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ABSTRACT

DISCRETE AND CONTINUOUS MODELS OF
CRITICAL DAMPING FOR A SIMPLY SUPPORTED BEAM

By
Julia Ann Gray

The concept of '"critical damping' for both multidegree of freedom,
discrete linear systems and distributed parameter systems, has been
investigated by a number of researchers. Conditions under which a
system is critically damped, which depend on certain combinations of
the coefficient operators, have been obtained. Conditions under which
a damping mechanism provides underdamping, overdamping, or mixed damping
have also been described.

In this thesis, specific results are applied to a particular
;ontinuous system, a simply supported beam. Results are obtained by
considering both the analytic model of the beam and an approximate,
discrete version of this model obtained by the finite element method.
A variety of damping mechanisms are included in a number of example

problems.



TABLE OF CONTENTS

LIST OF TABLES .....ccccvevevenrnnenn eeceaens Ceeertcieetaaaan
LIST OF FIGURES +..vvtvnreiineneneensnncnoncenconsaccncnnanns
I. INTRODUCTION ...vuivieencenconcoennnesnasnssocossosanannas
II. A DISCRETE MODEL OF CRITICAL DAMPING ..... ceeererenisaans
2.0 INtroduction ......ecceceieircieciocnncaconanas
2.1 Definitions .......ciiiiiiiiiiiiiiicicinncnnns
2.2 The Finite Element Model ..........cccvievennnn
2.3 A Simple Method for Calculating Ccr ...........
2.4 A Note On The Comparison Test ..........ceceene
2.5 Results ....cciuiietieinnneseeesecncnsennnnncanns
III. AN ANALYTIC MODEL OF CRITICAL DAMPING .......c.evevennns
3.0 INtroduction ......ccceececencncroannencnncanns
3.1 The Undamped Simply Supported Beam ............
3.2 The Damped Simply Supported Beam ..............
3.3 A Result on Discrete Damping .......c.ccevuennns
3.4 Examples ....ceeeeieeececrsrceccncsaconacnnanna
IV. CONCLUSION ........ Ceeeececseeettettetetsenesaenananansns
APPENDIX A - FINITE ELEMENT MATRICES AND THE UNDAMPED
NASTRAN MODEL ...vvvvevrnnsnnnonnncnnnsoncananns
APPENDIX B - EIGENVALUES, AND MATRICES FROM CHAPTER II ......
APPENDIX C - FINITE ELEMENT DAMPING MATRICES FOR DISCRETE
AND CONTINUOUS DAMPING ......ccceeceecncancnannns
APPENDIX D - EIGENVALUES FOR EXAMPLES 5-8 .....ccvveevnnncnns
LIST OF REFERENCES ..... Ceeteeseiseeateersesatestesanaseanens

iii

0 N



Table

LIST OF TABLES

Page
Comparison of Three Nastran Models with Theoretical
Model .......cciiiiiiiiencncnnnnn ceessecnsnen ceeesrene 17
Summary of Data for Examples 1-8 .......ccceveuennenns 20

Comparison of NASTRAN Model with Analytical Model .... 33

iv



Figure
1

2

LIST OF FIGURES

The Simply Supported Beam
With Finite Element Grid

A Typical Element of the Beam

The Beam
Cross Section

e oo 00 o



I. INTRODUCTION

The damped, free vibrations of both multidegree of freedom discrete
linear systems and continuous systems have received considerable atten-
tion. The first matter to receive attention concerned the definitions
of the various possible types of damping. For the simplest systems,
the various types of damping, which result in systems that are under-
damped (oscillatory), overdamped (nonoscillatory), or critically damped
(also nonoscillatory), are easily defined in terms of the parameters of
the system. Defining similar criteria for more complex systems has been
an area of current interest.

Another area of current interest concerns the qualitative nature
of the motion of a system, under a given type of damping. It is desired
to determine, without resorting to lengthy calculations, the type of
damping a particular damping mechanism provides. Ideally, this problem
is to be attacked by examining the parameters of the system, not by
solving the equations of motion of the system, or, alternatively, re-
sorting to experiment.

The inverse of this problem has also been addressed. Given a
system with a predetermined desired motion, it is necessary to identify
a damping mechanism, or mechanisms, which will insure that the desired
motion is attained. Again, this problem is to be attacked without
resorting to lengthy calculations or experiment.

In this paper, recent results on each of these topics will be
applied to a particular continuous system, a simply supported beam.

The last of the above topics will be addressed by considering an
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analytic model of the beam. The first two of the above problems will
be attacked by considering an approximate, discrete version of this
model obtained by the finite element method. First, however, a brief
summary of other results on these topics will be presented.

It is well known that the qualitative nature of the solution of one
of the simplest vibratory systems, a single degree of freedom spring-
mass-damper system (spring and damper in parallel) can be determined by
examining the coefficients of the ordinary differential equation which

describes its motion. This equation is
mx + cx + kx = 0 (1.1)

where m, ¢, and k are the positive values of the mass, damper, and spring,
respectively, and x(t) is the '"displacement'" from static equilibrium

of the system. Equation (1.1) can be rewritten as
X + 2Zwx + wix = 0 (1.2)

where the natural frequently of the undamped system is w = /%-, and

the damping ratio is ¢ = c/2/km. The system is said to be overdamped
if ¢ > 1, critically damped if ¢ = 1, and underdamped if ¢ < 1. For
more complicated single degree of freedom systems, the analysis is still
straightforward and simple.

The equation of motion for the more complex, multidegree of freedom,
discrete, damped linear system is an analogous matrix differential

equation

ME(t) + CE(t) + K&E(t) = 0 (1.3)
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where M and K are the positive definite, symmetric, mass and stiffness
matrices respectively, and C is the positive semi-definite symmetric
damping matrix. For this problem, the concepts of over, under, and
critical damping are more subtle and require closer scrutiny than the
single degree of freedom case. In fact, a number of results addressing
the qualitative nature of damping of solutions of this equation have been
published, each shedding some light in different areas.

In previous work Duffin [1], in considering (1.3) defined an over-
damped system in terms of a function of the quadratic forms of the M, C,
and K matrices. More recently, Nicholson [2] defined an underdamped
system in terms of the eigenvalues of the mass, damping, and stiffness
matrices. Muller [3], upon considering Nicholson's work, defined an
underdamped system similar to that of Duffin and derived a sufficient con-
dition for underdamping in terms of the definiteness of the coefficient
matrices.

Reéently, additional results have been obtained by Beskos and
Boley [4]. Techniques used in [4] are different from those found in
matrix theory which were used in [1,2,3]. Essentially Beskos and Boley
address the following question: Given {ck}: . different damping
coefficients, find the locus vf combinations ;f the {ck} leading to
critically damped motion. Their approach requires calculating critical
damping surfaces in a parameter space (this surface corresponds to the
concept of finding the "minimum value of damping required for non-
oscillation'). By calculating critical damping surfaces in parameter
space, one is led to the following observations: A combination of
damping coefficient which correspond to a point in the parameter space

"above" the critical damping surface yields a solution to (1.3) which



4

is overdamped (nonoscillatory); a combination of damping coefficients
yields an underdamped (oscillatory) solution of (1.3) if the ppint in
parameter space corresponding to the combination lies 'below' the
critical surface.

The conditions derived by Duffin, Nicholson, and Beskos and Boley
require substantial calculations. In the cases of Duffin and Nicholson,
the calculations are used for verification of their respective con-
ditions; there are different reasons for the computational load found
in [4]. It appears that the technique of Beskos and Boley works well
when the damping is Rayleigh (C = aK + gM) and the order of the system
is small. This stems from the fact that the technique requires dif-
ferentiations for which there are presenfly no efficient numerical
schemes available.

More complete results, which do not require substantial calcula-
tions, have recently been obtained by Inman and Andry [S]. In this
paper, the definition of critical damping is stated in terms of the
coefficient matrices in a manner analogous to the single degree of
freedom case. A critical damping matrix is defined in terms of the
unique positive definite square roots of the matrices M and K. Having
obtained Ccr’ a system is defined as overdamped, critically damped, or
uﬁderdamped if the matrix (C - Ccr) is positive definite, zero, or
negative definite, respectively. A fourth possibility, mixed damping,
is defined if (C - Ccr) is indefinite.

The computational load for these results is nominal and does not
encounter any special problems due to high order. In the special case
that the damping matrix is diagonalized by the undamped modal matrix,

all the conditious presented become necessary and sufficient; for the



general case (C not diagonalized by the undamped modal matrix), suf-
ficient conditions are presented which are easily verified. For these

reasons, the results in [5] are more general than Muller's and reduce to

Muller's in the special case.



II. A DISCRETE MODEL OF CRITICAL DAMPING

2.0 Introduction

In this chapter the first two problems outlined in the general
introduction are considered for the special case of a simply supported
beam. The beam is discretized using a finite element model and the
definitions of the various types of damping in [S], for multidegree of
freedom discrete systems, are directly applied to the discretized
continuous system.

The definitions of the various types of damping, including critical
damping, are presented in the first section. A discussion of the
physical implications of these definitions is also included. The con-
sistent finite element model of the simply supported beam is presented
in the second section. The coefficient matrices necessary to apply the
definitions from section one are obtained from this model.

The next two sections present derivations which make the definition
of section one easier to apply. In the first, a simple method for
calculating the critical damping matrix with respect to the original
coordinate system is derived. In the second, it is shown that the test
for the type of damping a given damping matrix provides can be carried
out in the original coordinate system. Working in the original coordin-
ate system eliminates the need to calculate square roots and inverses of
matrices. Numerical accuracy is increased and computing costs are
decreased.

In the last section, the critical damping matrix is calculated and

introduced into the equations of motion of the beam. These equations are



solved directly using MSC/NASTRAN finite element code, and the resulting
motion is shown to be indeed critically damped. Other example damping
matrices are compared to the critical damping matrix and the results are

presented.

2.1 Definitions
Consider a multidegree of freedom, discrete, damped linear system

described by the matrix differential equation

MX + CX + KX = 0 | (2.1.1)
where M and K are the positive definite, symmetric mass and stiffness
matrices, respectively, and C is the positive semi-definite damping

matrix. In previous work, Inman and Andry [S] rewrite (2.1.1) as

; M 3? +Xy =0 (2.1.2)

-3 -l -3 ot 3 - "
where = M™% CM , K=M2xuM , and M° denotes the unique positive
definite square root of the positive definite matrix M.

The critical damping matrix for this system is defined to be

C_= zm‘i m‘i)i= i (2.1.3)

cr

in direct analogy to the single degree of freedom case. The motion of
the system is defined to be critically damped if ¢ = Ccr, to be over-
damped if (& - ccr) is positive definite, and to be underdamped if
(ﬁ - Ccr) is negative definite. A fourth possibility, mixed damping, is
defined if (¥ - C_,) is indefinite.

Defining the various types of damping in this way results in

physically reasonable eigenvalues. As usual, the eigenvalues of (2.1.2)



are taken to be the 2n roots of the polynomial equation

[x21 + A& + K| =0 (2.1.4)

where |:| denotes the determinant. In particular, Inman and Andry show
that (i) if (2.1.1) is critically damped then there are at most n dis-
tinct negative real eigenvalues and no complex eigenvalues, (ii) if
(2.1.1) is underdamped the eigenvalues are all complex and appear in
complex conjugate pairs with negative real parts, which corresponds to
all modes of the system oscillating in damped harmonic motion, and (iii)
if (2.1.1) is overdamped, then the eigenvalues are all negative real
numbers, and none of the modes oscillates. For the special case that

¢ is diagonalized by the undamped modal matrix (2.1.1) exhibits mixed
damping if and only if there is at least one real eigenvalue and at least

one complex conjugate pair of eigenvalues. One of the modes of the

damped system will oscillate and at least one will not.

2.2 The Finite Element Model

The partial differential equation of motion for the damped, trans-

verse, free vibrations of a simply supported beam is

b 2
B V(X,t) 4 ¢ y(x,b) + £ 2V(IXE (2.2.1)
ax* ot EI ot

with boundary conditions

v(0,t) = v(L,t) =0 (2.2.2)

v'(0,t) = v'(L,t) = 0 (2.2.3)

where v(x,t) is the transverse deflection of the beam. This equation is

valid for the case in which damping of constant magnitude c, is applied



over the entire length of the beam, and the mass per unit length o,
modulus of elasticity E, and moment of inertia I, are all assumed to be
constant.

This equation will be approximated by a five element, consistent
finite element model [6]. The finite element model for the simply sup-

ported steel beam being considered is shown in Figure 1.

Sm 3 f—1m —)

) L@ 43 $ @) £ 6) L .2m
1 2 4 5 6 _JL
The simply supported beam The beam cross
with finite element grid. section.
Figure 1

The physical quantities assumed are

E = 2.0 x 101! pA m=7.852 x 103 %g’:
I=6.67x10 " m* A = .02m? (cross sectional area)

The node number for each node is located to the left and slightly below
each grid point, and the element number is enclosed by parentheses on
each element.

Consider a typical element of the beam, (e), shown in Figure 2.

2 1
u, 1m u;

1 *r) i (e) ¢ :) 0,

O.I.__.)+x 1

Figure 2. A Typical Element of the Beam
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Each node has two degrees of freedom associated with it; one vertical
translation u and one rotation 6. Four unknowns must be determined for
each element. A cubic displacement function, whose four coefficients
will be determined in terms of the four unknown displacements, will be

assumed of the form
vE® (x,t) = ag(t) + ay(t) x + a,(t) X2 + as(t) x*  (2.2.4)

Substituting the known boundary conditions for each element, and making

the small angle assumption, tan 9 = 6, gives

v®0,t) = a, () = u, (t)

v® 1,0

a (t) + al(t) + a,(t) + az(t) = uj(t)

v® 0,0 a, (t) = -6, (t)

vi® a0

a,(t) + 2a,(t) + 3a5(t) = 6, (t)

where the superscript (e) denotes a typical element and ( )' denotes
differentiation of ( ) with respect to the spatial coordinate x.
Solving for the unknown coefficients ai(t), collecting terms, and
rearranging gives

v x,0) = 8 v ©) + 8 06, 6) + NP 0w 0) + N e )

or in vector notation

v® (x,t) = R (x) w(&) ey

where Ni(x) =1 - 3x2 + 2x3 ;(e)(t) ="ui(t)-
N,(x) = -x(1 - 2x + x?) ei(t)
N,(x) = 3x? - 2x3 uj(t)
N, (x) = x(x - x?) ej(t)
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The interpolating polynomials chosen are by definition Hermitian
polynomials since both the function and its first derivative are
specified at nodes i and j. The vector N(e) (x) is composed of the shape
functions for the element. As an approximation to equation (2.2.1),
the kinetic and potential energy of the beam and the Rayleigh dissipa-
tion function will be calculated from the finite element model. These
quantities will then be introduced into Lagrange's equations of motion
and the approximate equations of motion will be obtained.

The kinetic energy of a typical element, dropping the superscript

(e) for convenience, is

|

N =
x
~——
=}

1

where [m](e) = mA J ﬁT (x) N (x) dx is the element mass matrix

0

156 -22 54 13
(e) _mA_ -

[m] a5 | 22 4 <13 -3

54 -13 156 22

13 -3 22 4

The Rayleigh dissipation function for a typical element is

dx

€4

F = % Jl c(x) wF NY(x) N(x)
0

L]
-
w

S (1
= % c ;T J ﬁT(x) ﬁ(x) dx
0
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=W [1® %
where [c](e) is the element damping matrix

[c](e) =c Jl ﬁT(x) ﬁ(x) dx
0

156 -22 54 13
= - | =22 4 -13 -3
54 -13 156 22
13 -3 22 4

The potential energy of a typical element is

EI [* (32
"=z—f° Gx?) dx

But %;; = g; [NT(X) wt)] = §T(x) w(t) where B(x) = %;7 M (x))

Substituting gives

<
n

1
gl;:Tj 3T % ax
0

A R

1
where [k](e) = EI J ﬁT B dx is the element stiffness matrix
0

6 -3 -6 -3
x]® =er| -3 2 3 1
-6 3

-3 1 3 2

()
(%)

Using the usual direct stiffness method of assembly [7] one obtains
the mass matrix Mo’ the viscous damping matrix Co’ and the stiffness
matrix Ko’ for the entire beam. Hence, the kinetic and potential energy

and the dissipation function for the entire beam is



1T, > 1T > 1T | >
T =5 M° w, V =3 l(o w, F = z v Co W
where W - [u, 8, u, ... ug 8]

Substituting into Lagrange's equations of motion.

=0, i=1,2, ..., 12

d {3T)_8T+3f+3V

dt Sawl My w9
1 1

gives

> - -+
w+C w+Xow=0

M, 0

This is a system of 12 equations in 12 unknowns. A usual occur-
rence in constructing a finite element model is that the system does
not satisfy the vertical translation boundary conditions. It also con-
tains spurious equations which arise by differentiating with respect to
known constant quantities. The overall analysis is not affected by
eliminating the spurious equations and satisfying the boundary condi-
tions. In particular, notice u, = u,, = 0. Substituting this fact
into the system will eliminate the first and eleventh columns of Mg
Cy» and K,. Also notice the first and eleventh equations were obtained
by differentiating with respect to the known quantities u, and u,,, and
hence must be eliminated from the final system.

The final equations of motion for the simply supported, steel

beam, with the boundary conditions satisfied, are

M: + C; + Kz =0

For the final mass, stiffness, and damping matrices see Appendix A.
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2.3 A Simple Method for Calculating Ccr

Consider again the matrix differential equation of motion for a

continuous system obtained from a finite element model of the system

M + CX + Kx = 0 (2.3.1)
1
Proceeding in the same manner as Inman and Andry in [5],let X = ;
and premultiply (2.3.1) by M'zl to give
.o ‘ . ‘
wimciyowiantiyamtiariy-o (2.3.2)

Let S be the orthogonal, undamped modal matrix (STS = I), let ; = S?,

and premultiply (2.3.2) by ST to obtain

L4 B
sTwd ma 7+ sTwdom? Sz +STMEI st =0 (2.3.3)

1
Notice STM } MM } S =1 and STM'% KM% S = A, a diagonal matrix with the

eigenvalues of the undamped system along the diagonal. Let ¢ = M'i S.

T T 3T

Then ¢ = S M But(M’i)‘T = M'i, since M is symmetric. Substituting

into (2.3.3) gives

6TMOZ + ©1COZ + 61KSZ = 0 (2.3.4)

Notice ¢ is orthogonal with weighthi(¢TM¢ = I) and ¢TK¢ = A. Hence,

from vibration theory [8], ¢ is the undamped modal matrix normalized
with respect to the mass matrix M.
For critical damping, M'i CM'} = C., in (2.3.3). But, from

matrix theory [9], ST C..S= 202, Thus (2.3.3) becomes

.
>

s et ezao (2.3.5)

Comparing the coefficient of Z in (2.3.4) and (2.3.5) one concludes



15

that for critical damping

oTc o= 2nt
cT

or
-1

T.-1 .}
C..=200)7 " a*o (2.3.6)

-l -
Note, however, that ¢ = ¢TM, and (@T) - M¢. Substituting into

(2.3.6) gives

c = 2monleTy (2.3.7)
cr

Thus, the critical damping matrix in the original coordinates is obtained

by simply performing the indicated matrix multiplications.

2.4 A Note On The Comparison Test

Given an arbitrary damping matrix C, with respect to the original
coordinates, the test for the type of damping provided by C can be
carried out in the original coordinates. By definition, ¢ - Ccr is

positive definite if and only if
TR-c x>0 (2.4.1)
cr e

-+ .
for x an arbitrary nonzero vector. Denoting the critical damping matrix
a - ~ 1
in original coordinates as Ccr’ we have CCr =M } Ccr M2, Substituting

NTURIE NI S S
into (2.4.1) with C = M ° CM * gives

Tt ot oyt ¢, whz s o
or
Tic-coumtiso (2.4.2)
o .4.

Letting y = M-i X in (2.4.2) gives
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Y€ -C )Y >0 (2.4.3)

. > . . R .
But, since x is an arbitrary nonzero vector, so is y. Hence 8 = Ccr is
positive definite if and only if C - Ccr is positive definite. A similar

argument also works for the negative definite and indefinite cases.

2.5 Results

The critical damping matrix for the simply supported steel beam
under consideration is calculated using (2.3.7). Both the eigenvalues
and the eigenvectors, normalized with respect to the mass matrix, of
the undamped system are needed to calculate the matrices in (2.3.7).
They are obtained by using MSC/NASTRAN finite element code. The
NASTRAN model (see Appendix A) of the beam consists of 5 CBAR elements.
As a model check, the consistent mass and stiffness matrices generated
by NASTRAN are printed out. These matrices are exactly the same as the
mass and stiffness matrices calculated by hand.

As a further model check, the eigenvalues generated by NASTRAN,
using the Given's method, are compared to the eigenvalues obtained by
solving the separated partial differential equation of motion of the
beam, see Table 1. Good agreement in the first four modes indicates
that the NASTRAN model is working properly. Table 1 also shows that
better numerical accuracy in the higher modes can be obtained by
modeling the beam with a larger number of elements. An examination of
the eigenvectors generated by NASTRAN shows the expected sinusoidal
behavior. As a final check, all calculations were performed using IBM
double precision scientific subroutines, with nearly identical results.

i

The matrix A€ is formed by replacing the diagonal of the 10 x 10

identity matrix with the square root of the eigenvalues obtained from
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NASTRAN, ordered from smallest to largest. The modal matrix of the
undamped system, ¢, is formed by placing the ith eigenvector (which
NASTRAN has already normalized with respect to the mass matrix) in the
ith column of ¢. The critical damping matrix, with respect to the
original coordinates, is calculated using (2.3.7), see Appendix B.

The accuracy of this procedure is checked by performing the matrix
multiplication in (2.3.4). As expected, the result is the decoupled
system (2.3.5).

The matrix differential equation of motion (2.3.1) is solved
directly on the computer using NASTRAN with C = éc;. A solution of
(2.3.1) of the form X = $ext is assumed, where $ is a complex vector
and A is a complex number. The resulting complex eigenvalue problem is
solved by NASTRAN using the upper Hessenberg method. Very little
alteration - of the original NASTRAN model is necessary to perform these
calculations. The real eigenvalue extraction technique is replaced with
a complex eigenvalue extraction technique and the critical damping
matrix is entered using direct matrix input bulk data cards.

Ten complex conjugate pairs of eigenvalues and eigenvectors are
calculated. An examination of the eigenvalues (see Appendix B) shows
that the motion of the system is indeed critically damped. The fre-
quency of oscillation of any mode, fj = |Im(Aj)|/2w, where Aj is the

eigenvalue of the jth

mode, is less than .38 Hertz. These frequencies
are nonzero due to round off error in the above calculations. The
eigenvalues appear in complex conjugate pairs, with imaginary parts
that approach zero. Thus, there are only ten distinct negative, real

eigenvalues, as expected for the critically damped case.

As an example of a damping matrix that theory predicts will
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overdamp the system, let C = Zﬁcr. Then C - écr = écr' From matrix
theory [10], a matrix A is positive definite if and only if there exists
a nonsingular matrix W such that A = WTW. Letting A = écr and

W= /2 Ai o-l, it is easily seen that écr is positive definite. Note
that W is nonsingular since both v2 Ai and 0'1 are nonsingular. The
frequency of oscillation of all modes, as calculated directly by
NASTRAN (see Appendix B) using C = Zécr in (2.3.1), is zero, as expected
for an overdamped system.

As an example of a damping matrix that theory predicts will under-
damp the system, let C = .1 Ccr' AThen C - écr = -.9Ccr, and hence is
negative definite. Ten complex conjugate pairs of eigenvalues, all
with nonzero imaginary parts (see Appendix B) are calculated using
NASTRAN. Thus the eigenvalues are of the expected type for an under-
damped system and all modes oscillate.

As a final example, let C in (2.3.1) represent damping of constant

NT/m

magnitude) C = 903468.04 m

distributed over the entire beam. The
theory of the next chapter predicts that the resulting system will dis-
play mixed damping, with the first five modes being nonoscillatory and
the last five modes being oscillatory. See example 8, Appendix C for
the actual finite element damping matrix associated with this type of
damping.

The theory of Inman and Andry also predicts that the resulting
system will display mixed damping. The matrix C - écr’ (see Appendix
B) is clearly indefinite. Calculating the eigenvalues of the system
with this damping matrix in place, it is clear that the first four modes

are nonoscillatory with zero frequency and the other modes are oscilla-

tory with frequencies between 220 and 2300 Hertz, (see Appendix B).



III. AN ANALYTIC MODEL OF CRITICAL DAMPING

3.0 Introduction

In this chapter, the last of the problems outlined in the general
introduction is considered for the special case of a simply supported
beam. This problem is approached by considering an analytic model of
the beam, consisting of a partial differential equation with boundary
conditions. Both discrete damping, centered at a finite number of
points on the beam, and damping distributed over the entire beam are
considered.

The analytic model of both the undamped and damped simply supported
beam is presented in the first two sections of this chapter. Although
this information is well known and readily available (for instance, see
[11]), it is presented here to aid in the understanding of the defini-
tions and derivations presented in the remainder of this chapter.

In the next section, an expression for the amount of damping
necessary to insure a particular mode to be critically damped or over-
damped is derived, for a particular configuration of discrete damping.
This expression is obtained by applying a direct extension to continuous
systems of the definitions presented in Chapter 2. In particular, it
is shown that, for a system possessing classical normal modes, the
qualitative nature of the motion of the system can be determined by
examining the definiteness of certain combinations of the coefficient
operators.

In the final section, two sets of examples, which illustrate these
results, are presented. A finite element model is obtained for each

example and the resulting damping matrices are introduced into the
20
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equations of motion for the beam. The equations are solved directly

using MSC/NASTRAN finite element code and the results are discussed.

3.1 The Undamped Simply Supported Beam

The equation of motion for the undamped, transverse free vibrations
of a uniform beam, with constant mass per unit length p, modulus of

elasticity E, and moment of inertia I is

" 2
3 V(x:t2 . % 3_‘;_941 =0 (3.1.1)
9X

where v(x,t) is the transverse deflection of the beam. For the simply
supported beam being considered, the deflection and the bending moment

are zero at each end. This leads to the two boundary conditions

v(0,t) = v(L,t) =0 (3.1.2)

v'(0,t) = v'(L,t) =0 (3.1.3)

where ( )' denotes differentiation of () with respect to the spatial
coordinate x.
Assume that the solution to the above system is separable in time

and space, and is of the form
v(x,t) = V(x) £(t) (3.1.4)

Introducing the assumed solution into (3.1.1) and simplifying yields

EI 1 d2v(e) _ -1 d2f(t)
P V() dx® f(r) dt* (3.1.5)

The left side of (3.1.5) depends only on x, and the right side depends
only on t. Both x and t are independent variables, so (3.1.5) has a

solution only if both sides are constant. Choosing a positive value w?,
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for this constant, called a characteristic value or eigenvalue, leads to

two ordinary differential equations

»

%ﬁl - B ut v = 0 (3.1.6)
X
2

%}l +w? £(t) =0 (3.1.7)

The choice of a positive value for the eigenvalues of the problem leads

to the harmonic, rather than exponential, solution of (3.1.7)
f(t) = 01 cos wt + C, sin yt (3.1.8)

which is consistent with the fact that a conservative system has con-
stant total energy.

Equation (3.1.6) is a fourth order, homogeneous, ordinary differ-
ential equation. Four boundary conditions are required for its solution.
Substituting the assumed solution (3.1.4) into the boundary conditions

(3.1.2) and (3.1.3) yields the four required boundary conditions

V(@) = V(L) =0 (3.1.9)
V() = v'(L) = 0. (3.1.10)
The general solution of (3.1.6), with g* =<%T w?, is

V(x) = C1 sin Bx + C2 cos gx + C, sinh Bx + C“cosh gx (3.1.11)

Using boundary condition (3.1.9) and (3.1.10), we obtain the frequency

equation
sin gL = 0 (3.1.12)

with solution gL = nm, n=1,2,3, ... or
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L)
Bbg E—ﬂ Sg—lwz n=1, 2, 3’ LR

Thus, this system possesses a countably infinite sequence of eigen-

values

u
2 . EL (ar n=1,2,3, ... (3.1.13)

® L

n P

Corresponding to the eigenvalues w,, one obtains the eigenfunctions or

natural modes of the system

. nmx
Vn(x) a sin T (3.1.14)

which is the solution of the ordinary differential equation (3.1.6)
with boundary conditions (3.1.9) and (3.1.10).
The final solution of (3.1.1) is obtained from the expansion theorem

of modal analysis and is of the form

v(x,t) = ] sin 2 n (t) (3.1.15)

n=1 L

where nn(t) are time dependent generalized coordinates. Introducting

X

(3.1.15) into (3.1.1), multiplying by sin 27

and integrating from

zero to L gives

Z

L b
.. IrwX 3 . nmrx
. J n (t) sin = - (sin T ) dx

n 0 9X

[ -]
oo _D_ . nTx . rTX =
+ nzl nn(t)EI sin T sin 'Tf'dx 0

Simplifying yields

o 2 . .
nn(t) *wg nn(t) 0 n=1,2,3, ... (3.1.16)

This is a set of uncoupled ordinary differential equations with solution
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n_(0)
n .
nn(t) 2 nn(O) cos mnt + - sin mnt
L nmwx
where nn(O) = J p sin T v(x,0) dx (3.1.17)
0
. L nmx ¢
nn(O) = J p sin T v(x,0) dx (3.1.18)
0

Thus knowledge of the initial deflection and velocity is required to

proceed further.

3.2 The Damped Simply Supported Beam

The equation of motion for the damped, transverse free vibrations

of a uniform beam, in operator notation, is

2
LIvix, )] + 2= Clvix,0)] + M(x) M%,El =0 (3.2.1)
3%
Where L = EI — and M(x) = p. C is a linear homogeneous differential
X

operator consisting of derivatives with respect to the spatial coordi-
nate, x, but not with respect to time. C represents the effects of
continuous or discrete viscous damping. The boundary conditions for this
system are (3.1.2) and (3.1.3), unchanged from the undamped system.
Proceeding in the same manner as in the undamped case, assume the
solution of (3.2.1) to be a superposition of the product of the eigen-
functions of the undamped system times time dependent generalized

coordinates, nn(t)
b . nwx
v(x,t) = ) sin == n_(t) (3.2.2)
51 L ™

Substituting into (3.2.1), multiplying by sin 5%5 , integrating from

zero to L, and simplifying gives
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- ]
n(t)+ [ c ﬁn(t) +wZn (t) =0 n=1,23,... (3.2.3)

r=1 r
where
C_ = Lsin"—"’i Clsin =X ] dx (3.2.4)
nr 0 L L cer

Equation (3.2.3) represents an infinite set of coupled ordinary differ-
ential equations. In the special case where the operator C represents

constant damping distributed over the entire beam
L,

C J sin?B™® gy = SL 4o

C = 0 L 2

nr {

0 n=r

(3.2.5)

where C is a viscous damping constant with units of distributed force per
unit velocity. This type of damping leads to an infinite uncoupled set

of ordinary differential equations.

O f N (t) + wd n(t) =0 n=1,2,3 ... (3.2.6)

or

.o L] 2 - =
nn(t) + 2cn wy nn(t) + oy nn(t) =0 n=1,2,3,... (3.2.7)

The notation in (3.2.7) was chosen to render it similar in structure
to the equation of a single degree-of-freedom system. For critical

damping of the nth mode, ey 1.

= < = = .—“z ﬂ
Hence Cn = men 1 orc men = 2p L ) 5

= 2(’{-‘1)2 VEIp . (3.2.8)

We note from equation (3.2.7) that an infinite amount of damping would
be required in order to overdamp every mode of the system; the best

one could obtain would be the overdamping of a finite number of modes.
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3.3 A Result on Discrete Damping

Consider a simply supported beam with discrete damping centered
at a finite number of points, m, on the beam. For this case, the

operator C in equation (3.2.1) is

m
C= ] ¢ xg (3.3.1)
i=1 i
0 x¢ Ei
where Xg (x) = { is the characteristic function for
i 1 x¢ Ei

the set E.. The set E. is an open interval (a., b.) where 0 S a, < b,
i i i’ i i i
< L, and, for any pair of open intervals, 5111 Ej =@, for i = j. De-
fining C in this way reflects the fact that the damping is not applied
to a set of discrete points, but instead, is distributed over a collection

of discrete open intervals.

Define the linear operator L,, to be

m ci(x)
L [¢] = } 5 xg, () ¢(x) (3.3.2)
i=1 i

and the linear differential operator L, to be

L,[0] = % L[] (3.3.3)
3“
where L = EI Ix% 23S in equation (3.2.1). Also define the operator
L, to be
Ly[¢] = (4L, - Li)[¢] (3.3.4)

Inman and Andry have shown in [12] that the type of damping
provided by the damping mechanism described by (3.3.1) depends on the
definiteness of the operator L;. Recall, an operator L is said to be

positive definite if and only if, for any comparison function u, the
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following holds,

J uL[u]dD 2 0 (3.3.5)
D

and equality holds only for u = 0. A function is a comparison function if
it is sufficiently differentiable over the domain D and it satisfies all
the boundary conditions of the eigenvalue problem. One set of comparison
functions for the simply supported beam being considered is the eigen-

L {n=1
Utilizing the above definitons, the definiteness of the operator

functions of the undamped system, {;in 215} .

L, is seen to depend on the sign of the quantity ¢ , defined by
L

L
dn = 4 J vn(x) Lz[vn(x)]dx - J

m m
. L1 oxg ® ¥, (003 (9C; GOV )

0 i=1 j=1

L m L
= 4 Jo vn(x) Lz[vn(x) dx - 21 I C; (x) Xg (x) v: (x) dx (3.3.6)
i= 0 i

where vn(x) is the nth eigenfunction of the undamped system. It can be

shown that the nth mode is

underdamped if dn >0,.
critically damped if @ =0 and

overdamped if dn < 0.

Notice the similarity of these results to the results obtained for the
discrete, multidegree of freedom systems discussed in section 2.1.
These results can be used to determine either the placement of damping
or the magnitude of damping necessary for the system to be critically
damped when one or the other of the parameters is in some way con-

" strained.
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Consider the special case of damping of constant magnitude 5
placed on the beam such that the intervals over which the damping is
distributed are centered about the maximum and minimum values of the

eigenfunctions. For this case, the open intervals Ei are of the form

E, = (| Bl _g|lp,[B=tys]|L] i=1,...,n
i 2n 2n

with 2né s 1. Evaluating the first integral in (3.3.6) with

v (x) = sin 2%5 and L, as defined in (3.3.3) gives

L 8
4 J sin 27X cﬁl) 2 ([sin 3 )4x = 2 Elk ["“) . (3.3.7)
0 9X L

Evaluating the second integral gives

2i-1
n (L C? () m C? o+ 9L .
E J ‘*1"- XE (x) sin? -—-dx = 2 5T | 24-1 sin? —= dx
i=1 i=1 P J¢ 5— - )L
n
L 1 2i - 1 2i-1
= 121 L 'p'!' [6 - m (511'1 an(T + 5) - sin 2nw ( n - 6)]
m L C2
= Z nﬂp [2n76 + sin 2n78 ] . (3.3.8)

For the nth mode of the beam to be critically damped or over-

damped dn s 0. Substituting (3.3.7,8) into (3.3.6) gives

EE§ (mm)* - —1LL—- ? C2 [2nmé + sin 2nmwé] s O
oL pe2nm is1 i
or
™™, " nn T
mn. 2
4Bl () T2n7s + sin Znwe] ~ 121 i (3.3.9)

If the magnitude of damping is the same over each interval Ei’ then for

critical damping we have
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pEI ()
( n * 2(L ) IZnﬂG + sin 2nné (3.3.10)

Notice, if 2né = 1, that is, the damping is of constant magnitude,

continuously distributed along the entire beam, there results
m. 2
(ccr)n = 2 q;q vpEI (3.3.11)

This is the same value as was obtained by considering the partial

differential equation for this type of damping.

3.4 Examples

Two sets of example problems, consisting of four related examples
each, are considered. In the first set, the amount of damping necessary
to critically damp the first mode of vibration is calculated. In each
example, the damping is distributed over a single interval whose center
coincides with the geometric center of the beam. The width of this
interval is varied from .04m to 5m; a width of .04m being a physical
model of damping applied at a single point, and a width of 5m repre-
senting damping applied over the entire beam. The intermediate cases
considered include damping distributed over the entire center element
and center three elements. See Table 2 for the amounts of damping
necessary to critically damp the first mode using these configurations
of dampers.

In the second set of example problems, the amount of damping
necessary to critically damp the fifth mode of vibration is calculated.
In each example, the damping is distributed over five intervals, each
of whose centers coincides with the geometric center of an element.

The widths of each of these intervals is varied from .04m to 1m; the

first case representing damping applied at five discrete points, and
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the last case representing damping applied over the entire beam. The
intermediate cases considered include damping applied over widths of
.2m and .6m. See Table 2 for the amounts of damping necessary to

critically damp the fifth mode using these configurations of dampers.

Table 2
Summary of Data for Examples 1-8

Example Damping [NT/m Complex Eigenvalues Frequency
Number Magnitudelm/sec (real) (imag) (Hertz)

1 127853.760 -6.30172 *+114.9086 18.28827

2 58084.188 -72.70735 * 90.34698 14.37917

3 38035. 899 -109.5956 + 35.55132 5.658167

4 36138.722 -115.0625 + 1.682878 .2678384

S 3196344.000

6 1452119.700 Examples 5 through 8

7 950897.460 see Appendix

8 903468.040 for this information

The original finite element damping model (see Chapter 2) can be
modified to represent the various cases of discrete damping described
above by recognizing a characteristic each of these cases has in com-
mon. In each case, the damping is applied over one or more regions, each
of whose center coincides with the center of an element. Hence an
element damping matrix for this general type of damping is calculated,
and the final finite element damping matrix is obtained using the same
procedures employed in the original model.

The general element damping matrix for discrete damping is obtained
in a manner analogous to the original model. Assume the damping is dis-
tributed over the intervals Ei = (ai, bi)’ where 0 < a; < bi s 1, and

i = number of elements which experience damping. Then the Rayleigh
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dissipation function for a typical element experiencing damping is

- b. .

=% T[c I 1Rl M) dx]?«

a.
1

=W 1@ %

where [c](e) is the element damping matrix

b, R
[c](e) =c J 1 ﬁT(x) N(x) dx

a.
1

= - - 2- 2 - 2_ 2 oy
156(b,-a;) -22(b%-a?) 54(b;-a,) 13(b3-a?)

3_a3) . 2_22Y _3(Hh3-a3
- 4_;0_ 4(bi ai) 13(1)i ai) 3(bi ai)
- 2_p2
156(bi ai) 22(bi ai)
| s 4(b3-ad)

The Rayleigh dissipation function for elements which do not experience

damping is identically zero, and hence the element damping matrix for

this type of damping is the 4 x 4 zero matrix. The final finite

element damping matrix for each case is obtained by proceeding as in the

original model, using the appropriate elements damping matrices. See

Appendix C for the damping matrices for each example described above.
The discretized matrix differential equations of motion (2.1.1)

is solved directly on the computer using NASTRAN with the various

damping matrices in place. The eigenvalues and frequency of the first

mode of the first four examples are listed in Table 2. Notice, as the

width of the region over which the damping is distributed is increased,
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the magnitude of the real part of the eigenvalue also increases. This
indicates that the motion of the first mode decays faster as the width
of the region over which the damping is applied is increased. Also
notice, as the width of the region over which the damping is applied is
increased, the imaginary part of the eigenvalues and the frequency
decreases. Critical damping is attained only in the last example,
while the first three examples exhibit underdamped motion. This could
be due to the finite element model itself, which consistently over-
estimates these quantities. Indeed, the imaginary part of the eigen-
value for the last example can be shown to be zero, by examining the
decoupled ordinary differential equations which govern the motion of this
example.

The eigenvalues and frequencies of all ten modes of the last four
examples can be found in Appendix D. The first four modes should be
critically damped. Again, as the width of the regions over which the
damping is applied is increased, the theoretically predicted behavi;)r
is more closely achieved. Indeed, the fifth example shows only the
first mode overdamped, the sixth example shows only the first two modes
overdamped, the seventh shows the first three modes overdamped, and
the last example shows the first four modes overdamped, with the
remainder underdamped. Again, this behavior could be due to the finite
element model. This model results in accurate eigenvalues for only the
first four modes of the last example. This can be seen by examining
Table 3 where the theoretically predicted eigenvalues are compared to

the eigenvalues obtained from the finite element model.



Mode

No.

10

Table 3

Comparison of NASTRAN Model with Analytical Model

THEORETICAL
.Eigenvalues
(Real) (Imag.)
-2.3021644
-5750.9155
-37.058599
-5716.1591
-192.86618
-5560.3515
-666.28015
-5086.9375
-2864.0435
-2889.1742
-2876.6088 $5961.0677
-2876.6088 +9698.1044
-2876.6088 +13557.925
-2876.6088 +17730.181
-2876.6088 +22281.889

33

NASTRAN
Eigenvalues
(Real) (Imag.)
-2.302657

-5750.801

-37.18228
-5715.922

-196.0541
-5557.051

-702.3069
-5050.801
-2876.552 -1385.286
-2876.554 +1385.286
-2876.554 +3600.778
-2876.554 +6062.379
-2876.554 $+9085.953
-2876.556 +12500.37
-2876.558 *+14345.40



IV. CONCLUSION

The damped transverse free vibrations of a simply supported beam
have been considered. The question of critical damping for this beam
has been addressed in two different ways. Both a continuous model and
a discretized approximation to this model have provided information.

The continuous model of the beam was discretized using a five
element, consistent finite element model. A critical damping matrix
for this model was calculated, and subsequently shown to critically
damp the first ten modes of vibration simultaneously. Various other
damping matrices were also shown to provide the predicted type of
damping.

It should be emphasized that the critical damping matrix which has
been calculated is very heavily model dependent. A different finite
element model will result in a different, although possibly similar (in
structure), critical damping matrix. Alternatives to the finite element
model presented in this paper include a model consisting of a larger
number of elements and a lumped parameter finite element model. Note
that the latter of these alternatives would not be appropriate for this
analysis. The mass matrix in a lumped parameter model is singular, not
positive definite. Thus the theory on which these calculations are
based would not apply.

It has already been demonstrated that a model consisting of a
larger number of elements provides more accurate results. A critical
damping matrix developed for such a model would critically damp a

larger number of modes. Naturally, the physical effort involved in

34
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computing such a critical damping matrix would also increase. However,
the theory upon which these calculations are based does not increase
in complexity as the order of the system is increased. Thus, the
number of modes which are critically damped is limited only by the
amount of physical effort one is willing to expend in the computa-
tion of the critical damping matrix.

The critical damping matrix which has been developed was used
primarily for comparison. A given damping matrix was compared to the
critical damping matrix to determine the type of damping it would pro-
vide. Although this is a very immediate and important use for this
matrix, a more satisfying use would be the direct application of this
matrix to the system. This, however, requires that the critical damping
matrix be interpreted physically, i.e., what magnitude of damping, placed
where on the beam would result in this damping matrix.

This question is difficult to answer because the critical damping
matrix is fully populated. A typical finite element damping matrix
possesses a very orderly 'block diagonal'" structure. A closer look
at the critical damping matrix reveals an approximate block diagonal
structure. One possible cause of the nonzero "off-block' terms could be
that the columns of the orthogonal modal matrix used to calculate the
critical damping matrix are not quite orthogonal. This is a matter
which requires further investigation.

The question of critical damping for the beam was addressed in a
second way, utilizing a continuous model of the beam. An expression
for critical damping of a given mode was developed for a particular
configuration of discrete regions on the beam over which the damping

was applied. The model was discretized using the same finite element
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model as in the first approach, with a damping matrix modified to
describe discrete damping. Several examples were considered.

The results from these examples were mixed. The model worked well
for the cases in which the damping was distributed over the entire beam,
or a large fraction of the entire beam. However, the model worked less
well for the cases in which the damping was more truly discrete. This
is not surprising, since the original, consistent finite element model
was designed to model continously distributed parameter system. Perhaps
a different finite element model, such as a lumped model, would give
improved results in the discrete cases.

The above calculations were carried out for a particular configur-
ation of discrete damping. This configuration was chosen for a number
of reasons. It was symmetric about the center of the beam, it simplified
the analysis, and it simplified the finite element model. However, at
this time, it is impossible to say if this particular configuration
was physically the best choice for this problem. Determining the best
possible configuration of discrete damping for this problem is another

matter which requires further study.
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APPENDIX A - FINITE ELEMENT MATRICES AND
THE UNDAMPED NASTRAN MODEL
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APPENDIX B - EIGENVALUES, AND MATRICES FROM CHAPTER II



50

O5H56°ZT001
LELLT 0182~
TTOH0LTT-
1866~
SUTIR B
CThOEL-

(93 2230 131
0b6LL 8-
1766°21
L6L8° T

LELLT0132-
L928°3¥3L2
1v64°ST1
e518°£3832-
LS12°568T1-
$0LL"531-
0SSt °321
6S6L° 7L~
vov St
06LL°8-

TI09°60L11- 1G64°9LT-
1573 AR £518°2332-
$220°£20922 L2007 ¥731T
£300° 9311 " ZTI1°L1032
2308 VEETT1-6806°21
0T¥s 201~ £8ES°PI8e-
6092°L0LT- ES19°60L1T-
p20b° b1~ Y0LL"S31-
$666°30% 01%¥s5°201
1966°21- 02p0°cSL-

000S°ST1 0Z¥0°€EL- 0v6E°¥ST 06LL°3- 17956°21 56L3° 1~
L3T2°35CTT- $0LL°G8T- 0SSy 321 6S6L°9L- t20v°bSl 06LL° 3~
2305 HYETTIT-0145°201- 6092°L0LT-  $20F°¥ST- SL66730Y 1966°21-
63%L°21 ESCRTEIZT- ZST19°60L11- $0LL°S8T- otvs°cot 02v0°2L-
TBLTSTITYIT SCT9°60LTT  TLEQ°GE601T-058Y 32T - 607T°L0LT-  ObLE pCT-

CSTF°A0LTT  2ZTTT1°LT032 &3%6°21- GST18°E8823~- LB00°¢98T1T1- 1GL6°7LT-
TLER 260116346721 F98L°CTEHTZ LSTZ°CGSTIT  2SO0S°HHvETTIT-0005°GTIT-
05av°321- SSI8°E332- LSIZ°SCGIT  £988°348LZ Thv6tb°STI- €LL70182~

609Z°L0LT-  LB00°E73T1- 2505 bvEITI-Tv6b°STT- $220°€20922 110550411
ov:e° ¥51- 15646°9L1- 0003°ST1- LSLLT0T8T- T109°60L1T 0OSYv6°ZTObT
SI XIYIVK ONIJWYO WIILIMI 3HL



»WNe N193e
INON=T13JIV
INON=0T3A

3INDN=4S10
12 3sviens
: 02=3300W

02 N¥HL 1 S300W ¥03 1NdIND=138VI
1 3sviens
1w _= 4810

1nd1N0
¥ivkI=dd20
$ = QOHIIW)

yL = JdS
Hi0€® = OHI3I
Wy38 031¥0ddNS ATJWIS Q3IJWvg = 37111100S

=N CNONDOONMeEnO
o pud ol @ joud g =0

¥ 40 SISATYNV NOILVYSIA = 37114
INNDD
) guvy)

0OH I3 ¥ 3340 10¥1NOJ 3Isv)

Wv38 031¥0d4dNS ATdWIS 03dWVa
39vd oLs1 £S5 NYNISYN 1661 <€ 3NAF , V_40 SISAIUNY ACTLIVRRLA

GN3)
: ¥31TVQN3s

SVENCI/VNI//VNN*0T1S*C13SN 014D ¥dOLVNS
SYONCI/VND//VVH*QTIIS ¢0L3SN*C V4D ¥4OL VNS
2%l w311vs

°031N1¥d 38 018
$3JI¥IVM SSINJJTLS ONV SSVYW TWNIJ 3IHL ISNVI TTIR SININIIVIS LIXIN JHIS
22 “12 11 %1 €l <6 9OV]O

4 108
S 3Nl
dsS1Q_ddv

31dWVXZ GIdWVA ATTVIILIND Z0WV38 034V AVED OI

oK I3 ¥ )30 T 0¥ 1 NDD IATL1INDI I x 3 NVYY¥Y]1S VYN

39vd €271 26 NUHISYN  T1R6T <€ 3INNC




52

H0033¥4 40 SIIY930 ONIASIXINON 39¥Und ¢

]

s00e  S39¥Nd [111] ]

]

00600EQ4260°L*°°1100°2°02°T1VH

) ]

esee VIVG VI¥IIWM sese [

]

006¢660-19°9°°20° 0201 “¥VBd

)

eees S3I14¥3408d I1¥13IWCIO eeoe ]

1

.Q.ONQ.Q'...‘G—WO

19134 ¢0eg-"1¢eexXyNsSSIHG*I]I

| ]

eese 3INOINHIIL NOILIIVYLIXI 3INTVANIOLII XI1dW0D 3ISOOH) eeee [

L §

GOHIEC2 T LINYINIS

[

CANINILVLIS LINUOND 3H) ONISN A O3IHSITEWOIIV SI SIHL S

%

*SINIW3ITI ¢

ONINIVWIY 3HL Y04 NOILVWNYODSNI 3IN1 3SN ONY INIWITI 3N0 ¥O0J S3ITuive ¢
SSINJISILS ONV SSVW 3IH1 31VINJTIV) GI 3ITVEISSOd S1 13  °S3XVv _1vIO0T 3IHL $
01 3ATAIVIIY SIJTNIVW SSINIIIIS ONV SSYN VS 3IHL SS3SS0d TV 8
TII8 AIHL ¢SINISOD NOILI3¥I0 MVS 3HL ONVSI11¥340¥d IVIWIIVE §
€$31143d0¥d JIDIIN0IO *HIONI T IWVS IJHL JAVH SINIWITI TIV 3IINIS
[

002¢400024996°01°G°UVE)I
94240400269 °01°%°¥VE)

€e7e64002°V°E*01°¢ ‘uVED
€e26466002°€“2°01°2°¥VE)
. €02606002°2°1°01°1°%VE)

[

ssse VIVG AN3N3ITI e ee ]

%

. €es¢0¢0°00° oo~.c.oo—.o.oc~.o_uo

¢ese INIOd QI¥9D A¥VIIIXNY [ X1 o
[

€¢¢¢0¢0°0¢0°0°0°6°0°9°01¥9
€6¢40¢0°0°0°0°0°%°0°5°01Y¥9

€¢¢4070°0°0°0°0°€“0°Y“01¥9D
00640¢0°C*0°0°0°2°0“E *0I YD
€€0¢0¢0°0°0°0°0°1°0°2°01¥9

$9¢40¢0°C*0°0°0°0°0°1°01¥9
eese SININd O1¥ esee

s
. ]
oo ' oo . LX) h oo o e m CX ] [ LX) ﬂ oo ~ oo d .

OH 3 ¥»J1340 vyiva > 1 n e I ndN1l

RYTANZ

WY38 Q31¥0ddNS AVdWIS 03dWV0
LAR- TR A 1P61 “E INNe V_J0 SISAIUNY NOILVHEIA




53

022e 1902962°1 € L] 61 2de

61)e €+9112518°2~ $ € 81)s

81D $+696L60L1°1 - € € L12e

41Je 20+0228¢68°1 - [ 2 4912

4913 2046226201 € 2 991)e

991 Js 10+46L%0¢€°L - [ 1 €91 Je

6912e [4 K] Y VWD 291wQ

CeETIG2L1EN?°2 € (2 91Je

91Je y4696260L7°1 [ € $1)e

$12e §409109€601° 1~ € € (18]]

»1de 204L6€EY82°1~ [ e L%1)e

191 €0PYELYLOL "1~ € 4 991 Je

9%1 e 24206€96°1~- $ 1 (12 8]

S%1)e € ] ¥ivwd *91NG

9486969108 °2 < € €1de

€1)e 1+402962°1- € € 212
212 €+6966€E88 ° 2~ [ 4 11Je -

11 YeTLYT1%0T ° 1~ € t 4 01 e

0 2452%02L° 1~ [ 1 6Je

6)e ¢ € ¥ivwd *9] UG

gegIgZLIEN 22 € € 8Je

Ble ¥+£09€6661 °1 $ 2 Slle

$l)e Covy THHNETT T~ R 4 e

Lde 24981961 ° 1~ $ 1 69Je

$92e € € YAVH) #9]NWQ

y+160208%0L °2 ] 2 9

9)e 249684961 ° 1~ € 4 ; 6Je

S €96696018°2~ [ 1 1 "%

[ 2= 14 s e YAVHI *91uWa

_ €€ e

GEJe S+0€€LY2092°2 € 2 _€Je

€Je Y+€E56260L1°1 % 1 2e

2 € 4 yive)d *91uW0

949€.98210%°1 $ 1 13

1e ¢ 1 YivW)d e91u0

06cee(e19Qe0NIVUHI*OING

s

sees XIWIVN SNIIWVQ ANANI 1J3%I0 000 s

)

971°C°yL1IdS

]

°0¥32 04 TYNCI 9 ONV T SIOON LV NOTAVISNYYL-Z 3IHL S13S ANINILVAS SIHL 8

L ]

sese SNOILIONOD ANVONNOS s [

L §

002°965€21°4£°1J4S

 §

INIOd GI¥9 A¥VITIXNY ¥O4 WOO03I3¥4 JO 33¥930 39¥nd $
]

. 9NYIHL T ‘9921 °9L°1IdS
[ °~ L] o oo . LX ] h oo ‘ e “ LA ’ LN n LR J ~ X J - Ld

OWJ3 ¥IJ33aQ Vviva »Tnd 1ndnwNl1

Wv39 Q31¥04dNS ATdNIS CIWYVC




6EY =INNOJ TViOIL

V1VQOON3
)

1SSYNINDI *NVYVI
s

*NOISVINWY0S SSYW 031dN0I S1$S3INOIY INIWILVLS SIHL 8
 §
eeeeSINIWILVIS ¥3IL3WVUVY 000 [ |

54

) ]
%49€208210%°1 ¢ 9 0€Je
0€Je €+68%6010°2- [ [ 62)e
62)e b4E5626021°1 - € $ 823
82Je 2482%02L°1 - s 1] 1820
1982)e 2498L%61°1 € 1) 982Je
982)e 1046250€° L~ $ € $82Je
682 24286E%6°1 € € ¥82Je¢
y82Je 00e28LL°8- [ 4 €82J¢
€82Je 10+466662°% € 2 2823Je
282Je 00+9188°1- 1 1. 1820
1820» s 9 ¥ivN) *91N0
. 5+1604698¢°2 $ $ 42e
1230 24960%1°1 € ¢ 92Je
92Je €46966£88°2~ 1 L4 €2
§2Je $4E09€6661°1 - € [ 2 82Je
92 e 20+4022868°1- [ € 6€2Je
6€2Je 2NeL6e%02°1 € € e€2)e
8€20e J0+0€189°L - 11 2 L€2)e
1€2)e 204PLOEYG°T € 4 9€2)e
9€2Je 00+48LL°8~ € | SET e
$€22e $ : [ WiVH)  e91uQ
C+BEELY2092°2 € 14 €2Je
€2 Se1L914901°1 [ 1 22
22e EXIIA011I40 04 & € L 1 122
122 204622620° 1~ (4 € 6122
612 CevELYLOL T~ € € 8120
9122 204826€%6°1~ [ r 4 4122e
L12)e 204£00680°% € 4 912 e
912 10466662°1- 1 1 6120
S1c)e € [ - PN L D) *91wQ
$4869469108°2 . $ 02)e¢
L] °~ LN o eoe - L X} F LN J o [N J n LN ] ' L X ] ﬂ ee ~ o ~ [ ]
OH D3 3130 vivag 1N 8 1 NdN
WY38 03I1¥0ddNS ATVINIS 0IdNVO
39v4d €LsY1 76 NVYLSUN _ 1P6T € 3INNF o 3 V 40 SISATYNY NOLIVMBIA




55

20430669€L °€ . 10-3996268° M mo.wﬁoo?& ~o.w2..~mm.._7 u ow
no.mEn 04364€602°Y __ €0¢361%6 = []
0°0 0°0 00+3EYLELT °T €0+3€LG6LE6°1- Y st
0°0 0°0 10-31689€22°2 €043229629°y~ 3] 3
0°0 0°0 10-3292992°1 €0431219%9°6~ L1 91
0°0 0°0 20-3LEBYYS °6 €0+3616002°€ - ot 1]
0°0 0°0 20-3112219°¢ v0+301618¢°1- 02 "
0°0 _0°0 20-32119€6°€ £943169624°9~ (3] (4]
0°0 0°0 20-3696928°2 ¥yNe31E26082°1- ot 21
0°0 0°0 €0-3820%9€ °2 2043161921°1- € "
20+368%18€°¢F 10-30€12¢8°€ 00+3%9€02% °2- 204321€269°Y- 1 ot
€0+31€0602°1 10-3€€66T16° 1 00+4306%602 "1~ €043.910820°1- 3 6
0°0 0°0 0043EELELT °T~ €0+30€2626°1~ I ]
0°0 c°0 10-3246€22 °2~ £043%8615§°9- 1 2
0°0 0°0 "10-38%2992°1- €0+39€L010°6~ 3] 9
0°0 0°0 20-368169%6 “6~ €043696981°€~ ) s
0°0 0°0 20-399€419°2~ 0032929991~ o1 )
0°0 0°0 20-39602€6 “€E~ €0430€L%69°9- 21 3
0°0 0°0 20-39€€926 °2- v0+3631082°1- 91 4
0°0 0°0 £0-3EL*€96 *2~ 20+43062641°1~ 2 1
_m IN31314430) _ tS3104 ) ENTITID (v3y) ¥30¥0 “ON
. -  9ON]dwva .w = AIN3INO3IVJ :, INTIVANIIII NOIL1IvuLX3 100¥

AdYV WWNS INTIVYANIOIL I X3 1d4dwW0))

WV38 031¥NddNS ATdHIS (34w V0
V_4C SISATUNY ADJiV¥B]A

TdWNVX3 a3dNWVa >,:<U:.:_u
39vd 62/1 /6 NUMISUN__ TRe1 ‘€ _INNF -




56

i

0°0 0°0 60-3289€28°1 20+3618962°2~ € 02
0°0 0°0 90-3626241°2 £€0+43%70862° 1- 8 61
0°0 0°0 10-31€69%2°L €0+362E026° ¢~ 4] B8l
0°0 0°0 L0-3202156°1 €0+436€69E9° €~ 1" L
0°0 0°0 80-3G2E0€0 "6 €0+43862668° €~ €1 97
0°0 0°0 6C-ItGeTIT T ¥0+30910966°¢- [} [
0°0 0°0 01-342%626°9 ¥043156T61° 1~ 4] .t
0°0 0°0 11-3656%0€ *a 90+43€86612° 1~ 91 €1
0°0 0°0 2Y-3620062 9 $0+3L12%0%° ¢- 1A § H4 |
0°0 0°0 $0-360€9%E "1~ 20+432926€2° 1~ y 1A ]
0°0 0°0 90-38599%1 °2~ €0+43976%€2° 1~ L ot )
0°0 0°0 10-391v628 "0~ t0+3£39¢66° ¢~ ov ) T
0°0 0°0 10-3102808 °1-~ 2043609962° ¥~ 1 8
0°0 0°0 80-31%2269 “0- 20436%6966°0- 9 L
0°0 50 B50-30¢5¢n9 %=  t0+3%%60c0" 2 3| L)
0°0 0°0 80-3%€2€0T1 *2-  €743005022°1~ 6 S
0°0 0°0 60-3606€96 °G- 10+4362%€80° €~ s v
0°0 0°0  60-3¢51110°%-  20+37869%0°%- b t
0°0 0°0 6C-364T1121°2~ ®N43426099° G~ ot 2
0°0 0°0 60-3222%66 "1~ 9043222282°%- 02 1
WNIT5133307 TSI (L1134 (R[ZL1) EELL]) o
ON1JW VD AIN3INO 34 INTIVANIOLI NO11JVY¥LXI 1ony
T¥EVHWNS JTNTVARITTIIT YITIWODD
FTdNVXE AIdWVAYTAO W33 031834dNS A1AWIS A3 VO
L 39vd 62/1 /6 NYUISYN 1861 €21 3NNT vV 40 STSAITNY NDTITNPTA







12

39vd

10-36L0010°2
10-3092010°2
10-3468600°2
10-3198600°2
10-316%010°2
10-3920010°2
10-3625600°2
10-369%010°2
10-3¢69010°2
10-3202800°2
10-3620010°2
10-3092010°2
10-3468600°2
10-3198600°2

10-326%010°27

10-3920010°2
10-3626600°2

" 10-3699010°7

10-36690710°2

10-3012800°2

H

INITIT44303 " T T

LR [)

1876 /9

NVYLISYN

€0+381691€°2 * 9043292559 °1 €043960€99° 1~ 61 292
€0+436621€0°2 ¥043222922°1  €0+3928282°1- 02 __ 61
€0+3€12606°Y . €0+3899264°6 2043€85625°6- 81 81
€0+3219290°1 . £€0+43966929 °9 2043205602°9- st Lt
20+3861862°L €0+3%06SE6°Y 2003026609y~ - €1 91
20+43826660°§  £0+3vE29.1°C 20+35¢E2261°¢€- 11 3]
2043216286°2 €0+3696€20 °1 204364%6288° 1~ [ vt
2043206269°1 €0+36%6BE0°T  20+3586£%0°1- L €1
TO+3L1%00€°2 20431669086 °% {0+3025119° 8- Y Z1
10+320€228°1 2043266591 °1 10+3089691° 1~ 2 11
€0+381691€°2 9043292669 °T-  €0+3960€9%°1- Ll ot
€0+36621€0°2° T e0e32L2902 1= €En+34282682°1- 91 6
€0+3€12606°1 £0+3899289 °6- 20436856266~ sl 8
€043219290°1 €0439€¢5/9 0~ 204320560.1°9~ 21 l
20+38061862°L TE0+3066666 %= T 20+430L50603°%- ol . 9 .
2003826660°¢ €0+39€29L1°E~ 20+306€L261°€~ 6 <
2043216286°2 €0+3696€(8°T~ 2043596288° 1~ 9 »
2003206269°T° 77 77T €0+36%68€0°1-"  20+3686€40°T- (4 t
1043L1%00€°2 20032066986 °y- 10+3026119° %~ € 2
10+320€228°1 2043286951 °1- 10432896%1°1- 1 1
(S3MVAIN "~ T T ovnly t w3y ¥3040 0N
AIN3IND 384 INTIVANIOLI NOIL1DVEZiX3 100y

AYyvuuwns INTVANIIOTI I XITIW

41dWVX3 dIdWVGYIANN

1661 ¢L2 1snonv

0y ———

WY3I6 CI1¥44NE

v 340

e
- e

AaT4n]C T3dav?
CATT VT NTTIINELA



58

101 b POYG~
CHAF*P¥OF -
FIv2 vICeE
tev0c) 110
ORI °GII -
r1¥0°€L
CREFECH~
1911 °R
7GR P L=

cipPR*|

EVvag " Zvoe-

004 *AFO0L
oGy G-
29vE " 60GE~
€I1PR°AIGAF
02?R°GRI
1¢fFv°8e -
0OfIR®0Q/.
PLOE PG~

1811 °R

E1PZ°V/0AE
0GRy °Gl |-
1FGA2ZIGYY
Iv€0 "PZROE -
0140°606122
G/126°201
yELY*LOLY
8/ 6€°¥GI
6006° 0P =

FEGET2I

pevo°LLY
COPE “AOCE-
Ivgo 82 PeE~
L0G0*ROPO I =
oeo6°2l=-
SIfFO*RFOE~
8EV? “vlCAE
ocee -G8l
glec°e01-
CLYC°EL

‘ely°Gil-
FLYP®AIGAE
clrentsosilee
Ce9A°2i-
CGEP *OEROPY
FEPe "Pl06E-
Al 9na0LP2
16€¥°821
tF/v°L0L1

CRAF¥G]

¢Lro°f/
oeee a8l
gLesteol
Slgo prof~
REVC P/ OAE -~
LOSO°ROPO I~
(sl A d]
COPEFOGE~
IPEO°FZRAE
yero LIt

CRAFPCI-
1GEY° R~
PELP°LOL |
PEYC " PLOAF
92Al*960L22
0294°21
GGEY "OfPOPY
FLYR 6I1G6E
01e0°q0s/22
ORIP°GII

8L R
0EIR*9}
eLOE PG
Qe Gl
Lsep a8zt
oovE °60GE-
ELYR°RICAE-
0061 *6£°01 -
9GR¥°Gi I

EvorZvof-

C6GAP | -
flAF PG
6006° ROV~
G126 20l -
vELY©10/ 10
IPEC°BCPEE
olaC*60GI 2?7
oGRt Gl
1€66°2216vy
Elv?° p/0AF~

QIRP*|
leL!°8
RAGAC2I
61v0°€}
CPAF PG
vevncst |
opLP Gl
Fraf evoe-
glve vicoeE~
101t °POPG~

SI AVOLLIED D enrIw 0



59

10-3€25010°y ° €0e+3201€02°2 $0+3096%€Y °1 €0+30669L20° 2~ 3] 02

10-36%€209°y €003969686°1 v0432€0062°1 £043966920° 2~ 91 (1]
10-30981€€°9 €0+4392099%°1 €0¢3€S6600°6 €043966920° 2~ vl 1]
10-389060%°6 2003926899°6 €04362€290°9 €0+43966928°2- 21 ]|
00¢36€42068°1 20¢36180€L°$ €0+438£2009°€ €043965920° 2~ ot 91
0043800£61°Y 2003162002°2 €0+3982¢0¢ ° . * *2- 6 1]
0°0 0°0 - £°9 004316920€°2~ $ (3]
0°0 0°0 80-3089%0¢ °1 2043195096°1- ] (4]
0°0 0°0 760-3606109°0 10438220V 2°€ - 9 ] ]
0°0 0°0 60-3E69€01 °¢ €003226612°¢~ 2 11
0°0 0°0 “0-3€69€01 °¢ §0+43108062° ¢~ 1 ol
0°0 0°0 60-3€69€01°¢ €0+3160266°¢- € 6
0°0 0°0 -60-32069%9C°¢ €043106060° ¢~ 3 ]
0°0 0°0 __ -6 043690€20°2 - (] ]
10-3€2%010°Y €003291€82°2 ¥0+43096%€V 1~ €0+308669209° 2- Y] 9
10-369€209°Y €0+39600666° 1 $0432€0062°1~ €043966920° 2~ 02 s
10-39961€£°9 €0+43%209%v°1 . _€003EGESE0 6~ £0¢39669¢8°2~ 81 )
10-30v660:°0 2003516084%9°6 €0¢362€250°9- €0+3956926°2- <t €
00+36€2L66°1 20436100€2°¢ €043922C09 "€~ €0+3456920° 2~ (1] 2
0043900€61°Y 2043164902°2 €043982¢FE 1~ €043265928° 2~ ] 1
IN3TI13430) 1S3704 TITIL (v3u) w3040 “ON
ONl V0 AIN3INO WY 3n1VANI913 NOI1dvulx3 100¥
AWVYHUNNS 3INTVYVANITIOII X3 14w0)
m_,:_z<xm‘ INITdWVA QIXIN #t3E 73180ddNS ATeniS N3dwVC

12 39vd 1876 79 NTUISTN  1f6l L2 AWNF V30 SISATIANY ATIAVWNLIA



APPENDIX C - FINITE ELEMENT DAMPING MATRICES FOR
DISCRETE AND CONTINUOUS DAMPING
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