .
ZEDSIE 00 3- a0t

j=0 J
Lemma 3.2. If f has a kth approximate Peano

derivative at a point x, then for any fixed number

A there is a set F(),x) of density 1 at O such

that
A, (x+2h,h; )
lim k n = fip(x).
h-0 h
h€F (), x)
Proof. Let E be a set of density 1 at O
such that
k fép(x) .
f(x+h) - 25 —l—l,—— nt = O(hk)
i=0 :

as h -0, h € E. Let 1\ be given, and define

F(A,x) = {h : »h + jh - %kh € E for each j =0,1,..

Then F(\,x) 1is of density one at 0. Let ¢ > O be

k).

given. There exists a & > O such that if h € E and

|h] < &, then
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k f&ilp (x) 4 €
If(x+h) > - h l < lh
i=0 * k2

and furthermore if I is an interval containing O

and |I| < &, then

Consequently we can find a O < §' < §, such

that if h € F(O,x) and |h| < &', then

1 ko £70(0) 1 ii
(3.2.1)  |£(x+rih+jh- 5kh) - T —=—=—0O+j - 3k) "h7|

i=0

€ . 1k k
< — |x+3 - 3k| |h
o k-1 ' 2 LY

for each j =0,1,...,k, and if I is an interval

containing O with |I| < &', then

lF(xT,;:)T nil o ,

-— € .

If we now consider the right hand side of (3.2.1), we

have

k k

€ ) 1. k k elhl k n, . 1. \ k-n
—1 M3 - 5k|Th]T <R T ) I - 5k
k2k 1 2 l k2k 1 n=0 n l
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el ie ] > 1

e|n|®. if A < 1.

Let us first suppose that |A| > 1 and that

h € F(A,x) with |h| < 8'. Then

A, (x+1h,h; £) X .
ke - 2P0 = & D DRI £eennein - 2kh)
h h® j=0 J
a
- fkp(x)l
1 X k-3 Kk 1
< & 2 3(.)[f(x+)\h+jh - 3kn)
h™ j=0 ]
ap
k £, (x) o
1 . 1,.,1,1
- A 043 - 30t
i=
k . k  £3P(x) .
_ 1
s 12 D EnFIH T A0+ - 300t
h" =0 J i=o0 .
- ap
fk (x)
K
< Z &) e lxlk
j:
ap
k £.5(x) k
P T A=t 3004 - 30t
h™ i=0 : j=
- £3P
fk (x)
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I
N

xlke + Ifip(x) - fip(x)l (by lemma 3.1)

k k
In]

In considering the case where [A] <1 we

similarly obtain

A (X+)\hrh7 f)
k n - fip(x) < 27e,
h

if h € F(\,x) and |h| < &',

In either case we have

A (x+)\hlh7f)
lim k - = £Px) .
h=0 h
heF (1, x)

Theorem 3.2. If f 1is measurable and has a

kth approximate Peano derivative at each point of an
interval I, then fip belongs to Baire class one.

Proof. For each positive integer n and each

integer p set

H
|
—
e]
!
NIw
e]
S|+
NIw
L

and



74

For each point J% € I, define
2

£ ;%>= supfa : [{gh e 1 : [{x ex Ak(:Thf)

>a} | >3l I} 1> 5 150}

For each fixed n extend fn linearly to arrive at a

continuous function fn on I.

Let Xq € I. We want to show that
fn(xo) - fip(xo). From lemma 3.2 we know that there
is a set F(O,xo) of density 1 at O such that
Vi b, (g hi £) R
h-0 hk k o
hEF(O,xO)

Set G = (%kh :h € F(O,xo)}. G clearly is of density

Let ¢ > O be given. We shall find it

convenient later to suppose that ¢ 1is so small that

3
1 - (k+l)e > b1

and il

1l - 2€2k =R 3 % .
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Then there exists a 8 » O such that if we let

ap

[ L P c k
B, ={n: [foen) - T ot < = Inl*},

i=

A (x.,h; £)
1 x
G ={ikh: [ e M :k - 5P xe) | < 2 e},

{1 & aap. o8 S
and F‘e- {vzkh st i3h 2kh€Ee for eachj—o,l,...,k},

where we have seen that F€ [ Gs in lemma 3.2, then

|lr_n 1| IEe n 1|

—*ffr——— v li=ies and ———TET—— >1-¢

for any interval I containing 0 with |I]| { 6.

Now choose a positive integer N so large
that ~% < %. Let n > N, and find the unique
2

integer p so that

B bl
2n < x0 < on

The situation is shown in the following diagram



n,p
— A N
[ [ | 1 ” 1
T f E f i f i f 3
3 g 3 5
P~2%2 L P-3 p_ fooprl B*5 pp Pt
n n n n n n n n
2 2, 2 2 2 2 2 2
-« SPISTELS)
In,p+1
=Ly
2k
1 Al el
Lek Ekh € {[ n+l * _n+l
2 2!
1
2k
€ 1
u [ 2m—l i 2n+l]} n Fg'

and hold it fixed. For each j = 0,1,...,k we have

; 1 o il | i
I =g kh E[ o+l 2n+1]ﬂ Ee-

Let Bj ={y-3jh + %]ch :y € Ea}' Then for each

j=0,1,...,k we have

ol - Al
iBj {\ [2n+1 % 2n+1]
T >1-e

If we set B = B., then

=2
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1
|B 4 j: n+1 % n+1j|
= > 1 - (k+l)e.

2n—l

Furthermore, if X h € B N [ then

n+1 . n+1J

: 1
x0+)\h GIn,p' and *h + jh EkhEE€ for

each j =0,1,...,k. So performing calculations as

in lemma 3.2 we have the following:

S < T

A o\ hy, hy f)
k k
S S
2) £ Al >,

Ay (X, + \h, h; £)
k"0 4 _ fap
e "EEt e (g S £ | B

h
< 2k( Z—n;%l—h—l> €

SR 3 27k
(2n+262-]]<'— )

kl)\lk€

(3k)k 61/2

If we set ¢ = (3k)k, then regardless of the absolute

value of ) we have
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A, (x, + 2h, h; £)
|_K__Q____________,_ fip(xo)l <c 61/2.
h

We have shown so far that for a fixed

1 1
2k 2k
1 3! = € 1
k Khie { [- 2n+1 i 2n+1j . [ 2n+1 ' 2n+l] } f} Fe
we have
A, (x, + Ah, h; £)
& k0. ap
I{xo t+amer o . - 5P (x0) |
1/2 1 - (k+l)e
< ce } I > 1 .
So
A (x,hi £)
1 k a 1/2
I{3xnex, : H{xer, |T—fkp(xo)|<ce H
L
2k
1-(k+1l) ¢ 1-2¢°"-
> n-1 } I > n <.

2 2

In the beginning of this proof we specified that
¢ be so small that
S
1 - (k+l)e > % and 1 wiae?k el > %

So we have the following:
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1 sEd PN SRR
1{2khc1n. |lxc1n’p. = £2P (x) |

S S e, GBS Tk

This then implies that
£2Px) - cel/? £ (B) < £2P(x) + cel/?
k o n\ ,n k 7o .
In a similar manner we can find an N' such

that for n> N' and p such that & ( x ¢ Bl
2" O B R

we have

f]acp(xo) - cel/z & £ (%) < f;p(xo) + cel/z.

We then let No = max (N,N*') and have that for

n > NO'
£, xg) - £2Pxp) | < /2.

. £2P :
Hence fn (xo) fk (xo), and the theorem is proved.

Corollary 3.1. If f is measurable and has

a kth Lp derivative at each point of an interval I,

L
then fkp belongs to Baire class one.
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