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ABSTRACT
LOW ENERGY RESONANT ELECTRON SCATTERING FROM

HOMONUCLEAR DIATOMIC MOLECULES WITH
PARTIAL BORN-OPPENHEIMER BREAKDOWN

By

Kenneth Penfield Winters

In some homonuclear diatomic molecules, such as H:
and N,, there appears to be a single-particle resonance
in the low energy (1-10 ev) elastic and inelastic electron
scattering, although there is no stable negative ion
capable of being formed, I have developed a method of
treating these resonances with a one-determinant Hartrec-
Fock wave function, with the molecular part frozen in
the undistorted ground state.

First, I use potential scaling to find a bound state
function for the negative ion, Then, considering the
combination of the bound orbital for the scattering
electron and a plane wave to be a zeroth-order wave-
function, I obtain the asymptotic form of the first-order
wave-function, This is a first-order estimate of the
asymptotic form of the scattering function, from which
I obtain estimates of the scattering amplitudes and
phase shifts for elastic scattering and for vibrational

excitation.
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Kenneth Penfield Winters

Very simple trial calculations were done for H:, but

the results were inconclusive., The elastic scattering

shows a definite resonance, but the calculated scattering

amplitudes,for both the elastic and inelastic scattering,

do not reflect experimental results,
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INTRODUCTION

In the scattering of low energy (l1-10ev.) electrons
from small diatomic molecules, the inelastic scattering
involving vibrational excitation would be expected to
be quite small unless there is a resonance in this energy
region, In several such molecules, H, and N, for instance,
there is an apparent resonance structure at low energies,®
Neither the ground state nor any reasonable excited
state of these molecules form a bound negative-ion state.

In the case of 02, the attraction between the molecule
and the electron is strong enough to form a stable O:
ion., For the similar but less electronegative N, the
interaction potential of the molecule and electron should
be strongly attractive, but not strong enough to form
a bound Nz ion. If this ion were fairly long-lived,
the inelastic scattering would be closely related to
the vibrational states of the ion., The process would
be divided into three parts: First, the electron is
captured. Then, the negative ion exists for a period
of time in a particular vibrational state. Finally,
the electron escapes and the molecule is left in some
vibrational state, For this description to be good,
the ion must exist long enough that the Born-Oppenheimer
coérdinate separation for the nuclear and electronic

1
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2
coordinates can be applied, leading to well defined
vibrational states,

In N2 the resonant state does not appear to exist
long enough for this to be the case. The negative ion
exists for about the period of one vibration of the
molecule.? Thus, the capture and escape of the electron
are not separate events, and there is no period during
which the Born-Oppenheimer separation is a safe assump-
tion. The breadth of the resonant structure in H;
scattering suggests that this is also a very short-lived
state,

To describe the inelastic scattering from Hz2,N2, and
other similar molecules, I will develope a formalism
in which I do not make the Born-Oppenheimer co8rdinate
separation between the codrdinates of the nuclei and
the cobrdinates of the scattered electron. I will work
within the structure of a one-determinant Hartree-Fock
wave function. This is possible because the molecule,
though distorted by the presence of the scattered
electron, remains electronically in the ground state.
To describe the resonant part of the scattering function,
I will use potential scaling to obtain a bound negative
ion function. I will then obtain the scattering by
considering it to be a perturbation of a zeroth-order
state consisting of the bound resonant function and a
rlane wave,

To test the formalism, I have made highly simplified
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3
calculations for H2., The results of these are presented

at the end of Chapter VI,

G.J.Schulz,Physical Review 135,A988 (1964).

? A.Herzenberg and F.Mandl,Proc.Roy.Soc.(London)A270,
48 (1962),
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Chapter I. A One Determinant Wave Function for the System,
I define V?(I,Z...N,N+l,§) as the wave function of

the total system with total angular momentum J and
z-component M =M, Wg is a sum over j and % of functions
which are also eigenfunctions of molecular rotation
angular momentum,j, and orbital angular momentum of the
scattered electron,?.

yM

Moo

j W?jl(l,z...N+l,ﬁ) (1.1)

2

Each W§j£ is a function of the spatial and spin
codordinates of the N+1 electrons and of the relative
spatial co6rdinates of the nuclei, anti-symmetrized with
respect to the electronic codrdinates, They are con-
structed by writing, first, a product of the target
molecule electronic functions and a spin-orbital which
is a function of the codrdinates of the scattering
electron and of the nuclear codérdinates:

IMjL JMj 2
Yproduct = X, (1)x, (2)eeoxy(Nxpa] (N+1, %) (1.2)

I now operate on the product function with the anti-

Symmetrizer,vci, to give the desired function:

IMj %

M
ij£(1’2°"N*1’ﬁ) = yinroduct

(1.3)
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JMj2
N+1

J,» 3%, and ¢? operators. Define also

Note that ¥ (N+1,§) is an eigenfunction of the J?,

X (1,8 = 1 v, B (1.4)
i o 2
’
and observe that
M IMj %
AT K PR O TR o RS IS

Jo

- A NOIEHORS IR ne1, By
)
= \% X (1)...XN(N)XN+1(N+1 ﬁ) . (1.5)

In some cases I will find a uniform notation for orbitals
to be useful, therefor I will define the following alternate

notation:
xi B = Mk, B) = x (K LiaN, all gM,5,8  (1.6)

I can now write:

N+1
Wie T AT X3 AL (1.7)
Jo L i=1

N+1
= A ]T' XJM(I [: T (1.8)
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6
Writing the wave-function as I have, I am assuming
that Born-Oppenheimer separation is a good approximation
for the relative motions of the target electrons and the
nuclei, It is for this reason that I do not write
xﬁT{Q(l,ﬁ) as the product of an electronic and a nuclear

function. I expand it as a sum of such products utilizing

Clebsch-Gordon co&fficients:!

JIMj & . elec »
XNel T L CORImymMY dppy (Fyep)a(Nel)
273
nuc
¢\)jmj R . (1.9)

where v is the vibrational quantum number.

I am using two systems of codrdinates in this problem.
One is the molecular codrdinate system with the origin at
the center of mass of the molecule and the z-axis fixed to
the molecular axis., This is not an inertial frame of
reference, and a rigorous treatment of a problem in such
a codrdinate system would require the inclusion of
centrifugal and coriolus '"forces'". The other cof6rdinate
system is the external system with the same origin as the
molecular system, but with the z-axis fixed in some
arbitrary direction. The 32, 32, 22, Ez' 32, and 32
operators are defined in the external coordinate system.
The expansion in (1.9) requires that ;N*l and R be expressed

in the external coordinate system., Electronic angle

codrdinates in this non-rotating frame of reference will
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be marked with a prime.
Note also that all Clebsch-Gordon coé&fficients for

which m£+mj#M vanish. In some cases I will write

C(ji1j23, mimy) for C(jij2j, mimz m,+m;),

elec

The k subscript on ¢ is an energy variable and

depends on v and j. The electronic function is an

eigenfunction of the £? and %, operators with eigenvalues
£(2+1) and me respectively., The nuclear function is an

eigenfun:-tion of the j? and jz operators with eigenvalues

j(j+1) and m respectively, I define them by

JM,v jom-
elec <> »vo JO > - B ->
¢ (r) = £ (r) Y (') = f°(n)Y (')
kim, vjm, ,m m, am,
) L
(1.10)
and ¢3?:J (ﬁ) = KV(R) ijj (QR) , (1.11)

where the xv(R) are the vibrational functions of the
undisturbed diatomic molecule and the £8 are unknown. Note
that a different set of solutions, fB(r), will be obtained
for each initial state, specified by vo,jo,mjo,J, and M.

I am not assuming a given initial %, but will take the
initial state to be an incoming plane wave.

I can now write the total wave function as
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M ) e ] C(323,m m M)

)zvmlmj

fB(rN+1)x”(R)a(N+1)Y2m2(Q'N+1)ijj(QR) .

(1.12)
I can also write
wg i ”y\xx(l)“'XN(N) jgv fB(rN+1)Xv(R)a(N+1)
%fJMjl(Q'N+1'QR) . (1.13)

Qi

' = :
where ﬁjJMjQ(Q N+1*9R) )) C(JQJ,mijM)ng (2" yoq)
mlmj L

4
ijj (QR) . \1014)

This angle function is an eigenfunction of Jz,Jz,jz,

and 2% with eigenvalues of J(J+1) ,M,j(j+1), and 2(2+1),

respectively, but is not an eigenfunction of jz or 2. .
M
J
terms of functions all of which are known except for the

Whether I use (1.12) or (1.13) I can express Y, in
£8 . To determine the f° , I will derive an expression for

the integral

M

M g M
13 <wJ|}(-E|wJ> (1.15)
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and then for the variation in Ig corresponding to an
arbitrary variation in the fB. If the molecule is
originally in the vy and jo vibrational and rotational

states then
2
E = E + E + Ejo + 1/2k° , (1.16)

where EMol is the electronic energy at equilibrium
internuclear distance, R,, as given by the molecular
electronic wave function actually used in the above
equations, and E\"o and Ejo are the vibrational and
rotational energies of the v, and j, states, respec-

tively.

! M.E.Rose,Elementarv Theory of Angular Momentum,
ChapterITI,John Wiley&Sons, New York, 13957,
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Chapter II. The Variational Integral, I?.

To find I? I must know/{ . In this case it is

+V (R) - Z%EV’Z* , (2.1)

where o and B designate the two nuclei, My is the
reduced mass of the nuclei, and Z is the nuclear charge.
The electronic function and the nuclear-electronic attrac-
tion (except for the scattered electron) are evaluated at
R=Rg. The actual variation in molecular electronic energy
with R is combined with coulombic repulsion in V(R).

The kinetic energy operator, -Z%VZ , can be written

as

- 2
vz - zuiz [g?rz |- erz : (2.2)
Using atomic units, for an electron, p=1., This
formulation of V2 is not entirely correct for the
molecular electrons, since their angular co6rdinates

are not expressed in an inertial frame of reference,

The neglected coriolus and centrifugal forces, however,
are very small near the center of the codrdinate system,
becoming significant only for the scattered electron
when it is far from the molecule (I have already

tacitly assumed this by writing the vibrational functions
as x”(R) rather than xvj(R).) s and the angular

10
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11

coordinates of the scattered electron are expressed in
an inertial frame of reference,

Define the operators

Z
f(u:R) = -1/2 v2 - 2. - (2.3)
u T Tug
p -1 d ad
f(R) = [ R ] + V(R) (2.4)
20 R? drR dR
N
I can now express;& -E in the form
A N"'l A N"l 1 A ’-\2
ﬂ-E-Xf(u;§)+z?——+f(R)+ l - E .
u=1 u>v uv ZuNR2
(2.5)

Note that the V2 parts of the }(u;ﬁ) and the
1/r,, (unless u = N+1 ) depend only on electronic
codrdinates, and that g(R) and 52 depend only on nuclear
codrdinates., In addition, when g(u;ﬁ) acts on a molec-
ular spin-orbital, it is taken to be E(u) = g(u;ﬁo),
which is independent of R. Thus, the Z/rN+1’a,
Z/rN+1,B’ and l/rN+1,v terms are the only ones depend-
ing on both,

Using (2.5) I obtain the following expression for
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M N+1 ~ N+1

1 = M M

J <y .. |f(u-§)|W . > +
5j;£1' uzl Jjg it gytet qu

1
JJ,LI lWJJ.£.> . <y 2If(R)Iv jrar”

~
=2
+ <

! j M
ij£|zu R.Iij|£l> + JJRI EIVJJ'll .

N

(2.6)

Any of the above integrals may be representecd by

the expression

M

Jji'ee'a =< J llo (u,v; i)leJ e electron1c >§

coo6rdinates

(2.7)

where Oa(u,v;i) is the appropriate operator., I will
now investigate the properties of the electronic
integral above., Here the notation in (1.6) and (1.7)

will prove useful:

N+1 .
ngl - o III xiE (i, R) (2.8)

so that

M Mo 2 GM
T(R) gy50000 = <¥g50100¥550 00”16,
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N+l *
- < 64 TT XJMJl(l §)|0||7Q TT XiMj o (1'§)>elec

. <ﬁ' MG, B0l AT H ?’E’l xi (1,8 14c
- <rr xR 0] 11 XM g6
(2.10)
where || yJMI'%'|| (R) is the determinant function:
foj""u,ﬁ) x‘:M""'(l,i) “ o xgﬂ""(l.ﬁ)
FURPP P
M N = | . :'
M (N, B X M e, B L I v, B

(2.11)
I also define the electronic overlap integrals:

oMt (@ = oM, M L

(2.12)

and the matrix of the overlap integrals
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'3

0t i3 JMjjree’ W
3T @ oM L L Dyt @

1gg! tep JMjjree
oI @ oM@ L. oM

nIMiieL’ gy -

o0 JIMiieane JMi e’
| ngfifl“ (%) DNiizz ® ... Duoizu¢1 ®) )

(2.13)

This expression is not as complex as it appears
since only the overlap integrals involving the scattering
orbital actually depend on the various superscripts

and R, Thus,

IMjjree
DMt Ry - 5, uv g N (2.14)

»

e e JMjjres IJMjjree’
In addition, Du,N+1 (ﬁ) and DN+1,u (ﬁ) are zero

if u is even due to the a-spin of the scattering orbital.

Thus:
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[ IMjjree’ )
l o L] L] [ ] o DI'N¢1 (ﬁ)
0 1 ... O 0
1} [}
0 0 ... 0 n‘s”.‘;jl“ %)
DJMJJ.ll'(ﬁ) - . ) . .
0 0 ... 1 0
S IMjiraet IMjjreee
,DN+1,1 ) o ... 0 DN‘I.N*I (K)cu,cjj. J
(2,15)

I can express the first and second order minors in

terms of the unsigned minors:

| TSI Ry || UP = (1)Ut pTMITTAR (i P
(2.16)

and

0 DJij S XA (K) I uv,pq -
330990
(-1)¥*V*P*9p (usv) P (p>q) || DT LT ity | ¥ PA

(2.17)
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The unsigned minors are the determinants of the
matrices obtained by deleting the indicated row and
column (or rows and columns) from the overlap matrix
DJij'zz'(ﬁ). P(statement) is a parity operator which
equals +1 if "statement'" is true and -1 if '"statement"
is false, Explicit expressions for the first and sec-
ond order minors will be developed in an appendix.
Minors of the determinant wave function leJMj'l'“ ()
are defined analogously to those of the overlap matrix.

Returning to equatiomn (2.10), consider the case

when O = ﬁ.. Then

TR jyy50a0 = fri gt B ) MM @ .
(2.18)
Expanding |ix3Mj'L'"(§) along row 1 gives
T(R) jyy50ggr = ??1 xj A, IxgM LB | :21
AR M P
(2.19)

N+1

- <TI0 xMtab) 2 py" 33" ()
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M P > (2.20)
IMGjr g IMjjr s
2 R CO NN i PRl €9
No1 UL €N S e RN N 3
= < T x| . :
i=2 . .
xp e, By L g T e, B

(2.21)

Expanding this determinant successively along the

anthrough N+15% rows gives

MM
LR gyj5000r = <Ygjel¥yjreretec

= || pTMIITEE Ry (2.22)

I will next consider the case where O =1/ruv. Then
N+1
IMIL . 1
1(R) 1o s = < TT x5 97(1,R) |=—|
IMjj e j=1 1 ’ Tuv
JMjre
Il x [NGIETS (2.23)
th

Expand the determinant wave-function along the u and
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Vth TOWS ¢

N+1 .
IJMjL . 1
I(R) 1y =< JT X& (i ﬁ)'——_|
JMjjree’ jmg 1 ’ Tuv

N+1 svg 190
Z ngJ 2 (uoﬁ)ngJ . (Vvﬁ)
PyQ

| M2y U Pa Ry (2.24)

elec

N+1 . N+1 . .
- T IMjL s ¢ JMjjrae’ &
) ifu,v i )| pgq Euv,pq (K)

| MR VP RY> (2.25)

where

JMjjree!’ %
V,Pq (R)

oMt B 2B

1 IMj'e’ IMjre!
|;::|Xp (1.§)Xq (20§)>

elec (2.26)
I can change the sum over p and q to a sum over p>q by

substituting

gt . : i
B ag () = oMt M e 1F-asr, )
12

ng“j"'(i.ﬁ)ngj'l'(2.§)> (2.27)

elec
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where P exchanges the codrdinates of electrons 1 and
12

2, Thus
N+1 .
JM ) IMjjres
I(R) ;s =< JT I ,R ij 2
( )JM]]'QUQ' i#u.v ( )I qu guv,pq ( )

| MR uvePa Ry, (2.28)

Expanding the second order determinant successively along
each row and integrating over the appropriate electronic

coordinates I find that

N+1
< JMj 2 JMjret , uv
gy xR MR ey
| pTMIITRET &y uVapa (2.29)
So that,
HOFVITITE J;z' | Jiterelec

) gJMJJ 2L (ﬁ)” DJMJ1 e (ﬁ)” uv,pq
p>q uvepq

(2.30)

Next consider the integral.for which O-= £f(u;R):
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N+1 . ~
= < TT x4 GE B 1E s |

I(R) vrs
JMjjras i=1

310" .
M R)> e (2.31)
Expand the determinant function along the uth TOW:
N+1 .
‘ JMje,.
T(R) pyisrger = < JT X5 2 (i,R)
JMjj'ee igu 1 ’
. - N+1 <100
|<XﬂM32(u,§)|f(u;§)| ) ngJ 2 (u,§)>u
p=1
JMj'2' | up
Il x I (§)>other electrons (2.32)

Defining

eI (@) = oML Eas M T AL

up elec

(2.33)

and noting that

N+1 . s
<11 xi R TMTE r@ysL
1#U.

o
| pMITTET gy up |
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I obtain
' U (T M
T gyj5000 T <ij2[f(u,ﬁ)|ij.2,>

Zlfﬂng Lot gy p IR Ry v L (2.34)
p=1

Next, evaluate the integral when 0=1/R%:

LR gyjy0 g

N+1 M i 1 RISERE A
< IO x3 % .m;ﬂ 1M N > e

1=1

(2.35)

Expanding the determinant function successively along

rows 1 through N+1, I find that
o 1 IMjt e
I(Q)JMJ'I'Y,Q' = ;;ED ). (H)” . (2.36)

The remaining integral from equation (2.7) is

N+1
J ;! ]
T(R) gyy50gg = < TT X Ve, te ™M as, ..

(2.37)

By the procedure used in (2.10) I can show that
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M

- M
= <Yy LRV Yy500 20 ec

LR gny50n0
. ~ N+1 .
Mj2 JMjrTRY .
- <M DIEEITT G @R
1=

(2.38)

I separate (2.38) into two separate integrals

Icﬁ)Jij'zz' -

. N+1 .
JMj R -1 d Mt
M 1 e T R
u 1=
N

. N+1 .
JMj L - e .
o <y H(§)!V(Q)IITlx{M’ YLt o
i=

(2.39)
The second integral can be evaluated immediately:
. N+1 .
JIMj e JMIRY L s
<Ix ﬂ(ﬁ)lv(R)|}lei (1,8 1 ec
= very oI Ry, (2.40)
To evaluate the first integral I note that
N+1 . N .
d JMjrer . .y d Mite!
I 0 R =TT g () Xyl 5 N1, R)
1=

dR i=1

(2.41)
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This is a consequence of the fact that the molecular
electronic wave functions are derived with the assumption
of Born-Oppenheimer separation, Thus the first integral

(which I will call Il) can be written

N+1
Il e < z I JMJ%H N+1,p(§) JMJQ(N+1 ﬁ)l |
N JMjre d (o2d  JIMj'e"
O™ ™ 6,0 LR M e, B) >
i=1 dRr dR
(2.42)
I define
2)JIMiiten? ) M2
DD @) = oM, B | L[l
’ ZuNR2 dR dR
JM | | ] .
Xiel 2 (1,8)> e (2.43)

Integrating over the codrdinates of electrons 1 through

N in (2.42) and substituting from (2.43), I obtain

N+1 o \
1, = 5 I pTMITEE (y ) PN Ip(2)TMTITRE
p=1 °r,

(2.44)

Thus,

M 2 M
I(ﬁ)JMJJ'QQ' = <'*'Jj£lf(ﬁ) Iij'£'>e]_ec



24

s cvo0 N+1 civpot .
= v(R) [P Ry I IpIMITTEE &y PNt
px:

B (245

Substituting expressions from (2.34), (2.30), (2.45),

(2.36), and (2.22) for the integrals in equation (2.6),

I obtain an expression for Ig:

N+l N+l Ccvean oo
[ 1L [ai £MITTRE" Ry pIMIIT A" iy § P
u: pﬂ

N+1 N+1 J

+ 11

u>v p>q

dk g 1) @) MR iy v epa

N"‘l L] (] 330 |
+p [aR D(RINIITERT ) Mt ) poa N

. ]dﬁ v(R) [pMITTEE (&)

o far (L)) LMt iy

ZuN R?

313! |}
. Jdﬁ C-E) M3 &y | (2 .46)
I can combine the last three terms to give

N+1 N .
M IMjjras’ up _JMjj'es’
I, = aR |p™] R £7)) (%)
J jg'll' [ p?u J | ®1 up

Nel N+l i vean Cvae
© )T [aR poTMIITAE ) juvepa gRMIS Y gy
u>v p>q ’
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Nil BN ' ' '
+ 3 Jd§ D MI3TER () o+l Déz§£¥33 L 7y
P

v far M @) Ve . o 8] -

(2.47)

The determinant of the matrix of overlap integrals
and its minors can be expressed explicitly in terms of
individual overlap integrals as in tables (1) and (2)
below,which are derived in an appendix. I can delete
superscripts which apply only to the N+15% orbital from
terms not involving the N+1St orbital, with R where the
expression depends only on R, and R where the expression

is R independent. Equation (2.47) then becomes:

- g ? Idﬁ {pIM3* 6518,

jireer L um Nel,N+l

N
JM L JMj !
igu N*i 1(§)D1 §+1 (ﬁ)} fuu

N .
pIMj 2 IMj 1L
ugp Id N*i u(R)Dp,§¢l (K)fup
N .
JM L JMjrer
) uzl Id N+i u(ﬁ)fu,&*% (R)
N & JIMjL g
L Jd wher ORI ®
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TABLE 1: FIRST ORDER MINORS
JMjjres
u D || 0= (R) || °P
T
_ IMj 2
<N+1 =u nN+1'N+1(§)cjj,aR£,
D pIMIITRET Ry pINiT et gy
igu N+1,i 1,N+]
: IMjjree IMjjreer
<N+1 | #u,<N+1 DN+1.U (ﬁ)np,N+1 ()
_ IMjjren:
<N+1 =N+1 “Dhelly ()
_ IMjites:
=N+1 <N+1 -0 R (R)
=N+1 =N+1 1
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TABLE 2: SECOND ORDER MINORS
JMjjren
u P q |73 (HIW T wv,prq
<N+1
- - JMj g .
u v DN’I,N’I(K)OQL'Sjj'
Vo pdMiItee’ (mypdViites' (m
igu’v N+1,i i,h*
. IMjiveny o JMiFTeLT
u fV N*I,V (R)Dq.N*l (")
- pdMiGreLr A IMijrANT B
v DN*],u (R)Dq,N+1 (R)
. O IMGATERY a0 IMRT
<N+1 u DN*l,v (R)Dp,N+1 (n)
, . Jij|9_9_' -»> Jijlgp_t -
<N+],#u v DN+1,u (R)Dp,N+l (R)
=N+1
- pIMijrent
v DN+1)u (R)
o - IJMjjree’
u DN+1 v (R)
=N+]
- JMjjren’
v Dy, ¥*1 M®)
JMjjres
<N+1 =v .Dp,éil M)
=N+1 =V 1
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': \]“‘1jj'o,.°,'
+ Jdl\ fN+1';\+] (ﬁ)
S [aR (i (he,
+u§v d (N+1..\‘+1 Sog
T el ol i) .
° .; V+1 i i,N+1 uv,uv
ifu,v
N & M dypMTY (R
+u§V q d\ lN*l.V ) q"\'+1 ) Ouv.uq
’
e o
uSv>q N N+1 u( ) q Ne1 (RD fuv,vq
i g Jdﬁ DJHJP (ﬁ)DJMj'l'(ﬁ)
pSusy N+1,v " "p,N+1 fuv,pu
. Ig ait nJHjl (ﬁ)DJ\“ 2! (ﬁ)
L N+1,u p,N+1 Euv,pv
| B
) ? at pMIY () M R
usy N+1l,u uv,N+1 v
+ ? Ji DJMJQ (ﬁ) JMite! ®)
uSvy N+1,v uv,N+1 u
b3 [ak pIMITE Ry NI &)
viq q,N+1 EN+l v,vq ®
_ ? aft pIMI' (R LINGE )
piv P, N+1 fN+1 v,pv
N
JMjjrae!
b [dﬁ Exelv Ne1 v (R)
(2)JIMjjes
* Jdﬁ DyviNal (R)&55.8,,
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N

L Jo i con B
p* ’

IMj 8 MiL
* Jdﬁ (Do, o1 (R)85506000 - 2 Die1,1¢

pIMI 'Lt (%)) [V(R) NS ANGALS Y E} ] .

1 N+1 2
ZuNR

(2.48)

In the above equation the four terms labeled with
an asterisk can be combined after rearranging indices of

summation, as can those labeled with a dagger. Thus:

™.

J ll'

?, Jdi {pIMI2 (i)s

jjrese’ [ u=1 N+1,N+1

N
JM L JMjreet .
1§u N+i i(ﬁ)D1 &*1 (ﬁ)} fuu

dR DJsz (ﬁ)DJMj'z'(ﬁ) fup

N+1l,u p,N+1

N
"oty
N IMj 8 IMj
- ) Jdﬁ {D (R £ N+1 "®

N+l,u

u=1

to J 33 ]
+ et M ) . Jdi fred ey (®)

. ? Idﬁ {pIM]2 Ry,

uby Nel,N+1 Son

N
JMje JMj'e
igu v DN+{ 1(§)Di g#l (i)} guv,uv
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N

JMie ol IMj!
+ 3 Jdﬁ Dy, v (Mg Ne1 (R fuv,uq
uvq
(all#)
N )‘"9'
& it Mg JMITET (R
’ ; Idﬁ {D N+1, v(?)’uv N+1 u(ﬁ) * DyiNe (™
ugv
AL
Exel u,uy (D1
N o 1
JP11J '2e
+ Zl Jdﬁ ‘N"'l V’N+1 V(ﬁ)

v

+

ARISE ]21

N
2 M L (2)JMj' e
pgl JdR DN+l ,p (R)D N+l (%)

. N
JMj 2 - pJMit JM3 !
* Idﬁ {DN+1 N+1(ﬁ)ds Sgar - iz, DV+% 1(ﬁ)D yN+1 (ﬂ)}

V(R) + iliil:ll - L R
ZuNR2

(2.49)

I now expand the scattering spin-orbital so as to explic-

itly express its dependence on nuclear angles, where

. ) . JIMj & .
convenient, The integral DN+1,N*1(§) can be written as

follows:

IMj ¢
DN+1 Neg (R) = 2' . , C*(jeJ,m;m M)
\'AY mjmj mzmz
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C(le,mj'mz'M)<fB(r;)Yzml(Ql')a(l)

8 ,
If\,'mj 'mf.' (rl)Ylmz' (o )0(1)>1L3(R)Y3mj (QR)

Xor (DY ()

- 3 lcGe,mem M) |26, | <£P ()]
vv'mjmj'mlmg' J 2L

rz|f5,mj,m2,(r)>r K;(R)lv,(R)ngj(nk)vjmj(nk)

(2.50)

h fB fJM,Vojomjo
where e e g = . . 0

v mj m, v'jmj'.Lmz' . Note that if m,=m,
then mj-mj'. The subscripts ;, and r on the integrals
indicate integration over all co6rdinates of electron 1
and over only the radical cof6rdinate of electron 1, re-

spectively.

Integrating over Qps the nuclear angle codrdinate:

IMj e .
Jan DN*i.N+1(§) = vg'm |C(jeJ,m M-m M)|?

<% () [r?£5, (r)> RIYA(RIx,0 (R) (2.51)

The characteristics of the Clebsch-Gordon co&fficients

allow me to simplify this equation, producing
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M} 8 B :
JdQR Do, e ) = B <E2 () Ie I ()

RIx* (R)x,+ (R) . (2.52)

. IMj 2 IMjter
Now consider the product DN+1,1(§)D1,N*1 (ﬁ) . It can

be expanded as

IMj 2 IMj et .
DY L1 s (R)D; R) = C*(jaJ,m,
Ne1,1 (RID5 Nay (K vg'mjmlmj'ml' (3J,mym

M)

C(j'l'J,mj'mz'M)<fB(r)Yzml(Q')a(1)Ixi(1)>

l*(R)Y;mj(QR)<xi(1)lfS'j'l'ml'(r)Yl'mz'(Q')a(l)>

Xyt (RY5up 1 (Bg) (2.53)

But Y (') must be expressed in terms of the molecule-
L

centered angle Q, and the molecular orientation QR . It

£m

then becomes
L
Yzmz(nl') = 1% Dmml(-‘bR’-eR'd)R)YLm(Q’) (2054)

Thus the electronic integrals in (2.53) which are functions

of QR can be written in more convenient form as

<xi(1)|f5.j.g.m£.(r)vl.mz.(n')a(1)> -
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2!
%' Dm m e (- ¢R’ R’¢R)<xi(1)|fv vjre mza(r)

Yy i (R)a(1)> (2.55)
Substituting this expression into (2.53) gives

Dymats oM Y@y - ) C*(j2J,m.m M)

N*l i yN*1 ' ' j
vv'mjmlmmj ml m'

C(j'e'J, mJ'm 'M) D ( ¢R' R'¢R) D;:mz'(-¢R’-eR’¢R)

<f“(r)¥zm(n)uc1)|xi(1)><xi(1)lfﬁ.j.l.mz.(r)vz.m.(n)
]

@ (1>Yjp BR¥ju s (BRAG Mgy (R) - (2.56)

If I now integrate both sides of this equation over QR ’
most of the terms on the right can be written outside the

integral. I obtain

Jdn pIMj2 (ﬁ)DJMj 2 & - I

R “Nel,i i, N+l , e e
A\YAY) mjmzmmj m" m

C*(jrJ,m.m,M) C(j'2'J, mJ'm 'M)<f (r)Y, (Q)a(l)|x1(1)>

j ™

<xi(1)|f5'j'£'ml'(r)yz'm'(n)“(1)>X;(R)Xv'(R)

2
Id“n D *(~9ps-6p,0z) DL, mz.( bRsOps0p)

t
Yim, (2D,

(2,57)
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In order to evaluate the nuclear angle integral in the
above expression, I must rearrange it considerably., I

can make use of the following relationships:®

,1]1/2

Y;mj(eR'¢R) = {2 — D%j0(¢R’eR'-¢R) (2.58)

and

e s
DJ, (aBy) = e 1™ % al, (g) e 1M

- e-imy dim-(-ﬂ) e-im'a

= D)+ (Y-Ba) (2.59)

Now I can rewrite the spherical harmonics in (2.57) as

172 .
(eR’¢R) = [E%%l] D%m.'(-¢R’-eR’¢R) and
J

Y*
ij

Yj'mj'(eR’¢R) - [Z%%:l

1/2 .,
] D%mj'(-¢R'-eRf¢R) (2,60)

The angle integral can now be written as

-
1]

® L
0 Jan Dmm (.¢R'-6R'¢R)Dm'mz'(-¢R’-6R'¢R)Y;mj(nR)

TGS

]1/2

o 2 (22
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2'

' '
m ml

D (-¢R’-6R'¢R)ngj(.¢R'.8R’¢R)

zt jlt
Dmm (-¢R’-6R’¢R)D0mj'(.¢R'-0R’¢R) (2061)

I can now use the identity:"

Ja ja . c ..
Duxmx Duzmz § C(jrjzisvr w2 uituz)

CGiajzjsm me miema)D) opn s (2.62)

allowing me to write (2.61) as:

2 L
JdQR Dm;l(-¢R’-eR’¢R) Dm'mz'(-¢R'-eR’¢R)

Y;mj(nR)Yj'mj'(QR)

1/2

. . 1/2
o 2 I > U I AP P IR

jria
C(z'jj1,mz'mjml'¢mj)C(2j'jz,mOm)
C(zj'jiomzmj'mg*mj') Ian D;% ml' m2'+mj('¢R"eR’

¢R)Dg=;l,mj.(-¢k.-ek.¢R) (2.63)

This angle integral can be written as two integrals over
¢p and 6p respectively. The first can be evaluated

immediately
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2 "
R? J d¢eim'¢ e-i(m£'+mj)¢ e'im¢ ei(m£+mj')¢ I sin6deé
0 0

djl (_e)dji
m' m2'+mj m mz+m.

' (-9)

sin6de d;} mg'*mj(.e)

Ot}

' - (I '
m ,m+mj m m,+m,

alz

2"nyom,r (-9) (2.64)

To evaluate the remaining integral, I expand the d%m.(e).

dilm -m.'-m,+m,"' m,'+m
37" U

(-8) dJ2 ' (-9)
2 "y

m,m, ¢+

- {(j,*m+mj-mj'-mz+m£')! (51-m-mj+mj'+m£-m2')!
(Gatmp'4m )t (Ja-mp'-m )t (J24m) ! (j2-m)!

(jz+mz+mj')l (jz-mjl'-mj')!}l/2

I GO/ {Gromemgen, temyemy oK) !

1ka2

(jx+m£'*mj-kn)l (kn+m-mj'-m2) ki! (j2-m-k2)!

(j2+m£+mj'-kz)l (kz+m-m£-mj')! ka!}

2(ja+tja-ki-kz-m+m.'+m, )
[Cos g.] Jl Jz 1 2 J [}
2(k;+kz+m-m,'-m,)

[sin %] S R (2.65)
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This integral can be evaluated by making the substitution

@ = 6/2 and integrating by parts,

T [ 9]2(51*52°k1°kz'm*mj'*m2)
Cos Vi
0

2)

5 2(ki+kz+mem.'+m
) J sin® de

[sin i
r/2
= 4 I (cosa)z(jl’jz-kx-kz‘m*mj'*m2)+1

0

(sina)Z(k1+kz+m-mj'-ml)+1 do

(jx*jz'kx-kz-m*mj'+mz)l (kn*kz+m-mj'-mz)!

(J1+j2+1)!

(2.66)

I now define

1 j *

Q

j & m, m m
= 268

m',m+mj-mj'~m£+m '

j' 2! mj' mz' m' L

Ehe

I C(2'351,m'0) C(2'5j1,my’ my)
Ji1)a2
C(lj'jz,mO) C(lj'jz.mz mj')

3 em .o Y1 (3. -me ' -m !
{(Jx*m+mj mj mo+m, )J! (ji-m mj+mj +my-m, )!

(Gaemg'sm )1 (Gaemy'=m )1 (ja#m) ! (§2-m)!
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(Jasmgemy )1 (G2-myemy) 1 12

! (-1kivke {(5x-m-mj*mj'*mz-mz'-kn)l

kik2

(jl+m£'+mj-k,)! (k;*m-mj'-ml)! ki! (j2-m-kg)!

(Jatmgem, ' -k2) ! (kz+m-m5-mj')l k2! }

(jx*jz-kx-kz-m*mi'*mz)!
(Jatja+l) !

(k,+kz+m-mj'+mz)!

(2.67)

The angle integral in the right side of (2.57) can now be

written as

g ® L
Ian Dmml('¢R"eR‘¢R)Dm'mz'('¢R"6R'¢R)Y§mj(QR)

j & m, m m
Y i 0 (8R) = R? 1g ) ok (2.68)
J' j' 2' mj' ml' m'

I now define

L
IgM [j mj m, m ] = C*(sz.mj m, M)
j' z' mj' mz' m'
j o em o mpom )
C(3'2'Jym;* my' M) I J (2.69)
b A mj' mz' m

so that I can now write equation (2,57) as



39

JMiL JMj !
JdQR DN*iai(ﬁ)Ditﬁ*l ® - vé'mjl mmj'm ‘m? <fB(T)Y2m(Q)
L L

a(l)lxi(1)><xi(1)|fs.j.z.ml'(r)Yz'm-(“)G(l)’ls(k)

M (3 %2 my mp o m

Xy (R) R? I (2.70)

J" ’4' mj' m£| m'
The nuclear angle dependence of the other terms in
equation (2.49) is similar to that of the second term
evaluated above, and can be integrated similarly., I

can therefore write equation (2.49) in the form:

Y 2 2 B 2| ¢B
Iy = C(jeJ,msm M R2dR<f £8 (r)>
J jQEV'mjml [' (j mjml )l I (r)lr | v! )

Xy (R)X, 1 (R) [ I * I Suy,uy *VR) * Zu;;’ i E]

1 B 2| B d d
- —— |dr <£P(r)|r? I £", (r)>x* (R)SR2E—y , (R)
2uy I | v Ly dr de” ]

JIM
* Iy
jg'zz'vv'mjmj'mzml'mm'

j % mg m, m ]

J" 2' mj' ml' ml

N
B
[ ) igu JdR XY(RIXy ¢ (R) <E7(r)Yy, (2)a(1) [x;(1)>
<x1(1)leQj|20m2.Y£'m,(Q)a(1)>fuu R2
N

B
"l Jer xRIx, (RY<£E (Y, (@2 (1) I, (1)

B
<xp(1)va.j.z.mz.vz.m.(n)a(1)>fup R?
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N
- L[ R (R < ()Y (2)a (1) [ (1) >ex (1)

u=l1

l?(l;R)lfg.j.g.mi.vg.m.(a)ac1)> v < (Y, (2)a(D)]

P 8
R T, (> MG g Ygape (Da(1)>] R?

Z Z
B
+ dRx*(P)x., (R) <f )Y, (@ 1 +
J Xy Xy (r 2m Jau( )lrla(R) rls(R)

IfS'j'E'ml'(r)YE'm'(Q)a(l)> R?

N N 8
L ey, <o @a o

u>v

<Xi(1)lfg'j'l'mg'(r)YE'm'(Q)“(1)> fuv,uv R

N
) J dRKG(R)xv,(R)<f8(r)Y2m(Q)a(1)va(])><xq(])|

uvq
(all#)

B N
va'j'z'mg'(r)Yl'm'(Q)d(1)> ﬂuv.uq R2

B
c 3 R e e, @) o, @,
L_(1-py,) |8 (r1)Y,, ,(2)a(1)x, (2)>
T12 v'j'L'mz' 1) 0o B Xu
+ <ER )Y, ()6, () |22 (1-P1) |
xucl)xv(1)><xv(1)Ifﬁ.j.g.mz.cr)Yg.m:cn)a(1)>1

X2 (R)X,« (R) R?
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N
I [ar g, (R <£frY pandax, (2)

vs=]l

+

|;.%—;(1°sz) lfg'j |£|m£. (rI)YZ'm'(Ql)a(l)xv(1)>kz

N
1 B
e p§1 de xA(R) <f (r)Yzm(Q)a(lélxp(1)>

+

xp (W 1£515 140 (1Y e D0 (1)> [§R2dpx, (R

N

1 far g, ) <Py @a) x> )|

€8 Vpuge(@a(1)> [ v(R) o LU L g g )

\"j'l'ml' zuNRZ

g ld d L(2+1 B
jgvv' JdR <" - z a?rza? *'—LY-—llfv'(1)>

+

x2(R)x,.(R) R? (2.71)

The last term of the above equation and the term containing

Z z o IMjjres’
T RT + T 100 are a decomposition of the fN+1,N+1 ®)

term,

The vibrational functions are defined as an ortho-

normal set of solutions of the equation

[ - Z%E qR%qe + V(R) - E, ] X, (R) = 0. (2.72)

I can use this identity to eliminate the derivatives
with respect to R from equation (2,71). I will assume

that the j(j+1) terms can be neglected, since the rotational
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energy is very small compared to the vibrational energy.
I can now perform the integration over R in most of the
integrals in equation (2.71).

Also observe that

Eyor = <A X, (1)x, (2)eeoxy(N) | Hyoy | Ax (1)
N N
XZ(Z)...XN(N)> - uzl fuu + uzv guv,uv (2.73)
so that
N N
F_ - E + f + = E - E E
v E uu qu guv,uv v * Emo1
= F - - 2
E, E\)° 1/2 kvo (2.74)

Equation (2.71) can now be rearranged an simplified to

the following:

M . B 1d d
I, = 7 [C(jed,m.m,M) |2 <£°(r)]| [ - a—rza—
J jlvmjm2 IR Zdr dr

S NS VRSN N NTSIF

j £ m., m m
. ) IM [J j ™ ]

jj'vv'mjmj'm m, 'mm' O

' ' m."m,' m'

2L b 2

(1, [r g, o [ <Py, @l
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t3

yA
T (0 ' T (R)!ff'j'z'mg'(r)yg'm'(9)0(1)>

N Z
-1 <r5(r)Y£m(Q)aﬁl)|xu(1)><xu(1)l;;frny ¢ ?IET“TI

u=1
[fs,j,l,ml,(r)Yz,m,(Q)a(1)> ] dR
+ ? [ <gf (r)Y,(R)a(l)x, (Z)I ] (1 Plz)lf8 v (17)
u=1 ptatm, i1
Yy ime (2))a(1)x, (2)>
- <fPY L @a 1) [, (1>ex, (O [£5, Yy ()

a(1)>(E -I)

-<£ 5, () [F Q) [x, (D>, (D [£8,,, 4 ()

L

Y}Z,'m' (Q)a(1)>
-<£8(r)y, w (1) [x, (1)><x, (1) ] - 2= S yp2d
2r? dr dr

+ 91 (9'4‘1) I

2r? J 'er m, '(r)vann(P)a(l)>

N

B
IR A O CITTe I PRSIV n ()

szhv(9)3(1)> qu
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-<f8(r)vgmca)a(1)|xu(1)><xu(1)lrﬁ.g.mz.(r)vz.m.(n)
a(l)> rvv
+<f3(r)Y2m(Q)a(1)lxv(1)><xu(1)xv(2)|;%;(1~P12)l

Ifg.g.mp.(rl)vl.m.(nl)a(l)xuc2)>

1
12

+<£P(r )Y, (0 (W)xy (2) 15217 ) [y, (1), (2)>

<xvc1)lf?.l.nﬂ.(r)vg.m.(n)ac1)>
N

B
+p§v'u <f3cr)vlm(n)a(1)lxv(1)><xp(1)lrj.g.mi.(r)

YP.'m' (Qa(1)> f‘uv,up

¥ g
- L < (1Y (@3 (1) 1, (1> x, (D £F1guy o (1)
v
Yorme (Ma(1)> 70 ] ] ] . (2.75)

Equation (2.75) will serve as an cxpression for the
. M ~ M . . .
integral <Wjjilﬁhh|WJj,Q,> . This will be used in chapter
(ITII) to decvelop a variational equation for the scattering
functions fB, which arc assumed to bc the only unknown

factors in the cquation.



! Rose.op.cit, p.60,

2 Rose,op.cit, p.58,
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Chapter III. The Variational Equation for the Scattering
Function,

I will now determine the equation which the scattering
functions £f must satisfy in order that the variation
of the integral I? = <YDQ¥E|Y> , minus the surface term,
will be zero with respect to an arbitrary small variation
in the fB. The functions which satisfy this equation will
be taken to be the solutions which I am seeking., Ignoring
second order terms, the variation is given by the sum

of the variation from the left and the variation from

the right., The variation from the left is as follows:
e g <6rf(r1)|
' j9vj'2'v'mjmamj'm2'

1d d 0(2+1) . . 2 2)
[ b 2 s ou ki sl * 1€ §, - 1/2 8] Ir

Glcft

ij'éﬁl'évv'émjmj'énzml' free space part

+ interaction

-

2, % Z -
[rrs oy, [ <y @0 Iy + s

N
l‘?'m'(Q‘)>gl - <Y, (Q1)a(1) vibrational
u=1 coupling
through
Ix > yA YA nuclear
Xu <Xu|r,a(“) MY 0y attraction
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lyp,m,(sz,)a(lpJ an

coulomb and
a(1)x,(2)> exchange integral

- <ng(Ql)“(1)Ixu><XU|Yl'm'(Ql)a(1)>(£;’E)

exchange

S<Y, (@)a (1) £01) [ ><xy Y, (20)a(1)>

1 d 2d L 2N (841

i <Y2m(9’)a(l)lxu><xu' B er dr;r' H%; Zr;‘

|Y 500 (1) (1)> one-electron

’ operator with
exchange

+ E [ <Y9m(91)a(1)IXu><XV|YQ|m|(Ql)a(1)> rUV
viu ’

-<¥, (1) (1) [x,><x, Y (1) (1)> £

1
¥ <ng(ﬂl)a(])IXV><XU(1)XV(2)l;T?(l-Plz)

coulomb and
Y 21)a (] 2)> exchange integral
Y ime (B1)a (1) X, (2) with second
exchange

= oy [ <Y2m(91)a(1)xu(2)‘?%?(I'PIZ)lYQ'm'(QL)
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<Y, (20)0(1)x, (2) [g=(1-Paa) |x, (1)x, (2)>

<Xy |Ygun 0 (21)a(1)>

J ] Ifs'j'l'ml'(rl)>rl (3.1)

I will make a convenient abbreviation by taking the
entire quantity within the outermost parentheses in
equation (3.1) and deleting it, writing only the paren-
theses enclosing the parameters on which it depends.

Equation (3,1) can then be written

P
I} ) 3 I'a 1yt ' ' <6f8(rl)|
jevite'v mjmlmj my

j o2 v mj m,

il ' 1 |l ]
j' L' v mj m,

6left

B
|fv'j'1'm2'(r‘)>r,

(3.2)

The variation from the right will be



M

3= ¢

6right I

Ife(r)>r ] + [

|6€° (r)>_ ]

I can now write the total variation as

"M

M
GIJ

= § J

left I

M

I

= 5left

B
[£7(r)>2

I do not want,
equal to zero, but

term. In place of

Mo
J

. M
1 $1eft 1

When I set 61?

left

*

+

+
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Sright

6left

I

M
Iy

M*
J

+

jev

] <6ff(n)| - 3 &g
d 2d l
T Ir
(3.3)

[ <l § o

- <fBn)| 3 Gerrde 1eeB (> ] (3.4)

however, to set the complete variation

rather the variation minus the surface

'

+

M
J

Gleft

I

M#%
J

I define:

(3.5)

equal to zero, I obtain the equation

which the radial scattering functions fB(r) must satisfy.

GIM
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j 2 v m. m
B J 2
= 'Z'lz'\)\).m m 'm m ] <6f (rl)l [ (3 ] 20 \)' mJ'm ]
JJ j™M5 MM J j M
€S0 ety + T <stP(r)]
jy'ee'tvy mjmj memo
j 2 v m,m
j o2 B
[ j' L' v! m.'m '] va'j'z'(rl)>;l
j oL
(3.6)
But this equation is equivalent to
Ig =2Re | ] <se8 ()|
jJ'll'vv'mjmj'mzmz'
j £ v m.m
j 2 8
[ i' ' v' m."m IJ |f\"j'l'(r)>
J ' j Mg
(3.7)

where Re(x+iy) = x.

Since the fB(r) are arbitrary complex functions, the
above equation implies that

J % v mj m,

8 .
JrEtVIm 52t vt gty £yrjrpn(r)> =0

(3.8)

for all v, j, 2, m, and m, .
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To use this equation, I need some explicit form for
the fe(r) containing variational parameters. These can
then be evaluated by requiring them to satisfy (3.8).
A very important factor which is pertinent to the form
of these scattering functions is that I am using a one
determinant wave function for a system in which resonant
scattering is dominant. Such systems must normally be
described by a two or more determinant system, but since
this is a single-particle resonance where the molecule
is not electronically excited, I can use a one-determinant
function. I must then compromise between the goals of
having the correct asymptotic form for the wave function
and having the polarization of the target well described.
This difficulty will be further discussed in Chapter IV

and Appendix B.



Chapter IV, The form of the Scattering Function,
In scattering of an electron by a molecule, the

complete electronic wave function can be written in the

form
Y(N+1) = § 154 w?olecule(N)wicatter1ng(1) (4.1)
i=1
Molecule

where the Y (N) are the wave-functions of the

i
various states of the molecule and oA is the anti-
symmetrizing operator. If correlation within the molecule

is neglected, the w?olecule

(N) are the one determinant
Hartree-Fock wave functions. The w?cattering(l) are scat-
tering spin orbitals which I will assume to have a-spin.
This method is generally impractical because of the
need for a large number of molecular excited state functions
which are not in general known. If there are no molecular
excited states near or helow the energy of the scattered

electron, a reasonable approximation of the above function

can be made by
yN+1) = A vE (1) (4.2)

where W?(N) is a distorted ground state function. To
obtain the correct assymptotic form I will split this

function into two parts

y(ne1) = AMeSa@) + "B ) (4.3)
52
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where WM(N) is the undistorted ground state function,
WP(N) is a distorted ground state function, ws(l) is a
scattering function, and wB(l) is a bound state function,
The asymptotic form is now correct:

yenel) » A1) as b, (4.4)

scat
I choose the incoming electron beam to be travelling

along the z-axis of a non-rotating spherical coGrdinate

system centered at the center of mass of the molecule, so

that I can write ws as

5 = (e v KT g(r,0,0) ) = ( PARRCURSEN )
P,(cos8) + e*XT £(r,0,0) ) (4.5)

where f(r,6,¢) - %f(e,¢) as r+», 1 can write the Legendre
polynomials in terms of spherical harmonics.

1/2

(22+1)Pz(cose) = (4m(22+1)) Y£0(6,¢) (4.6)

I can also expand f(r,6,¢) in terms of radial functions

and spherical harmonics as

oo +9
f(r,8,¢) = £ Y, (6, (4.7
T,8,¢) zgo mg_L om (T Y, (6,9) )

where fzm(r) > %fgm as r+«=, Equation (4.5) now can be
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expressed as

¥S - I ({*VETTIEFIT 5, (k)Y ,(9,4)

L=
. +2
+ elkT T (1Yp(0,0) (4.8)

For a spherically symmetrical interaction fzm = 0
for m ¥ 0, but for scattering from molecules this is
not generally the case. The complete electronic wave

function is now of the form:
yne1) = A M) ¢ Pl (4.9)

+ A I (1*VATTZIIT 3, (kr)Y, o (8,0)

lﬂ
eikr +2
r — mz-z fzm(9'¢)) as r + o, (4.10)

I also wish to consider vibrational and rotational
excitation, If the diatomic molecule is initially in the
state specified by vo,jo,mjo, then the asymptotic form
of the function will be

Y N+1,R) ~» yf\vM(N) cfo (i"/l?(’ZTTTT i (k r)

r+ L= Voo

Y£0(6'¢)X\’o (R)Yj °mj . (eR’¢R)
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f .
zm,vojomjo,vjmj

Van (0,028, (DY (Ops8)) (4.11)

where lv(R) and ij.(eR,¢R) are the nuclear vibrational

and rotational functions, respectively. Let ko = kvojo'

So that the complete function is compatible with this

asymptotic form, I replace ws(l) with

vejoT)Yro(8s9)

v(,R) = 20 (i* VAT 5, (k

=
+42 +j

. s ik T
Xvo(R)onmjo(eR’¢R) g jZO e "vj mZ_l ij-j

fmz,vojomjovjmj(r)Yzm(e'¢)xv(R)ijj(eR'¢R” (4.12)
I now have a scattering function consisting of a plane
wave with the molecule in the initial state and outgoing

waves with the molecule in all the accessible vibrational

and rotational states. This can be written in the form

S
\)ojomjo,

W,k = 1 x

(1), (R)Y,  (08,,00)
vjmj vaj v ij R?*"R

(4.13)

where the electroni¢ functions are
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@

S N .
xvojomjo’vjmjcl) i 220 (3" /AwTzEs Jl(kvojor)ylo(e'¢)
ik .r M
8 .. 6 + et ] £ . . (1)
VVo JJo mjmjo me-2 ml,VoJomjo,Vij
ng(e,¢))a(l) . (4'14)

Since I expect Born-Oppenheimer breakdown to be important
in the resonant scattering process, I will also include
molecular vibrational and rotational functions in the

bound state orbital:

B B
Cy (1) = Cosn Xyim (L)X, (R)Y.  (65,60)
vgmj vaj vaj Xy ij R*¥R7?
where
B
rxvjmj(l) -+ 0 as r + o , (4.15)
The Cvjm. are unknown constants giving the weighting

factors for the different molecular states., It would

be possible to obtain vibrational functions for the
bound state function VP(N)wB(l) and use them for the
.lv(R) in this expression., The regular molecular vibra-
tional functions are a complete set and may also be used.
The vibrational functions and their coéfficients will

be discussec more fully in the following chapter.

The total wave function can now be written
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S
. . (1) + C_.
vo)omjovjmj vaj

y(N+1,8) = § (A" (N)x
vim,

A wP(N)xgjmj(1)]xv(n)vjmj(oR,¢R). (4.16)

I now wish to determine a reasonable one-determinant
approximation to the above two-determinant electronic
function which will be casier to work with. I have
shown in Appendix B that the best function which can
be obtained without doing most of the work required for
the two-determinant function is obtained by neglecting
the polarization and replacing WP(N) by WM(N).

The effects of the polarization are approximatcd by
potential scaling when the bound state spin-orbital is

calculated in Chapter V. The wave function I am now

using is

v, = Ao 1685 ey
vim, Jo' )

B

+ Cvjmjxvjmj(1))Kv(R)ijj(°u'¢R) (4.17)

By writing a sct of different bound state functions

B
ijmj ’
hecimer separation betwecen the nuclear motion and the

I am assuming somec brcakdown of the Born-Oppcn-

motion of the scattered electron. This is reasonable

for molecules such as N, where the N; resonance is believed
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to exist about the same length of time as the vibrational
period of the szoleculc.l The rotational motion, however,
is much slower and I cannot justify Born-Oppecnheimer
breakdown with respect to rotational motion.’ Equation

(4.17) now becomes

v, ) =AY TGS m ey, D)
vim; Jo' )
o X, ()2, (VY (Optp) (4.18)

Using equation (4.14) this is equivalent to

yNeLL ) = AW ] (1 (i /ATTITFIY
vjm, =

4

jl(ko r)Y10(9’¢)6\N°6jj06m m

J Jo
ik .r 2
te v ] f . . (r)Y, (0,¢))a(1)
m= -2 mﬁ.VoJomjo,vaj Lm0
B
€U, (I)JKv(R)ijj(”R'¢R) (4.19)

This function still represents scattering of a plane wave.

To conveniently handle the rotational functions [ need to
express ¥ as a combination of states which are cigenfunctions
of total angular momentum, J, z-component, M, clectronic

angular momentum, %, and rotational angular momentum, j.
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That is, electrons in a particular spherical wave scattering
from a molecule in a particular rotational state, with
the system in a particular total angular momentum s ate.

These can be obtained as

. ) "
yIMItner,B) = PIMIEy(Ne1,B)> (4.20)
IMje . L .
where P is a projection operator for the JMj2 state.
Then
IMj 2 xS IMjL M S
Y (N+1,R) =P ‘}4? (N) z (xvojom. ,vj'm.(l)
vim, jo j

f e P L)y, (Y (0p,0p)
J

IMja M. ., . ¢ S B
- \AP YO>N) (X, s 0 (1) + C X (1)}
Vj%j Voqujo,V]mj \Y Y
Xv(R)Yfmj(oR'¢R) (4.21)

The angle function for state JMjf can be written

JMj . (3
LT 04,0p,0p) 1 C(JlJ.mjm“)Yzm(”o¢)iji(OR’¢R)
; :

(4.22)

Mg

So P can be written
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pIMiL | m)r:l |C(j2J.mJ-’“M)|2 |Y£m(e.¢)ijj(6R-¢R)>
j

Vyn(008) 5 (Opatg) | (4.23)

In Appendix C the resulting function is shown to be:

Mty = WMoy g C(j23,m m,M)?

vmzmj

) .
1°vAn(ZL+T) Jl(k°r)6mjmj°6m206vvoﬁjjo

ik _.r
+ e f . . r) + S .
V) lmz,voJomjo,vaj( ) g i,(2-249)/2

c . (r) I(j’njgmsz) Y 2(0.¢)ijj(9Ro¢’R)

vifvl 2m

a(1)x (R) . (4.24)

I(jm.zmlmo) is an angular integral which can be written
entirecly in terms of the five given quantum numbers,
The expression is given in Appendix C., The numbers g, and
m, arc the angular quantum numbers for which Ylomo has
the same symmetry as thc bound part of the scattering
function,

Before the scattering function can be cvaluated, the

bound statc part of the function must be known. This

will be evaluated in Chapter V.
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' Herzenberg and Mandl, op.cit.

? A.S.Davydov,Quantum Mechanics,p.503,1968,




Chapter V. The Bound State Wave-Function.

The bound state function will describe the ncgative
ion which is formed temporarily. This is the N+1St

orbital of a one-determinant function:
B B
L) =y (X (2) e xy (N gy (N+1, 1)
(5.1)

Orbitals 1 through N arc the orbitals from the unperturbed
ground state Hartree-Fock function for thc neutral
molecule, Using the standard llartrece-Fock approach we
would write the integral <?B|QIWB> = E and then vary the
function XN+1 tO obtain the minimum encrgy, with the
constraint that XN+l rcmains normalized and orthogonal to

the other orbitals.

In many cases this is not a good method., First, I am
using an unpolarizable molecular function, frozen in its
unperturbed form., Thus, the N+15t electron "sces" a
much weaker potential than the actual onc. Sccond, the
actual potential is not strong cnough to have a bound
statc in many molecules. H, and N, two of the molecules
I am most interested in, do not have bound negative ion
states. Thus, if x£+1 is varicd without restriction, it will

approach the wave function of a free electron at zero cnergy.

62
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One solution to this problem is to restrict the variation,
The orbital is not allowed to approximate a free electron
wave-function, and a bound state function results., The
form of the function depends on the exact restriction
on the variation, A similar method, also commoniy used,
is to vary the function only until the energy becomes
relatively stable with respect to further variation, not
to a rigorous minimum, This method is open to the same
criticisms as the first.

Another method is to alter the interaction between
the scattered electron and the molecule so that there
is an actual bound state solution., The function may
then be varied without restriction to get the function
for this bound state. Increasing the apparent nuclear
charge or decreasing the electronic repulsion will make
the potential of the molecule more attractive, but
either of these destroys the electrical neutrality of the
molecule. Thus any finite change in either will add a
1/r coulombic tail to the molecular potential and create
an infinite number of bound states. I can avoid this
bv increasing the nuclear and electronic parts of the
interaction by the same amount. I have assumed that the
scattered electron "sces'" an attractive potential of the
same order of magnitude as that necessary for the
existence of a bound state. If this assumption is

justified, multiplving the potential bv a reasonably
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sized number should produce an equation with a bound

state solution. This is the function which I will usec

for Xg+1 . DPart of this potential scaling amounts to a
replacement for the polarization potential which I lost

by freezing the core. The rest converts the resonant state,

which has an energy above zcro, to a bound state which

can be obtained more easily,.

First, I need the original Hartrce-Fock equation

for xg*l , with the unscaled potential, I must

evaluate

E = <yBNel) [{]¥B(N+1)> (5.2)
Lol TP SR T T the samc as rM ssorcssed . P
44043 AL graar 2> LG SamC as LJ » CAPTissCd il Cquacavi

(2.46), with two changes., First, this integral involves

;( instcad of ;GE so the last term in (2,406) is abscnt.

Sccond, 1 neced not consider the various angular momentum

states designated by the J,M,j',j,2',and % superscripts.
Here the minors of the overlap matrix arc much simpler

since the bound state function is normalized and orthogonal

to the other orbitals. The N+1St orbital 1s

B B
XNeg (1iR) = T Coxyyy (DX, (RIY () (5.3)
v J
B
where the C, are unknown constants, the XN+1, v are
unknown electronic functions, and the x and Y. are
v jm.

known nuclear vibrational and rotational functions.
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The normalization condition 1is

B B
L, Gl < e, v ey vt (12eec Xy (V)

Y;mjmk)xv'(R)ijij)>nuc1car =1 (5.4)

but the vibrational and rotational functions are ortho-

normal so this is equivalent to
I lc,|2<x} (1) x> (1)> = 1 (5.5)
v Y XN*l,v xN+1,v clee ~ *

I also require that

D D -
<XN+1,v(1)|XN*1,v(1)) =1, (5.6)
so that
v

Define the pure electronic overlap integral, betwcen

the various electronic functions:

vv! - B B
DN+1.N+1 = <XN’1.\)(1)IXN,1.\)I(1)) . (508)

The overlap integral for the resonance function with

itself is thus:
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vv'!
Dyep, ne1 () = 1, CoCurDye1 Ne1Xy (RIYS, ()
’ \AY j

xv.(R)ijj(ﬂR) N (5.9)

The other overlap integrals arc

Duv(ﬁ) = g, Unless u=ve=N+l (5.10)

The determinant of overlap integrals is
IDOD] = Dyyy N (R (5.11)

Its minors are

(
1 ugN+l

st uv
iD= 6%

D u=N+] (5.12)

Ne1,ne1 ()

and
4

1 u#N+1 u>v,p>q
Byuve.ra .
DI P = 6, 8, >

), u=N+] u>v,p>q

N+1,N*l(ﬁ)

\

(5.13)

I define the nuclear kinectic cnergy term,
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2 - vv'!
D§+%,N+1(§) = vg. CCCv'”N+1,N+1Xv(R)Y§mj(QR)
-1 d .d
—R = ()Y, (Qp) (5.14)
2u\R? dR dR Zvor 250 m, R

the electronic kinetic energy and nuclear attraction

term,
- wv'!
fneg, Ny (D) = L, C3Cv'fN+1,Nel(R)Ev(R)YEmj(“R)
Xyr (R)Y; 0 (8p) (5.15)
j

and the coulombic and exchange term,

= ] \)\)'
Bansi uyinvl u(ﬁ) - z ' Cva: el u,N+*1 u
vV
*
xv(R)ijj("nmw(R)ijj (2p) (5.16)

In these expressions , the onc-elecctron integral is

B “ -+ R
<XN+1’\)(1) If(l,l{) IXN¢1.\,| (1)>

1

vv'!
Iner Ne1 (R)
(5.17)

- B 2 B B
ANe1, v (D 117297 I q [0 (1> - <xpy (D
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i s Ix2 (1) (5.18)
* XNe1, vt (1) '
rla(R) rlB(R)

= T = Vo (R) (5.19)

where Tvv' is the kinetic energy and vvv'(R) is the
nuclear attraction as a function of internuclear distance;

and the coulombic and exchange integral is

vv! - B 1 .
gN'*l u,N+l1 u ~ <XN*1,V(1)XU(2)|?T;(1 112)|

Xne, v (1%, (2)> (5.20)

The energy is now given by

+

2uyR® vo1,Ne1 (D)
+ |at fN‘l.N+1(ﬁ)
N
* uz; Jdﬂ EN+1 u,N+1 u(ﬁ) (5.21)
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From the normalization condition, equation (5.5), and

the definition of DN+1.N+1(§), equation (5.9):

Idﬁ Dyep,ne1 () = 1 (5.22)

I can combine the third and fourthintegrals as

vv'!
I - gv' Cscv'DN*l,N+1 Jdﬁ Xv(R)Y;mj(nR)

JG*Y) vy - ﬂnkzi_] LR, (Qy,)
[ZuNR‘ 2uyR? dR dR Ly my R

(5.23)

Dcleting the rotational energy term, as in Chapter II,

- * wv'!
I gv' CVCV'DN+1,N016vv'Ev

- g Ic,I?E, (5.24)

wvhere Ev is the energy of the vth vibrational state,

B

Recall that the xy (1) arc normalized, although not

+1,v
orthogonal: equation (5.6). The fifth term is

Id“ fner, o1 () = L, CC Jdﬁ fne1, Ne1 (R)
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Xy (Y (X (R (3p)

- D, [RAARE(RY (T -V (R)) 2y (R)

wu'’

vv'!
- Z |Cv|2 Tvv - gv' C;Cv. JRldev(R)Vvv,(R)xv,(R)
v

(5.25)
The last integral is

x wv'!
L CiCyr BNal u,N+1 u

Jdﬂ ENel u,N+1 u(ﬁ) - vo

[a K (R, (B, (R (B)

AVAY

2
g ICo1*eNe1 u Ne1 u (5.26)

Equation (5.21) now beccomes

N N
E = £ -+ g + lc, |2C, + lc, |?
Uzl uu UZV UV.UV \Z) \V) \V] \Z) \V]
- ® 2
Ty, év' CAC,. JR ARy (RIV oy (R0 (R)
+ ? 5 1c. |2gdY (5.27)
usl v \V gN+1 u,N+1 u *

I can now make an arbitrary variation of Xg+1 . The

resulting variation in cnergy will be
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= 2 2
8E g Evalcvl « 3 LI GICVI

1 B
+ el 6<xN,1 (M -39 Ixyag,,(1)>

- 1 [(écg)cv. JdeRXv(R)vvv'(R)xv'(R)

wv!

+ C2(5C,0) JR’dRXV(R)VVV,(R)xv,(R)

Z Z

+ CaC Jdeva(R) §xne1,v (D) | ®)  1yp®)
o 18

IXE*I,\)' (1)>X\)' (R)]

EN+1 u,N+1 u

+
O b4

I slc,l?ey,
\Y

u=1

N
o LIel® sy J(Dx, () (P
u=

ng,l.v(l)xu(2)> (5.28)

This can be written as

N
. 3 Y
81 g (6C3)Cv (Ev ¥ TVV * uzl EN+1 u,N+1 u)

B 1 B
LG <oxyey, (W =797 Ixyyy, (D>
\Y

N B

+ uzl <6XN*1 \)( ) (Z)I"'—-’(] Pl?)'X\_.,] (1)
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Xa(2)>]

) [ (6CHICye Jdeva(R)vvv'(R)xv'(R)
vv'!

YA YA
B
2 —_—
+ CCCv' IR dRXv(R)<5XN+1,v(1)|r1 ) + rIB(R)
a

|x§,1.v(1)>xv.(R)]

+ Complex conjugate (5.29)

The variation must be constrainecd so that xg’l remains
normalized, This can be done by using Lagrange multipliers,

The variation of the normalization condition is

' B B
g [ (8CHICy<xyay, v (1) DXy, (1)

B B
+ ‘Cv|2<6xN*1,\)(1)lxN*l,\)(l)> ]

+ Complex conjupate = 0 (5.30)

There is an additional normalization restriction:

B B
XNe1,v (D IxNey, (1> = 1 (5.6)

This gives the conditions
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<5X£+1.v(1)|xg,1.v(l)> + Complex conjugate = 0

for all v. (5.31)
Substituting (5.6) and (5.31) into (5.30), I find

g (6csc, + c2sC)) = 0 (5.32)

I can combine (5.29),(5.32), and (5.31) using

Lagrange multipliers:

e~

A\ AV
g SCIC,(E, +  Tyy  * EN+1 u,N+1 u)

u=1

N

i B 1 B
©llel® | <oxe1, oD 1-79% Ixgag, (1> + 1

B

<oxB sy () [E (1) Ixg,y o (D, (2)>

' (R)-XLV' (R)

-7 [ §CAC, JR’dR_yw(R)vW

vv'!

A A

+

B

2
+ CrC, JR dRy, (R)<bxy,y (1)

rla(R) rlB(R)

IXBa1, o (D 2xy (0 ]

3
R g §CC,,
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B B
¢ DAy (D xgy (D>
v

+ Complex conjugate = 0 (5.33)

For my present purposes I will seek only a rough

approximation to the solution for the above equation.

I can expand xB as

x§¢1,v(1) = iZO fvi(r)Yg°+Zi,m°(9)°(l) (5.34)

An arbitrary function, f(r,9,¢), with the same angular
symmetry as the spherical harmonic Y£°m°(0,¢), can be

expanded as

f(r,0,9) = '20 £.(0)Y) os mo (859 o (5.35)
1= ’

Since I am concerned with the effect of the bound state
function on low encrgy scattering, I will use only the

first two terms of this sequence:

X1,y (1) = (Eyg(OY, () + £,(0)Y, L, o (@))a(l)

(5.36)

I shall also assume that the correlation between

the clectronic and nuclear motion is primarily angular
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and not radial. Qualitatively, the effect of the Y“*z’m°
term is to shift the electron density toward the molecular
axis and away from the plane perpendicular to the axis,

or vice versa, The assumption I am making is that the
difference in the electronic functions for different
vibrational states can be fairly well approximated by

this shift along the axis. Thus, the radial functions

are the same for all v, only the relative importance of
the two terms changes. This has the consequence that

XNe1,v = (Fg(FICQY, 1 () + £ (XIC,)Y) Lo o (9))a(l)

(5.37)

where fo(r) and fl(r) are normalized functions,

Then,
xney (10 - L CuCypfpmIYy n, (M) + Cyy £y (7)

Yaoez,me M) X, (VY5 () (5.38)
The overall trend for the Cv should be a dccrease

as v increases., I will choose a sct of Cv to approximate

this trend rather than attempt a direct solution of

equation (5.33). For a given diatomic molecule, with

a given observed resonant cncrgy, there is a limit to



76

the vibrational states energetically accessible.

I will designate the first state not energetically

available by Vne I choose the Cv to be

Cv a C(v-vm) i (5.39)
Since 1¢c,=1, (5.7)
v
Vm -1/2
- -v )2 (5.40)
¢ [ vgo (v vm) ]

I have chosen the proportionality in (5.39) to be an
approximate fit to the trend observed by Schulz for
vibrational excitation of N,.' The angular correlation
described by ch and Cvl is probably a small etftect
relative to the approximation made for the Cye Therefore

I will let

C s C

v0 and C , = C; for all v, (5.41)

0 1

Let  xu, (1) = (Cofg(n)Y, L (2) + Cif (1Y, ,, () a(l)

(5.42)

The constants C0 and C1 and the functions fo and f1 will
be calculatcd at equilibrium internuclear distance. The

effect of Born-Oppenhcimer brcakdown is now included
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entirely in the coéfficients C,. The N+15% orbital is

now
Xye1 (138 = (Cofg (XY, o (8) + € ) ()Y, L, o (R))
a(1) I Cv-vp)x, (R)Yy, (Ag) (5.43)
v j

Equation (5.33) can now be greatly simplified: The terms
involving variation of the Cv are zero since the Cv are
now fixed., Since the nuclear attraction is evaluated

at R=Ry, it no longer couples vibrational states and

the C C?, factor in this term is replaced by Ic, 12,

Since the Y§+1,v are all renlaced by ngl , We can

factor out and delete the term g ICvIz. Equation (5.33)

is now reduced to

B [ -le Z Z
<6XN*1(1) [ -ZV + )+ [- -
T1q(Re) TIB(Ro)
N 1 B
CL @I g, @3] ) g,
ua
+ Complex conjugate = 0 (5.44)
N Z yA N
1
Let V(1) = - — - + 1 <x,(2)|==—(1-P:.)
T1a  Tis uslp 4 T2

1%, (2)>, (5.45)
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Fortunately, V(1) is a Hermitian operator and equation

(5.44) can be replaced by
1.2 " B (5.46)
(°7V1 + A+ V(l))xN+1(1) = 0 .

As I mentioned at the beginning of the chapter, in many

cases equation (5.46) does not have a bound state solution.

I will write instead

(-393 + A+ WIxR, (1) = 0 (5.47)

For some minimum value of y, this equation will have
a bound state solution at zero energy,

I have calculated an approximate H, function and an
approximate H; function using single center orbitals
with non-integral principle quantum number.? The programs
used to optimize the functions will be described in

Appendix D.

The Hz function which I used was
v(1,2) = aye 2802) (5.48)

Using one single-center orbital, I obtained thec lowest

energy for
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6 (1) = 2.8684 pr23 gle2zr

Y0 (8,6) (5.49)
at R=1,25 (all quantities in atomic units,)

Using the H;z function

¥(1,2,3) = 4o (1a(1)¢ (2)8(2)¢, (3)a(3)  (5.50)

I obtained a bound state function

682 e-.607 r 1,852

¢2(1) = ( ,3803 r° + 5.,2957 r

e 2752 Ty ¥ 1(8,0) (5.51)

When y is set at 1.824, this function gives the lowest
energy, -.0000554 iHartree, or -.00151 ev. The actual energy
is .289 Hartree, or 7.85 ey. I can interpret this relation-
ship as follows: The expectation value of the orbital energy
is

E = <¢2|T + V|¢2> = 7,85 e.v, (5.52)

When I increase y, I increase the (negative) expectation
value of the potential energy., If the virial theorem
holds for relative changes in potential and kinetic
energy, then increasing G by the factor y will produce
an adjustment in the orbital leading to an increase in
kinetic energy which will cancel half of the potential

energy change, That is the potential energy is
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increased by

V.= (r-1) <o V[ > = (v-1) V (5.53)
and the kinetic energy increcases by

T, - -,}vY - Ly <¢Z|G|¢z> (5.54)
so that the change in total energy is

T +V_ = [ T ¥-14+y ] veXly (5.55)

Y Y

but this change in energy is the energy of the original

resonance, since I am changing the energy to zero, and

I can now infer that the energy of the resonance is

approximately

E Y LYv (5.56)
I know that

<¢2|% + YW[o > = 0. (5.57)

Subtracting (5.52) from (5.57)



81
(y-1)V = <¢2|(y-1)§|¢2> = -7.85 e.v. (5.58)

and Erg 3.9 e.v. Within experimental error, this is a

perfectly reasonable energy.’®

! Schulz,G.J.,Phys Rev,125,229,(1962).

? Joy,H.W. and Parr,Robert G.,J Chem Phys,28,448,(1958).

3 Schulz,G.J.,Phys Rev,135,A988,(1964).



Chapter VI, The Scattering Amplitudes and Phase Shifts

The radial scattering function corresponding to a
given partial wave, final state, and initial state has
been designated fB(r), where B refers to all the appropriate
quantum numbers, Comparing equations (1.9), (1.10),
(1.,11), and (5.42) with (4.52), I find that the form ﬂ
of this function is

JM.Vojom.

£B(r) = £ Jo(r) = c(jrJ,M0) i'VAFTZESIT

L

‘l'_‘_‘_-"'.‘ —_— .

vjmj,lm

jz(kor)GMijva.ij° + C(le,mjmlM)

ik .r

e "vj (r) + C(le,mimlM)

lmz,vojgmjo,vjmj

1

Lo éi,(l-lo)/z Cifi(r)C(v-vm)I(jmjzmzmo)

(6.1)
Note that Ev'Evo' 1/2k§ = - 1/2k: (ignoring, as before,

the rotational energy term). From Chapter III, these

functions must satisfy

1d 2d L(2+1) 1, , z]
- rl L 2 - kr 6.-.6 ]
“j‘mimz [ [ 7 dr, 'dr, /] Zvi1) jj' v

8§,,¢6 ) '
(3 mjmj mlmz

82
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j 2 m, m, m
‘1 Ig”{ L ] [ [r2xs, (g, ()

mm j' oL mj' m,

[ Farme @1 oy + oty Mea(®1)>

N
- L <Y, L (R)a(1) | X, ><x, |l + =2
us=1 L'm' u u rla(R) rlB(RII

Ylm(ﬂl)a(1)> ] dR

N

o 1 [ Y @aixg @ 1A

1Y g (81D (1)x, (2)>
= Y (@) (1) [x><x, 1Y, (R1)a(1) > (E,-E)

- Yy e (81D (1) [E(1) [ xy><x, 1Y, (A1) a(1)>

) <Y2'm'(9‘)°(1)Ixu><xu|'2%f g??’f%?:

¢ iy, @)

N
) [ Ygome B Ixy><x, 1Yy, @)a()> £,

\

- <Y£'m'(gl)°(1)|xu><xu|Y1m(Qx)u(l)> fvv

¢ <Y (R1)a(1) |x,><x, ()X, (2) |5=(1-P12)
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¥ (81)a (1), (2)>
¢ Yy (@0)at) X, (2) |3 (1-Pi2) Ix, (1) x, (2)>
<x, 1Yy, (R1)a(1)>

9 mv(nl)a(l)lx ><x |Y Lm (@1)a(1)> Euv yup

N
p5V.u P
N

I Yy @)a() Ixex, Y (@)a (> gy ]

p<u

v

JM
]J ] e (r)> = 0
v;m ml

for all j',2',v',m.",m," (6.2)

I will assume that the resonant scattering ( 2£=2%,,
20+2,20+4,,., m=mg ) is very large compared to the non-
resonant and ignore the non-resonant terms as a first
approximation. The resonant function is approximately
described in the vicinity of the molecule by the bound
state orbital, xB, which is orthogonal to the molecular
orbitals, Therefor I will make the further approximation
that the resonant scattering functions are orthogonal
to the molecular functions., (In the cases of H, and N;
this is rigorously true due to symmetry.) Equation (6.2)

is now approximated by
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[- 1d _od , 2(2+1)
2 2

§..96,0008.,.,8 6
jit L' vy mjmj mzmz'

i £ m. m m
*2 IJM[' B L

- 2.2
1/2 kvrx ]

' ] [ [Raxss (R1x, (R)

mmt i' e mj' mz' m
4 z
<Y (1) | + Y, (R1)>, dR
£'m' m 13
r1a(R) 1R
N 1
v T 600 <Y (21)a(l)x, (2) | =—(1-P12)
u=1 VYV L'm u T2
JM \)ojom
Y, (21)a(1)x, (2)> £ Jogry> = 0
vjmj,!.m2

for all j',v', and mj' and for 2'*10,2042,...m2'-m°

(6.3)

Note that the mixing of vibrational states occurs entirely

in the nuclear attraction term.

I can use the usual expression for 2 in the last

Ti2
integral:

n
©o +
1 - n 4 Te Y
Zn+l + ]
rxz n=0 m =-n n T>n n

n ()Y

®

nmn(Qz)

(6.4)
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Similar derivations yield expressions for llrla
and l/r18 . These expressions are simpler because the

coordinate system is fixed to the molecular axis,

4 1/2 R<n
/114 = n§0 [IETT ZeT Yoo (%) (6.5)
>
and
o 1/2 RM
4
rg s 1 (] GO S Yao@)  (6.6)
>

where R, and R, are the lesser and greater of r,and R/2,

respectively, Multiplying by Z and adding (6.6) to (6.5);

n
Lol wa T[] e veen
la  "18 n=0 RS M
even

(6.7)

Substituting these expressions into equation (6.3),

I obtain

1d _.d 2(2¢1) 1
L [ [ TIHFTIT T z“i”]
L

even



87
4 1/2 R<n
[HTT] szls'(R)XV(R};TETT<Y2'm'(n‘)|Yno(91)
>
Ylm(nl)>ﬂ dR

N n
¢l obe I L Yy (R0)a()x, ()]

= -
n=0 m n

""T nm (21)Y3, (Qz)(l -P12) |Y, (2))a(l)

JM sVojom,
L(2)> ] ] Jo(ry> = 0
v]m o 2m,

(6.8)

The angle integral in the nuclear attraction terms can

now be evaluated,

1/2
(2n+l) (22+1 }
" +

<Y2'm'(g‘)|Yn0(n‘)ylm(n‘)> = [
C(n22',0mm') C(n22',000) (6.9)

Substituting this expression into equation (6.8), and
separating the integral into two parts for 2r<R and 2r>R

gives me the following expression

1d d 2(2+1) 1
jglm m [ [- z a?rza? ) "z k;rz]
j e
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8§..,6. ,6 s )
it ovvt ! mjmj' mom, !

j £ m m m o
DA J I 22 ] 6,
mm' j't o mj' mz' m' n=0

even

L N2
C(nll',Om)C(nll',OO) E-ﬁ—-ﬁ-‘n X;'(R)K\)(R)dR
0T,

R it 3 (R)x. (R)dR
'-——T_. Xv' Xy

21‘1
N b o 4n

 Los o Il e Yoo ()a(D)x, (2) |

n=0 =-n
Mn

__E—T nm (Q,)Y * (Qz)(l sz)lYl (1)a(l)

JM sVojom.
Xy (2)> ] ] Jo(r)> = 0
vjm, ,zmz

(6.10)

Since I am interested in the vibrational excitation only
and not the rotational , I shall set fB(r)=0 for j#jo
and mjfmjo and replace kvj with k.

For convenience, I shall define the following operator

_ld 2d
[[IE%?

+

;%vlmz,v'n'mz'(rx) iiéill

1 .22
-7 kvr ] va'all'émzmz'
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M jo R mi m, m -
« 1 I [ 40 22 ) S

mm' j' L' m,! ml' m' n=0
J zrl even
n+2
C(n22',0m)C(ngs",00) [ J Eg;_ﬁtT Xt (R)
0 1
Zn*lr n
lv(ﬂ)dR + I —EHTTL— X;'(R)KV(R)dR
2r,
N T *n 4w
+ uzl 6\)\)' nZ0 mimen Tn+T <Yg'm.(91)a(l)xu(2)|
n
r n
—T Yom (80)Y2 (22) (1-P12) [Y, (20)a(1)
r n n
>
X, (2)> ] ] (6.11)

I can now write equation (6.10) in the form

~ . ik r
v%mlﬂ"lmz""z'mz'(r)l C(Jow,mjomiM) e v

j j m h |\
2. ] » Jo . (JO » 10 1) 1

Jo Jo

VAT (ZL+T) jg(kvr)GMm 1) + C(jon,mjomkM)

jo VYO
1 -
Lo 5i,(1-£o)/2 Cifi(r)C(v-vm)I(Jomj°2m£m°)>
=0 (6.12)

To obtain the scattering amplitude and phase shift,
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I will consider the scattering to be a perturbation.
First, I will construct a zero order wave function, y°,
consisting of the incoming wave and the bound state
function, and a zeroth order Hamiltonian,/}°, of which
¢? is an eigenfunction. Then, I will consider the difference
between;%, defined in equation (6.11), and7{° to be a
perturbation, write the resulting equation for the first
order wave function, and sélve it by means of a Green's
function, This proceedure will not, however, produce the
correct inelastic scattering since the Green's function
will not produce an outgoing wave at the correct energy.
To resolve this difficulty, I will include an arbitrarily
small, well behaved, ternm, eC(j.lJ,mjomlM) eikvr/(1+kvr),
€>0, representing an outgoing wave at the correct energy.
Since the bound state function falls off exponentiail,
at large r, the Green's function at infinity will have
the correct form in the limit as €+0, and the first order
inelastic scattering will be correct,

The complete zeroth order wave function is

o, (1) = C(jotJ,MOM) i*/ARTZLFIT j, (k1)
L

vim

jo

VVo

1

+ C(jolJ,mjosz) izo 61,(1-10)/2Cifi(’)

C(v-vm)l(jomjozm mo)

L



91

ik r
+ eC(jolJ,mjomlM) HT (6.13)
v
Equation (6.12) now becomes
] . ik of
\)%,m H\)lml.\"l m '(r) |C(J01J.mj m M)e
L

- e 0
(famz.vojomjo.vjomjo(r) Evr+I )+ wvlmz(r)>
= 0 (6.14)

The zeroth-order Hamiltonian is

. 2 ¥O,' (1) vo, 4 (1)
0 (r) = - 1d rzd W I vzmn . T vlml
7("""‘1 T a T Von () Viyp (D
(6.15)
so that
Hopm, (F)¥oen, (1) = 0 - (6.16)

Let

7(v£m£,v'z'm2'(r) " 7(v2mz,v' m ' (T) 77v£m

(6.17)
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be assumed to be a perturbation, Then

v%m [ vim, (r) + Akvzm V''m, ' (7) )'*vlmz r)

)
+ valmz(r) + )2 wvzm (r) + .c. >=0
giving (6.18)
vgmz o (r)w\,ml(r) -0 , (6.19)
"E"‘z vzm (")“’vzm (r) = - vgmlﬁ;mz,v'z'mz'(’)
w;zmz(r) ) (6.20)

and so forth,
The outgoing wave in the scattering function can

be represented as

. ik r
C J,m, mM) el . .
(jol LI ) e v flmlovoJoij.VJomj.(r)
- vazmz(’) + A2 szmz(') MR (6.21)
eikvr

The term € is not included since I am considering

k r+l
e to be arbYtrarily small, although not zero.
To obtain an approximate expression for the first-
order scattering, I will separate the set of coupled

equations represented by equation (6,20), I am assuming
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32m (r)wVZml J{vzm V' 'm '(r)wvlml(r)

for all vzmz,v'l'mz' . (6.22)

Let the potential energy term in the zeroth order Hamil-

tonian be represented by

10 L}

r? N (r) (r)
vm (r) = [ r.ovkm, . r-‘ii"ls—- (6.23)

2 wvlml(r) vlm (r)

then
. 1d _.d

kvlm (r) T ar szml(r) . (6.24)

The Green's function for ﬂ;zm will satisfy

L

] [ 1dad Ly m]r(m ) = 6(r-1') . (6.25)

The solution to equation (6.22) can be written in terms

of the Green's function:

boem, (1) = - Jc(rlr')H\)lml,v'l'ml'(r')‘p;!mz(r')dr'
0

(6.26)

I need an expression for G(r|r') so that I can perform

the necessary integration, From (6.25),
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G(r|r 1d 2d _y e iror
(rir') = T T T vlmz(r) (r-r')

(6.27)

I can represent the Dirac delta function by the following

integral

§(F-T1) = 1 J eike(r-r') 4% (6.28)
(2m)?

Integrating both sides of the equation over angles

R + >,
relative to r-r',

2 iklr-r'l

4ns(r-r') = r Je dk (6.29)

4n?i|r-r'| k

Integrating over angles relative to K,

400
z -
§(r-r') = L J kelklr-r'l gy (6.30)
8n?i|r-r'|

I am interested only in the assymptotic behavior of the
scattering function., I will find directly the Green's
function in the limit as r+*« which will give the assymp-

totic form of the scattering function directly,

G (r|r') = lim G(r|r') (6.31)

r->co
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Consider the limit of V (r) as roe=;

vlm2

r2 (. eikvr "
szmz(r) > [ 7—[Jz(k°r)6vv, te KT ]
ik ry!

+ r[jl(kor)évw + 591:;’_ ]x[jz(kor)évvo

eikvr -1
¢ W] (6.32)
v
rk .
-+ [ - I;& cos(kor—(9,+1)1r/2)6Wo - 5—23 elkvr ]
1 eikvr -1
[WOS(kol‘-(l*l)ﬂ/Z)&v\,o + 61—“-!-.—- ]
(6.33)
» - L 22 6.34
- Vi T v ( . )
I also need the following expression
400
1d _.d r? J ik|r-r'|
- T ke dk
Zdr dr 8n2i|r-r'| /_
$
. r?k? - H4rik r? I kelklT-T'1 41
2 8n%i|r-r'| /
(6.35)

So that



4o 2
i I 2 k elklr-r' dk
G (r r') = 21 2 2p2
8n?i | 1375* * qrik rzk ]'r rl
(6.36)
.1 Iw k eiklr-r'| dk
anti (kK eHik/m) |r-r |
. ! i
- eik lrer'| L etk o ik, T (6.37)
4“|r_r'| 41!1'

Note that, while this becomes the usual Green's
function in the limit at large r, there is a difference
at small r which in fact automatically selects the outgoing
Green's function without requiring or allowing an arbitrary
choice from several possible integration contours, leading

to either incoming or outgoing waves,

The assymptotic form of the first-order scattering

. - 3 Q
function can now be given in terms of G (r|r'):

| B - o o |A' ’ 0
wvlml(r) iG (r|r Nszmz.v.z.mn.(r )szml(")d"

ik. r . .
= e AV .1k rl N . '
dnr (J) e Hvlml,v'l'mz'(r')‘l’vlmz(r )dr'
(6.38)

Writing out this integral explicitly:

ik r .
© -ik r' 9.(2+1)
p! (r) = e e ¥y [—————— -V (r*)
vlmz dvr 2 vzml
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1,2 z]
- =k*r*'*|6__,6,.,6 '
2 v (VA 5] mzmL

jo £ m, m m o
e 7 " 7 Jo 74 22§ 6,
mm' it 2t m.! ml' m' n=0 mm
J 2p? even
n+2

C(n22',0m)C(n2s*,00) [ J ‘EB'KTT X3 (R)
2°r'
0

-

[,

(R)dR + il L (R)x (R) dR
Xy 2 Rn-I Ly X,
rl
N ps ML 4

+ 18 )
u=1 wv! n=0 m =-n 2n+]

"“'__ Tt T

<Yy, (@1)a(l)

n

T
xu(Z)II—%:T Yon (21)Yph (22) (1-Pr2) Yy, (1)
>

a(1)x,(2)> ] ] { C(onJ,MOM)iz/T?Tfrzf)

jz(kol")5Mm. 6\)\)0 + C(jo!J.mjosz) g

Jo

85, (1-20)/2 Cif i (FICO-v ) I(Gom; omyme) | dr!

(6.39)

In general, the scattering function would be evaluated
by a numerical integration of the right side of equation
(6.39). As a specific example, I will use the H; bound
state function obtained in Chapter V and find the scattering
functions for the p-wave scattering with ve=0 and v=0,1,2.

For Hz, %2o=1 and me=0. I will choose the following more
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or less arbitrary values for as yet undetermined quantum
numbers:

v'!' = yo = 0

i' = o =0

mj' =m. =0

Jo
J = ' = 2 =]

and M= mz' =m, = 0 . (6.40)
I find that
10 0100Mm
IQ =0 , mfm' o (6.41)
0100m

Equation (6.39) now becomes

7 (

o ik r s '
V1T, (r) = & l e 1k,T (1-V,10(r') -1/2 k2 1)

4nr

—

10 0100m
+ ] Iﬂ 2 ] C(nl11,0m)
m 0100m n=0,2

2r'
Rn+2

T 2n+1 N
. j X* (R, (R)dR
2r

' R
@ +n 4n
+ Z 6 <Y, (2))a(1)x,(2)
u=l vo n=0 mn--n 2n+l lm
n

r
|;—§=r Yam (30 (1) (1-Py2) [ (81)a(1)
>

Xy, (2)> ] ] C(011,00) [i/TZ?jl(kor')Gvo
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+ C(v-v ) Cof,(r') 1(00100) | dr' (6.42)

Numerically evaluating the following expressions.according

to equations (2.67) and (2.69( for Ig” and (4.49) and

(4.50) for I(00100):

10 01 00 m '

IQ = 1/6m m=0,$1 (6.43)
01 00m

1(00100) = ,1424 (6.44)

Evaluating the various Clebsch-Gordon coé&fficients,’

C(011,00) = 1
C(211,00) = - /Z7S

C(011,0m)C(011,00) = 1 m=0, 1
C(211,0m)C(211,00) = -1/5 m=t1
C(211,0m)C(211,00) = 2/5 m=0 (6.45)

I can evaluate the integrals over R by substituting
harmonic oscillator functions for va(R), producing
integrals expressible as incomplete gamma functions.
The only m dependance in the nuclear attaction terms
is in the Clebsch-Gordon coéfficients. Summing them

over m gives
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+1

) . C(011,0m)C(011,00) = 3
mse-

+1

) . C(211,0m)C(211,0m) = 0 (6.46)
me=e-

Thus only the n=0 term is non-zero and the expression

becomes

2r'
1/ [l_ I RZx* (R)x, (R)AR + 2 {Rx:(R)XV(R)dR ]
™9 2r

= Nuclear Attraction (6.47)

Making the substitution of harmonic oscillator functions:

/'87"1/2[/'57' 1/2
2

RIKS (R)g, (R) = |
H,(VB(R-Ra)JH,, (VB(R-Re)) e B(R-R)T /g,

(6.48)

Ro is the equilibrium internuclear distance, 1.40 Bohr,
The constant B=/mKk/h where m is the reduced mass for
the nuclear motion and k is the force constant for the
vibrational motion, In atomic units, B=18.38512., The

nuclear attraction term is now
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1/2 YB(2r'-Ry)
Nuclear Attraction = { - S ] lT I H,(y)
n*2 vl T '/B.Ro
-yz B 1 -y
e dy + 2/ s Hv(Y) e dy
/B(2r'-Ry) 'FRe*Y
(6,49)

where y=/B(R-Ry).
The first integral can be written in terms of incomplete
gamma functions since

b
J y eV dy = 2 (r®E,a) - r®Ab ) (6.50)

a

In the second integral, I must first use the binomial

exnansion on 1//BRg-y :

1 .1 [1- AR A ] (6.51)
YBRo +y /BR, vYBRy BRo?

At y=-/BRo, this sum diverges, representing a singularity

in the original expression. This singularity, however,

is non-physical, deriving from the use of a symmetric
potential, If I keep the first eight terms in the expansion,
the error is negligible between R=Ry/2 and R=3R,/2, which

is the region where the vibrational functions have

significant amplitude, and the resulting expression

is well behaved at y=-/BRo .
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The resulting expressions for the nuclear attraction
term are different for 2r'<Ry and 2r'>R, since the incomplete

gamma function I'(a,x) is only defined for x20.

To be able to writc the scattering integrals, I
need the value of Vi and the corresponding value of C.
I have chosen v, to be 3 since no appreciable excitation
of the third vibrational level is found at the resonance
peak for v=1 excitation.? I now refer to cquation (5.40)

and find that C=1//17 .

The inelastic scattering integrals can now be Written

as
© ik,r r o3
¥i10{7) = 2 I e~ ikar’ (Nuclear Attraction)
4nr 0
2%,1424 ( .3808 r"682 e-.607r'
1%
+ 5,2957 rr1:852 o-2.752r" 4., (6.52)
and
- ikar T _ip o
¢210(r) = £ o ikar (Nuclear Attraction)
4nr

.1424

m ( .3808 r|0682 e‘.607r'

+ 5,2957 rr1+852 o-2.752r" 4, (6.53)
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For the elastic scattering expression I must also

evaluate the coulombic and exchange integral.,

2 ® +n

=} = 1 1 dn

u=1 n=0 m =-n 2n+l

<Y (210 a(1)x,(2) ]

n
r

;-%rr Yom (31)Ygn (82) (1-Paz) Yy (1) a(1)x, (2)>
>
(2iV/37j, (kr) + iij%%ii Cofg (1))
(6.54)

where
X‘(Z) = ¢x(rz)Y00(Qz)0(2)
Xz(z) = ¢1(T2)Y00(92)B(2) (6.55)

Separating the coulombic and exchange parts and summing
over molecular orbitals;

+n

4n
<Y, () ]Y )Y, (2)>
0 mn--n 2n+l 1m "mn 1m

te 127

n
r

<
<Y00(n)vnmn(9)IYno(9)><¢,(f2) el
>

|¢1(T2)>¢°(Tx)
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1 ©o +n 41‘
-1 =1 ) <Y, ()Y, . ()Y, ,(0)>
m 67 n=0 mn--n 2n+l Im nmn 00

T
‘Yoo(n)ynmn(ﬂ)'Ylm(“)><¢,(’=)|;-%:r

>
[v® (r2)>¢ (1) (6.56)

Performing the summations and angle integrals indicated

above,
[ = l<¢ (Tz)|l‘|¢ (r2)>v°(r,)
" 1 ‘!'> 1

1 Tel o
- — <¢ (r2)|—|v°(r2)>¢ (11) (6.57)
1 r 2 1

6mn s

The integral for the elastic scattering can now be

written:
® ikq!‘ T o3 ’ 02
“’010(") . £ J e iker [ 1 - ('r_'wo(r').'
4nr 0 2

s (r')') /v (r') - 1 kir'? + Nuclear
2
Attraction + %<¢l(rz)|;§|¢‘(rz)>
r ¢ (r')
- Lep (ra) | =[v0(r2)>—ro ] ¥ (r")
6 1 r>2 w.(r')

(6.58)
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The coulombic integral and the part of the exchange
integral coming from the bound state function can be
evaluated using incomplete gamma functions, but the
part of the exchange integral involving the Bessel
function was integrated numerically.

The numerical integration of the scattering integrals
was carried out on the CDC 3600 computer at the Michigan
State University Computer Center. The programs and
original output are reproduced in Appendix D.

The value of the scattering integral is a complex
number which I will call A, The asymptotic form of

p! is therefor:
o= = Ak/an eiKT sxr (6.59)

The asymptotic form for the complete function is thus

e-i(kr+w/2) e*i(kr-n/Z)

Vi, t Vi = /M . 5
T+ T kr kr v0

eikr

+ Ak/4n (6.60)
kr

e-i(kr#n/Z) +i(kr-n/2+6§)
- /7 6,9 + ar¥ & (6.60)
kr kr

It follows that the scattering amplitude, a?, and

the phase shift, §, are given by
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: 2
a? IG o Aki_ (6.61)
vo 4nvw
and
§ = -i 1n[av0 + Aki ] + i In(a) . (6.62)
4n/w

The amplitudes and phase shifts have been calculated
for fifteen energies from k=,20 to k=,90 (in atomic units),
that is,from .57 to 12.0 e.,v. The results of these
calculations are presented in graph form in Figures
1 and 2, following.

The results show a definite but very broad resonance
in the elastic scattering. They also indicate a degree
of coupling of vibrational states, in spite of the
making of a series of rather drastic approximations.
I can state, based on my results, that there is vibrational
excitation of hydrogen at low energies due to the
breakdown of the Born-Oppenheimer separation between
the nuclear and electronic motions.

There is ample opportunity to make higher quality
calculations using the formalism which I have developed
here, Whether such calculations will produce better
results is a question that cannot be answered until
such calculations are done, I believe that the method

is capable of producing good results,
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! Rose,op.cit.,p.39.

? G.,Herzberg,Molecular Spectra and Molecular Structure,

pp. 98 § 532, VanNostrand, New York, (1961).
 Schulz,op.cit.
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APPENDIX A

Determinant and Minors of the Matrix of Overlap Integrals

I. Expansion of determinants,
Let U be an NxN matrix, The (Nth order) determinant
of this matrix is designated by ||U]] . I can write |U]
in terms of N-15% order determinants by expanding along
a row or column of the matrix. Expanding along the 1th

row will give

N
lujl = . -n**u, nuu : (A.1)
j=1
HU“;J is a first order unsigned minor of ||[UJ], and is the
(N-lSt order) detcrminant of the matrix obtaincd by

th row and jth column from U, The minor

deleting the i
with the sign term included is the signed minor,ju]'’.
Minors are henceforth assumed to be signed minors unless

stated otherwise.

lugtd = -3t 3yl (A.2)
N .

ot = vy huptd (A.3)
J-

The first order minor can itsclf be expandcd:
112
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: 3 .
luptd = -1t [ NG IS I IV Pl oy

L=]1
N-1 :
k+g k2
+ lzj (-1) * Uk,l*ll HUlﬁjHM

if k<i or,

: : j-1 :
') = i | e SV N I TV ]

N-1

+ 1.1
=3

ket ijpke
Upep,perl BUI Ny

if k>i, (A.4)

These expressions can be simplified by substituting the
second order unsigned minors for the first order minors

of the first order minors., The second order minors are
defined analogously to the first order minors but with

two rows and two columns removed. The distinction is

that k ahd 2 in equation (A.4), where used as superscripts
on the minors, refer to the row and column numbers in the

first order minors, not the original determinant.

. . j-1 oig
Jugtd = 1yt [ L -1)** uy Ul
=

N keg-1 ik,je
* £§j+1 (-1) LW L vy

il i>k or
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k-1+2 ik,je

. os (=1
lu?ed = -)*™ zzl (-1) Ugeall Ull gy

k-1+2-1 ik,j2

+ (-1) Uk,.||U||MM ]

if i<k, (A.5)
In equation (A.S) all indices refer to the row and column
numbers in the original matrix. I can simplify this
equation further by using P( ) operators, where
P("statement") = +1 if "statement" is true and -1 if
"statement'" is false:
i, iej N ) ik,jt
luf*ed = (-n*™) (-1) PRI P(5>2) Uy Ul ey
293 ket UMM
(A.6)
But the signed second order minor is
IR S DR ALME TE SLIC VN 1] sk
so

. s N . .
lupts? = 3 Uy Jutkedt (A7)
J

and
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N N L
luf = jzl zgj uijukzuunlk'Jl . (A.8)

II1. The determinant of the matrix of overlap integrals,

The matrix of overlap integrals is

2 7
1 0 0 L] . L] nl’N*l
0 1 0 * . [ ] 0
D = 0 0 1 e s e D3’N4l
D 0 D [} . .
| N+1,1 N+1,3 Dna1, N+l J
(A.9)

Expanding along row 1,

N+1

1,1 1
Ioll = Wol et oy il (.10)

Expanding “DHI’N*l along column 1,

1,N+1 1,N+1;N+]1,1 1,N+1;1,N+1
(Bl = DN+1.1”D“ ’ ’ o= -DN*I,l”D” ’ '
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|1,N+1;1,N+1

but || D| = 1 so

1,1
Il = {nf"*" - D I

N+1,171,N+1

Cxpanding ||D||1'1 along row 3

1,1 1,3;1,3
(LR B! R PRV 2/
1,3;1,N+1 _ 1,3,N+1;1
and ||D|| 1 ) DN+1,3'D“ »3) :
1,3;1,3
so DIl = QD722 70" - Dy 10 Ne1 -

Continuing this process, I eventually

”D" - HDHI,S,..N-I;I,S,..N-I

1)

where
1 0 .
0 1
1...N-1.1..‘N.1 .
| DIl ’ -
0 0 .

(A.11)

1,3;1,N+1 (A.12)

N+1,3
T T Dy

DNe1,3P3,N+1

(A.13)

obtain
N-1
L) Pher, il ne
odd
(A.14)
o« o 0
L] L ] 0

* e DN+1,N+1
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= D (A.15)

N+1,N+1

and

N

IDI = Dyyy,Ne1 ~ g Dye1,i P

i, N+1 (A.16)
The terms in the above summation with i even are all
zero, so that the restriction can be dropped without

affecting the result,

III, The first order minors.

The first order minors can be divided into three
classes. In the first, both indices are less than N¢l;
in the second,one is N¢1; and in the last,both are N+l.

Class 1: ||DJi*d i,j<N+l

If i=j then “Dﬂi'j - ﬂDHi’i. To evaluate IDui'i
compare it to [|[D} and note that performing a series of

expansions analogous to those in section II produces

the same result except for the term 'DNol,i Di,N+1
which is missing,.
i,i Y
IOE™" = Dyagywer = B Paenyi e (Ae20)

Note that if i is even the missing term is zero and

then ||D| 1+ = |pf.
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If i¥j, deleting the ith row will leave DN*l i 3s
h 4
the only non-zero element in the it column, and
expanding "Dlli’j gives
.. L Nel:i.i
DI ") = Dy gliDpTeTT 0T (A.18)

Deleting the jth column likewise leaves Dj N+
’
h

row, so that

] as the

only non-zero element in the jt
T M R | I (8 )
J »

Now "D|ioN*1.j;jbipN*1 = -"DIinjoN*l;joiiN"l

- *IDni.j.N*l;i.j.N*l = 1 so

Iojt*d = p (A.20)

N+1,i Dj,Ne1 *

Note that if either i or j is even |D]**) = o0,

Class 2: |pji*N*1 ang JpjN*1si

th

Deleting the i row or column leaves D . or
N+l,i

Di Nel respectively, as the only non-zero element
’

th

in the i column or row, so that

i, N+1 it 1, N*13Nel i
1o oMY« py )y o e NeTsNe L,
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and “DIN*I,i _ Di.N’1“m|N+1,i:i,N+1 . (A.21)
Now HD“N+1,i;i,N+1 . "Dni,NOI;N+1,i - _"D"i,N+l;i,N¢1
= -1 so that

hoi Nt e Dy
and |pjN*1el . Dy Nep ¢ (A.22)
Note that if i is even HDHi'N01 - HDIIN’I'i = 0.

Class 3: ||D||N*1'N¢1

By inspection

oy N*EeNe L a g (A.23)

Section IV: The second-order minors.,

The second-order minors can be grouped according to
the number of distinct numbers represented by the four
indices, It is meaningless to write a second-order
minor with both row indices the same or with both column
indices the same, since the same row or column cannot
be deleted twice, With this restriction, the four indices

may represent two, three, or four distinct numbers.
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For the second-order minors, HDI“V’kt

, I will need
to consider only those minors for which u>v and k>,
In the evaluation of these I will sometimes need to
use minors not obeying this convention, but will always
end up with expressions using only minors which do
obey it,
A. Suppose that the four indices represent three distinct
numbers.
Case I: all indices are less than N+1,

IDfHVekE o pjuvsnt

oguveke

ID¥VeVt | or

lIpj MV kY (A.24)
To evaluate HDI"V’uz, I expand it along the ALIPT

th

The only non-zero element in the 2 row is DL N+l SO
. »

o) *Ve¥® = D UVt uiNed (A.25)

RSLE

th

Next, expand the third order minor along the v~ column,

which has DN+1,v as its only non-zero element:
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”D“ll\)!..uzN*l - IDlU\)gN’l .ulN"l\) (A.26)

DyNe1,v

and | ppMVANtLMENTIY oy (A.27)

so that

uv,ul
"Dl ’ DN*l,v Dl,N*l (A.28)

To evaluate HDN"V’k", expand successively along the

h th

k" row and v column giving:

"D“uv,ku - Dk.N*lﬂnluvk’k"N*l
" Dy, N+l DN+1,v"DHHVkN’1'k"N’1v (A.29)
" - Dne1,v Dk, Ne1 (A.30)
Similarly, for jD|"VeV%;
”D|UV.vl - DL.N+1 DN¢1.u"D"ule+1.va¢1p
® = Dyex,p Do, ned (A.31)
And for "D"uv,kv;
"D"uv'k“ = D D "DHUVkN*l,ka¢1u

k,N*1"N+1,u



122

= DN+l,u Dk,N+1 (A.32)

Case II: one index is N+1,

v, k2 N+1lvy, kv
IDj| ¥V **= J| ’

o Netveve

"D"uv,N+1v , or

o e Nete (A.33)
To evaluate HDHN’lv'kv, expand along the Kkth row, which

has Dk,N+1 as its only non-zero element:

N+1lv, kv N+1vk,kvuN+1
Il Ol 1 - ’

Dy NeplDl (A.34)

but ||D|r‘“1"k'k\’r‘“'1 - - HD“N’IVR’N’IVk = -1,since kuN+l is

an odd permutation of N+lvk, and

[ N*1vakv | Dy Ne1 (A.35)

The other three cases can be evaluated similarly:

N+lv, v N+1v2 VAN+1l
Il Dl 'V = Dy a0l ’ = Dy ne1  (A.36)
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||D“uv,N¢1v « D lqu*l,N*lvu

= -D (A.37)

N+1,ull Dl Nel,u

uv,N+1lyp ' uvN+1l N+1luwv
v Dyeq, fIDIMVN*Ts - Dyypy (A38)

Case III: two indices are N+1,

N*lv,N*ll(vﬁl)

The N+1,N+1 minor, however, is the determinant of the

The only example of case III is ||Dj|
NxN unit matrix so

[pfN*IVeN+1L g a g (A.39)
v, L
B. Suppose the four indices represent only two distinct

numbers,

Case I: u¥N+l,
D Vs kE o ypjHVenY (A.40)

TRV . :
Now ||D|jH» DN*I,N*I izu DN+1,i Di,N+1 . Deleting

the vth row and column from this minor removes the

D D term leaving

N+1,v v N+1
pj¥VeHY = p - D . D. (A.41
1ol NeI,NeL 7 g4 TN#1,1 T, N+l )
Case II: u=N+1,
Then
”D"u\),kl - "D”N*l\),N“‘l\) = § = 1 (A.42)

Vv,V
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C. The remaining case which must be considered is that

uv,k2 may all be different.

th th rows from the matrix leaves

th

Deleting the u and v

DN+1 y as the only non-zero element in the yu column
’

(which is not deleted) and DN+1 v 8s the only non-zero
»

element in the vth column (which also is not deleted).
. th
Expanding along the u column,
ke N+1 k2
IDPHYe™% = Dy MDY (A.43)

th

The minor ||D||“"N’1’k’"u still contains the v ' column,

but the N+15% row has been deleted, including DN¢1 v
’

th

and the v column now has no non-zero elements.

Thus
"D'HVN*I.klu - 0
and D"V Kt - 0 (u,v,k,2 all different) (A.44)

The results of the above derivations are compiled

in Table I and Table II on pages 23 and 24,



APPENDIX B

A One Determinant Approximation

to a Two Determinant Function

The two determinant function I wish to approximate

is
M S
Y(N+1,R) = ; YN XD . . (1)

! vimg ( Vejemy ,vjmy
e Coon YPOONE (1)) X, (RIY. (8,6,)
Vij vjmj X\) jmj R**R’°

(B.1)

The undistorted ground state function is writtcn

Mo = ol (Dxe (2)4ee x V) (B.2)

where the x; are the various normalized llartree-Fock

orbitals. The distorted function can be written

PO = X (X (D) e X4 (W) (.3)

125
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where the xi are the distorted orbitals., Let
6x; = X{ - X4 (B.4)
represent the distortion. Then
') = o (x (1)vex (1)) (x, (2)+8x_(2))...
(xy (N) +6xy (N))

N
= AT, (x; (L)+6x; (i) (B.5)

i=1
a4 ( X ) (1)
= (1 + 6 o ] . 1
i]_[1 x; (1) $4=1 X5 (3 i1#[j (x; (i

<
J

+8x; (1)) (B.6)

The first term is the same as VM(N), so that

vim Vejamg ,vim,

yOue1, ) = ) [ st (8 (1)
j J

N N
* Cyj, xvjmj(l)) * Cujm, ‘4521 oy () TT.

(xi(i)*Gxi(i))xgjmj(l)] OO

(B.7)
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Let ¥8(N) = S4N_ T (x; (1)+e8x, (i) (B.8)
i=1

where 0gegl, and N_ is the necessary renormalization

constant, Then VI(N) - YP(N) and YO(N) - TM(N).

If I write

(1)

YE(N+1,R) = A oS .
(N+ ) v}mj xVOJONj..\’jmj

+ c\,jmj va (1))x, (R)Y, 1(eR,ok) (B.9)

the error which I have introduced is the difference
between the original two-determinant function and

the new one-determinant function, This difference is

Y(N+1,%) - ¥E(Ne1,R) = § [;4 [ (l-Nc)?M(N)
vmj

N
S 1 o) ITJ (x; (1) +e6x; (1)) |

S
vojomjo,vjmj(l) * Cvjmj xvjmj(l)) * Cvjm

(x .
J
N X . 1 B (1
AL oGO T G (08x; )y (1)

| xR, (op,0p) (B.10)
J

This can also be written:
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Y(N+1,R) - ¥E(N+1,R) = | [ 4 [ (l-Ne)YM(N)

vjmj
N N . .

s Boxg () T O (et (1) ]
S
xv.j,mj.,vjmj(l) v;m 54[ (1-N )y (N)

N N ) .
(1-eN)) jgl 8x;(3) I’l"j x; (1) ¢ (1-€*N))
1) exi (e T ;G ]
sh gy S T X () e
xﬁj,,,jm ] X (R (Bgatp) (B.11)

For an optimal one-determinant approximation epsilon
could be included as a variational parameter. This,
however, still requires obtaining the distortions &x;
and once these are obtained we might as well use the
two-determinant function, since finding the 6x; is the
major part of that problem, Thus, I will set e=0 and
obtain

rven,® = e, - 7 A o8 (1)

ijj v.J.mj vjmj

* CojmyX va (g, (R (Bgo) (B.12)

M S B
A M v§mj (asemy,vuin D * Cujn Xogn, ()

Kv(R)ij.(GR'°R) (B.13)
)



APPENDIX C

Evaluation of PJsz 4

I wish to obtain

JMj 2 . pIMjL M S
v (N1, R) - P Y (N) v;,mj (Xe3em,, ,vjrmy 1)

‘ cvxﬁtl))xvck)rj.mj(eR.ok)

IMj 2

M S
P ¥ V;'mj (X\lemj.ovj'mj(l)
+ cvxﬁcl))xv(n)vj.mj(eR.¢R) (C.1)
where
IMjL R
P mfﬂj c(3£3,mym,M) | lYlmz(e.¢)ijj(eR.¢R)>
<Ylmz(e .¢)ijj (eR’¢R) - (C.2)

To do so I must evaluate the integral

I

vj;m.,

‘ng(°'¢)yjmj(°k'¢n)|*M(N)
J
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(x3°j°mj°’vj'mj'(l) + Cvxg(l)]lv(R)Yj'mj,(eR’¢R)

M (-]
Vym, (018)Y 55 (ogy0p) 1700 Vj;mj' [ d

(iz' 7?T7177T75z'(k°’)yz'o(°v°)5vv°6j'jo

ik .,r ‘%
8 + e vi! f . r)
Mg ) m'z.g' l'm\VOJoij.Vij(

Yyume (8,0)a1) + CxBa1) |

xv(R)chm (eR'¢R) . (C.3)

J"

Most parts of this expression may be evaluated immediately,

giving

=¥ [ ( ity Jo(KeT)6 | 855 8y o

v J Jo
5 . eikvjr

lml,vojomjo,vjmj(r))a(l)

B
+ .'z <Y2m (e'¢)yjm.(eR’¢R)|Cvxv(l)
b mj' 2 )

Yj'mj.(eR’¢R)> ] XM(R) (C.4)

To evaluate the remaining integral, I expand xg(l)
in spherical harmonics starting with Y where 12,

Lomg
and my, are determined by the symmetry of the orbital,
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An arbitrary function, f(r,9,4), with the same angular
symmetry as the spherical harmonic Y (9 ¢) can be

expanded as

£(r,0,6) = { £3(0Y; 125 m (049) (C.5)
1-

I arbitrarily take my30., Since I am summing over m,
states of the scattering electron this will not affect

the results,

Cxo(1) = ! Coifyi (Vg 05 me (Br0)a(l)  (C.6)

The tilda on 5 and ; indicates angles relative to the
molecular axis. I now have to write these functions
in terms of functions of the angles of the external
coordinate systemn,

a Lo+2i
® ) Dm"'mo ('¢R'6R'¢R)Yzo*21,m'(e’¢)l

(C.7)

The last term of equation (C.4) can now be rewritten

as

C (r)a(l)<y, (9.¢ Y.  (65,05)
j.gj' ié' vi v1 rja ) jmj R*"R |

Dy tn (- 0s0map) Yy oi e (8,0)Y 0y (0,000
J
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- z C

1575, 'n vi v1(r)°(1)6qp 2,0042i

<Y. (6p5,%p) D 29p, 0 )Y vp 0 (Bpydp)>
JmJ R?*R | Qw R R?*"R mj R?*¥R

(C.8)

)1/2

) mjzj' g %1, (2-20)72 Cui v1(7)0(1) [

. 1/2 .
2 1
[ e ] Inl'znjowR'eR’o)Dr;m.(°¢R'9R’¢R)

N B
D%j.0(¢R,6R,0)d¢RsineRdeR . (C.9)
since DJ (e,8,0) = D)/ (a,8,7) (C.10)
®
and D;'m(a.B.Y) = D;|m(‘0.8.?Y) » (c-ll)

I can rewrite the right side of equation (C,9) as

j ; 1/2
((2j+1)(2j'+1))
mf'ml g Gi.(f,.lo)/z Cvi fvi(r)a(l) J e )

.. 6 D, 0 pJ * 8 )
Jij'O(‘¢R' R0¢R) qpo('¢R! R’¢R) mjo('¢R. R,¢R
d¢RsineRdeR (C.12)

1/2

(r)a(])((21*1)(2j"1))

mjzj' g i,(2- 2.)/2 vi - v1
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I CGi'%ja,m'mom.'+m)C(j'2j1,mo0m,)
31 i

it ;
IDJ"*HL“‘ ( ¢R06R|¢R)ij0(°¢R.9R.¢R)d¢R51neRdeR o 2
(C.13)

This integral can be written

2w

L.

; j j ~imo¢
JdeR51n6R dm;'*%’mo(ek)dmjo(eR) £d¢R e 1Modp
0

ei(mj'*ﬂ2¢R e-imjcbR

n
) Z“G(mj'*qp(mj+mo) lde SIHOR m '*q'm (eR)

d;jo(eR) . (C.14)

i -
Now, de'+qrmo(eR)d JO(OR)

{(jn*mo)!(jx-mo)!(jx*mj'+q)!(jx-mj-q)!(j*mj)l

G-mpriti}t/? L enketks
kika

{(jt'mj"l'ﬂka)!(jx*mo-kx)!(kx*mjunl-mo) 1k, !

(j‘mj'kz) 1(j-k2)! (kz*mj) !ka!}.1 [sin(eR/Z)]Zkl“Zkz
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[cos (eR/Z))Zj 1+mo‘mj ¢ -“i-Zk"'Zj °ﬂl0¢mj . *mz.Zkz ,
(C.15)

So that

n
. j j .
ldeR sinép dm; . +mymg (eR)dmjo (eR)

{(j!)z(jl*NO)l(jt'mo)!(jn’mj*mo)!(jx-mj-mo)!

- 1/2 _1ykai+k
(3+m) 10 mj)!} ki (1)

1R2

{(jx'mj°mo'kx)|(jx‘mo-k1)l(kn*mj)!k;!

(j-mj-kz)!(j-kz)l(kz+mj)!kz!}'1

n
do. sind, (cose,/2)2(F1*i-ki-ka) (g5nq spy2(K1tka)
R R R R
0
(C.16)
Integrating by parts
2(ki+k2)

"
ldeRsineR(coseR/Z)z(j‘*j'k’°k’)(sineR/Z)

.(j;*j-k|-kz)!(k3*kz*2)l
n 2 (C017)
(Gr+3+2) ! (ki+katl)




135

Equation (C,16) becomes

n

lden sineRdg;.,ﬂrm'(en)d%jo(ek) = {Gaeme)!
(J1-me) L (G 1+m +me) L (Ga-ms-me) 1 (G #m) 1 (j-my) 1}1/2
517 (1K K205, 05-k,-ka) 1 (K1 0kae2)!

kika

{(j;-mj-mo-k,)!(j;+mg-k.)!(k;#mj)!k;!(j-mj-kg)!
(5-k2) ! (kz+mg) tkal (314392) 1 (Kavkao1) } 1

(C,18)

I can now replace (C,8) with

1)<y, (6,6)Y 8p,0p)
j;mj' gm' vi \u(r)a( ) "h( jmj( R*°R I
:.;31( bpe® '¢R)Yz.#zi.m'(e'°)yj'm 1 (8padp)>

j

) j;mj' E 6io(fv'lo)/i Cvifvi(r)a(l)

4 1/2 230 1/2
(Zj“‘l) z(j ’1) jzl C(j'!.jg.mj' mzmj'On‘!)

c(j'lj"m'°m°)6(mj'¢%?(mj+mo) {(jl‘ml)!
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(Gr-me) 1 (Jasmyemo) L (jr-my-me) 1 (o+m,)!

SENT A TR IO T NI b,

182

(Ga*j-ki-k2)!(k,+ka*2)! {(j.-mj-m.-k;)!

(j;#m.+k;)!(k;*mj)lk.!(j-mj-kz)!(j-k,)!

(k,+mj)!k,:(k,+k,+1)}‘1 (C.19)
= z 55, (1-20)/2 Cyifyi (Na(DI(Gm emyme)  (C.20)

So that

<Y£ml(o’¢)ij.

M S
J(eR'¢R)|V (N) vl . (xvojomjo.vj'mj(l)

JmJ

Y e K, (MY (Opueg)> - WO [+

/1“12!+|i jl(kor)émjmjoémQOGVVoéjjo

ik .r
te V) fzml,Vojoml .ijj (r) + E éi.(z-zo)/Z

Jo

C .(r)I(jmjzmzmo) ) a(l)xv(R) (C.21)

vifv1

Thus the desired wave function is
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vJsz(Nﬁl.ﬁ) - ) C(sz'mjsz)zYzm2(°'°)

mzmj
Vim, ot ¥'00) 1 [ 4ANTZET 5, (kr)

ik .r
6m.m. <Smloévwdjjo *

. (r)
LI lmz,vngmjepjmj

* 185, (e-0)/2 Coifug (MIT(mytmyme) ]

a(1)x,(R)

= wM(N) ) C(sz,mjsz)’ [ i‘/T?TZITrT

vmlmj

ik .r
jo(kor)$d 6 6., 6.. + elXyj
2 mjmj° mzo VVeo jjo

zmz,voj.mjo,vjmj(r) * E ‘1,(2-1.)/2 cvifvi(r)

f
(jm, anyme) | Tam, (0290 jn (Ogabp)a(g, ) .
(C.23)
! Rose,g_n.gii. .p.600

2 ibid,,p.S8.
' ibid,.,p.52,



APPENDIX D

Listing of Computer Programs

I. The program used to find the H, wave function was:

PROGRAM ENMAP2

ENL = 1423 8 21 e 1e22

Rele28

DO 10eKw})s2

ALPHAS 1 ,8964¢001 8K

PRINT 304R

OO 10e¢l=1¢5%

EN2=] oBa+l @40}

PRINT &0

DO 10eu=te7?

22uJ8401 +l1.2

EsEDEL (FN1+ENP 021422 sReALPHA)
10 PRINT 204¢F¢Z2¢FN2¢ALPHA

20 FORMAT(10XeF20eReIF1%e3)
30 FORMAT(l|Qz|x.g~rnnv-1ax.z?|13x0rNﬁ0|1onLPHA01ox0R-OFa.3)
40 FORMAT ( X)
END -

FUNCTION EDEL (EN]1oFN2¢Z] ¢Z2+ReALPHA)

TYPE REAL INRFETA

ENSSENI4EN2 $ 2SsZ21+22 8 RMHOl1sZ1#R g RHO2=22eR 8 Alw28EN]
A2=28EN2 & B2=A2+1 S C2=A2-? s D2=A2+42 $ E3=A2+3 381sA14])
GENS-GAMlNlENS-I00.)SGH?-GAMIN(G?.O-)‘HS-("NS¢|)!ENS'(ENS-l)'GENS
EONE w 228228 (EN2+4) /(A28 (AP=]))

ETWOA s GAMIN(A2:RHO2) /G2

ETWOB = (1=GAMIN(RA2+RHO?)/GR2)/RHO2

ETWOC = RHO2#PHOP 8GAMINIC21RHO2) /(2 ¢%eGN?)

ETWOD = AR (D2BRP=GAMINIF.34PHO2)/GA2) /RHOP %89

ETHREE ® 28Z 18 INAFTA(Z2/2S:R2A1) /FN)

EFOUR s 28228 INAETA(21/2S¢A10A2)/EN?
EFIVE-(?'Z!).lnlO(?OZ?)OORP'GFN§UBS'INQFTA(oﬁoENSt!oENS-I)I(GAMIN(
CB1 004 )2GRPEZS*8 (28FNS+] )81 %)

ETWO s 4%224 (ETWOA+ETWNOR+ETWOC+ETWOD) s CREP o ETHREE+EFOUR

EDEL = FONE SALPHA® (EREP-ETWO=EF JVE)
END

REAL FUNCTION INRETA (XePeQ)

820 8 NeO

1 PNeP4N 8 CNsN
IF(0=Ne¢FOs0e) GO TO 2
BAs (=1 )#ENEXS PN/ (ONSGAMIN (QO=Nes0g¢ ) *GAMIN (CN+1404))
BsA+4BA & NaN+4! 3 SeRA#]0.%2A/N S [F (S#5.GTele) 102
2 INBETAsB#GAMIN (P40e0¢)/GAMIN (Pe0,)
ENO

138
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10

40

15

20

29

139

The program used to find the H: wave

PROGRAM FNF IND
TYPF DOUNLFE 2

COMMON /1/C(2ea)eFNI2ea)

COMMON 7/ 2 7/ FOFLAWDILRFALALPHAWR
COMMON 7 J 7/ FINTFKINETICoM

COMMON / & 7/ leJaMm)

COMMON 7 FIX 7/ Z(2¢8)
ENNCToJeKIL)eFN(T o) oFNIKL),
ZZlleJekel ) a2 (o) eZ KoL)

Rele¢23 8 MeO

130

M3e0

DO 10¢ 1l=lea

00 10eJyste2
EN(JIIel1)aClIVeIl)eZ(JIJelT)e0

CONT INUF

EN(lel)el1e2Y 8 2(1el1)@]1e?22 8 Clleldel,
EN(2¢1)al1eS72 8 2(2e¢1)e0e"27
EN(2¢2)82:9%9 8 Z(242)n2e6%%
EN(2¢3)=10e68108 2(203)=A,26A
Cl2¢1)m¢740179 8 C(20¢2)2e439276 $ C(2¢3)3=,058261
ALPHA=14A18

Ju2

Je3

le?2 8sUm}

FraFACTOR( D)

Cllel)sFFaC(lel) S Clle2)sFFaC(l¢2)
Cllel)=FFaC(le]) 8 Cllea)uFFeC(lea)
CALL ENERGY]

D2=EDELA

M2aM

MS=M3

JuJ=]

IF(JeEOCeO) Ju3

FFeFACTOR( 1)

Cllel)eFFeC(la1) 8 Clle2)eFFeC(1+2)
Clle3)eFFeC(loe) 8 Cllea)sFFaC(loea)
CALL ENFRGY3

DsF.DELA

PRINT 800

funct

ion was:

sTr

ST

10
10

IF (18,LTe2) PRINT {00¢FNELRFAL «FOFLAJALPHAR((CIKIL) Ll eq)eXu]

2P2) o (ENIKIL) L sl 0a)oKu] 02) el (ZIKel) oL w] 08) 'Ku]02)
191

l1a=0

NEel

IF (JUeEQel) NE=2

MisM

MasM3

CALL ENERGYJ

11«0

D1=EDELA

EN(TeJ) = EN(TeJ)ee] BENE
ZiTeJd)=2(TeJd)+al®enNE
CALL coPT

lislle}

IF (EDELAsLTeD1) GO TO 1S
EDFLA=D])
ENCIsJIeEN(T e U)=o 1 80NF
Z(1eJd)sZ(leJd)=e1##NE

IF (11eFQe!1) GO TO 20

GO TO 29

D1=EDELA
ENC(TeJISEN(TeU) =g SONFE
ZiTeJd)eZ(leJ) =01 8oNF
CALL cOPT

IF (FOFLAWLTeNE) GO TO 20
COFLA=D]

ENCIeJ) @ EN(JoJ)oo] vONE
ZileJd)InZiled)soloone
12+0

20
29

20

”

100



30

S0

60

100

200

300
400
300

10

140

D1=EDELA
EN(leJ) ®» EN(TeJ)eol ®eNE
2(100)n2Z(l o) =a ) @ONE

CALL COPT

12124}

1F (FDFLASLTeN1) GO TO 30 30
EOFLA=D1

ENClo)eCMiTed) =0 ] #&NF

ZiloeU)uZ(lel)sal @ONF

IF (12¢EQel) GO TO S0 50

GO 7O 60 60
Oi1=srOFLA

EN(LoJ)eFH(T o)) =01 BUNF

AR KA AR I IR IR AL 2

CALL cOPT

IF (FDrLAILTeDY1) 6N TO %50 %0
FNITeU) ®» FNITeJ)eel ®ONE

FAEKIIE VAR RNIEFRE L2 3

CALL corT

ERINT J00eMeMeNFel 30 A 300
M oMaM]

MQeMI =My

IF((MQeCTeR)eORe(120GTe1)eORe(11eGTel1)) GO TO @0

NFEaNF+|

IF (NFoLTes) GO TO 40 40

MO aMa=M>

MS oMY =mu

PRINT 200eMeMD eMI ¢ MS 200
PRINT %00 ‘ 800
CALL PSIGRAPH

13el3+1

PRINT 400012 28888400
IF(D2eGT4EDFLA) [3e0

IF(D2eGTENFLA) DO2aFNFLA

PRINT 400413 88383400
IF(13.LTe2) GO TO 8 s

PRINT 4000¢13 83888400
FORMAT (/% TRUF ENFRGY ® ®F|%,8,10X%ADJUSTED ENERGY = ®#F 12,8 «10X
POALPHA ® 9F 7,44:10X%R o ®FA Y/ /0 Clled) = SAF|1%e6/® EN(I oY)
3= #AF 19,670 Z2(1eJ) = BAF1%46//)

FORMAT (® FNERGYY CALLED ®lse TIMFS (TOTAL)®/® FNFRGYY CALLED els
2% TIMFS (THIS TIMF)e/s COPT CALLED ®la® TIMES (TOTAL)®/® COPT
J CALLED #i=# TIMFS (THIS TIME)®)

FORMAT (# Ma® K 7XOM{u@ S |OXOINEs® [X¢]0X®]3a8 ]S TX®|qe®[2/018)

FORMAT (I115) 38888838
FORMAT (®1e)

CONT I NUE 88833888
END

SUBROUTINE COPT

TYPE oouBLF Z

COMMON /1/CL2418)FN(20ea)

COMMON 7/ 2 7/ EDFLAWDNDFLREALALPHAGR
COMMON 7/ & / leJeM)

COMMON 7 FIX 7/ Z(244)

DIMENSION CRI(%)

M3sM3I+ 1

FFaFACTOR( 1)

Cllel)sFFaCilet) $ C(l1e2)=FFaC(le2)
C(1e3)nFFeC(le2) 8 C(lea)maFFaC(lea)
CALL ENERGY3]

D1eEDELA -
11=0

120

NCe2 -
CRi(1)e1.

CR1(29eC(2e2)/7C(101)
CRI(3I)=C(1e3)/C(Le1)
CR1(a)=C(lea)/Cllel)

Ds=D1

CRI(S)=sCRI (Y)Y

IF (126EQe0) CRI(JISCRI(J)4e1#8NC
IF (12eF001) CRI(J)aCRY(JV)=ql@#aNC
Clle1)eCR1(1) 8 Cl1e2)eCR1(2) 8 C(1e¢3)sCR1(3) & Cl(lea)=CR1(A) = -
FraFACTOR( 1)

Cllel)mFFacC(let) 8 Cl(le2)efFFeC(102)

Clled)uFFacCiten) 8 Cllea)esFFeC(lea)

CALL ENFRGYD

O1=EDELA



100

10

100
200
300

141

llell+y - —

IP(D1eLTeD) GO TO 10 1/
O1eD
CR1(J)eCRI(S) ‘ h
1211
IP(11eEQel) GO TO 10 10

Clle1)aCRI(1) 8 C(102)aCR1I(P) 8 C(143)uCRI(3) 8 C(T1ea)aCRItA)
FFraFACTOR( 1)

Clley)eFFacC(loy) $ Clle2)aFFeC(1e2)

Clled)eFFacCtler) 8 Cllea)aFFuC(lea)

CALL ENFRGY]

NCaNC+1

11s0 s 120

IFINCeLTe6) GO TO 10 10
PRINT 100¢FDELREALIEDFLAIALPHA R (CIKoL)oLmlod)eKul102) e ((ENIKoL) o
Plmlra)exml e2) e ((Z(KoL) oL =l e8) eK=10D)

FORMAT(/% TRUC ENERGY ® #F 15484 |OX#ADJUSTED ENERGY u #F 12,9 ¢]10X

2%ALPHA & #F744¢10X%R s #F83//® ClleJd) = #8F1Se6/% EN(LoJ)
35 #OF15.6/% Z(1eJ) @ #AF1546/7)
END

SUBROUT INE PS 1 GRAPH

TYePF pounLr 2

OIMENSION OLD(73)eROLNDITY)

COMMON /Z1/C (2 ea)FM(2ea)

COMMON 7/ FIX 7 2(DeA)

AlNIC)IaCra(Ralee®)/AAMINIAS] s0e) @0 % sSTF
AlsA(P2erN(DPel)el07(P01))

APeALDRrNIP Yo R (D02

AJeA(DRI NIDe) DO (2eY))

SUML e3UM2 e .UM | 2a5UMIe0y

SUM] Ve SUM?Je 't IMAS0

DO 10elele? 10

R3sli=11)0,?

DFLTA=,2

IP(1eLTe22) AYall=]) @,

IPClelTe22) OELTAmG

IF(1eGFel2) Na(1=23)0,e%

IF(1eGF o) OFLTA®Y
PSI1sAIONIGO(FN(P 1) =] )ISFXP(=R3I®Z(201))
PSI12A20R108(FN(2:2) =1 )SEXP(=NJ8Z(242))
PSIIsANRIRISE(EN(R2eN) =1 ) *EXP(=RI*Z(2¢3))
RP1=PSI1*R)

RP2=PSI28R1

RP3=PS]3#R)D

SUMl sSUMI +DELTA®RP I eRP

SUM2e SUM240FL TASRP28RP2

SUM3eSUMI+NEL TASRPISRPY

SUM] 2eSUM| 2+DFLTASRP | QP2
SUMI3sSUMII+DFLTA®RP | *RP ]
SUM23aSUM23+NELTA®RP 24RP )
PS14eC(201)8PS114C(202)0P5124C(240)10P51]
RPa=PSlaeR)

SUMAsSUMA+DFELTA®RPARRPA
OIFFaPS1a=0LND( 1)

RO IFFesRPA=ROLD( 1)

OLD(T)ePSTA

ROLD(1)=sRPa

PRINT 1001RIPSI1IRPL IPST12eRP2¢ePSINIRPAPSIAIRPQDIFFIRDIFF
PRINT 2000R1eSUMY e SUMP e SUMI ¢ SUMS

PRINT 300¢SUME 2 eSUML 3eSUMPY

FORMAT (F7e3¢58(F12e%eF100%))

FORMAT (/FTe3¢4(12XeF10e%))

FORMAT (/e SUMI2e#F10e8/8 SUM|I3e®F10.8/% SUM23e#F10.3)
END

SUBROUT INE ENERGY3

TYPE OOUBLE Z

COMMON /1/C(2ea)eEN(214)

COMMON / 2 7/ EDELAEDELREALJALPHAWR
COMMON 7 3 7/ EINTIFKINETICoM

COMMON /7 FIX / Z(2+4)

ZZ(1eJekelInZ(1e0)eZ(KOL) st
RHO(ToeJoKolL )= ¢R¥RW2Z( e JeK L) STF
ENNCToJeKoL)IaFN(ToJ)4FNIKL) - - ST
A(BICInCHE (o 58R+eB)/GAMIN(R+110e)08,% . STF
MaM+t

EINT=0

DO 10¢Kniea

100

100
200
300



20

10

30
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IF ( Cl2¢X)eEQeOs) GO TO 10
00 10e=lva T C T -
IF ( C(2:L)eEQeOs) GO TO 1O
REPSUM =0
00 20¢1=t0a - -
IF (C(1e01)¢EQe0e) GO TO 20
DO 20¢JUs)ea
IF (C(10J)eEQe0e) GO TO 20 - i

REPSUM eRE PSUM SCIL1e1IBCI1 o JIRACENNC ol o1 el)eZZ(t0lelel]))

2RAIENNT L 0J01 0J) 62211 0J01 0 I*REP (T eJeKeL)
CONT INUF

EINT-EINTOC(POK)OC(ZOL)OA(ENN(ZoKO?OK)cZZ(?lKoZOK)).A(ENN(E'LOZOL’

292ZZ(2¢L 02 L) IR (REPSUM=ATTRIK L))
CONTINUE

EXINET1Ce0

DO 30e¢Kislea

IF (C(2:K1)eEQe0e) GO TO 30

DO 30+¢L 1m]ea

IF (C(24L1)eENeOe) GO TO 30

PART] = ZUP2oL1)#Z(2eL1)RENIP K] ) B (ENID K] ) =1)=28Z( 2L 1 )82Z2(2K1)
2RENC2ILIISENI2IK1)4Z(2IK1)2#Z(20K1 ) SEN(2L1IS(ENIPIL1)=1)=2022(2eK] PART]
PART]
PART? = A(ENN(2¢K1020L1)0ZZ(2:K1e24L1))H82828ENN(20K102+L1)*(ENNI2 PART2
PART2
PARTA = Cl2:K1)I#C(2¢L1)%AIENNI20K]e20K1)0ZZ(2eK]1e20K1))IPAIENN(2+L1 PART)
PART3

32l 1)082
2eK1e2sL1)=1)

202¢L1)02Z(2eL102eL 1))

EXINETIC & EXKINFTIC=PARTI/PART24PART!
CONT INUF

EOFLREAL sEXINFTIC+E INT

EDELA » FKINETICH+ALPHASE INT
ENO

FUNCTION REP(JeJexel )

TYPE DOUALF 2

COMMON /1/C(2:4)eFN(Pea)
COMMON 7/ FIX / Z(244)

TYPF REAL IMNAFTA
ZZ(AeReCeN)I/LARISZ (D)

RHO(A N ICol)m ¢R8N87Z (AN C D)
FENN(AMeCIDISITMNIAN)SFN(CIN)
FNC(leJdorel.) ® FNT=ENMH(TeJerel)

STPF
STF
STF
ST

AFTA(T e eKel) = TN TALZZ0 10 dar sl ) /2% e NI TeJeR el D41 oMM IT e JaRK L) )OTF
"r?a(loJuroL)olrrrTA(IZ(chcK-L)/Jﬂolrm(IcJ.r.L).ﬁ'rnC(IcJoroL)-l)ﬂff

A(NICInC o8 (KON gR)/CAMIN(1'4] s0e) 0085
FNS a EN(Lel)errtl e ) eFil e} eI 20L) .
25 s Z(1al)eZ 1 v Vel tar)eZiel)

RFPL e« POAFTA(Pe20L) ZIAENNG Lol o o) =102201 010 e
2AENNIPIKI2eL ) 027(Paxced el ) ) ) 00D

REPDY o 20NETA(1ele]eJ) ZUALENNI? ek e2:L0=1022(2Ke2eL))®
PACENNCLIIT010U) 0220100l ed))) 00D

REPI 8 =]/ \8RETI(P ] 0J) ZOALENNT L el e2eL)=202201 01020l ) )0
PAIFNN(PIKIT1 0 J)+1027(PeKel0J)) ) 00D

RFPA & @1/ 78NFT el o) ZIAUENNI2 Ko 0J)=3e22(2eK010eJ))®
PA(FNN(Tele2eL) 41022010020 )) ) 002

REPEREP | +REPZ+REPI+REPS

END

FUNCTION ATTR(K L)

TYPE ODOURLF 2Z

COMMON Z1/7C(Pea)eFN(D8)

COMMON 7 2 / EOFLAJENFLREAL sALPHAWR

COMMON / FIX 7/ Z(244)

2Z = Z(2eK)$2(24L)

RHO = sRe®ReZZ

ENN 8 EN(2K) +EN(2eL)

STF

N=N—-N

Ry
RE®|
REP2
RER2
RER3
RE®D
REPS
RERPA

ATTR = ?IZZO'FNNU(GAMIN(ENN.QHO!“/QHOO(GAHIN(ENNO!oO.l-GAMlN(ENN¢ ATTR |
ATTR 2
ATTR 3

ZIOQHO)l‘;lOQHOOOFOGAMlN(ENN-ZoRHO)*.‘IQHO..J.iGAM!N(ENN¢3000)-GANI

ANCENN+IIRHO) ) )

END

FUNCTION FACTORI(T)

TYPE OOUALE Z

COMMON 717C(204)1EN(248)
COMMON 7 FIX / Z(2¢4)

ENNIT e JeRILISEN T o) +FNIKOL)
ZZ(leJoeKelLIuZ (T eJ)eZ(KIL)
A(RIC)SCOB(oBUR+¢%)/GAMINI(R+]1¢00)%%,e5
CClJeK)IaClTeU)®C(Tex)
IF(CC(1:¢2)eFNe0) GO TO 2

sSTr
sSTF
STF
ST
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FACTI®C(101)0C 1o 1A (ENNITO oo 1)eZZtlololeld)CAIENNILIRele2) T
21021 eP)IZCAFNNITs el o) eI o Lot o)) OO}

IFICCI103)eEQOY GO TO Y ]
FACT2aClI o) ®C (ToaMIBACENNITIOL ol o1 ol otelet ) QAIFNNIT AT o) eT2¢
2103¢1eMIZLAIENNIT e o103V 02Z(Te10l03))002)

IF(CC(104)¢EQe0) GO TO & LY
FACTIeCl101)%CI10aA)RAIENNITo elo1)eZZ (To1eolol))BACENNTT AT 0a)02Z¢
21040104))/CAIENN{Te1e]0a)e2Z2Z(elelca))en?)

IF(CC(24¢3)eEQe0) GO TO S s
FACTRaC(1e2)#C(1¢3)SACENNCTII20¢102)0ZZ(10241¢2))SALENNIT30T03)022¢
210391 ¢3))/CAI(FNN(1020103)02ZZ( 10201 043))882)

IF(CC(2e¢4)¢ENsO) GO TO 6 )
FACTSaC(1e2)%C{10a)RA(FNNIT02¢102)e¢ZZ(J020102))BAIFNNIToQeT04) 022¢
2104¢104))/CA(ENN(T020104)0ZZ(102010a))002)

IF(CC(304)¢€EQs0) GO TO 7 7
FACTAaC(1e3)%C(1ea)®AIFNNITO30109)02ZZ(1e3¢103))SAIENNITAeT0q) 22!
2104¢104))/CAIENN(T03e10a)0ZZ 1 e3010a))002)
FACT7sC(101)8#824C(1e2)2824C(1e0)08824C([0a)0s2

FACTBa20(FACTI 4+FACT2+FACTISFACTASFACTSHFACTS)
FACTORe(FACTT4+FACTR)®®(=eS)

END



III1,The program used to find the scattering amplitudes
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and phase shifts was:

10

60

40

4

ar

PROGRAM NU1L

TYPE COMPLEX SUMIPART2 e INCeXePS T ePSI2:PSIIeVRIAFEXCHCOUL
RAHOIRER

Ne 2

NJel

NUeO

RRel ¢

AejADAS]

ASQ=a¢2R778
BSORe6¢002RQ
ASOR2e34.034A
ASORI=216631)
P2eeR641A%8
P22m439R042)
BSOR4=ASOR2ee>
BSORRaRASOR2*ASNRI
ASORGsASOR3ISED
BSOR7aASORI*ASNRE

DO 30+¢lmie18

ReOe

WNee15+0050]

SUMeOe

Cls 0e¢3R0ANIAO

C?8 S,20%6%747

Cas 007611800
CT7e1¢7724%3A%1 ,7320%08
CONT INUF

IF(ReLTe10) FPSa,01

I” (RelLTee0991) FPSm 001
ReR+EPS

R s WNeR

SReSIN(RK)

CR=COS(RK)

T1eSR/RK=CR

J1eT1/RK

J2sSP=J]e?
Jle(P=Pxesr)s | =202

IF (NUsFQe0) GO TO 60
IF(NUENele) RO TO 40

IF (NUsEQe2.) GO TO %O
IF(R«GTe ¢7) GO TO 61}
TEAMeBSQ®P28(1/(28R)*GI(1IRI+1/RRE(P8G(1)1=Gl(]1¢P)=1/BSONSGI(2:R)e1
2/BS0R2#(28G(3)=G1(3¢R))I=1/ASORIAGI(A+R)+1/ASORAR(24G(S)=GI(S«R) )=
3/ASORSEGI(6:R)+1/BSARE(2#G(T7)=GI(T7eR))=1/ASORTEGI (B«R)))
GO TO 80

IF(ReGTel04) GO TO 62

TERMzBSO#P24(1/(Re2)# (294G 1)=G1(1:R)I+1/RRE(GI(]1+R)=1/ASOREGL (24R)
2+1/78S0R24GI(IR)I=1/ASORI*GI(AR)+ | /ARSORA*GI(5:R)=1/B8SORS*GI(6:R)+1
3/RASORB#GI(T7¢R)=1/ASORT#GI(AR) Y)Y

GO TO 80

CONT INUE

TERMeBSQeP24G(1)/2

GO TO 80

IF(R«GTe ¢7) GO TO a1}

TERMzASQOP22# (=Gl (2:R)/R+2/RRE(GI(PIR)=1/ASAR* (286G (3)=GI(3:R)I+1/RA
2SOR24G1(44R) =1 /ASCRIM(P9G(R) =Gl (R4R) )41 /ASORA*GI(8'R)~1/ASORSS (208G
3(7)=Gl1(7eR)I+1 /BSORE*GI(AIR) =1 /BSANT* (29G(9)=GI1(QeR))H))

GO TO 70

IF(R«GTel04) GO TO 42

TERMaNSNEP228 (=Gl (21R)/N+2/RNS(GI(2iR)=1/ASORRGLI(IIR)ISI1/ASONRPeGI (A
PIR)I=1/NCORABGI(BIR)+ 1 /NS0RARGI(6R)=1/RSANKSGI (TR )I+1/RSORGEGTI (AR
3)=1/ASORTHGI(O4R))Y)

GO TO 70

CONT INUE

TERM=0

GO TO 70

.
0

DT e

‘i



80

1

52

A0

70

20

400

30

10

20
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IF(RGTe ¢7) GO TO 51

T!nM-.H.aSOCQ??'(1/90(2061(joﬂ)-ﬁl(llﬂ))07/99!(4.6(3]-"6!(3.&’00!
?(IOQ)'?'G(l)-1/"5090(?0ﬁl(40”)—61(?tn))01/“5092'(406(5l-?'GI(509|¢
36[(3.@)-?06(1))-llﬁﬁﬂn10(?061(6on)~ﬁlllon))OIIHSOQG'(Q.G(7)'?'G!l7
QIRI4GI(SIR)=P8AIK) ) =1 /NGORKS(DPAGIIAIRI=G1(AIR) )41 /ASANA* (48G(9)~2®
KGI(OIRI4GI(T7eP)=28G(7))=1/ASORTH (284G (10eR)I=GI(AIRI)I))

Go To 70

IF(R«GTele4) GO TO %2

TFRMa . SERS0EP 24 (1 /R¥(ASG( 1) =22GI(1IR)I4GI{1:R) =28G(1))+2/RRE(24G1(
?309)-6](!cpl-l/ﬂSOQ0(7.Gl(AOP)-GII’cﬂ))Ol/ﬂSOQ?O(?lGI(*cn)-ﬁl(jun)
3)-l/nson1¢(Pln1(ﬁcn)-ﬂxlacnl)ol/nSODAO(;Onliv'n)-Gl(qcn))-1/%50050
QUPRGTI (AN =G (ASR) I+ 1/N5NNAS(28GT(QIR)I=GI(TIR) )=1/ALONT*(29G1(10+R
B)=Gl (4RI

GO YO 70

CONT INUF

TEFRMe O

co To 70

CONT INUF

Xu(Oqele)o®PX

Pﬂ!|-(0.c?.)'ﬂ?'JI01'CAO(ClOROU.AH"rXp(-.ﬂO"ﬂ)oC?'ﬂ"loﬂﬂ"F!?(-
2P0 TP *R))

P%l?-(occ?.j.(70J’4106A0(CIOQCOQHR?'FXQ(-.GO7'9).(tbl?’-607¢9)0C7'
D] (ARSI XD (=2 e T=POR) (e ARD=247%280))

PGl e (0et01e)8C 79716 18CAP(C19NES ANIIF XP(=¢AOTIR)IS(=eANTS¢IIA/2=060
’?O.OA?ORQG.aovcﬂ)OO?lOC?O(IoO!?O.INPI,-f.TG?OIoﬁ!{;?ot?07920ﬂl007’
3» .

VRe(PS]3eP512)

EXCPa0Ca (/0 S828(C18],R2T708(=2,012)8(GAMIN(24712:0e)=GAMIN(D 9}
??0]."?70ﬂ))OC“O1.07?.0(-AaOﬂ?)'(GANIN(A.OQ?cO-)-GANIN(A.O”?OJ.QT?.
A ) I4R S(C18) (ATTEO( QOAN) BCGAMINI ONAL ] QAP T +C 28V IT7280 (=] ,0R2) G
QAMIN(100R2 Ve T728N) ) )

AaCXCHIRIWN)

COMLe1/R¥(2,4408(=144K)0(GAMIN( 14/ 00¢)=GAMINI( ] ¢4002,44%R))42,4400
P(e 06 )PCAMIN(04612¢44°R) ) SPS ] 1=A/6=-EXC2/6

INCo(COULS(1/(76141%024RIRE] 4 TT24%A) S TFRM4 ] o~ REAKE82 ) 8PS| =VR) #C
2EXP (=X ) #EPS

GO TO 90

CONT INUF

Xu(QeO0=1¢)*WNER

FReCI*RVS,AADIFXP (=g A0TIRN)I+CI2ENGE | (ASIIEXP (=2, TR OR)

INC =& CASFRECEXP(X)#PIPE4TERM/ 34 1415026848 FPS

1P (NUeFQel) INCea®INC

CONT INUE

SUMs $UMe INC

1F (ReLTe3001) GO TO 10

CONT INUF

PART22SUMSWNS (0e016)/(893,141%926%481,7724538)

1P (NUEQeOes) PART2aPART e}

AMP=CARS (PART2)

PART2e(0601¢)*CLOGIAMP/PART2) /34141892654

AMP=AMPR#2

PRINT 400NV IWN AMPIPART2

FORMAT (&M NUSeI2¢ 10X eIHWNS ¢ FS o2, 10XeAHAMPa«E 1507+ 10X ¢ 8PHASE SHI
2FTe®.C(F10eBeF10e%)010M TIMES PL//)

CONT INUE

END

FUNCTION GIN)

GeGAMIN( +S®N¢ 00 )

END

FUNCTION Gl (NX)

G1sGAMIN(eS®N¢18¢3AS] ®(1ea=28X)0e3)

END

COMPLEX FUNCTION EXCH (RPWN)

TYPE REAL LARGE

Re 0001

EXCHs (09004 .-

CONT INUE

K eReWN

SReS IN(RK) /RK=COS (R )

CuP2#81.,7724%3821,7320%08
EXsEXP(=]y229R)

IF (R.LEGRP) SMALLE Re8,230SREC/RP L2

IF (R.GTeRP) SMALLS R®e(=2:77)#SRECERP
LARGE sEX®SMALL #:.001/WN

If (ReGTeel) LARGE=]O0®LARGE

17 (ReLTee0I)ILARGEme | #LARGE
EXCHSEXCH4LARGF# (0ot 1)

1IF (ReLTee03)60 TO 20

I (ReGTe009099) ReR+¢01

IF (RelLTeol) PaR+,4001

IF (ReLTe9) GO TO 10

CONTINUVE

IF (RelLTes03)RaR4,40001

IF (ReLTee03001) GO TO 10

END



IV. GAMIN(ALPHA,X):

of the form GAMIN(ALPHA,X) are in fact calls to a library

146

In the above programs variables

subroutine which calculates and returns the value of

F'(a,x), the incomplete gamma function,

The same subroutine

can be, and is, used with x=0 to calculate the gamma

function wherever it is needed.

V. Data:
amplitudes
vJeo oNe
LPL Y
ywe 139
e wpe
AY' L] slje
s vie
ye vNe
w. V!
ye o
wWe ¥N®
s N
W SNe
Ve NS
_!U'. [(1]]
e Whe

The original output, listing the scattering

and phase shifts, is here reproduced:

Jehe
’e03

v, 70

0,73

Aype
AnPe
AnPs
Apypa
AnP,
tppe
AnPs

Anpse

APrPg

Appe

AnPe

ARPS

7:9044303%4
#,%9930081.901
$,93449% 3
€,97379% 92991
32972091071
Xe3028n02°n9)
2,2643302-001
?.43930%2.001
2,76337734904
3064%6923%001

9,1678043-¢01

7,4003882.001
1,04000851¢000
142111519000

100038907°990

PHASE SH(FTe
pHAgt oM1Ifqq
PHASE SHIFTe
PHAQE gHIfq,
PHAS, SHIFTe
PHASE SHIFTe
pHAgE yHIf e
PHASE SMIFT,
PrOSE ¥niFTe
PHASE SHIFTe

pHAcE gHilye

PHASE SHIFT,
Pulel SuIrTe
PHALE SHIFTe

PHySE SHIFTe

MY L
-j,22102
*9:27530
.9.3;000
f.s0vy?
'[.4'7;3
oh, 60908
b, 72086
-5.0)0.1
“geevey

,93072

_$,0009
80,7972
§,74277

!
§e09e33

e 00000
0,00000
“0eg0000
S,00000
0.00008
000000
«),00000
e,00000
e,00000
00000

Tines ot
1intsg »!
TinEs PI
tintg p!
Tines ot
TinEs PI

1ints p!

Tines Pt

Tines P

Tings ot

1intg !

Tints ot
Tinkg py

Tintg ot

Tines Pt



\NJe

NJs

e

NUe

NUs

s

\Use

\Us

e

NJs

YUs

Wse

wWe

\Ve

\uUs

Nue

wWe

\Us

NUs

NUs

NJe

NUe

NUe

\Je

\Ve

Nus

Vs

vJs

YWe

\Js

WNe

wha

LLL]

WNe

WNe

wNe

uNe

WNe

VNe

aNS

WNe

Ve

¥Ne

LUL

WNe

e

LLLJ

uNe

¥Ne

w\e

WNe

Wi

0,27
0.23
0.3
0.3%
0,40
0,45
0,90
0.5%5

0.70

0.73
0,80
0,85
0.%
0.20
0.29
0.30
0.35

0,40

0.3¢
0.%
0.60
0,69

0.7¢

0,7
0,86
[

0,%

AnPe

AnPa

AnPae

AnPe

AnPa

AnPe

AnPe

AnPs

AnPe

AnPs

AnPe

Anfa

AnPe

ApPe

AnPe

AnPe

AnPa

AnPe

AnPs

AnPe

AnPs

AnPo

AnPe

AnPe

AnPa

AnPe

AnPe

Anfe

AnPs
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4,9629450009
7.12479444009
1.0231249<008
1,3939499-008
9,81086231-008
?.,2987630-008
2.0339384-000
S,4236690-0c08
0.06742!0-0‘0
4,704630%5-008

€.9140%86-008

6.3168378-008
741704493008
€,0247289-008
9,0200673-008
4, 1602708013
#,0230521°013
9,7498181-013
1,361028%-012
1.,0207820<-012
7.3077310-01;
3.0489792-012
3,8232271-032
4,724751%-012
€,7673824-012

€(.96647368-0,2

0,3305009-012
9$.9309038-012

1.1072%04<011

1,3n072650-041 -

PHASE
PHASE
PupS:
PHAS:,
PHAS :
PHAS .
PuAS:
PHASE
PMASE
PHASE

PHASE

PHALE
PHALE
PHASE
PHASE
PuASE
rn;!i
PHISE
PH/ SE
PHISE
PH4SE
PHASE
PHASE
PuASE
PHASE

PHASE

PHASE
PHA E
PHAYE

PHANE

MLPTYe
yHIFTe
SHIFTe
UNIFTe
SHIFTe
SHIFTs
SHIFYe
.
lNl';n
SHIFTe

SHIFTe

SHIFTs

SHirTe
SHifTe

|
SHirte
[ L1148 L]
[ LITAL)
;MIrTe
$M|FTe
SHIrTe
SHiFvTe
L L ALY
INIFTe
WIFTe
YNIFTe

HIFTe

SH|FTe

PHIF Y.
YMIFTe
WIfTe

INIFTe

=}, 92000
=§,33%10
e§,%4213
§,%4v19
of§,9501?
~0,56319
§,57021
«§,9772¢
B,%002¢
§,5v128

«g,5v831

=9,40533
B,01236
-e.oivll
o,02043
0.92009
§,93209
0,33076
§,54433
0,34v33
0,5%433
0.%5874
8,50204
8,%0014
0,%0v17

[Tx24%4)

0.9739%0
§.37%60
8,97087

0,97773

e, 00000

o0, 00000
«0, 00000
o0,00000
«0,00000
o, 00000
0,00000
°0,00000
0,00000
0,00000
e0,00000
e0,00000
0,0n000
°0,00000
0,00000

Tints

Tinés

TInes

TInEs

Tines

Tinks

TineEg

Tints

Tinkg

Tines

Tints

Tines

Tintg

Tines

Tints

Tines

Tints

Tints

TineEs

Tintg

TInEs

TInES

TinEs

TInES

TInES

TINES

Tints

TInEs

Tines

TinEg

(4]

(4]

(4]

(4]

[ 4]

"

rt

’l

(4}
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