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ABSTRACT

RELATIVE PROJECTIVITY AND RADICALS IN
MODULAR GROUP ALGEBRAS

By

Dharam Chand Khatri

Let H be a subgroup of a finite group G and F a
field of characteristic p. Using J.A. Green's concept of
vertices, our first main result characterizes completely the class
¢ of those subgroups H of G for which every FG-module is
H-projective. The pair (G,H) 1is said to have a projective-
pairing if H € @. We show that the class ¢ consists of
precisely those subgroups of G which contain a p-Sylow sub-
group of G (p = characteristic F). As it turns out, two other
classes - the class g of subgroups H of G for which
Rad FG < (Rad FH)-FG, Rad denoting the Jacobson Radical of
the ring concerned, and the class (¢ of subgroups H of G
for which the induced FG-module mG =N ® FG 1is completely
reducible for each irreducible FH-moduleF; - are almost equi-
valent to the class &. We show that for normal subgroups these
three concepts coincide. Otherwise examples exist showing that
these three classes are distinct in general.

A (finite) group G 1is called a PRC-group if @ =R =2C.
Our main results may be summarized as follows: G is a PRC-group

over F of characteristic p if it satisfies any of the
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following conditions: (1) p=0 or p | |G|, 2) G is a
p-group, (3) G 1is a Frobenius group with kernel G' and
complement a p-Sylow subgroup of G, (4) G 1is an extension
of a PRC-group by a p'-group,.and (5) G 1is an extension of a
p-group by a PRC-group.

Finally, we attempt to spot out "Projective - Sensitive'
subgroups of G, which are the subgroups H of G satisfying
(i) Whenever (G,M) 1is a projective-pairing then M =2 H or
(H, H N1 M) is a projective-pairing, and (ii) If K < H and
(H,K) 1is a projective-pairing then there exists an M < G such

that (G,M) 1is a projective-pairing and K =M N H.
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NOTATION AND TERMINOLOGY

G = a finite group

H<G = H is a subgroup of G

H<9G = H is a normal subgroup of G

F = Base field of characteristic p

FG = Group algebra of G over F

{G:H] = index of subgroup H in G

\Gl = order of G

G' = the derived group of G

Z(FG) = Center of the group algebra FG

P = a p-Sylow subgroup of G (p = characteristic of F)

H<K = H,K are subgroups of G and there is an x in G
° such that x-lﬂx <K

n* = x Mx, x €G, H=<G

Rad FG = the Jacobson Radical of the group algebra FG

dimension of the vector space V over F

(=9
(¥R
H_F
<
1l

® = direct sum
® = tensor product
mG = MQ®FG, M being an FH-module, H < G

FH
an FG-module M considered as an FH-module, H < G

S

£
@
~
T
N
n

ideal in FG generated by {h-l\h € H < G}

£
D
-
~~
Lo
o/
]

{g€Glg-1€I, I an ideal in FG}
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CHAPTER I

INTRODUCTION TO THE PROBLEM AND PRELIMINARY RESULTS

§1. Introduction

Let H be a subgroup of a finite group G and F a
field of characteristic p. The H-projective FG-modules were
studied by G. Hochschild and D.G. Higman [7], [ 6]. Green used

this concept to classify indecomposable FG-modules through the

theory of Vertices and Sources [4]. Using his concept of
Vertices, our first main result (Theorem 3) characterizes the
class @ = {H < G|every FG-module is H-projective}. For a sub-
group H in @ we call (G,H) a projective-pairing. During
the course of our investigations we are led to study two more
classes: the class g of subgroups H of G for which
Rad FG < (Rad FH).FG and the class (¢ of subgroups H of G
for which mG =N ® FG is completely reducible for each
irreducible FH-modiﬁe M. We show that these three concepts
coincide for normal subgroups (Theorem 7). Otherwise examples
exist showing the distinctness of these classes (Theorem 8).

A (finite) group G 1is called a PRC-group over F if
@ = R =C_C. Our results in Chapter III may be summarized as
follows: G is a PRC-group over F of characteristic p if

it satisfies any of the following conditions: (1) p =0 or

P Y lG\ - in this case each class being the class of all subgroups






of G, (2) G 1is a p-group - in this case each class consists
of singleton {G} only, (3) G 1is a Frobenius group with
kernel G' and complement a p-Sylow subgroup of G, (4) G is
an extension of a PRC-group by a p'-group, and (5) G is an
extension of a p-group by a PRC-group.

As a special case it follows that if G has a normal
p-Sylow subgroup then G 1is PRC and that if Rad FG 1is central
in FG then G 1is PRC. We also prove that if G 1is p=-nilpotent
or supersolvable then R 1is a subclass of &.

In the last chapter we attempt to spot out those sub-
groups H of G which are "Projective-Sensitive" in the sense
that they satisfy the following two conditions: (i) Whenever
(G,M) 1is a projective-pairing then M =2H or H, HNM) is
a projective-pairing, (ii) If K <H and (H,K) 1is a projective-
pairing then there exists an M < G such that (G,M) 1is a
projective-pairing and K =M N H. We give a necessary and
sufficient condition for a normal subgroup to be projective-
sensitive. Also a necessary and sufficient condition for G
to have all its subgroups projective-sensitive is given. Finally,
we give an application which determines the defect grdups of

blocks of G when G has all its subgroups projective-sensitive.

§2. Preliminary Definitions and Results

Let F be a field of characteristic p >0 and G
be a finite group such that p divides the order \G\ of G.
All modules under consideration will be right modules finitely

generated over F. Let M be a G-module over F or an




FG-module, where FG denotes the group algebra of the group G
over the field F. If H 1is a subgroup of G then M can

always be regarded as an FH-module in a natural way by restricting
the domain of operators to FH. The resulting FH-module is

denoted by Mﬁ. Similarly if M is an FH-module, the induced
FG-module N ® FG is denoted by mG, where @® denotes the tensor-
product. o

Then the following elementary facts about the induced

modules can easily be verified (See, for example, [47):

(2.1) If M is FH-direct sum of two FH-modules ml and mz,

then mG = m? C)mg : as FG-direct sum.

If R is another subgroup of G such that H& R < G,

then we have the transitive laws:
(2.2) M) =M, and

(2.3) Cﬂk)H = mh .

Now let G = Hxl U Hx, U...U Hxn, n = [G:H] be a coset-

2
decomposition of G over H. We shall always take X, = 1. Then
G n
(2.4) 2 =@®LM®x, as vector spaces,
i=1

where, for any x € G, N ¥ x = {m @ x\m € M}. It is clear that
N ® x is F(x 'Hx)-module and that dim, @ ® %) = dim®. We

X le

can regard M ® x as a submodule of CRG) From (2.4) it

follows that

(2.5) dim 3¢ = [G:H]-dim R .




The mapping m - m ® x (m € ®) although it is not in
general a module-isomorphism, it does induce an isomorphism between

the submodule lattices of M and M ® x. Thus

(2.6) M ®x 1is indecomposible if and only if M is so .

Also it can easily be verified that

n

(2.7) < ® x)G ‘ﬁc for any x € G .

We make

Definition 1. If M and M are two FG-modules, we say that

M 1is a component of M if M is FG-isomorphic to a direct
summand of €.

Definition 2. Let H be a subgroup of G. An FG-module M
is said to be H-projective if every exact sequence
0-M->2L->M->0 of FG-modules for which the associated
sequence of restrictions 0 - ‘RH - ;ZH - Slh - 0 splits over FH,
is itself split over FG.

Remarks. (1) H-projectivity is a special case of ''relative-
projectivity" defined by Hochschild [7]. An H-projective
module M is (R,S)-projective in the terminology of [7] by
taking R = FG and S = FH. In the general theory there is
also the dual notion of '"relative-injective' modules.

(2) We observe that M is {l}-projective if and only if it is
projective in the usual sense. In this sense, therefore, H-
projectivity is a generalization of (usual) projectivity.

Definition 3. Let H < G. We say that (G,H) 1is a projective-

pairing over F, if every exact sequence 0 - M - L ->M—- 0 of




FG-modules for which the exact sequence 0 - mH - 1h —-ﬂh -0
splits over FH, is itself split over FG.

It follows immediately from Definition (2) above that (G,H)
is a projective-pairing if and only if every FG-module is
H-projective.

Definition 4. Let G = S Hx

1
i=1
of G over H. Then we can treat FG as a free FH-module with

x, = 1, be a coset decomposition

i’

basis X = 1,x2,...,xn and every element of FG can be

n
written in the form £ p.x, where pi's are in FH. The pair

(G,H) 1is said to hav:=;roperty p over F if T px, € Rad FG
implies each P € Rad FH, where Rad denotes th; Jacobson-
Radical of the ring concerned.

In [11] it is shown that property p is independent of
the choice of coset representatives and that it is a transitive-
property in the sense that if K < H < G and the pairs (G,H)
and (H,K) have property p then the same is true for the pair
(G,K).

It is evident that the property p 1is equivalent to the
requirement Rad FG < (Rad FH) -FG.

Comparing the dimensions, we see that if (G,H) has

property p, then
(2.8) dimF(Rad FG) < [dimF(Rad FH)]-(G:H] .

D.G. Higman's Criteria for H-projectivity. The following char-

acterization of H-projective FG-modules is due to D.G. Higman

[(ej:




(2.9) The following statements for an FG-module M are equivalent:
(i) M is H-projective;
(ii) M is a component of QBh)G;
(iii) There exists an FH-endomorphism T of M such that
ooy ~
Exe T
where {xi} are the coset representatives of G

over H and %m is the identity map on M.

Note: Here we make the convention that if T: M-M is a map
then xT and Tx, x € G, denote the mappings which take
m €M to mxT| and mTx respectively.
In [4] Green gave the following definition of H-projectivity

which can easily be seen to be equivalent to those in (2.9).

(2.10) An FG-module M is H-projective if and only if there

exists an FH-module M such that M is a component of

2°.

We now introduce a partial ordering < on the class of
subgroups of G by saying that H < R if fog some x € G,
x Hx < R. It follows that if H SGR and R <H then H and
R are conjugate subgroups of G ind we expregs this by writing

H = R.

(>}

From (2.2) and (2.7) we infer:

(2.11) 1If an FG-module M 1is H-projective, then it is R-pro-

jective for every subgroup R such that H < R.
G

Now let P be a p-Sylow subgroup of G, then the index

n =[G:P] is prime to p and taking T = n-1¥m in (2.9)(iii)




we obtain another theorem of D.G. Higman:

(2.12) Let P be a p-Sylow subgroup of G (p being the char-

acteristic of F) then every FG-module is P-projective.
Combining (2.11) and (2.12) we obtain

(2.13) If H 1is a subgroup of G such that H =2 P then (G,H)
G
is a projective-pairing.

In order to save space and avoid lengthy repititions we
abbreviate the following three classes of subgroups of G.

Definition 5. Let G be finite and F have characteristic p.

We denote by

@ = @G,F) = {H < G\(G,H) is a projective-pairing over F]}
R=RG,F) = {H< G\(G,H) has property p over F}
C =C(G,F) = {H< G|For every irreducible FH-module N, the

induced FG-module mG is completely reducible}.

Note that here H < G means 'proper'" subgroup, {1} being
considered as proper subgroup.
For the class & we have

Definition 6. A minimal member B of & wunder the partial

ordering < 1is called a projective-foot of G and a maximal
G
element T is called a projective-top of G.
These exist, because & is a finite class.
In the course of our investigations the notion of

Frobenius groups will be important which we define next.

Definition 7. A finite group G 1is called Frobenius group with

kernel M and complement K if G =KM, MG, KNM=1 and

KNK =1 forall x € G - K.




For group-theoretic properties of Frobenius groups we
refer to Scott [10].

The importance of representation theoretic properties
of Frobenius groups was realized by Wallace ([14] and [15]) in
connection with the centrality of the radical of the group

algebra. We state below his results which are pertinent to our

investigation.

(2.14) 1f ‘G‘ = pam, (p,m) = 1, and Char F = p then
dim; (Rad FG) 2 p® - 1, the equality holds if and only
if G=PM, Mg G, PNM=1, is Frobenius group with

kernel M and complement a p-Sylow subgroup P of G.

(2.15) Rad (FG) <« Z(FG) 1if and only if G 1is one of the
following three types:
(i) G has order prime to p
(ii) G 1is abelian
(iii) If P is a p-Sylow subgroup of G then G'P
is a Frobenius group with kernel G', the

derived group of G.

We will also use the result about the dimension of the

radical of FG due to Brauer and Nesbitt [27]:

L
. _ 2
(2.16) dim (Rad FG) = l6| - kzlfk, where fl’fZ""’fL are the

degrees of absolutely irreducible p-modular representations

occurring in the regular representation of G.

For most of the other so called "standard" results of re-
presentation theory we refer to the basic text by Curtis and

Reiner [37].



CHAPTER II

GENERALITIES ABOUT THE CLASSES &, R and (C

In this chapter we characterize the class & completely
and show that when subgroup under consideration is normal in G,
the three properties are equivalent. We also prove, by exhibiting
examples, that the classes ¢ and £ and @ and (C are entirely

independent of each other while (€ is a subclass of g.

§3. Projective-Pairing

We devote this section to classify the class & of all
proper subgroups H of G such that (G,H) 1is a projective-=-
pairing. By (2.13) if H 2P, P a p-Sylow of G, then H € &.
It is proved in Khatri andGSinha [8] that the converse of (2.13)
is also true. For non-p-group G we state the main results of
[8] below and refer to the same for the proofs.

Lemma 1. Let H £S <G such that (G,S) and (S,H) are pro-
jective pairings over F. Then (G,H) 1is a projective-pairing.
Lemma 2. If (G,H) 1is a projective-pairing then for every sub-
group S of G such that S = H, (G,S) is a projective-pairing.
Theorem 1. If H € @(G,F) thgn p divides |H|.

Theorem 2. A projective-foot B of G is a p-Sylow subgroup of
G.

Theorem 3. &(G,F) consists of precisely those subgroups of G

which contain a p-Sylow subgroup of G.
9
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Theorem 4. A subgroup T of G 1is a projective-top if and only

if it is a maximal subgroup containing a p-Sylow subgroup of G.
Clearly T 1is not unique up to conjugacy while B is.
The results about p-groups we will include in the next

chapter along with the other results.

§4. Relation Between Projective-Pairing, Property p and Complete

Reducibility of Induced Modules for Normal Subgroups

Having characterized the class & in the above section,

we turn our attention to its connection with the representation

theory. As was realized by Sinha [12] and as we shall see later
that the property of complete reducibility of induced modules is
closely related with these concepts. We state below a theorem of
Sinha [127:
Theorem 5. Let H be a subgroup of G. If for each irreducible
FH-module N, the induced module ‘JIG is completely reducible
over FG then (G,H) has property p. Conversely if H 9 G
then (G,H) property p implies that UIG is completely reducible
for every irreducible FH-module @M.

We now prove the equivalence of projective-pairing and
property p for normal subgroups.
Theorem 6. If H is a normal subgroup of G then (G,H) is a
projective-pairing if and only if (G,H) has property p.
Proof. First suppose H 9G and (G,H) 1is a projective-pairing.
Let G = S Hxi, X

H 1
i=1
We observe that for h € H, xih = cpi(h)xi for all i, where each

=1, be a coset decomposition of G over H.

q;i(h) = xihx;1 induces an automorphism of the normal subgroup
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H. We can extend 9 by linearity to an automorphism of FH.

Now let M be an irreducible FH-module. Then

G n
N =@ZIN®x
i=1

Thus MG is completely reducible over FH. Hence given any exact

i where each M ® X, is an irreducible FH-module.

sequence of FG-modules
0-m-2%-2-0,

the sequence splits over FH. Then by the projective-pairing

(G,H) the sequence splits over FG as well. Thus mG is

completely reducible over FG.

Now let ; P X, € Rad FG, P, € FH. Since mG is
completely reducigle, we have mG(; pixi) = 0. In particular,
we have 0 = (n ® 1)(; pixi) = ; n;i ® X;» 0 € M. This implies
that each np, = 0 f;r all n 2 M. That is, mpi =0 for all

i. Since M was arbitrary irreducible FH-module, so each
Py € Rad FH. This gives property p for (G,H).
Conversely suppose that (G,H) has property p. Let

M be an irreducible FG-module. By Clifford's theorem we have
ﬁjh =m1 @oooe)mk’

where each mi is an irreducible FH-module. Consider ml. We
have HomFH(ﬂtl,SJh) = HomFG(‘Jli,ﬁﬁ). Since ‘ﬁl is a component of
mh, the left hand side is non-zero and so is the right hand side.
Thus M is a composition factor of mi. Since (G,H) has pro-
perty p, by Theorem 5, m? is completely reducible over FG.
Hence M 1is a component of mi. Therefore, by Green's criteria

for H-projectivity, M is H-projective.



12

As M 1is an arbitrary irreducible FG-module, it follows
that every irreducible FG-module is H-projective. In particular,
the trivial FG-module, F, is H-projective. Hence vertex of F -
namely a p-Sylow subgroup P of G - is contained in H. The
projective pairing for (G,H) now follows from Theorem 3.

This completes the proof of the theorem.

Corollary 1. If H 9 G such that (G,H) 1is a projective-pairing
then the representation of G, induced from an irreducible repre-
sentation of H, is completely reducible.

Corollary 2. A necessary and sufficient condition for (G,H)

to have a projective-pairing is that every irreducible FG-module

is H-projective.

Corollary 3. Let H 9G and M an irreducible FG-module. If

% is a compoeition factor of Mh then M is a composition factor
of mG.

Though some of the implications in the next theorem go
through without requiring the subgroup H to be normal in G,
we state our main theorem for normal subgroups.

Theorem 7. Let H 9 G. The following statements are equivalent:
(1) H contains a p-Sylow subgroup of G.
(2) (G,H) 1is a projective-pairing.
(3) (G,H) has property p.
(4) For every irreducible FH-module N, the induced FG-module
mG is completely reducible over FG.
Proof. It follows from (2.13) and Theorems 3, 5, and 6.
We now drop the normality condition on the subgroup H

and ask ourselves the question about the relation between the

three properties under gonsideration when H is not normal in G.
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By Theorem 5, ¢ is a subclass of g. Our next theorem shows that,
in general, the classes ¢ and g are independent.

Theorem 8. 1In general, the property of projective-pairing and
property p are independent of each other.

Proof. We prove this theorem by exhibiting examples of group G
and subgroup H such that the pair (G,H) enjoys one property
but not the other.

Our first example shows that projective-pairing does not
imply property op.

Take G = AS’ H = A4’ p = Char F = 3, where An denotes
the alternating group on n symbols. Since H contains a 3-Sylow
subgroup of G, (G,H) 1is a projective-pairing by (2.13). We show
that (G,H) cannot have property p. We may take F to be a
splitting field for G.

It is well-known that over complex field A5 has five
irreducible representations, say, Tl’TZ’T3’T4’T5 of degrees
1,3,3,4,5 respectively. Taking mod 3, it follows from the results
of Brauer and Nesbitt (Theorem 1 of [2] and a remark on p. 936

1’T2’§5 and f; remain

irreducible while Es = fl + f;. Since A5 has four 3-regular

classes, these are all the irreducible representations of A5

together with Theorem 5 of [17]) that T

over the field F of characteristic 3. Now by Brauer and

Nesbitt's result (2.16)

2

aim (Rad FA)) = 60 - (1% + 3% + 3% + 4%y = 25 |

Also since H = A4 is a Frobenius group with complement a 3-Sylow

subgroup of H,




14

dimF(Rad FA,) =3 -1 =2, by Wallace's result (2.14) .

)
Now if (G,H) has property p, then we must have
Rad FG < (Rad FH) -FG .

Considering dimensions, we must have

dim, (Rad FG) < (dim, (Rad FH))-[G:H] .

That is, we must have 25 £ 2.5 = 10, which is impossible. Thus
(G,H) does not have property p.

Though we are not able to find an example to show that

property p does not imply projective-pairing in finite groups, *
we give an example exhibiting the same when G 1is an infinite
group and H a subgroup of finite index.

Let Char F = 2 and G a group generated by elements
a and b subject to the relations b2 =1, babm1 = a-l. That
is, G is an extension of infinite cyclic group <a> by the
group <b> of order 2. It is known that Rad FG = (0) (See,
for example, Passman [9]).

Let H = <a>. Since Rad FG = (0), (G,H) has property
p over F. Now Gustafson [5] communicated to me that if G is
an infinite group and H a subgroup of finite index then (G,H)
is a projective-pairing is equivalent to the index [G:H] being
unit in the base field. In view of this result clearly (G,H)
cannot be a projective-pairing.

This completes the proof of the theorem.
Corollary . 1In general the classes @ and (C are independent

of each other.



15

Proof. By Theorem 8, ¢ and R are independent. But C < A&,
therefore @ £ C. The second example in the above theorem shows
that H = <a> € ¢, by Theorem 5, but H ¢ @.

This is what we wanted.

§5. Invariance of Projective-Pairing and Property p

In the previous sections we characterized projective-
pairing completely and showed that when H was normal subgroup
of G then projective-pairing was equivalent to property op.
Also we showed that these two properties are, in general,
independent of each other. A natural question now arises that
how far these properties can be carried over under different
algebraic transformation; for example, under taking direct pro-
ducts of groups or under homomorphisms. It is this question we

now turn our attention to.

(A) Field-Extensions

We show that the extension of ground field F has no effect
on projective-pairing and when F is splitting field for G, on
property p. Indeed,

Theorem 9. Let G be a finite group and F a field of char-
acteristic p >0 and L DOF be a field extension. Then if for
a subgroup H of G (G,H) 1is a projective-pairing over F, it
has projective-pairing over L as well. If F is a splitting
field for G, the same is true for property p.

Proof. The proof for projective-pairing is immediate, since the

characteristic of the field is preserved under field-extensions.
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We give a proof for property p. For standard results over
radicals under field extensions we refer to [3].

Suppose now that (G,H) has property p over the splitting
field F and L DF. Writing G=U1-lx let pr € Rad LG

with each p; € LH. Since L1H = FH @FL we may wru:e, for each i,

Ly 95y 0 Ly €Ls gy € FH .

Thus we have

E L1jq1j i € Rad LG = (Rad FG) ®FL (See [3], §29) .

This implies that, for each j,
Rad F! ith FH .
zi:qijxi € Rad FG wi qij €
The property p for (G,H) over F yields each
qu € Rad FH so that P; = )j: "ijqij € Rad FH ®FL = Rad LH, for

each 1i. This is what we set out to prove.

(B) Direct-Products

We prove the following theorem:
Theorem 10. Let Hl,H (;1,(;2
respectively. Then if (Gl’Hl) and (GZ’HZ) have property g

2 be subgroups of the groups

(projective-pairing) so does the pair (Gl X GZ’ Hl X HZ)'

Proof. As before the proof for projective-pairing is easy; for
if Hi 2 Pi’ w152, Pi = p-Sylow subgroup of Gi then

Hl X H2 2 Pl X Pz = p-Sylow subgroup of G, X G2 giving what is

il

required. We turn to the proof for property g

Write G, =

ol 1

W C o

1H X and G2 - U szj Then we have

i
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n m
Gy XG, = U U (Hy; XH)(x,,y.).
1 2 i=1 j=1 1 272473
Now it is well-known that F(G1 X GZ) = FG1 ® FG2 as

F-algebras and that Rad F(G1 X G,) = Rad FG; ® Rad FG2. Suppose

2)

1
now that ¢ (p.,q.)(x,,y.) € Rad F(G, X G,) where for each 1i,j,
i, i’ i*7j 1 2
3
(Pi’qj) € F(H1 X HZ)' Thus .2.(pixi,qjyj) € Rad FG1 ® Rad FG2,

1,]
which gives

Z PyXy € Rad FGI’ ; qjyj € Rad FG

ith FH
; ; wi Py € FH1 and qj €

2 2"

Since (Gl,Hl) and (G2,H2) have property g, so we have each

9° Hence for each 1i,j,

Py € Rad FH1 and each qj € Rad FH

® Rad FH, = Rad F(Hl X HZ)’

1

(pi,qj) € Rad FH 9

which is what we wanted.

(C) Homomorphic images

We have

Theorem 11. Let ¢: G1 - G2 be an epimorphism, H, a subgroup

1
of G1 and H2 = ¢(H1). Then (Gl’Hl) projective-pairing
implies that for (GZ’HZ)' If, in addition, ¢ maps Rad FG1

onto Rad FG, then property p for (Gl’Hl) yields that for
(GZ’HZ)'
Proof. Once again proof for projective-pairing is immediate; for
a p-Sylow subgroup is mapped onto a p-Sylow subgroup under an
epimorphism and inclusion is preserved under ¢.

We now give a proof for property p. Suppose that

G, =U H,x, and G2 =y szj and that % qjy. € Rad FG,, where
i - .

1 2’
i j j J
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qj € FHZ’ for all j.

Since ¢(Rad FGl) = Rad FG, by hypothesis, there exists

an a € Rad FG1 such that g(a) = £ q
i i

with P; € FHl. Then, by virtue of property p for

G oH))
Let ¢(xi) =hy., hi € Hy. Then

jyj. Write a = ; pix1

each P is in Rad FHl'

? a9 = ¢(§ P%;) = z oplg(x;) = z ¢(p by,

This implies that for each j, qj = ¢(pj)hj. But

¢(pj) € ¢(Rad FH,) < Rad FH,.

Hence each qj = ¢(pj)hj € Rad FH,.

2

This gives property p for (GZ’HZ) and thus completes
the proof of the theorem.

=



CHAPTER III

EQUIVALENCE OF THE CLASSES ¢, R and _C

In the previous chapter we investigated projective-
pairing and its relation to property ¢ and complete reducibility
of induced modules when the subgroup under consideration was
normal. We also saw in general property p and projective-
pairing were independent of each other. However, as we shall
see, it turns out that in many cases these three classes of sub-
groups do coincide with each other. We now give some sufficient
conditions on G which guarantee the equivalence of &, £ and
C. One condition is trivial: p =0 or p | |G|: in this case

each class is the class of all subgroups of G.

§6. p-groups

For this class of groups it turns out that these three
classes are vacuously equivalent. Indeed,
Theorem 12, Let G be a p-group and F a field of characteristic
p. Then each of the three classes @, R, ¢ 1is empty.

Proof. (1) The Class &. Suppose that there is a subgroup H

with (G,H) projective-pairing. Let L be a finite group with
*
order prime to p and let G be an extension of G by L.
* *
Then clearly G is a p-Sylow subgroup of G and so (G ,G)

is a projective-pairing. By transitivity (Lemma 1) we obtain

19
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the projective-pairing for (G*,H) which contradicts the fact

that G 1is the projective-foot of G* and thus completes the

proof.

(2) The Class pgR. Suppose there is an H with (G,H) property

p. We know that Rad FG = Ideal in FG generated by the set

{g - l‘g € G} is of dimension pn - 1 where \G‘ = pn. Suppose

|a| = pk, k g n. We have Rad FG ¢ (Rad FH)-FG. This gives

dim; (Rad FG) < (dim;Rad FH)-[G:H]; that is, Pl -1x (pk - 1)(pn-k5 =
n n-k n-k

P -P . This implies that »p " <1, which is impossible since

H 1is a proper subgroup of G. Thus the only subgroup of G

having property p with G is the group G itself.

(3) The Class (. Let H be a subgroup of G, H € &(G,F). It
is well-known that a p-group G has only one irreducible module
over the field F of characteristic p - namely the field F
itself, made into a G-module, by trivial action by elements of

G. Therefore by hypothesis, we must have

G .
(FH) =F,®@F, ®..0F, : [G:H] copies.

Thus FG is a component of (FH)G and so FG is H-projective,

contrary to the fact that F_ has vertex G [4].

G

The proof of the theorem is now complete.

§7. Special Type of Frobenius Groups

In this section we show that if G 1is p-nilpotent Frobenius
group with kernel the normal p-complement then the three classes
@, R and C coincide. For groups of this type, Wallace's results

(147, [15] are important to our investigation.
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The following lemma, essentially due to Wallace [15]
determines the radical of such a group.
Lemma 3. Let G =PM, MgQG, PN M=1, be Frobenius group with
kernel M and complement a p-Sylow subgroup P of G. Then
over a field F of characteristic p,

Rad FG = ( T x)-Rad FP = Rad FP.( T X)

xeM xeM

Proof. By Wallace's result (2.14) we have dim. (Rad FG) = |p| - 1.
Let I be the subspace of FG spanned by {( L x)(g-l)\g € P}.

xeM
Clearly dimFI = ‘P\ - 1. Since M g G, we have

y(gx) = £x=(ZLx)y, h(Zx) =(rx)h, yeM, heP.
xeM xeM xeM xeM xEM

Therefore for h,g € P and y € M, we have

1]

hyl ( £ x)(g-1)] = ( £ x)h(g-1) = ( £ x)[ (hg-1) - (h-1)]
xEM xeM xeM

and

[CZx)(g-Dhy = [(g-1)( T x)Thy = (g-Dh( T x)y

xeM xeM xeM
= [(gh-1) - (h-DI( L x) = (T x)[(gh-1) - (h-D].
xeM xeM

Thus I is an ideal in FG. But it is well-known that Rad FP =
<g-1\g € P>, hence I = ( £ x)Rad FP is a nilpotent ideal of
dimension \P\ - 1. Thisxproves the lemma.

We now prove
Theorem 13. If G =PM, Mg G, P NM =1 1is a Frobenius group
with kernel M, then the three classes &,  and (¢ coincide.
Proof. First we observe that G' =M (Wallace [15]) so that by

(2.15) Rad FG < Z (FG).
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Now suppose that (G,H) is a projective-pairing. We
wish to show H € C. In the factorization G = PM, pick a
p-Sylow subgroup P which H contains so that H = P(H N M)
is Frobenius group with kernel H N M. Let

G=L!Hxi and M=L.J (H ﬂM)yj
i J

be coset decompositionsof G and M respectively. By Lemma 3,
a typical element r of Rad FG can be written as

r=a(gx)=a( £ h)(zy,), where a € Rad FP .
xeM heim  j I

Let M be an irreducible FH-module. Since Rad FG is

central, we have

mc-r

(@ZN@xi)r=®Em®xir=@Z'R®rxi
i i : i

orn®la( T W(Ey)x;
i heurm  j I

=ozmlal T W] (Ey)x,
i heHMM g
=0,
since a-( ¥ h) € Rad FH, H being Frobenius with kernel H N M,
heHM [
and M irreducible over FH. Thus M is completely reducible
over FG.
Since M was arbitrary, H € C.
We have thus shown the inclusion @ € ¢. Since C< R
always by Theorem 5, our proof will be complete if we prove
RS @.
Let H be a subgroup of G with (G,H) property p.

Then p divides |H|; for it not, then FH is semi-simple and
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if ¢ P.X, € Rad FG, P, € FH, G = U Hx_,: coset decomposition of
i

. i
G oier H, then each P; € Rad FH = (0), and this implies semi-
simplicity of FG, contrary to our hypothesis that p | ‘G\.
In the factorization G = PM, pick a p-Sylow subgroup P

such that H NP 1is a p-Sylow subgroup of H. Then

= (HNP)-(HNM) is a Frobenius group with kernel H N M. Let

= Q (H N P)xi and M= Q HN M)yj
1 J

be coset decompositions of P and M respectively. We first
show that G = 'U.Hy_xi is a coset decomposition of G over H.
To see this, fi;;i observe that [G:H] =[P: H N P]-[M: H N M].

Suppose now that Hiji = Hnyk’ then

-1 -1
(xixk )(xkxi ijl k yL ) EH= HNP)H NM.
Therefore, there exist a € HNP and b € HNM such that
-1 -1 -1 -
(xixk )(xkxi yj X, v, ) ab

. -1, -1 NS R R _
and this gives a (x.xk ) = b(x X, yj k Yy ) €EPNM-={13.

Hence x xk1 €EH NP and xkx 1y E H N M. This gives

JlkL
= k and consequently j = {. Thus {Hiji} are distinct and
cardinality argument proves our asserfion.
Suppose that (G,H) does not have projective-pairing.
Then there exists g € P such that g ¢ H. Write g = hpxo
where hp €HNP and x #1 is in {x;}. Then by Lemma 3

= (g-1)( £ x) € Rad FG .
XEM

We now have
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r=(tx -D(Zx)=hx (ZTx)-(Zx)
po xeM P o xeM xeM
=h (Z x)x0 -(zZx) , since M QG
xeM xeM

h( £ BEy)x -( £ h(EY,)
Pharm j 3 °  ham )

Tlh( 2 Wlyx +Z(-( Z Wy, .
j heHm - j  heam I

Since {iji} are coset-representatives of G over H
and (G,H) has property §p, we conclude that
h ( £ h) and ¥ h
P hermm heHM
are in Rad FH. Now let F be the trivial H-module. We then

have F-( £ h) = 0. 1In particular,

heHM
0=1.( £ h)= ¥ 1=[HnnM,
heHMM heHM
which is a contradiction, since (‘H n M\,p) = 1.

This completes the proof of the theorem.
Remark. It should be observed that for the inclusion R < @ we

only require G to be p-nilpotent.

§8. Extensions by Groups of Orders Prime to p

In the last two sections we showed the equivalence of
@, R and (¢ for two types of groups. We now extend the class
of groups for which @ = R = C. To save space and avoid lengthy
repetitions we make

Definition 8. A finite group G 1is called PRC-group over F if

#(G,F) = R(G,F) = C(G,F).
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We start with
Lemma 4. If H 9 G, then Rad FH < Rad FG.
Proof. Let M be an irreducible FG-module. Since H <G,
Clifford's theorem gives Wy =@ T M, each M, being an
1

irreducible FH-module. We then have
M- (Rad FH) = ﬂ]h'(Rad FH) =® £ M. (Rad FH) =0 .
i

Since M was arbitrary, we obtain the desired result.

We next prove
Theorem 14. An extension of a PRC-group by a group with order
prime to p (p = Characteristic F) is a PRC-group.
Proof. Let G be an extension of a PRC-group L by a p'-group.
We wish to show &(G,F) = R(G,F) = C(G,F).

Since C < R always by Theorem 5, it is sufficient to
show 2 € C and R< @.

G,F) € C(G,F): Let H be a subgroup of G with (G,H) a
projective-pairing and let % be an irreducible FH-module. Then
H 2P, a p-Sylow subgroup of G; which is also a p-Sylow sub-
group of L, since [G:L] is prime to p.

Since L <G, HNL QH and so Clifford's theorem yields

Ty, =O R,
i

each mi being irreducible F(HML)-module. By hypothesis for L,

since HNL 2P = a p-Sylow subgroup of L, each m]; is completely

reducible over FL. Now L <G and (G,L) is a projective-

pairing. Therefore, by Theorem 7, each Sfl(i = (‘,}lLi)G is completely

reducible over FG. This shows (’J‘tHnL)G =®z !t(i; is completely
i
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reducible over FG.

Now (H, HNL) is a projective-pairing. Therefore, by
Higman's criteria (2.9) (ii), ® is a component of anﬂL)H' This
in turn implies that mG is a component of completely reducible
FG-module GRHﬂL)G = (QRHnL)H)G; thus proving its complete-
reducibility over FG.

Since M was arbitrary, H € C(G,F).

BG,F) € 2(G,F): Let H < G with (G,H) property p. Let P

be a p-Sylow subgroup of G such that H NP is a p-Sylow of

H. Since HNL 1is a normal subgroup of H and HNL2H NP =
a p-Sylow subgroup of H, by Theorem 7, (H, H N L) has property
p. Transitivity of property p yields the same for the pair

G, HNL).

Suppose now that ; PX, € Rad FL with P; €EFHNL),
where L = q (H N L)xi isla coset~-decomposition of L over
HNL. We ;ay also take {xi} to be some of the coset repre-
sentatives of G over H N L. Since L < G, Rad FL < Rad FG
by Lemma 4 and so ; pixi € Rad FG with P, €EFHNL). By
above (G, H N L) ;as property p, hence each P; € Rad FH NL).
This gives property p for the pair (L, H NL).

By hypothesis for L, (L, H N L) 1is a projective-pairing.
Hence H N L, and therefore H, contains a p-Sylow subgroup of
L, which is also a p-Sylow subgroup of G. Thus H € @(G,F).

The proof of the theorem is now complete.

Corollary 1. If P 4G themn G 1is PRC.

Proof. Clear from Theorem 12.

Corollary 2. If Rad FG €« Z(FG) then G 1is PRC.
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Proof. By Wallace's result (2.15), L = G'P 1is a Frobenius group
with kernel G' = L' and complement a p-Sylow subgroup P of G.
But L 1is PRC by Theorem 13 and ([G:L], p) = 1, so the above
theorem is applicable.

Corollary 3. 1If \G| = pq, P,q being primes, then G 1is PRC.
Proof. If G is abelian or if G 1is non-abelian and p > q,
then P 9 G and Corollary 1 above is applicable. On the other
hand, if G 1is non-abelian and p < q, then G 1is Frobenius
group with P as a complement (Scott [10]) and Theorem 13 takes
care of the proof.

Corollary 4. If \G\ = pqz, P X q -1, then G 1is PRC.

Proof. It is easy to see that G satisfying the above hypothesis
has either P normal in G or is a Frobenius group with
complement P and in both cases we are done.

Corollary 5. If G is supersolvable then property p implies
projective-pairing.

Proof. If p is the highest prime dividing the order of G

then P 4« G and we are done by Corollary 1 above. On the other
hand, if p 1is the smallest prime divisor of \G\, then G 1is
p-nilpotent and property p implies projective-pairing for
p-nilpotent groups follows from the Remark following Theorem 13.
Suppose now that p 1is an intermediate prime divisor of \Gl.

In this case, there exists a normal p-nilpotent subgroup K of

G (Sylow Tower Theorem: See Scott [10]) and G 1is an extension
of K by a p'-group. The result now follows from the Remark to

Theorem 13 and the above theorem.
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§9. Extensions of p-groups

The aim of this section is to further extend the class
of PRC-groups. In fact, we prove that any extension of a p-group
by a PRC-group is PRC.

Let H be a subgroup of G. We denote by EIG(H) the
ideal in FG generated by the set [h-l\h € H}. Similarly if
I is a two-sided ideal of FG then the set {g € Glg-l €1}
is denoted by M;I(I). It is easy to check that 9,[;1(1) is a
normal subgroup of G.

It is well-known that if ¢: FG - F(G/H) is the map
obtained by extending the canonical map G —» G/H (H 9 G) to
FG by linearity, then Ker ¢ = uc(n) and so FG/?]G(H) = F(G/H).

We now prove

Lemma 5. Let P be a p-Sylow subgroup of G. Then
9 (Rad FG) = Core. (P) .
G G

Proof. Let A = ‘u(-;l(Rad FG) = (g € G|g-1 € Rad FG}. Then A <G,
since Rad FG is a two-sided ideal in FG. Since Core P 4G,
by Lemma 4, Rad(Core P) < Rad FG. But it is well-known that
Rad(Core P) 1is ideal in F(Core P) generated by
{h-l\h € Core P}, as Core P is a p-group. Hence for each
h € Core P, h-1 € Rad FG and so Core P < A.

For the reverse inclusion, observe that for g € A, g-1

is nilpotent. Thus there exists a least integer k such that

0= D" =g - g (.
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Since FG is free over F, each (?) £ 0(mod p),
i=1,2,...,k-1 and g% =1. In particular, (t) = k = 0(mod p)
and so plk. Thus g € A implies »p \ \g\. Suppose that
|A] = pb-m with (p,m) = 1. If m>1 then A has elements
with orders not divisible by p, contrary to what we have just
proved. Hence A is a p-group. Since A is normal p-group
and Core P € A we have A = Core P and this proves the lemma.

We can now prove
Theorem 15. Let H < G such that (G,H) has property p. Then
H 2 Core P.

Proof. If the assertion of this theorem is false then there is

a g€CoreP and g ¢ H. Write G = q Hxi, coset decomposition,
so that g = hx, for some h € H and lxi # 1. By Lemma 5 we
have g - 1 = hxi - 1.1 € Rad FG. Since (G,H) has property

p, we must have h,l € Rad FH which is impossible.

This completes the proof.

Before we come to the main theorem, we need
Lemma 6. Let I be a nilpotent ideal in a ring R and
¢: R » R/I the natural map. If Rad R denotes the nilpotent
radical of R then ¢(Rad R) = Rad(R/I) = (Rad R)/I.

Proof. We always have ¢(Rad R) < Rad(R/I). Now let

a+ I € Rad(R/I). Then for every b + I € R/I,
(a+I)(b+1I) =ab+T1I

is nilpotent; thus there is an integer m such that
(@b + 1)™ = (ab)™ + I = I. Therefore (ab)™ € I. But I is

a nilpotent ideal of R, hence ab 1is nilpotent. Since b in
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R was arbitrary, a ¢ Rad R and so ¢@(a) = a + I € Rad(R/I).
This proves the first equality. The second is clear, since
Ker ¢ =1 and I ¢ RadR.
Remark. Actually our proof shows little more than the assertion
of the lemma. In fact, we have shown that a + I is in Rad(R/I)
if and only if a is in Rad R. We shall use this fact.

We now come to the main theorem of this section.
Theorem 16. An extension of a p-group by a PRC-group is PRC.
Proof. Let G be an extension of a p-group A be a PRC-group.
Once again we prove the inclusions #< ¢ and RCS &.

2G,F) € CG,F): Let (G,H) be a projective-pairing. Then

H contains a p-Sylow subgroup of G and hence contains A.
Since A 4 G, MA(A) S Rad FG by Lemma 4 and so if M is an
irreducible FH-module, each a € A acts trivially on % and
M can be regarded as an irreducible F(H/A)-module. Now
clearly (G/A,H/A) 1is a projective-pairing; hence, since G/A

is PRC by hypothesis, the induced F(G/A)-module

/A —ne  Fe/a)

F (H/A)
is completely reducible over F(G/A). Since a € A acts

trivially on M, we can view mG/A as FG-module in a natural

way by defining (n ® Ag)h = (n ® Ag)Ah, n € N, g,h € G.

/A

Define ¢ mG mG by ¢(n ® Ag) = n ® g and extend

by linearity. Since

p((n @ Ag)h) = ¢((n ® Ag)Ah) = @(n ® Agh) = n ® gh = (n ® g)h

o(n ® Ag) -h
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and since (obviously) ¢ is 1-1 and onto, ¢ is an FG-
isomorphism.

Thus mG is completely reducible over FG implying
H € C(G,F).

P(G,F) < 2(G,F): Let H be a subgroup of G with (G,H)

having property p. Then H 2 Core P 2 A by Theorem 15. Let
@: G - G/A be the natural map. We extend @ to FG by
linearity. Let G =U Hxi be coset decomposition of G over

i
H. Then

G/A = U(H/A) Ax,
1
is a coset decomposition of G/A over H/A. We now show that
(G/A,H/A) has property op.
Suppose that ? ﬁiAxi € Rad F(G/A), 51 € F(H/A). Extend-
1

ing ¢ to group algebra FG, there exist P; € FH such that

o(p;) = 51. Thus (p(;)i: p;X,) € Rad F(G/A) = Rad(FG/Y,(A)). Since

Ker ¢ MG(A) < Rad FG, Lemma 6 is applicable and we conclude

that ¢ PiX, € Rad FG, with P, € FH. By hypothesis (G,H) has

i
property p and so each P; is in Rad FH. Hence

P, = 9(p,) € p(Rad FH) = Rad F(H/A).

This shows that (G/A,H/A) has property p.

Since G/A 1is PRC by hypothesis, (G/A,H/A) is a projective-
pairing. Thus H/A contains a p-Sylow subgroup P/A of G/A,
P being a p-Sylow of G. Hence H 2P and (G,H) 1is a pro-
jective-pairing.

This completes the proof of the theorem.
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Corollary 1. If P 4G, then G is PRC. (Corollary 1 to Theorem
14) .,

Corollary 2. If \G\ = pzq, then G 1is PRC.

Proof. Let np denote the number of p-Sylow subgroups of G.

If p >q then np = 1(mod p) and nplq yields np = 1. Thus

P 9 G and we are done. Suppose that p < q. Then nq =1 or
pz. If nq = p2 then np =1 and so P 4G and we are done
again. If nq =1 them G =PQ,Q 4G, Q the q-Sylow subgroup
of G. Suppose now that G has an element x of order pq.

Then H = <x> has index p, the smallest prime dividing ‘G\;

hence H 9 G. Since H is cyclic, K = <4

> 1is a normal p-sub-
group of G and G is an extension of K by a group of order
Pq. But by Corollary 3 to Theorem 14, a group of order pq is
PRC, hence G is PRC by above theorem. In case G has no
element of order pq, then every element of G 1is either a p-

or a p'-element and so G is a Frobenius group with Q as kernel

and P as complement (Scott [10]). That G is PRC follows from

Theorem 13.







CHAPTER IV

PROJECTIVE -SENSITIVITY

§10. Projective-Sensitivity

We start with

Definition 9. Let H be a subgroup of G. We call H to be

projective-sensitive if the following holds:

(i) Whenever (G,M) 1is a projective-pairing then M 2 H or
(H, H N1 M) 1is a projective-pairing.

(ii) If K <H and (H,K) is a projective-pairing then there
exists an M < G such that (G,M) is a projective-pairing
and K =M N H.

In this chapter we attempt to characterize projective-
sensitive subgroups of an arbitrary finite group and give examples
to show the limits of the results proved. We also give a
necessary and sufficient condition for a group to have all of its
subgroups projective-sensitive.

Before coming to the main results, we prove two lemmas:
Lemma 8. If H 9 G then condition (i) of Definition of projective-
sensitivity is satisfied.

Proof. Let M <G be such that (G,M) 1is a projective-pairing.
If M%H then, since M contains a p-Sylow subgroup P of G
and H 1is normal in G, H N M contains a p-Sylow subgroup H NP

of H and so (H, H N M) is a projective-pairing.

33
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Lemma 9. Let H< G. If K< H and is such that K contains
a p-Sylow subgroup of H and PK 1is a group where P 1is a
p-Sylow subgroup of G containing the p-Sylow subgroup of K
(of H), then PK NH = K.

Proof. Clearly PK N H 2 K. We prove the inverse containment.

Suppose lPl = pa, ‘Hl = pb~s, (p,s) =1, b <a and \K\ = pb~l,,

(Pst) =1, £|s. We have

P|.|K 28-2"1 a
[P =R =5 =P 4 -
P

Now |PK NH| divides both |PK| = p% and |H| = p®-s. Since
tls and b s<a, (paL,pbs) = pr. Since PK N H already has K
of order pb~L we obtain PK N H =K.

This proves the lemma.

We first give a necessary and sufficient condition for a
normal subgroup to be projective-sensitive.
Theorem 17. Let H 9 G. Then H is projective-sensitive if
and only if for all subgroups K of H with K 2 HP, a p-Sylow
of H (of K), PK is a group, where P is a p-Sylow subgroup of
G containing Hp; p being the characteristic of F.
Proof. Suppose first that PK is a group with P and K
satisfying the condition of the theorem. We show that H is
projective-sensitive. In view of Lemma 8 it is sufficient to
verify condition (ii) of the definition of projective-sensitivity.
Suppose that (H,K) 1is a projective-pairing. By hypothesis PK
is a group, P being appropriate p-Sylow subgroup of G. Taking
M = PK it is clear that (G,M) is a projective-pairing and

Lemma 9 verifies what is required.
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Conversely suppose that H <9 G 1is projective-sensitive
and K < H such that (H,K) 1is a projective-pairing. By
condition (ii) there exists M <G, M 2P and M NH =K. Since
HaG, HNM=KaM implying M < NG(K) = normalizer of K in
G. Therefore P :NG(K) and hence PK is a group. This is
what we wanted to prove.

Remark. We may take PK as a choice for M in condition (ii)
of projective-sensitivity.

Corollary 1. Let H <4 G with l-[[J a p-Sylow subgroup of H.

If [H:HP] is a prime then H is projective-sensitive.

Proof. In this case if (H,K) is projective-pairing then either
K is a p-Sylow of H or K =H. In both cases PK 1is a group,
P being appropriate p-Sylow of G, and the above theorem applies.
Corollary 2. If H <G such that every subgroup of H is
normal in G then H is projective-sensitive. In particular,
if H is cyclic normal then H is projective-sensitive.

Proof. Clear from above theorem.

We now drop the condition of normality on H and the
next theorem gives some non-normal projective-sensitive-groups.
Theorem 18. (1) Let (G,H) be a projective-pairing over F
of characteristic p. Then H is projective-sensitive if and
only if H contains all p-Sylow subgroups of G (p fixed).

(2) A p-subgroup H in G is projective-sensitive if and only
if He CoreG(P), P being a p-Sylow subgroup of G.

Proof. (1) Suppose H contains all p-Sylow subgroups

(pxlx € G, P fixed} of G. If M< G is such that (G,M) is

x
a projective-pairing then M 2 P for some x € G and so
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HNAMD2 P* = a p-Sylow of H giving projective-pairing for

(H, H N M). Thus condition (i) of projective-sensitivity is
satisfied. Next if (H,K) is a projective-pairing then

K :>Px, some x € G. Taking M =K we have (G,M) projective-
pairing and M NH =K N H =K verifying condition (ii).

Therefore H 1is projective-sensitive.

Conversely suppose (G,H) 1is a projective-pairing and
there exists an x € G such that H # P*. We show that H is
not projective-sensitive. Now H 2 P’ some y €EG. If M= P
then (G,M) 1is a projective-pairing but neither M 2 H nor
(H, H N1 M) 1is a projective-pairing; the first statement
M 2 H is clear while for the second HNM f P*, and so HNM
does not contain a p-Sylow of H yielding H to be non-
projective-sensitive.

(2) Suppose that H < Core P. Wish to show H is projective-
sensitive. If (G,M) 1is a projective-pairing then M 2 P* 2
Core P 2o H and so condition (i) is true. Also (H,K) pro-
jective-pairing implies K = H, so we may take M = P. Then
(G,M) 1is a projective-pairing and M NH =H =K , thus
verifying (ii). Therefore H 1is projective-sensitive.

Conversely, suppose a p-subgroup H 1is projective-
sensitive and there exists an x € G such that H ¢ P*. Then
(G,Px) is a porjective-pairing but neither P oH nor
(H, p* N H) 1is a projective-pairing, since for a p-group H,
(H,K) projective-pairing implies K = H. This violates the
condition (i) of projective-sensitivity.

The proof of the theorem is now complete.
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Theorem 19. Let Hp be a p-Sylow subgroup of H. If

Hp < Core P and [H:Hp] is a prime then H is projective-
sensitive.

Proof. Let M <G with (G,M) projective-pairing. Then

M2 Px, some x € G, P a fixed p-Sylow of G. We have
HﬂManPXQHnCoreP:Hp and so (H, H NM) is a pro-
jective-pairing. This verifies condition (i) of projective-
sensitivity. For condition (ii) note that if (H,K) 1is a
projective-pairing then either K 1is a p-Sylow of H or

K = H. 1In the former case take M = appropriate p-Sylow of

G and in the latter case take M = G. It is trivial to verify
that M has properties required by condition (ii) of pro-
jective-sensitivity.

Thus H is projective-sensitive.

Corollary . If H is of prime order q, q # p, then H is
projective-sensitive.

We are now in a position to show by means of examples
that normality of H 1is essential for both the directions in
Theorem 17.

In G = Aa over field F of characteristic p = 3,
H = 22 is projective-sensitive (but not normal) by above
corollary but (H,H) 1is a projective-pairing and PH is not
a group (P a 3-Sylow of G), as its order is 6 and A4 has
no subgroup of order 6.

For the other direction take H to be a p-group not
contained in Core P and let H< P. Then (H,H) is a pro-

jective-pairing and PH =P 1is a group, but H 1is not
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projective-sensitive by Theorem 18(2).

We have seen in the above theorems some projective-
sensitive subgroups of G. However, it may happen that G con-
tains many more projective-sensitive subgroups. Indeed,

Theorem 20. G has every subgroup projective-sensitive if and
only if P 4G, P a p-Sylow of G, p = characteristic of F.
Proof. Suppose, first, that P 4G and let H < G. By
Theorem 18, if H2P or HS P themn H is projective-
sensitive. So suppose H 1is not one of these.

We first verify condition (i). If »p r \Hl then FH
is semi-simple and so (H, H N M) 1is a projective-pairing for
all Mc G and so (i) is trivially true. If p | |#|, then,
since P « G, the p-Sylow subgroup Hp of H 1is contained in
P and so if (G,M) 1is a projective-pairing then M 2 P
implying HNM2H NP = Hp. Hence (H, H N M) 1is a pro-
jective-pairing.

Thus in all cases condition (i) is satisfied.

Next we check condition (ii). Suppose (H,K) is a pro-
jective-pairing, K € H. Since P g G, PK 1is a group. Taking
M = PK, clearly (G,M) 1is a projective-pairing and, as was
the case in Lemma 9, M N H = K.

This completes the sufficiency part of the theorem.

Suppose now that G has every subgroup projective-
sensitive and P A G. Then there exists an x € G such that
P # P°. By hypothesis P is projective-sensitive. Let
M = P*. Then (G,M) is a projective-pairing but neither M 2 P

nor (P, P N M) 1is a projective-pairing. This violates the
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condition (i), a contradiction.

The proof of the theorem is now complete.

Our next theorem describes the representations of a group
having all its subgroups projective-sensitive.
Theorem 21. If G has all its subgroups projective-sensitive
over a field F of characteristic p then every irreducible
representation of G over F occurs as a component of (transitive)
permutation representation induced by the trivial representation
of a p-Sylow subgroup of G. Consequently, degree of each
irreducible representation of G is prime to p and each block
of G 1is of lowest kind with p-Sylow subgroup as its defect
group.
Proof. If G satisfies the condition of the theorem then by
Theorem 20, G has unique p-Sylow subgroup P.

Let T be an irreducible representation of G afforded
by (irreducible) FG-module M. By Clifford's theorem we have
m% £® ; Fi’ each Fi = F: the trivial P-module. This gives
cmp)G Eij ; F?. Now since MM 1is P-projective, M 1is a
component ;f Cmp)G and therefore, since Mt 1is irreducible,

there exists an i such that 9t is a component of F? = FG.

But FG is a module which defines the representation of G as

permutations of the right cosets Px. Hence T occurs as a
component of the (transitive) permutation representation afforded

by FG. This proves the first part of the theorem.

I}
-

Since dimFFG = [G:P], we infer that (dimﬁm,p)

Therefore defect of each block of FG 1is a, where |G| pom,

(p,m) = 1 (Brauer and Nesbitt [27]) and each block is of lowest
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kind with P as defect group.

This completes the proof of the theorem.

Corollary . If G has all its subgroups projective-sensitive
then vertex of each irreducible FG-module is the p-Sylow sub-
group P,

Proof. By the above theorem (dimﬁm,p) =1, M being an
irreducible FG-module. But by a theorem of Green [4], if B

is the vertex of M then the index [P:B] divides dimﬁm.
This proves what is desired.

We now assume that P is not normal and in the next
theorem we give a sufficient condition for G to have all its
normal subgroups projective-sensitive.

Theorem 22. Let G = PM, where P 1is a p-Sylow subgroup of G
and M 4 G 1is such that each of its subgroups is normal in G.
Then every normal subgroup of G 1is projective-sensitive.
Proof. First we observe that M and each of its subgroup

is projective-sensitive by Corollary 2 to Theorem 17. Also

by Theorem 18 if the normal subgroup H 1is a p-group or con-
tains P then H is projective-sensitive. We show the same
for H « G not satisfying any of the above conditions. Note
that p divides \H\, for otherwise H < M.

Now if L < G then there exists g € G such that
L=(@n Pg)(L N M). For choose g € G such that a p-Sylow
subgroup Lp of L is contained in P8®. 1If y € L we may
write y = ab, a € Lp’ b a p'-element. Then b € L N M.

If, in addition, L <G then L= (L NP&Y@ NM) =

-1 -1
@wne®H® @wnm=@a® aP)-@nM = @CNP@LNAM.
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Let HaG, H= HNP)H ﬂM)=Hp(H nM),Hp being a
p-Sylow of H. In view of Lemma 8 it is sufficient to verify
condition (ii) of projective-sensitivity. Let K S H and
(H,K) be projective-pairing. There exists x € H such that
K=H§(KOM). By hypothesis K N MG, so S = P (K N M)
is a group, where P* is that p-Sylow of G which contains

the p-Sylow subgroup Hz of K. We have
S =P (R NM) = Px[H:(K nM7] =PK .

Clearly (G,S) 1is a projective-pairing and by Lemma 9,
S NH =K.

This proves the projective-sensitivity of H and so
proves the theorem.
Corollary 1. 1If lG\ = pqq, q a prime then every normal sub-
group of G is projective-sensitive.
Corollary 2. Dn’ the Dihedral group of order 2n, has every
subgroup projective-sensitive if p 1is odd and every normal
subgroup projective-sensitive if p = 2.
Proof. If p is odd then P < G and Theorem 20 applies. If
p=2 then G =PM where P is a 2-Sylow subgroup of G and

M a4 G satisfies the condition of the above theorem.






BIBLIOGRAPHY



10.

11.

12,

13.

BIBLIOGRAPHY

Brauer, Richard: Investigations on Group Characters.

Brauer, R.

Annals of Math. Vol. 42 (1941) 2,
936-958.

and Nesbitt, C.: On the Modular Characters
of Groups. Annals of Math. Vol 42
(1941) 2, 556-590.

Curtis, C.W. and Reiner, I.: Representation Theory of

Finite Groups and Associative-Algebras.
Interscience, 1962.

Green, J.A.: On the Indecomposable Representations of

Gustafson,

Finite Groups. Math. Zeit. 70 (1959),
430-445,

W.H.: Remark on Relatively Projective Modules.
To appear.

Higman, D.G.: Modules with a group of operators. Duke

Hochschild, G.: Relative-Homological Algebra. Trans. Amer.

Khatri, D.C. and Sinha, I.:

Math. Soc. 82 (1956), 246-267.

Projective-Pairings in Groups I1I.
Math. Japon.Vol. 14, No. 2, (1969),
127-135.

Passman, D.S.: Nil Ideals in Group Rings. Mich. Math. J.

9 (1962), 375-384.

Scott, W.R.: Group Theory. Prentice Hall, 1964.

Sinha, I.:

On the Radical of Group Rings. Math. Student
32 (3 +4) 1966, 185-190.

On a converse of Clifford's Theorem. Abstracts,
Indian Math. Soc. 1967, 3-4.

Projective-Pairings in Group Rings. Report,
Algebra Symposium, Ind. Sc. Congress, 1968.

42



43

14. Wallace, D.A.R.: Note on the Radical of a Group Algebra.
Proc. Cambridge Phil. Soc. 54 (1958),
128-130.

15. : Group Algebras with Central Radicals. Proc.

Glasgow Math. Soc. 5 (1962), 103-108.
















il

93 03




