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ABSTRACT

MINIMUM DISTANCE ESTIMATION ON REGRESSION MODELS WITH
DEPENDENT ERRORS AND GOODNESS OF FIT TEST OF ERRORS

By

Jiwoong Kim

This dissertation consists of three chapters. The first chapter introduces the models under
consideration and motivates problems of interest. A brief literature review is also provided
in this chapter.

The second chapter investigates minimum distance estimators of the parameters in the
linear regression model with dependent errors: autoregressive errors and panel data errors.
Asymptotic distributional properties of these estimators are discussed. A simulation study
that compares the performance of some of these minimum distance estimators with Gaussian
maximum likelihood, the generalized least squares, and the ordinary least squares estimators
is also included. This simulation shows the superiority of the minimum distance estimator
over the other estimators.

The third chapter compares two asymptotic distribution free methods for fitting an error
distribution in the one sample location-scale model: Khmaladze transformation and empiri-
cal likelihood methods. The comparison is made from the perspective of empirical level and
power obtained from simulations. When testing for normal and logistic null distributions,
we try various alternative distributions and find that Khmaladze transformation method has

better power in most cases.
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KEY TO SYMBOLS

In what follows, for any functions f : R —+ R and ¢ : R — R, |f\%{ and |f — g[%{ denote
that [ f2(y)dH(y) and [{f(y) — g(y)}> dH(y), respectively. For a real vector u € RY, ||ul|
denotes Euclidean norm. For any random variable Y, ||Y[|, denotes (E|Y|P )1/P whenever it

exists.
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Chapter 1

Introduction

In the past, extensive research has been done on m.d. estimation method, where the esti-
mators are obtained by minimizing some dispersions or pseudo distances between the data
and the underlying model. Many authors have demonstrated robustness properties of a va-
riety of m.d. estimators. In the context of the one sample problem, Beran (1977) showed
that the minimum Hellinger distance estimator that minimizes Hellinger distance between
the modeled parametric density and its nonparametric estimator is robust against small
perturbation in the underlying model. Through the Monte Carlo methods, Parr and Schu-
cany (1979) demonstrated robustness of several m.d. estimators of the location parameter
based on various Lo-type distances. In their simulation, they generated a variety of mix-
tures of distributions and showed several Lo-type m.d. estimators are competitive in terms
of asymptotic variances and robustness. Millar (1981) proved local asymptotic minimaxity
of a fairly large class of Cramér-von Mises (CvM) type m.d. estimators. Donoho and Liu
(1988a) showed that a large class of these m.d. estimators is “automatically” robust in the
sense that they have the smallest possible variance among estimators when there are depar-
tures from the assumed model. Donoho and Liu (1988b), however, demonstrated that the
minimum Kolmogorov-Smirnov distance estimator of normal location model can be affected
by outliers located beyond the £30 points and hence have an arbitrarily large asymptotic

variance. All of these papers deal with the one or two sample models only.



Consider the linear regression model

Y = alf + e, (L1)

where Ee; =0, z; = (1, 741, ...,xip)’ e RPHL with zij,j =1,--+,p,i=1,---,n being non
random design variables, and where § = (B, 81, ..., Bp)’ € RPTL is the parameter vector
of interest. When ¢;’s are independent identically distributed (i.i.d.) random variables
(r.v.’s) with a known distribution function (d.f.) F, Koul and de Wet (1983) proposed a
class of m.d. estimators by minimizing a class of Lo-distances between a weighted residual
empirical processes and the error d.f. F. Koul (1985, 1986) extended this methodology
to the case where the error distribution is unknown but symmetric around zero, and to
autoregressive models with symmetric innovation, respectively. Furthermore, it was shown
in these papers that in terms of the asymptotic variance some of these m.d. estimators remain
competitive with other estimators including Wilcoxon rank, the least absolute deviation, the
least square and normal scores estimators of 3. Also robustness of these m.d. estimators
against the extremes in the errors such as certain gross errors was established. For more
detail, see chapter 5 in the monograph by Koul (2002). Given the above mentioned efficiency
properties of the m.d. estimators, it is expected that the m.d. estimation method will still
remain competitive when we extend the domain of its applications to the linear regression
model with dependent errors, which is the aim of this dissertation. Chapter 2 demonstrates
empirical efficiency - in terms of bias and asymptotic variance - of the m.d. estimation
method through simulation studies when it is applied to the linear regression model with
autoregressive (AR) errors and one with panel data.

Section 2.1 considers the linear regression model with AR errors. In both social sciences



(e.g. economics) and natural sciences (e.g. climatology, hydrology) linear regression models
with AR errors are found to be highly useful. For example, time series of total Gross National
Product (GNP) in the United States during the postwar era has shown the linear time trend
- often referred to as long term trend. In the series, the cyclical fluctuation around the
linear time trend - often referred to as business cycles or short term shock - is commonly
observed. The true underlying structure of these business cycles has been of interest to the
macroeconomists. A class of macroeconomists, known as real business-cycle school, believes
these business cycles respond to the changes in the long term trend; see, e.g., Prescott (1987).
It is well-known that the cyclical fluctuation of many macroeconomic variables - including
GNP, total consumption, etc. - is generally autocorrelated, and AR model can explain it well.
The global temperature and its long term trend in the climatology is another example which
shows that the linear model with AR errors is of good use. Bloomfield (1992) decomposed
the time series of the past 100 year global temperature into the linear long term trend and
the short term errors and fitted various models including AR model to the errors. He showed
that AR model is fitted better to the errors.

Section 2.2 considers the linear regression model with panel data. The repeated obser-
vations on the same cross section unit, e.g., household, individual, firm, are called panel
data; some authors prefer to call them longitudinal data. The most famous example of panel
data is the Panel Study of Income Dynamics (PSID), collected by the Institute of Social
Research at the University of Michigan. PSID has collected information about the annual
economic status such as employment status, income changes, and marital status from more
than 5000 households since 1968. Panel data analysis has been popular in the literature of
econometrics due to several merits. These merits brought attention of econometricians to

the panel data analysis, and extensive research has been done on the panel data; see Balt-



agi (2001, p.5) and references therein. Among all merits, the exemplary merit of the panel
data analysis is that it considers heterogeneity of cross section units through time-invariant
individual effect. Moulton (1986) showed that inappropriate usage of ordinary least squares
estimation without considering the individual effect results in extremely huge downward bias
of standard errors of the estimators. Another merit is attributed to the fundamental struc-
ture of the panel data; repeated observations on the same cross section unit is appropriate
to study the dynamics of some social phenomena, and hence, the panel data analysis pro-
vides policy makers with good understanding of them. For example, high unemployment has
been plaguing most countries during the post war era, and policy makers struggle against
unemployment since it has the devastating affection on overall society such as poverty and
surges of crime rate. Increasing the unemployment benefits during the time of rampant
unemployment in the society has always been controversial. One criticism of unemployment
benefits is it causes moral hazard, that is, it induces less effort of job-search. Cross-sectional
data can provide unemployment rate at a fixed time while panel data are able to show the
proportion of individuals whose employment status changed over the time periods. Upon
the time of determining whether unemployment is chronic or transitory, panel data are very
useful and provide guidance for policy makers on how to make a government initiative to
increase unemployment benefits. For example, Ashenfelter (1978) investigated how federal
training program affects future income of program participants through comparing groups
of participants and nonparticipants. For each group, he analyzed the income records before
and after the program and drew a conclusion that participating in the program positively
affects an increase of future income.

Motivated by the above mentioned merits of panel data, Section 2.2 investigates applica-

tions of the m.d. estimation method to the regression model with panel data. In the sequel



we refer to the regression model with panel data as panel regression model. Consider panel

regression model

Yii = xiB+ e, (1.2)

gt = Y T Vit i=1,2,..nt=1,2,...,T,

where 7 and ¢ denote cross section and time, respectively, x;; = (a:zlt, ey :cht)’ € RP are non
random design variables, and 5 = (B, ..., ﬂp)’ € RP is the parameter vector of interest. We
distinguish the vector a;;+ above from the scalar x;+ in the model (1.1) by writing it in a bold
font. The notable difference between the panel regression model and the model (1.1) is the
fact that the variables of the first vary with cross section unit and time. Another difference is
the fact that the error ¢;4 is decomposed into two unobservable components: time-invariant
individual effect (;) and the remainder disturbance (v;+) which varies with cross section and
time.

When we implement the CvM type m.d. estimation method, one common problem we
encounter is the choice of the integrating measure. Koul (2002) showed that choosing op-
timal measure in the case of the i.i.d. errors in the model (1.1) yields the most efficient
estimators of regression parameters. For example, the Lebesgue and degenerate measures
are recommended for the efficient estimators of the regression parameters when the error
follows the logistic and Laplace distributions, respectively; see Koul (2002, p.207) for the
detail. Therefore, specifying the exact distribution of the error plays an important role in
obtaining the efficient estimators of regression parameters.

Chapter 3 discusses a goodness-of-fit testing problem which sheds some light on specifying

the error distribution. A classical goodness-of-fit testing problem, i.e., the problem of testing



whether a random sample comes from a specific distribution or from a given parametric
family of distributions, has been of interest to many fields for a long time. For example,
the normality of sample has been commonly assumed in the vast literature of social and
physical sciences. Since the final result, then, heavily depends on normality assumption,
goodness-of-fit test for normality has been a critical issue.

For goodness-of-fit test for general distributions, the various parametric and nonparamet-
ric tests have been proposed in the literature. The best known exemplary parametric and
nonparametric tests are x° test and Kolmogorov-Smirnov (K-S) test. The most attractive
advantage of the K-S test is that asymptotic distribution of its test statistic under the null
hypothesis does not depend on the null distribution, when fitting a known continuous dis-
tribution. However, it loses this property when fitting a parametric family of distributions;
see, e.g., Durbin (1973).

Seeking tests which preserve the desirable feature of being distribution free, we come up
with the two celebrated methods: Khmaladze martingale transformation (KMT) and empir-
ical likelihood (EL). The KMT and EL methods are implemented to test for a parametric
location-scale family of distributions; then a comparison of these two methods is made in
order to show which method is superior. To that end, we report empirical levels and powers
of KMT and EL methods in Chapter 3. In order to compare the two methods in terms of the
empirical levels, we generate a random sample of observations from the chosen null distri-
butions and compute those of the two methods. Similarly, we generate a random sample of
observations from various alternative distributions and compute the corresponding empirical

powers of the two methods.



Chapter 2

M.d. Estimation Method on
Regression Model with Dependent

Errors

2.1 Regression model with AR errors

Recall the linear regression model (1.1). The errors ¢;’s are assumed to obey the following

autoregressive model of a known order ¢. For some p = (p1, ..., pg)’ € RY,

where the innovations {§;, i = 0,+1,£2,...} are i.i.d. r.v.’s, g;_1 is independent of &;, i €
{0,£1,---}, and Z; = (gj_1, ..., 5i_q)’ € R4. To ensure the stationarity of the error process
we assume that all roots of the equation 24 — pj2¢~1 — ... — pq—1% — pg = 0 are less than
unity in modulus. In addition, the distribution of £ is assumed to be symmetric around
zero, unknown otherwise.

Next, we shall introduce the basic processes and estimators of interest here. To begin



with we assume the following about n x (p + 1) design matrix X.
(X' X)L ewists, Vn > p+1; mlaxxg(X/X)_lxi = o(1). (2.2)

Now let A = (X’X)~1/2 and aj denote jth column of A. Let D = ((dj)), 1 < i < n,
1<k <p+1,beannx (p+ 1) matrix of real numbers and d; denote jth column of D. As

stated in Koul (2002, p.60), if D = XA (i.e., djy = x,ay), then under (2.2),

n
> di =1, ﬁg%ﬂizoﬂ% forall 1 <k <p+1. (2.3)
i <i<

Note that the symmetry of £; around zero implies that of the regression errors ¢;’s. This

motivates one to introduce, as in Koul (2002; Definition 5.3.1),

n

Ur(y,t) = Za;{xi{l(l@-—m;tgy) —I( =Y+t <y) },
1=1

U(yv t) = (Ul(y)t)v ] Up—l—l(yv t>>/7 Yy € Ra

T(t) = / UG, dH(y), e RV,

where H is a o—finite measure on R and symmetric around 0, i.e., dH(—x) = —dH(z), z €
R. Subsequently, define 3 as

ﬂ@:@nw (2.4)

Next, we define analogous estimators of p. Accordingly, let

1 n
S(y,r) = %ZZZ-{I(EZ-—Zérgy)—[(—€i+Z£r<y)}, y € R, (2.5)
=1

=
S
2
i

[ s ane). e,



Since Z;’s are unobservable, we replace them in (2.5) by Z = (§i—1, 1 Ej—q), Where &; =

Y, — X Z’ 3 . Finally, we are motivated to introduce

Sr) = —1/2 {1G-Zr<y) - 1(-5+Zr<y)}, 20

M(r) = / 150, )2 dE (),

and define p as

M(@p) = inf M(r).

This section is organized as follows. Sections 2.1.1 and 2.1.2 investigate the asymptotic
distributions of m.d. estimators of both regression and AR parameters. Findings of a finite
sample simulations are described in Subsection 2.1.3. This section also includes a direct
application of the m.d. estimation method to some real time series data - one hundred yearly

data of global temperature. Proofs in this section are postponed to Section 2.3.

2.1.1 Asymptotic distribution of 3

In this subsection we derive the asymptotic distribution of B\ under the current setup. The
basic method of the proof is similar to that of sections 5.4, 5.5 of Koul (2002). This method
amounts to showing that T'(8 + Au) is asymptotically uniformly quadratic in u belonging
to a bounded set and HA_l(E — B)|| = Op(1). To achieve these goals we need the following

assumptions, where d;;. = x;ak and which in turn have roots in section 5.5 of Koul (2002).

(A.1) The matrix X’X is nonsingular and, with 4 = (X’ X)~1/2, satisfies

limsup n max. | Az;]|? < oc.
n—oo  1<i<



(A.2) The integrating measure H is o—finite and symmetric around 0, and

/00(1 — F)Y24H < .
0

(A.3) For any real sequences {an}, {bn}, by — an — 0,

bn
lim sup /f(y + )dH (y)dz = 0.
an,

n—oo

(A.4) For a € R, define at := max(a,0), a~ := at —a. Let 6; := ||Az;||. For all u € RPTL,

llu|| < b, for all § > 0, and for all 1 <k <p+1,

n
2
lim sup [ E dlik{F(y +u' Az + 60;) — F(y +u' Ax; — (5(92)}] dH (y) < 62,
—

n—oo

where c is a constant not depending on u and §.

(A.5) Let e;, € RPH! be an elementary vector whose kth coordinate is 1. For each u € RPH!

and all 1 <k <p+1,
[ [ dad Pty w'ws) = ()} = e 1] it ty) = o(0)
=1

(A.6) F has a continuous density f with respect to the Lebesgue measure on (R, B).
(A7) 0< [¢° fTdH < oo, 7 =1/2,1,2.

Remark 2.1.1. Note that (A.1) implies (2.2) and (A.2) implies [;°(1 — F)dH < co. From
Corollary 5.6.3 of Koul (2002), we note that in the case of i.i.d. errors, the asymptotic

normality of 3 was established under the weaker conditions (2.2) and [7°(1 — F)dH <

10



o0o. The autoregressive dependence of the errors now forces us to assume the two stronger

conditions (A.1) and (A.2).

Remark 2.1.2. Here we discuss examples of H and F' that satisfy (A.2). Clearly it is satisfied
by any finite measure H. Next consider the o-finite measure H given by dH = {F(1 —

F)}Y~YdF, F a continuous d.f. symmetric around zero. Then F(0) = 1/2 and

2 * (1-F)1/? /1 L N—1)2
/0(1 F) dH_/O —F(l—F)dF§2 1/2(1 u) du < 0.

Another useful example of a o-finite measure H is given by H(y) = y. For this measure,
(A.2) is satisfied by many symmetric error d.f.s including normal, logistic, and Laplace. For
example, for normal d.f., we do not have a closed form of the integral, but by using the well
celebrated tail bound for normal distribution, see e.g., Theorem 1.4 of Durrett (2005), we

obtain

/ T Py 2dy < (2m) 2 / V2 exp(—y? )y = (2/m)V2T(1/4).
0 0

Recall from Koul (2002) that the B and p corresponding to H (y) = y are the extensions of
the one sample Hodges-Lehmann estimator of the location parameter to the above regression

and autoregressive models.

Remark 2.1.3. Consider condition (A.7). If f is bounded then [ FY2dH < oo implies the
other two conditions in (A.7) for any o-finite measure H. For H(y) = v, ffl/Q(y)dy < 00
when f is normal, logistic or Laplace density. In particular, when dH = {F (1 — F )}_1dF

and F is logistic d.f., so that dH (y) = dy, this condition is also satisfied.

11



To proceed further, we need an assumption on the time series ¢;,i € Z = {0,+1, +2}.
Let .7-"7ln be the o-field generated by e, epy41, -5 €7, m < [. The sequence {ej, J € Z} is said

to satisfy the strongly mixing condition if for every [ > 1,
ay(k) = sup {|P(A NB)— P(APB)|: AcF.  Be f;fk} -0,
as k — co. We recall the following theorem from Athreya and Pantula (1986), which will be

used later.

Theorem 2.1.1. Consider the qth order autoregressive process {ep} given by en = p1en_1+

pP2En—2++ + pgen—q +&n- If

(A.8.1) E[{log&1[}] < o,

(A.8.2) the distribution of & has non-trivial absolutely continuous components,
(A.8.3) eg = (e0,6-1,--,€1—¢) is independent of {&;, j=1,2,..},

(A.8.4) {{;} aredid. rv.’s, and

(A.8.5) the roots of the characteristic equation z9 — przd b —.. = pg—1% — pq = 0 are less

than one in modulus,
then {en} is strongly mizing and stationary.

In addition to the assumptions of Theorem 2.1.1, we assume the following. The sequence

{en} is strongly mixing with mixing number «; satisfying
o
> Kray(k) <oo, VI>1 (A.8.6)
k=1

12



The above assumptions (A.8.1)-(A.8.6) will be referred to as assumption (A.8). Next, define

for t € RPHL,

Q) = / U, 8) + 2471t — B)F() |2 dH ().

We are ready to state the needed results. The first theorem establishes the needed
asymptotic uniform quadraticity while the corollary shows the boundedness of a suitably

standardized B\ .

Theorem 2.1.2. Let {Y;, 1 < i < n} be as in the model (1.1). Assume that (A.1)-(A.8)

hold. Then, for any 0 < b < oo,

E  sup  ||T(t) = Q)| = o(1). (2.7)
A= (t-pB)|I<b

Proof. See Section 2.3.

Corollary 2.1.1. Suppose that the assumptions of Theorem 2.1.2 hold. Then for any e > 0,

0 < M < oo there exists an N, and 0 < be < oo such that

P ( inf T(t) > M) >1—c¢, Vn > Ne. (2.8)
|A=1(t—B) ]| >be

Proof. See Section 2.3.

Theorem 2.1.3. Under the assumptions of Theorem 2.1.2,

ATNG - 8) = (A} / @)Uy, B) dH (y) + op(1). (2.9)

Proof. The proof follows from Theorem 2.1.2 and Corollary 2.1.1, as in the i.i.d. case

illustrated in Koul (2002).

13



Next, define

vw) = [ s - [ i) (2.10)
J
Spik = zkzw 52 “njk - _Zsmka Znj = (anla"-aznj,p—i-l)/’
Kpk = Var(zyng)
= Var(y(eo)) +QZ Z did quvZ} (ei)w(e )
1=1 j=i+1

k) = [ [0 Fe v i)

Symmetry of the F' around 0 yields E(gg) = 0. Note that Var(y(eg)) = 8K (F,H) < oo

by (A.7). Moreover,

n—1 n n—1 n—1

1/2
> D ldindjp Bo(ei)i(ey)| < nmaxdl a7ty 0N a2 (m) | (c0) 2 < oo,
i=1 j=i+1 i=1 m=1

by (2.38), Lemma 2.3.1 below, and (A.1). Let 3, denote covariance matrix of zy,. Write

Yn=0Zun), 1<k<p+1,1<h<p+1. Observe that
Eokn = Covlzpnk, Znnn) szzkdjhE¢ gi)(e )
1=17=1

and hence, for 1 <k <p+1, 1 <h<p+1,|X,1n] <oo. Werecall a theorem from Mehra

and Rao (1975).

Theorem 2.1.4. For eachn > 1, let {fnj, 1 < j < n} be strong mizing with mizing number

aj. Assume these r.v.’s to be uniformly bounded and {cy} satisfying (A.8.6). Further assume

max c2, /72 — 0, (2.11)
(3

14



and

l}lrr_lgnf o2 /72 >0, (2.12)
where a = Var(3"1 | cni&ni) and 7' =3 C?M-. Then
n
o0t enibni —p N(0,1). (2.13)
1=1

As a consequence of Theorem 2.1.4, we obtain the following results.

Corollary 2.1.2. Assume Xy, is positive definite for alln > p+1. In addition, assume that

sup WS =0(1). (2.14)
uweRPHL ||ul|=1
Then
—1/2
En / Znn —D N(O, I(p—|—1)><(p+1))’ (2.15)

where I, 1) (p41) i the (p+ 1) X (p+ 1) identity matriz.

Proof. To prove (2.15), it suffices to show that for any A € RPHL )\/ET_LI/ann is asymptot-

1/2

ically normally distributed. But \'X,, 1/ 2znn = > N Az)(g;), which is the sum

as in Theorem 2.1.4 with ¢,; = )\’251/214:1:,' and &,; = ¥(g;). Note that

zn: Paz)? =Ns-1ly, o2 {zn: 2 Az )}2:|w|2.

=1

Also, we have

~1/2)2 2

NE Ax;

max cm/rc < max H p !1H il — max ||Az;]|? — 0,
1<i<n 1<i<n A X, A 1< <n
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by assumption (A.1). Finally, we obtain
- 2.2 2 /0 -1
1711n_1>101(1)f os /72 > |IM|7/(limsup N2, \) > 0,
by (2.14). Hence, the desired result follows from Theorem 2.1.4.

Corollary 2.1.3. In addition to the assumptions of Theorem 2.1.2, assume (2.14). Then

5, 247N E - B) =p 2113 NO ety prny): (2.16)

Proof. Claim (2.16) follows from Corollary 2.1.2 upon noting that

/ F@)U(y. B) dH (y) = Zan.

2.1.2 Asymptotic distribution of p

In this section we investigate asymptotic distribution of p. Recall M (r) and M (r) from
(2.5) and (2.6). Asymptotic uniform quadraticity of M(p 4+ v/y/n) in v is illustrated in the
Section 7.4 of Koul (2002). See also Theorem 2.1.5 below. Since errors in M are, however,
unobservable, M is no longer fit for the purpose of estimating p. To that end, we use M
instead. We first prove that the supremum over v in compact sets of the absolute difference
between M (p + v/+/n) and ]\/4\(p +v/y/n) is 0p(1). As a consequence, we accomplish the
desired asymptotic uniform quadraticity of M (p+v/y/n) in v. Through this section, similar
method of the proof to that used in the Section 7.4 of Koul (2002) will be employed. However,
the proofs will be a little bit more complicated since they contain additional terms including
Cpi and dy,; - see (2.18) below - as a consequence of using residuals instead of unobservable

errors.
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To begin with we state the following lemma.

Lemma 2.1.1. Let M| and Mo be positive definite (or semi-positive definite) nxn matrices
such that

M1+ My = Ipxn.
Let A1 and Ao be eigenvalues of M1 and Mo. Then 0 < Ay, Ao < 1.

Proof. Since M and My are positive definite (semi-positive definite), Ay and Ao are

non-negative. Note that
0 = det(Mo— o) = (—1)"det(M1 — (1 — X9)I),

and hence (1— \g) is eigenvalue of M 1. Therefore, (1—X9) > 0 since M| is positive definite,
which in turn implies that A9 < 1. Similar fact holds for Ay, thereby completing the proof
of the lemma.

Next, we need to recall that for any mq X msg real matrix M, its spectral norm is

| M|z := SuPueRmZ,HuH:l ||Mul|2. Recall that
| M|z = (max{\: Xis an eigenvalue of M’M})l/2 . (2.17)
Partition D = X A into three blocks

D' =D, D} D',

where D_;, D;, and Dy; are (i —q—1) x (p+ 1), gx (p+1), (n—i+1) x (p+1)

matrices respectively. Note that D' ;D _; + DiD; + D' ;D1 = I\ 1) (p41)- Lemma 2.1.1
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implies D;DZ- has non-negative eigenvalues, which are less than or equal to one. By (2.17),

| D;|]2 < 1, and hence, for any u € RPH
IDfull < IDill2 - flull < flull, Vi>1.
Moreover, for u € Rp+1, we also have, with ¢; = Ax;,
2 2 2
max ||D;ul|” < qllul|® max ||¢;||”.
max Dl < el ma i

Now, let u = A_I(E— B) € RPH! and v = nl/z(r — p) € RY where r = (rq,...,r¢)" € RY.

Define
mi(u) = e —& = (Vi —alf) — (V; —2lB) = vci;, Op = max |¢if|, (2.18)
1<i<n
q
Cni(u,v) = mpi(u) = Y g = u'e; — o' Dju— o' Dyu/v/n,
k=1
dpi(8,u,0) == {1+ qllpl)9n +n Y2 Zi| + 072 ul| + 072 0] + 026},

To begin with we state a set of assumptions. The following assumptions are found
similar to ones in the Section 7.4 of Koul (2002). In order to define randomly weighted
residual empirical process, he used a measurable function g of r.v.’s as a random weight.
By choosing various g¢’s, he demonstrated m.d. estimators turn out to be well celebrated
estimators such as Hodges-Lehmann estimator, the least absolute deviation estimator, etc.
Here we only consider either g(x) = z or ¢ = 1. Let g;_;. denote g(g;_;.). Hence, g;_;

assumes only the values of ¢;_;. and 1 in the subsequent assumptions.
(B.1) (a) Eej < oo and EE? < cc.

18



(b) The d.f. F¢ of the innovation § has a continuous density f¢ with respect to the

Lebesgue measure on (R, R).
(c) 0< fooo fgdH <oo,r=0.5,1,2.

(d) 0< (1= F¢)dH < oo.

(B.2) For all [jul| <b, [jv]| <b,d €R, and for k=1,2,...,q

E / N G2 L Fe(y+ 0 Z o+ G, v) + dini(0,1,0)) — Fe(y)| dH (y) = o(1).
i=1

(B.3) There exists a constant 0 < ¢ < oo such that for all 6 > 0, ||u|| < b, ||v]| < b, and for

allk=1,2,..,q

n
lim inf P ( / n! [Z g5 A Fe(y + n Y20 Z; 4 i, v) + dii(8,u,0))
i—1

Fely+ 12 2+ i, ) — di(5,,0) )] 2 () < 652> .

where g% is as in the assumption (A 4).

(B.4) For every |lu|| <b, |[v]| <b, and for k =1,2,...,q

/ n~! [Z ik [Fely +n7 Y2 Z; + Gui(u,0)) — Fe(y)
im1

e (™20 2+ Gui(u,))]] dH () = 0p(1).

(B.5)

/
lim / ElI1Z1]| fe(y + 51 21)| dH(y) = Bl 24" / fEdH, £=1.2.
s—0
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Recall S(y,r) in (2.5) and §(y,7‘) in (2.6). Let S;(y,r) and §j(y,7’) denote their jth

coordinate, respectively. Note that

n
S;i(y,7) :n_1/225i_]~{[(5i — Z{T < y) —I(—ei+Zl{r < y) }

Next, let

Z/ (Y, p) "’2\/_ 1252 ]Z f§ dH (y).

The first theorem states the asymptotic uniform quadraticity of M, which is proved in Koul
(2002, p.328). The second theorem states that the difference between M and M is small
enough to establish the asymptotic uniform quadraticity of M while the corollary shows the

boundedness of p.

Theorem 2.1.5. Suppose that the autoregressive model (2.1) holds. Assume that (B.1)-(B.5)

hold. Then, for any 0 < b < oo,

sup  |M(r) = Q(r)] = op(1).
Vl|(r—p)[<b

Theorem 2.1.6. Suppose the assumptions of Theorem 2.1.5 hold. Assume that B used for

obtaining €; in (2.1.6) satisfies A*1||B\— Bl = Op(1). Then, for any 0 < b < oo,
sup  |M(r) = M(r)| = op(1).
Vnllr—p|<b

Proof. See Section 2.3.

20



Corollary 2.1.4. Suppose that the assumptions of Theorem 2.1.5. For any e >0, 0 < B <

oo there exists an Ne, and 0 < be < oo such that

P inf ]\/4\(7")23 >1—e¢, Vn > Ne.
\/ﬁHT—pHZbE

Proof. The proof is similar to that of Lemma 5.5.4 of Koul (2002). The role of T’ in
Lemma 5.5.4 is played by n~! > ZiZZ(. Then the rest of the proof is exactly the same with
the proviso that we use new I', = n~1 > ZZ-ZZ(.

Note that by the stationarity of Z;,7 € Z and the Ergodic Theorem, n~t ) ZiZZ( —
E(Z1Z7), almost surely. Moreover, the covariance matrix F(ZZ]) is positive definite. Thus
for all sufficiently large n, n~1 D ZZ-ZZ{ is almost surely positive definite. This fact is used

throughout the proofs here without further mention.

Theorem 2.1.7. Under the assumptions of Theorem 2.1.5,

Vitp = p) = ~Ufeln ™ 3 2207 [ S o) e ) + op()
=1
Consequently,
Vn(p—p) =p N(0,(EZ121)"'5?)

where 72 .= Var(y(&1))/4([ fgdH)Z.

Proof. The proof follows from Theorem 2.1.6, Corollary 2.1.4, and Theorem 7.4.5 of Koul

(2002).

Remark 2.1.4. Consider an estimator of (EZ12]) 172, Note that Var(y(&1)) = 8K (Fg, H)

where K (Fg, H) is as in (2.10). When H(y) =y, K(F¢, H) = 1/3. In order to estimate
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asymptotic variance of p, we need to estimate EZlZ{ and [ fg(x)dx A valid estimator of

EZ1 7 is n~13y, Z;Z], and hence, it remains to estimate

B(fe) ::/fg(x)dx:/fg(x)ng(x). (2.19)

We replace f¢ and Fy with a kernel type density estimator and the empirical d.f. based on
the estimated residuals. Let G be a probability density on R, h, be a sequence of positive

numbers, h, — 0. Define, for x € R,

n n

& = &—Zip, Fux):=n"1Y I(§<z), Fula)=n1Y I(& <)
i=1 1=1
J?n(l') = (nhn>_1 Z G((x - gz)/hn)a fn(z) = (nhn)_l Z G((x - fz)/hn)
=1

=1
By = / Fo(@)dEa(z)

Lemma 2.1.2. Assume that F¢ has uniformly continuous density f¢ w.r.t. the Lebesgue

measure A and f¢ > 0 a.e. A\. Then, for any fized u,v,

sup [V Ba(e) = Fu(@)} = 07237 (Zjo/ Vi + G, v) fe(@)] = op(1).
1=1

zeR

Proof. Note that

& =& — Zlv/Vn — Cui(u,v).

Therefore,

Vi{Fu(@) = Fa(@)} = 72" (Zo/v/ + Guil, ) Jel@)] < Woa (&) + Waa(@),
1=1
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where

Wni(z) = ‘”_1/2 S {I& < o+ Zv/Vn+ Gui(u,v) = Fela + Zjv/v/m+ Guilu, v) }
i=1
—n VY1 < @) - Fe(0)} .
i=1

n
Wha(r) = ‘nfm > {Fe(z + Zv/vn + Guilu,v) = Fe(x) = (Ziv/vn + Gui(u,v)) fe(x)} ’
=1
Thus, to prove the lemma, it suffices to show that

sup [Wos(2)| = op(1), i =1,2.
reR

Together with the assumption of the uniform continuity of f¢ and ((u,v)) = O(n=1/2),
we obtain sup, |Wy1(z)| = op(1) after applying the Theorem 2.2.3 of Koul (2002). Now
consider Wya. Let zp; := Zlv/\/n+(pi(u, v) and z, 1= max; zp,;. Note that z, = Op(n_l/Q).

Therefore,

n T+zn;
sgp|Wn2(x)| < nl/zz/x sup [ fe(y) — fe(z)|dy

i=1 ly—x|<zp;

vz, sup |fe(y) — fe(@)] —p 0,

ly—x|<zn

IN

where the convergence to zero in probability follows from the uniform continuity of fe.

Theorem 2.1.8. In addition to the assumptions of Lemma 2.1.2, assume that the following

conditions hold.
(i) hn >0, hn — 0, nh/? = oo,

(ii) G is absolutely continuous with its a.e. derivative G satisfying [ |G(2)|dz < oo.
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Then

By — B(fe)| = op(1).

Proof. The proof is very similar to that of Theorem 4.5.3 of Koul (2002). Only difference
arises in the part of showing H]?n — fnlloo = 0p(1) which requires the above Lemma 2.1.2.

The rest of the proof is the same.

2.1.3 Simulation & application to real data
2.1.3.1 Simulation study

In this section, we present a simulation study corresponding to four symmetric innovations:
normal, Laplace, logistic, and mixture of the two normals (MTN). In each case, we estimate 3
and p by m.d., generalized least squares (GLS), ordinary least squares (OLS), and Gaussian
maximum likelihood (GML) methods. We report empirical bias, standard error (SE), and
mean squared error (MSE) of these estimators. To obtain GLS estimators, we use R package
orcutt which implements Cochrane-Orcutt (CO) iterative estimation procedure. To obtain
m.d. estimators, we employ “two-stage” m.d. estimation method which is proposed by Kim
(2016) to deal with the linear regression model with autocorrelated errors. To implement
the two-stage m.d. estimation method, we use R package KoulMde. The package is available
from Comprehensive R Archive Network (CRAN) at https://cran.r-project.org/web/
packages/KoulMde/index.html.

In this simulation studies, p = 3 and ¢ = 1, and H(y) = y. We set the true g =
(—2,3,1.5,—4.3)" and true p = 0.4. For cach k = 1,2,3, we obtain {z;;}"; in (1.1) as

a random sample from the uniform distribution on [0,50]. The innovation has a Laplace
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distribution if its density function is

fra(e) = (2s1) " exp(—|z — 1 /s1)

while the density function of Logistic innovation is given by

FLo(x) = 5 exp(—x — pal /s2) /(1 + exp(—|z — pal /2))*.

When we generate {{}!'_;, we set mean of normal, Laplace, and logistic innovations at 0
(i.e., p1 = po = 0) since we assumed the innovation is symmetric. We set the standard
deviation of normal innovation at 2 while both s; and s9 are set at 5 for Laplace and logistic
innovation, respectively. For MTN, we consider (1 — §)N(0,22) 4+ 6N (0,10%) where 6 = 0.1.
Then we generate {g;}! ; and {Y;}!' | subsequently using models (1.1) and (2.1). Table 1,
2, and 3 report biases, SE’s and MSE’s of estimators for the sample sizes 50, 100, and 200,
each repeated 1,000 times. Author used High Performance Computing Center (HPCC) to
accelerate the simulations. All of the simulations were done in the R-3.2.2.

First, we consider the normal innovation. When innovation is normal, and n is 50, the
GML estimators show the smallest biases among all estimators of 5;’s, j = 0, 1,2, 3. However,
as n increases, this fact does not hold any more; when n is 200, the GML estimators of Sy,
B1, and (o display the largest biases. When we consider the SE, the GLS estimators display
the smallest SE regardless of n; following GLS, both the GML and the m.d. estimators show
similar SE’s. When we evaluate the performance of the estimators in terms of the MSE, we
conclude, not surprisingly, that the GLS is the best, the GML and the m.d. are similar and

the second best, and the OLS is the worst.
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For non-Gaussian innovations, we come up with a different conclusion: the m.d. estimators
outperform all other estimators. Note that the OLS method exhibits very poor performance
which is not surprising. Also, note that the GML estimation method shows the loss of com-
petitiveness compared to GLS and m.d. estimators since it assumes the normality of the
innovation. Therefore, we leave the OLS and GML out of discussion for the non-Gaussian
innovations. Note that weighing the merits of the GLS and the m.d. estimators in terms of
bias is hard. For example, for the Laplace innovation when n = 200, the m.d. estimators of
p1 and p display smaller biases than the GLS estimators while the opposite is true for f;,
7 =0,2,3. When we consider logistic innovation, the result is similar. The m.d. estimators
of 1 and p again show smaller biases than the GLS estimators while the opposite is true
for B;, j = 0,3; both the m.d. and the GLS estimators of 1 show the same bias. How-
ever, the m.d. estimators display the smallest SE’s regardless of n and innovations. As a
result, the m.d. estimators display the smallest MSE’s for all non-Gaussian innovations. One
remarkable fact is the MSE’s corresponding to the m.d. estimators are approximately 60%
of those corresponding to the GLS estimators when the innovation is MTN with n = 100
or 200. Therefore we conclude that the m.d. estimators outperform all other estimators at
these chosen non-Gaussian innovation distributions, especially when innovation distribution
is MTN.

Tables 2.4 and 2.5 summarize the averages of the estimated SE’s of m.d. estimators of f3;,
7 =20,1,2, 3 corresponding to four innovations when n is 100 and 200. When the simulation is
iterated 1000 times, we estimate SE of m.d. estimators of 5;, j = 0,1, 2,3 each time as done
in Remark 2.1.4. Next, we calculate the average of 1000 SE’s for each estimator of ; and
compare it with SE which is reported in Tables 2.2 and 2.3. In order to distinguish between

two SE’s, we refer to the average of SE’s and SE from Tables 2.2 and 2.3 as “estimated
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OLS GLS GML m.d.
bias SE MSE bias SE MSE bias SE MSE bias SE MSE
Bo -0.1873  2.6333 6.9694 -0.1008  2.4235 5.8837  -0.0165 2.6462 7.0027  -0.0404 2.5159 6.3312
51 0.0022 0.056 0.0031 0.0011  0.0498 0.0025 6e-04 0.0505 0.0025 Te-04 0.0521 0.0027
N B2 0.0029 0.0549 0.003 0.001 0.0494 0.0024 3e-04 0.0497 0.0025 5e-04 0.0521 0.0027
Bz 0.0022  0.0533 0.0028 0.0015  0.0475 0.0023 8e-04 0.0483 0.0023 9e-04 0.0497 0.0025
P -0.0707  0.1412 0.0249 -0.0334  0.1521 0.0242 -0.0405 0.1528 0.025 -0.039 0.1568 0.0261
Bo  0.0707  1.9605 3.8484 0.053 1.7817 3.1773 0.3357  1.9909 4.0764 0.0638 1.4843 2.2071
51 -9e-04 0.038 0.0014 -8e-04 0.0322 0.001 -0.0036  0.0332 0.0011 -Te-04 0.0268 Te-04
La f2 -0.001 0.0396 0.0016 2e-04 0.0343 0.0012 -0.0026  0.0353 0.0013 -3e-04 0.0289 8e-04
B3 le-04 0.0387 0.0015 -4e-04 0.0333 0.0011 -0.0032  0.0343 0.0012 -6e-04 0.0273 Te-04
p -0.0164 0.0659 0.0046 -0.0065  0.0662 0.0044  -0.0085 0.0666 0.0045  -0.0045 0.0565 0.0032
Bo 0.1716  4.6629 21.7719  0.1422 4.2534 18.1119  0.5701  4.7242 22.6427 0.1358  4.1827 17.5131
B1 -0.0036 0.1041 0.0108 -0.0028  0.0896 0.008 -0.0074  0.0922 0.0085  -0.0032  0.0895 0.008
Lo B2 -0.0031 0.0936 0.0088 -0.0024  0.0847 0.0072  -0.0069  0.0855 0.0074 -0.002 0.0838 0.007
B3 4e-04 0.0995 0.0099 5e-04 0.0866 0.0075  -0.0038  0.0893 0.008 0.0011  0.0865 0.0075
p -0.0679 0.1318 0.022 -0.0299 0.1416 0.0209  -0.0378 0.1422 0.0217  -0.0341 0.1382 0.0202
Bo  0.1204  4.1002 16.826 0.024 3.6986 13.6803  0.4541  4.1075 17.0777  0.0633  3.6242  13.1387
B1 -0.0034 0.0834 0.007 -0.0022  0.0738 0.0054  -0.0064 0.0755 0.0057  -0.0022 0.0726 0.0053
M B2 -0.0041 0.0859 0.0074  -0.0021  0.0759 0.0058  -0.0062 0.0775 0.0061 -0.0033  0.0739 0.0055
B3 0.0016 0.0871 0.0076 0.0012 0.0767 0.0059 -0.0024 0.0783 0.0061 0.0019 0.0749 0.0056
p -0.0755 0.1332 0.0234 -0.0398  0.1417 0.0217  -0.0484 0.1429 0.0228  -0.0443 0.139 0.0213
t N, La, Lo, and M denote normal, Laplace, logistic, and MTN innovations, respectively.
Table 2.1: Bias, SE, and MSE when n = 50
OLS GLS GML m.d.
bias SE MSE bias SE MSE bias SE MSE bias SE MSE
Bo -0.0495 1.8032 3.2539 -0.0222  1.5935  2.5397 0.112 1.8219 3.3318 -0.0097 1.6683 2.7834
51 0 0.0373 0.0014 -0.001 0.0324 0.0011 -0.0021 0.0333 0.0011 -0.001 0.0331  0.0011
N B2 0.0014 0.0381 0.0015 0.001 0.034 0.0012 -4e-04 0.035 0.0012 9e-04 0.0352  0.0012
B3 2e-04 0.0395 0.0016 2e-04 0.0336  0.0011 -0.0011 0.0348 0.0012 -4e-04 0.0346  0.0012
P -0.0333  0.0943 0.01 -0.0136  0.0962  0.0094 -0.018 0.0967 0.0097 -0.0162  0.0984  0.0099
Bo  -0.0399 2.584 6.6788 -0.1123  2.3927 5.7378  0.2255  2.5842 6.7289 -0.1034  2.0057 4.0335
51 4e-04 0.0547 0.003 0.0022  0.0474 0.0023 -0.0012 0.0487 0.0024 0.0016 0.041 0.0017
La f2 -2e-04 0.0533 0.0028 9e-04 0.0464 0.0022 -0.0029 0.0471 0.0022 0.001 0.0399 0.0016
B3 -le-04 0.0529 0.0028 -3e-04 0.0468 0.0022 -0.0031 0.0475 0.0023 2e-04 0.0399 0.0016
p  -0.0305 0.0888 0.0088 -0.0106 0.091 0.0084 -0.0157 0.0914 0.0086 -0.0097 0.0801 0.0065
Bo 0.0891 3.2276 10.4251 0.0699 2.9627 8.7823 0.4833 3.257 10.8414 0.122 2.8969  8.4069
B1 -0.0049 0.0684 0.0047  -0.0035 0.0594 0.0035 -0.0078 0.0616 0.0039 -0.0038 0.0581 0.0034
Lo B2 -0.0011 0.0703 0.0049 -8e-04 0.06 0.0036 -0.005 0.0619 0.0039 -0.001 0.0589  0.0035
Bz 0.0021  0.0674 0.0046 0.0013  0.0608 0.0037 -0.0027 0.0613 0.0038 0.0011 0.059 0.0035
p  -0.0385 0.0928 0.0101 -0.019 0.0955 0.0095 -0.0227 0.0962 0.0098 -0.0191 0.0937  0.0091
Bo  0.0243  2.9132 8.4871 0.0281 2.6472 7.0084 0.3583  2.9276 8.6994 0.0292  2.0247 4.1003
51 2e-04 0.0611 0.0037 -5e-04 0.054 0.0029 -0.0039 0.0553 0.0031 -5e-04 0.0416  0.0017
M Ba -8e-04 0.0595 0.0035 0 0.0523 0.0027 -0.0035 0.0533 0.0029 -3e-04 0.0394 0.0016
B3 0.001 0.0595 0.0035 Te-04 0.0526  0.0028 -0.0025 0.0541 0.0029 0 0.0394 0.0016
p  -0.0264 0.0849 0.0079 -0.0071  0.0879 0.0078 -0.0112 0.0889 0.008 -0.0062 0.0723  0.0053
Table 2.2: Bias, SE, and MSE when n = 100
SE” and “simulated SE,” respectively. As shown in the Tables 2.4 and 2.5, the right choice

of bandwidth h, results in the small difference between estimated SE and simulated SE

of m.d. estimators of ;s except fy. For example, the difference between two SE’s of each

m.d. estimator of 3;-except fp-ranges from 0 to 0.0021. Furthermore, the optimal bandwidth
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OLS GLS GML m.d.

bias SE MSE bias SE MSE bias SE MSE bias SE MSE

Bo -0.0304 1.3333 1.7785 -0.0147 1.1642 1.3556  0.1174  1.3477 1.83 -0.0229  1.1944 1.4271

51 -4e-04  0.0281 8e-04 -le-04  0.0235 6e-04  -0.0015 0.0245  6e-04 -3e-04 0.024 6e-04

N B2 -3e-04  0.0271 Te-04 -6e-04  0.0233 5e-04  -0.0018 0.0242  6e-04 -6e-04  0.0241 6e-04
Bs  0.0014  0.0265 Te-04 Te-04 0.0227  5e-04 -6e-04  0.0235  6e-04 0.0011  0.0235 6e-04

P -0.0188 0.0656  0.0047 -0.008 0.0665 0.0045 -0.0103 0.0668 0.0046 -0.0084 0.0678 0.0047

Bo 0.0707 1.9605 3.8484 0.053 1.7817 3.1773 0.3357 1.9909 4.0764 0.0638 1.4843  2.2071

51 -9e-04 0.038  0.0014  -8e-04  0.0322 0.001 -0.0036  0.0332  0.0011 -7e-04  0.0268 Te-04

La f2 -0.001 0.0396 0.0016 2e-04 0.0343 0.0012 -0.0026 0.0353 0.0013 -3e-04 0.0289 8e-04
B3 le-04 0.0387 0.0015  -4e-04  0.0333 0.0011 -0.0032 0.0343 0.0012 -6e-04  0.0273 Te-04

p  -0.0164 0.0659 0.0046 -0.0065 0.0662 0.0044 -0.0085 0.0666 0.0045 -0.0045 0.0565 0.0032

Bo 0.0904 2.3621 5.5876 0.0612 2.074 4.3051 0.4828 2.4096  6.0394 0.0698 2.0112  4.0497

B1 0.0014 0.0471 0.0022 0.0014 0.0406 0.0017 -0.0025 0.042 0.0018 0.0012 0.0398 0.0016

Lo B2 -0.0024 0.0495 0.0025 -0.0022 0.0411 0.0017 -0.0063 0.0436 0.0019 -0.0022 0.04 0.0016
Bz -0.0011 0.0487 0.0024 -3e-04  0.0421 0.0018 -0.0045 0.0433 0.0019 -4e-04  0.0408 0.0017

p -0.0154  0.067 0.0047 -0.0054 0.0678 0.0046 -0.0076 0.0678 0.0047 -0.0051 0.0655 0.0043

Bo -0.0195 2.1131 4.4655 -0.0365 1.8834 3.5485  0.2563  2.1421 4.6544 -0.0377 1.3869 1.9248

51 0.0013  0.0434 0.0019 0.0014 0.0368 0.0014 -0.0031 0.0376 0.0014 le-04 0.0266 Te-04

M B2 -0.0011 0.0429 0.0018 -Te-04  0.0357 0.0013 -0.0029 0.0386 0.0015 le-04 0.0278 8e-04
B3 0.0012 0.0413  0.0017 0.0013 0.0355 0.0013 -0.0032 0.0385 0.0015 -2e-04 0.0277 8e-04

p -0.0151 0.0633 0.0042 -0.0053 0.0639 0.0041 -0.0096 0.0638 0.0042 -0.0057 0.0497 0.0025

Table 2.3: Bias, SE, and MSE when n = 200

hp-which yields the estimated SE closest to the simulated SE-is shown to be proportional to

n~% where a > 0 for all innovations. For normal and Laplace innovations, h, o n~132; for

other two innovations, hy, o« n~1L.
N La
Table 2.2  h,=0.8 0.9 1 Table 2.2 h,=0.5 0.6 0.7
Bo 1.6683 1.5562 1.5752  1.5900 2.0057 1.7543 1.8107 1.8548
n = 100 081 0.0331 0.0344 0.0349 0.0352 0.0410 0.0387  0.0399 0.0409
B9 0.0352 0.0345 0.0349 0.0352 0.0399 0.0387  0.0400 0.0408
B3 0.0346 0.0347  0.0351 0.0355 0.0399 0.0386 0.0399 0.0409
N La
Table 2.3 h, =0.34  0.36 0.38 | Table 2.3 h, =0.22 0.24 0.26
5o 1.1944 1.0706 1.0788 1.0860 1.4843 1.2473 1.2643 1.2794
n = 200 081 0.0240 0.0238 0.0240 0.0242 0.0268 0.0277  0.0280 0.0284
55 0.0241 0.0239 0.0241 0.0242 0.0289 0.0277  0.0281 0.0284
B3 0.0235 0.0238 0.0240 0.0241 0.0273 0.0277  0.0281 0.0285

Table 2.4: Averages of SE’s of Bj’s with normal and Laplace innovations
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Lo M
Table 2.2  h, =1.3 1.4 1.5 Table 2.2 h, =0.5 0.6 0.7
Bo 2.8969 2.6129  2.6337 2.6522 2.0247 1.7396  1.7955 1.8380
51 0.0581 0.0581  0.0585 0.0589 | 0.0416 0.0386  0.0399 0.0408

n =100 B 0.0589 0.0579  0.0584 0.0588 | 0.0394 0.0387  0.0399 0.0409
B3 0.0590 0.0580  0.0584 0.0588 | 0.0394 0.0387  0.0399 0.0409
Lo M
Table 2.3 h, =0.66  0.68 0.7 Table 2.3  h,, =0.28 0.3 0.32
Bo 2.0112 1.7955  1.8081 1.8198 1.3869 1.2470  1.2647 1.2803
n = 200 1531 0.0398 0.0397  0.0400 0.0403 | 0.0266 0.0275  0.0279 0.0282

B2 0.0400 0.0397  0.0399 0.0402 | 0.0278 0.0274  0.0278 0.0282
B3 0.0408 0.0399  0.0402 0.0404 | 0.0277 0.0275  0.0279 0.0282

Table 2.5: Averages of SE’s of Ej’s with logistic and MTN innovations

2.1.3.2 Global temperature

In this section, we apply m.d. estimation method to real data: one hundred yearly data of
global temperature. The data can be obtained at International Panel on Climate Change
(IPCC) website: http://www.ipcc.ch/. The IPCC website provides with freely accessible

database. The left panel of Figure 2.1 shows the series of global temperature over the past

deg C
deg C

Year0(1916)-100(2016) Year0{1916)-100(2016)

Figure 2.1: The IPCC global temperature (left) and OLS-fitted errors (right) from 1916 to 2016

100 years. As shown in the figure, the upward linear time trend is observed, which may mean

there is an evidence of global warming. Therefore, we consider a linear regression model with
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top = 1916

yr = Bo + Bi(t —tg) + e, ¢ =1917,1918, ..., 2016, (2.20)

where 14 is global temperature in year t. The OLS estimates of the fy and [ are -0.3432

and 0.0079, respectively. Next, we define OLS-fitted error

Elst = Yt — (—0.03432 + 0.0079(t — t)).

The right panel of Figure 2.1 shows the series of OLS-fitted errors; it is not difficult to see
there exist a correlation between the lagged errors. To carry out the correlation analysis
in the sequel, we check sample autocorrelation function (ACF) and partial autocorrelation
function (PACF) of the series of the interest. Figure 2.2 shows the sample ACF and PACF
of the s ;’s of the first 15 lags. First, the ACF exhibits a mixture of the slow exponential
decay and damped sinusoidal component. Second, the series of £, ’s displays significant
PACF coefficients up to the fourth lag. These two facts suggest that true underlying error
model is likely to be AR model of order 4. Bearing these facts in mind, we will fit AR
model of various orders to the errors for the purpose of specifying its unknown order. Under
the assumption that ; obeys AR model (2.1) of the unknown order, we estimate both the
regression and AR parameters of model (2.20); for the orders of AR model, 1, 2, 3, and 4
are tried. Table 2.6 summarizes m.d. and GML estimation results; CO estimation is not
presented since orcutt works for AR errors of order 1 only. Both the m.d. and the GML
estimation methods give similar estimates of 5 and p except when AR model of order 2 is
fitted. As summarized in the table, the linear trend of the m.d. estimation method becomes
steeper as AR model of higher order is fitted; the slopes corresponding to the AR order 1,

2, 3, and 4 are 0.081, 0.084, 0.087, and 0.096, respectively. The GML estimation method
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Figure 2.2: Lag vs. sample ACF and PACF of OLS fitted errors

exhibits the similar result.

It was observed above that when innovations (n = 100) are normal, Laplace, logistic,
and MTN, the estimated SE which is the closest to the simulated SE can be obtained with
bandwidths of 0.9, 0.6, 1.4, and 0.6, respectively; see, e.g., Tables 2.4 and 2.5. With the
assumption that the error obeys AR models of orders 1, 2, 3, and 4, the estimated SE
of the m.d. estimator of 31 and 95% confidence interval (CI) of 31 corresponding to these
bandwidths are reported in Table 2.7. The values in the table are expressed in thousandths:
e.g., SE corresponding to hy, = 0.6 and AR order of 1 is 1.4559 x 1073, When AR model of
the same order is considered, the SE’s corresponding to the different bandwidths differ only
by millionths. As a result, 95% CI’s for 3] are almost the same. But as AR model of the
different order is considered, quite different SE’s are reported; so are different CI's. All CI's
are well-separated from zero, and hence we can conclude 1 # 0, which implies that there is
a strong evidence of the global warming.

Next, we proceed to check whether the assumption of independence of the innovations is

met in order to conclude AR model of which order provides the best fit. To that end, we
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Order of m.d. GML

AR error B ) B )
1 (-0.3207, 0.0081)’  0.6842 (-0.3540, 0.0085)’  0.7146
2 (-0.3390, 0.0084)’  (0.6248, 0.0946)’ (-0.4430, 0.0099)’  (0.6500, 0.1378)’
3 (-0.3540, 0.0087)"  (0.5992, 0.0252, 0.1682)’ (-0.3574, 0.0089)"  (0.6152, 0.0216, 0.1897)’
4 (-0.4025, 0.0096)’  (0.5298, -0.0389, 0.0420, 0.3103)’  (-0.3268, 0.0091)’  (0.5584, 0.0076, 0.0571, 0.2757)’

Table 2.6: M.d. and GML estimates of g and p

Order of h, = 0.6 h, = 0.9 h, =14

AR error SE CI SE CI SE CI
1 1.4559 (5.2728, 10.9800) 1.4556 (5.2734, 10.9794) 1.4554 (5.2738, 10.9790)
2 1.5202 (5.4452, 11.4045) 1.5188 (5.4479, 11.4018) 1.5188 (5.4478, 11.4019)
3 1.6190 (5.6124, 11.9589) 1.6176 (5.6150, 11.9562) 1.6176 (5.6150, 11.9563)
4 1.9522 (5.8703, 13.5232) 1.9485 (5.8776, 13.5159) 1.9485 (5.8776, 13.5159)

Table 2.7: SE of m.d. estimator of 31 and 95% CI

obtain fitted innovations of AR model by solving

~

Emdt = Emdt — Zmd,t Pmd-

~

where &, ;’s are the fitted errors after the two-stage m.d. estimation, Z,,;; is a vector of
the lagged &,,4’s, and p,q is the two-stage m.d. estimator of the AR parameter. Figure
2.3 shows the sample ACF’s of the fitted innovations corresponding to the AR models of
order 1 (top left), 2 (top right), 3 (bottom left), and 4 (bottom right). It can be seen that
the independence assumption becomes viable as the order increases; the dependence seems
to disappear when AR order is 4 as expected from the ACF and the PACF of OLS-fitted
errors. When AR model of order 1 is fitted, there are two spikes out of the approximate 95%
confidence band [-0.2, 0.2]. However, there is no spike out of the band if AR model of order
4 is fitted to the errors. Therefore, we conclude that AR model of order 4 provides better fit
than AR models of other orders: Figure 2.4 - the sample PACF’s of the fitted innovations -

confirms the conclusion.
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Figure 2.3: Lag vs. sample ACF with AR models of order 1, 2, 3, and 4.
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2.2 Panel regression model

In this section, we apply the m.d. estimation method to panel regression model and investi-
gate the asymptotic properties of m.d. estimators of the regression parameters. We discuss
only the case where the number of cross section units is relatively larger than the length
of time periods, which is called short panel data. Section 2.2.2 will discuss the asymptotic
properties when the number of cross section units goes to infinity while time periods are

kept finite .

2.2.1 Random effect model

Recall the panel regression model (1.2). Define

1 2
Yin Tip Tl i1 il
1 2
Yi2 LTig Tig 1152 €42
Y’L = ) XZ = , &= s
Y; S SR €
LT I pg | T T i Iy LT 1 psg
Y X1 €1
Yo X9 €2
Y = , X = , E=
Y X €
Lo nT'x1 L nT'xXp L= nT'x1

Then standard panel regression model can be expressed as

Y =Xp+e¢
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where 8 = (1, B2, ..., Bp) € RP. As seen in (1.2), the error can be rewritten as sum of time-
invariant individual effect and remainder disturbance: €;; = v; + v;+. The panel regression
model which assumes that time-invariant individual effect 7; is uncorrelated with a;; is called
random effect model. Another classical assumption on the error in the random effect model
is that correlation over time does not change across the panel, i.e., F(gjgis) = 03 + 0%.
However, errors over cross-sections are independent, i.e., E(gjej5) = 0 for all 7 # j. Assume

that

E(v) = 0, E(wv) = o217 wnr

where v = (111, ..., vp1) € R™. Let ¥ denote E(sisg). Then, we have

03 + 0% 0% 0%
9 9. . 0’% 03 + 0% 0%
) = JVITXT —+ U,Y’LZ =
2 2 2 2
i a5 o5 oy + 05 |

where 2 is a T' x 1 vector of ones. Let €2 be the covariance of the error for all the observations,

i.e., F(e€’). Then,

X 0 0

0 X 0
Q:Ian(X)E:

0 0 b))
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Before we investigate the asymptotic behavior of the m.d. estimators, we need assump-
tions on the structure of X, similar to those in the Section 2.1. Hence, we replace X and x;
with X and z;; in (2.2). Similarly, let A := (X’X)"%/2 and D := XA. Note that D can be

partitioned into n x 1 blocks as follows:

XA D,
D=| XA | =| D;
X, A D,
where -~ ~
ditn - dig o digp
Di =XiA= | diy " dg, - dig
dir1 - ditk - diTp

for 1 <i<n,1<t<T,and 1<k <p. Notethat forall 1 <k <p

n T
ZZdZZtk = 1. (2.21)

Similar to what was done in the Section 2.1.1 for asymptotic uniform quadraticity, we define
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the distance function

~
<
=

I
(1=

T
S di{ 1(Yig — wyb < y) — (= Yy + b <) |,

i=11t=1
U(y.b) = (Ui(y,b).....Up(y. b)), yeR,
L) = [ UGB dH). bR
where H is a o—finite measure on R and symmetric around 0, i.e., dH(—z) = —dH(x), x €

R. Subsequently, define B as

L(B) := iréfL(b). (2.22)

For the analogue of ) in the Theorem 2.1.2, define for b € R”
£(b)i= [ U8 + 24716 - B)1(0)|* dH ).

2.2.2 Asymptotic distribution of 3

In this section we derive the asymptotic distribution of B under the current setup. The
basic method of the proof is similar to that of the Section 2.1.1. We first state the necessary

assumptions. Let F' denote the d.f. of €.

(C.1) The matrix X’X is nonsingular and, with A = (X'X)~ /2, satisfies

limsup n max max [Azi|®> < oc.
n—oo  1<i<n1<¢<T
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C.2) The integrating measure H is o—finite and symmetric around 0, and
( grating y
(0.9]
/ (1-F)dH < oc.
0
(C.3) For any real sequences {ap}, {bn}, bn —an — 0,

bn
lim sup /f(y + 2)dH (y)dz = 0.
an

n—oo

(C.4) For a € R, define a* := max(a,0), a~ :=a™ —a. Let 0;; := ||[Az;||. For all u € R?,

|lul]| <0, for all 6 > 0, and for all 1 < k < p,

+ / / 2 9
> d {F(y+u Ay +00;) — Fy + o' Ay — 6%)}] dH (y) < 62,
t=1

lim sup [

n
n—00 ‘
=1

where ¢ does not depend on u and 4.

(C.5) Let e}, € RP be elementary vector whose kth coordinate is 1. For each u € RP and

all 1<k <p+1,
n T 2
,/ Y di{Fly+u'Amy) — F(y)} — ey f(y)| dH(y) = o(1).
i=1t=1
(C.6) F has a continuous density f with respect to the Lebesgue measure on (R, B).
(C.7) 0< [ frdH < o0, 7 =1,2.

Now, we are ready to state the result.

Theorem 2.2.1. Assume {Yj;, 1 <i<n,1 <t <T} bein the model (1.2). Assume that
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(C.1)-(C.7) hold. Then for any 0 < ¢ < 00

E sup IL(b) — L(b)|| = o(1). (2.23)
|A~L(b-B)<c

Corollary 2.2.1. Suppose that the assumptions of Theorem 2.2.1 hold. Then for any e > 0,

0 < z < 00 there exists an Ne, and 0 < ¢ < oo (depending on £ and M ) such that

P ( inf L(b) > z) >1—¢e, Vn>N:. (2.24)
IA=1(b-B)||=c

Proofs of Theorem 2.2.1 and Corollary 2.2.1 are very similar to those of Theorem 2.1.2 and
Corollary 2.1.1; however, the proofs are much simpler since the correlation of errors between

different cross section units is zero. Therefore, they are not presented here.

Theorem 2.2.2. Under the assumptions of Theorem 2.2.1,

ATV B - B) = {2/ / W)Uy B) dH (y) + op(L). (2.25)

Proof. By Theorem 2.2.1 and Corollary 2.2.1, L(b) is uniformly locally asymptotically

quadratic and

IA~Y(B = B)] = Op(1).

Therefore, the proof is straightforward, as in i.i.d. case illustrated in Koul (2002).

Recall ¢ in the (2.10) and define 2, := (2p1, .., 2np)’ € RP where

n T
ok =YY digt(e),  k=1,2,..p.

1=11t=1
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Let 3, denote covariance matrix of z, and X, denote its (k, h) entry. Note that

T

n
Sk = B D

=1 t=

n T
digk(cit sz]sh@D 5]8)
1

j=1s=1

n T T
= > ) dipdisp Ev(zin) v (eis)

1=11t=1s=1
2

< nlrél?g(nlgl&Xsztk T2 (e1)ll3

< o0

The second equality follows from the independence of £;; and € for i # j; the first inequality

follows from (A.1) and (A.7). Let a;, denote kth column vector of A. Rewrite

n

T T
Sokh =8y | >8> Y xpx E(ei)v(eis) o | ap. (2.26)
i=1 (t=1s=1
Consider A € RP. Let (; := Zg;l A’Egl/QAmit@/J(eit). By symmetry of errors, E(; = 0.

Also note that

SNoE¢ = Y EZZ{A’ P Az (o) NS P Az (es) )
=1 =1

_1/2 —1/2

T
= N, A ZzwitwésEiﬂ(ﬁit)w(%) A3y,

im1 | t=1s=1
2
= (Al

where the last equality follows from (2.26). Recall Lyapunov’s Theorem.
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Theorem 2.2.3. (Lyapunov’s Theorem ) Suppose { X1, Xs,...} is a sequence of indepen-

dent random variables, each with finite expected value p; and variance 02.2. Define

n
2= 02
=1
If there is some 6 > 0 such that
1 n
. 240
ng%O@;E!XZ pil =% =0, (2.27)
1=

then

1 n
— > (X; — ) =p N(0,1).
Sn <
i=1
As a consequence of Theorem 2.2.3, we obtain the following corollary.

Corollary 2.2.2. Assume X, is positive definite for all n > p. In addition, assume that

sup o' =0(1). (2.28)
weRP, ul|=1
Then
—-1/2
S0 220 = p N(O, L), (2.29)

where Ipxp is the p X p identity matriz.

Proof. To prove (2.29), it suffices to show that for any A € RP, A'Z;lpzn is asymptotically

normally distributed. Note that A'E;l/an = Y"1 1 ¢ where {(1, (2, ..., (n } 18 a sequence of
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independent random variables. Observe that (C.1), (C.7), and (2.28) imply

s s |3 A
t=1

< Wz M)2T o o || A [ (i)

= O(nil/z).
Consequently, for any 6 > 0, we have
n n
STEIGPT =0Ty B¢ —o.
=1 =1

Therefore (2.29) follows after the direct application of Theorem 2.2.3.

Corollary 2.2.3. Assume that (C.1)-(C.7) hold. Then
-1/2 4 1,5 _
S PATNB = B) = p {21115} N, Ixy) (2:30)

Proof. Note that

znz/f(y)U(y,ﬂ)dH(yL

Hence (2.30) directly follows from Corollary 2.2.2.

2.2.3 Other panel data estimators

In this section, we introduce other estimators commonly used in the literature of economet-
rics. All are variations of OLS estimators. Recall the model (1.2). When we average response

variables, design variables, and errors over all time periods and subtract the averages from
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the original variables, we then obtain between model
Y, = x84+, i=1,2,..,n,

where V; = 71 Zle Vi, &; =T} Zg;l xj, and & = T~ 1 Zg;l g;t- The between estima-
tor is nothing but OLS estimator of regression parameter of the between model. The panel
data has a special feature-that the variables vary with time-which the merits of panel data
originates in. As seen above, the between model loses this feature by averaging the original
variables over all time periods. To redress this issue, another panel regression model which

is called within model is proposed:
Yy —Y; = (x; — i:l)/ﬁ + (gt — &i), 1=12,...nt=1,2,..,T.

The within estimator is the OLS estimator obtained from the within model. Note that the
time-invariant individual effect ; does not exist in the within model after the average of the
error is subtracted from the original error. Another well-celebrated panel data estimator is
random effect estimator. The random effect estimator is feasible GLS estimator of the model

(1.2); it can be obtained by applying OLS estimation to the following model
Yi =AY = (@i — A&) B + (e — A&y),

where ) is consistent for A := 1 — 02/ /o2 + TJ%. Note that OLS and within estimator are
special case of the random effect estimators corresponding to A=0and \ = 1, respectively.
In order to obtain the m.d. estimators in the next section, we apply the m.d. estimation

method to the within model instead of the model (1.2). For the case of the regression
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model with i.i.d. non-Gaussian errors, Kim (2016) empirically showed the m.d. estimators
outperform OLS estimators. Note that the extent of the dependence of errors in the panel
regression model is between those of the regression with i.i.d. and AR errors. Since the
superiority of the m.d. estimators to the OLS family is demonstrated, they are expected to

still remain superior to the panel data estimators.

2.2.4 Simulation

In this section we present a simulation study corresponding to sixteen pairs of symmetric in-
dividual effect and remainder disturbance. Both individual effect and remainder disturbance
are generated from normal, Laplace, logistic, and MTN. For example, Table 2.8 reports the
findings corresponding to the normal individual effect with normal, Laplace, logistic, and
MTN remainder disturbances when n = 10 and 7' = 5. The simulation setup is very similar
to one in the Section 2.1.3. The bias, SE, and MSE of the estimators of regression param-
eters are reported in the tables; for easy comparison purpose, we analyze the findings and
evaluate the performance of estimators in terms of MSE since those which display the least
MSE also approximately display the least bias and SE.

In case of the normal individual effect, the within estimators show the best performance
regardless of remainder disturbance; the random effect estimators display almost the same
performance as the within estimators. The m.d. estimators follows the within and the ran-
dom effect estimators, and, not surprisingly, OLS estimators are the worst. For the non-
Gaussian individual effects, the m.d. estimators outperform other panel data estimators as
expected. The simulation study in this section exhibits the similar pattern to one in the
Section 2.1.3; the superiority of the m.d. estimators to other estimators is salient especially

when the model contains the MTN individual effect.
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OLS Within RE m.d.
bias SE MSE bias SE MSE bias SE MSE bias SE MSE
B1 0.0006 0.0534 0.0028 0.0019 0.0388 0.0015 0.0018 0.0388 0.0015 0.0018 0.0398 0.0016
N B2 -0.0017 0.0550 0.0030 0.0002 0.0389 0.0015 0.0002 0.0395 0.0016 0.0005 0.0400 0.0016
Bs  0.0031 0.0504 0.0026 0.0012 0.0383 0.0015 0.0016 0.0385 0.0015 0.0014 0.0395 0.0016
B1 -0.0034 0.0657 0.0043 Te-04  0.0361 0.0013 4e-04  0.0361 0.0013 8e-04  0.0371 0.0014
La B2 0.0043 0.072  0.0052 0.0014 0.0388 0.0015 0.0014 0.0387 0.0015 0.0013 0.0398 0.0016
Bs  -0.004 0.0662 0.0044 -4e-04 0.0373 0.0014 -7e-04 0.0373 0.0014 -9e-04 0.0384 0.0015
51 0.001 0.0887 0.0079  3e-04 0.0379 0.0014 6e-04  0.0381 0.0015  4e-04 0.039  0.0015
Lo p2 0 0.0873 0.0076  0.0013 0.0393 0.0015 0.0013 0.0395 0.0016 0.0011 0.0402 0.0016
Bs  0.0015 0.0874 0.0076 0 0.0386  0.0015 le-04  0.0387 0.0015 -3e-04 0.0402 0.0016
B1 0.0015 0.0756  0.0057 -9e-04 0.0383 0.0015 -6e-04 0.0384 0.0015 -9e-04 0.0395 0.0016
M B2 0.0021 0.077  0.0059 -3e-04 0.0376 0.0014 0 0.0374 0.0014 -4e-04 0.0384 0.0015
B3 8e-04 0.0758 0.0058 0.0018 0.0381 0.0015 0.0013 0.0383 0.0015 0.0018 0.0391 0.0015
t Within and RE denote the within and random effect estimators, respectively.
Table 2.8: Bias, SE, and MSE of estimators: 7 is normal with n = 10 and 7" = 5.
OLS Within RE m.d.
bias SE MSE bias SE MSE bias SE MSE bias SE MSE
51 6e-04 0.0671 0.0045 0.0017 0.0673 0.0045 0.0012 0.0674 0.0045 0.0016 0.0669 0.0045
N B2 0.0025 0.0663 0.0044 4e-04 0.0708  0.005 0.0015  0.0689  0.0048 Te-04 0.0699  0.0049
B3 -0.0012 0.0661 0.0044 -0.0026 0.0664 0.0044  -0.002 0.068  0.0046 -0.0028 0.0655 0.0043
B1 -0.0138 0.1405 0.0199 -0.0148 0.138 0.0194 -0.0149 0.1376 0.0192 -0.0153 0.1383 0.0194
La B2 0.0487 0.3609 0.1326  0.0461 0.359 0.131 0.047 0.3588  0.131 0.0468  0.3588  0.1309
B3 -0.0339 0.2484 0.0629 -0.0297 0.2454 0.0611 -0.0308 0.2457 0.0613 -0.0308 0.2452 0.0611
B1 0.0055  0.0906 0.0082 0.002 0.066  0.0044 0.0023 0.0669 0.0045 0.0013 0.0659 0.0043
Lo B2 -9e-04 0.0927 0.0086 0.0017 0.0668 0.0045 0.0013 0.0672 0.0045 0.0013 0.0665 0.0044
B3 -0.0061 0.0917 0.0085 -9e-04 0.066 0.0044 -0.0012 0.0665 0.0044 -4e-04 0.0666  0.0044
B1 -0.0032  0.089 0.0079  -5e-04  0.0701 0.0049 -0.0011 0.0707  0.005 -8e-04  0.0689  0.0047
M fs 9e-04 0.0964 0.0093 0.0039 0.0681 0.0047 0.0042 0.0691 0.0048 0.0039 0.068  0.0046
B3 -0.0012 0.0909 0.0083 -5e-04 0.0709 0.005 -5e-04 0.0709 0.005 0 0.0712  0.0051
Table 2.9: Bias, SE, and MSE of estimators: v is logistic with n = 10 and 7" = 5.
OLS Within RE m.d.
bias SE MSE bias SE MSE bias SE MSE bias SE MSE
B1 0.0017 0.0592 0.0035 -5e-04  0.0541 0.0029 -6e-04  0.0542 0.0029 4e-04 0.0506  0.0026
N pBa2 5e-04 0.059  0.0035  -le-04 0.051  0.0026  -le-04  0.0504 0.0025 -4e-04  0.0488 0.0024
B3 0 0.0585 0.0034 -8e-04 0.0518 0.0027 -6e-04  0.0526 0.0028 -0.0011 0.0488 0.0024
81 -0.0109 0.1236 0.0154 -0.0106 0.1137 0.0131 -0.0099 0.1138 0.0131 -0.0103 0.1119 0.0126
La B2 0.0324 0.3074 0.0955 0.0302 0.3033 0.0929 0.0305 0.3032 0.0928 0.0311 0.3027 0.0926
Bs -0.0174 0.2126  0.0455 -0.02 0.2056  0.0427 -0.0189 0.2062 0.0429 -0.0196 0.2049 0.0424
B1  -0.0138 0.1405 0.0199 -0.0148 0.1386 0.0194 -0.0149 0.1376 0.0192 -0.0153 0.1383 0.0194
Lo B2 0.0487 0.3609 0.1326  0.0461 0.359 0.131 0.047 0.3588  0.131 0.0468  0.3588  0.1309
Bs  -0.0339 0.2484 0.0629 -0.0297 0.2454 0.0611 -0.0308 0.2457 0.0613 -0.0308 0.2452 0.0611
B1 -0.005  0.0808 0.0066 -0.0025 0.0528 0.0028 -0.0029 0.0519 0.0027 -0.0015 0.0487 0.0024
M B2 0.0039 0.0825 0.0068 0.0019 0.0561 0.0032 0.0021 0.0561 0.0031 0.0019 0.0522 0.0027
B3 0 0.0851 0.0073  -0.002  0.0541 0.0029 -0.0014 0.0544 0.003 -0.0019 0.0501 0.0025

Table 2.10: Bias, SE, and MSE of estimators: ~ is Laplace with n = 10 and T' = 5.
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OLS Within RE m.d.
bias SE  MSE _ bias SE MSE __ bias SE MSE __ bias SE MSE
B 00038 0.0749 00056 0.0011 0.0823 0.0068 0.0021 0.0832 0.0069 0.0013 0.0587 0.0034
N B2  -9e-04  0.077 0.0059 204 0.0771 0.0059 le-04  0.0779 0.0061 -8e-04  0.0545  0.003
B3 -9e-04 0.0736  0.0054 -0.0035 0.0818 0.0067 -0.0031  0.08  0.0064 -3e-04 0.0572 0.0033
B -0.0069 0.0972 0.0095 -0.0036 0.0909 0.0083 -0.0041 0.0895 0.008 -0.0027 0.0713 0.0051
La B2 0.0067 0.1601 0.0257 00057 0.1561 0.0244 0.0067 0.1563 0.0245 0.0046  0.1456 0.0212
Bz -0.0031 0.1234 0.0152 -0.0031 0.1179 0.0139 -0.0028 0.1173 0.0138 -0.0056 0.1049  0.011
B -0.0141 0.1369 0.0189 -0.0105 0.1256 0.0159 -0.0096 0.1253 0.0158 -0.0098 0.1118 0.0126
Lo B 00292 03004 00911 00303 0.2951 0.088 00298 0.2952 0.088  0.0292 0.2895 0.0847
Bz -0.021 0.2136  0.0461 -0.0149  0.206 0.0427 -0.0149 0.2063 0.0428 -0.0165 0.1974  0.0392
B 0.0023 0.0966 00093 -0.0037 0.0811 0.0066 -0.0017 0.0801 0.0064 -0.002 0.0575 0.0033
M B2 1le04  0.0947 0.009 2604  0.0808 0.0065 0 0.0791 0.0063  3e-04  0.0578  0.0033
B3 -0.0011 0.0913 0.0083 0.0025 0.0793 0.0063 0.0017 0.0784 0.0061 4e-04  0.0571 0.0033
Table 2.11: Bias, SE, and MSE of estimators: v is MTN with n = 10 and T" = 5.
OLS Within RE m.d.
bias SE MSE bias SE MSE bias SE MSE bias SE MSE
B -3¢-04 0.0271 7e-04 204 00174 3¢-04 204 00174 3¢-04  -3¢-04 0.0176  3¢-04
N By T7e04 00283 804 -6e-04 0.0175 304  -5e-04 00174 3e-04  -6e-04 0.0177  3e-04
Bz -0.0011 0.0262 7e-04  -le-04 0.0174  3e-04  -2¢-04 0.0174  3e-04 0 0.018  3e-04
B 00028 0.0375 0.0014 204 00169 3e-04  2e-04 0017 3e-04  3¢-04 00174  3¢-04
La B2 00015 00362 00013 0001 00169 3¢-04 0001 00169 3e-04 00011 0.0172  3e-04
B3 -6e-04  0.0379 0.0014 -0.0013 0.0174 3e-04 -0.0014 0.0174 3e-04 -0.0014 0.0179  3e-04
B -4e-04 0.0446 0.002  -1e-04 0.0174 3¢-04 -1e04 00174 3e-04  -3¢-04 0.0178 3e-04
Lo B2 -804 0.0469 0.0022 0 0.0171  3e-04 0 0.0171  3¢-04 0 0.0177  3¢-04
Bz 0.0015 0.0449 0.002 -0.0011 0.0175 3e-04 -0.0011 0.0176 3e-04  -0.001  0.0179  3e-04
B -0.0101 0.1218 0.0149 -0.0126 0.1148 0.0133 -0.0126 0.1148 0.0133 -0.0125 0.1148 0.0133
M By 00411 0.3424 0.1189 0.0389 0.3406 0.1175 0.0389 0.3406 0.1175 0.0388  0.3406 0.1175
Bz -0.027 0.2305 0.0539 -0.0257 0.2275 0.0524 -0.0258 0.2275 0.0524 -0.0259 0.2275 0.0524
Table 2.12: Bias, SE, and MSE of estimators: ~ is normal with n = 20 and T" = 10.
OLS Within RE m.d.
bias SE MSE bias SE MSE bias SE MSE bias SE MSE
Bi 0.001 00349 00012 -0.0011 0.0308 0.001 _ -0.00I  0.0306 9e-04  -8e-04  0.0301  9e-04
N By -0.0024 0.036 00013 -0.002 0.0332 0.0011 -0.0022 0.033 0.0011 -0.0019 0.0322  0.001
B 0.0012 00331 00011 1e-04 0.0325 00011 2e-04 0.0322 0001  1e-04 0.0312  0.001
B1 -0.0065 0.0881 0.0078 -0.0067 0.0835 0.007 -0.0068 0.0834 0.007 -0.0066 0.0833  0.007
La B2 00175 02357 00559 0.0181 0.2339 00551 0.0181 0.2339 0.0551 0.0176 0.2339  0.055
Bz -0.014 01602 00259 -0.013 01577 0.025 -0.0131 0.1577 0.025 -0.0137 0.1576  0.025
Bi -0.002 0.0742 0.0055 -0.0025 0.0632 0.004 -0.0025 0.0632 0.004 -0.0026 0.0628  0.004
Lo B2 001 0172 00297 00079 0.1673 0.0281 0.008 0.1673 0.0281 0.0076 0.1672  0.028
Bs -0.0063 0.1201 0.0145 -0.0061 0.1137 0.013 -0.0062 0.1137 0.013 -0.0066 0.1135 0.0129
Bi 2e-04 00468 0.0022 4e-04  0.0306 9e-04  4e-04  0.0304 9e-04  7e-04  0.0298  9e-04
M B2 -0.0034 0.0463 0.0022 -0.0033 0.0324 0.0011 -0.0033 0.0322 0.001  -0.0031 0.0318  0.001
B3  0.0031 0.0468 0.0022  6e-04  0.0325 0.0011 7e-04 0.0324 0.0011 8-04 0.0319  0.001

Table 2.13: Bias, SE, and MSE of estimators: 7 is logistic with n = 20 and 7" = 10.
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OLS Within RE m.d.
bias SE MSE bias SE MSE bias SE MSE bias SE MSE
Bi -0.0017 0.031  0.001  -6e-04 0.0247 6e-04  -6e-04  0.0247 6e-04  -1e-04  0.0216  5e-04
N By 4e-04 00306 9e-04 0.0012 00251 6e-04 0.0012 0.0251 6e-04  9e-04  0.0222 5e-04
B3  9e-04  0.0302 9e-04  0.0012 0.0242 6e-04  0.0013 0.0242 6e-04  7e-04  0.0214  5e-04
B1 -0.0065 0.0881 0.0078 -0.0067 0.0835 0.007 -0.0068 0.0834 0.007 -0.0066 0.0833  0.007
La B2 00175 02357 00559 0.0181 0.2339 0.0551 0.0181 0.2339 0.0551 0.0176 0.2339  0.055
B3 -0.014 0.1602 0.0259 -0.013  0.1577 0.025 -0.0131 0.1577 0.025 -0.0137 0.1576  0.025
B1 0.0013 0.0891 00079 -le-04 0.0824 0.0068 0.0017 0.0837 0.007 _-0.0013 0.0593  0.0035
Lo B2 00017 00872 00076 3¢-04 0.0821 0.0067 3e-04 0.0808 0.0065 504 0.0582 0.0034
B3 -Te-04  0.0824 0.0068 0.0016 0.0852 0.0073 0.0027 0.0832 0.0069 0.0012  0.0592 0.0035
B1 -0.0023 0.0405 0.0016 -4e-04 0.0235 6e-04  -5e-04  0.0235  6e-04  -6e-04  0.0208  4e-04
M By -5e-04  0.044 0.0019 3e-04 00238 6e-04  4e-04  0.0237  6e-04 0 0.0208  4e-04
B3 -0.0012 0.044 00019 -8c-04  0.025 6e-04  -8e-04 0.0248 6e-04  -0.001  0.022  5e-04
Table 2.14: Bias, SE, and MSE of estimators: « is Laplace with n = 20 and T' = 10.
OLS Within RE m.d.

bias SE MSE bias SE MSE bias SE MSE bias SE MSE
B 00018 0.0377 00014 00012 00374 00014 00011 00371 00014 7c-04  0.0233 5e-04
N B2 -0.0011 0.0363 00013 -9e-04 0.0351 0.0012 -0.0013  0.035  0.0012 0 0.0217  5e-04
B3  5e-04  0.0381 00015 -9¢-04 0.0355 0.0013 -8c-04 0.0354 0.0013 -8e-04  0.0222  5c-04
B -0.0165 0.137 0019 -0.0167 0.1345 0.0184 -0.0168 0.1344 0.0184 -0.0171 0.1313 0.0175
La B2 00519 03904 0.1551 00499 0.3901 0.1546  0.05 039  0.1546 0.0495 0.3891 0.1538
B3 -0.0334 0.2625  0.07  -0.0327 0.2615 0.0695 -0.0328 0.2615 0.0694 -0.0337 0.2599  0.0687
B -0.0019 0.0696 0.0048 -0.0032 0.0579 0.0034 -0.003  0.0578 0.0033 -0.0026 0.0502  0.0025
Lo B2 00079 0.1443 0.0209 00053 0.1391 0.0194 0.0055 0.139 0.0194 0.0058 0.1361 0.0186
B3 -0.0039  0.103  0.0106 -0.0037 0.0965 0.0093 -0.0036 0.0965 0.0093 -0.0042 0.0923  0.0085
B 4e-04 0.0493 00024 0.0013 0.0356 0.0013 0.0013 0.0356 0.0013 2c-04  0.0219 5c-04
M B -Te-04 0.0489 0.0024 -4e-04 0.0366 0.0013 -5e-04  0.0365 0.0013 0 0.0225  5e-04
B3  -4e-04  0.0497 0.0025 1le-04  0.0387 0.0015  1le-04  0.0386 0.0015 -le-04 0.0238  6e-04

Table 2.15: Bias, SE, and MSE of estimators: v is MTN with n = 20 and 7" = 10.
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2.3 Proofs for Chapter 2

Proof of Theorem 2.1.2. Section 5.5 of Koul (2002) illustrates the claim holds for inde-
pendent errors. Proof of the theorem, therefore, will be similar to the one of Theorem 5.5.1

in that section. Define for k =1,2,...,p+ 1, u € RPTL y e R,

n n
Te(yu) = > dy Fly+u'Axy), Yi(y,u) = diy (5 < y+u'Az;), (2.31)
i=1 i=1
Wk(y,U) = Yk(y,U) - Jk(y,”),

where x; € RPTL j = 1,2, .. n are in the model (1.1), and d;, = apzi. Note that
AN dipr; = ey, where e, € RPFL is elementary vector whose kth entry is 1. There-

fore, rewrite

p+1
13+ An) = 3 [ [(Wilyn) = Wyl 0} + (Wil-) = Wi(-3, 0} 232)
k=1

H (T (y u) — Jg(y,0)) — u'eg f(y)}
H(Jp(—y,u) = Jp(—y.0)) — ey f(y)}

U, B) + 2 ey f))|” dH ().

Note that the last term of the integrand is the kth coordinate of U(y, 8) +2A7(t — B) f(y)
vector in Q(t). If we can show that suprema of L%[ norms of the first four terms of the
integrand are op(1), then applying Cauchy-Schwarz (C-S) inequality on the cross product

terms in (2.32) will complete the proof. Therefore to prove theorem it suffices to show that
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forall k=1,2,...,p+1,

Esup/ (Wi (£y, u) — Wi(£y,0) y dH (y) = o(1), (2.33)
sup [ | ) = Tyl 0) — ey S dH @) =o1), (230
Esu [ \Uk<y,ﬁ>+2u’ekf<y>\2dﬂ<y>=0<1>. (2.35)

where sup is taken over |Ju|| <.

First consider (2.35). By the symmetry of F and H and Fubini’s theorem, we obtain

E/{](sigy)—I(—gi<y)}2dH(y):4/Ooo(1—F)dH.

In addition, Lemma 2.3.1 yields, for j > 1,

Together with the fact that (1 — F) < (1 — F)1/2, by (A.1), (A.2), (A.7), and Lemma 2.3.2,

we obtain
2 < 2
E/Uk(y,ﬁ) dH(y) < 4n1r£1?<xndzk/0 (1— F)dH +40v2 nlrgagnd (2.36)
— 1/2,.
XM IZ Z O‘l/ (j—z)/ (1 )1/2dH
i—=1 j=it+1 0
< 0OQ.

Therefore, (2.35) immediately follows.

50



The proof of (2.34) does not involve the dependence of errors, and hence, it is the same
as the proof of (5.5.11) of Koul (2002). Thus, we shall prove (2.33). Here we consider the
proof for the case +y only. The similar facts will hold for the case —y.

To begin with let J];tu(-)7 iji(-), and le;() denote Ji (-, u), Y. (-, u) and Wi (-, u) in (2.31)
when d;y, is replaced with d; so that Jj, = JF — J, YV, = Y, =V, and Wy = W,F — W,

Define for z € RPHL 4 e RPHL 4 e R,

ply,usz) = F(y+u'Az) — F(y),

By = I(g; <y+u'Ax;) —I(g; <y) — p(y, u; z;).
Rewrite

Wkio Zd {I(e; <y+d/Az) —1(g; < y) —ply, ;) }.

Note that

E By < F(y+0;||ul)) — F(y) (2.37)
Recall a lemma from Deo(1973).

Lemma 2.3.1. Suppose for each n > 1, {{,;, 1 < j < n} are strongly mizing random
variables with mizing number o;. Suppose X and Y are two random variables respectively
measurable with respect to o{&p1, ..., Enk b and o{&pkrm, - Ennt, 1 <m, m+k < n. Assume
p,q and r are such that p~' + ¢~ + 771 and | X||p < 00 and ||Y|q < oo. Then for each

1<m,k+m<n

|B(XY) — E(X)E(Y)| <10 a3'" (m)|[ X [[p[[Y -

51



Consequently if || X||oco = B < oo then for ¢ > 1 and each 1 <m, k+m <n
1 1
B(XY) = B(X)E(Y)| < 10- 0V 1m) ¥ g

In addition, consider following lemma.

Lemma 2.3.2. For 1l <r < 3,
n—1n—t 1
_1 T
2D o (k) =0a).

1=1 k=1

Proof. Fix an 1 < r < 3. Let p such that 1/r + 1/p = 1. Note that

Therefore, by Holder’s inequality, we have

1n 1n—i 1/ n—1 m—EP 1 p /p—1 ) 1/r
DY o (k) < (Z - 'kzp/r) (;k al(k)) < 0o. (2.38)

=1 k=1 k=1

The last inequality follows from the assumption (A.8), thereby completing the proof of the

lemma.
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Now, we consider the cross product terms of E ‘Wku — Wk()@[ Then

’E/Z > ldidjp{I(si <y+d'Avy) = I(ei < y) — ply, us )}

=1 j=it1
x{I(e; <y+u'Azj) —1(e; <y) — ply,u;x;)}] dH(y)‘

n n
Z Z difdjy, /}EBman| dH

i=1 j=i+1

< 10b1/2{nmaxdk} {max9}1/2 _122 1/2 /fl/QdH%O

i=1 m=1

IN

The second inequality follows from Lemma 2.3.1, and the convergence to zero follows from
the Lemma 2.3.2 with » = 2, (A.1), and (A.7). Consequently, by Fubini’s Theorem together

with (A.3), we obtain, for every fixed |lul| <,

limsup F |Wy,, — WkO‘H < lim sup/

n—00 —an,

/fy+sdH) =0,

where a,, = bmax; 6; — 0.
To complete the proof of (2.33), it suffices to show that for all € > 0, there exists a § > 0

such that for all v € RPHL ||u —v|| <6,

limsup E sup |Kp, — Kiyl <€, (2.39)
oo lu—vl|<é

where

’Cu:|Wku_WkO‘%Iv UERP+1> 1<k<p+1.

(2.39) follows from (5.5.5) of Koul (2002), thereby completing the proof of theorem.

Proof of Corollary 2.1.1. The proof of the claim for independent errors can again be
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found in the section 5.5 of Koul (2002). The difference between the proof in the section 5.5
and one here arises only in the part which involves the dependence of the error. Thus, we

present only the proof of an analogue of (5.5.27) in Koul (2002). Let

Ly = /[idik{f(&‘iSy)—f(—€i<y)}}f(y)dH(y),

L = (Ly, ., Lyi1).

Note that Ly = [ Ug(y,8)f(y)dH (y). Therefore, using C-S inequality together with (2.36),

we obtain, for some 0 < C < 00

00
0

BILI® < Clo+ Iffy [ (1= F)Y2an

Using £/ Ly, = 0 for kK = 1,...,p+ 1 and Chebyshev inequality, for all € > 0 there exists Ny
and c¢ such that

Clp+ If1F J( - P)V2dH

P(ILI <) > 1-
Ce

21—6/2, n > Nj.

The rest of the proof is the same as that of Lemma 5.5.4 of Koul (2002).

Proofs of Section 2.1.2
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Proof of Theorem 2.1.6. Note that

-~

Skly.r) = Sply,r)+n~'2 iq_k [{ 1(§ S y+ Zo/V/n+ Gulu,v) = 1(& < y+ Zjv/v/n) |
—{N—@Sy—Zhh@—QMMW)—M—&<y—ﬂw¢@}]

—n énn,i_kw){ 1(&G <y + Zjv/v/n) — (- & <y — Zjv/v/n) }

—nl2 innﬂ-_k(u) [{ I(& < y+ Zio/Vi+ Guuv) = 1(& < y+ Zo/vn) }

~{1(—& <y—Zv/vn - Gutuv) —I(= & <y = Zjv/ V) }

= S+ R1F — Rk —R3E  (say).

In what follows, the index k£ runs from 1 to p + 1. In order to conserve the space, we write

0k iy, ete. for Nn,i—k(w); Cpi(u,v), etc. Similar to the way as that used in Theorem 2.1.2,

in order to prove Theorem 2.1.6, it suffices to show that for j =1,2,3
k12
swp  [RiE [ = opl1).

[[ul| <b,[[v]|<b

Consider lew. First, define for 1 < k <q

wp(y,w,v) = 0N g g (& < y+ Zv/vn+ i),
=1

vy uv) = 0Tt e gk Fely + Zjv/ Vit Guilu,v),
i=1
Wk(yv u, U) = \/ﬁ[wk‘(yv u, U) o Vk‘(yv u, U)} :
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Also consider the following processes:

n
Ti(ysu,0,£8) = n~1/? > ek I(& < y+ Zv/vn+ Guilu,v) £ dpi(8,u,0)),
=1
ZTL
my(yiu, v, £0) = 0 VY ey Fe(y + Zv/ i+ Guilu,v) £ dpg(8,u,0)),
i=1
Zp(ysu,v,£6) = Tp(ysu, v, £6) — my(y; u, v, £0).

Note that d,;(—0,u,v) # —dy;(d,u,v). However, for the purpose of conserving the space,

let

Ti(ysu,v,—0) == n V2N " ey 1 1(& <y + Zv/ v+ Cuilu,v) — dpi(6,u,0)).
=1

Similarly, we define my(y;u,v, —d) and Z(y;u,v, —9) by subtracting term d,,;(d, u,v). Let
5?7 p=0Ve _pande, , = Ezt . — Ei—k- Let any process with &+ superscript denote the one
with €;_;. replaced by 5?[_ i Also drop the subscript &, and let wyy, vyy, Waw, etc. stand
for wy (-, u,v), vi(-, u,v), Wi(-,u,v), etc.

Now, consider s € RPF! t € RY where ||s — u|| < 6 and ||t — v|| < . Then we obtain

ZZ,U/\/E + Cnl(ua U) - dnl(57 u, U) < Zz/t/\/ﬁ + Cni(sa t) < ZZ/U/\/E + Cnl(ua U) + dnl<57 u, U)'
(2.40)
Note that T (y;u,v,0) = /nwyy and m(y;u,v,0) = /niryy. Monotonicity of indicator

function together with (2.40) in turn implies

T (y3u,0,=0) = T (g u,0,0) < v/ [wgg — wy] < T (y5u,0,6) = T (yiu,v,0)
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forally € R, ||s]| < b, ||t]| < b, ||s—u|| < and |[t—v|| <. Using the fact that a1 < a9 < ag

implies |ag| < |ai| + |as|, appropriate centering of T+ vields

\/ﬁ‘wg —wi (2.41)
< [T v, -0) = T, 0,0)| + | T, 0,6) = TH(gs,0,0)|
< ‘Zi(y;u,v,—& — Z5(y;u,0,0)| + |m* (y; u, 0, =) —mi(y;u,v,o)‘
+‘Zi(y;u,v,5) — 25 (g u,0,0)| + |mF (v u,0,8) — mi(y;u,v,o)“
Lemma 2.3.3. Assumption (B.2) implies
+ + 2
E [ [25(5u.0.0) - 25 (0,0, 0] dH () = o(1) (2.42)
Also, assumption (B.3) implies with ¢ and ¢ in (B.3)
. 2
l}ln_1>10%fP<sup/n{yi(y, s, t) — Vi(y,u,v)} dH(y) < 052> =1 (2.43)

where supremum is taken over ||s — u|| < & and ||t —v|| < 8. Moreover, assumptions (B.1)-

(B.5) imply

sup [0 [ Y sl Fely 02 G~ Fely) (249
[[ull<b,||v][<b i1

2
~Fe ™Y 2+ Guilw, )} | dH () = 0p(1).
Proof. Let F;_1 :=0{§_1,&_9,...}. Define

By, u,v;2) = Fe(y +n" V20 Z; + Goil(u, 0) + dni(8,u,0)) — Fe(y +n V20 Z; + Guil(u, v)).
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Observe that ith summand is conditionally centered r.v.’s, given F;_1, and hence, covariance
of two summands is zero. Similar to (2.37), the conditional variance of ith summand, given

Fi_1, is bounded by

E(ef )2 1Bly, w0 Z0)] < B ) Fely+ 020 25+ Guilu, 0) + di(6,4,0)) = Fe(y)|

+E(EE D Fely +n7 20 Z; 4 Guilu,0)) — Fe(y))-

Therefore, (2.42) follows from Fubini’s Theorem and repeated application of (B.2) with ¢

and § = 0. To prove (2.43), observe that the monotonicity of F¢ and (2.40) imply

m*E (y;u,v, —8) < mT(y; 5,t,0) < m™E(y;u,v,0),

m*(y; u,v,—8) <m*(y;u,v,0) < m>(y;u,v,9),
and hence,
mi(y; u, v, —0) — mi(y; u,v,0) < nl/Q[l/;% — va] < mi(y; u,v,0) — mi(y; u,v,0).
Using the fact that a1 < ag < ag implies |aso| < |aq| + |a3|, we obtain

n
P2k =) < w2 LRy + 2o/ Gl ) + dgi(0,u,0)) (245)
1=1

—Fe(y + Z{o/ Vi + Gui(w,v) = di(8,,0)) |
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As a consequence of (2.45) and the assumption (B.3), we finally obtain

. 2
l%niloréfP<sup |\/ﬁ{yi(y, s,t) — vy, u, v}y < 052>

n
> lim ian(Sup )nfm Zgit—k{ Fe(y + Zjv/v/n + Gui(u, v) + dpi (6, u,v))
i=1

n—oo

_Ff(y + Z’L/U/\/ﬁ + an(ua U) - dnl(57 u, U)) }‘j{ < 052>

where the supremums are taken over ||s —u|| < d and ||t —v|| < 6, and hence, (2.43) follows.

Next, write m, and m™ for m™ (y;u,v,0) and m™(y;0,0,0). Let
i 2
Loy = ‘mfv —mE 12 Z aii_kfg{nfl/%'Zi + Cpi(u, U>}‘H
1=1

In order to prove (2.44), by using (B.4) and compactness of ||u|| < b and |jv]] < b (see
Theorem 9.1.1 of Koul (2002)), it suffices to show that for all € > 0 there exists a 6 > 0 such
that

lim sup P(sup |£3t — ,Cm,| > e> =0, (2.46)

n—oo

where sup is taken over ||s||, [[t|]| < b, ||s —u| <6, and ||t — v|| < §. Using monotonicity of
Fe, (2.40), triangle inequality, (a1 & az)? < 2(a? +a3), and (B.3), we obtain for [|s||, ||| <b

with ||s —ul| <d and ||t —v| <6

lim sup P ( sup |mg — muvﬁ-{ > 4052) =0 (2.47)

n—oo

59



where the equality follows from (2.43). Next, observe that

| Lst — »Cuv‘

< / [(mst - muv) - n_1/2 Z 5i—k{ (let/\/ﬁ + <m'(57 t)) - (Z@/U/\/E + Cm(% U)) }fg(y)}
=1
X [(mst — Myw) + 2{muv —m — nil/Q Z‘gi—k(Z@{U/\/ﬁ + Cni(u, U))ff(y)}
=1

BN i {23t/ + il 1)) = (Z{0/v0 4 Guils )} fely) |4 (9)
1=1

n
< 2|mst - muv‘fq + Q}n_l/Z Zgi—kdm'(éa u, U)fgﬁq + 2‘mst - muv{H
i=1

2 6+ 2 = =S 28+ ) el
i=1 =1

n
X{|mst - muv|H + ‘n71/2 Zgi—k:dm‘(éa u, U)fg’H}
1=1

In the first inequality, we use the fact that (a3 —a3) = (a1 —az)- (a1 +az); (2.47) implies that
supremum of the first term of the last equation is dop(1); the assumption (B.1) and the fact
that d,;(6,u,v) = Op(n_1/25HZiH) imply that supremum of the second term is §Op(1), and
hence, supremum of the third term is do,(1); the assumption (B.4) ensures that supremum
of the last term is dop(1). Therefore, by making ¢ as small as desired, (2.46) follows, thereby

completing the proof of (2.44).

Lemma 2.3.4.

sup [ [n—mgei_kcmw,v)fg@)]?dH(y) = op(1).

[[ull <b[Jv]|<b
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Proof. Note that sup,<p,|v||<b Cni(u, v) = O(n~1/2). Together with this fact, Fubini’s

theorem yields

limsup £ sup / n~! Z Z Sikajfk;Cm'(% U)an (u, v)fg(y) dH (y)

=00 uf<b[jv]|<b i=1 j=1

n n
. _ 1/2,. .
< timsup C e}y 0233 002G = d)aall =0,

where 0 < C' < 0o. The inequality follows from Lemma 2.3.1; the last equality follows from

(B.1.a) and Lemma 2.3.2. Consequently,

n
E sup }nil/Q Zéi_k%’(ua Uﬁ&ﬁf — 0,
1=1

where the supremum is taken over ||u|| < b and ||v|| < b, thereby completing the proof of

lemma.

Corollary 2.3.1.

2
sup ‘muv — m0U|H = op(1).
[ul <b,[[v][<b

Proof. Note that

m(y,u,v,0) —m(y,0,v,0)

= {m(ya U, U, 0) - m(y7 07 07 O) - n71/2 Z gi—k‘(Zz{rU/\/ﬁ + Cm(u? U))f§<y>}

1=1

_{m(y> 0,v, O) - m(y7 0,0, O) - U,n_l Z Elkafo(y)} + n_1/2 Z 52‘7]{(717;(”7 /U)ff(y)

i=1 1=1

Hence the proof of corollary will be completed by simply applying C-S inequality on the
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cross product terms after we show that

sup |muv —m —n~ 12 Z 51’—/{(2@{“/\/5 + Cni(u, v))ffﬁ{ = op(1),
1=1

n
— 2
sup |m011 —m—vn"! E igi—kZif§|H = op(1),
=1

sup [0 V2 ey 1 Guilusv) fe| 3 = opl1),

1=1

where the supremums are taken over ||u|| < b and ||v|| < b. The first and the second follow

from (2.44) of Lemma 2.3.3; the last follows from Lemma 2.3.4.

Lemma 2.3.5.

su £y uv) — WE 2 . |
u||§b,pv||3b/ {W (0, 0) =W (9707())} dH (y) = op(1)

Proof. Similar to the square root of the integrand in (2.42), \/ﬁ[Wi(y, u,v) — WE(y, 0, 0)]
is sum of conditionally centered r.v.’s. Thus, by repeated application of (B.2) with § and

d = 0, we easily obtain for fixed ||ul|, ||v|| < b,
+ +2
Waiw = W3 = 0p(1). (2.48)

Let Cyp = }Wffv — Wiﬁq Similar to the proof of (2.46), in order to complete the proof, it

suffices to show that for every e there exists ¢ such that for every |jul|, ||v|| < b,

lim sup P(sup |C3t — Cuv| > e) =0, (2.49)

n—oo
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where sup is taken over ||s||, ||t]] < b, ||s — u|| < 9§, and ||t — v|| < 4. Note that

| Cot = Cun| < IWig = Wi B + 21 Wt = Wl - | Wiy = W |z
By the monotonicity of F¢ together with (2.40) we obtain that

Im™ (y; u, v, £6) — m™ (y; u,v,0)| < m™*(y; u,v,0) — m™ (y;u, v, —6).
Recall definition of W*. Then triangle inequality yields that

|Wst_Wuv| < |W$_W$J|+|WQ_WJU|7

+ + + + + +
|Wst_Wuv| S \/ﬁ{ |w5t_wuv|+|yst_ uv‘}
Therefore, using (a1 + az)? < 2(a? + a3) repeatedly and (2.41), we have

WS -WE I < 16{ /[Zi(y;u,vﬁ)—Zi(y;u,v,O)]2dH(y)

+ / 2% (ys 0,0, —6) — 25y ,0,0)2 dH ()

+/[mi(y;u,v,5) - mi(y;u,v, —(5)]2 dH (y)

N —ﬁmif}

for all ||s]|, [[t]| <, |ls —ul|| <9, ||t —v| < 4. Finally, assumption (B.3), (2.42), (2.43), and
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(2.48) prove (2.49), thereby completing the proof of the lemma. Define

SSk(y,u,v) = 0723 e { (& <yt Zo/vn+ G, )
=1

—I( =& <y— Zjv/vn—(i(u,v)) }

Rewrite
Rk, = [W(y,u,v) —W(y, 0,0)} - [W(y,o,v) —W(y,o,())]
+[W —y,u,v) — W(—y, 0, 0] [ —y,0,v) —W(—y,o,O)]
—|—[my,qu y,OvO] [ —y,u,v,0) — (—y,O,v,O)].

Using quadratic expansion and applying C-S inequality involving L%{ norm on the cross

product, the claim that SUD| |y, |[o]| Rlﬁv = op(1) will be true if we can show that

(a) sup Wuw — Wﬁg =o0p(1), (b) sup Wy, — Wﬁg = 0p(1),
[|ul| <0, ||lv]|<b [lv]|<b

(c) sup My — mOvﬁ{ = 0p(1).
[[ull<b[|vf|<b

(a) and (b) follow from Lemma 2.3.5; (c) follows from Corollary 2.3.1.
Next, consider R25U. To begin with, note that by C-S inequality and Fubini’s theorem

together, we obtain for v € R?, and 0 < b < oo

2
E/{Fg(erv’Zl/\/ﬁ) —Fg(y—v’Zl/\/ﬁ)} dH (y) (2.50)
< 401 (2b/y/0) / o / E[| Z1llfely + s| 2012 dH () ds
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Moreover, by the assumptions (B.1.a) and (B.1.c) and bounded convergence theorem, we

have

[ [BlFets + o'z /vm = Ry~ ) P ar) (251)

/Vn

b
< Va8 [ envt [ sz + sz i) = o6t

n

Finally, consider vq, vy € R? and let ||v1]| < ||vg]|. Using C-S inequality and Fubini’s theorem

again, we have

B [ {Few+o520/vi) - Fely+ i 21 /v it () (252
[vall/v/n

< n7 (v v {(||lv v
< a4 (e o)

[ Ell2ilselo + 511220 dirty) ds.

Define

q(y,v;2) == Fe(y + n_1/2v/z) — Fe(y — n_l/Qv/z).

Next, rewrite

R2, = I/QZW{ (& <y+nVWZ) ~1(~& <y-n""27Z) - alyv; 2) }

+n 1/2277 q(y,v; Z;)

= RQl,’fw + R2251)7 say.
Due to the monotonicity of F¢, we obtain

”s1||1pb|q<y,v 1 Z)| < Fely +n 2001 Zi]) — Fe(y — n~ V2] 23], (2.53)
v||<
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Therefore, by C-S inequality, (2.53), ¥, = o(1), and (2.50), we have

B 22l < % 20/ ) / / (1210 fely+ sl 2002 dH () ds — 0.
ull,||v]|<

Next, consider the cross product of R21F, . For fixed u, v

/ Z Z n&knik{ i<y VW Z) 1 <y—nTV2 7))

=1 j=i+1
—aly. v Z) } x {](gﬂ' Sy+n VA Z) —1(- g <y—nMZ))

—q(y,v; Z;) }] dH (y)

< b2 —12 Z /’E <y—|—n_1/2v/Zi)_](_§i<y_n—1/2vlzi)
1=1j=1+1
_q(y’v;Zi)} % {](fﬂ' <y+n VA7) —I(- ¢ <y—n V7))
—q(y,v; Z;) HdH
< 100292 —12 Z al?(j — i)
i=1 j=i+1
1/2
X/[E|F§(y+U/Z1/\/5)—Fg(y—v’Zl/\/ﬁ)ﬂ dH (y)
— 0

The first inequality follows from Fubini’s theorem; the second inequality follows from Lemma
2.3.1; the convergence to zero follows from ¥, = 0(1), (2.38) with r = 2, and (2.51). There-

fore, the sum of the covariance of two summands in R21fw will tend to zero. Consequently,
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for fixed u and v, by Fubini’s theorem, stationarity of €, and (B.5), we obtain

lim sup E|R21%, % (2.54)

n—oo

b/n1/2
< timsup28® o /2 2/l /) e [ Elzilliety + - 121)aH w)as

n—oo

= 0.

Finally, we shall show that E sup |R21§U|%{ = o(1). Let up = xp ey and v; = wy ey, for
0 <1, h < r where zj, = ||up|| and w; = ||v;|, and ey, e, are unit vectors in RPT! and RY.
Let

—b=xg<xr1<---<xp=b, -b=wg<Lw; <---

so that maxy, (), — x5_1) — 0 and max;(w; —w;_;) — 0 as r — oo. Note that niF = u/c;_,

and rewrite

n
RQlﬁU = p1/2 Zu'ci_k{ ](&- <y+ n_l/Qv/ZZ-) — ]( —&<y-— n_l/Qv/ZZ-) }
i=1

n
—n V2N e qy. v Zy)
=1
— Tlfufl) - T2u1}7 Say

Define nift .= ngkf(nakZév > 0) =ve; g I(We;_pZlv > 0), nik— = pik _ pikt | Let R21il’

Tlil, TZil stand for the Rzlﬁh“l’ T'Luyvp, 1200 With % being replaced by 7+, Observe

that

k 2 2 — -2
|R21UU|H < 2{|T1;Li_v - T2’1_U‘H + |T1uv - TZUU‘H}'

Note that R21;}, (R21,,) is a difference of two nondecreasing (nonincreasing) function of
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z, w, and hence, for all u = ze, € RPY! and v = we, € RY where z;,_; < = < z}, and
wp—1 < w < wy,

R21; (T2, — T2}

hli ,H’H) < R21}, < 32% + (T2;£l —T2F

h—1]-1)-

Therefore, using the fact that a1 < ag < ag implies |ag| < |a1| + |az| and that (a & b)? <
2(a® + b?) repeatedly, we obtain

+ 12 + 12 + + 2

2
+2 max |72 ., —T2" .
o 11240 = T2 10l

Using ||n#+]]2 < ||ni¥||? and ergodicity of e,

- + 2
EIT2f, =12, (2.56)

bV
< 10102 () [ o [ BNz sely + s 2a)] ati ) s o,

where the inequality follows from (2.50), and the convergence to zero follows from assumption

(B.5) and 9y, = o(1). Similarly, using (2.52), we have

+ + 2

< 5202 (Juy| + Jwy_1 )2 - {(Jwyg] + w4 ) /v/m

il /v 2
X{/_|wl_1|/\/ﬁ/E[HZleg(ersHZlH)] dH (y) ds

gl /7
+/ | /E[||Z1||f£(y_3||Zl||)]2dH(y)ds}

—|wi_1l/vn
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Consequently, (2.54), (2.55), (2.56), and (2.57) imply
Esup |R21;, %I — 0.
U,

Similar facts hold for |R21JU|%I, and this completes the proof of sup R2%, = 0,(1).
To show supy|<p,|jv]|<b ‘R?)]fwﬁf is op(1), note that R3E . is the same as R1E, except the
fact that it has o(1) as a weight instead of random error. So, the proof is similar, but much

simpler. Hence we do not present here.
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Chapter 3

Goodness-of-fit Testing: Khmaladze

Transformation vs Empirical

Likelihood

3.1 KMT & EL methods

KMT method has not gained much attention despite asymptotic distribution free (ADF)
property. Koul provides a review of KMT method in the chapter 9 of Fan and Koul (2006).
Let X1, ..., X;, be i.i.d. random sample from a location-scale family where F' is the error d.f.,
having an absolutely continuous density f. Assume that f exists almost everywhere such
that 0 < [( f/f)?dF < oo. Let pu and o denote unknown location and scale parameters,

respectively. Consider the problem to test for all z € R, and some y € R, 0 > 0

Hy: F(z) = Fy((x —p)/o), vs. Hy: Hpis not true. (3.1)

where F{y is a known d.f. Define
Zi = (X;—mwfo,  Zj:=(X;— fin)/Gn, (3.2)

Fp(z) = n" 'Y 1(Z;<2), Fula)=n"1> 1(Z <)

where [i,, and 7y, are consistent estimators of u and ¢ under the null hypothesis.
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As mentioned in the introduction, it is well known that the null distribution of classical
K-S test based on Fj, does not depend on Fjy. However, this fact does not hold any more
when the necessity of estimating pu and o arises, i.e., a test based on ﬁn is not distribution
free. Durbin (1973) showed that null distribution of the test based on E, depends on the
estimators (fin, 0) as well as Fyy. To obtain ADF test, we pay attention to a transformation

based on F,, which was proposed by Khmaladze (1979, 1980). Let

o) = —fol@)/folx), I(x):=(1,60(x),2p(x) 1) (3.3)
po(t) = folFy (1), qolt) = Fy Mt fo(Fy (1)),
1t po(t) q(t)
Leo= | po®) [l dwdu [ po(w)go(w)du
) i po@do(wdu [ @d(w)du

Define martingale transformed process

Z/\Zi

Up(t) := n—1/2 Z {[(22 <z)— Z(Ai)’/ Fl;g(x)l(x)dFo(x)} , t=Fy(z), z € R.

(3.4)
Then, weak convergence of Uy, to Brownian motion in uniform metric follows from Khmaladze

(1981): see the section 4 for the details. Hence, any test based on T := supg<¢< |ﬁn(t)| is
ADF. When we test Hg in (3.1) via KMT method, we shall use T" for the test statistic.

When Y7, Y5, ..., Y}, are i.i.d. observations from distribution K, EL is defined as

LK) =] K({vi}) = sz (3.5)

n

=1

where p; = K({Y;}) = K(Y;) — K(Y;—). It is well-known that the empirical d.f. K (x) :=
n~tSP  I(Y; < x) maximizes (3.5). Let R(K) := L(K)/L(Ky) denote the EL ratio. Let

Kq be a d.f. with mean pg. Owen (1988, 1990) used R(K') and proposed

71



R(po) = Sup{R(KH /YdKzuo}
n n n
= sup{anilpz'ZO,Zpizl,zpm:uo}, (3.6)
=1 1=1 1=1

to construct a nonparametric confidence region and test for the mean of Y. Owen (1990)

showed that for Y ~ K
~2log R(uo) —p X{y): (3.7)

which is an analog of Wilks’s (1938) theorem for nonparametric likelihood. Owen (1990)
referred to R(pg) as “profile” empirical likelihood ratio (PELR) since nuisance parameters
are “profiled out.”

The PELR has been of interest to statisticians and extended to various settings. Con-
sider the case where unknown K depends on d-dimensional parameter . Qin and Lawless
(1994) assumed that there exists information about K and 6: there are h > d “unbiased
estimating functions,” that is, g1(Y,0), ..., g5 (Y, 0) where Ef[g;(Y,0)] =0 for j = 1,2,..., h.
For example, let E(Y) = 6 and E(Y?) = k(6) where x(-) is a known function. Then, g
and go can be written as ¢1(Y,0) =Y — 6 and go(Y,0) = Y2 - k(0), respectively. With
the unbiased estimating functions, they considered an analog of (3.6), i.e., a maximization
problem

n n n
maXani subject to p; > 0, ZPZ‘ =1, Zpigj(Yi,G) =0, 7=12,....,h.
=1 1=1 i=1
Hence, they linked PELR with finitely many constraints. By the method of Lagrange multi-

pliers, they obtained the maximum and defined profile empirical log-likelihood ratio (PELLR)

Ip(0) =) log |1+ Xjg;(¥i.0)|, (3.8)
where ); is the Lagrange multiplier corresponding to the constraint » ;" | p;g;(Y;,6) = 0.

They showed A;’s are determined in terms of ¢ and under Hy : 6 = 6y,
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205 (00) — 25(0) =D X(g): (3.9)

where 6 minimizes [(6).

In contrast to Qin and Lawless (1994), Peng and Schick (2013) considered PELR ap-
proach combined with infinitely many constraints (or unbiased estimating functions), i.e.,
the number of constraints increases as the sample size increases. Again, let Y be r.v. which
comes from unknown distribution K. Consider testing Hy : K = K where K is a known

fixed d.f. Define oy,(2) := v/2cos(hnz), for h = 1,2, .... Consequently, we have for all h

/ ep(z)dr =0, / w%(x)dx = 1.
[0.1] [0,1]

Note that when Hy : K = K is true, Ky(Y") will be a uniform r.v., and hence, E[p;,(Ky(Y))] =
0 and E[pp(Ky(Y)))> = 1. With infinitely many unbiased estimating functions, ¢;, o Ky,

h =1,2,..., Peng and Schick (2013) proposed an analog of (3.6):

R, (Kp) = sup {anl ipi > O,Vi,Zpi =1, ijgoh(Ko(Yj)) =0,h=1, ,mn} (3.10)

i=1 i=1 j=1

Peng and Schick (2013) showed that under Hy
P(—2logRp(Kp) > X3_o(mn)) = a

where my, and n tend to infinity and m3 /n tends to 0, and X%_a(mn) denotes the (1 — a)-
quantile of the chi-square distribution with m,, degrees of freedom. They extended the
result to testing Hy where underlying distribution K depends on an unknown d—dimensional
parameter 6. With efficient estimator 0 - e.g., maximum likelihood estimator (MLE) - they
derived Ry, (K7) - the test statistic in (3.10) with Kq replaced by K5 - and showed that under

the null hypothesis
P(=2logRn(Kp) > xi_o(mn —d)) = a

where my, and n tend to infinity and m% /m tends to 0. Since their approach is free from the
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question of how many constraints should be used, we use —2log R, (K é) for the test statistic
when we implement EL method to test Hp in (3.1).

At this time, it should be mentioned that EL approach has one critical drawback when it
is employed for hypothesis testing. Note that all the EL. methods introduced in this section
solve the maximization problem subject to finitely or infinitely many constraints (or unbiased
estimating functions). Assume that r.v. Y comes from an unknown distribution K. Consider
testing Hy : K = Ko vs Hy : K = K, via the EL method. Let 6y and 6, denote parameters
associated with Ky and Ky, respectively. When we use the test statistic in (3.8) ((3.10)),
constraints corresponding to Ho and Hg are Ef[g(Y,6p)] = 0 and Efc, [g(Y, 0q)] = 0. When
K are similar to K, we will therefore obtain the similar test statistics [g(6g) and [g(6,)
(or Rp(Kp) and Ry, (Ky)). As a result, it is very likely to make a type II error when true
d.f. of Y is K, i.e., EL method will have very poor power. Examples of such Ky and K,
are; logistic and normal; and logistic and Student’s t (STT) where degrees of freedom (df) is
greater than or equal to 5. The poor power of EL method for these two cases are illustrated

in the next section. See, e.g., Table 3.2 and 3.3.

3.2 Simulation study

Let F; for ¢ = N, L denote d.f. of standard normal and logistic r.v., respectively. Note that

1

:m, r € R.

Fy(x) = # /_ ‘;exp(_yz/g)d% Fy ()

In this simulation study, we report the findings obtained from goodness-of-fit test for two

location-scale distributions: Hy : F(z) = Fj((x — p)/o), i = N,L. Table 3.1 reports
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asymptotic critical values for KMT and EL methods. The critical values of KMT test are

a KMT EL1 EL2
n=50 100 200 500 m=50 100 200 500
0.06 224 599 781 949 1259 781 949 11.07 14.07
0.01 281 921 11.34 13.28 16.81 11.34 13.28 15.09 18.48

Table 3.1: Critical value for KMT and EL

available at homepages.ecs.vuw.ac.nz/ ray/Brownian which is made by Dr. R. Brownrigg.
For those of EL method, we consider two different df’s: m,,; = [nl/ 3J — 2 and myo =
|n1/3] — 1 where |z] is the largest integer not greater than z. Let EL1 and EL2 denote EL
methods with df of m,,; and one of m,,2, respectively. When we generate n = 50, 100, 200,
and 500 samples from each null distribution, we use 2 and 5 for location and scale parameters.
We repeat random sample generation 1,000 times and obtain KMT and EL test statistics.
In order to obtain two different EL test statistics, we use |n'/3] and [n!/3] 4 1 unbiased
estimating functions for the constraints in (3.10). Empirical levels and powers are then
calculated from dividing the number of rejection of null hypothesis by 1,000. We use MLE

for i and o in the subsequent sections.
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3.2.1 Testing for normal distribution

In this section, we compare KMT and EL methods to test for normality. Let F' denote

standard normal d.f. and f be its density. I(z) and I'p(,) in (3.3) turn out

1— F(x) f(z) v f(x)
I'p() = fx)  xf(x)+ (1 - F(z)) (1422)f(x)
rf(x) (1+2%)f(2) (23 +2)f(z) + 2(1 — F(x))

Let
Aii(z) = 1—=F(z), Aa(z) == (f(2),2f(x)), An(z) = (f(z),zf(x)),

( ef(@) + (1 - F(x) (1 +22) /(@) )

(L+a?)f(@)  (z+a®)f(2) +2(1 - Fla))

Agg(z) =

Then the inverse of I’ F(z) also can be expressed in partitioned form, i.e.,

. B11(r) Bia(z)
FF(;U):
Boy(z) Bag(x)
where

Bii(z) = (A11(x) — Aja(z)Aga(x) T Ay (2)) 71, (3.11)
Bia(z) = —Byi(z)A12(x)Agn(x)™Y, Bai(x) = Bia(z)

Bog(z) = Ago(z) ™!+ Aga(x) 1 Aoy (2)Bry(2)Ara(x) Aga(z) ™!
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Let F(x) =1— F(x), ¢1(x) := {—(x2 + 1)f2(x) + (a73 + Bm)f(m)ﬁ’(m) + 2F2(x)}_1 and

co(x) = 2F3(x) 4 (23 + 32) f(x)F2(x) — (222 + 3)f2(2)F(z) + xf3(x). Note that with

r(z) := (z, (z% — 1))’, we have

f(x)Bii(z) + f(z)Bia(x) r(z)

f(2)Ba1(x) + f(x)Baa(x) r(z)

UZ)'T gl @) () (3.12)
= 2f(2)ea(w)|[F2(2) + 2 f (@) F(w) = f2(2)}]
+7;f()er (x)ea(x) {4:5154(3;) + (22% + 827 — 2) f () () + (2° — Ta) f2(2) F? ()
~@ut 4+ 327 = 1) ) P(e) + (2 + 2) ()]
H(ZF = 1) f(z)er(z)ea(w) [2(952 — D)FYa) + (2° + 227 — 92) f(2) P ()
— (42 + 922 — 5) f2 () F?(2) + (522 + 92) f3(2) F(x) — 2(2® + 1) f4(x)] .
We then replace Z(Z)’Fl_?%x)l(x)f(x) in (3.4) by (3.12).

Table 3.2 reports empirical levels and powers of KMT and EL methods. The first (second)
columns of KMT and EL’s represent those when « is 0.05 (0.01). The value corresponding
to normal F' represents the empirical level while those corresponding to others-logistic, STT
with df of 5, mixture of two normal distributions (MTN), Cauchy, and Laplace-represent the
powers. For the MTN, we use 0.9N (2, 52) +0.1N(2, 152); for logistic, Cauchy, and Laplace

distributions, we use 2 and 5 for location and scale parameters. (x) implies the corresponding

method shows the closest empirical level to the a or highest power; e.g., KMT has the closest
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empirical level (0.01) and the highest power (0.152) when n = 500 with a = 0.01 and n = 50
with a = 0.05, respectively. It is hard to judge the superiority of two methods by the

empirical level since neither KMT nor EL demonstrates better performance consistently.

F n  KMT EL1 EL2 KMT EL1 EL2
50  0.026 0.088 0.058 (%) 0.012 (%) 0.020 0.022
100 0.032 0.060 (x) 0.082 0.022 0.016 (x) 0.018

mormal o0 0032 0044 0.050(+) 0016 0006  0.008 (%)
500 0.024  0.062  0.060(x) 0.010(x) 0018  0.016
50 0.152(x) 0.148  0.100  0.092(x) 0.036  0.032
logistic 100 0200(x) 0148 0168 0120(x) 0.056  0.032
200 0.320(x) 0.176  0.168  0.244(x) 0.052  0.056
500 0.632(x) 0372  0.384  0.532(x) 0.160  0.160
50 0244  0276(x) 0224  0.208(x) 0.116  0.092
gpp 100 0.400(x) 0304 0264 0.292(x) 032 0.136
200 0.556(x) 0.500  0.468  0.480(x) 0252  0.680
500 0.884(x) 0.868  0.848  0.804(x) 0.680  0.660
50 0382  0410(x) 0346  0.352(x) 0224  0.164
vy 100 0.562(x) 0528 0462 0516(x) 0296  0.258
200 0.812(x) 0.756  0.706  0.716(x) 0.566  0.532
500 0.982(x) 0.966  0.958  0.966(x) 0.908  0.886
50 0832  0.996(x) 0980  0.744  0.984(x) 0.968
Cauchy 100 0988(x) 0984 0968 0943 0.984(x) 0968
200 1.000(x) 0.976  0.968  1.000(x) 0.980  0.964
500 1.000(x) 0.990  0.964  1.000(x) 0.970  0.960
50 0276  0.468(x) 0424  0.186  0.188(x) 0.188(x)
100 0.480  0.788(x) 0.676 0380  0.516(x) 0.444
Laplace

(*) (%)

(%) (%)
200 0.768 0.932 () 0.920 0.632 0.796 () 0.756
500 0.980 1.000 (x) 1.000 (x) 0.964 1.000 (+)  1.000 ()

Table 3.2: Empirical level and power obtained from testing Hy : F' = Fiy

However, it is not hard to tell which of the two methods is better in terms of the power.
For all distributions except Laplace, KMT outperforms EL: KMT shows better power than
EL in most n’s. When F' is logistic, EL displays poor power (less than 0.4) as stated in the
previous section. The power of KMT is more than or equal to almost twice that of EL when
n is 200 or 500. For STT, MTN, and Cauchy, KMT still maintains superiority over EL even

though that is weakened. As shown in the table, the performance gap between KMT and
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EL is widened when « is 0.01.

In contrast, Laplace F' shows the opposite result: EL outperforms KMT for all n’s and
«’s. But the superiority of EL over KMT is not as strong as that of KMT over EL in the
logistic case; when n reaches 500, the difference of powers between EL and KMT is less than

0.05 while counterpart of the logistic case is more than 0.2.

3.2.2 Testing for logistic distribution
Consider logistic d.f. F(z) = 1/(1 + e™%), and its density f(z) = /(1 + ¢¥)2. Note that

o(x) = —f(x)/f(z) = (¥ — 1)/(e* 4+ 1). With t = F(z), we have

1—e* x(—1+e")
B 1+et

It is easy to see that

1 2z
1
/ plu)idu = o= 1
F(z) 3(e® +1)

/1 N 1 e {x(3 + e2z) + (1 + )}

p(u)g(u)du = = In(1 + e*) —

F(z) 3 3(1 + e%)3 ’
1 1 2 2xe”
. 2 _ _ _
/F(x) G(u)"du = (1+ e¥) + ( (I+e?) (1 +€x>2> + Re(x),

where Re(z) = [ 25%e5(1 — %) /(1 + e%)*ds. Note that [ (u)?du does not have a closed
form solution since Re(x) does not have one. However, Re(x) is bounded and decays to 0
fast as x goes to oo; it converges to the finite value (2.43) as = goes to —oo. Therefore, we

get a numerical approximation to Re(z) and use it when we calculate the inverse of I'p. Let
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vy (z) = F(x)p( u)q(u)du and vo(x fF u)du. Also define

dw) = 34320+ Puala) - 901 + od()]
ki(z) = 3(1+e")3v(z) — 3z(1 + )30y (z),
ko(x) = —3(1+e®)3vi(x) + z(1 4 3e27)3.

Then, using partitioned four 2 x 2 blocks of " F(x) 88 done in the previous section, we finally

obtain

UZ)'T () f ()
= Sex(l—l—ex)Bll(x){l—Sd e"{(1 - e")ki(z )+k‘2(x)(1+ex+x(1—ex))}}

+M{9 29”(1 + ex)Qd(x)Bn(JJ)kl(x)
(I+e 2)

+3e%d(2){3(1 + e¥)3(1 — e“)va(x) — 3(1 + €*)3v1 () {(1 + &%) + z(1 — *)}}
+27% (1 + €)? Byy (2)d* (@) { (1 = e")kF (2) + {(1 + €”) + 2(1 = ")}k (I)kz(x)}}

+ (1 + M) {96293(1 + ¢®)2d(x) By (x)ko(2)
(14 eZi)

+3e%d(x){ — 3(1+e")3(1 — %oy (x) + (1 + 32 {(1 + &%) + x(1 — &%)} }

F2TE (14 )2 By (2)d2(0) { (1 = e b (2)ha(e) + {1+ ¢) + (1 — ") }3 ()} ],

and hence, use above quantity for U, in (3.4).

Table 3.3 reports empirical levels and powers of KMT and EL’s for testing Hy : F' = FT;
the value corresponding to logistic F' stands for the empirical level, and others represent
the powers. EL shows better empirical level than KMT for all n’s when o = 0.05. With

a = 0.01, KMT, however, has better empirical level than EL except n = 50. Therefore,
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F n  KMT EL1 EL2 KMT EL1 EL2

50 0.032 0.076 0.062 (x) 0.020 0.018 () 0.004
logistic 100 0.030 0.062 0.060 (x) 0.014 (%) 0.016 0.018
200 0.026 0.060 0.052 (x) 0.010 (%) 0.020 0.020
500 0.054 0.052 (%) 0.052 (%) 0.011(x) 0.006 0.008
50 0.004 0.076 0.080 (%)  0.000 0.022 (x) 0.020
normal 100 0.020 0.080 () 0.066 0.000 0.018 0.020 ()
200 0.136 (%) 0.098 0.104 0.040 () 0.034 0.028
500 0.614 (%) 0.176 0.204 0.342 (x) 0.066 0.084
50 0.060 0.083 () 0.063 0.040 (%) 0.025 0.019
STT 100 0.097 (x) 0.070 0.072 0.070 () 0.013 0.015
200 0.132(%) 0.065 0.063 0.101 (x) 0.019 0.017
500 0.219 (%) 0.057 0.049 0.173 (%) 0.013 0.013
50 0.164(x) 0.089 0.101 0.129 () 0.031 0.018
MTN 100 0.185(x) 0.085 0.097 0.144 (x) 0.029 0.011
200 0.297 (%) 0.076 0.087 0.234 (x) 0.027 0.028
500 0.583 (%) 0.115 0.081 0.518 () 0.011 0.009
50 0.649 0.965 0.974 (x) 0.517 0.904 0.930 ()
Cauchy 100 0.855 1.000 (%) 1.000 (%) 0.782 1.000 (%)  1.000 ()
200 1.000 1.000 1.000 1.000 1.000 1.000
500 1.000 1.000 1.000 1.000 1.000 1.000
50 0.137 0.146 0.208 (%) 0.075(x) 0.025 0.054
100 0.199 0.350 (x) 0.317 0.159 (x) 0.126 0.093
Laplace

200 0.332 0.547 () 0.518 0.194 0.320 (%) 0.296
500 0.613 0.915(x) 0.911 0.399 0.734 0.754 (*)

Table 3.3: Empirical level and power obtained from testing Hy : F' = F7,

KMT and EL tie in terms of the empirical level.

For MTN, normal, and STT, the fact that KMT outperforms EL in terms of the power is
evident. In case of MTN, KMT overwhelms EL for all n’s and a’s. The difference of powers
between KMT and EL increases as n increases and reaches more than 0.5 for both a’s. In
the normal case, the maximum power EL attains is 0.204-when n = 500 and « = 0.05-while
that of KMT is 0.614. When n = 500 and o = 0.01, both EL’s display powers less than
even 0.1 while KMT shows 0.342. When F' is STT, EL shows the extremely poor power
with a = 0.01; EL obtains the power of only 0.013 even though n reaches 500. Note that

the counterpart of KMT is 0.173.
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When F' is either Cauchy or Laplace, EL shows slightly or strictly better power than
KMT. For the Cauchy, EL attains the power greater than 0.9 for all a’s even when n = 50
while KMT shows the power less than 0.8. Both KMT and EL, however, attain the powers
of 1 when n reaches 200; the difference of performances between KMT and EL disappears as
n increases. EL has better power than KMT when F' is Laplace, as it does in the previous
section. When n = 500 and o = 0.05, EL attains the power of 0.9; KMT never attains the

power greater than 0.8.
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