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ABSTRACT

THE ESSENTIAL P.L. CHARACTER OF CERTAIN COMPACT SETS
IN TOPOLOGICAL MANIFOLDS

by David Emanuel Galewski

Chapters I and II of this thesis are a study of the
neighborhoods of o-dimensional sets and arcs in topological
manifolds. We prove that a compact o-dimensional set in
the interior of an n-manifold has a connected neighborhood
which embeds in euclidean n-space and that an arc in the
interior of a topological n-manifold has a P.L. n-manifold
neighborhood. These theorems enable one to extend results
on the properties of embeddings in P.L. manifolds to
' topological n-manifolds.

A topological embedding f : s"1 ,s® is said to have

a P.L, homotopy approximation if given any neighborhood N

of f(Sn-l) there exists a P.L. embedding g : sl g

such that g(Sn°l) c N and f is homotopic to g in N.

In chapter III of this thesis we prove that every embedding

n-1 n

f:58 +S with n ¥ 4 has a P.L. homotopy approximation.
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INTRODUCTION

P. H., Doyle in [7] asks whether there exist small con-
nected neighborhoods of compact o-dimensional sets in topo-
logical n-manifolds which embed in Rn. In Chapter I of
this thesis we answer this question affirmatively and in
Chapter II we show that an arbitrary embedding of an arc in
a topological n-manifold has small P.L. neighborhoods.
These results enable one to extend known facts about embed-
dings of compact o-dimensional sets and arcs in P.L. mani-
folds to topological manifolds.

In Chapter III we change direction and consider the
problem of approximating a topological embedding of Sn-l
in s® by one which is P.L. 1In particular we show that
if £:8™1 48" isa topological embedding, N a neigh-
borhood of f(Sn-l) and n # 4, then there exists a P.L.

n-1

embedding g : S + s™ such that g(Sn-l) c N and f£

is homotopic to g in N.

Notation and Terminology

The following notation will be used for certain sets
and topological spaces.
Z=(n | n is a positive integer},

Rn

= {x ‘ X = (xl,...,xn) an n-tuple of real
numbers }

where R" is given the topology determined by the euclidian



metric dn’ The subsets

D" = {x € R" | d_(0,x) s 1)},
E' = (x €R” | 4 (0,x) < 1} and
s" 1l - (x er® | d_(0,x) = 1)

of R" are given the subspace topology.

n-1

A homeomorphic image of Dn, En, or S is called a

closed n-cell, open n-cell, or (n-1)-sphere respectively,

A topological n-manifold M is a separable metric

space in which each point has a neighborhood whose closure
is a closed n-cell. The interior of gﬂ, denoted by ﬂn,
is the set of all points which have open n-cell neighbor-
hoods; the boundary of gﬂ, denoted by ﬁn, is defined to
be M" - ﬁn. The boundary, interior and closure of a sub-
set A of a topological space X will be denoted by BxA,
IntxA and Cle respectively, and the subscript 'X' will
be suppressed if there is no possibility of ambiguity.

The basic terminology for topological manifold theory
such as locally flat, tame, bicollared, etc., may be found
in [3] and [10] while the terminology, notation, and basic
facts of piecewise linear, P.L., topology may be found in
[11] and [17]. To simplify notation we sometimes use the
same symbol for a polyhedron and its triangulation.

The end of a proof will be denoted by the symbol '0O)'.



CHAPTER I

NEIGHBORHOODS OF o-DIMENSIONAL COMPACT SETS
IN TOPOLOGICAL MANIFOLDS

P. H. Doyle has shown in [7] that every compact o-dimen-

sional subset of a topological n-manifold has a neighborhood

n

which embeds in R and asked whether there perhaps exist

small connected neighborhoods which embed in R®. 1In this

chapter we answer this question affirmatively.

lemma 1.1: Let o be an n-simplex in R® and

f: 0 +R® be an embedding such that f(cn) is an n-cell
with bicollared boundary. Then there exists a homeomorphism

g : R® 4 R® such that gof| _ =1 .
" o

Proof: By M. Brown [2] there exists a homeomorphism

91.¥Rp + R" such that glof(cn) is an n-simplex . Let

95 :R® 4 R be a linear homeomorphism determined by any

bijection between the vertices of ™  and on; then
92°g1°f(0n) = ¢ and gzogIOf(on) = d". If r  denotes

the ray from the barycenter of o meeting @ at x then

the homeomorphism g, : R® + R® determined by r, linear
r -1 is such that g3og20glof(0n) = o™ and
(g,0g,0f) ~(x)
2°°1
: n n
93°9,5°9 °f|, =1 . Finally let g, : R* 4+ R Dbe the
37271 3 o 4

. . -1
homeomorphism determined by g4|Gn = (93°92°gl°flcn) and
94l 4 on = 1, op- Then the required homeomorphism is
R =0 R -

g = g4°94°9,°9;. O



4

Definition 1.2: The pair (D,f) is an n-euclidean

domain in a topological n-manifold M* if DcM' and
f :D-+R" is an embedding such that £(D) is open and

connected in Rn.

Lemma 1.3: Let Mn be an n-manifold such that
(1) (D,f) is an n-euclidean domain in Mn,

(ii) B" ¢ ﬁn is an n-cell with bicollared boundary,

and (iii) ¢ is a subset of D such that cns™ = cne® = q.

n-1

Then there exists an (n-l) cell B c énﬂD with bicollared

boundary in én and a homeomorphism g : R® 4+ R® such that
(iv) gof| __; (8" 1)=""! isan (n-1)-simplex in " lxo

B
and (v) v*cn-lng°f(c) = gof(qg) € Sn-l for some Vv € Rn.

Proof: Since B"™ is bicollared there exists a neigh-

borhood N of q in D and a homeomorphism h :
R""14(-1,2) + N such that h(0,0) = q, h(R" 1x0) c B® and
h(Rnx[O,Z)) - B", 1Iet on_l be an (n-1l)-simplex in Rn-lxo
with (0,0) € o™ and v = (0,1) € R""1x(-1,2). Then
foh(v*cn-l) is an n-cell with bicollared boundary in R

hence by Lemma 1.1 there exists a homeomorphism g : R" 4 R"

Choose B! = h(on-l). O

such that gofohl| =1 .
vr g™ 1 A 1
Lemma 1.4: Let " = v#c® 1 be an n-simplex and C

a compact subset of R® with n 2 4 such that
(i) cnt=v
(ii) Tn - v 1is contained in the unbounded component
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Then given ¢ > O there exists a homeomorphism k : R" 4 R"
such that

1

(iii) k
‘Tn n

T
and (iv) k(C) c Ne(v) where Ne(v) is an e-neighborhood

of v 1in Rn.

Proof: Let 7" = v¥3' be an n-simplex in R" con-

centric to 1 such that o® 1 is parallel to @1 ana
n _=n n_-n_°n

CUr" c 1, Also let x =7 be a P.L. manifold with

triangulation T such that |T(l)| contains
(i) a P.L. 1l-ball Bi = "*8" (where 'Y' denotes

barycenter),

. 1 1. .1 _ °1.°1_ °1
(ii) a P.L. 1l-ball B, such that anB1 = anBl = Bj
and B%nc = g (since f - v and 7 are in the unbounded

component of rR® - c),

and (iii) a P.L. 1-ball B} = (T 2#v)**(d"2#v)* such
that BénB% = 4 where @2 is an (n-1)-face of ™1 and

"2 is the corresponding face of 1. Next we choose a
fine subdivision T' of T such that N(B%,T')nB% =g
where N(B%,T') is a regular neighborhood of Bg in T',.
Then Y" = c1(x” - N(B,,T')) is a P.L. n-ball, (¥",B]) and
(Yn,B%) are (3,1)-ball pairs with n 2 4 and hence by

E. C. Zeeman [17] there exists a P.L. homeomorphism h :

i and E‘én = lin' Extend h

to a P.L. homeomorphism h : rR"? 4 R" by the identity and

Y" 4 ¥Y® such that ﬁ(B%) =B

note h(c)nBi = ¢ and hj Now choose a fine

=1 .
Py ot 1

subdivision T" of T' such that N(h(B}),T")Mh(C) = 4.
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Then 2" = Cl(xn-ﬁ(h(B;),T")) is a P.L. n-ball with

h(Cc) c z® such that h(c)nén = Cﬂén = v, Hence there exists

a homeomorphism g : 2" 4 2% such that goh(C) c Ne(Tn) and
§]°n = 1, . Finally extend g to g : R® « R® by the iden-
Z 2

tity and hence obtain the required homeomorphism k = goh :

Rn - Rn. O

Definition 1.5: An arc A = pq is the homeomorphic

image of Dl where p and q correspond to the image of

-1 and 1 respectively.

Theorem 1.6: Let Mn be a connected n-manifold such

that

(i) C and C are connected compact subsets of ﬁp,

1 2
(ii) (D;,£) and (D,,£,) are disjoint subsets of M7,
(iii) ¢, €D, for 1i=1,2,
i i
and (iv) U 1is a connected open neighborhood of C]_UC2
in ﬁn.
Then there exists an n-euclidean domain (D,f) in Mn such

that C1UC2 cDhclU.

Proof: Case I For n = 1 proof is trivial.

Case II For n 2 4, Since U is open and con-
nected there exists an n-cell B" with bicollared boundary
and arcs Ai = P;9q; for i = 1,2 contained in U such that

n _ _ n _ .

Also by Lemma 1.3 there exists an (n-l) cell Bn-l with bi-

collared boundary in énnD, and a homeomorphism g : R® o+ R"
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n-l) n-1

such that gofl| n_l(B =g an (n-l)-simplex in rR"

and v*on-lngOfl(CIUAl) = gof,(q) € @1 for some v ¢ R".

1 n n-l)

Since B"™" is bicollared in B", c1l(B"-B is an n-cell

by [2] hence we can extend (gohl) to a homeomor-

_1|
On-l

phism k : v*on-l + B" such that k(v) = a,. We now con-
struct a homeomorphism h : R® 4 R" such that

hof, (C,M,) N[ (v*a™ 1) Ugef, (C;UR)) ] = hef,(a,) = v.

For the construction of h we choose an n-simplex =

v*nn-l c (v*on-1 - cn-l) such that (v*on-l,nn-l) is a

(n,n-1)~ball pair, nn'l is parallel to @1 ang k(™) <

D2. We note since Bn is bicollared k can be extended to

a collar of v*on-l, it then follows that fzok(Tn) is an
n-cell with bicollared boundary. Hence by Lemma 1.1 there

exists a homeomorphism h, : R" 4 R® such that hyof,ok|
T

=1 n* W.l.0.g. we may assume fz(iz) is in the unbounded
T

component of f2(C2) by simply modifying f2 if necessary.
Hence " - v is in the unbounded component of R" -
hlof2(02UA2). Then by Lemma 1.4 with hlofz(czqu) replacing
C and setting ¢ = min{dist(v,gofl(AlUCZ)), dist(v,v*cn-l-

Tn)} there exists a homeomorphism h2 : R® 4 R®™ such that

hZ‘Tn = lTn
hzohlofz(czmz)r\v*on-l = v and we set h = hych.

and hzohlofz(C2UA2) c Ne(v). Hence

Let U, Dbe a neighborhood of gofl(C1UAl) such that

1l
Cl(Ul) c gofl(DlﬂU), Cl(Ul)ﬂhofz(AZUCZ) = ¢4 and

Cl(U.‘I_)r'Iv"rcn"1 c v*on-l - ™. Also let U be a neighbor-

2
hood of hofz(CZUAz) such that Cl(U2) c hofz(Dan),

C1(U,)Ncl(uy) = ¢ and Cl(Uz)nv*dn—l c vl o o0,
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We define a homeomorphism
£+ [(vra™ hucer(uy) - (v*a™™H°) U (cl(y,) -
(v¥a®1)°) 7 4 M®

by £ = Kk,
|v*on-l
-1
£ | = (gof,) | _ ,
c1(ul)-(v*o“‘1)° 1 c1(uy)-(v*c® 1y
-1
and f'| = (hof,)
c1(02)-(v*o“‘1)° 2 |c1(u2)-(v*o""1)°

1, . . 3 -1
Note £~ is well-defined since k‘on-l = (geof,) |on-l

1 -1

1 1.-1_.-1 -

of. ohl

-1 -1 - -1
and k™" (hof,) 7| =k Tef, byl 5 =
T T
lTn.
If we let W Dbe the interior of the component of
Cl(Ul)UCI(Uz)U(V*Gn-l) containing gofl(C1UAl)Uh°f2(CZUA2).

then the desired n-euclidean domain (D,f) is given by

D=£(V) anda £= (£],"L

Case III For n=2 or 3. Let g : D1

xI + U be an

. n-1 n-1
embedding such that g(D x0) c Dl - Cl, g(D xl) c D2 - C2,
and g(Dn-lxI) is an n-cell with bicollared boundary. It
follows that there exists an ¢ > O such that

g(Dn-lx[O,e)) cD

1~ Cl and g(Dn-lx[l-e,l)) c D2 - 02 are
n-cells with bicollared boundary. Hence homeomorphisms
. : n-1 ‘ n-1
hl,h2 : R® 4 R® exist such that hloflog(D x0) = Gl R
hzofzog(Dn-lxl) = og-l, where o?-l and cg-l are (n-1)-

simplexes in R", hyef,(D;) c H, and h,ef,(D,) c H;
(H; = (x €er" | x = (X9s0..,%)) and x. > o0}), and
hloflog(Dn-lxo)Uh2°f2°g(Dn-1xl) = oq-ong-l is contained in

n
the unbounded component of R = - [hl°f1(C1)Uh20f2(Cz)]. Let
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n-1

L : D xI + R® be an embedding, obtained by "swelling" a

polyhedral arc between o0, and o0,, such that L(Dn-lxI)

. -1 n-1
is a polyhedron, #| __ = o7, | =g and
p" 1xo 1 p" lxl 2

XI)”[h1°fl(C1)th°f2(C2)] = 4. By modifying h1 if

necessary we may assume £-1°hi°fi°9|.n_ s Dn—lx(i—l)
_ x(1-l)
+ D" lx(i--l) for i = 1,2 Dboth preserve or reverse orien-

z(Dn-l

tation. Then by Fisher [8] there exists an isotopy H" :

D™ 1yr 4 D™ 141 such that

-1 .
(4) H"|. = 4 “oh,of og|. for i=1,2,
"Ly (i-1) T gn= i)

4 n-l . n-1 o . .

let H' : (D xI) = (D xI) be a homeomorphism defined
: -1
by H' |. = H" and H'| = 4 “oh,of,og for
P xI b~ lX(l -1) i 71

i=1,2. H' 1is well defined by (4). Since Dn-lxI is an

n-1

n-cell and H' is defined on (D ~xI)  there exists a

homeomorphism H : D""1xT 4 D" lx1 which is an extension of
H',

Let Ui be a connected neighborhood of hiofi(ci) in
h,of (UND) such that 4 # Cl(U.)ﬂt(Dn-lxI) c L(Bn-lxl) for

i=1,2 and note U.,NU, c H*ﬂH‘ #. We define an embedding

1"Y%
£ ¢+ [0 k1) U(u = (£ (D" IxD) ) U(U, -k (DPTHxD) ) ] 4 U
-1 ,-1
by £° _ = goH “og | _ and £'] _
|z(nn Ly1) £(0""Lx) U, - (40" )

= (hiofi)-l’ for i = 1,2, f' is well defined since

-1 ,-1 -1 -1 -1
goH “of ‘ = go(g ohiofiog) of |L(Dn_lx

(i-1))

2(d* " 1x(i-1))

-1 -1 .-1 -1
gog °fi ohi opof |

£ (0% x(i-1))

-1
‘L(

1,2.

-
n

(h.of.) for
i 71 n- lx(l-l))
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If V 1is the interior of the component of UIUU2UL(D
containing L(Dn-lxI) then the desired n-euclidean domain

(D,f) is given by D = f'(V) and f = (f')_l|f,(v). O

Corollary 1.7: Let {(Di,fi)]?=1 be a pairwise dis-

.. . . . . n
joint collection of n-euclidean domains in M, Ci c Di con-

nected and compact for i=1,2,...,m, and U a connected
m
o
open subset of M containing C = U Ci' Then there exists
i=1
an n-euclidean domain (D,f) such that C c D < U.

Definition 1.8: A topological space X is o-dimensional

if for every x € X there exists arbitrarily small neigh-

borhoods of x with empty boundary.

Theorem 1.9: Let U be an open connected neighborhood

of a o-dimensional compact set C in the interior of a
topological n-manifold M®. Then there exists an n-euclidean

domain (D, f) such that C ¢ D c U,

Proof: For each x € C there exists an open n-cell neigh-
borhood 0x of M® and an open and closed Vk in C such
that x € Vx c Ox c U. Since C is compact there exists a cov-

j=1
]m

%.)i=1 of C. We define Uj =V, -U Vx for j = 1,2,

ering (Vv
i j i=1 7i

...,m and note {Uj}?zl is a pairwise disjoint o-dimensional

compact covering of C and hence by theorem 3 of Osborne [13]

there exists a collection of pairwise disjoint arcs [Ai]?=l
such that U, c.Ai c 0x NU. Since M® is normal there exists

i
a pairwise disjoint collection of open subsets of Mn,

m T e -
{wi}i=1 such that A, cW.NU c W, for i =1,2,...,m;
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hence {winox nu}?_l is a pairwise disjoint collection of
i =
open subsets of U such that Winox MU embeds in R" and

i
Ui c,Ai C'winoxinu for i=1,...,m., Letting Di denote
the component of Ai in Wiﬁox nu for i=1,2,...,m it

i
follows from Corollary 1.7 there exists an n-euclidean do-

main (D,f) such that C D c U. 0O

Corollary 1.10: Any two disjoint compact o-dimensional

subsets in the interior of a connected topological n-manifold

M® lie in disjoint homeomorphic n-euclidean domains.

Proof: Let C C be the o-dimensional subsets and

1’ =2

Ul and v, disjoint open connected neighborhoods of C,

o

and 02 respectively in M". Then by Theorem 1.9 there
exists disjoint n-euclidean domains (Dl,fl) and (D2,f2)
such that C, €D, ¢ U, for i =1,2. By D. Tondra [16]
there exists an open connected subset 6 of R® such that

[} ®
£,(D;) =ii41xi and £,(D,) = £§gYi
monotone, and Xi' Yi and U are homeomorphic. Since f(ci)

where the unions are

for i = 1,2 are compact there exists an N € 2 such that

f(Cl) < Xy and f(C2) c Yy. Hence the required n-euclidean
. . -1
domains are (D;,f{) for i = 1,2 where Di = fl (XN),
-1
* = = =
D¥ = £,7(Yy), £} f1| -1 and £} f2| -1 . O
f (XN) f2 (YN)

Corollary 1.11: Any o-dimensional compact subset in

. . n .
the interior of a connected topological n-manifold M lies

on the boundary of a k-cell in M for k = 1,2,...,n.

Proof: Theorem 1.9 and Osborne [13]. O



12

Definition 1.12: A o-dimensional subset of a topolo-

gical n-manifold is called locally flat if it lies on a

locally flat closed l-cell.

Corollary 1.13: Any compact o-dimensional set C in

the interior of a connected topological n-manifold M"  lies
in an open n-cell o" except for perhaps a locally flat

o-dimensional subset C' of C.

Proof: Let (D,f) be an n-euclidean domain given by
Theorem 1.9 and N" a connected P.L. compact n-manifold
neighborhood of £(C) in £(D). Then by M. Brown [4] N =
PnUR where Pn is an open n-cell, R is an (n-1l)-complex
in some triangulation of Nn, and R is disjoint from P".

But then £(C)rR = U _, (cnd® ') is the finite union of

o €R
tame o-dimensional compact sets and hence by Osborne [13] is
tame. Therefore there exists a locally flat arc containing
f(C)NAR in ﬁn. But then we are finished by setting o” =

£1o™ ana c' = £l(g(c)mRr). O

Corollary 1.14: Any compact o-dimensional set C in

a topological n-manifold M" has an open neighborhood which

embeds in Rn.

Proof: Let N? = Mnufﬁnx[o,l) where £ : M* + M"x0
is defined by f(x) = xxO for all x € ﬁn. Then N is a
topological n-manifold without boundary, hence by Theorem
1.9 there exists an n-euclidean domain (D,f) such that
CcbhCc Nn. But then D - (Nn-ﬁn) is an open subset of M

which contains C and embeds in Rn. O



CHAPTER II

P.L. NEIGHBORHOODS OF ARCS IN TOPOLOGICAL MANIFOLDS

This chapter is concerned with the construction of P.L.
manifold neighborhoods of arcs in topological manifolds. We

begin with the following definition,

Definition 2.1: Mn is a P.L. n-manifold if there

exists a homeomorphism t : |K| = M® where K is a finite
simplicial complex in which the star of each vertex is P.L.

homeomorphic to an n-simplex. In this case we may write

M? = (K,t) and call |K| a combinatorial n-manifold.
The next two lemmas are well known facts in P.L.
topology.

Lemma 2,2: If two combinatorial n-manifolds Mg, Mg

are attached by a P.L. homeomorphism h along P.L. (n-l)-mani-
folds in their boundaries then the adjunction space M?UhMg

is a combinatorial n-manifold.

Lemma 2.3: Let U be an open neighborhood of a com-
pact set C in a combinatorial n-manifold M". Then there
exists a combinatorial n-submanifold K' c U such that

(i) ¢ cK®

(ii) Knﬁn is a combinatorial (n-1l)-manifold containing

cnﬁ in its interior.
Iemma 2.4: Iet A Dbe an arc in the interior of a

13
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topological n-manifold M". Then A (D, £1)U(D,, £,)
where (Di,fi) for i = 1,2 are n-euclidean domains

in Mn.

Proof: Let C be a countable dense subset of A, then
C 1lies in an open n-cell 0" by [6]. But A = o is a
compact o-dimensional set and hence lies in an n-euclidean

domain by Theorem 1.9. O

We now introduce special notation to be used for the
rest of this chapter. ILet A = pg be an arc in the interior
of an n-manifold M". 1If B" is a closed n-cell neighbor-
hood of x € A then denote by pén, the "first" point in A

that meets B" and; denote by a'ne the last point of A

B
that meets B" and note that A = pp'nxq'nq. Also let
B B
3 o o
Sln = p'nx - B® and an = xq'n - Bn.
B B B B

Lemma 2.5: Let

(1) Mn = DlUD2 be an n-manifold without boundary such
that Dl and D

(ii) A = pgq an arc in Mn,

. n
, are open in M7,

(iii) x € AnDlﬂDz,

(iv) C a compact set in M" such that cnix} = 4.
Then there exists an ¢ > O so that for any closed n-cell
neighborhood B"™ of x such that diam (B") { ¢ we have

n .i £
(v) B USBnUSBn c DlﬂDz

and (vi) cn(Bnusinusfn) = 4.
B B
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Proof: Since A is locally connected there exists a
connected neighborhood U of x in A such that U ¢
An[(DlnDz)-c] and we note that U is a subarc of A, Hence
there exists an open set V in [(DlnDz)-C] such that
ANV = U, If we let ¢ = dist (x'Mn—V) then for any closed
n-cell neighborhood B" of x such that diameter (B") { e

we have B" v, B"M u, p'nxq'n c [(DlﬂDz)-C]o
B B

BnUSi USf c [(D,ND,)-C], hence conditions (v) and (vi). O
gh gt 172

Theorem 2.6: Let A Dbe an arc in the interior of a

topological n-manifold M®. Then there exists a P.L. n-mani-

fold N" such that A <~ ﬁn c ﬁn.

Proof: By Lemma 2.4 we may assume Mt = D1UD2 where

1l
i’1=0
be an increasing ordered set of points in A (with respect

(Di'fi) are n-euclidean domains for i = 1,2. Let [x.]i"+

to a parameterization of A) from Xy =P to X1 = ¢

such that the subarcs x.x. for i=0,1,...,2

i¥i+1 € Pimoaz+1

and X, €D nD2 i=1,2,...,4. We may also assume q = X

1
€ DlnD2 by extending A if necessary.

+1

We will construct inductively a sequence of P.L. mani-

. . n _ . -

(Kz+1'Hz+1’tz+l) such that for i=1,...,+1

(1) Ki is a combinatorial n-manifold,

(2) Hi is a combinatorial n-cell in Ki'

(3) LI is a bicollared n-cell in DlnD such that

2

o
X, L*
i € i’

3 o
(4)  pp{,UST, < N¥,
1 b
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. = (sf o ix = (sf g ;

and (6) {xi+1,...,xz+1} c qizq.

Step I Construction of (Ni,Li) = (Kl,Hl;tl).
Choose a combinatorial n-manifold |J2| c £,(D;) con-
taining fl(xoxl) in its interior with mesh so fine that
. n
(i) fl(xl) € o,
and (ii) diam (£71(0®)) ¢ ¢, where
1l 1 1

where G? € J? is an n-simplex
€ is given by Lemma
2.5 with M® = D, D,,

A=A,

X = X,
and C = x szq.

Hence (iii) £]1(o%)usi - usf_ c (DyND,) - (%X UX,q) .
ll(cg) £] (0?) 12 072

Next we obtain a combinatorial n-manifold |§?| c |J?| by

Lemma 2.3 with

M = |Jn|-32,
c=f (PP _1 i_ )
(o“) £t c’l‘)
and U= (|5]]- on)nf 1[Dg- (s 1 DI
£] (o") fl (07)
Hence (iv) £,(pp'_ ust c |K3,
1(o") (a“) 1
v) k]l e (la7l- cn)nf [p,-(sf_ a) 1,
! 1(o") fl Lot

and (vi) |§n|n&? is a combinatorial (n-1) manifold with
£,(pp' _ - )NGT in its interior.

l(o") At
By Lemma 2.2 with h =1 and (vi) we have

I3 e}
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(vii) ‘K1|135§=-|E?lUc? is a combinatorial n-manifold.
Now we set
-1
t, = £, | n
1 1 9
H, = o
(viii) 11
Nf = £ Ik D)
L} = t1(0})

Condition (1) is satisfied by (vii); condition (2) by (viii)
and (vii); condition (3) is satisfied since fIl is defined
on a neighborhood of c?, (iii), and (i):; condition (4) is
satisfied by (iv) and (vi):; condition (5) is satisfied by

(v) and (vii); and condition (6) is satisfied by (iii) and

(v).

Step II Suppose (Ni,Li) = (Kl,Hl:tl),...,(Ng,L;) =
(Kr,Hr:tr) for r = 4 have been chosen to satisfy condi-
tions (1) through (6). Since L; is a bicollared n-cell in
DlnD2 there exists a homeomorphism hr : R® 4 R® such that
h_of

r®frmod2+1°tr

h _of = 4>+1 and choose a combinatorial n-manifold |J2+l| c

gr(Drmod2+1) with mesh so fine that

: H. + R" is a P.L. embedding. Let g, =

(1) gr(xrxr+lUL;) < ‘32+1"

(i) g_(x.,,) € 05

e+l where on € Jn is an n-sim-

r+1l r+l
plex,

and (iii) diam[g;l(cg+l)] { €., where ¢ is given by

r+l
Lemma 2.5 with

n —
M - D1UD20

A =12,
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X = Xer1
and C = N;ler_'_zq-
Note N;n{xr+l] = g Dby condition (5) and (6). Hence
. £
(iv) g7t(dl, Hust T TR
r+1l g r+1l

(DlnDZ) (N¥Ux .. -q).
We now obtain a combinatorial n-manifold | +1| c | +1|

by Lemma 2.3 with
l +1| (o, 1 Vg, (1),

C = g (S *lnL*P _1 n US 1 n )I
(°r+l) I (°r+1)

=
n

and U =[] +1| (o +1ug (L*)) INg [D g4 1~ [CL(NA-L¥)U
f
s uq’ qall.
-1 -1
Ir (G¥+1) Ir (°§+l
£
Hence (v) gr<sL,,qu,*p -1 ust -1 ) < | +1|
o (°n+1) 97 (Tpyq)
(vi) | +1| c [| +l| (09,1Ug, (L4 ] N
g,.[D [Cl(N*-L*)US Ua'_ all,
r‘“rmod2+1 gr(°r+1) gr1(°?+1
(vii) | +l|n r+] IS @ combinatorial (n-1)-manifold
with g_ (S Ua! ,p'_ USi ) n&~ in its interior,
L* L* l(on (cn+1) r+l
and (viii) \ 1|ngr(L*) | +llﬂg (N¥) is a combinatorial

i

- us ng, (L*))’
R ety T

(n=-1)-manifold with g (SL*Ungp

in its interior.

Then by Lemma 2.2 with h = l| ‘n we have
+1 r+l
. def. . . .
(ix) | r+1| | r+1|U ++] is a combinatorial n-mani-
fold and by Lemma 2.2 we have
def. .
(x) Koy | ===1 r+1|U (9.t,) 1\ 1s a

|k, 1 N9, (L*))
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combinatorial n-manifold.

Finally we set

_ -1
tr+l - trugr

_ n
Hr+1 = Or41

NFi1 = tr+1|Kr+1l
L¥i1 = tr+1(°§+1)'

Condition (1) is satisfied by (x); condition (2) is satis-

fied by (xi), (x) and (ix):; condition (3) is satisfied since

-1

r is defined on a neighborhood of °§+1' (iv) and (ii):

g9
condition (4) is satisfied by (v), (vii) and (viii); condi-
tion (5) is satisfied by (vi), (ix) and (x):; and condition
(6) is satisfied by (iv) and (vi).

The induction is now complete and to finish the proof

we note A C PPy« usi* ULi c N* by condition (4) and

+1 Uyl 41
(2) with 1 = g+1., O

Corollary 2.7: Let A Dbe an arc in the interior of a

topological n-manifold M. Then A 1lies in an open n-cell o"

except for perhaps a locally flat compact o-dimensional set C.

Proof: By Theorem 2.6 we may assume that M® is a com-
binatorial n-manifold with a triangulation T. By M. Brown
[4] |T| = RUO" where 0" is an open n-cell and R c p(n=1)
is disjoint from o". we may also assume by adjusting A
slightly if necessary that ANR is a compact o-dimensional

set or empty. Hence A lies in O° except for perhaps a

compact o-dimensional set C = ANR. O
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Corollary 2.8: An arc A in the interior of a topo-

logical n-manifold lies in the union of two open n-cells.

Proof: This follows immediately from Corollary 2.7
and the fact that a locally flat compact o-dimensional set

lies in an open n-cell, O



CHAPTER III

A CODIMENSION ONE APPROXIMATION FOR SPHERES

In 1957 Bing [1] proved that a 2-sphere embedded in S3

can be pointwise approximated by a flat 2-sphere. A genera-
lization of Bing's theorem to higher dimensions seems diffi-
cult, But in this chapter we prove the following: Let

£ :5"1 , 5" be an embedding, N a neighborhood of £(s™ 1)

and n ¥ 4, then there exists a P.L. embedding g : Sn-1 + s®
such that g(s™1) c N and [£] ~ [g] € I _;(N). We begin
by first proving the following theorem which approximates a

sphere separation of two compact sets in st by a P.L. one.

n-1

Theorem 3,1, Let £ S

+s? bvea topological em-

n-l)

bedding with n > 4 such that £(S separates two com-

pPact subsets A and B. Then there exists a P.L. embedding

n-1

g: S + s™ such that g(Sn-l)

separates A and B.

Proof: Let D denote the closure of a complementary

n-l)

domain of f£(S containing A, Since D is a compact

absolute retract there exists compact P.L. n-manifolds with
connected boundaries Nl' N2 and N3 which are neighbor-

hoods of D such that Ni c ﬁ i=1,2,3), any polyhedron

i+l (

of dimension = n-3 in N2 is contained in a P.L. n-cell in

N3, Nl c N2 and N2 c N3 are null homotopic, and for i =
1,2,3 Ni c s™-B (the proof of this statement may be found
in section 2 of M. L. Curtis and D. R. McMillan's paper [5]).
n-l)

Since f£(S is a l-connected absolute neighborhood retract

21
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there exists a neighborhood V of £(s® 1) such that £(s™ Ly

c V induces the trivial map on IH. and V c N,-A, Also let

1
N Dbe a P.L. n-manifold neighborhood with connected boundary

in DUV. Hence by Lemma 3.2 of [9] we can do surgery on N in
V to obtain a closed P.L. (n-1l) manifold M in V which is
l-connected and we let M denote the P.L. n-manifold which

. o
M bounds in N and note that A c M.

1
We now show the pair ) = (ﬁz,ﬁz-n) is 2-connected and

thus obtain a homeomorphism h : N, 4 N, such that h(M)ﬂN§2)=

2 2
# and h|ﬁ = 1&2 by Stalling's engulfing theorem [14].

2
Let k : (Al,il

) A be a P.L. representative of a

class in nl(x). By the van Kampen theorem M is simply
connected and hence it easily follows that k represents
the trivial class in nl(k).

Now let 4 : (AZ,AZ) + A be a representative of a class
in Hz(k). W.l.0.g. we may assume 4 is a P.L. homeomor-
phism and that L = L’l(z(Az)nM) is a compact P.L. 2-mani-
fold in the interior of A2 which is contained in some sub-
division of Az. Choose a regular neighborhood E of L in

22 such that ¢(E-L) is contained in an "outer" collar C

1l ana z(&z)nc = 4. Since #(E) c MUC

of M where CUM c ﬁ
and MUC is l-connected we can extend ¢ to ' :

(42x0 U Ex1) 4 N, such that 4'(b,t) = 4(b) for all b ¢
B and t €1, 2 (EX¥x1) cmuc, ana 4 (e x1) cc. By
the van Kampen theorem C is l-connected; hence we can ex-

tend g4' to A" : (A2x0 U E(l)xI U Ex1l) = Nz such that

4" (Exl) e é. Since A" (ExO U E(l)xI U Exl) €« MUC c Nl and
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N].CN2

(Azxo U ExI) < N2. Finally since t”(e,t) = g(e) for all

is null homotopic we can extend " to 4" :

L(iv) . 2

e EE and t € I we can extend p” to ATxXI - N2

by defining z(iv)(x,t) = p(x) for all x € Az-E and t €

I. Therefore z(iv) is a homotopy rel Az between g and

z(lv)l 2 where z(iv)| 2 (Ale) c N,-M, hence |t repre-
A” x1 (A" x1)

sents the trivial class in nz(x) and A is 2-connected.

Now extend h : N, #+ N, toaP.L. homeomorphism h' :

N3 -» N3

sisting of the 2-skeleton of N, together with all the sim-

o

plexes in N,-N,. Then we have h'(M)NF = g. If G denotes

the complementary (n-3)-skeleton to F in the first derived

by the identity and let F denote the complex con-

subdivision of N then there exists a P.L. n-cell On in

3
N3 containing G since dimension G = n-3 and G c N2. We
note that 8“ is a neighborhood of G and that h'(M)NF =
# hence by Theorem 8.1 of [15] there exists a P.L. homeomor-

phism h" : N, + N such that h" is fixed on F and G

3 %Ny
and h'(M) c h"(0"). But then A cM = (h') " L(h'M) c
(h')"Loh"(0") c s®-B and (h') Yoh"(0") is a P.L. (n-1)-

sphere which separates A and B, O

We now prove two lemmas which are used in the main

theorem,

n-1

Lemma 3.2: Let £ : S + s"-{p,q)} Dbe an embedding

n-l)

such that £(S separates p and q, then [f] generates

m,_,(s"-(p,a)).
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n-l)

Proof: Since f£(S separates p and q there

exists a strong deformation retract of Sn-{p,q) onto
f(Sn-l). If r : s®=(p,q} = f(Sn-l) denotes the retraction

n-l) c

in the last stage of the deformation and i : £(S
Sn-{p,q} is the inclusion map then r, : n*(Sn-[p,q}) -+

m,(£(s™ 1)) is an isomorphism and i, : M, (£(s™" 1)) =

n,(s"-{p,q)}) is the inverse of r,. Since f' : sh-1
Sn-{p,q], defined by f'(x) = f(x) for all x € Sn-l, is a
representative of a generator of nn_l(f-s“‘l)) we have

i [£'] = [ief'] = [£] € Hn_l(Sn-{p,q}) is a generator of
n_,(s"=(p,q)). O

Lemma 3.3: Let £ : sP~1

n-l)

-+ Sn-(p,q] be an embedding
such that f£(S separates p and g, and N a neighbor-
hood of f(Sncl) in Sn. Then there exists a neighborhood
W of f(Sn-l) in N such that if C is any compact set

in W there is a map h : Sn-[p,q] + N such that
h|f(sn-1)uc = 1gsP-1y oo

Proof Since N is an absolute neighborhood retract
there exists an ¢ > O such that if f,g : X 4+ N (X arbi-
trary) are such that dist (£(x),g(x)) {( e for all x €X

n—l) be a retrac-

then f~g in N. Let r : Sn—{p,q] + £(S
tion, V= (x € N | dist (x,r(x)) { ¢} be an open neighbor-

hood of f(Sn-l) in N, M a connected compact P.L. n-mani-

n—l)

fold neighborhood of £(8 in V and W =M. If we let

f = lM t MM and g=r : M 4 M we have dist (lM(x),

r(x)) {( ¢ for all x € M hence 1M ~ Y in N, say
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H

MxI + N such that H‘Mxo = 1,

M 4+ I be a Urysohn function such that k(CUf(S

and H‘Mxl = r, Now let

X n-l))

=0
and k(ﬁ) =1, and 4 : M 4 Graph k ¢ MxI a map defined by

L(x) = (x,k(x)) for all x € M. Finally define h : s™-{p,q)

+ N by h(x) ={r(x) if x € CI(Sn_(MU{p'q])). We first
Hog(x) if x €M

note h is continuous for if x € ﬁ, Hog(x) = H(x,k(x)) =
H(x,1) = r(x); h(s"-{p,q)) c N since r(s"-(Mu(p,q))) =
f(Sn'l) c N and Hog(M) c H(MxI) « N; and if x € f(Sn—l)UC
then h(x) = Hoyg(x) = H(x,k(x)) = H(x,0) = 1(x). Therefore

h is the required map. O

We now prove the main theorem.

n-1 n

Theorem 3.4: Let f : S + S be a topological em-

bedding of the (n-1)-sphere in the n-sphere with n ¥ 4 and
N a neighborhood of f(Sn-l) in S™. Then there exists a

P.L. embedding g : sh-1 , g

[£] = [9] €M,_,(M.

such that g(Sn—l) c N and

Proof: Let C and D be the complementary domains of

1 n

£(s™*%) in s®, A =cn(s®N) and B = DN(S™-N). Note if A

n-1

(or B) is empty then any P.L. embedding of S into C1l(C)

(or c1(D)) suffices since Cl(C) and Cl(D) are contractible.

Now apply Theorem 3.1 to A and B to obtain a P.L. embed-

n-1

ding g : S + s™ such that g(Sn—l)

separates A and

n-1 , gn (note

B, and £ and g are pointed maps of S
that Theorem 3.1 could have been stated for pointed maps and

spaces by slightly adjusting the image of g in Sn-(AUB)).
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Now by Lemma 3.2 we have [£f] = %[g] € Hn_l(Sn-{PoQ]) and

we may assume, by preceeding g with an orientation reversing

n-1

homeomorphism of S if necessary, that [f] = [g]. 1If

Sn-l

H : XI = Sn-{p,q} is the homotopy between £ and g in

s®-{p,q) then letting C = g(Sn-l)

in Lemma 3.3 we obtain
an h : Sn-l-{p,q] + N such that hoH : (Sn-{p,Q])xI -+
(Sn-{p,q)) is a homotopy between f and g in N. Hence

g 1is the required P.L. embedding, O
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