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OPTII!IIZATION OF DISCRTTT STATT LIKEAR MULTIVARIABLE
SYSTZIUS

by Chan Kyu Kinm

The object of thls dissertation 1s to study
techniques for optinizing the response characteristlces
of multivariable syctems with respeet to input signals
having discrete levels,

To characterize the system bchavior, a normal-form,
ordinary differential cquation model is assumed to be
gilven, The output signals obtalned o 2 solutlion to
this modcl 1s conparcd to the desircd or prcferred
output signal to produce an crror functlons, The
objective of the optimization procedurc is to minimize
this crror functions in the mezn-sauvare sense,

In Section II, c discretc state system model 1is
developed froan the given normal-forn model for discreote-
level pulsces of T sccond duratlions, TFrom this model
minimelizotion for the error is realized by differen-
tlating the mean-squared crror function with respect
to the (nxm) discrete level input pulscs, wherc n
reprcsents the number of inputs and m the number of

intervals or stzges, In Section III, the problem is






Abstract Chan Kyu Kim

r

viewed as an m stage process and the dynamle programming

technique introduced by Bellman is used as a mcon of

optimization. In Section IV, the discrete-state

control for the nmultivariable systems 1s analyzed,
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OPTIﬁ ZATICN OF DISCRETEZ STATE LINZAR MULTIVARIABLE

SYSTENS.

T. TIntroduction,

control of the nuliivori~ble systers throusgh the
usec of the syctem conlicuratlon shom in Fls. 1.1 hes
been discusned by Kovesnnu:l, Comunonsetion of the
mein plant G is attemnted throuch dins-onnli~ntion
of Tho trensfer matrix to romove the interaction

betcen the system inout and outprt varioables,

X H G

I

Pig., 1.1 Synthesis of the multivarilable
system by compeansatine networks
Horowitz3 presents a method of synthesis based on
the frequency resvonse characteristics of the
multivariablce feedback system. In this method, the
desired trunsfer matrlx 1s achieved without diago-

nalization.






The stability problem in multivariable system
i1s discussed in general by Bohn4 wlth a discussion
on the application of root locus plots in adjusting
the perameters of compensating uetworks to achlieve
stabllity.

Amaras discusses control or synthesis.problems
in multivariable system with the non-deterministic
signals aloas with the problen of nolsc reduction.

A compeasation network (or filter) is synthesized
usin~ the ecriterion of leaste-squarc, Sinilar system

G for the

s syntheslzed by Hsleh nnd Leondes
nultivariable control system in terms of correlation
function between signals and nolse in Wiener sense,

7

Mesarovic' analyzed the system in the inter-
actions of the input and output variables in binary
forn ond established the existence and uniqueness
of thc optimum system alonz with a synthesis
nrocedurc.

The objective of this thesis is to shoir n
procedure for establishing the optimum values of
discrete=level input signais to a multivariable
systcem using the mean-square error of the output

slgnals a5 a basis. In thls development a mathematical
model of the system in the form of a set of firsteorder



e ~ ~ e LA e .
lincor cuvatlons 1o coouon

sroten touolo_y ~nd commonecnt charactericiles under

milell suen o wmodcel onlsts and s o soludion 1o

W)

diccnnaad Lo Tirihy, P12 optirinntion nroblem 1s
foraulatrd ~n an n=3ta~c docisior problon ~ind uses the

tec Al vl G dpaciiice orojrosiiias L soilngior






II. Discrete-State Models of Multivariable Control

Systems,

Let the nothematical model of a linear systen
be written in the form of set of ordinary differen-

ti2l cquotion in nornal form

o(t) 7 (v, o), r(w), ilt)
a -
dt T(t) P, (V(t), c(t), R?t). ﬁ?t*

wherc C(t)r is o veetor of cross and through variables
representing the output signals and R}t) is a vector
representing the input sisnals. The vector V(t)
represents o set of variables internal to the system.
The derivative vector in 3a. 2.1 1s sometimes referred
to as the statc vector since the marnitude and the
derivative of this veector uniquely describes the system
at any time t., In general, the veector functions P, and

1
Fr may be nonlincar. However, throughout thils thesis

# Oapitzl letters, such as G(t), are used for the

notation of veector, smell case letters, such as
r(t), arc used for the scalar, and capital letter

with bar, such as R(t), are used for the motrix,

(2.1)
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only linear functions are consldered with Eq. 2.1

written as
p— - '-_ -
a c(t) Ay Ao | o(%)
——— - - +
dt fv(t) Apy  App| | V(8)

where the submatrices Zij and §1j

Bi1 Byo

321 B22

o

—G
R(t)

o
R(%)

contain real,

constant coefficlients and the initial conditions

on tane state vector are glven by

c(0)
v(o)

Let P(t) be a vector reprecsenting the preferred

or deslired output signals with the same dimension

as C(t) and let the criterion of performance be

taken as the lntegral

2

o

a (P(t) - C(t)) at

i
o
——
™
~
ct
~
-
Q
S
4
~—
N
e
[ 4

(2.3)

(2.2)






where q and f are scalar functloans of the vectors
P(t) and C¢(t)., Por examplec, q mizht represent the
square of the error

n

e [2(8) - o(®)] = Z [pk(t) - c, (%) ]2

k=1

The basic problemn 1s to determine the vector R?t)
such that
%2

o = £ [O(t), P(t)] at

is minimum,
E S
The input vector R(t) is considered as a set

of dis rﬁte levels, as shown in PFlg., 2.1
R(t

A

Mg, 2.1 Actuating input signals for the
system input
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Such an input signal misht, for example, be obtained
as the output of a dizltal controller. For coatinuous
input signals, a discretc level approximation of the
above form is assumed, In general, a finite interval
(0, T) is divided into wniformly spaccd sections as
indicated with § = T/m represcnting the width of
each discrete-level 1nter§ai. The masnitude of the
n-inputc over interval jJ is represcnted by the veector
R?J(S ). The set of numbers representins the n input
vectors over the entire interval (O, T) is represented
by the nxm reetangular matrix.

K1
3

5 - [n?’o) RES ) . .. RrE (e) & )] (2.4)

The output siznels, over the j-th interv-l, in
peneral, ore o function of time os well as the magnitudes

of the input signols and are represented by the time.

veryinsg vector C(3 O + T ) where
0 - T : 6 = T/m

The set of m time-varylang vectors representing the
output sipnals over the m discrete time intervals

is represented by the n x m rectangular matrix






- ) =

C(T) = [C(T) c(O+T) « v & C((m-l)(S+T)] (2.5)
To =otablish the relatlioncshiln hoatiiezn the output

or T :3noasT veeLor CL}5+3T) ond tue irouh or reference

vootorifsﬁ]é), cor.ldocr e n=loawip U roisfer relatlon

oL ln~d by taklan the Lavloce uwrxeasforn of g, 2.2,

—— : -~ "' . -::'
- = s = ® % + .

Sol.in for C(s) rives the form

o(e) = G(s) R (s) + I(s) ¢'(0) 2.6)

The

and

For +he firsty interval, 1, c., O =1t = 6
.3'.

5 4
R (t) = R (0) = constont

Theroefore

c(s) = R (0) + H(S) ¢'(9) (2.7)







c(T) =&(T) ®¥(0) + W(T) dlo) (2.8)

hers Q=717 = 6

C(0) recpreseants the initlal ctate vector and

g

Por th> sccoad interval, coasldcr the response
c(t) to a step funcition of magnitude R (0) applied at

£

t =0, 1. c.,

c(t) = G(t) R (0) + H(t) (o) (2.9)

To this rcsnonsce add the resronss to o sten function
%
of ma-mitude - R (0) apoliecd ot t :(5 and - step
) .o # .
functlon of mo-mitude R‘((S) applicd zlso 2t t = 6 .

Uclng the chiftin~ theorem, the rosult is
- 3 - * 3%
o(O+T) =a(d+T) R¥(0) + a(7) [R (0) - Rr (0)]
- ’
+ H(O+T) c(0)

where o=T7=§
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In o similer mananer, 1t can be chown that the

response {or interval (J + 1) 1s =lvean by

2D

50+ T) =300 +T) 2°(0) +

2

(3-8 +T>[a*(6) - R*m)‘]
. ‘c:(r)[a*ué) - R*((j-né)]
+ T8+ T) - clo) (2.10)

There

5(;](3-0-:7') = 0 for o =T

fese resulting solutlons can bt cino.n coffeetively

in notriz form as

i, oo o 3
c(T) G(T ) . 0 R(0)
¢((m~1)0+T) Tl(n=1)0 +T) 3(T) Ln((.»n-né)

L J - . - =

. (2.11)

| H((m=1) +7)






230) =275 -2 (-1

-

Usinz the n » w1 natrices dnfined in

“

2.5, the above model con b2 wltten -

[

..c(m4)5+rﬂ

o(r .
=[R(O) . .. n((m-né)] (T

0

e

+  c(0) [z-:(r) e 21 () S T

Or

30, Ty =80) &T) + clo) T(T)

where

e 2.,!. and ”3(1.

T((a=1)O+ T)

G(T)
(2.12)
(2.13)

I(T) = [H(T) ... H(WP1)6+T)]

Bq.2.11 2nd Lq. 2,12 rcpresent the system models

to be uscd as a basis of optimizing the input

vector,

To establish a measure of the error let the

preferred or desired response vector P(t) be

approximated by o set of m vector functions of 7 and







6, 1. e,
50, T) =[P(T) . e e P((m-1)5+T)J (2,14)

where o<T =0
In meneral, f(t) may or may not bo coatinuous at the
polnts t = ] (5. In a similor manner, let the error

Tunction defined wg

E(t)

P(t) - c(t) (2.15)

be represcanted by an n x m natrix of funcilons on the

m discrete intervals
70,7) =50,T) -3(6,T) (2.16)

vhere 5((5, T) is related to “_{((5, T) b7 2q. 2.12.
Thug, the error function = relaie: 5 e discrate

levels cof the inout vector by

6,7y =5(8,7) - US) 2S5, Ty -7, THclo)

(2.17)

In th2 followins development tho crror criteria

for each of the n si mals, say the k=-th, 1s token as

T

T
= f [ek(t)] gdt :[ [pk(t) - ck(t)J < dt (2.18)

0 0

-_4\
1
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When the error functions ek(t), where k = 1, 2, « o o 1,

for the n output signals are represented as a vector

21 )
e, (t)

en(t.).l

the error crlterion in Eq. 2.19 can be written as

s
T
g = [ [E(t)] . [ E(t)] at (2.20)
0
Substitutin:
B(t) = B(T) 0 = 1=§
zE(5+T) 6 <t<25
. . (2.21)

= E((n=1)H+T) (3-1)0=t = 3§

into Eq. 2,20 glves






- 1) -

m=-1 6

oy

J=0 0

¥*

T
[?(36+T)] -[3(364-7')] aT (2.22)

where the B(;jé-v- T) rcpresents the (j+1)=th column
of the error matriz (0, 7T ). Substituting the
expression for Z‘.((S, T) as given 1n Eq. 2,17 into
Eq. 2,20 gives

J=1
{pk(36+T) - 6, A0+ T)

=0

m-1 5 n

d=}:f

j=0 0 k=1

o

R((J-1-X) ) = 1, (35+T) ¢/ (0) ar  (2.23)™"

Minimizccoction of the intesro-corror function
J(R)

with respeect to tho n x m discretc input levels in

T - [ R(O) . . . zz((m-né)J

can be rcalized by takinzg the partlal derivatives of

# See Appendix B.! for the derivation of Za, 2.22,

## Sce Appendi:r B.2 for the derivation of Ea. 2.23,
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g (R)
with respect to the coefficlenis in R, The result

s the set of n x m simultaneous linear algebraic equa-

tlons
doE _ _
Or (0)
Sl
Or,(0)

A
Or_((z=1)0)

A solutlon of these n z m siaultancous equations

gives elther a minimicotion, maximizstion or
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the saddle point of the integro-error (O (R).
The explicit form of the n x m simultaneous equations
represented in Eq. 2.24 1s

m-1

’\ -
9om 20 (15+T)
Q ry(0) o k

J=-1
- Z (A0 + T) R((3-1-1)08) - hk<ac‘5+r>c1;<o)}

S 2{pk(36+r
O, ((w=1) § ) j o y
-1
- Z 6 (A 0+ T)RU(-1-1)0) - hk(aérr)c,’t(o%
A=0
g ( T ) d T = 0 (2025)

kn
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Rearranging 7q. 2.25 in matrix form, we have a set

of n x m linear algebraic equation with n x m unknown,

namely,

n
j’ Z KT) aT ﬁ:[ Z'?.(T) aT (2.26)
0 k=1

where (7T ) and B(T) are

Mei

"gm(T)}: G (30+T) « v u g (T) 6 (T)
3=0

6 ((5-1) 5+ T )Z G (54T + o5 ((a=1)5sT)5,(T)
3=0

(2.27)

('r){i P36+ T) - 13§+ 7) ::;m]}1
3=0

((m-1 )6+T){Z[pk(36+‘f) -0 (36+7T) cé(oﬂ
J=0

i(T) =
mel o
m-1
k1
B(T) =
N1
g
L_hl
*

See Appendix B,3 for the derivation,

(2.28)






The solution to Eq., 2.26

(5 n =i n
T - f Z T) aT fd Z B(T) aT | (2.29)
0 k=0 0 k=0

gives either a maximum, miaimum or saddle point.
To establish a minimum, differentiate Eq. 2.23 a
second time with respect to the entries of

=

The result is

Fom v [0 1e
.-.Zf 2[%<r)]. aT
0

ED r1(0)2 J=0

692 cr(ﬁ) :E: 1/1525: 2
2 2 | gu(T) ] aT
arn(o) =0 0 k=t [ - (2.30)
2 T |
E) O (R) _ j{: Jf ji: . 2
ar1((m-1)(5)2 [gm((m-‘)éﬂ')] aT
=0 0 k=t

@600 0c000

M=~1 n

& o a=z [6
I (N & J

2

2 [E,mum-t )O+T) J ar

k=1






Since the integrands to the right of BEq., 2.30
are positive real functions, the solution to Eg.

2.29 represents a minimum,

Exampleg 1

Let the s=-domain relatlon between the input and

output function for a system be glven as

o(s) = R"(5) +

c(o) (2.31)

and let

p(t) =t (2.32)
be the preferred response, Determine the magnitudes
of two discrete levels each of one second duration
that gives minimum integro-error over the two
periods with the initial condition

c(0) = 0.25 (2.33)
The output signal during the interval of (0, 1) is

-T -7
e(T)=(1-e )x(0) +c(0) (1 -=e ) (2.34)






For the interval of (1, 2) second, the output signal
is

-(6+T) -
c(6+T) = (1 - ¢ * )r(O)+(1-eT)r(6)

-(0+T)
+c(0) (1 - e 0+ ) (2.35)

The integro=-error function of the two lntervals are

e(T)=7-01-e )zr(0)-(1 -e ) ec(0)

~(O+T)
e(H+T) = (O+7) - (1 = ¢ O+
.-(5+T))

) r(0) - (1 - e'T) x(§)
c(0) (2.36)

- (1 = ¢

The system output functions for this multi-stace

process is shown in Fig. 2.1.

o(t)

!
!
!
|
!
|
|
T
]
|
|
|
|
|
'
L

-
t

o
—lh
-

Mg. 2.1 System output variadbles as a funetion of time,






The error criteria o} [r(o), r(é )] is

1 . 2
g -T -T
= {T - (1 -e )yr)=-(1-e )0(0)} aT
0

1 ~(§+T) -T
4.[ {(6,1) - (1 -e )x(0) = (1 = e )r())
0

-(0+T) 2
- (1 -e ) c(o)} aT (2.37)

In order to determine the discrete input levels, take
the partial of (J with respect to r(0) and r(T) to

obtain
1
ad 2 -T { -T ' "T }
= (1 - ) - (1 - )r(0)~(1=
—gr—(?)— e T e r (1=e )eo(0) aT
0
1
- -(0+T)
+[2 (1~e (6*7')){(64-7') - (1 -e ' )r(0)

0

- “~(O+T)
-(1-eT)r(6)-(1-e )c(o)}dT






1

ad -.-[2 (1 - e-T){(5+T) - (1 = e-(6+T)) r(0)
Or(d)

0

- (1 = e-T) r((S) - (1 - e-(d*’r)) c(O)}dT

(2,38)

r~ o—

: r— — ~ 1 -—

r(0)
[ T) aT | f B(T) aT (2.39)
0 | r(é) o

where HT) and B(T ) are

R i .
(1ee” " )a(10=(0+T), (1-e=(0+T)y (1775

KT) = . 5aT
(1=e " )(1 e-( * )) (1 - e-T)"'
- * =
(2.40)
[N 70011y ] 40120~ O*T?) (641-e(0) (1T
B(T )= -T -(§+T)
| (e ) [(§+T) - c(0)(1-e ) ] . J
(2.41)

# See Appendix B.4
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By taking the lnverse of coefficlent matrlx of Eqe 2.39
We have as the optimum values of r(0) and r(d)

r(0) 1 -1 1 1,109

=[ (T ) d‘r” B(T) d‘f] =

r(0) 0,982
0

Exa.mple‘ 2

Let the s-domaln system equations -for a twe input

and two output port system be given as

- — — - r— -
2 2 »
c,(s)
1 ‘ s ¢ 1 B 4+ 1 r‘(s)
: 3 5 *
g r (s)
L_°-(§)_ s+t s+t J L2 ]
~ ar 8
e 1 0 c1(0)
+ (2.42)
1
- s"1--.4...2 -

with preferred functions and intitial ocondition






(o (6)] [ 1e5]
L“pa( t ).4 — i 1.0 i
(e, (0) ] 0.2 ]
L-02(0) . ) | 0.1 |

The entries of G(t) are

Tt) = (1ee ) [2
3

The ‘discrete functions as given in Eq. 2.11 are
—°1(T) 7 '2(1-9'7) "2(1-e'-'T) 0 0
o (T) | 3(1-e"T ) 5(1=e"7 ) 0 0
01(5 +T) a(t-e'(é*”.).a(i-e'.'éﬂ')) 2(1-e'T) 2(1 e
Lop05+T)] | 301-e"(0+T), 5(1-e=0)) 51267 5(1-6

(70 ] [eto) 1="Ty 7

r,(0) c0(0) (1-e"T)
1 a8 * | egto) (1047 | (2:86)
L 2,(0)] _ 02(0) (1-e'(6"‘r))J

(2.43)

(2.44)

2
] e
5

The matrix of diserete error functions is,

therefore,

-

T,
'TU







- 25 -

3(T) P(T) ‘:G(T)
2(0+ T) P<6+r) o(0+T)
Tﬁ (7T) i 2(1-e 2(1-c T 0 o
p (T) 3(1-c T )  5(t-c (g ) 0 0
o (5o - 201-0) 201270 20126y 20126"Th

i3 ((5+T) 3(1m0= 04N 501004} 30126y 5(1=e"T)

2, (0) ] r01(0) (1-e"T) ]
p00) | e t0) (1=e"T)
r1(5) = |e4(0) (1-3-(‘5 7“))

2 (0)|  |enf0) (1-e ~(047),
<4 L -

The intesro-error function is

d=j;{[e1<r)] 2, [e2<T>] ‘3}
+f; {[e‘(é-ﬁT)] ° +[e2(6+T)]2} a7  (2.48)

where e1(T), ex(T), e1((5+T) and e2(5+T) are
given in Eq. 2.47, Differentiating the intesroe

(2.47)

M

error function shown in Eq. 2,48 wlth respect to the

entries of the vector R glves
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1 i £, (T) 112(T)q r, (0)

ar | F2(@
| r, ()
0, I (T) Iaa(r) r(é)

[231 (T)+33 2(N] (1-e")a 28, (6+T)¢3n o O4T)] (16 ‘5*7) 2

! (6#7') )

’[ [2}31 (T)+532(T)] (1=o T)+[2B1 047458 (5+'r)] (1-e a7
[28,(0 +T 143806+ )] (1=e7T)
0

[22,(6 +7)453,(0 +T)] (1=e T )

b_; (2049) 'J

where 111.(7'). 1-1 (T)o (T)o I (T)o ﬁ (T)o 2(T)'

B,((S*T) and 32(6+T) are
5 6 7 13 19'
Ty = [0-Ty% e 02700 T2 ]

13 19
STy gem(Be T
I, (7=, (T)=K,,(T)=(1=a"T) (1070 + 7))

19 29

B (T) = py(T) = 0(0) (1=e"T)

Bp(T) = py(T) = 0,(0) (1=7T)

B, (54T) =, (6+7) = oy (@) (1-e-(0+T))
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~(O+T
32(6+ T) = :‘.)2(6+T) - 02(0) (‘-e ( * )) (2050)*

The solution to 2q., 2,49 glves

r (0) i - - -1
—‘ 1 A11(T) As(T)
r (0)
= dT
= (0) 0 Iy(T)  Tl(T)
Lr (6)‘ i 21 22 _J

o

1 [231 (T)+332(T) (1-e-T)+ 231 (&T)*BBQ( +7) (1_e'(6*n)

J |l sy - oo Gimrase, Gor] _o-6s7,
° [?31 0+7) + 3132((5+T)] (1=0= T

[2B1(6+T) + 5,]32((54-'7) ] (1~6-T )

[ 1.304
-t.211
=| -0,482
L0737 J

# - See Appendix B.,5 for the derivation.

aT






ITII, Coutrol ofx Iultivarialblce System by Dynanle

Prosremnalinz,.

The ontinwa aagilvudes of iaput o

-

1o ls con

~
w -=

also be recollzed by o »Hrocess relerred to by Dellman
. . * \ .
20 dynnmic nrosramiiln-g, Q0 shotr thiy proecciure and

1ts annhlicetlon to {hie Uyp2 of oroee . vader consldera-

©

tion aer2, conglder tho solution Lo thoe oysten nodel

glven in "kl. 2411 2nd a2 orror cwitonis

To aininlse F(R) . wlth resveet to R, let the

minimlcation of Iq. 3.1 be written os
a

T
wii 0 (R) = Min [E(t) ] [ :(-c)] dt

R R

# Bell.in~, R., "Dynamic Prograanmin;," Prliccoton

Unlversity Press, 1957






-g%g){f E(T) [E(T)]d‘r}

+ Min { [E (t)%4. . . +8 (%) ]dt}

R(é) ° o .R((m-1)6

%(é)n{[‘/‘ E1(t) at + % ‘[: 2(t) at + « . &
Y0
ol

+Mia E (t)
R((m=1) O) mn
Applying the change of varlable

(m=1)( "

t=(3-1)0+ T

for the j=-th interval, Eq., 3.2 becomes

)
Min O (R) = Min [E ('r)2 aT
R R(0) 0 1

o) 6
2 2
4-(!;1(.116) j; 32(6+T) AT+ o .o .+R¥%g-1ﬁ)[Em((m-1 )&T)d?)}

(3.3)
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Note that the minimization at each stage is with
respect to the levels of the n input signals, The
baslc procedure in dynamic programming 1s to
minimize each stage, starting from the last and working
forward. At each stare the minimum 1s expressed as
an expliclt function of the signal levels of the
previous interval.,

To effect the last minlmizatlon with respe&t
to R((m-1)5 ), let the response function

c((m=-1)5+T)

as given in Bq, 2.11 (or Bq., 2.12) be written as
C(m=1)0+ T) = Q4 (T )4G(TIR((m=1) ) (3.4)

where Qm_1(7') is
m-1 -

o (T >=Z T35+ THR((3-1) 0)+u((m=1)0+ T)C(0)  (3.5)
3=t

Note that Q_,(T) is independent of the signal

levels in the last stage. Assuming that Q _,(T) will

be optimized later, the optimum values of the signals

for the last stage are obtained by differentlating
dm(ft') with respeet to R((m-l)é). The result is

a set of n linear simultaneous equation in the n

variables of the vector R.
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Error functions in the last interval 1s therefore

2 ((@-1)0+ T)=p((n-1) O+ T)-B(TIR((m=1)O)=a,_ (T) (3.6)-

and for the last stage the error criterla is
O n
dm(ii):f Z{ ((m-ndn)wi(rm((m-u6)-%,(T)} aT

0]

(3.7)

Minimizing wdth rcespect to the set of dlscrete-level
Input functions glves

AL ®
Or, ((n=10) [ ; 2{p1((m-1)6+ T)'= 6 ( T)R((m=1) O )

'q(m_,)i('f)} g, (T) aT = o

Jr_((n=1)0 Z 2 {Pl((w )6+ T)=6, (TIR((m=1)0)

=1

Q0 (B [5"

'“(m-1)1(T)} n(T) aT= 0 (3.8)
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Rearranglns Zg. 3.8 in matrix form glves

5 :
l:f A (T) dT]n((m-ncS)

0

o)
i} [B(T)dT A [Q (T)]dT (3.9)
m m M1

0 0

where Xm(T)’ Bm(T) and Dm(T) are

6, (T) 5, (T)

n .
A(T) = Z : (3.10)

i Gi(T) byt T)

o

—

[ 2, (=) +T) ¢, (T)

B(T) (3.11)
mn

T

(W)
I

P ((m-1)0+T) 5 (T)

n -

-
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(a1 )1(T) gy, (T)]

D, (T) (3.12)

r\/j

1=1

_q(m-1)1(7’) gin(7’)

—

Taking the inverse of Am(T), assuming that 1t exists,
the optimum value of the input signals in the last
stage with the assumption of all signals up to

that last stage are optimum, is

) -1
R((m=1)0) =[ [ Am(‘r) dTJ

0
5 o)
. + - T
[j; B(T) aT [Dm [Qm,(r)]d J
= ¢>m [Qm_,(‘r)] (3.13)

where ¢) [Q (T)] 1s referred to as a
m me-1

functional since 1t is a function of a function Q- (T).
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Consider next the second last stage. The

function to be minimlized 1is

6
2 2
Eguﬁg)é){fﬂmq((m-e)éﬂ) + B ((m-1)6+T)} aT
R m-1)5 )~0

’ersg .
ﬂ&%-a)é){ OEm"((m'°)6+T) :

0
+ Mn 6) fEﬁ((m-1)5+T)}dT (3.14)
0

R((m~1)

But the minimum of the last term is an exvnlicit
function of Qm_1('r) and hence as a function of
R((m=2)5), R((n=3) (), . . . , R(O) and C(0). This
nininur has anlready been established in Tq. 3.13,

To usc this result in Eq. 3.14, let

Q_(T) =13 _(T)+§T) R((n-2)0) (3.15)
where
M1
@ (T) =Z T3-S+ TIR((m=3-1) )+ C(0) (3.16)
J=2

Note that Q,_5(7T) 1s a function only of the signal
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levels up to the second last stage,

The error for the second last stage 1s

E _ ((m=2)0+7)=p((m=2)0 + T)-(T)R((m2) 6 )4 _o(T) (3.17)

where @ (T ) has already been defined in Eq. 16,

-2

'l'he funetion to be minimlzed is therefore

[52 pi((m-2)6+T)-G ( T)R((n-2)0)

0 i=t

m=2 4

2
@ (T) ] aT (3.18)

The minimum of the function 1s established by differen-
tiating with respect to R((m-2)6). The result is
a get of n linear algebraic equations in the n signal

levels for the second last stage and are of the form

-1

[‘/'Am_q('f) dT] R((n-2) O)
0
= f A (T) aF +fsm_1 [m_ecr)]ar (3.18)
0

0
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Agoin, cssunling the inverse of A cxists, the

Tl=

optimun value of the sirmel for the second last

Repeoting the above nrocess glves o 3et of m

function~ls of the form

RU-16) = P [Qm_,w)]

R((2-2)0 )

{t

CP M -1 [ Q,-‘

(T)]

g
e

. (3.20)

R(0) = cb1 [QO(T)]
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smere 9 (T) = #(T) o).

The functlons q) , 2t cach stage are determined
d

by the solutlion of n simultaneous equatlons to
establish the ontimum nagnitude of the Input signals
at thot statec as an crvlieclt function of tho

arbitrary fuaction Q,j 1(T). All Q,j( T) excent

Qy{T ) cre known only in tcrms of another arbitrary
funetion yet unimowm. Consequently, the optimum
macnitudes of the signals at cach stare is not actual-

ly cvaluated until 2ll = ¢J have been cestabliched,

Once R(0O) is kuowm, Q,(T) and R(é) ore estnblished,
These, ln turn, cestablish R(26) ond A5(T ), ete.
The anplication of this procedure is demonstrated

iIn e folloving two eiamples,
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Exanples 1

Let the s=domaln relation between the input

and output function for a system be gilven as

1 » i
C(s) = R (8) 4 ——e———— 0(0)
. s + 1 s 4+ 1
and lct _
p{t) =+ (3.22)

be the nreferred response. Determine the magnitudes
of two discrete levels cach of one second duration
that gives minimum integro-error over the two

perlods with the initial conditlon

e(0) = 0.25 (3.23)

The output signal during the interval of (0, 1) is
- T
o(T) = (1=c7T ) 2(0) + o(0) (1" ) (3.24)

Por the interval of (1, 2) second, thc output

sisnal 1s ‘
c(15+T) = (l-e-(6+T))r(0)+(1-e-T )r(é)
+c(0)(1-e°(5"‘r )) (3.25)

(3.21)
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The integro-ecrror functlon of the two intervals are

e(T)=  =(1=e" T )r(0)=c(0)(1=e"T )

e<6+r>=<5+r)-(1-e“‘5'*T Nr(0)=(1-¢"T )r(d)

-c(o)(1-e'(5"7)) (3.26)

or

e(T) T (1=e7T ) 0 r(0)
e(O+T) i O+1 (,_e-(5+7)) (=e"T )| ()

Coto)(1-e"T)

- (3.27)
Lc(o)h _e-((5+T ))

-

The crror function is

(6 +T)=(6 ¢ T)=(1=e"" )x(5)=,(T ) (3.28)






where QQ(T) is

(O+T)

Q,( T)=(1-e'(6"T))r(0)+c(0)(1-e- ) (3.,29)

Por the last stage, the error criteria 1s

- 1 T 2
o, »6) .—.f (84T )=t1=" (610,071 ] “aT

(0]
(3.30)

PTaking the partial derivatives with respect to r(5)
gives as the optimum for x( CS)

l -1 l

,r(5)=u12mar ] [[namarj (3.31)

' 0
where A2(T) and B2(T) are

L(T) = (1=e"T)% (3.32)

3,(T) = [(6eT) - 0] 01="T) (339

or
1

= 0) = 3.59 - 5.95J QE'(T)U-G'T) aT  (3.34)
0

= T






The error oriteria’ [ r(0) ] in the first

stage 1is

o) , 5
o’[r(O)]z f[p(’r)-(?-e' )r(O)-Q1(T)] a7
0
(3.35)

where Q1(T') is
Q(T) = c(0) (1=e"T) (3.36)

Taking the partial derivative with respect to r{0)

gives as the optimum for r{(0)

6

-1 5
r(0) =U’I,(T)d‘r] [[31(7)”] (3.37)
0

0

where I1(T) and B1(T) are

E(T) = (1w T )2

I

By (T) [p<T>-Q,<T>] (1-e"T )

or r(0) = 1,005
Substituting this r(0) into Eq.3.34 , r(é) is obtained

r(0 ) = 0.993
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Examples 2

| Let the s~domain system equations for a two

input and two output port system be glven as

o] (2 _2 e 0] [
1 : r (s) Y
= +
sl 3 5 1
02(9) rq(s) 0 —————
- - | 841 g4+l JL ~ - - s+ U

(3.38)
with the preferrcd function and initial condition

(o (8)] 1.5 |
= (3.39)
p (%) 1,0 )
e 2 ooy h— L
and
c, (0)j FO‘?.W
= (3.40)
-—CE(O)-— O“J

The discrete state fuuctions as glven in Eq. 2.11

are







The mntriz

e

01(T)
en(T)
e,(

C‘q(
Cm

=3

-

+TH
+7T)

et

of dlgeret™

-(0+T
| o) (1= (0+T1,
2 o}
Aoy = Aoy X e
2 o)

»ror functlon

B (4}
L5

22 e (6)
L [

NEAR
r.(0)
r, (0)

(3o41)

wviiorefore

——:-,1(?() ] r(‘l--(l-"r)-ﬁ.'” I}f) -
pA(T)
171((54-1') -(6 e
(G| LT Dy (17T,
Fc (o)(1-c—T) B

o (0)(1-e"T )

c (o)(1-c'(6*7)) (3.42)

c (O)(1-g'(6 +T))

r-r1 (O)q
r,(0)
1'1(6 )

rg(é)
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The error fuacvlon in the second stage is

e (O+T)] [o,(04m)] g 2[=,(6)
| = (1-c"")

02((5+T) po(0 +T ) 3 5 rg(é)

(T (3.43)
Q,,(T) °

Qm(ﬂ]_ (1-0'(5"”) 2 2f|r (0) (3:.44)
(T 3 5[{rs(0)]

+ (1-c'(6+T)) [C‘ (O)J (3.45)

n

c,(0)

Por vhe gecoad sta;?, the latesro-crror 1s

\

q, [a(é)] . f{[q&ﬂ] +[:2(<S+‘r>] a}df (3,46)

0

Teking the vartial derivative gith respeet to R( 6)

sives as the optinum for R(Cs )

1 -1 i
7(6) {f AT e | U B(TNT | ()
0 0
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where Ké(?’) and B2(7') are

-

G (T) gy (T) ng(T) 8oy (T)

(T = o (T) 612(T )+ &(T) 55(T)
- 13 19
= (1-c T)2 (3.48)
19 29
and
r T
By(T) = [0,(0+7) - Q21(T)] 6, (T)
i T
+ p2(5+, ) = Qu(T) ] 6 (T)
-7 [~
= (i=c"Ty [ 6] = (1=e ') rfzcze,»,magT
8 2Q,,, 4500,
(3.49)
or
_ 5 1 - ﬁ
r (0) | s _[ (1_e’r) T.420p042.930, |
6) -103
er( | 0 -4.44Q21+2.98022

(3.50)
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The error criterin [R(O)] the first stare 1s
2
[7(0) ] [e0< r>] aT
(3.51)

vhere the crror functions e, (T) ond e?_(T) arc

01(T) = p1(T) - (1-e-T) [2r1(0)+31‘(0‘)j -Q”(T)

olT) = pp(T) = (1=c"T) [31‘1(0“51’2(0’. (T

Taking the portlal derivative with resnoet to R(0) glves

as the optimun for R(O )

0 - 0

R(0) =[[ I1‘(T) aT } [[ B1(T)d'f] (3.52)
0
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A1(7—) = T T “ 21 T
6 (T) 2, (T) + 6,(T) g, (T)

- 1319
- (1-e"T )2 [ } (3.53)
19 29
and
T - T
B,(T) = [p1 m-—a”m] 5, (T) +[1>2(T)-Q12(T)J 5, (T)
-T z -T -
= (1-c"Ty[ 6] - (1=2 29, , +3Q
( [] ( )[ N2 (5 5
8 2Q +5Q
11 12 ~
[~ -
or 1.300
R(C) =
_f1.211_

Substituting the optimum value of step lnput found

at t = 0 1n Eq, 3.50 glves

[ 0,48 ]

R(O) =

0.73







- 48 -

IV, Discrete Jtate Control of the HMultivariable

System,

In oapnlicatlons where the nroferrcd function
1s 'specificd only at discrete points, such as the
end of cach sta:e, the values of the ilaput signal
vecior ot the respective stazes ls uniquely determined
by'tho solution of n simulitancous linear algebralc

equations, Speclifically, lct the valucs of

c(0), ¢(8)y v v v, C((m=1)0)

be specified., These volucs ore obtoincd from the
system model of Eq, 2,11 when we set T = O.

Thereforc, the rcquired values of

R(0), R(O), « . ., 2((m=1))

as obtoined from this models are
-

1 () ... o] [rto) - HO)C()

rR(o)

_R({m;t)é)d LE(('?:-U(S)....E(O) bP((m-i)é) -H((zn-i)é)c(o)‘

(4.1)
where the inverse of matrix G(0) 1s assumed to exist znd
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where Lo coastant values
2(0), P(0), « « « »2((n-1)0)

are the soeelfizd (or preferred) valuecs ot beginning
of cach stanes,

As o exnaple of opollication, consider the
nroble 02 astablishing the lavut sinels requlred

to hold an cireraft ou o specified Hath., Ths -o31tibn

«l

cifiod at reqular Intervoals of time in terms of

SEERENALS

th: {hres coordincte varinbles ar indicated in Plg, 4.1,

3
-~
~—

p(20)

x(t)

(%)

Flg. 4,1 Predetcernmined 14715 »nath
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The s~domain model of the system, repreéenting the
inter-relatlonship for the system input _and output

variables is glven as

— -’ ~ - ~ . -
x(s) | 8y4(8)  gy,(8) &y5(s) u(s)
y(8) 1 = | g,0(s) g q8) & s) v(s)
| z(s) | | 8x(8)  ggo(8) 8y4fs) | | ¥is) ]
+[n (s) o o | [e(0))
11 X
0 h,,(s) 0 cy(O) (4.2)
i 0 0 h”(s)d boz(o)d

with the preferred function and initlal condition

i [~ ‘1
P, (0) px(36)
py (0) | e(36) (4.3)
p (0) p.(30)
L Z . - -
rx(o)q rex(o).
y(0) | = cy(O) (4.4)
..Z(O)J g cz(o)_l







The discrete level input values R(0), .
are obtained from Zg, 4,1 by substltutinz thc

glven values of Bq. 4.2, Sq. 4.3 and Bq. 4.4,

The result is

- u(o) 7
v{0)
w(0)

H

v(l’:é)_ﬂ

whers

Lw(30)4

o

(T) is

- 51 -

6(30) * *

509 (T)

314
g21(7)

G(o)

312(T)
80n(T)
SBE(T)

pr(o)
Py(O)
> _(0)

(4.5)

523(7')

UX(B O)
p,(36)
Lroo)

* .]R(3

)

cx(o)h11(0)
Cy(O)hQQ(O)

CZ(O)hBB(O)

e, (0, (30)
ey (0)8,5(30)
0,(0)hg5 (35 )]







rd

V. Coacluclionsg,

1

Th2 dyaamlce prosronmnln method for cvoaluaving

the optinun coammnd sigacls for discerei~ 1loval control

off tire auluvivariable gysthens 1

(0]

very cfizctlve
for i integro=error criteric used 1:x ¢ihls thesis,

process the ontvlmum 1s found by

Cloarly, thls preceduwre io moot offcetire
feor the syovens involving o relativel;r foir coatrol
varli-oble~ «ad o larse aumver of aobhono, 1. 0.,
o lorsc amabor of discraus coatrol Latervals, It
1a narticenlarly offective, for cimnarl:, for systems
Involvins onc coatrol varizble and, o, tionty
obnises

o e

' ao

As Tor (hie dlscrcts suate cemitrol of the
miliivariobls asystens, tals techiiinun can he
2nnliad only In the ecose ol systrmo thore the
stabillt,” 15 ascured, since tne outhub voluen agre
ontinl-:d ot each dlscrete time reserdless of the

functionnl behavior of the intervols,






]
Ui
W

!

Appenclzt A Definitions
A1
Yoatrlit of 1 won ordar ig
) = (~o1)
Eap (B) o o o gy, (%)

whers eoach eniry (t) i1s laverse of Lenlacoe

813

trengctorm of

-1
aij(t) = L g1y(s) / o (a.2

of ¢ho nystom transfer function G(s)
- |
511(9) ¢ o o .T1n(S)
G(s) = (2.3)
s (8) o« o o g (s)
n1







;_,
3

Rowr matrlx of 1 1 n order 1is

o, (1) (2.4)

3

lotriz of n = n order

g —

R(0)

R(E)

R = (245)
R((a-1) )

1w
s

s conhla tlon of the discretse level innut functions,

V-ctuy or column moebriz:

-
r, (20)

R(30) = 2.6)

r (30)
L -







A A
oLl

A - -
[RTRAL 0O =
T2 dimteooretlon of tThe mw

-
s}
—
—
T
~r
L]

wrlc ic doTiacd as

dt







.

Canit~l letters, sueh oo (L), ~r2 uscd for
- ? ’
the notetion of voebor, omnll crs: letha™n, such

-

for wac geolnre, « 0 onHital

o,

- <\ - <
rs »(7), rre use

I

e transvyosce of the veebtor A(L) is

Traacnose of A(L) =  A(%) (~e2)






Anpendix B Derivations

d

i.

The crvor eriterion of Za. 2,20 1s

T
+j [E(t)] [sa(t)] at (b.1)

(ra=1 )5

The reouls of the troasletlon of time 1s, then,

5

g - [:('r)]

~

1

{;J(T)]d'f +

e

6
Z f[-:<;.5+7'>f[.'<35+7’)]a7 (b,

,] :=0 ¢

3

)






B,2
The crror orctlon of the (J=1)=-th stage is
3647 =

Pué+T>-§q5+T>

t

N35+T)-§:' A0+ TIR((3=1-1) 6 )
1=

24(;0+T) (o) (b.4)

mn

LT
T hroditey Ol [—1((25 +T)] lu(J(S‘Q-T)} is, uhen,

[fu6+r>}T[aué«Tq=§i [egjéfr>]

=1

2

. 31
=Z [-oku SeT)- Z G (A0 + THR((3=1= 1) O) -1 (3O+T )°k(°’]
A=0

k=1
(v.5)

A A A~

Tiiz ~or-ilcshos the result showmnl 1a Gre Zecle

2






By rearrnging Zg. 2.25, we obtaln

me1 6 n
f[z S (T) [Gk((j-1)6+T) . . Gk(T)j R]dT‘

=t 0  Ik=1

m-1

[Zpk(36+7' -c, (O)g(ﬂé +T)] by (T)aT

=t k=1

m-1 6 n

{
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