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ABSTRACT
ON THE MONOTONICITY AND
CRITICAL POINTS OF THE PERIOD FUNCTION
OF SOME SECOND ORDER EQUATIONS
By

Duo Wang

The period function p(c) of the equation x + g(x) = 0 is studied.
We give sufficient conditions for the monotonicity of p(c) in the cases
where the closed orbits surround only one critical point and also more
than one critical point. The boundedness of the number of critical
points of the period function in an example where g(x) =

x3(x -a)(x-1) (0 ¢ « < 1) is a certain polynomial of degree 4 is
established.
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INTRODUCTION

Consider the scalar equation

2
(0.1) Xx+gx) =0, (%=9%

X
at?

where g(x) is smooth for all x € R. Let

(0.2) cm)=csume+q.

where C, is an arbitrary real number. If there exist a < 0 < b
such that G(a) = G(b) = ¢, G(x) ¢ c forall a < x<b and g(a)
g(b) # 0, then there exists a periodic orbit of (0.1) in the phase plane
with energy c¢, intersecting the x-axis at (a,0) and (b,0). Let the
least period of this periodic orbit be denoted by p(c), which will be
referred to as the period function in this note. It is well known that
p(c) is a smooth function of ¢ (see [2]). In fact, if g is C7, v a 1,

then p is C7. Furthermore, p(c) is given by the following formula

(0.3) p(c) = ﬁjb —
a vYeG(x)

Since the monotonicity of p(c) plays a very important role in the
study of subharmonic bifurcations from a planar Hamiltonian system (see
(4]), there have been many authors who have studied the monotonicity

of p(c). See, for example, Loud [6], Obi [7], Opial [8], and Schaaf [9].



In this note, we will also discuss some of the properties of p(c).

In Chapter I, we study the monotonicity of the period function of
(0.1) for general g’s. In 8l.1, we derive some formulae for p’'(c) and
p“(c), and then give some useful theorems and corollaries for the
monotonicity. In §1.2, we apply the results of 8l1.1 to some specific
equations. We will prove the monotonicity of periodic function of

equation
(0.4) X+e-1=0,

that cannot be derived from previous results. This will complement the

results of Wang [11] and will be useful for bifurcation problems [4].

Another important problem about the period function of (0.1) is: If
g(x) is a polynomial in x of degree n, is there a bound (depending
only on n), denoted by C(n), of the number of the critical points of
period functions of (0.1)? This problem is raised by Chow and Sanders
[5], and also by Smoller and Carr independently. It is related to the
"weakened Hilbert’s 16th problem" (Arnold [1], p. 303). In (5], Chow
and Sanders proved that C(2) = 0 and C(3) = 3. For n » 4, this
problem is still open. Even for n = 4 we do not know whether this

bound exists.

If g(x) is a quartic polynomial, then by scaling, all the cases
under which the equation (0.1) has periodic solutions can be normalized
to the following two cases:

(i) g(x) = x(x - 1)(x? + ax + £), (a? < 48);

() g(x) = x(x - a)(x - b)(x - 1),

(0O6asbsél, a2+ (b-1)2 20).



In Chapter II, we study the critical points of the period function of

the equation
(0.5) X -x*x-a)(x-1=0, ((0&6a<l),

which is a special case of the case (ii) (b = 1). Our main result is that
the number of critical points of the period functions pa(c) of (0.5) for
any « ¢ [0,1) is bounded (Theorem 2.2.24). The proof is mainly based
on the analyticity of pa(c) in a« and ¢, which is proved by using

the Picard-Fuchs equation.

In 82.1, we prove the analyticity of pg(c) of (0.5) when (a,c) is
in the domain D = D, v D, (see Figure 2.1.2), which is a bounded but

not compact set in « - ¢ plane.

In order to prove that there exists a bound for the number of
critical points of pa(c), we try to find a compact subdomain D, such
that when («,c) ¢ D - Dy, palc) has at most one critical point for any
fixed a. So in 82.2, we first prove that pq(c) is monotone for each
« ¢ (0,1) and when ¢ varies such that (a,c) is in D, (Lemma
2.2.1). Then we prove that for any «, € (0,0.6) and (@q,co) € 3D,
there is a neighborhood of («o,co) in which pal(c) has no critical
points (Lemma 2.2.6 and 2.2.10). The main difficulty in finding Do, is
to prove that there is a 6 > 0, such that for each « ¢ [0,6) and
a ¢ (0.6 - &, 0.6), palc) has exactly one critical point (Corollaries

2.2.19 and 2.2.23).

It does not seem easy to obtain the bound for the number of critical
points of the period function pql(c) of (0.5) for all « e [0,1). The
computer results suggest that pq(c) may have 7 critical points for

some a« ¢ (0,0.6).



Chapter 1

MONOTONICITY Ol: THE PERIOD FUNCTION
OF x+ g(x) =0

81.1. MAIN RESULTS

Let g(x), G(x) and p(c) be as in the introduction.

Since we are interested mainly in either the monotonicity or the
number of critical points of p(c) (a critical point of p(c) is the point
c at which p’'(c) = 0), we may assume that g(x) has been scaled by

g(x) > k g(ax + ), where k * « > 0. Hence, we will assume g(0) = O.

We consider now periodic orbits which contain only one critical point
in their interior. In this case, we define G(x) by (0.2) with Co, = 0

and then consider the hypothesis:

(Hl) There exist - & a* < 0 ¢ bx € +», an integer n > 0 and a

smooth function h(x) such that

h(x) >0 , a¥ ¢ x < b¥ ,
(1.1.1)

2n+

gx) = x2 L h(x), af ¢ x < b¥,

and

0 < G(a¥) = G(b¥) = c¥ 6 +=

Note that under the above hypothesis, the graph of y = G(x) and
the corresponding phase portrait of (0.1) are shown in Figure 1.1.1.

Furthermore, p(c) is defined for every 0 < c < c¥.



y=8 (x)

FIGURE 1.1.1

For simplicity, let

(1.1.2) 7(x,c) = 2(c - G(x)) .
Note that
a - -
(1.1.3) 3L = -2a(0) ,
(1.1.4) p(c) = 2j'b &
a JVy

where ax < a < 0 < b ¢ bs%, <7(ac) = ¥(bec) = 0, 7(x,c) > O if
a<x <b.
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Theorem 1.1.1. Assume that (Hl1) holds. Then for any 0 < c < c¥%,

b
(1.1.5) cp'(c) = I .__Rég)_ d , (p'(c) = %ﬁ)
a vy g (x)

where a¥ < a < 0 < b < b¥ G(a) = G(b) = ¢, and
(1.1.6) R(x) = g2(x) - 26(x)g’ (x) .

Proof: Let

I-= Ib vy dx ,
a

and
(1.1.7) J = jb (y - 2¢) vy dx .
a
Then
. 1
(1.1.8) I' = Ib —= dx ,
a vy
b - 2C
J':I _;d}(:I-ZCI'
a vy
Hence
(1.1.9) J* = -I' - 2¢c1” .

On the other hand, integration by parts in (1.1.7) yields



;.2 Ib 7 -2 4.3/
3 72
ax
o2 [ 2 oz
3 'a 3z

o2 [ 22 - s ) o
3 2 '
a g (x)

Differentiating the above equality with respect to ¢ twice, we have

(1.1.10) PP Y XTI
a  v5 gt

Then from (1.1.8), (1.1.9) and (1.1.10), we have

b 2 .
(1.1.11) 2c1® = 2 [ KX - GOOL () 4 _

a vy sz(x)

b

—RGO .
a V7 g2(x)

Note that p(c) = 2I'. Therefore (1.1.11) gives the desired resuilt.

Remark 1.1.2. The hypothesis (Hl1l) guarantees that all
integrations in the proof of Theorem 1.1.1 make sense.
Corollary 1.1.3. If (H1) holds and
x g"(x) <O(or>0), x#0, a¥ ¢ x < b¥,
then

p'(c) >0 (or < 0) , 0<c<c¥,

the



Proof: Since R'(x) = -2G(x)g°(x), R(0) = 0, then R(x) > O

(or <0), x# 0, a¥ < x < b¥.

Corollary 1.1.4. If (H1) holds and

-%Bl - _g(ﬂﬁ). <0 (or>0), a¥<x<o0,
g (x) g (A(x))

where R(x) = g2?(x) - 2G(x)g'(x) and A(x) is defined by

(1.1.12) G(A(x)) =G(x) , a¥ <x<0, 0 <A(x) <Db¥,

then

Pp'(c) >0 (or < 0) , 0<c<c¥*.

Proof: By the implicit function theorem, A(x) ¢ C!® (a¥,0) and

Cix) = —BEX) X
(1.1.13) A'(x) ZA(x)) a* <(x<0.
In the integral
J’b R(x) dx
— 2 ’
0 Vy g°(x)

related to (1.1.5) we change variables by x = A(y) to obtain

(1.1.14) j ——u—dx f M’—‘D— A (x)dx .
0 vy x (x) 0 vy x (A(x))

From Theorem 1.1.1 and (1.1.13), (1.1.14), we have

c,,(c)_j xs_z[_nm - RGAG)
a g (x) g (A(x))



Note that g(x) < 0, a¥ < x < 0. The conclusion now follows.
Corollary 1.1.5. Suppose (Hl1) holds. If g°'(0) > 0 and

(1.1.15)  H(x) = g>(x) + —l'—Ql—z £(x) - 26(x)g'(x) > 0 (or < 0) ,
3(g’(0))

x#0, a¥ ¢ x < b¥,
then

p'(c) > 0 (or < 0) , 0<c<c¥.

Proof: By L’Hopital’s rule,

1 B - 1 O
) 3 (g (0))?

Thus H(x) > 0 (or < 0) implies

-%351 < - % -‘:191-5 < —%ﬁéﬁ!ll , a¥<x<0,
g (%) (g'(0)) g (A(x))

R _%_E_(Q)__ sy BAM)  xxco0),

(Ol' [}
g (x) @ on? S

gsince A(x) > 0, x € (a%¥0) and x * g(x) > 0 for x ¥ 0, x ¢ (a¥,b¥).

By Corollary 1.1.4, we thus have

p'(c) >0 (or < 0) , 0<c<c¥.

Corollary 1.1.6. Suppose (H1) holds. If g’'(0) > 0 and

(1.1.16) V= 5(3'(0))2 - 3¢'(0)g"(0) >0 (or <O0),
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then there exists & > 0 such that

p'(ec) >0 (or < 0) , 0<c<6s.

Proof: By using Taylor’s series we obtain,

4

H(x) = == xT - v+ 0(Ix|%) , as |x| »0

rol—

The conclusion now follows from Corollary 1.1.5.
Theorem 1.1.7. Suppose (H1) holds. Then for any 0 < c < c¥,

b

2
2%p7(c) = [ SEL_ a4, (pr(e) = LB
a V7 g (x) dc

where a¥* ¢ a <0 <b < b¥ G(a) = G(b) =c, and

(1.1.17)  S(x) = -g7(x) - 46(x)g2(x)g’ (x) - 462 (x)g(x)g" (x) +
12 62 (x) (g’ (x))2

Proof: Let
(1.1.18) K—I M dx ,
a g(X)
and
(1.1.19) I -ﬂlﬁ@ﬂ dx .
g (x)

Differentiating (1.1.18) and (1.1.19) with respect to c, we obtain
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(1.1.20) K’ =[b B 4
a

By Theorem 1.1.1 it follows that K' = cp’(c). Since 7y - 2¢ = -2G(x),

-L' = K - 2cK’ , we have

p'(c) + cp’(c) = K* ,
(1.1.21)

K' + 2ck" = L" .

On the other hand, integration by parts in (1.1.8) yields

(1.1.22) L=-32 [b —ﬁ)—“@- dvy
a g (x)
_2 Ib A2 4 [ () cm]
3 a g (x)
_2 J.b 7 S (X)
3 a g (x)
where

(1.1.23)  §,00 = g (x) - 56(x)g>(x)g’ (x)
- 26%(x)g(x)g" (x) + 66%(x) (g’ (x))?

Differentiating (1.1.22) with respect to ¢ twice, we then have



12
§,(x%)
(1.1.24) L* =2 - dx .
a vy g (x)
From (1.1.20), (1.1.21) and (1.1.24) and by Theorem 1.1.1,
2 . _qw .
2c“p*(c) = L* - 3cp’(c)

S, (%)
2 LT - af R
a v g2x) a v £(x)

[ 3R(x) & (%)
a  rgw

The desired result now follows from (1.1.6) and (1.1.23).
Remark 1.1.8. The hypothesis (H1) guarantees that all the
integrations in the above proof make sense.

We now extend the previous results to periodic orbits whose interior

may contain more than one critical points.

Note that we can also define G(x) as follows:
G(x) = r g(e)de + c_ ,
0
where c, can be any real number.
We need the following hypothesis:

(H2) There exist -» ¢ a* ¢ « 6 0 6 # < b¥ & +», integers m » 0,

n »0 and a smooth function h(x) such that
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h(x) » 0, a¥ < x < b¥,
x g(x) >0, a¥(x<a, g < x < b¥,
0 < G(a¥) = G(b¥) = c¥ 6 +e ,
and

2mt

(1.1.25)  G(x) = (x - )21 (x - ;2L (), a* ¢ x < b¥ .

The graph of y = G(x) and the corresponding phase portrait of
(0.1) are shown in Figure 1.1.2.

FIGURE 1.1.2
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Theorem 1.1.9. Suppose (H2) holds. Then for 0 < c < c¥,

(-
(1.1.26)  cp'(c) = [ + —RQ‘-L- ax - 2¢ [ &,
Ia V7 &(x) I: /2

where a* ¢ a < a, # < b < b¥, G(a) = G(b) = ¢, R(x), 7(x,c) are the

same as those in Theorem 1.1.1.

Proof: Define

J=jb(7-zc)«;¢¢.

Note that G(x) = G(8) = 0. Hence

_2 « J’b - 2¢ -
J-3[Ia+ ]2—(1-;—&; +I:(1-2c)47¢(

__2 [ I“ . fb ] 272 () - 6K () 4,
3 a [ g (x)

+Ip(7—2¢)4;dx.
0

The rest of the proof is similar to that of Theorem 1l.1.1.

Remark 1.1.10. Hypothesis (H2) guarantees that all the integrations

in the above proof make sense.

1l.1.11. If (H2) holds and

(1.1.27) —';i’-‘)- M>o a¥ (x Cas
g (x) (A(X))

where A(x) is defined by
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G(A(x)) = G(x) , a¥(x<a, B < A(x) < b¥
and R(x) = g*(x) - 2G(x)g’'(x), themn

p'(c) <O, 0<c<c¥.

Proof. It is similar to that of Corollary 1.1.4.

Corollary 1.1.12. Suppose (H2) holds. If
(i) g(x) is odd,

(ii) g(«) =0,

(ili) g°(x) 0, ax < x < &,

then

p'(c) <O, 0<c<c¥.

Proof: By the oddness of g(x), (1.1.26) becomes

_,
(1.1.28)  cp'(c) = j -—-5—2— ax - 2c |
a V7 g (x) «

dx_
/32

Because g“(x) 6 0, so R'(x) » 0, a¥ < x < «. Therefore
R(x) & R(a) = g>(a) - 2G(a)g'(a) = 0, a* < x < a .
From (1.1.28), the conclusion of the corollary is obvious.

Theorem 1.1.13. Suppose (H2) holds. Then for any 0 < c < c¥,

2.0y =1 _S(x) 2 dx
2cp(c)—[ +_|.b - dx + 12 ¢ —_—
Ia [ vy 34(x) I: 75/2

where 8(x), 7(x,c), a, b, ¢ are the same as those in Theorem 1.1.7.
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Corollary 1.1.14. Suppose (H2) holds and

_(_l:x-—-L-(—)-)-gAx <0, a¥(x<a,
g (x) & (A(x))

where A(x) is the same as that in Corollary 1.1.11, S(x) is the same

as that in Theorem 1.1.7, then

p"(c) >0, 0<c<c¥.

Remark 1.1.15. Theorems 1.1.1 and 1.1.7 are special cases of

Theorems 1.1.9 and 1.1.13 respectively.



§1.2. APPLICATIONS

In this section, the results of 8l.1 will be applied to several
examples to show the monotonicity of the period function p(c). The

following theorem is useful in applications.

Theorem 1.2.1. Suppose (H1) holds. If g’'(0) > 0, g"(0) » 0, then
each of the following conditions implies H(x) > 0 for x Z 0, x € (a;,b;)
(see (1.1.15)).

(i) g"(x) > 0 and

A(x) = x (g"°(0)g'(x) — g'(0)g"(x)) 0, x e (al.bl) ’

where ax € a, € 0 € b, & bx,

(ii) g'(x) > 0 g"(x) € 0, x € (a)b,), where

at 6 a, 6 0 6 b, & bs,
(iii) g"(x) <0, g'(x) 0,0 6§ a, < x < b, 6§ bx, and H(a,) » 0.
(iv) g'(x) €0, 0<a; < x< b, 6 bx,

(v) g"'(x) <0, g"(x) »0,at 6§ a, < x < b, <O and H(a,) » 0,

H(b‘) » o,

Example 1. Let

gx) =eX -1, -wdx<+o.

17
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Since g'(x) = g'(x) = eX > 0 , - ¢ x € +=» , and A(x) =

x(g”(0)g’'(x) -g'(0)g°(x)) = 0. By Theorem 1.2.1 (i) and Corollary 1.1.5,
p'(c) >0, 0<c 4o,
From the results of Opial (8],

lim p(c) = 2n , lim p(c) = +=» ,
+ e

Remark 1.2.2. The above result does not follow from the

monotonicity results in [6], (7], [8] and [9].

Example 2. Let g(x) be a quadratic polynomial. We may consider
the normal form [5]:

g€x) =x(x+1), -1<x<+» .
Since g"(x) = 2, g“(x) = 0, by Theorem 1.2.1 (ii) and Corollary 1.1.5,

p'(c) >0, 0<c<c¥=

(o] [

.

Since c¥* corresponds to a homoclinic orbit, so limgacx - pl(c) = +o.

By the result of Opial [8], limca0+ p(c) = 2m.

Example 3. Let g(x) be a cubic polynomial. For periodic orbits
with only one critical point in the interior, we may consider the

following normal forms:

(3.a) g(x)

-(x +a)x(x-1), 0<aél, -ad<x<1l.

(3.b) g(x) =x(x+a)(x+1), 0<Caél -ac<x<+o,
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(3.c) g(x) =x(x2 +bx+1), 0€£b<C2 -wo(x<+o,

(3.d) g(x) = x3 , - {(x (4o,

For (3.a), g(x) = -x3 + (1 - a)x? + ax. Then

g"(x)

g"(x)

—-6x + 2(1 - a) ,
-6 <0.

By Theorem 1.2.1 (i), (iii), (iv) and Corollary 1.1.5,

p'(ec) >0, 0 <c<cxkx=G(-a) .

For (3.b), g(x) = x® + (1 + a)x® + ax. Then

g°(x) = 6x + 2(1 + a) ,

6>0.

g (x)
Hence g"(x) > 0 if and only if x > —% (1 + a).

xz[s(l + a)x + 4(1 + a)2 - 6a)

A(x)

1 4

x2[6(1 + a)(- 3 (1 + &) + 4(1 + &)° - 6a)

x2[2(1 + a)2 - 6a]

a0, x)-%(1+a).

By Theorem 1.2.1 (i), (v) and Corollary 1.1.5, we conclude that

p'(c) >0, 0<c<c¥=@G(-a) .

For (3.c), if b = 0, then g(x) = x® + x, g"(x) = 6x. Thus by
Corollary 1.1.3,
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p'(c) <O, 0<c < +o,

If b > v9/10, then

<4
n

5(g"(0))2 - 3g' (0)g=(0)
20b°

-18>0.

By Corollary 1.1.6, there exists &6 > 0 such that p'(c) > 0, 0 < ¢c < &.
On the other hand, by a result of Opial [8], p(c) 20 as c -+ +=, This
implies that p(c) is not monotone.

For (3.d), g"(x) = 6x. Then by Corollary 1.1.3,

p'(c) <0, 0<c < +m,

Remark 1.2.3. In [5], Chow and Sanders proved that there are at
most three critical points of period function when g(x) is a polynomial

of degree three.

Example 4. Let g(x) = -x* + x3, - ¢ x < +1. A direct calculation
shows that

16 15 14

- 624 x'° + 896 x 13

S(x) = 2—3- (156 x - 550 x!3 + 125 x1%) .

Hence S(x) > 0 for x < 0. Furthermore,

S(x) = 58 x'2[156(x - 0.65)* + 218.4(x - 0.65)(1x)
+ 4.879025(1 - x) + 2.439025(1 - x)x + 0.659025 x°]
>0, 0<Cx<1.

By Theorem 1.1.7,

p’(c) >0, 0<c<c¥=G(1) =35
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Since

lim p(c) = lim p(c) = +» ,
0t ek

p(c) has exactly one critical point.
Example 5. Let g(x) = x(x? - 1)2 and
_ 1
G(x) = I: g(6)de - 5

Then

G(x) =é(x + 13 x-1)3.

Since g(x) is odd, g(-1) = G(-1) =0, and g"(x) =20 x* - 12x < O,
x < -1, by Corollary 1.1.12, the period function of the periodic orbits
with three critical points in their interior is decreasing for c¢ € (0,+w).

If we let
G(x) =I: S(G)df ’

then by Theorem 1.2.1 (i), (iii), (iv), (v), we have H(x) > 0 for x # O,

x € (-1,1). Therefore

(1L

p'(c) > 0, 0<c<ck=

We may thus conclude that there are no critical points of the period

function of equation

&+ x(xz- 1)2 =0 .



Chapter I1

CR[TIQ'AL POINTS OF THE PERIOD FUNCTION
OF x-x3(x~a){(x-1)=0 (0€x<1)

§2.1. ANALYTICITY OF THE PERIOD FUNCTION.

Let
_ 2
g(x) = x"(x - a)(x - 1),
G(x) =rg(€)d€ =—lx5+l(m+1):.:4—1.«:.:3
0 5 4 3 .

The curves y = g(x), ¥y = G(x) and the corresponding phase
portraits are shown in Figure 2.1.1.

Let

(2.1.1) I = [b x%y dx, n = 0,1,2,3,
n a

where a<a <(b<1l y=(2c - ZG(x))‘/’, y(a) = y(b) = 0.

£
n a ¥
where "'" denotes the differentiation with respect to c.
Proof. Since
2
y = 2c - 2G(x) ,
then

22
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y y
y=g (x) y=g (x)
/\ X N\ X
y y=6 (x) y

y y
N
— T~
X N\ AR

— N
___/\

\/\

a>o a=0

Figure 2.1.1
Lemma 2.1.2. Let I = (I,,I,,I5,I5)T. Then
(2.1.2) I’ = #I ,

where
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42 0 0
4= | —(Ba+3) 54 0
~(3a® - 22 + 3) ~(6a + 6) 66
~(303 - 2a% - 2a + 3) —-(6a® - 4a + 6) —(9a + 9) 78
(60c 0 3a%+3a -3a%+20-3
| 0 60c 3«3-2a%+3a -3a34+2a%+2a-3
= 43,2 4_3_2
0 0 60ct3a -2a"-2a"+3a -3a +2a"+2a”+2a-3
5,4 3 2 5 4 . 3
b 0 0 3a"-2a -2a"-2a"+3a 60c-3a +2a +2a +2a" +2a-3 ‘
Proof. Since
Yy, = -g(x) = x? - (« + l)x3 + ax? s
x4=yyx+(a+l)x3 —ax2 .
It follows then
b
I, = dx
0~ J, 7Y
b 2
:I ) AR dx
a V
5 4 3
- 2c + 2/5x" - 1/2(a« + 1)x° + 2/3ax dx
a y )
x(yy, + (= + Dx® - ax?)
30 I, = 60 cI. + 12 dx
0 0 a y
[
- 15(ax + 1) ;— dx+20¢:I3

0
0
0

2
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0 3

yyx + (a + 1)x3 —axz
- 3(a+ 1) dx + 20 aI.
a

60cI‘+12rxydx-12¢I'
a X

y 3

60 cIy - 12 Iy + 8a I3 - 3(a + 1)215 + 3a(a + DI} .

Hence

(2.1.3) 42 I, = 60 cI + (30 + 30)1; - (3a® - 2a + 1y .

0

Similarly, we have
(2.1.4) -(3a« + 3)1o + 54 11 =

= 60 cIj + (303 - 24°

+ 3a)I, - (33 - 242 - 2a + 1y

(2.1.5)  -(3a%-2043)I, - (6a+6)I, + 66L, =

= (60c+3at-2a5- ¢2+3¢)Ié - (3«4-z¢3-z¢2-z¢+3)1;

(2.1.6) -(3«3-2«2-2¢+3)10 - (6«2—4¢+6)11 - (9a+9)1, + 78l =

4 5,4,,3

= (36224 -2«3—2a2+3¢)1é + (60c-3a>+2a"+20%+20%+20-3) 1.

Combining (2.1.3) ~ (2.1.6), we have the desired result.
The equation
(2.1.7) %-x(x-a)(x-1) =0
has three critical points: (0,0), («,0)0 and (1,0), which have energy

constants co = G(0), ¢c; = c;(a) = G(a) = 1/20 «®* - 1/12 «* and c3 =

ca(a) = G(1) = 1/20 - 1/12 « respectively. Then c,;(x) and c,(«) are
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both strictly decreasing, c;(a) < ca(«), 0€ac<l. Furthermore,
c,(0) = 0, c,(0.6) = O.

Although g(x), G(x) and the period function of (2.1.7) depend on
a, for simplicity, we usually suppress the subscript « in ga(x), Ga(x)

and pa(x).

Theorem 2.1.3. p(c) is analytic in « and ¢, provided (a,c) is

in the domain D = D, v D,;, where

D

L= (@) e B2 | 0 6a<0.6 0<c<cya))

D

g = ((xc) e B2 1 0 Ca <1, c (@) <c < min(0,cpe)))

(see Figure 2.1.2).

Proof. A direct calculation shows that

det ¢ = 604 cz(c - cl(a))(c - cz(a)) .

Therefore (2.1.2) is equivalent to

(2.1.8) I’ = 3;%-; WI, if c#0, c#cpa), c#cyle),

where ¥ is the adjoint matrix of ¢. So the right hand side of (2.1.8)
is analytic in I, «, ¢, when (ac) ¢ D, -» < Ij < o j = 0,1,2,3.
Therefore any solution of (2.1.8) I = (I,,I, JI2,Is)T is analytic in «, c,
when (a,c) € D (see, e.g., [10]). Since P(c) = 2I,, the conclusion now

follows.

Remark 2.1.4. (2.1.8) is generally called the Picard-Fuchs equation

to the algebraic curve -;- y’ + G(x) = C.
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0.05

Figure 2.1.2



82.2. BOUNDEDNESS OF NUMBER OF CRITICAL POINTS OF THE
PERIOD FUNCTION.

Consider the period function p(c) of the equation
(2.2.1) X-xe(x-a)(x-1)=0, O0éacl.

We have

Lemma 2.2.1. For any « ¢ (0,1), p(c) is strictly increasing when
c varies from c;(a) to min(0,c,(x)).
Proof. By scaling g(x), we have

1
(1-=)

g(x) 7 8(-(1 - @)x + a)

x(x + 1)(x - )%,

where a = a/l-a, Let

&m=ﬁ&n«.

Thus it suffices to prove 5'(0) >0,0<c ¢c¥= min(&(-l),&(a)).

(1) Suppose a » 2, Then

g (x) = 4x5 + 3(1 - 2a)x> + 2(a® - 2a)x + a° ,
g (x) = 12x% + 6(1 - 2a)x + 2(a® - 2a) ,
g"(x) = 24x + 6(1 - 2a).

28
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It is easy to check

(1) ;'(x) >0, E'(x) <0 for -1<x < x,, where

%) = -% (1 - 2a) - T% v9(1-2a)* - 24(a’-2a) » 0 .

(ii) there exists x, ¢ (x,,a) such that
g (x) <0, g'(x)>0, xe (x,x)) eand
g'(x) <O, X € (xo,a) .
Then by Theorem 1.2.1 (ii), (iii), (iv) and Corollary 1.1.5,
S'(c))O, 0<c<ck.
(2) Suppose 0 < a < 2. We consider

§,(0) = -§(-x) = x(x - D(x + ) .

Then
g0 = ~ax® + 3(1 - 2a)x® + (4a - 2a%)x + &%,
g0 = -122% + 6(1 - 2a)x + (4a - 2a°) ,
g7(x) = ~24x + 6(1 - 2a) .

It is easy to check

(i) E."(x) >0, if x, < x < x;, where

X % (1 - 2a) - I% v9(1-2a)? - 24(a’-2a) ,

1

2 v9(1-2a)® - 24(a’-2a) ,

% (1 - 2a) +
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and -a <(x; <0< x3 <1;
(ii) There exists x, € (x;,1) such that
g1(x) <0, g(x) >0, xe (X,%) »

si(x) <o, X € (xo.l) ;

(iii) &'i(x) <o, Ei'(x) > 0, X € (-a,x,).

(iv) &) <0, if x> 3 (1- 2a) .
We rewrite a(x) = x2Q(x), where

Q(x) = 8(a® - 2a)x® - [6(a® - 2a)(l - 2a) - 12a%]x

2 _ 2

+ 4(a - 2a)% - 6a%(1 - 2a) .

Note that Q(x) is quadratic and 8(a? - 2a) < 0. So Q(x) > 0 if and
only if x € (;,,;,), where ;, < 0« ;, are the two real roots of
Q(x). Therefore A(x) » 0 if and only if x ¢ [;.,;E,]. Thus to prove
A(x) » 0, x, 6§ x 6§ x,;, it suffices to show A(x,) » 0 and a(x;) » O.
By definition, a(x) = x(gi(0)gi(x) - gi(0)gi(x)). Since x, and x,
are the roots of E‘,’(x), A(xj) = ;‘,’(0) L < E{(Jq). i=12 in this case.
Note that gi(0) > 0. The sign of A(x{) is the same as that of
Xj * Ei(xi) (i =12). It is easy to see E.’(x,) < 0, ;:(x,) > 0 and

X, <0< x;. Then A(x) » 0 (x; ¢ x < x3) follows.

Then by Theorem 1.2.1 (i), (iii), (iv), (v) and Corollary 1.1.5, we

conclude

Fi(c) > 0, 0<c<ck.
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Remark 2.2.2. We can prove in a similar manner that the period

function p(c) of periodic orbits which contain only one critical point
in their interiors of the equation

X +x(x-1)(x-a)(x-b) =0, 0O6aébsél,

a + (1 - b)?

is strictly increasing.

Remark 2.2.3. Lemma 2.2.1 implies that p(c) has no critical points
when (a,c) is in D,. Thus, in order to study the critical points of
plc), we can turn our attention on the case (x,c) € Dy, which
corresponds to the periodic orbits of (2.2.1) that contain more than one
critical points in their interior. We will henceforth always assume

(a,C) € D]q

Lemma 2.2.4. When (a«,) € D,,

@2 @@= ([ +]) 2w ()

(2.2.3)  2c%p" (o) = Io + Ib ] S8 4y 412 &2 [ﬂ dx
a o

vy g (%) 7’/3’

where a < 0 < b <1 such that G(a) = G(b) = ¢c; R(x), S(x), ¥ = r(x,c)
are the same as those in Theorem 1.1.9 and 1.1.13; « € #§ < 1 such that

G(p) = 0.

Proof: (2.2.2) and (2.2.3) follow from Theorem 1.1.9 and 1.1.13

respectively.
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Remark 2.2.5. By the implicit function theorem, the functions §# =
f(z), a = a(a,c) and b = b(axc) implicitly defined by G(f) =0

(x 6 #<1),G(a) =G(b) =c (a <0 <Db <1) are continuous.
Lemma 2.2.6. For any «o ¢ (0, 0.6), there exists & > 0 such that

P'(c) <0, |a-=-a| <8, 0<c<é.

Proof: Let A(x) be the function implicitly defined by

(2.2.4) G(A(x)) = G(x), for x < 0, A(x) > B.

Then A(x) ¢ C!(a%¥,0), where a¥ < 0 such that G(a¥) = G(1), and

A'(x)=—‘$£L a¥ ¢ x < 0.

g(A(x)) °
Since
lim g(A(x)) = g(B(p)) # 0 ,
0~
o~dag
lim g(x) =0,
*0-
adag
we have

lim -BAG) 4.0y -9,

x40~ g (A(x))
g

On the other hand, it is easy to show that
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(2.2.5) —“—L’Qw—%. x<0.

g (x)

Then there exists &6, > 0 such that

Rsx! R‘A‘X!! A'(X) < - _ - (- ) <0,

g€ x) g (Ax)) -

if |¢-a0|(6,, —6‘<x<0.
Hence
B0 _ BAG) 5 g, ja-a) < s,
€ x) g (Ax))
Take

6 = min(é6., min G(-cl)) .

1 |o—ao | 68,
Now by Corollary 1.1.11, we have

P'(c) <O, la — &gl < 6,

<x<0.

0<c<eé.

Lemma 2.2.7. For any «, € [0,0.6), there exist 6 > 0, M > 0

such that

]‘——Rﬁ)—d:n—n, le = agl < 8,
a vy g (x)

cz(ao)| <6 .

Proof: Let ¢ = 1/2 a(xg,ca(xo))c Then ¢ < 0. By continuity of

a(a,c), there exists 6, > 0 such that
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a(a,c) < ¢, |e - “o' < 61: le = 02(¢°)| < 61 .

It follows that

c = G(a(a,c)) > G(¢), |« - ¢o' < 61' lc = cz(¢o)l < ‘1 .

Therefore
“.0%=_1I0 de <J§IA“)—L
¢ vy v2 '€ JoG(x) ¢ vG(¢)-G(x)
= P(G(¢)) » P, (G, (&)), as ada ,

[ o

where A(x) is defined by (2.2.4). On the other hand, by the mean

value theorem,

1 I‘ S | I‘ o
v2 "8 JG(a)-G(x) vZ "a Jg(n) (ax)

B
S

¢ e—
2 (x-—a)l/’| = _’/_2_(‘_-_&)_

— et , ad{n<C¢.
a v-g(¢)

31 |

v-g(¢)

Note that a(c,x) > -1 always. Then

e — e—
ffe  ZED , AED | L, q..
avy VRO Y, (B
o

Therefore there exist M > 0, 6§ > 0 (¢ 6,) such that

&

3 0
dx
=( +|)2 <M |a-a]c<s,
IR Rl o
lc - cz(ao)l <é.

It is easy to show that
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M)-l, x <0
32(x)

Hence the conclusion now follows.

Lemma 2.2.8. For any @ € [0, 0.6) and 7o € (B(x0),1), there
exist 6 > O, M > 0 such that if |&a - «y| < 8, |c - ca(ag)| < 6, then

(i) B(a) < 70y blc,a) > 7o,

4
1) [ =B 4 5 .
P vy g (x)

Proof: (i) is obvious. Now suppose (i) holds if |« —a4| < 6,4,

lc - ca(xp)| < 6, for some 6, > O.
Claim: There exist 6, > O (¢ 6,), M; > 0 such that

(2.2.6) ;%fi% > My, la-agl <6y Bla) <x <7, .

In fact, if a«o # 0, then Ff(x,) > «y, and (2.2.6) holds by

continuity. When @, = 0, we let

4
B 1] =X . 10,
g (%) 6g (x)

where f(x) =4 a? + 3 x2 -6 ax + 0 ((Ix] + |«|)®) as |x| 20, « 0.
Since 4 a2 - 6 ax + 3 x? is positive definite, there exists 3, >0

(6 6,) such that

f(x) > 0, 04&aci, 0<x< Eé .

Therefore
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(2.2.7) B0

> -1, 0O6aca,, 0=p80) <x<s
@ (x) 2

2 .

Take 6, = 1/2 3,. Then

g(x) # 0, 0éacs

20 Ezix"ro.

Therefore there exists M, > 1 such that

(2.2.8) By v, oéass
g (x)

g Sy ex &y .

Combining (2.27) and (2.28), we obtain (2.26).

Proof of (ii). Since

G(ro) > Gao(yo) < Gao(l) = Cz(ao), as « - a,
there exists 6, > 0 (6 6,) such that

c(a)+ 26 (7r)
G(7,) ¢« g2,

|a = aol < 63 .
Take

c () -G (r)
6 = min [63, L0 3 Zo 2 ] ,

15

. 1

1/a2°
[c,(ao> - Gan(7o)]
3

v

Then



3

7

I’°_nm_>__=_f _dx
vy g (%) V2 2c_(«) +G_ (7.)
[ ] [ J/ 2' o = ®g""0” 6(70)
s - M, (ry - P)
V2 J/ch,(ao)+G¢n(7o) c,(=)+26, (7,)
3 3
> M, e = & < &, lc — ca(axg)| < 6 .

Lemma 2.2.9. Suppose

and 6o > 0 such that

then for any M > 0,

and

g (x) <

b

Yo V¥ & (x)

Proof: Since

0,

___L_l__ dx > M,

1

lim
x>l
lim

X1

im A(x)

ngxz
]
g (x)

g0

1-x

lim

c¥c;(ap)

xo € [0,0.6).

(x & 1],

|a-ao| < 6,

B(x)) <7,

b(e,c) =1,

|a—ao|<6

lc

there exists 6 > 0 such that

If there exist 7, € (B(xo),1)

0’

cz(ao)l <é.
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there exist &6 > 0, 7; € (70,1) such that

B(a) < 70 ’

B(x) > 2MV1 -« ,

2 °

g (x)

g(r,) v

1"'7’ < 0 Jl - ao’

1+

b = b(e,c) > 2‘, if la-ao|<6,

|c—c2(¢o)|<6, and 11‘x<1.

Note that R(x) > 0, 70 ¢ X 6 b, |@ - & | < §, under the condition of

Lemma 2.2.9. Therefore

j’b R(x) dx > J’b R(x) dx
4

o V7 & (%) 7y V7 & (x)
b
> MVT - ay j —
7, VG(b)-G(x)

=M VI - dx (x & ¢ & b)

71 Vg(¢) (b-x)

S
> 2M V1 -~ N 23(7!)
> M, if |« - aol <& |c- cz(ao)l <6 .

Lemma 2.2.10. For any «, € [0,0.6), there exista & > 0 such that

p'(c) > 0, |a = aol < &, lc - cz(ao)l <6 .
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Proof: Since g'(x) * g'a (1) =& - 1< 0, as x » 17, a & a,,
there exist 6, > 0 and 7, € (f(xp),1) such that g’'(x) < 0, |a - a]

€ 83, 70 ¢ x <1,

It is not difficult to show that there exists M, > 0 such that

2C
I’,/’dx<n if c> cp(ag)s la—ag| <6, .

By Lemma 2.2.7 and 2.2.8, there exist M; > 0, My > 0 and 6; > 0

(¢ min(6,, 1/2 ca(ap))) such that

—ROO 4 >
Iﬂh(()‘) "o

Y4
f°—ﬂ¥)—dx>-u3 if |a-agl <

8 v3 g (x) 2’

By Lemma 2.2.9, there exists 6 > O (¢ 6;) such that

—!‘5)—dx>u +M2 M3

Yo V¥ & ()

|a-¢o|<6, |c—c2(¢0)|<6.

It then follows from (2.2.2) that,

p'(c) >0, la = @y < 6, le = cy(ag)l < 6 .

Lemma 2.2.11. There exists &6 > 0 such that
(i) 4/3 «a 6 p(a) 6 1.33334x, if 06 a <6,

(i) g'(x) >0, g"(x) 0, O 6a<s, a<x<1/3,
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(iii) R(x) = g2(x) - 2G(x)g’'(x) < 0, O € « < &4,
1.579% 6 x < 1/3.

Proof: Since
G(ka) = - El)' (ke)® - « - [3ke(dk - §) + 5(4 - 3k)] ,

So (i) is obvious from the definition of Ag(x).

(ii) is trivial. Therefore, there exists 46, > 0 such that

R'(x) = -2600g"(x) <0, 0&a<s, A <x< % i

Note that

R(1.579a) = 1.579%8[-0.000954 + 0(1)], as « » 0.

Then (iii) holds.

Lemma 2.2.12. If k,, k, > 0 and

4

] 3 _ ek
H,(kp,ky) = (15k,° + 20k %) - (15k,

-20%) >0,

then there existsa 6 > 0 such that

G(-kla) a G(kza), 0sa<s6.

Proof: It follows from the fact that

G(-kla) - G(kza)

4
= ;—o- [nl(kl,kz) + o(1)], as a0 .
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Lemma 2.2.13. If k,, k, > 0, and
_ 3 2 3 2.3
Hy(k),ky) = ~1.40475(k;" + k;°) + (k,” - k,X)" > 0,

then there existes 6 > 0 such that

4 (Mg(-kye) + kya) 20, Oaacs.

Proof: By Lemma 2.2.11 there exists &, > 0 such that

B(a) € 1.33334a <1, O&éacs,

w

g'(x) >0 , 0&ax<s, ﬁ(a)‘x<%.

Therefore, since g(-k;a) < 0, we have

4 (B)a(k @) + & (kya)
» 4g°(1.33334)g(~k o) + & (kyw)

a ag[az(kl,kz) +0(1)], as «a-0.

Lemma 2.2.14. If

(i) k,,>K,20 kyo>1,

(ii) Hy(kii,kay) > 0,
(iﬁ') Hz(ku:ku) >0 ’

where H,, H, are as defined in the previous lemmas, then there exists

§ > 0 such that

4 (mE(x) + ©(AX) 20, 04 acs,
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where A(x) is the function implicitly defined by (2.2.4).
Proof: By Lemma 2.2.12 and (ii), there exists &, > 0 such that

G(-klla) a G(k 06ax<as,.

21%)» 1
Then

G(A(X)) = G(X) > G(-klla) a G(kzla) ’

06 ac( 6,y -k"a & x 6 -klla' So

A(x) a k 0sax<é “k,,x 6§ X 6 -k, .« .

21** 1’ 12 11
Since

A(x) 20, as a - 0%, x>0,
there exists 6, > 0 (6 6,) such that

20 k= & x & ke

A(x)<-31-, 0Oé6a<lé
Since

g'(x) >0, x <0,
and by Lemma 2.2.11, there exists 65 > 0 (¢ 6,) such that

g'(x) >0, 06a<6’, a(x(%,

we have

4B + £ (AX) > 42 (B)8(K o) + 8 (yy @)

06 acs “K,ox € X 6 -k, & .

3 12 11

By Lemma 2.2.13 and (iii), the conclusion now follows.
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Lemma 2.2.15. There exist & > 0, x, > 0 such that

BSAS’QI A’ (x) ;_%’ 06 ac<35s, —xo(x<0.
g (A(x))

Proof: It suffices to show that there exist 6 > 0 and xo > O

such that

£(x) = 4R(A(x))g(x) + g5(A(x)) 20, 0 & « < &, ~xp < x < 0.

From Lemma 2.2.11, there exists &, > 0 such that

B(x) & 1.57% < 3 ,
g"'(x) >0, 06 ac( L a ¢ x < % .
and
R(A(x)) < O, 0&acs, 1.579 & A(x) < % )
Therefore
(2.2.9) f(x) 20, O&a<s, 1,679 & A(x) < % i

On the other hand,

R'(x) = 26(x)g"(x) <0, O&a<s, Bla)<x< L,

w

Thus

R(x) & R(B(a)) = €2(A(a)), 06 a<s, BAla) <x<3.

Hence

(2.2.10) £(x) » 4g2(B(a))g(x) + gS(A(X)),
Osacs, A <A < % )

Let
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0=k (0) <k(1) = 0.33256 < k (2) = 0.38391
<k (3) = 0.41305 < k, (4) = 0.43379 < k (5) = 0.45058
<k, (6) = 0.46549 < k (7) = 0.47973 < k (8) = 0.49426
<k, (9) = 0.51004 < k (10) = 0.52830 < k (11) = 0.55094
< k,(12) = 0.58129 < k (13) = 0.62617 < k (14) = 0.70162
< k, (18) = 0.77200 .

Correspondingly, let

1.333 = k,(0) < k,(1) = 1.35771 < k,(2) = 1.37094

< k,(3) = 1.38005 < k_(4)

< k,(6) = 1.39942 < k_(7)

<k, (9)

<k, (12)

1.39353

1.38725 < k_(5)

1.40534 < k,(8) = 1.41166

1.41884 < k_(10) = 1.42756 < k_(11) = 1.43896

1.45524 < k_(13) = 1.48123 < k (14) = 1.52958

1.57900 .

< k,(15)

Computer results show that

H, (k (I),k_(I)) > 0,

-
|

- 0’1’2,000.14,150

B (k (I+1),k(I))>0 I=0,1,2,...,14.

By Lemma 2.2.14, there exist &(I) > 0, (I = 0,...,14), such that

ag%(B(2))g(x)3+ g (A(x)) » 0, if 0 & a < 6(I) and

-kl(l + l)a & x & -k‘(I)a. I = 0.1,o-¢’14 .

Taking 6, = min(é,,6(1),...,6(14)), we have

(2.2.11) 4(2(ﬁ(a))g(x) + g3(A(x)) 20, if 06 a<$

2’
-0.772x¢ < x < 0 .
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By Lemma 2.2.12, there exists &6y > O (¢ &,) such that

G(A(-0.772a)) = G(-0.772«) » G(1.579«), 0 € « < &

3 1]
i.e.
A(-0.772a) & 1.579«, 0 6 a < 83 »
(2.2.11) then implies that
2 3
(2.2.12) 4g(P)g(x) + g (A(x)) » 0, 0&ac<ié,,

B(x) & A(x) < 1.57% .
Take &6 > 0 (¢ 65) and x, > 0 such that
G(-x)) 6 G(3), O0&acs.
The conclusion follows from (2.2.9), (2.2.10)) and (2.2.12).
Lemma 2.2.16. There exists &6 > 0 such that
p'(c) <O, 0€a<3s, 0<c<eé.

Proof: From (2.2.5) and Lemma 2.2.15, there exist 6, > 0 and x, >

0 such that

B _ BOAG) , (1,1 _L,,

y, 06 axé6, , %o <x<O0.
£ EAm) 8(x) ' °

Take

é6 = min(6,, min G(-x,.)) .
1 Osass, 0

By Corollary 1.1.11, we have
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p'(c) <O, 06aca8s, 0<c<aé.

Lemma 2.2.17. There exists 6 > 0 such that

—%151 >-4, 06éacdas,
g (x)

%a<x<6,

where S(x) is as defined in Theorem 1.1.7.

Proof: It is equivalent to show that

%S(x)+g4(x)>0, 0 6§« <6, %a(x(6.
A direct calculation shows that
1500 + g
_ 1 8.4 a 34 « 33 la 32
= oy x [x (4300(x 4) - 4900(x - 4) + 2212 2(x 4)

-563C -5 +108) + Rk,

where R(x,x) is a polynomial containing higher order terms only. The

conclusion now follows.
Lemma 2.2.18. There exist 6 > 0, c>0 (< 1/20) such that

p'(c) <O, 06acas, 0<céc

p°(c) >0, O&a<s, c<c< cyl@).

Proof.

(i) By Lemma 2.2.16, there exist 6, > O, c>0 (< 1/20) such that



47

p'(c) <0, 06ace, 0<csc.

(i) a(c,z) @ a(c,0) < 0, ca(a) » 1/20, as « - 0. Therefore, there

exist a, < 0, &6, > O(s 6,) such that

a(E,a) < a), cz(a) > 3, 06 as 62 .

It ia not difficult to show that S(x) > 0, if x < 0. Then

J.O S(x) dx > J"; a, S(x) dx, 0Oéacs, ,

a vy g*(x) a, vr gt (x)

Z(c(ca(a).

Since

j‘% & S(x) dx

a, vr &' (x)

i8 continuous in « and ¢ when '0 6§ a & §,, céc 4 ca(x), there

exists m > 0, such that

1
—a‘ -
I' —s(-’-g—dxi-)o, 06a<6’, c<c<c’(a).

a, vr g°(x)
Therefore
0 Ssz -
& >m>0, O0€ax<( s, c <c<c (a).
o 4 2 a
a vy g (x)

(iii) b(c,a) » b(c,0) >0, as a =0

G(x) >0, as «-20, x-20.

Therefore there exist &6y > O (¢ 6,), b, > 0 such that
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b(c,a) > b, G(x) < % c, 0O6acs, 0<x<é,.

From Lemma 2.2.17, there exists 6, > 0 (6 6,) and

7, > 0 (4 min(s_,b , 543))
such that
fla) < 7, 0 6 a ( S, »
and
M)—«t, 06a<cs, B(a) < x < vy
e 4 o
g (x)
Then

Yo Yo
I ___§£§l_ dx > -4 —dx

g vy g*(x) 0 VoG(x)
Yo Y
>4 —E =825
0,35-2%¢ ve
4
0‘«(6‘, E(c(c’(a).

Therefore,

( I I ] X _ 4 >n-m=0, 0<ac<s,
vr g*(x)

c<c« cy(a) .

(iv) S(x) is continuous in « and x, and from Example 4 of §1.2,

when &« = 0,

S(x) > 0, 0(7°6x61.

Then there exists 6 > 0 (¢ 6§,) such that
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S(x) >0, 0 €6 a<(3s, Yo § X 61 .
Therefore

I"°] S(x) d,”J' S0 4

2¢’p* (c) = —
” vy g'(x) yo vy g*(x)

+ 12¢% j'ﬂY

0

dx >0, O0O6a<cé, c<c< c, (a).

Corollary 2.2.19. There exists é > 0 such that for any « e [0,6),

p(c) has exactly one critical point.

Proof. The proof follows from Lemma 2.2.10 and Lemma 2.2.18.

Lemma 2.2.20. There exists 6 > 0 such that

(i) g'(x) <0, g"(x) <0, g"(x) <0, 1-6<x<1,
(ii) S(1 - 0.5440.6 - «) > 0,
(ii1) 6(-0.51(0.6 - )'/*) & G(1 - 0.5440.6 - =),
(iv) 1 - 0.54¥0.6 - « > f(a) > 1 - 0.65v0.6 - a,
provided 0.6 - 6 ¢ « < 0.6, where S(x) is as defined in Theorem
1.1.3.
Proof: (i) is trivial. (ii), (iii) and (iv) are proved by using the

Taylor’s series.
Lemma 2.2.21. There exists 6 > 0 such that

M A' (%) < - , if pf(a) < A(x) < 1,
g (A(x))

006-6<a<0.6’
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where A(x) is as defined by (2.2.4).

Proof: From Lemma 2.2.20(i) it is easy to show that there exists

6, > 0 such that
S'(x) >0, if 0.6 - s, a<0.6, B(a) < x <1.

Therefore it suffices to show that there exists 6 > 0 such that

3g3(B(a))g(x) + 26°(A(x)) >0, 0.6 -6< a< 0.6,

B(a) < A(x) < 1 - 0.54¥0.6 - « ,

since S(1 - 0.54JR—-—:) > 0 when « is close to 0.6 by Lemma
2.2.20(ii).
Let
£(x,y) = 38 (B(a))g(x) + 28°(y) .

Then

3 (x,y) = 36" B(a))g' () > 0, if x < o.

From Lemma 2.2.20(i), there exists 6, > O (¢ 6,) such that

af _ 4 .

Iy (x,y) = 10g (y)g'(y) < 0, B(a) <y<1l, 0.6 - 6, < «<0.6
Therefore, if xo < x < 0, f(a) <y < Ag < 1, then

(2.2.13) £(x,y) > 36 (B(a))g(x,) + 28°(A ),

0.6 -6, ¢ aa<0.6.

2

Let Ag(x) = 1 - 054406 - a. Take 7y(a) ¢ 0 such that

G(y(«)) = G(Ao(=))e Then by Lemma 2.2.20(iii), there exists 63 > 0
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(¢ 63) such that

(2.2.14)  7y(a) » -0.51 (0.6 - «)Y/3, it 0.6 - 6 <@ < 0.6 .

By (2.2.13), (2.2.14) and Lemma 2.2.20(i), (iv), there exists 6, > 0 (¢
63) 8uch that if p(a) ( A(X) < 1 - 0054J006 -—a' 0-6 - 6‘ < x ( 006'
then

x > -0.51(0.6 - a)1/3 |

and
4 5 )
3g (B(x))g(x) + 2g  (A(x)) = f(x,A(x))
> 3g3(1 - 0.65v0.6 = «)g(-0.51(0.6 - a)1/3)

+ 282(1 - 0.5440.6 - a)
=2 - 0.216°(0.6 - %72 + 6(0.6 - ©°/2), as « - 0.6.
Therefore there exists 6 > 0 (¢ 6§,) such that

3g2(B(a))g(x) + 282(A(%)) > 0, B(x) < A(x) < 1 - 0.54¥0.6 — &
0.6 -6 < «<0.6 .

Lemma 2.2.22. There exists 6 > 0 such that

p“"(c) > 0, 0.6 -6 < « < 0.6, 0 <c« cz(a) .

Proof: Since

%&_,Z>Z asx-’O-, « 0.6 ,
g (x)

there exists 6, > 0 such that
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—§(¥-l>§-. 0.6-6 <a<0.6, -5 <x<O0.

By Lemma 2.2.21, there exists 6, > 0 (¢ 6§,) such that

SAK) e (y) ¢ 2, 0.6-5,¢ac0.6 A& <A <L
g (A(x))

Note A(x) 1~ as x 20 and « + 0.6~. There exists 6 > 0 (¢ 4,)

such that

S(xz - S‘A‘x” Al(x) ) _2_ - % = o .
g0 g(am))

w

if 06 - 6 ¢ «a < 06, -6 ¢ x < 0. Then by Corollary 1.1.14 and note

that c,(«) 2 0 as « =+ 0.6, the conclusion now follows.

Corollary 2.2.23. There exists 6 > 0 such that p(c) has exactly

one critical point if 0.6 - § < « < 0.6.
Proof. The proof follows from Lemmas 2.2.6, 2.2.10 and 2.2.22.

Theorem 2.2.24. There exists a uniform bound for the number of
critical points of the period function p(c) of equation (2.2.1) for

06ax <1,

Proof: From Lemmas 2.2.1, 2.2.6, 2.2.10 and Corollaries 2.2.19 and
2.2.23, there exists 6 > 0 such that p(c) has at most one critical

point when (a,c) € Dg v D, where
06 = {(a,c) € D1 | dilt((a,c),JDI) < &8} .

Theorem 2.1.3 shows that p(c) is analytic in « and ¢ when
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(a)c) € D,\Dg. We claim that there exists a uniform bound for the
number of zeros of p’'(c) for any « ¢ [6,06 - 6] and ¢ varying

from & to c,(«) - 6.

Suppose not. Then there is a sequence {ap} < [6,0.6 - 6] such

that

(2.2.15) an - ao, Nn 9 o, as n 9 +o,

where N, denotes the number of zeros of pg (c) in [6,ca(epy) - 6].
L n

Since p&o(c) is analytic in c, it has a finite number N
(counting by multiplicity) of geros in [6,ca(xg) - &1 From the
analyticity of pa(c) and the compactness of [6,ca(x) - 6], it is clear
that there is a &6, > 0 such that for any « € (2g - 6;, %o + 6,),
Pa(c) has at most N distinct zeros when ¢ varies from &6 to

ca(a) - 6. This contradicts (2.2.15).
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