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ABSTRACT

TIME DOMAIN MODELS OF PHYSICAL
SYSTEMS AND EXISTENCE OF SOLUTIONS

by John Lyle Wirth

For a number of years, attempts have been made to develop analyti-
cal techniques for the study of what are known as nonlinear systems. Such
subjects as Cauchy-Taylor transforms, describing functions, etc., have

been developed and used with some success.

Advancements in the area of computer technology and in the study
of numerical analysis, have produced very practical methods for obtain-
ing solutions of nonlinear equations. In addition to being able to gener-
ate solutions of a given mathematical model of a system, it is also possi-
ble to use the computer to formulate the system model starting from the
mathematical models of the individual components and their interconnection
pattern. Considerable progress has been realized in programming existing

modeling techniques for computer execution.

In order to fully utilize the potentiality of the digital computer
in the analysis of systems, however, the modeling procedures should pro-
duce a system model in a form directly suited for solution by numerical

methods. These models may differ substantially from models produced by
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Abstract John Lyle Wirth

existing techniques.

Almost all known numerical methods for solving simultaneous, ordi-
nar; differential equations require that the differential equations are

in normal form, i.e., in the form

ele
|5

= fi(Xl... Xn,t) ) i = l) 2, ees N

This thesis presents a formulation procedure for formulating a normeal-
form model of linear and nonlinear systems. To put the formulation pro-
cedure on a rigorous basis, a number of existence theorem pertaining to

linear and nonlinear systems are presented.

In the developnment, the basic tools are matrix algebra and linear
graph theory. Such special cases as ideal transformers, ideal levers,
etec. are considered and treated in detail. Examples include such systems
as compound pendulums, rocket trajectory, saturable core reactors, and

systems containing ideal transformers.
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I. INTRODUCTION

Historically, much of the analysis of systems of electrical com-
ponents has been carried out by means of transform techniques. These
analysis techniques have been developed to a level of sophistication not

paralled by other branches of engineering.(l’2’3’u)

1)

Blackwell and Koenig( , in their concepts of systems, have ex-
tended these orderly and precise methods of formulation to linear systems
of all types of discrete components. The only prerequisite is that there
exist two fundamental variables - an "across" variable which sums zero
around circuits, and a "through" variable which sums zero at the vertices

and suitable linear equations rélating the "through'" and "across" vari-

ables of each component.

Attempts have been made to extend transform techniques to include
the nonlinear cases(S). At best, these efforts have met with limited

success in regard to both generality and ease of application.

The objective of this thesis is to set forth precise and orderly
techniques for formulation mathematical models of nonlinear systems in
general. These models are to be in a form amenable to solution by known
techniques. In the pursuit of this objective, many of the concepts and

developments of Reed(3), Koenig and Blackwell(l) have been used and ex-

tended.
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Numerical methods of solution of systems of algebraic and/or differential

equations are also considered fundamental to this development(6’7’12).

Sections II and III of the thesis deal entirely with systems com-
posed of components descfibed by algebraic equations. Here, such special

n(8)

component types as 'perfect couplers" and '"gyrators are treated in

both the linear and'nonlinear setting. Neéessary cénditions for the

existence of a unique solution for a linear system are also present in

terms of the system topology.

Section IV deals with the more general system described by both
algebraic and differential equations. Theorems pertaining to the exist-
ence of solutions to nonlinear systems are presented with the linear

system considered as a special case.

The proof of the existence theorems, in most cases, present practi-
cal methods for constructing the solutions to the classes of problems
covered by the theorems. Section V 1is therefore devoted to developing
algorithms for generating a mathematical model of the system in a form
suitable for solution by numerical methods. These methods, in general,
extend to a more general class of systems than those covered explicitly
by the existence theorems. Even though the solution is not known to

exist, a solution can often be constructed by these methods.



II. LINEAR ALGEBRAIC SYSTEMS

Consider first the class of systems in which the mathematical
nodels (component equations) of all the components are algebraic. When
the component models are all linear, sufficient conditions for the exist-

ence of a solution are given by the following theorem:

Theorem 2.1: ILet the component equations for a system having a graph G

be of the form
X=2(t)Y+F(t) (2.1)

where the matrix z(t) = [ziJ(t)] is positive definite* for all t on

1 constants, and

[£,(t)] is defined for all t on

the interval I defined by I = [t:to <t< tl] ’ to and t

where the vector valued function F(t)

I. Then there exists a unique solution for the variables X and Y of the

system graph for all t on I.

Proof: For any forest T of the system graph G, the fundamental

circuit and cut-set equations can be written as

[B. U] =0 (v -B%] [£.]=0
il zb 1 | Y (2.2)
C YC

where the subscripts b and ¢ refer to branch and chord variables,

respectively. Let the components equations in (2.1) be rearranged

* For the definitions of terminology and notation used throughout,
See Appendix A.
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and partitioned so as to show the branch and chord variables

explicitly as separate vectors, thus

Xl |22(t)  2p(0) | Yy ESQ) (2.3)
X, - zel(t) Zze(t) Y, F (t)

Substituting (2.3) into (2.2), we have

(3, U] _Ell(t) le(t)] (v o+ (B, Ul JF,(£)] = o

Zgl(t) zzz(t) LY, Fc(t) (2.k)

Substituting the cut-set equations from (2.2) into (2.4) then

gives
(B, U] |2, (t) Z,,(t) Bi + [B UL |Fy(t)]| = 0(2.5)
ZEl(t) Z22(t) U [Yé] Fc(t)

Since Z(t) is positive definite, the rearranged coefficient
matrix shown in (2.3) is also positive definite. Therefore,
by Theorem A.4, the triple product shown in (2.5) is non-

singular for all t on I and we have the unique solution

-1 :
[v.] = (3, ul |2,,(t)  2,(t) Bi (B, U] |F,(t) .6)
Z21(t) de(t) U Fc(t) '

The variables Yb’ Xb’ and Xc can then be found uniquely from

(2.2) and (2.3).

The above theorem and proof are very similar to results obtained

by Reed in some unpublished works. The only difference is that Reed also
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included the requirement that the matrix Z(t) be symetric as well as posi-

tive definite.

In one sense, Theorem 2.1 is quite general in that it places no
restrictions upon the topology of the system, i.e., the components may
have any mode of inter-connection. However, the requirement that Z(t) be
positive definite rules out cases where some of the component variables
are known functions of the independent variable t. This latter case is

covered by the following theorem:

Theorem 2.2: let the component equations for a system with graph G be

of the form
X, = Z(‘b)Yl + Fl(t)
Xo = Fo(t) (2.7)
Y, = Fe(t)

where 1) 2Z(t) and Fl(t) satisfy the hypothesis of Theorem 1.1,
2) Fo(t) and F2(t) are defined for all t on I, and
3) there exists a forest T of G such that the elements
corresponding to the entries of xo and Yé are branches and

chords, respectively, of T.

Then there exists a unigue solution for all variables of the system

graph for all t on TI.

Proof: As in the proof of the previous theorem, let the first set
of equations in (2.7) be rearranged and partitioned accord-

ing to the branch-chord classification of the elements for



the forest T.

— —_— - —

Xy 2y, (%) Z)5(t) 1y Fiy(t) (2.8)
= + .
X Zpy (£) Zop(t)| | Yy, F1p(t)

The fundamental circuit and cut-set equations can be written as

7 [ = - - =
t t
Bli BV O 1% | _ OBy B Yo
B, B., O U X t t Y B
21 22 1b 0 U -B12 -Bag- lb. (2.9)
X Y,
lc lc|
X5 T
Substituting (2.8) into the circuit equations in (2.9) and then
substituting the cut-set cquations in (2.9) into this result gives
_ ) .
[Bll][xo] + [B), ul zll(t) Zlg(t) B, .
zel(t) Zee(t) U [ch] (2.10)
N [t
[B12 Ul Flb(t) + [B12 Ul zll(t) Zl2(t) B, - o
Flc(t) Zy () Z,5(t) 0 [v,)

By Theorem A.4, (2.10) can be solved uniquely for Yic in terms

o Yo o end Y, are given by (2.7),

ch is then known as a unique function of t alone. The remain-

ing system variables can then be computed uniquely from (2.9) and

(2.8).

of X , and t. However, since X

All systems of linear algebraic two-terminal components are covered

by Theorems 2.1 and/or 2.2. Since symmetry is not assumed in the matrix
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Z(t), many systems of multiterminal components are also covered. There
are, however, many systems of multiterminal components which do not fall

into the framework of the hypothesis of these theorems.

In particular, equations of the form

X, i 0 Zl2(t) Y, 2.11)
x2 z2l(t) 0 Yé

occur quite often in mixed mechanical-hydraulic systems. Mechanical and

electrical systems may also have component equations of the form

fal
[

0 le(t) Y,
% By (¢) 0 %

(2.12)

Since the first equation in (2.12) is of the same form as the circuit
equations, as might be suspected, certain topological configurations lead
to inconsistencies in the system equations. These inconsistencies are

avoided by the hypothesis of Theorem 2.3.

Theorem 2.3: Let the component equations for a system having a graph G

be of the form given in (2.7) and (2.13).

_k 0 H ,(t) Y
3. 12 3
A Il B A€ 0 X, (2.13)

where 1) (2.7) satisfies the hypothesis of Theorem 2.2,

2) the elements corresponding to X_ and YL are contained

3

in the branch set and chord set, respectively, of the forest T

of Theorem 2.2, and
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3) det [U -ng(t) Be] £ O for all t on I where B, is the

coefficient matrix of the fundamental circuit equations defined

by tae elements corresponding to Xh’ namely

*1 =
(B, B, Ul X 0
X
3
Xy,
with the variable X* representing all across variables except X3 and Xh.

Then there exists & unique solution for all the system variables for all

t on

Proof:

Io

The essential parts of this proof have been considered by
Blackwell(h). In particular, Blackwell has shown that under

the conditions of the hypothesis, the combined rank of the circuit,
cut-set and terminal equations of the form shown in (2.13) is
maximum. From this result the first equation in (2.13) can be com-
bined with the fundamental circuit equations and the second equation
in (2.13) can be combined fundamental cut-set equations to yield
reduced sets of equations which are independent of the variables

X3, Y3, Xh’ or Yﬁ. The resulting equations are

B B U o bx ] U o vt gt r}f i
=11 =12 ol =0 B 21 0 [=0
X t t Y
By Bp OV 10 O U -Bp =Byp| [P (2.14)
X Y
1c lc
X, b
- e L —

The entries in the submatrices 913’ however, are no longer simply

+l, -1, or O, but are now function of t depending upon the entries
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of HlE(t)' The proof is completed by noting that (2.14) is in the
same form as that shown in (2.9). Hence, by the proof of Theorem
2.2, the solution for Yic exists and is unique. The remaining
variables can be computed uniquely using (2,1&), (2.13), (2.7)

and the fundamental circuit and cut-set equations.

Although not as obvious as in the case of equations of the form
shown in (2.12) and (2.13), systems having component models of the form
shown in (2.11) may also be interconnected in such a way that a solution
is not possible. Topological conditions sufficient for the existence of

a solution are given by the following theorem.

Theorem 2.4: ILet the component equations for a system having a graph G

be of the form shown in (2.7) and (2.15),

x3 = Z3(t) Y3 (2.15)

where 1) Z3(t) 18 a square skew-symmetric matrix for all t on I,
2) (2.7) satisfies Theorem 2.2,
3) 2(t) is a non-null matrix and
L) there exists a forest T satisfying 3) of Theorem 2.2
such that the elements corresponding to X, are contained in the

3
branch set.

Then there exists a unique solution for all the variables of the system

graph for al1 t on 1I.



Proof:
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For the forest T, the fundamental circuit and cut-set equations
are
[ I, t t | [y |
Bll B12 Bl3 U O Xo u O O -Bll -B2l YO
X =0 % £ Y =0
B21 B22 B23 c U 1b 0O U O -Bl2 -B22 1b
X Y (2.16)
3 r t 3
X O 0 U -B13 -B23 y
1c | — lc
X2 h?%__
Substituting (2.7) and (2.15) into the circuit equations and then
substituting the cut-set equations into this result, we have
t
(B,] Xy + (B, Ul 2, (%) 2, (t) B)5 ,
Zyy (t) Z,s (t) U [ch]
(B, Ul |2, (t) 2 (ﬁs— BU | [v,) + [B,.] [z.(t)] [BS.) [y, ]+
12 11 12 22 2 13 3 13 lc
Z5, (t) Zoo (t) 0

]
o

t
[Bl3] [Z3(t)] [323] [Yé]

In order to be able to show that there exists a unique solution

for Yic’ it must be shown that

O —

t
A = [B12 Ul le(t) Zle(t) B

t
|+ [313] [23(t)] [Bl3]

Zgl(t) zeE(t) U

is nonsingular.

Consider the quadratic form

XtAX
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where X is a nonzero vector. If it can be shown that this
quadratic form is always greater than zero, then A is positive
definite and, be Theorem A.2, nonsingular. By the definition of

A, we have

xCax=x? (B, Ul |2,(t)  2z.,(t) B;'z + Xt [B,5) [25(t)] [13;3] X
2y (8) Zp() ] U | X (2.18)
Since the coefficient matrix
.;11(4“) le(tT
A%?l(t) 222(t)

is non-null and positive definite, the first term in (2.18) is al-
ways greater than zero. The second term, on the other hand, is
always exactly zero since Z3(t) is skew-symmetric (Theorem A.8).
Therefore, A is positive definite and, by Theorem A.2, nonsingular
for all t on I. It has been established that there exists a
unique solution for ch. The remaining system variables can be

obtained uniquely from (2.16), (2.7), and (2.15).

For systems containing components with mathematical models of both
forms (2.11) and (2.12), the hypothesis of Theorems 2.3 and 2.4 can be

combined to yield sufficient conditions for the existence of a solution.

It should also be noted that although the above theorems are pre-

sented in terms of the open circuit parameters, i.e., the component equations
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are explicit in the across variable X, these same theorems can be stated
and proved using the short circuit parameters. The proofs are almost
identical to those considered above when the roles of X and Y are inter-

changed.

A review of the hypothesis of Theorems 2.1 through 2.4 shows that
each have one point in common. In each case, if the hypothesis of the
theorem is satisfied, it is possible to define a forest T of the system
graph such that the component equations can be arranged in a form showing
the branch across variables and the chord through variables as an ex-
plicit function of the remaining component variables. In fact, this is
a necessary condition for the existence of a unique solution for all the

variables of the system graph.

Theorem 2.5: For a system composed of components described by linear
algebraic equations, a unique solution exists for all the system variables
for any t on an interval I only if there exists some forest T of the

system graph such that the component models can be written in the form

[ %o | [Ral®) Al 1y () (2.19)
Yé A2l(t) A?E(t) xc Fc(t)

wnere the subscripts b and ¢ denote branch and chord variables, respecc-

tively.

Proof: Consider the set of equatious consisting of an arbitrary set of
component equations and the circuit and cut-set equations of an

arbitrary graph G, i.e.,
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- 7]
B, B, 0 0 X
0
0 0 A A X
1 2 2| _ 0 (2.20)
G () G(8)  Gy(8) G,(0) ] | ¥ F(t)

where the elements of the system graph have been arbitrarily
divided into sets identified by the subscripts 1, 2, 3, and k4.
Note that the union of sets 1 and 2 constitutes the complete
system graph as does the union of sets 3 and 4. Further, Bl con-
tains exactly e - v + p rows and A1 contains exactly v - p rows,
where e is the number of elements, v is the number of vertices,
end p is the number of parts in the graph G. The proof is ex-
tablished by showing that the coefficient matrix of (2.20) is

singular unless the hypothesis of the theorem is satisfied.

First, consider expanding the coefficient matrix in (2.20)
by Laplace's Expansion about the first e rows. Selecting an
arbitrary set of e columns in these two rows, the corresponding

determinant, after some rearrangement, is

B O
(il)det[o A:\ (2.21)

This determinant is zero unless B and A are square, i.e., B

must be of order (e-v+p)x(e-v+p) and A must be of order (v-p)x(v-p).

Further, by Theorem A.9, detB and detA are non-zero if, and only
if, the elements corresponding to the columns of A and B consfitute

a forest and compliment of a forest, respectively, of the system
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graph.

Therefore, the determinant of the coefficient matrix in (2.20)

can be written as

z{j (+1) det B, det Ay det [Gi,Gj] (2.22)
ij

where Aj has columns corresponding to some forest Tj’ Bi has

columns corresponding to the compliment of some forest Ti’ and

[Gi’Gj] represents the co-factor of the columns of Bi and Aj'

The determinant of the coefficient matrix in (2.20) is nonzero
only if at least one term of the sum shown in (2.22) is nonzero.
Thus, there must exist at least two forest Ti and TJ (i may equal
j) such that

det [Gi,Gj] # O

Therefore, the last equation in (2.20) can be solved for Xbi

and Yéj to yield

Xt H, (t) Ho(t) | | Yoy Fp(t)
+

- (2.23)
Yéj Hél(t) Hé2(t) Xci Fc(t)

If i=j, the theorem is proved. If i#j, then by means of a tree

transformation we have

— —

X5 _ U o X, o 1 _ c, O Y.

cJ 1 ci ci ci
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where C., and C, are nonsingular. Therefore we have

1 2
X, U 0 Hll(t) le(t) C, 0 Y.
= -1
Yoy 0 C, Hzl(t) }122('0) 0 U Xy
uooo | [r(e)
+ 1 (2.2k)
0 C, Fc(t)

and the proof is complete

On the basis of Theorem 2.5, many of the sufficlency requirements
incorporated in previous theorems are also necessary. For example,
Theorem 2.5 implies that for the existence of a unique solution it is
necessary that there exist a tree whicnh contains all of the elements
having specified across variables and containing no elements having
specified through variables. This result, stated earlier by Blackwell(h),
is, therefore, a special case of the more general result given by Theoren
2.5. This theorem also states the restrictions on the topology of

systems containing perfect couplers and gyrators.



III. NONLINEAR ALGEBRAIC SYSTEMS

The basic difficulty encountered in the analysis of nonlinear
algebraic systems is that very little is known about the existence and
uniqueness of a solution to a set of arbitrary nonlinear algebraic
equations. Therefore, Theorem A.6 is essential to the following develop-
ment. Through the use of this theorem, four existence theorems exactly
parallel to Theorems 2.1 through 2.4 are presented concerning nonlinear
systems. No attempt is made, however, to arrive at any necessary con-

ditions for the existence of solutions.

Theorem 3.1: Iet the component equations for a system with graph G be

of the form
X =F (Y,t) (3.1)

where 1) the Jacobian matrix %% exists and is strictly positive

definite for all t on an interval I defined by I = [t:to <t < tl],
t. and t, constants, and
0] 1 ' Sf
2) all partial derivatives -aTi- are bounded and satisfy a
J

Lipschitz condition with respect to Y.

Then there exists a unique solution for all the variables of G for all

t on I.

Proof: Iet T be an arbitrary forest of the system graph. Then the

component equations can be rewritten as

=16~



-17-

X, F) (Y Yo t)

X F, (Yb, Y, t)

F' (Y, t) (3.2)

Then F' (Y', t) has the same properties as F(Y, t) in (3.1). Sub-

situting (3.2) into the circuit equations, (2.2), gives

(B, Ul [F (Y, Y, t) 0 (3.3)
F2 (Yb) YC’ t)
By substituting the cut-set equations from (2.2) into (3.3)
we then have
(B, Ul |F (13t Y, Y, t)
1 1 1 c’ C, = 0] (3 h)
t L]
F, (B] Y, Y, t)
Since the Jacobian matrix J of (3.4) is given by
[oF, oF, | ]
(B, Ul | === B,
1 Y, oY,
F M 5
oY, Y,

J is strictly nonsingular for all t on I by Theorems A.5 and
A.3. Therefore (3.4) satisfies the hypothesis of Theorem A.6 and con-
sequently possesses a unique solution for Y&. All other system

variables can be computed uniquely from (2.2) and (3.1).
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In the above proof, tne method of attach is directly parallel to
that used in the linear case. The only significant change is the use of
Theorems A.3, A.5, and A.6 instead of their linear counterparts. There-

fore, the following theorems are stated without proof.

Theorem 3.2: let the component equations for a system having graph G

be of the form

X, = F, (Yl, t)
Xo = Fo(t) (3.6)
Y, = Fe(t)

where 1) F (Y,, t) satisfies 1) and 2) of Theorem 3.1,
2) Fo(t) and F2(t) are defined for all t on I, and
3) the topology of the system is such that there exists
a forest T of the system graph containing the elements

corresponding to X, and not containing the elements corres-

0

ponding to Yé.

Then there exists a unique solution for all the variables of the system

for all t on I.

Before proceeding to the cases involving perfect couplers and
gyrators, a closer examination of the hypothesis of Theorems 3.1 and 3.2
is in order. For most two terminal components, the equations relating
the terminal variables of the various components are such that all partial
derivatives exist and are bounded. Therefore, networks of diodes, non-

linear springs, etc., are known to have unique solutions. However,
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such components as the tunnel diode have characteristics such as shown in

Figure 3.1.

v
Figure 3.1 Tunnel Diode Characteristics

For such a characteristic, the partial derivative of v with respect to i
is seen to vanish at two points and the hypothesis of the theorems are
not satisfied. Systems involving such components may, or may not, have

a unique solution - a result observed experimentally.
Turning now to perfect couplers and gyrators in nonlinear systems

we have the following theorems.

Theorem 3.3: Let the component equations for a system with graph G be on

the form shown in (3.6) and (3.7),

F t
5| [ ) (3.7)
YL Fk(Y3, t)
where, in addition to the hypothesis of Theorem 3.2,
1) the entries of ——2 and —— are bounded and satisfy a
axh 3Y3

Lipschitz condition for all t on I,
2) the topology of the system is such that there exists a forest

T of the graph G which satisfies Theorem 3.2 and also contains the



-20-

elements of G corresponding to X3 and contains no elements of G
corresponding to Yh’
3) the fundamental circuit equations defined by the elements

of G corresponding to YL, i.e., the equations

[Bl B, Ul Xf = 0
X3
X),
are such that
det ~? - SEZ Eéj] f 0
~ oF
4 t
and det -U - 5_{3— BE} ;é 0

for all (xu, Y3) and all t on I.

Then there exists a unique solution for all the system variables

for a1l t on I.

Theorem 3.4: ILet the component equations be of the form shown in (3.6)

and (3.8),
x3 = F3(Y3} t) (3'8)

where, in addition to the hypothesis of Theorem 3.2,

OF
1) STQ is skew-symmetric for all Yy and all t on I,
3
OF4
2) the entries of 53;- are bounded and satisfy a Lipschitz

3
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condition for all t on I,
3) the topology of the system is such that there exists a
forest T which satisfies 3) of Theorem 3.2 and also contains

the elements corresponding to X, and,

3
L) the vector valued function Fl(Yi’ t) of 3.6 is non-null.

Then there exists a unique solution for all the system variables for all

t on I.

Again, as in the case of linear systems, the nonlinear theorems
can be stated in terms of the short-circuit parameters. The implicit

form
F(X, Y,t) = O

can also be used. However, this form is not particularly amenable to
theoretical discussion unless conditions sufficient for obtaining one of
the explicit forms are imposed. It does have considerable merit from the

standpoint of formulation and will be used to advantage in Section V.



IV. SYSTEMS DESCRIBED BY ALGEBRAIC AND
DIFFERENTIAL EQUATIONS

In order to investigate the existence of solutions for systems con-
taining components described by ordinary differential equations, the exist-
ence of solutions for systems of differential equations must be investi-

(11) (13)

gated. Bellman have established such existence

, and others
theorems for systems of ordinary differential equations in normsl form,

i.e., in the form

dx
Ei = fi (Xl, X2, eo e xn) t), i = l, 2, eee DN

Abian and Brown(lS) have also established an existence theorem based upon

the more general form

However, in this latter theorem, sufficient conditions are imposed to
facilitate the éolution for the derivative term. Therefore, for the dis-

cussion to follow, only theorems pertinent to the normal form are exploited.

Aside from the problems of existence and uniqueness of & solution,
there is also the very practical problem of actually obtaining the
solution for a set of simultaneous ordinary differential equations. Here
again the normal form seems to be the most convenient. This form is not

only necessary for sclution by means of analog integration, but is also

-00.
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in a form easily integrated by any one of & number of numerical integra-

(6,12)

tion procedures Therefore, by formulating a normal form model of
the system, both the existence and the actual solution itself can be es-

tablished.

Systems Described by Differential Equations: First, consider the class

of all systems made up of components which are described by ordinary

differential equations only.

Theorem 4.1: Iet the component equations for a system having graph G

be of the form

X F, (X,, X5 Y., Y, t)
%? 1 - 1 1 2 1 2 = F(Z) (h.l)

where 1) F(2) satisfies a Lipschitz condition and
2) the system topology is such that there exists a forest T
of the system graph G such that the elements corresponding to
Xl are branches and the elements corresponding to Yé are chords.
Then for any given set of initial conditions
X (to)

Y, (to)

|
H

there exists a unique solution for all the variables in the system for

all t such that t,. <t <+t

0 + ¢, c>0.

0]

Proof: For the forest indicated in 2) of the hypothesis, the fundamental

circuit and cut-set equations are



[13l Ul X, | =0 (u -Bl] Y| =0 (h.2)
X5 Yo
Substituting (4.2) into (4.1) we have
X, Fl(xl, -B Xy, Bth, Y, t)
a = & = FY(z') (4.3)
dt Y, fe(xl’ -BX,, BY,, Yy, t)

r
where Z' = (xl, Y2).

By Theorem A.10, F' satisfies a Lipschitz condition. Therefore,
by Theorem A.11l, (4.3) has a unique solution for the given set
of initial conditions I. The remaining variables can be calculated

uniquely from (4.2).

The class of systems covered by Theorem 4.1 is indeed quite small.
For example, systems containing circuits of cepacitors, cut-sets of in-
ductors, etc., are not within the framework set forth in the above theorem.
In an effort to extend Theorem 4.1 to a more general situation, consider

the following:

Theorem 4.2: Iet the component equations for a system with graph G be of
the forms shown in (L4.1) where
1) part 1) of the hypothesis of Theorem 4.1 is satisfied,

2) the matrix of functions

oF oF
3V ) >y
oY, 7 0X,

is defined everywhere, is strictly positive definite, and contains
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bounded entries which satisfy a Lipschitz condition.

Define Sl to be the subgraph containing all elements of G having component
equations which are explicit in the derivative of the across variable.

Let Tl be a forest of Sl and let T be a forest of the complete system

17 i.e., every element of Tl is also contained in

T. Then for every set of initial conditions of the form

graph such that TOT

Xpy (g)

= L
Yo, (%)

where the subscripts b and c denote branch and chord variables, re-
spectively, there exists a unique solution for all the variables of the
+c, c2>0.

system for t. <t <t

0] 0

Proof: The proof of this theorem is considered as a special case of

Theorem 4.3 following.

Systems Described by Algebraic and Differential Equations: Up to this

point, the component equations have been taken as either a set of al-
gebraic equations or as a set of differential equations. However, in
most problems presented by modern technology, neither of these two
situations is likely to arise. Rather, the system under consideration
is more likely to contain components which are described by both algebraic

and differential equations.

A number of existence theorems pertaining to systems described by
mixed algebraic-differential equations can be established by combining
the results of the previous theorems. Specifically, by combining Theorem 2.2

and Theorem 4.2 we have the following:
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Theorem 4.3: Let the component equation for a system having graph G be

of the form
(x| [P (X, Xy Xy Y, Y, Yo, t)
d 1 1Y ’ O R -1 ’
& - 3 3 - F(z) (4.5)
Y2—J F2(x1) X2) x3) Yl) Y2) Y3) t)
] —
F t
Xy |= [Fo(t) (4.6)
_Yu-_ _Fu(t)
Define the following subgraphs of the system graph G:
Sl - The subgraph consisting of all the elements corresponding
to Xo.
and all

S, - The subgraph consisting of all the elements in Sl

elements having component equations explicit in the de-

rivative of the Xl.

S, - The subgraph containing all the elements in S, and all

2

the elements corresponding to X

3
Sh - The subgraph consisting of all the elements in S

and

all the elements having component equations explicit in

the derivative of Yé.

S. - The complete system graph G.

= T*,
Let Ti be a forest of Si such that TiD Ti-l and let T5 T

let

1) F(Z) satisfy a Lipschitz candition,

Further,

2) (4.6) satisfy the hypothesis of Theorem 3.2 for the

forest T*,
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3) the vector function Fo(t) and Fh(t) be such that %%O
and %%h- exist and satisfy a Lipschitz condition, and

4)  the matrix

oF oF
2
IY, X,

is defined and strictly positive definite with entries which

are bounded and satisfy a Lipschitz condition.

Then for any given set of initial conditions

X1p(to)

Y2c(t0)

I
H

where the subscripts b and c denote branch and chord variables, respec-
tively, there exists a unique solution for all the system variables for

t Stfto+c,c>0.

o)

Proof: For the forest T* it can be shown that the fundamental

circuit and cut-set equations are of the form

_E;i B, O 0 U 0 0 0| —io__
By Bo Bpy By O U O O iX, g Byl [x]= o
By Byp O By O O U O[Xy .
B, By By By, O 0 0 U ||Xy ¢
Xie (4.7)
x2c
X3
| % _|
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and

v (4.8)
_C.
For the forest T*, the first equation in (4.6) can be parti-
tioned and rearranged in the form
X, Foo(Ys, Y., t)
3b 3p'13p? f3c (4.9)
%3 Fie(¥3pr Y300 )
Substituting (4.9) into the third equation in (4.7) gives
+ ul |Fo (Y., Yo, 8) | = O
l 3 u 3b*"3b 3c (4.10)
F3C(Y3b’ Y3C, t)
From the detailed form of (4.8) we also have that
1 t t t [
Y B B B Y
3| _ 3k . 2L Ly 2c (4.11)
Y3 U [Y3c] 0 0 Y,

Substituting this result into (4.10) then yields

' t t t N
) | %o |+ [By U 3b(B3u Y3c+Bqu2c+BuuYu’ Y30 t)

t
X1y F (B34 3t hyéc+B4hYM’ Y3c’ t)

(B B

31 o

(4.12)
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1b’ Yéc

. To show this,

It is now claimed that for every value of XO’ X , and

Y),, (4.12) possesses a unique solution for Y

3c
consider the partial derivatives of (4.12) with respect to

Y3c' Thus we have
[B,, Ul o3 %F-D’b 3Y3b
3 oY Y Y
' 3v 3c 3e (4.13)
aF3c aF3c U
iY3b 3Y3c_ ]
or, from (4.11),
[ OF OF.. | [ .t
3b 3b B
[B3h Ul SYE; SYEE 3h
(k.14)
aFk aFk U
% 9N || ]

According to 2) of the hypothesis, the middle term in (4.1L4)

is strictly positive definite - it is a row-column rearrange-
ment of a strictly positive definite matrix and is, by

Theorem A.5b, strictly positive definite. Therefore, the
triple product shown in (4.14) is strictly nonsingular (Theorem

A.5). Further, since F. satisfies the hypothesis of Theorem 3.2,

3
(4.12) satisfies the hypothesis of Theorem A.6. Therefore

the solution to (L4.12), say
Y3C = Fs(xo) xlb) Yzc) Y)_"J t’)J (14"1-5)

exists and is unique. By substituting (4.15) into (4.11) we
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also have that
Y3b = F6(XO, Xiys Yoo0 Yy t) (4.16)
Substituting (4.15) and (4.16) into (4.9) also yields

Xy = F7(XO, Xipr Yoor Yo t) (k.17)

X, = F8(Xo, X

1v’

By applying Theorem A.7, it can be shown that FS’ F6’ F7,
and F8 all satisfy a Lipschitz condition. Thus, by substitut-
ing (4.15), (4.16), (%.17), (4.18) and the last two equations

from (4.6) into (4.5), we have the form

xlj i Fi(xl, Xy Y5 Y, %

Y5

d
a = F'(z,) (k.19)
ac FA(X,, Xy Yy, Yp, t) 1

From Theorem A.10, F'(Zl) satisfies a Lipschitz condition and,

from 4) of the hypothesis, the matrix

oFL | 9F! (4.20)
o, ’ X,

is strictly positive definite. Note that (4.19) is of exactly

the same form as the equations shown in Theorem 4.2. Hence, the



o=y
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remainder of the present proof also suffices for the proof of

Theorenm 4.2.

By rearranging the equations in (4.19) and the variables in

Z,, (4.19) can be written in the form

_ - -
X Flp(Zp)
X F! (2,)
d 1c 1lc ™2
® |y | 7 e (k.21)
2b 2b\“2
_YQ c _F2'c (22 ) i

where Z, = (xlb, X100 Xopr Koo Yoo Yy Yo, Yoo, t). From
(4.7) and (4.8) we have that

— -~ - - ~ -

Xy U 0 0 0

X -B 0 -B 0

le| _ |12 . + 11 . (4.22)

o 0 B3l [*1o O Bl %o

B |© U | © o | |4

Substituting this result into (4.21) and premultiplying by

the nonsingular matrix

U 0 0 0
0 0 0 U
(4.23)
B12 U 0 0
+t
0 0 U -
I P23
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(4.21) vecomes

(v ] Y ] B ]
xlb Flb(ze) 0 0
4 Y, ) Fj. (Ze) . 0 0
a1, ) F! (z,) + B .F!'(zZ,) B 0 X
le\“2 12°1b'\“2 11 0
1 - t 1 - t i_.
| © _F2b(z2) ByaFa.(Z5) ¢ R3] @ (N
(4.24)

From (4.7) and (4.8), the variable Z, can be expressed as a

2

function of the variable

Z3 = (Xo» Xppr Xops Xapy Yy Y0 Yg3,)

However, in view of equations (4.15), (4.17), and the last

two equations in (4.6), Z. can in turn be expressed in terms

3
of

2, = (Kypr Xppr Vo0 Yoo t)
Thus, recursively
zZ, = G(z),) (4.25)

By substituting (4.25) and the last two equations from (4.6)
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into (4.24) we then have the form

xlb
d_ Yéc
dt 0

I—o —

F1o(2,)
Fgc(zh)

C-l(Z,_l_)

6,5(2,) |

(4.26)

In order to reduce (4.26) to normal form, the last two equations

must be solved for X2b and Yic' This can be carried out, accord-

ing to Theorem A.6, if the partial derivatives of Gl and G2 with

respect of Y c and x2b exist and satisfy certain properties.

1

Thus, we have from (L4.24),

312 U O

0 c v

-323

r 1 1 1 )
oF), OFjy oFyy, OFjy
0¥y, Yy, oKXy OXy,
aFic aFJ'.c aFic ' aFic
oYy Yy, Xy Xy,
9F2, sy, IFy,  OFYy
oY)y Yy, 90Xy Xy,
OFy, oFy, 0oF;, OFy
0¥y, oYy, 90Xy, IXy,

Substituting (4.7) and (4.8) into (4.27) we then have

(&.27)
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B "
1 1 1 1
B, U O 0 |[3F, OF), oF), JFy B, ©
o o U -323 oYy, Yy, Ky Ky,
1 1
aFII'.c o Flc aFJ'.c dFlc u 0
oy, oYy, Xy Xy,
. (4.28)
oFy, IOFpy, JFny OF3 0 u
Ny Yy Xy, Xy,
T dFp. IF. IFa i © —B23J
Yy 9Yy. Xy, 9 Xp |

But since the middle term in (4.28) is simply a partitioned

form of (4.20), (4.28) is strictly nonsingular by Theorem A.5.
Further, since all the partial derivatives indicated in (4.28)
exist, are bounded and satisfy a Lipschitz condition, the hy-
pothesis of Theorem A.6 is satisfied. Therefore, there exists

a solution to the last two equations in (4.26) of the form

1c B Ry Y0 )

Xy Hy(Xppr Yoo t)

(4.29)

where I, and H, satisfy a Lipschitz condition (Theorem A.T).
Substituting (4.29) into the first two equations of (L4.24)

then yields the normal form

X FI'' (X.., Yo, t
1b 1o v’ foc (4.30)
"y
¥ Foe (Rpyr Yoo )

a_
at
c
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where F{é and Féé again satisfy a Lipschitz condition.

Therefofe, by Theorem A.ll, given the set of initial con-

ditions I, there exists a unique solution for X., and Y o

1b 2

for t, <t <t ,+c, ¢c >0. The remaining systems variables

0 0
can be calculated uniquely from(4.20), (4.25), (4.6), (4.7),

(4.8) and (4.22).

Other theorems may also be generated by taking various combina-
tions of the theorems of Sections II, III, and IV. Further, additional
generalizations can be included so that the theorems presented are more
generally applicable. For example, in Theorem 4.3, a more general form
of (4.6) might be considered, or the Lipschitz and differentiability
properties might be considered over some defined region rather than every
closed region. However, these added generalizations add considerably
more detail to the already complicated proof and might serve only to
further obscure a very important consideration - the formulation of a
systematic procedure for obtaining a normal-form model of a nonlinear

system.






V. A PROCEDURE FOR FORMULATING NONLINEAR MATHEMATICAL MODELS

In the previous sections, several cxistence theorems are presented
and proved. From a practical standpoint, these theorems as such might
well be considered to be of academic interest only. In practice, the
solution 1s usually assumed to exist and the only remaining problem is
that of actually obtaining it. However, tine proof of Theorem 4.3 also
serves as a basis for defining a formal procecdure for obtaining rathe-
matical models of nonlinear systems in normal form. Once such a model
has been established, there are a number of existing numericel and

analog techniques for actually constructing the solution.

Systems of First Order Components: First, consider the general class of

systems with components described by algebraic or first order ordinary
differential equations, i.e., systems having components described by

equations of the form

ax. :

-1 = f.(x ,X ,...,X ,y ,ooo,y ,t) F) 1 = 1;2’00-’1 (501)
dt itl’T2 n’v1 n

dy .

a%ﬂ = fj(xl’XQ"°"xn’yl’""yn’t) ;3 =TI+4#,..0,d (5.2)
O = fk(xl’xz,ooo,xn,yl,ooo,yn’t) g) k = J‘i’l"oo’n (5.3)

In order to obtain the normal-form model for a representative

system of this class, (5.1), (5.2), (5.3), and the circuit and cut-set

-36-
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equations from the system graph are combined as indicated in Section IV.

To select the variable to appear in the final system model, select

a forest by defining the following subgraphs:

Sl - The subgraph composed of all elements having across variables

specified as a function of t by their respective component
equations.

S, - The subgraph composed of all elements in S1 and all elements

having component equations of the form shown in (5.1).

S, - The subgraph composed of all elements in 82 and all elements

having component equations of the form shown in (5.3).

Su - The subgreph composed of all elements in S3 and all elements

having component equations of the form shown in (5.2).

S5 -~ The complete system graph.

A forest of the system graph is then choosen by defining T to be a forest

of the subgraph S, such that Ti:)Ti_l (every element contained in Ti- is

i 1

also contained in Ti)° Then T5 is the desired forest.

As an simple illustration, consider the example shown in Figure 5.la.

wn
! |

aD-
’—l
“y

11

=
o
’-J
w
:
=

2
—p
211
R
(a) (b)

Figure 5.1 A Typical R-L-C System
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The component equations are of the form

x| (/) )y
X5 (1/¢5)v,
x (1/c5)y
<13 - 53 (5.4)
Yy (1/1,)x),
° Rs¥s = %
0 | [ %o - £(t)]

The defined subgraphs then consist of the following elements:

S. - element O.

1
82 - elements 0,1,2,3.
S3 - elements 0,1,2,3,5.

Sh - all elements

S- - all elements

Thus, Tl contains only element O and T2

of the elements 1, 2, or 3. Since T2 is a tree of the complete system

contains elements O and any two

5 are ildentical to T2. One of the three

is shown by heavy lines in Figure 5.1b.

graph, trees T3, Th’ and T

possible trees T

p)

Writing the fundamental circuit and cut-set equations for the

graph of Figure 5.1b we have
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1 0 0] [xg] 1 0 0 0 0 -1 'yo'
= 0 0O 1 0 -1 -1 1 =
xl Y1
-1 0 0 0 1 0O 0 1 -1 -1 0
*a Y2
X
3 3
X
|75 ) | Y5
(5.5)

Because of the unit matrices appearing in the fundamental circuit and cut-
set equations, the chord across and branch through veriables can be ex-
pressed as a function of the branch across and chord through variables.

Thus, (5.5) can be rewritten in the form

x|=(0 -1 -1 X y =e|-1 -1 1 Yy, (5.6)

5 Yo -1 -1 0 Y

This result can now be substituted into the component equations to yield,

in the case of the present example,

1 0 0 X, (1/C)(yy + v, = ¥5)
0 1 0
x (1/c,)(y; + 3,)
a2 ofld |7 - 273 " 7h (5.7)
6 o 1 Y, (1/¢3) (v3)
0O 0 0 (1/1,) (-x; - x5)
0 0 0 R
L - Y5 = X + X,
Y £(t) |
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Notice that the coefficient matrix multiplying the derivative vector in
(5.7) has maximum rank. This property is guaranteed by the specific choice

of forest outlined earlier.

By elementary row operations, (5.7) can be reduced to the form

shown in (5.8).

X [ (1/c,) (3 + ¥, - s)
X, (1/c3) (y3 + )
Nl - (1/1,) (-x; -x,)
0 (1/c) +1/C, + 1/C3) o + (1/C) +1/C,) y, - (3/C)) Vs
0 Reys = X + X,
|0 _ x5 - f£(t) i

(5.8)

The last three equations in (5.8) can now be solved for the variables not
appearing in the derivative vector on the left. By substituting this re-

sult into the top three differential equations we have the desired form,

namely
xl a b c xl J
d X d e f X k
Y, g h i Y, 1] [£(¢)]

where
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a = -(cl + 02)/(R5) (clc +C, c +C c )

b=20

c = -(ce)/(clc + CpCq + CgC )

d = (C3)/(R5) (clc2 + 0203 + c3cl)
e =0

£ = (¢ )/(c.Cy + Cy Cy + C5C 1)

g = -(l/LlL)
h=g¢g
i=0
j=a
k=4d
1 =0

A review of the steps demonstrated by the example of Figure 5.1

shows that there are five basic steps leading to the normal form:

1). Select an appropriate forest of the system graph.

2). Write the fundamental circuit and cut-set equations
in a form explicit in the chord across and branch through
variables.

3). Substitute the fundamental circuit and cut-set equations
into the component equations.

L). By elementary operations, eliminate the coefficient matrix
multiplying the derivative vector.

5). Solve the algebraic equations for the variables not appear-
ing in the derivative vector and substitute this result into

the differential equations.
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Each of the five steps listed above is well defined and is, at
least in principle, easy to carry out. Further, in most situations that
arise in practice, step 4 is not required. 1In these cases, the first

four steps can often be carried out by "inspection".

The example used to demonstrate each of the above steps was linear
for simplicity only. Ir fact, by defining C, = ci(xi) and Lj = Lj(yJ.),
the notation used in the above example also suffices for the nonlincar
situation. Notice, however, that if R5 is considered as a function of
V5 it is quite likely that the fifth equation in (5.8) cannot be solved
explicitly for ys. If such is the case, the normal form cannot be ob-
tained explicitly. Rather, the nonlinear algebraic equation nust be

carried along and solved simultaneously with the differential equations.

Before considering the subject of systems of components described
by higher order differential equations, it should be pointed out that the
formal procedure used above for selecting a forest of the system graph is
simply a precise way of stating a very simple concept. That is, the in-

dicated method of choosing a forest simply implies that

1) all the specified across drivers are made branches,

2) as many as possible of the elements having equations
explicit in the derivative of the across variable are
branches,

3) as many as possible of the elements having equations
explicit in the derivative of the through variable are
chords, and

L) all the through drivers are chords.
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This specific choice of forest is made to insure that the co-

efficient matrix of the derivatives vector in (5.7) has maximum rank. It

is therefore possible, by elementary operations, to reduce (5.7) to normal

form.

Higher Order Systems: The procedure given for components modeled by first

order differential equations is directly extendable to some of the higher

order forms. The only necessary changes occur in the choice of the forest

and in the form of the component equations.

Consider a component equation of the form

n-1

n
dx ax d” "x

n = f(x) dt) oo n-1 ) y) t) (5'10)
dt at

This equation can be reduced to first-order form by simply defining new

variables to replace the lower order derivatives. For example, the equation

3 2
d”x dx d™x

- = f (x: T’ T ¥, t) (5.11)
dt dt

can be written in the form

X £ (x, X, X, vy, t)
4 1. .
L kY B (5.12)

»
e



.

The last two equations in (5.12) simply define the variables used to replace
the lower order deriveatives. The resulting set of first order equations can

then be treated as indicated in the previous example.

The extension to higher order systems also requires a slight al-
teration in the choice of forest. In order to obtain the desired properties,
the subgraphs 82 and Sh must be further subdivided according to the order
of the derivetive of the variable associated with each element. Thus, de-

fine the following subgraphs:

S

23 - The subgraph consisting of the elements having com-
J

ponent equations explicit in the jth derivative of the
across variable and all elecments which are contained in
SE,J+1’ Jyn. If J = n, where n is the order of the
highest order derivatives of an across variable, then

S

> n also includes all elements of S
J

1
Sh,k - The subgraph consisting of elements having component
equations explicit in the kth derivative of a through
variable and all elements which are contained in
Sy k-1’ k#1. If k=1, 8,  also contains all elements
of S3.

Now define T, +to be a forest of S,, T, . to be a forest of S, ., etc.,
i i’ 72,7 2,J

such that

TCTp nC Ty C o CTp 1€ TC Ty 5 +--CT, CTg
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where n and m represent the highest order derivative of an across and
through variable, respectively, that appears in the component equations.

As before, T5 is the desired forest.

It should be emphasized once again that the definition of sub-
graphs and their associated forests is simply a precise way of writing
down a simple intuitive notion. The scheme for selecting these subgraphs
is such that the elements modeled by the higher order differential
equations are given priority in as far as their being selected as branches
or chords, depending upon whether the component equations are explicit

in the derivative of an across or a through variable, respectively.

To illustrate the procedure for component models involving higher
order equations, consider the simple mechanical system shown in Figure

5.28a.

(a) (b)
Figure 5.2 A Mechanical System

The component equations for this system are of the form
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(1/M,)y,

(1/33)y3

Yy - KXy,
V5 = Ks¥g
}’6 - f(t)_

The defined subgraphs and corresponding forests are:

Writing the component equations in first order form we have

null

- elements 1, 2.

- elements 1, 2, 3.

elements 1, 2, 3, 4, 5. T
elements 1, 2, 3, L, 5.

elements 1, 2, 3, 4, 5, 6. T

[ (1/4))y, ]
il
(1/M,)y,
i2
(l/B3)y3
Yy - KX,
Y5 = Ks¥g

Jg - f(t)_

Tl - null
T2’2 - elements 1, 2.
T2,l - elements 1, 2.

- elements 1, 2.

3
Th - elements 1, 2.

- elements 1, 2.

5

(5.13)

(5.14)



The fundamental

1x3— -l
xh ) 1
x5 0
-xEL _O

1 0o o
o 1 o0
o o0 1
o o o
o 1 o
o o o
o 0 ©
o o o

By elementary row operations, (5.16) reduces to

1

X

x5
d |4 _
dt 2 -

0

0

0

0

=47~

circuit and cut-set equations for the forest T. are

15) into (5.14) we have

0] (/M) (-5 -v,)

0 il

0 (l/M2) (y3 +y, - Y5 - y6)
) i

-1 —*1- (1/B5)y,

© X v, - K, (x) - x5)

o Tlk| |- x5 (xp)

0_ -x2- ‘y6 - f(t)

[(1/M) (-5 -¥,)

X

(/M) (y3+ 9, - ¥5 - ¥g)
%,

(l/B3) y3 - kl + ig

v, - Ky (%) - %)

ys = KS (xz)

g - £(t) il

(5.15)

(5.16)

(5.17)
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The normal form model of the system is obtained when the last four algre-
braic equations in (5.17) are solved for Y32 Yy Y50 and y, end the re-

sult substituted into the remaining differential equations. Thus we have

] [am) @y, - %)+ 1 - %)) ]

o . o (5.18)
X, (l/Me) (B3(xl - x2)) + Kh(xl - x2) - Kx, - £(t)
X, i2

It can be seen by this example tnat the formulation procedure for
the higher order component equations is much the same as in the first
order case. It differs only in that additional stepsare necessary to
first reduce the higher order forms to an equivalent first order form
and that a slightly different procedure is used for choosing the forest.
It should also be noted that when substituting the fundamental circuit
and cut-set equations into the component equations, the derivative of
cne or more of the circuit or cut-set equations may be required to

effect the substitution.

Special Forms of Algebraic Equations: 1In the two previous parts of this

section, a formulation procedure is outlined for systems described by
first and higher order differential equations. With one exception, all
of the indicated steps can be carried out in general. However, certain

situations exist where the required solution of the algebraic equations
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either does not exist, or is nonunique. Consequently, special procedures

must be employed to deal with these cases.

To demonstrate the nature of the problem, consider the system

shown schematically in Figure 5.3a.

3
SRETS
1.1 /l\g 0 1 ”)4 5 Y 0

(a) (v)
Figure 5.3 An Electrical System

The component equations for this system are

- - -
x) [ (1/¢))y,
%2 (1/¢5)y,
0 R Y, = X

= = |3 (5.19)
0 Xy - £(t)
0 Yy + Ky5
_O A -x5 - 10()_‘_

Proceeding as indicated in the earlier part of this section, we have
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[ x| [(1/c)) (-3,)
X, (1/c5) (-y3 - ¥5)
. 0 Rgyg - (x5 - %p)
& o | T |x, - £(t) (5.20)
0 ), + Ky5
10 ] | Xp = KXy .

Normally, the last four equations in (5.20) would be solved for Y35 Vi

0 1
in (5.20) is independent of Y3r Yy Vs and x

y5’ and x. as a function of x., x,, and t. But since the last equation
o’ 1O such unique solution

exists.

In an attempt to circumvent this difficulty, consider the de-

rivative of the last equation of (5.20) with respect to t.

dx
EEQ -K =1 =0 (5.21)

If xl(t) and xe(t) are any two functions which satisfy (5.21), then
x2(t) -le(t) = ¢
for some constant c. Therefore, if it is also required that

xa(to) -le(to) = 0
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then any two functions which satisfy (5.21) and the above boundry con-
dition also satisfy the last equation in (5.20) and conversely. There-
fore, the last equations in (5.20) can be replaced by (5.21) without

loss of precision giving

5] @) ()]
X2 (1/02) ('Y3 'ys)
0 Ry, - (x5 - x.)
L - |3 B (5.22)
0 Xy - £(t)
0 L Kb
L | 3t at

where xa(to) - le(to) = 0. At first glance it would seem that such a
substitution defeats the purpose of the formulation procedure because it
introduces derivatives in the right-hand side of the equations. Note,
however, that these derivatives are also contained on the left-hand

side of (5.22). The top two differential equations in (5.22) can there-

fore be substituted into the last equation to yield

EX [(1/¢,) (-3,) |
X5 (1/¢5) (-y3 -¥5)
4 0] Ry, - (x, - x
& - |¥3 2 0 (5.23)
0 Xy - £(t)
0 yk + Ky5
| 0 | | (%/Cy )y, = (1/€)) (y3 + ¥s)]
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By solving for Y3» Yy V5o and x, in the last four equations in (5.23)

end substiuting this result into the first two equations, we have the

normal form
x, (8/ (R (CK" + € )(E(E) = x,)
& - (5.24)

) () (Ry(cE + c (2B - x,)

where x2(to) - le(to) = 0. Note that the condition imposed upon the
initial conditions must be carried along to assure that the solution to

(5.24) also satisfies (5.20).

The general situation typlified by this example is one in which,
are performing the first four steps of the formulation procedure, the

equations take on the form

a Z, ) Fl(Zl, Zy) t)  (5.25)
Wt ol |ra(z, 2z, t) '
o\8ys %o)

where for some Kk,
= ! =
f2k (Zl’ Z2, t) = f2k (Zl’ t) = 0 (5.26)

i.e., one of the algebraic equations is a function of the entries in Zl
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alone. Since F2 contains the same number of equations as there are

entries in Z2, it follows that from F2, no unique solution can be found

for 22 as a function of Z1 and t.

Taking the derivative of (5.26) with respect to t we have

afék dz
6_—213 3L = 0 (5.27)

J

provided that the indicated parital derivatives exist. If the added

condition

£ (Z(80) ) = O (5.28)

is imposed, then any set of functions [zlj(tﬂ which satisfy (5.27) also

satisfy (5.26) and conversely.

Substituting from (5.25) for the derivatives in (5.27) yields

Z C):ak flJ (zl, Z,, t) = 0 (5.29)
i

J
Usually, at least for first order systems, (5.29) is dependent upon 22.
Therefore, if (5.26) is replaced by an equivalent expression, namely

(5.29) and the constraint (5.28), the difficulty is eliminated.



Figure 5.ka.

(a)
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To illustrate further, consider the

o3

ol

compound pendulum shown in

13

.
G2

()

Figure 5.4 Compound Pendulum

For this example, the component equations are

ol
ol
Tl

Tl

x-

for>

o2

e

T2

T2

(1M, i

*o1
M)y +e

*11
(1M)y 5

x02

(1M, + &

i12
2 2 2
x03 + xT3 - R3
*63 Y13 T %3 Y53
2 2 2
Xoh T X2y i

| XoWah T *Voh |

(5.30



where the subscripts ¢ and 1t denote the two co-ordinates of motion.
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For

the forest of the system graph (Figure 5.4b) which contains elements ol,

1l, 02, and 12, the fundamental circuit equations are

1 0 0 0 X1

0] 1 0 0 X0

Tl

0 0] 0 1] X 5

X

o3
Xk
X

T3

X
L Th’.

(5.31)

Substituting (5.31) and the associated cut-set equations into (5.30) gives

e

ol

ol

e

Tl

Tl

x.

o2

for™d

e

T2

12

(/M) (v, = ¥g3)
*crl
(UM) (v -v3) + &

x'rl

(/M) (-7,)

*g2
(VM) (-y) + &

x12

x2 + x2 - R
ol Tl 3

xol y'r3 - x’rl y03

2 2
(xc2 - xcl) + (x'rE - x‘rl)

-Rll»

_<xo2 - X)) vy - (Rp - %) Yol

(5.32)
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Note that the ninth and eleventh equations in (5.32) are functions of the
variables in the derivative vector only. Taking the derivative of these

equations with respect to t we have

dx ax
ol 1l _
X1 T X1 @ =0 (5.33)
o2 ol dx o 71
- - - _—l e - =0
(xpp = %) (g 7 )t (- xg) (g T )
with the constraints
X.X.+x_.x.=0
ol ol 11 "1l (5 3)4-)
(% (t,) - x (8,00 + (x_,(t) - x_1(£,))° - B = O
g2' 0 ol' "0 72° 70 7170 L
Substituting from (5.32) for the derivatives in (5.33) we have
X .X.+Xx.%x.=0
ol "ol Tl "1l (5 35)

(x02 - xol) (x02 - xc2) + (XT2 - le) (x12 - le) =0

If the ninth and eleventh equations in (5.32) are replaced by (5.35), the

algebraic equations in (5.32) become

. . . -
x01 xol + x11 xrl
51 Y13 ~ *q11 t03

(XUE - xcl) (xc2 - xol) + (x12 - Xrl) (x12 - le)

(x02 - xol) Il (XTE - le) Yol (5.36)
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Once again, the same problem occurs, i.e., the first and third equations

in (5.36) are not functions of the variables Y32 Yg30 Yo OF Yo Re-

peating the same procedure once again we have

with the condition that (5.35) must be satisfied for t =t

dx d

X
ol x + X ol +

dx1l b d

it ol ol 3t

(%f (xc2 - xcl)) (x02 - xcl) + (xo

d
(53 (x12 - le)) (ng - xT1)+'(x12 - le) dt

3t Tl

2

1l

= Lo
dt
- xol) %E (x02 - xol) *
: (x12 - xrl) =0
(5.37)
0" Substituting

the first eight equations of (5.30) into (5.37) and replacing the first

and third equations in (5.36) with this result we have

0

b

e o e o o . .

Zxol/Ml

-X X

-le/Ml

Tl ol

0]

-(xt2'x11) (1M +1M)

-(x02 -’xgl)

xol/Ml

0]

(koo = %My (xpp = X MMy =(xppmxgy) (/M) + 1/M)

- -

y03
yT3
Yol

Yk

- -

L] L] o . . L]
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By solving (5.38) for Vo3r Ye32 Yol and y ) and substituting the result
into the first eight equations in (5.30), the normal~-form model for the
system is obtained. Note, however, that the initial conditions used to
cbtain any desired solution to the system model are not completely ar-
bitrary. They are subject to the added conditions that they must satisfy
(5.34) and (5.35) for t = tys» the initial value of the independent vari-

able.

In this latter example, it was necessary to differentiate the alge-
braic equations twice. In general, if some of the component equations are
of nth order, n differentiations of the algebraic equations may be re-

quired.

In an attempt to put order into the problem presented above, note
that the equations which lead to difficulty in the three previous exarples
are the perfect coupler models encountered earlier in Section II, i.e.,

a component equation which relates an across variable to ancther across
variable. Also notice that when attempting to obtain a solution for

the algebraic equations, the variables in the derivative vector are
treated essentially as if they were known functions of t. Therefore,

the question of whether or not a solution exists for the algebraic e-
quations, at least in the linear case, can be answered by determining
whether or not any forest of the class outlined in the first part of this
section also satisfies the hypothesis of Theorem 2.5 in-so-far as the

elements of the graph having algebraic component equations are concerned.
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For the example shown in Figure 5.3a, the only possible choice of
forest includes elements O, 1, and 2. This automatically classifies
elements 4 and 5 as chords. Consequently, since the component equations

for these elements are

X, 0 -K
p)

the hypothesis of Theorem 2.5 is not satisfied and no unigue solution

exists for the algebraic equations.

In this way, at least in the linear cases, the need for special
formulation procedures can be anticipated from the form of the component

equations and the manner in which the components are interconnected.

As a final illustration of systems containing perfect coupler

models, consider the system shown in Figure 5.5a.

5y 11

(a)

Flgure 5.5 An Electrical System
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Since the component equations are of the form

Fxl" [ (1/c))y, T
X5 (l/ca)yz
0 x5 - 1(1xl+
% |°] - X6 = %"y (5.39)
0 Ry = %3
0 Xy - £(t)

only two forests can be selected consistent with the procedure outlined
in the first part of this section. Neither of the two forests, (0, 1, 2,
3) or (O, 1, 2, 4), are acceptable from the standpoint of Theorem 2.5.

It is evident, therefore, that the algebraic equations are such that the
normal form cannot be obtained without special procedures. Writing the
fundamental circuit and cut-set equations from Figure 5.5b and substitut-

ing this result into (5.39) we have

x, [ (1/¢)) (-¥5)
x, (1/c,) (-¥¢)
0 X, - leh
Slol = |x-xx (5.40)
0 Yy + Kys + Ky
0 R3y3 - x), + X,
| O | | %o - £(t) |
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Since the third and fourth equations are functions of x., x

1’ 72’

the five algebraic equations in (5.40) have no unique solution for Y3 Vs

and X), only,

Ygr Xy and X, as a function of Xy Xp, and t. But in this example, none

of the equations are functions of Xy and X, alone. It would appear,
therefore, that the system shown in Figure 5.5 is beyond the scope of

the development presented thus far.

Notice, however, that by solving the fourth equation in (5.39)

for x), (5.39) can be rewritten in the form

EA [ (1/c )y ]
X, (1/C5)v,
0 xg - (K /Ky )xg
%E ol = x, - (/K. )xg (5.41)
0 Yg + (Kl/xg )Ys + (1/K2)Y1|_
° 8373 = %3
0 | B £(t) ]

Combining (5.41) with the circuit and cut-set equations then gives the

form

Txl‘ P(l/cl) (-ys) ]

x2 (l/ca) ('y6)

© x) - (K /%)%,

Slol =[x - rx (5.12)

0 vg + (K/Ky)vs = (L/K)y,

0 R3y3 - xh + xo

| O | | Xg - £(t) ]
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But now the third equation does relate xl and X, and the normal-form
model of the system can be obtained as in the previous examples. Thus,
it is éeen that for systems involving multiport perfect couplers, the
component equations should be written in a certain form. Specifically,
if one of the elements, say e corresponding to a perfect coupler is
a chord for every forest of the type indicated in the first part of

this section, the perfect coupler equations should be written in the

form

chl To o ... B, ] -yel-:

Xap 0 0 cee h2 N

S I ER IE =0 (5.43)
Xon-1 0 0 oo hn-l

Yen i :hl -h2 ° dbLen

Similarly, if one of the elements, say ej, J < n, corresponding to a per-

fect coupler is a branch for every forest T. indicated earlier, the

P

perfect coupler equations should again be in the form shown in (5.43).

In the case of the example of Figure 5.5, element 6 is a chord

for every forest T Therefore, a proper form for the perfect coupler

5'
equations is

Xg 0 0 Kl/Ké Vs
x,| - |0 0 /K, ||, = 0 (5.43)

Ve K /K -1k, 0 X



-€3-

The form

Xg 0 0 K2/K1 Y
x| - ]o 0 /K | |n = 0 (5.45)
Ys -xé/xi -1/1(l 0 Xg

is also acceptable because element 5 is also a chord for every forest T5.

More Examples: To illustrate further the range of applicability of the

formulation procedure presented in this thesis, several additional examples

representing several different fields are now presented.

First, consider the problem of calculating the trajectory of a
rocket on an orbit around the moon. If the center of the earth 1s con-

sidered as the inertial reference, the equations of the rocket are

2 | %] [(ME) (T (e) - B (xo, x s %))
a2 | %, (1/M()) (T (t) - B (x, x_, %))

where M(t) is the mass of the rocket, Bo(xc’ X, xo) and B (x ,x ,xc) are

T T 07T

functions which determine the frictional effects of the atmbsphere and

To(t) and TT(t) represent the thrust of the rocket engine.

The effect of gravity upon the rocket can be considered as a com-

ponent having equations of the form

-3 X
= -KM(t) (xi + xf) 2" °

X
y‘l' T
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The position of the moon in its orbit around the earth is given by

xc . sin K2t
X 1 cos Két

A schematic diagram of the system under consideration and the system

graph are shown in Figure 5.6.

(a)

(v)
Figure 5.6 Orbital System

In the graph, element 1 pertalns to the rocket - earth component, elements
2 and 3 pertain respectively to the gravitational effects of the moon and

the earth upon the rocket and element O pertains to the relative position
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of the moon with respect to the earth.

Combining the various component equations into one set we have

%51 (M) (T,(8) = By(xg)s xpps Ey) +7)
X0 irl
%11 (L)) (T, (6) = B (xpys Xq0 Rg) +yy)
*11 ixl 3
a |o F KM(E) x_ /(x5 + x2,)°
T = (Y2t K o2/ Koo * Xi)3 (5.46)
© Yoo * KM(E) xxz/(xié * xfa)z
° Vo3 *+ KM(E) x5/ (g + 22305
© Vo3 * KEM(t) x13/(x03 * x§3)§
o xoo + K3 sin Kut
-O | _*10 + K3 cos Kht i

For the forest indicated in Figure 5.6b, the fundamental circuit and cut-

set equations can be written and substituted into (5.46) to give

(%a]  [@A()) (T () - B(x s %qs %0) = (Vo +¥5) ]

*o1 %51

%1 (1m(e)) (T () = B (xgys Xpgs %py) = (v + ¥3)

X1 %1 3
B[O ] - [Tee ) Gy oo Wliy = ) ¢ g - xi0) )

0 Yip * KM(E) (kg = x o)/ ((xg 57 %5007 + (3 = x0)7)

0 | |+ KME) by )65y + %5)3

© Yp3 * KM(t) (xy)/ gy + "31)2

0 X0 * K3 sin Kht

0 | [0 + K cos Kyt (5'1‘7)_
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The last six algebraic equations in (5.47) can be easily solved for Y o7
y12’ y03, yT3, X0 and X 0° If this result is substituted into the first

four differential equation, we have the desired normal form model of the

systemn.
In general, the orbital problem is made somewhat more complex by

virtue of a more complicated expression for the gravitational effects
between the rocket and the earth. Adding a third demension to the pro-
blem also increases the complexity by adding one more differential equation
and three more algebraic equations. The method of formulation would be

exactly the same, however,

The formulation procedure presented in this thesis always assumes
that the component equations have been solved for the highest order de-
rivatives. Although in some cases this means that extra steps may be re-
quired, these steps may lead to very useful results over and above simply
formulating a model of the system. For example, consider the equations

describing a two winding transformer.

M, Mp I R 0N X
+ - (5.48)

Mo, My Yo O Ryl X,

QaIQJ
ct

It is frequently appropriate to make the approximation that

M) Moo - Mia =0

My /Mp = Wpp
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where Ni2

making the change of variable

is a constant, the turns ratio of the transformer. Then, by

Yp =Yy Ny,

(5.48) becomes

Mll o) d y R
dt

Ml2 0

(5.49)

we have

RN I Xy

R,+R N2

2 2 71712

Mll 0 d_ y’r Rl

0 0 Yo R,

+
]

Ny Yo X5

Rewriting (5.50) and the definition of Vo together we then have

I (1) Ry = RNy, + %)

4 _ v -

T |0 |¥r vy - Mo¥o (5.51)
0] [RaMeYs t (Ry + Ry N?e)yz - X+ Npoxg
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The variable Ve is, by its definition, proportional to the total ampere-
turns on the transformer core. Thus, by using (5.51) as the component
equations, a model of the system can be formulated using the ampere-turns

as a variable. A problem of this kind is considered in the next example.

The coefficient Mll can also be considered to be a function of Yo

as long as

M () Mpp(v) - Mo (7,) = O
My (v )/Mp(y) = Ny

(5.52)

where Niz is still a constant. For many core materials having the so
called "square loop" hysteresis properties, (5.52) is very nearly satis-

fied. Consequently, (5.51) is a good model for such components.

For the system shown in Figure 5.7, the component equations are of

the form shown in (5.53).

o

1 o~

(a) (v)

Figure 5.7 Saturable Reactor



The variable Y. is actually a "dummy" variable and is not related
of the other system variables except through the second equation
Therefore, when the circuit and cut-set equations are substituted

(5.53), no substitutions are made for Yoo For the tree indicated
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(1/¢y )y,

(l/MhlL(yr)) (_R)-Ly'r + R}-‘-NLP5'Y5 + xu)
VT -y, - N453’5

-RhNh5y1 + (R5 + RhNiS) Vg = X5 + Nusxl+

Figure 5.7b, we then have

[(1/¢,) (v5 - v,)

(1/M,,(v.)) (-Ryy, - RyNyoys + x4)

Yy =¥y * NysVs

-RhNMByT - (R5 + RuNiS)y3 - X5 + Nhsxo

X - Ry
X5 = X - f(y3)
%o = (%) i

X5 = Ryyp
X3 - f(y3)
| X = £ (%) -

(5.53)

to any
in (5.53).
into

in

(5.54)

Four of the last five algebraic equations can be eliminated from (5.54)
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to obtain

d
at |y (/M) (v.)) (-Ryy -RyNovs + £,(t))

0 RNy, - Ry + RYGL) vy - xy E(yg) + N (4

(5.55)

Note that because of the nonlinear function f(y3), no explicit solution
for y3 is possible in the last equation in (5.55). The three nonlinear
equations shown in (5.55) must be solved simultaneously in order to ob-

tain a solution.



VI CONCLUSION

In the first sections of this thesis, a number of existence
theorems are presented and proved. The second section is devoted en-
tirely to systems having components modeled by linear algebraic equations
and extended existing theorems to cover the more general case where the
coefficient matrix is not symmetric. A particularly interesting result
of this section is presented in Theorem 2.5. Here, necessary conditions
are established for the existence of a solution for a completely general
linear algebraic system. This theorem covers, as special cases, the

restrictions on the topology of regulated sources, perfect couplers, etc.

To establish results similar to those of Section II for nonlinear
systems, the mathematical structure presented in Appendix A is found use-
ful. This development introduces the definitions of strictly positive
definite matrices and strictly nonsingular matrices. These definitions
are in turn used in the presentation of theorems and proofs which are
patterned after the linear cases. Probably the most significant result
of this development is given by Theorem A.6. Here, sufficient conditions
are presented for the existence of a solution to the vector equation
F(X) = 0. The proof, in addition to establishing the validity of the
theorem, also provides new numerical techniques for obtaining the solutions

for such equations. The solution is shown to exist by demonstrating that

-T1-
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al ccuation has a scluticn. This soluticn tlien pro-
vided the soluticn to F(X) = 0. Therefcre, all the technigues currently
availoble for solving differenticl equetions arc new applicable to tle
problen of solving algebralc cqucticns. In fact, 1t can be shewn thet if
the first order Buler method with sctep size equal to cne is used, the re-
sulting nurmerical netiiod is identical to the farilliar Hewton-Raplcon
rethod. The important point is, ncwever, that higher order methods, such
. ‘o

as the fourtnh crder Runge-Kutta metiaod, can be used with small step size

thereby elirincting ©vlic problen cf convergence.

w5
|5}

In Section IV, differenticl eguation mcdels cf system components
are considered. The rajor result, presented in Theorem 4.3, pertains to
nixed algebraic and differential ecuetion models. The procf of this re-

sult is used as 2 basis for defining a formal procedure for generating

normal-forn models of systemns.

The formmlation procedure, presented in Section V, is applicable
to first and higher order systems clthough more development is needed in
the latter case. Systens containing perfect couplers, gyrators, ctc.,
also fit into the frarewvork prescented. Here, however, specicl forms of

the component equations are required for systematic treatiient.

By conmbining the results of Section V with existing nurnecrical
methods for solving differential equations, it is possible to write general
purpose digital computer progrems to obiain solutions to a bLroad class cf
system problems. In this way, any of the systems presented as examples

can be solved cutoratically by a single computer prograr..



APPENDIX A

THEOREMS AND DEFINITIONS

In this development, it is convenient to refer to large numbers of
equations or symbols by simplified notation. Therefore, matrix notation
and matrix algebra‘9) are used throughout. A matrix, or a vector, is de-
noted by upper case letters such as Z and G, while subscripted lower case
letters donote individual entries in these matrices, e.g., 245 gij’ etc.

The symbols X and Y are used exclusively for vectors.

Vector valued functions of real vector variables are also useful
and are denoted in the customary manner. For example, the symbols F(X)

serve to denote the vector function

fl(xl’x2’ cee xnjw

f2(xl,x2, ces xn)
F(X) =

H

m(xl,x ) e xn)

Functions of more than one vector variable are written in the form

—

-
fl(xl’ vee Xy Yps e ym)

f2(xl’ oo Xy Yps e ym)
F(X,Y) =

m

fk(xl, vee X5 Yy e )

-73..
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Differentiation in matrix notation has the following meaning:

Q,1
H
'_l
QO
H
H
Q
H
'—l

QO
<
—
Q
»
n
Q.
»

Q
H
M)
\V
)
n

Q
d
'_J
3
A )
RS
o}

oF (X,Y) _ ¢
X

Q.

\/lm_
<|
==

U o
™

N
Q] QO
x|

As illustrated above, the arguments of functions are occasionally dropped

when there is no danger of misunderstanding.

Two measures of a vector, the norm and bound, are also convenient.

The norm of an n-dimensional vector X is defined as

n
N(X) = Z x‘f

1
2

and the bound of X is defined as

x| = Maxlx,l
g 1

In order to establish some of the properties required in the proofs

presented in the main body of the thesis, a number of definitions and
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Theorems are needed.

Definition A.l: A real, square, constant matrix B is said to be positive

definite if for every nonzero vector Y we have

YBY >0

Definition A.2: A matrix B(X) whose entries are bounded, continuous,

real valued functions of the vector X is said to be strictly positive de-
finite if, for all X, there exists a constant ¢, ¢ > O, such that for any

vector Y,
YtB(X)Y > ch(Y)

Theorem A.l: If and only if B is a positive definite matrix, then B is

strictly positive definite.
Proof: Sufficient: Consider the quadratic form
Y BY (1a)
let (la) be rewritten in the form
Y'BY = NZ(Y) yAR:A (2a)

where N(Z) = 1. It must now be shown that there exists a constant
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¢, ¢ > 0, such that

282 > ¢

for every Z such that N(Z) = 1. Suppose no such ¢ exists. Then
for every element of a éeqpence [ci], cy > 0, there exists a Zi

with N(Zi) = 1 such that

Z?BZ <ec.
1 1

i

Now, choose a sequence [ci] having zero as a limit. The corres-
ponding sequence [Zi] represents an infinite, bounded set and,
therefore, has a limit point, say Z. Now choose a subsequence of
the sequence [Zi] , say [Zk] , which has Z as a limit. Then given

€ > 0, there exists a constant m such that for all k > m,
Z;ZBZk <&
By the continuity of the quadratic form, we then have

ZtBZ = 0.

Thus, since N(Z) = 1, B is not positive definite and the con-

tradiction is complete.
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Necessity: If B is strictly positive definite,

YBY > ch(Y), c>0

Then, if Y # 0, N(Y) > O and Y°BY > 0.

Theorem A.2:%¥ If a matrix A is positive definite, then A is nonsingular.

Proof: Assume to the contraryi.e., that A is singular. Then there exists

a nonsingular matrix K such that

where Al is an rxn matrix with r equal to the rank of A. Then
we have
-1 Kt

A=KB = KB(Kt) = cht

.

where C = B(Kt)-l

Therefore

t
x¥ ax = (k%) o) = Yoy

* The proof of this theorem when A is symmetric can be found in
reference 1k.
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where Y = KtX.

But from the definitions of C and B, the last n-r rows of C are

identically zero. Thus, by choosing

Yt:'(OOOoooo llo.ol)

r n-r

we have that

]
(@]

Yooy = xtax

Thus, since

X = (Kt)-lY,

a nonzero X has been produced for which

XAX =20

Therefore, A is not positive definite and the theorem is proved.

Theorem A.3: If an nxn matrix A(X), with entries which are real, bounded,
continuous functions of the vector X, is strictly positive definite, then
A(X) is strictly nonsingular, i.e., there exists a constant n, n > 0, such

that
det A(X) > n

for every X.
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Proof: For any value of X, say X=Xl, A(Xl) is a positive do.'inite

matrix. Therefore, there exists a matrix K such that

where T 1s upper triangular, tnn 1s equal to the determinant
of A(Xl), K is lower trianguler, end k = 1.
Now consider the quadretic form
-1\t
)

YtA(Xl)Y = (v%h) xa (x,) K® (Y%

Since KA(Xl) = T, the n,n entry in KA(Xl)Kt is equal to the

determinant of A(Xl). Thus, if
z°=(000 ... 01),

then

ZtKA(Xl)KtZ = det A(Xl)

Now let (Kt)-l Y = Z. Then

and, from the properties of K, Yo = 1. Therefore, for any value

of X, there exists a Y such that N(Y) > 1 and

YtA(X)Y = det A(X)
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Now suppose, contrary to the conclusion of the theorem, that

for every n > O there exists an X such that

det A(X) <n

Then for n = ¢ we have

YtA(X)Y <e< cNE(Y)

for some X and Y and any ¢, ¢ > 0. But since A(X) is strictly

positive definite,
YtA(X)Y > cNe(Y)

for every X and Y and some c. Hence the contradiction, and

the theorem is proved.

Theorem A.4: If A is a positive definite matrix of order mxm and B is a

mxn matrix with rank n, n <m, then

B AB
is positive definite and, consequently, nonsingular.
Proof: After Tokad and Kesavan(lh).

Theorem A.5: If A(X) is an nxn strictly positive definite matrix and B
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is a constant matrix of the form
B = [Bl U]

then t
BA(X)B

is strictly positive definite.
Proof: Consider the quadratic form
t
Y BA(X)BtY = 2P A(x)z

where Z = BtY.

Since

t
2=BY = Bl

uJlyl

it follows that N(Z) > N(Y). Further, since A(X) is strictly

positive definite, we also have that
ZtA(X)Z > cNe(z) > ch(Y)

for some ¢, ¢ > 0.

Therefore

YtBA(X)BtY > cNE(Y)
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and BA(X)Bt is strictly positive definite.

Corollary A.5a: If A(X) is an nxn matrix of the form

0] 0

0 A22(X)

= A(X)

where A22(X) is strictly positive definite and of order mxm, and if B is

a pxn matrix of the form

B = [Bl U]
with p < m, then

BA(X)Bt
is strictly positive definite.

Proof: The matrix B can be partitioned in the form

B=[5, 3

where B, is a pxm matrix of the form

3

Then t t
BA(X)B® = }3313.22()()133
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which, according to Theorem A.5, is strictly positive definite.

Theorem A.5b: If A(X) is strictly positive definite, and if B(X) is a

row-column rearrangement of A(X), i.e.,
t
B(X) = DA(X)D
where D is a matrix with one and only one nonzeroc entry, +l, in each
column and row, then B(X) is also strictly positive definite.
Proof: Since A(X) is strictly positive definite, we have that
ZtA(X)Z > cNQ(Z)

From the structure of the matrix D, it can be seen that D is

nonsingular and if
DtY =2

then N(Y)=N(Z). Therefore, for every Y there exists a Z such

that we have
YtDA(X)DtY = ZtA(X)Z > ch(Z) = cN2(Y)

Therefore DA(X)Dt is strictly positive definite.

Definition A.3: A vector valued function F(Z) is said to satisfy a Lip-

schitz condition if for every closed region R defined by nz - C“ < c, we

have, for some c, depending on R,

2

“F(Zl) - F(Ze)l < ¢, Izl - z,al
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where ZleR and ZaeR.
Note that the above definition refers to every closed region R. If, for
any reason, it is desired to consider a specific region, this region is

to be stated explicitly.

Theorem A.6: let F(X,Y) be an arbitrary gq-dimensional vector function of

the g-dimensional vériable X and the p-dimensional parameter Y.

For every Y such that
1) the entries of g%% exist everywhere, are bounded, and satisfy

Lipschitz condition with respect to X and

OF

2) det 5%

>k > 0 for all X, k a constant,

there exists a unique X such that F(X,Y) = O.

Proof: Existence: Iet X be an arbitrary g-dimensional constant

vector and cosider
H(X,Y,z) = F(X,Y) - ZF(&)Y) (3a)
Differentiating (3a) with respect to z we have

dH JF dx
% 5% I - FEY) (ka)

Note that the above partial derivatives exist by hypothesis. It
is now claimed that there exists an X(z) such that (L4a) vanishes.

If such an X(z) exists, it must satisfy

ax OF 1y XY
& oF (%,Y) (58)

Q.
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3r~t
where the entriles in SX are again bounded and satisfy a ILip-

schitz condition. By Theorem A.ll, (5a) does have a solution X(z)
on the interval 0 < z <1 for any set of initial conditions X(1).

Substituting this solution into (5a) we have

g_zI_I_ (x(z),Y,2z) = © (6a)

Integrating (6a) with respect to z then yields, by the Fundamental

Theorem of Calcﬁlus,

0 0
%—5 (x(z), Y, z) dz 0dz =0

. . (7)

H(X(O),Y,)) = H(X(l),Y,l)
=F(x(0),Y) - F(x(1),Y) + F(X,Y)

Therefore if the initial condition is X(1) = X, the solution to

(5a) evaluated at z=0, namely X(0), is a solution to F(X,Y) = O.

Uniqueness: Iet X' be an arbitrary vector and let X'(z) be the re-
sulting solution to (5a). Then it has been shown that X'(0) is a
root of F(X,Y), i.e., F(X'(0),Y) = O. Now assume, contrary to the
conclusing of the theorem, that there exists a second root, say

Q, Q # X'(0).
Define L to be the "line segment" joining X' and Q, i.e.,
L=[z:z=oa_c' -(a-1)q,oga51]

It is now claimed that there exists a ® such that if §1 €L,

X, € L, and |Kl - KQH < 8, then the solutions to the equations
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-1 . -
ax 3—;%"‘1’” F(x,Y) 5 %(1) =X (8a)
dz 1 :
-1
& 3F (X,,Y) 7 F(X,,Y) 5 X,(1) = X, (9a)
dz 2 ‘
namely Xl(z) and Xe(z), are such that xl(o) = x2(o).

To show this result, it is first shown that the solution to (8a)

for arbitrary 51 € L lies in some closed region.

Since a bound on the solution (8a) is given by the product of the
length of the interval of integration and the maximum value of the

derivative, for O <z < 1 we have

[ - 5] < @ |Fix,, )

-1
where m is an absolute bound on the entries in %%-. From the

fact that ‘3% exists and satisfies a Lipschitz condition, F(X,Y)
satisfies a Lipschitz condition over the region L. Therefore,

there exists a constant m1 such that
lrx v <my
and we have
"Xl(z) - 51' S qumy
Thus,
|%,(2) - x |==|X1(z) BESTE-S §1l
s lxl(z) - le * |51 - x|

S gy 4 "5' - Ql =



-87-

Therefore, for an arbitrary vector X

X, € L, the solution to (8a) is

such that for 0 <z <1,
x,2) - x] <=, (108)
Next, it is shown that given € > O, there exists a ® > O such that

1
stracting (9a) from (8a) we have

||%; (xl B x2)|

if X, €L, X, € L and |_)gl - )_cel < &, then le(o) - x2(0)| < €. Sub-

OF (x,V)7 F(,,¥) - 9F (%,1)7 F(xp, ¥)|

axl 372
< g_i.l (xl)Y) ll IF(KI)Y) - F()_(Q,Y)I

+ é_F_ (xl’Y)-l - é_g
axl 3X2

(xz,Y)'ll |7 1)]
qm "F(}El,Y) - F(_X_QJY)l

aCp IF(KQ’Y)“ “xl - le

IN

+

where cy = Max cy and cy are the Lipschitz constants for the entries
-1 i

in g—%— over the closed region defined by (10a).

Since F(X,Y) satisfies a Lipschitz condition, given € > 0 there

exists a 8, > O such that 1f X, - X,| <&, then
Iz, 0) - Fixv) <
Under these conditions, we have

ll%; (x - %) <@ acpm [x, - x| (11a)

forOSle.
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Then, since the boundries of the region

[x,(2) - x,(2)] < 2, - %] exp (aepmy (2-2))

me
. (exp (qe m (1-2)) - 1)
2™
are such that if (Zl - Z2) is any function contained in this
boundry,
d - = -
"5; (2 - 2,)] @ e +aem |2 Zel

all solutions to (8a) and (9a) subject to the conditions imposed

in the earlier parts of the proof must be contained in this region.

Thus, for z = O we have that

me

[x,0) - %,00)) <%, - %] ex0 (aepm + o, (e (aem) - 2)

Now let € = € caml/(Em (exp(qcaml) -1)) and let &, = €/2exp(qc2m1).

Thus, given € > O there exists a & > 0, namely & = min (61,62),

such that if X, € L, 52 €L, and ||X; - X,|l <® then
%, (0) - x,00)] < e

By Theorem 7.5 of Apostol(lo), under the conditions of the hypothe-
sis, there exists an e-neighborhood of a root of F(X,Y) which con-
tains only that root. Therefore, since both Xl(O) and X2(O) are

roots, it follows that

xl(o) =X
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To complete the proof, choose a finite number of points from L, say

Kk’ k = o) l; eee O, such that

|, - X | <®
X, = @

Then we have that
xo(o) = X'(0)

xl(o) = xo(o)

Lo

—~
o

~
|

= xo—l(o)
Thus, X'(0) = XO(O).

But, since X = Q, and since Q is a root of F(X,Y), we have that
= Q=X _(0) = x'(0).

Therefore, Q = X'(0) and the two roots are identical. This com-

*
pletes the proof.

Theorem A.7: If, in addition to the hypothesis of Theorem A.6, F(X,Y)
satisfies a Lipschitz condition with respect to (X,Y), then for any closed
region R of the form "Y - CI < cq there exists a 5 depending on R such

that if Yl € R and Yé € R, then

* Tais proof was suggested by Mr. J. T. Olsziyn of General MHotors

Research Laboratories.
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"xl - Xel <G "Yl - Ye"

where F(Xl, Yl) = 0 and F(Xg, Y2) = 0.

Proof':

Let Yi € R and Y2 € R and consider the method of solution used

in the proof of Theorem A.6. The solution to

X _ JF (X,Yé)-l F(X,,Y,), X(1) = X

—_— )
dz 1

=

evaluated at z = O is equal to X2. However, since F(X,Y)
satisfies a Lipschitz condition with respect to (X,Y) for

some ¢ > O we have

HCEAERCY LI A Y|
Therefore, since F(Xl,Yl) = 0,

[ e] < e |z - w0

Since the solution cannot exceed the product of the maximum

value of the derivative times the length of the interval we have
fo-x] < mme fg -y

where, as in the proof of Theorem A.6, m is an absolute bound on

-1
the entries of g—i— (X’Y).

Definition A.4: A matrix B(X) is said to be skew-symmetric if, for all
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bij(x) = -bJ.i(X) for 1 # j, and bij =0 for i = J.

Theorem A.8: If B(X) is a skew-symmetric matrix, then for every vector X

and every vector Y,

YtB(X)Y =

Proof: Consider the quadratic form
Y'B(X)Y

Then

i,d

- an“‘)ﬁ* Z vy (X)y,

i 1,5 14
But since bij(x) = -in(X),
Z vy y(K) vy = 0
1,3 14

Further, since bii(x) =0,

Z Byg (X )yf =

i

Thus,

YtB(X)Y = 0 for all X.
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Theorem A.9: Given a S matrix (the coefficient matrix of the cut-set
equations) for a graph of p parts, any q columns, q < (v - p), are in-
dependent if, and only if, the columns correspond to elements which form

a subgraph of some forest. Given a B matrix (the coefficient matrix of

the circuit equations) for a graph of p parts, any q colums, q < (e - v + p),
are independent if, and only if, the columns correspond to elements which

form a subgraph of the compliment of some forest.

Proof: After Blackwell and Reed.

Theorem A.10: If a vector valued function F(Z) satisfies a Lipschitz

condition, and if

Z = (zl,zg)
and

Z

p = Fy (2

1)

where Fl also satisfies a Lipschitz condition, then

F'(2,) = F(2, F(2)))

also satisfies a Lipschitz condition.

Proof: Consider a closed region R defined by

R= [z |z, - o < o]

for arbitrary C and c¢ Since Fl satisfies a Lipschitz

lo
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condition, if Zi and Z{ belong to R, then

1y o " 1t _ N
[Fo(2) - mia)| <ep 21 - 2p] <2e5e,
for some ca.

Therefore, since Z{ & C belongs to R,

' -
IFl(Zl) Fl(c)“ < 2¢y¢,

"Fl(zi') - Fl(c)" S 2¢%

let R, be the region defined by

1
= H - <

R, [z ||z c3| _c,_'_]
where

cy = [c

7, ()

and

¢, = Max(C,,2C,Cp)

Since F satisfies a Lipschitz condition, there exists a constant

c5 such that

"F(Z') - F(Z")I < e uz' -z"I

if 2' and Z" belong to R Thus, if Z! and Z!' belong to R,

1’ 1 1



then

[ d " = "
Zl an Z Zl

Fy (21) P (7))

Zl

belong to Rl and

Fr(zy) - Bz = |FlznE(e)) - ey o)
1 1 1 1 1

1} "
S c5 Zl i Zl
1 "
F(z)) F (23
] - 1"
< eg Max(1,C,) "zl A

This completes the proof.

Theorem A.1l: If, for any two vectors X and Y in the region R defined by

Iz - c] < c, we have

[ro) - 2] seg fx-of

where c., is a constant depending only upon R, thenthere exists a unique

3

solution to
=== F(z) , z(0o)=cC
for 0 <t <c /e, where

c, = Max F(2)

Proof: After Bellman.
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Corollary A.1l: If the function F'(Z2',t) satisfies a Lipschitz condition

with respect to (2',t) then the differential equation

dz'
dt

F'(z',t), Z(to) =C' (12a)

has a unique solution for t, <t <t +C", C" > O.

0 0

Proof: If the change of variable t. =t - t. is made in (12a) we have

1 0
" - ] ] o 1 _ '
%%_ (t0 + tl) =F'(2 (to + tl), ty + tl) 5 Z (to +0)=C
1
or
927 () pr(zn(ey), £,) 5 27(0) = C (13a)
dt, 1 1

where 2 (tl) =2 (to + tl).
Since the equation

dt

dtl

1 ; 1(0)= 0

has the solution 71

AR+ R

If z(tl) = (Z"(tl), T (tl)), then by Theorem A.1l, (1llka) has a

t., (13a) can be written as

unique solution for 0 <t. <c, ¢ > O.

1

Therefore, since

z2'(t) = z'(t0 + tl) = Z"(tl),
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a solution for Z'(t) is established for t, <t <t  +c, c > 0.

0 0
To show that the solution is unique, assume that a second solution,
Z'(t), exists. Then a second solution, say g"(tl), must exist for

(1ka), contradicting the conclusion of Theorem A.1ll.
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