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ABSTRACT

ROLE OF FLEXIBILITY IN ROBOTIC FISH

By

Sanaz Bazaz Behbahani

Underwater creatures, especially fish, have received significant attention over the past several

decades because of their fascinating swimming abilities and behaviors, which have inspired en-

gineers to develop robots that propel and maneuver like real fish. This dissertation is focused on

the role of flexibility in robotic fish performance, including the design, dynamic modeling, and

experimental validation of flexible pectoral fins, flexible passive joints for pectoral fins, and fins

with actively controlled stiffness.

First, the swimming performance and mechanical efficiency of flexible pectoral fins, connected

to actuator shafts via rigid links, are studied, where it is found that flexible fins demonstrate advan-

tages over rigid fins in speed and efficiency at relatively low fin-beat frequencies, while the rigid

fins outperform the flexible fins at higher frequencies. The presented model offers a promising tool

for the design of fin flexibility and swimming gait, to achieve speed and efficiency objectives for

the robotic fish.

The traditional rigid joint for pectoral fins requires different speeds for power and recovery

strokes in order to produce net thrust and consequently results in control complexity and low

speed performance. To address this issue, a novel flexible passive joint is presented where the

fin is restricted to rowing motion during both power and recovery strokes. This joint allows the

pectoral fin to sweep back passively during the recovery stroke while it follows the prescribed

motion of the actuator during the power stroke, which results in net thrust even under symmetric

actuation for power and recovery strokes. The dynamic model of a robotic fish equipped with

such joints is developed and validated through extensive experiments. Motivated by the need for



design optimization, the model is further utilized to investigate the influences of the joint length

and stiffness on the robot locomotion performance and efficiency. An alternative flexible joint for

pectoral fins is also proposed, which enables the pectoral fin to operate primarily in the rowing

mode, while undergoing passive feathering during the recovery stroke to reduce hydrodynamic

drag on the fin. A dynamic model, verified experimentally, is developed to examine the trade-off

between swimming speed and mechanical efficiency in the fin design.

Finally, we investigate flexible fins with actively tunable stiffness, enabled by electrorheolog-

ical (ER) fluids. The tunable stiffness can be used in optimizing the robotic fish speed or maneu-

verability in different operating regimes. Fins with tunable stiffness are prototyped with ER fluids

enclosed between layers of liquid urethane rubber (Vytaflex 10). Free oscillation and base-excited

oscillation behaviors of the fins are measured underwater when different electric fields are applied

for the ER fluid, which are subsequently used to develop a dynamic model for the stiffness-tunable

fins.
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Chapter 1

INTRODUCTION

How fish swim, their remarkable behaviors, and their unique swimming patterns have long in-

trigued biologists and engineers looking for clues to understand and imitate real fish [1–5]. Scien-

tists and engineers have been motivated by fish to create a class of autonomous underwater vehicles

called robotic fish. Different fish swimming modes and characteristics are applied to the design of

these biomimetic robotic fish, with the virtues of being maneuverable, efficient, and lifelike [6–9].

There are complex interactions between a fish body, fins, and surrounding fluid, which makes the

robotic fish design, development, and control challenging. Improved efficiency, maneuverability,

and stealth are some of the potential advantages of robotic fish over traditional propeller-driven un-

derwater vehicles [10–12]. Among their many applications, robotic fish can provide an underwater

platform for aquatic environmental monitoring [13, 14], as well as serving as a tool for studying

the behaviors of live fish through robot-animal interactions [15].

In this chapter, the motivation behind this study is described in Section 1.1. A review of the

state of the art in robotic fish research, especially research involving flexible fins, is given in Section

1.2. The objectives of this study are discussed in Section 1.3. The contributions of this work and

the structure of this dissertation are explained in Section 1.4 and 1.5, respectively. The author’s

publications during the course of Ph.D. studies are listed in Section 1.6.
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1.1 Motivation

Biologists and engineers study fish swimming patterns to understand fish locomotion enabled by

body and fin movements [16,17]. Numerous designs for robotic fish have been reported in the liter-

ature [18], with different actuation mechanisms and levels of system complexity [19–26]. Robotic

fish can generate thrust using a tail (caudal) fin [27–29], paired pectoral fins [30–32], or blending

both movements [33]. Based on the observations from nature, different kinds of actuators have

been suggested to increase efficiency and maneuverability of a robotic fish. A typical strategy for

actuating a robotic fish is to use motors, which entails single/multiple joints and rigid links for

each tail fin or pectoral fins [20, 27, 34–36]. An alternative approach to fin actuation is the use of

smart materials [23, 37–40]. Various studies have indicated that the shape and elasticity of the fish

fins play significant roles in the hydrodynamic performance of a fish [11, 41]. From the biological

point of view, a fish changes its flexural stiffness to perform different tasks, such as increasing

swimming speed [42, 43].

The goal of this work is not just the development of a fish-like robot since it is hard to pursue

this goal even with the most advanced technologies, due to the complexity of real fish and its com-

plicated motion. Instead, we study the effect of flexibility of the fins and joints on the performance

of robotic fish.

1.2 Literature Review

There is flourishing literature available on design and modeling of robotic fish. Besides mimicking

live fish locomotion, biomimetic robotic fish allows researchers to study various fin designs and

kinematics that would result in higher levels of performance in speed, maneuverability, stability

and efficiency.
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For the majority of this study, we focus on the periodic motion generated by paired pec-

toral fins for robotic fish. Although this mode of swimming is proven to be less efficient at

higher speeds, it provides remarkable maneuvering and efficient swimming at lower swimming

speeds. There is a large body of work conducted on pectoral fin morphology, kinematics, and hy-

drodynamics, both analytically [44–46] and computationally using computational fluid dynamics

(CFD) methods [47–49] to obtain the forces and torques produced by these fins. Webb [50, 51]

and Blake [52, 53] modeled the pectoral fin propulsion and motion of a live fish, providing in-

sight into the computations of hydrodynamic forces involved in pectoral fin actuation. There

are several studies on robotic fish with pectoral fins, most of which, however, have considered

only rigid pectoral fins with one or more degrees of freedom, each controlled by a separate mo-

tor [32, 34, 35, 44, 54–60]. Some of these robotic fish are shown in Fig. 1.1.

Several groups have analyzed the case of flexible pectoral fins in robotic fish. Lauder et al.

[30, 61] explored the hydrodynamics associated with pectoral fins using a self-propelled pectoral

fin with bi-laminar fin rays, both experimentally and with Computational Fluid Dynamics (CFD)

simulation. This pectoral fin is shown in Fig. 1.2. Kato et al. [62] designed two different types

of elastic pectoral fins: An active pneumatic actuator pectoral fin, shown in Fig. 1.3(a), and a

passive flexible fin, shown in Fig. 1.3(b). They conducted experiments to estimate the propulsive

forces and used Finite Element Method (FEM) to analyze the behavior of these pectoral fins.

Deng et al. [27, 63] modeled a robotic fish with two pectoral fins and a caudal fin, and used it to

design controllers for robotic fish. However, the flexibility of the pectoral fins in their experimental

prototype was not included in their model. The design of their robotic fish is shown in Fig. 1.4.

With CFD simulation, Shoele et al. [64] numerically examined the fluid-structure interaction and

force generation by pectoral fins of a fish during labriform swimming mode. Palmisano et al. [32]

studied a pectoral fin with soft rays in a flapping motion and used CFD analysis for optimal fin
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(a) Bass II [36] (b) Boxybot [34]

(c) Labriform swimming robotic fish [35] (d) University of Washington’s robotic fish [44]

(e) Ghostswimmer [60]

Figure 1.1: Examples of reported robotic fish prototypes with paired pectoral fins.

design.

In summary, the paired pectoral fin swimming that provides drag and lift, can be mimicked

under complicated motor control schemes [65, 66]. While flexibility is an important characteristic

of pectoral fins for live fish and is expected to influence the hydrodynamics of robotic fish signif-

icantly, relevant studies have mostly focused on experimental or CFD exploration of this matter
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Figure 1.2: A flexible pectoral fin, where the individual tendons permit actuation of each fin ray
[61].

(a) (b)

Figure 1.3: Elastic pectoral fin actuators for biomimetic underwater vehicles [62]: (a) Active pneu-
matic actuator pectoral fin, and (b) passive flexible fin.

and the systematic analysis of the role of flexibility in pectoral fins and its impact on robotic fish

performance has been limited.

In addition to flexible fins, the stiffness of the fin should ideally change with the operating

condition to improve the performance of the robotic fish [42,43]. Namely, the fins should be stiffer

when the oscillating frequency increases, to maximize the amount of thrust. More recently, limited

studies have been conducted to address this issue. Ziegler et al. [67] developed a free-swimming
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Figure 1.4: Robotic fish with flexible pectoral fins [27, 63].

robotic fish, which was actuated by a tail fin capable of varying its elasticity. The tail fin was

actuated by a primary motor, and two small servos were used to vary the elasticity of the fin. This

fin consisted of two main foils. Additional foils of various thickness and material could be inserted

into the main foil, utilizing the small servos. This results in change of the stiffness of the flexible

tail. The schematic of their proposed design is shown in Fig. 1.5(a). Park et al. [68] developed a

fin with a variable-stiffness flapping mechanism, which was realized by compressing a compliant

material to increase the stiffness. Their design was based on the endoskeleton structure, which

used a simple mechanism. When the compliant material was compressed, the stiffness increased.

Their design consisted of six rigid plates, which were used as the backbone of the robotic fish.

The plates had specific intervals between them. Two tendons were used for driving the tail and

two other tendons were used to change its stiffness. Basically, when the tendons were pulled, the

variable-stiffness structure was compressed, which would result in an increase in axial stiffness,

and when the tendons were released, the axial stiffness would decrease. This structure is shown

6



in detail in Fig. 1.5(b). Nakabayashi et al. [69] developed a robotic fish with a variable-stiffness

mechanism using a variable-effective-length spring. The bending stiffness of the tail fin could vary

dynamically in this work, which worked by altering the length of a rigid plate using a motor. This

would result in changing the effective-length of the spring, and thus change of stiffness. However,

this design needs enough space to actually adjust the length of the spring. The structure for the

proposed variable stiffness mechanism is shown in Fig. 1.5(c). In all the works mentioned above,

the stiffness was controlled by servos, and consequently, the robots were relatively bulky due to

the need for additional servos to perform the job.

1.3 Research Objectives

This dissertation addresses four issues of increasing complexity. (1) How the flexibility of pectoral

fins affects the swimming performance and mechanical efficiency of the robot? An analytical study

of the effect of flexibility of the fins on the performance of robotic fish is a vital contribution

to the robotic society. (2) How can we achieve more efficient swimming by introducing flexible

passive joints, and reducing the complexity of the robot? An alternative approach that reduces the

effective area of the pectoral fin in the recovery stroke under symmetrical actuation can improve the

performance of the robotic fish. (3) How can we utilize the flexible passive joint idea and achieve a

more complex fin motion, mimicking drag-based labriform swimming of live fish? Real fish rarely

exclusively use motion of pectoral fins; instead, they use a combination of different motions to

move forward. (4) Can we achieve a design that actively changes the stiffness of the robotic fish

fins based on the operation conditions, and yet is quick and compact? It is important to modify the

stiffness of the robotic fish fins based on the performance states. This change needs to be applied

instantly to the fin, base on the operation regime the robotic fish is in, to be most effective.
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(a) Mechanism for stiffness change in tail fin [67]

(b) Design of driving part with variable-stiffness structure and tendons
[68]

(c) Structure of fin with variable effective length spring [69]

Figure 1.5: Examples of reported designs for tunable stiffness fin.

1.4 Overview of Contributions

The goal of this research is to investigate the fundamentals of fish-like propulsion using flexible

components for performance enhancement in aquatic robotics. To this end, the contributions of

8



this research are further summarized as follows:

First, we explore the impact of the flexibility of robotic fish pectoral fins on the robot locomo-

tion performance and mechanical efficiency. A dynamic model for the robotic fish is presented,

where the flexible fin is modeled as multiple rigid elements connected via torsional springs and

dampers. Blade element theory is used to capture the hydrodynamic force on the flexible fin.

The model is validated with experimental results obtained on a robotic fish prototype, equipped

with 3D-printed fins of different flexibility. The model is then used to analyze the impacts of fin

flexibility and power/recovery stroke speed ratio on the robot swimming speed and mechanical

efficiency.

Second, we introduce the design of a novel flexible passive joint that connects the servomotor

arm to the pectoral fin, to overcome the difficulties that arise with a traditional rigid joint, which

has slower recovery stroke speed and faster power stroke speed in order to generate a net thrust.

A dynamic model is developed for the joint and for a robotic fish equipped with such joints. The

design and the model are evaluated with extensive experimental results. Motivated by the need for

design optimization, the model is further utilized to investigate the influence of the joint length and

stiffness on the robot locomotion performance and efficiency.

Third, a novel flexible joint is proposed for robotic fish pectoral fins, which enables a swimming

behavior emulating the fin motions of many aquatic animals. In particular, the pectoral fin operates

primarily in the rowing mode, while undergoing passive feathering during the recovery stroke to

reduce hydrodynamic drag on the fin. The latter enables effective locomotion even with symmetric

base actuation during power and recovery strokes. A dynamic model is developed to facilitate

the understanding and design of the joint, where blade element theory is adopted to calculate the

hydrodynamic forces on the pectoral fins, and the joint is modeled as a paired torsion spring and

damper. Experimental results on a robotic fish prototype are presented to illustrate the effectiveness
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of the joint mechanism, validate the proposed model, and indicate the utility of the proposed model

for the optimal design of joint depth and stiffness in achieving the trade-off between swimming

speed and mechanical efficiency.

Finally, we study the design, prototyping, and dynamic modeling of a tunable-stiffness fin for

robotic fish, using an electrorheological (ER) fluid, which enables adapting the flexural stiffness of

the compliant fin. A multi-layer composite fin with an ER fluid core is prototyped and utilized to

investigate the influence of electric field on its performance. Lighthill’s large amplitude elongated-

body theory is adopted to evaluate the hydrodynamic forces on the fin, and Hamilton’s principle is

used to derive the dynamic equations of motion of the flexible composite caudal fin. The dynamic

equations are then discretized using the finite element method, to obtain an approximate numerical

solution. Experiments are conducted on the prototyped flexible ER-fluid filled beam to identify

some parameters, validate the proposed dynamic model, and assess the efficacy of the proposed

stiffness-tuning approach.

1.5 Dissertation Layout

This dissertation consists of 6 chapters and is organized as follows: In Chapter 2, a complete dy-

namic model of a robotic fish actuated by a pair of flexible pectoral fins is discussed. A detailed

explanation of the various forces acting on the robotic fish and the full Newton-Euler equations are

derived, where blade element theory is used to evaluate the hydrodynamic forces on the oscillating

flexible pectoral fins. The swimming performance and mechanical efficiency of flexible pectoral

fins, connected to actuator shafts via rigid links, are studied, where it is found that flexible fins

demonstrate advantages over rigid fins in speed and efficiency at relatively low fin-beat frequen-

cies, while the rigid fins outperform the flexible fins at higher frequencies. The presented model
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offers a promising tool for the design of fin flexibility and swimming gait, to achieve speed and

efficiency objectives for the robotic fish. Chapter 3 provides detailed information about the novel

flexible rowing joint mechanism. The joint design, dynamic modeling and experimental results are

presented in this chapter. The influence of the joint length and stiffness on the robot locomotion

performance and efficiency are investigated. In Chapter 4, we focus on another flexible passive

joint, called flexible feathering joint. This joint enables the robotic fish to perform the drag-based

labriform swimming without adding additional servo motors to the fins. The joint design, dynamic

modeling, and experimental results of a robotic fish utilizing this joint are presented in this chap-

ter. The effect of joint depth and stiffness in achieving the trade-off between swimming speed

and mechanical efficiency is studied as well. Chapter 5 focuses on the design, prototyping, and

dynamic modeling of the tunable-stiffness fin for robotic fish. The tunable stiffness can be used

in optimizing the robotic fish speed or maneuverability in different operating regimes. Fins with

tunable stiffness are prototyped, and free oscillation and base-excited oscillation behaviors of the

fins are measured underwater when different electric fields are applied for the ER fluid, which

are subsequently used to develop a dynamic model for the stiffness-tunable fins. Finally, the last

chapter summarizes the most important aspects and results achieved in this work. Possible future

developments are outlined as well.

1.6 Publications

1.6.1 Journal Articles

1. S. B. Behbahani, X. Tan, “Design and Modeling of Flexible Passive Rowing Joints for
Robotic Fish Pectoral Fins,” IEEE Transactions on Robotics, Vol. 32, No. 5, pp. 1119-1132,
2016.
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Chapter 2

ROLE OF PECTORAL FIN FLEXIBILITY IN

ROBOTIC FISH PERFORMANCE

2.1 Introduction

Modeling the robotic fish dynamics is often critical for the design, control, and understanding of

robotic fish behavior, and it has received extensive attention in the literature [20, 28, 39, 45, 70–

72]. The most challenging step in dynamically modeling robotic fish is capturing the interactions

between the body/fins and the fluid and calculating the resulting force and moment exerted on

the body. Computational Fluid Dynamics (CFD) modeling [47–49, 73] is capable of describing

such interactions with high fidelity and offering physical insight, but its computational cost often

makes it infeasible for designing and control purposes. Several alternatives are available. For

example, quasi-steady lift and drag models from airfoil theory can be applied to the body and fin

surfaces of underwater robots [27, 44, 74–76]. One could also assume perfect fluids (irrotational

potential flow) and exploit the symmetry to obtain a finite-dimensional model for the fluid-structure

interactions [45,77]. Effects of vorticity can be accommodated by assuming, for example, vortices

periodically shed from the tail fin [46, 78].

In this chapter we are focused on paired pectoral fin locomotion of a robotic fish. Although the

caudal fin is the primary appendage used for propulsion in robotic fish [20,23,28,34], pectoral fins
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play a vital role in maneuvering and stability of live fish while providing or assisting propulsion

[79, 80]. Kinematics and hydrodynamics of live fish pectoral fins have been studied be several

researchers [50–53]. A number of investigations have been conducted on rigid pectoral fins with

one or more degrees of freedom, to study their effect on robotic fish swimming [27, 35, 36, 44,

55, 81, 82]. Recently, studies have been pursued on flexible pectoral fins [21, 30, 32, 61–64, 83],

and pectoral fins with flexible joints [84–87], to mimic live fish behavior more closely. While the

flexibility of pectoral fins for live fish and robotic fish is appreciated and has been explored with

both experimental [30, 61] and CFD [49] methods, systematic analysis of the role of pectoral fin

flexibility in robotic fish performance has been limited.

The goal of this chapter is to develop a systematic, computation-efficient framework for ana-

lyzing how the flexibility of pectoral fins affects the swimming performance and mechanical effi-

ciency of the robot. While pectoral fin motions can generally be classified into three modes based

on the axis of rotation, rowing, feathering, and flapping, we focus on the rowing motion since it

can be utilized for a number of in-plane locomotion and maneuvering tasks, such as forward swim-

ming, sideway swimming, and turning. A dynamic model for the robotic fish is first proposed. We

use Newton-Euler equations to model the rigid body dynamics of the robot. The flexible fins are

approximated as multiple rigid elements, connected via torsional springs and dampers. Such an

approach has been proven effective and computationally efficient in capturing large deformation in

flexible caudal fins [29]. Blade element theory is adopted to evaluate the hydrodynamic forces on

the fin elements. The proposed dynamic model is verified through experiments on a free-swimming

robotic fish prototype equipped with pectoral fins. The fins are 3D-printed with different stiffness

levels, ranging from very flexible to rigid.

The dynamic model is used to analyze the impact of fin flexibility on swimming speed behavior

at different fin-beat frequencies. It is found that, while the robot with rigid fins achieves a linearly
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increasing speed with the fin-beat frequency, there is an optimal frequency in the case of a flexible

fin at which the speed is maximized. Furthermore, fins with moderate flexibility outperform the

rigid fins on the speed performance for a large range of operating frequencies. The impact of speed

ratio ζ between the power stroke and the recovery stroke on the swimming behavior is also studied

for different fins. Finally, the influences of fin flexibility and ζ on the mechanical efficiency of the

robot are examined. The study reveals interesting trade-offs between the different objectives (speed

and efficiency) and supports the use of the proposed model as a promising tool for fin flexibility

and gait design.

The remainder of this chapter is organized as follows. Section 2.2 reviews the dynamics of

the robotic fish body. Section 2.3 presents the dynamic model for the flexible pectoral fins. The

kinematics of the flexible pectoral fins adopted in this work is presented in Section 2.4, while the

method for mechanical efficiency calculation is discussed in Section 2.5. In Section 2.6 we present

the robotic fish prototype, the pectoral fin fabrication method, the experimental setup, and the

methods for model parameter identification. Section 2.7 is devoted to results. Finally, concluding

remarks and future work directions are discussed in Section 2.8.

2.2 Dynamics of the Robotic Fish Body

The robotic fish under study contains two subsystems, the flexible pectoral fins, for which the dy-

namics are covered in Section 2.3, and the rigid body. The robotic fish prototype used in this study

does have a caudal fin, but the consideration of caudal fin hydrodynamics is outside the scope of

this work. To study the motion of the robot, we include the rigid body dynamics based on Kirch-

hoff’s equations of motion in an inviscid fluid [28, 88], with the added mass effect incorporated.
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Figure 2.1: Top view of the robotic fish actuated by flexible pectoral fins and restricted to planar
motion.

2.2.1 Rigid Body Dynamics

Fig. 2.1 illustrates a robotic fish, restricted to the planar motion, where [X ,Y,Z]T denotes the global

coordinates, and [x,y,z]T with unit vectors [î, ĵ, k̂] indicates the body-fixed coordinates, attached to

the center of mass of the robotic fish body. Each pectoral fin is modeled as multiple, connected,

rigid elements, and m̂i and n̂i denote the unit vectors parallel to and perpendicular to the ith el-

ement of the pectoral fin, respectively, where superscripts r and l indicate the right and the left

fin, respectively. The robotic fish body and the flexible pectoral fins are considered to be neutrally

buoyant, with center of gravity and geometry coinciding. The simplified equations of the robotic
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fish body in the body-fixed coordinates are represented as [29, 63, 87]

(mb−XV̇Cx
)V̇Cx = (mb−YV̇Cy

)VCyωCz +Fx, (2.1)

(mb−YV̇CY
)V̇Cy =−(mb−XV̇Cx

)VCxωCz +Fy, (2.2)

(Iz−Nω̇Cz
)ω̇Cz = Mz, (2.3)

where mb is the mass of the robotic fish body, Iz is the robot inertia about the z-axis, XV̇Cx
, YV̇Cy

,

and Nω̇Cz
are the hydrodynamic derivatives that represent the effect of the added mass/inertia on

the rigid body [88]. VCx , VCy , and ωCz are the surge, sway, and yaw velocities, respectively. The

variables Fx, Fy and Mz denote the external hydrodynamic forces and moment exerted on the fish

body, which are described as

Fx = Fhx−FD cos β +FL sin β , (2.4)

Fy = Fhy−FD sin β −FL cos β , (2.5)

Mz = Mhz +MD, (2.6)

where Fhx , Fhy and Mhz are the hydrodynamic forces and moment transmitted to the fish body by

the pectoral fins, the details of which are provided in Section 2.3. As depicted in Fig. 2.1, FD, FL,

and MD are the body drag, lift, and moment, respectively. These forces and moment are expressed

as [28, 29, 44]

FD =
1
2

ρ|VC|2SACD, (2.7)

FL =
1
2

ρ|VC|2SACLβ , (2.8)

MD =−CMω
2
Cz

sgn(ωCz), (2.9)
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where |VC| is the linear velocity magnitude of the robotic fish body, |VC| =
√

V 2
Cx
+V 2

Cy
, ρ is the

mass density of water, SA is the wetted area of the body, CD, CL and CM are the dimensionless drag,

lift, and damping moment coefficients, respectively, β is the angle of attack of the body, and sgn(.)

is the signum function.

Finally, the kinematics of the robotic fish are described as [29]

Ẋ =VCx cos ψ−VCy sin ψ, (2.10)

Ẏ =VCy cos ψ +VCx sin ψ, (2.11)

ψ̇ = ωCz, (2.12)

where ψ denotes the angle between the x-axis and the X-axis.

2.3 Dynamics of Flexible Rowing Pectoral Fins

This section focuses on calculating the hydrodynamic forces on the flexible pectoral fin and deter-

mining its dynamics using blade element theory [5], by dividing the fin span into multiple rigid

elements. The rowing motion of the pectoral fin has been classified as a “drag-based” swimming

mechanism, where the drag element of fluid dynamics generates the thrust [89, 90]. The pectoral

fin is considered to be rectangular with span length of S and chord length of C. We consider a

coordinate system with unit vectors m̂i and n̂i for the pectoral fin; see Fig. 2.1. The relationship

between these unit vectors and the robotic fish body-fixed coordinates is given by

m̂i = cosγiî+ sinγi ĵ, (2.13)

n̂i =−sinγiî+ cosγi ĵ, (2.14)

18



Top viewView from the     directionn̂

î

ĵ

d
ih
F

ig

i
v

ˆ
i
n

ˆ
i
m

i
a

ds

C

s
ˆ
i
n

ˆ
i
m

1i
A

-

S

N

Figure 2.2: Top view of ith element of the flexible fin and its parameters and variables.

where γi is the angle between m̂i and î; see Fig. 2.1 for illustration. We use the left pectoral fin

to illustrate the calculations. However, it is straightforward to extend the calculations to the right

pectoral fin. Fig. 2.2 provides a visualization of the parameters and variables of a flexible fin

element.

We divide the flexible fin into N rigid elements with an equal length of l = S
N , where each

segment is connected to its neighbors via a pair of torsional spring and damper. The constants

of the spring and damper can be derived from the properties of the flexible material. The spring

constant KS is evaluated as [91]

KS =
ECh3

12l
, (2.15)

where h is the beam thickness, and E is the Young’s modulus of the flexible material used for

the pectoral fin. The damper coefficient KD can be evaluated as KD = κKS, where κ is a propor-

tional constant. Fig. 2.3 illustrates the forces on the ith element of the flexible fin. The angle γ1

is dictated by the pectoral fin actuator, and we need to find the angles γ2 to γN , to know the tra-

jectory of the flexible fin at each instant of time, which, subsequently, will allow one to evaluate

the hydrodynamic force generated by the fin. In the following calculations we assume an anchored

robotic fish body. This simplifying assumption is often adopted in the literature for similar prob-
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Figure 2.3: Illustration of forces on the ith element of the flexible fin.

lems [2,19,29], and the resulting error is typically negligible considering the much greater pectoral

fin velocity compared to the robotic fish body speed.

The position of each point s on the ith element (see the definition of s in Fig. 2.2) at time t on

the ith element can be described as

ri(s, t) =
i−1

∑
k=1

l · m̂k + s · m̂i. (2.16)

The corresponding velocity at the point s is

vi(s, t) =
{ i−1

∑
k=1

lγ̇k cos(γi− γk)+ sγ̇i

}
n̂i +

{ i−1

∑
k=1

lγ̇k sin(γi− γk)
}

m̂i, (2.17)

where γ̇k indicates the time derivative of γk. Respectively, the corresponding acceleration at the
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point s is evaluated as

ai(s, t) =
{ i−1

∑
k=1

[
lγ̈k cos(γi− γk)+ lγ̇2

k sin(γi− γk)
]
+ sγ̈i

}
n̂i

+
{ i−1

∑
k=1

[
lγ̈k sin(γi− γk)− lγ̇2

k cos(γi− γk)
]
− sγ̇

2
i

}
m̂i, (2.18)

where γ̈k indicates the second time derivative of γk.

2.3.1 Force Calculations for Element i

The hydrodynamic force on each element of the flexible fin is evaluated based on the blade element

theory [5] as follows

dFhi(s, t) =−
1
2

Cn
(
αi(s, t)

)
ρC|vi(s, t)|2ds êvi, (2.19)

where êvi is a unit vector in the direction of the velocity of the ith element. Cn is the force coeffi-

cient, which depends on the angle of attack at each point, αi(s, t), and has a form of

Cn(αi) = λ sinαi, (2.20)

where the parameter λ is evaluated empirically through experiments. Note that Eq. (2.19) captures

both normal and span-wise components of the hydrodynamic force. The angle of attack at each

point, αi(s, t), is defined via

tanαi(s, t) =
< vi(s, t), n̂i >

< vi(s, t), m̂i >
, (2.21)

where < ·, ·> denotes the inner product.

The total hydrodynamic force acting on the ith element is defined by integrating Eq. (2.19)
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along the length of the element

Fhi(t) =
∫ l

0
dFhi(s, t) . (2.22)

The interaction between two consecutive elements is captured via force balance on each ele-

ment:

Fhi +FAi−1−FAi = miai, (2.23)

where FAi is the force applied by element i on element i+1, FAi−1 is the force applied by element

i− 1 on element i, mi is the effective mass of the ith element (which contains the mass and the

added mass of element i, where the added mass is calculated based on a rigid plate moving in the

water), and ai denotes the acceleration of the midpoint of the ith element, which can be evaluated

using Eq. (2.18) with s= l
2 . See Fig. 2.3 for illustration of the forces. Note that for the last element,

FAN = 0; therefore, Eq. (2.23) can be solved iteratively for FAi , where 0≤ i≤ N−1.

2.3.2 Moment Calculations for Element i

The total hydrodynamic moment on the ith element is calculated as

Mhi =
∫ l

0
sm̂i×dFhi(s, t), (2.24)

where dFhi(s, t) is as expressed in Eq. (2.19). The total moment relative to point Ai−1 for element

i is evaluated as

Mi = Mhi + l×FAi +Mi+1 +M(S+D)i = Iiγ̈i, (2.25)
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where× denotes the cross product, Ii represents the effective inertia of the ith element, and M(S+D)i ,

the moment induced by the torsional spring and damper at Ai−1, is evaluated as

M(S+D)i =−[KS(γi− γi−1)+KD(γ̇i− γ̇i−1)]k̂, (2.26)

where KS and KD are the spring and damper coefficients used to model the flexible pectoral fin.

Note that for the element N, MN+1 = 0, which, through the recursion in the first equality in [25],

allows the explicit expression of Mi, 2≤ i≤ N, in terms of other variables. The second equality in

(2.25) thus provides (N-1) nonlinear second-order equations for γi, where 2 ≤ i ≤ N, which fully

describe the dynamics of the N-element pectoral fin.

Eqs. (2.23) and (2.25) are used to find the total force/moment exerted on the robotic fish body:

Fhx =< FA0, î >, (2.27)

Fhy =< FA0, ĵ >, (2.28)

Mhz =−cp < FA0, î >−M1, (2.29)

where cp is the distance between robotic fish center of mass and the base of the flexible fin, FA0 is

the total force applied by the flexible pectoral fin to the center of mass of the robotic fish body, and

M1 is the moment applied by the flexible pectoral fin to the center of mass of the robotic fish body.

These forces and moments are then plugged into (2.4)-(2.6) to solve the rigid body dynamics of

the robotic fish.
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2.4 Kinematics of Flexible Rowing Pectoral Fins

The pectoral fins in this study sweep back and forth within the frontal plane. The rowing motion

has distinct power and recovery strokes. During the power stroke, the pectoral fin moves backward

to produce thrust through induced drag on the pectoral fin surface. On the other hand, during the

recovery stroke, the fin moves toward the front of the fish, with minimal loading, to get ready for

next fin-beat cycle. The pectoral fin is actuated at different speeds during the power and recovery

strokes (faster power stroke) to produce a net thrust. In particular, we define the ratio

ζ =
P
R
=

Power stroke speed
Recovery stroke speed

. (2.30)

For each fin-beat cycle, the pectoral fin base rotates according to

γ1(t) =


π

2 − γA cos
[
π
(

ζ+1
Tp

)
t
]
, 0≤ t ≤ Tp

ζ+1

π

2 + γA cos
[
π
(

ζ+1
ζ Tp

)(
t− Tp

ζ+1

)]
,

Tp
ζ+1 < t ≤ Tp

(2.31)

where γA is the amplitude of fin the actuation and TP denotes the period of one cycle.

Fig. 2.4 illustrates the pectoral fin kinematics. The visualization of the pectoral fin motion

during one fin-beat cycle is shown in Fig. 2.4(a). Note that for ζ = 1, the pectoral fin flaps sym-

metrically during the power stroke and the recovery stroke, and for ζ > 1, the pectoral fin slows

down and spends more time in the recovery phase. Fig. 2.4(b) illustrates the orientation angle γ1

and the angular velocity γ̇1 of the base of the pectoral fin with respect to the x-axis of the robotic

fish during one fin-beat cycle. For turning the robotic fish, we just actuate one of the pectoral fins

and keep the other fin still.
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Figure 2.4: Illustration of the pectoral fin motion during power and recovery strokes: (a) The
snapshots at different time instances of one fin-beat cycle, where Tp represents the total time for
each cycle; (b) orientation and angular velocity of the base of the pectoral fin with respect to the
main axis of the robotic fish, where ζ = 5, γA = 50 deg, and Tp = 1 s are used.

2.5 Mechanical Efficiency

Aside from the swimming performance (for example, swimming speed or turning radius), another

critical factor about the robotic fish is its mechanical efficiency. We will analyze the efficiency

of the robot under different pectoral fin properties using the model presented in Sections 2.3 and

2.4. In particular, it is of interest to investigate the effect of flexibility of the pectoral fins on the

mechanical efficiency. During steady-state swimming, the mechanical efficiency of the robot is

evaluated as [5, 92, 93]

η =
Wb

WT
, (2.32)

where Wb is the useful work needed to move the robotic fish during each fin-beat cycle, and WT is

the total work done by the pectoral fins during the same period. In this study, we do not consider
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other energy losses, such as the amount of electrical power used by other electronics, or frictional

losses in motors and gears. The useful work Wb is determined by

Wb =
∫ t0+Tp

t0
FThrust(t)VCx(t)dt, (2.33)

where t0 denotes the beginning of the fin-beat cycle, and FThrust = Fhx is the total hydrodynamic

force produced by the pectoral fin in the x direction, exerted on the robotic fish body. The total

work done by the paired pectoral fins, WT , is obtained via

WT = 2
∫ t0+Tp

t0
max{0,

N

∑
i=1

∫ l

0
< dFhi(s, t),vi(s, t)>}dt. (2.34)

At some instants of time, the mechanical power of the pectoral fins could be negative. However,

the servos cannot reclaim this energy from the water. Therefore, we treat the instantaneous power

for these cases to be zero, which explains the max(0, ·) operation in (2.34).

2.6 Materials and Methods

2.6.1 Robotic Fish Prototype

A robotic fish prototype, similar to that in [86], was used to test and validate the proposed dynamic

model, and to support the performance analysis. This robotic fish included a rigid body, two

pectoral fins, and a caudal fin. The rigid body was designed in SoildWorks software and printed

in the VeroWhitePlus material from a PolyJet multi-material 3D printer (Objet350 Connex 3D

System from Stratasys), and was coated with acrylic paint to minimize water absorption of the

3D-printed material. The body had a length of 15 cm, height of 8 cm, and width of 4.6 cm. Three
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Figure 2.5: 3D-printed robotic fish body and other components of the robot.

waterproof servomotors (Traxxas 2065 Waterproof Sub-Micro Servo from Traxxas) was used to

move the pectoral fins and caudal fin individually. The robot was battery-operated, using a Li-ion

rechargeable battery (7.4 V, 1400 mAh from Powerizer), and a customized power converter PCB

was designed to regulate the voltage to 5 V (through LM2673) and 3.3 V (through LP38690) for

the servomotors and the microcontroller, respectively. The robot fin motion was controlled by a

microcontroller (Arduino Pro Mini, 3.3 V). A picture of the 3D-printed body, along with all the

other components for the robot, is shown in Fig. 2.5.

2.6.2 Pectoral Fin Fabrication

The pectoral fins used in this study were designed to have a composite structure and were 3D-

printed. The fins could be easily detached from the fin mounts, to enable testing of the robot with

different fins. We followed the approach proposed in [94] for creating the composite fins, the

effective stiffness of which can be easily adjusted by changing the thicknesses of different layers.

The composite fins were made of two different materials, a rigid plastic material (VeroWhitePlus)

and a flexible rubber-like material (TangoBlackPlus). The details of the design are illustrated in

Fig. 2.6. The flexibility of the fins was controlled by adjusting the thickness of the VeroWhitePlus
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Figure 2.6: Solidworks design of a composite pectoral fin.

Table 2.1: Specifications of pectoral fins with different flexibilities.

Fin name tinner (mm) KS (N·m) KD (N·m·s)

F1 1.2 NA NA

F2 0.3 1.13×10−3 2.59×10−4

F3 0 1.83×10−4 4.37×10−5

inner layer while keeping the total thickness of the fin constant (1.2 mm). Pectoral fins of size

45 mm × 37.5 mm, with three different stiffness values were fabricated. The specifications of

these fins are summarized in Table 2.1. The fins are named F1 – F3 for later reference in this paper.

The 3D-printed pectoral fins were treated with a thin coat of Ultra-Ever Dry omniphobic ma-

terial (UltraTech International Inc.) to prevent changes of properties that may occur when they

come in contact with water. Fig. 2.7 shows an actual 3D-printed pectoral fin, before and after the

Ultra-Ever Dry treatment. The application of Ultra-Ever Dry results in a white cast on the treated

part.
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Figure 2.7: An actual 3D-printed pectoral fin. Right: original fin; left: printed fin treated with
Ultra-Ever Dry omniphobic material.
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Figure 2.8: Experimental setup: (a) Actual, (b) output of the Motive software.

2.6.3 Experimental Setup

Experiments were conducted in a 6 ft long, 2 ft wide, and 2 ft deep tank. An Optitrack motion

capture system, containing four Flex 13 cameras, each mounted on heavy-duty universal stand via

Manfrotto super clamp and 3D junior camera head, were used to track the robotic fish swimming.

A computer equipped with Motive 1.7.5 software, capable of supporting real-time and offline work-

flows, was used to extract the desired data. The details of this setup are shown in Fig. 2.8. Two

different locomotion modes, forward swimming and turning, were adopted for the robotic fish in

the experiments. For each experiment, the robotic fish swam for approximately 30 seconds to

reach its steady-state motion, and then the steady-state data were captured and extracted. In the
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forward swimming case, we recorded the time it took for the robot to swim a distance of 50 cm.

The experiment for each setting was repeated ten times, to minimize the impact of random factors

on the experimental results.

2.6.4 Parameter Identification

All the parameters used in the simulations were either measured directly or identified experimen-

tally. Details of the identification procedure for parameters of the robotic fish body can be found

in [86, 87]. The mass of the robotic fish was mb = 0.502 kg and the inertia was evaluated to be

Iz = 7.26× 10−4 kg/m2. The added masses and added inertia were calculated based on a pro-

late spheroid approximation for the robotic fish body [28, 88], which were −XV̇Cx
= 0.1619 kg,

−YV̇Cy
= 0.3057 kg, and −Nω̇Cx

= 5.52× 10−5 kg/m2. The wetted surface area of the robotic

fish body was SA = 0.0325 m2. The drag, lift, and moment coefficients were identified empiri-

cally, using the rigid pectoral fins and ζ = 2. In particular, these parameters were tuned to match

the forward velocity, turning radius, and turning period obtained in simulation with the exper-

imental measurement, when two different power stroke speeds are used, completing the power

stroke in 0.5 s and 0.3 s, respectively. The resulting coefficients were CD = 0.42, CL = 4.86, and

CM = 7.6× 10−4 kg/m2. The parameter λ from Eq. (2.20), which represents the hydrodynamic

force coefficient of the pectoral fin, was identified empirically to be 0.6, by matching the forward

swimming velocity of the robotic fish utilizing rigid pectoral fins for the fin-beat frequencies of

1 Hz and 1.667 Hz, and power/recovery stroke ratio ζ = 2. This parameter was then used for all

the other fin-beat frequencies, pectoral fin flexibilities, and ζ ratios.

The spring and damper coefficients of the flexible fins were tuned to match the forward swim-

ming velocity and the turning period of the robotic fish collected from experiments for ζ = 2, and

fin-beat frequencies of 1 Hz and 1.667 Hz. Each fin is discretized into three elements. The pa-
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rameters for each fin are summarized in Table 2.1. These numbers were then used for all the other

fin-beat frequencies and ζ ratios throughout the simulations.

2.7 Results and Analysis

2.7.1 Dynamic Model Validation

First, we have included plots of simulation results to illustrate how the flexible pectoral fin moves.

The time history of the angles of different elements of the flexible pectoral fin, and the respective

angles of attack, is shown in Fig. 2.9. In this simulation, the flexible fin F2 was used. Note the

clear phase lags between the consecutive elements’ angles γi. The angles of attack for all elements

are constant (90 or -90 degrees) for most of the time, but they experience abrupt changes during

the transition between power and recovery strokes.

Next, we present results that validate our proposed dynamic model, where the case of pectoral

fin F2 with ζ = 2 is used. Additional results supporting the model can be found in Section 2.7.2.

Fig. 2.10 shows the comparison between model predictions and experimental measurements of

the forward swimming velocity, reported in both cm/s and BL/s (body length per second) versus

the fin-beat frequency. The fin-beat frequency is defined as 1
Tp

, where Tp is the duration of each

fin-beat cycle. In the experiments, for ζ = 2, the speed limit of the servo motors translated to

a maximum actuation frequency of 2 Hz, so we have extended the simulation results to fin-beat

frequency of 3 Hz in order to capture the performance trend of the robotic fish. From Fig. 2.10,

the speed of the robotic fish drops after the fin-beat frequency reaches an optimal value, beyond

which it gets harder for the flexible pectoral fins to follow the prescribed servo motion. Figs. 2.11

and 2.12 show a comparison between simulation and experimental results on the turning period

and the turning radius versus fin-beat frequency, respectively. In Fig. 2.11, the turning period
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Figure 2.9: Time history of flexible pectoral fin: (a) Evolution of the rigid element angles γ1 – γ3,
for one movement cycle, (b) variation of the angles of attack for all elements, where ζ = 5, γA = 50
deg, and Tp = 3 s, (c) zoom-in view of the angle of attack for one movement cycle.
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Figure 2.10: Case of F2 with ζ = 2: Comparison between dynamic model simulation and experi-
mental measurement of the forward swimming velocity, for different fin-beat frequencies.
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Figure 2.11: Case of F2 with ζ = 2: Comparison between dynamic model simulation and experi-
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Figure 2.12: Case of F2 with ζ = 2: Comparison between dynamic model simulation and experi-
mental measurement of the turning radius, for different fin-beat frequencies.

drops with the fin beat rate, as expected, up to a particular optimal frequency, beyond which it

starts to increase. The optimal frequency in Fig. 2.11 coincides with that in Fig. 2.10, which is
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Figure 2.13: Experimental and simulation results on the forward swimming velocity versus fin-
beat frequency for different flexibilities of the pectoral fin, where the power/recovery stroke ratio
ζ = 2 for all cases.

not surprising. The simulation results in Fig. 2.12 suggest that the turning radius of the robotic

fish is nearly independent of fin-beat frequencies. The experimental data support the simulation to

some extent. The mean of the turning radius remains almost the same (between 16 and 18 cm) for

different fin-beat frequencies. Due to the disturbances from the interaction between the fluid and

the tank wall, the robotic fish typically would not stay repeatedly on the same orbit in each turning

experiment, which inevitably introduced noticeable error in the turning radius measurement.

Overall, it can be concluded from Figs. 2.10 - 2.12 that the proposed dynamic model can

well capture the motion of the robotic fish actuated by flexible pectoral fins. Additional results

in Section 2.7.2 will further validate the model through good match between experimental and

simulation results.

2.7.2 Impact of Fin Stiffness

Here we compare the performance of pectoral fins with different flexibilities to gain insight into

the influence of fin flexibility. We utilized a fin-beat pattern as specified in (2.31), where ζ = 2.

The simulation and experimental results, shown in Fig. 2.13, are reported both in cm/s and BL/s.

Again, we have extended the simulation results to fin-beat frequency of 3 Hz in order to capture
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the performance trend of the robotic fish. From Fig. 2.13, it is interesting to note that with rigid

fins (F1), the swimming velocity increases nearly linearly with the fin-beat frequency, while for the

flexible fins (F2 and F3), there is a clear optimal frequency at which the velocity is maximum. Fins

with moderate flexibility outperform the rigid fins for the entire fin-beat frequency range achievable

by the robotic fish prototype. The optimal frequency of operation for the flexible fin case is believed

to be correlated to the resonant frequency of the fin in water, and it drops as the flexibility of the

fin increases. When the fin is too flexible (F3), the robotic fish’s speed performance becomes poor.

2.7.3 Impact of the Power to Recovery Stroke Speed Ratio

This subsection is devoted to studying the effect of the power to recovery stroke speed ratio (ζ ) on

the performance of the robotic fish. For a fixed power stroke speed, a higher ζ results in a slower

overall fin-beat frequency, which could imply a slower swimming speed for the robot; on the other

hand, a higher ζ means slower recovery stroke speed, which means weaker “braking” force and

potentially helps increase the overall swimming speed. Fig. 2.14 shows the experimental results

on the forward swimming velocity, comparing the cases of ζ = 2 and 4. Here the fin flexibility

spans F1–F3. Fig. 2.14(a) shows the velocity versus fin-beat frequency. Overall, it can be seen

that the higher ζ provides better performance for each fin flexibility at each fin-beat frequency.

Note that the rightmost point in each curve corresponds to the maximum speed that the servo can

handle. Fig. 2.14(b) presents the comparison on the swimming velocity versus the power stroke

time (duration). Note that while the performance of the robotic fish with the larger ratio, ζ = 4,

outperforms the case of ζ = 2 most of the time, for the most flexible fin F3, the case of ζ = 2

outperforms that of ζ = 4 when the power stroke time is small (or equivalently, at high power

stroke speeds). Therefore, in the following we use model-based simulation to further study the

impact of the power to recovery stroke speed ratio.
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Figure 2.14: Experimental comparison of the forward swimming velocities at different
power/recovery stroke speed ratios ζ = 2 and ζ = 4. (a) Velocity versus fin-beat frequency, and
(b) Velocity versus power stroke time.

Fig. 2.15 provides a comparison within a wider range of power/recovery stroke speed ratios

ζ = 1.5, 2, 3, 4, and 5, for pectoral fins F1 – F3, and for an extended fin-beat frequency. In

all simulations the maximum servo speed is fixed, which corresponds to a fin-beat frequency of

3 Hz when ζ = 2. Therefore, the rightmost point on each curve represents the highest fin-beat

frequency achievable with the corresponding ζ under the servo constraint. From Fig. 2.15(a),

one can conclude that for the rigid pectoral fin F1, a higher ζ provides a faster swimming speed

at each fin-beat frequency, which matches the results from Fig. 2.14. On the other hand, the
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Figure 2.15: Simulation comparison of the forward swimming velocities at different
power/recovery stroke speed ratios ζ = 1.5, 2, 3, 4, and 5. (a) Velocity versus fin-beat frequency
for case of F1,(b) velocity versus power stroke time for case of F1, (c) velocity versus fin-beat
frequency for case of F2, (d) velocity versus power stroke time for case of F2, (e) velocity versus
fin-beat frequency for case of F3, (f) velocity versus power stroke time for case of F3.

highest achievable swimming speed under the constraint of the servo speed, does not happen at the

highest ζ . Instead, the highest swimming speed is obtained if a moderate ζ (2 or 3) is used. From

Figs. 2.15(c) and (e), it can be observed that, for flexible fins, the swimming speed is no longer a

monotone increasing function of ζ at each fin-beat frequency. There is a critical value ζ ∗, beyond
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Figure 2.16: Calculated mechanical efficiency versus fin-beat frequency and spring constant of the
flexible fins.

which a higher ζ results in a slower robot speed for a given fin-beat frequency. In addition, by

comparing Figs. 2.15(c) and (e), the more flexible the fin is, the lower ζ ∗; in particular, ζ ∗ = 4 for

F2, and ζ ∗ = 3 for F3. For each flexible fin, the maximum swimming speed achievable with servo

constraints takes place at the optimal fin-beat frequency when the power/recovery stroke speed

ratio is ζ ∗. Similarly, Figs. 2.15(b), (d), and (f) present the comparison on the swimming velocity

versus the power stroke time. Since we fix the amplitude γA of the fin beat, each power stroke time

corresponds to a particular power stroke speed. From the figures, it is clear that, for each fin, for

any given power stroke speed, there is an intermediate value ζ ∗ that achieves the best swimming

speed. In other words, for a given power stroke speed, there is an optimal recovery stroke speed,

not too high, not too low.

2.7.4 Impact of Flexibility on Mechanical Efficiency

Finally we focus on the mechanical efficiency of the robotic fish. Fig. 2.16 shows the efficiency

curve versus fin-beat frequency and spring constant values of the flexible fins. Here the calculations

are based on power/recovery stroke speed ratio ζ = 2. We considered eight different fins with

different spring constants, where the damper to spring constant ratio, κ , was kept at 0.24. This
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value matches the ratios obtained from the tested pectoral fins F2 and F3 in this work (0.23 and

0.24, respectively, from the parameters in Table 2.1). The figure confirms that there is an optimal

flexibility for each fin-beat frequency, that results the highest mechanical efficiency for the robotic

fish. Additional insight can be drawn based on Fig. 2.17(a), where the computed mechanical

efficiency of the robot is shown as a function of the fin-beat frequency, for all three fins F1 – F3. It

can be seen that the mechanical efficiency of the rigid fin (F1) slightly increases with the fin-beat

frequencies. On the other hand, flexible fins tend to be more efficient at lower frequencies. In fact,

the efficiency with fin F2 is higher than that with F1 when for frequencies lower than 2.7 Hz; and

even fin F3 outperforms F1 on efficiency until the frequency reaches about 1.2 Hz.

To bring additional insight into the robotic fish performance analysis, one can further study

some non-dimensionalize parameters of the robotic fish. These parameters include the Reynolds

number, Re = |VC|L
ν

, and the Strouhal number St = 2 f S sinγA
|VC| , where |VC| is the swimming speed of

the robot, L is the robotic fish length, ν is the kinematic viscosity of water, S is the pectoral fin

span length, γA is the fin flapping amplitude [27,35], and f is the fin-beat frequency. Another non-

dimensionalize parameter of interest is the dimensionless velocity, which is defined as VDL = |VC|
SωA

,

where ωA = π
(ζ+1)

Tp
. These dimensionless parameters are reported in Fig. 2.17 for pectoral fins

with different flexibilities and ζ =2, versus different fin-beat frequencies. Fig. 2.17(a) shows a

distinct inverse correlation between the efficiency and the Strouhal number. For each fin flexibility,

when the Strouhal number is at its lowest, the efficiency is highest. Fig. 2.17(b) shows that the

robotic fish demonstrates the highest dimensionless velocity when the Reynolds number is at the

lower end, except for the rigid fin (F1), where the dimensionless velocity remains almost constant.

Fig. 2.17(c) shows that the optimal frequency for the forward swimming velocity of the robotic fish

for each fin does not coincide with the optimal frequency for the efficiency. Therefore, the model

presented in this paper can be used as a tool to address an optimal, multi-objective design problem.
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Figure 2.17: Comparison of non-dimensionalized parameters of the robotic fish actuated by paired
pectoral fins with different flexibilities versus different fin-beat frequencies for the case of ζ = 2:
(a) Calculated efficiency and Strouhal number, (b) dimensionless velocity and Reynolds number,
and (c) forward swimming velocity in cm/s and efficiency.
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Note that the Strouhal numbers shown here are higher than 1, which are far from the Strouhal

numbers of biological fish, (typically in the range of 0.25-0.5 [35, 95, 96]). The reason is that the

robotic fish used in this study is driven solely by the pectoral fins, which results in relatively low

forward swimming speeds and thus large Strouhal numbers.

2.8 Conclusion

The goal of this chapter was to study the impact of the pectoral fin flexibility on the robotic fish per-

formance and mechanical efficiency. We introduced a novel dynamic model for a robotic fish ac-

tuated with paired pectoral fins, where the fin is modeled as multiple rigid elements joined through

torsional springs and dampers and blade element theory is used to calculate the hydrodynamic

forces on the elements. The dynamic model was validated through experiments conducted on a

robotic fish, where the swimming and turning performance of the robot was measured for fins with

different flexibilities (two flexible, one rigid). The model was then used extensively to evaluate the

impacts of fin stiffness, fin-beat frequency, and power/recovery stroke speed ratio on robot swim-

ming speed and mechanical efficiency. It is found that fins with more flexibility are the winner

in terms of robotic fish forward velocity performance in lower fin-beat frequencies and for higher

frequencies, more rigid fins outperform the flexible fins. As for the effect of ζ on robotic fish

performance, we found that more flexible fins have lower critical zeta∗, which corresponds to the

maximum swimming speed achievable for robotic fish. In other words, there is an optimal recovery

stroke speed, which results in the best performance of robotic fish for a given power stroke. The

analysis reveals the intricate trade-off between objectives (swimming speed versus efficiency) and

supports the use of the presented model for multi-objective design of fin morphology and control.
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Chapter 3

DESIGN AND MODELING OF FLEXIBLE

PASSIVE ROWING JOINT FOR ROBOTIC

FISH PECTORAL FINS

3.1 Introduction

One of the swimming modes that a live fish often uses in maneuvering and assistive propulsion

is the “labriform” swimming mode, in which the fish oscillates its paired pectoral fins to generate

thrust [5, 11]. Previous works done on a robotic fish actuated by paired pectoral fins include both

rigid pectoral fins [35,44,55,81,93] and flexible fins or fins with controlled curvature [21,32,62,83].

As illustrated in Figure 3.1, pectoral fin motions can generally be classified into three modes based

on the axis of rotation, rowing, feathering, and flapping. The feathering motion represents fin

Rowing motion Feathering motion Flapping motion

Figure 3.1: Types of pectoral fin motion (Adapted from [81]). The rotation axes for the rowing,
feathering, and flapping motions are vertical, transverse, and longitudinal, respectively.
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rotation about the transverse axis, and in robotic fish, feathering pectoral fins have often been used

as bow planes to control the dive and ascent of the robots [44,97,98]. The flapping motion involves

fin rotation about the longitudinal axis, which has been used in several robotic manta rays involving

expanded flexible pectoral fins [99,100]. Finally, the rowing motion involves fin rotation about the

vertical axis, which can be utilized for a number of in-plane locomotion and maneuvering tasks,

such as forward swimming, sideway swimming, and turning [101].

The fin-beat cycle in the rowing motion involves a power stroke, where the fin rotates toward

the back of the robot and gains thrust via the induced-drag on the fin, and a recovery stroke,

where the fin rotates back toward the front of the body and gets ready for the next cycle. In order

to generate a net thrust over each cycle, the fin has to be actuated differently in the power and

recovery strokes. For example, one can actuate the fin (much) faster in the power stroke than in

the recovery stroke [21]. The downside of this approach, however, is that the robot will decelerate

and lose momentum during the extended recovery stroke and the resulting robot motion is slow.

An alternative approach is to feather the fin to reduce its effective area and thus drag during the

recovery stroke [27, 35, 101]. The latter, however, entails the need of one additional actuator for

each pectoral fin, which significantly increases the size, weight, and complexity of the fins and the

overall robot.

The contribution of this chapter is the proposal and modeling of a flexible, passive joint for a

pectoral fin that enables net thrust generation under symmetric actuation of a single rowing actuator

in power and recovery strokes. The proposed design has significantly reduced complexity and cost

comparing to the approach adopting active feathering, and as demonstrated later in the paper, it

results in superior swimming performance comparing to the case of a single actuator with a rigid

link and differential power/recovery actuation. The flexible joint allows the pectoral fin to sweep

back passively during the recovery stroke, while following the motion prescribed by the actuator
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during the power stroke. Consequently, the fin experiences less drag in the recovery stroke than in

the power stroke, resulting in a net thrust. To analyze the robot locomotion performance, a dynamic

model is developed for the joint and fin structure and for a robotic fish equipped with a pair of such

pectoral fins. This model is then validated by performing experiments on a free-swimming robotic

fish. Experiments are also conducted to compare the robot performance using the flexible joint with

the case where a rigid joint is used. The model is further exploited to investigate the effect of length

and stiffness of the flexible joint on the robotic fish swimming performance at different fin-beat

frequencies. Joint structures of different length and stiffness values are prototyped with a multi-

material 3D printer to confirm the model analysis. Finally, the mechanical efficiency for a given

flexible joint design is computed, which, along with the swimming performance analysis, offers an

instrumental tool for multi-objective optimization of the fin joint and its operating frequency.

The remainder of this chapter is organized as follows. The design and prototyping of the flex-

ible rowing joint are described in detail in Section 3.2. Section 3.3 presents the dynamic model

for the joint structure along with the model for robotic fish adopting such joints for pectoral fins.

Blade element theory is used to calculate the hydrodynamic forces on the pectoral fins, and the

flexible rowing joint is modeled as a pair of torsional spring and damper. In Section 3.4, experi-

mental results are provided to support the modeling analysis. The effect of the flexible joint length

and stiffness is investigated in Section 3.5. The mechanical efficiency of robotic fish adopting a

given design of the pectoral fin joint is derived and explored numerically in Section 3.6. Finally,

concluding remarks are provided in Section 3.7.
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Servo arm

Rigid fin

(a)

Recovery stroke

Servo arm

Rigid fin

(b)

Figure 3.2: Illustration of the motion of the pectoral fins with flexible rowing joints (top view): (a)
Power stroke, (b) recovery stroke. The flexible joints are marked with red dots.

3.2 Joint Design

This section is dedicated to describing the design and prototyping of the proposed flexible rowing

joint. Each pectoral fin moves back and forth utilizing a servo motor as the source of actuation.

In fish locomotion, the main target is to maximize the overall thrust force and minimize the hy-

drodynamic drag force in the recovery stroke [5]. To meet this goal for a robotic fish, the flexible

rowing joint is designed such that the pectoral fin maintains the motion prescribed by the servo in

the power stroke, to produce the maximum thrust, while sweeping back passively along the body

in the recovery stroke, to minimize the drag force on the fin. Figure 3.2(a) and 3.2(b) illustrate the

motion of the pectoral fins with the flexible rowing joints during the power and recovery strokes,

respectively. One can see that in this case the fin plane stays vertical throughout the stroke cycle

and thus the resulting hydrodynamic force is restricted to the horizontal plane. SolidWorks soft-

ware is used to design the passive joints, which is shown in Figure 3.3. The entire joint assembly

consists of four parts: (1) a rigid servo arm connection that will fit to the servo arm, (2) a me-

chanical stopper rigidly attached to the servo arm connection, (3) a fin mount (rigid) with a slit for
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Stopper

Flexible part

Fin slot

Top view

(b)

Servo arm

Flexible rowing 

joint mechanism
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Figure 3.3: The proposed flexible rowing joint designed in SolidWorks software: (a) During the
power stroke, the mechanical stopper prevents the fin from sweeping forward passively (which
would reduce thrust), (b) during the recovery stroke, the fin bends back passively under the hydro-
dynamic forces, which reduces the drag on the fin and thus on the robot, and (c) 3D-printed rowing
passive joint assembled on the robotic fish.

attaching the pectoral fin, and (4) a piece of flexible material with a rectangular shape, serving as

the joint between the servo arm connection and the fin mount. The stopper is designed to prevent

the pectoral fin from sweeping forward passively and let it follow the prescribed servo motion,

during the power stroke, as illustrated in Figures 3.2(a) and 3.3(a), while allowing the fin to sweep

back passively during the recovery stroke, as illustrated in Figures 3.2(b) and 3.3(b).

The joint is prototyped using a multi-material 3D printer (Connex 350 from Objet). The printer

is capable of simultaneously jetting rigid and flexible materials, so the entire joint structure is

printed seamlessly as a single piece, as shown in Figure 3.3(c). All the rigid parts are printed

with RGD835 (VeroWhitePlus). Two different materials, FLX980 (TangoBlackPlus), which is the

most flexible material from the printer, and DM9850 (Digital Material 9850), which is still flexible

but stiffer than the former, are explored for the flexible part of the joint structure. Other than

different stiffnesses for the flexible part, we aim to investigate the effect of joint dimension on the
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Table 3.1: Specifications of four different flexible rowing joints.

Joint name
Flexible part Flexible part

material length (mm)
JR1 FLX980 0.5
JR2 FLX980 1
JR3 FLX980 1.5
JR4 DM9850 0.5

performance of the fish as well. To do so, four different joints are printed, three using FLX980 and

one using DM9850. All the joints have fixed depth and thickness of 10 mm and 1 mm, respectively,

to ensure the joints survive through extensive experiments. Table 3.1 summarizes the specifications

of all four joints.

3.3 Dynamic Modeling

One of the main foci of this work is to analyze and compare the passive joint mechanism with

a traditional rigid joint. For this purpose, we have developed a dynamic model for robotic fish

propelled with pectoral fins, for the case involving flexible, passive rowing joints. The fluid that

the robotic fish operates in is considered to be inviscid and incompressible. The robot is assumed to

have a rigid body with a pair of rigid pectoral fins, which are coupled to the actuator arms through

the proposed flexible joints. While one can incorporate an active caudal fin for the robotic fish, as

we did for our prototype reported in this paper, its modeling and study are outside the scope of this

work. The blade element theory [5] is used to evaluate the hydrodynamic forces generated by the

pectoral fins.
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Figure 3.4: Top view of the robotic fish actuated by pectoral fins in a planar motion.

3.3.1 Rigid Body Dynamics

To model the robotic fish motion properly, some coordinate systems need to be defined. As il-

lustrated in Figure 3.4, the inertial coordinate system is denoted with [X ,Y,Z], and the body-fixed

coordinate system is represented by [x,y,z], with the corresponding unit vectors denoted by [î, ĵ, k̂],

which is attached to the center of mass of the robotic fish. Here the x-axis is along the body’s

longitudinal axis pointing to the head, the z-axis is perpendicular to the x-axis and points upward,

and the y-axis is automatically formed by the right-hand orthonormal principle. We denote by

~rcp = cp ĵ the vector pointing from robotic fish center of mass to the base of the pectoral fin ser-

vomotor (point A0). Point A1 is the base of the pectoral fin. We use m̂ and n̂ to denote the unit

vectors parallel and perpendicular, respectively, to each pectoral fin, where subscripts r and l are

used to denote the right and left fins, respectively. The robotic fish is considered to be neutrally

buoyant. Let VC = [VCx ,VCy,VCz]
T denote the velocity vector of the robotic fish in the body-fixed
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coordinates, where VCx , VCy , and VCz are the surge, sway, and heave components, respectively. On

the other hand, ωC = [ωCx ,ωCy,ωCz]
T denotes the body-fixed angular velocity vector of the body,

where ωCx , ωCy , and ωCz are the roll, pitch, and yaw components, respectively. We use γ1 and γ2,

along with subscripts r and l, to denote the angle of the servo, and deflection angle of each pectoral

fin with respect to the x-axis, respectively. The angle of attack for the body is denoted as β , which

is the angle between the x-direction of the body-fixed coordinate system and the velocity vector

VC. Finally, let ψ denote the angle between the x-axis and X-axis.

The rigid body dynamics in the body-fixed coordinates are represented as [102]

m 0

0 I


V̇C

ω̇C

+
ωC×mVC

ωC× IωC

=

f

τ

 , (3.1)

where m is the mass matrix (incorporating both the actual robot mass and the added mass, which is

calculated considering an ellipsoid accelerating in the fluid [63]), I is the inertia matrix (including

both the actual and added inertias), f = [ fx, fy, fz]
T represents the external hydrodynamic forces,

τ = [τx,τy,τz]
T represents the external moments, applied to the center of mass of the robotic fish,

and “×” denotes the vector product.

In this paper we focus on the planar motion for the robotic fish, so it has three degrees of

freedom, namely, surge (VCx), sway (VCy), and yaw (ωCz). We further assume that the body is

symmetric with respect to the xz-plane, the pectoral fins move in the xy-plane, and the z-axis of

the body-fixed frame is parallel to the Z-axis of the inertial frame. The inertial couplings between
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these three states are assumed to be negligible [28], which simplifies Eq. (3.1) to

(mb−max)V̇Cx = (mb−may)VCyωCz + fx, (3.2)

(mb−may)V̇Cy =−(mb−max)VCxωCz + fy, (3.3)

(Iz− Iaz)ω̇Cz = τz, (3.4)

where mb is the robotic fish mass, −max and −may are the added mass components along the x and

y directions of the body-fixed coordinates, respectively. Iz is the robot inertia about the z-axis, and

−Iaz is the added inertia of the robot about the same axis. The variables fx, fy and τz denote the

external hydrodynamic forces and moment exerted on the fish body, which are described as

fx = Fhx−FD cos β +FL sin β , (3.5)

fy = Fhy−FD sin β −FL cos β , (3.6)

τz = Mhz +MD, (3.7)

where Fhx , Fhy and Mhz are the hydrodynamic forces and moment transmitted to the fish body by

the pectoral fins and the calculation procedure is addressed in detail in Section 3.3.2. FD, FL, and

MD are the body drag, lift, and moment, respectively. These forces and moment are expressed

as [28, 29, 44]

FD =
1
2

ρV 2
C SACD, (3.8)

FL =
1
2

ρV 2
C SACLβ , (3.9)

MD =−CMω
2
Cz

sgn(ωCz), (3.10)
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Figure 3.5: Illustration of a rigid, rectangular pectoral fin and its parameters and variables.

where VC is the linear velocity magnitude of the robotic fish body, VC =
√

V 2
Cx
+V 2

Cy
, ρ is the mass

density of water, SA is the wetted area of the body, CD, CL and CM are the dimensionless drag, lift,

and damping moment coefficients, respectively, and sgn(.) is the signum function.

Finally, the kinematics of the robotic fish is described as [29],

Ẋ =VCx cos ψ−VCy sin ψ, (3.11)

Ẏ =VCy cos ψ +VCx sin ψ, (3.12)

ψ̇ = ωCz. (3.13)

3.3.2 Hydrodynamic Forces from Pectoral Fins with Flexible Rowing Joints

In this subsection, we present the detailed model for computing the hydrodynamic forces generated

by the pectoral fins. First we introduce the blade element theory that is used to evaluate the hydro-

dynamic forces and moment for a given fin movement. We then describe the dynamic model of the

pectoral fins under the proposed flexible joints, which enable the computation of the corresponding

hydrodynamic forces and moment for a prescribed servo motion.
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3.3.2.1 Blade Element Theory

Following [5], the blade element theory is used to evaluate the hydrodynamic forces on the pectoral

fins. For ease of calculations, the pectoral fin is considered to be rectangular with span length S

and chord length (depth) C, as illustrated in Figure 3.5. The following calculation uses the left

pectoral fin as an example, but it will extend trivially to the right pectoral fin.

The relationship between the unit vectors m̂ and n̂, and the body-fixed coordinates is given by

m̂ = cosγ2l î+ sinγ2l ĵ, (3.14)

n̂ =−sinγ2l î+ cosγ2l ĵ. (3.15)

The hydrodynamic forces on the pectoral fin have span-wise and normal components. Since the

pectoral fins are considered to have pure rowing motion in this work, the angle between the pectoral

fin and the flow is large, which results in a very small span-wise force, which arises from friction,

and can be neglected [103]. In blade element theory, the normal force dFn(s, t) is calculated on

each defined blade element, ds, at time t

dFn(s, t) =
1
2

CnρC|~vp(s, t)|2ds, (3.16)

where~vp(s, t) is the velocity of each blade element of the pectoral fin as a result of both the robot

body motion and the pectoral fin motion, and Cn is the normal force coefficient, which depends

on the angle of attack of each arbitrary blade, α(s, t). Utilizing a model empirically evaluated for

insect wings and assuming that its validity holds underwater [63], Cn = 3.4sinα . The details on

calculating the angle of attack for the fin is presented in Section 3.3.2.2. The total hydrodynamic

force acting on each pectoral fin is calculated by integrating the force density along the span length
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Figure 3.6: Dynamic configuration of the pectoral fin with flexible rowing joint during: (a) Power
stroke, and (b) recovery stroke. A1 represents the flexible joint.

of the fin

Fn(t) =
∫ S

0
dFn(s, t) . (3.17)

3.3.2.2 Modeling of the Flexible Joint

The motion of the fin in both power and recovery strokes should be known, in order to utilize blade

element theory to calculate the hydrodynamic forces. To do so, the flexible rowing joint is modeled

as a couple of torsional spring and damper, where the parameters are derived from the properties

of the flexible part and its dimensions. We consider the servo arm and the rigid pectoral fin as two

links, which are connected by the flexible rowing joint. We denote the angles made by the first and

second links with respect to the x-axis as γ1 and γ2, respectively. As illustrated in Figure 3.6(a),

during the power stroke, the angle γ1 is dictated by the servo and the fin follows the prescribed

motion of the servo arm, resulting in γ2 = γ1, so the trajectory of the pectoral fin is fully known.

On the other hand, for the recovery stroke, the motion of each point on the rigid fin is determined

by the hydrodynamic interactions, as shown in Figure 3.6(b). Therefore, we need to find the angle

of the second link, γ2, in order to compute the motion of each point on the fin.
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Refer to Figure 3.4. Velocities of the point A0 (base of the servomotor) and point A1 (base of

the pectoral fin) in the inertial frame can be expressed as

~vA0(t) =
{

VCx− cpωCz

}
î+
{

VCy

}
ĵ, (3.18)

~vA1(t) =~vA0−
{

l1(γ̇1 +ωCz)sinγ1
}

î

+
{

l1(γ̇1 +ωCz)cosγ1
}

ĵ, (3.19)

where cp is the distance from the body center to point A0, and l1 is the length of the servo arm. The

velocity at each point s along the pectoral fin is

~vp(s, t) =~vA1−
{

s(γ̇2 +ωCz)sinγ2
}

î

+
{

s(γ̇2 +ωCz)cosγ2
}

ĵ

= vpx î+ vpy ĵ. (3.20)

The angle of attack of each blade element is calculated via

tanα =
< vp(s, t), n̂ >

< vp(s, t), m̂ >
=
−vpx sinγ2 + vpy cosγ2

vpx cosγ2 + vpy sinγ2
, (3.21)

where < ·, ·> denotes the inner product, vpx and vpy are the velocity of the pectoral fin in x and y

direction, respectively. The total force acting on the rigid pectoral fin is

~F2 = ~Fn−~FA1 = mp
d~vp(s, t)

dt

∣∣∣∣
s= S

2

, (3.22)

where ~FA1 represents the force applied by the rigid pectoral fin on the servo arm, and mp is the

effective mass of the rigid fin (which contains the fin mass and the added mass, where the added
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mass is calculated base on a rigid plate moving in the water) [104].

The moment of the rigid fin relative to its pivot point (point A1) is evaluated as

~Mn =
∫ S

0
sm̂×dFn. (3.23)

Note that ~Mn is a function of γ2 and γ̇2. The moment produced by the torsional spring and damper

(namely, the flexible joint itself) is evaluated as

~M(S+D) = [KS(γ1− γ2)+KD(γ̇1− γ̇2)]k̂, (3.24)

where KS and KD are the spring and damper coefficients used to model the flexible rowing joint.

The total moment equation of the rigid fin relative to point A1 is written as

~M2 = ~Mn + ~M(S+D) = Ip(γ̈2 + ω̇Cz), (3.25)

where Ip is the effective inertia of the rigid fin (which contains the fin inertia and the added inertia,

and is calculated base on a rigid plate moving in the water) and γ̈2 is the angular acceleration of

the second link. By solving Eq. (3.25), which is a second-order equation for γ2, the dynamics of

the pectoral fin with a flexible joint in the recovery stroke is fully described.

The hydrodynamic force transmitted to the servo arm can be obtained as ~FA1 = Fnn̂−mp
d~vp(s,t)

dt ,

where d~vp(s,t)
dt can be evaluated once γ2 and γ̇2 are solved from Eq. (3.25). The total force exerted

by the arm on the robot body is

~Fh = Fhx î+Fhy ĵ = ~FA1. (3.26)
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The moment applied by the fin on the body is represented as

~Mh = Mhz k̂ = cp ĵ×~FA1 . (3.27)

By substituting Eqs. (3.26), (3.27) into Eqs. (3.5)-(3.7), the dynamics of the robotic fish utilizing

flexible rowing joints are fully described.

The presented model applies to the case where the robotic fish is free-swimming. The cou-

pled body and fin motions introduce significant complexity in evaluating the fin-generated hy-

drodynamic force and moment. Alternatively, one could assume an anchored robot body when

evaluating the fin-produced force and moment, as often adopted in the literature for similar prob-

lems [2, 19, 29]. While the latter simplification, also adopted in the simulation part of this paper,

introduces modeling error, the error is typically acceptable considering the much larger fin velocity

comparing to the velocity of the robot itself.

3.4 Experimental Model Validation

3.4.1 Robotic Fish Prototype and Experimental Setup

To evaluate the proposed flexible rowing joint mechanism and validate the presented dynamic

model, we conduct experiments on a free-swimming robotic fish prototype. The robot is designed

to swim on the surface and is slightly positive buoyant with about 15% of its height above water

(as opposed to the neutrally buoyant assumption for dynamic modeling). Due to the relatively slow

pectoral fin-actuated locomotion, the effect of tank walls and surface waves is contemplated to be

negligible in this work. The body of the robotic fish is designed in SolidWorks and 3D-printed.

Both the design schematic and the actual prototype are shown in Figure 3.7. This prototype is
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(a) (b)

Figure 3.7: Robotic fish prototype: (a) Designed SolidWorks model; (b) 3D-printed robotic fish
body along with mounted fins.

about 15 cm long, 8 cm high and 4.6 cm wide without the pectoral and caudal fins, and weighs

close to 0.3 kg. The robotic fish utilizes a pro mini microcontroller board from Arduino to realize

the control of the three servos. A power converter printed circuit board (PCB) is specifically

designed for this robotic fish. Three waterproof servos (Traxxas 2065) are utilized to actuate the

fins, although tail actuation is not included in this study. The servomotors are programmed to rotate

each pectoral fin according to

γ1(t) = γA sin(ωγt)+90◦, (3.28)

with γA and ωγ denoting the amplitude (in deg) and the angular frequency of fin actuation, re-

spectively. The actual pectoral fins are made of a polypropylene sheet with 0.5 mm thickness and

Young’s modulus of approximately 2 GPa, which is considered to be almost rigid.

The experiments are conducted in a tank that measures 2 feet wide, 6 feet long, and 2 feet

deep. The tank is equipped with a motion capture system from NaturalPoint, which contains four

Optitrack Flex 13 cameras along with the Motive software to capture the motion of the robotic fish.

The experimental setup is shown in Figure 3.8. Two types of experiments, forward swimming and

57



2 ft

2 ft

OptiTrack 

Flex13 motion capture cameras

6 ft

Motive

 software

Robotic fish

(a) (b)

Figure 3.8: Experimental setup: (a) Schematic; (b) actual.

turning, are performed to evaluate the dynamic model. We let the robotic fish swim for some time

(approximately 30 seconds) to reach the steady-state motion, and then video-tape its swimming.

For example, in the forward swimming case we record the time it takes for the robot to swim a

distance of 50 cm. The experiment for each setting is repeated 10 times. Finally, we analyze the

captured videos to extract the steady-state speed for the forward swimming, and turning radius and

period for the turning motion.

3.4.2 Parameter Identification

The parameters for the dynamic model are measured directly or calculated based on measure-

ments and are listed in Table 3.2. The body inertia about z-axis is evaluated as Iz =
1
5mb(a2 + c2),

where a = Body length
2 and c = Body width

2 are the semi-axis lengths [28]. Even though the robotic

fish body (with all its internal components) is not homogeneous, later experimental results show

that the aforementioned inertia formula produces a satisfactory approximation to the reality. The

wet surface area, added masses, and added inertia are calculated considering an prolate spheroid

accelerating in the fluid [28, 88].
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Table 3.2: Identified Model Parameters

Component Parameter Value Unit
Body Mass (mb) 0.295 Kg

Inertia (Iz) 4.26×10−4 Kg/m2

−max 0.095 Kg
−may 0.1794 Kg
−Iaz 2.7×10−5 Kg/m2

Wet surface area (SA) 0.0325 m2

Drag coef. (CD) 0.42 –
Lift coef. (CL) 4.86 –
Moment coef. (CM) 7.6×10−4 Kg/m2

Fin Length (S) 0.043 m
Depth (C) 0.025 m
Servo arm lenght (l1) 0.01 m
Effective mass (mp) 0.0194 Kg
Effective inertia (Ip) 3.49×10−6 Kg/m2

Distance from body center
cp to servo base, 0.025 m
Water density (ρ) 1000 Kg/m3

The robotic fish drag and lift coefficients, CD, CL, and CM, are empirically identified using the

data collected when the robotic fish is equipped with rigid joints for the pectoral fins. With the rigid

joints, the power stroke and recovery stroke need to have different fin speeds, in order to produce a

net thrust [21]. This ratio is denoted as P
R(

Power stroke speed
Recovery stroke speed), which is equal to 1 for the symmetric

fin-beating pattern. In this paper, experiments are conducted for the cases of P
R = 2, 3, 4, and 5.

The experimental results for both forward and turning swimming motions of the robotic fish with

P
R = 2 are used in the body parameter identification. Turning is realized by actuating one pectoral

fin only. In particular, these parameters are tuned to match the forward velocity, turning radius,

and turning period obtained in simulation with the experimental measurement when two different

power stroke speeds are used, completing the power stroke in 0.5 s and 0.3 s, respectively. The

fin-beat amplitude is set to γA = 25 deg. The resulting coefficients are CD = 0.42, CL = 4.86, and

CM = 7.6×10−4 Kg/m2. These parameters are then used in independent model validation for all
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other cases using the flexible rowing joint.

Among all the rowing joints mentioned in Table 3.1, joint “JR1” results in the highest for-

ward velocity. Without the loss of generality, this case is chosen to illustrate the model validation

performance. To identify the spring and damper coefficients, KS and KD are tuned to match the

forward swimming velocity of the robotic fish obtained in simulation with the experimental mea-

surements for fin-beat frequencies of 0.75 Hz, 1 Hz and 1.5 Hz. The coefficients are identified

KS = 6.34×10−4 N ·m and KD = 9.98×10−5 N ·m · s. These parameters are then used for model

validation for various other cases involving the same joint.

3.4.3 Comparison between Flexible and Rigid Joints

Before presenting the model validation results, we first compare the performance of flexible rowing

joints with that of a rigid joint (where the pectoral fins are connected to the servos with a rigid

connection). For the rigid joint case, we have the different power and recovery stroke speeds, as

mentioned in Section 3.4.2, so that the robotic fish can have a net thrust. Figure 3.9(a) shows the

experimental results on the forward swimming velocities of the rigid joint case with P
R= 1, 2, 3,

4, 5, the case of the flexible feathering joint from [86], and the flexible rowing joint JR1, over

different power stroke times. Figure 3.9(b) presents these results in terms of the effective fin-beat

frequencies. The fin-beat frequency means 1
T , where T denotes the period of each fin-beat cycle

(power and recovery stroke combined) and the servos are programmed to run up to the limit of

200 ◦/sec. This maximum speed corresponds to the rightmost point in each curve in Figure 3.9(b).

From Figure 3.9, we can conclude that, overall, the velocity performance of the flexible rowing

passive joint significantly outperforms the rigid joint case.
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Figure 3.9: Experimental results of the forward swimming velocity versus (a) power stroke time,
and (b) effective actuation frequency, for the cases of rigid joint and flexible rowing joint.

3.4.4 Dynamic Model Validation

3.4.4.1 Dynamic characteristics of pectoral fins

Before presenting experimental results that validate the dynamic model, we first present simulation

results based on the experimentally identified model, to shed insight into the dynamic characteris-

tics of the pectoral fins with flexible joints, as well as their effects on the robotic fish body. In the

interest of brevity, we have only included the plots for one case (joint JR1 with fin-beat frequency

of 1 Hz, where both fins are actuated). Figure 3.10(a) shows the time history of the pectoral fin and
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servo arm angles in one beat cycle. It is interesting to note that, while the pectoral fin angle follows

closely the motor shaft angle during much of the power stroke, the “detachment” starts shortly after

the servo passes the 90◦ during the power stroke, which is due to the inertial effect of the fin when

the servo arm starts decelerating. Similarly, the difference between the two angles shrinks down

to zero before the recovery stroke ends. Figure 3.10(b) shows the angle of attack in power and

recovery strokes of one beat cycle, assuming that the robotic fish body is anchored. Figure 3.10(c)

shows the total force exerted on the body by pectoral fins in the x-direction (Fhx). Note that the

mean value of the positive thrust is approximately 4 times larger than the mean value of negative

thrust. The total hydrodynamic force in the y-direction (Fhy) and the total hydrodynamic moment

(Mhz) are zero in this case due to the left-right symmetry in paired pectoral fin flapping. Finally,

Figure 3.10(d) shows the surge velocity of the robotic fish (VCx) from the simulation. Again, the

sway (VCy) and yaw (ωCz) components of the robotic fish velocities are zero due to the symmetry

in fin-beat flapping. It can be seen that, starting at rest, the robot takes approximately 11 seconds

to reach the steady-state.

3.4.4.2 Anchored experiments

To validate the proposed dynamic model, two sets of experiments are conducted on the robotic

fish. During the first set of experiments, the robotic fish body is anchored using a bracket and

the angle of the pectoral fin (γ2) is measured with respect to î, the robot’s heading direction. The

motion of the pectoral fin is captured from above, using a Casio Exilim (EX-FH25) high-speed

camera at 40 frames per second. Figure 3.11 compares the measured maximum values of the

rowing angle during the recovery stoke in both simulation and experiments at different fin flapping

frequencies, when the robotic fish body is anchored. It can be seen that the model is able to capture

the rowing angle well for all frequencies up to 1.75 Hz. For the case of 2 Hz, the noticeable
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Figure 3.10: With fin-beat frequency of 1 Hz: (a) Variation of the pectoral fin and servo arm angle
for one movement cycle, (b) Variation of the pectoral fin angle of attack for one movement cycle,
(c) Variation of the total hydrodynamic force exerted to robotic fish body in x-direction (Fhx) versus
simulation time, (d) Variation of robotic fish velocity in x-direction (VCx) versus simulation time.

discrepancy between the model prediction and the measurement is likely caused by the constraints

in fabrication, were the actual pectoral fin angle goes beyond the servo angle in the power stroke,

(γ1 6= γ2), due to the larger hydrodynamic loading on the pectoral fin.

Figure 3.12 compares the measured time-dependent pectoral fin angle (γ2) during the recovery

stroke and the corresponding model prediction for the case of 1 Hz actuation. Here, we show the

frames every 0.1 sec during the recovery stroke. Overall there is a good match between the model

prediction and experimental measurement. The prediction error is slightly larger at the beginning

and the end of the cycle, which is attributed to the transition from/to the power stroke, where the

mechanical stopper is in effect.
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Figure 3.11: Comparison between model prediction (white dashed line) and experimental mea-
surement (blue solid line) of the maximum rowing angle during the recovery stroke, with fin-beat
frequencies of (a) 0.75 Hz, (b) 1 Hz, (c) 1.25 Hz, (d) 1.5 Hz, (e) 1.75 Hz, and (f) 2 Hz. The black
vertical line indicates the robotic fish heading direction, the green dotted line shows the servo arm
direction and the right pectoral fin is shown.

3.4.4.3 Free-swimming experiments

For the second set of experiments, the robotic fish swims freely in the tank, including both forward

swimming and turning that are enabled with the pectoral fins utilizing the flexible rowing joints.

Figure 3.13 shows the comparison between model prediction and experimental measurement of the

forward swim velocity at different fin-beat frequencies. Figures 3.14 and 3.15 show similar com-

parisons on the turning radius and turning period. From Figure 3.14, the turning period drops with

the frequency, which is expected. The simulation results in Figure 3.15 suggest that the turning

radius has negligible dependence on the frequency, which is supported by the experimental results,

where the mean values of the measured radius stay around 23-24 cm across all frequencies. The

discrepancy between the simulation and experimental results in Figure 3.15 is largely attributed to
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Figure 3.12: Comparison between experimental measurement of the time-dependent recovery
stroke angle with model predictions. The pectoral fin beats at 1 Hz. The blue solid line and
white dashed line imply the experimental measurement and model prediction, respectively, and the
green dotted line shows the servo arm direction.

the challenge in measuring precisely the turning radius in experiments – the robot does not track

closed orbits for each turn, which could be due to the disturbances from the interactions between

the water and tank walls. The results of Figures 3.13-3.15 show that the proposed model is able

to capture the motion of the robotic fish with flexible rowing joints very well. In particular, for

the tested frequency range, the forward swimming velocity increases with the fin-beat frequency.

In the turning case, the turning period (the time it takes to complete one turn) drops with the

increasing fin-beat frequency, which matches one’s intuition.

3.5 Effect of Flexible Joint Length and Stiffness

In this section, we investigate the impact of two design parameters for the flexible joint, its length

and stiffness, which will allow further validation of the proposed model and demonstrate its po-

tential use for design optimization. As described in [91], the torsional spring constant of a flexible
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Figure 3.13: Case of rowing joint (JR1): Comparison between the model-predicted and measured
forward swimming speed, for different fin-beat frequencies.
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Figure 3.14: Case of rowing joint (JR1): Comparison between the model-predicted and measured
turning period, for different fin-beat frequencies.

material can be evaluated as

KS =
Edh3

12l
, (3.29)

where h is the thickness, l is the length, d is the width (depth), and E is the Young’s modulus

of the flexible material. The damper coefficient KD can be evaluated as KD = κKS, where κ is

a proportional constant. So the spring constant changes with both dimension and stiffness of the

flexible part of the passive joint.
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Figure 3.15: Case of rowing joint (JR1): Comparison between the model-predicted and measured
turning radius, for different fin-beat frequencies.

We have chosen three different values for the length of the flexible rowing joint made of

FLX980 material, 0.5 mm, 1 mm and 1.5 mm (Joints JR1, JR2, and JR3 in Table 3.1). The spring

and damper constants for JR2 and JR3 are calculated using Eq. (3.29), where the Young’s modulus

(E) and κ values are kept the same as the ones derived from the parameters KS and KD for JR1.

Figure 3.16 shows the model prediction and experimental results on the forward swimming veloc-

ity at different fin-beat frequencies, for all three joints. The joint JR1 has the best performance

among the three joints for higher fin-beat frequencies. For lower frequencies (up to 1.25 Hz), joint

JR3 (most flexible among the three) has a better performance. We can see that the model is able

to effectively capture the joint length-dependence of the forward swimming velocity for all cases.

While the experimental limit for the actuation frequency is 2 Hz, we have extended the simulation

results to fin-beat frequency of 3 Hz in order to capture the optimal frequency of each joint. The

forward swimming speed will drop after reaching this optimal frequency.

Finally, we compare the performance of flexible joints with different material stiffness. Two

flexible joints with identical dimensions, JR1 made of FLX980 and JR4 made of DM9850 (stiffer),

are used in the comparison. The spring and damper coefficients for JR4 are identified to be KS =
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Figure 3.16: Model prediction and experimental measurement of the forward swimming velocity
of the robotic fish with the use of three flexible joints (all made of FLX980) with different lengths.
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Figure 3.17: Model prediction and experimental results of the forward swimming velocity of the
robotic fish with the use of two flexible joints with different stiffness values.

4.38× 10−3 N ·m and KD = 9.34× 10−4 N ·m · s using the same method described in Section

3.4.2, and are used for model predictions for all other cases. Figure 3.17 shows the comparison

of forward swimming speed between the two cases. Again, it can be seen that there is a good

match between model predictions and experimental data. For the lower frequencies, the joint JR1

outperforms JR4, while JR4 is the winner for the higher frequencies. Again we have extended the

simulation results to higher frequencies to better capture the performance trend of the joints.
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3.6 Mechanical Efficiency

Robot efficiency, defined as the ratio of useful work for propulsion over total consumed energy,

is of great relevance to practical operation of the robot. Mechanical work done by fins to the

surrounding water, energy used for powering electronics, electrical losses, and frictional losses,

among others, all contributed to the total consumed energy. Mechanical work is arguably the

most significant source of energy expenditure, and therefore, it is important to understand how the

design of pectoral fin joints influences the mechanical efficiency of the robot. In this section, we

use the validated dynamic model to evaluate the propulsive efficiency of the robotic fish swimming

with pectoral fins that use the flexible rowing joints. The mechanical efficiency during steady-state

swimming is calculated as [5, 92, 93]

η =
Wb

WT
, (3.30)

where Wb is the amount of useful work needed to propel the robotic fish and WT is the total work

done by the pectoral fins during each fin-beat cycle. We call this the mechanical efficiency since it

does not consider other energy losses, such as the electrical power used for running the electronics

or frictional losses in motors and gears. The useful work Wb1 can be calculated as follows [92,93],

Wb1 =
∫ t0+T0

t0
FThrust(t)VC(t)dt (3.31)

where FThrust is the x-component of the total fin-generated hydrodynamic force exerted on the

robotic fish body (Fhx), VC(t) is the velocity of the robotic fish body projected into the x−direction,

and T0 denote the total duration of each fin-beat cycle. In this paper we take an alternative approach

that uses product of the mean thrust and the mean velocity at the steady-state. When the robotic

fish is at the steady-state and cruises with a constant speed VCmean , its mean thrust is balanced by its
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Table 3.3: Comparison between the two methods of computing Wb.

Frequency (Hz) Wb1 Wb2

Wb1−Wb2
Wb2

(%)

0.75 0.112 0.114 1.75

1 0.1887 0.1939 2.68

1.25 0.2826 0.2888 2.15

1.5 0.3787 0.3905 3.02

1.75 0.4281 0.4383 2.33

2 0.4233 0.4391 3.6

(mean) drag force, and thus

FT =
1
2

ρV 2
Cmean

SACD. (3.32)

which results in the following expression of Wb2

Wb2 =
1
2

ρV 3
Cmean

SACDT0. (3.33)

As shown in Table 3.3, the values of Wb computed with these two methods are actually very close

to each other (with error less than 4%). Given that the second method of evaluating Wb2 ignores

the oscillatory nature of the thrust and velocity and is thus simpler, it is adopted in the efficiency

analysis for the remainder of this paper.

The total work done by the paired pectoral fins, WT , is obtained as

WT = 2
∫ t0+T0

t0
max{0,

∫ S

0
dFn(s, t) ·~vp(s, t)}dt

= 2
∫ t0+T0

t0
max{0,

∫ S

0

1
2

CnρC|~vp(s, t)|2 ·~vp(s, t)ds}dt, (3.34)

where t0 represents the beginning of a fin-beat cycle, “·” denotes the inner product. Note that
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Figure 3.18: Calculated mechanical efficiency and forward velocity of different flexible rowing
joints at different fin-beat frequencies.

Figure 3.19: Calculated mechanical efficiency versus fin-beat frequency and spring constant of the
flexible joint.

at some time instants t, the instantaneous mechanical power exerted by pectoral fins on water

could be negative; however, since the servos cannot reclaim this energy from water, we treat the

instantaneous power at such a t as zero, which explains the operator max{0, ·} in Eq. (3.34). Note

that even at the steady-state, the actual velocity is not a constant; instead, it periodically fluctuates

around some value. Therefore, VCmean in Eq. (3.32) is evaluated by the distance traveled over N

cycles (N = 10) divided by NT0.
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Figure 3.20: Comparison of non-dimensionalized parameters for joints JR1, JR2, and JR3 at dif-
ferent fin-beat frequencies: (a) Calculated mechanical efficiency and Strouhal number, (b) Dimen-
sionless velocity and Reynolds number.

Figure 3.18 shows the calculated efficiency, along with the corresponding swimming velocity,

for the joints JR1, JR2 and JR3. The efficiency of the joint JR1 is higher than the other two

and overall the efficiency is higher for lower fin-beat frequencies. Figure 3.18 reveals interesting

trade-off between the speed performance and mechanical efficiency. In particular, for a given joint

design, with a higher frequency, the speed is higher but at the cost of lower efficiency. Figure 3.19

shows the efficiency curve versus different fin-beat frequencies and spring constant values (kS).

This figure shows that the robotic fish performs more efficiently in lower fin-beat frequencies with

stiffer flexible rowing joints up to a certain optimal stiffness (KS ≈ 7×10−4 N ·m). For any joint
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stiffer or more flexible than this optimal amount, the efficiency starts to drop. Overall, Figures 3.18

and 3.19 indicate that the optimization of the flexible joint presents an interesting, multi-objective

design problem that involves consideration of the joint stiffness, dimension, and the frequency of

fin operation. The proposed dynamic model in this paper shows promise in addressing the optimal

design problem.

Figure 3.20 provides a comparison of the non-dimensionalized parameters for joints JR1, JR2,

and JR3 at different fin-beat frequencies. The non-dimensionalized parameters considered include

the Reynolds number Re, the Strouhal number St, and the dimensionless velocity VDL. Recall

the Reynolds number Re =
VCmeanL

ν
, where VCmean is the swimming speed of the robot, L is the

robotic fish length, and ν is the kinematic viscosity of water. The robotic fish length L = 0.15 m

and ν = 10−6 m2/s are used in the calculation. The Strouhal number is defined as St = f A
VCmean

,

where f is the fin-beat frequency, A is the maximum excursion of the trailing edge for pectoral fin,

and VCmean is the swimming speed of the robot. We use A = 2S sinγA, where S is the pectoral fin

span length and γA is the fin flapping amplitude [27, 35]. The dimensionless velocity is defined as

VDL =
VCmean

f L [105].

It can be seen in Figure 3.20(a) that the efficiency shows clear inverse correlation with the

Strouhal number. For example, JR1 demonstrates the highest mechanical efficiency among the

three joints and has the lowest Strouhal number. For each joint, the Strouhal number increases

while the efficiency drops when the frequency increases. Note that the Strouhal numbers for bio-

logical fish are usually in the range of 0.25-0.5 [35, 95, 96]. The Strouhal numbers presented here

are higher than 1 and thus beyond the biological range. The reason is that the robotic fish used in

this study is propelled purely by the pectoral fins, which results in low speeds and higher Strouhal

numbers. Note that, from Figure 3.20(a), when the efficiency of the robotic fish gets higher, the

Strouhal number gets closer to the biological range. On the other hand, Figure 3.20(b) shows
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Table 3.4: Comparison of non-dimensionalized parameters.

Robotic fish St Re VDL

This work - JR1 1.27 4273 0.19

This work - JR2 1.35 4044 0.18

This work - JR3 1.32 4116 0.183

[35] with γA = 30◦ 2.95 5925 0.042

[35] with γA = 45◦ 2.96 8737 0.0621

[35] with γA = 60◦ 7.76 4350 0.031

[21] 6.05 900 0.04

[86] - JF1 2.55 1744 0.078

[34] 0.94 10000 0.16

that the robotic fish demonstrates the highest dimensionless velocity when the Reynolds number

is at the lower end. Comparing Figure 3.20(a) and 3.20(b) also suggests that there is a positive

(negative, resp.) correlation between the mechanical efficiency (the Strouhal number, resp.) and

the dimensionless velocity, which is expected given the definitions of the Strouhal number and the

dimensionless velocity.

We have also compared our results with the results (all actuated at 1 Hz) from several pectoral

fin-actuated robotic fish reported in the literature, as seen in Table 3.4. From the table, it can be

seen that the Strouhal numbers achieved in this work are generally closer to the biological range

than what was achieved in other reported work (with the exception of [34], which is slightly lower

than our results). The dimensionless velocities achieved in this work are also the highest among all

cases. These comparisons provide strong support for the effectiveness of the proposed approach.
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3.7 Conclusion

While biological fish use sophisticated pectoral fin kinematics to achieve superior swimming and

maneuvering performance [18, 106], the goal of this work is to achieve sound performance for

robotic fish pectoral fins with simple structure and simple control. In particular, we have proposed

a novel flexible, passive joint for rowing pectoral fins in robotic fish, and presented a dynamic

model for the robotic fish equipped with such pectoral fin mechanisms. The flexible joint enables

the pectoral fin to bend back passively along the fish body during the recovery stroke, to minimize

the drag force, while maintaining the prescribed motion of the actuator during the power stroke.

This design eliminates the need to have different actuation speeds for power and recovery strokes.

Blade element theory is used to evaluate the hydrodynamic forces on the pectoral fins. The flexible

joint is modeled as a pair of torsional spring and damper. To validate the dynamic model, we have

conducted experiments involving both a configuration where the robotic fish is anchored and the

fin bending angles are measured, and a free-swimming configuration, where forward swimming

speeds and turning radii/periods at different fin-beat frequencies are measured. The performance

of the proposed joint is also compared with a traditional rigid joint, to show the effectiveness of

this design. The results showed a drastic improvement in the performance of the robotic fish.

Multiple flexible rowing joints are used in the experiments to examine the influence of the flexible

joint’s length and stiffness on the robotic fish performance, and the experimental data match the

model predictions well in all cases, which further supports the utility of the presented model in

design optimization. Finally, with the aforementioned model, we have numerically evaluated the

mechanical efficiency of the robotic fish and explore its dependence on the flexible joint stiffness

and the operating frequency.
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Chapter 4

BIO-INSPIRED FLEXIBLE JOINTS WITH

PASSIVE FEATHERING FOR ROBOTIC

FISH PECTORAL FINS

4.1 Introduction

Development of robotic fish has been inspired by unique characteristics of swimming in live fish

and other aquatic animals, such as agility, maneuverability, and efficiency [2–4,28,30,31,95,107–

115]. Robotic fish change their body shape or flap different fins to generate propulsion [5, 27, 39,

51, 101, 116–119]. According to [11], based on the propulsors that fish use, their locomotion can

be divided into two main categories: median/paired fin propulsion, and body/caudal fin propulsion.

In this work, we consider the case where a robotic fish oscillates its paired pectoral fins to generate

thrust. The pectoral fin propulsion provides good maneuverability and stability for robotic fish

[80]. There are some studies dealing with robotic fish propelled by paired pectoral fins. Most of

the early investigations employed rigid pectoral fins that were motor-driven to produce different

fin motions [32, 35, 44, 55]. Several recent studies investigated the impact of flexible pectoral fins

on robotic fish performance [21, 62]. In order to generate a net thrust, there are typically two

strategies. The first strategy involves the use of multiple actuators for each pectoral fin, to provide
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Servo arm

Rigid fin

(a)

Recovery stroke

Servo arm

Rigid fin

(b)

Figure 4.1: schematics of the drag-based labriform swimming mode, using flexible feathering
joints (top view): (a) Power stroke, (b) recovery stroke. The flexible feathering joint is shown with
a red circle.

combinations of different degrees of freedom, namely rowing, feathering and flapping, where the

axes of rotation are vertical, transverse, and longitudinal, respectively. Although this strategy

enables the mimicking of live fish pectoral fin motion, it results in large size and high energy

consumption for robotic fish [35, 55]. An alternative actuation strategy is to use a single actuator

per fin to maintain the small robot size, but employ different power and recovery stroke speeds to

minimize the drag force during the recovery stroke. However, this method tends to significantly

slow down the fish in the extended recovery stroke period [21]. This issue was addressed in [84],

where the authors proposed a design of a passive joint for the rowing motion, which enables the

pectoral fin to sweep back passively (along the same rowing axis) in order to minimize the drag

force during the recovery stroke.

In this study, to more precisely mimic drag-based labriform swimming mode of live fish [11],

we combine two different pectoral fin motions, rowing and feathering, realized with only a single

actuator per fin, as illustrated in Figure 4.1. As discussed in [120, 121], a real fish rarely moves
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its pectoral fin by an exclusive rowing or feathering movement; instead, it uses a combination of

these motions to move forward. The contribution of this paper is the design and modeling of a

flexible, passively feathering joint that enables the robotic fish to mimic the drag-based labriform

swimming mode. Here, the pectoral fin motion is divided into two phases, namely, power and

recovery strokes. During the power stroke, the mechanical stoppers of the designed joints allow

the paired fins to move backward with respect to the body, following a prescribed rowing motion.

This would induce a drag force opposite to the moving direction of the fins, pointing in the forward

direction. In the recovery stroke, the pectoral fin feathers passively while following the actuated

rowing motion, which effectively reduces the drag force on the fin. The mechanism of the joints

and how the stoppers work in each cycle are described in detail in Section 4.2. The proposed

joint reduces the cost and complexity of the fin motion, comparing to adopting an active feathering

fin [35, 55].

The dynamic model of the pectoral fin is developed based on blade element theory [5], where

the joint is modeled as a pair of torsional spring and damper. With the consideration of the com-

bined rowing and feathering motions, the 3D hydrodynamic forces are captured in the model. The

model is then validated by conducting different experiments on a robotic fish. The performance

of the robotic fish utilizing the flexible feathering joint is also compared with the case where dif-

ferential actuation during power/recovery strokes is adopted along with a traditional rigid joint.

The effect of the depth and stiffness of the flexible joint is further investigated using the dynamic

model, which is also validated with experiments. Finally, the mechanical efficiency of the robotic

fish is computed for flexible feathering joints for different spring constants and operating frequen-

cies, which provides insight that is useful in optimizing the joint design and the frequency regime

of fin flapping.

The remainder of this paper is organized as follows. In Section 4.2 the design and prototyping
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of the proposed flexible joint are described in detail. The dynamic model of the joint along with

the model for robotic fish adopting such joints is presented in Section 4.3. In Section 4.4 the

experimental setup is described and experimental results are provided along with the simulation

results to validate the dynamic model. Section 4.5 is focused on the effect of joint depth and

stiffness. Section 4.6 addresses the calculation of the mechanical efficiency of the robotic fish

adopting the flexible joint. Finally, concluding remarks are provided in Section 4.7.

4.2 Design of Flexible Feathering Joint

This section covers the details of design and prototyping of the flexible feathering joint. As men-

tioned earlier, each pectoral fin follows a rowing motion prescribed by the servo motor, which

actuates the proximal end of the fin symmetrically during the power and recovery strokes. Our

primary goal is to minimize the drag force during the recovery stroke, by adding another degree

of freedom to the pectoral fin, without utilizing any additional actuator. To accomplish this goal,

a flexible feathering joint is designed to enable the pectoral fin feather passively when it is rowed

back during the recovery stroke. This mode of swimming is called drag-based labriform swim,

and is illustrated in Figure 4.1. In particular, the pectoral fin maintains the servo-prescribed rowing

motion during the power stroke, to produce a maximum net thrust, while it rotates passively along

the transverse axis (feathers) during the recovery stroke, to reduce the hydrodynamic drag on the

fin.

The proposed feathering joint design is shown in Figure 4.2. The entire joint mechanism con-

sists of a rigid servo arm connector that connects the whole joint/fin structure to the servo motor, a

mechanical stopper, a fin mount and a rectangular flexible piece (shown in black in Figure 4.2(a)

and (b)), serving as the feathering joint, which connects the fin mount structure to the servo arm
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Figure 4.2: The proposed flexible feathering joint: (a) During the power stroke, the mechanical
stopper prevents the fin from feathering, (b) during the recovery stroke, the fin rotates and tends to
align with the horizontal surface, to reduce the drag force on the fin, and (c) 3D-printed feathering
passive joint assembled on the robotic fish.

connector. During the power stroke, the mechanical stopper enable the pectoral fin to maintain the

rowing motion prescribed by the servo motor, as shown in Figure 4.1(a) and Figure 4.2(a), while

during the recovery stroke, the flexible joint enables the fin to feather passively and reduce the

hydrodynamic drag force, as shown in Figure 4.1(b) and Figure 4.2(b).

Flexible feathering joints are prototyped using a multi-material 3D printer (Connex 350 from

Object), which is capable of simultaneously jetting rigid and flexible materials, resulting in seam-

less integration of the pliable and rigid components of the flexible joint mechanism, as shown in

Figure 4.2(c). All the rigid parts (servo arm connector and fin mount) are printed with the material

RGD835 (VeroWhitePlus). Two different flexible materials, FLX980 (TangeBlackPlus), which is

the most flexible material supported by the printer, and DM9850 (Digital Material 9850), which

is stiffer than FLX980 but still flexible enough, are explored for the flexible part of the feathering

joint structure. Other than different materials, it is also our goal to investigate the impact of joint

dimensions on the propulsion performance. For this purpose, a total of four joints are printed, three

using FLX980 and one using DM9850. All joints have width of 4 mm and thickness of 1 mm, to
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ensure adequate strength for surviving through extensive experiments. The three FLX980 joints

have different values for their depth, 0.5 mm, 1 mm and 1.5 mm, while the DM9850 joint has a

depth of 0.5 mm. Here the joint depth refers to the extent of the gap between the top and bottom

rigid elements on the side opposite to the mechanical stopper. The gap is negligible on the stopper

side. The four joints, with their different combinations of materials and depths, enable a compact

set of experiments for validating the proposed dynamic model and revealing design trade-offs. The

joints are referenced as follows. Joint “JF1”, with FLX980 as the flexible material and depth of

0.5 mm, joint “JF2” with FLX980 as the flexible material and depth of 1 mm, joint “JF3” with

FLX980 as the flexible material and depth of 1.5 mm, and finally, joint “JF4” with DM9850 as the

flexible material and depth of 0.5 mm.

4.3 Dynamic Model of Fin-Actuated Robotic Fish Incorporat-

ing the Flexible Feathering Joint

4.3.1 Hydrodynamic Forces on the Fin

In this section, first we describe the use of blade element theory in representing the hydrodynamic

force on the fin, for a given fin movement pattern, which is determined by the (yet to solve) dy-

namics of the flexible joint, namely, the feathering dynamics. The hydrodynamic force is then

incorporated into the dynamic model for the feathering motion, which is captured via a pair of

torsional spring and damper. Finally, the total hydrodynamic forces and moments resulting from

the fin mechanism are used to develop the dynamic model for the robotic fish propelled by the fins.

Adapted from [5], the blade element theory is used to evaluate the hydrodynamic forces on the

pectoral fins. For all these calculations, we assume an anchored robotic fish body. This assumption
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Figure 4.3: Top view of the robotic fish actuated by pectoral fins in planar motion.

is often adopted in the literature for similar problems [2, 19, 29]. While this simplification intro-

duces modeling error, the resulting error is typically acceptable considering the much larger fin

velocity comparing to the velocity of the robotic fish itself. For ease of calculation, the pectoral fin

is considered to be rigid and rectangular with span length S and chord length (depth) C. Figure 4.3

shows the top view of a robotic fish, consisting of a rigid body and paired pectoral fins. [X ,Y,Z]T

indicates the inertial coordinate system and [x,y,z]T represents the body-fixed coordinate system,

with corresponding unit vectors [î, ĵ, k̂], which is attached to the center of mass of the robotic fish.

We use [m̂, n̂, p̂] to denote the unit vectors of the pectoral fin coordinate system, where subscripts r

and l are used to represent right and left fins, respectively. Here m̂ is parallel and n̂ is perpendicular

to the pectoral fin and p̂ is automatically formed by the right-hand orthonormal principle. The

notation~rcp = cp ĵ denotes the vector pointing from the robotic fish center of mass to the pectoral

fin servo motor base (point A0).
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Figure 4.4: Illustration of a rigid, rectangular pectoral fin and its parameters, during the power
stroke.

We divide the pectoral fin movement cycle into power and recovery strokes, and study each

separately. During the power stroke, the pectoral fin undergoes a rowing motion prescribed by the

servo motor; therefore, the fin plane stays vertical and the hydrodynamic forces are restricted to

the horizontal plane, as shown in Figure 4.4. Here, all the calculations are done for the left pectoral

fin, which can be extended to the right fin in a straightforward manner.

During the power stroke, the relation between the orthonormal unit vectors [m̂, n̂, p̂] and the

body-fixed coordinate system is given by

m̂ = cosγ î+ sinγ ĵ, (4.1)

n̂ =−sinγ î+ cosγ ĵ, (4.2)

p̂ = k̂. (4.3)

where γ is the prescribed angle of the servo arm with respect to the body heading î.

In blade element theory, the hydrodynamic force dFhp(s, t) on each defined blade element, ds,
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at time t, is calculated as

dFhp(s, t) =−
1
2

Cn(α(s, t))ρ|~v2
p(s, t)|C ds n̂, (4.4)

where ρ denotes the water density, ~vp(s, t) is the velocity of each blade element of the pectoral

fin, and Cn is the normal force coefficient, which is dependent on the angle of attack of the blade,

α(s, t). Here, we consider Cn = 3.4sinα(s, t), by utilizing an empirically evaluated model for

insect wing which was used for a robotic fly [122] and robotic “boxfish” [63]. Even though insects

(or robotic insects) fly in air while robotic fish swim in water, the associated fluid dynamics will

have similar behavior if their Reynolds numbers are close. In particular, the Reynolds number of

the robotic fish in this work is at the order of 103, which is close to the Reynolds number reported

in [122] for the robotic fly (30-1000).

The velocity of each element,~vp(s, t), is expressed as

~vp(s, t) = vpx î+ vpy ĵ

=
{
− (l1 + s)γ̇ sinγ

}
î+
{
(l1 + s)γ̇ cosγ

}
ĵ, (4.5)

where l1 is the length of the servo arm.

The angle of attack of each blade element can be evaluated via

tanα =
< vp(s, t), n̂ >

< vp(s, t), m̂ >
=
−vpx sinγ + vpy cosγ

vpx cosγ + vpy sinγ
, (4.6)

where < ·, · > denotes the inner product. With the anchored body assumption, it is easy to verify

that the angle of attack is 90◦.

The total hydrodynamic force acting on each pectoral fin is calculated by integrating the force
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stroke.

density along the span length of the fin

~Fhp(t) =
∫ S

0
dFhp(s, t). (4.7)

On the other hand, during the recovery stroke, the pectoral fin undergoes a 3D motion. We

modify the blade element theory, so that we have blades in both span and chord length of the fin,

resulting in 2D elements, which we use to evaluate the hydrodynamic forces. The fin parameters

during the recovery stroke are shown in Figure 4.5, where Λ is the feathering angle that we need to

find in order to fully know the pectoral fin dynamics. Note that the feathering angle Λ = 0 during

the power stroke.

The relationship between the pectoral fin coordinate system and the body-fixed coordinate

system is as follows

m̂ = cosγ î+ sinγ ĵ+0k̂, (4.8)

n̂ = sinγ cosΛî− cosγ cosΛ ĵ− sinΛk̂, (4.9)

p̂ =−sinγ sinΛî+ cosγ sinΛ ĵ− cosΛk̂. (4.10)
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where Λ is the feathering angle defined with respect to −k̂.

The blade element theory is revised to evaluate the hydrodynamic forces on a 2D element of

the pectoral fin. The hydrodynamic drag force produced by each element dcds during the recovery

stroke is evaluated as

dFhP(c,s, t) =−
1
2

Cn(α(c,s, t))ρ|~v2
p(c,s, t)|dcds êvp, (4.11)

where êvp is a unit vector in the direction of~vp(c,s, t), α(c,s, t) = atan <vp(c,s,t),n̂>
<vp(c,s,t),m̂> is the angle of

attack, and~vp(c,s, t) is the velocity of each element dcds, and is represented as

~vp(c,s, t) = vpx î+ vpy ĵ+ vpz k̂

=
{
− (l1 + s)γ̇ sinγ− cγ̇ cosγ sinΛ− cΛ̇sinγ cosΛ

}
î

+
{
(l1 + s)γ̇ cosγ− cγ̇ sinγ sinΛ+ cΛ̇cosγ cosΛ

}
ĵ

−
{

cΛ̇sinΛ

}
k̂ (4.12)

We note that there is notation abuse associated with dFhp , α , and~vp, which depend only on s and t

in (4.4) but depend on s, c, and t in (4.11), and hope their meanings will be clear from the context.

The total hydrodynamic force is evaluated by integrating the force density over the surface of the

pectoral fin

~FhP(t) =
∫ S

0

∫ C

0
dFhP(c,s, t). (4.13)

4.3.2 Solving the Feathering Dynamics

During the power stroke, the rigid fin follows the servo motion (Λ = 0), and the corresponding

hydrodynamic force on the fin can be evaluated given the servo motion. On the other hand, during
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the recovery stroke, the evaluation of the hydrodynamic force (Eq. (4.11)) requires knowing the

feathering angle Λ, which has to be solved for through the dynamics equation for the feathering

joint.

The total force acting on the rigid fin is represented as

~F2 = ~FhP−~FA1 = mp
d~vp(c,s, t)

dt

∣∣∣∣
s= S

2 ,c=
C
2

, (4.14)

where ~FhP is the hydrodynamic force on the rigid fin (calculated based on the equations presented

in Section 4.3.1), ~FA1 represents the force applied by the rigid fin (through the joint) on the servo

arm, and mp is the effective mass of the rigid pectoral fin, which contains the fin mass and the

added mass (where the added mass is calculated base on a rigid plate moving in the water).

Since we need to find the feathering angle of the fin, Λ, the projection of the hydrodynamic

force in n̂ direction produces the corresponding moment. The moment of the rigid fin relative to

its pivot point is evaluated as

~MhP(t) =
∫ S

0

∫ C

0
cp̂×dFhP(c,s, t). (4.15)

Here ~MhP is a function of Λ and Λ̇. The moment produced by the flexible feathering joint, which

is modeled as a pair of torsional spring and damper, is evaluated as

~M(S+D) = (−KS Λ−KD Λ̇) m̂, (4.16)

where KS and KD are the spring and damper coefficients used to model the flexible feathering joint.
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The total moment equation of the rigid fin relative to its pivot point of feathering is written as

~M2 = ~MhP +
~M(S+D) =−IpΛ̈, (4.17)

where Ip is the effective inertia of the rigid fin (which contains the fin inertia and the added inertia,

and is calculated base on a rigid plate moving in the water) and Λ̈ is the angular acceleration of the

fin in m̂-direction. By solving Eq. (4.17), the dynamics of the pectoral fin with a flexible feathering

joint during the recovery stroke is fully described.

4.3.3 Hydrodynamic Forces and Moments on the Robotic Fish

The hydrodynamic force transmitted to the servo arm can be obtained as

−~FA1 =
~FhP−mp

d~vp(c,s, t)
dt

∣∣∣∣
s= S

2 ,c=
C
2

. (4.18)

The total force exerted by the arm on the robot body is

~Fh = Fhx î+Fhy ĵ = ~FA1. (4.19)

The moment applied by the fin on the body is represented as

~Mh = Mhz k̂ = cp ĵ×~FA1. (4.20)

Other than hydrodynamic forces and moment transmitted from the pectoral fins, the robotic

fish body experiences drag force FD, lift force FL, and drag moment MD, which can be represented
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as [28, 29, 44]

FD =
1
2

ρV 2
C SACD, (4.21)

FL =
1
2

ρV 2
C SACLβ , (4.22)

MD =−CMω
2
Cz

sgn(ωCz), (4.23)

where VC is the linear velocity magnitude of the robotic fish body, ωCz is the angular velocity of

the body about the z-axis, ρ is the mass density of water, SA is the wetted surface area for the body,

β is the angle of attack of the body, formed by the direction of body velocity vector with respect to

the x-axis. CD, CL and CM are the dimensionless drag force, lift force, and damping drag moment

coefficients, respectively, and sgn(.) is the signum function.

4.3.4 Rigid-Body Dynamics of a Pectoral Fin-actuated Robotic Fish Under-

going Planar Motion

The dynamic equations of rigid body undergoing planar motion in the body-fixed coordinates are

represented as [20, 85, 102]

(mb−max)V̇Cx = (mb−may)VCyωCz + fx, (4.24)

(mb−may)V̇Cy =−(mb−max)VCxωCz + fy, (4.25)

(Iz− Iaz)ω̇Cz = τz, (4.26)

where mb is the robotic fish actual mass, −max and −may represent the added mass effects along

the x and y directions of the body-fixed coordinates, respectively. Iz is the robot inertia and −Iaz

is the added inertia of the robot about the z-axis. The variables fx, fy and τz indicate the external
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hydrodynamic forces and moment exerted on the fish body center of mass, which are induced by

the pectoral fin motion and the interaction of the robotic fish body with the surrounding fluid,

which can be described as

fx = Fhx−FD cos β +FL sin β , (4.27)

fy = Fhy−FD sin β −FL cos β , (4.28)

τz = Mhz +MD, (4.29)

Finally, the kinematic equations for the robot in the inertial coordinate system are described

as [29],

Ẋ =VCx cos ψ−VCy sin ψ, (4.30)

Ẏ =VCy cos ψ +VCx sin ψ, (4.31)

ψ̇ = ωCz. (4.32)

where ψ denote the angle between the x-axis and X-axis.

4.4 Experimental Results

4.4.1 Robotic Fish Prototype and Experimental Setup

Experiments are performed to study the performance of a robotic fish with flexible feathering joint

and validate the proposed mathematical model. The robotic fish body is designed in SolidWorks

software and 3D-printed, as shown in Figure 4.6. The body is about 15 cm long, 8 cm high and

4.6 cm wide without the pectoral and caudal fins, and weighs close to 0.3 kg. An Arduino pro
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Figure 4.6: 3D-printed robotic fish prototype along with mounted fins.

mini microcontroller board is incorporated in the robot to realize the control of servos. The robot

body also houses a power converter printed-circuit board with voltage regulators for the motor

and electronics. The motors used for actuation of the pectoral and caudal fins are Traxxas 2065

waterproof servos with maximum speed of 200 ◦/sec. Although the robot is capable of moving its

caudal fin, tail actuation is not included in this study. The servomotors are programmed to rotate

each pectoral fin according to

γ(t) = γA sin(ωγ t)+90◦, (4.33)

where γA is the amplitude in degrees and ωγ denotes the angular frequency of fin flapping. The

pectoral fins are made of a light plastic material (polypropylene) that has 0.5 mm thickness with

Young’s modulus of approximately 2 GPa, which is considered to be almost rigid.

As shown in Figure 4.7, the experiments are conducted in a water tank that measures 2 feet

wide, 6 feet long, and 2 feet deep. The tank is equipped with a motion capture system from Natu-

ralPoint, which contains four Optitrack Flex 13 cameras along with Motive software to capture the
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Figure 4.7: Experimental setup for free-swimming robotic fish.

motion of robotic fish. Two different experiments are conducted to evaluate the proposed dynamic

model. First, the robotic fish is studied when the body is anchored to measure the feathering angle,

and second, free-swimming of the robotic fish is run to measure the forward swimming velocity,

turning radius, and turning period. All the measurements are done approximately 30 seconds after

the robot initiated swimming to ensure that it has reached steady-state motion. The experiment

for each setting is repeated 10 times. At the end, the captured videos are analyzed by the Motive

software to extract the steady-state speed for the forward swimming, and the turning radius and

period for the turning motion.

4.4.2 Parameter Identification

The parameters of the mathematical model are either measured directly or identified experimentally

as follows: The body inertia about z-axis is evaluated as Iz =
1
5mb(a2 + c2), where a = Body length

2

and c = Body width
2 are semi-axis lengths of the body [28]. The added masses, added inertia and
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Table 4.1: Identified Model Parameters.

Component Parameter Value Unit
Body Mass (mb) 0.295 Kg

Inertia (Iz) 4.26×10−4 Kg/m2

−max 0.095 Kg
−may 0.1794 Kg
−Iaz 2.7×10−5 Kg/m2

Wet surface area (SA) 0.0325 m2

Drag coef. (CD) 0.42 –
Lift coef. (CL) 4.86 –
Moment coef. (CM) 7.6×10−4 Kg/m2

Fin Length (S) 0.035 m
Depth (C) 0.02 m
Servo arm length (l1) 0.01 m
Effective mass (mp) 0.0166 Kg
Effective inertia (Ip) 3.32×10−6 Kg/m2

Distance from body center
to servo base, cp 0.025 m
Water density (ρ) 1000 Kg.m3

wetted surface are calculated by approximating the robot body as an prolate spheroid accelerating

in the fluid [28, 88]. The parameters used in simulations are listed in Table 4.1.

The robotic fish drag and lift coefficients, CD, CL, and CM, are identified empirically using

the collected data from the robotic fish equipped with rigid joints for the pectoral fins. With rigid

joints, we need to have different power and recovery stroke speeds to produce a net thrust [21].

This ratio is indicated as P
R(

Power stroke speed
Recovery stroke speed), which is equal to 1 for the symmetric fin flapping.

Here, we experiment with the cases of P
R = 2, 3, 4, and 5. The experimental results for both

forward and turning swimming motions of the robotic fish with P
R = 2 are used to identify the

body parameters, where turning is realized by actuating one pectoral fin only. CD, CL, and CM are

tuned to match the forward velocity, turning radius, and turning period obtained in simulation with

the experimental measurement when the power stroke is completed in 0.5s and 0.3s, respectively.
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The fin beat amplitude is set to 25◦. The identified coefficients are CD = 0.42, CL = 4.86, and

CM = 7.6×10−4Kg/m2. These parameters are then used in independent model validation for all

other cases using the flexible feathering joint.

Among all the feathering joints mentioned in Section 4.2, joint “JF1” results in the highest

forward velocity in the tested frequency range. So, without the loss of generality, this joint is

chosen to perform the model validation. To identify the spring and damper coefficients for this

joint, KS and KD are tuned to match the forward swimming velocity of the robotic fish obtained in

simulation with the experimental measurements for fin beat frequencies of 1 Hz, 1.5 Hz and 2 Hz.

The coefficients are identified as KS = 1.31× 10−4 N ·m and KD = 4.64× 10−5 N ·m · s. These

parameters are then used for model validation of various other cases involving the same feathering

joint.

4.4.3 Comparison between Flexible Feathering and Rigid Joints

First, we provide a comparison on the forward swimming velocity of the robotic fish with the

flexible feathering joint, with that of a rigid joint. Here, rigid joint refers to a rigid connection

between the servo arms and the pectoral fins. For the rigid joint case, in order to have a net thrust,

we use different power and recovery stroke speeds, introduced in Section 4.4.2. Figure 4.8(a)

provides the experimental results on forward swimming velocity with the rigid joint, where P
R= 1, 2,

3, 4, 5, and with the flexible feathering joint “JF1”, over different power stroke times. Figure 4.8(b)

presents the same results in terms of the effective fin beat frequency. Here, the effective fin beat

frequency is calculated as 1
T , where T is the period of each fin beat cycle, combining both power

and recovery strokes. The servos are programmed to run up to the limit of 200 ◦/sec, which refers

to the rightmost point in each curve of Figure 4.8(b). From Figure 4.8, one can conclude that, the

performance of the flexible feathering joint outperforms the rigid joint case at higher frequencies
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Figure 4.8: Experimental results of the forward swimming velocity in terms of (a) the power stroke
time, and (b) the effective actuation frequency, for the cases of rigid joint and flexible feathering
joint “JF1”.

(1.3 Hz and above). For lower fin beat frequencies, the rigid joint cases outperform the flexible

feathering joint. Note that the relationship between the flapping frequency and the swimming speed

is almost linear up to a threshold value for the flapping frequency, which is observed naturally in

fish [123].
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4.4.4 Dynamic Model Validation

This subsection describes the experiments carried out on the robotic fish with flexible feathering

joint, to validate the proposed mathematical model. Two kinds of experiments are performed in

still water for validation purposes. For the first set of experiments, the robot body is fixed using

a bracket. The pectoral fins are actuated with γ(t) = 25◦ sin(ωγ t) + 90◦. The motion of the

right pectoral fin is tracked from the side (xz plane), using a Casio Exilim (EX-FH25) high-speed

camera, recording at 40 frames per second. The videos are then processed and the maximum

feathering angle with respect to −k̂ is measured and compared to those predicted by the model.

Figure 4.9 shows the maximum feathering angle during the recovery stroke, in both simulation and

experiments at different fin-beat frequencies. The model is able to capture the maximum feathering

angle well for all frequencies up to 1.5 Hz. For higher frequencies, the discrepancy between the

model prediction and the measurement starts to grow. This can be attributed to the constraint of

the fabrication, which imposes a limitation on the feathering angle of the joint.

For the second set of experiments, the robotic fish is allowed to swim freely in the tank. Both

forward swimming and turning are enabled with the pectoral fins incorporating the flexible feather-

ing joints. Figure 4.10 shows the experimental and simulation results where the forward swimming

velocities of the robotic fish are plotted at different fin-beat frequencies. The forward swimming

velocities of the robotic fish is reported both in cm/sec and BL/sec scales. Figures 4.11 and 4.12

show similar comparisons on the turning radius and turning period of a free-swimming robotic fish.

The results of Figures 4.10 - 4.12 show that the proposed model is able to capture the motion of the

robotic fish with flexible feathering joints very well. In particular, for the tested frequency range,

the forward swimming velocity increases with the fin-beat frequency. In the turning case, the turn-

ing period (the time it takes to complete one turn) drops with the increasing fin-beat frequency,
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Figure 4.9: Comparison between model prediction (white dashed line) and experimental measure-
ment (blue solid line) of the maximum feathering angle during the recovery stroke, with fin beat
frequencies of (a) 0.75 Hz, (b) 1 Hz, (c) 1.25 Hz, (d) 1.5 Hz, (e) 1.75 Hz, and (f) 2 Hz. The yellow
solid line indicates the −k̂ direction.
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Figure 4.10: Case of feathering joint (JF1): Comparison between the model-predicted and mea-
sured forward swimming speed, for different fin beat frequencies. The forward swimming velocity
is reported in cm/sec scale on the left y-axis and in BL/sec on the right y-axis.
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Figure 4.11: Case of feathering joint (JF1): Comparison between the model-predicted and mea-
sured turning period, for different fin beat frequencies.
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Figure 4.12: Case of feathering joint (JF1): Comparison between the model-predicted and mea-
sured turning radius, for different fin beat frequencies.

which matches with one’s intuition, and the turning radius increases with fin-beat frequency.
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4.5 Effect of Flexible Joint Depth and Stiffness

Here, we study the effect of different parameters of the flexible feathering joint on its performance.

As described in [91], the stiffness of the torsional spring constant is evaluated as

KS =
Edh3

12l
, (4.34)

where h is the thickness, l is the length (which corresponds to the depth in the case of the proposed

flexible joint), d is the width, and E is the Young’s modulus of the flexible material used for

the passive joint. The damper coefficient KD is evaluated as KD = κKS, where κ is a proportional

constant. Keeping the width and thickness of the joint constant, the spring coefficient can be varied

by changing the depth (l) and stiffness (E) of the flexible joint. This study will let us further validate

the proposed mathematical model and provides useful information on the joint optimization.

We choose three different depth for the flexible feathering joint made of FLX980 material,

0.5 mm, 1 mm and 1.5 mm (Joints JF1, JF2, and JF3). The spring and damper constants for JF2

and JF3 are calculated using Eq. (4.34), where the Young’s modulus (E) and κ values are kept

the same as the ones for JF1. Figure 4.13 shows the model prediction and experimental results of

forward swimming velocity at different fin-beat frequencies, for different flexible feathering joint

lengths. The joint JF1 (least flexible among the three) has the best performance among the three

joints in the higher fin-beat frequencies (higher than 1.75 Hz). For lower frequencies, joint JF3

(most flexible among the three) outperforms the other two. So we can conclude that the more

flexible joint performs better at lower frequencies, while the stiffer joint has a better performance

at higher frequencies. We can see that the model is able to capture the joint depth-dependence of

the forward swimming velocity effectively for all three cases. Here, the experimental limit for the

actuation frequency is 2 Hz, so we have extended the simulation results to fin-beat frequency of

99



0.5 1 1.5 2 2.5 3 3.5

0.5

1

1.5

2

2.5

3

3.5

4

Fin Beat Frequency (Hz)

F
o

rw
a
rd

 V
e
lo

c
it

y
 (

c
m

/s
e
c

)

Exp – JF1

Sim – JF1

Exp – JF2

Exp – JF3

Sim – JF2

Sim – JF3

0.0333

0.0667

0.1

0.1333

0.1667

0.2

0.2333

0.2667

F
o

rw
a
rd

 V
e
lo

c
it

y
 (

B
L

/s
e
c

)

Figure 4.13: Model prediction and experimental measurement of the forward swimming velocity
of the robotic fish using three different flexible feathering joints, made of FLX980, with different
depths. The forward swimming velocity is reported in cm/sec scale on the left y-axis and in BL/sec
on the right y-axis.

3 Hz in order to capture the performance trend of each joint. The forward swimming speed will

drop after reaching an optimal frequency for each case.

Finally, we investigate the effect of changing the stiffness (E) of the joint on the robotic fish

performance. Here, we choose two flexible feathering joints with the same dimension, one using

FLX980 as the flexible material, joint JF1, and the other using DM9850 as the flexible material,

joint JF4. The spring and damper coefficients for JF4 are identified to be KS = 0.0018 N ·m and

KD = 0.0064 N ·m · s using the same method described in Section 4.4.2, and are kept the same for

model prediction of all other cases using the same joint. The comparison of forward swimming

velocity using these two joints are reported in Figure 4.14. It can be seen that there is good match

between the model prediction and experimental data. Overall, the joint JF1 outperforms JF4 at

lower frequencies, while the joint JF4 starts to outperform joint JF1 at higher frequencies. Again,

we have extended the model prediction results to capture the performance of the joints at higher

frequencies.
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Figure 4.14: Model prediction and experimental results of the forward swimming velocity of the
robotic fish with the use of two flexible feathering joints with different stiffness values. The forward
swimming velocity is reported in cm/sec scale on the left y-axis and in BL/sec on the right y-axis.

4.6 Mechanical Efficiency

In this section, we calculate the propulsive efficiency of the robotic fish swimming with the flexible

feathering joint for the pectoral fins. The efficiency during the steady-state swimming is calculated

as [5]

η =
Wb

WT
, (4.35)

where Wb is the amount of useful work needed to propel the robotic fish and WT is the total work

done by the pectoral fins for each fin-beat cycle. This efficiency is called mechanical efficiency,

since the energy losses, such as frictional losses or the power used to run the motors, are not con-

sidered in the calculations. During steady-state swimming, when the robot swims with a constant

speed VCmean , the drag force acting on the body is balanced by the thrust force FT . So we have

FT =
1
2

ρV 2
Cmean

SACD. (4.36)
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So the useful propulsive power is calculated by multiplying thrust force, FT , by the constant speed,

VCmean , resulting in the useful work

Wb = FTVCmeanT0 =
1
2

ρV 3
Cmean

SACDT0, (4.37)

where T0 = Tp +TR denotes the total duration of each fin-beat cycle, consists of duration of power

and recovery strokes, where TP = TR = T 0
2 . Note that even at the steady state, the actual velocity is

not a constant; instead, it periodically fluctuates around some value. Therefore, VCmean in Eq. (4.36)

is evaluated by the distance traveled over N cycles (for example, N = 10) divided by NT0.

The total work done by the paired pectoral fins, WT , is obtained as

WT = 2
∫ t0+TP

t0
max

{
0,
∫ S

0
dFhp(s, t) ·~vp(s, t)

}
dt

+2
∫ t0+TP+TR

t0+TP

max

{
0,
∫ S

0

∫ C

0
dFhp(c,s, t) ·~vp(c,s, t)

}
dt

= 2
∫ t0+TP

t0
max

{
0,
∫ S

0

1
2

Cn(α(s, t))ρ|~vp(s, t)|2 ·~vp(s, t) ds

}
dt

+2
∫ t0+TP+TR

t0+TP

max

{
0,
∫ S

0

∫ C

0

1
2

Cn(α(c,s, t))ρ|~vp(c,s, t)|2 ·~vp(c,s, t) dc ds

}
dt, (4.38)

where, t0 denotes the beginning of a fin-beat cycle and “·” denotes the inner product. Note that

at some time instants t, the instantaneous mechanical power exerted by pectoral fins on water

could be negative; however, since the servos cannot reclaim this energy from water, we treat the

instantaneous power at such t as zero, which explains the operator max{0, ·} in Eq. (4.38).

Figure 4.15 shows the results for calculated mechanical efficiency, along with the correspond-

ing forward swimming velocity, for joints JF1, JF2 and JF3. Joint JF3 has highest efficiency at

lower frequencies and joint JF1 is the most efficient at higher frequencies. Each joint has a maxi-
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Figure 4.15: Calculated mechanical efficiency (blue) and forward swimming velocity (red) for
different flexible feathering joints at different fin beat frequencies.

mum efficiency at a certain frequency. So we can conclude that a more flexible joint (JF3) is more

efficient at lower frequencies and a less flexible joint (JF1) is more efficient at higher frequencies.

Figure 4.16(a) shows the efficiency curve versus different fin-beat frequencies and spring constant

values (KS). This figure shows that the robotic fish performs more efficiently in lower fin-beat

frequencies with more flexible feathering joints up to a certain optimal stiffness. Figure 4.16(b)

shows the spring constant of the feathering joints that have maximum mechanical efficiency in

different fin-beat frequencies. From this figure, we can conclude that, the more flexible feathering

joints are performing more efficiently at lower fin-beat frequencies, while the stiffer joints act more

efficiently at higher frequencies. Note that, there is an optimal point for the maximum efficiency

among all the feathering joints. From Figure 4.16(c), one can see there is an optimal spring constant

for the maximum efficiency. For any joint stiffer or more flexible than this optimal amount, the

efficiency starts to drop. Note that a similar trend is observed in [124–127]. Overall, Figures 4.15

and 4.16 indicate that the optimization of the flexible joint presents an interesting, multi-objective

design problem that involves consideration of the joint stiffness, dimension, and the frequency of

fin operation. The proposed dynamic model in this paper shows promise in addressing the optimal
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Figure 4.16: Mechanical efficiency: (a) Calculated mechanical efficiency versus fin-beat frequency
and spring constant of the flexible feathering joint, (b) Spring constant of the feathering joint with
maximum efficiency versus fin-beat frequency, (c) Maximum efficiency versus spring constant.

design problem.

Table 4.2 presents the mechanical efficiency and Strouhal number for joints JF1, JF2, and JF3.

Here the Strouhal number of the robotic fish is calculated as

St =
f A

VCmean

(4.39)

where f is the flapping frequency, A is the flapping amplitude for pectoral fin, and VCmean is the
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Table 4.2: Mechanical efficiency versus the Strouhal number.

Frequency (Hz)
Joint JF1 Joint JF2 Joint JF3

Efficiency Strouhal Efficiency Strouhal Efficiency Strouhal
(%) number (%) number (%) number

0.75 11 3.7911 23 3.5436 46 2.3843

1 17 2.5447 28 2.4366 59 2.1383

1.25 22 2.3680 38 2.2194 64 2.0430

1.5 27 2.3653 48 2.1865 43 2.2005

1.75 29 2.2947 36 2.3189 30 2.5797

2 32 2.2798 22 2.3611 20 2.8766

2.25 23 2.3688 19 2.3437 17 3.0533

2.5 15 2.3857 15 2.4653 15 3.5051

2.75 13 2.4653 12 2.5583 10 4.0076

3 10 2.4790 9 2.7562 8 4.4154

average swimming speed. Here the flapping amplitude A = 2S sinγ , where S is the pectoral fin

span length and γ is the angular amplitude of flapping [27, 35]. We observe consistent (negative)

correlation between the efficiency and the Strouhal number. In particular, for each joint, at the fin-

beat frequency where the efficiency achieves the maximum, the corresponding Strouhal number is

the lowest. Note that the Strouhal number for biological fish is usually in the range of 0.05-0.6,

and the numbers presented here are bigger than that range. The reason is that the robotic fish used

in this study swims forward with its pectoral fins alone, which results in relatively slow speeds and

thus relatively high Strouhal numbers comparing to its biological counterparts. From Table 4.2,

the robotic fish tends to have higher mechanical efficiency when its Strouhal number gets closer to

the range for biological data.
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4.7 Conclusion

In this study, we have proposed a novel design for a flexible passive joint, which enables the

pectoral fins to move similar to the drag-based labriform swimming mode. A dynamic model is

presented for a robotic fish propelled by a pair of rigid pectoral fins connected to the actuators

via the proposed flexible feathering joints. The joint enables the pectoral fin to be actuated sym-

metrically to row for power and recovery strokes, while providing feathering about the transverse

axis during the recovery stroke to minimize the drag force. The combined rowing and feathering

results in 3D movement of the pectoral fin, which needs to be captured properly in the modeling.

The blade element theory is used to evaluate the hydrodynamic forces on the pectoral fin during

both power and recovery strokes. The flexible feathering joint is modeled as a pair of torsional

spring and damper. A complete dynamic model for a robotic fish incorporating the proposed joints

is also presented. To validate the proposed dynamic model, we have measured the feathering angle

of an anchored robotic fish, along with the forward velocity, turning radius and period of the robot

during free swimming, and compared those to the model predictions. Multiple flexible feathering

joints have been explored to study the effect of depth and stiffness of the flexible part. The me-

chanical efficiency of the robotic fish in forward swimming is explored numerically, to understand

the trade-offs in the joint design and operation frequency.
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Chapter 5

DESIGN AND DYNAMIC MODELING OF

ELECTRORHEOLOGICAL FLUID-BASED

VARIABLE-STIFFNESS FIN FOR ROBOTIC

FISH

Fish propel in water by moving different fins or deforming the body [16,17], which has inspired the

development of robotic fish that accomplish locomotion in ways that emulate those of biological

fish [9, 86, 87, 128–130]. Compared with rigid fins, flexible fins and fin joints introduce additional

dynamic behavior that can be exploited to enhance robotic fish performance [21,29,58,84,85,117,

131–135]. Although passive compliant fins could result in more efficient swimming, the optimal

flexibility changes with parameters such as fin-beat frequency or amplitude [86, 87, 94, 136]. For

example, with an increased fin-beat frequency and amplitude, the optimal stiffness tends to increase

[135, 137, 138]. The connection between propulsor stiffness and swimming performance has also

been studied for biological fish. The live fish adjust the stiffness of the fins/body to complete

different tasks [38, 42, 43].

The discussions above indicate that it is of interest to actively tune the fin stiffness for robotic

fish according to swimming conditions, and there has been some limited work reported in this area
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over the past few years [68, 69, 139]. Ziegler et al. [139] introduced a tail-actuated robotic fish,

where the tail fin was capable of changing its elasticity, which was realized by actively inserting

additional foils into the tail fin or removing these foils from the fin using two servo motors. Park

et al. [68] designed a fin with a variable-stiffness flapping mechanism, which was realized by

compressing a compliant material to increase the stiffness. The designed tail consisted of six

rigid plates, also used as the backbone of the fish. Two tendons were used for driving the tail

and two other tendons were used to change its stiffness. In particular, when the latter tendons

were pulled, the variable stiffness structure would be compressed and result in an increase in axial

stiffness. Nakabayashi et al. [69] developed a robotic fish with a variable stiffness mechanism

using a variable effective-length spring mechanism, achieved by altering the length of a rigid plate,

which resulted in changing the effective-length of the spring and hence the stiffness. All these

reported mechanisms were bulky and complex.

In this work, we propose a compact mechanism for fin stiffness tuning using electrorheological

(ER) fluid. This fluid consists of a base liquid (usually silicone oil) with suspended polymer parti-

cles. An ER fluid experiences changes in rheological properties in the presence of an electric field,

going from the liquid phase to a solid gel phase as the electric field increases. In particular, the par-

ticles align with the electric field line, resulting in changes in viscosity, yield stress, and some other

properties of the fluid. The response time of the ER fluid is in the order of milliseconds, which

provides a fast solution for stiffness tuning. ER fluids have a range of engineering applications,

such as shock absorbers [140], brakes and clutch systems [141], and vibration control [142–144].

The proposed stiffness-tuning fin consists of an ER fluid-filled urethane rubber, with embedded

copper sheets as electrodes. A dynamic model for the fin is presented, which is derived using the

Hamilton’s principle and uses large-amplitude elongated-body theory to capture the hydrodynamic

forces on the fin. The final equations of motion are obtained through a finite-element procedure
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and solved numerically. Experiments are conducted on a fin prototype to examine the performance

of stiffness-tuning, identify model parameters (including, in particular, the complex shear modu-

lus of the ER fluid under different electric fields, and the hydrodynamic function), and validate

the proposed dynamic model. First, for a given electric field, passive damped vibration of the

flexible fin in air is measured to extract the natural frequency and damping ratio, which are used

subsequently to identify the complex shear modulus of the ER fluid. Next, a similar procedure

is repeated in water to identify the complex hydrodynamic coefficient of the flexible fin. Finally,

the behavior of the base-actuated oscillation is studied, in an anchored robotic fish body setup, to

validate the proposed dynamic model. Specifically, good match between the measured beam shape

and tip deflection and their model predictions indicate the efficacy of the model. The experiments

also demonstrate the fin’s capability in modulating stiffness. For example, when the electric field

is increased from 0 V/m to 1.5× 106 V/m, the fin’s natural frequency increases from 8.1 Hz to

10.1 Hz in air (25% change), and from 3.6 Hz to 5.1 Hz in water (40% change).

The organization of the remainder of this chapter is as follows. First, the fabrication procedure

of the ER fluid-filled fin is presented in Section 5.1. In Section 5.2, the dynamic model is described.

The experimental results are provided in Section 5.3, where the effect of changing the electric field

on the fin stiffness is studied and the proposed dynamic model is validated. Finally, concluding

remarks are provided in Section 5.4.

5.1 Fabrication Procedure

5.1.1 Materials

The ER fluid used in this study is LID-3354D from Smart Technology Ltd., West Midlands, Eng-

land. This fluid consists of 37.5% of sub-45 µm polymer particles in a density-matched silicone
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Figure 5.1: 3D-printed molds used to prototype the variable stiffness fin.

oil. The density of the ER fluid is 1460 Kg/m3 and the viscosity is 110 mPa · s at 30◦C. Two thin

copper foils (Copper 110, 99.9 % pure, from Basic Copper, Carbondale, IL, USA) with dimen-

sions of 15 mm × 8 mm × 0.035 mm are used as the electrodes. The flexible encasing is made

of Vytaflex10, which is a liquid urethane rubber from Smooth-On Inc., Macungie, PA, USA. This

rubber has a density of 1000 Kg/m3.

5.1.2 Manufacturing Procedure

The prototyping of the variable-stiffness fin is done in multiple stages. First, three different molds

are designed and 3D-printed for the encasing: Bottom half, top half, and that for assembling the

two halves. The actual 3D-printed molds are shown in Fig. 5.1. The molds are designed to make

a fin with dimensions of 65 mm × 20 mm × 4 mm. The bottom and top molds have a small dent

in them to secure the electrodes in place. A gap of 1.5 mm is formed between the two electrodes,

where the ER fluid will be injected. In the first step, the copper electrodes are cut and placed in the

designed dent in each mold, and the Vytaflex mixture is poured over them. The parts are placed

in a vacuum chamber for degassing (29” Hg of vacuum for 5 minutes), and is set to cure for 24
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Figure 5.2: Prototyping the variable-stiffness fin: (a) The halves of the fin, with electrodes incorpo-
rated; (b) degassing the parts in a vacuum oven; (c) final product: hollow fins with wires attached
to the electrodes.

Clamping end
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Figure 5.3: Prototyped variable-stiffness fin with ER fluid filled.

hours. Next, we remove the two prototyped halves of the fin from the molds, attach a wire to each

electrode, put both in the third mold, pour Vytaflex mixture, degas, and let it cure for another 24

hours. The resulting prototype is a hollow, flexible fin with the electrodes and wires incorporated.

The described prototyping steps are illustrated in Fig. 5.2. Finally, a 3D-printed rigid clamping

part is attached to the wire end of the fin and the ER fluid is injected from the posterior end of

the beam into the hollow gap between the two halves and the injection holes are sealed afterward.

Fig. 5.3 shows a final ER fluid-filled prototype.
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5.2 Dynamic Model for the Variable-Stiffness Fin

Although the presented fabrication procedure in Section II can be used to make different variable-

stiffness fins (such as caudal fin, pectoral fin, among others), this study is focused on the use for

the caudal fin (tail). To simplify the modeling procedure, we consider the robotic fish body to be

anchored, so the calculations of the body dynamics are not covered in this paper. The motion of

the variable-stiffness caudal fin, filled with ER fluid, is modeled using Hamilton’s principle. The

resulting equations of motion are complex and highly nonlinear, so finite element method is used

to numerically solve the equations.

5.2.1 Evaluation of Hydrodynamic Force Using Lighthill’s Large-Amplitude

Elongated-Body Theory

The hydrodynamic force on the variable-stiffness fin is evaluated using Lighthill’s large-amplitude

elongated-body theory, which was developed to study the carangiform swimming mode of a fish

[70]. As illustrated in Fig. 5.4, [X ,Y,Z]T is the inertial frame, [xt ,yt ,zt ]
T are the tail-fixed coordi-

nate (origin at the base of the tail), and (m̂, n̂) are the unit vectors tangential and perpendicular to

the flexible fin, respectively. The robotic fish is assumed to have a planar motion in the XY -plane.

We assume that the water far from the robotic fish body is at rest, and the extensibility of the caudal

fin is negligible. The Lagrangian coordinate s indicates a point on the flexible tail and its distance

from the base of the fin, which varies from 0 to L (length of the caudal fin). The location of each

point on the fin at time t, in the inertial frame, is denoted as (x(s, t),y(s, t)). The inextensibility

assumption is expressed as (
∂x
∂ s

)2

+

(
∂y
∂ s

)2

= 1. (5.1)
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Figure 5.4: Planar view of the robotic fish and the detailed illustration of the flexible tail coordinate
system.

The tangential (m̂) and normal (n̂) unit vectors are represented as

m̂ =

(
∂x
∂ s

,
∂y
∂ s

)
, (5.2)

n̂ =

(
− ∂y

∂ s
,
∂x
∂ s

)
. (5.3)

The velocity vector of the caudal fin ~Vt = (∂x/∂ t,∂y/∂ t) has tangential and normal components,

represented respectively by,

Vtm =<~Vt , m̂ >=
∂x
∂ t

∂x
∂ s

+
∂y
∂ t

∂y
∂ s

, (5.4)

Vtn =<~Vt , n̂ >=
∂y
∂ t

∂x
∂ s
− ∂x

∂ t
∂y
∂ s

, (5.5)
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where < ·, · > denotes the inner product of the vectors. Finally, the hydrodynamic force density

experienced by the caudal fin, due to the added-mass effect, for s < L is obtained by

~fh(s) =−mvΓ
d
dt

Vtn n̂, (5.6)

where mv denotes the virtual mass of the tail and is close to 1
4πρb2, with ρ indicating the density of

water and b showing the depth of the caudal fin in z direction, and Γ is the complex hydrodynamic

coefficient for the beam [39, 145], which is identified later through experiments. At s = L, there is

a concentrated force calculated as

~FhL =
[
mvVtnVtm n̂− 1

2
mvV 2

tn m̂
]

s=L
. (5.7)

5.2.2 Dynamic Modeling of the Variable-Stiffness Caudal Fin Filled with

ER Fluid

We need the information about the movement of the flexible tail, particularly its normal and tan-

gential velocity components at each point, to determine the hydrodynamic forces and moments on

the fin. For this purpose, we follow [144, 146–148] and use Hamilton’s principle to develop the

equations of motion of the flexible tail.

The variable-stiffness fin has a five-layer structure. It consists of an ER fluid core with two

copper foil layers around it, which is further encased by the flexible rubber on both sides. Driven

by a servomotor, the fin can oscillate at its base with the oscillation angle given by

θ(t) = θA sin(ωθ t), (5.8)
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Figure 5.5: Schematic for actuation of the ER fluid-filled caudal fin. (a) Top view, (b) side view.

With Electric FieldWithout Electric Field

Figure 5.6: ER fluid reaction to the electric field.

where θA is the amplitude (in degree) and ωθ is the angular frequency of the fin actuation. Fig. 5.5

shows the actuation schematic for the fin, which has a length of L, thickness of h, and depth of b.

5.2.2.1 ER Fluid

An ER fluid is a type of smart fluid that changes rheological properties in the presence of an electric

field. Typically an ER fluid consists of a non-polar liquid with dielectric particles suspended in it.

As illustrated in Fig. 5.6, the fluid changes state from liquid (in the absence of an electric field) to a

solid gel form (in the presence of a strong electric field), when the suspended particles are aligned

with the lines of the electric field [149, 150].

When filled in a multi-layer beam configuration, the fluid functions in its pre-yield (static)

regime and behaves as a viscoelastic material [151, 152]. Therefore, its property can be modeled

with a parameter called complex shear modulus (G∗). The linear relationship between shear stress,
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τ , and shear strain, γ , is as follows:

τ = G∗γ (5.9)

where G∗ is a function of the electric field and consists of a storage modulus (G′) and a loss

modulus (G′′) [144]:

G∗ = G′+ iG′′ (5.10)

5.2.2.2 Multi-layer Beam

To model the flexible fin filled with ER fluid, first, some kinematic relationships need to be de-

fined. We make a few assumptions to simplify these kinematic relationships: There is no slippage

between the ER fluid layer and the electrodes; the transverse displacement (along the yt-axis) is

the same for all the layers; there is no normal stress in the ER fluid layer and there is no shear

strain in the electrodes or in the rubber layers; the rubber and copper layers are bonded perfectly,

resulting in the same displacement in longitudinal direction. Therefore, the shear strain, γ , and the

longitudinal deflection of the ER fluid layer, u3, is expressed as follows [147, 148]

γ =
u1−u5

h3
+

h
h3

∂w
∂x

, (5.11)

u3 =
u1 +u5

2
+

(h1 +h2)− (h4 +h5)

4
∂w
∂x

, (5.12)

where uk (k = 1, · · · ,5) are the longitudinal displacements of the mid-plane of the kth layer with

(u1 = u2) and (u4 = u5), w is the transverse displacement of the beam, hk (k = 1, · · · ,5) is the

thickness of the kth layer, with h = h1/2+h2 +h3 +h4 +h5/2, and ∂w
∂x is the deflection angle. A

schematic of a portion of the ER fluid-filled flexible fin, in a deflected configuration, is shown in

Fig. 5.7.
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Figure 5.7: Schematics of the deflected ER fluid-filled flexible fin.

The governing equations of motion for the variable stiffness flexible fin filled with ER fluid are

obtained using the Hamilton’s principle, which is described as follows

∫ t2

t1
δ (T −U +W )dt = 0, (5.13)

where T is the kinetic energy, U is the potential energy, W is the work done by external loads, and

δ is the variational operator throughout the flexible caudal fin. The kinetic energy is determined as

T =
1
2

∫ L

0

5

∑
k=1

ρkAkṙT
k ṙk dx+

1
2

Jθ̇
2, (5.14)

where ρk is the density of the kth layer, Ak is the cross-sectional area of the kth layer (Ak = bkhk),

where k = 1, · · · ,5, L denotes the length of the fin, and J is the moment of inertia associated with
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the servomotor actuation. The velocity vector ṙk is defined as

ṙk = (u̇k−wθ̇)x̂t +(xθ̇ +ukθ̇ + ẇ)ŷt , (5.15)

where x̂t and ŷt are the unit vectors in the xt and yt directions, respectively.

The potential energy is calculated as follows

U =
1
2

∫ L

0

[
∑

k=1,2,4,5

(
EkAk(

∂uk

∂x
)2 +EkIk(

∂ 2w
∂x2 )

2
)
+G∗A3γ

2

+mbθ̇
2[

1
2
(L2− x2)+ r(L− x)](

∂w
∂x

)2

]
dx, (5.16)

where Ek is the Young’s modulus of the kth layer, Ik is the moment of inertia of the kth layer, m is

the total mass of the fin, x is the distance from fixed end of the fin, and r is the servo arm length.

The total work done by the external forces (servo arm and hydrodynamic forces) are defined as

follows

W = τθ +
∫ L

0
fh w dx+

(
FhL−xu3 +FhL−yw

)∣∣∣∣
x=L

, (5.17)

where τ is the rotational torque from the servomotor and the hydrodynamic forces fh and FhL are

determined base on Lighthill’s large-amplitude elongated-body theory.

By substituting Eqs. (5.14), (5.16), and (5.17) into Eq. (5.13), we obtain the dynamic equations
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of motion:

(ρ1A1 +ρ2A2 +
1
4

ρ3A3)ü1 +
1
4

ρ3A3ü5

−2(ρ1A1 +ρ2A2 +
1
2

ρ3A3)wθ̈

−3(ρ1A1 +ρ2A2 +
1
2

ρ3A3)ẇθ̇

− (ρ1A1 +ρ2A2)(r+ x+u1)θ̇
2

− 1
2

ρ3A3(r+ x+
u1 +u5

2
)θ̇ 2

+
1
2
(E1A1 +E2A2)

∂

∂u1

(
∂u1

∂x

)2

+
G∗A3

h2
3

(u1−u5) = 0, (5.18)

(
1
4

ρ3A3 +ρ4A4 +ρ5A5)ü5 +
1
4

ρ3A3ü1

−2(
1
2

ρ3A3 +ρ4A4 +ρ5A5)wθ̈

−3(
1
2

ρ3A3 +ρ4A4 +ρ5A5)ẇθ̇

− (ρ4A4 +ρ5A5)(r+ x+u5)θ̇
2

− 1
2

ρ3A3(r+ x+
u1 +u5

2
)θ̇ 2

+
1
2
(E4A4 +E5A5)

∂

∂u5

(
∂u5

∂x

)2

− G∗A3

h2
3

(u1−u5) = 0, (5.19)
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(ρ1A1 +ρ2A2 +ρ3A3 +ρ4A4 +ρ5A5)ẅ

+(ρ1A1 +ρ2A2)(x+ r+u1)θ̈

+(ρ4A4 +ρ5A5)(x+ r+u5)θ̈

+ρ3A3(x+ r+
u1 +u5

2
)θ̈

+3(ρ1A1 +ρ2A2)u̇1θ̇ +3(ρ4A4 +ρ5A5)u̇5θ̇

+ρ3A3(
u̇1 + u̇5

2
)θ̇

− (ρ1A1 +ρ2A2 +ρ3A3 +ρ4A4 +ρ5A5)wθ̇
2

+
1
2
(E1I1 +E2I2 +E4I4 +E5I5)

∂

∂w

(
∂ 2w
∂x2

)2

+
1
2

mbθ̇
2
[1

2
(L2− x2)+ r(L− x)

]
∂

∂w

(
∂w
∂x

)2

+G∗A3
h2

h2
3

∂

∂w

(
∂w
∂x

)2
− fhw

+
(
FhL−xu3 +FhL−yw

)∣∣∣∣
x=L

= 0. (5.20)

5.2.2.3 Discretization using Finite Element Method (FEM)

The equations of motion (Eqs. (5.18), (5.19), and (5.20)), which are coupled and nonlinear, are

solved using finite element method [146–148]. Each element consists of two nodes, and each node

has four degrees of freedom. Node displacements of element i are formed by the following vector

which is bounded between nodes j and k (with k = j+1):

qi =
[
u1 j u5 j w j

∂w j

∂x
u1k u5k wk

∂wk

∂x

]T
. (5.21)

A schematic of the flexible fin elements and nodes, and the details of one element are shown in

Fig. 5.8.
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Figure 5.8: Schematic of the flexible fin in FEM: (a) Configuration of the element and node num-
bers, (b) element i, its two nodes, and degrees of freedom.

The deflection vector, represented in terms of the node deflection vector, is given by

[u1 u3 u5 w
∂w
∂x

γ]T = [N1 N2 N3 N4 N5 N6]
T qi, (5.22)

where FEM shape functions N1, N2, N3, N4, N5 and N6 are defined as

N1 = [1−ξ 0 0 0 ξ 0 0 0], (5.23)

N2 =
1
2
(N1 +N3), (5.24)

N3 = [0 1−ξ 0 0 0 ξ 0 0], (5.25)

N4 = [0 0 1−3ξ
2 +2ξ

3 (ξ −2ξ
2 +ξ

3)Li (5.26)

0 0 3ξ
2−2ξ

3 (−ξ
2 +ξ

3)Li], (5.27)

N5 = [
∂N4

∂x
], (5.28)

N6 = [
N1−N3

h3
+

h
h3

N5], (5.29)

where ξ = x
Li

, with Li being the length of each element.

Applying the FEM presented in Eq. (5.22) to the Hamilton’s principle, we obtain the dynamic
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equation of motion at the elemental level:

Miq̈i +2θ̇Ciq̇i +Kiqi = Fi, (5.30)

where Mi is the element mass matrix, Ci is the element gyroscopic effect matrix, Ki is the element

stiffness matrix, and Fi is the element force matrix, which are formed as follows:

Mi =
∫ Li

0

5

∑
k=1

[
ρkAk(NT

k Nk +NT
4 N4)

]
dx, (5.31)

Ci =
∫ Li

0

5

∑
k=1

[
ρkAk(NT

k N4−NkNT
4 )
]

dx+
∫ Li

0
G′′A3NT

6 N6 dx, (5.32)

Ki = Ki−1 + θ̇
2(Ki−2−Mi)− θ̈Ci, (5.33)

where

Ki−1 =
∫ Li

0
∑

k=1,2,4,5

[
(EkAkNT

k,xNk,x +EkIkNT
4,xxN4,xx)

]
dx

+
∫ Li

0
G′A3NT

6 N6 dx, (5.34)

Ki−2 =
1
2

∫ Li

0

( 5

∑
k=1

ρkAk

)[
L2− (xi + x)2]NT

5 N5 dx

+ r
∫ Li

0

( 5

∑
k=1

ρkAk

)[
L− (xi + x)

]
NT

5 N5 dx, (5.35)
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Fi =
∫ Li

0

{ 5

∑
k=1

[
ρkAkθ̇

2(r+ xi + x)NT
k
]

−
5

∑
k=1

[
ρkAkθ̈

2(r+ xi + x)NT
4
]

+ fhNT
4

}
dx+

(
FhL−xu3 +FhL−yw

)∣∣∣∣
i=N

. (5.36)

The final equation of motion, resulting from a standard FEM assembly procedure, is formed as

follows

Mq̈+2θ̇Cq̇+Kq = F, (5.37)

with u1, u5, w, and ∂w
∂x being zero at the base of the beam.

5.3 Experimental Results

5.3.1 Identification of Shear Modulus Values

The detailed specifications of the designed beam are presented in Section 5.1. Other than those

physical specifications, the ER fluid has a complex shear modulus, G∗, that needs to be identi-

fied for the system at each electric field level. To do so, a set of experiments are conducted on

the prototyped beam. The ER fluid-filled beam is clamped to a standard precision dovetail Z-axis

stage (ZDTLS80, Misumi USA) via a custom-made 3D-printed platform. A laser sensor (Baumer

Electric, OADM 20I6441/A14F) is attached to a standard precision dovetail XY-axis stage (XY-

DTS90, Misumi USA). The two stages are fixed on a setup plate (Misumi USA), so that the laser

is pointed at the center tip of the flexible fin. The laser sensor output is captured by a dSPACE

system (RTI 1104, dSPACE). A high voltage generator power module (Input voltage: 3 V, output

voltage: 7 kV, Sunkee, China) is used to generate the desired electric field. For the experiment, the
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Figure 5.9: Experimental setup for observing passive, damped vibration of the ER fluid-filled
flexible fin under different electric fields. (a) Schematic, (b) actual.

beam is deflected manually around 1 cm at the tip and then released, so the displacement of the tip

is recorded using the laser sensor as the beam oscillates. The experiment is repeated 20 times for

each electric field value. The experimental setup is shown in Fig. 5.9.

From the recorded signals, the natural frequency and the damping ratio of the beam for the

given electric field are extracted, which are subsequently used to identify the corresponding G∗.

The damping ratio, ζ , is calculated from the two consecutive peaks of the recorded signal (Xc and

Xc+1, respectively), as follows:

ζ =

√√√√√ 1(
2π

ln
(

Xc
Xc+1

))2 . (5.38)

The natural frequency, fn, is obtained from the time instances of two consecutive peaks (Tc and

Tc+1, respectively) of the recorded signal, as follows:

fn =
1

(Tc+1−Tc)
√

1−ζ 2
. (5.39)

To identify the parameters G′ and G′′, we use exhaustive search in range [0, 50000] for G′ and [0,
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Figure 5.10: Identified parameters under different electric fields in the air. (a) Damping ratio, (b)
natural frequency.

5000] for G′′. Specifically, we start with a coarse grid and evaluated the resulting normalized error

by

J =

[( f Sim
n − f Exp

n

f Exp
n

)2
+
(

ζ Sim−ζ Exp

ζ Exp

)2
]

(5.40)

After finding the minimum value for J, we search in a finer grid around the corresponding G′ and

G′′. This procedure is repeated until the error drops bellow 5% for both ζ and fn. Fig. 5.10(a)

and (b) show the empirical damping ratio, ζ , and natural frequency, fn, for different electric fields,

respectively. The damping ratio increases from 0.09 to 0.25 (170% change) and the natural fre-

quency increases from 8.1 Hz to 10.1 Hz (25% change), when the electric field is increased from 0

V/m to 1.5×106 V/m. One can see how increasing the electric field affects the performance of the

beam. In the absence of the electric field, the fin is at its most flexible configuration, and thus has

the lowest natural frequency. By increasing the electric field, the natural frequency and damping

ratio of the flexible fin increases, and it becomes stiffer.
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Figure 5.11: Identified complex shear modulus values and the fitted curve under different electric
fields. (a) Storage modulus (G′), (b) loss modulus (G′′).

The storage modulus G′ and the loss modulus G′′ are identified to be

G′ = 103× (0.053E3
f −0.043E2

f +0.295E f +0.588), (5.41)

G′′ = 1.33E2
f +33.8E f +74.8, (5.42)

where E f is the electric field applied to the ER fluid. Figs. 5.11 shows the identified complex shear

modulus values and the fitted curve under different electric fields. Matlab command polyfit is

used to fit a third order polynomial to the identified storage modulus and a second order polynomial

to the identified loss modulus. These parameters are used throughout simulation of all other exper-

imental settings (passive damped oscillations and base-actuated rotations) discussed in the rest of

this section. Fig. 5.12 shows both the simulation and experimental data on the tip displacement of

ER fluid-filled flexible fin for different electric field values.
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Figure 5.12: A sample of experimentally measured damped oscillations of the beam tip, along
with simulation results corresponding to the matched parameters, for each applied electric field. (a)
E f = 0 V

m , (b) E f = 0.25×106 V
m , (c) E f = 0.5×106 V

m , (d) E f = 0.75×106 V
m , (e) E f = 1×106 V

m ,
(f) E f = 1.25×106 V

m , (g) E f = 1.5×106 V
m .

5.3.2 Identification of Hydrodynamic Coefficients

A similar set of experiments, but with the proposed stiffness-tuning fin submersed in water, are

conducted to identify the complex hydrodynamic coefficient, Γ, in Eq. (5.6). The experimental
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Figure 5.13: Experimental setup for measuring damped oscillations of the flexible fin in water.
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Figure 5.14: Identified parameters under different electric fields in water. (a) Damping ratio, (b)
natural frequency.

setup is shown in Fig. 5.13. The beam is deflected manually around 1 cm at the tip and then released

to generate passive, damped oscillations, which are recorded using the laser sensor. The experiment

is repeated 20 times for each electric field value. The natural frequency and the damping ratio are

extracted from the recorded signal, and are matched to the ones from the simulation to identify

the complex hydrodynamic coefficient. Fig. 5.14(a) and (b) show the empirical damping ratio, ζ ,

and natural frequency, fn, for different electric fields, respectively, when the beam is in water. The
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damping ratio increases from 0.18 to 0.42 (130% change) and the natural frequency increases from

3.64 Hz to 5.12 Hz (40% change), when the electric field is increased from 0 V/m to 1.5×106 V/m.

Note that the natural frequency and damping ratio decrease when the beam is submersed in water

(versus the case when it is in air). The same procedure as described in Section 5.3.1 is applied to

find complex hydrodynamic coefficient, Γ = Γ′+ iΓ′′, with range [0, 10] for both Γ′ and Γ′′. The

identified values of Γ are closed to each other for all the tested electric field values; therefore, we

consider the mean value among all the electric fields to be our complex hydrodynamic coefficient.

This complex hydrodynamic coefficient, Γ, is identified to be

Γ = 4.31+ i3.84 (5.43)

Note that the complex shear modulus used in these simulations is identified as discussed in Section

5.3.1.

Fig. 5.15 shows the comparison of experimentally observed damped oscillations with the sim-

ulated ones using the identified hydrodynamic coefficient, where we can see that they match well.

5.3.3 Base Actuation Experiments for Model Validation

The last set of experiments involve actuating the flexible fin in water on its base with a servomotor,

emulating the configuration of an anchored robotic fish flapping its tail. The purpose is to examine

the stiff-tuning behavior in this new setting and to validate the identified dynamic model with

independent experiments. The flexible fin is actuated with a waterproof servo (HS-5086WP from

Hitec), fixed in the tank, and the motion of the fin is recorded from above using a high-speed

camera (Casio Exilim EX-FH25) at 120 frames/s. The experimental setup is shown in Fig. 5.16.

Fig. 5.17 compares the measured time-dependent beam shapes and those predicted by the dy-
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Figure 5.15: Passive, damped vibration of the ER fluid filled flexible beam in water: (a) E f = 0 V
m ,

(b) E f = 0.25× 106 V
m , (c) E f = 0.5× 106 V

m , (d) E f = 0.75× 106 V
m , (e) E f = 1× 106 V

m , (f)
E f = 1.25×106 V

m , (g) E f = 1.5×106 V
m

namic model for fin-beat amplitude of 22.5◦ and frequency of 2 Hz, for two different electric fields,

0 V/m (Fig. 5.17(a) and (b)) and 1.5× 106 V/m (Fig. 5.17(c) and (d)). To be brief, we show the

first and last frames of each half-cycle. It can be seen that, with an increasing electric field, the

fin becomes stiffer and as a result, the tip displacement gets smaller, and good agreement between
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Figure 5.16: Experimental setup for measuring the fin shape under base actuation (top view).

the experimental and simulation results provides validation of the proposed dynamic model. The

comparison of the simulated time-dependent ER fluid filled flexible beam tip displacements for the

two electric field values is further shown in Fig. 5.17(e).

Finally, we conduct similar experiments with fin-beat frequency of 4 Hz, which is close to

the natural frequency of the fin in water. To achieve this flapping frequency, the amplitude of

the servo motion is reduced to θA = 10◦, in order for the servo to under its actuation limit. The

high-speed camera is set to record at 240 frames/s. Fig. 5.18 shows the comparison between ex-

perimental measurement of the time-dependent fin shapes with model predictions. Overall, the

model-predicted beam shape trajectories match well with the model predictions. The discrepancy

between the model prediction and the experimental measurement can be attributed to some limita-

tions in the prototyping process. First, the fin was not perfectly symmetric and there was a small

difference between liquid urethane rubber thicknesses on two sides. There was no precise control

on the amount of the rubber that leaked on the surface of the copper electrodes during the pro-

totyping procedure, which resulted in another factor in breaking the symmetry. In addition, the
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Figure 5.17: Base-actuated stiffness-tunable fin with fin-beat amplitude of 22.5◦ and frequency
of 2 Hz: (a)-(b) Comparison between experimental measurement of the time-dependent beam
shapes with model predictions, where the electric field applied to the beam is E f = 0 V

m , (c)-(d)
comparison between experimental measurement of the time-dependent beam shapes with model
predictions, where the electric field applied to the beam is E f = 1.5×106 V

m , where the solid black
line corresponds to the servo arm direction and the yellow dashed line represents the fin shape by
the dynamic model, and (e) comparison between the simulated tip displacements under the two
different electric fields.

bonding agent used to seal the two halves of the beam together was not considered in the modeling

procedure. This bonding agent resulted in a stiffer beam than expected.

5.4 Conclusion

The goal of this work was to introduce a novel compact mechanism for a flexible fin with actively

tunable stiffness. This was achieved by embedding ER fluid in flexible rubber, and it was demon-

strated in experiments that the stiffness could be tuned at a fast speed. A dynamic model derived
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Figure 5.18: Base-actuated stiffness-tunable fin with fin-beat amplitude of 10◦ and frequency of
4 Hz: (a)-(c) Comparison between experimental measurement of the time-dependent beam shapes
with model predictions, where the electric field applied to the beam is E f = 0 V

m , (d)-(f) comparison
between experimental measurement of the time-dependent beam shapes with model predictions,
where the electric field applied to the beam is E f = 1.5× 106 V

m , where the solid black line cor-
responds to the servo arm direction and the yellow dashed line represents the fin shape by the
dynamic model.

using Hamilton’s principle was proposed to capture the fin’s behavior, where the hydrodynamic

force on the fin was incorporated. The model parameters were identified with passive oscillation

experiments in air and in water, and the model was further validated with base-actuation experi-

ments emulating a flapping fin setting.
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Chapter 6

CONCLUSIONS AND FUTURE WORK

6.1 Concluding Remarks

Throughout this dissertation, we have investigated the design, development and dynamic modeling

of flexible elments of a robotic fish, and studied the effect of flexibility on its performance.

First, the swimming performance and mechanical efficiency of flexible pectoral fins, connected

to actuator shafts via rigid links, are studied, where it is found that flexible fins demonstrate advan-

tages over rigid fins in speed and efficiency at relatively low fin-beat frequencies, while the rigid

fins outperform the flexible fins at higher frequencies. The presented model offers a promising tool

for the design of fin flexibility and swimming gait, to achieve speed and efficiency objectives for

the robotic fish.

Second, a flexible passive rowing joint is proposed. This novel joint enables the pectoral fin to

perform a symmetric rowing motion, as opposed to the traditional rigid joint, where one needs a

faster power stroke and slower recovery stroke speed to have a net thrust (this fin flapping mech-

anism was used in Chapter 2). This joint allows the pectoral fin to sweep back passively during

the recovery stroke while it follows the prescribed motion of the actuator during the power stroke,

which results in net thrust even under symmetric actuation for power and recovery strokes. The

flexibility of the joint is modeled as a pair of torsional spring and damper, and the blade element

theory is used to evaluate the hydrodynamic forces. The dynamic model of a robotic fish equipped
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with such joints is developed and validated through extensive experiments. Motivated by the need

for design optimization, the model is further utilized to investigate the influences of the joint length

and stiffness on the robot locomotion performance and efficiency.

Third, an alternative flexible joint for pectoral fins is also proposed, which enables the pec-

toral fin to operate primarily in the rowing mode, while undergoing passive feathering during the

recovery stroke to reduce hydrodynamic drag on the fin. Here, the pectoral fin undergoes a 3D mo-

tion, which results in calculation of hydrodynamic forces in 3D space. A dynamic model, verified

experimentally, is developed to examine the trade-off between swimming speed and mechanical

efficiency in the fin design.

Finally, we investigate flexible fins with actively tunable stiffness, enabled by electrorheolog-

ical (ER) fluids. The tunable stiffness can be used in optimizing the robotic fish speed or maneu-

verability in different operating regimes. Fins with tunable stiffness are prototyped with ER fluids

enclosed between layers of liquid urethane rubber (Vytaflex 10). Free oscillation and base-excited

oscillation behaviors of the fins are measured underwater when different electric fields are applied

for the ER fluid, which are subsequently used to develop a dynamic model for the stiffness-tunable

fins.

6.2 Future Work

The investigation on the effect of flexibility on the performance of a robotic fish can be extended

further. For the flexible passive joint, we considered rigid, rectangular pectoral fins; however,

flexible pectoral fins with different sizes and shapes are worth further investigation. Another inter-

esting problem is to combine the flexible passive rowing joint and flexible passive feathering joint

designs, and explore the resulting performance. Interactions of flexible caudal fin and pectoral fins
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present interesting challenges, which can be studied further. For the stiffness-tunable fins, first, the

fabrication procedure for the fin can be refined so that the limitations discussed in Section 5.3.3 are

addressed. Also, the stiffness-tunable fin needs to be integrated with a free-swimming robotic fish,

to investigate the active onboard control of stiffness when the robot operates in different regimes

(fast/slow speeds, for example), for optimization of the swimming efficiency.
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