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ABSTRACT
OPTIMAL STARTING APPROXIMATIONS
FOR ITERATIVE SCHEMES
FROM CLASSES OF RATIONAL FUNCTIONS
By

John Byron Gibson

Given a compact subset X of the closed interval ([a,b], let
C(X) denote the space of all continuous real-valued functions defined
on X, normed by ||f|| = max {|w(x)f(x)|} where w € C(X) and w >0
on X. In the case w Exix the norm is the usual Chebyshev norm and
is denoted by H-“w. Let K be a convex subset of C(X) and 3
a continuous mapping of K into C(X). We shall then be interested
in the problem of approximating g € §(K) by elements of & (M)
where M 1is a fixed subset of K. If we impose certain restrictions
on %, K and M, a Chebyshev type theory can be developed for this
nonlinear approximation problem which is similar to the standard

Chebyshev theory. The theory obtained has application to many

iterative processes that can be used to approximate functions such as
1

exp(x) and xn, n=2,3,... and consequently we make the following
definition:

Definition: An element p € M 1is called an optimal starting approx-
imation (or best starting approximation) for g, with respect to &

and M, if ||g - 8(p)| < ||g - &(q)|| for all q € M.
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In this paper we investigate the above problem for M a sub-
set of K consisting of certain classes of rational functions. In
Chapter I the aforementioned Chebyshev theory is developed. C(Classically,
one would apply the characterizing alternation theorem we obtain to
develop a Remez exchange algorithm for the computation of optimal
starting approximations. However, if the operator § satisfies
certain properties the optimal starting approximation for a function
f can be calculated as a constant multiple of the best relative
approximation to f 1in the case of relative error or as a translate
of the best uniform approximation to f in the case of uniform error.

In Chapter II the theory is applied to the Newton operator
and optimal starting approximations are calculated for the functions
xa, o € (0,1), exp(x) and 4n x 1in the manner described above. A
number of additional iterative schemes are presented in Chapter III

and analyzed for optimal starting approximations for the functions
1

xn, n=2,3,... and exp(x).

Recently D. Moursund has introduced the concept of a gen-
eralized weight function which is a more general means of measuring
error than that described earlier. Chapter IV is concerned with a
development of the Chebyshev theory, analogous to that in Chapter I,
for this type of weight function.

Finally, in Chapter V an improved Newton iteration scheme
for approximating exp(x) is presented and is shown to be optimal

in the sense of this paper.
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INTRODUCTION

In [15] D.G. Moursund examined the problem of approximating
/x over an interval [a,b] (a > 0) by applying the Newton-Raphson
iteration scheme to classes of polynomial and rational approximants.
For polynomial approximation the problem may be formulated in the
following way: set K = {f € c[a,b): f >0 on [a,b]}, M= Pn N K
where Pn consists of all polynomials of degree less than or equal
to n, and define §: K = C[a,b] via &(h)(x) = 3 (h(x) + )
Here ¢ denotes a single Newton iteration for calculating /x
starting with h(x). Then we are interested in approximating /x
with the class {% (p(x) + E%;Y)}’ for p € M, using the relative
error (the notion of relative error will be defined later). Moursund

*
was able to show that there exists a unique solution p to

- *
inf ‘I/k /i(P)(x)H i pe€ %} and moreover that p 1is also the
-}

m
unique solution to inf{“/x - }x(p)(x) “ T pE€ M} »m=2,3,...,

where @k(h) = Q(Qk-l(h)). More recently, P.H. Sterbenz and C.T. Fike

[24] and R.F. King and D.L. Phillips [7] both showed (independently)
that p* is a multiple of E, the best relative approximation to
/x on [a,b].

The above problem may be posed in a more general setting.
Given a compact subset X of the closed interval [a,b], let C(X)
denote the space of all continuous real-valued functions defined on
X, normed by ||f|| = max {|w(x)f(x)|} where w € C(X) and w >0

xeX

1



on X. In the case w =1 the norm is the usual Chebyshev norm and
is denoted by H-nm. Let K be a convex subset of C(X) and 3§

a continuous mapping of K into C(X). We shall then be interested
in the problem of approximating g € $(K) by elements of $ (M) where
M 1is a fixed subset of K.

G. Meinardus and G.D. Taylor [11] have considered the above
more general problem for M a subset of K consisting of members of
a Haar subspace of C[a,b]. (The notion of a Haar subspace will be
defined in the paper.) By imposing additional restrictions on §,

K and M they were able to develop a theory for the above nonlinear
approximation problem which is analogous to the classical Chebyshev
theory. Moreover they were able to preserve the behavior of the prob-
lem considered by Moursund and to obtain results similar to those
obtained by Sterbenz-Fike and King-Phillips in the more general setting.
Because of the application of this theory to iterative processes we
make the following definition:

Definition: p € M 1is an optimal starting approximation (or best
starting approximation) for g, with respect to ¢ and M, if

g - 8(p)|| < |lg - 8(q)|| for all q € M.

In this paper we shall investigate the above problem for M
a subset of K consisting of certain classes of rational functions.
In Chapter I we develop a Chebyshev type theory for this highly non-
linear approximation problem and in Chapter II we apply the theory
to the Newton operator. A number of iterative schemes are given in
Chapter III and analyzed for optimal starting approximations.

The concept of a generalized weight function was introduced

by D. Moursund in [13] and [14]. 1In Chapter IV we show that the



Chebyshev type theory can also be developed for this more general
means of measuring error.

Finally, in Chapter V we present an improved Newton iteration
scheme for approximating e which is shown to be optimal in the sense

of this paper.



CHAPTER I

GENERAL THEORY FOR OPTIMAL STARTING APPROXIMATIONS

Section 1: Definitions and Basic Results

In our development we wish to make use of the results and
techniques of the classical Chebyshev rational approximation. Con-
sequently we introduce the following definitions and results from
the paper of Meinardus and Taylor [11]. Throughout this section we
shall assume that X, K, M and § are as described in the intro-
duction.

Definition 1.1: The operator & is called pointwise strictly mono-

tone at f € K if for each h,k € K we have \Q(h)(xo) - @(f)(x0)| <
‘Q(k)(xo) - @(f)(xo)‘ for each X € X where either k(xo) < h(xo) <

£(xg) or £(x) < h(xy) < kixy).

o)
lemma 1.2: Let ¢: K- C(X) be pointwise strictly monotone at

f e K. If k € K and at xy € X, k(xo) # f(x then Q(k)(xo) #

0)
8 () (x) -

Proof: Let h = f in Definition 1.1.8

Definition 1.3: The operator & 1is said to be pointwise fixed at

feK if h € K with h(xo) = f(xo) for Xq € X implies
3 () (xg) = B(E) (xy)-
In general the notions of pointwise strictly monotone and

pointwise fixed are independent. Indeed, define K < C[0,1] by



K= {f(x) = ax2 :0sax<1}. If §,: K~ c[0,1] 1is defined by
Ql(axz) = x2 then Ql is pointwise fixed at x2 yet not pointwise
strictly monotone at xz. Now, if QZ: K - c[0,1] is defined by
Qz(axz) = x2 + (1-a) then §2 is continuous and pointwise strictly
monotone at f(x) = x2. Indeed, if axg < bxg < xé then X, #£0
and a<b< 1l so |§2(ax2)(x0) - xg\ =1-a>1-b =
|@2(bx2)(x0) - xg‘ since §2(x2) = xz. Each ax2 € K has the pro-
perty that ax2 =x? at x = 0; but Qz(axz)(O) #0= Qz(xz)(O)

2

if a # 1. Hence 8, being pointwise strictly monotone at x

. . . - 2
does not imply §2 is pointwise fixed at x".
Next we shall show that the composition of two continuous

operators possessing the above properties is again such an operator

provided of course that domains and ranges mesh correctly.

Lemma 1.4: Let §: K- C(X) and Y¥: L - C(X) be continuous operators
with $(K) € L, § pointwise strictly monotone and pointwise fixed

at f € K and Y pointwise strictly monotone and pointwise fixed

at ¥(f) € L. Then VY$: K- C(X) 1is a continuous pointwise strictly
monotone operator at f which is also pointwise fixed at f.

Proof: It is clear that Y¥¢: K - C(X) 1is continuous and pointwise
fixed at f € K. To establish the pointwise strict montonicity of

¥Y$ at £ let us first show that if h,k € K with k(xo) < h(xo) <
f(xo) or f(xo) < h(xo) < k(xo) then either Q(k)(xo) < @(h)(xo) <
Q(f)(xo) or Q(f)(xo) < Q(h)(xo) < Q(k)(xo). Since ¢ is point-

wise strictly monotone at f we have that |§(k) (xg) - Q(f)(xo)‘ >
|em)xg) - 8(£)(x)|. Suppose that g(k)(xy) < &(£)(xy) < §(h)(xy) or

@(h)(xo) < @(f)(xo) < Q(k)(xo). Then for 0 < ¢ < 1, the functions



Ld(x) = gh(x) + (1-g)k(x) are members of K (since K 1is convex)
and furthermore §(Ld)(xo) is a continuous function of « for each
fixed X € X. Thus, by the intermediate value theorem, there exists
o € (0,1) such that Q(La )(xo) = Q(f)(xo). Therefore, in view of

0

Lemma 1.2, La(xo) = f(x This is a contradiction. Consequently

0
we have either Q(k)(xo) < @(h)(xo) < Q(f)(xo) or Q(f)(xo) <
Q(h)(xo) < Q(k)(xo). An application of the pointwise strict mono-
tonicity of ¥ at &(f) yields the desired result.

In order to be able to iterate with the operator ¢ we must
necessarily demand that §(K) € K. With this restriction we are able

to relate the notions of pointwise strictly monotone and pointwise

fixed according to the following lemma:

Lemma 1.5: If §: K- K is a continuous operator on the convex set

K which is pointwise strictly monotone at f € K then & 1is point-
wise fixed at f.

Proof: Suppose h € K and h(xo) = f(xo) for some X € X. Clearly,
if k(x

= f(x;) for all k €K then 2(h)(x,) = 8(f)(xy) and so

o) o)
% 1is pointwise fixed at f. If this is not the case then there

exists k € K such that k(xo) # f(xo). Set ka = of + (1-g)k and
note that ka(xo) # f(xo) for o € (0,1). Now Hka - f|| -0 as

o -1 and so HQ(ka) - 8(f)|| -0 as o - 1. Thus Q(ka)(xo) -
Q(f)(xo) since norm convergence is stronger than pointwise convergence.
Now & being pointwise strictly monotone at f implies

\Q(kd)(xo) - Q(f)(xo)l > |eh) xy) - Q(f)(xo)\ for all o € (0,1)

and so |Q(h)(xo) - Q(f)(xo)l = 0. Hence §(h)(xy) = ¢(f) and

o’
so & 1is pointwise fixed at f.H



For the sake of any iteration processes we may be interested

in, we state the following corollary to Lemma 1.5:

Corollary 1.6: If §: K- K 1is continuous, §(f) = £ for some f € K

and § 1is pointwise strictly monotone at f € K then " K- K
defined inductively by &"(h) = (8™ L(h)), m = 2,3,..., satisfies
@m(f) =f and §" is pointwise strictly monotone at f.

Finally we shall state a general existence theorem for best
approximation in our setting. The theorem is very general and for

specific operators is sometimes difficult to check.

Theorem 1.7: let K be a convex subset of C(X), M S K and

$: K- C(X) be continuous. Then corresponding to g € §(K) there
exists r € M minimizing ||g - &(r)||, r € M, provided there exists
a compact subset M, of M and a positive constant 1T such that

s €M ~M; implies inf {|jg - &(r)|| : r €M} + T s |g - 2(s)||.

Proof: A continuous function on a compact set assumes its minimum. B

Section 2: Existence, Uniqueness, and Characterization Theorems

In this section we shall specialize M and K and develop
an alternation theory for characterizing best approximations similar
to the standard Chebyshev theory. From this development we are able,
when we have existence, to conclude uniqueness using standard Chebyshev
theory arguments. Before proceeding to the first characterization
theorem we must establish some additional notation.

Let X be a compact subset of the closed interval ([a,b]
containing at least m + n + 2 points where m and n are fixed
for the discussion at hand. Let Pn denote the set of all polynomials

p with 3p < n (3p denotes the degree of p) and set



Ro[a,b] = (£ :P€PR,a€R, (p,a) =1,a>0 on [a,b]}

where (p,q) = 1 denotes the fact that the polynomials p and gq
are relatively prime.
The following well-known lemma from Rice [20] will be used

extensively:

lemma 1.8: Given r = g € Rz[a,b], T >0 and any set
{xi: i=1,...,r, r<1+max {m+ 3p, n+ 3q}, x, < xi+1}

n
of points in X, there is a rational function r € Rm[a,b] such
€

that
i) e, - <T,
€ L’[a,b]
. _ i+l -
and (ii) sgn (r(x) - re(x)) = (-1 s X € (xi,xi+1), i=0,1,...,r
where x, =a if t} # a and X 4 =b if x_ # b.
Proof: Set y(x) = 1 (xi—x). Now p(x) and q(x) are relatively prime

i=1
and so there are polynomials pl(x) € Pn and ql(x) € P such that

y(x) = p(x)ql(x) - pl(x)q(x). The proof of this fact depends on the

Euclidean Algorithm and can be found in Rivlin [21]. Let

P(x) - epqy(x)
!‘e(x) = q(x) - Sql(x)
where ¢ > 0. Then
_ - —e¥ (x)
PO 1 r ) @) - e 60 @-b

Since q(x) >0 on [a,b], ¢ may be chosen sufficiently small,
say 0 < ¢ < €g? so that the denominator of (1.1) is positive. Now,

ke, <~

given T > 0, select ¢ such that 0 < ¢ < € and |¢|




Then ||r - ren < 1 and, since (ii) is clear, the result is established.B

Theorem 1.9: let &: K -» C(X) be a continuous operator where K is
a convex subset of C(X). Let M =KN R:[a,b] be a nonempty rel-
atively open subset of Rg[a,b]. Finally, assume that & is point-
wise strictly monotone and pointwise fixed at f € K ~ M. Then

r € M is the best starting approximation for ¢&(f) if and only if
there exist points {xi}§=1 S X,N=2+max {m+ 3p, n + 39}, for

which

(1) %) < %y <een< Xy

(1)  |w&x)@E &) - 2@ & N| = 8@ - e@], i =1,....N
and

(1i1) sga(f(x,) - r(x,)) = (-1)i+lsgn(f(x1) - r(x)), i = 1,... N,

Proof: (Sufficiency). Since f ¢ M we know that there exists a
point x, € X for which f(x;) # r(xy). Thus le (£) - @(r)|| # 0.
Suppose that |w(x,) (8(f) (x;) - ¢(r)(x;))| = ||a(f) - &(r)|| and
sgn(£(x;) - rlx;)) = (-1)i+lsgn(f(x1) - r(x;)), 1 =1,...,N. Then
3(E)(x;) # #(r)(x;). Let r; €M be such that |&(f) - &(r))| <
llecf) - eo)|l. At x5 1= 1,...,N, [wx)@E)(x) - 3] <
|wex ) (@(E)(x;) - 8(r)(x;))|. Now at each x, either r(x;) > f(x,)
or r(xi)<f(xi) since ¢ 1is pointwise fixed at f. 1If

r(x;) > f(x;) then r(x;) = r (x;) for otherwise r (x.) >r(x;) >
£(x,), which implies |w(x,)(3(f)(x,) - 8(r) (x| >

|w(x;) @(£)(x,) - 8(r)(x;))| which is a contradiction. Similarly
r(x,) < f(x;) implies r(x;) < T (x,). Now r(x) > f(x;) implies
r(x,) 2 ry(x;) and r(x, ) < f(x, ;) implies r(x ) <r (x ).
Therefore (r-r)(x,) 20 and (r=r;)(x, ;) €0 (or conversely)
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for i = l’u.o’N-lc Set S = r.,.-r = (f-r) - (f-rl)o If S(xi) * 0

1
then sgn s(xi) = sgn(f(xi) - r(xi)) (since sgn(f(xi) - r(xi)) =

sgn(rl(xi) - r(xi)), as noted above). 1If s(xi) # 0 and s(xi+1) =

s(xi+2) =, ..= s(xi+j_1) = 0, while s(xi+j) # 0, then since

XpseeesXy is an alternating set for f-r, (-l)k[f(xk) - r(xk)] is
of one sign for k =1,2,...,N and so sgn s(xi) = (-1)jsgn S(xi+j)'
Therefore, if j 1is odd, s(x) has an odd number of zeros (counting

multiple zeros according to multiplicity) in [xi,x while if j

ot

is even s(x) has an even number of zeros in [xi,x, ]. Since, by

i+j

definition, s has at least j-1 zeros in [xi,x we can there-

4370
fore conclude that s has at least j zeros in [xi’xi+j]' Thus,

s has at least N-1 zeros in [a,b]. But the zeros of s are the
zeros of its numerator plq - q,P, which is a polynomial of degree

at most max{apl +34, a9, + 3P} <N-2. Hence s =0 and so r =r,.
(Necessity). Suppose that there exists {xi}§;1 <X, N' <N, N'
maximal on which |w(x;)(3(f)(x,) - 8(r)(x))| = ||a(f) - ¢(r)|| and
sgn(f(xi) - r(xi)) = (-1)i+lsgn(f(x1) - r(xl)). First let us dispose
of the case where the error curve is constant and f-r has constant
sign on X. (A technical difficulty which results in the general

case requires us to consider this separately.) Without loss of

generality we shall assume w(x)(3(f)(x) - &(r)(x)) = ||2(f) - & (v)||

and f(x) - r(x) >0 for all x € X. Then there exists €1 >0
p(X) + €1 .
such that f(x) > rl(x) > r(x) where rl(x) = ——31;7——— Also, since

M is relatively open in R;[a,b], there exists €y > 0 with
p(X) + €2
0 < €y < €1 such that rz(x) = 'q(T- €M and f(Xx) > rz(x) >rx).

This implies ||&(f) - Q(rz)n < ||8(£f) - &(r)||, which is a contradiction.
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Now let 11,12,...,1N, be a collection of relatively open
intervals in [a,b] such that X, € Ii’ fi n 55 =g for 1i#j,
all extreme points = {x € X : |w(x) (@ (f)(x) - 8(r)(x))| =

Nl

lle¢f) - 2|} s U I, and for each extreme point in I, the
i=1

function f-r has constant sign. Let

N'

Y=XN(N I,)

, i

i=1
where ii denotes the complement of Ii with respect to [a,b].
Y is a compact subset of X and |w(x)(@(£f)(x) - #(r)(x))| <
Hé(f) - Q(r)“ for all x € Y. By continuity there exists p > 0

for which max |w(x)(8(f)(x) - 3(r) x))| < ||a(f) - &(r)| - p. Next,

xeY
let
WosxexnI, ¢ [We)@E ) - 3| 2 ILX¢S) : 2|
and sgn(f(x) - r(x))= sgn(f(xi) - r(xi))}
where 1I. denotes the closure of I in [a,b]. W= UW, is a
i i i=1 i

compact subset of X and so by continuity there exists an T > 0

such that \f(x) - r(x)\ 27 on W. Set

2, =[x €XNT, : W) @E ) - 30 ()| = 2EL = 2@l

and sgn(f(x) - r(x)) # sgn(f(x,) - r(xi))]
Nl
and let Z = U Z,. Observe that lwx) @(£) (x) - 8(r)(x))]| <
i=1

|2(£) - @(r)|| for all x € Z by the construction of the intervals

{Ti}. Finally, set



12

U, =[x €X NI, ¢ [We)@REK) - )] IL1¢S) - IR

N'

and let U= U Ui' Then, by continuity, there exists § > 0,
i=1

6 < p, such that

max |w(x) (& (£) (x) - d(r)x))| s ||g(f) - e ()| - & .
xX€EZUU

Given T >0 we can, using Lemma 1.8, select T € R;[a,b] such

that

(i) Hre - o <7,

L [a,b] 0.2

and (ii) sgn(re(x) - r(x)) = sgn(f(xi) - r(xi)) for all x € Ii’

i=1,...,N'

By the continuity of ¢ we can select > 0 such that for

€1
O< e < €s re satisfies (1.2) and

max |w(x) @(F)(x) - a(r )x))| < ||@CE) - &) - % .
x€EYUZUU €

Next, by continuity of f and r, we can select €y> 0 < €y < €s

such that for 0 < ¢ < € T lies strictly between £(x) and r(x)

N' :

on W= U wi. Hence by the strict monotonicity of ¢ at £ we
i=1

have that

max |w(x) (2 (£)(x) - 8(r ) )] < [[2(F) - e (D).
xeW

Thus for ¢ with 0< ¢ s ey, r_ is such that [[a(f) - a( )| <
|&(£) - &(r)||. Finally, since M is relatively open in R;[a,b],
we can select ¢, with 0 < ¢, < ¢ so that r €M and
3 3 2 €q
8 ¢£) - e(r ) < llec®) - e())|. Thus r_ is a better starting
3

3
approximation than r which is a contradiction and this concludes
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the proof of the theorem.

Corollary 1.10: If &(f) has a best starting approximation under

the setting of the above theorem than it is unique.
Proof: Uniqueness of best approximation is established in a manner
analogous to that in which sufficiency was verified in Theorem 1.9.

The technique of proof may be found in Rivlin [21, p. 123].1

Next we turn our attention to the question of existence of
best approximation. J.R. Rice [20] points out that the standard
argument used to establish existence for classical rational approx-
imation may fail if X 1is not an interval. Since we wish to employ
the classical techniques we must also require that X be an interval.

Before stating the existence theorem we prove the following lemmas:

Lemma 1.11: Let K be a convex subset of c[a,b] and §: K — Cc[a,b]
be a continuous operator which is pointwise strictly monotone and
pointwise fixed at f € K~ M where M=K Ri[a,b]. Further assume
that for each x € [a,b] there exists a sequence {ri} &M with
{ri(x)} unbounded from above and below and such that \Q(ri)(x)\ - ®
as i = o, Then given P > 0 there exists a number N(P) (inde-
pendent of x) such that |w(x)(8(f)(x) - 8#(r)(x))| < P implies
‘r(x)‘ S N(P) where r € M and w is any continuous positive

weight function on [a,b].

Remark 1: It may well happen that all r € M are uniformly bounded
from above or below on ([a,b]. 1In this case we will already have
the desired upper or lower uniform bound on r(x) (for all r € M).
The above lemma is easily modified to cope with the aforementioned

situations.
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Proof: Let t ¢ [a,b] be arbitrary but fixed. Then there exists
r.,s, €M with r,(t) > £(t) and st(t) < f(t) such that \W(t)(ﬁ(f)(t) -
#(r,)(t))| > P+ 1 and |w(t)@(E)(t) - &(s )(t))| > P+ 1. By
continuity there exists §(t) > 0 such that \x-t\ < §(t) and

x € [a,b] imply |w(x)(@(f)(x) - ¥(r,)(x))| > P and

‘w(x)(&(f)(x) - Q(st)(x))\ > P. The neighborhoods (t-§(t), t + &§(t))
form an open cover of [a,b] and so by the compactness of ([4&,b]
there exists a finite subcover {(ti-b(ti), t, + é(ti))}:=1. Set

N(P) = max {Hrt I “St I3 to obtain the desired result.l
l<igk i i

The next lemma is analogous to a result found in Rice [20,

p. 75].
a +ax+...+a xn

lemma 1.12: Let r(x) = 1 L = € R:[a,b], 0O<sac<hbh

bo + blx +...+ bmx _
where b. +b.x +...+4b x™ #0 for all x € [a,b] and g b% = 1.
0 1 m . i
i=0
If max \r(x)‘ < S then there exists N(S) such that
x€[a ,b]

max |a | s N(S), max |b | < N(s).
1 1

n . n .
|5 oo | £ o]
Proof: |r(x)| = 1=0 — 3 1?3+1)B where B = max{bm,l}.

max ‘ z b,xi‘
x€[a,b] i=0 N

n .
Hence (m+1)BS 2 (m+1)B max \r(x)\ 2 max \ by a,x1| .
_ x€la,b] x€[a,b] i=0 *

Thus the polynomial ¢ aix1 is uniformly bounded on [a,b] and so,
i=0

by Markoff's Inequality, [1, p. 91], also the parameters a . That
is, there exists N,(S) such that max \ail < N (S). By the
i
normalization of the denominator, max \bi\ < 1. Setting N(S) =
i

max{1,N,(S)} we have the desired result.l



15

Theorem 1.13: Let ¢: c[a,b] - c[a,b] be a continuous operator
which is pointwise strictly monotone at f € c[a,b] ~ M and point-
wise fixed at each k € c[a,b] where M = R:[a,b] (m,n fixed).
Assume that for each x € [a,b], ‘Q(ri)(x)\ - o whenever {ri} <M
and ri(x) - + o». Then there exists a best starting approximation
for &(f) from M.

Proof: let {r.} &M be such that lim |[&(f) - &(r)| =
i—00

inf ||8(f) - #(r)||. Let us first normalize the functions ri(x) =
reM

Pi(x) m 2 m

]
qi(x) so that Eobij

=1 where q.(x) = L b,.,x". Clearly there
j ' =0 H

exists P >0 such that ||§(f) - #(r,)|| s P for all i and so by

Lemma 1.11 there exists N(P) such that HriH < N(P) for all i.
According to Lemma 1.12 the coefficients of the elements of {ri}
are uniformly bounded. Therefore there exists a subsequence of
{ri(x)} (which we shall also denote by {ri(x)}) such that

lim ri(X) = ;(x) for all x € [a,b] except for zeros of the
)

denominator of r(x). If {xi: i =1,...,k} denotes the zeros of
the denominator of r then it is clear that k < m. Using the

uniform boundedness of the sequence {ri}, it is straightforward

to show that each Xy is a removable singularity of r. Upon

*

cancellation, we obtain a rational function r € R;[a,b] which we
claim is the desired solution. First, using the pointwise fixed
property of § it is easy to show that if {ki} < cfa,b], k € c[a,b],

Xq € [8,b] and }1m ki(xo) = k(xo) then }im @(ki)(xo) = Q(k)(xo).

1o i—eo

Let ¢ > 0 be given. Then there exists N = N(¢) such that

e (£) - Q(ri)n SI+¢ for all i 2N where I = inf ||3(f) - &(r)||.
reM
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k
For any x, € [a,b] ~ U {x.}, |w(xy) @(E)(xy) - e(r)x )| ST +e
i=1

for 12N and so [w(xy) B(E)(xy) - 8 (x| =

Lim [w(xg) @ (£) (xg) - 8(r ) (x| < T + e Thus [|&(F) - 8 =

-

max |W@)@G)@)-¢0ﬁﬂﬂ)\= sup |W@)®G)@)-§@SOOH

x€[a,b) x€(a,b)
x # X,
<1 +e. Hence ||8(f) - a(r)| = inf ||&(F) - 2(x)|. !
reM

In the next theorem we wish to consider a characterization of
the best starting approximation for ¢&(f) from a family of functions
having restricted ranges. Much of the general theory for restricted
range approximation by both polynomial and rational functions can be
found in Taylor [25] and [26], Schumaker and Taylor [23], and Loeb,
Moursund and Taylor [10]. It is interesting to note that the prob-
lem of approximation with restricted range also encompasses one-sided
approximation [4]. The theory of uniform approximation with restricted
ranges is of particular significance for the problem of obtaining
starting values for various iterative schemes. This will become
evident later on.

For our considerations let 4 (x), u(x) € C(X) with 2f(x) <
u(x) for all x € X. K. Taylor [29] has pointed out that this
inequality restriction on { and u can be relaxed. Define
K={f€cCX: 4(x) s f(x) <u(x)} and set M=K R:[a,b] which
we assume is nonempty.

Theorem 1.14: let &: K - C(X) be a continuous operator which is

pointwise strictly monotone and pointwise fixed at f € K ~ M where
K and M are as defined above. Then r = g €M is a best starting

approximation for &(f) if and only if there exists {xi}§=1 <X,
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N = 2 + max{n + 3q, m + 3p}, for which
(i) X) < Xy <eee X
(11)  |we) @@ ) - 3 &) | = |laE) - @),
r(xi) = u(xi), or r(xi) = L(xi)

(1i1) sgn (£0x) - r(x)) = (D legn(Fie)) - rex))

f;gn(f(x) -r(x)) if r(x) # £(x) and

r(x) # u(x)
where sgn (£(x) - r(x)) =< +1 i r(x) = L(x)
-1 if r(x) = u®)

Proof: (Sufficiency). Suppose r € M possesses the properties
(1)-(iii) on the set {xi}§=1. Let r, € M be such that
ecE) - el < lloc) - e(o)||. If r(x)) =1(x)) then r(x)) <
rl(xi) since ry €M and if r(xi) = u(xi) then r(xi) > rl(xi).
If |w&x)@E)(x) - e(r)x))| = ||a(f) - &(x)|| then
|W(xi)(§(f)(x1) - @(r)(xi))l 2 \W(xi)(Q(f)(xi) - é(rl)(xi))\- Since
f ¢ M we have that “Q(f) - Q(r)u > 0 so that Sgn*(f(xi) - r(xi))
1f sgn*(f(xi) - r(xi)) = 41 then f(xi) > r(xi) and by the point-
wise strict monotonicity of ¢ at f we must have rl(xi) > r(xi).
*
Likewise, if sgn (f(xi) - r(xi)) = -1 then rl(xi) < r(xi). Hence
we obtain the desired result as in the proof of Theorem 1.9.
(Necessity). Suppose r € M 1is a best starting approximation for
$(f) and that r(x) has the desired behavior on a set of points

)
{xi}?Bl € X, N' <N, where N' is maximal and x, < x, <...< X

1 2 N''
First we shall consider the case where w(x)(@®(f)x) - d(r)(X)) = 1,
‘X‘ > 0, for all x € X and f-r has constant sign. A technical

difficulty which results in the general case necessitates that we

consider this situation separately. Without loss of generality
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assume that £f(x) - r(x) < 0 for all x € X. Then there exists

e > 0 such that f(x) < r*(x) < r(x) where r*(x) = Ei%%;i—i and
*

so ||g(f) - &8¢ )|| < ||2(¢£) - &(r)||, which is a contradiction.

Let I1’12""’I be a collection of relatively open

NI

intervals in [a,b] such that X, € Ii’ fi n Ij =¢ for i # 3,

all extreme points = {x € X: |w(x) @(f)(x) - ¥(r) x))| =
N'

lle¢f) - ()|, r(x) = 4(x), or r(x) =u(x)} € U I, and for each
i=1

*
extreme point in each Ii the function sgn (f£(x) - r(x)) has the
same value. Given 1 > 0 we can, according to Lemma 1.8, select

n
r € Rm[a,b] such that

(i) Hre -t o <T, (1.3)
L [a,b]

and (i1) sga(r (x) - r(x)) = sgn*(f(xi) - r(x)) for all

x €1, 1= 1,...,N' .

We shall now show that there exists ¢ > 0 such that reé M and
N.

lece) - #¢)ll< llace) - a(o)ll. Lee Y =xn(u T). ¥ isa
i=1

compact subset of X and |w(x)(8(f)(x) - ¢(r)(x))| < ||&@(f) - &(n)||
for all x € Y. Hence, by the continuity of §, we can select
€ > 0 such that for 0 < ¢ < € rs(x) satisfies (1.3) and

max |w(x) (3(£)(x) - Q(re)(x))\ < ||g(f) - #(r)||. 1In addition r(x) #
x€Y

u(x) and r(x) # 4(x) for all x € Y so there exists with

€2

0< €, S €, such that 0 < ¢ < ¢ implies 4 (x) < r (x) < u(x)
€

2
for x €Y. Let

Wos(x€XNT, : Wa@E® - 2| 2 WQE 2l

and sgn(f(x) - r(x)) = sgn*(f(xi) - rx)))
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and set

V,s{x€XNI, :r(x) =uk or r(x) =106)}, 1=1,2,...,N".

With these definitions we see that all extreme points contained in
Ii are included in wi U Vi. Using the strict monotonicity of @
at f and the continuity of § there exists €3> with 0 < €3 < €95

such that for 0 < ¢ < €3> T (x) satisfies (1.3),
€

max |w(x) @(£)(x) - #(r )x))| < ||@(f) - &(r)|| and
xeW UV €

L(x) < re(x) s ux).

Do this for i =1,2,...,N' and let be such that 0 < ¢

€, 4 = €3

and for 0 < ¢ < €, T (x) satisfies (1.3),
€

max |w(x) (@(£) (x) - ¢(r ) (x))| < ||g(f) - &(r)|| and
xEWUV €

L(x) < re(x) < u(x)

N' N'
where W = U wi and Vv = U Vi. Set
i=1 i=1

z,={x€x nfi : ‘W(X)(i(f)(X) -3 )| 2 — ; 2ol

*
and sgn(f(x) - r(x)) # sgn (f(xi) - r(xi))}

Nl
and let Z = U Z,. By the construction of the intervals {Ii]
i=1
we have that r(x) # u(x), r(x) # £(x) and |w(x)(@()x) - 3(r)(x))]| <

e (£) - #(r)|| for all x € z. Finally, let

U s x€XNT, ¢ WE)@EE) - 26N = lle¢f) > 2@,

Nl
and set U = U Ui' By continuity there exists

v with 0 < es < 34
i=1

€s

so that for x €Z U U and 0< ¢ < €gs T (x) satisfies (1.3),
€
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|wx) (@ (F) (x) - Q(re)(X))\ < ||g(f) - #(r)|| and L(x) < re(X) S u(x).

Combining the above results we have that for 0 < ¢ < €55 re EM
and ||2(f) - @(re)n < |lgE) - a(o)||. 8

Corollary 1.15: Under the conditions of the above theorem the best

starting approximation for &(f) 1is unique.

Proof: Uniqueness is derived from the above characterization theorem
in a manner analogous to that in which Corollary 1.10 was established.l
Remark l: The question of existence in the above setting is still
unanswered. Thereom 1.13 is not applicable here since it requires

that the domain of ¢ be c[a,b].

In 1955 S. Paszkowski (see [2]) considered the problem of
approximating a given continuous function on an interval [a,b] by
elements of an n-dimensional Haar subspace (to be defined) which were
also required to interpolate the given function at certain prescribed
points in ([a,b] called nodes. He considered, using a classical
approach, the questions of existence, uniqueness and characterization
of best approximation. 1In 1968 Deutsch [2] extended and continued
the study of Paszkowski. Using duality theory, Deutsch was able to
recover the characterization theorem of Paszkowski and to actually
formulate exchange algorithms for computation. In 1969, Loeb,
Moursund, Schumaker and Taylor [9] generalized the above work of
Paszkowski and Deutsch to the following problem: 1let X be a
compact subset of [a,b] and suppose [xi}§=1 S X satisfies
X < X, <o oL xp. Let {mi}§=1 be a set of positive integers with
m = ; mi < n and assume X contains at least n - m+ p + 1 points.

i=1
Suppose further that H is an n-dimensional extended Haar system of
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order v, v = max (mi) + 1, (which we shall define) and set
i

p(j)

M={p€EH (xi) =a,.

j? l<i<p and 0 < j < m, - 11,

where {aij} is a set of m real numbers. Then the problem con-

sidered was to find best approximations to elements of

K={f€C(X):f(xi)=a 1 <ic<p}

i0’
by elements of M. The error of approximation was measured by a
generalized weight function, a notion to be discussed in Chapter 1IV.
We shall refer to the elements of M as p-point osculating Haar
functions. A, Perrie [19] has examined a problem analogous to the
above by replacing the extended Haar system by classes of rational
functions. The approximants used by Perrie are referred to as
p-point osculating rational functionms.

We shall now examine a problem analogous to that considered
by Perrie for our operator setting. Let X < [a,b] be compact,
{yi}g=1 a fixed set of p points in X where Y1 <Yy <eee<y

* p

P
and {m.}? a fixed set of positive integers with m = m, <
i’i=1 i

i=1
n+1 (n as in R:). We shall assume that X contains at least
*
n+m-m + p+2 points. Furthermore, let {ai}§=1 be any fixed
set of p real numbers and define K = {f € C(X) : f(yi) =a,,

i=1,...,p}. Llet a _,, i=1,...,p, j= 0,1,...,mi-1 be a second

1]
set of real numbers where a0~ ai, i=1,2,...,p and set
M={rc R;[a,b] : r(j)(yi) = aij, 0 <j < mi-l, 1 <i < p}. Follow-

ing the discussion in Perrie, we shall refer to the elements of M
as p-point osculating rational functions. As before we are interested

in approximating g € $(K) by elements of &(M) where &: K - C(X)
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is continuous.

In the case of ordinary rational approximation we know that
for each f € C[a,b] there exists a best approximation from
R;[a,b]. However, in the case of interpolating rational functions
we can no longer insure existence as is demonstrated by the follow-

ing example due to H.L. Loeb [8]: Define f, € C[0,1] as follows:
0

1 + 6x , x €0,
- 1 1 2
fO(X) = 3 - 6()( = 3)! X e (3 ’ 3

1+6(x-§), xe[§,1]

h ]
f
3
2 Y= £(x)
A
=) % % 4 *

Here a=0,b =1, m=n=1, w(kx) = 1. Let K = {f € c[0,1] :

£(0) = 1}. Obviously fo(x) € K. Define the operator §: K - C[0,1]
via §(f) = f. It is clear that & 1is pointwise strictly monotone
and pointwise fixed at fo € K. By the usual alternation theory for
rational approximation g(x) = 2 is a best approximation to fo(x)
from Ri[O,I]. Notice that 2 ¢ M = {r € Ri[O,I] : r(0) = 13.

Claim: There exists no r € M such that Hé(fo) -8 =

lle - fou = dist (fO,M) = dist (Q(fo), d(M)).
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= . 2nx + 1
Proof: For each n =1,2,..., define rn(x) =T+ 1 XE€ (o,1].
Clearly r €M for all n since r (0) = 1. Also r'(x) = ——= >0
n n n 2
(nx+1)
and r (1) = 2n + 1 < 2 for all n. Hence 1l <r (x) €2 for all
n n+1 n

n and for all x € [0,1]. Furthermore fo(l) - rn(l) > 1 and
max {\fo(x) - rn(x)\ : x € [0, %]] <1 for all n. Therefore
1
nfo - rnn = max {\fo(x) - rn(x)| : X € [g » 17}. Now [rn} approaches
. 1 . .
2 uniformly on [+, 1] and so lim Hfo - rnH = lim max {\fo(x) -

rn(x)| :x € [% » 11} = max {\fo(;T -2| 1 xe [g*T 171} = ||£ - 2|.

Since M ¢ Ri[O,l], Hfo - 2|| s inf {Hfo -r| : r € M}. Hence
inf {“fO -r|]| :remM) = Hfo - 2||. But, by uniqueness in Ri[O,l],

there exists no r. € M such that nfo - r*n =||f, - 2| =

0
inf {||f, - r|| : r € M} and hence the claim.l

In order to establish the characterization theorem for the
above setting we need to introduce the following definitions and
concepts. First we wish to define the notion of an n-dimensional
extended Haar subspace of order v of C[a,b]. In doing this, we

shall follow the notation and development given in [5]. For complete-

ness we first define what is meant by a Haar subspace of C([a,b].

Definition 1.16: A finite-dimensional subspace H of c[a,b] is
called a Haar subspace if each nonzero function in H possesses
at most n-1 zeros, where n = dim H.

Let {ui(t)}2=1 be a family of functions in C[a,b] (with each
sufficiently differentiable so that what follows is well-defined)

and a < ty St, S...< tn < b a given set of points. Define
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tl’...’tn. .
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where for each fixed 1i:

Gi(tj) =

Definition 1.17:

Chebyshev system

i=1l,...,n, and

ui(tj) if

(r) .
ug (tj) if

The functions u,;,;...,u
1 n

.

tj-r+1 -

Gl(tl) Gl(tz) cese ﬁl(tn)

ﬁz(tl) ﬁz(tz) cens Gz(tn)

Gn(tl) Gn(tz) cene Gn(tn)

= tj, 1 <is<n,.

will be called an extended

of order v on ([a,b] provided u, € Cv-l[a,b],

U* 1,...,n

tyseeest,

> 0 for all choices

o o0 s
t; Sty s €

ti € [a,b], where equality occurs in groups of at most v consecutive

values of ti

With the above we are able to define the notion of an extended Haar

subspace.

Definition 1.18:

An n-dimensional subspace H

to be an extended Haar subspace of order

a basis for

on [a,b].

of c[a,b] is said

v, v < n, if there exists

H which is an extended Chebyshev system of order v

Remark 1: It is straightforward to show that H

subspace of order

possesses at most

is an extended Haar

v if and only if each nonzero element in H

n -1 zeros in

in the following manner:

(a,b]

counting multiple zeros

1) if f(j)(z) =0, j=0,...,v-1, we say that

multiplicity

AV

z

is a zero of
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(2) otherwise we say that 2z is a zero of multiplicity
- . (D - -
m =min {j: £77(z) #0, j =0,...,v-1}.
For a fixed r = £ ¢ Rn[a,b], we shall write P + rP_ to
q m n m
denote the subspace {p +rq : p€ P, q € Pm} of c[a,b]. It is
well-known (see [19]) that P +rP is an extended Haar subspace

of order v = dim(Pn + er) =1 +max {n + 3q, m + 3p}. Define
S(r) ={h€epP +rP'h(j)()=0 i=1 j=0 m, -1}
N L Y s secesPs seeesm -1},

It is clear that S(r) 1is a subspace of Pn + er. Let us now
restrict P> Pm and r to X and view S(r) as a subspace of
C(X). The following lemma, whose proof is modeled after an analogous
result from the work of Perrie (see [19, p. 137), yields the exact
dimension of the subspace S(r) of C(X).

Lemma 1.19: dim S(r) = 1 + max {n + 3q, m + 3p} - m* (= d).

Proof: let x;,...,x; be d distinct points in X which are dis-
tinct from the interpolating points yl,...,yp. For each i,
i=1,...,d, choose hi € P+ er such that hi € S(r) and

hi(xj) =95,

ij

independent. For h € S(r), g = L h(xi)hi is an element of S(r)
i=1
and h-g possesses at least 1 + max {n + 3q, m + 3p} zeros in X.

» 1, =1,2,...,d. The set {hi]g_l is clearly linearly
1 =

But the numerator of h-g is an element of P and

max{n+3q ,miyp]
so h =g. Thus {hl,...,Hd} is a basis for S(r).|

1f {gl,...,gd] represents a basis for S(r) then for each

a d
x € X we shall write X to denote the vector (gl(x),...,gd(x)) € E

(El

valued function defined on Y, then H{y(y)y : y € Y] denotes the

= real numbers). If Y 1is a subset of X and § is a real-

convex hull of the vectors {(y)§ € Ed, for y €Y.
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We conclude our preparatory discussion with an important
result due to Salzer [22].
Lemma 1.20: Let f € CS(X) where s = max {mi - 1}. At points

1<i<p
where q(y,) # 0, the system

R (j) = (j) $ = - 1 =

BDey =Dy, 5=01,0m01, 1= 1,00,
is equivalent to

b Py = P, 5 =00, ,m1, 1= 1,000,

Finally we are able to establish the following characteriza-
tion theorem.

Theorem 1.21: Ilet ¢é: K -~ C(X) be a continuous operator which is

pointwise strictly monotone and pointwise fixed at f € K ~ M where
K and M have been previously defined. Then the following four
statements are equivalent:
*
(i) r = E; € M 1is a best starting approximation for
q
$(f) from M.
R * *
(ii) 0 € H{o(x)Xx : x € X(r )} where o(x) = sgn(f(x) - r (x)),
* *
X(r) = {x €X: |[wE)@E) ) - () E)]| =
* . . *
le¢g) - &¢rH||3, {gl,...,gd] is a basis for S(r )
*
and %X = (g7(x),...584(x)) where d = max{n +3q ,
* *
m+3p}+1-m.
(iii) There exi:t d + 1 consecutive points X < Xy <eee< X441
in X~ U {y,} such that
i=1 * *
@ |w&x)@E ) - e(r) ]| = e - e,

i=1,2,...,d+1,
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®) sgn{(Eex) - xN8,) = -1 sgaf(ex,) -
i i i 1

r*(xl))Al], i=1,...,d+1, where

B () By(x) e 8O ) B () e By (rgyy)

.

>
1]

Ba(xy)  Ba(xp) «-er Ba(x;g)  Ba(xyyy) -oor Bq(rgyy)
P

(iv) There exist d + 1 consecutive points X, €EXxX~ u {yi}
i=1

such that

* *
() |wEx)@EE) - @) D] =lled) - @),
i=1,2,...,d+,
* i+l
(6) sgn{lf(x;)) - r (x)]Nx;)} = (-1)" “sgn{[f(x;) -

r*(xi)]n(xi)} for i=1,2,...,d+1, where

|

m
o) = (yy = t) ... G, - ©) P if p#0 and

me) =1 if p = 0.
Proof: (i) implies (ii):

Suppose 0 ¢ H{og(x)X : x € X(r*)}. By the Theorem on Linear
Inequalities [1] there exists h € S(r*) such that g(x)h(x) >0

*
p-r q where p € Pn and q € Pm.

*
for all x € X(r ). Set h

We then have that h(j)(yi) =0, i=1l,0eey, Py, j= 0,1,...,m1-1.
*
- *
Set rx = 2;———LR . Now there exists XO > 0 such that q (x) -
qQ -\

*
A(x) >0 for ‘k\ < KO and for all x € X since q (x) is positive

and q(x) is bounded on the compact set X. For \K\ < XO’ we
* * * *
<P __P -3 _M (p-rq _ _Ah
* * * * *
q 9 -\ 9 (qQ -\9) q -\
and so h(j)(yi) =0, 1i=1,...,py, J = 0,1,...,m1-1, implies that

*
have r € M since r -r

A A

3

r{j)(yi) = r*(j)(yi) = aij’ i=1,2,...,p, §J = 0,1,...,mi-1. Since
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*
X(r*) is compact, the number § = min{o(x)h(x) : x € X(r )} > 0.

Set E = HQ(f) - Q(r*)“ and X, = {x € X : o(x)h(x) > %6 and

lw(x)(@(f)(x) - Q(r*)(x))l > %}. Note that X(r*) c x1 and X1 is

open; hence xz =X~ Xl is a closed subset of X and thus compact.

By the continuity of & and the compactness of X2 there exists

A, such that 0 <3, s ), and | < A\, implies |wx) (8 (f) x) -
#(r,) ()| <E for all x € X, since |w()@(5) () - s x)| <E

for all x € Xy Set

* * E
b= inf{[f&) - r )] ¢ [wE)@E) ) - 8 )(x))| 25 and x € X].

Note that p > 0. Now choose A, such that 0 < XZ SN and

h
*
q -\q

< % < ‘f(x) -r (x)l. Consequent ly

‘k‘ < 12 implies ll‘ < % . For x € Xl’ ‘r*(x) - rk(x)| <

h
*
q -\

(f - r*)(x) and (f - rk)(x) have the same signum function for

(EAEEN Y

X € Xl. For \ <0 with lxl < XZ we have c(x)(r*(x) - rx(x)) =

Lgiﬁlhﬁil_— < 0 for all x € Xl' Therefore c(x)(r*(x) - rk(x)) <0
q (x)-\(x)

for all x € X and so sgn(f(x) - r*(x)) = -sgn(r*(x) - rx(x))

for all x ¢ Xl. Hence for f(x) > r*(x) we have f(x)>rk(x)>r*(x) and
for f£(x) < r (x) we have f(x) < r, () < £ (x). Applying the point-
wise strict monotonicity of § at £ we find that |w(x)(8(f)(x) -
é(rk)(x))l < |wE) (@ () (x) - @(r*)(x))l < ||g(f) - #(c™)||= E for

all x € X, and )\ as described above. Assembling the above re-
sults we have |w(x)(3(f)(x) - Q(rk)(x))l < E for all x € X (\

as above) and so HQ(f) - Q(rx)n < H@(f) - Q(r*)H. Therefore r,

*
is a better starting approximation than r .
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(ii) implies (iii):
*
Suppose 0 € H{o(x)% : x € X(r )}. Then by Caratheodory's

Theorem [1, p.17]there exist dl(dl < d+1) positive scalars A
d

1 *
with £ )\, =1 and d consecutive points X.,,X,_,...,X € X(r)
g=1* ! 172 4
such that
d1
iEl;\ia(xi)gj(xi) =0 for j=1,2,...,d. (1.4)

We claim that d1 = d+1. Suppose d1 < d. Then det[gj(;i)] =0,
i=1l,...,d, j=1,...,d where X, = X,, 1L = 1,...,d and
4 i i 1
= .4 1 P . . )
{xi}i=d1+1 n({xi}i=1 U {yi}i=1)— ¢ This then implies that there

exists a d-tuple o = (al,...,ad), a # (0,0,...,0) such that
d d

- *
Ta.g.x.)=0,i=1,...,d. Set g= ¥ o,8.. Then g € S(r )
j=1Jj 1 j=1jJ

and so g has, in addition to simple zeros at the ;., i=1,...,d,
i
zeros of order m, at the points Yi» i=1,...,p. In total, g
*

* * * *
possesses at least d +m =max{n+3q , m+3p}+1-m +m =

* *
max{n + 3¢ , m+ 3p } + 1 zeros. But the numerator of g is an

element of P * * and so = 0. This is a contradiction
max{n+ayq” ,miap’ ) &
and so d1 =d + 1. Rewriting (1.4) as
d+1

izzkid(xi)gj(xi) = -xlo(xl)gj(xl), j=1,2,...,d

and solving by Cramer's rule, we obtain

i+l

&

xic(xi) = , 1 =2,...,d+1 .

We now claim that b # 0 for all i. On the contrary

suppose that Ai =0 for some i. Define hi by
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8105) 810Ky ween ByG ) ByGX L) eees B(Kgy)

no s | L ) ) )

gd(s) 8d(x2) oo gd(xi-l) gd(xi+1) e o0 gd(xd+1)

Then hi(xl) = hi(x2) =,,.= hi(xi-l) = hi(xi+1) Si..= hi(xd+1) =0

* *
and since hi € S(r ) we have that h; possesses at least d + m

1

zeros. But hi # 0 since P+ r*Ph is an extended Haar subspace
of order 1 + max{n + aq*, m + ap*}. Hence we have a contradiction.
Now ), > 0 and a(xi) = sgn(f(xi) - r*(xi)) and so the result
follows easily.
(iii) implies (iv):

Let {zl,...,zd_l) be an arbitrary set of d-1 consecutive

points in X ~ U {yi] and define
i=1

81(8)  81(2)) ceeenr 8(24 1)

g(s) = . . .

gd(s) gd(zl) M gd(zd-l)

*
Note that g € S(r ) since g is a linear combination of the basis

*
elements of S(r ). Furthermore, g(s) has a nonzero coefficient
by the remark at the end of (ii) implies (iii). By construction,

* * *

g(s) has d-1+m =max{n+3q , m+ 3p } zeros counting multi-
plicities. These consist of a zero of order m, at each Y and a
simple zero at each z, (the zeros at z, are simple since g # 0).
Hence g changes sign at each z, and changes sign at Y if

and only if m, is odd. Set z, = =1,...,d-1, for the

Xivo> 1t



choice of xi's

g,(xy)

g (x

8q(x1)

Similarly g(xz) =48y

sgn b8, = sgn g(x;) = (-1)

mex )

sen{[£(x,) - T (x,)]}sgn N(x,)
*
sen{[£(x,) - (x,)]8,)

~sgn{l£Gx)) - © G )ING Y-

Continuing in this manner, we obtain the desired result.

(iv) implies (i):

Suppose there exists

gl(zl) ces

gd(zl) ces

sgn Al
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in part (iii). Then

gl(zd_l)

gd(zd'l)

sgn n(xl)

r €M

= -sgn{[f(xl)

such that

g (xp) 8 (x3) ...

8g(x) Bg(xg) .-

q

sgn g(x,) = (-1)

*
== sgn A;. Thus sgn{lf(x,)) - r (x,)]N(x,)} =

= sgn{l£(x,) = r (x,)7)

€ (xl’XZ)’ then

sgn A

sgn Al

*
-r (xl)]Al}

8y g41)

89 ™q41)

2

le(f) - a(r)| =

& (£) - @(r*)n. Now r*(xi) < f(xi) implies r*(xi) s r(xi) and

* *
similarly r (xi) > f(xi) implies r (xi) 2 r(xi). Thus, using

(iv), we have that [r*(xi) - r(xi)]n(xi) =2 0 and [r*(xi+1) -

r(xi+1)]ﬂ(xi+1) < 0 (or conversely) for i =1,...,d.

*
s =r -1 .

8% 44

If s(x;) #0 and s(x

) =...= s(
- £ INY)

sign for k = 1,...,d+1 we have that sgn{[s(xi)]n(xi)} =

i+l
) # 0, then since (-l)k[(r*(xk)

Xi+i-1

) = 0, while

is of one

sgn{[f(x;) - r*(xi)]n(xi)} = (-l)ngn{[f(xi_,_j) - r*(xi+j)]n(xi+j)}

= (-l)jsgn{[s(xi+j)]n(xi+j)]. Now we have two cases to consider.

sgn T(x,)
sgn Al

sgn M(x,) =
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First assume that the sum of the mk's such that Y € (xi.x

i+j )

is even. Then n(xi)n(xi+j) >0 and sgn s(xi) = (-l)jsgn S(xi+j)'

Thus if j is odd, s(x) has an odd number of zeros (counting
multiple zeros according to multiplicity) in [xi, xi+j]’ while if

j 1is even s(x) has an even number of zeros in [xi’xi+j]' Since,
by definition, s has at least j-1 + zmk (sum over Yi € (xi’xi+j))

zeros in [xi,x we can therefore conclude that s has at least

i)

j + zmk zeros in [xi’xi+j]' Counting zeros, we find that s has
* * *

at least d +m =1+ max{n+ 39 , m+3p } zeros in [a,b]. But

* *
the zeros of s are the zeros of its numerator p q - q p, which

* *
is a polynomial of degree at most max{n + 3q , m + 3p }. Hence

s = 0. Similarly, we obtain the same conclusion if the sum of the

*

r .|

m

mk's’ such that Yk € (xi’ xi+j)’ is odd. Thus r
In order to establish uniqueness of best approximation in
the above setting we require the following lemma:
*
Lemma 1.22: Let r €M be a best starting approximation to
f €EK~M where K and M are as previously defined and &: K -» C(X)
is pointwise strictly monotone and pointwise fixed at f. Then
* *
he€S(r) and h(x)o(x) 2 0 for all x € X(r ) imply h = 0.
* *
Proof: Let h € S(r ) with h(xx)o(x) =20 for all x € X(r ) and
suppose h # 0. Let Z1sZ,,+++,z, be the zeros of h(x) which are
*
in X(r ). Notice that z, # Y for any pair 1i,j since f(yi) =
* *
r (yi) and H@(f) - §(r )H > 0. Furthermore t < d =
* * *
max{n +3q ,m+3p }+1 -m since if t >2d then h possesses
* *
at least 1 + max{n + 3q , m +3p } zeros which is impossible since
the numerator of h is an element of P

max{n*aq*’m+ap*]'

*
standard interpolation theory we know that there exists g € S(r )

From the
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such that g(zi) = a(zi), i=1,2,...,t. Since gx)h(x) =2 0 for
all x € X(r*), we claim that there exists ) > 0 such that
ox)(hE) + \gx)) >0 for all x € X(r*). For each i = 1,...,t,
choose an open interval, I(zi), about z, such that o(x)g(x) >0
for all x € I(zi) and I(Zi) n I(zj) =¢ for i # j. This we
are able to do since q(zi)g(zi) = (o(zi))2 >0 and o(x)g(x) is

* t —~
continuous at x =z ,. Set Y = X(r)N (N {I(zi)}). Y is closed
i=1

in [a,b], hence compact, and so g(x)h(x) >0 for all x € Y. Let
m = inf{o(x)h(x) : x € Y} and M = inf{g(x)g(x) : x € Y}. Note that
m>0 and M> -w. If M =20, let ) >0 be arbitrary; if M < O,
choose ) >0 such that m + \M > 0. Then o(x)(h(x) + \g(x)) >0
for all x ¢ X(r*). Since S(r*) is a subspace of Pn + r*gm and
h,g € S(r*) we have that h + )g € S(r*). Thus, by the Theorem on
Linear Inequalities, 0 ¢ H{o(x)% : x € X(r*)} and so r  is not a
best approximation to f € K ~ M. This is a contradiction.f

*
Theorem 1.23: If r €M is a best starting approximation to §(f),

then r  is unique.

Proof: Suppose r € M is such that |[&(f) - &(r)|| = ||8(E) - &)
Then if o(x) = sgn(f(x) - r (x)) we have for x € X(r): (i) if
£(x) > r (x) then r(x) = r (x) and (ii) if £(x) < r (x) then

rix) < r*(x). Hence we conclude that c(x)(r(x).- r*(x)) 20 for

*
all x ¢ X(r*). Consequently o(x) p(x) _ P _(x) =2 0, so
0 )

ox)(p(x) - q(x)r*(x)) 20 since q(x) >0 on ([a,b]. By Lemma

*
1.20 we have that p-r q € S(r*). Therefore lemma 1.22 gives

p(x) - 1 (x)q(x) =0 and so r=r. |
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Finally we shall give a generalization of a theorem of
de la vallée Poussin, for the problem at hand, which is often useful
in estimating the deviation of the best starting approximation to &(f).
*
Theorem 1.24: Let f € K~M and let r* = 2; €M be the best
d+1

q
starting approximation to &(f) from M. If r € M, [xi}i=1 a set

P
of d+1 consecutive points in X ~ U {yi], and {xi}?:i is a set
i=1

of positive numbers such that
W |wE)@E ) - 2@ &)] =,
(i) sea{[f(x) - rx)ING} = (-1 legn{le(x) - rGxPINGY,

*
then min A S |8 (E) - &(r |-
i
* *
Proof: If r =r the result is clear and so we suppose r #r .

Assume wmin A, > [|#(f) - 8(c")||. Therefore A > e - 2,
i= 1,...fd+1 (where d = max{n + 30, m+ap }+1 -m) and so
lwee ) @ x ) - 8 (x| > [wx ) @D (x)) - 8¢ x|,

i=1,2,...,d+l. Nowproceeding as in the proof that (iv) implies

*
(i) in Theorem 1.21 we obtain the fact that r = r which is a

contradiction. Hence min )\, < &£y - Q(r*)ﬂ-l
i

Section 3: Computation of an Optimal Starting Approximation

In this section we shall examine the problem of computation
of a best starting approximation for an operator ¢. The characteriza-
tion theorems we have developed, especially Theorem 1.9, are of
particular importance in establishing computational procedures. From
the classical theory an optimal starting approximation would be
computed using a modified Remes algorithm which involves solving a

nonlinear system of equations with Newton's method of higher order.
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However, if the operator § satisfies certain conditions a best
starting approximation can be more easily obtained. Moreover, the
best starting approximation may be independent of the number of
applications of § provided this iteration is well-defined. We now
wish to consider sufficient conditions on ¢ for which this behavior
occurs. The following definitions and results are due to Meinardus
and Taylor [11].

Definition 1.25: Let &: K —» C(X) be a continuous operator. We

say that & possesses Property I at f € K provided for each r € K

and x,y € X, i) () implies 8 (r) (x) = $(r) (v)

£(x) - E() E() T
r(y) r(x) r(y) r(x) . . () (x
£(y) < £ (x) <1 or £(y) > £ (x) 2 1 implies 1 £(x) <
o - 1
£(y)

Definition 1.26: Let &: K - C(X) be a continuous operator. @

is said to be one-sided at f provided either &(k) = $(f) for all
k € K or %(k) < $(f) for all k € K.

Theorem 1.27: let K be a convex subset of C(X) and §: K - C(X)

be pointwise strictly monotone, pointwise fixed and possess Property
I at f € K where §(f) = f and f > 0. Norm C(X) by || =
H%Hm (h € C(X)). Let r = qE € R:[a,b] (m,n,a,b fixed) be the best

relative approximation to f from R;[a,b] with deviation ); that

is, “f%!ﬂ& = inf Hféfﬂm =x. If M=KNN R:[a,b] is nonempty
sER;[a,b]

and relatively open in R:[a,b] and §r € M for § € [I%K ’ T%K}

then there exists 60 € (I%K s I%{) for which 60r is the best

starting approximation for f (with respect to §).
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Proof: First we observe that ) < 1 since arbitrarily small positive
functions exist in R;[a,b]. From the standard Chebyshev theory we
know that there exists N = 2 + max{n + 3q, m + 3p} consecutive

points, Xy < Xy <eee< XN in X such that

=| L,i=1,...,N,

(ii) sgn(f(x) - r(x,)) = (-l)i+lsgn(f(x1) - rx)), 1= L.,

f(xi) - r(xi)
f(xi)

for
f

(1)

Without loss of generality we may assume that r(xl) > f(xl). It

is easily seen, using (i) above, that I%K r(xl) = f(xl) and

T%i r(xz) = f(xz) and in general 1 - ) < r(x) <1 + ). Hence, in

f(x)
r(x.) r(x,) yr(xy)
view of the above results, f(xi) 2 ;Eﬁ; f(xz) and so f(xi) =

Yr(x) 'Yr(xz) 1 1
&) 2 f(xz) » Where «y € [i:{ ’ I?{] , for all x € X. By Pro-
perty I,
8 (yr) (x) 8 (yr) (x ;) 8 (yr) (x,)
1 - ———E?;T- < max 1 - ———E?;Iy— , 1 ———??;—7—
2
f(x..,) - r(x. ) f(x;) - r(x,)
Also, 142 2. = L , 1 =1,2,...,N-2, implies
f(xi+2) f(xi)

T(x;40) _ rx;)
fxyyp) £ 7

i=1,...,N-2 (using Property (ii)). Thus, for

Y € [—l_ _l—] Q(Yr)(Xi+2) = |1 Q(Yr)(xi) since @
t 3y - S = s T/~
14 ° 1-y f(xi+2) f(xi)
possesses Property I at f. Using the pointwise strict monotonicity
$ (’Yr) (X 1)
of $§ at f, we find that l - —————— decreases to 0 as vy
f(xl)

Q(Yr)(xz)
f(x2)

1
decreases to T+ and ‘1 -

increases from 0 as vy
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. F(yD &)
decreases to T:R . Similarly, 1 - ———??;IT— increases from O
. ‘1 QWﬂ@Q’
Y increases to T—— and - — decreases to 0 as vy
1 £(x,)
) ey S
—_ i - —_—1 d -
increases to 1o Since both f(xl) an I -——T7§;7_
. . 1 1
are continuous functions of v, there exists Yo E(m , 1—_)\-) such
& (y,r) (x.) $ (v r)(x,) (f) (x.)-3(y,.r)(x)
that 1 - —9 1 -0 2 . Hence z 0 1
EGx) £Gcy) EGe )

8 (£) (x) - 8(Yyr) (x)
f(x)

@(Yor)(xi)
f(xi)

3(£) - 8(ygr)]
£ |

= max
x€X

= \\Q(f) - @(yor)\[. Finally, it is clear from the choice of vy that
sgn(f(xi) - Yr(xi)) = sgn(f(xi) - r(xi)). Thus, by Theorem 1.9,
Yot is the best starting approximation for f£f.|

Definition 1.25 and Theorem 1.27 of Meinardus and Taylor have
rather natural analogs in the setting of uniform approximation
W) = 1).

Definition 1.28: The operator § 1is said to possess Property J at

f € K if for each r €K and x,y € X, f(x) - r(x) = £(y) - r(y)
implies &(£)(x) - &(r)(x) = §(£)(y) - &¥(r)(y), and O < f(x) - r(x)
< £(y) - r(y) or 0= f(x) - r(x) > f(y) - r(y) implies

8 ) - @) > |2 (x) - 8(r) x)|.

Theorem 1.29: Let &: K - C(X), K be a convex subset of C(X),

and M =K N R:[a,b] be a relatively open subset of R:‘[a,b] with
m <n. Assume § is pointwise strictly monotone, pointwise fixed
and possesses Property J at f € K ~ M. If r € R;[a,b‘_\ is the

best uniform approximation to f from R;[a,b] with deviation )



38

and if r +c €M for c € [-\,\] then there exists <o € (-%\>\)
for which r + o is the best starting approximation to & (f)
from M.

Proof: Since r is the best uniform approximation to f from

n . .
Rm[a,b], there exist N points, X) <eee< X, in X, N=2+

max{m + 3p, n + 3q}, such that
(1) Jf&) - r&x)| =||f -], i=1,...N
.. i+l .
(ii) sgn(f(xi) - r(xi)) = (-1) sgn(f(x1 - r(xl)), i=1,...,N .

Now f(xi) - r(xi) = f(xi+2) - r(x ), i=1,2,...,N-2 and so by

i+2
Property J [3(£)(x;) - #(r) (x| = |2(D) x, ) - 2 () (x )],

i=1,...,N-2. Also by Property J we see that for any c € [-\,1],
e () (x) - &(r+e)(x)] < max(|§(f)(x1) - Q(r+c)(xl)|, |Q(f)(x2)-§(r+c)(x2)\).

Note that for each r and x, §(r+c)(x) is a continuous function of
c. Without loss of generality assume f(xl) > r(xl). Using the fact
that § is pointwise strictly monotone and pointwise fixed at f € K
we have that |Q(f)(x1) - Q(r+c)(x1)‘ is a strictly decreasing func-
tion of ¢ which tends to 0 as ¢ tends to ) and

|Q(f)(x2) - §(r+c)(x2)| is a strictly increasing function of ¢
which tends to zero as ¢ tends to -)\. Since both

lQ(f)(xl) - Q(r+c)(x1)l and |§(f)(x2) - Q(r+c)(x2)| are continuous
functions of ¢ there exists o € (-\,\) for which

|2(5) (x)) - eCr+e) (x| = [2(E)(x;,) - #(r+e))(x,)|. Thus

lee)x)) - 8 (rteg) (x| = [[8(f) - 8(r+c)||, i =1,2,...,N. Further-
more, since o € (=250\)> sgn(f(xi) - (r+c0)(xi)) =

(-1)1+lsgn(f(x1+1) - (r+c0)(xi+1)) and so appealing to Theorem 1.9
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we have the desired result. |

Theorem 1.30: Let &: K - K satisfy the following properties:

(i) ® is continuous

(ii) §(f) = ¢

(iii) ¢ 1is pointwise strictly monotone at f € K ~ M
(iv) ® 1is a one-sided operator at f

) ® possesses Property 1 (Property J) at £ .

Then Qm = @(@m-l), m = 2,3,... has all the same properties as @
and, moreover, the best starting approximation for &(f) 1is also

the best starting approximation for Qm(f), m=2,3,... .

Proof: The first part of the conclusion follows from Corollary 1.6
and a simple inductive application of Property I (Property J). For
the second part let us suppose, without loss of generality, that

(k) 2 §(f) = £ for all k € K and that we are dealing with relative
approximation. Now if r = E is a best starting approximation for
$(f) then there exist N points {xi}§=1 SX,N=2+

max{n + 3q, m + 3p}, such that Xy <X, <ee< X and

d(r)(x,) - f£(x.)
(i) i i 1

Ml s i = 1’...’N
() £l

i+

(11) sgn(fGxy) - r(x;))

Now by applying Property I to these points m times it is clear that
r 1is also the best starting approximation for Qm(f) =f .1

In attempting to construct a theorem analogous to Theorem 1.27
for the case of restricted range approximation certain difficulties
arise. The multiplicative shift of the best relative approximation

to f from R;[a,b] may well remove us from the approximating class.

(-1 1sgn(f(xl) - r(xl)), i=1,2,...
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However in one particular setting a result can be obtained. 1If
L(x),u(x) € C(X) denote the upper and lower constraining curves for
the restricted range problem, take f(x) = f(x) or u(x) = f(x)
where f(x) 1is the function we desire to approximate. Without

loss of generality take {(x) = f(x) and set K =(h € C(X): f(x) <
h(x) € u(x)}. This situation will be described as modified one-
sided approximation from above since the usual one-sided approxima-
tion would have u(x) = ». In this setting we are able to state the
following analog of Theorem 1.27.

Theorem 1.31: Let &: K - C(X), K=1{h € C(X): f(x) s h(x) < u(x)]}

where u(x) € C(X), £f >0 on X, and C(X) 1is normed by

l|b|| = H%ﬂm. Further suppose that §(f) = f, § is pointwise strictly
monotone, pointwise fixed, and possesses Property I at f. let r € M
be the best relative approximation to f from M where

M=KAN R:[a,b]. Then r is the optimal starting approximation
for £ from M (with respect to §).

Proof: The proof follows directly from Theorem 1.14 and the fact
that & possesses Property I at f. |

Remark 1: In applying the above theory one may find it more efficient
(in terms of the computer) to compose different operators (each of
which defines an iteration procedure) rather than iterating with a
given operator. In view of this we state the following: suppose

$: K - C(X) possesses Property I at f € K, § is one-sided at f

]

and y: L - C(X) possesses Property I at ¢ (f) where $(K) € L. 1If y(f)
$(f) = f then Y% possesses Property I at £ € K. Wita this
observation and the results in Section 1 all of the theorems of this

section may be restated for the composition operator VY¢ or more
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generally for the composition of operators Yl,...,Yk, provided the
domains and ranges mesh correctly and each of the operators Yi

possesses the appropriate properties.



CHAPTER II

APPLICATION TO THE NEWTON OPERATOR AND ASSOCIATED RESULTS

Section 1l: Introduction and General Theory

In this chapter we shall apply the theory of Chapter I for
a special choice of §, namely the operator associated with the well-

known Newton iteration scheme. First set
2
S={fec (0,0): f',£" # 0 for all x >0 and image f = (0,=)]}-:

The choice of (0,x) is quite arbitrary; actually, one could select
(-»,®) or some other region on which to work. Note that

domain £°1 = (0,=) since image £ = (0,=). For a fixed x € [a,b] <
(0,) we can solve f-l(y) -x =0 by Newton's method to obtain

the value of f at x where f € S. 1In particular, if yo(x) = y(x)

is the initial guess to f(x) then inductively we define yn(x) by

Y00 =y 100 = (£ 160 - x}E'TE Ny 60)1) n = 12,0 (2.1

Of course we must insure that yn_l(x) >0, n=1,2,... so that

f-1 is defined. The sequence (2.1), which represents the Newton
iteration scheme for determining the unique zero of the equation
f-l(y) - x = 0, converges quadratically to f(x) provided the initial
guess yo(x) is sufficiently good. As mentioned, the above con-

sideration is for a fixed value of x. Our goal is to be able to

calculate f(x) for all x € [a,b] on a computer. To accomplish

42
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this we shall select a class of functions M (specifically

Mg R:[a,b] for our purposes) which are easily programmed and then
select a member of M as the initial guess. Precisely, we wish

to find an element r of M for which

Yp, g &) - £(x)
£

Yy s G0 = £G0)
£GO)

<

© @

for all s € M where Y s(x) denotes the n-th Newton iterate at
bl

x with initial guess s(x). Numerically the above method would be

applied to functions f for which f-1 is easily evaluated such
1

as f(x) = xn, n=2,3,... . This particular problem was examined
sy D.G. Moursund and G.D. Taylor [16] and is a generalization of the
subroutine used to calculate /x on a computer such as the CDC-3600.
We shall now show that the theory we have developed in Chapter I is
also applicable to this problem as well as others.

The first problem confronting us is that of determining a
suitable convex subset K of cC[a,b] such that the operator N

f
defined by

Ne) () = hex) = (£71he) - ¥} T T e0)) 7))

maps K to K (into or onto). It is imperative that we examine
two cases:
Case 1: Fix f € S and assume that either f' >0 and f" < O

on (0,0) or f'«<0 and f" <0 on (0,»). Let

K ={h € cla,b]: h(x) >0 for all x € [a,b]].
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Setting N(x,y) =y - {f-l(y) - x}{f'[f-l(y)]} and calculating

Bﬁé%;ll, it is easily seen that Nf

at f and one-sided from above at f. It is also clear that

is pointwise strictly monotone

N.: K - K 1is continuous and Nf(f) = f. Observe that the class of

£ 1

functions f(x) = xn, n=2,3,... are suitable choices for f.

Case 2: Fix f € S where either f' >0 and f" >0 or f'< 0
and f" >0 holds on (0,»). The choice for K 1in this setting

is somewhat more difficult since Nf is a one-sided operator from
below and consequently large values of h(xo), for fixed x, € [a,b],

may yield negative values for Nf(h)(x Since we wish to iterate

0)'
with N and we have assumed the image of f is (0,»), we must
bound the members of K from above. Specifically, for fixed

f € S as above, we wish to find, if possible, a function

#(x) € cla,b] such that if
K = {h € c[a,b]: 0 < h(x) < ¢(x) for all x € [a,b]}

then Ng: K~ K. If we set N(x,y) =y - {f-l(y) - x}{f'[f-l(y)]}

(as above) and calculate agl%;zl, it is clear that for each fixed

x N(x,y) 1is a strictly increasing function of y for

0<y< f(x) and a strictly decreasing function of y for y > f(x).

Moreover, N(x,y) >0 for 0 <y < f(x). Let us now assume that for

each fixed x ¢ [a,b], 1lim N(x,y) = -». This guarantees us that
y~—rtwo

for each x € [a,b] there exists Y > 0 such that N(x,yx) =0

(clearly Y > f(x) for each x € [a,b]). To construct the func-

tion @(x) mentioned above we shall make use of the Implicit

Function Theorem. First we have that N(x,y) is defined on
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1 2 1 1
{a,b] x E,SE  vwhere E_-= {s €E": s >0]}. Let xg € [a,b] be
arbitrary but fixed and let Yo € Ei be such that N(xo,yo) = 0.

Then the following holds:

(1) fa,b] x [y: y > f(xo)} =1 is a neighborhood
(=g

’yo)
of (xo,yo) in [a,b] X Ei, N(x,y) 1is continuous

and AGLY) _ _ [f'l(y) - x}f"[f-ljyll
’ ) y -1
Yo 2 £'0f o))

on n(x
0

is continuous on n(x ) by the assumptions on f.
00
(1)  N(xgyg) =0
(1) ALY 40 .

Hence, by the Implicit Function Theorem, there exist neighborhoods

HXO of Xg» ﬂyo of Yo and a function ¢0(x) defined on ﬂXO

such that

(iv) for all x € nx ’ @o(x) € ﬂy ’ (x,¢0(x)) € ﬂ(x v)
0 0 0’0

and N(x,¢o(x)) = 0.
w) ¢o(x) is uniquely determined by (iv)
(vi) ® is continuous on
0 Tko

(vii) ¢0(x0) =Yy -

Now consider {nx: x € [a,b]}. This is an open cover of [a,b], which

is compact, and so can be reduced to a finite subcover ﬂx ,...,ﬂx .
1
For each i =1,2,...,n we have ¢i(x) defined on ﬂx and con-
i
tinuous there. Suppose N, n , # ¢ for i # j. We wish to show that
i J

¢i(x) = ¢j(x) for x € nxi n ﬂxj. let z ¢ nxi n ﬂxj. Then

N(z,,(2)) = N(z,¢j(2)) =0 and g¢.(x;) =y, > f(x,).
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Claim: ¢i(z) > f(z).

Assume to the contrary. Then ¢i(z) < f(z) since ¢i(z) = f(2)

implies 0 = N(z,¢i(z)) = N(z,f(z)) = f(z) > 0. Define gi(x) =

¢i(x) - f(x). Then g is continuous on T& with gi(xi) >0,

i
gi(z) < 0. Hence there exists E € nx such that gi(g) = 0.
i

Therefore ¢i(§) = f(§) and so 0 = N(§,¢i(§)) =N(E,f()) > 0.

This is a contradiction and thus the claim. Similarly ®j(z) > f(z).
Since N 1is decreasing for y > f(z) and N(z,¢i(z)) =

N(z,¢j(z)) = 0 we have that ¢i(z) = ¢j(z). Consequent1§ we are
able to define a function 4 on ([a,b] via g(x) = ¢j(x) if

X € nxj, j=1,...,n. The function ¢ is continuous on [a,b]

and ¢(x) > f(x) >0 for all x € [a,b]. Set
K = {h € c[a,b]: 0 < h(x) < ¢(x) for all x € [a,b]].

Then if h € K, Nf(h)(x) < f(x) < ¢(x) for all x ¢ [a,b] and
from the previous discussion Nf(h)(x) >0 for all x € [a,b].

Hence, for the above choice of K, N_.: K - K and so iterating with

f:

via NT = Nf(N?-l), m=2,3,... is well-defined. As in Case 1

N £

f

we know that Nf is continuous, Nf(f) = f and Nf is pointwise

strictly monotone at f. Moreover, N, is one-sided from below at f.

Remark 1: For the function f(x) = e® (which falls in Ccase 2),

the function ¢(x) = e1+x satisfies N(x,e1+x)

0 for all
x € [a,b] where N(x,y) 1is defined by N(x,y) = y(l +x - 4n y).

Hence we set

K ={h € cla,b]: 0 < h(x) < e1+x for all x € [a,b]}.
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With the preceding discussion in mind we can state the follow-
ing analog of Theorem 1.9 for both of these cases (with the respective
K's defined above).

Theorem 2.1: let f € S, K be as above and M =K N R:[a,b] (fixed
P

m,n). Then ry = EE € M is the unique best starting approximation
k

for £ with respect to the k-th Newton iteration if and only if

. N .
there exists {xi}i=1 c [a,b], N = 2 + max{n +3q,, ™ + apk}, with
X) < Xy <eee< Xy for which
£(x,) - Np(ry)

(x5 £ (ry) (24)
f(xi)

(i1) sgn(f(x;) - £, () = (-1 lsgn(f ()= £ ),

k
f - Nf(rk)
f

(1)

i=1,2,...,N.

Section 2: Optimal Starting Approximations for Roots, Exp(x) and Ln(x)

In general the existence of a best starting approximation is
a rather difficult problem which depends upon the particular function
f and the interval [a,b]. For the special case that f(x) = xa,
a € (0,1) or fxx) = eX existence has been established and, more-
over, the best starting approximation is independent of the number
of iterations. For f(x) = xa, o € (0,1), set K = {h € c[a,b]:
h(x) >0 for all x € [a,b]} where 0 < a <b. The operator N

f
is defined by

Nf(h)(x) = g (é - Dh(x) + —i—%I-—— , for h € K.
hY  (x)

In the case of f(x) = ex, set K = {h € c[a,b]: 0 < h(x) < e1+x

for all x € [a,b]} and define Nf(h)(x) =hx)(1 +x - 4{n h{x))

for h € K. If r € M denotes the best relative approximation to
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e® from R:[a,b] with error ), then we must apparently require

that ) < si% in order to apply Theorem 1.27. However this re-
quirement will be shown to be unnecessary. Before stating the next
theorem due to Meinardus and Taylor [11], we introduce the following

notation: for each o € (0,1), let r, denote the best relative

. . n . s .
approximation to x% from Rm[a,b] with deviation xa; that is,

X =-r a
2 = inf X -8 =)\
x¥ n x¥ o
SERm(a ,b] ©
Let r denote the best relative approximation to f(x) = " from
X X
R;[a,b] with deviation ) ; that is, ; .3 = inf = ; 2
n
€ ® sERm[a,b] € ©

Theorem 2.2: For m = 1,2,... the following is true:
(a) The best starting approximation for m Newton iterations

for the calculation of x% is v ra where
o

-1 =17«
a + xa) - -

1
- S B=y
28-Da (1 - AP} @

(b) The best starting approximation for m Newton iterations

for the calculation of e is yr where

y = exp[%; @\ + (L-\Ln(-2) - L+ Vea(l + )] =

1
1-3.2) 1

e (5

l-xz
Proof: The proof of (a) appears in [28] and will be omitted.

For (b) we shall apply Theorems 1.9 and 1.30. First we shall show

that N =N x Possesses Property I at f(x) = eX where N(r)(x) =

e
r(x)(i - 4{n Eiil) . If r € K (as defined earlier), y,z € [a,b]
e
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and ) 5121 then we clearly have N(r) (v) =N () . To
e

y z

e ey e

obtain the second condition necessary for Property I we set

@(t) =1 -t +¢t gnt (for t > 0) and examine ¢'(t). Since

P'(t) <0 for 0<t< 1l and ¢@'(t) >0 for t > 1, (l) is the
only local minimum for ¢(t) when t > 0 and hence the second con-
dition for Property I is also satisfied. Next we shall show that
the best relative approximation, r, to e® belongs to

K= {h € c[a,b]: 0 < h(x) < e1+x for all x € [a,b]}. This follows
from the fact that (l-x)exs r(x) < (1 + )\)ex and 0 < A < 1. Pro-
ceeding as in the proof of Theorem 1.27 we find that yr has an

error curve of the type described in Theorem 1.9 where

1

Yy = e(i;k)zx L . The value of v 1is found by solving the

/-1-k2
equation

N (yr) (x) N(y¥r) (x,)
1 - — | = 1 - —
1 2
e e

X X

where r(xl) = (1 + )\e 1 and r(xz) = (1L - )\)e 2. Since 0 < vy < =

2
we have that yr € K and so by Theorem 1.9 yr is the best starting

approximation for e® with respect to N. Furthermore, by Theorem
1.30, yr is the best starting approximation for e with respect
to N© (m =1,2,...).1

The aforementioned Property J is a rather natural analog of
Property 1 for the case of uniform approximation. The Newton operators
used for approximating the functions f(x) = e and f(x) = xa,
o € (0,1) fail to possess Property J and hence Theorem 1.29 does

not apply. However, the Newton operator for approximating
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f(x) = 4n x does possess Property J as will be shown. Incidentally,
the Newton operator for approximating 4{n x fails to possess Property

I. We now turn our attention to the operator N = NLnx' For

0<a<b, set K=1(hc cla,b]: h(x) >4nx -1 for all x € [a,b]}

and define NLﬂ x(h}(x) = h(x) -1+ ;E%;T =h(x) - 1 + e[Ln x-h(x)]

for h € K. It is straightforward to show that N

NLnx : K-XK,
is pointwise strictly monotone at 4n x and is one-sided from above.
To prove that N possesses Property J at 4n x we define

e(t) = (t-1) + e-t and examine ¢'(t). Since

>0 for t >0

¢'(t) =1-e% = 0 for ¢t 0 , the desired result is obvious.

<0 for t<O

With the above we can prove the following result:

Theorem 2.3: Let N = NLn x denote the Newton operator for approxi-
mating f£(x) = ¢n x, K = {h € c[a,b]: h(x) >4n x - 1 for all

x € [a,b]} where 0<a<b and M=K N R;[a,b] where m < n.

Tﬁe best starting approximation (from M) for k Newton iterations
for the calculation of 4n x (in the uniform norm) is r* + <,
where r  is the best uniform approximation to {4n x from R;[a,b]
with deviation ) (we assume 0 < )\ < 1) and ¢ = in 512%—L .
Proof: We have already noted that N is pointwise strictly monotone
at 4n x, pointwise fixed at {n x, possesses Property J at {n x,
maps K to K, and is one-sided krom above. Since )\ < 1 we also
have that r* € M. Proceeding as in Theorem 1.29 we find that

r* + o has an error curve of the type described in Theorem 1.9

where ¢ = in EE%E—A . The value of o is found by solving the
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equation
INea 0 ) - NET + @] = INUn 06y - NG+ ) (xy)]

for c, where f(xl) - r*(xl) = )\ and f(xz) - r*(xz) = -)\. Since

*
212%—L > 1 we have that o >0 and so r + o € M. Thus, by

*
Theorem 1.9, r + o is the best starting approximation for fn x

*
with respect to N. Furthermore, by Theorem 1.30, r + o is the

. . . . k
best starting approximation for 4n x with respect to N ,

k =1,2,... . Hence we have the desired result.{

Section 3: An Associated Operator

Let us once again turn our attention to the Newton operator
N=N_ defined by N()x) =hx)(Q +x - 4n h(x)) (h € K as
previzusly defined) used for approximating f(x) = e~ Iterating with
this operator is computationally impractical since the time required
for the evaluation of the function 4n x 1is approximately that for
the evaluation of e" (say on the CDC-3600). To improve the
situation we would like to replace the logarithm function in the
above formula by a rational function r € R; with m,n sufficiently
small as to make the rational function more computationally desirable.

At present the value of this scheme is somewhat questionable. How-

ever, if we define

N () (x) = hx)[1 +x -rhEx)],

for h an element of some convex set K' with N_: K' - K' and
r to be determined then we can show that an optimal starting approxi-

X . .
mation rv(x) to e with respect to N: (v =1,2,...) exists.,
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Let x € [a,b], 0 < a < b. Observe that for h(x) se* (h € K' € K)

we have N(h)(x) 2 h(x)(1 + x < {n ex) = h(x). Since ex+1 - is

a continuous function on the compact set [a,b], there exists 50 >0
)

such that ex+1 -ef 2 65 > Eg for all x € [a,b]. Furthermore,

for fixed x, N(x,y) = N(y)(x) is a continuous function of y(x),
. X x+1

is monotone decreasing for y 2 e and N(x,e ) = 0. Hence

5
NG, - S0y - eo®) > 0. Set K'=(h¢ cla,b]: ¢x(x) < h(x) =

)
ex+1 - Eg}' By compactness and continuity considerations, eo(x) >0

for all x € [a,b] and so there exists o > 0 such that eo(x) 2 q.

6
Similarly, there exists g > 0 for which ex+1 - Eg < B. Thus we
8
have 0 <o < pf and o < eo(x) < h®) < ex+1 - Eg < B for all

h € K'. Let r(y) be the best one-sided uniform approximation to

4n'y from below from R;[a,s] and suppose ) = |4ny - r(y)|| - .
L [Q’aB]
Define the operator Nr by Nr(h)(x) =h&)(1 +x - r(h(x))) where

h € K'. It is clear that N_(h)(x) 2 N(h)(x) for all h € K' and
x € [a,b] since o <h(x) <p for x € [a,b] and r(y) <4ny
for all y € [a,b].

Claim: If r defined above belongs to a sufficiently large class
of rational functions (that is, m + n 1is sufficiently large) then
N_: K' = K'.

Proof: For g (x) <h(x) < e™, N (h)(x) 2N(h)(x) 2 h(x) =

eo(x) and so Nr(h)(x) 2 eo(x) for h € K' (regardless of the

class r belongs to). Now choose my,n sufficiently large, say

. . x+1 X
m=my, N =ng, such that my + n, is minimal and e -e 2
) 8
(1-k)§g + Xeb+1. This we can do since ex+1 - > Eg for all

x € (a,b] and A -0 as m,n - ® (in fact as n —» «). We shall
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now consider N_ only where r is the best one-sided uniform approxi-
n

mation to 4n y from below from R;[a,a] 2 Rmo[a,B]. For such r,
0
x+1 60
N (h)(x) - N(h)(x) = h(x)(n h(x) - r(h(x))) < rh(x) < \(e -7) =
6
b+1
A
S AS

Therefore Nl'(h) (x) < N(h) (x) + A eb+1 _ T0 < ex + 3 eb+1 _ T0

& 1 8

< ex+1 - (1'k)§g _ eb+l + eb+1 ) _Eg - ex+1 _ Eg )

Hence Nr: K' - K' for r described above and so we are able to
iterate with the operator Nr'

With the above definitions of 60, r, A and K' we are able
to state the following existence theorem for the operator Nr'
Theorem 2.4: Let K' and r be as above for the fixed interval
(a,b] and let M =K'nN R:[a,b]. (Here r is fixed and subject to
the above restrictions and m,n are arbitrary but fixed.) Then

*
for any arbitrary but fixed natural number k there exists s € M

*
such that Hw(ex - N:(s N - < Hw(eX - Nk(s))H . for
L [a,b] r L [a,b]
all s € M where w 1is any continuous positive weight function on
(a,b].
Proof: Select a sequence {sn}:=1, s € M, such that
k . X k
Lim [lw(e™ - N (s )| = inf |wee® - NSl = . D
N-wo seM L [a,b]
which exists by the definition of infimum. Note that S, €M for
6
all n implies ¢ < eo(x) < sn(x) < ex+1 - 59 < B for all

(e} . .
x € (a,b], n =1,2,... . Thus {sn(x)}n=1 is a uniformly bounded
sequence of rational functions and hence, by Lemma 1.12, there exists

a uniform bound on the coefficients of all the sn(x). Therefore
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there exists a subsequence of {sn]:_l (which we shall also denote

by [sn}:=1) such that 1lim sn(x) = Ekx) (a rational function) for
n—w

all x € [a,b] except for points which are the zeros of the denominator

of s(x). 1If {xi: i=1,...,4) denotes the zeros of the denominator

of s then it is clear that 4 < m. Using the uniform boundedness

of the sequence {s ]}, it is straightforward to show that each x,

is a removable singularity of s. Upon cancellation, we obtain a

*
rational function s € R:[a,b] which we claim is the solution we
6

x+1 0
-3 and so eo(x) <

*
seek. Observe that eo(x) £8 (x) se

6
*
N:(s Y(x) < ex+1 - Eg . We also have that if X € [a,b] and

* 3 P * 3
lim sn(xo) = s (xo) then 1lim Nr(sn)(xo) = Nr(s )(xo). Inductively
o n—o

*
we may conclude that if X € [a,b] and 1lim Sn(x =s (x

n—o

then

*
lim N:(sn)(xo) = N:(s )(xo). let ¢ >0 be given. Then there exists

n—o

N = N(e) such that \\w(ex - N:(sn))n°° < I +¢ for all n =2 N where

I = inf \\w(ex - N?(s))ﬂm. For any x, € (a,b] ~ 121{xi},

sEM X

‘w(xo)(e 0 - N&(sn)(xo))\ <I +¢ for n=2N and so

X X
lwexg) (e O - NG )| = Lin Jw(xg) O NSs )] £ 1+ e

Thus [w(e® - NeGe™ ) = max  [wGo(e® - N6 )| =

x€la »b]
sup \w(x)(ex - N?(s*)(x))‘ < I + ¢. Hence nw(ex - N:(s*))\\oo =
x€la,b]
x# X

inf Hw(ex - N:(x))um A |
seM



CHAPTER III

FURTHER EXAMPLES OF OPERATORS DEFINING ITERATIVE SCHEMES

Section 1: Definition and Basic Results

In Chapter II we were concerned exclusively with iteration
using Newton's method. We shall now consider other iterative methods
for the solution of equations and examine them for various properties
which have been defined. First we introduce the important concept of
order which affords us a means of classifying the iterative schemes
which we shall discuss. The following definition is due to Traub [30]:

Definition 3.1: An iteration function g E1 - E1 defined by

¢f(xk) =X k =0,1,2,... for finding @ root g of the equation
f-l(y) -x =0 (fixed x) is said to be of order p (or have order

of convergence p) if there exists a nonzero constant C such that

- C as k - o. The number C 1is called the asymptotic

error constant.

Lemma 3.2: If the order of an iteration function exists, then it is
unique.

Proof: Assume the iteration function he has two orders, Py and Py

Set P, = Py + 6, § > 0. Then

x,) - -
o l¢f Kk al . lim ‘¢f(xk) al .
Pf+6 2
‘xk - af

li
k- P2 k—so

55
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\¢f (xk) - C!‘
m
Py

and 1i
k—o

= 0, which is a contradiction. §

"‘k - C"l
Remark 1l: The iteration functions with which we are concerned are
continuous one-point iteration functions; that is, each successive
iterate x is obtained using only information from the previous

k+1
iterate X No old information is reused.
Remark 2: A detailed discussion of order of convergence and related
topics may be found in Traub [307.

With each iteration function (x,) = x we can associate
bg Fy

k+1
an iteration operator Qf: S-S¢g C[a,b] via Qf(sk) = Sk+1 for
approximating the continuous function f € C[a,b]. The subset S

of cfa,b] depends upon f and [a,b]. We now embark upon a study

of iteration operators associated with known one-point iteration

2¢
functions b¢ for f(x) = e and f(x) = xp, p>1, p an integer.
The one-point iteration functions O¢ which we shall be concerned
with are order-preserving Pade rational approximations to a certain
class of iteration functions generated by inverse hyperosculatory
interpolation at a single point. This material first appeared in a
paper of Traub [31] and is presented in detail in Chapter 5 of his
book [30]. The iteration functions mentioned are all of integral
order and many are. widely known and have other origins (suitable
reference will be made if such is the case). Since linear conver-
gence (convergence of order 1) is not very interesting nor practical
we commence wWith a study of iteration functions of order 2. We

shall refer to the schemes generated by iteration functions (operators)

as iterative schemes.
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Section 2: 1Iteration Functions of Order 2

1. First, we shall only mention that the Newton iteration function
already discussed has order of convergence 2.
2. The only other iterative scheme of order 2 which seems to exist

in the literature is Newton's method for computing roots using the
P

function g(y) = l——;—i , p>1, p an integer. Applying Newton's
y

method to this function, we obtain the iteration function ¢f(xn) =

X Xp

(D) - B, For 0<a<b, define K= {h(x) € c[a,b]:
1

0 < h(x) < ((p+1)x)? for all x ¢ [a,b]} and b (h) (x) =

P
Eﬁil ((ptl) - Sbizll— ) for h € K. With these definitionslit is

easily checked that § P

£ is continuous, Qf: K - K and Qf(xp) = X

Set {y(t) =

o |er

((ptl) - tp). Then y'(t) = ptl (l-tp) and so
P

<0, t>1
v'(t) =0, t=1 Therefore §
>0,0<tcg 1.

£ is pointwise strictly monotone

1 1

at x', p=2,3,..., possesses Property I at xP and is one-sided from
1

below at xP. (It should be remarked that the function ¢ (t) analyzed

above actually only yields the fact that Qf possesses Property I.

However, the argument to obtain Qf pointwise strictly monotone is

entirely analogous and shall be omitted. This format will be followed

throughout our analysis.) 1In order to apply Theorem 1.27 we must 1
require that if rp denotes the best relative approximation to xP

from R;[a,b] (m,n arbitrary but fixed throughout this discussion)

1 1

with deviation XP then 6rp €M for § € [I:K; ’ I:{;

}. To insure

1/p
this we require that )\ < (pt1) -1

which is apparently a rather
P eyl 4
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severe restriction on ) _ for large p (that is, r must be a very
P

good approximation to xl/p). If we so restrict xp, then Theorem 1,27

1 1

is applicable and there exists Yp € (IZK; , I:;;

) such that vy r
PP

is the best starting approximation for x P with respect to Qf.

Since iteration is well-defined and Qf is a one-sided operator we

have that yprp is the best starting approximation for xl/p with

k

respect to Qf, k = 1,2,... . Analyzing the proof of Theorem 1.27,

it is clear that yp is the unique solution, in the above interval,

to the equation

Qf(Yprp)(xl) Lo @f(YprP)(XZ) .
1/ - 1/ B
x, P x. /P
1 2
- 1/p _ 1/p ,
where rp(xl) = (1+)‘p)x1 and rp(xz) = (1-)\p)x2 . Solving, we
1/p

2x, (p*1)

find that v =
<1+xp)"+1-<1-xp>p+1

Section 3: 1Iteration Functions of Order 3

1. The first iteration scheme of order 3 to be considered is attributed
to Halley (see [30]) and, as pointed out by Traub, has the distinction
of being one of the most frequently rediscovered iteration functions

in the literature. A recent rediscovery is due to J.S. Frame [3].

If we wish to find a root of the equation g(y) = f-l(y) -x=0

(fixed x) then the iteration function b¢ is defined by

g(xn)
Xn+l = ¢f(xn) = *n ~ °
' 8" (x) (- g(xn))
g (xn) + 2 g [] (xn)
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A. First, let us define g(y) =4ny - x. Then g(y) =0 is
equivalent to y = e” (for fixed x). For this choice of g the

Halley iteration function becomes

2 4+ x - 4n x
X = x ) =x n
1l Pe%q nl2Z-x +14n x_
In order to approximate e on an interval (a,b] (a,b arbitrary
with a < b) 1let us put K = {h(x) € c[a,b]: h(x) > ex-2 for all

x € [a,b]} and define the associated iteration operator

- 2 +x - Lg,h(gl] . co
§f(h)(x) h(x) [ 7 - x + 4n h(x) for h € K. With these defini

tions §_: K - c[a,b]. If we wish to iterate with the operator &

£ £

then we must further restrict K. We shall omit the restriction and

remark that it is straightforward. Clearly Qf is continuous for

h €K, (") =e* and & is pointwise fixed at h € K. Setting

y(e) =t [%—i—%ﬁ—%] for t € (e 2,m), we find that y'(t) =
(Un tzz . . -2

- < 0. Thus §(t) 1is decreasing for t > e and so
(2 +4n t)

. . . . X
Qf is clearly pointwise strictly monotone at e  and possesses

Property I at eX. 1In order to apply Theorem 1.27 we must require

1 1

I:K R T:{} where r denotes

that 6r € M =K NR'[a,b] for &€ [
x
the best relative approximation to e from R:[a,b]. To insure
2
this we must demand that ) < SE-:—l which is a very mild restric-
e +1

tion on ) since we always have ) < 1. Let us remark that it may
indeed be the case that we need not restrict ) at all as was dis-
covered earlier in the discussion of the Newton operator for approxi-

X . .
mating e . With the above restriction the best starting approxima-

tion for e* with respect to Qf is a multiple, vy, of the best
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X . . . s s
relative approximation to e and is given implicitly by

e (yr) (xy) N e (yr) (x,)

Xl X2
e e

=2

X

x, and x, are such that r(x;) = (LH\)e 1 and r(x,) =

x
(1-)\)e 2. This equation reduces to solving

where

2 - n y(14H)\) - 2 - 40 y(1-)) =
Y(A+\) [ 2 + 40 y(IHN) } +va-n [ 2 4+ ¢n Y(l')\)} =2

which would be solved numerically on a computer. It is important to
note that in this case the best starting approximation need not be
independent of the number of iterations of Qf since Qf is not
a one-sided operator.

B. If we desire to find P/x (for fixed x), p =2, p an

integer, then we are confronted with finding a zero of the equation

gy) = yp - X. In this case the Halley iteration function is given by

(p-1)xP + (p+D)x

X = pe(x ) = x
n+1 f*'n n (p+1)x§ + (p-1)x

For the operator setting let K = {h € c[a,b]: h(x) >0 for all

x € [a,b]}] where 0 < a<b and set Qf(h)(x) =

P
h(x) [ (p-Dh(x)) + (ptl)x J for h € K. It is clear that &
1
<P

(p+1) (hx))P + (p-1)x £

1

Py =

is continuous and Qf(x s P=2,3,... . Set y(t) =

P
. [(p-l)c + (ptD)

> ] where t > 0. Differentiating, we obtain
(pt)t” + (p-1)

tP -1
(e+1)eP + (p-1)

for t > 0. Consequently Qf is pointwise strictly monotone at x

V' = 2D [

2
} 2 0 and hence y(t) 1is increasing
1

P



1

=)}

o |-

and possesses Property I at x . Since Qf(hn)(xo) - 0 as hn(xo) -0

for each fixed x, € [a,b] and ¢, 1is monotone we have that

0
Qf: K - K. Thus, repeated application of Qf is well-defined. 1If
M=KnN Rn[a b] then 8r €M for § € [-—l—- L where r
m* P 1+xp ? l-xp P

1
denotes the best relative approximation to  x /p from R:[a,b]

with deviation ) . Therefore, by Theorem 1.27, the best starting

1/p

approximation for x , P=2,3,... from M with respect to §

1 1
I+’ 1-
kP XP

f

is Yprp for Yp the unique solution in ( ) to the

equation

TOAR LU T AR

/5 /5 2
X1 *2
1/p 1/p

= 1 = 1- i .
where rp(xl) ( +-}\p)x1 . rp(xz) ( )\p)x2 . As in part A., the
best starting approximation need not be independent of the number of
iterations of Qf. In the present literature the above scheme for

roots is often ascribed to Bailey (see [307).

2. The second and final scheme of order 3 which evolves from the

work of Traub is defined by the iteration function

Bc) 8" )B Gx)
n - g'(x ) 3
n 2g " (x )

X4l - o) = x

where we are again searching for a root of the equation g(y) = f-l(y) - X.
A, let g(y) =4ny - x. Then g(y) = 0 is equivalent to

y = e (fixed x). For this choice of g, Y is defined by

%

2
X 41" ¢f(xn) = EE 1+ @n X, -x - 1) 7.

To approximate e® on an interval [a,b] (a < b) set
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= (h € c[a,b]: h(x) >0 for all x € [a,b]}

and define @f(h)(x) = Eéil (1 4+ (4n h(x) - x - 1)2] for h € K.
Clearly Qf is continuous, Qf: K - K and Qf(ex) =e . Setting
y(t) = % 1+ @nt - 1)2] for t >0 and differentiating we
obtain y'(t) = %(Ln t)2 2 0. Hence §(t) 1is increasing for t > 0

. . . . X
and so @ is pointwise strictly monotone at e and possesses

f
Property I at e . If M =K N R;[a,b] then &6r € M for

5 € [lix ’ 111 ] where r denotes the best relative approximation

to e° from R;[a,b] with deviation A. Thus the best starting

approximation for e* from M with respect to Qf is yr for some

Yy € <-1_}_—>\ ’ 1—})—\-) (y 1is obtained by solving a certain transcendental

equation as in the above work). Since the operator Qf is not one-

sided, the best starting approximation need not be independent of the

number of iterationms.

1/p

B. For computing x s P=2,3,... the iteration function is

defined by

; I o I TS SR L B 1)
1 ¢f(xn) - 2 T p + 2
2p X (1-p)

where g(y) = yp - x. For 0<a<b, set K=tfheg cfa,b]:

h(x) >0 for all x € [a,b]} and define Qf(h)(x) =

2 2
-ph( ]Qp-l X p) + B—iilggll » for h € K. With these
T T ey (1-p)

definitions, Qf: K - c[a,b] and so, as mentioned earlier, K needs

to be further restricted if we wish to iterate with Qf. Clearly

1/p 1/p

Qf is continuous and Qf(x ) = x . Setting
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2 2
¥ = 1—‘-5‘- tKZP'—i - c'P) + P—uﬂ] for t >0 and differentiat-

- 2
2p P 1-p) ,
ing we find that y'(t) = 53-9—'1%1"—1)-[1 - l—pl >0. Thus & is
2p t
pointwise strictly monotone at xl/p and possesses Property I at

xl/p. Hence we may apply Theorem 1.27 as before and shall omit the

details. The lack of one-sidedness of §f may again destroy indepen-

dence of the best starting approximation upon the number of iterationms.

Section 4: Iteration Functions of Order &4

Next we consider a class of iteration schemes with order of
convergence 4. The first three schemes which we shall examine are
derived from the previously mentioned work of Traub.

1. The first fourth-order iteration function is defined by

g(x ) g"(x ) 8 ) 8" (x) 2
*ntl ¢f(xn) =X, g'(xn) 1+ Zg'(xn) g'(xn) )2 Zg'(xn) -

8" (x_) ] g’ x )
68'(xn) [g| (xn)]2 :

A. For approximating e for some fixed x this iteration

function becomes

Xntl - ¢f(xn) = xn[1 - Wnox, - x) + %(L“ Xn x)2 - %(Ln X, - x)3]

where g(y) =4ny - x. To approximate ex on the entire interval

[a,b] (a<b) set K'=f{h e c[a,b]: h(x) >0 for all x € [a,b]}

and define . by & (h)(x) = hG)[l - (o h(x) - x) +%({,n h(x) - x)° -
%(Ln h(x) - x)3] for h € K'. As before 3 is continuous and

8 .(e%) = . set y(t) =t[l - (n t) +%({,n 6)? - %(Ln £)3] for

t > 0. Upon differentiation we obtain §'(t) = - %(Ln t)3 and so
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X
it is clear that Qf is pointwise strictly monotone at e , possesses
p 4 X
Property I at e and is one-sided from below at e . As with the

Newton operator in approximating ex, $_. being one-sided from below

f
implies that large values of h(x) (fixed x) yield negative values
for Qf(h)(x). By the Implicit Function Theorem the equation

Qf(h)(x) = 0 defines h(x) > e® as a continuous function of x. In

our case the desired h(x) is obtained by solving

1 - (4n h(x) - x) + %(Ln h(x) - x)2 - %(Ln h(x) - x)3 =0 for h(x).

If r, is the unique real zero of 1 - u + % u2 - % u3 = 0 then
x+4r
h(x) = e 0. Note that 1 <« ry < 2. Setting K = {h € c[a,b]:

x+rO
0<hx) <e for all x € [a,b]}, we have that Qf: K - K. 1If

. . . X n
r denotes the best relative approximation to e from Rm[a,b]

k
with deviation ) then the best starting approximation for Qf,

k =1,2,... is yr provided 6r € M for § € [T%{ s I%Kj]. To
x+r
insure this we require that §r(x) < 6(1+-)\)ex < %%% eX < e 0, or
ro-
equivalently )\ < = With this restriction on ) the best
0
e +1

starting approximation is +yr where <y 1is computed by solving

. (vr)(x)) ¢ (yr)(x,) x x
£ S 2 where r(xl) = (1+)\)e 1 and r(xz) = (1-))e 2

*1 )
e e

Upon simplification we find that +v is the unique solution in

1 1 .
(1+X s 1'K) to the transcendental equation

A1- 2n YA+ yA9) 2-2(ta v ] = A-D[1-Un y(A-0) +

70 v@-? - 2ea @’ .
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B. For the approximation of x s P=2,3,... the iteration

function is given by

P _ P _ 2 P _ +\3
NP | i Wl -0 § G Sl Y ¢-23 ¢35 f g Sl
n+l f''n p xp 2p xp 6p2 P
n n n

where g(y) =y’ -x. For O<a<b, set K={h¢€c[a,b]: h(x) >0

for all x € [a,b]} and define the associated iteration operator

P by

]

Qf(h)(x)

_ hgx)[( (x "-x)+ p-1 ((h(x))p-x>2 .
P (h(x))P 2P\ (h(x))P

(p-1) 2p-1) ((h(x))"-x )3 . ]

6p° (h(x)) P
for h € K. Qf is continuous and Qf(xllp) = xl/p. Set
2 3
C oty . P LBl(y . (Lp) ., D@D (| L)
v =-L[(1- D) + B (- ) +EREeD (1 P L]

6p

for t > 0.

P \3
Then y'(t) = -1 (2p-1) (3p-1 (E—gl) and so y(t) is increasing

6p t
for t > 1 and decreasing for 0 < t <« 1. Therefore §

f
strictly monotone at xl/p, p=2,3,..., possesses Property I at x

is pointwise

1/p

and is one-sided from above. The one-sidedness of Qf yields

sz K - K and hence we are able to iterate., Setting M =K N Rz[a,b],
. 1 1
we obtain that 6r €M for § €| —— , —m—— | where r denotes
P L P

. 1 n . s
the best starting approximation to x /e from Rm[a,b} with deviation

xp. Hence, according to Theorems 1.27 and 1.30, the best starting

1
approximation for x /p’ p=2,3,... with respect to Q:, k =1,2,...
is yprp for Yp € (F}_Tl; ’ 1}_)\p) the unique solution to the equation
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oy r)(x,) & _(yr )(x,)
£ pp’ Y _ et Vpp’ 2 - 1/p
#E/p x;/p where rp(xl) (1+~)\p)x1 s
1/p

= (1- .
rp(xz) ( kp)x2

In the next two iteration schemes derived from the work of
Traub we shall only be concerned with approximating e®. The results

1/p

for the approximation of x s P=2,3,... are analogous although
the algebra involved is much more tedious.
2. The next iteration function of order 4 with which we shall be

concerned is defined by

g(x )
s'(xn)
g"(x )8 (x_) (g”’(xn) " x )’ )<8("n)>2

o)
28" )’ \% ) a6 )’

xn+1=¢f(xn)=xn-

For the approximation of e* we have g(y) =4ny - x and the

: . . . . = = 1 -
iteration function is given by X 41 ¢f(xn) X {

(o x - x)

1 1 5 Set K = {h € c[a,b]: h(x) >0
1 +'E(Ln xn-x) + IE(Ln xn-x)

for all x € [a,b]} where a < b and define

8. (h) (x) = h(x)[l - (o hlx) - x) } for h €K .
1+ %(Ln h(x) - x) + %E(Ln h(x) - x)2

Then Qf is continuous, $_: K - K and Qf(ex) = e~ Setting

£’

i4n t }
1 1 2
1+ 2 Ln t + 12 (4n t)

y(t) =t [1 -

1 4
T4 “n ©)
20 for all t > 0.

we find that y'(t) =
a1+ % in t + %i'({,n t)2)2

Hence Qf is pointwise strictly monotone at e and possesses
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Property I at e®. The conditions of Theorem 1.27 are all satisfied

and so we are able to conclude that the best starting approximation
for e on [a,b] (with respect to Qf) from M=K N R;[a,b]
is a positive multiple (y) of the best relative approximation to
e® on (a,b] from R;[a,b]. let r denote the best relative

approximation to e* on .[a,b] with deviation ). Then the value

of y we are seeking is obtained by solving the equation

P (Yr) (xy) 3 (yr)(x,) '
£ 1 + £ 27 _ 2, where r(xl) = (1+)\)e 1 and r(xz) =

X, X,
e e
*2
(l-\)e 7, which would be effected numerically on a computer. Since

] fails to be one-sided the best starting approximation need not

f

be independent of the number of iterations.

3. The final iteration function with order of convergence 4 obtainable

from Traub's work which we shall consider is defined by

Bx,) [ 8" (x ) (g“(xn) @)’ Yse)
8r(xn) ZST(Xn) 68' (xn) 4(8' (xn))z gr(xn)

g"(x ) &(x) ( ")’ g ) )
2g7(x)) g (x)

X1 0g )= -

2 - T
2('(x ))° 68 )
For the approximation of e* (fixed x € [a,b]), g(y) =4ny - x

and the iteration function is defined by

(4n X, - x) (4n X =X - 6)
Xntl = 0 (Xp) = *n L+ 2(4n x -x+ 3) } *

To approximate e on the entire interval [a,b] set
K = {h € cla,b]: h(x) > 3 for all x ¢ (a,b]}

and define the associated iteration operator Qf(h)(x) =

noo | 1+ Sppledlanid s 2O | here bk e 5o
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clear that Qf is continuous and Qf(ex) = e. Furthermore we shall
demonstrate that Qf is one-sided from above at e* and consequent ly
i, Un t)(n t -61] 1
Qf(K) S K. Set y(t) t [1 + 2un t £3) for t > e3 .
3
Differentiating, we obtain ¢'(t) = (n t) and so ¢, is

2(4n t + 3)

. . . X X
pointwise strictly monotone at e", possesses Property I at e and

is one-sided from above at e . To be able to apply Theorem 1.27
3
we must further demand that ) < e3-1

e +1

where ) denotes the error

. . . . . X
associated with r, the best relative approximation to e on [a,b]
n . . . . .
from Rm[a,b]. As noted before, this restriction is extremely mild

since we always have ) < 1. With this restriction Theorems 1.27 and

1.30 are applicable and hence the best starting approximation for e®

k
on [a,b] with respect to Qf, k =1,2,... is +yr where vy is the
Pelyr)(x)) 2. (YD) (X))

unique solution to the equation = = = in the

e e 2
1

interval ( i ° 1-%.) (xl,x2 as before). For our definition of

d this reduces to solving a third degree equation in {n ¥y.

f
4, Finally we shall examine an iteration function also of rational
form which has order of convergence 4 and is due to Kiss (see [30]).
As above we shall only consider the iteration function ¢ correspond -

ing to g(y) =4n y - x. The iteration function of Kiss is defined

by

g(x ) < g"(x ) 8(x)
—Dn (1 - n
g'(x ) 2" (x ) g'(xn))

X1 = oe(xp) = x - - 2
L. 8 =) g(xn) g (x ) (xn)

7 +
g (xn) g'(xn) 6gl(xn)(gl(xn))2

For the special choice g(y) = 4ny - x we have
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(4n x - x)(1 + %(Ln x - x)) J

ol © ¢f(xn) =X [ 1- 2

1
1+(n xn-x) + S'(Ln x - x)

To approximate e on the interval [(a,b] where a < b set

K" = {(h € c[a,b]: h(x) >0 for all x € [a,b]} and define - by

(o hx) - X)L +2(n h(x) = %)

Qf(h)(x) = h(x) [1 - 5 l for h € K".

1+ (4n h(x) - x) + %(Ln h(x) - x)

It is easily shown that 1 + (4n h(x) - x) + %(Ln h(x) - x)2 #0 for

4n t(1 +§1-{,n t)
all h ¢ K" and x € [a,b]. Set y(t) =t|1l - 1 5
1 +4nt+ E(Ln t)

1 3 3
- 1g@n ©)” Un e7t)

for t > 0. Then {'(t) = Note that

L+ (a0 + 30 )
y'(t) =0 for t =1 and for t = e 3. To insure that §. will

be pointwise strictly monotone at e® and possess Property 1 we shall
demand that t > e-3. If we set K' = {h € C[a,b]: hx) > ex-3 for
all x € [a,b]}, we have that $g: K' - c[a,b], ¢, is continuous,
Qf(ex) = ex, Qf is pointwise strictly monotone at ex, possesses
Property I at e and is one-sided from below. For each fixed

x € [a,b], Qf(h)(x) is decreasing for h(x) > e and increasing for

h(x) < e° and 2.(h)(x) =0 at h;(x) = ex‘/G, h, (x) = Y6 1f ve set

K = {h € c[a,b]: &% ch(x) < &M for all x ¢ [a,b]}

then it is easy to show that $c: KK and the aforementioned pro-
perties of Qf are preserved. In order to apply Theorem 1.27 we

n 1 1
must require that §r ¢ M =K N Rm[a,b] for § € [1*1 * T }

. x
where r denotes the best relative approximation to e from

Rg[a,b] with deviation ). This requirement is equivalent to
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2

A< e2 =1 which is again not a severe restriction. Applying
e +1
Theorems 1.27 and 1.30 (subject to the above restriction) we know

1 1
1+ 2 1=

best starting approximating to eX on {a,b] from M (with respect

that there exists a unique vy € ( ) such that «yr 1is the

to @?, k =1,2,3,...). The value of vy is obtained by solving the
B (YD) (X)) 3 (D) ()
equation = where x and x are such that
x1 x, 1 2
e e

x
X
r(xl) = (1IH)e 1 and r(xz) = (1-\e 2. For the given operator Qf

this equation becomes

6 - (Un Y(1+>\)42 ] =

(1+X)[ 2| =
3 + 34n y(14H) + (n y(AH))

[ 6= tn y@-a)?
1-2) 2
3 + 3zn y(1-)) + (n y(1-2))

and we are confronted with solving a certain quartic equation in

in vy.

Section 5: A Sequence of Schemes for Approximating /x

In this section we shall consider a sequence of iterative
schemes for approximating ,/x which were introduced by G. Merz [12]
and subsequently analyzed by Meinardus and Taylor [117]. The itera-

tion function(s) of Merz are defined by

e, + /0N + - /0"

e, +/0 - & - /08

o4l = Oa) = VX

for each fixed integer k 2 2 (¢k would be written in the

k®Ps

earlier notation, where f(x) =/x). Let us note that, for each k,

¢, Possesses a purely algebraic expression. Merz has shown that for
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each fixed integer k = 2 the above sequence {xn} converges to

/x starting with any initial guess X0 > 0 and furthermore the order
of convergence is k. Observe that for k = 2, ¢2(y) = %(y + 3)

which is the well-known Newton iteration scheme.

It is interesting to note that ¢k(¢m(y)) = (y) and so

®k'm
one has the choice of repeated iterations with a lower order formula
or fewer iterations with a higher order formula to obtain the same
final iterate.

Since we wish to approximate /x on an interval [a,b],

0 < a < b, we consider the associated iteration operator(s) as before.

Set

= {h € C[a,b]: h(x) >0 for all x € [a,b]}

and define 8, (h)(x) = /x (h(x) *'/*) + (h() J/X) for h € K.
(h(x) *‘/*) - (h(x) - /k)

K~ K, &

(1+t) + (1- ;)

a+)* - @a-oHk

Upon computing '(t) it becomes clear that for k even,
k

It is easily seen that is contlnuous and ¢ (/x) =

Qk:

Jx for each k =2 2. Set ¢k(t) for t > 0.

Qk is
pointwise strictly monotone at /x, one-sided from above at /x and
possesses Property I at /x. Likewise, for k odd @k is pointwise
strictly monotone at /x and possesses Property I at /x. Hence,

by Lemma 1.5 and Theorem 1.27 we have that for each k the best
starting approximation for /x on ([a,b] from M =K N R;[a,b]

(with respect to Qk) is a multiple of the best relative approxima-
tion to /x on [a,b] from R:[a,b]. Furthermore, if k 1is even

we have that @km = 62 = Qk(Qz-l), m = 2,3,... have the same starting

value by Theorem 1.30. If r denotes the best relative approximation

to /xon [a,b] with deviation )\, then yr is the optimal starting approxi-
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1 1 .
tion for § m (k even), m = 1,2,... wherey € (I—_K ’ ﬁ) is the

k 8, (Yr) (x ) 8, () (x,)
unique solution to the equation —mmm— -1 = —
/x

/x 2

where X and x, are such that r(xl) = (1+x)/k1 and r(xz) =

. . 1 1
(l-x)/kz. Using the fact that k 1is even and vy € (.T;I , I:;-) ,
% %

we obtain vy = (-—l—i) . Hence < ———7) r 1is the best starting
1-3\ 1-y

approximation for every even ordered scheme. For the case k = 2

and Rg[a,b] replaced by Pn[a,b] this result was earlier obtained

(independently) by P.H. Sterbenz and C.T. Fike [24] and R.F. King

and D.L. Phillips [7]. Additional background concerning these and

associated results appears in Taylor [27].

In the case that k is odd, Qk is pointwise strictly mono-
tone at /x and possesses Property I at /x but is no longer one-
sided. Hence we may no longer conclude that the best starting approxi-
mation for /x 1is independent of the number of iterations. Computing

the best starting approximation for a single application of Qk

(according to Theorem 1.27), we obtain +yr where vy satisfies the

, (yr) (x,) ¢, (yr) (x,)
. k 1 k 2
equation —————— - 1=1 - ———— and r, x> X, are as
/% /%,
before. This reduces to solving
(1‘&*1)}( +<1+)\x+x)k -
L4y -y L=y -y
and the ique soluti € (-—l— —i—-) st (appa tl be £ d
n uniqu olution vy T+ > I-n mu (apparently) be foun

using numerical methods on a computer. Note that v, and hence the
best starting approximation, depends on k which is not the case
for k even. Since m Q:, Qz possesses Property I for

k
m=1,2,... . Thus Theorem 1.27 is applicable for any number of



73

iterations of Qk. For k odd, the best starting approximation for

E, m=1,2,... is v r where \A is the only solution of
m

K" K"
1 - NWg Y 1+ Wp t Yy
+ = 2 1in the interval
L+ay, -y L=y, - v,

¢

Remark 1l: 1In this chapter we have been concerned with approximation

using the relative error. The iteration functions could also be

analyzed in the uniform approximation setting. 1In this case we would

be checking for Property J. However in view of some earlier remarks

we should probably examine the function y

g(y) = e - x; that is,

consider an approximation of the function f(x) = £n x on some

interval [a,b] (0 < a < b).



CHAPTER IV

OPTIMAL STARTING APPROXIMATIONS FOR
A GENERALIZED WEIGHT FUNCTION

Section 1: Introduction and Examples

In [13], [14] D.G. Moursund introduced the concept of uniform
approximation using a generalized weight function. The original
development here was concerned with polynomial approximation. Applica-
tions pertaining to the notion of a generalized weight function and
concerning both polynomial and rational approximation appear in [15],
(16] and [26].

Definition 4.1: Let X be a compact metric space. A real-valued

function W(x,y) defined on X X (-»,») is called a generalized
weight function if:
(i) W(,y) 1is continuous on X X (~=,®)
(ii) Sgn W(x,y) = sgny for all x € X (in particular,
W(x,0) =0).
(iii) For each x € X, W(x,y) 1is strictly monotone increasing

in y with lim |W(x,y)\ = .

VA B
The problem which we shall consider is the following: given
xc[a,b], f€EKSCEX and M=KD R:[a,b] (m,n fixed), find
* *
r €M such that |W(x,8(f)(x) - &(r ) (x)]|| = inf |Wix,8(f) (x) -
reM

§(r)(x)]|| where &: K -~ C(X) is continuous and |W[x,&(f)(x) -

$(r) (x)]|| = max |Wlx,8(f)(x) - &(r)(x)]].
xeX
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Before proceeding to the basic results we shall give some
examples of generalized weight functions (here we take & to be the

identity operator).

Example 1: W(x,y) y corresponds to ordinary uniform approximation.
Example 2: W(x,y) = E%;T corresponds to ordinary relative error
approximation provided £ # 0 on X (f is the function being
approximated).

Let X be compact, X € [a,b], KS C(X) and §: K- C(X) a
continuous operator which is pointwise strictly monotone and point-

wise fixed at f € K.

Definition 4.2: The operator & 1is said to be sign-preserving if

for each k € K, sgn(f(x) - k(x)) = sgn(®(f)(x) - §(k)(x)) for all
x € X.

Definition 4.3: The operator § 1is said to be sign-reversing if

for each k € K, sgn(f(x) - k(x)) = -sgn(®(f) (x) - §(k)(x)) for all

x € X.

Section 2: Existence, Uniqueness, and Characterization Theorems

In this section we shall be concerned with existence, unique-
ness, and characterization of optimal starting approximations using a
generalized weight function.
Theorem 4.4: Let K be a convex subset of C(X) and &: K -» C(X)
a continuous operator which is pointwise strictly monotone and point-
wise fixed at f € K ~ M. Suppose further that § is sign-preserving,

sign-reversing or a one-sided operator and let W(x,y) be a generalized
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weight function on X. Then, for M =K N R;[a,b] relatively open
in R;[a,b], r €M is a best starting approximation for & (f)
relative to W(x,y) if and only if there exists {xi}§=1 < X,

N =2 + max{n + 3q, m + 3p}, for which

(i) Xy < x, N’

(1) Wx 30 (x) - 30 (x| = [Wlx,8(E) ) - s(r) )]

<eo o< X

(115) sgn(fGx) = r(x)) = (D T legn(ee) - rx ),

i=1,2,..0,N .

Proof: We shall prove the theorem for § a one-sided operator from
below and for § sign-preserving and remark that the other cases
follow in a similar manner.

Ccase 1: &(f) =2 &(h) for all h € K.

(Sufficiency) Suppose there exists {xi}?=1 S X such that
[Wix e (E) (x,) - e(r)(x)]| = |Wlx,8(£) (x) - 8(r)(x)]|| and
sgn(f(x;) - r(x;)) = (-1)i+lsgn(f(x1) - r(x;)). Note that f ¢ M

# r(x

implies that there exists X0 € X such that f(x Thus

0 NE
2(£) (xg) # 8(r)(xy) and so [Wlxy,8(£) (xy) - 2(r)(x)]| # 0 which
implies HW[x,Q(f)(x) - Q(r)(x)]n # 0. Let r* € M be such that

*
|Wlx,2(E)(x) - 2(r ) x)]|| s |[Wix,8(f)(x) - &(r)(x)]||. Since
sgn Wix,2(f)(x) - #(r)(x)] = sgn(@(f) (x) - &(r)(x)) =1 or O for
all x €X and all r €M we have W(x ,8(£)(x) - Q(r*)(xi)] -
MO8 (E) () = 8D T < WDk 2O () - 20 (k)] =
Wlx, (5 () - 8() (x)]. Hence B(E)(x) - #(r')(x,) <
Q(f)(xi) - Q(r)(xi) since W(x,y) 1is strictly monotone increasing
in y for each fixed x € X. 1If r(xi) > f(xi) then r(xi) 2 r*(xi).

*
Otherwise r (xi) > r(xi) > f(xi) and so
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2(E)(x) - 3 (x) = 8O x) - 2D EP| > oD - x| =
Q(f)(xi) - Q(r)(xi) which is a contradiction. Similarly r(xi) < f(xi)

* *
implies r(xi) <Sr (xi). Thus, by the standard argument, r - r

possesses at least N-1 zeros and so r = r*. Hence we have thé
desired result.

(Necessity) Assume there exists {xi}?;l € X, N' maximal, N' < N

on which |W[x,,8(£)(x;) - #(r)(x)]| = [Wlx,&(£) (x) - 8(r) x)]||

and sgn(f(xi) - r(xi)) = (-1)i+lsgn(f(x1) - t(xl)). About each X,
construct a relatively open interval I such that all extreme po&qts
= {x € x: [W[x,8(E)(x) - () ®)]| = [W[x,8(H) () - e} U 1.,

i=1

Ij n fﬁ =¢ for j # k and for all extreme points in each I,
the function f-r has constant sign. In what follows, we make
explicit use of the fact that |W[x,3(f)(x) - 3(r)x)]| =
Wix,8(f) (x) - 3(r)(x)]. Let
N'
Y=xn(n I
i=1
where ii denotes the complement of I, with respect to ([a,b].
Y 1is a compact subset of X and W[x,3(f)(x) - &(r)(x)] <
|Wlx,8(£) (x) - &(r)(x)]|| for all x € Y. Hence by the continuity
of W (as a function of x) there exists p > 0 such that
max W(x,3(f) (x) - 8(r)x)] s [W[x,8(£) (x) - 3(r)()]|| - -
xeY

For each i, let

Vi ={x €X fi: Wix,8(f) x) - 8(r)(x)] = HW[x,Q(f)(x%ﬁ- $ () )1l

and sgn(f(x) - r(x)) = sgn(f(xi) - r(xi))] .
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N'

Now V = U v, is a compact subset of X and, since f(x) - r(x) # 0
i=1

on V, there exists T > 0 such that lf(x) - r(x)‘ 217 on V. Let

Zi = {x €Xn fi: Wix,8(f) (x) - Q(r)(x)] > Hw[x,é(f)(x)z' Q(r)(x)]“

and sgn(f(x) - r(x)) # sgn(f(x;) - r(x,)} .

Observe that W[x,3(f)(x) - &(r)(x)] < |W[x,8(f) (x) - §(r)(x)]|| for all
Nl

x€Z = U Z by the construction of the intervals {Ii}. Finally, let
i=1

’

U, = {x €X NIz Wx,3(E)(x) - 8(r)(x)] s W Cx,8 (f) (x)z' 8 (r) @QJH}

c=

and set U =

Ui' Then by continuity there exists § >0, 6 < p,
i

1
such that

max W(x,3(f)(x) - 8(r)(x)] s |Wlx,8(f) x) - e(r)x)]|| - 6.
x€ZUU

Given Tt > 0 we can, using Lemma 1.8, select r ¢ R:[a,b] such that

(1.2) holds. By the continuity of § and W we can select >0

€1
such that for 0 < ¢ < ep» T, satisfies (1.2) and

max Wlx,3(£) (x) - #(r )(x)] < |[Wlx,&(f) (x) - 8(r)(x)]|| - % .
x€YUZUU €

Next, by continuity of f and r, we can select €ys 0 < €y < €y

such that for 0 < ¢ < €)> T lies strictly between f(x) and
€

Nl
r(x) on V= U V,. Then, since § 1is one-sided from below at
i=1 N'
f, we have §(f)(x) - @(re)(X) < ®(f)(x) - ¢(r)(x) on V = v,
i=1

where 0 < ¢ < ¢,- Hence Wix,8(f) x) - Q(re)(x)] <

Wix,8(£) (x) - #(r)(x)] < |Wlx,8(£) (x) - (x)(x)]|| on V if

0O<e< €y Therefore max W(x,3(f)(x) - Q(re)(x)] <
x€V
|W{x,8(£) (x) - &(r)(x)]||. Consequently for ¢ such that 0 < ¢ < €y>
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r is such that
€

IWlx,8(f) x) - Q(re)(X)]H < |[Wix, & (£) x) - &(r) (x)]|-

Finally, since M 1is relatively open in R:[a,b], we can select €q

A

with 0 < ey S, so that re3 €M and |W(x,3(r)(x) - Q(r€3)(x)]n
|Wlx,8(£) (x) - &#(r)(x)]|| and hence the result.

Ccase 2: § is sign-preserving.

(Sufficiency) Suppose that there exists {xi}§=1 € X such that
|Wix; () (x,) - 8(r) (x)]| = |[Wix,8(f) (x) - #(r)(x)]|| and

sgn(f(x,) - r(x,) = (-D*legn(E(x)) - r(x)). let " €M be such
that |Wlx,§(f) (x) - é(r*)(X)]H < |Wlx,8(£) (x) - &(r)(x)]||. Suppose
r(x,) < £(x,). Then r(x,) s r*(xi) for otherwise r*(xi) <rlx) <
£(x;) and so &()(x,) - #(r)(x,) < #(F)(x,) - Q(r*)(xi) which
implies |Wlx,&(£) (x;) - 8(r) (x| = Wlx,8(8) (x)) - () (x)] >
Wlxy,8(6) () = 8(0) ()] = Wlx;,8(E) (x) - 8(r) (x)]|, which is a
contradiction. Similarly r(x,) > £(x;) implies r(x,) > r*(xi).
Thus, as in Case 1 above, r = r  and we have the desired result.
(Necessity) Assume there exists {xi}§;1 S X, N' <N, N' maximal
on which \w[xi,é(f)(xi) - @(r)(xi)]l = |Wlx,8(f) (x) - &(r)(x)]|| and
sgn(f(x;) - r(x;)) = (-1)i+1sgn(f(x1) - r(x,)). About each x  con-
struct a relatively open interval 1i such that all extreme poi;Es =
{x € x: [Wix,3(H)(x) - 2(x) ()| = |Wlx,8(H) (x) - 2(r) )|} = PR
Ij N1, =¢ for j ¥ k and for all extreme points in each I, the
function f-r has constant sign. Construct the sets Y, V, Z and

U as in the proof for Case 1. Using the same arguments as in the

above proof we can find § > 0 such that
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max  |Wx,8(£) (x) - 2 (x)]| < |Whx,a(D)(x) - e(®)(]| - 6 .
xEYUZUU

By Lemma 1.8 we can select re € R:[a,b] satisfying (1.2). By the
continuity of ¢ and W we can select € > 0 such that for

O0<e < € r€ satisfies (1.2) and

max |Wx,8(£) (x) - 3(r ) ()] s [Wix,a(H) x) - e ]| - % .
x€YUZUU

Next, by continuity of f and r, we can select €y 0 < €) S €9>

such that for 0 < ¢ < €y re lies strictly between £f(x) and r(x)
N'

on V= U V,. If f(x,) <r(x,) on V., then f(x) <r (x) < r(x)
i=1 i 1 i 1 €

for all x €V, and so #(£)(x) - #(r)(x) < #(£)(x) - 8(r ) (x) < O

(0 < ¢ = e, which implies |Wix,8(f) (x) - Q(re)(x)]\ =

Wix,8(f) (x) - #(r )(x)] < Wix,3(F) (x) - 3(r)(x)] = |Wix,8(f) (x) -
3(r)(x)]| and so |W[x,8(E) (x) - &(r)()]| < [Wlx,8(H) (x) -
#(r)(x)]|| on V.. Similarly, if f(x,) >r(x;) on V., we obtain
Wlx,8(E) () - 8(x ) 0] < [WIx, (D) x) - 8(x) ) ]| for 0 < e s e,-
Thus :2; |Wix,3(f) (x) - @(re)(x)]\ < |Wix,8(f) (x) - 8(r)(x)]||. Con-
sequently, for ¢ subject to 0 < e ¢, r_ is such that
|Wlx,8 () (x) - @(re)(x)]u < |Wlx,8(f) (x) - #(r)(x)]||. Since M is

relatively open in R;[a,b] we may choose with 0 <« €y < €y

€
3
such that r €M and |W[x,8(f)(x) - &(r )(x)]| <

€3 €3
|Wlx,8(£)(x) - &(r)(x)]||. Thus we have the desired result.l

Corollary 4.5: If &(f) has a best starting approximation under the

setting of the above theorem then it 1is unique.
Proof: Using the properties of the generalized weight function,
uniqueness is established in the same way that sufficiency was

established in Theorem 4.4. 1
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As noted earlier we can only guarantee existence of a best
starting approximation in the case where X = [a,b] and K = C[a,b].
Theorem 4.6: Let §: c[a,b] — c[a,b] be a continuous operator which
is pointwise strictly monotone at f € C[a,b] ~M and pointwise
fixed at each k € c[a,b] where M = R;[a,b] (m,n fixed). Further
assume that for each x € [a,b], \Q(ri)(x)\ - » whenever {ri} M
and ri(x) - + ». Then there exists a best starting approximation
for §(f), relative to the generalized weight function W(x,y), from
the class §(M).

Proof: The result follows at once by combining Lemma 1 of [17] with
Lemma 1.11. 1

Remark 1l: Similar results corresponding to restricted range approxima-
tion and osculatory rational interpolation for the operator setting
may also be obtained in the generalized weight function setting.

Remark 2: Theorem 4.4 yields a generalization of the work which we
have done in Chapter I. If we choose W(x,y) =w(x).-y (wW(x) a
positive, continuous weight function on X) then the problem of

determining r € M such that

IWlx,8(£) (x) - 8(r)(x)]|| = inf |W[x,8(f)(x) - &(s) (x)]l| (4.1)
SEM

reduces to determining r € M such that ||¢(f) - ¢(r)|| =

inf ||8(f) - ¢(s)|| where ||| = max |w(x)h(x)|, which is the problem

seM x€X

studied earlier. A question which arises is the following: can the

problem (4.1l) be cast in terms of another generalized weight function
W for which the solution is already known? In the problem (4.1)

we are approximating ¢(f) be elements of & (M) with respect to the

generalized weight function W. Suppose we could find another
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generalized weight function W such that the problem (4.1) would
reduce to finding r € M such that “ﬁ[x,g(x) -rx)]|| =
inf |W{x,g(x) - s(x)]|| where &(f) = g. This problem has already

seM
been studied by Moursund and Taylor [17].



CHAPTER V

AN IMPROVED NEWTON ITERATION SCHEME FOR APPROXIMATING EXP(X)
WHICH IS OPTIMAL

Section 1: Introduction

In a recent paper I. Ninomiya [18] suggested a modification
of the Newton-Raphson method for calculating square roots which re-
duced the error at each step of the algorithm. This method was
generalized by R.F. King [6] to a modified Newton method for cal-
culating integral roots. Both Ninomiya and King show that the

improved Newton iteration converges by a factor of approximately

n

2 faster than the usual Newton iterat ion (comparing the n-th
iterate of each). R.F. King notes that in actual practice one would
not use this scheme for calculating a p-th root on a machine which
has p as its floating base since in this case an exponential add
order is much faster than a multiplication, and it would usually be
better to use Newton's method with an extra iteration (if necessary).

G.D. Taylor [27] has shown that the suggested modification of
Newton's method above for integral roots is optimal in the sense of
our work. We shall now show that an analogous modification of Newton's
method for f(x) = e* yields an improved iteration scheme for
approximating this function.

Let ([a,b] be a fixed interval and K a convex subset of

cfa,b]. Recall that if N(h)(x) = h(x)(1 + x - 4n h(x)) (h € K)

83
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is the Newton operator used to approximate e® on the interval
{a,b] then N(h)(x) s e for all h € K and x € [a,b]; that is,
N 1is one-sided from below. With this in mind we are able to con-
struct an improved Newton iteration procedure for computing e”
which is optimal and which differs from the usual Newton method by

a multiplicative factor at each step. At each step of the algorithm
the multiplicative factor has the effect of "translating' the pre-

vious Newton iterate upward sufficiently to halve the relative error.

Section 2: The Improved Newton Iteration Scheme

Let [a,b] be a fixed interval as above and define K by
K = {h € c[a,b]: 0 < h(x) < e1+x for all x ¢ [a,b]}. For fixed
nonnegat ive integers m and m let Rg denote the usual class of
rational functions defined on the interval [a,b] (See Chapter I).
Set M =KAN RE (assume M # @) and define N(h)(x) =
h(x)(1 + x - 4n h(x)) for h € K. This is, of course, one Newton
iteration for calculating e® starting with the initial guess h(x).
Set Ei = ((cpseresCy) t (S senesc) € E" and ¢, >0, 1=1,...,n}
where E" denotes Euclidean n-space. For (cl"'°’cn’h) € Ei X K

formally define the sequence

yo(X) h(x)
(5.1)

YO = ¢ Ny, D), k=1,2,...

which may have no meaning for some choices of c¢,,...,c .
1 >"n

. - 1 .
Define Sn = {(cl,...,cn,r) B € E+, r €M and Y1 € K}; that

is, (cl,...,cn,r) € Sn if and only if yy = clN(r) € K, Yy = CZN(yl) =

CN(eN(r)) €Kyeuns y | = cn-lN(yn~2) € K. Thus S_ consists of
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all tuples (cl,...,cn,r) for which r € M and the iteration above

is well-defined. Now define T :S_ - c*la,b] = (£ € c[a,b]: £(x) > 0
for all x € [a,b]} by T (cpseeesc 5r)(x) =y (x) (v (x) given by (5.1)).
Observe that (cl,...,cn_l,cn,r) € Sn implies that (cl,...,cn_l,c,r) €
Sn for any c € Ei, (cl,...,ck,r) € Sk’ k=1,2,...,n and
Tn(cl,...,cn_l,cn,r) = chn(Cl""’cn-l’l’r) = CnN(Tn-l(cl""’cn-l’r))'
We shall show that there exists a unique best approximation to e”

in the relative norm from Tn(Sn); that is, there exists

(cin),...,cén),r*) € Sn for which

e - Tn(cgn),...,csn),r*)(x)

e® - T_(Cqsenesc_»T)(X)

X

X
e

e

I (5.2)

for all (cl,...,cn,r) € Sn with equality holding in the above if

*
and only if c; = an)’ i=1,2,...,n and r =r

= . . . X
Let r(x) denote the best relative approximation to e on

(a,b] from R with deviation Aj; that is,

ad
kg
1
(1]

»

(5.3)

@

Clearly O < XO <1 sothat r € M. The unique best approximation

*
Tn(cin),...,cén),r ) to e from Tn(sn) is given by the following

set of recursive relations:

1\, 22y )
= e k=0,1,... (5.4)

1+>\k 2 ’
Jl-kk
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1- Bk-l(l = )‘k-l)tl - 4n Bk-l(l = )\k-l)]
M T TR @ N P - e B T - N P

k=1,2,... (5.5)

2
4 = ,k=1,2,... (5.6

Ck = Bkdk’ k = 1,2,..0,“’1 (5.7)
(n) _
c, = dn (5.8)
and
* —_
r (x) = Bor(x) . (5.9)
In passing from n to n+l the tuples (cgn),...,cin),r*) and
+1 +1) *
(cin ),...,csil ),r ) are related as follows:
c§“) = c§n+1), i=1,...,n-1,
1 (5.10)
LD g ()
n n n
and
(n+1) (n) (n) * _ (n+1) (n+l) *
Co+1 N{Bn(Tn(Cl seeesC T N3 = Tn+1(c1 seeesCoyy T ) .

*
Note that r is the best starting approximation for calculating

e* with the usual Newton iteration; that is,

Ls

*
for all r € M with equality holding if and only if r = r , where

Nn(r)(x) - ex

X
e

N () (x) - &
ex

! (5.11)

@

N(r)(x) = r(x)(1 +x - 2n r(x)) and Nn(r)(x) = N(Nn-l(r))(x), n=2,3,...

Finally we have that B 1s such that

B (1-A[1-2n 8, (1-2)] = B, A+ ) [1-4n B, (1A )], k =0,1,2,... (5.12)
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Lemma 5.1: Let Nx be defined by Nx(t) =t(l +x -4nt) for t >0.

Let x,y be two given real numbers and let @,y be such that

0<8<1l< . Then, for % <tc< % we have

y y
N (97) N (tee”) . x

e

>
e’ e’ Nx(teex)

and for 0 < t < i we have

X X
Nx(ee ) . Nx(tee ) ) &Y
eX e* N (t¢ey)
y
N (tge’) oX N (ge”)
Proof: Set f(t) = Y . -y
ey Nx(teex) e’

1 - 4n tg
§{_1-th6} Tl - 9] -

Now consider the function h(t) =t(l - gn t) for t > 0. Upon

differentiation, we obtain

h'(t) <0 if t >1, h'(t) >0 if t < 1. (5.13)

L

Thus since 0 > ¢ >1 it is clear that f(%) < 0. We also have that

£'(t) = 2 l:Ln to - 4n to <0 if t # £. Hence the first result.
® Le@ - tato) ®
Similarly, set
N (teex) &Y N (eex)
g(t) = —— . - =
e Ny(t¢ey) e

b LR
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Using (5.13) and the fact that $< 8 <1l it is clear that g('é) < 0.

Now g'(t) = | inte-4n tg >0 for 0<tc< l. Thus the
t(l - tn to) ¢
second result. |
* *
Theorem 5.2: (cin),...,cin),r ) for cin), i=1,...,n and r
*
given by (5.7)-(5.9) is an element of Sn and Tn(cin),_,,,cgn)’r )

is the unique best relative approximation to e from Tn(Sn) for

each n =1,2,.,.. . Furthermore

Tn(cin),...,cén),r*)(x) - et

" = xn , (5.14)
e

Tn(cin-!-l) (n+1)’r*

n ) intersects e in (a,b] and

90 e ey

(n+1) (n+l) * X
n

N (T, (c; yeeesC , T ))(x) - e N(T (C 5eeesc 50)) () - "

<
X X
e e
© ©

(5.15)

- c§n+1),

for all (cl,...,cn,r) € Sn with equality if and only if s

*
. This last inequality states that

i=1l,...,n and r =r
*
Tn(c§n+1),..., §n+1),r ) 1is the unique best relative starting approxi-

mation to e- for the Newton operator N, from the class Tn(sn)'
Proof: We shall proceed by induction on n. For convenience we

shall use the following notation: for (cl,...,cn,r) € Sn set

My = x: T =€ _(1;’1}
e y€la,b] e’
X

- .4
m(r) = {x: rix = € = min E‘u}
e y€ela,b] e
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T (CsenesC sT) (X) - e*

M(cl,...,cn,r) =={x: LI | -

e

_ max Tn(cl"“’cn’r)(Y) - e)’}

yE[a :b] ey

X

Tn(cl,...,cn,r)(x) - X
m(cl,...,cn,r) =(x:
e

. Tn(cl’o-o,cn,r)(y) - ey}
= min .
yela,b] e
Observe that M(cl,...,cn,r) = M(cl,...,cn_l,l,r) and that
m(cl,...,cn,r) = m(cl,...,cn_l,l,r).
To establish the case n = 1 we shall establish various con-
ditions that a best relative approximation from Tl(sl) must satisfy
(1 * * . . L
and then show that Tl(c1 o, ) = Tl(dl,r ) is strictly minimal
* -
within this subset of Tl(sl)' First r € M since 0 < r(x) s
X * - . .
1+ )\O)e , ¥ (x) = aor(x) and 30(1 + )\0) < e as is easily checked.
(1) * (1 . o )
Thus (c1 ,L ) € S1 as N is clearly positive. Now if Tl(c,r)

is to be a minimal solution then ¢ must clearly be given by

2
c 000 o) - OO
max ———— + min —_—_—
x€[a,b] e x€la,b] e®
Tl(lsr)(x)
Since Tl(l,r)(x) = N(r)(x) we have that 1 2 max —_— >
x€[a,b] e
Tl(l,r)(x)
min —————— with equality holding in the above if and only
xcla,b]  €*

. . X . .
if r intersects e . With the above selection for ¢, we have

T,(L,r) (x)

- 1=1-c¢c min —x—.Thus

c max —————
X

x€fa,b] e x€[a,b) e



(e" - T1<c,r)<x>) T, (1) (x)
max =1 - min —_— =] -

x€[a,b] e* x€[a,b] "
T,(L,r) (x) T,(1,r) (x) T, (c,r) (x)-e”
C min ——;{—— = C max ——x— - 1 = max x
x€[a,b] e x€la,b] e x€[a,b] e

Now let < € E_]"_ be such that c > c. Then for x € M(l,r) we have
T,(esr) (x) - e* ¢,T,(1,0) ) - e* T (e,r) (x) - e* '

- = x > % . Like-

e e e

1
wise, for c) €E and c, <c it is clear that Tl(c,r) is a
strictly better relative approximation to e* than Tl(cl,r). Hence
if Tl(c,r) is to be a minimal solution then ¢ must be as in (5.16).

Next suppose r € M intersects e* and let

2 *
c = Tl( Lo (x)} where we shall assume that r # r .
1 + min —_—
X
x€[a,b] e

*
Since r is the best starting approximation for the Newton operator

to e we have (using Tl(l,r) = N(r))
e - T,(1,r) () -1 (1))
max > max
x€[a,b) e* x€[a,b] e*
or equivalently,
*
T,(1,7) &) T,(1,r) (x)
min ——F—— < min - - (5.17)
xe[a,b] e xe[a,b] e

* X . ;(x) .
Let us now show that r intersects e” . Since - has a maximum
e
value of (1 + )\0) and a minimum value of (1 - )\0), we must show
that 50(1 - )‘0) <1lcg 30(1 + }‘0). We shall verify the second in-

equality and the first follows by an analogous argument.
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claim: B~(1L + 1\, > 1.
= 0 0 1

1-x0>2)‘0 1
T+ {——~—ﬂ1-k§

1 - xo 27‘0
e . Taking logarithms we find that 30(1 + xo) > 1

Proof: Recall that B, =e ( and so 80(1 + ) =

1

N

1+ XO
1 - XO 210
is equivalent to gn 1T > -1 " Consider the function
Mo 0
f(x) = 4n (%if) - ;%% for 0 < x < 1l. Upon differentiation we find
4x

that f'(x) = ————>0 for 0 < x < 1 which implies f is
(x-1)° (x+1)

increasing for 0 <x < 1. Now f£f(0) =0 implies f(xo) >0 and

so the desired result. Notice that the above argument is independent
of the index of B and ) and thus we may conclude that Bk(l-xk) <
1< Bk(1+xk), k = 0,1,2,..., a fact we shall make use of later.

*
Hence r  intersects e. and so by (5.17)

* 2 <c. (5.18)

{ T, A, () 1
1 + min P —
x€[a,b] e”

Tl(c,r)(x) -

Let x, € M(l,r) and y, € M(1,c"). Then -
e

Tl(c’{,r*) x) -

X
e

X y
1 * 1
- c Tl(lsr )(Yl) - € >

1 1
e

c Tl(l,r)(xl) - e

X
e

(o<}
*

This shows that if r € M intersects e and r#r , then Tl(c,r)

is not a best relative approximation to e* from Tl(Sl). Let us

*
now show that ¢ of (5.18) is equal to cil) of (5.8). First

*
T,(1,r ) () *
min R DA = min I (x) 1l +x -4n r*(x)) =

x€la,b] e x€[a,b] e*
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* * *
min 1‘_@5)_ 1 - 4n r_ﬁ). Since B (]_ -\ ) < E._(.’.‘l. <8 (1 + 2 )
X X 0 0 X 0 0
xcla,b] e e e

it is easily shown that the minimum desired is eo(l-xo)[l-Ln eo(l-xo)] =

* 2
8. .(1+,)[1l-4n 8. (14\,)]. Therefore c = =
0o 0 (1) ] Tl(l,r*)(x)
1 + min _
x€[a,b) e®
: = C(l) as required.

1- 1- - -
Bo(1-Ap)l1-tn B A-r] + 1 "1
Now it still remains to consider the case where r € M does

. X . .
not intersect e on [a,b]. First we shall examine the case where

r(x) > e for all x € [a,b]. Set

min LXl-€ _ .50, (5.19)
x

x€[a,b] e
Using Property I, it is easily shown that m(r) = M(l,r) and M(r) =
m(l,r). Furthermore it is evident that r(x) = (1 + a)ex on m(r).
Now let T denote the best one-sided relative approximation to
f(x) = (1 + a)ex on [a,b] from above from the class Rz. Clearly
T €M if there exists r € M for which r(x) = (1 + a)ex on [a,b].

Thus for every r € M satisfying r(x) = (1 + a)ex for all

X € [a,b] we have

r(x) - (1 +aq)e"
1+ a)e”

2x) - (1 +a)e"
QA + g)e*

<

@® (o]

with equality if and only if r = %. The function t(x) = p&) is
q q0x)
uniquely characterized by a set of points {xi}i=1 < [a,b]
satisfying a < Xy <eee< Xy <b where d =m+am+ 2 - 6, &6 =
- 2 - x
min(m - 3P, m - 38) and on which E(x) = I(x) @ : @)e is
1+ a)e

alternately zero and HE(x)H°° (or alternately equal to |[E(x)||_
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and zero).
We shall now show that (¢,f) where T is the best one-
sided relative approximation to (1+af)ex is a better solution than
any (c,r) with r € M satisfying (5.19), where ¢ and c¢ are
the constants given by (5.16) corresponding to T and r respectively.
By the uniqueness of the best one-sided relative approximation T

to (1+u)ex, we have that

r(x) - (1+u)ex t(x) - (1+cy)ex

max X > max
x€fa,b] (l+a)e x€la,b]  (l+a)e"
r(x,) t(x,)
Select x.,x, € [a,b] such that 0° _ ax I o
0’71 X x X
e O x€la,b] e e 1

a.b X X X < x
x€(a, ] e e 0 e 1 e 0 e 1

S r(x,) T(x,) N(r)(x,) N(¥)(x,)
max Eﬁ%l . Then 0 > 1 > 1 and so 0 1

since the function
f(t) =t(@ - zn t) 1is increasing for t < 1, decreasing for t > 1. (5.20)

Now, since x, € M(r) = m(1,r), X, € M(t) = m(1,1),

Tl(lar) (%) Tl(ls%) (x)
min Se—————— min —_——
x€la,b] e” x€fa,b] e®
T,(,r) (%) T,(1,%) (x)
We now claim that max — = max — We
x€fa,b] e x€la,b] e
X
can see this as follows. Let Xy € m(r). Then r(xl) = (l+n)e 1.
0 r(x,)
Select xq € (a,b] such that %(x,) = (l+o)e ~. Then =
0 x,
e
T(x,) T.(l,r)(x,) T,(1,2)(x,)
xO and so 1 = 1 . 1 = 0 . Therefore,
0 1 0

e e e



— ——  — ———
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T.(1,r)(x) T ,(A,r)kx;) T,1,1)(x,) T, (1,%)(x)
max 1 % X = 1 : XI = 1 h xO = max _I—L.L

X X
x€fa,b] e o1 .0 x€[a,b] e

since m(r) = M(l,r). Thus ¢ < c and so

e® - T (c,r)(x) T,(1,r) (x) ) T, (1,1) (x)
= = c max —X——-1> ¢ max ——-x——-l
e x€fa,b] e x€fa,b] e
T,(1,%) (x) T,(2,%) (x) ¥ - T, (%,1) (x)
= ¢mx —— - 1= max —_— 1=
x€[a,b] " x€[a,b] e* e”

Thus the only possibility for a minimal solution in this case is

Tl(?:,'i') .

= . ] . X
Now r, the best relative approximation to e , has a char-

acterizing sequence a s x, < X, <...< X sb,d=a+m+2-6,

1 2 d

6 = min(; - as, m - aq_) where r = E , on which
— x' q
r(xi) e’ r(x) - e
——;—'—'— = p” =)\0, 1=1,...,d and
e b € ©
— i — *1
r(xi) -e i+l r(xl) - e ‘
sgn-—-x—=(-1) sgn ———— , i=1,..., d. Set
i 1
e e
14y = . .
)‘1 = -]T . Then )\lr turns out to be the best one-sided relative
0

d
approximation to (1+o;)ex on ([a,b] from above as {xi}i=1 is a

characterizing sequence for )\1? which satisfies the conditions of

*
a best one-sided approximation. By uniqueness, £ = A r = i'*nr ;_ =
1 N 0
* l + ¢« 1 e
h = ——%_ | Note that —7—— <
Ar where ) 60(1_)‘0) ote Bo(l')‘o) <\ 30(1'\)) ,

- X * X
t(x) >e for all x € [a,b] and r intersects e .
*
We shall now make use of Lemma 5.1 to show that Tl(c(l),r )

is a (strictly) better relative approximation to e than

l .
@®
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* * * * *
Tl(ﬁ,%) = Tl(%,kr ). Clearly M(r ) =M(A\r ) and m(r ) = m(\r ).

* *
Let Xy € m(r ) and X, € M(r ). Then

X X

Bol-agle b Ak = AB,(L-ae b

*
r (xl)
* x2 * x2
r (xz) = Bo(l+>\o)e AT (xz) = )\Bo(1+)\0)e .
With the notation in the Lemma, set x = X1 Y =%X,, ¢ = 80(1+X0):

6= Bo(l-xo), t = )\. Then

)
N (B, (+rgde )

1,07 10"
o R@GE 1)) M
min = =
x€[a,b] " exz exz
%2
1

. NXZ(KBO( +k0)e ) . ex1 ) Tl(l,kr*)(xz) | ex1

X X X 1, *

o 2 le(leo(l'xo)e 1) o 2 T; (L0 ) (x,)

(5.21)

{ T, (L) <x)}{ T (L") <x)}‘1
= min " max -
x€la,b] e x€[a,b] e

since m(l,Xr*) = M(xr*) and M(I,Xr*) = m(kr*) as Xr*(x) > ¥

for all x € [a,b]. Hence, by (5.21),

T, @A) (x) - e L T) @A) (x,) oLt T, (") (x,)
X X X
e - e 2 e 2
1 *
, T1oAT) Gxp)
*2
=1 - £
* *
[rla,xr )(x) T (L ><x2)}
-+
X X
el - o2
=] - i X
{1 L T A () o2 }
X ) *
e 1 T, (L, ) (x,)



T,(L,r") (x,)
thus showing that Tl(cil),r*) is a better relative approximation
to e* than Tl(ﬁ,%). A similar type of argument épplies to the
case where r € M satisfies r(x) < e for all x € [a,b] and
we shall omit the details. This case will be considered in the
induction step.

Collecting the above results, we find that we have established
the following: T (c( ), ) 1is the unique best relative approximation
to e* from Tl(sl)' To complete the case n =1 we must establish
(5.14) and (5.15). For (5.14), let X4 € m(l,r*), Then
Ty ) - el

- ePra, ) P aM e

X X B x
e | 1 1
e e

2
o '{:eo(l-xo)tl-an NEWEE 1j}(p0(1-xo)[1 - tn By(L-ag)])

1 - By-2g)[1 - £n By (1-2)]

(2)

Next we must show that T (c oI ) intersects e* in fa,b].

SR NORE ST
From an earlier result, max = =
x€(a,b] e

T (c‘l),r ) (x) - )

(2) _ (1)

max = 11. Now €1 31

xE[a,b] e

x H] 61(1-k1) <

1 (e{D e ()

X
e

1<« 51(1+x1) and (l-xl) < < (1+x1) imply that
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BN NCRRNTES
< 31(1+x1). Since - is a

Ty

Bl(l-xl) < x
e e

continuous function of x and assumes the values Bl(l-kl) and

51(1+11) it assumes all values between. Hence there exists

T, (38" 0 @

x € [a,b] such that = =1, and so T (c »T ) inter-
e

(2)

N(T1 (c ,T ))(x) - e

sects e* in (a,b]. Finally, we shall establish the fact that
N(T;(c,1)) (x) - €
x

| <
e
© )

*
(c,r) € S1 with equality if and only if c¢ = ciZ) and r =r .

for all

X
e

since  (L-ape” < 1,(c{M M) s (1+-xl)ey for all y € [a,b]

(2)

we have that a (1- xl)e <T (c ,r )(y) <B (1+)\1)ey for all

N (B, (1-nDe”)  N_(B,(1+;)e)
y € [a,b]. Recall that - ly 1 -2 1 - 1 for each
e

e
pair of points x,y € [a,b]. Let (c,r) € S1 be such that

(2)

N(T,(c,r)) (x) - e N(T (e$?) 5 ) - X

x . This implies
e

X
e

=]

31(1‘X1)ey < Tl(c,r)(y) < al(l+x1)ey. Therefore

@

(1-k1)e <T (—, r)(y) s (I+)\ )e

By

and so

c

T, D) - e
B1
-k S S X .
1 o 1
This allows us to conclude that T (g—, r) is as good a relative
1
approximation to e® as 1(c(l), ). By the uniqueness of
l(c( ),r ) we have
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cgl) = %I, r = r*, that is, ¢ = 31 (1) 52), r = r*.

Before we proceed to the induction step let us establish the
following result for which we shall have need.

Claim: Bk < % for k =0,1,2,... .

1
I\ e 1
Proof: Since B, = e| —— ——— it suffices to show that
—_— k lﬂ‘k 2
1 10
l-xk 2)\ 1-y 2 1+
Kk 11 K M
(T;i;) \[___E,< 7 or equivalently 4n 1+xk 1o \k (Ln 2 )
l-xk
It i lear that O 1. Set f(x) = =X li& - =X for
is clear < xk < 1. L n 1+x
0 < x < 1l. Upon simplification, f(x) = %ii li& - n(l-x) + 4n 2.
- ' - 2 1 14x ] .
Now £(0) 0 and f'(x) Tox [1 + Tox 4n 2 . It is easily

shown that 1 + I%;-Ln 1;x >0 for 0<x< 1l and so f'(x) >0

for 0 < x < 1. Hence the desired result follows.

Now assume the theorem is true for k = n. First let us show

n+l n+l
that (c{ ),..., (+1 ),r ) €S n+1’ ©F equivalently Y
(n+l1) . .

<y N(yn-l) € K since r €M from before. By assumption

(n) (n) * . i
(c1 seeesC T ) € Sn and so Yo-1 € K. Thus N(yn-l) is well

; (ntl) _ (n) - (n)

defined. Now <. = Ban and so Y Bncn N(yn-l)' Clearly
0 < cén) <2 and 0 < N(yn-l) < e® since N is one-sided from
below. Thus, by the claim, B cén) < % *2=e¢e and so 0 < Yo <

(n) (n) x +x
Bn n N(y 1) < B,C and so Yo € K. We shall now show
(n+l) (n+1) (n+1) (n+1) *
that Tn+1(c seeesCoyy T ) for c1 seeesC oy and r

given by (5.7)-(5.9) is the unique best relative approximation to

e® from Tn+1(S As in the case n =1 we shall show that

n+1)‘

where we allow c to vary,

for any (cl""’cn-i-l’r) € Sn+1’ n+l
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n+1(cl,...,c +1,r)(x) is closest to e* in the relative norm

only when
Chtl = T . ( 1 r)(x)2 T . ( o] 22
max - + min "
x€[a,b] e x€[a,b] e
n+1(c yecesC »1,r) (%)
where  max - < 1 with equality only at those
x€[a,b] e

y

points y where Tn(cl,...,cn,r)(y) = e’. This is true since

Tn+1(c1,...,cn,1,r) = N(Tn(cl,...,cn,r)). For the above choice of

Ch+1’ *1 € M(cl,...,cn,l,r) and Xy € m(cl,...,cn,l,r) we have
y *1
e’ - Tn+1(c1,...,cn,cn+1,r)(y) ~ Tn+1(c1,...,cn,cn+1,r)(x1) - e
e’ *1
9] e
*2
s - To41€S10 %412 T) (X))
*2
e
Now if €+l > C +1 then for X, € M(cl,...,cn,l,r)
X, X,
Tn+1(c1,...,cn,cn+1,r)(xl) - e Tn+1(c1,...,cn,cn+1,r)(xl) - e
X X
e 1 e 1

n+1(cl,...,c sC +1,r)(x) - ¥

X
e

@

Similarly, if En+1 < c_4qp» then for x, € m(cy,...,c ,1,r)

x
2
e - 1(cl,...,c d 1,r)(xz) N Tn+1(c1,...,cn,cn+1,r)(x) -e
X X
2 e
e ®
and thus the desired result. Next we must show that ¢ of (5.22)

n+l
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(n+1)
n+l

(n+l) (n+1)

gives the correct value of ¢ corresponding to N seeesC

Tn(cin),...,cﬁn),r*)(x) - ex‘

*
and r . By the induction assumption

. |
e
(c (n+1) LOFD) r*)(x)
= \,+ Furthermore, the minimum of n+1 ™ >
X
occurs on the set M(c ("+1),.... §n+1) ) U m(c <n+1>,...,c§“+1),r*)

and is given by an(l-xn)[l - 4n Bn(l-xn)]. Hence

(n+1) = 2 as desired. Next let
‘n+l L+g @Al - enp (A-2)]° )
(cl,...,cn+1,r) € Sn+1 where C 41 satisfies (5.22) and suppose

Tn(cl,...,cn,r) intersects e* on [a,b]. Then by the induction

assumption we know that

+1 +1 *
N(T (c (n ),...,cgn ),r N &) - ex| N(Tn(cl,...,cn,r))(x) -t
S
x ‘ x
e e -

for all (cj,...,c_,r) € S_ with equality only if c§“+1) =<,

. *
i=1l,...,n and r =r . Suppose that (cl,...,cn,r) #

*
(C§n+1),...,c(n+1),r ). Then
n
+1 +1 *
T (eqsennse s 1,0) () T (e e e )
min = < min n
x€la,b] e x€[a,b] X
and so o+l > ciﬁil). Thus, for X € M(cl,...,cn+l,r) and
+1 +1
GM(c(n ),-oo’ (:1),1.
x X
Tn+1(c1,...,cn+1,r)(x)-e I _ Ch+dN(Tn(c1""’cn’r))(xl) -e
eX I *1
© e
n+l n+l
2

e
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(n+1) (n+l) (n+1) *
N c 41 N(T (cg sesesCy r))(x 2)-e
*2
e
+1 +
e ey -
= 5
e ®

Finally we consider the case where (cl,...,cn+1,r) € Sn+1

for which Tn(cl,...,cn,r)(x) does not intersect e. on (a,b].
Let us first consider the case where

. e - T_(cysenesc 5T (X)
min = =qg >0 ;
xE[a ,b] e

that is, e* > T_(cysesc >r)(x) for all x € [a,b]. Set

X
e - T (C ,...,C ’r)(x)
max n' 1 n -5 .

x€[a,b] eX

Since Tn(Sn) = c+[a,b] we have that B < 1 and so o < B < 1.

T (CoseeesC ,r)(X)
First max n 1 n =1 - g.

= Bn(l'i‘)\n) . xe[a b] eX

T (c](.n-’-l) s acén-*-l) sT ) (x)

Now max
x€[a,b] e
T LY o
A max =
x€fa,b] e®

X

N R T R L

X

A max
x€la ,b] e

T (cin),...,cén),r*)(x)

AB. max n — = Ag, (1) =1 - a. Therefore

" xe[a,b] e




102

(n+1) (n+1)

AT (c seeesCy T )( )
max
x€[a,b] e
T (C,y50005C o) (X)
max n_1 n =1 - q. (5.23)
x€fa,b] e”
By (5.15),
T (c(n+1),...,c(?-{1),)\ (D) %y x)
min 0 L >
x€[a,b] "
T (CyyeeesC_or)(x)
min -2l n , (5.24)
x€[a,b] e*

(o

for otherwise Tn(cl""’cn l’iﬂ ,)(x) 1is a better relative starting
approximation to e® for the Newton operator than is

T ( (n+1)’_._’c§“+1) )(x). Here we have used the fact that

m(cl,...,cn,r) = m(cl,...,cn,l,r), M(cl,...,cn,r) = M(cl,...,cn,l,r)
(5.25)

which is established using Property I. Choose X% € [a,b] such
that X0 € M(c(n+1),...,xc§n+1),r*) and X, € M(cl,...,cn,r). Then,
by (5.23),
+1 n+1 *
T ™M TN ) e 6
x x
e 0 e 1
and so, by (5.25),
+1 +1 +1 *
T @D e D 1 o
max - =
Xe[a,b] e
n+l n+1 n+l *
Taar (1 reeenet e Le ) g) T (e e L) Gy
x, X

e e
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T (Cyseeesc »1,r) (x)
max n+l' "1 n .

x€la,b] e®

*
Choose y,,¥; € [a,b] such that v, € m(c(n 1),---,XC§n+1),r )

and Y, € m(cl,...,cn,r). Then

(n+l) (n+1)
s Tn(c1 seesshC sT )(yo) N Tn(cl,...,cn,t)(yl)
Y0 Ré!

e

and so

(C1:°'-:C »1,r) (%) Tn+1(c13"':cn)1:r)(y1)
X yl
e

. n+1
min

xE[a,b] e

(c (n+1) (n+l)

*
n+1 :°°':k »1,r )(yo)

y
e 0

Tn+1(c§n+1),..., c§n+1) )(X)

min

x€[a,b] e”

where we have made use of (5.13) and (5.25). Hence ¢ 41 < €+l
(n+1) (n+1) (n+1)
CH

"")cn 1 s A\ ’ ) and

where En+1 corresponds to

C +1 to (cl,...,cn,r). Thus

X (n+1) (n+1) (n+l) .
n+1( " s°°'»cn_1 sA\C n ’ n+1:r )(x)

X
e

DL T e MY 1 )

@

n+1
xe[a,b] e

B

-1
X

T (C peeesC 51,r) (%)
=2 max n+l" "1 - n -1
x€[a,b] e

T (Ciyeeesc ,1,r)(x)
<c nax n+l'"1 . n -1
x€la,b] e
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X
e - Tn+1(cli""cn+1’r)(x)

X
e

©

n+l n+
Thus, we must show that Tn+1(c( ),..., §+1 ),r ) (x)

better relative approximation to e* than T R C {n+1) (n+1)

’l‘.’cn-l ’
(n+1) s d
Ch ’ n+1’r )(x). Here we shall make use of the second part of

is a (strictly)

Lemma 5.1, Set x =x;,y =y, 8 =8 (-1, 9= an(lﬂn) and

l - o

1
A =t where ) = Bn(1+1n) . Observe that 0 < )\ < ; . In order to

apply the lemma let us make the following observations. For

X, € M(c (n+1),...,c§n+1),r*) and X, € m(c(n+1),...,c§n+1),r )
(n+1) (n+1)
T (c eeesC r )(x )
n 1 SRR o ’ 1 l-o _
% = N 3n(1+Xn)
e 1
(n+1) (n+1) X

1
and so Tn(c1 seeesC ¥ )(x ) n(1+)\n)e . Also

T ™ ()

* X
nlCq Tareesc ToT Y(x) - e

x = kn implies

c(n+1)
n+l n+l n * x
T (C( ),o.-,Cé-l )’ —B—,r )(x) - e
x - =\, which in turn yields
e

x
Tn(c§n+1),...,c(n+1),r )(x2) Bn(l-kn)e 2. Applying the lemma,

[ -]

N(g_(L- )exz) N (- )ex2 x
n >\\'l ABn )‘n ) e 1
) g ) X
e e N(AB, (14 De ©)

or equivalently,
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Ner (DL )y ) _ NOT (LT M) ) .
X X
e 2 e 2
*1
e
N()\T (c(n+1) seeesC (n-l-l) ))(x )
Now
Tn+1(°§n+1)"“’°r(1r-l:1)”‘Cinﬂ) ‘én+1,r Y(x) - e
oX
2 (n+1) (n+l) (n+1) *
=1 _ n+1 n+1( ""’nl ’cn ,l,r )(xz)
X
2
e
=1 - 2
(n+1) (n+1) X
NOTCeg™ s nneg™ e ) .2 s
x
e ! vor @D L D Yy @)
>1 - 2
1+
N e D ) )
(n+l) (n+1)
=1 T A I )("2)
= )
e
= = ,
showing that Tn_'_l(cinﬂ'),... c(r_:;:l),r Y(x) is a (strictly) better
relative approximation to e than T +1( (n+1)’ "’Cr(lt:-;-l)’

(n+1) “n+1,r Y(x). Similarly, the case where Tn(cl,...,cn,r)(x)

x
> e leads to the same result.
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Gathering the above results, we have that

(n+1) (n+1)
(e 2009%41
X

to e on [a,b] from Tn+1(S

T ) is the unique best relative approximation

n+1). To complete the induction we

must verify the following:

(n+1) (n+1)
n+1( seeeyC n+1 29 )(X) = e - (5 26
er Xn+1 i -26)
n+1( (n+2),...,c(212),r ) (x) intersects e® on fa,b] (5.27)
and
N @S, 8D %)) ey -
<
X
e

@

N(T_,,(CqreeesC 1,r))(X) - €
n+l*"1 n+l (5.28)
X
e
(-]
for each (cl,...,cn+1,r) € Sn+1 with equality if and only if
. = C§n+2), i=1l,...,n+l and r = r*,
i i
To establish (5.26) observe that for x, € m(c(n+1)’...’cﬁn+1)’r*
n+l n+l
To+1(c1 | )""’°(+1 e - -
= =
e
(o]
X
1 n+1l n+l n+1 *
= e = C§+1 ) l(c( ),...,Cé ),1,1' )(xl)
X
e 1

2
-t _{Bn(l-\.l)[l-{,n B_(1-x )1+ {Bn(l-xn)[l-l,n Bn(l'\\)]}
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1 -p (2L - 20 g (A-2)]
ST FB A - ta B_(T-A )] Mo+l

(n+1) (n+1)
Similarly, |1 rtcefow of D - < = A, f
Y ex n+l or
@
x € M(C§n+1),...,c§n+1),r*). By the induction assumption
T$c§n+l),..., (n+1),r ) (x) intersects e on [a,b]. Now
n+l n+l
1 n+1( ( ))°"’ (+1 ),r )(X) 1 d
( -kn+1) < = < ( +)‘n+1) and so
(n+2) (n+2)
oy oy g nt1C1 ToreraCayy ToT D co )
Bn+1 )‘n+1 oX Bn+1 7“n+1 *
n+2 n+2
S To+1$61 ( )"“’°(+1 e ) . ) .
ince - is a continuous function of
e

x it assumes all values between. Thus there exists x, € (a,b]
n+1 n+2) * %0 )

such that +1( ( ),..., (+1 ), ) (x ) =e and so (5.27) is

established. Finally (5.28) follows as in the case n = 1. Indeed,

by (5.26)

1
(1-)‘n-l-1)ey s Tn+1(c§n+ ):---, (:Il)’r ) (y) s (1) +l)e

for all y € [a,b]. Consequently

c(n+2) (n+2)

y * y
Bual (1 A1) S Toqq(ep  Toeeentnyy Tor D O) < By (A e

Recall that

y X
NoB 1 Agpe) N B A4 )

X
ey e

for each pair of points x,y € [a,b]. Let (cl,...,cn+1,r) € Sn+1
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satisfy

N(T 1 (Cqaerese 1T () - €

<
ex
(T, BT )y -
- :
e

This can only happen if

- y y
Bt T\ = Toyg (Cpeeeacpyp O) < By (e

Thus
“ntl y
Tn+1(c19"',cn: an 1:r)(Y) - e
-\ < n+ <A
n+1 oY n+1
“n+l
and so T (CiseeesC —E——,r) is as good a relative approximation
ntl" 1 n’ B
n+l
X n+l n+l) * .
to e as Tn+1(c§ ),...,c§+1 ),r ). By uniqueness of
n+l n+l) * n+2
Tn+1(c§ ),...,cé+1 ),r ) we have that c, = cg ), =1,2,...,n+l

*
and r =r . This completes the proof of the theorem.

Section 3: Execution of the Scheme

In this section we shall show how this iterative scheme would
be programmed. Suppose we wish to calculate e for x € [a,b]

within a tolerance of ¢ > 0. First we calculate and r (where

o
m and m are specified) with:

r(x) - et
XO = = inf_

m
@ r
ERm

e
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and then calculate the sequences {Bk}:=0 and {kk}:co’ comparing
the value of xk with ¢ at each step:

1

B = e\ T —— , k=0,1,2,...
k l-kk

)\ - 1- Bk'l(l-kk-l)tl = Ln ak_l(l'\k_l)] .
“ 14 @ P+, 0 )]

Let n be the first integer for which ¢ > xh' For this n cal-

culate cén), k=1,2,...,n using
dk = Z , k=1,...,n
n
cé ) . akdk » k=1,2,...,n-1
IO
n n
%* -
and r (x) = eor(x) .
We then store the values cin), k =1l,...,n. The algorithm is:

*
Yo @) =T ()

y, 0 =My @@ +x-tny, (0, k=12, .

Remark 1l: We would like to point out that Theorem 5.2 is of
theoretical interest since it is one of the few cases where we can
find a best approximation from an algebraic combination of approxi-

mants.
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