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ABSTRACT

MULTI-IMPEDANCE LOADING
OF LINEAR ANTENNAS FOR IMPROVED

TRANSMITTING AND RECEIVING CHARACTERISTICS
By

Philip Lyle Fanson

This thesls presents a method by which the trans-
mitting and receliving characteristics of a linear antenna
may be 1improved or modified by the use of multi-loading.

The idea of modifying the antenna characteristics
by impedance loading is not new. In recent years many
researchers 1n the antenna area have studied the technique
both theoretically and experimentally. Most works,
however, are restricted to single or double loading. A
few experimental studies dealing with multi-loading lack
theoretical explanation. In thils thesis, the general
case of multi-loaded transmitting and receiving linear
antennas 1s 1nvestligated based on a systematic and rigorous
approach.

The main findings of this thesis are as follows.

For a transmitting antenna i1f (1) the antenna current is
specified at M + N poilnts, (2) the radiation fleld is
specified in M + N directions, (3) the input impedance

1s specified at M + N different frequencies, or (4) any



Philip Lyle Fanson

linear combinations of case (1), (2), and (3), then M + N
complex 1mpedances can be found at M + N specified
locations. For the case of pure reactive loading with

M + N reactances, only (M + N)/2 values of the antenna
characteristics can be specifled. An 1Interesting case of
loadings which lead to the resonance or instability of a
transmitting antenna 1s discussed. For a recelving
antenna, M + N complex 1mpedances can agaln be found at

M + N specified locations if (1) the antenna current is
specified at M + N points, (2) the scattered fileld 1is
specified in M + N directions, or (3) the combination of
cases (1) and (2) and if the central load is specified.
The case of loading which will cause resonance or

instabllity 1n a receiving antenna 1s also studied.
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CHAPTER I

INTRODUCTION

This study will present a method by which the
transmitting and recelving characteristics of a linear
antenna may be improved or modified by the use of multl-
loading.

The idea of modifying the antenna characteristics
by impedance»loading is not new. In recent years many
researchers in the antenna area have studied this technique
both the theoretically and experimentally. However, most
works are restricted to single or double loading. A
few experimental studies dealing with multi-loading lack
theoretical explanation. In this study, the general case
of multi-loaded transmitting and receiving linear antennas
is investigated based on a systematic and rigorous approach.

In Chapter 2, the basic antenna characteristics are
expressed 1n matrix form as functions of loading 1impedances
and antenna parameters. In addition the desired antenna
characteristics are expressed in the form of constraint
€quations. These constraint equations are combined with
matrix equations to determine the solutions. In Chapters
3 and 4, antenna currents and fileld patterns for both

short ang long linear antennas are derived. Chapter 5 1s

1



2

devoted to numerical techniques and examples of transmitting
antennas. Chapter 6 1is concerned with the development
of the matrix and constraint equations for a multi-loaded
recelving antenna. In Chapter 7, the current and scattered
field of an unlocaded recelving antenna, both short and
long, are presented. Finally, Chapter 8 presents additional
numerlical examples of a multi-loaded receiving antenna.

The main findings of thls study are as follows. For
a transmitting antenna 1f (1) the antenna current is
specified at M + N points, (2) 1ts radiation fileld is
specified in M + N directions, (3) the input impedance
is specified at M + N different frequencies, or (4) any
linear combination of cases (1), (2), and (3), then M + N
complex impedances can be found at M + N specified loca-
tions. For the case of pure reactive loading with M + N
reactances, only (M + N)/2 values of the antenna
characteristics can be specified. An interesting case of
loadings which will lead to the resonance or instability
of the antenna is discussed. For a receiving antenna,
M + N complex impedances can agaln be found at M + N
specified locations if (1) the antenna current is specifled
at M + N points, (2) the scattered field is specified in
M + N directions, or (3) the combination of cases (1) and
(2) and if the central load is specified. The case of
loading which will cause resonance or instability in a

recelving antenna is also studled.



CHAPTER II

MATHEMATICAL FORMULATION

OF A MULTI-LOADED RADIATING ANTENNA

In this chapter the basic equations which mathematical-
ly describe a multi-loaded radiating antenna will be derived.
The functional relationships between the driving voltage,
the loading impedances, and the antenna dimensions will be
developed. Finally constraint equations will be derived

based on the required antenna performance.

¢.1l. Matrix Formulation

The problem of a multi-loaded antenna can be treated
by considering each load as a voltage driver at an arbi-
trary driving point and applying the superposition principle.
Consider a center-driven antenna of length 2h, and radius a,
having N + M arbitrary loads along 1ts axis, as shown in
Figure 2.1. 1If each load is replaced by the voltage induced
across 1t, the problem becomes equlvalent to the antenna in
Figure 2.2. This second antenna can easily be broken into
M + N asymmetrically driven antennas as shown in Figure 2.3.
Since the solution for the current on an asymmetrically
driven antenna 1s a function of frequency, w; radius, a; half

length, h; and position of the driver, dj’ the current at
3
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7

any point can be expressed as

I,(z) = V,f(v,a,h,dy,2) J = -M to N. (2.1)

To find the voltage Vj’ at each load on the original antenna,

the relation VJ = -ZJIt(dJ) is used where ZJ is the
impedance at dJ and It(dj) is the total current at dj' By
superposition,
N
It(dj) = 12- Ii(dj).
Thus
N
V = -Z . I d .
TR Y SRR

Using Equation 2.1, the result is

N
vj = -zjiZ_Mvif(m,a,h,di,dJ)
or
N
-Y,vy = iZ_MVif(m,a,h,di,dJ)

where YJ = l/Zi. Collecting all the terms on the right-hand

side, the result 1s

N
P+ 1£_M V,f(w,a,h,d,,d
1#0,J

0 = V_f(w,a,h,0,d )

J

+V (f(w,a,h,dj,d

3 J) + YJ). (2.2)

If § runs from -M to N, the result is M + N equations of the

form of Equation 2.2. Writing these in matrix form,

F.V + GVO =0 (2.3)



where
.—fgl + ¥ v o4 o4
e o L[] Nl -11 e e o o [ ] -Ml
q 4 d 4
TN oo Iy v Yy Ty A SR VIN:
F =
4 4 4 ' 4
fo1 ooy £l Yo L., Timal
a d d 4 -
f1-m v Tnom f_1-M I S VR YRR Y
- L
fo1 Vi
4
fon VN
G = s V =
4
fo-1 Vo
4
£ v
L.O’Md L_ ’HL
4

and fy, = f(m,a,h,di,dk).

Before proceeding, the number of unknowns in the M + N
equatlions represented by 2.3 needs to be determlned. There
are M + N voltages, M + N admittances, and M + N distances
plus a, h, and w. Since a, h, and w are usually determined

by the problem being solved, they will be treated as known




9
quantities. It should also be noted that the voltages and

admittances are complex while the distances are real. Thus
there are 5(M + N) real unknowns; 2(M + N) real voltages,

2(M + N) real conductances and susceptances, and M + N real
distances. Since Equation 2.3 1s also complex, it represents
2(M + N) real equations. Therefore, 3(M + N) real constraint
equations must be introduced before Equatlion 2.3 can be
solved.

A close examination of f(w,a,h,di,dk) will reveal that
d1 and dk can not be solved for explicitly. Thus the dis-
tances are taken as known variables, the same as a, h, and w.
This reduces the unknowns to 4(M + N) real,and the constraint
equations to 2(M + N) real.

The number of unknowns will be reduced further if only
symmetrical problems are considered, i.e., a monopole

antenna on a ground plane. For this case di = d V, = V_

-1 "1 i
N =M, and Yi = Y—i' Thus Equation 2.3 reduces to N complex

equations of the form

F'v' + G'VO =0 (2.4)
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where
_-d 4 4 ]
S S S
fll + Yl . L] L] fil . . L] le
v = | pd8 ds ds
F 93 SRR PR o ,
ds ds ds
Lle . fiN fNN + YIL
- .
fo1 vy
G = |rd vt = | v and
01 ’ 1
d
£ v
| Ton | R
ds d d
£ds - +
13 = T4y * T4y,

and the number of unknowns in Equation 2.3 to 2N complex.

Thus only N complex constraint equations are needed for a

Solution.
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2.2 Constraint Equations

It has been shown that N + M complex constraint
equations are needed to obtain a solution for the general
case and N complex constraint equations for the symmetrical
case. This number of equations 1s exactly equal to the
number of unknown voltages or loading admittances. This
leads to three types of constralint equatlions: those that
determlne the voltage, those that determine the loading
admittances, or those that determine part of the loading
admittances and part of the voltages. These three types of

equations will now be examined.

2.2.1 Admittance Constraint
While the loading admittances can determine the

current and radiation pattern of an antenna, they can not be
explicitly related to the pattern on the current. This
implies that the constraint equations determining the ad-
mittance must be based on other factors, 1.e., available
components, etc. This reduces these admittances from un-
knowns to known variables. Once the admittances are given,

Equations 2.3 and 2.4 can be easily solved by inverting F

and F' respectively, i.e.,

v = -F‘lcvo (2.5a)
t-]1 1
V' = -F G v, (2.5b)
- '-
provided F 1 and F 1 exlst. The case of the 1inverses not

exlsting will be covered 1in sections 2.2.2 and 2.2.3.



Once V or V!

current distribution can be determined.

12

2.2.2 Resonance Loading

In section 2.2.1 it was assumed that F~

F -1 existed.

t he results if these 1nverses do not exist.

1s found, both the fileld pattern and the

and
This section and the next will 1nvestilgate

For simplicity,

t he discusslon will be limited to the symmetric case and

N = 2. The results, however,

general case.

For N =
F' =
and
G' =
rule
V1 = Vo

ds
21

ds
22

l!'\)

can be extended to the

. If F' had an inverse, by Kramer's

2, F' and G' become
B ds
fiint Yy
ds
f1o
de
01
d
f
. 024
d ds
fOl f21
d 1
fo2 Y5
' ds
Yy f21
ds !
12 Iy

(2.6)
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and
! d
Yy o1
ds d
] f12 fo2
Vy = Vg (2.7)
' ds
bl fo1
ds !
f12 7y
' _ .ds ' _ .ds
where Y1 = fll + Y1 and Y2 = f22 + Y2. If the

determinants in the numerators of Equations 2.6 and 2.7 are

'-
not zero, then at any point where F 1 does not exist, V1

and V2 must approach infinity. The input admittance, Y

0’
1s given by
_ d ds ds
VOYo = VofOO + Vlflo + V2f20. (2.8)
1
Because IF | = 0, V1 and V2 are related by either the first

or second equatlion in the matrix 2.5b, thus solving the

first equation for V

1
fgi fgl
V, = = == V_, = —= V , (2.9)
1 Y 2 % o
1 1

Combining 2.8 and 2.9 and dividing by Vo, Y, 1s given by

o

ds_.d ds .ds
_.a Fiofor Vo o as faifyg
Y = fi, - —5—= + <= (f;> - —==—=). (2.10)
o 00 v v 20 T
1 o Yl

Providing the coefficient of V, 1s not zero, then Y must

also approach infinity. The cases of the coefficient of V2



14
equal to zero and the numerators of Equations 2.6 and 2.7
equal to zero will be covered in section 2.2.3.

To see the slignificance of Vl’ V2 and Yo going to
Infinity, consider a simple L-C serles circult consisting
of two inductors, L1 and L2, and two capaclitors, C1 and C2.
Let V1 and V2 be the voltage across Ll and L2 respectively
and VO be the driving voltage. The admittance at the

]
driving point, YO would be given by

Y. = 1/(Ju(L; + Ly) = J(C; + C,)/C1Chu).

When w 1s adjJusted so that the system is in resonance, the
denominator of the expression for Y; goes to zero and Y;
approaches infinity. In addition since VO, L1 and L2 are
assumed finite, the current in the system, and thus V1 and
V2, must also approach infinity. Thus by analogy the

antenna can be thought to be a series resonant circult with

distributed components.

2.2.3. Resonant Loading - Unstable Conditions

In Section 2.2.2 indeterminate conditions were

deferred, these will now be discussed.

2.2.3.1 Numerator Of V1 and V, Zero
If the determinant in the numerator of
Equation 2.6 is also zero, then Vl becomes indeterminate.
To determine the value of V, a form of 1'Hospital's rule

wlll be used. Solving the numerator of V1 for Y; gives
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vt _ .ds .d d
Y2R = f2l f02/f01' (2.11a)
Since the denominator of Equation 2.6 must also be zero,

' ' ds .ds

Y2RY1R = f21f12. (2.12)

1
Using Equations 2.11a and 2.12 and solving for YlR glves

' _ .ds_d d
YlR = f12f01/f02 . (2.11b)

)
It should be noted that for N = 2,YlR also causes Equation
2.7 to become indeterminate. For N > 2, however, this 1is
not true, up to N - 2 of the voltages can be indeterminate

without all of them belng indeterminate.

To find V1 and V2 let

1
Y2 = Y2R + € (2.13a)
Y1 = YlR + ae (2.13b)

where ¢ approaches zero and a is the tangent of the complex
angle from which the point 1s approached. Substituting

EqQquations 2.13a-b into Equations 2.6 and 2.7 and neglecting

the second order ¢ terms gives

d | |
V1 = -VofOI/(YlR + aY2R) (2.14)

_ d | 1
V2 = -Vofo2/(Y1R + aY2R). (2.15)

Since « can be any number in the complex plane, the valucs
of both V, and V, are dependent on how the indeterminate

bPolnt 1s approached. This 1s typical of an instability point.
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2.2.3.2 Coefficient Of V2 Zero
In Section 2.2.2, the second indeter-
milnate condition was that if the coeffilcient of V2 in
Equation 2.10 equals zero, Equation 2.10 became 1lndeter-

minate. Setting that coefficient to zero and solving for

1
Yl glves

' _ .ds ds
Y10 = fo1f 10/f20 : (2.16)

Again since the denominator of Equation 2.6 1s zero, from

]
Equations 2.12 and 2.16 Y,c will be
' _ ndsads
Yoo f12f20/f10 . (2.17)
Again letting
1 1 8
Y2 = Y2C + ¢ (2.183a)
] 1
Y, = Yo+ ae (2.18b)

and neglecting second order e terms

4 (2.19)
Vo ds pds od fzg v d ds .d
< S S = r - S .
‘Vo(fzo fo1 10/Y ) et 1 )Lchfoz f12%01]
c 'oc® 1C
Substituting Equation 2.19 into Equation 2.10 gives
pd_pds cds (2.20)
vy = ¢4 _ fo1 10 _ 20 red y' _ pdsed 1.
o 00 oy v (Y' + v )L 02"1C fioT01
1C 1c*ta2c® 1C

Since o 1is agaln completely arbitrary, this is another in-

stability point where the input impedance 1s indeterminate

and loading voltages approach infinity. If, however, F 1is
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a symmetric matrix (long antenna case), it can be shown that

A 1 | 1
Y =Y and Y =Y and

1R 1C 2C 2R
_ .4 a '
Y, = f5y - £91/Y1R - (2.21)

In addition, V., and V2 become indeterminate as in the first

1
case Instead of infinite.

2.2.4 Voltage Constraint
The voltage can be specified in several ways.
Since 1t is expliclitly related to both the current distri-
bution and the fleld pattern of an antenna, these types of

relationships will now be developed.

2.2.4.1 Field Pattern Constraint
For an asymmetrically driven antenna, as
shown in Figure 2.3, the field pattern can be shown to have

the following form,

PJ(O) = ng(w,a,h,dj,e).

Therefore by superposition, the field pattern of a multi-
loaded antenna is given by

N
PT(O) = 1£_Mvig(“”a’h’di’0)

which reduces for the symmetric antenna to

N
PTS(G) = Vog(w,a,h,o,e) + 1Zlvigs(w’a’h’di’®)
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where

gs(w,a,h,di,e) = g(w,a,h,di,e) + g(w,a,h,di,o).

By specifyling the field pattern at N + M angles 1in the
general case and at N angles for the symmetric antenna,
M + N or N complex equations are obtained. Thus the unknown
voltages can be solved for elther by matrix inverslon or by
Kramer's rule. Once the voltages are known, the admittances

can be found by using Equation 2.3 in the form
F.V o= -GV _. (2.22)

Matrix F can be written as the sum of two matrices

F=A+Y (2.23)
where
4 4 d q
f11 - 1 foi f M1
4 4 d 4
fin faw foan - £ _mn
A =
q 4 4 d
f1.1 - fy-1 foia £ _m-1
4 4 q 4
‘fl-M [ ] . L] fN-M f-l-M . . f-M-Nl—
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and
— -
Y1 ., 0 0 .. . O
Y= . YNO .
O L] O Y_l' . L
_0 .« ... 0 0 . .. Y-bi.

Combining Equations 2.22 and 2.23 and transposing AV to the
other side of the equation results in
YV = -(GVO + AV). (2.24)

Examining the left hand side of Equation 2.24 it can be
Seen that YV 1s given by

v v 0 0 0 ]
171
_— 0 Co . YV 0 0
0 : 0 Y_,V_4 0
K : 0 0 e YWVl
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Thus the admittances are gilven by

N

Vo ¥ JZ-MAiJVJ)/Vi for 1=-M ... N.

J#0

Y, = -(G

i

It should be noted that both the magnitude and the
phase of the field must be specified before a solution can
be obtained. Usually in this type of problem, the magnitude
of the field is the only component of interest. Thus, there
are many solutions of the problem which will satisfy the

desired field pattern.

2.2.4.2 Current Constraint

From Equation 2.1, the current on an

asymmetrically driven antenna is

IJ(Z) = VJf(m,a,h,dJ,z).

Thus by superposition the current at any point on a multi-

loaded antenna would be
N
It(z) = Z Mvif(w,a,h,di,z). (2.25)
If the current 1is agaln specified at N + M points, N + M
complex equations for the N + M unknown voltages result.

Using the same techniques as in Section 2.2.4.1, both the

Voltages and admittances can be found.
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2.2.4.3. Input Admittance - Frequency Constraint
Until now 1t has been assumed that w
was fixed. A desirable capability would be to be able to
specify the input and admlittance at several frequenciles.
This can be done but 1t wlll lead to a set of non-linear
simultaneous equations. To see this, consider Equatlons 2.25
and 2.3. If It(O) 1s taken as V_Y_ , Equation 2.25 becomes
N
V (f(w,a,h,0,0) - Yo) # iZ_MVif(w,a,h,di,o) =0. (2.26)
1#0
Rewriting Equation 2.3 and adding Equation 2.26 to 1it,

results in

B-V =0 (2.27)
where _
fglwl v o4 . !

' N1 -11 - fim 01
qa 4 4 4 k|
fin fant¥y foan - o o Fuy fon
B =
d 4 d 4 4
f1-1 - fy-1 fo1o1*Yy f_M-1 fo-1
4 4 d 4 d
fiM « yem foaom cer s fouentYom foom
4 4 4 d 4
| T10 - Tvo foio - T mo fo0~Yo
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and

B is an M + N + 1 square ratrix whose equations have a so-
lution only when the determinant of B is zero. This gives
one complex equation contailning M + N complex unknowns,
Yl’ Y2,... YN, Y_l, ‘e Y-M' If the input impedance 1s
specified at M + N frequencles, a set of M + N complex
equations for the M + N unknown admittances results. The
form of these equations 1is

N N N N N N
E-MY + Jg—MbJ( E_MYi)/YJ + j=-Mk£j+lcjk(i£-MYi)/YJYk'..

a,Y, + 8 = 0. (2.28)

It can be shown that Equation 2.28 has 2N + M terms with

2N + M-l independent coefficlents. It can be seen that for
large N + M, Equation 2.28 becomes unmanageable.

In thls development it has been tacitly assumed that
the admittances are independent of frequency. While
admittances which are independent of frequency over a finite
bandwidth exist, they are generally a function of frequency.

One method of partially circumventing this problem will be

presented 1n Sectilon 2.2.5.
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2.2.5 Combined Admittance And Voltage Constraint
Untll now the constraint equations have been
conditions either on the voltage or on the admittances. The
results have been somewhat less than desirable. If the
loads are specified in a convenient form (i.e., capacitors,
inductors, etc.), the current shape 1s arbltrary. If the
current 1s specified, the load forms are arbitrary.. It is
desirable to be able to specify both the form of the

admittance and the shape of the current.

2.2.5.1 Reactive Loading - Current Constraint
If for example all the admlttances are
required to be imaginary, the number of unknowns 1in
Equation 2.3 1s reduced from 4(M + N) real unknowns to
3(M + N) real unknowns with 2(M + N) real equations. Thus
M + N real constraint equations are needed. If the current
1s specified at (M + N)/2 points, M + N even, both the
current and admittance forms can be specified as desired.
For M + N odd, the current 1s specified completely at
(M + N)/2 points leaving one real constraint.. The remaining
constraint can be obtalned by specifylng either the real or
imaginary part of the current at one additional point.
The solution for M + N even 1s as follows. Using

Equation 2.25 at (M + N)/2 points, the matrix equation

CyVy = VD (2.29)



24

where
Z Z VA
11 fr1 £i1
— Z A A
€y = [Ty Ty Ty
VA Z VA
fiM+N fumen  Timen
| 2 5 5
2 zZ
. fy-11 fr+11
z Z
fi-13 f+1y
z VA
fiimen  Tkeaman
= 5
= (N + M) x (M + N) matrix

2

2

Tie1msen

2
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o z — pr— —
Xy - fo1 Vi
_ Doz :
D= | Xy - £o4 , v,
- vy
Xman~ Fomen Vis2
> 5 )
_ _ o= ||,
Via
Vsl
Viel
Vom
k = —(M 5 N) for M > N
k = N ; n for N > M
and fz

13 = f(w,a,h,di,zj)

results assuming IT(zj) = VOXJ where XJ is a specified
value. To keep the resulting non-linear equations as simple

as possible, Equations 2.29 and 2.3 are comblned as follows:

1 = =M, =(M=1),+++, k + 1

Ci =D Vo 1#0 (2.30)
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where
4 q 4 q
f1149By - -« Ty fi1 fr+01
E, = | .d 4 4 a
1 £, R ST U
4 d 4 q
| F11 ST 91 FygtIBy Tpypy o o o
d d d a |
fi11 Txe11r fae1 - o o flnn
a a q a
ik frkeax Fieixk - 0 ¢ fomk
4 4 4 q
fi-11 Tesrr frer - - 00 fomg
M2 x (4 N) matrix
[ -
4
o1
Gi = .
o4
0k
4
fo1
L -

JBi 1s the imaglnary part of Yi‘ Also 1t should be noted

that the point zj is not necessarily equal to the point d

J.
Since v # 0, Equation 2.30 has a solution only 1if
E G ’
1 Ho=0o (2.31)
C =D
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Since 1 indexes over N ; M terms, Equation 2.31 generates
the N Z M equations needed to determine the N + M suscep-

tances, Bi' The form of the equations generated by
Equation 2.31 1s like Equation 2.28 except the leading term
is

k N
B, I B instead of Il Y, .
# #

2.2.5.2 Reactive Loading - Frequency -
Current Constraint
The above case still assumes w to be
fixed. For the case of several frequencles, let Nf be the

number of frequencles and Nc be the number of current

points. Then

5 = Nf + N (2.32)

assuming M + N even and that the same number of current
points 1s used for each frequency. Thls somewhat 1limits
the choice of M, N, Nf and Nc’

Assuming Equation 2.32 1s satisfied, for each frequency

the generating equation would be

'
(] [] O i=-M,"(M—l),. ', 24 + 1

i 0 1#0

C



where

¢ = —(M-N,)
£ =N+ M- N
[ 4
r9 4B . .
d
f1e
q
B :
4
JIEEE FPLE]
d.
£ 1¢
4
fi-11
- -
fo1
4
fos ’
a
LfOi_
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for M > N
C
for c 2 M
q 4
fo1 fi1
4 q
ff.l JBl fil
4 4
fo1 fy1+JBy
q 4
for11 T1411
q q
fo+1s Ti-14
4 4
Fo+11 Tie11
X
]
D =




r Z V4 Z Z
11 - -« g1 Ty fiiom .
L A z Z z
Cy = | Ty fo3  T13  Tyeog
VA Z Z VA
£ £ £ £ .
{ "IN N, Ting o Teeon
z z z z
fio11 feern Tiemn M1
Z Z VA Z
fy-13 Tesry Ty - ¢ 0 Tomg
Z Z Z V4
- Ty Tesin fisw f_MN
(] (o] (¢] E_.

Since Equation 2.33 generates only Nc complex equations for

M+ N

each frequency, it takes Nf frequencies to have 5

equations that are required.

In Equation 2.33 the Bi's are still independent of w.
Since the only elements which have pure reactive parts are
capacitors or inductors, a logical frequency dependence for
B1 would be either w or 1/w. Thus in Equation 2.33 the

reactances could become either B1 = chi or B, = -1/L1wJ

i
where J = 1 to Nf. In order to obtain a reasonable result,
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the solutions to Equation 2.33 would have to be restricted

to positive values for Ci and Li' In general this

restriction may not be satisfied.



CHAPTER III

CURRENT DISTRIBUTION ON A LOADED RADIATING ANTENNA

In Chapter 2 it was assumed that for an asymmetrically
driven antenna the current distribution 1s known. This
problem has been treated by many authors and 1is generally
broken 1nto two approaches based on the electrical length
of the antenna. Current distributions for a short antenna
and for a long antenna will be presented in this chapter.
Since many antennas are monopoles and because of the
formulation of the short antenna problem, only the asym-
metrically driven short antenna current distribution will
be presented. The asymmetrical case can be found 1in the

literature.

3.1 Current Distribution On A Short Antenna

There are several types of approximate current distri-
butions for a short symmetrically driven antenna. The one
presented here will be based on King and Wu's theory (1)

and 1s valid for k h < 3n/2 and @ = 2n(2h/a) > 8.

3.1.1. Vector Potential Of Symmetric Dipole
Consider the symmetrically driven antenna in
Filgure 3.1 The axlal component of the vector field on the

surface can be shown to satisfy the equation
31
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~ Z = h
V,+ Mo
L) Z = 1
VA
L.
V. o+ N _
z_ (&) Z L
2g B> -

Figure 3.1 Symmetrlcally Driven Antenna
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4 . 2 Jkg
(525 + kA (2) = ———V (6(z - 2) + &(z + 2)). (3.1)

The homogeneous part of Equation 3.1 has solutions in three

regions h > z > ¢, 2 > 2 > -2, and -2 > z > -h given by

Az(z) = -j/eopo[cl cos k z + C, 5in koz] h >z > 22 (3.2a)
A, (z) = —3/233603 cos k_z L > 2 > =% (3.2b)
Az(z) = -J/eouo[cu cos koz + 05 sin koz].-z > z > =h(3.2¢)

where -J/eopo is included to make the C's dimensional volts.

From symmetry Az(z) = AZ(—z), thus C, = CU and C, = =C

1 2 5°
Since A (z) 1s continuous at z = +2, from Equations 3.2a

and 3.2b 1t can be shown

(Cl - C3) = -C, tan kok. (3.3)
3AZ(Z)
The scalar potential 1s given by &(z) = k“ — -
o
Thus

6(z) = -C1 sin koz + C, cos k 2z h > z > 2(3.4a)
#(z) = —C3 sin k_z L >z > =2 (3.Ub)
¢(z) = -C, sin k z - C, cos k z> -2 > z -h(3.4c)

which satisfy the symmetry condition ¢(-z) = -4(z). The

driving voltage 1s defined as
(3.5)

V2 = ¢(2%) - ¢(27) = -(Cl - C3) sin k 2 + C, cos k_%.
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Combining Equations 3.3 and 3.5 results in

C2 = V2 cos kol R C3 = C1

Therefore (3.6)

+ V2 sin koz.

A,(z) = -3/e _u (C, cos kop tV,/2) (sin k0|z+2| + sin kolz—ll)).

All that remains to be evaluated is the constant Cl whilch
is done by requiring Iz(h) = 0. To this poilnt, the develop-

ment applles to elther a short or long antenna.

3.1.2. Difference Equation

In King and Wu's method, since

UO h 1 ' t
A, (z) = T {hI(z )K(z,z )dz (3.7)
where
' -Jkr T
K(z,2') = &= ., r=/(z-2)% + a° (3.8)

a difference equation of Az(z) - A, (h) can be defined. Using

Equation 3.6, it follows that

h 1 | ]
{hI(Z )Ky(z,z )dz = -j%f [C, cos k z +(V/2)(sin k_|z+2]
+ sin k_|z-2]) + U] (3.9)
where
Co = /uo7eo and
-Jt h ' ' '
U = ._WQ {hI(z )XK(h,z )dz . (3.10)

The difference kernel 1s

K (z,2') = K(z,2') - K(h,z ) (3.11)
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Since the right hand side of Equation 3.9 1s zero at
z = h, the constant C1 is

U + V2 cos koz sin koh

€, = -[ cos k_h ] (3.12)
and Equation 3.9 becomes
IhI(z')K (z,z )dz' = Jin [v,( k 2 k in k_h
" q(%s2 z = ¢ cos koh . cos k % cos k z sin k_

-Q/2)cos k _h [sin k,lz=2|+ sin k_|z+2|])+ U(cos k_z - cosk_h)]I.

(3.13)
3.1.3. Current Distribution
It can be shown that

{hIz(z )KdR(Z’Z Ydz A Iz(z) (3.14a)

h ! '
J Iz(z')KdI(z,z )dz  ~ cos(1/2)k_z -cos(1/2)k_h (3.14b)
-h

where

xd(z,z') = Kyp(z,2') + jKdI(z,z').

Thus Equations 3.13, 3.14a, and 3.14b suggest that the

approximate form of the current distribution should be
I(z) = Iy(z) + I, (2) + I(z) (3.15)
where
Iy(z) = Iy(cos k& sin k h cos k_z -(1/2)cos k hlsin kolz+2|

+ sin kolz-nlj) = IyM, (3.16a)
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[}
—

Iu(z) uF = Iu(cos koz - cos koh) (3.16b)

"
—

I5(z) F ' = ID(cos(l/Z)koz - cos(l/2)koh).(3.l6c)

Substituting Equation 3.15 into Equations 3.1l4a-b the

following definitions can be made:

h 1 ] ]

{hlv(z JKyp(z,z )dz = I (2)ypyp(z) = I,(2)v4g (3.17a)
h ' ' ' IV IV

h ! 1 o

/ Iu(z')KdR(z,z Ydz = Iu(z)deR(z) = Iu(z)wdUR (3.17¢)
h

I I
u K u
ID(Z)T—deI(Z) = ID(Z)TdeUI (3.174)

th (z")K. )z,z )dz'
z Z,Z z
‘h u dI D

h '
{hID(z')Kd(z,z Yaz = I5(z)ygp(z) 2 Ip(2)vgp. (3.17e)

Noting that the integral on the right hand side of Equation
3.13 equals unpo'l[Az(z) - A_(n)] and using Equations 3.15

and 3.17a-e, the result 1is

Mnuo_l[Az(z) - A (n)] =1 F

vWarMoz * Tu¥qurFoz

]
* (Ipvgp * IIyvar * ITvaqur'¥Foz - (3.18)

If this expression 1is substituted into the original
differential equation (3.1) in the form
d2 junk

HHuO-IEE—g + koej[Az(Z) - Az(h)] = z OEVQEG(Z-Z) + 8(z+n)]
P o

~Juh, ()] (3.19)
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then

2
-Iyvgqgrk, cos k hle(z-2) + s(z+e)] - I wyygk,” cos k h

2
+ kg (IDwdD + ITgugr t JIudeI)«3/U)cos(1/2)koz

( jUnko
- cos l/2)koh) = - T (Vl[d(z-z) + §(z+e)] - JwAz(h))-

(3.20)

The coefficlents of the §-function terms must be equal, so

that

Junvz
Iy = (3.21)
Zo¥gRr C€OS koh

which leaves

-1
Ivqur €08 koh = Hmug "A (h) = (Ipwgp + JIyvgr + 3T vgu1)

((3/4)cos koz - cos(l/2)koh) = 0. (3.22)

Since Equation 3.22 must be true for all z, the coefficlent
of ((3/4)cos koz - cos(l/2)koh) must be zero.

Thus

Ipvap + JTIyvgr * ITyvgyr = O (3.23a)

and

_ -1
I ¥qugr €05 k,h = Umu "7A (h). (3.23b)

To find Az(h) Equations 3.15 and 3.7 are needed. Using the
same type of approximation as used for Equatlions 3.17a-e,

the result is

UHuO-IAZ(h) = vav(h) + Iuwu(h) + IDwD(h) (3.24)
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where

-2 .
vy (h) = [ cos(ek_)sin k (h+z ' )K(h,z )dz + sin k_(h-g)
! “h ° ° ° (3.25a)

L ' ' ' h ' ' '
| cos k,z K(h,z )dz + [ cos k ¢ sin k_(h-z )K(h,z )dz
-2 2

h [] 1 1
wu(h) = {h(cos kz - cos koh)K(h,z )dz (3.25b)
and
h 1 ' []
vp(h) = {h(cos k,z /2 - cos k_h/2) K(h,z )dz . (3.25¢)

Combining Equations 3.24 and 3.23b to form one equation and
us 1ng Equation 3.23a, two constants, TD and Tu’ can be

de fined as follows:

I, =300 (bqygeos koh = v, (D)) + vyyrv (h)]

T = _I_). = (3.26a)
D Iy Vap(¥qureos kb = v, ()Y + Jv (v 51
I V.oV (h) = 3. v. (h)
_Tu _ an’v 4a1¥p
Tu = =2 (3.26b)

v Yap{¥qureos koh = ¥ R0+ Jup(n)vgyy

Thus using Equations 3.26a, 3.26b, 3.21, and 3.15, the
approximate current distribution along the antenna driven

by 1identical voltage generators, V , at z = +2 1s

2

JUHVlf(z)
Iz(z) = cowdRcos k h (3.27)
where
£(z) = MOZ + TuFoz + TDFoz' (3.28)
with M

oz* Fgp» and F,,' glven in Equations 3.1l6a-c.
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3.1.4. Evaluation Of Constants
A1l that remains to be specified 1s the y
functions introduced in Equations 3.17a-e. Since the y
functions represent the ratio of a component of the vector
potential to the current, the desired ratio 1s obtailned at
the maximum of the appropriate current. For YqUuR® Y4QUI®

¥Y4aD? and de this maximum 1s at z = 0. Thus from

Equatlions 3.17b-e

Y 3uR = (1-cos koh)-l fZ(cos koz'-cos koh)KdR(o,z')dz' (3.29a)
h ' 1 '
vyp = (l-cos koh/2)’1 [ (cos koZ /2 - cos koh/2)Kd(O,Z )dz
-h (3.29b)
-1 b ' ' '
Yqur = (1-cos k_h/2) [h(cos k,z-cos k_h)K y(o,z )dz
- (3.29c)
-1 e ' ' '
Ygr = (l-cos k_h/2) fhcos k & sin k_(h+z )K  (0,z )dz
L . ' .
+ sin ko(h-—z) izcos koz KdI(o,z Ydz (3.294)
h | ] !
+ fzcos k ¢ sin k_(h-z )K ;(o,z )dz .

Since in the range h > z > 0, Moz may have two relative

maxima, the definition of V4R 1s more complicated. The first

maximum is at z = h - /4 when h-2 > A»/4 and at z = ¢ when
h-2 < /4, The second is always at z = 0. The definition
made by King and Wu is in terms of an average of the vector

potentials.
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Thus
IMoo‘l’dR(o)l + lMozl“’dR(zl)l
YaR = (3.30a)
Mool + Mo,
where z, = h-(a/l4), when h-g > (a/4), and zy = & when
h-¢2 < a2/4 and where
-1 =2 ' ' '
vgr(2) = (M_,) f cos k2 sin k_(h+z )K o(z,z )dz
=h
2‘ 1 | |
+ sin ko(h-z) ilcos k z KdR(z,z )dz (3.30b)
h ' ' '
+ jlcos koz sin ko(h-z )KdR(z,z Ydz |,
In particular, M_ = sin ko(h-z) and MoZl = cos k¢ when
z; =h - /4, and M, = sin ko(h-n) cos k_¢ when z, = 2.

1

3.1.5. Speclal Cases

]
o

Two special cases need to be considered: %
and koh = NI/2. The first case 1s that of a center driven
antenna. Since as 2 > 0 the driving voltage becomes 2V2,

thus VO 1s equal to 2V2, and Equatlion 3.27 becomes

JZHVO
Coudecos ko

I,(z) = 5 [sin ko(h-lzl) + T, (cos k_z-cos k_h)

(3.31)
+ TD(cos koz/2 - cos koh/2)].
The second case 1s that of a half wave antenna. The
expression for Iz(z) becomes indeterminate because of the
cos koh in the denominator. An alternate form of Iz(z) is

thus needed when koh 1s near n/2.
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If T and TD are redefined as

' Tu + sin koh cos koz

Tu = - cos k_h (3.32a)

™D
™' = ses kh (3.320)
o}

which are finite at koh = /2, thus

JMHV2 ;
= LI ' -
Iz(z) cowdR [Moz Tu (cos koz cos koh)
(3.33)
+ TD'(cos 1/2 k z - cos koh/2)]
where (3.34)
M,,' = sin k_ h cos k_ ¢ - 1/2(sin kolz + 2] + sin kolz-zl)-
From Equations 3.26a-b and 3.32a-b,
T,' = = (Lvgp(vy(n) = v (h)sin k _h cos k )
+ YapYquRCSoS koh sin koh cos koz - ij(h). (3.35)

(de - deIsin kbh cos koz)]/[(¢dD(deRcos koh—wu(h))
+ JWdUle(h)) cOSs koh]}
and

_ =JLwvgrlvgygeos koh = v (B)] + g ypvy(h)]

o' - ~ - (3.36
P Vap (Yqureos ko h—v (AN #Jv ;7v,(h) cosk h (3.36)

Noting that at k.h = n/2, wu(n/U)cos k2 = wv(n/U), and
Vg = cos k_2& ¥4y, Equations 3.35 and 3.36 reduce to

r v - __Yap¥aur ©°8 kot

u  gpb, (/B = Ju gy (AT

(3.37)
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IVa1VauR
T.' = (3.38)

which are both finite.

3.2 Current Distribution On A Long Antenna

The approximate solution for a long asymmetrically
driven antenna presented here will be based on papers by
Wu (2) and Shen, Wu and King (3). The solution is valid
for antennas whose shortest arm is > .15)x. To follow the

-Jut

original papers closely, the time dependence of e will

be used.

3.2.1. Current On An Infinitely Long Antenna
Consider an infinitely long center-driven
antenna with 1ts driver at z = 0. The axlal component

of the vector field on the surface can be shown to satisfy

2 Jk 2
(I + kA, (2) = B2 Vs, (3.39)
Thus
A(z) = ugzz RENL for all z. (3.40)
But
A(z) = ;% [mdz' Igz')K(z-z') (3.41)
where
K(z) = 5% ]Hdo[z2 + (22 sin 0/2)2]71/2 (3.41a)
- 2 2.1/2
explJk [2° + (2a sin ¢/2)°17" 7],



.
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Combining Equations 3.40 and 3.41 gives

nv o 1 1 U
2 el?l = fas’ 10z K(z-2". (3.42)
0 o

To solve Equation 3.42, let ko have a small positive
imaginary part which will eventually be allowed to approach

zero and define the followlng Fourler transforms

fwdz ;§z)e’J¢Z (3.43a)

-—00

["az K(z)e 22, (3.43b)

-—00

i)

K(z)

Applying the Fourier transforms to Equation 3.42 results

in
(3.44)
2nv

- - © ' ] !
-—c——oimejkolzle"kzdz = [ dze Jzz [ dz I(z )K(z-z ).
o — e

Using the assumptilon ko has a positive 1imaginary part,

the left hand integral becomes

[me'jko,zle_‘jczdz = 2‘jko/(k02 - ;2) (3.45)

Interchanging the order of integration of the right hand
integral and using Equations 2.43a-b, the integral becomes

/ aze™ 2% T4z’ 1(:HR(z-2") = T(OR(). (3.46)

ombining Equations 3.45, 3.46, and 3.44, the resulting
rm for I(z) is
4nyv _k

. (3.47)
2 - DR

I(z) =
co(ko



uy

ToI&ndlgz),the inverse transform of Equation 3.47 1is
taken. Thus

(3.48)
jkOVo2 ej;z

C 2
o Co(kO

—dzg

! T Jrz -
I(z) = 5= [ I(g)e ~%dg =
” 2r | M - )K(g)

c
o

where Cois the contour shown in Figure 3.2.

Contmn*Co is chosen so that the inverse of Equation 3.45

results in the proper valve. Also 1t can be shown that

R(o) = mga fatk ® - Y21 Prae 2 - 521 (3.49)

Thus Equation 3.48 is completely defined, but is not in a
usable form. If it 1s assumed (1) that the antenna is

thin i.e., a/x << 1 and (2) that the characteristic distance
for variations of A(z) 1s >> a, then Equation 3.49 can

be approximated by
R(z) = 20, + gn - anl(k ® - ?)/k 2] (3.50)

where Q, = zn(2/koa) - vy and y = .57721566.
Using Equations 3.50 and 3.48 and deforming C0 so that it
1s wrapped around the branch cut at g = ko, it can be shown

that the major contribution to the integral comes from points

near z = 1(0. Thus géz) can be approximated by
A | o =2K 2Zn
I(z) = —O———ejkolzlj € _© [(2c - gnn + j31/2)7%
g Zo o n w

-(2c, - wnn - y1/2) 1 1dn (3.51

‘here C, = !Ln(l/koa)— Y-

S .ﬁ‘,_hﬁrmﬂ
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Because of e’zkozn in the integral, 1t can be shown that
Integrating

the upper limit can be replaced by e'y/2ko|z|.
Equation 3.51 and using the new upper 1imit the result is:

21nJ
+ w2k z| + v ¢+ J3n/2 ] (3.52)

Jk |z
=y &0 -
Iz) = V4 (1 - =
0 ®

for large koz.
For small ka, the 1input conductance of the infinitely

long antenna 1s approximately
(3.53)

2
I -2 -2
+ T§[Cw - n2) - (cw - gn2 + n3j) “J.

6o = 2= an(1 + £
(o] (V]

To obtain a formula for {$z) when koz is small, the term
LU ]
)1/2).

#n2k  |z| must be replaced by in(k |z]| + ((koz)2 + D

e
To find D it 1s required that when koz = 0, the real part
of Equation 3.52 divided by Vo and Equation 3.53 do not

differ by more than 1/Cw3 in the 1limit as ka approaches
e -
e™2Y, Thus for all E

If this 1s done, D

zero.
v_jedkolzl
I(z) = =2 en[1 - 213/(2C + an(k_|z]| +
® Co W o)
+ Jk 2)% + e + v 4 1.5 19)]. (3.54)
(o]
3.2.2 Reflection Current At The End Of A Semi-

Infinite Antenna

If 1(z) is the normalized current on a semi-
0 and the other end

nfinite antenna with one end at 2z
t z = o and 1s excited by V = » at 2z = « such that the




b7

amplitude of the incident current 1s unity, then 1(z) for koz

not too small and Co deformed around the branch cut at

L = ko, can be shown to be
k _ _ 72z
16z) = 7L, (+k 172 [, —s 2l ay (3.552)
Co(kO - 7)K(g)
where
— 1
- -1 7% ' gnkK
Ln L+(C) = m f d; -—2,—%—?——2— . (3-55b)

-0 -

Comparing Equation 3.55 with 3.48 gives
1(z) = -RI(z)/V (3.56)

for large kz, where

4 -
= _0 -2
Ro=of [Lp (ko)D"

The approximate value of [E;(ko)]-2 can be shown to be

—_ =2 _
[E,(k)17% = 2c + Jm. (3.57)

From Equation 3.56 1t can be seen that -R is the ratio
of the reflected current to the incident current and that
the reflected current away from the end behaves Just 1like

the current of an infinitely long antenna.

3.2.3. Current On An Asymmetrical Finite Antenna
Section 3.2.2 suggests that the current on a
long finite antenna may be expressed as the superposition of
an outgolng wave, {52) and two reflected waves which are

proportional to {$hl + 2) and 24h2 - 2), respectively.

Se———tus ..'..;-.‘..__.‘T
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If the coordinates are chosen such that the ends are at
z = -hl and z = h2, and the driving point 1s at z = 0,

then
I(z) = ;éz) + Cd¥$h1 + z) + Cu¥§h2 - 2z). (3.58)

If 1t 1s assumed that the reflectlion coefficlient R at the
end of an antenna 1s the same as that for a seml-infinitely
long antenna, then Cd and Cu can be evaluated. Since at

z = -hl,R 1s the ratlo of reflected to incident waves and

since the amplitude of reflected waves is C Vo and the

o}
amplitude of incldent wave 1is ££hl) + Cu¥$h2 + hl)’ the

result 1is

c.vV
-R = d o . (3.59)

I(hy) + C I(h, + h,)

Similarly, at z = h2

CuV

=R = o . (3-60)
I(hy) + C4I(h, + h,)

Solving Equations 3.59 and 3.60,

. . R[;ihl)/Vo-RL£h2)/VOL§hl + hy) /v
4=

(3.61)
2 2 2

1 = R°[I(h; + h,)]°/V
I(h,)/V _-RI(h,)/V I(h; + h,)/V_

C = -R[
2 2 .. 2
1 -R [g5h1 + h2)] AR

u

]. (3.62)

This completely defines Equation 3.58 and gives an approxi-
mate distribution for asymmetrically driven antennas. If a
distribution 1s desired for the symmetrical antenna, it can be

superimposed using Equation 3.58, h. = h+g, and h, = h+g,

1 2

=1

T W . . & Mttt .




CHAPTER IV

RADIATION PATTERNS

OF SHORT AND LONG ANTENNAS

Since different current distributlions were derived for
the short and long antennas, different radiation pattern

expressions will have to be found.

4,1, Radiation Pattern Of A Short Antenna

Because of the simple form of the current for a short
antenna, the radlatlion pattern willl be found by uslng

Equation 3.27 and the usual far fleld approximations,

]
kR, >>1, R, >>h, R=R_ -z cose (phase terms)

o

and R = Ro (amplitude terms) where RO is the distance from
the center of the antenna to the fleld point. If this 1is

done, 1t can be shown that the radiation pattern, Pm(e) is

p (e) = z ; sino / I(z)edKo? €080, (4.1)

where I(z) is given by Equation 3.27 or 3.33. Thus three

integrals must be evaluated

(4.2)

h
[ M eJkyZ COS04, = 1
Zh 0z 1

49

TE D i Al nn-—m

!




50

h
| (cos k_ z - cos koh)ejkoz CoS04, = I, (4.3)
-h

h

[ (cos k_z/2 - cos koh/2)e‘jkoZ €0S04z = 1 (4.4)

3
Both Equations 4.3 and 4.4 can be evaluated easily and can
be shown to equal to

sin koh(l + cos0) sin koh(l - c0s0)

I, = +
k (1 + cos 0) k (1 - coso)
0 o)
(4.5)
2 cos k h sin(k_h cos®)
_ o 0
ko coso
and
sin k _ h(l/2 + coso0) sin k_h(1/2 - coso9)
I, = 9 + S

ko(1/2 + cos0) ko(1/2 - co0s0)

(4.6)
2 cos koh/2 sin (koh co0s0)

k cos®
o

Using Equation 3.27, I1 becomes

h (4.7)
= Jzk coso6 _
I, = cos k_¢ sin k_h {hcos k ze o dz -(1/2)cos k.h.

Jzkocoso JzkocosodZ]

h h
[{hsin k lz + 2]e dz + £hSin k,lz-2]e

which can be shown to equal




I1 = cos koz sin koh[

+

51
sin koh(l + cos0)

ko(l + cos0)

sin koh(l - c0s0)

ko(l - cos0)

C

]} - cos koh (4.8)

sin koz sin koz(l + coso) sin kozsin koz(l-cose)

+
ko(l + coso) ko(l - cos0)
cos koh(l + coSO) cos koz(l + cos0)
- cos kol( -
k (1 + coso) k (1 + coso)
o o
cos k_ h(l - coso) cos k 2(1 - coso)
+ o) _ o ).
ko(l - c0s0) ko(l - cos0)
Reducing to a common denominator and simplifying, Il’ I2
and I3 are found to be
I2 = 2 [cosesin koh coso(koh cos0) - cos koh-
k00030s1n 6]
sin(koh co0so0) (4.9)
I3 = 2 5 (2 cos0Osin koh/2 cos (koh cos0)
kocose(l-u cos“0)
(4.10)
- cos koh/2 sin(koh co0s0)]
(4.11)
- 2 «Q
I1 = 5 [cos k02 coo(koh cos®) - cos koh cos (k02 cos0)].

kosin 0

RIS vea ...M_..-.—-——-nj
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Replacing Il’ I, and 13 in Equation 4.1, the result is

Vmsine 1
-
5 (cos koz cos(koh cosoQ)

P (9) = L
m cos koh sine

V4R
Tu

- cos k h cos(k g cosg)) + —m———— .,

° ° cos@sinzo

(4.12)

(cosesin koh cos(koh cos@) - cos koh sin(koh coso))

T
+ D (2 cosesin(koh/Z)cos(koh coso)

cose(l-4 cosze)

- cos(koh/2)sin(koh cos0))].

If Equation 4.12 1s inspected, 1t can be seen that Equation
4,12 is indeterminate if o = 0, n/2, n/3, or 2n/3 or if
koh = q/2.

If koh = /2 then Equation 3.33 must be used in

Equation 4.1. Thus for k h = n/2, I, is

h h
I, = sin k_h cos k_2 | edkoZ €080y, _ 1,0 [ (sin k_|z +2]
o o” Iy h o
+ sin k |z - z[)ejkoZ €080y, (4.13)
which reduces to
2 sin koh cos koz 2 cos(koz cos0)
I1 = sin(koh cose) - 5
ko coso ko sino (4.10)
2 cos k_8
4+ ——————= (cos k_h cos(k_h cos®) + cos06sin k _h-
k_ sin‘e ° © ©

o
sin(koh cos0))

iR -..4..i:ch
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or
I, = 2 i
1 = s—[cosocos koh cos(koh cos0)
ko cososin 0
(4.15)
+ cos koz sin koh sin(koh cos0) cos koz

+ coso cos(koz cos0)].

Thus Pm(e) becomes

Vm sino 1
[ [cosecos k _h cos koz cos(koh coso0)
wdR cos@sin o °

Pm(e)

+ cos kol sin koh sin(koh cos0) - cosecos(koz coso)]

T ]
- ————3————[cososin koh cos(koh cos@) - cos koh
cos@sin o
1
TD

coso(1l-4 cos2o)

sin(koh cos0)] + [2 cosesin koh/2

cos(koh cos@) - cos(koh/2)sin(koh cos0)]] (4.16)

for koh = N/2. It can be seen that Equation 4.16 1s also
indeterminate if o = 06, /3, n/2, or 2n/3. By appropriately
taken the 1limit as © - 0 1t can be shown that Pm(e) =0

for all k _h.
o)

At 0 = /2 the terms with the form

2im sin koh coso

=k h (4.17)
0 > n/2 cos0 °©

become 1ndeterminate.
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Thus
Vm
Pe(n/2) = W [COS kol - COs koh + Tu(sin koh
(4.18)
- koh cos koh) + TD(2 sin koh/2 - koh cos koh/2)]
koh £ /2
and
Vm '
Pm(n/2) = Eg;[cos koh cos koz -1+ koh cos koz - Tu-

]
(sin koh - koh cos koh) + TD (sin koh/2

-k _h cos koh/2] for k h =~ 1/2, (4.19)

At 0 = /3 or 2n/3 only the last term is indeterminate.
It can be shown by 1l'Hospital's rule that the last term as

sin koh
® + /3 or 21n/3 reduces to koh/2 - —

Thus Pm(n/3, 21/3) becomes

V_sin n/3
Pm(H/B or 2n/3) = = [ > (cos k 2 cos koh/2
V4R sin“1n/3
T
- cos k &/2 cos k_h) + -——%———-(sin k h cos k _h/2
o ° sin“n/3 © ©
sin koh

- 2 cos koh sin koh/2) + TD(koh/2 - —-—5———) (4.20)

for koh # /2. By similarly replacing the last term of
sin k h
Equation 4.12 by TD'(koh/2 - ———5—9-), the expression for

ﬁn(n/B, 2n/3)koh = /2 °an be obtained.

4.2. Radiation Pattern Of A Long Antenna

Because of the complex form of the current derived

for a long antenna, a different approach is needed to find

I
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the radiation pattern for 1t. The approach to be used
willl follow that used by Wu (2) and Shen (4) and will
be for a symmetrical antenna. The asymmetrical case can
be derived using a similar argument.
Let a spherical coordinate system (r,0,¢) be set up
such that the ends of the antenna are (h, 0,¢) and (h,n,4).

The radilation pattern can be defined as

Pm(e) = - 21im Eo(r,e)re-Jkor (4.21a)
rP>oo
which reduces to
- -1 =
Pm(e) = quo(hn) Im(k cos@)sino (4.21b)

where

- [ -Jzz
Im(;) = [ I(z)e 5242

if the usual ako<< 1 approximation 1s made. From Equations
3.41-3.47 1t can be shown that

_ bnow, " ACE)
I (g) = = (4.22)
K(z)

where A(g) = / Az(z)e-chdz and K(;) 1s defined by Equation
3.43b. Substituting Equation 3.22 into Equation 3.21b

results in

wa(ko cos0)sino

P (0) = : (4.23)

K(kO cos0)

But from Equation 3.50

K(z) = 2a  + Jn - zn[(ko2 - c2)/k02]

S —

[!‘.
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thus
k’(ko cose) = 2(a; - en(sine)] (4.24a)

where

Q, = q, + Jnrse, (4.24b)

From Equation 3.6 and correcting for the ejmt

instead
of e J°t time factor, Az(z) becomes

\
AZ(Z) = —Jyle M [Cl cOS koz - ‘?m(Sin ko|Z+£I

+ sin k_tz-2[)1 h > z > -h,

If 1t 1is assumed that the main contribution to the integrals
comes from the vector potentlal on the antenna surface, then
- h Vo
A(k cosg) = Ih-JAbuo[Cl cos k z - —(sin ko|z+z|
(4.25)
+ sin kolz-zl)]e-JZKOCOSOdz
which 1is very similar to Equation 4.7. Using the integrals

evaluated to find Equation 4.8

/gouo sin koh(l-coso) sin koh(l+coso)

A(k_ cosg) = -j [c,( + )
° : ko 1 1- coso l+coso
sin k_¢ sin k_g(l-cose) sin k % sin k_g(l+coso)
m l-coso l1+coso

cos kog cos k _g(l-coso) cos k_g cos k_&(1+coso)
+ 0 + 0 o

l-coso l+coso

cos“koz cos koh(l-cose) cos koz cos k h(l+coso)
- 0 )J.(4.26)
l-coso 1+coso

All that remains 1s to evaluate Cl'
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For a semi-finite antenna with one end at z = 0,

Wu (2) has shown that
[ dg L,(e)[A_(r) - A(0+)/3(z+k )] = 0 (4.27)
C
o ® -
where A _(z) = | dzAZ(z)e“‘jcz and L (z) 1s glven by
(o]

Equation 3.55b., If agaln 1t 1s assumed that Az(z) =0

-

for z outside the antenna, then the following functions

can be defined:

PRI

|

— o
. -~

Z f
| ] _ —_ _ch .
T (z ) = é ch+(;)[£dze cos k z + E%E;] (4,28) [
(o] ] .
' 1 — Z
S'(z') = [ arL,(z) [ dze 9% sin k z . (4.29)
C o)
)

Since it has been assumed that z = 0 is at the lower end

of the antenna, Az(z) must be rewritten as

(4.30) |

Az(z) = -j#eouo[(Cl cos k_h + V cos koz sin koh)cos k z:

m

H(2h - z) + (Clsin koh - Vm cos koz cos koh)sin koz H(2h=-z)
—Vm(sin ko(h+2) cos koz H(h+2-2z) - cos ko(h+2)sin kaH(h+z-z))
-Vm H(h-2-z)[sin ko(h-z) cos koz - cos ko(h-l)sin koz)]]

where H(z) =1 z > 0
=0 z <0

Substituting Equation 4.30 into Equation 4.27 and using

Equation 4.28 and 4.29 the result is
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1
(Qlcos koh + Vm cos koz sin koh)T (2h)
1
+ Uﬁ sh1koh - Vm cos koz cos koh)S (2h)

- Vm(sin ko(h+2)T'(h+1) - cos ko(h+z)s'(h+n))

- Vm(sh1ko(h—2)T'(h—2) - cos ko(h-z)S'(h-l))= 0. (4.31)

Solving for Cl

] ]
Cl = +Vm[cos koz(cos kth (2h) - sin kohT (2h))

] ]
+ sin‘ko(h+1)T (h+g) - cos ko(h+g)S (h+g)

+ sin ko(h-z)T'(h-z) - cos ko(h-z)S'(h-m)]/

[cos k_hT (2h) + sin'k_hS (2h)]. (4.32)
Both S'(z') and T'(Q) have been approximated by Shen (5)
and are glven by
S'(z') = [-yy +y (2) - yy(2))2 (4.33)
T'(z) = Iy +y,(z) + vz )12 (4.38)
where
Yi = n3/(a; - n2) (4,.35)
' Q (z') '
vy (2 ) = (=4 P - -] (4.36)
5(z) 'n2(z ) n3(z )
' 2}k z
ER J;ncoﬁ 2/n2 “’1 @ ?')
Z + VA + i Z V4
° ° ° 3 (a3

92(2') = 2 en(1l/k a)+ m[lkoz'|+[(koz')28-2vj-v-3n/2 (4.

38)
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ay(z') = ay(z') + 2ng (4.39)

vy = 1.64493407

and Q, 1s given by Equation 3.24b. Equation 3.32 can be

1
simplified by using Euler's Theorem (eJe = cose + J sino)

and Equations 3.33 and 3.34. The result is \
(4.40)

C, = -Vm[cos kol(yi + eJ2Kh y2(2h) - y3(2h))+ e‘jk 2(y3(h+£)

- y2(h+z)e32k h) + e Ik, z[y3(h-z) - y2(h z)ej?'k hJ]/A

J2k h

where A = J(y1 + y2(2h)e + y3(2h)).

Finally combining Equation 4.24a and a simplified

Equation 4.26 into Equation 4.23

sino V C, sin k _h(l-=coso)
P (o) = 7 0
m 2(zn(sino) -Q )L m l-coso
sin koh(1+coso) 1
+ 1355505 ) + (l+coso)[c°s(kol coso)

1
cos koz cos koh(l+cose)] + (T:EBEBT{COS(kol coso)

~ cos koz cos koh(l-cose)J]. (4.41)

It should be noted that like the current distribution, the
pattern function 1s based on a time dependence of e'dwt.

A comparison of Equations U4.40 and 4.41 with the
results obtained by Shen (4) will reveal two differences.
Instead of cos k_ % cos k_h(ltcose) in Equation 4.41, he
has cos ko(hth coso +_zp However, taking the lnverse

Fourler transform of his pattern function will not glve the

S —




proper equation for the vector potential.

60

Secondly, his

QP which differs from the one here, will not reduce to

Wu's (2)

result when ¢

O'

-

i o P




CHAPTER V
NUMERICAL SOLUTION OF THE SIMULTANEOUS
NON-LINEAR EQUATIONS AND NUMERICAL EXAMPLES

In Section 2.2.4.3 it was found that in order to get
a solution for the problem at hand, a set of non-linear

equations of the form of Equation 2.28 1i.e.,

N ? N ? g N
ann Y, + b, (B Y,)/Y, + c,, (T Y,)/Y .Y
1==M 1 42m Jq=cm 13 y2im k=41 JK 4= 1T KK
N
ceet J @Y, +8=0 2.28
qoy 171

must be solved. If N =1 and M = 0, the solution 1s trival.

For the symmetric case and N = 2, the analytical solution

1s stralght forward. For N and M greater than 2, however,

the analytlcal solution of the problem becomes extremely

difficult. To circumvent this difficulty, a numerical

method of solving these equations wlll be presented.

5.1 Method Of Minimization
A close examination of Equation 2.28 will reveal that

1f all but the ith variable are held constant, Equation 2.28

becomes linear in the ith variable. Thus the system of

N + M non-1linear equations reduces to N + M linear equations
in the 1th variable or N + M equatlons and one unknown, Y,.

Except at a solution point, Y1 will not satlisfy all N + M
61 .
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equations simultaneously. If, however, a new function

N
FM = (a'¥., + b.)° (5.1)
Jha BT Yy

1 1
where an1 + bj 1s one of the linearized M + N equations,

is defined, a value for Yi can be found which will

minimize FM. Since by the way FM 1s defined, 1t 1s elther

positive or zero, the least minimum of FM must be zero.

If FM equals zero, then all the M + N equations are zero

since each 1s added to FM as a square. Thus FM = 0 will

occur if and only if FM 1s evaluated at a solution of the

N + M non-linear equations.

Since FM 1is a quadratic in Yi, the minimum value of

FM occurs when gﬂ = 0. Taking the derivative of FM
i
with respect to Yi and setting 1t equal to zero glves
0 ’§ 2a,(a.Y, + b,
= a,(a +
PRV R e S
or
N ' 1 N !
Y, = - ] apb/ ] aJ2. (5.2)
J=-M J=-M

If FM 1s not zero, the non-linear equations can be

linearized with respect to another variable usling the new

found value of Yi' Again define FM as before and find

the value of the second variable which minimizes FM.
Since the only varlable which changed from the first
iteration 1s Y1 which made FM a minimum, thils second minimum
value of FM must be less than or equal to the first. If

the variables are changed one at a time in the above
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procedure, FM willl converge to some minimum value. If

this value 1s zero, then the point i1s a solution to the

desired equations. If 1t 1s not zero, then the point 1is

one that minimizes the set of N + M funetions. Because

of the complex nature of the set of non-linear equations,

several minimums and zeros may exlst for a glven problem.

A procedure to check for other solutions or minimums will

be given in Section 5.4.

5.2 Example Of Minimization Method - N = 2

To more clearly demonstrate the method outlined in

the last section, consider the case of two real unknowns.

For thls case the non-linear equations would be

[}
o

a1XY + le + clY + d1

[
o

a2XY + b2X + c2Y + d2

and FM would be

- 2
FM = (alXY + le + c.Y + dl) + (a2XY + b

1

Thus 1f Y 1s held constant,

8y = ay¥ + by
and

j cJY + dj

o
1]

and 1f X 1s held constant,

= a,X + ¢

23 3 B

2

(5.3a)

(5.3b)

(5.4)

2
X + c,¥ + d2) .

(5.5a)

(5.5b)

(5.5¢)

1

= et e
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and
(5.54d)

b,j = bJX + dj'

From Equation 5.2 for constant Y

[(alY + bl)(clY + dl) + (a2Y + b2)(02Y + d2)]
(5.6a)

*=- (a.Y+b)2+(aY+b)2
1 1 2 2

and for constant X
) [(alx + cl)(blx + dl) + (a2X + c2)(b2X + d2)]
(5.6b)

Y =
2 2
(alX + cl) + (32X + c2)

Thus given a Y, Equation 5.6a can be used to find a new X,

and using the new X, Equation 5.6b can be used to find a

new Y and so on. Finally the process will converge to an
X and Y. Substituting this X and Y into Equation 5.4 will
tell whether the point is a non-zero minimum or a solution.

5.3 Modified Newton's Method
While the method outlined in Section 5.1 will rapidly

converge to the area of a solution or minimum, its rate
of convergence slows as they are approached. Because of
the nature of FM in the nelghborhood of a minimum, the rate
of convergence 1s adequate to locate the minimum. In the

nelighborhood of a solution, however, FM is very slowly

changing, and the convergence becomes extremely slow.

Thus a second method is needed to find the solution once
Because

the neighborhood of the solution has been reached.

of 1ts guaranteed convergence 1f one 1s within a small
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enough neighborhood of a solution, the method outlined by
Robinson (6) will be presented here.
Let f(x) be a vector function of the vector x such

that f(x) = 0. Define the norm of x to be
[1xl1? = x'x (5.7)

and e’ to be the Jth column of the ldentity matrix. . Then

if 50 is chosen close enough to x, the following vector

will converge to zero:

-1.-1_,.k
where Fk ahd'Xk are matrices defined by:
k k
P = £ + xed) - 209 (5.9)
and - X = L|£k - ik-l|| HK, HY 1s the matrix
k k k. k
414, A18y = 4
k .2 )
H¥ = : . ) DX (5.10)
) k k
0 An-18N  T8N-1
N-1
0 . - (a5%)2 K
£ N
- J=1 _
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where Dk is diagonal matrix chosen to normalize the columns
in Hk, making HK an orthonormal matrix. Carrying out the

normalization, Dk becomes

- _
dl . . . 0. . 0
) . . .
D" = ? o« e d1 . 0
k
__O e e o o 00 L dﬂ_
1 i+1
where a% = 1/[( § (a2 Y2. (1 (652)1727 1¢n,1
' j=1 7 j=1 9
N
k ky2,1/2
& = 1/0 § (49
N N
N
af = 170K (] (P2,
3=1

Since for the 1nitial point Ak is not given, Hk can be
taken as the unity matrix and Ak can be taken as £O

multiplied by some constant << 1.

5.4 Additional Techniques

To this point it has been tacitly assumed that the set
of non-linear equations has only one solution or minimum.
This, however, 1s not the case in general. If, for example,
a set of non-linear equations has several solutlions and
several minimums, the solution or minimum found by the
techniques outlined will depend entirely upon the starting

point. Since the location of a. good starting polnt 1s no better
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known than the location of the solution or minimum sought,
an impasse seems to have been reached. The method used
in thls study to alleviate this problem was to try a point
at random and find the solution or minimum assoclated with
thls point. Using this solutlon or minimum as the origin,
look for new solutions or minimums on an N-dimensional sphere
with a radius of at least an order of magnitude larger than
the largest coordinate of the original solution or minimum.
This process can be repeated until the desired solution or
minimum 1s obtained or untll the space has been thoroughly
covered. In using this type of method two things should
be noted: First, only 2(M + N) - 2L real variables need
to be speciflied where L 1s the number of constraint
equations since the minimization method uses the first
2(M + N)- 2L to find the remaining variables. Second,
to insure checking all directions each new approach point
should differ from the last by at least one sign change,

i.e., for N = 2, start in a different quadrant each time.

5.5 Numerical Examples

In order to consolidate the theory and methods
developed in the first three chapters, several numerical
examples will now be presented. All of these examples
wlll be for the symmetric case. The computer program used

for the numerical computations 1s given in the Appendix.
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5.5.1 Admittance Constraint
The requirements for the admittance constraint

are that the loadings and their position be given. Once
they are given the current.distribution and fileld pattern
for the antenna can be found. Figures 5.1 and 5.2 show
the current distributions of two antennas whlch are subject
to this constraint. Figure 5.1, which 1s an example of
pure real loadlng, shows the very good agreement between
the theory and Altshuler's (7) experimental results.

Figure 5.2, which 1s an example of pure reactive
loading, compares two theoretical results, the theory of
Nyquist and Chen (8) and the theory presented here.
While the agreement 1s not as good as in the first case,
the two distributions are quite similar. In addition,
Nyquist and Chen's (8) results are based on a current
distribution which has been forced to be a purely outward
traveling wave. Thus 1t would seem likely that the actual
solution would lile between the two curves.

While these two examples are for the N = 1 case,
the agreement obtained is such, that it would be safe to
assume the current distributlons found by applying the
admittance constraint to the general case would be quite

adequate.

5.5.2 Fleld Pattern Constraints
The effectliveness of the field pattern

constraint to control the pattern shape is demonstrated
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in Figures 5.3 and 5.4. Both examples are for an antenna
of half length .7Xx.

The desired field pattern in Figure 5.3 1s sin 30
specified at nine points. The resulting pattern 1is
excellent. There are two results of this solutilon,
however, which are not desirable. First, six of the nine
loading 1mpedances have negative real parts. Second, the
input impedance 1s extremely small.

The desired field pattern in Figure 5.4 is sin 20
specified at four polnts. Again the resulting pattern is
good but not as good as the N = 9 case. In addition to
some of the loading 1mpedances having negative real parts,
the input 1mpedance also has a negatlve real part. Its
magnitude, however, 1s four orders of magnitude larger than
the N = 9 case. Thus while the fleld pattern constraint
can adequately control the shape of the pattern, it
leaves the other parameters of the antenna 1n less than
desirable form.

5.5.3 Current Constraint

Figures 5.5 and 5.6 show the current distri-
bution for two types of current constralnts: 1) traveling
wave and 2) decaying traveling wave, respectively. In both
figures the current was specified at four points as
indicated by the stars on the graphs.

Like the loading impedances for the field pattern
constraint, most of the loading impedances for the current

constraint have negative real parts. Thus in the two cases
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Z=5.25 x 107> + J5.03 x 107°Q a = 0.00702)
z, = 12.4 + J3.4 x 1030 h = 0.7
Z, = 4.8 + J2.06 x 1030 a; = 0.063751
2, = 1.85 + §2.08 x 103 d, = 0.12751
Z, = -2.4 + J2.16 x 1030 d. = 0.19125)
Zo = =9.6 + J2.37 x 1030 a), = 0.2551
Zg = -22.5 + J2.82 x 1039 dg = 0.31875)
2, = =48 + J3.6 x 1039 dg = 0.3825)
Zg = -120 + 35.8 x 1030 d, = 0.44625)
Zg = -2.4 x 103 + ju4.04 x 10"a dg = 0.51a
d9 = 0.57375x
Figure 5.3 Field Pattern For A Transmitting Antenna Loaded

At Nine Points (PT(O) = sin(30)).
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B
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0.4 4L
———— - Desired Pattern
0.2 4
i Actual Pattern
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a = 0.00635x
Zo = -,194 + j.577¢Q h = 0.7
z, = -22.6 + J1.36 x 1070 a, = 0.1125x
22 = -.12 + J650Q d, = 0.225x
2, = 6.03 + J1.16 x 1030 dy = 0.3375)
z, = -124.8 + 4.2 x 1039 d, = 0.45)

Figure 5.4 Field Pattern For A Transmitting Antenna Loaded
At Four Points (PT(G) = sin(20)).
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Figure 5.5 Current Distribution For A Transmitting Antenna
On Which The Current Was Specifled At Four Points
(Traveling Wave).
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Figure 5.6 Current Distribution For A Transmitting Antenna

On Which The Current Distributlon Was Specified
At Four Points (Decaying Wave).
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where the equations are linear, the resulting impedances
are less than desirable.

The agreement between the desired currents and the
actual currents, however, 1is good for the decaying traveling
wave (Figure 5.6) but only falr for the traveling wave
(Figure 5.5). Since pure traveling waves are hard to main-
tain for any length on an antenna (even the infinitely
long unloaded antenna decays), the poor agreement in the
traveling wave case should be expected. The good agreement
in the decaying case should also be expected. Altshuler (7)
in his experiments found that an antenna of the same half
length loaded a quarter wavelength from the end with

280Q produces a decaying traveling wave current.

5.5.4 Input Admittance - Frequency Constraint

Up to this polnt each example was the solution
of linear equations having a unique solution. In thils and
the next two sectlons, the examples are solutions to sets
of non-linear equations havlng several solutlons. To
demonstrate the multiple solutions of these equations, the
input admittance-frequency constraint was applled to
an antenna such that 1t would have an 1lnput impedance of
50Q at four frequencies: 400, 500, 600, and 700 MHz.
Five solutions to the problem are listed in Table 5.1. In
addition to the frequency constraint, the imaginary part
of the loading admlittances were required to be frequency

dependent. Thus all the loading 1impedances in Table 5.1
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are parallel combinations of a resistor and either an
inductor or capacitor.

Figures 5.7 and 5.8 show the behavior of the input
impedance for the antenna as a functlon of frequency for
two of the solutions. As can be seen, the 1nput 1lmpedance
is 50@ only at the specified frequencies and varies
wildely for the other frequencies. In some regions of
Figure 5.8 the real part even becomes negative.

A second example of the 1nput admittance-frequency
constraint 1s shown in Figures 5.9 and 5.10. The input
impedance of 500 was specified at two frequencies, 800
and 1200 MHz, and the imaginary part of the loading
admittances were made frequency dependent (Figure 5.9)
and frequency independent (Figure 5.10). In both cases, the
resulting input impedances as a function of frequency are
quite simlilar. This indicates that whenever frequency
dependent loading exists, frequency independent loading
may also exlst. In.addition, unlike the first example,
there are two reglons, 800 to 900 MHz and 1200 to 1300 MHz,
in which the input impedance 1s failrly constant indicating
posslible broadband operation, a desired goal.

In all the solutions to the input admittance-frequency
constraint, however, most or all the real parts of the
loading impedances were negative. Thus 1n the last three
constraints consldered, the resulting antenna which

satisfies these constralnts, has had one common factor,
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Input Impedance vs. Frequency For A Transmitting
Antenna (Four Frequency Case - 508 - Solution I).
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Figure 5.8 Input Impedance vs. Frequency For A Transmitting
Antenna (Four Frequency Case - 50Q - Solution II).
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negative real loading impedances. The next two sections

will show examples which do not have thls problem.

5.5.5 Reactive Loadlng - Current Constraint

The simplest example of reactive loading with
a current constralnt 1s requlring an antenna to have a 50Q
input impedance at one frequency. Thls was done for an
antenna of half length 1.1a, radius 4.5 x 10-31 and with
loading at .4x and .8x. The resulting loadings were
Z, =] k5.3 and Z, = J 388q and Zq = J 189q and Z, = J u8.7aq.
Again there 1s more than one solution. However, for N = 2
the non-linear equations can be solved exactly and these are
the only solutions.

A second example of thls constraint is shown 1n
Figure 5.11. Using the same conditlions as the traveling
wave example in Section 5.5.3 except the current was
specified at two points, a reactive loading solutlion was
sought. As can be seen, the current distributlon does not
satlisfy the specified current points and 1is in fact a
standing wave current. These loadings are a minimum of
the set of non-linear equatlions rather than a solution.
Because of the requirement that all the loads be reactive,
no solution to the problem exists.

In the first example 1in this section, 1t was found
that solutions exist for only a narrow band of input
impedances. Thus while reactive loading removes the
possibility of negative real loading impedances, it clearly

restricts the types of problems that can be solved easily.
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Figure 5.11 Current Distribution For A Transmitting Antenna
On Which The Current Was Specified At Two Points
(Reactive Loading).
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5.5.6 Reactive Loading - Frequency and Current

Constraint

Figures 5.12 and 5.13 show the frequency
dependence of input impedance of two reactively loaded
antennas. In both cases the 1nput impedance was specified
to be 500 at 60 and 70 MHz., Figure 5.12 1is the case of
frequency independent loading and Figure 5.13 1s the case
of frequency dependent loading.

Like the previous example of frequency dependent
loading, the resulting input impedance curves are very
similar. Unlike the previous example, the antenna described
in Figure 5.13 can be easlly bullt from avallable materials,
four sets of inductors and a metal rod.

It should be noted that like the previous reactive
loading example, the solution was not easily found.

Several combinations of loading points, antenna lengths,
and frequencles were tried before thls particular example

was found.

5.5.7 Resonance Loading
In Section 2.2.2 relations were derived for
resonance loading and for the 1instabilities in that
resonance. For a glven set of antenna parameters and
loading points, a family of resonance loadings exist. The
instabilities, however, are unique for each set of parameters.

Figures 5.14 and 5.15 show typical values of Z, and Z2

1
as a function of frequency for the two tyres of insta-

bilities. As can be seen, the real part of either Z, or

1
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Z2 1s negative in each case. Thus for the usual passively
loaded antennas, these 1nstabilities are of no consequence,
but 1f active loading 1s employed they could become
critical.

Figure 5.16 1is a graphical solution of the resonance
equation for f = 240 MHz. Because of the complex nature
of the graph, a brief explanation 1s in order. Each
circle on the line parallel to the real Z2 axis, ZZR’
1s a curve of constant real Zl, ZlR‘ Similarly each circle
along the imaglnary 22 axis, Z2I’ is a curve of constant
Z

imaginary 2 In additlon to the circles there are

1> "11°
two asymptotes, ZlR = -22.3 and ZlI

circles approach. Since none of the constant ZlR circles

= 640, which the

intersect except at the point (-3.9, 1.24 x 103), any
other intersection on the graph gives the values of Z1
and 22 for resonance, as shown 1n the circled example.
The common 1intersection, however, is not a solution but
equivalent to the condition of Y = 0 for the 2-dimensional
hyperbola XY = 1.

Unlike the instabllities, the resonance loadings
do not have to be active. Because the asymptotes are
skewed with respect to the axes, there exists a small region in
which the real parts of both Z

and Z, are positive. Thus

1 2
the possibility exists of designing an antenna which has

greatly enhanced radiation using only passive elements.
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CHAPTER VI
MATHEMATICAL FORMULATION OF A

MULTI-LOADED RECEIVING ANTENNA

To this point only multi-loaded transmitting antennas
have been considered. It will be shown that with the
addition of one term, the theory can be extended to

receiving antennas.

6.1 Matrix Formulation

Consider a multi-loaded recelving antenna of length
2h, radius a, and with N + M arbitrary loads and a central
load 1lluminated by a normally incident electric field EO
as shown in Figure 6.1. Replacing the loads by the
voltages across and separating the total antenna current into
a component of current which 1s induced by the incident
field on the corresponding unloaded antenna and a component
of current which 1s excited by the voltages across the
loads, the problem becomes equivalent to the antennas shown

in Figure 6.2. It can be shown that

Iu(z) = Eofu(z) (6.1)
and from 1.1
N
I (z) = ) Vif(m,a,h,di,z). (6.2)

=-M
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Figure 6.2 Voltage Equivalent Of A Multi-Loaded
Recelving Antenna
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Therefore the total current at any polnt is

' N
It(z) = Eofu(z) +1Z MVif(m,a,h,di,z). (6.3)

Again to find the V,'s, the relation Y,V, = -It(di) is

used. Thus
£4 7 v =0 (6.4)
+ + = 0. .
FRAFIRA
1#)
Comparing Equation 6.4 to 2.2 it can be seen that Equation

Eg f (d,) + (Y

J J

]
6.4 differs only by the extra term Eofu(d ) and that'Vo is

J
now an unknown rather than a known value. If J agaln

runs from -M to N, including J = 0, the result is M + N + 1
equations of the form of Equation 6.4. Writing these 1in

matrix form,

FRVg + GRE, = 0 (6.5)
where
P a d q a
fip ¥ ¥« o o Ty for  fo11 - o
q 4 4 q q
fiN oo Tyt Yy fon foan ¢ ¢ - fiuw
a d d q 4
Fr = | f10 « + Tno foo*¥o f10 T Mo
q 4 d d d
f11 R ST fom1 foiat¥ope o flne
d q q q a
fi1-m fN-M foom  foim o+ - ¢ Tlmomtie
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— —_ —
fu(dl) Vl
'. ) V.
f‘u(dN N
1
GR = fu(o) and VR = Vo
\J
fu(d_l) V_1
f';d ) V.
u =M -M
L . I
Since FR and VR differ from F and V by the addition of the
d

fio's, VO and Yo, the number of complex unknowns for the
receliving antenna 1is two greater than those for the
transmitting antenna and the number of complex equatilons

is one greater. Thus one additional complex constraint
equation will be needed. Otherwise the analysis of required

constralnts follows that of the transmltting antenna.

6.2 Constraint Equations

Since the transmitting case requires N + M complex
constrailnts, the receiving antenna needs N + M + 1 complex
constraints. Also since the fileld pattern of the unloaded
rod 1lluminated by an electric fleld can be shown to have

the form,

Pu(e) = Eogu(w,a,h,O), (6.6)

all the constraints outlined for a transmitting antenna

can be applied to a recelving antenna.
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6.2.1. Load Impedance Constraint
Since for most practical applications, it is
desirable to specify the central 1load impedance, one
constralnt equation could be Yo equals a constant. Thils
constralnt alters one of the equations in matrix 6.5,

N
+ YO)Vo + 3y f
i=-
1#0
where Yo is now a known value, and reduces the number of

d

d
00 1

(f vV, + Eofu(O) =0 (6.7)

0°1

unknowns by one. Thus there are 2M + 2N + 1 unknowns and
N + M + 1 equations which reduces the number of additional

constralnt equations to M + N.

6.2.2. Scattered Field Constraint
It 1s desirable to be able to control the
scattered fleld of a receiving antenna. Thus a possible
constralnt would be to specify the scattered fleld in M + N
directions. Using Equation 6.6 and the first equation in
Section 2.2.4.1., the equation for one direction would be
)

PT(OJ) = Eogu(w,a,h,oj) + Vigi(m,a,h,ej). (6.8)

i=-M
Applying Equation 6.8 in M + N directions results in N + M
equations. But there are M + N + 1 unknowns. The remaining
equation can be generated by specifying one more direction,
or 1t can be Equation 6.7. If one more direction 1s used

the resulting equations are like those in Section 2.2.4.1.

and the solution follows that outlined there.



sl
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If Equation 6.7 is used, the resulting set of

equations in matrix form 1is

e

RVp = -SE_ (6.9)
where
_ — _
VM su(ol) - Pp(0,)/E
"- * _ ] '
Ve T Y R S = gu(oj) - PT(GJ)/EO
: 1]
LVN 8u(Opmen) = Pr(Oyyn)/E,
— 1
£ (0)
and — —_
_' 1 ] ]
g_y(e) . . . g, (o) «ooeogyleg)
' (o.) '(0,) '(0,)
r= | BMC €09 N0
|. l. l.
&_y(Omen) Eo Oy gy (Opay
4 d d
£ Mo foo * Yo fNo
_ _

1
where g (ej) =g (w,a,h,0,). Multiplying Equation 6.9

by R™! gives the solutions for all the v,'s.
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Since one of the equations in matrix 6.5 has been

used, care must be taken to find the Yi's. If three

' ]
new matrices Y, F,, and GR are defined as

P! 4 4 a a |
f11 -y Tor g - o
a 3 4 a’ 4
oo | TN fyw fon foan - Tomn
R
q 4 q 4 4
f1-1 -+ -+ oy Toor fogon -+ 0 fona
a 4 4 a 4
Lfl—M coooo fym foom fliom o ¢ ¢ flimen
Y, ... 0 0 0.. 0
0 . .. Y. 0 0... 0
Y = N
0 L. 00 Y .. 0
0 ... 0 0 0... Y
and
— _
fu(dl)
.
' fu(dN)
G =
R
£l (a_))
' .
£,0a_y)
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then matrix 6.5 less one row (Equation 6.7) may be written as

1
(FR + Y)VR + GREO =0 ., (6.10)

1
It should be noted that FR

but are M + N by M + N + 1 matrices. Thus they do not

and Y are not square matrices

have inverses. To find the Yi's the same procedure as
outlined in Section 2.2.4.1. can be used, namely:

!

Yv, = —-(GREO + FRVR) (6.11)

R
or

N
Y, = =(GRE_ + [ Fp Vg )/Vp . (6.12)
#

6.2.3. Current Constraint

Since on a receiving antenna the current at
the load 1s of primary concern, it would be desirable to
specify the current at d = 0. This condition, however,
only supplles one constraint equation and M + N + 1 are
needed. Additional current polnts could be specified as
was done in Section 2.2.4.2., but a more interesting case
is to specify I(0) at several different frequencies.

From Equation 6.7 and I(0) = —YOVO

N
z
Yo +.2 Vifio
1#0
But Equation 6.13 is not in a useable form. If CF(w) is

z
00

f + Eofu(O) I(0). (6.13)

defined as

CE(wl) = le(O)/Eo (6.14)
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then Equation 6.13 becomes

N 1

I Vyffg + EJLf,(0) - Co(1 + £f/Y )] = o. (6.15)
i=-M

1#0

Applying I(0) = -YOVO and Equation 6.14 to Equation 6.10

and combining the results with Equation 6.15 gilves

Bp « Vg =0 (6.16)
where
! d d
f1.%% a1 f11
q d 4
TN Fantfn foan
B =
R d 4 q
fi1.1 fy-1 foiatYy
d 4 3
f1-m - fyem foiom
Z VA Z
_flo No T 10
d ' d ]
P Y (£,(d;) = Cfp,/Y)
4 ' T4
e Ty (£,(dy) - Cpfon/¥o)
d ' q
f_M-1 (£,(d_1) = Cefy_17/¥,)
4 4y (£ (a4 ) . c.fd /v )
e foynttoy (£ 0y Efo-m"Yo
z ' z
20 (£,(0) = Co(1 + £50/Y.))
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and

Like Equation 2.27, Equation 6.16 has a solution only if
the determinant of BR is zero. Thils produces one equation
with N + M + 1 unknowns. Silnce, however, Yo 1s usually
known, there are only N + M unknowns in Equation 6.16.
Thus i1f I(0) is specified at N + M frequencies, the
required N + M equatlions will be generated and all the

admittances can be found.

6.2.4. Current And Scattered Field Constraint
The final type of constraint to be considered
will be a combination of the current and scattered field
constraints. Again the current constralnt will be to specify
the current at d = 0. If the scattered field 1s specified

in L directlions, then the resulting constraint equations

in matrix form are:

c. V. =0 (6.17)
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where
—' 1]
gl(ol) . . . gk(ol) gi(ol) gk+2(91)
C. = ) ) ) .
Ry ' '
gl(oL) gk(eL) gi(OL) gk+2(oL)
Z zZ zZ V4
10 fro fi0 f+20
[
gi-1(®1) gk+l(@l) gi+1(01)
gi_l(eL) gk+1(oL) g1+1(oL)
d d d
fi-10 fr+10 fi+10

-
g_.(0)) (g,(0)) = (Pp(0)/E, + Cpa (0,)/Y )

g_ylop) (g, (op) - (Pple)/E_ + Cpe (0 )/Y )

! z
~MO (fu(O) - CE(l + fOO/YO)
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and

Following the same method used to obtain Equation 2.30,

define the matrix B, as

i






q 4 4 d
%% - - B fin Teean - -
By =] a° 4 3 q
fik fukt¥x Tk Pyaok = °
a 4 d d
e fr1 TR FEEE ST I
4 4 d 4 '
e Ti11 Trernr Tie11 - - fomp (£p(dy) - Cg 01/Y )]
q a a a ' )
- ik Tkeik fieik Fome (Fu0d) = Cg Ok/Y )
a 4 d 4 '
©o Tioag Teenr Ties tlyy (£,0dy) = Cprgy /Y, )
where
k =-(M-9L1L -1) for M > L + 1
k =N+M- (L +1) for L +1 > M
and i =k +1, . . ., =M. Bi s a M+ N-LbyM+N+1

matrix and CR is a L +1byM+ N+ 1 matrix. Thus 1f they
are combined, the result is an M+ N+ 1 by M+ N + 1

matrix

\ =0 (6.18)

1 1 = k + 1, . . o9 (-M)

whose determinant must be zero. Equation 6.18 generates
L + 1 equations with M + N unknowns. Thus Equation 6.18

must be used for P frequencies such that
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(L +1)P =M + N (6.19)

to obtain the required number of equations needed for a

solutlon.



CHAPTER VII
CURRENT DISTRIBUTION AND SCATTERED FIELD PATTERN

OF AN UNLOADED ROD

In Chapter 6 it was shown that the current and
scattered fleld of an unloaded rod was needed to solve for
the current and scattered field of a multi-loaded receiving
antenna. In this chapter the induced current for both a
short and long unloaded rod will be derived. The
derivation will be for a normally incident wave. The
derivatlion of other than normal incidence can be found in

papers by King (9 ) and Yu and Shen (10).

7.1 Vector Potential Of An Unloaded Rod

For an unloaded rod of length 2h and radius a illumi-
nated by a normally incident electric field, EO, as shown

in Figure 7.1, the vector potential is given by

d2Az 2 JBo2
5 + BO AZ = - = EO (7.1)
dz
the solution of which is
A, = -3Ve u, [C cos kz + E_/k ] - h < z < h. (7.2)

Equation 7.2 1s valid for both short and long antennas.

107
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Figure 7.1 Unloaded Rod
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7.2 Current Distribution On A Short Rod

For the short rod the procedure outlined in Section 3.1

wlll be used. From Equations 3.7 and 7.2, 1t follows that

h 1 ] ] E
| Troa(z Mq(z,2daz’ = - iﬂ[cl cos kyz + 2+ U1 (7.3)
- lo) o]

where U 1s defined by Equation 3.10. Since at z = h the

right hand side of Equation 7.3 1s zero

C, = - (U + EQ/ko]/cos k h (7.4)

so that Equation 7.3 becomes
h
!hlrod

' ] 1 - JUH
(z )Kd(z,z )dz = z_ cos koh[cos koz - cos koh]

(U + E_ /k). (7.5)

Equations 7.5, 3.1la and 3.14b suggest that the approximate

form of the current should be

(7.6)

IPod(z) = IEI(cos koz - cos koh) + IER(cos koz/2 - cos koh/2)

Substituting Equation 7.6 into Equation 7.5 and using

Equations 3.17c-e, the result 1is

IEI[deR(cos koz - cos koh) + jdeI(cos koz/2 - cos koh/2)]

+ - = Jim - :
Igr¥ 4p(cos k z/2 - cos k_h/2) 55 koh[cos k,z - cos k_h]

(U + Ey/k ). (T.7)
Since Equation 7.7 1is true for all z, then

J¥qurler * TerYap = © (7.8)
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and

_ 4
IEI‘deR - L 08 koh(U + Eo/ko)’ (7.9)

All that remains 1s to find U. Substituting Equation 7.6
into Equation 3.10 and using Equations 3.25 b-c¢ results
in

Je
U= - Eﬁ(IEIwu(h) + Igpvp(h)) . (7.10)

Combining Equations 7.10 and 7.9 and using Equation 7.8,

IE’ and IER can be found. Thus

Jv 81§
= dD o)
IEI = (7.11)

'bdD(deR cos koh - “’ u(h)) + JwD(h)deI ;OkO

and

I - YquI 4IE

ER

©.(7.12)
Vap(¥qur ©08 koh = v, (A + Jup(Mvgyr Bk,

If new varilables, TEI and TER’ are deflned as
E

=

1

I, =T . — =2 (7.13)

EI EI Oko

E

g “o
I - T — — (7.1“)

ER ER ;oko

then Equation 7.6 becomes

(7.15)

c3]

_b4n "o
Irod(Z) = _E;E;{TEI(COS koz - cos koh) + TER(cos koz/2

- cos koh/2)]'
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7.3 Scattered Field Of A Short Unloaded Rod

Once Irod(Z) has been found, the scattered field for a
short rod can easily be found. Since Irod(z) has the very
same form as the current of a transmitting antenna, with

the use of Equations 4.1, 4.9 and 4.10 it can be shown

that
JEO sino TEI
P. () = - L [cosesin k_h cos(k_h coso)
rod ko coso sin2o o o
Ter
- cos koh sin(koh coso)] + 5
(1-4 cos“o)
[2 cosesin koh/2 cos(koh cos0) (7.16)

- cos koh/2 sin(koh coso)].

Like Equation 4.12, Equation 7.16 is indeterminate 1if
e =0, n/2, + 1/3, or 21n/3. For ¢ = 0 it can agaln be

shown that P (0) = 0. If o = n/2, then Equation 4.17 is

rod
used and Equation 7.16 becomes

JE
= _ _ 0O _
Prod(n/2) = ko[TEI(sin koh k h cos koh)
+ TER(2 sin koh/2 - koh cos koh/2)]. (7.17)

For o' = n/3 or 21n/3 only the T term is indeterminate.

sin koh
2 L]

ER
It has been shown that it reduces to koh/2 -
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' JE T
P (o) = - o _[—El

kO co0so sino

1 1]
+(cos 0 sin koh cos(koh cos 0 )

]
- cos koh sin(koh cos 0 )) +

sin k _h

+ TER(koh/2 - -——5—9—)sin o']. (7.18)

7.4 Current Distribution On A Long Rod

The approximate solution for the long rod will be
based on a paper by Shen (11). Unlike Shen, only the

normally incident wave will be considered.

7.4.1 Current On An Infinitely Long Rod
Applying Equation 7.1, altered for e 39t time
dependence, to an infinitely long rod, the equation's

solution is

E
_ 0
A (z) = § — for all z . (7.19)
Since
H *® ' ' '
A (2z) = T dez I(z )K(z-z ) (7.20)

1

where K(z-z ) 1s given by Equation 3.l41la,

MHJE ® ' '
S = [ dz I~__ .(z )K(z-2z ) (7.21)
to ko la rod : "C

Applying the Fourier transform to Equation 7.21 and using
Equation 3.46, the result is
Mnon

Iwrod(g)i(;) = R 216 (z). (7.22)
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Solving for f(C) and taking the inverse transform,

°_ . (7.23)

But from Equation 3.50, E(O) = 290 + Jjn thus

by JE 1

opog(2) = T, K (2a_+ Jm)

o

I (7.24)

o

7.4.2. Reflection At The End Of A Semi-Infinite Rod
If the semi-infinite rod 1s in the upper half
plane with its end at z = 0, and i1f it is illuminated by a
normal E fleld such that I rod(z) = 1, the reflected current
can be expressed as
k ejczdz

i (z) = =% L (0) — . (7.25)
r enj - éo(ko—c)cL_(c)

If again 1t 1s assumed that the contribution to the
integral in Equation 7.25 comes mainly from ¢ = ko and
that CO can be deformed around the branch cut at z = Cko,

Equation 7.25 becomes

kL (0) Jzz
1.(2) = =5 = e (7.26)
Lytk) C,(k -z)cK(z)
which 1s approximately
1.(z) = -Rg L(z)/V, (7.27)
where
R = EE——-—L-(O)
S 2n T
Ly(k,)
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For large k,z,

L (0)
— = 2C 4 gn2 + Jn . (7.28)
L, (k,)

7.4.3. Current On A Finlte Rod

To find the current on a finite rod the
results of the last two sections and Section 3.2.2. must
be used., Away from the end, the finlte rod will seem like
an infinitely long rod and this should support a current
like Iwrod(z)' Near the ends I“rod(z) will produce a
current like ;§z)/VO from both Equations 7.27 and 3.56.
Thus current ona finite rod should be of the form

I.(z + h) I.(z - h)

IreC(Z) = I”rod(z) + CRl—V—O + CR2 ‘——'—Vo—'. (7.29)

To find C and CRZ’ Equations 7.27 and 3.56 must be used.

R1
At z = -h, the incident current would be I, (-h) -
I.(2h) rod
+ CR2 7 which would produce a reflected current at
o
z = =h of
I.(0) I.(2h) I.(0)
I = -R.Io _(=h) - RC . (7.30)
refl S™® prod Vo R2 VO VO
I,(0)
But by definition Iref = CRl —v;——, thus
I»(2h)
Cry = = Rgla, 4(-h) = RCp, T (7.31)
I=(2h)
Similarly at z = h,Cp, = - Rgq I“rod(h) - RCpy ——- (7.32)

o
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Solving Equations 7.31 and 7.32 for CR and CR2 ylelds:

1

R.Iw__.(h)
Cp = - —>—1ed = Cp,- (7.33)
1 + RI»(Zh)/VO

Simplifying Equation 7.29, the current distribution for a

finite long rod becomes
(7.34)
R

(z)[1 - S (Iw(z+h) + Iw(z-h))]

1+ RI_(20)/V_  V, v,

Irec(z) = I”rod

since I“rod(z) is a constant.

7.5. Scattered Field Of A Long Rod

To find the scattered fleld of a long rod, the same
type of method as used in Section 4.2 will be employed.
From Equation 7.2 the vector potential, corrected for the

e~d9t time factor, 1s

A, = J/uoeo[cl cos kz + E /k ] -k <z <h

and from Equation 4.23

A(kO cos0)

P (0) = jw sine

rec i(.(ko cos0)

If again it 1s assumed that the main contribution to the
integral 1s the vector potential on the ahtenna's surface,

then
. (7.35)
{hJ/uoeo [C, cos k z + Eo/ko]e-JZkocosodz

e

A(k0 cos9)
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which using Equation 4.5 is

JCl/uoe sin koh(l + cos0) sin koh(l-cose)

A(k cosp) = - O( + )
o 1l + coso 1l - coso
J2E vu_e_. sin(k_h coso)
+ 0 2o 0 o ] (7.36)
k cos 0
o
All that remains 1s to find Cl' Thils can be done by agaln
using Equation 4.27. 1If Az(z) = 0 for z outside of the
antenna, the functions defined by Equations 4.28 and 4.29
and a third function
' ' - *® - ' -
V (z ) = [ dgL,(g) [ dze Je2 (1 (2 -z)-e"IKo%) (7.37)
o o
are needed.
Rewriting Az(z) so that one end is at z = 0,
Az(z) becomes
Az(z) = j/uoeo[cl(cos koh cos koz + sin koh sin koz)
+ E_/k JH(2h - z). (7.38)

Using Equations 4.28, 4.29, 4,27, and 7.37, the result is

: , . (7.39)
Cl(cos koh T (2h) + sin koh S (2h) + Eo/kO V (2h) =0

or

c, = - (& /k_)2J v'(2h)/(yl + y,(2n)ed 2K 4 y5(2h))e dkoh

1
using Equations 4.33 and 4.34. Only V (2h) needs to be
\J
evaluated. It can be shown that V (z) 1s equivalent to

P (6, = 1/2) as defined by Yu and Shen (10).
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Thus
V' (2n) = -23 yy(2n) + 21/(2C + n2 + M) (7.40)
and (7.“1)

- jk h
C +Eo/ko2e

1 (=23 Y3 (2n) + 2H/(2C + an2 + Jn))/a

where A 1s defined by Equation 4.40. Finally combining
Equations 7.36, 4.23 and 4.24a

sino C1 ko sin koh(1+cose)
(@) = -(E_/k_) [ (
(91 - g2n(sinov)) 2 EO 1 + coso
sin koh(l - c0s0) sin(koh coso)
+ ) + ]. (7.42)
1l - coso cos0

Equation 7.42 has two indeterminate points © = 0, /2.

At 6 = 0 1t can be shown that Prec(e) = 0 as 1t should be.

At o = /2 the last term approaches koh and Equation 7.42
becomes
C1 k
o(/2) = (E /k 9 H 5 E 2 sin k_h + k ohl. (7.43)



CHAPTER VIII

ADDITIONAL NUMERICAL EXAMPLES

To thils point all the numerical examples have been
for transmitting antennas. Thls chapter will give some

examples for symmetrically loaded receiving antennas.

8.1 Resonance Loading

In Section 2.2.2 the conditions for resonance loading
on a transmitting antenna was derived. In Section 6.2 it
was found that all the constraints of a transmitting antenna
can be appllied to a recelving antenna with only slight
modifications. The modificatlons for resonance loadlng are
that the second loading impedance 1s replaced by the central
load impedance, Zo; V2 1s replaced by VO, VO is replaced
by EO’ and the zero coefficlent instability 1s dropped.

Figure 8.1 1like Figure 5.14 shows the values of the
load impedance as a function of frequency for the finite
voltage instability. Figure 8.1 shows two things of
interest: 1) the real part of central load is positive and
2) 1t is near 509, a typical impedance of a recieving
antenna. Since for a recelving antenna, V0 is one of the
unstable voltages, this instability point could prove to

be extremely undesirable.
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Figure 8.1 Load Impedance vs. Frequency For A Receiving

Antenna To Malntaln The Resonance Instabillty.
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Figure 8.2 1s constructed like Figure 5.16 and glves
the other values of impedance required for resonance.
Like Figure 5.16, 1t also has an area of passive loadings.
Solving the equation given in Figure 8.2 for ZlR = 0,
it can be shown that resonance can occur if ZOR < 20Q.

Thus with the right reactive load at d the antenna can

1
be taken in and out of resonance by adjusting the central
loading.

Unlike the transmitting case, the receiving antenna
coefficients are dependent on the direction of the incldent
radliation. Thus the receiving antenna can also be taken
in and out of resonance by varylng the direction of the
incident radiation. Since resonance enhances the voltage

of the central load, this would indicate that an extremely

sensltive and narrow beamed receiving antenna could be made.

8.2 Scattered Field Constraint

Figure 8.3 shows the desired (dashed line) and the
resulting scattered field (solid 1line) for a receiving
antenna of half length .7A. Like the field pattern
constraint for a transmitting antenna, Figure 5.4, the
field was specified at four points. But unlike the
transmitting case, the central impedance was fixed at 509
for the receiving antenna. This last constralint removes
one of the problems with the transmitting case, uncontrolled
input impedance. Thus the receliving scattered field

contrailnt can produce the desired scattered pattern as well



121

BUUSQUY BUTAT909Y Y JI04 UOT3TPUO) JUTPBOT 90UBUOSSY JO UOTAINTOS TBOTUdRIn Z2°'g 8an3Tg

(s31) 107

(s) 407
G2 0°2 G:1 0°1 G0 G'0-  0°I- G 1-
' -3 g _N.:Hl T ) T
WGZIT*0 = 'p
wgz 0 = 4 0T ¥ 2°T- = Q
1 WgTE00°0 = B 0T X §°T = © s I g
”~
002 . I,
|
+ SN006=\ 1\ |
~_ N\
= ——4 == G609 —m —— — _ _ ll/.l/ll//
toL - 0z = 197 _ X/
e
arg + 0z o HOy ,
LT + 3tz = I / !
T, _ 1t / 000T
Gog - Ttz = iy \
4 N 4
~ll_ .
10, . H0 10, . HO
et * et? _ 11, _et?* er’ uT, IT, Aue3SUOD ——— ——
I0,, _ 40,, I0 40 )
(22 = T2 29+ 70 .mHN JUBYSUOY

L

0'¢



.lu -

.10 -

008q'

[Py (o)

.06 |

044

.02

Actual Pattern

----- Desired Pattern

-0.01062A
0.7

1 —d - b
v v

NNNNDN
EJUVE VN o]

Figure 8.3

10 20 30 Lo 50 60 70 80 90
© (Degrees)

= 50Q

= -80.8 + J 311q d, = 0.1x
= -37.0 + J 5029 d2 = 0.292
= 16.6 + J 628q d3 = 0.402
= 168.9 + j 582q dj = 0.55x

Field Pattern For A Recelving Antenna Specified
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as maintalning a reasonable central impedance. However,
like the transmitting case, 1t also has negative real

loading impedances.

8.3 Current Constraint

Unlike the transmitting current constraint, the
receiving current constraint is designed to control only
current at the central loads and the value of the central
load. Filgures 8.4, 8.5, 8.6, and 8.7 show the current
distribution for an antenna of half length 2.75 meters
at four frequencies: 300, 320, 340 and 360 MHz. The
specified currents and the resulting currents are given on
the figures. As can be seen, the currents outside the
nelghborhood of the central load vary widely. Thus good
control of the central current and load i1s obtained by this
constraint. Therefore the objective of constructing a
frequency rejecting receiving antenna with constant central
loading can be achleved by thils constraint if active loading

is acceptable.

8.4 Current And Scattered Fileld Constraint

The final example of the versatility of the methods
outlined in this thesis wlll be current and scattered field
constraint. Figures 8.8 and 8.9 show the scattered fields
and current distributions, respectively, for a receiving
antenna for which the backscattered field was specified
to be zero at two frequencies, 300 and 400 MHz, and the

central current was specified to be 10 ma-m/V at 300 MHz and
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0.01 pwa=-m/V at 400 MHz. Again with the use of active
loadlng, the desired conditions were obtained. Thus if
actlve loading is allowed, the current distribution, the
scattered flelds and the central load can be controlled
as a functlion of frequency. Since these are all the
important characteristics of a recelving antenna, the
objective of improving the receiving characteristics of a

lilnear antenna has indeed been achieved.



CHAPTER IX

CONCLUSIONS

In the preceeding chapters a method has been
developed to improve the transmitting and receiving
characteristics of a linear antenna. Matrix equations to
describe multi-loaded transmitting and receiving antennas
were derived. Further constraint equations were developed
which related the loading impedances to the desired
antenna characteristics and the characteristics to the
loading 1mpedances.

In particular, relations were developed for a
transmitting antenna such that:

1) M + N loading impedances can be specified and the

current and fleld pattern could be found,

2) M + N current points can be specified and the M + N

complex loading 1mpedances could be found,

3) M + N field pattern points can be specified and

the M + N complex loading impedances could be found,

4) the input impedance can be specified at M + N

frequencies and the M + N compléx loading
impedances could be found,

5) any of the above can be specified at (M + N)/2

and the M + N reactive loading impedances could be

found,
131
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6) resonance loading can be achieved and no
characteristics could be found.
In addition to the above relations, constraints were
developed for a recelving antenna such that the central
load impedance could be specified and relations 2) and 3)
from above be appliled.

The first three relations are linear and presented no
problems in obtaining a solution. The remaining relations
were non-linear and may or may not have had one or more
solutions. Since 1n general these non-linear equations
could not be solved analytilcally, two numerical methods
were employed: 1) a minimization method for finding the
neighborhood of a solution and 2) a linear method for
finding the solution.

Examples of each of the constraints were presented.

As a result, it was found that in each case of complex
loading, the desired characteristic could be obtained but
only by active loading. When reactive loading was required,
it was found that 1f a solution existed, the results were

as good as the case of active loading. However, the
requirement of reactive loading severely limited the chances
for a solution.

The most interesting result of the study, was resonance
loading of a recelving antenna. It was found that a single
reactive load and the proper adjustment of the central load

impedance could create an antenna with high gain and a very

narrow beamwidth. In thils resonance loading, however, 1t
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was found that certaln values of loadings would cause the
antenna characteristics to become unstable.
Thus multi-loaded antennas can achleve improvements

in receiving and transmitting characteristics normally

requiring extensive arrays.
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