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ABSTRACT

NONLINEAR, QUASI-STATIC BEHAVIOR OF SOME
PHOTOELASTIC AND MECHANICAL
MODEL MATERIALS

by Ernst W. Kiesling

A study was made of the effects of time upon the
birefringent and mechanical properties of four plastics:
Polyester Resin CR-39 (Cast Optics Co., Inc.); Polyester
Resin PS-1 and Epoxy Resin PS-2 (Photolastic, Inc.); and
Polyester Resin Palatal P6-K (Badische Anilin und Soda-
Fabrik, Germany). The isothermal, quasi-static behavior
under constant, uniaxial stress conditions was examined
exhaustively--for approximately five decades of logarithmic
time, and for a range of stress sufficiently broad to cover
the linear and much of the nonlinear range (where non-
linearities appeared).

The stresses limiting the linear range of behavior--
called linear limit stresses--were determined approximately
for both one percent and five percent deviations from
linearity. The variation with time after loading of these
linear limit stresses was also examined.

Data is presented graphically for all materials.
Certain characteristic functions defined by viscoelastic

and photoviscoelastic theories are given for Polyester



Ernst W. Kiesling

Resin CR-39 in both the linear and nonlinear regions. Both
these theories are discussed in some detail.

Several wave lengths of radiation, covering the
visible range, were employed in the investigations of bire-
fringence. Two phenomena--dispersion of birefringence and
the possible variation with wave length of linear limit
stresses—-could thus be studied.

Tapered models were used to obtain birefringence and
mechanical data essential to this study. The moire method,
used in conjunction with tapered models, provided a con-
venient means of obtaining continuous strain-stress data

from a single model and loading.
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CHAPTER I

INTRODUCTION

Objective and Scope

The demands for more efficient use of materials in
today's technology, particularly in areas of air and space
travel, have elevated the importance of accurate stress
analysis to unprecedented heights. These demands have
fostered, or forced, rapid developments in the methods of
stress analysis, both analytical and experimental. Though
the theory of elasticity offers mathematically exact solu-
tions to some problems, difficulties multiply sharply when
boundaries or loads are complicated. Comparable or even
greater difficulties may arise in viscoelasticity and
plasticity. Development of the vast capability in data
processing has broadened the range of problems which can be
satisfactorily solved analytically but has not enabled the
analytical approach to encompass all problems.

Some problems which defy analytical solution yield
to experimental methods. One such method is photoelas-
ticity, which has been used successfully in a number of
cases. Although the photoelastic effect has been known
since 1816, when Sir David Brewster published his account,
it became a useful tool to the engineer much more recently.

1
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The Treatise on Photoelasticity, first published in 1931 by

E. G. Coker and L. N. G. Filon, opened the eyes of many to
the potential of the method and established a firm founda-
tion for its further development. The invention of
"Polaroid" provided a relatively inexpensive means of
producing large beams of polarized light. 1In recent years,
and continuing at present, the development of new materials
(plastics) possessing desirable optical characteristics has
expanded the application of the method to a wider variety
of problems, including those in the realm of viscoelas-
ticity and plasticity.

The moire method has emerged as another important
tool to the experimental stress analyst, despite its late
introduction-~~less than twenty years ago. Present inten-
sive research on the method promises to make it more useful
in the near future.

Upgrading in techniques and equipment has made its
impact. The addition of courses in experimental stress
analysis in engineering curricula, coupled with more par-
ticipation in professional organizations devoted to the
advancement of experimental stress analysis, should further
enhance the capability and broaden the applications of both
the methods mentioned.

The distinct advantage of these experimental methods
over most others, that of yielding quantitative representa-

tions of stress or strain over an entire field, not only
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excites the imagination of this writer but also partially
explains his optimism regarding their future.

Despite progress in all areas of experimental stress
analysis, many difficulties and sources of error in their
application remain. Among them is model similarity, par-
ticularly as it pertains to properties of model materials.
This study aims at elucidating some aspects of this problem
and giving data and recommendations to help resolve the
problem.

The mechanical and optical properties of several
materials commonly used in photoelastic analyses were
studied and are herein reported. Any impact that the
results of this study may have, therefore, will be most
pronounced for the analyst solving problems in the elastic
domain. The method of determining the material properties,
however, is felt to be unique and applicable to a much
broader class of materials, including low-modulus ones such
as might be useful to model studies of viscoelasticity.

One chapter of the thesis is devoted to discussing the
experimental approach to solving viscoelastic stress
analysis problems.

The moire method is employed in studying mechanical

Properties. Existing literature on the theory and inter-

Pretation of moire patterns is extensive. Relatively

little has been reported, however, regarding the production

of suitable grids and the techniques of their application.
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A discussion of various methods tried in the course of this ‘
study, therefore, is included.

This study investigates the phenomenological
behavior only. The optical and mechanical properties are
investigated without consideration of causes or effects at
the molecular level. Furthermore, only the relatively
long-time--i.e., quasi-static--behavior at constant

temperature is considered.

Problem of Model Similarity

Certain laws of similarity must be observed in
structural-model analysis, model photoelasticity, photo-
viscoelasticity, photoelastic coatings, or in any model
analysis. That complete physical similarity requires
geometric similarity between model and prototype presents
no real problem in photoelasticity, since plastics used for
models can be cast and/or machined to practically any
desired shape. In the usual application of photoelastic
coatings, a layer of plastic is bonded to the surface of
the prototype so that geometric similarity is automatic.

But complete physical similarity imposes other
requirements upon the model material. The theory of elas-
ticity generally assumes a Hookean material--i.e., one for
Which stress-strain relations are linear, single-valued,
and independent of time. Despite such a sweeping idealiza-

tion, valuable solutions for a broad class of problems can

be obtained by this theory. Apparently such an
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idealization is satisfactory for a number of materials and
conditions.

With such an assumption and those of homogeneity and
isotropy the stress distribution in a restricted class of
elasticity problems is found to be independent of the
elastic constants of the material. This is true for f''plane
strain" or "generalized plane stress" problems in which the
resultant force over each boundary vanishes separately and
the boundary conditions involve only stresses. Many
practical problems, such as those in plates with singly-
connected boundaries, fall into this class. The independ-
ence of stress distribution from elastic constants "opens
the door" to model studies, such as photoelasticity.

The elastic constants of the material cannot be
eliminated from the equations formulating three-dimensional
or general two-dimensional elasticity problems. The stress
distribution is found to depend upon one elastic constant,
such as Poisson's ratio. But in investigating several
problems of this more general type Clutterbuck [5]1 found
that the differences in stress distributions due to the
effects of Poisson's ratio are quite small--so small that
the effects can seemingly be regarded as secondary ones.
Photoelasticity thus provides a potential for obtaining

approximate solutions to a wide variety of problems.

1Numbers in brackets refer to the List of References
at the end of the thesis.
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If model materials were available for which the
constitutive equations were linear, single-valued, and
independent of time, then the problem of physical simi-
larity would be quite trivial. But the plastics usually
used for structural or photoelastic models are viscoelastic
or photoviscoelastic so that stress-strain relations or
stress-birefringence relations are not independent of time.
These relations may be rather complicated functional rela-
tions, such as € = €(0o,t) or n = n(e,t), wnere n denotes
the fringe order of the birefringence.

Fortunately, some model materials are momentarily
linear for a broad range of stress--i.e., at any given time
after a constant load is applied the stress-strain and
birefringence-stress relations are linear. This linearity,
at a given time, makes such materials more useful for
models and fulfills another important requirement of com-
plete physical similarity. But this '"broad range of
stress," for which momentarily linear behavior is mani-

fested, is limited and is time dependent in most plastics.

The range and the time dependence vary greatly with mate-
rials, but in the case of almost all plastics which exhibit
momentarily linear behavior the stress which limits the
linear range is considerably below the ultimate or fracture
strength at a given time after loading. This makes an
analysis based on linearity vulnerable to serious error:

if the initial stress is too high and/or if a given stress
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is sustained too long before desired information is
collected, gross anomalies can result. The latter of these
possibilities becomes particularly relevant when a visco-
elastic prototype is being studied by means of models,

since extended time periods are sometimes necessary.

Primary Objectives of Thesis

Determination of linear limit stresses.--Determining

the value of stress which limits the momentarily linear
range of behavior for a number of plastics subjected to
constant axial load is one of the primary objectives of
this study. This value of stress, called the "linear 1limit

stress" and denoted by o is, of course, a function of

04
time. That such a limit exists and that it is time-
dependent is well-known, but few published results can be
found regarding it, none showing explicit values for it at
a given time after loading or for its variation with time.
The linearity and its limiting values pertain to

both birefringence-stress and strain-stress relations. 1In
an earlier publication by the author [50] the opinion was
expressed that the linear limit stress for birefringence,
as a function of time, might be accepted also for strain.
At least one published result [18], in which time effects
were considered negligible, contradicted this opinion. 1In
this study both mechanical and optical properties are con-

sidered and the linear limit stresses for the two compared.



8
A discussion of the experimental data obtained, a
description of the models and testing procedures, and a
list of the materials chosen for the study are presented in
Chapter II. This is followed by the presentation of
principal results in Chapter III.

Laws of viscoelasticity, experimental results.,--The

mathematical theory of viscoelasticity has provided a
fruitful field of investigation in recent years. High
temperature applications of conventional structural mate-
rials, the increasing use of plastics in industry (e.g.,
tubing in refineries), increased interest in soil and rock
mechanics, and other factors have all kindled interest in
the subject. Linear viscoelasticity may now be considered
well-established, with many elegant theoretical develop-
ments and with considerable experimental evidence to
support its applicability to a large group of problems.
Nonlinear viscoelasticity, on the other hand, has not yet
achieved this status.

Because of the viscoelastic nature of plastics used
in structural and photoelastic models and because of the
increased importance of the experimental approach to visco-
elastic stress analysis, some understanding of the theory
and applications of viscoelasticity is important, if not
imperative, to successful work in this area of experimental
stress analysis. A brief review of some of the theories 1is

presented in Chapter IV, along with plotted results
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correlating the experimental data gathered in this study

with some of the theories.

Collateral Objectives

Variation of OZL with wave length of radiation.--

Though a number of attempts have been made to explain the

cause and the nature of birefringence (or double refraction
or retardation) and its relation to stress, strain, wave
length of radiation, and other variables, none has been
completely successful. The order n of the isochromatic
fringes in a uniaxial stress state is often assumed to be
inversely proportional to the predominant wave length of
radiation. Several investigators have observed and
reported deviations from such a relationship. Pindera and
Cloud [49] and Cloud [4] very recently reported their find-
ings on the dependence of the order of isochromatic and
consequently of the photoelastic coefficients upon wave
length of radiation. This dependence is known as disper-
sion of birefringence.

Since the order of isochromatic depends upon the
wave length of radiation, even when the birefringence-
stress relationship is linear for a certain range of
stress, it seems reasonable to ask whether the linear limit

stress for birefringence ¢ might also vary with wave

09
length., To pursue this question, approximately ten differ-
ent wave lengths ranging from 0.410 microns to 0.800

microns were used at various times throughout the tests.
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The results indicating the dependence of © on wave length

L4
are given in Chapter V.

Dispersion of birefringence.--Data obtained from the

investigations above readily yield information on the dis-
persion of birefringence. Some of the materials tested are
the same as those tested by Cloud [4], and hence these
results are merely a supplement to or a continuation of his
work, However, this study includes other materials, as
well as a different (but narrower) range of wave lengths.

Chapter V also reports on these findings.

Organization of Thesis

In the ensuing, Chapter II discusses the plots
desired for data presentation, the models and testing
procedures employed to obtain the data, and a list of mate-
rials tested. This is followed by the presentation of
principal results in Chapter III.

The theory of viscoelasticity, both linear and non-
linear, is discussed in Chapter IV. Some plots of "charac-
teristic functions" describing viscoelastic behavior in the
linear range are given, together with mathematical expres-
sions intended to describe both linear and nonlinear
behavior,

Chapter V discusses the collateral objectives just
mentioned: dispersion of birefringence and variation of

linear 1limit stress with wave length.
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This work closes with a summary, conclusions, and
some recommendations for future research in Chapter VI.
Appendix I gives the theoretical and experimental analysis
of the stress distribution in the tapered model used
throughout this work. Appendix II reviews briefly the
prior developments of the moire method, as well as the
efforts of this study.

The results presented graphically in Chapters IIT
through V are for Polyester Resin CR-39 supplied by Cast

Optics Co., Inc. Similar results for other materials

tested are presented in Appendix III.




CHAPTER IT

CALIBRATION TESTS

Part A. Description of Material Properties

Introduction

The materials tested in this study are inherently
viscoelastic or photoviscoelastic--i.e., the response to
stress, whether strain or birefringence, is a function of
time. The viscoelastic properties of such materials may be
defined in various waysj; for an incompressible, isotropic,
linear viscoelastic material, Alfrey [1] listed seven
distinct methods. He then showed that they .are all mathe-
matically equivalent. For a real material some measure of
compressibility, such as Poisson's ratio, must also be
known. At least as many ways are available for specifying
the photoviscoelastic properties,

The choice of specification depends upon the
intended use of the information. For visualization of
material response the graphical representation seems most
useful. Such representation suffices for experimental
stress analysis, whereas analytical work usually favors a
representation in mathematical form--e.g., a constitutive
equation.

12
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Suitable mathematical forms are discussed in
Chapter IV. Part A of the present chapter describes
various graphical forms of representation and how one form
is deduced from another. Part B describes the testing
procedure followed in this investigation.

All calibration models employed in this study were
formed from plates of uniform thickness. The stress state
applied was basically one-dimensional, constant throughout
the thickness of the model. Although the results cbtained
from such one-dimensional tests cannot be guaranteed to be
general, particularly in the nonlinear range, they give
valuable insight into the general behavior. In the linear
range one-dimensional tests furnish results which are
sufficient for the complete characterization of the mate-
rial, whether it be elastic or viscoelastic‘,'1 These
results can be used to predict with confidence the behavicr
of the material under more general states of stress.

In addition to yieiding data cf value to the stress
analyst, one-dimensional tests yield valuable data for the
comparison of different materials and compositions. All
of these features, coupled with the relative ease of
conducting such tests, seem to be sufficient to justify
their use., The present studies are confined to one-

dimensional loading, partly because the additional

1This is further discussed in the next section and
again in Chapter IV where the uniaxial stress state is
resolved into deviatoric and dilatational parts.
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complication of time-dependence has been investigated
exhaustively.

The question of how long constant load should be
maintained in a creep test also has several aspects.
Photoelastic stress analysis usually requires knowledge of
material properties for no more than a few hours. This may
be much too short a time interval for a structural model
test of a viscoelastic material.

According to Leaderman [32] the behavior of
polymers, as described by the creep compliance, changes
significantly over six to ten decades of logarithmic time,
depending upon the type of polymer. Supposing the first
measurement possible at 0,001 hours (3.6 sec) after load-
ing, six decades of logarithmic time would dictate the
duration of test to be 1,000 hours and ten decades over
1,140 years! Hence, to cover the entire range of time
other tests must be devised. These may be dynamic tests,
wherein short-term effects are determired, or tests at
different temperatures, providing information sufficilent
for the application of the time-temperature correspondence
principle.,1

In this study the time range covered by the
isothermal creep tests is from a few seconds to ten days
(240 hr)--i.e., approximately five decades of logarithmic

time.

lsee Eirich (16], vol. II, pp. 67ff.
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In the majority of solid mechanics problems which
have been successfully analyzed by model techniques
(analogs) the prototype material may reasonably be assumed
linear (elastic or viscoelastic), homogeneous, and
isotropic. If data from a model test is to be interpreted
conveniently and accurately, the model material must
exhibit linearity, homogeneity, and isotropy. The last two
are quite easy to attain--at least to an acceptable degree
of approximation--in most potential model materials. If
the response to stress of a given material is linear at any
instant of time after loading and if this linearity extends
over a sufficiently broad range of stress to allow accurate
measurement of the response, then the material may be
useful for models.,

Results of a model test can be no more accurate than
the investigator's knowledge of the model material's
behavior. Such knowledge can be gained only through
carefully conducted calibration tests.,

Calibration of Mechanical
Model Materials

Two aspects of the calibration of model materials
deserve careful attention. First, the range of stress for
which the constitutive (stress-strain) equation is linear
is limited and time-~-dependent. Second, the material
properties may significantly change with time. Then the

ordinary material constants, such as the modulus of
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elasticity E and Poisson's ratio p, may have to be
redefined or even abandoned., In such cases a suitable
viscoelastic description of the material behavior might be
enlisted.
When time effects are significant, the equations
describing material behavior become functional ones which

include time-~for example:

m
1}

e(o,t) (2.1)

or

Q
]

o(e,t). (2.2)

The problem of defining such relations1 is not, in
general, simple. If, however, the strain is proportional
to stress at a given time after loading--i.e., the behavior
is "momentarily linear"--then the well-developed theories
of linear viscoelasticity can be employed to determine
specific forms of relations (2.1) and (2.2).

A graphical approach is employed in this study to
portray both the mechanical and optical (birefringent)
behavior of the materials tested. This behavior is deter-
mined as the response to a one-dimensional stress state,
suddenly applied and constantly maintained. The usefulness
of the data given is not limited, however, to one-

dimensional applications. As Theocaris [64,65] has

lSome possible forms of such relations are given in
Chapter IV,
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explained, '"a simultaneous measurement of the mechanical
and optical quantities of a linear viscoelastic material in
a simple tension test supplemented with one initial value
of another characteristic function . . . suffices for the
complete characterization of the material." For the other
characteristic function mentioned, Theocaris used a
"lateral contraction ratio,'" defined as the ratio of
lateral strain (negative) to axial strain in a creep test
with constant axial stress. This ratio might be thought of
as a "time-dependent Poisson's ratio"; indeed, it is so
called by Daniel [10].

As explained in Chapter IV, this ratio might
accurately be assumed constant for the materials and tests
herein reported. Its value can be easily determined for
each material tested. With this value and the one-
dimensional mechanical and optical properties determined by
the creep tests of this study, other functions, such as the
bulk and shear compliances, relaxation moduli, and optical
coefficients, may be evaluated [65]. All of these
functions and coefficients are defined in Chapter IV.

The strain response to a constant stress is
expressed in a form suitable for graphical representation

by:

e = €(0), t = const (tl,t2,t3, R I (2.3)
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If the stress-strain relation is linear at any given time--

say ti——after loading, then a relation of the form

a(ti) = D(ti)c (2.4)

may be written, where D(ti) is the momentary value of the
"extension compliance." But D(t) is relatedl to a '"relaxa-

tion modulus" E(t) by:

D(t) = E—l(,-CT (2.5)

Thus Equation (2.4) may be written:

E(ti) =mo (2.6)

1

The striking resemblance of Equation (2.6) to the
familiar Hooke's law for one-dimensional stress should be
noted. It seems that the entire discussion and development
thus far presented might be recast within the framework of
a "modified, time-dependent" Hooke's law. Although this
point is not pursued in depth, it is further discussed in
Chapter VI,

Both the extent of the linear range and momentary
values of E(t) can conveniently be obtained from a plot of
the relations expressed by Equation (2.3). Figure 2.1

shows schematically such a plot for a uniaxial stress state.

1The reader is again referred to Chapter IV for
further definitions and discussion.
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Fig. 2.l--Representative plot of € = €(0),
t = const (tl’tz’t3’ « « o) for uniaxial

stress, constant load.

If a sufficient number of curves are shown in a plot,
such as Figure 2.1, then a curve of E(t) as a function of
time can be drawn (see Figure 2.2). Equation (2.6) may

then be replaced by:

—_— O .
e(t) = m, (2.7)

and the response to stress can be found at any specific
time within the range of the calibration test.

Since the stress-strain curve gradually deviates
from linearity, the exact limit of linearity cannot be
defined, much less determined. However, the limit can be

defined and quite accurately determined for an arbitrarily
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chosen deviation from linearity. This deviation is
illustrated as a percentage of strain (1.0%) in Figure 2.1.
The stress at this deviation is called the linear limit
stress and is denoted by s(daz)l.o’ where the subscript on
the left indicates that the linear 1limit stress is based on

strain and the subscript on the right denotes the

percentage deviation from linearity.
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Fig. 2.2--Linear 1limit stress and relaxation
modulus as functions of time for uniaxial
stress, constant load.

Again, if a sufficient number of curves are drawn in
a plot, such as Figure 2.1, then a curve of linear limit
stress (for strain) as a function time can be drawn, as in
Figure 2.2.

A plot of the strain as a function of time for a

given (constant) stress aids visualization of the nature of
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mechanical creep. Figure 2.3 represents such a plot. It
can be deduced from Figure 2.1, or it may be required for
the construction of Figure 2.1, depending upon how the data

is obtained. This is discussed later in the chapter.
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Fig. 2.3--Representative plot of € = €(t),
0 = const (61,02,03, e o« o) for uniaxial

stress. constant load.

The Photoelastic Effect

Some materials possess the property of resolving
incident light rays into two orthogonal components and
transmitting them on orthogonal planes (see [4], p. 16).
This phenomenon is known as '"double refraction'" or "bire-
fringence." The optical properties on the two planes, in

general, will be different so that the two components will
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be transmitted with different velocities. When they emerge
from a plate of the material, there is a difference in
phase--i.e., a relative retardation--between the two compo-
nent waves that is proportional to the thickness of the
plate and to the difference in velocities of the two
components.

In many synthetic resins this double refraction
depends upon the nature and intensity of stress. For
normal incidence on flat plates of such materials, sub-
jected to plane stress, the transmission of light obeys two
laws which form the basis of photoelastic stress determina-
tion [13]:

1. The planes of transmission coincide with the
principal-stress axes.1 Only on the principal
planes of stress is light transmitted.

2, The velocity of transmission in each principal plane
depends upon the intensities of the principal
stresses in these two planes.

If the principal-stress intensities differ, so will the
velocities of transmission in the principal planes, result-
ing in a phase difference in the two components propor-
tional to the difference between the principal stresses.
Any method that can be employed to determine this phase

difference can be used to measure the difference between

lThis is generally true for certain high-modulus
materials but may not be true in some low-modulus ones.
See Chapter IV for further discussion.
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the principal stresses. A device called a "polariscope"
serves such a purpose. The function of each of its compo-
nents, possible variations in arrangement of components,
and interpretations of the patterns it produces are
explained in many books on photoelasticity, such as [6,13,
18,28].

Basically two types of photoelastic patterns
(fringes) are produced. Both of these are sufficient, and

generally necessary, for the complete determination of

plane stresses (or the corresponding strains) in an elastic
body. One type of fringe, called the "isoclinic," is the
locus of points having constant stress direction. The
other, called the "isochromatic," is the locus of points
having constant difference between principal stresses. 1In
uniaxial stress fields, such as are usually employed in
calibration tests, only the isochromatics are needed.
Daylight, or white light, is made up of a number of
constituent vibrations possessing different wave lengths
which can be distinguished from one another through the
sense of color. The wave lengths of visible light run from
about 390 nm (nm is abbreviation for nanometer; one nano-

“® mm or 1073 microns) to 770 nm. When light

meter = 10
enters the polariscope, the doukle refraction of the model
produces a phase difference which depends upon the wave

length. Hence if white 1light is used, each constituent

wave length is affected differently at a given point in the
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model. As a result, every color in the visible spectrum
appears between integral orders of isochromatics, where an
integral order is represented by a particular color and
fractional orders by bands of other colors.

If monochromatic light is used--i.e.,, light
consisting of one wave length or color--the isochromatic
fringes appear simply as dark or light bands. Here inte-
gral orders are represented by either the dark or the 1light
bands, depending upon the setup of the polariscope, while
fractional orders are represented by various levels of
intensity between the light and dark. Since the phase
difference produced by the relative retardation of the
model depends upon wave length, so also does the order of
isochromatic at a given point. As previously stated, it
also depends upon the stresses in the model and upon its
thickness,

Monochromatic light is generally preferred for
photoelastic analysis. Though 1t can be produced in a
number of ways, the method most commonly employed is that
of "filtering" a chosen wave length from the continuous
emission of a light source. Filtering consists of blocking
out all but a certain wave length, or rather, a limited
range of wave lengths. Information on types of filters,
their specification, and insfructions for their use may be
found in a number of sources, a very concise one being

available from Eastman Kodak [29].
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Usually only one wave length is used in a photo-
elastic investigation; the choice is governed by available
light sources and filters, sensitivity and transmission
characteristics of photoelastic material, and other factors
such as personal preference.

In some plastics the birefringence, or the order of
isochromatic, is found to be directly proportional to the
difference in principal stresses for a range of stress.

This may be expressed in one standard form as [18]:

n ='Z%'(°1 - 62), (2.8)
o]

where (typically)

fé = f = a "fringe constant" for the material,
1b
in x order)’
d = thickness of the photoelastic model (in),
n = order of interference, or fringe order,
01,0, = principal stresses;

or alternatively as:

Cod
n = —— (dl - 02), (2.9
where
C0 = stress-optic coefficient for the material,
A = wave length of radiation.

A similar equation can be written in terms of strain as:

Csd
n o= — (sl - 82), (2.10)
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where
C8 = strain-optic coefficient for the material,
€1+€, = principal strains.

The linearity between birefringence and stress (or
strain) manifested by some plastics makes them useful as
model materials for photoelastic analysis. The evaluation
of the difference between the principal stresses at some
point in the prototype depends upon determining the order
of interference n [Equation (2.8)] at the corresponding
point in the model of known thickness d and on knowing the
fringe constant f for the model material. Knowledge of the
difference between principal stresses at various points in
the model can then be combined with information gained from
the isoclinics to "separate" the stresses and to determine
the stress field. Several techniques, such as shear
difference or oblique incidence, have been employed to
achieve this [18].

Calibration of Photoelastic
Model Materials

Evaluation of the fringe '"constant" f of Equation
(2.8) for a given wave length of radiation, or of Cy in
Equation (2.9), or of Ce in Equation (2.10) is a calibra-
tion of the stress-optic or strain-optic properties of the
material. These values are sometimes assumed to be inde-
pendent of time, temperature, and other variables. Indeed,

some manufacturers and suppliers go so far as to provide
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values of the constants without stipulating the conditions
under which tests are to be performed. Indiscriminate use
of such constants can lead to gross errors. Only if
careful calibration tests are carried out under conditions
of temperature, time, and humidity very similar to those of
the model test can a high degree of accuracy be expected.

As implied above, creep phenomena are manifested in
the birefringent properties of most model materials, as
well as in the mechanical properties. The results of this
study indicate that birefringence is, in fact, more closely
related to strains than to stresses. The effect of time

upon £ or C in general, cannot be neglected. If constant

O,
load is maintained, then Equation (2.8) should perhaps be
written:

_ d
n(ti) = TITEY (Ol - 02), (2.11)

1

where the subscript on t again indicates that reliable
values can be stated only at specific times after a con-
stant load is applied. The sequel to Equation (2.1) is

thus a functional relation, such as:
n = n(o,t). (2.12)

The complications of trying to express mathemati-
cally such a relation can again be avoided by expressing

the order of isochromatic n as a function of stress at
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given times after loading--i.e.:

n = n(O), t = COl’lSt (tl,tz,t3) . . o)o (2.13)

For many photoelastic model materials the n-o
relation, at a given time, is linear. The extent of the
linear range is again limited and time-dependent.

If the stress state is uniaxial, then the quantity
(Gl - 02) becomes simply ¢. In many photoelastic analyses
a one-dimensional calibration test is conducted to deter-
mine momentary values of the photoelastic coefficients.
These momentary values are then used in an equation, such
as Equation (2.11), to determine the more general states of
stress in photoelastic models of the same materials.

For materials exhibiting ' significant time effects,
such applications should seemingly be made within the
framework of a photoviscoelastic theory instead of a
"momentary-elastic" one. However, in an overwhelming
number of cases, close agreement with theoretical results
has been obtained using the momentary-elastic '"theory."
This not only attests to the validity of such a theory for
the optical (birefringent) behavior but also implies that a
similar theory might be wvalid for the mechanical behavior--
e.g., a "time~-dependent Hooke's law.'" Such a theory could
be expected to apply only to the behavior of relatively

"high-modulus" or "stiff'" materials.
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Both the extent of the linear range and the fringe
constant f for a given wave length of radiation can be
deduced from a plot of the relation expressed by Equation

(2.13). Such a plot is shown in Figure 2.4.

t
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Fig. 2.4--Isochromatic fringe order n vs.
stress for two wave lengths, xl and XZ‘

If enough such curves for each wave length are drawn
and enough wave lengths are considered, then sufficient
data can be deduced to determine:

)

1. the linear limit stress (1.0% deviation

1.0

from linearity) based on birefringence for a given

n(ozl

wave length, and its variation with time.

2. The variation of n(d!“)l.O with wave length for a

given time.
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3. The fringe constant f as a function of time for a
known thickness and given wave length.

4, The stress-optic coefficient CG as a function of
time for a given wave length.

5. The variation of Co with wave length for a given
time--i.e., information on dispersion of bire-
fringence.

6. The relation n = n(t), o = const (61,62, o o o)

All six of the above relations can be plotted;
however, most photoelastic analyses employ only one wave
length of radiation for both the calibration of the mate-
rial and the model study. Dispersion of birefringence then
becomes irrelevant. Typical sample curves of 1, of 3 and 4,
and of 6 may prove very useful and are illustrated in

Figures 2.5, 2.6, and 2.7, respectively.

t3 Time t

Fig. 2.5--Variation of linear limit stress
with time, based on birefringence.
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Fig. 2.6--Fringe constant f and stress-optic coeffi-
cient CG as functions of time for given wave length.

Time

Fig. 2.7.--Order of interference n vs. time
for various stress levels, uniaxial stress.
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Curves showing mechanical properties can be combined
with those of photoelastic ones for other useful relations.
If common times are used in determining the relations [see

Equations (2.3) and (2.13)]

€ = €(0), t = const (tl’tz’t3’ . . .), see Figure 2.1,

n = n(og), t = const (tl’tz’tB’ « + o), see Figure 2.4;

then they may be combined to yield

n = n(g), t = const (tl’tZ’t3’ o e ) (2.14)

for a given wave length X. If the times are not common in
the above relations, Equation (2.14) may still be deduced

from

€ = g(t), 0 = const (01,02,03, « o o), see Figure 2.3,

n = n(t), ¢ = const (01,02,03, « « o), see Figure 2.7,

if common stress values are chosen in plotting Figures 2.3
and 2.7. Figure 2.8 shows a representative plot of
Equation (2.14).

One further extension of the data can be executed.

From Figure 2.8 the relation

n = n(t), € = const (51,52,53, o ien, w0) (2.15)
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may be obtained. A plot of Equation (2.15) might appear as

in Figure 2.9.

Fig. 2.8--Order of interference n vs.

strain for t = const and )\ = Xl.
n
€
n
€3
\52
€
1
X = Xl
Time

Fig. 2.9--Order of interference n vs,
time for € = const and )\ = Aqe
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All of the material properties necessary for

mechanical or photoelastic model studies may be deduced

from plots of the following relations:

€ = €(0), t = const

€ = g(t), const

Q
1

n = n(0), t = const

n = n(t), 0 = const

n = n(e), t = const

const

m
]

n = n(t),

(t),t,,tq,
(01,02,03,
(tl,t2,t3,
(01,02,03,

(t t

l,t2’ 3‘)

(El ’62’63’

(2.16)

o).

The relations involving n--i.e., those expressing

the birefringent properties of photoelastic materials--are

assumed to be determined for one wave length of radiation.

As previously stated, this requires only that the same wave

length be used in the model study as in the calibration.

Furthermore, relations (2.16) take no account of the effect

of temperature upon the material properties;

this effect is

very pronounced. Constant (and identical) temperature 1is,

of course, desirable for calibration of the material and

the model study, either mechanical or photoelastic. If
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constant temperature cannot be maintained, then it is
essential that the temperature cycle be the same for both.

The times expressed in relations (2.16) are measured
from the "instant" a constant load is applied. Since the
load cannot be instantaneously applied, some error is
introduced by the loading procedure. The smallest meaning-
ful times in relations (2.16), as well as earliest times at
which readings should be taken in the model test, depend
upon the manner and speed of the loading. This point is

further discussed in Part B of this chapter.

Part B. Calibration Procedure

Possible Calibration Models

Theoretically, any model for which there is a known
analytical solution for the stress distribution can be used
for calibration. In practice, limitations of experimental
technique, available equipment, and the accuracy required
may govern the selection. Possible models include pris-
matic tension bars or "stepped" tension bars with prismatic
sections, circular disks in diametral compression, beams in
pure bending, and concentrated loads on "semi-infinite"
plates.

Each of these has distinct advantages as well as
disadvantages. Since none of the models mentioned were
used successfully for obtaining the data essential tao this

study, only their disadvantages will be stressed.
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For a given load, only one level of stress prevails
in a prismatic tension bar. Hence only one value of strain
or one value of the isochromatic fringe order can be
obtained for a given load at a given time. Determination
of the properties for a range of stress and time requires
either a number of models or repeated or step loading on a
single model. When a number of models are used, they must
be machined and handled identically. If repeated loading
is used, the specimen must be allowed to recover completely
between loads and the repeatability of response must be
checked. For complete recovery annealing is sometimes
required., If step loadings are employed, creep effects are
more difficult to account for, especially if response is
nonlinear. Should "crazing" of the material occur, as it
did at high stresses in some of the materials tested, then
neither repeated nor step loadings would seem satisfactory.

The stresses in a circular disk in diametral
compression are biaxial [68] and somewhat difficult to
relate to strain or isochromatic order at any given point
on the disk. If this difficulty is avoided by considering
only one point in the disk, such as the center, then
repeated or step loads are necessary.

Beams in pure bending, though not presenting the
same problems as the prismatic bar or the disk, are some-
what more difficult to load than the other models

mentioned. In addition, if large deflections occur, as
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they often do in plastics, the elementary beam theory must
be abandoned in favor of a more complex theory. Then
problems similar to the ones mentioned for the disk appear.

Although the stress distribution for a concentrated
load on a semi-infinite plate is quite easily related to
strain or order of isochromatic [13], the loading is some-
what difficult, especially for thin plates. The "semi-
infinite" condition also imposes restrictions on the
smallest permissible size of plate.

Another possible model, which better meets the
requirements for this study, is a tapered model or "wedge."
Coker and Filon [6] suggested the use of a wedge, loaded
symmetrically in compression, for use as a compensator.

The frozen stress method was applied to a modified wedge
model by Frocht [18] to produce a permanent compensator.i
The wedge was further modified and used by Pindera [47] in
studying rheological photoelastic properties of various
materials. The first known attempt to use the moire method
on a tapered model for studying rheological mechanical
properties is made in this study. It also includes a
slightly modified technique in machining to ensure the

desired symmetry.

Model Used in This Study

The obvious advantage of the wedge over the models
mentioned above lies in the fact that a range of stress is

produced by a single load, this stress being distributed
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radially and varying continuously. Hence a single model
produces data for a chosen range of stress at any given
time after a load is applied. That the stress distribution
in a wedge is purely "radial" was shown by Frocht [18] and
is given in Appendix I of this thesis, along with the
procedure used for determining the stress at any point on
the centerline of the modified wedge used in this study. A
sketch showing the approximate shape of the model is also
presented in Appendix I.

For the photoelastic calibration test a scale was
scribed along the centerline (previously scribed) of a
tapered model and the smallest division of the scale chosen
as either 0.10 inch or 0.20 cm. A vernier height gage
moving on a surface plate, shown in Figure 2.10, allowed a
high degree of accuracy in the scribed scale. The width of
the model at specified
points along the center-
line was then measured
with either a micrometer
caliper or a measuring
microscope. The radial
(or actual) stress at
these specified points

was computed from the

nominal stresses and the

Fig. 2.10--Equipment used stress concentration
to scribe scale on models.
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factors given in Appendix I. Plotting of stress vs.
distance along the centerline followed.

The model was loaded in tension by means of dead
weight on the lever of a stationary load frame within the
field of a circular polariscope. Photographs were taken of
the model showing isochromatic fringes, as well as the
scale on the model, at chosen times after application of
the load. From these photographs data was obtained for a
plot of isochromatic fringe order n vs. distance along the
centerline. Then the relation between stress and fringe
order could be obtained for every time at which a photo-

graph was taken--i.e., the relation

n = n(o), t = const (tl,t t .)

2, 3, . .

was obtained.

With the aid of the moire method, data for
mechanical properties was obtained from the same type of
tapered model. Since the stress in the wedge portion of
the model is radial, it follows that the strain is also
radial. A grid of density 500 lines per inch was applied
(see Appendix II) along the centerline, with the grid lines
perpendicular to the centerline of the model, A matching
grid on a "dummy" model placed in front of the active one
produced moire fringes whose spacing depends upon relative
displacement between the two grids. Following the same

procedure (from scratching the scale to photographing

-




40
fringes) as explained above for the photoelastic
calibration, a plot of the moire fringe order m vs.
distance along the centerline was obtained. As explained
in Appendix ITI, the slope of such a curve at any point
yields the strain at that point. After these slopes were
obtained, at chosen points corresponding to chosen values

of stress, the relation

€ = 8(0) 9 t = CODSt (tl,tz,t3, o o o)

was obtained.
Other details of the test procedure are outlined in

the following sections.

Model Preparation and Clamping

The tapered models were cut to coarse dimensions
with a band saw and finished with a high-speed routing tool
integrated into a Ratiobar Pantograph. Symmetry could not
be achieved with a single mounting of the model on the
table of the pantograph. The problem was circumvented by
drilling, on the centerline of the model near each end, a
small hole which fit tightly over a stationary pin on the
machining table., After one side of the model was machined,
it was turned over and aligned by means of the pins for
machining of the other side.

When brittle materials were used, the edges of the

model were hand polished with three grades (1,2,0) of
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metallurgical emery polishing paper followed by two grades
(1.0 and 0.3 micron) of powdered alumina abrasive to
partially eliminate stress concentrations arising from
minute machining notches or scratches.

The jaws of the mounting clamps were padded with
thin sheets of nearly pure aluminum to prevent surface
damage to the model. As one further means of reducing
stress concentration, the effects of bending of the clamp
jaws were minimized. This was shown to be necessary by
fracture at the clamps of several specimens. Both the

problem and the solution are illustrated in Figure 2.11.
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Fig. 2.l1l--Sketches illustrating (a) the
effect of bending of the clamp jaws, and
(b) improvement by modification.
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Test Procedure--Photoelastic
Calibration

After the model was completely prepared and
measured, it was mounted in the upper clamp of the load
frame. The lever, on a knife-edge fulcrum, was then
balanced with the load hanger in place. Hence no correc-
tion for the weight of the lower clamp was required. After
the model was secured in the lower clamp, dead-weight load
was applied to the hanger.

Usually the load was applied within about two
seconds, in a single step. When relatively large loads
demanded a two-step loading process, five to six seconds
were consumed., Time measurement began when the full load
was reached. Because of the loading time, measurements
within the first few seconds seemed meaningless. Hence
first measurements were usually taken after four to six
seconds in case of single-step loads and ten to twelve
seconds for two-step loads.

Duration of the constant load was intended to be 240
hours in all tests; however, in several tests fracture of
the model occurred in less time. When it occurred in less
than about 100 hours, the test was repeated; otherwise the
results were used. Though creep tests ideally maintain
constant stress on the specimen, rather than constant load,
the difference is small for high-modulus materials where

changes in cross-section are small.
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Recovery data was collected when the model carried
the load for the full 240 hours. Though not essential to
this study, such data might be useful for checking super-
position theories of viscoelastic materials, to name only
one possibility.

The load frame was within the field of a standard
type of circular polariscope consisting of a light source,
condensing lens, dispersing screen, polarizer, quarter wave
plate, model, quarter wave plate, analyzer, filters, and
camera. Figure 2.12 shows the polariscope. The light
source, as well as the camera and filter wheel, was
repositioned for the photograph. Space limitations pre-
vented taking a composite photograph with all elements in

normal position.

=
Fig. 2.12--Polariscope used in photoelastic studies:
(a) light source, (b) condensing lens, (d) dispers-
ing screen, (P) polarizer, (Ql) quarter wave plate,
(M) model, (02) quarter wave plate, (A) analyzer,
(F) filters, and (C) camera.
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The function of each of these elements has been
explained by a number of authors. Frocht's [18] presenta-
tion was concise and appealing; Jessop and Harris [28] also
included a thorough explanation of possible errors arising
from the improper use of some arrangements.

A "mixed setup'" of the circular polariscope was
employed for producing the isochromatic fringes pertinent
to this study. The quarter wave plates were kept crossed
and 45° from the plane of polarization. Generally a "light
field," produced by crossing the planes of the polarizer
and analyzer, was used because it offered the advantage of
making visible the boundaries of the model.

As stated, the circular polariscope causes only the
isochromatic fringes to appear, each fringe being the locus
of points having a constant difference between principal
stresses. Since the model is symmetrical about its center-
line, the isochromatic fringe pattern is symmetrical.
Furthermore, in the wedge portion of the model the iso-
chromatic fringes are radial, as a conseqguence of the
radial stress distribution there. Isoclinics, representing
constant stress direction, are not required.

Because a range of wave lengths was used with the
same polariscope, the performance of the quarter wave
plates was checked. Their performance must be questioned,
because a plate can give a relative retardation of exactly

one-quarter wave length for only the one particular wave
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length for which it is designed. Mindlin [40] showed,
however, that if crossed plates are not quarter wave plates

for the wave length used, but are nevertheless identical,

then the isochromatic fringe pattern is unaffected. The
only effect is the incomplete removal of the isoclinics.
Jessop and Harris [28] showed further that if the plates
are identical and each produces a relative phase retarda-
tion of one-fourth wave length plus some error, then the

maximum error introduced into the fringe pattern will be

the algebraic difference of their individual errors when
they are crossed but will be the algebraic sum when the
plates are used parallel. Since they were crossed in this
investigation, the accuracy of their over-all performance
depended only upon their being identical.

The check for possible error consisted simply of
comparing the location of isochromatic fringes produced by
two "setups" of the polariscope for a wave length other
than the one for which the quarter wave plates were
intended. One setup was the mixed circular one used
throughout. The other consisted of putting the gquarter
wave plates' axes in the plane of vibration of the
polarizer, 45° from the model axis;l hence these plates

produced no effect upon fringe formation.

1Both isoclinics and isochromatics were produced in
the second setup. To eliminate the objectionable effect of
having a zero-order isoclinic along the centerline of the
model, the plane of polarization was shifted 45° from the
centerline. The zero-order, 45° isoclinic does not appear
on the centerline.
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This comparison fevealed no difference in the
isochromatic fringe location for any wave length used in
the investigation; the quarter wave plates apparently
qualify as "identical."

Nine filters, all manufactured by Zeiss Jena, were
used to isolate wave lengths of 410, 436, 500, 546, 578,
600, 650, 750, and 800 nm, emitted by a 200 watt high
pressure mercury lamp by Osram. Within this range of wave
lengths the mercury lamp emits high intensity "peaks" at
405-408, 436, 546, and 577-79 nm. However, the highest
intensity is produced at 365-66 with a rather broad band.
Coupled with the relatively broad transmission band of a
Zeiss Jena 405 nm interference filter, this led to diffi-
culty in attempting to isolate the 405 nm wave length,
which seemed a natural one to use. Fortunately, a 410 nm
filter transmitted very little of the 365 nm emission band
but enough of the 405 nm band so that the 410 nm wave
length could be isolated.

At frequent intervals throughout the tests, pictures
were taken of the isochromatic fringes with at least three
wave lengths, usually 410, 578, and 800 nm. Analyses of
the effects of time--i.e., the creep characteristics--were
deduced from these., At one or two selected times during
the test, pictures were taken using all nine wave lengths.
These provided information on the possible variation of

linear limit stress with wave length, as well as data on
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the dispersion of birefringence. Taking a series of nine
pictures required approximately six minutes; only after the
load had been on the model for a long period of time--say
100 hours--was such a series taken. The effect of creep
during the six-minute interval could then be neglected.

All pictures were taken with a Nikon F camera
(35 mm) fitted with a Coligon Zoom lens, £ = 95 mm to f =
205 mm. The long focal-length lens allowed sufficient
separation of the camera from the model so that the maximum
deviation from normal incidence was less than 3°,

Kodak High Speed Infrared film was used throughout
the photoelastic studies. Exposures varied from one second
at f-16 for wave lengths of high intensity (peak outputs of
the mercury light source) to sixty seconds at f-6.3 for
wave lengths filtered from the "background" or continuous
radiation of the source.

Film negatives were projected and magnified (15X)
for observation. Possible distortion by camera or projec-
tor lenses or of the film was not importa<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>