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ABSTRACT

A CLASS OF TIME DOMAIN MODELS
FOR THE NUMERICAL SOLUTION OF
TRANSMISSION LINE PROBLEMS

by Thomas Lynn Drake

The requirements of modern technology necessitate
extremely large and complex systems which contain trans-
mission lines as components. These systems no longer are
composed of components which are described by linear
equations. Therefore, time domain techniques must be used
to analyze these systems. The equations which describe
these large and complex systems are most easily solved by
numerical techniques with large scale digital computers.

The specific subject of this thesis is the derivation
of three general classes of time domain models, using differ-
ence equations, which give the numerical solution to the
lossless transmission line of finite length. In addition to
giving the numerical solution along the line, any model re-
lates the voltage and current variables, corresponding to the
transmission line linear graph representation, in a manner
such that each graph element which represents each port of
the transmission line can be formulated in the system graph
as either a branch or a chord. The system for which the
transmission line is a component may be nonlinear as well as

linear.



Thomas Lynn Drake

One of the main results of this thesis other than
deriving the three classes of time domain models is the ap-
proach which is used in performing these derivations. In-
stead of directly approaching the general transmission line
probiem, three transmission line problems, each having
certain identifying characteristics, are first treated by
standard numerical methods. The superposition principle,
even though the mathematical description of the boundaries
may be nonlinear, is then applied to combine the results for
these specific transmission line problems to obtain these
three classes of time domain models. This general approach
by-passes a number of the difficulties which are normally en-

countered by convential techniques.
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I. INTRODUCTION

1.0 Introduction

A lossless parallel transmission line of length L is

described mathematically by the telegrapher's equations

- %Vgx‘t) =1 BI(x,t)
X t

- %Iith) = o QU(x,t)
X ot

where 1 and c are the inductance and capacitance parameters
for the line. For a given set of initial conditions and an
appropriate boundary condition for each end of the line,
there are a number of techniques, both analytical and numeri-
cal, discussed in the literature for finding the solution to
these equations.

Most analytical techniques for finding the solution
to these equations are applicable only to a restricted class
of problems, generally those for which the mathematical de-
scriptions of the boundaries are linear. Numerical methods
on the other hand, are by no means so restricted. 1In fact,
most numerical methods of solution allow the mathematical de-
scriptions of the boundaries to be nonlinear as well as
linear. Hence, the subject of the thesis is concerned with

numerical methods of solution for these.equations.

1




Any numerical technique consists of a finite set of
equations, obtained by some method, for which the numerical
solution to these equations approximates V(xj,tk) and

I(§p,tk) respectively on the two sets of points in the x, t-

where the two sets of points,

plane, (xj,tk) and (xp,tk),

(xj) and (§p), are finite. The two sets of points, (xj,tk)

and (§p,tk) are respectively called the voltage and current

net points. In addition, the two sets of points, (xj) and

(§p), are respectively called the voltage and current node

points. Normally, the sets of points, (tk), (xj), and (§p),

are chosen such that the points belonging to any given set are
equally spaced. Hence, if Ax and At are the increments of the
variables x and t, the sets of voltage and current net points
are given by xj=xo+ij, tk=kA¢, where j=0,1,2,...,J and
k=0,1,2,..., and §p=§o+pr, tk=kAt, where p=0,1,2,...,P and
k=0,1,2,...,. Generally, x, and §0 are related either as
X=Xy Or X =X +Ax/2.

The numerical techniques which are discussed in the
literature can be placed in one of three general categories.
The first such category contains numerical techniques which
employ a Fourier series. This technique simply uses numerical
techniques to find the Fourier coefficients of the series in-
stead of the normal analytical techniques. This method of

solution generally can only be used in cases where the mathe-

matical descriptions of the boundaries are linear.



The second category contains the methods which ap-
proximate the transmission line by a passive lumped parameter
electrical equivalent network. The resulting network equa-
tions can then be solved by some numerical technique. This
approximate equivalent network approach is probably the most
widely used by the engineering profession. The biggest
shortcomings of this approach are that all physically real-
izable passive networks either require a large number of ele-
ments to be a good approximation, an exceedingly small At to
solve the network equations numerically, or both.

The last category contains finite-difference methods
for the approximate numerical solution for problems of this
kind. This is the general approach which has been studied
extensively by applied mathematicians. The partial deri-
vatives are first approximated by difference equations at
the net points and the resulting difference equations are
then solved. Instead of attempting to solve the telegrapher's
equations, the literature is primarily concerned with solving
the wave equation by finite-difference methods. Summaries
of these methods are given by Richtmyer (1), Kunz (2), and
Fox (3). These methods are derived on the basis that each
end of the line is terminated in a voltage (current) source
which has a zero source impedance (admittance). If the line
is terminated differently, most of the properties which are
derived for these methods are no longer valid. Therefore,

their biggest shortcoming is that most practical problems



encountered in electrical engineering do not have boundary
conditions for which these methods were intended.

The specific subject of the thesis is the derivation
of three general classes of numerical time domain models,
using difference equations, which give the approximate nu-
merical solution to the lossless transmission line of finite
length. The equations, corresponding to any given time do-
main model, are generally not realizable as a passive lumped
parameter electrical network. In addition, these three
classes of models are applicable for the practical problems
encountered in electrical engineering. The mathematical
descriptions of the transmission line boundaries are allowed
to be nonlinear.

The mathematical development of the thesis treats a
normalized set of telegrapher's equations which are obtained

by introducing a change of variable. By letting

V(ix,t) = ‘]/l/c E(x,t),

the normalized telegrapher's equations can be written as

_ bﬁfx,tl - _VIE-Bifx,tz
_ b’];(x,t) - ﬁ;bxg(x,t).

The resulting set of equations has the properties that the

characteristic impedance has been transformed to unity and



the phase velocity vp remains unchanged. The quantity Vic
is easily recognized to be l/vp

Each numerical time domain model is derived on the
basis that the transmission line, having finite length, is to
be a two port component in a given system. For any given
model, the set of equations which define this model are such
that the transmission line terminals can be represented as a
two part linear graph with one element in each part. In ad-
dition to giving the approximate solution at the node points,
these equations relate the voltage and current variables,
corresponding to the transmission line linear graph represen-
tation, in a manner such that each graph element can be
formulated in the system graph as either a branch or a chord,

Unless otherwise stated, the mathematical development
assumes that both linear graph elements are chords. Chapter
5 shows that the remaining three cases, one by symmetry, im-
mediately follow from this case.

For this case, the increment Ax is chosen as Ax=L/k,
where k is a positive integer. The set of voltage node

points, (xj), are defined as xj=ij, where j=0,1,2,....,k.
In addition, the set of current node points, (;é), are de-
fined as §é=pr+Ax/2, where p=0,1,2,...,k-1. These sets of

node points are defined differently for the cases where
either one or both graph elements are not in the cotree of

the system graph.



The node points in a given set are equally spaced.
Hence, standard numerical methods which use equally spaced
data points are applicable for the derivation of the time
domain models. On the other hand, these two sets of node
points are purposely defined so that the intersection of the
two sets is the null set. The basic reason for defining the
node points in this manner is that the derivations and the
construction of any time domain model is greatly simplified.
This will become evident during the derivation of these

methods.

1.1 Superposition Principle.

All three classes of time domain models are derived
on the basis of certain mathematical properties of the theo-
retical solution to the normalized telegrapher's equations.
One important property on which the derivations are based is
the superposition principle. Hence, certain specific appli-
cations of this principle must be discussed first in order
to indicate the development of the three classes of time do-
main models.

For the purposes of this discussion, let us assume
that the transmission line is a component in a given system.
In addition, let us assume that the entire system can be
represented as a two part linear graph containing two ele-
ments in each part for which the linear graph which repre-

sents the transmission line is the cotree of the system graph.



As far as the solution of normalized telegrapher's
equations is concerned, the initial and boundary conditions

are given as

E(x,0) = hl(x) O=x<L
I(x,0) =hﬂx) O=sx<L
E(O0,t) =EM}HO¢)¢) Ost<o
E(L,t) = Es2(I(L,t),t) O=st<o

where hl(x) and hz(x) are specified functions of x. The
functions Esl(I(O,t),t) and EsZ(I(L’t)’t) are determined in

some manner for t = 0 by the mathematical description of the
system components which correspond to the branches of the
tree.

Because of the linearity of the telegrapher's equa-

tions the superposition principle can be applied at t=t0 as

long as the boundary conditions for the telegrapher's equa-
tions are properly defined. This property is used to sub-
divide the transmission line problem at t=t0 into three prob-
lems, each having certain identifying characteristics.

Let us consider the three transmission line problems
which are described by the following sets of initial and

boundary conditions.

|
o

El(x,to) O<x<L 1.1.0

I
o

Il(x,to) O<x=<L



El(L,t)
El(O,t)

Il(O,t

0

E_,(1(0,t),¢)

o) = E;(0,t,)

EZ(X’tO) =0

E2(L,t) = EsZ(I(L’t)ft)

Iz(x,to) =0

E2(0,t) =0
IZ(L’tO) = EZ(L'tO)
E3(x,t0) = E(x,to)
I3(x,t0) = I(x,to)

E3(0,t) = E3(L,t) =0

I3(0,t0)

I3(L,to)

I(O,to) - E(o,to)

= I(L,ty) + E(L, t)

t,=<t<o

t.=t<oo0

O=sx<L
t.<t<=m

O=x<L

t <t<oo

O<x<L

O<=x<L

t.<t<o00

1.1.2

It is quite clear that the solution for E(x,t) and I(x,t)

for t=t

0]

is given as

E(x,t) = El(x,t) + Ez(x,t) + E3(x,t)

I(x,t)

where all current orientations are from x=0 to x=L.

Il(x,t) + Iz(x,t) + I3(x,t)



Upon examining these three transmission line problems,
one finds that there are two transmission line problems which
have zero initial conditions and one identically zero boundary
condition. The remaining problem has the boundary conditions
specified as zero but has initial conditions which may be
nonzero. For the purposes of simplifying the discussion
throughout the thesis, the transmission line problems which
have the identifying characteristics the same as the problems
which are described by Egs. 1.1.0, 1.1.1, or 1.1.2 are
classified respectively as problems of type 1, type 2, or
type 3.

At t=tOAt, the same subdivision process can be ap-

plied to the solution of each of the two transmission line
problems which are described by Egs. 1.1.0 and 1.1.1. These

two solutions at t=tO+At define two problems of type 3, a

problem of type 1, and a problem of type 2. This subdivision
process in effect states that the solution for E(x,t) and

I(x,t) for t3t0+ At can be considered the sum of the solu-

tions of a problem of type 1, a problem of type 2, and three
problems of type 3.
Let us consider the two problems of type 3 which

were defined at t=to+At. Both of these problems are deter-

mined respectively by some process which converts the
boundary conditions E(0,t) and E(L,t) for the interval

t,=t<t

0 +At into initial conditions for these two problems

0

of type 3 which were defined at t=to+At.
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At t=t0+At, the three problems of type 3 can be com-

bined by superposition to define one problem of type 3. As

a result, the solution for E(x,t) and I(x,t) for t§3t0+At

can also be considered as the sum of the solutions of a
problem of type 1, type 2, and type 3.

The specific approach of the thesis is then first to
derive two general classes of time domain modéls which are
applicable for obtaining the approximate numerical solution
for E3(x,t) and I3(x,t) at the defined node points. Next, a
method for converting the boundary conditions E(0O,t) and

E(L,t) for the interval to:§t<=t0+At into initial conditions
in order to define two problems of type 3 at t=tO+At is de-

rived. It is quite clear that a time domain model for the
problem of type 3 and the method for converting the boundary
conditions into initial conditions can be combined by super-
position to obtain a time domain model which is valid for
the original problem. This combination process introduces

three classes of time domain models.

1.2 Thesis Outline.

According to the discussion as given in section 1.1,
it is necessary to derive a time domain model which is appli-
cable for the problem of type 3. 1In order to obtain these
models, the fact is used that a problem of type 3 has the
same solution as an infinite line with certain periodic

initial conditions for the interval 0=<x=<L. Therefore,
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instead of directly approaching the problem of type 3, the
infinite transmission line is treated extensively in
Chapter 2.

In Chapter 2, two classes of time domain models are
derived for the infinite line. One such class of models is
derived on the basis of a basic numerical solution which is
defined in this chapter. The other such class of models is
derived by obtaining a set of ordinary differential equa-
tions in t by approximating the partial derivatives with re-
spect to x at certain defined node points by difference
methods.

Chapter 3 shows that both classes of time domain
models which were derived for the infinite line can be trans-
formed into the finite line problem of type 3. As a result,
all the properties which are valid for the infinite line,
having periodic initial conditions, are also valid for the
problem of type 3. One important result of this chapter is
the derivation of a matrix which is called the transformation
matrix which transforms all the properties of the infinite
line to this finite line problem of type 3.

In Chapter 4, a class of methods is derived which
transforms the boundary condition, E(O,t), for a problem of
type 1 for the interval tO:It=:t0+At into an initial condi-
tion at t=t0+At. Each method derives a set of launching
numbers, one for each node, such that the initial condition

at each node point at t=to+At is the product of E(0,nlt) and
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a launching number. Because of the similarity existing be-
tween a problem of type 1 and type 2, this class of methods
for obtaining these launching numbers is also valid for the
problem of type 2. The specific approach of this chapter is
the use of the superposition principle in order to show that
for a given problem of type 1, its solution at t=pAt is the
sum of the solutions of p problems of type 3 which are
staggered in time for O<x=L. This class of methods is
then derived on the basis that the sum of these p solutions
for the p problems of type 3 must approximate the solution
to the problem of type 1 at t=pAt in a certain sense.

Since the results of Chapters 3 and 4 are valid only
for the case where both graph elements which represent the
transmission line are formulated as chords, Chapter 5 shows
that these results are also valid for the other three cases
which arise in the formulation. In order to obtain this re-
sult, the node points must be redefined such that the node
point at either x=0 or x=L is a voltage (current) node point
when the linear graph element which represents this port is
formulated as a chord (branch).

Since there is no current node point at either x=0
or x=L, there is no information present in these equations
about the approximate solution to I(x,t) at these points.

In order to provide this information, Chapter 6 derives some
properties which are valuable for determining an interpo-

lation formula which is applicable for determining the
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solution for the currents at these points. In addition,
these special properties are also applicable in certain situ-
ations for determining the solution of either E(x,t) or
I(x,t) at other values of x than the defined node points.

The principle objective of Chapter 7 is to apply the
superposition principle to combine the results of Chapters
2, 3, 4, 5, and 6 to obtain three classes of time domain
models which are applicable to the general transmission line
problems which occur in electrical engineering. Since there
are two classes of numerical time domain models défined for
the problem of type 3, the three classes of models are created
by the method for which the results of Chapter 3 are inte-
grated with the results of Chapter 4. In addition, a trans-
mission line problem is worked to illustrate the concepts

which are presented in this chapter.



II. INFINITE TRANSMISSION LINE

2.0 Introduction.

An infinite lossless parallel transmission line is
described mathematically by the normalized telegrapher's
equations. In order to distinguish the infinite line case
from the finite transmission line case, the variables,
V(x,t) and S(x,t), are used in place of E(x,t) and I(x,t) to
represent the solution to these partial differential
equations.

The specific subject of this chapter is the defi-
nition of two general classes of time domain models, which
use difference methods, for the purpose of obtaining an ap-
proximate numerical solution to the infinite line. One such
class of models is derived on the basis of a basic numerical
solution while the other class of models is obtained by ap-
proximating the partial derivatives with respect to x at
certain node points and obtaining a set of ordinary linear
differential equations. In addition, certain properties of
the approximate solution such as periodicity will be
investigated.

Once the initial condition functions, V(x,0) and
S(x,0), are specified for -oo =< X <co, the analytical solution

for V(x,t) and S(x,t) can be immediately written for all x

14
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and t as
_ V(x—vpt,O) + S(x—yEt,O)
V(x,t) = > +
V(x+vpt,0) - S(x+vpt,0)
2
V(x—th,O) + S(x—vpt,O)
S(X,t) = > +
S(x+vpt,0) - V(x+vpt,0) .
2

Since the analytical solution for infinite line problem can
be immediately written from the specified initial conditions,
it may now seem of limited value to pursue the definition of
the two general classes of time domain models. The only
reason for treating the infinite line time domain models is
that all of these models and their properties are also valid
for the finite line problem of type 3. The main advantage of
treating the infinite line over the finite line is that there
are no boundaries which must be taken into consideration.
Hence, standard numerical methods which use more accurate
central differences can be used for the purpose of deriving
these models.

The voltage and current node points are defined re-

spectively as xj=ij, j=0,+1,+2,+3,..., and §p=pr-Ax/2,

p=0,+1,+2,+3,...,. In order to simplify the notation, the
functions £(2n,t) and £ (2n-1,t) are respectively the approxi-
mate solution for V(nAx,t) and S(nAx-Ax/2,t) which are ob-

tained by some time domain model.
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Each initial condition is allowed to be periodic in
x with period 2L or aperiodic in x. If an initial condition
is aperiodic in x, where either V(x,0) or S(x,0) is given by
h(x), for ;oo-=x-=oo, h(x) is required to satisfy the Fourier
integral theorem and to be differentiable almost everywhere.
When V(x,0) or S(x,0) is periodic, this initial condition is

required to be differentiable almost everywhere.

2.1 Basic Numerical Solution.

The theoretical solution for f(n,t) for all t and
n=0,+1,+2,43,..., in terms of the specified initial condi-

tions is

n
V(nAx/Z-Xpt,O) + (-1) V(nAx/2+YPt,O) . 2.1.0
2

-f(n,t) =

S(nAx/2-vpt,0) + (-1)0+l

" 2

S(nAx/2+vpt,0)

Let us assume that the.specified initial condition
V(x,0) is known only at the voltage node points. In addition,
let us assume that S(x,0) is only known at the current node
points. The values of V(x,0) and S(x,0) at values of x
other than at their respective node points can be obtained
by means of interpolation. One method of interpolation is

to define two infinite series, Pv(x) and Ps(x), which pass

through £(2n,0) and £(2n-1,0) respectively for
n=0+1,+2,43,...,. It is quite evident from the definition

of £(n,0) that Pv(x) and Ps(x) are the infinite series
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approximations to V(x,0) and S(x,0). Hence, an approximate
solution for f£(n,t) can be obtained by replacing V(x,0) and

S(x,0) in Eq. 2.1.0 by Pv(x) and Ps(x). This approximate

solution for f(n,t) is then given by

n
Pv(nAx/Z-th) + (-1) PV(nAx/2+vpt)

f(n,t) = 3 + 2.1.1

P (nAx/2-vpt) + (-1)7+1 P_(nAx/2+vt)
2

It is quite clear that there are a number of infinite
series which pass through the prescribed points but are not

equal at the remaining values of x. For example, Pv(x) is

given be the two infinite series

fove)
p x) =) £(2n,0) =il T (x/Ax-n)
d ' TTZ(XAAx-n)z
n=-00
N in T{(x/Ax-n)
sin xX/0 Xx-n
Pv(x) =Z £(2n,0) =% TT(x/Ex—n)
n=- oo

where both series equal £(2n,0) at x=nlAx. In order to

correct this ambiguity, the exact form of Pv(x) and Ps(x)

must be defined. Once these two infinite series are uniquely
defined, Eq. 2.1.1 will be defined as the basic numerical
solution for f(n,t).

Let the operator 6kfor k=0,1,2,..., be defined as
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5Ke(n, t) = (1K) £(n-k+2i,t) 2.1.2

1=

where (?) is a binomial coefficient. Then the operator

6k*3 has the property

& e, t) = S (5Fem ) = §¥(SHIem)). 2.1.3

If AF corresponds to the standard central difference operator
(2) for fixed t, this operator, Ar, is related to the

operator 6k by

Akf(n,t) = (--l)k ékf(n,t) .

The most accurate interpolation polynomials for a
given interval are those which lead to interpolation at or
near the middle of the interval. These types of formulas
are called central-difference formulas. One such formula is
Stirling's interpolation formula (2) which represents an
interpolation polynomial that is based on tabulated values

symmetrically placed with respect to x,. Hence if x0=nAx
and §=(x—xo)ﬂﬁx, one method for finding P_(x) is by using an

infinite degree Sterling's polynomial interpolation formula.

This formula for Pv(i) can be written as
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P (X) = £(2n,0) - X/(Of(2n,0) + 2.1.4

k-1
m (%%-5%)

1=> (2K 6% £(2n.0) -

k-1
T (x%-3%)

- 'E"l—('z'i-—l'i_:ﬂCSZk.lf(zn'o)

where

6 2k-1 62k—1

f(2n+1,0) +
2

f(2n-1,0)

'uézk_lf(Zn, 0) =

It is quite clear that Pv(§)=f(2n+2i,0) for x=i.

Another type of central difference formula is a
Bessel's interpolation formula (2). This interpolation
formula is also based on tabulated values symmetrically placed

with respect to x,=x,+Ax/2. By letting v=(x-x;)/Ax,
Pv(v) can be written in terms of a Bessel's interpolation

formula as

P (v) = 18°€(2n+1,0) - v§E(2n+1,0) + 2.1.5

k [ 2 2
_‘]T [v ~(2j-1) /4]
E—EE U6 (2nt1,0) -

=1
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m [vz— (25-1) 2/4]

j=1 62k+l

v £f(2n+1,0)

(2k+1) !

where

2k 2k
167 E(2ne1,0) . 0% ¢e(an+2,0) s 0% £(2n,0)

For v=i-1/2, Pv(v) = £(2n+2i,0).
Consider'the even function with respect to t which

is given by

Pv(nAx—vpt) + Pv(nAx+vpt)
2

By using Eq. 2,1.4, this function is given by

P (nAx-v_t) + P_(nAx+v_t)
4 P 5 v P = f(2n,0) +

k-1
s [(vpt/mn 2-3*
4=0

T3y ] §%*£(2n,0)

k=
In the same manner, the odd function with respect to t, given

by

Pv(nAx+Ax/2-vpt) - P, (nAx+Ax/2+vpt)
2

can be written terms of Eq. 2.1.5 as
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P_ (nAx+Ax/2-v_t) = P_(nAx+Ax/2+v_t) v..t
v P 5 v P__ _ ix £(2n+1,0) +

7l vt/ )2- (25-1)2/4
v_t j=l p X J-

P 2k+1 ,
Ax (2k+1) ! (5 £(2n+1,0)

g

A
i

1

If the same interpolation formulas are used to find

Ps(x), then an approximate solution for f(n,t) is given by

2

£(n,t) = £(n,0) + v§£(n,0) + §r §%£(n,0) + 2,1.6
(2 /4) 2, 2
= 3% 4 5% (n,0) + V—J'X'-—:Q' 64f(n,0) P

where v=vpt/Axu It will later become evident that both

Stirling's and Bessel's formula give the same infinite series

for Pv(x). Since Eq. 2.1.6 is obtained directly from
Eq. 2.1.1 by'replacing Pv(x) and Ps(x) by either their

Stirling's or Bessel's formula representation, Eq. 2.1.6

must be the basic numerical solution for f(n,t). When
Bessel's and Sterling's formulas are used to obtain inter-
polation polynomials of finite degree, Bessel's and Stirling's
interpolating polynomials respectively pass through an even
and an odd number of points. Hence, these polynomials are
generally different in the finite degree case. For the in-
finite degree case, these infinite series as given by

Egs. 2.1.4 and 2.1.5 give the same function. 1In order to

show this result, it is necessary to write an alternate form

for Egs. 2.1.4 and 2.1.5.
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Consider the polynomial p?n(x) of degree 2n which is

given by
vl
. 1l —5~—
2n 4y = (=1)3"1nt n: x P=1 plax® | .
Pj  (n+3) 0 (n-3)! jAx~-x

This polynomial has the property that

p?n(x) =0 x=pAx, p=n,-n+l,...,j-1
2n . .

Pj (x) =0 _ x=plAx, p=j+1,3+2,...,n

p;h(x) = 1 x=3Ax

By letting x=x-nAx, an interpolating polynomial which
passes through f£(2n+2i,0) for i=0,+1,+2,...,+n, can be

written as
p?™(%) = £(25,0) p2P(x) +

n

F(23+2j,0) p§n(§) + £(2n-23,0) pf?(ii] .

j=1
The polynomial p2n(§) is identical to all interpolation poly-
nomials of degree 2n which pass through the prescribed points.

Hence, pzn(§) is identical to a Stirling's approximation

which is centered about x=nAx. In the limit as n-» 00,

p2n(§) is identical to the Stirling's approximation for

P (x) as given by Eq. 2.1.4.

Let us consider the limit as n—o0o of
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£(2R+23,0) p§“<§)

for fixed j. According to Knopp (4), this limit is defined

and is given by

Lim £(2h+23,0) p3"(X) = £(2R+23,0) Sl“;(::mx el

n—>»=Qo0

Hence, the limit as n—»om of p2n(§) must be given as
lim p?™(X) = £(25,0) ——7—4\-8“‘ ”g AT+
n—»>

(0.9)

- sin TT(%~iAx)/Ax
Z [f(2n+23,0) TT(%-3b%) /A x +

j=1
- . si x+i0x) Ax | .
£(2n-23,0) (§+ij)AAx]
An interpolation polynomial which passes through

f(2n+2i,0) for i=-n,-n+1l,...,-1,0,+1,...,n,n+l, can also be

written as

(n+1) p2"*2 (%)
2n+l( ) = £(2h,0) 0 +
- n+l+xA5x
n
[ _ (w3l PP ®)
£(2n+23,0) o 357hx% +
5=1
_ . (nmje1) p20M(R) ]
£(2n-23,0) n+l+x/Ax +
R (2n+2) p2012(%)
£(20+2n+2,0) T Ae .
2n+1l

This polynomial, p (x), of degree 2n+l is identical to a

Bessel's approximation which is centered about x=nlx+Ax/2.
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The limit as n—»o0 is

lim  p?™1(%) = £(25,0) ———E-éﬁ-smﬂz X 4

N=—==00

- sin Hii-jﬁzléﬁx
i %(2n+23,0) TT(%=3B%) /Dx +

3=1
= sin T{(%+3JA Ax
£(2n-23,0) (R+3A%) Ax} .

It can be concluded that Egs. 2.1.4 and 2.1.5 are equivalent
definitions of Pv(x).

Using this form of the interpolation formulas, Pv(x)

and Ps(x) respectively can be written as shown in Egs. 2.1.7

sin /{x/Ax
P,(x) = £(0,0) ——%{%; + 2.1.7

00
) sin TUx-3Ax)/Ax . sin Tl(x+JiAx

ZE; [f(23,0) (x-3jAx) /Ax + £(-23,0) %(x+jﬁx)§%x]

J=

_ sin T{(x-0x/2) /Ax
Ps(x) = £(1,0) 7776(,{_&/2)& +

, sin J{(x-3iAx-0Ax/2 X

[f(23"'1'0) (x-3Dx-Dx/2)/Bx *
, si +JAx-0x/2) /BDx

£(-2j+1,0) —%ﬁﬁ;]

where -0 <X <00.

3=1

An alternate form of the basic numerical solution for
f(n,t) which is identical to Eg. 2.1.6 can now be obtained by

substituting Egs. 2.1.7 into Eq. 2.1.1.

Sections 2.2 and 2.3 will use the expression for Pv(x)

and Ps(x) as given by Egs. 2.1.7 to show that these
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approximating functions are defined for all x. Therefore,

the basic numerical solution must also be defined for all x.

2.2 Periodic Initial Conditions.

In section 2.1, Pv(x) and Ps(x) are given by Egs.

2.1.7. If an initial condition function is periodic in x
with period 2L, it will be shown that the approximating
function is defineé‘for all x and that the approximating
function is a Fourier series on 2k sample points.

If the inifial condition V(x,0) is periodic in x
with period 2L, Ax is defined to be Ax=L/k, where k is a
positive integer. For this choice of Ax, the functions

£f(2j,0) are given as

f(2j+2nk,0) = PV(ij,O)

for j=0,1,2,...,2k~-1, and n=0,+1,+2,...,. Hence, Pv(x) can

be written in terms of £(2j,0) for j=0,1,2,...,2k-1, as

2k-1
. sin T(x/Ax-3) j 1
P,(x) = }: £(23.0) 27Tk lx/2kAx-j/2k +
j=o

fore)
1 1

2{: [x/ikAX-j/Zk-i + x/2kAx—j/2k+i}

i=1

According to Knopp (4), the infinite series portion of the

eéXpression is given by



26

1 + 1 + 1
x/2khx-5/2k x/2kDAx-3/2k-i * x/2kdx-3j/2k+i | =
i=1
cot Tl(x/2kAx-3/2k) .
Therefore,
2k-1
P (x) = Z £(21,0) sin Mx/Ax=1) cor 7(x/2kAx-1/2K)
j=0

In order to simplify this expression for Pv(x), let

z = (x/2kAx) - (j/2k)

_ sin(2xTlz) cos Tz .
y(z) = sin TTz

Upon' substituting,

2k-1
_ £(23,0) Y(=z) .
P, (x) = jg: 2k

j=0

But y(z) can also be written as

cosz‘ni sin Tl(2k=-1)z
sin Tz

y(z) = + cos Tz cos Tl(2k-1)z .

This expression for y(z) can be simplified by apply-

ing Lagrange's identity (5). Hence,

k-1
y(z) = cosz‘ﬂé [1 + 2 :E:cos 2m7Tz] +

m=1

cos T{z cos Tl(2k-1)z .
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By means of trigonometric identities,

k-1
y(z) =1+ 2 z [cos 27Tmz + cos 27Tkz]
m=1
k-1
=1+ 2 Z [cos m TIx/L cos mTI’ij/L-]l +
m=1
k-1
2 Z[sin m T{x/L sin mTTij/L] + cos k/[x/L cosTl(3 .
m=

pv(x) can now be written as

k-1 k-1
Ag
P (x) =5 + A cos m TTx/L + ZBm sin m T{x/L +
m=1 m=1
35— cos k TTx/L
where
2k~1
1 . .
A =% Z £(23,0) cos m7[iAx/L
j=0
2k-1
B =1 Z £(25,0) sin m7TiAx/L .
m -

j=0

This is a Fourier series on 2k sample points (6).
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If the initial condition S(x,0) is periodic in x
with period 2L and Ax=L/k, the same argument can be applied

to show that the approximating function Ps(x) can also be

written as a Fourier series on 2k sample points.

Since the initial conditions are differentiable
almost everywhere, in the limit as Ax— 0, the approximating
functions will approach the actual initial conditions al-

most everywhere.

2.3 Aperiodic Initial Conditions.

The purpose of this section is to show that the
approximating functions for the aperiodic'case are defined
and that each approximating function approximates a Fourier
integral of the initial condition.

In section 2.0, an initial condition was required to
satisfy the hypothesis of the Fourier integral theorem (5)
for the aperiodic case. Hence at every point x(-oo <x<o00),
where V(x,0) has a right and left-hand derivative, V(x,0) is

represented by its Fourier integral as follows:

V(x+0,0) + V(x=0,0) _
t =
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Consider the function V(x,0) which is given by

xX'-x

o0
Vix,0) =2 f v(x',0) S _Tx'=0)/Ax 40

-0

It is clear that V(x,0) and V(x,0) have the same frequency
spectrum for 0 = O(<7T/Ax. For O(>Tr/Ax, the function V(x,0)
contains no spectral components. In addition, if T{/Ax is
sufficiently large, V(x,0) is a good approximation to
V(x,0).

If the expression for V(x,0) is numerically inte-
grated using the trapezoidal rule (6), an approximate ex-

pression for V(x,0) is given by

o0
- . . sin _ Tlx-3Ax)/Ax .
V(x,0) = Z v(jlx, 0) TT(X-jAX)/A_);

j=-00

At x=jAx for j=0,+1,+2,+3,..., V(x,0) is identically equal
to V(x,0).

Since V(x',0) satisfies the hypothesis of the
Fourier integral theorem, the approximate expression for
V(x,0) must be an absolutely convérgent series. Upon re-
arranging this series, it can be seen that the approximate

expression for V(x,0) and the expression for Pv(x) which
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is given by Eq. 2.1.7 are identical. Hence, Pv(x) is an

approximate Fourier integral of V(x,0). In the limit as

Ax—0, Pv(x) becomes the exact Fourier integral of V(x,0).

The same procedure can be applied to S(x,0) to show

the validity of the approximating function Ps(x).

2.4 Numerical Differentiation.

The standard approach for finding a set of difference
equations which give the approximate numerical solution to
an equation containing partial derivatives is to approximate
the partial derivatives with some numerical differentiation
scheme. A technique similar to this will be used to solve
the telegrapher's equations numerically. Hence, the purpose
of this section is to define a method of numerical
differentiation.

Consider the function g(x,t) which is given by

gl(x,t) = Lx+IAx+Ax/2,t) - V(=x+jAx+Ax/2 t)

At t=to, g(x,to) is an odd function with respect to x. 1In

addition, at x=0, the partial derivative with respect to x
of g(x,t) is identical to the partial derivative with re-
spect to x of V(x+jAx+/2,t). Therefore, the specific ap-

proach is to derive a numerical differentiation formula which
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approximates the partial derivative of g(x,t) with respect
to x at x=0.

Once the functional values of g(x,to) at
w=+Ax/2,430x/2,#50%/2, . .., +(2n+1) Ax/2, are given, g(x,t,)
can be approximated with a Bessel's interpolation polynomial
of degree 2n+l1l which passes through the prescribed points.

Hence, g(x,to)ép2n+l(x), where p2n+l(x) is interpolating

polynomial. This polynomial in terms of the known values of

V(x+mAx+Ax/2,to) can be written as

p2n+l(x) = - —X;&(Z“‘+l’t0) -
k 2 2
7T [(X/Ax) -(2j-1) /4] 2k+1
x_ Jj=1 5 £(2m+l, tg) ..
Ax (2k+1) !
k=1

It is evident that the interpolating polynomial is an odd

function of x.

The derivative of p2n+l(x) evaluated at x=0 is de-

fined as a 2n+l degree approximation for the partial deriva-

tive of V(ij+Ax/2,tO) with respect to x. This approximation
is given by

n+1l m )
T (2i-3)

(0) = - 1=1 2m=1e o541, t )
Ax (-2)™1 (2m-1): 0 0

p."Zn+l
= 2.4.0
DE(jAx+AX/2, ¢ )
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In order to get an idea of the error which results by
using this numerical differentiation formula, a remainder
term will be derived. For the derivation, it will be assumed
that the (2n+3)th partial derivative of g(x,to) with respect
to x exists in the interval of interpolation,

-(2n+1)Ax/2=x =(2n+l1)Ax/2. The function g(x,to) is given

exactly for all x in this interval by
g(x,ty) = p, (%) + h(x)

where h(x) is unknown function of x. Since p2n+l(X) is
equal to g(x,to) at x=0,+Ax/2,+30x/2,...,+(2n+1)8x/2, h(x)

must have real roots at these points. Therefore, h(x) must
be a function which is identically zero or an odd function
which has at least 2n+3 real roots in the interval of
interpolation.

The partial derivative of g(x,to) with respect to x

in this interval is given exactly by

dg(x,tq)
Bx " P () + RU(x)

where pén+l(X) is a polynomial of degree 2n. By Rolle's
theorem (7), h'(x) has at least 2n+2 real roots (zi) such

that Izi < (2n+1)Ax/2. Therefore, the partial derivative

of g(x,to) with respect to x can now be written as
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2n+2
(x%-2.)
dg(x,ty) i:i g 2.4.0
S = Png1(X) + k(x) “=5msyT

Consider the function w(y) which is defined by

2n+2
-z,)
_ dg(y. ty) . | gz; (y-2; .
wiy) = 53— = Pope1 (V) - k(X)) TommyT—

By virtue of Eq. 2.4.0, w(y) has at least 2n+3 real roots

XiZyoeeerZypioe Upon choosing x in the interval of interpo-

lation such that these roots are distinct, Rolle's theorem
can be applied to show that w'(y) has at least 2n+2 distinct

real roots (Ei) such that liil < (2n+1)Ax/2. Therefore by

successive applications of Rolle's theorem, k(x) can be
determined. Hence,

(2n+3)
g€ty
by(2n+3)

k(x) =

where -(2n+l)Ax/2 < § =< (2n+1)Ax/2.
The partial derivative of g(x,to) can now be written

as

2n+2
dalxty) $2m3)g (€ ey [T 2y)
S% = Pype1 (%) + 3 (2nF3) (2ne2) 7 °

Since our main interest is the partial derivative of g(x,to)

with respect to x at x=0, this partial derivative is given by
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2n+2

dg(0,ty) d gl €.ty i=1

OX = Pyn42(0) + 35 (20+3) T (2n+2) !
But

2n+2

™ Z2;

i=1

e —— = = X o
(2n+2)! (2)2n+2 (2) (4) (6)°°"(2n+2) (2)%n+3

It can now be concluded that

09(0.%) 32 g(£ ) | axg)2n*2
2% " Pan1(0)

bx(2n+3) 22n+3

whenever the (2n+3)th partial derivative of g(x,to) exists.

The same argument can be used to obtain a numerical

differentiation formula for

AS(x+i0x, t
Ox

at x=0 and t=to.

2.5 Time Domain Models.

The preliminary material which was derived in the

previous sections can now be applied to obtain two general

classes of time domain models which represent the infinite

line. A time domain model is a set of equations for
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which the numerical solution is f(n,jAt), where n=0,+1,+2,
*3,..., and j+0,1,2,3,..., and for which the solution
f(n,jAt) approximates the solution of the infinite line at
the defined net points for certain choices of Ax and AOt.

One class of models is derived on the basis of ob-
taining a set of ordinary differential equations in t by re-
placing the partials with respect to x with difference
equations. The second class of models is derived on the
basis of the previously derived basic numerical solution.

Definition: Class l-Numerical Time Domain Models:

A time domain model belongs to class 1 if and only if the
time domain model can be obtained by the following steps.
1. Write the appropriate telegrapher's equations at the
defined voltage and current node points.
2. Approximate both the partials for j=0,+1,+2,...,
gv(ij+Ax/ng1
X

ds (JAx, t)
ox

and , by means of a 2n+l

degree numerical differentiation formula as given by
Eq. 2.4.0. For any given model, n is an integer
equal to or greater than zero which is fixed for all
j.

3. Replace the partial derivatives with respect to x
with their respective difference equation approxi-
mations.

4. The resulting set of equations is a set of ordinary

differential equations in time.
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It is quite clear that the initial conditions on the
line at t=0 provide the necessary initial conditions to solve

these equations.

The definition of the class l-numerical time domain
model gives a set of rules for the construction of a class 1
model. These rules in effect say that any model which be-

longs to class 1 can be written as

m+l m

TT (2i-3)2
a8 5 Le(5.6)  2.5.0
(2m 1)!

for all j and t where 2n+l is the degree of the numerical

differentiation formula. If these resulting differential
equations were solved by some analytical means, the error of

the solution would be of the order of (Ax)2n+2.

In order to illustrate class 1, let us look at some

particular examples of models from this class.

Example 1l: n=0

(- 1 v
gi . =z§ HE(.t) j=0,+1,+2,+3,...,

Example 2: n=1

afr(§,.t) _ Y . £ (]
—d'fJ-]-l‘—l':B'E df(J,t) —ﬁ—%ll'ﬂ jgo'il'i2'°"'

These examples respectively are obtained by employing a lst

and 3rd order numerical differentiation formula.
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Definition: Class 2-Numerical Time Domain Models:
A numerical time domain model belongs to class 2 if and only
if the model can be obtained by the following steps.

1. Given the basic numerical solution for £(j,t) which
is given by Eq. 2.1.6 and is written ‘n terms of
£(3.,0).

2. With this expression for f(j,t), write the solutions

for £(j,At), £(j,0), £(j,-At),..., and f(j,-jzAt).

3. Derive a relationship for finding £(j,At) in terms

of £(j,0), £(j,-At),..., and £(3,-3,0t).

4. Truncate this relationship. If (Skf(j,O) p(v),

where v=vat/Ax and p(v) is a polynomial in v, would

be the next nonzero term of this expression if the

series were extended, the remainder term can be ob-

(k)
tained by replacing (5kf(j,o) by (Ax)K :(R\)f( E .0)
x

(k)
when k+j is even or by (Ax)k e (k)Siﬁ  0)
X

when k+j is odd where jAx-kAx/2 <‘§ <= jAx+kAx/2.
5. Use the same truncated expression to find £(j,At)
for all j.

For j2=0, a model belonging to class 2 is just an ex-

pression for f£(j,At) obtained by truncating the basic numeri-

cal solution for £(j,At) after n terms. For jZ#O, the model

is still a truncated version of the basic numerical solution
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for £(j,At) except that certain terms of the best numerical
solution have been replaced by known values of f£(j,-At),...,

and £(3,-j,At).

Some examples of models from class 2 are:

Example 3:
v_At
£(3,4t) = £(3,0) + —%— (£(3,0) §=0,41,42, ...,
Example 4:
v_At
£(3,0t) = £(3,0) + 5= G£(3,0) +...+...
v, At

£(3,-0t) = £(3,0) = —— G£(3,0) +...+...

By subtracting these two expressions which eliminates all

even terms,

2vat
£(3,At) = £(3,-Mt)+ —5- OE(3.0) +...+...
Truncating,
2v_At
£(3,0t) = £(3,-At) + —>— §£(3,0)
Example 5:
vp At (voat)?
£(3,0t) = £(3,0) + §£(3,0 + —E— §%€(5.0) +...

Ax 2(Ax)
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2
v_At (v At)

£(3,-0t) = £(3,0) - %&— §£(3,0) +_;t—? 52£(5,0) +...
X

By adding the two expressions which eliminates all odd terms,

f(j,At) is now given by

£(j,At) = 2 £(j,0) - £(j.,-At) +

2
(v, At)
—E - §2%£(5,0) +...+...

2 (Ax) 2

Truncating,

2
£(3.86) = 2 £(3,0) - £(3,-At) +—(z"A—t)5 5%€(3,0) .
2(Ax)
This example from class 2 is the model which is given in most
numerical analysis books (1,2,3) as an approximation to the
wave equation.

For a model belonging to either class 1 or class 2,
the defining expression for f(j,t) for all j is independent
of j for fixed Ax and At. If the nodes were divided into
mutually disjoint sets, different models from a given class
could be used to represent each set. From a mathematical
point of view, this is a perfectly valid way of obtaining a
time domain model for the line. 1In addition, two much larger
classes of models could be obtained. The only problem of de-
fining models in this manner is that the resulting models

would be far more complex in form and not nearly as practical
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for computer solution. There is no apparent advantage in
doing this. Hence, this thesis only considers models be-
longing to the presently defined classes even though the re-
sults of the thesis are generally valid for the more compli-

cated models.

2.6 Methods of Numerical Solution for the Time Domain Models.

Now that two general classes of time domain models
are defined, this section will discuss certain numerical
techniques for finding their solutions;

First of all, let us consider the models belonging
to class 1. It is quite clear that any numerical technique
for solving linear ordinary differential equations can be
used to solve the differential equations which are defined
by any model belonging to this class. Because of the

linearity of the equations and the special properties of the

operators (Sp, given by Eq. 2.1.3, these equations can be
converted to difference equations by treating each equation
individually once the method of solution is stated.

Let us now consider one differential equation belong~-
ing to a given model for this class. This equation can be

written as

. V.
M=Z§ [dlé +dy §+...+ 4

2m+1 .
at AH™ £(j,t)

2m+1

H(Ax,At) £(j.,t)
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where d2i+l is a constant for i=0,1,2,...,m, and H(Ax,At) is

an operator which is a function of Ax and At. If H(Ax,At)
is considered a constant, then any numerical technique of
solution that uses the values of f(j,nAt), £(j,(n=1)At),...,

and f(j,(n—jz)At) to find f(j,(n+l)At) can be written as

I ml
£(j, (n+1l)At) = :E: :E: bi p(At) #P (Ax,At) f(j, (n-1)At)
1=0 p=0
where bi,p(At) for i=0,1,2,3,...,j2, and p=0,l,2,...,mi, is

a function of At. By treating HP (Ax, At) as a polynomial in
6, £(j, (n+1)At) is given by

J

2
£(3, (n+1)At) = ) a, (Ax,At, ) £(3,(n-1i)At) 2.6.0
1=0

where ai(Ax,At,é) for i=0,1,2,...,J,, is an operator which

is a function of Ax,At, and.é. Equation 2.6.0 is simply the
resulting difference equation which is obtained from this
differential equation once the method of numerical solution
is specified.

If the same numerical technique is used to solve
each differential equation belonging to this model, then the
difference equation, Eq. 2.6.0, is valid for all j. In fact,
there is no apparent reason for using different methods on

different equations belonging to this model.
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A first order model belonging to class 1 is given by

af(i.t) _ 'p .
dt - Ax éfh't)

for j=0,+1,+2,...,. Some examples that use the Runge-Kutta
methods (2) to solve this model are shown to illustrate the

construction process for obtaining Eq. 2.6.0.

Example 1l: Runge Kutta first order:

0

HAx,At) =

o

For this technique of solution,

£(3.(n+1)0t) = [1 + At H(Ax,At)|  £(3.nbt)

v_ Ot
£(j,n0t) + —ABx_ Of (3., nbt).

]

Example 2: Runge Kutta second order:

v _At
- P
H(Ax,At) = Ax 6

£(j, (n+l)At)

2
[1 + At H(bx,At) + At I;(A"'Atl] £(j.,nAt)

v_At (vat)2 52

1+ gx + 5 £(5,nAt)

20x
The definition of a class 2 model gives a difference
equation of the form
j2
£(3,0t) = ai(Ax,At,(S) £(§,-iAt) . 2.6.1

1=0
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where ai(Ax,At,(S) is an operator which is a function of

Ax, Ot, and(5. Since f£(j,A0t) for j=0,+1,+2,..., determines a
new initial value problem at t=At, this formula may be used
to find £(j,20t). Hence, Eq. 2.6.1 can be used recursively
to find £(j,nlAt) for n=0,1,2,...,.

For certain models from class 1 and certain numerical
methods of solution for these models, there are models from
class 2 which give the same sets of difference equations.

But there are also certain cases where this is not true. For
example, consider the model from class 1 given by a third

degree approximation to the partials.

(J 2 v
gf. < =E§ [6f(j,t) - 63f(j,t)/24]

A Runge Kutta first order method for solving these resulting

differential equations gives the following difference equations.
£(j, (n+l)At) =

v_At
£(.n t) + —F— [6f(j,nAt) - 63f(j,nm:)/z4]

Since this difference equation gives £(j, (n+l)At) in terms
of £(j,nlAt), any model belonging to class 2 which would give
the same difference equation must be obtained by truncating
the basic numerical solution, Egq. 2.1.6. It is quite clear
that Eq. 2.1.6 can not be truncated to give the same dif-

ference equation.
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A number of these methods derive a difference equation
expression for f(n, (p+1)At) in terms of f(j,pAt),..., and

f(j,(p~j2)At) for n=0,+1,+2,.,., and j=0,%+1,+2,...,. Such
difference methods are called difference methods with (j2+2)
levels (1) in t. For p=0 and jZ#O, where are the values of
f(j,-At),..., and f(j,—jzAt) obtained in the case where only

f(j,0) is specified? This question can only be answered by
saying that there is insufficient information present to find
£(j.At).

Let us consider a difference method which gives
£(j,(p+1)At) in terms of f£(j,pAt) for all j. If £(j,0) are
specified for all j, then the values of f(j,t) for t=At,...,
Kp+l)At, can be calculated for all j by this difference
method. Since the values of f(j,(p+1l)At) are known for
m=0,1,2,...,p+l, a different difference method can be used

to find £(j,mAt) for m=p+2,p+3,...,. This new difference

method can be multi-level (j2#0) difference method in t.

2.7 Special Properties of Difference Equation Solution.

When the specified initial conditions have special
properties, the solution to any model belonging to class 1
or class 2 must also have special properties. This section
will derive some of these properties which will be used in
later chapters.

First, let the initial condition functions, V(x,0)
and S(x,0), be respectively an odd and an even function with

respect to x=mAx. For p=0,1,2,..., the relationships



45

OFf(2j+2m,0) = §P£(-23+2m,0)

OPE(23+1+2m,0) = -§PE(-2j-1+2m,0)

must be true for all j. Hence for j2=0, the solution any
difference equation for f(j,At) which is given by either
Eg. 2.6.0 or 2.6.1 must have the property

SPE(25+2m,At) = - §PE(~25+2m, At)

5Pf(23+1+2m,At) = §P£(-2j-1+2m,At)

for all j. By means of induction, it can be seen that

Egqs. 2.7.0 must be true for all j and n=0,1,2,...,.

&P£(2j+2m,nAt) = HPE(-2j+2m,nAt) 2.7.0

&P£(23+1+2m,nAt) = -§PE(-2j-1+2m, n k)

For the multilevel difference equations, given by
Egqs. 2.6.0 and 2.6.1, where f(j,nAt), £(j,(n-1)At),...., and
f(j,(n—jz)At) satisfy Egs. 2.7.0 for all j, the solution for

£(j, (n+1l)At) must satisfy Egs. 2.7.0.

This same argument can be applied to the case where
V(x,0) and S(x,0) are respectively an even and an odd
function with respect to x=mAx+Ax/2. The result of this

argument is given by Egs. 2.7.1.

SPE(23+2m+1, nht)

- OPE(-2j+2m+1, nAt) 2.7.1

SP£(2j+2m+2, nAt)

SFE(-23+2m, nAt)
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Now let us consider the case where V(x,0) and S(x,0)
are periodic in x with period L. In addition, let Ax be
chosen such that Ax=L/k, where k is a positive integer. Be-

cause of this periodicity, the functions £(j,0) are given by

£(2j+2nk,0) = V(jAx,O0)

f(2j+1+2nk,0) = S(jAx+Ax/2,0)

where n=0,+1,+2,..., and j=0,1,2,...,k-1. These equations

also imply that the following is also valid

OP£(j+2nk,0) = HPE(3,0)

for j=0,1,2,...,2k-1, p=0,1,2,..., and n=0,#%1,+2,...,. Hence
for j2=0, the solution to either Eq. 2.6.0 or 2.6.1 must have

the property that

OP£(3+2nk,At) = OP£(5.A¢).

By induction, this argument can be used to show that Egs.

2.7.2 are valid for j=0,1,2,...,2k-1, p=0,1,2,..., and all n.

OPf(j+2nk,mat) = SPE(3,mAt) | 2.7.2

Equation 2.7.2 is also valid when multilevel differ-

ence equations are used to find f(j,p t).

2.8 Conclusion.

Two classes of infinite line time domaih models have

been derived. Any model which belongs to class 1 is obtained
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by approximating the partial derivatives with respect to x

at certain node points and obtaining a set of ordinary linear
differential equations. On the other hand, any model which
belongs to class 2 was derived on the basis of a basic numeri-
cal solution which was defined in section 2.1.

In addition to deriving these two classes of time
domain models, sections 2.2 and 2.3 showed that the basic
numerical solution is defined and can be written as either a
Fourier series on 2k sample points, an approximate Fourier
integral, or a combination of both. Whereas, section 2.7
showed that whenever the specified initial conditions had
special properties, the solution to any model by the methods
of numerical solution which are given in section 2.6 must al-
so have certain special properties.

The findings of this chapter are extensively used in

the remaining chapters of this thesis,



III. TRANSMISSION LINE OF TYPE 3

3.0 Introduction.

A problem of type 3 is a lossless parallel trans-
mission line of length L for which a boundary condition at
each end of the line is defined to be zero for t=0 but has
specified initial conditions at t=0. The line is defined
to start at x=0 and to end at x=L. This chapter will
specifically treat the case where the boundary conditions
E(O,t) and E(L,t) are specified to be identically zero for
t=0.

If E(x,0) and I(x,0) are the specified initial con-
ditions for this problem of type 3, an infinite line for

which the initial conditions are

V(x+2nL,0) = E(x,0) O0=x=<1
V(-%x+2nL,0) = -E(x,0) O0<x=<L
S(x+2nL,0) = I(x,0) O=<x=<L
S(-x+2nL,0) = I(x,0) O=<=x=L

where n=0,+1,+2,4+3,..., has the same solution for 0 =x=L as
the problem of type 3 for all t. Hence, an approximate
numerical solution can be obtained for this problem of type 3

by solving the infinite line problem for certain specified

initial conditions.

48
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Consider the functions V(x,0) and S(x,0). Both of
these functions are periodic in x with period 2L. If ~
f(j,nAt) is the approximate numerical solution to this in-
finite line by any difference method defined in Chapter 2,

then according to Egs. 2.7.2, when Ax=L/k, the relationship
f(i+4pk,nAt) = £(i,nAt)

where i=0,1,2,...,4k-1, and p=0,+1, +2,..., 1is true.
Since V(x,0) and S(x,0) are also an odd and an even
function of x respectively with respect to x=0, Egs. 2.7.0

state that this relationship further reduces to

£(2i+4pk,jAt) = £(2i,jAt) 3.0.0
f(-2i+4pk, jAt) = -£(2i, jAt)
£(2i+1+4pk,jAt) = £(2i+1,jAt)

f(~-2i-1+4pk,jAt) = £(2i+1,jAt)

where p=0, +1,+,..., and 1i=0,1,2,...,k-1. This relation-
ship also states that f(2pk,jAt) for all p is identically
zero independent of the difference method.

Because of these special infinite line properties,
any model or difference method derived in Chapter 2 can be
reduced to a set of 2k equations for which the numerical
solution is f(p,jAt), where p=0,1,2,...,2k-1. Since £(0,t)
is identically zero, the actual equations which need be

solved can be further reduced to (2k-1l) equations.
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If £(i,jAt) or £(i,t) is replaced by g(i,jAt) or
g(i,t) for i=0,1,2...,2k, these resulting (2k+1l) equations
are defined as a time domain model for the given problem of
type 3. The functions g(2i,t) for i=0,1,...,k, and g(2i-1,t)
for i=1,2,...,k, are defined as the approximate numerical
solutions for E(ilx,t) and I(iAx-Ax/2,t) respectively.
Since the functions, g(0,t) and g(2k,t), must be identically
zero, only the remaining (2k-1) equations need by solved.
Hence, this chapter will investigate methods for deriving

these (2k~1l) equations and their methods of solution.

3.1 Transformation Matrix C.

The time domain models and difference methods de-
rived in Chapter 2 are all in terms of the operator (Sm

for m=0,1,2,...,. Because of the special infinite line

properties stated in sections 3.0 and 2.7, (5mf(j,t) for
j=0,+,+2,..., can be written in terms of f(p,t) for

p=0,1,2,...,2k. This section will derive a transformation

matrix C such that if c; j is a typical entry of c™, then

’

2k~1

6mf(p,t) = zi:c;'j £(j.t)

j=1

for p=1,2,...,2k-1.
If f£(i,t) is substituted for f(i,jAt) in Egs. 3.0.0,

then the relationship



51

O™e (2i+4pk,t) = O™£(2i,t) | 3.1.0
OME(-2i+4pk,t) = - S™E(2i,t)

OTE(2i+1+4pk, t) = STE(2i+1,t)

STE(-2i-144pk,t) = STE(2i+1,t)

where i=0,1,2,...,k, and p=0,+1,+2,..., is valid. Since

OTE(2pk,t) = - STE(0,¢)
OTE(-2k+4pk, t) = -6mf(2k,t)

for p=0,+1,+2,..., 6mf(2pk,t) must be identically zero for
all t.

Let us consider 6m+1f(i,t) for i=1,2,...,2k-1.

According to Eqs. 2.1.3, 6m+lf(i,t) can be written as
S™e(ie) = SMe(i-1.8) - SME(i+l,¢).

But
§rE(0,t) = SME(2k, t)=0.

Hence 6m+lf(i,t) is given as

§™te(1,e) = SMe(2,t)

S™Le(i,¢) STE(i-1,t) - APE(i+1, ) i=2,3,...,2k-2

S™le(2k-1,t) = OME(2k-2,¢).



52

This gives a direct linear relationship between <5m+lf(i,t)

and "£(i,t) for i=1,2,...,2k-1, which is independent of m.
This linear relationship can be expressed by means of a

(2k~-1)x(2k~1) matrix C. It is quite clear that a typical

entry c; i of C is
ci,i'l"l = -1 i=112'.oo(2k-l 3.1.1
ci+l,i = l i=1,2,.o.,2k'l
€5 = 0 i%j+l, J#i+l.

This resulting matrix is called the transformation matrix.
By definition,

6™ g1, e) SME(L,t) 3.1.2
5™ 1e(2,¢) SME(2.t)
: e :
O™ e(2k-2,8)| . |SPE(2k-2,¢)
S Le(2k-1, t) S™E(2k-1,¢)

Hence (Smf(i,t) for i=1,2,...,2k-1, can be written in terms

of 60f(i,t)=f(i,t) as
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[ SPE(Lt) | £(1,t) 3.1.3
AOTE(2,t) £(2,t)
. oo
5™ (2k-2, t) £(2k-2,¢t) |
OME(2k-1,t) £(2k-1,t) | .

It is quite clear that this is a very convenient means of ex-
pressing 6mf (i,t).

The matrix C has at least one nonzero entry and at
most two nonzero entries in each row or column. This
property indicates that special methods can be used to calcu-

late Cm+1. If CT is the ith row of Cm, then it is quite clear

that
It =l - i=2,3,...,2k-2 3.1.4
C?;}l = Cox-2.

In effect, this says that if this recursion method is em-

ployed to calculate Cm+1 from C" and C, theh72(4k2~6k+2)‘ad-
ditions and no multiplications would be required. If the
product was taken in the ordinary sense, then (2k—l)(4k2-4k+l)

2

additions and (4k“-4k+1l) multiplications are required. If the

time to perform a multiplication is equal to or greater than
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the time required to perform an addition, the matrix product
in the ordinary sense takes at least k times longer to exe-

cute than the recursion formula.

3.2 Transformation of Time Domain Models Belonging to Class 1.

Given a time domain model, belonging to class 1, for
the infinite line. There are two approaches for obtaining a
set of (2k-1l) equations which give the approximate numerical
solution to the problem of type 3. The first approach is to
directly transform the infinite line time domain model, given
by Egs. 2.5.0, to the finite line problem of type 3. This
process would give (2k-1) ordinary linear differential equa-
tions for which the solution approximates E(x,t) and I(x,t)
at the defined nodes. A numerical method of solution then
can be defined to solve these resulting differential equa-
tions.

The second approach is to define a method of numeri-
cal solution for the infinite line model. The resulting set
of difference equations, given by Egs. 2.6.0, can then be
transformed to the finite line problem. As far as the end
result is concerned, both approaches are identical. This
section treats the first approach.

A time domain model for the infinite line belonging
to class 1 which is obtained by using a (2n+l)th degree
difference equation approximation for the partial deriva-

tives with respect to x can be written as
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n+1l m

\ v . 2] -
af (i, t) _ p [i=1 (2i-3) (52'“ lf(j,t)
dat Ax (-2)™L(2m-1)

m=

where j=0,+1,+2,...,. Because of the special infinite line

properties given by Egs. 3.1.0, the solution to this infinite
set of differential equations can be obtained by solving the

finite set of (2k-1) differential equations which are

Tr(zi-3)2] '
ari.e) . Z 5™ te(5.6)

Ax (-2)™ (2m—l)!

where j=1,2,...,2k-1.

If F(t) is a (2k-1)xl matrix

[£(1,t) 3.2.0

F(t) =

f(2k-1,t)
» i

with a typical entry of f(i,t), then these (2k-1l) differential

equations can be written in matrix form as

m

n+1 2
v [Tr (2i-3) ]
ar (t) _ Pli=1

_ 2m
dt Ax @2)m-l(2m-l)!

c 'lp(t).

nm=1
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Let the (2k-1)x]l matrix G(t) be defined as

——

-
g(l,t) 3.2.1

g(2,t)

G(t) =

g(2k-1,t) | .

By replacing F(t) by G(t), a set of (2k-1) differential equa-
tions are obtained for which g(i,t), where i=1,2,...,2k-1, is
the solution. Since g(i,t) is the approximate solution for
E(x,t) and I(x,t) at the defined node points, this resulting
set of equations is a time domain model for the problem of
type 3 obtained by transforming the infinite line time domain
models belonging to class 1.

Since this time domain model is obtained directly
from the infinite line time domain model, the mathematical
properties are identical to those which were derived for the
infinite line. Probably the most important advantage of trans-
forming the infinite line model or difference method is that
all the approximations for the partial derivatives are ob-
tained by means of central difference formulas of degree
(2n+l1l). It is not obvious by approaching the problem of
type 3 directly that central difference approximations can

be used at all nodes.
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Any numerical technique can be used to find the numeri-
cal solution to these equations. One convenient procedure
for converting these differential equations to difference
equations is as follows. If the (2k-1)x(2k-1) matrix An is

given by ‘

+ m
= [_71(21-3)2]
- p Li=1 2m-1 3.2.2
A = > c

Ax (-2)™L(2m-1):
m=]1

then this model can be expressed in matrix notation as

de(t) _ A_ G(t). 3.2.3
at -

If G(t) and An are treated respectively as a single variable

and a constant, then any numerical technique of solution that

uses the values of G(jAt), G((j-1)At),..., and G((j-jzAt), to

find G((n+l1l)At) can be written as

J2 ml
G((3+1)At) = Z Z b, p(At) Aﬁ G( (j-)At) 3.2.4
i=0 p=0
where bi,j(At) for 1=O,l,2,...,32, and p=0,l,2,...,mi, is a

function of the increment At. By treating G(t) and An as

matrices, Egs. 3.2.4. give us the desired difference

equations.
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Some examples of difference equations derived from a

first order model belonging to class 1 are:

Example 1l: Runge Kutta first order:

v, At
G((3+1)At) = [u + —5— c] G(jbt)

Example 2: Runge Kutta second order:

v, At (v At)

G((j+1)At) = | U + -E-—- C + 2

c® . G(jAt)
2 Ax2 J

3.3 Transformation of Class 2 Time Domain Models.

It was shown in section 2.1 by Egs. 2.1.6 that the

basic numerical solution for the infinite line is

2,.,.
£(3,£) = £(3,0) + vO£(3,0) + v —6—§U-'—°)- +
K S 4., .
v(v2-l/4)-J§—§§J*Ql + v2(v2-1) Jﬁ-%{l*gl + ..

where j=0,+1,+2,..., and v=vpt/Ax. Because of the special

infinite line relations given by Egs. 3.1.0, it is only
necessary to consider the basic numerical solution for f(i,t)
for i=1,2,...,2k~1.

If the transformation matrix C and the matrix F(t)
are used, it is quite evident that this basic numerical solu-

tion can be written in matrix notation as



2
F(t) = F(0) + v C F(0) + v2 c_%(g)_ + 3.3.0
2 c3F (0
v(v©-1/4) 3 +

If F(t) is replaced by G(t), the result is an alternative form
of the basic numerical solution at the defined nodes for the
problem of type 3.

The definition of a class 2 time domain model which
is given in section 2.5 can be applied to this form of the
basic numerical solution. The resulting equations are identi-

cally the transformed class 2 infinite line time domain model.

3.4 Transformation of Difference Methods.

Instead of transforming the time domain models as
shown in sections 3.2 and 3.3, the difference methods which
are given in section 2.6 by Egqs. 2.6.0 and 2.6.1 can be
transformed to the finite line case.

A difference method, given by either Egs. 2.6.0 or
2.6.1, can be written as

P
£(3, (n+1)At) = Zai(Ax,At,(S) £(3, (n-1)At)
i=0
where ai(Ax,At,(5) is an operator. This operator can be ex-

pressed as

m.
1

a, (bx, 8¢, 0) = Z d; o (bx,At) OF
=0



60

where ai p(Ax,At) is a constant for fixed Ax and At.

4

If the same procedure is used as was given in sec-
tions 3.2 and 3.3, this transformed difference can obviously

be written as

Jo M
G(jAt) = EE: }Z:ai,p(Ax'At) cP G((j-1)At).
i=0 p=0

3.5 Conclusion.

The time domain models which are presented in this
section are obtained directly from the infinite line time
domain models by means of a finite-infinite line transfor-
mation. Therefore, the mathematical properties of these
models are identical to those derived for the infinite line
models. The most important advantage of obtaining the models
in this manner is that all the approximations for the partial
derivatives with respect to x are obtained by more accurate

central difference formulas.



IV. LAUNCHING NUMBERS

4.0 Introduction.

A problem of type 1 is a transmission line problem
which has zero initial conditions and one identically zero
boundary condition. One such problem of type 1 has the

initial and boundary conditions specified as

E(x,0) = I1(x,0) =0 O=x=<L ‘ 4.0.0
E(L,t) = 0 O<t<wm

I(0,0) = Esl(O)

E(O,t) =Esﬁt) 0<t=<o0

where Esl(t) is a specified function of t.

In order to indicate the development of this chapter,
let us consider the problem of type 1 for which the boundary

and initial conditions are specified as follows:

En'l(x,O) = In’l(x,O) =0 O<=x=<L

En,l(L't) 0 O:t<oo

In'l(0,0) = Esl(nAt)

E, 1(0,£) =0 t=<0
= Esl(t+nAt) O0=<t<At
=0 t=At

61
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Since En l(O,t) is identically zero for t= At, it is possible

to define a problem of type 3 at t=At for which the initial

and boundary conditions are

En(x,O) = En,l(x’At) 0=<x=L 4.0.1
In(x,O) = In,l(X’At) 0=x=L
En(O,t) = En(L,t) =0 O=<t<=w

such that
En’l(x,t+At) = En(x,t) 4.0.2
In'l(x,t+At) = In(x,t)

for 0 =t=<=oo and 0=x=L.
Since the lossless parallel transmission line is a
linear problem, the superposition principle may be applied

at any time. Hence, it is quite evident that the relation-

ship
p
E(x,t) = Z B, (%, t-nat) 4.0.3
n=0
p
I(x,t) = E: In,l(x't-nAt)
n=0

is valid for pAt=t < (p+l)At. If Egs. 4.0.2 are substituted
into Egs. 4.0.3, then the solution for E(x,t) and I(x,t) can

be written as
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p-1

E(x,t) = ZO B, (x,t- (n+1)8t) + E_ ) (x, t-pAt)
n=

p-1
I(x,t) = E;)In(x,t—(n+l)At) + I, (x, t-pAt)
n=

where pAt =t < (p+1)At. At t=pAt, the solutions for E(x,pAt)
and I(x,pAt) are given as

p-1

E(x,pbt) = }: E_(x, (p-n-1)At) 0<x =L 4.0.4
n=0
p-1

I(x,pAt) = Z I_(x, (p-n-1)At) 0O<x=L
n=0

E(0,pAt) = Esl(pAt)

p-1
I(0,pAt) = E; In(O,(p—n—l)At) + Esl(pAt).
n=

Equations 4.0.4 simply state that the solutions for E(x,pAt)
and I(x,pAt), where 0<x=<L, can be obtained by summing the
solutions for p problems of type 3.

The general method of numerical solution can now be
stated for the problem of type 1 which is specified by the
initial and boundary conditions given by Egs. 4.0.0. The

nonzero boundary condition, Esl(t), at t=nAt is used to de-

fine a problem of type 3 at t=(n+l)At. The numerical method
of solution for a problem of type 3 was covered in detail in

Chapter 3. According to Egs. 4.0.4, the numerical solution



64

at the interior node points at t=pAt is the superposition of

the numerical solutions of p problems of type 3. If gn(j,O).

j=0,1,2,...,2k, where Ax=L/k, are the initial conditions to
the problem of type 3 which was defined at t=(n+l)At, this

chapter specifically derives a class of transformations for

which
9,(3.0) = by, (Bx,Bt) Eg, (nbt) j=0,1,...,2k  4.0.5
such that
p-1
g(j.,pAt) = Z gn(j,(p~n-l)At) j=1,2,....2k 4.0.6
n=0

g(0,pAt) = E_, (pAt)

are the approximate numerical solutions to E(x,pAt) and
I(x,pAt) at the defined net points. Any transformation from

this class of transformations defines the bj l(Ax,At), where

j=0,1,2,...,2k, which are employed in Egs. 4,0.5. These

quantities, bj l(Ax,At), are defined as launching numbers.

The specific approach for deriving this class of
transformations is to use the basic numerical solution, given

by Egs. 3.3.0, to find gn(j,(p—n-l)At), and then compare the

functions g(j,pAt), given by Egs. 4.0.6, for all p, to an
approximate Fourier integral, an approximate Foureir series,

and an analytical solution for this problem of type 1.
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4.1 Approximate Fourier Integral.

Part of this chapter is based on an approximate
Fourier integral. Hence, this section is devoted to the
derivation of the approximate Fourier integral.

The Fourier integral transform pairs are

00
g(X) = J[flx') cos (X (x'-x)) ax'

—00

X
f(x) = lim(l/ﬁ)fg(O(') ax'
0

X—=o00

where g((X) and f(x) at present bear no relationship to the
functions g(n,t) or f(n,t).

Let us approximate g((X) by g((X) where g((X) is

given as
() = g(xX) 0 == TT/Ax
g(o) = o0 X =TT/Ax

It is quite clear that this is a good approximation if Ax is
chosen sufficiently small. If g((X) is used in place of

g(X), the transform pairs are

o0
g () =ff(X') cos((X(x'-x)) ax' 0 =X =Tl/Ax

(0 o]
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g(X) =0 X = TT/Ax

f(x) = (L/T7) | g(X) aX

o\\
S
%

where £(x) is an approximation to f(x). If g((X) is elimin-

ated from these equations, f(x) can be written as

[o%) /A%
E(x) = (1/717) f £(x') dax' [cos( A" (x'-x)) aX

-00 0
o0
. sin T{(x'-x X .
= ff(x ) Tr(x,_x)/ x dx .
- 00

If this integral is numerically integrated by means of the

trapezoidal rule, the function ¥(x) is then approximated by

w .
F(x) = Z%E' Z £ (nAx") ﬂn%nnﬁ::ﬁﬁ_z 4.1.0
- 00

where Ax' may or may not equal Ax. Equation 4.1.0 is defined
as the approximate Fourier integral of f(x).

If £(x) is given by Egs. 4.1.0, it is quite clear
that f(x) approximates f(x) for Ax and Ax' (generally
Ax'<Ax) sufficiently small. Since

sin x'-x)/A
(ndx'-x)/Ax

contains no spectral components for X=T[/Ax, f(x) can have
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no spectral components for (X=T{/Ax. In addition, when
Ax'=Ax, this is the same Fourier integral approximation as

was given in section 2.3.

4.2 Approximate Fourier Inteqgral and Series Solution.

The main purpose of this section is to derive an ap-
proximate Fourier integral and series solution for E(x,pAt)
and I(x,pAt). 1In fact, special forms of an approximate
Fourier integral and series solution for E(x,pAt) and
I(x,pAt) are derived which will be used in later sections
of this chapter. The reasons for developing these special
forms will become evident in later sections.

First of all, let us consider the problem of type 1
for which the nonzero boundary condition is given by the

function Egl(t) where

P =<
Esl(t) Esl(t) 0 =t<pAt 4.2.0

= 0. t=pAt

If the analytical solution for this problem is given by

Ep(x,t) and Ip(x,t), it is quite clear that

EP(x,t) = E(x,t) O0<tepAt, O0=<x<L
1P(x,t) = I(x,t) O<t<pAt, O=<x<L
Ep(x,pAt) = E(x,pAt) O<x=<L
1P (x,pAt) = I(x,pAt) O<x=L
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is valid. 1In addition for t= pAt, this problem corresponds
to a problem of type 3 where Ep(O,t) and Ep(L,t) are identi-

cally zero.
For t=pAt, the analytical solution for Ep(x,t) and

Ip(x,t) can be written as

00
Ep(x,t) = ZEgl(t-x/vp—ZnL/vp) - i E‘zl(t+x/vp—2nL/vp)
Ne=-C0 n=-00
[e,)
Ip(X,t) = Eil(t—x/vp-ZnL/vp) + Z Els)l(t+x/vp—2nL/vp) .

n==00 n=—0o

Both the functions Ep(x,t) and Ip(x,t) are periodic in both
X,(r0ex<o) and t, (- < t<00) even though the solutions

are valid for 0<x <L and pAt =t<oo. This forces Ep(x,t)

and Ip(x,t) to satisfy the finite-infinite line transfor-
mation as discussed in Chapter 3.

If we let t'=t-pAt and define the function Mp(-vpt')

as
P_ 1y = pP '
M ( vpt ) Esl(t +pAt) , 4.2.1

then the solution for Ep(x,t') and Ip(x,t') for t'= 0 can be

written as
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o0
Ep(x,t') = Z Mp(-vpt'+x+2nL) - i Mp(-vpt'-x+2nL) 4.2.2

n=-00 =-00

\—\QQ
P(x,t') = Mp(-vpt'+x+2nL) *-214 Mp(—vpt'—x+2nL).

n=-00 n=-00
By letting
o0
vP(x) = EE:MP(x+2nL), 4.2.3
n=-= 00

Ep(x,t') and Ip(x,t') can now be expressed as

EP (x,t') = Vp(—vpt'+x) - Vp(-vpt'-x) 4.2.4
IP(x,t') = VP(-v_t'+x) + VP(-v_t'-x)
p p
where Vp(x) is periodic in x with period 2L.

Since VP(x) is periodic in x with period 2L, this

function can be expanded in a Fourier series as

Vp(x) = 38/2 + [Eg cos(n T[x/L) + 4.2.5

n=

Bg sin(n7Tx/Lﬂ

where
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2L
Eg = (l/L)pr(x) cos(nTTx/L) dx
0
2L
Bﬁ = (1/L)./pvp(x) sin(n JTx/L) dx.
0

If x=vpt and the trapezoidal rule is used to numerically

integrate the integrals to find the coefficients, it can

easily be shown that

v_At

'éﬁ = —P-L— Mp(jvat) cos (n TT3v  At/L) 4.2.6

J=1

v_At
p _ —Ef— j;: MP(jvat) sin(n7TijAt/L).

n

j=1
The function Np(Ax',-vpt') is defined as the approxi-

mate Fourier integral of Mp(—vpt'). According to Egs. 4.1.0,

the approximate Fourier integral of Mp(-vpt') is given as

Np(Ax',-vpt') = 4.2.7
v_At sin 77 (nv_At+v_t')/Ax"
B P P P
Ax' M (anAt) TT(nvat+vpt')/Ax'
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where Ax'k'=L. The increment Ax' may or may not be equal to
the increment Ax used to solve the transmission line problems
of type 3. Hence an approximate Fourier integral solution

can be obtained by first rearranging the absolute convergent

series which are given in Egs. 4.2.2 and then be replacing

Mp(-vpt') by its approximate Fourier integral

E‘Ff’(x,t‘) = Np(Ax',-vpt‘+x) - Np(Ax',-vpt'—-x) + 4.2.8

o

z [Np(Ax' ,-vpt'+x+2nL) + NP(Ax! ,-vpt'+x-—2nL)] -
n=1

[o%e)

Z [Np(Ax' ,-vpt'-x+2nL) + NP (Ax" ,-vpt'-x-ZnL)]
n=1

Ig(x,t-) = Np(Ax',-vpt'+x) + Np(Ax',-vpt'—x) +

w -
[Np(Ax',-v t'+x+2nL) + NP(Ax',-v_t'+x-2nL)| +
- P P J
n=1
) -
[Np(Ax' ,-vpt'-—x+2nL) + Np(Ax' ,—vpt'—x-ZnL)
n=1 )

where Ezf)(x,t') and 'Ig(x,t') are respectively the approximate

Fourier integral solutions for EP(x,t') and IP(x,t') when

t.z OQ
By letting the function vg(x) be defined as
0
vP(x) = NP(Ax',x) + Z [Np(Ax',x+2nL) + Np(Ax',x-ZnL)]

n=l 4'2.9
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the approximate solution for E?(x,t') and I?(x,t') can be

written as

P "y = vP(_ ' - vP(- -
Ef(x,t ) = Va( vpt +x) Va( vpt x) 4.2.10

Ply +1) = vP(oy ¢ Py 1
If(x,t ) Va( vpt +x) + Va( vpt x).

This function is a periodic function in x with period 2L.

Therefore, it can be represented as a Fourier series., If
Np(Ax',x+2nL) is replaced by its defining equation, Eq.

4.2.7, then Vg(x) can be written as

p
vat — sin ﬂ(nvPAt-x)/Ax'
Vg(X) - TAxT Z_‘ Mp(nvat) T(‘(nvat-x)/Ax' *

n=1

o0
[ sin 7T(nvat-x-2iL)/Ax' sin 7T(nvat-x+2iL)/Ax'
7T(nvat-x-ZiL)/Ex' * Tr(nvat-x+ZiL)Zax'

i=1

But according to section 2.2, Vg(x) can now be written as

k'-1
Vg(x) = ag/z + j{: [aﬁ cos(nTx/L) + 4.2.11

m=1

bg sin(n7Tk/L)] + [gﬁ. cos(k'TT x/L) + bP, sin(k'fo/Lﬂ /2.
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where
p
VPAt
aﬁ = T Z Mp(nvat) cos(mTfnvat/L). 4.2.12
m=1
P
v. At
p__P p .
b T z M (nvat) s:Ln(mYTnvat/L).
=1

If the Fourier coefficients which are given by Egs.
4.2.12 are compared to the coefficients as given by Egs.

4.2.6, it can be concluded that these are the same co-

efficients. Therefore, by truncating VP (x) after k' terms

and obtaining the coefficients by numerical integration, the
resuit is the function Vg(x).

Let us examine briefly the solutions for Eg(x,t')
and IB(x,t') at £'=0. If Eqs. 4.2.11 is substituted into

Egs. 4.2.10, the solutions at t'=0 are

k'-1
E?(x,O) = bﬁ sin(n T{x/L) + pP, sin(k'7Tx/L) 4.2.13
n=1
k'-1
Ig(x,O) = ag + 2 Z ag cos(nJTx/L) + aﬁ. cos (k'TT x/L)
n=1

At the defined node points, the k'th term is zero and need

not be considered. If Egl(t) is discontinuous at t=pAt, it
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is quite likely that Vp(x) is discontinuous at x=2nL, where
n=0,+1,+2,...,. As a result, these approximations as given
by Egs. 4.2.13 can tend to oscillate about the actual solu-
tions. These oscillations decreases slowly as we move away
from the discontinuity. This property can not be overlooked
and is taken into consideration in this and a later section.

One method which helps to correct this situation is

the introduction of Lanczos' (J factors (6). 1If Eg(x,t') and

Ig(x,t') for t'=0 are truncated after the n'th term, the

introduction of these factors in effect replace these trun-

cated approximations by smoothed function which are given as

x+L/2n'
E?(X,O) =.n'/L E i (x',0) ax'
x~L/2n'
x+L/2n'
ig(x,O) = n'/L Ig’n.(x',O) ax’
x-L/2n"'
where
nl
Eg'n.(x',O) = 22{: bﬁ sin(n7{x/L)
n=1
nl

P ' P P
If,n'(x ,0) ag + 2 Zan cos(nT(x/L)

n=1
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and n'<« k'. Once this integration or averaging process has

been performed, Eg(x,o) and ig(x,o) are given by

nl

Eg(x,O) = 2 E O;bﬁ sin(n7Tx/L) 4.2.14
n=1
nl
IP _ P P
If(x,O) = ag + 2 O;lan cos(nTTx/L)
n=1
where

_ sin Tn/2n') .
O; = ———%7T;§§ET% 4.2.15

4.3 Concept of Consistent Initial Values.

First of all, let us consider the transmission line
problem of type 3 for which the initial conditions at the

defined nodes, gn(j,O), where j=0,1,2,...,2k, are specified,
If the solution for gn(j,(p—n-l)At) is obtained by some

method described in Chapter 3 from these specified initial
values, this chapter assumes that the increments Ax and At

are chosen such that gn(j,(p-n-l)At) approximates the basic

numerical solution as given in section 3.3 for all p such
that p>=n+l. Hence, the basic numerical solution is employed

to express g_(j,(p-n-1)At) in this chapter.
n
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If Ax and At are not chosen sufficiently small, re-

gardless of how the launching numbers, bj l(Ax,At) are chosen,

it is not likely that g(j,pdt) is an approximate solution to
E(x,pAt) and I(x,pAt) at the node points. In order to avoid
this situation when comparing the functions g(j,t) to either
the approximate Fourier solutions or the analytical solutions
for E(x,t) and I(x,t) which are given in section 4.2, the
assumption is always made that these increments have been
properly chosen.

The set of initial values gn(j,O) for n=0,1,2,...,p~1,

and j=0,1,2,...,2k, is a set of consistent initial values if
and only if the following conditions are satisfied:

1. Let g (j,t) be obtained by using the basic numerical
n

solution as defined in section 3.3.
2. There exists a Ax such that if Ax<2%x, there corres-

ponds a At which depends on Ax such that if At < Bt,

then g(j,pAt) approximates EP(x,t') and IP(x,t') for
all p at the defined node points when t'=0.
It is clear that the transformation defined by the

launching numbers bj l(Ax,At) defines a valid transformation
only if the set of initial values gn(j,O) are a set of con-

sistent initial values.

4.4 Derivation of g(j, pPAt).

Before the function g(j,pAt) can be compared to the

function Ep(x,t) and Ip(x,t) as given by Egs. 4.2.2 or the
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Fourier approximations to these functions at t'=0, g(j,pAt)
must be placed in the proper form so that a comparison can be
made. This section develops such a form.

Given the initial values gn(j,O) for j=0,1,2,...,2k,

and n=0,1,2,..., whether these values are consistent initial

values or not., Since the functions gn(j,t), j=0,1,...,2k,

are the approximate solutions to a problem of type 3 at
certain node points which are obtained from the initial

values gn(j,O), j=0,1,2,...,2k, the functions gn(o,t) and
gn(2k,t) are required to be identically zero for all t. If
we let fn(j,t)=gn(j,t) for j=0,1,2,...,2k, and use the re-

lationships given by Eqs. 3.1.0, the problem of type 3 has
been transformed to the infinite line situation which was

described in Chapter 2. The functions fn(j,t) are used in
place of f£(j,t) for identification purposes.

Consider the function zp(j,t) which is defined as

-1
2P(j,t) = £ (3, t- (n+1)At) 4.4.0

n=0
where j=0,+1,+2,...,. If we have a set of consistent initial
values, the functions zp(j+4mk,t) for j=0,1,2,...,2k, and
m=0,+1,+2,..., would give us the desired approximate numeri-

cal solution at t=pAt to either Ep(ij,t) or Ip(ij+Ax/2,t),

depending on whether j is odd or even.
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The basic numerical solution for fn(m,t) can be ob-

tained by substituting Egs. 2.1.7 into Eq. 2.1.1. If this

basic numerical solution is used to represent fn(m,t) and
upon introducing the change of variable t'=t-pAt and i=p-n-1,

the function zp(m,t') can be written as follows:

p-1
At+v _t')/Ax
o L N sin 7T(1v £
z-(m,t') = ZiJ fp_i_l(m,O) TT(lv At+v t)/bx t
i=0

fp— ie1 (m+1,0) sin T( ivPAt+Ax/2+vpt' ) /Dx

2 7T(ivat+Ax/2+vpt')/Ax -
fP— ;.1(m+1,0) sin T ivat-Ax/2+vpt' )/Ax .
2 TT( ivat—Ax/2+vpt ") /Ax
00
fp_i_l(m+2j,0) sin.TRivat-ij+vpt')/Ax .
2 ﬂﬂivat+ij+vpt')/Ex
j=1
fp_i_l(m-Zj,O) sin771ivat+ij+ypt')AAx N
2 7T(ivat+ij+vpt')/Ax
0
fp_i_l(m+2j,0) sin Tnivat+ij+vpt')/Ax .
2 T ivat+ij+vpt' ) /B x
j=1
fp_i_l(m-Zj,O) sin TRivat-ij+vpt')/Ax +

2 7T(ivat—ij+vpt')/Ax

00
EE— _q (m+23+1, 0) 51n.7R1v At+3Ax+Ax/2+v t')/Ax
2 7T(1v At+ij+Ax/2+v t)/bx *
J=1

£ 3-1(m-23+1,0) sin mivat-ij+Ax/2+ZPt ') /Ax

2 7T(ivat-ij+Ax/2+vpt')/Ax
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ool
fp~i 1 (m+23+1,0) sin T{(iv At-JAx—Ax/2+th )/Ax
2 TT(J.V At—ij—Ax/2+v T )/bx *

f l(m 2j+1,0) 51n'ﬂ71v At+JAbex/2+v t')/Ax
2 ‘ﬂTlvat+JAx-Ax/2+vpt ) /Bx

This expression for zp(m,t') as given by Eqs. 4.4.1

is quite complicated. The expression can be simplified
greatly if two new functions, Jp(j,x) and Hp(j,x), and their

properties are introducted. Let Jp(j,x) be defined as

JP(j,x) = 0 x=-v At/2
Jp(j,x) =0 vat(n—l/Z)§x<vat(n+l/2)
where j=0,+1,+2,...,. It is quite clear that
Pa .
J5(3,%) =f _.(3,0).
x=nvat p-n-1

The function Hp(j,x) is the approximate Fourier integral, de-

fined by Egs. 4.1.0, of Jp(j,x). Therefore,

p-1
Vp At sin 7T(nv At-x) /Ax

P
B (3, x) _A_' fo-n-1(3:0) 7T(nv At-x)/Bx

n=0

4.4.2

Because of the relationships derived in Chapter 3, given by

Egs. 3.1.0, the following relationships for Hp(j,x) are

valid for j=0,+1,+2,
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HP (j+4ik,x) = HP(3,x) i=0,+1,+2,..., 4.4,3
P (23+1,x) = -BP(-2§-1,x)

#P(25,x) = BP(-25,x)

Let us now employ Egs. 4.4.2 and 4.4.3 to simplify

Egs. 4.4.1. It is quite clear that the expression for zp(m,t')

as given by Egs. 4.4.4 is valid.

2k-1
Pm,t') = Ax Z Hp(n,-vpt'+(m-n)Ax/2) + 4.4.4
! = 2v_bt
m=1
(-1)0tm Hp(n,-vpt'+(n-m)Ax/2) +
(-1 #P(n,-v t '+ (men)Ax/2) +
(-1)™+L BP (n,-v ' (n+m)Ax/2) +
00
Z [Hp(n,-vpt'+(m-n)Ax/2+2iL) +
i=1
Hp(n,—vpt'+(m—n)Ax/2-2iL)] +
o0
(_l)n+m Z [Hp(n,-vpt'+(n—m)Ax/2+2iL) +

|
I
=

Hp(n,-vpt'+(n-m)Ax/2-2iL)] +
00
Z [Hp(n,-v t'+(m+n)Ax/2+2iL) +

Hp(n,—vpt'+(m+n)Ax/2-2iL)] +
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00
(_1)m+1 j{: [Hp(n,-vpt'-(n+m)Ax/2+ZiL) +
i=1
Hp(n,—vpt'-(n+m)Ax/2-2iL)]

This expression places zP(m,t') directly in terms of BP (n, x)
for n=1,2,...,2k=-1.

For simplification purposes, let us introduce two
new functions z?(m,-vpt'+ZiL) for j=1,2, and i=0,+1,+2,...,.

These functions are given as

2k-1
zg(m,-vpt+ZiL) = E:Qfg j{: Hp(n,-vpt'+(m—n)Ax/2+21L)
P 4.4.5
n=1
zP(m,-v_t'+2iL) = 4.4.6
2 'p .4.
2k-1
5—4—"5— Z (-1)™1 #P(n,v_t'+(m+n)Ax/2+2iL) .
vp t P
n=1
Therefore, Egs. 4.4.7 is obtained by substituting these
functions into Egs. 4.4.4.
b 'y = P - ' ) % - '
z5(m,t') zl(m, vpt ) + zz(m,vvpt ) + 4.4.7

_qyym+l Piem _ . P_. _ ,
(-1) [zl( m, vpt)+zz(m, vpt )J +
[ P p -
zl(m,-vpt'+21L) + zl(m,-vpt'—ZlL). +

g

|
]
[

r -
P - ' : P - 1294
zz(m, vpt +2iL) + zz(m, vpt 2iL)| +

-

e
L]
-
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Q0 B
(-1)™+L j{: zﬁ-m,~vpt'+2iL) + zﬁ(-m,-vpt'-ZiL)] +

oo
_qym+l P _ . Pim - -
(-1) j{: Lzz( m, vpt'+21L) + zz( m, vpt' ZiLJ

Before this relationship, given by Egs. 4.4.7, can be
investigated, the initial values, gn(j,O) or fn(j,O), must be
defined in some manner so that a comparison can be made.

Let gn(j,O) be defined by Egs. 4.0.5. That is,
g,(3.0) = bjll(Ax,At) Esl(nAt).
If this expression is substituted into Egs. 4.4.2, the
function Hp(j,x) is now given as
HP(j,%) =

sin T{(nv_At-x)/Ax
p L]
by,1Bx.0¢) -5'—5 Bgy( (=D A6) =77 BE1 A%

n=0

If we let x=—vpt'+vp£¢ and compare the resulting expression

to Egs. 4.2.7, it is evident that Eq. 4.4.8 is valid.
Hp(j.-vpt'—vp t) = by ;(Ax,4¢) Np(Ax,-vpt') 4.4.8

If Eqs. 4.4.8 is substituted into Egs. 4.4.5 and

4.4.6, then z?(m,-vpt'+2iL) and zg(m,-vpt'+2iL) are now

given as
P - -
zl(m, vpt'+21L) = 4.4.9
-1
X b, (bx,At) NP (Ax,-v_t'+(m-n)Ax/2+2iL+v_At)
2v_0Ot n, P P

P n=1
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Pl oy +142iT) =
25 (m, -V t'+2iL) | 4.4.10

2k~1
4g£—'j§::(—l)n+lbn(Ax.At) Np(Ax,-vpt'+(m+n)Ax/2+2iL+vat).

n=1

Therefore, zf(m,-vpt'+2iL) and zg(m,-vpt'+2iL) can be placed
directly in terms of the approximate Fourier integral of
Mp(-vpt') which is given by Eq. 4.2.7.

The function zp(m,t') can also be expressed in terms
of the quantity Vg(x) which was defined by Eq. 4.2.9, 1In
order to show this result, let us define the functions

yg(m,-vpt') and yg(m,-vpt') as

P - P - '
yi(m, vpt') = zi(m, vpt ) + 4.4.11
(29)
p - 1193 p - '
;{:[zi(m, vpt +2iL) + zi(m, vpt ZiLﬂ.
i=1

By means of Egs. 4.2.9, 4.4.9, and 4.4.10, it can easily be

shown that yﬁ(m,—vpt') and yg(m,—vpt') can be written as

yi(m,-v ') = 4.4.12

2k-1

3#%%{ Z%::bn,l(Ax'At) Vg(-vpt'+(m—n)Ax/2+vat)

n=1
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y5(m,-v t') = 4.4.13
2k-1
—

Ax p .
3;;3; ? b ,(x,4t) Va(-vpt +(m+n)Ax/2+vat).
n=

Therefore,
zp(m,t') = yﬁ(m,-vpt') + yg(m,-vpt') + 4.4.14

("l)m+l [Yg(-m:-vpt') + er)("m:'vpt')] .

The desired expressions for zp(m,t') have now been
derived. 1In section 4.5, these expressions will be in-

terpreted. In sections 4.6 and 4.7, these expressions for

zp(m,t') will be compared to both the analytical solution
and the approximate Fourier solutions to obtain the launching

numbers.

4.5 Interpretation of zp(m,-vpt').

In section 4.2, an analytical solution for Ep(x,t')
and Ip(x,t'), given by Egqs. 4.2.2, was derived. In section

4.4, a number of special forms for zp(m,t') were derived,
The objective of this section is to compare these two solu-
tions for the purposes of interpreting the results of section

4.4.
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First of all, the function wp(m,t') is introduced
for notation purposes. Let this function be defined as

follows:

wP(2m,t') = EP(mAx,t') m=0,1,2,...,k 4.5.0

wP(2m+l,t') = 1P (mAx+Ax/2,t') m=0,1,2,...,2k-1

Therefore,

wP(m,t') = Mp(-vpt'+mAx/2+2nL) + 4.5.1
n=-00

o0
(-1)™HL ZE:MP(-vpt'—mAx/2+2nL).

=00

If this problem was a semi-infinite transmission
line which was defined to start at x=0 and to extend to in-

finity in the positive x direction, the solution for

wp(m,t') would then be given as

wP(m,t') = Mp(—vpt'+mAx/2)

where m=0,1,2,...,. Therefore, for the finite line, the
remaining terms which appear in Eq. 4.5.1 for n positive re-
sults from reflections which occur at x=0 and x=L. The terms
which appear in Eq. 4.5.1 for negative n are always zero for

0=x=<L and were introduced to obtain periodicity in x and t'
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According to Eq. 4.4.7, zp(m,t') can be written as
p ' = p - 1 P - '
z7(m,t') zl(m, vpt ) + zz(m, vpt ) +

—~
-

m+1 Pi_. _ . P . _
) [zl( m, vpt ) + 22( m, vpt')} +

>k

[z?(m,-vpt'+2nL) + sz,-vpt'-2nL)] +

o]
n
f

g

[zg(m,-v t'+2nL) + zg(m,—v t'-ZnLq +
P P

n=1
r -
(_1)m+1 Lz?(-m,-v t'+2nL) + zp( -m, -vpt'—2nL) +
n=1
(—l)m+l [;p(-m -v_t'+2nL) + zp(—m -v_t'=-2nL)
2 R ) 2 ‘' p ]

3
n
=

[
In order to better interpret the functions z?(m,—vpt'+2nL)
and z§(m,-vpt'+2nL), let us look at zp(m,t') for the semi-
infinite transmission line case. For this case, zp(m,t') is

given as

Pirovty - | 0Pl cw +1Y 2 oPlm —v 41
z(m,t') = [zl(m, vpt ) + zz(m, vpt )] + 4.5.2

m+l| p ' P '
(-1) [;l(-m,-vpt ) + zz(-m,—vpt )] .

If zg(m,-vpt') and z?(m,-vpt') are respectively defined by
Egs., 4.4.9 and 4.4.10, then for m=0,1,2,..., and t'20, it

can be shown that zg(—m,-vpt') is approximately zero. For

the finite line case, it can then be concluded that the re-
maining terms in the expression for n positive result from

the reflections at x=0 and x=L. For n negative, the terms
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have no effect on the solution for 0<x <L and are added to
obtain periodicity in x.

Let us analyze the result which is given by Eq. 4.5.2.
First of all, zﬁ(m,-vpt') and zg(m,-vpt') for m=0,1,2,3,...,

are incident waves traveling on this semi-infinite trans-

mission line. The remaining terms are reflected waves.

Therefore, zg(—m,—vpt') for m=0,1,2,..., can be interpreted

as a false reflected wave which is created by the definition
of the p semi-infinite line problems. By looking at Eq.

4.4.10, it can be seen that the incident wave which is given
by zgﬁm,—vpt') results from the reflection of zg(—m,—vpt') at
x=0. The function zﬁ(—m,-vpt') was introduced in the process

of transforming the semi-infinite line to the infinite line
situation.
The main objective of this chapter is to find a set

of launching numbers, bj l(Ax,At), j=1,2,...,2k-1, such that

zP(m,0) = wP(m,0) 4.5.3

for all p and m=0,1,2,...,2k. Since both these functions
represent the solutions to problems of type 3, this relation-
ship is satisfied at m=0 and m=2k independent of the launch-
ing numbers.

If Eq. 4.5.3 is satisfied, then the two semi-infinite
line situations which have been discussed must also be satis-

fied. Therefore, it can be concluded that the relationship
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Mp(mAx/2) = zg(m,O) + zg(m,O) + 4.5.4

(—l)m+l[z§(-m,0) + zg(-m,o)]

for m=1,2,...,2k-1, and p=0,1,2,..., must be satisfied.
Conversely, if this relationship is satisfied, then Eqg.
4.5.3 must also be satisfied for the finite line case.

In a later section, this relationship, Eq. 4.5.4,

will be used to obtain the launching numbers.

4.6 Fourier Inteqral Comparison.

The object of this section is to find a set of

launching numbers such that Eq. 4.5.4 is satisfied. Since
Mp(x) is generally discontinuous at x=0, then it is quite

clear that Np(Ax,x) is the approximate Fourier integral of a

discontinuous function. Therefore, in the vicinity of x=0,

Np(Ax,x) could be a very poor approximation to Mp(x) and

probably the assumption that
NP (Ax,x) = MP(x)

is invalid in the vicinity of this discontinuity. It will
be shown in this section that if this comparison is correctly
made that it is possible to avoid this problem.

Normally, the transmission line is found to be a two
port component in a larger system. For this system, only

the terminal variables, E(O,t), I(O0,t), E(L,t), and I(L,t),
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are generally of interest. For example, when E(O0,t) is
specified in some manner, the approximate numerical solution
for I(0,t) is generally required. At present there is no
information regarding this variable. In Chapter 6, it will
be shown that this variable is obtained by interpolation from
the values of current which are known at the defined current
node points located near x=0. Therefore, it is necessary
that in deriving these launching numbers that I(x,t) must be
determined very accurately at the defined current node
points which are used for interpolation purposes. In ad-
dition, the launching numbers must be chosen such that the
terminal variables at x=L can be determined quite accurately.
As long as these terminal characteiistics are determined
accurately, the accuracy is not asiimportant at the interior
voltage nodes.

Before we can proceed with the comparison which is
indicated in Eq. 4.5.4, it is necessary to consider the

function y(x). This function is defined as
y(x) = Np(Ax,x+vat) + Np(Ax,-x+vat) . 4.6.0

If Eq. 4.2.7 is substituted into this equation, y(x) can be

expressed now as
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p-1
v_At sin 77 (nv_At-x)/Ax
= B P p
y(x) = A% ZM ((n+l)vat) 7T(nvat-x)7Ax +
n=Q

p-1
v_At : sin 77 (nv_At+x) /Ax
B p p
Ax M ((n+l)va¢) TT(nvam+x)/Ax )
n=0

By defining MY (x) as

MP(x) = Mp(vat+x) 0<x <00 4.6.1

Mp(vat—x) -o00o<x =0

and ﬁp( X,X) as the approximate Fourier transform of ﬁp(x),

y(x) can now be expressed as

v_At i
y(x) = NP (Ax,x) + Ai MP(vat) E&E_;;ié%ﬁ . 4.6.2

The function ﬁp(x) does not have a discontinuity at x=0.

Before we proceed to derive the launching numbers,

’

let us introduce the gquantities Bj 1 which are defined as

= - Ax
bj’l = vat bjll(Ax,At). 4.6.3

These quantities are called transformation constants. There-

fore, instead of deriving the launching numbers bj l(Ax,At),

’

the quantities Bj 1 will be derived. It will become evident

that the discussion is greatly simplified as a result of the
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introduction of these transformation constants.

Let us now assume that

for j=0,1,2,...,k. By substituting Egs. 4.4.9 and 4.4.10 in-
to Eq. 4.5.4, then for m=1,2,3,...,k, it can be shown that

this relationship reduces to

k
b
MP ( (2m-1)Ax/2) =Z 2oLl y ((men)ax) + 4.6.4

n=1

LI
Z —2-'3-'22-'—1- y((m+n-1)Ax) .

n=1
In effect, Eq. 4.5.4 is being studied at the defined current
nodes.
If the increments Ax and At are chosen sufficiently

small, then the approximation
NP (Ax,x) = MP(x)

is a valid approximation. 1In addition, if
vat/Ax << 1

then the approximation

y(x) = MP(x)



92

is also valid. Therefore, for m=1,2,3,...,k, the relationship

as given by Eq. 4.6.4 reduces to

X
b }
MP ((2m-1)Ax/2) =Z—?-’-‘§L—l- P ((m-n)Ax) + 4.6.5

n=1

k
b
Zﬁ-‘z-hi M ( (m+n-1)Ax) .
n=1

For discussion purposes, let us further assume that

byj-1,1 =0

for j=3j' where j' is a positive integer such that
1=35'=k.

—

For this assumption, let us first look at the relation which

is given by Eq. 4.6.5 for m=3j'. Since the arguments of
ﬁp(x) are always positive, the function ﬁp(x) can now be re-

placed by Mp(x+vat). By introducing the change of variable

x' = (2m-1)Ax/2 + vat,

this relation now reduces to
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b
Mp(x'—vat) =2A%L'—l Mp(x'—(2n-l)Ax/2) + 4.6.6
n=1

J_ -
5
Z—g—r’;—l-'—l MP (x'+(2n-1)Ax/2).

n=1
This relationship states that the transformation constants
are certain constants of an interpolation formula which

gives Mp(x'—vat) in terms of MP (x'+(2n-1)Ax/2) and

MP(x'—(Zn—l)Ax/2) for n=1,2,...,3".

]
Let PJ (z) be an interpolation polynomial of degree

(2j'-1) which passes through the following points

pl' (2) = MP (x'+2)
z=(2n-1)Ax/2 z=(2n-1)Ax/2

Pl (2) = M (x'+2)
z=-(2n-1)Ax/2 z=-(2n-1)Ax/2

where n=1,2,3,...,3'. This polynomial can be written by
means of a Bessels' central differénce interpolation formula

as
. 2_

where

v = -2z/AXx
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2p+1
(52p+1y0 = j{:—ln (2§+1) Mp(x'-(2p+l)Ax/2+nAx)
n=0
2
[162PY0 = -1" (zﬁ) MP (x'+Ax/2-pAx+nAx) /2 +
=0

jf:—ln (2§) Mp(x'—Ax/Z—pr+nAx)/2 .

n=0

This polynomial is an interpolating polynomial of degree

(23'-1) which has the property that

Mp(x'+z) = pj'(z).

In addition, the coefficients are in terms of Mp(x'+nAx/2)
for n=+1,+2,45,...,+(2j'~1).

Since it has already been assumed that vat<m:Ax,

the assumption can be made that

Mp(x'—vat) = Mp(x').

Therefore, the transformation constants can be obtained by

A |
replacing Mp(x'-vat) with PpJ (O0) in Eg. 4.6.6 and then
equating coefficients. Therefore, these constants can be

found by means of the expression

Pl (0) = Z —2n=1,1 Py (2n-1)Ax/2) 4.6.7

i_zn_l_g MP (x'+(2n-1)Ax/2)
n=1
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where
j n
T (2i-3)2
i=1 #52“"1310 ) 4.6.8
(-4)"1(2(n-1))!

pl'(0) =
n=1

Some examples which use the results of this derivation

are as follows.

Example 1: j' =1
B, | [Mp(x'+Ax/2) + Mp(x'-Ax/z)] /2="P(0)
where

Pl(O) = [Mp(x'+Ax/2) + Mp(x'-Ax/Z)]/Z

Therefore,

o'l
]
=

1,1
and

bl’l(Ax,At) = vat/Ax.

Example 2: j'=2
Sl 1 [Mp(x'+Ax/2> + Mp(x'—Ax/2)] /2 +
b

. [Mp(x'+3Ax/2) + Mp(x'-SAx/Z)] /2 = p2(0)

where
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2,., _5 |Mpgx-+4x42) + MP(x'-Ax/zﬂ
P°(0) = > -

ME (x'+30x/2) + MP(x'-3Ax/2)

8
Therefore,
bl,l = (5/4)
and
5v_At
- P
bl’l(AxrAt) - 4 Ax
v_At
b3’l(Ax:At) = - 4Ax ‘

If the transformation constants are determined by
Egs. 4.6.7 and 4.6.8, then Eq. 4.6.5 is satisfied for
m=j',j'+l, j'+2,...,k. Let us now look at this relationship,
Eq. 4.6.5, for m=1,2,...,j'-1, when the transformation con-
stants have been determined by Egs. 4.6.7 and 4.6.8. It can

be shown that the relationship now becomes

m

b
MP ((2m-1)Ax/2) = Z—z%-il—l -Mp((m-n)Ax+vat) +  4.6.9

n=1

J

b
}::—22§i4i MP((m+n—l)Ax+vat) +
nsl

bon-1,1
———3—*— Mp((n-m)Ax+vat) .

n=m+1
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Since the transformation constants have already been
determined, this relationship can no longer be interpreted as
an interpolation formula as was the case of Eq. 4.6.6. But
interpreting this formula in a different manner, it can be
shown that Egs. 4.6.7 and 4.6.8 are still valid for these
constants.

In order to show that these transformation constants
also give the desired results at x=(2m-1)Ax/2 where
m=1,2,...,j', it is necessary to briefly discuss the subject
of linear filters (6). Such linear filters are used pri-
marily in data smoothing applications. For discussion pur-
poses, let us suppose that we have a time-varying function
h(t) and decide to sﬁooth this function. By introducing a.

linear filter, the smoothed function h(t) is given as

p!
h(t) = :E:dj‘h(t+ij)
j=-p'
where
p!
zz:dj = 1. 4.6.10
j=-p' '

It can be seen that this function, h(t), is a weighted
average of the functional values h(t+jAx) for j=0,+1,+2,...,+p".
It can be seen that the transformation constants,

determined by Egds. 4.6.7 and 4.6.8, are independent of the

functional values of Mp(x). If we look at these equations
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for the case when Mp(x) is a constant, it can be concluded
that these transformation constants must also have the
property that

1]

Bys-1,1 = L- 4.6.11

J=1

Therefore, the requirement which is given by Eq. 4.6.10 is
satisfied. It can be concluded that for m=1,2,...,j'-1l, the
approximation, given by Eq. 4.6.4, is satisfied.

So far in this discussion it has been shown that if

byj-1,1 =

(vat)/Ax =<1

and if the remaining transformation constants are determined
by egqs. 4.6.7 and 4.6.8, then Eq. 4.5.4 is satisfied when-
ever m=1,3,5,...,2k-1. In other words, Eq. 4.5.4 is satis-"
fied at the current nodes. Let us keep the transformation
constants defined in the same way and let us investigate
Eq. 4.5.4 at the voltage node points.

The functions zg(m,-vpt') and zg(m,-vpt') are both
linear combinations of discontinuous functions. But at the

current nodes, these discontinuous functions can be combined

to produce continuous functions. At the voltage node points,

this is no longer the case. Even though this creates some
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minor problems, the relationship, given by Eq.,4.5.4, can
still be investigated.

For the time being, let us assume that the assumption
MP(x) = NP(Ax,x)

is valid for all x. For this assumption, it can be shown

that

Ile
(@]

z‘l’(-m,O) m=2,3,...,2k=2

z5(-m,0) = 0. m=23',23'+2,...,2k-2
Therefore, by introducing the change of variable
X = mAx+vat,

Eq. 4.5.4 reduces to

j ]

P,- BZn—l l p,-

M (x—VpAt) = '———5—*— M (x-(2n-1)Ax/2) +
n=1

j
b
Z_?n_;l:_l MP (%+(2n-1)Ax%/2) .

n=1

for m=2',2j'+2,...,2k-2. If we compare this result with Eq.
4.6.6, it can be seen that these equations are the same equa-
tions except that the variable x' has been replaced by x.
Since the transformation constants satisfy Eq. 4.6.6, they
must also satisfy this result. For m=2j',2j'+2,...,2k-2, the

discontinuity presents no problem since we are not evaluating
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N (Ax,x) in the vicinity of the discontinuity. It can now
be concluded that these transformation constants satisfy Eq.
4.5.4 at the voltage nodes which are located at x=nAx, where
n=j',j'+1l,...,k-1. In fact if j'=1l, this equation is satis-
fied at all the voltage node points.

If we investigate Eq. 4.5.4 at the voltage nodes
which are located at x=nAx, where n=1,2,...j'-1l, it can be

seen that zg(-Zn,O) is no longer zero. In fact the sign
which appears in front of zg(-Zn,O) is now a negative sign
where in the current case, the sign was positive. It can
then be concluded that Eq. 4.5.4 is not satisfied at these
nodes. For the assumption that

Np(X) = NP(AXIX) ’

let us investigate this error. At x=nAx, zg(-Zn,O) can be

written as

X
..
25(-2n,0) = E —z—l-gll—lmp((j-n)Ax—Ax/ervat).
j=n+l

If g(2n,t') and Mp(nAx) are respectively the actual solution
and the desired solution at x=nAx, where n=1,2,...,k-1, then

it can be shown that

g(2n,0) = MP(nAx) - 2 zg(-2n,0).
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By means of linear filter theory, it can be shown that

k

= MP -
g(2n,0) = MP(nAx) | 1 Zij—l,l 4.5.12

j=m+1

where Mp(nAx) is the desired solution. This says the actual

r

solution is the true solution multiplied by a constant. !
So far in this section, the discussion has been based

on the assumption that '

-3

b2j,1 =0 j=1,2,...,k-1

For discussion purposes, let us assume that

- e ! 3!
b2j-l,l =0 j=j'+1l,j'+2,....k
by - U | ] -
b2j,l =0 j=n'+1l,n'+2,...,k-1
MP(x) = NP (Ax, x)

and that the remaining constants have not been determined.
Let us look at Eq. 4.5.4 for the case where m is greater

than both j' and n'. For this choice of m,

i
(@)

zg(—m,O)

zg(-m,O)

]
o

Upon making the change of variable
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x' = mAx/2 + vat,

Eq. 4.5.4 now reduces to

MP(x'-v 08 = Z-—zii'—l MP(x'-(2n-1)Ax/2) +

Z_Zg:_l.‘_; MP(x'+(2n-1)Ax/2) +
B2n 1l p
——5-’— M (X'—nAx) -
n=1
n' _
bPon1 p
—=5= MU (x'+nAx) .
n=1

The method for obtaining these constants will be to consider
separately the terms which contain the constants BZj-l 1

Let us first look at the terms which contain the con-

stants b If we look at these terms from the viewpoint

2j,1°
of linear filter theory, the values of these terms should be
approximately zero independent of the value of the constants.

An alternate way of looking at these terms is to define a

pPolynomial Pn.(z) of degree 2n' which passes through the
Points

Pn,(z)‘ = nAx MP(x'+nAx)
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where n=0,+1,+2,...,+n'. Let us look at the function Pn,(z)/z.
It is quite clear that this function passes through the

following points.

P .(2)/z = MP(x'+nAx) n=1,2,...,n'
z=n/Ax

Pn,(z)/z = Mp(x'-nAx) n=1,2,...,n'
e nAx

Since the limit of this function as z-+0 is defined, these
constants can be obtained by equating the limit as z—=0 of
this interpolation polynomial to the terms which contain the

constants 52j 1 This function has the property

lim P _,(z)/z = lim P ,(z) - P _,(-2)]|/22z
z—=0 " z—=0 [ n n ]

where
[Pn.(z)—Pn’(-z)]/Zz = Mp(x'+z) - Mp(x'-z).

Therefore, the limit as z—>0 must be approximately zero.
Hence, the same conclusion is obtained as was the conclusion
obtained by looking at these terms from the filter theory
point of view.

’

Since the sum of the terms which contain the sz 1's

is approximately zero, the terms which contain the constants

BZj-l 1 must be defined in the same manner as was the case

when the constants, sz L+ were zero.
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If we look at Eq. 4.5.4 for m less than both j' and

'

n', we have the same terms as we had in the case where sz 1

but with some addition terms added since the constants B2j 1

’

are no longer zero. Let the function h((2j-1)Ax/2, 2j-1=m,
be the sum of these addition terms at the current nodes.

Hence,

rll
b
h((23-1)A%/2) éji:: 20 P ((23-1+2n)A%/2) +
n=1
-1

b

—202 MP((25-1-2n)8%/2) -

b

—20.L WP ((2n-25+1)A%/2) .

n=1

This result states that Eq. 4.5.4 can only be satisfied at

these current nodes when the 52. 's are identically zero.

j.1
Therefore, these constants must be zero in order to correctly

determine I(0,t).

4.7 Fourier Series Comparison.

In section 4.2, an approximate Fourier series solu-
tion for Ep(x,t') and Ip(x,t'), given by Egs. 4.2.13, was de-

rived. In section 4.4, some special forms for zP(m,t') were
derived. The object of this section is to compare the ap-

proximate Fourier series solution as given by Eq. 4.2.13 to
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zFP (m,t') which is given by Eq. 4.4.15. Once this comparison

is performed, a set of launching numbers can be obtained.

First, let us consider the functions Eg(x,t') and

Ig(x,t') which are given as

Eg(x,t-) = yll’(zx/Ax,-vpt') + yg(zx/Ax,-vpt') - 4.7.0
yg(-Zxﬂﬁx,-vpt') - yg(-ZXABx,—vpt')
Ig(x,t') = y§(2xﬂﬁx,—vpt') + y§(2xﬂﬁx,-vpt') +

P, - P -
y7 ( 2x/Ax, vpt') + vy 2x/Ax, vpt')

where y?(Zx/Ax,—vpt') and y§(2x/Ax,-vpt') are respectively

given by Egqs. 4.4.12 and 4.4.13. It is quite clear that

zP(m,t") m=0,2,4,6,...,2k

Eg(mAx/Z,t')

Ig(mAx/z,t') zP(m,t") m=1,3,5,...,2k-1

1S true.

By substituting Egs. 4.2.12, 4.4.12 and 4.4.13 into
Eqgs. 4.7.0 and letting t'=0, Eg(x,t') and Ig(x,t') can now

be yritten as
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Eg(x,o) = Z [Bn ag sin(n vapAt/L) sin(n7{x/L) + 4.7.1

B, bﬁ cos(n'/'Tvat/L) sin(n7Tx/L) +
A bP cos(n7Tvat/L) sin(n7Tx/L) -
A ag sin(nTTvat/L) sin(n7Tx/L)]+
(Ak/2) bi cos(kﬁvat/L) sin(k7{x/L) -

P _. .
(Ak/Z) ay s:.n(k7Tvat/L) sin(k7Tx/L)

k-
I§(x,0) = (A&, ag)/z Z [ cos(n7Tv At/L) cos(nfx/L) +

A bﬁ sin(nTTvat/L) cos(nTx/L)

+

B bﬁ cos(nﬂvat/L) cos(nJT x/L)

+

B aﬁ sin(nT(vat/L) cos(n7Tx/L)]

+

(Ak/2) ai cos(k7Tvat/L) cos (k7Tx/L)

(Ak/2) bi sin(kTTvat/L) cos (k TTx/L)

w
;_u

sin(nj7TAx/L) 4.7.2

.
=

'k
Z 25-1,1 cos(n TT(2j-1)Ax/2L) .
j=1 '
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Since the kth term is zero at the defined node points, these
terms can be disregarded in the comparison.

The transformation constants would be best chosen if

EP(x,0)

p
E3(x,0)

1P (%, 0)

p
I3(x,0)

at the defined node points. This requirement is satisfied
only when the following relationship is satisfied for

n=0,1,2,...,k-1.

o0
P _gP 5 _
BE + Z [ B ion * b2kj+n] 4.7.3

B [ag sin(dﬂ@pAt/L) + bg cos(ﬁn@pAt/L)] +

A [bg cos(ﬁﬂ%pAt/L) - aP sin(ﬁﬂ%pﬂm/Lﬂ

n
o0
-p p P _
ap * Z [a2kj—n + a2kj+n] =

A [aﬁ cos(dﬂ%pAt/L) + bﬁ sin(ﬂﬂVpAt/L)] -

n

B [bﬁ cos(dﬂ@pAt/L) - aﬁ sin(ﬂﬂVpAt/Lﬂ

n

For a given Ax and At, there are no constants An and Bn such

that this relationship is satisfied for all p. Hence, this
relationship as it stands does not provide a means for obtain-

ing the transformation constants.
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An alternate approach is to use the approximate

Fourier series expressions for Ep(x,t') and Ip(x,t') which
are given by Egs. 4.2.13. If we truncate these expressions

after the (k-1)th term, then it is possible to obtain an ap-
proximate Fourier series expression for Ep(x,t') and Ip(x,t')
which contains the same number of terms as does Eg(x,t') and
Ig(x,t'). Since Ep(x,t') and Ip(x,t') for t'=0 are generally

discontinuous functions at x=0, these truncated series may
tend to oscillate about the actual solution. In order to
correct this situation, let us introduce the Lanczos' (J
factors which are discussed in section 4.2.

By performing a term by term comparison of the re-
spective series, it is possible to obtain the following re-

lationship between the coefficients.

O;bi = B [aﬁ sin(n7Tvat/L) + bﬁ sin(n7Tvat/L)] +
4.7.4
[. P _ 2P o
An Lbn cos(n7Tvat/L) a_ 51n(n7Tvat/Lﬂ
ohaﬁ = A :aﬁ cos(nTTvat/L) + bﬁ sin(n7Tvat/Lﬂ +

[,.P
B bn cos(n7Tvat/L)

-

ag sin(n 7Tvat/L)]

Upon performing the indicated mathematics, the

quantities B, and A are given as
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(o]
I

g sin(nT{v_At/L) n=1,2,...,k-1 4.7.5
n P

A = Cfn cos(n7Tvat/L) n=0,1,2,...,k-1

By substituting the defining equations for Bn and An, Egs.

4.7.2, into these relationships, it is possible to solve for

the transformation constants Bj 1 Once these transformation

constants have been determined, the launching numbers,
bj l(Ax,At), can be determined by Egq. 4.6.3.
Let us investigate Egs. 4.7.5. If the assumption

that

t/L << 1
va /

is made, then the assumptions that

i
(@)

sin(n7Tvat/L) n=1,2,...,k-1

I
[

cos(n7Tvat/L) n=0,1,2,...,k-1

are valid, Therefore,

B =0 n=1,2,...,k-1
n

A = On. n=0,1,2,...,k-1

Aécording to Egs. 4.7.2, the quantity B, is a linear combin-

ation of the transformation constants sz 1 Upon solving

7

for b we find that

23,1"

sz,l = 0. j=1,2,...,k-1
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This is the same result as was obtained in section 4.6.
In order to find the remaining transformation con-
stants, it is necessary to take the inverse of a (k)x(k)

matrix for which the quantity An corresponds to a row of

this matrix. By investigating this matrix, it can be seen
that these constants depend on Ax or the size of the matrix.
For this reason, the transformation constants or launching

numbers as determined by section 4.6 are more useful.

4.8 Problem of Type 2.

A problem of type 2 is a transmission line problem
which has zero initial conditions and one identically zero
boundary condition at x=0. One such problem of type 2 has

the initial and boundary conditions specified as

Ez(x,O) Iz(x,O) =0 O0<x<L 4.8.0

E2(O,t) 0 0=t<o

-IZ(L,O) = E 2(O)

S

E.(L,t) = Esz(t)

2 O=t<

where Esz(t) is a specified function of t. The current

orientations for this problem are from x=0 to x=L. Because
of the similarity existing between this problem and a problem
of type 1, it is possible to use methods which have been de-
rived to obtain a set of launching numbers which are valid
for transforming the boundary condition for the interval

nAt <t <(n+l)At to an initial condition.
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By letting

El(L-x,t) = EZ(x’t)

Il(L-x,t) = -Iz(x,t)

this problem of type 2 has been transformed to a problem of

type 1 for which the solutions are El(x,t) and Il(x,t).
Therefore, if bj 2(Ax,At), j=1,2,...,2k-1, are the launching
numbers for the problem of type 2 which is described by

Egs. 4.8.0, these launching numbers are given by

= (=1)7]
by ,(Bx.At) = (-1)7 by L ) (Bx,At) 4.8.1

where j=1,2,...,2k-1.

4.9 Conclusion.

Two classes of methods are derived which transform
the boundary condition, E(O,t), for a problem of type 1 for

the interval toft <tO+At into an initial condition at
t=tO+At. Each method derives a set of launching numbers, one

for each node, such that the initial condition at each node

point at t=t0+At is the product of E(0,nAt) and a launching

number. This class of methods is also valid for the problem
of type 2.

Of the two classes of methods which are given in
sections 4.6 and 4.7, the general method as given by section

4.6 is the preferred method. There are two basic reasons
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for preferring this general method. First of all, any
launching number can be placed in terms of a transformation
constant by Eq. 4.6.3. For any given method from section
4.6, these transformation constants are independent of Ax
where as this is not the case in section 4.7. Secondly, the
sum of the solutions of the problems of type 3 is compared
to the analytical solution whereas in section 4.7, this com-

parison is made to an approximate Fourier series solution.




V. REMAINING CASES

5.0 Introduction.

In Chapters 3 and 4, the derivations are performed
with the assumption that both boundary conditions are speci-
fied voltages. The main object of this chapter is to demon-
strate that if the functions g(j,t) and f(j,t) are defined
in a slightly different manner, the derivations are equally
valid for cases for which the boundary conditions are either
both specified currents or a specified voltage and a speci-
fied current.

Let us consider the case where both boundary condi-

tions are specified currents. In this situation, Isl(t) and
Is2(t) are now specified boundary conditions instead of
Esl(t) and EsZ(t)' Let Ax=L/k, where k is a positive integer

equal to or greater than 1. 1In additiocn, let the functions
g(2n,t) for n=0,1,2,...,k, and g(2n+l1,t) for n=0,1,2,...k-1,
be respectively the approximate numerical solutions for
I(nAx,t) and E(nAx+Ax/2,t). For the function g(j,t) defined
in this manner, this case is simply the dual of the case al-
ready presented. That is, the derivations for this case are
identical to the results derived in Chapters 3 and 4 except
that all voltages have been replaced by currents and all

113
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currents have been replaced by voltages. Therefore, the re-
sults are valid for the case where both boundary conditions
are specified currents.

The remaining portion of this chapter specifically
treats the case where one boundary condition is a specified

voltage and the other is a specified current.

5.1 Chapter 3 Validity.

This section will specifically show that for the

case where the boundary conditions E(O,t) and I(L,t) are

specified to be identically zero, the results derived in
Chapter 3 are still valid if the function g(j,t) is defined
in a slightly different manner. This case corresponds to a
lossless parallel transmission line for which a short is
located at x=0 and an open is located at x=L.

An infinite line for which the initial conditions are

V(x+4nL,0) = E(x,0) 5.1.0
V(-x+4nL,0) = -E(x,0)
V(-x+2nL,0) = E(x,0)

V(x+2nL,0) =-E(x,0)
S(x+4nL,0) = I(x,0)
S(-x+4nL,0) = I(x,0)
S(-x+2nL,0) =-I(x,0)

S(x+2nL,0) = -I(x,0)

where 0=<x=<L and n=0,+1,+2,+3,..., has the same solution

for 0 =x=<L as this problem. Hence, an approximate numerical
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solution can be obtained for this problem by solving the in-
finite line problem for the initial conditions given by
Egs. 5.1.0.

Both the functions V(x,0) and S(x,0) have special
properties as was the case in Chapter 3. First of all, both
functions are periodic in x with period 4L. Secondly,

V(x,0) and S(x,0) are respectively an odd and an even function
of x with respect to x=0. 1In addition to these two properties,
V(x,0) and S(x,0) are respectively an even and an odd

function of x with respect to x=L.

Let the increment Ax be given as Ax=2L/k', where k'
is a positive odd integer. Because of these special proper-
ties, the functions f(n,t) have some very special relation-
ships. By means of Egs. 2.7.0 and 2.7.1, one of these

special relationships can be written as

OMe(-2i,t)=-§ME(21,t) 5.1.1
OTe(2i+1,t)=§ E(-2i-1,t)

OTE(2i+k", t) == HTE(-2i+k", t)

OME(2i+1+k', )= §TE(-2i-1+k", t)

where i=0,+1,+2,..., and m=0,1,2,...,. Egs. 5.1.1 in effect

state that Egs. 5.1.2 are also valid.

SME(0,t)=0 m=0,1,2,..., 5.1.2

SME(k', t)=0
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Let us now define the functions g(2n,t), n=0,1,2,...,(k'-1)/2,
and g(2n+l,t), n=0,1,2,...,(k'-1)/2, resbectively as the

approximate numerical solutions for E(nAx,t) and I(nAx+Ax/2,t).

Since

Slali,t) = §ME(d, ) i=0,1,2,...,k',

it is quite clear that if the quantity 2k is replaced by k',

the prbof for ¢ and its properties as given in Chapter 3
are also valid for this case. Hence, the result is restated

as follows:

[ g(1,0) OMg(1,t) 5.1.3
g(2,t) (Smg(Z,t)

‘- ' m .—ll
_g(k 1 t)_ _5 g(k t)_

In addition, the remaining properties except possibly those

given in section 3.0 are also valid.

5.2 Chapter 4 Vvalidity.

This section specifically treats the case where the

boundary and initial conditions are given as

E(x,0) I(x,0) =0 O<x=<L 5.2.0

I(L,t) =0 O0=t<oo0




117

E(O,t)

Esl(t) O0=t<o

I(0,0)

Esl(O).

This case corresponds to a lossless parallel transmission
line with a voltage driver at x=0 and an open circuit at x=L.
The object of this section is to show that the results of
Chapter 4 are valid for this case.

Let us first consider the lossless parallel trans-
mission line of length 2L for which the initial and boundary

conditions are given as

E'(x,0) = I"(2L,0)

0 0 <x<2L 5.2.1

1¥(0,0) = 1¥(21,0) = E , (0)

E¥(0,t) = E¥(2L,t) = Eg, (t). 0<t<oo

It can be easily verified that the solutions for the trans-
mission line problem which is described by Egs. 5.2.0 are
identical to the solutions for this problem for 0=x =<L.

Since this problem, defined by the boundary and initial
conditions as given by Egs. 5.2.1, is a linear problem, the
superposition principle can be applied. Hence, it is only
necessary to solve the problem of type 1, having a length of
2L, for which the boundary and initial conditions are given

by Egs. 5.2.2.

E)(x,0) = I](x,0) = 0 0<x=<2L 5.2.2

EI(ZL,t) =0 0<t<oo
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*
17(0,0) = E_,(0)

*
El(O,t) Esl(t) 0=t<o

It is quite clear that the solutions for E*(x,t) and I*(x,t)

are given as

E¥(x,t) EI(x,t) + EI(2L-x,t) 5.2.3

* (%, t) II(x,t) - II(ZL—-x,t).

The problem of type 1 for which the boundary and
initial conditions are given by Egs. 5.2.2 satisfies all
the requirements of Chapter 4. If Ax=2L/k', where k' is a

positive integer, the launching numbers bj l(Ax,At),

j=1,2,...,2k'-1, are valid for this problem.

Let gy 1(3,0), §=0,1,2,...,2k', be the initial con-

ditions to a problem of type 3 which was defined at

t=(n+1)At. Chapter 4 showed that if

* . .
gp,1(3:0) = by | (Ax,At) E ) (nAt) §=1,2,...,2k'-1

]
o

gy 1(0,0)

gp 1(2k',0) = 0,

then
p-1
g](3.pAt) = Zg;,l(j'(P‘“‘l)At) j=1,2,...,2k"
n=0
9] (0,pAt) = E_, (pAt)
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are the approximate numerical solutions to EI(x,pAt) and
II(x,pAt) at the defined node points. Therefore, if g¥(j,t),

j=0,1,2,...,2k', are the approximate numerical solutions for
E*(x,t) and I*(x,t) at the same node points, then the solu-

tion for g*(j,t), j=0,1,2,...,2k', can be written as

g*(3.t) = g¥(3.t) + (-1)7gT(2k'-3,¢). 5.2.5

The result, given by Eq. 5.2.5, states that the

numerical solution for E*(x,pAt) and I*(x,pAt) at the in-
terior node points is the sum of 2p problems of type 3. By
applying the superposition principle, the two problems of
type 3 which were defined at t=(n+l1l)At can be combined to

form one problem of type 3 such that if

* = -1)J
bj’l(Ax,At) = by 1 (Ax,At) + (-1) Doy i (8%, AE) 5.2.6

and
- . _ * . ‘"
gn(J,O) = bj'l(Ax,At) Esl(nﬂm) j=1,2,...,2k'-1
§n(ol 0) =0
an(zk',O) = 0
then
p-1
g*(j,plt) = :E: g, (3, (p-n-1)At)  j=1,2,...,2k'-1
n=0

g*(0,pAt) = E_, (pAt)
g*(2k',plt) = E_; (pAt)
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gives the same solution for g*(j,t) as does Eq., 5.2.6.
Let us now transform the problem of type 3 for which

the initial conditions are §n(j,0) to the infinite line case.
If fn(m,O), m=0,+1,+2,..., are the initial condition for this

infinite line problem, when k' is odd, it can be easily

)
shown that the solutions fn(m,t) satisfy Egs. 5.1.1. There- “E
fore, if
j,0) = b* j= - ¥
9,(3,0) = bj’l(Ax,At) Eg, (nit) j=1,2,...,k'=-1 >J
gn(olo) =0
gn(k'lo) = O,
then
p-1
g(j.pAt) = ZE: g,(3, (p-n-1)At) j=1,2,...,k'
n=0
g(0,pAt) = E_, (pAt)

are the numerical solutions for E(jAx/2,pAt),
j=0,2,4,.ool(k.-1), and I(ij/z,pAt)’ j=l,3,oo.,k'o In ad-
dition, if the same time domain model is used to obtain

g,(3. (p-n-1) At) as is used to obtain En(j,(p-n—l)At), then

Eg. 5.2.7 must be true.

g(j.pAt) = g*(j.pAt) j=0,1,2,...,k' 5.2.7
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For the case where
bj,l(Ax'At) =0

for j=k'+1l,k'+2,...,2k', the launching numbers as given by

Eg. 5.2.6 are the same as those given in Chapter 4.

o)

If the duality principle is applied to this result,

N ——

it can be easily seen that this result is equally valid for

the case where E(L,t) is specified to be identically zero

and I(0,t) is a specified function of t. ;J
b

5.3 Conclusion.

It can be concluded that if the functions g(j,t) are
defined in a slightly different manner, the results of
Chapters 3 and 4 are equally valid for the three cases which
arise when both boundary conditions are not specified
voltages.

For the case when both boundary conditions are speci-
fied voltages (currents), the increment Ax is chosen as
Ax=L/k, where k is a positive integer. The functions
g(2j,t), j=0,1,2,...,k, and g(2j+1,t), j=0,1,2,...,k-1, are
defined respectively as the approximate solutions for
E(jbAx,t) (I(jAx,t)) and I(jAx+Ax/2,t) (E(jAx+Ax/2,t).

When the boundary conditions at x=0 and x=L are re-
spectively a specified voltage (current) and a specified
current (voltage), the increment Ax is chosen as Ax=2L/k',

where k' is a positive odd integer. The functions g(2j,t),
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j=0,1,2,...,(k'-1)/2, and g(2j+1,t), j=0,1,2,...,(k'-1)/2,
are defined respectively as the approximate numerical solu-
tions for E(jAx,t) (I(jAx,t)) and I(jAx+Ax/2,t)
(E(jAx+Ax/2,t)). 1In addition, the launching numbers for

this case are defined by Eq. 5.2.6.

Tt




VI. INTERPOLATION FORMULAS

6.0 Introduction.

In Chapters 3 and 4, there has been no mention of
I(O,t) or I(L,t). For a practical problem, the approximate
numerical solution for these two variables are generally of
particular interest. In addition to these two variables, a
given problem might require the knowledge of the approximate
numerical solution for E(x,t) or I(x,t) at some value of x
other than at a node point. This chapter specifically de-
rives methods for obtaining these results.

If the knowledge of E(x,t) or I(x,t) are required at

t=to and X=X, it is assumed that there is no information

present concerning the specified boundary conditions for

t:»to except in the case where a boundary condition is speci-

fied to be identically zero for all t.

There are two general methods which can be employed
to find E(x,t) and I(x,t) at some value of x other than at a
node point. One such method is the use of interpolation or
extrapolation formulas. The other method is to numerically
solve the appropriate telegrapher equation at the point of
interest. The use of an interpolation or extrapolation
formula is by far more convenient to apply. Hence, this

chapter will only treat this method.

123
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The most obvious approach is simply to apply any
standard interpolation or extrapolation formula for which
g(j.,t) are known quantities. For values of X near the ends
of the line, it is quite clear that this approach does not
result in central difference formulas. Hence, this chapter

derives some methods for which central difference formulas )

v

can by employed for every value of x for certain special

cases.

6.1 At Least One Boundary Condition Specified Zero.

For the case for which at least one boundary condi-
tion is specified as zero, the solutions for problems of this
type have certain special properties. These special pro-
perties can be employed to obtain central difference interpo~
lation formulas for values of x near the end of the line for
which the boundary condition is specified as zero.

Let us first consider the transmission line of length

L for which the initial and boundary conditions are given as

follows:
E(O,t) = Esl(t) O<t<wmw 6.1.0
E(x,0) = hl(x) O<x=<L
I(x,0) = h,(x) O<x<L
I(L,t) =0 O<t<oo

It is quite obvious that the transmission line of length 2L

for which the boundary and initial conditions are given by
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Egs. 6.1.1 has the same solution for 0 =x=L. Because of the

E*(2L-x,0) = E (x,0) = E(x,0) O<x<L 6.1.1
-1*(21-%,0) = I*(x,0) = I(x,0) 0<x=<L
E¥(2L,t) = E¥(0,t) = E_,(t) O<t<wm

symmetry of this equivalent problem, the result as given by

Egqs. 6.1.2 must be valid. This result in effect states that

E(x,t) = E¥(x,t) = E*(2L-x,t) 0=x<L 6.1.2

I(x,t) = I*(x,t) = -I%(2L~x,t) 0<x<L

the solution E(x,t) and I(x,t) can be considered respectively
as an even and an odd function of x with respect to x=L,
Now, let us consider the transmission line of length

L for which the initial and boundary conditions are given as

follows:
E(O,t) =Esﬂt) O<t<w 6.1.3
E(x,0) =hﬂx) O<x<L
I(x,0) =h2m) O0=<x=<L
E(L,t) =0 O0<t=o0

An equivalent problem which gives the same solution for

0=<x=<L is given as follows:

-E*(2L~-x,0) = E*(x,0) = E(x,0) O<x<L 6.1.4

1*(2L-x,0) = I*(x.0) = I(x.,0) 0<x=<L

-E¥(2L,t) = E(0,t) = E_, (t) O<t<wm
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Because of the symmetry of this problem with respect to x=L,

the result as given by Egs. 6.1.5. must be valid. For this

E(x,t) = E"(x,t) = E*(2L-x, t) 0<x=<L 6.1.5

I(x,t) = I™(x,t) = I*(2L-x,t) 0<x<L

case, the solutions E(x,t) and I(x,t) can be considered re-
spectively an odd and an even function of x with respect to
x=L.

It can be concluded that when E(x,t) is specified to
be identically zero at a boundary, then E(x,t) and I(x,t) at

t=t0 can be considered respectively an odd and an even

function of x with respect to this boundary. Likewise, when
I(x,t) is specified to be zero at a boundary, E(x,t) and

I(x,t) at t=to can be considered respectively an even and an

odd function of x with respect to the boundary. These
properties are independent of the boundary condition at the

other end of the line.

6.2 Both Boundary Conditions Not Identically Zero.

This section derives some properties about the solu-~
tion for the case for which the conditions of section 6.1 are
not satisfied.

Let us consider the transmission line of length L

for which the initial and boundary conditions are given as

E(O0,t) = Esl(I(O,t),t) O=st<=o 6.2.0

E(x,0) = hl(x) O<x<L
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I(x,0) =hﬂx) 0<x=<L

E(L,t) = Esz(I(L,t),t) 0t<=oo

where the boundary condition on each end of the line is al-
lowed to be a function of the other boundary variable. It is

quite clear that if either Esl(I(O;t),t) or Esz(I(LLt),t) are

not jdentically zero, this problem does not satisfy the con-
ditions as stated in section 6.1, If the specified boundary
conditions are a function of I(0,t) and I(L,t), it is
absolutely necessary that the numerical solution for these
two variables be known. Hence, it is necessary to derive
some properties about I(x,t) which can be used for interpo-
lation purposes.

The transmission line itself is linear. Hence, the

superposition principle may be applied at t=tO in order to

divide this problem into two problems for which the sum of
the solutions of the two problems gives the solution to the
original problem. The initial and boundary conditions for

the two resulting problems are given as follows:

El(O,t) = Esl(I(O,t),t) t,St<oo 6.2.1
Eﬂxﬁ& =0 O<x<L

H}mt& =0 0=<x=<L

E (L,t) =0 ty=t<oo
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E,(0,t) =0 tp=t<o 6.2.2
Iz(x,to) = I(x,to) 0<x<L
E,(x,ty) = E(x,tj) O<x<L
EZ(L,t) = ESZ(I(L’t)’t) to_‘jtcoo
The initial condition I,(x,t,) for 0 Sx=L contains all the j

information about I(x,to). Since the problem for which the

initial and boundary conditions are given by Egs. 6.2,2 i

satisfies the conditions of section 6.1, the function I(x,to) LJ

can be considered an even function of x with respect to x=0.

A similar argument can be used to show that I(x,to) can be

considered an even function of x with respect to x=L as far
as interpolation is concerned.

Let us now consider the case where I(0,t) and I(L,t)
are specified functions of t. The duality principle can be
applied to show that E(x,t) can be considered for interpo-
lation purposes as an even function of x with respect to
both x=0 and x=L. For the remaining case when E(O,t) and
I(L,t) are both specified in some manner, I(x,t) and E(x,t)
can be considered even functions respectively with respect to

x=0 and x=L.

6.3 Conclusion.

The results presented in this chapter have indicated

that if one variable (either E(x,t) or I(x,t)) is specified
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at a boundary in some manner, the remaining variable can he
considered an even function of x with respect to this boundary
as far as interpolation is concerned. This specified variable
can be a function of the remaining variable. In addition,

the specified variable has no special property as far as be-
ing an even or an odd function of x with respect to this

boundary except when it is specified to be identically zero.




VII. GENERAL TRANSMISSION LINE PROBLEM

7.0 Introduction

The main objective of this chapter is to demonstrate
how the concepts of Chapters 3, 4, 5, and 6 can be combined
to derive three classes of time domain models which can be
applied to a very general transmission line problem. For
demonstration purposes, let us consider the transmission line
problem for which the initial and boundary conditions are

given as follows.

I(x,0) =hﬂx) 0=x=L 7.0.0
E(x,0) =h2u) O<x<L
E(O,t) = Esl(I(O,t),t) 0=t<owm
E(L,t) = Esz(I(L,t),t) O0=t<oo

This problem allows E(O,t) and E(L,t) to respectively depend
on I(0,t) and I(L,t) in some prescribed manner. This de-
pendence may be either linear or nonlinear.

Before any attempt is made to apply the results of
the previous chapters, let us discuss certain preliminary
aspects of the numerical solution. First of all, the incre-
ment Ax is chosen as Ax=L/k, where k is a positive integer.

In addition, g(2n,t), n=0,1,2,...,k, and g(2n+l,t),
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n=0,1,2,...,k-1, are respectively the approximate numerical
solutions for E(nAx,t) and I(nAx+Ax/2,t).

Since E(O,t) and E(L,t) are dependent on I(0,t) and
I(L,t), it is necessary to employ an interpolation formula
to calculate these variables. The results of Chapter 6 can
be directly applied in this case for the purposes of obtain-
ing such an interpolation formula. Hence, I(0,t) and I(L,t)
can be written as shown in Egs. 7.0.1. The same formula

need not be used

1(0,t)] [a. (g(1,t) ] 7.0.1

i,1. ° - i,i ° ° ik

I(L,t) d dy 1|[9(3.8)

2,1

g(Zi"llt)

g(2k"1(t)

for both I(0,t) and I(L,t). It is quite clear that this
interpolation formula is independent of the difference method
employed to find the solution for g(j,t).

The functions g(0,t) and g(2k,t) must be specified as

g(0,t) = E_ (1(0,¢),t) O<t<wm 7.0.2

g(2k,t) = Esz(I'(L,t),t) 0<t=<oo

independent of the method of solution for g(j,t),
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j=1,2,...,2k=1. At t=0, the specified values of I(0,t) and
I(L,t) should be used to calculate these boundary conditions.
At all other values of t, the interpolation formula as given
by Egs. 7.0.1 must be used to determine the values of I(O,t)
and I(L,t) in Egs. 7.0.2.

In order to indicate how the results of the previous
chapters can be applied to this problem to obtain the solu-
tion for g(j,t), the superposition principle will be used.
At t=nAx, this problem may be subdivided into three separate
problems for which the initial and boundary conditions are

given as follows.

En(x,nAt) = E(x,nAt) O<x<L 7.0.3
In(x,nAt) = I(x,nAt) 0<x=L

En(O,t) =0 nAdt<t<o

En(L,t) =0 nAt <t<oo0

EnJ}mnAU =0 O<x<L 7.0.4
In'l(x,nAt) =0 0=<x=L

En‘l(L,t) =0 nAt<t<m

Enll(O,t) = Esl(I(O,t),t) nMt=t<oo

Emzbgm =0 0=x<L 7.0.5

I, 5(x,0) =0 0<x<L
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En,2(o't) = 0 nAt =t <oo

En,2(L't) = Es2(I(L,t),t) nAt =t <

The solution to the original problem for t=nlAt is simply
the sum of the solutions to these three problems. That is,

E(x,t) and I(x,t) are given by

E(x,t) = En(x,t) + En,l(x't) + En’z(x,t) 7.0.6

I(x,t) = In(x,t) + In,l(x't) + In,2(x’t)

for t=nlAt. The orientation of the three currents in Egs.
7.0.6 are assumed to be from x=0 to x=L. The problem,
described by Egs. 7.0.3, satisfies the conditions of Chapter
3. The remaining two problems, described by Egs. 7.0.4 and
7.0.6, each satisfy the conditions of Chapter 4 as long as

the boundary conditions, E_ l(O,t) and E_ 2(L,t), for t>nlt

are properly defined.

Let the functions g _(j,t), g, ;(3,t), and gn'z(j,t)

be respectively the numerical solutions to these three

problems for which the initial and boundary conditions are
given by Egs. 7.0.3, 7.0.4, and 7.0.5. It is quite clear
that the following relationships must be true, independent

of the method of numerical solution.

g(i.t) = g, (3. 8) + g 1(5.8) + g, ,(3,¢) 7.0.7

|
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9,(i,nlt) = g(j,nlt) j=1,2,...,2k-1 7.0.8
g,(0.t) = g (2k,t)= 0 nbt =t<ow
gnll(jlnAt) = O j=l,2100.12k—l 7.0.9
9,.1(0.t) = g(0,t) nAt =t <
9, 1(2k,t) =0 nAt =t<o
9y, 2(3.nbt) =0 j=1,2,...,2k-1 7.0.10
gn z(ort) =0 nAtft<oo

The numerical procedure for finding g(j, (n+1l)At),

j=0,1,2,...,2k-1, is essentially finding gn(p,(n+l)At),
9, l(p,(n+l)At), and g 2(p,(n+l)At) for p=1,2,...,2k-1, by

the methods indicated in the previous chapters. According to
the results of Chapter 4, the quantities 9, l(p,(n+l)At) and

In 2(p,(n+l)At), p=1,2,...,2k~1, respectively depend only on
the values of 9, l(O,nAt) and = 2(2k,nAt). Once all of

these values are determined, Egs. 7.0.7 can be used to find
g(j, (n+l)At) for j=1,2,...,2k-1. By means of the interxrpo-
lation formula, Egs. 7.0.1, and Egs. 7.0.2, g(0, (n+1)At) and

g(j(n+l)At) can be determined. Since the functions

g(j,(n+l)At) corresponds to the approximate numerical solution

for E(x, (n+1)At) and I(x,(n+l)At) at certain prescribed node
points, the whole process of superposition can be repeated

to find g(j, (n+2)At).

e

e Y
T




135

The next sections of this chapter indicate in detail
how the results of Chapters 3 and 4 can be employed to obtain
three classes time domain models for which g(j,t),

j=0.1,...,2k, is the solutions.

7.1 Classes A and B.

This section indicates how the results of Chapters 3,
4, and 6 can be employed to obtain two classes of time do-
main models which use difference methods in both the x and t
dimensions. In order to obtain these models, it is first

necessary to find the solution for gn(j,(n+1)At),

= 1(j,(n+l)At), and gn 2(j,(n+l)At). Once this result is

shown, this section demonstrates that the difference methods
for each of these three transmission line problems can be
combined to produce two classes of time domain models which
represent the transmission line.

Since the transmission line problem, described by Egs.
7.0.8, is a problem of type 3, the results of Chapter 3 are

valid for obtaining gn(j,(n+l)At) for j=1,2,...,2k-1, from

the specified initial conditions which are given at t=nAt.
There are two possible techniques for obtaining this result.
One technique uses any difference method, given by Egs.
3.2.4, which is derived for a class 1 time domain model. The
other technique uses any class 2 time domain model. Regard-

less of the technique, the matrix equation, Egs. 7.1.0, must

-
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be valid for obtaining gn(j,(n+l)At). The matrix AB is

_ - ~ -
gn(l,(n+l)At) gn(l,nAt) : 7.1.0
gn(2,(n+l)At) gn(2,nAt)

*
. = AO .
g, (2k-1, (n+1)At) gn(Zk-—l,nAt)

L J | _

determined by a given two level difference method which uses

either of the two indicated techniques. The entries of AB

are functions of both Ax and At.
The results of Chapter 4 can be directly applied to
the remaining two transmission line problems, described by

Eqs. 7.0.9 and 7.0.10, in order to obtain g l(j,(n+1)At)
and g 2(j,(n+1)At) for j=1,2,...,2k-1. The results of

Chapter 4 states that there are two sets of launching numbers,

(bj l(Ax,At)) and (bj 2(Ax,At)), such that Egs. 7.1.1 are

true for j=1,...,2k-1.

gn'l(j,(n+l)At) bj,l(Ax’At) gn,l(o’nAt) 7.1.1

9p,2(3. (n+1)Bt) = by ,(Ax,At) g, ,(2k,nAt)

In Chapter 4, there is a general method for determining these
launching numbers. These launching numbers may be chosen by
the same specific method or by a different method. If the
same specific method is employed, then these two sets are

related by




= J
bj,z(Ax'At) = ("l) b2k_3'l(Ax,At)

Before = l(0,(n+l)At) and = 2(2k,(n+l)At) can be de-
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termined, I(O0, (n+l)At) and I(L,(n+l1)At) must be known.

means of Egqs. 7.0.7 and 7.0.1,

are given as follows.

I(0, (n+l)At) dl 1

I(L, (n+1)At) d2 1

gp, 1 (1, (n+1)A¢) |

gn,1(3. (n+1)At)

\_
— =
gnlz(l,(n+l)At)

gn,2(3,(n+l)At)

N\

gn,l(Zk-l,(n+l)At)

—

Once these variables are known, 95 1(0,(n+l)At) and
9, 2(2k,(n+l)At) can be determined by Egs. 7.0.2.
Now that the functions gn(j,(n+l)At), 9, l(j,(n+l)At),

and 9, 2(j,(n+l)At) are known for j=0,1,2,..

is given by Egs. 7.0.7.

Lf;n'z(Zk-l,(n+l)Atl

F;n(l,(n+l)At)
gn(3,(n+l)At)

g, (2k-1, (n+1)At)

/

—

three new transmission line problems can be created at

t=(n+1)At). Therefore,

peated for finding g(j, (n+2)At).

j=l'2,o.o'2k-lo

By

I(0,(n+1)At) and I(L, (n+l)At)

<2k, g(j,(n+l)At),

With this knowledge of g(j, (n+l)At),

the entire process can then be re-

B
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The discussion has indicated how the results of

Chapters 3, 4, and 6 are applied to determine g(3j, (n+1)At)

from g(j,nAt).

steps can be combined.

Hence,

It is clear that a number of the indicated

the general form of the equa-

tions required to obtain a difference equation solution can

be written as follows.

—g(l,(n+l)At) i _g(l.nAt) ] 7.1.3
g(2, (n+1)At) g(2,nAt)
. = A% . +
g(2k—l,(n+l)AtU g(2k~-1,nAt)
(b, 1 (Ax,At) by ,(Ax,at) | [g(0,nat)
b2,l(Ax'At) gz'z(Ax,At) g(2k,nAt)
by 1 (X, AE) by o, (Ax,AL)
1o, (vae) | fay . oay ] e enae) (7.0
I(L,(n+1)At) d2,l .« e d2,k g(3, (n+1)At)

g(0, (n+1)At) = Esl(I(O,(n+l)At),(n+l)At)

g(2k-1, (n+1)At)

g(2k, (n+1)At) = Esz(I(L,(n+l)At),(n+l)At)

7.1.5
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Equations 7.1.3 and 7.1.4 are simply a restatement of Egs.
7.0.1 and 7.0.2,

The same argument can be directly applied for differ-
ence methods are greater than two level. The end result can
be obtained by replacing Egs. 7.1.3 by Egs. 7.1.6 where the

matrix G(t) is defined by Egs. 3.2.1. The other sets of

J2
G((n+1)At) = E: AI G((n-i)At) + 7.1.6
k=0
”blll(Ax,At) b, ,(Ax,At) g(0,nAt)
b2,l(Ax'At) b2,2(Ax,At) g(2k,nAt)

Pok-1,18%/A8)

l(Ax,At)

—

2k-1,

o

equations remain the same.
Now that certain results of the previous chapters
have combined, it is possible to define two classes of time

domain models which represent the transmission line.

Definition: Class A-Time Domain Model:
A time domain model belongs to class A if and only if the
model can be obtained by the following steps.
1. The model is described by Egs. 7.1.3 or 7.1.6, and
7.1.4.
2. The matrices A;, AI,..., and A;Z are obtained by a
difference method in both x and t which is derived

from a class 1 time domain model.
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Definition: Class B-Time Domain Models:
A time domain model belongs to class B if and only if the
model can be obtained by the following steps.
1, The model is described by Egs. 7.1.3 or 7.1.6, and
7.1.4.
2. The matrices AB, AI,..., and A;Z correspond to a
time domain model belonging to class 2.
The only difference between the two classes of models

is the technique for which the matrices A*, A;,..., and Af

2
are obtained. For a model belonging to class A, these
matrices have a class 1 time domain model as a basis. Class
B on the other hand have the class 2 time domain models as
its basis. Since these two classes are not mﬁtually dis-

joint, it is possible for a model to belong to both classes.

7.2 Class C.

This section combines éhe results of Chapters 3, 4,
and 6 to derive a set of (2k-1) linear ordinary differential
equations for the solutions are g(j,t) for j=1,2,...,2k-1l.

Let us first consider the problem of type 3 which is

described by Egs. 7.0.8. The approximate solution, gn(j,t),

to this problem can be found by solving a set of (2k-1)
ordinary differential equations which are given by Egs. 3.2.3.
These equations for a (2p+l) degree approximation to the

partial derivations can be written as
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dGn(t)
FE "R G
where the matrices Gn(t) and A.p are respectively defined by
Egs. 3.2.1 and 3.2.2,

If Egqs. 7.1.1 are restated, these equations state

that

gn,l(j'(n+l)At) bj,l(Ax'At) gnll(O,nAt) j=1,...,2k-1

9,203 (n+1)Bt) = b, ,(Bx.At) g, ,(2k,nbt) J=1,...,2k-1

are true for the remaining two problems. This relationship

uses the fact that g l(j,nAt) and g 2(j,nAt) for

j=1,2,...,2k~-1 are zero. For any given method for finding the

launching numbers, bj 1(Ax,At) and bj 2(Ax,At), Chapter 4

showed that these launching numbers can be written as

bj’l(Ax,At) = (vat/Ax) bj,l j=1,2,...,2k~-1 7.2.1
bj,z(Ax’At) = (vatJAx) bj,2 j-1,2,...,2k-1
where Bj l,and Bj 5 are constants independent of Ax or At.

If Eqs. 7.2.1 are substituted into Egs. 7.1.1, the

following relationships can be obtained.

gy, 103, (n+1)At) - g (3, ndt) v, _

At = Bx bj,l gn’l(O,nAt)
gn,Z(j’(n+l)At) - gnlz(jlnAt) XB -

At = Bx 2j,2 n,2(2k.nlt)
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But
dgnll(j.nAt) . gn,l(j’(n+l)At) - 9n,1(j'“At)
dt - At
dgnlz(j,nAt) . gn‘g}j,(n+l)At) - gnlz(j,nAt) )
dt - At
Therefore,

dg (j,nlt) v
n,1l . Pz
dg (3,nlt) v
n,1 . _P=
It ol e bj,2 gnl2(2k,nAt).

If this relationship, given in Eq. 7.2.2, is combined with
Egqs. 7.2.0, the solution for g(j,t), j=1,2,...,2k-1, can be

found by solving the following (2k-1) ordinary differential

equations.
v _
dg(t) _ _P |z -
dt - Ap elt) + 7y b1 by,2 g(o,t) | 7.2.3
by by 2 9(2k,t)
| Pox-1,1 Pok-1,2

In addition to Egs. 7.2.3, it is necessary to use
Egs. 7.0.1 and 7.0.2 to properly define the quantities
g(o,t), g(2k,t), I(0,t) and I(L,t). The third class of time

domain models can now be defined.
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Definition: Class C-Time domain Models:
A time domain model belongs to class C if and only if the

model is described by Egs. 7.0.1 and 7.2.3.

7.3 Discussion of Models.

Let us assume that this parallel line of length L is
a single component in a given system. Each port can be
represented by a linear graph of one part which contains

exactly one element. The variables el(t) and il(t) can be

associated with the graph representing the port at x=0. For

the port x=L, the variables e2(t) and i2(t) are associated

with its linear graph representation. These graph variables
are associated with the transmission line variables as shown
in Egs. 7.3.0 where the minus sign is required because of

the
el(t) = E(O0,t) 7.3.0
ez(t) = E(L, t)
assumed current orientations.
Let us assume that a time domain model which belongs
to either class A or class B is employed to relate these

graph variables. If we assume that the increments Ax and At

are properly chosen for this transmission line model, it is

raw .

—

i

Y
oy

v
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quite clear that this model defines the relationship

il((n+l)At) h3(el(nAt),e2(nAt),nAt) 7.3.1

i,((n+1)At) = h, (e, (ndt), e, (nAt),ndt)

where the functions h3(el(t),e2(t),t) and h4(el(t),ez(t),t)

are given by Egs. 7.3.1, may or may not be the desired rela-
tionship to represent the transmission line as a two port
component. The answer to this question is determined by the

methods of numerical solution which is to be used to solve the

system for which the transmission line is a two port
component.

For discussion purposes, let us assume that Egs.
7.3.1 are the desired relationships. The most difficult
problem which occurs when using the results of section 7.1
is the problem of choosing the increment At once Ax has been
chosen., For a given model for the transmission line, the
increment which is required is a function of this model and
a function of the mathematical description of the entire
system. For example, if At is chosen such that the trans-

mission line model is stable for the case when el(t) and

ez(t) are specified functions of t and are independent of

il(t) and iz(t), there is a strong possibility that the equa-

tions which describe the transmission line are unstable for
the case when el(t) and ez(t) depend on il(t) and iz(t) in

some manner.
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The transmission line time domain model which belongs
to class C relates these graph variables in an entirely dif-
ferent manner. In fact, this class of models gives the rela-

tionship

ai ()  _
o = Byle;(£) e (), ) 7.3.2

di, (t) .

where the functions h3(el(t),e2(t),t) and h4(e1(t),e2(t),t)

are determined by Egs. 7.2.3 and 7.0.1. The method of | Erj
numerical solution which is used to solve the differential
equations, given by Egs. 7.2.3, can be chosen so that it is
the same as the method of numerical solution which is em-
polyed to solve the entire system. For example, if the other
components in the system are described by a set of differen-
tial equations, then numerical method for solving these
differential equations can also be employed to solve Egs.
7.2.3.

One advantage of using a class C model is that some
technique of numerical solution can be used which auto-

matically decides on the increment At,

7.4 Both Graph Elements are not Chords.

All of the discussion so far presented in this
chapter is applicable to transmission line problems for which

the transmission line linear graph representation has been
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formulated as chords. The findings of Chapters 5 and 6 can

be directly applied to the results of sections 7.0, 7.1, 7.2,

and 7.3 to show that by modifying the equations which

describe the models, the models are also applicable to the

other cases which arise in formulation.

Upon applying the findings of Chapters 5 and 6, the

results are stated as follows:

Both Graph elements are branches:

One

1.

2.

Ax = L/k, where k is a positive integer.

The functions g(2j,t), j=0,1,2,...,k, and g(2j+1,t),
j=0,1,2,...,k-1, are respectively defined as the ap-
proximate numerical solutions for I(jAx,t) and
E(jAx+Ax/2,t) .

In Egs. 7.0.1, replace I(0,t) and I(L,t) respectively
by E(O,t) and E(L,t).

Upon performing these modifications, the three

classes of time domain models are valid for this case.

graph element is a chord and the other is a branch:

1.

2.

Ax=2L/k', where k' is a positive odd integer.

When the port at x=0 is formulated as a chord
(branch), the functions g(2j,t), j=0,1,2,...,(k'-1)/2,
and g(2j+1,t), j=0,1,2,...,(k'-1)/2, are defined re-
spectively as the approximate numerical solutions for
E(jAx,t) (I(jAx,t)) and I(jAx+Ax/2,t) (E(jAx+Ax/2,t)).
Replace the quantity 2k by k' in all equations in

sections 7.0, 7.1, and 7.2.
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4. In Egs. 7.0.1, replace I(L,t)(E(O,t)) by
E(L,t)(I(0,t)).

5. Use Egs. 5.2.6 to recalculate the launching numbers.

6. Upon performing these modifications, the three
classes of time domain models are valid for this

case.

7.5 Example Problem.

In order to illustrate the concepts which are pre-
sented in this chapter, let us work a simple problem. This
problem consists of a lossless transmission line of length L
which is terminated respectively at x=0 and x=L with a speci-
fied voltage source and a matched load. In addition, it will
be assumed that the initial conditions on the line are speci~-
fied to be zero.

For simplification purposes, the parameters of the

transmission line are specified as

V1/c = 1 ohm

vp = 1 meter/second

L = 1 meter.

This choice of parameters forces the telegrapher's equations
to be in normalized form. In addition, the computations re-
quired to obtain any time domain model is simplified.

The linear graph for this problem can be drawn as
shown in Fig. 1 where elements 2 and 3 are associated

respectively
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Fig. 1 Oriented linear graph for example problem.

with the transmission line ports at x=0 and x=L. Elements 1
and 4 are associated respectively with the specified voltage
source and the matched load. If we let elements 1 and 4 be
the tree for this graph, the f-cut set, f-circuit, and ele-

ment equations are respectively:

1 o 1 5’ i (t) 7.5.0
o 1 0 1] |i,(¢)
-0
12(t)
13(8)
-1 o 1 o rel(tf 7.5.1
0 -1 0 1 e4(t)
=0
e2(t)
&3 ()]
e (t) = 2t 0=t=0.5 7.5.2

S
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-2t + 4 l1.5=t=2.0

H
o
N

.0=t=o

ez(t) = E(OI t)

lz(t) = I(O,t)

e3(t) = E(L,t)

i3(t) = -I(L,t)
ey (8) = 1,(t)

Before any attempt is made to solve these equations, the
time domain model which is used to represent the trans-
mission line must be specified.

Since there are an infinite number of time domain
models which belong to each class of models, the transmission
line portion of the problem will be represented by a model
which belongs to class C because it is described by differ-
ential equations. To further illustrate some of the con-
cepts; this problem will be worked four times using two dif-
ferent models and 2 choices of Ax for each model.

For this problem, the increment Ax must be chosen as
Ax=1/L, where k is a positive integer, independent of the-
method of numerical solution. In addition, the functions
g(2j,t), j=0,1,2,...,k, and g(2j+1,t), j=0,1,2,...,k-1, are
defined respectively as the numerical solution for E(jAx,t)

and I(jAx+ x/2,t).
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According to section 7.2, any model which belongs to

class C can be written in general terms as

dg(t) _ - - - .
St = Ap G(t) + (vp/Ax) bl,l bl,2 g(0,t)
by1 by 2 g(2k,t)
) ) 7.5.3

| Pax-1,1 Pak-1,2]

1(0,t) - T P - Te 7.5.4
I(L,t) d2,l N d2,i . . d2,k g(2i-1,t)
L -

Once the matrix Ap, the interpolation formulas, and the

launching numbers or transformation constants are chosen,

the time domain model has been defined. In order to solve
this resulting time domain model, it is only necessary to

specify Ax, At, the method of numerical solution, and the

boundary conditions.

In order to find the terminal variable I(O,t), let
us define an interpolation formula in terms of the functions
g(l,t) and g(3,t). According to Chapter 6, the function
I(x,t) can be assumed to be an even function of x with re-

spect to x=0. Therefore, if
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I(x,t) + a. x

2 2

such that

g(1.t) = ay + a, (Bx/2)?

g(3,t) = a, + a, (3Ax/2)2

0

then

I(0,t) 9 g(l1l,t)/8 - g(3,t)/8. 7.5.5

By using the same interpolation formula to find I(L,t) in

terms of g(2k-1,t) and g(2k~-3,t), I(L,t) is then given as
I(L,t) =9 g(2k-1,t)/9 - g(2k-3,t)/8. .~ 7.5.6

The interpolation formulas will remain the same when defining
both time domain models.

The matrices Ap, p=0,1,2,3,..., are defined by Edgs.

3.2.2. Therefore, once the value of p is chosen, this portion
of the domain model has been specified. For the two specific
models which will be solved numerically, p is chosen as zero.

Therefore,

Ay = k C 7.5.7

where C is the transformation matrix which is defined by
Egs. 3.1.1 and k is a scalar.
Finally, two sets of transformation constants must

be specified in order to completely specify these two time
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domain models. One class of methods for obtaining these

transformation constants is derived in Section 4.6. If the

results are
section 4.6

such set is

o'l
]

and the othe

o'l
[

o'l
]

o’
"

used from the two examples which are given in

and the results of section 4.8 are applied, one

1 7.5.8
0 j=2,3,...,2k-1

= -1

0 j=1,2,...,2k=2

r set is

5/4 7.5.9
-1/4

0 j=4,5,...,2k-1

0

= -5/4

= 1/4

0
0. j=1,2,...,2k-4

s
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Let us now solve Egs. 7.5.0, 7.5.1, and 7.5.2 for

i2(t) and i4(t). The numerical solution for i2(t) and i4(t)

along with the analytical solutions for these variables are
shown for the interval 0=<t=4 in Figures 2, 3, 4,.and 5
where the information concerning each technique of solution

is given as follows:

Fiqure 2:
1, At = 1/80 seconds.
2. k= 4.
3. Transformation constants specified by Egs. 7.5.8.

4. Runge Kutta fourth order method of solution.

Figure 3:
1. At = 1/80 seconds.
2. k = 8.
3. Transformation constants specified by Egs. 7.5.8.

4. Runge Kutta fourth order method of solution.

Figure 4:

1. At = 1/80 seconds.

3. Transformation constants specified by Egs. 7.5.9.

4. Runge Kutta fourth order method of solution.

Figure 5:
l. At = 1/80 seconds.

2. k = 8.

o

-3

-

|~ moa
|

2

2
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3. Transformation constants specified by Egs. 7.5.9.

4. Runge Kutta fourth order method of solution.

Let us now discuss certain aspects of the numerical

solutions for iz(t) and i4(t) which are given by Figures 2,

3,4, and 5. If Figure 2 is compared to Figure 3 and Figure
4 is compared to Figure 5, the effect of the increment Ax on
the numerical solutions is clearly shown. Hence, if Ax was
chosen even smaller, the accuracy of the approximation would
be improved.

Since the input current, iz(t), for all of the models
is obtained by interpolation from the calculated values of
current at certain interior node points, the time delay
property of the equations causes the calculated input current
to lag the theoretical solution. This time delay property is
corrected at the expense of overshoot to some extent by using
the transformation constants which are specified by Egs.
7.5.9. This effect is also reduced by a smaller Ax since
the time delay between the input and the first current node
is reduced.

For t =2, the numerical solution for iz(t) is not

zero where theoretically this current is zero. The reason
for this result is that the time domain models do not truly
have a characteristic impedance equal to unity. As a result,
reflections occur at x=0 and x=L. This effect is also ob-
served in the solution for i4(t). The reduction of this ef-

fect by decreasing Ax is shown by comparing the results for
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k=4 to k=8. This phenomena is generally present in all trans-
mission line approximations whether they are those derived in
the thesis or not.

The variable i4(t) corresponds to the output current.
Upon observing i4(t), we see that the model gives us the cor-
rect time delay. In addition, we see that i4(t) begins to

rise before the theoretical solution begins to rise. This
property can generally be expected from all transmission
line approximations.

It can then be concluded that for sufficiently small

Ax these models provide the desired representation.

7.6 Conclusion.

The findings of the previous chapters have been com-
bined in this chapter by superposition to obtain the three
classes of time domain models which are applicable to the
transmission line problems encountered in electrical
engineering. In addition, a numerical example was worked to
show certain aspects of the numerical solution which are

obtained by the use of these models.




VIII. CONCLUSION

8.0 Conclusion

Three classes of time domain models have been de-
rived which are directly applicable to the practical problems
which are encountered in electrical engineering. Any model

which belongs to either class A or class B is defined by a

finite set of difference equations in both the x and t
dimension. On the other hand, a model which belongs to

class C is described by a finite set of ordinary differential
equations which are in normal form.

For the case where the transmission line linear
graph representation is formulated as chords, the general
form of the equation for any model which belongs to class A
or class B are given by Egqs. 7.1.3 or 7.1.6, and 7.1.4. The

general method for determining the matrices A;, i=0,l,....j2.

which appear in these equations is one of the principle re-
sults of Chapter 3. The result of Chapter 4 is the deri~-
vation of a general method for obtaining the launching num-
bers which appear in these equations. The remaining terms
which appear in these equations correspond to the interpo-
lation formulas used to find the numerical solution for
I(0,t) and I(L,t). Chapter 6 derives certain properties

which are useful in determining these interpolation formulas.

160
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The general form of the equations which describe any
model belonging to class C are given by Egs. 7.0.1 and 7.2.3.
The terms appearing in these equations are found by applying
the results of Chapter 2, 3, 4, and 6 for the case when the
transmission line linear graph representation is formulated
in the cotree.

For the other three cases which result when both of
the linear graph elements which represent the transmission
line are not formulated as chords, the results of Chapter 5
and section 7.4 must be applied to slightly modify the equa-
tions which represent any model even though the general form
of the equations remains essentially the same.

One of the main results of this thesis other than de-
riving these classes of time domain models is the approach
which was used in the derivations. This approach consisted
of the specific use of the superposition principle to sub-
divide the general transmission problem into 3 transmission
line problems which are easily treated individually. One of
these resulting problems was treated by a finite-infinite
line transformation which provided an effective means for
approximating all of the partial derivatives with respect to
X by more accurate central difference formulas. The remaining
problems are treated by a transformation which transforms the
boundary conditions for a given interval to initial condi-
tions. This transformation is defined by a set of launching

numbers.
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8.1 Limitations.

It must be pointed out that the telegrapher's equa-
tions or the wave equation describe a two conductor trans-
mission line only when the algebraic sum of the currents in
any cross-section is zero. This condition must be satisfied
before any of the models can be expected to be a valid repre-
sentation. This requirement generally places some restric-
tions on the system for which one or more transmission lines

are components.

8.2 Additional Problems.

This thesis derives an infinite number of time domain
models. One subject which warrants further study is the
choice of a best model or models. It would first be neces-
sary to formulate a criteria for making this choice.

One additional problem would be to extend the find-
ings of this thesis to the lossy transmission line. By
making the appropriate change of variable, it is clear that
the distortionless line immediately follows. For the lossy
lines which are not distortionless, some of the findings of
this thesis can be easily extended while others are not.

First of all, the derivations in Chapters 2 and 3
which treat the time domain models, belonging to class 1,
can be readily modified to include lossy lines by the intro-
duction of the appropriate dissapation terms which appear in
the telegraphers equations. On the other hand, modification

of the derivations associated with time domain models which
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belong to class 2 can be quite éFmplex. The reason for this
is that the extention of the basﬂc numerical solution to in-
clude lossy lines results in a very complicated expression.
Since the derivations in Chapter 4 are based on cer-
tain forms of this basic numerical solution, there is no easy
way to modify the launching numbers to include lossy lines.

The transformation constants which are given by

By g =1

By, =0 j=2,3,...,2k-1
bog-1,2 =1

By, =0 5=1,2,...,2k=2

are valid for this lossy case.

Finally, the results in Chapters 5, 6, and 7 are
valid whenever the best numerical solution does not enter in
any way into the derivations. It can be concluded in order
to extend a large portion of the thesis, it would be neces-
sary to first investigate the basic numerical solution which
is applicable or the lossy infinite line and to secondly ob-
tain the Fourier approximations, used in Chapter 4, which
are valid for the lossy line. Once these items are deter-
mined, the same approach as was used in the thesis can be

‘applied.
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