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ABSTRACT

A COMPLETE FOURTH-ORDER VIBRATION-ROTATION

HAMILTONIAN OF HpO-TYPE MOLECULES

By

Liek Wilardjo

Starting with the Darling-Dennison Hamiltonian, a complete
fourth-order vibration-rotation Hamiltonian for HyO-type molecules
has been obtained. It is in the form of a power series in the com-
ponents of rotational angular momentum in the molecule-fixed frame.
The coefficients of this power series include the equilibrium ro-
tational constants, second-order and fourth-order centrifugal dis-
tortion constants and vibrational corrections to the rotational con-
stants and to the second-order centrifugal distortion constants.
Expressions for all the above coefficients in terms of the fundamental
molecular parameters have been obtained and their relation to exper-
imentally determinable quantities has been established. These funda-
mental parameters include the equilirium moments of inertia, the
normal frequencies, and the potential constants of vibration of the
molecule. The resulting Hamiltonian is appropriate for the calculation
of ground-state energies of vibrating and rotating H)O-type molecules
to the fourth order of approximation. Such calculations may also be
possible for those excited vibration states which are not subject to

accidental vibrational and accidental vibration-rotation resonances.
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I. INTRODUCTION

Among the microwave and infrared spectra of HyO-type molecules,
experiment has revealed many instances in which it is necessary to in-
clude in the Hamiltonian fourth-order centrifugal distortion terms in
order to account for observed results to experimental accuracy. Molec-
ules for which such a situation has been found to exist include the
nonlinear triatomic molecules H20,1 502,2 and F20.3 Several workers
have included on an ad hoc basis one or more fourth-order centrifugal
distortion terms in their data analysis and thereby have obtained
closer agreement between theory and experiment. Therefore it seems de-
sirable to obtain fourth-order centrifugal distortion coefficients as
a function of fundamental molecular parameters., The taking into account
of the corresponding terms in the Hamiltonian should then give more
satisfactory and theoretically meaningful fits to spectral data. To
this end one can start from a general formalism of the Hamiltonian of
polyatomic molecules such as that of Wilson and l-low:arc:l,4 or Darling
and Dennison.5 The two Hamiltonians are equivalent, but the latter is
in more convenient form for expansion into terms according to orders
of magnitude for perturbation calculations. Goldsmith, Amat, and Niel-
sen6 have done such an expansion and development of the Darling-
Dennison Hamiltonian up to the fourth order of approximation, but it
is complicated, and one cannot use their results with complete con-

fidence without duplicating the actual calculation. For this reason,






it seemed to us more advantageous to carry through the complete
development of -the Hamiltonian for the HyO-type molecular configur-
ation in particular rather than obtain the result as a special case
of the. general theory.In this way also the serious complications of
the general theory due:to degeneracy in the normal modes of vibrat-
ion are absent since such degeneracies do not occur in asymmetric-
top molecules and our calculation can avoid this complication from
the start. Furthermore, a very recent paper by Watson’ showed that
the Darling-Dennison Hamiltonian can be written in a much simplified
form. This was not known to Goldsmith, Amat, and Nielsen and therefore
the details of the calculation in their expansion of the Hamiltonian
are much more complicated than need be.

Chung and Parker8 have studied the general vibration-rotation
Hamiltonian of asymmetric-top molecules in the Goldsmith-Amat-Nielsen
formulation. By subjecting the Hamiltonian to the symmetry restriction
of the asymmetric-top point group, it was shown that there are only
105 independent fourth-order coefficients out of the possible 729.
Watson's work? further reduced the number of independent fourth-order
coefficients. This work also showed which parameters are determinable
from experimental analysis, and how they relate to the theory. For
these reasons, and since the number of independent fourth-order
coefficients can be still further reduced and their expressions simp-
lified by symmetry considerations, it was thought desirable to obtain
a complete, fourth-order vibration-rotation Hamiltonian of HyO-type

molecules through a calculation specialized from the very start for







this configuration.

In this work we take as the starting point of our calculation
the Watson-simplified Darling-Dennison Hamiltonian, written specif-
ically for HyO-type molecules. This Hamiltonian is expanded and
subjected to two successive contact transformations of the Goldsmith-
Amat-Nielsen \:ype,6 Pure vibrational terms of all orders are discarded
since our interest lies in the detailed rotational structure for a
given vibrational state. The resulting twice-transformed Hamiltonian
is then subjected to extensive regrouping of terms based on the angu-
lar momentum commutation relations to put it in the final form cited

10,11

by Yallabandi and Parker. For a given vibrational state, it is

in the form of a power series in the rotational angular momentum com—
ponents with coefficients that are functions of the fundamental mol-

ecular parameters.






II. GENERAL VIBRATION-ROTATION HAMILTONIAN

We wish to consider vibration-rotation transitions during which
the molecule remains in its electronic configuration. Consequently the
part of the Hamiltonian coming directly from the electronic contribut-
ion to the total energy is of no interest here. To a very good degree

12 one may consider the electronic motion to be in-

of approximation
dependent of the nuclear motion, and hence separate them and disregard
the former in the formalism of the Hamiltonian. This procedure is

known as the Born-Oppenheimer approximat;:‘um.l2

Within this approximation the ]Jarling—DermisonS formulation of

the vibration-rotation Hamiltonian of polyatomic molecules is:

-1/2 1/4

R A R T e I ST
Pt p 24 4y 2.1

where (1) and denote the principal axes of the equilibrium inertia
tensor x, y, z of the molecule ; in general, Greek indices
are assigned the range x,y,z except when they are used as
normal modes' degeneracy indices in vibrational normal co-
ordinates and momenta. Thus, for instance,  and f_’, in (2.1)
range over x,y and z, whereas ¢~ ranges over the degrees of
degeneracy.
(2) B, and p, are the components along the principal axes of

inertia of the total and internal angular momentum, respect-

ively.




3) Pé’s is the momentum conjugate to normal coordinate Qsd’

i.e.,

P, = -110/0Qqs (2.2)
(4) V is the potential energy of the molecular force field;
it is a function of Qgy

S) Mo AT Ly = 18P (2.3)
/U"P=/M(11'1(Iu'k: + If;?/l”zlfﬁ) JAUEP (2.4)

ML= ey 1y 1, I,
Ly Ly L (2.5)

Lz -l 132

In (2.3) to (2.5), I}, and I&P are the instantaneous moments and

products of inertia, respectively. In terms of Qgs they can be

written as
oot el
T = Lo + é 35600 +sc' rAsdtTstQ:‘c (2.6)

LpLp * g doler + 2 Kfelerler (201

o

where ;;I; and Ajsgi (ot =@, o #(3) are constants for a given mol-
ecule whose explicit evaluations are given in Appendix I. Since we
use the principal axes of inertia, we have
1,0=p
T3ai=SenTla o % ={ (2.8)
o Cop P 1o, arp
i.e., the equilibrium products of inertia I:@ N 0(3‘[5 vanish.

Using the defining formula of the internal vibrational angular mom-

entum

o
P = s% g{ (sﬂ:thstt (2.9)
where S::'r are Coriolis coupling coefficients defined in Appendix I,

the Hamiltonian (2.1) can be written as
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u=- ‘1/2);5{“@ - ol B - 21 S G T2 /)
+ W22 { o + UL/ o S/ 2 B g /4 ) + v (2.10)
In (2.10) an operator in parentheses acts only on quantities in the
same parentheses, and not on the wavefunction.
The Hamiltonian (2.10) depends not only °“))«.4p’ but also on the
deteminant/u. Since the Schroedinger equation
(H —E)\l/= 0 (2.11)
is apparently impossible to solve in closed form, the Hamiltonian
must be expanded in orders of magnitude to put it in a form suitable
for perturbation calculations. Thus we would have to expand both},{,{ﬁ
and},{ as power series in Qgy, which is quite a tedious calculation
to do. Fortunately,however, it is not necessary to expandﬂ, as it
has recently been shown by Watson’ that the Hamiltonian (2.10) can be

identically rewritten in the greatly simplified form:

H= (1/2)[5’;{%,3,?@ = [BylopBe + BohapBs ]+ Reflupp b
* 2o - WL Pl +V (2.12)

If it is assumed that the displacements of the nuclei from their
equilibrium positions are small relative to internuclear distances,
we may expand/Mm and//(qlg in (2.12) into McLaurin series in dim-

ensionless normal coordinates defined as
dsqg = (a's/ﬂz)lﬂ'st (2.13a)

where ﬂ‘s is related to the normal frequency@g associated with qggy

by
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u - (1/2)2{5{[%( - Bl UplBp - 71 R T 2 )
+ WD {ps% + UL R L 28/ } + (2.10)
In (2.10) an operator in parentheses acts only on quantities in the
same parentheses, and not on the wavefunction.
The Hamiltonian . (2.10) depends not only on)}«p, but also on the
deteminant/u. Since the Schroedinger equation
¢ -E)\l/= 0 (2.11)
is apparently impossible to solve in closed form, the Hamiltonian
must be expanded in orders of magnitude to put it in a form suitable
for perturbation calculations. Thus we would have to expand both},{w{%
and},{ as power series in Qgy, which is quite a tedious calculation
to do. Fortunately,however, it is not necessary to expand},{, as it
has recently been shown by Watson’ that the Hamiltonian (2.10) can be

identically rewritten in the greatly simplified form:

H= (1/2)[%3{,4,1‘“{513x B = [ByhaPp * BodhopBa ] + RuflpPp
* 2t - WO Ul + Y 2.12)

If it is assumed that the displacements of the nuclei from their
equilibrium positions are small relative to internuclear distances,
we may expand},{,« and//(q’a in (2.12) into McLaurin series in dim-

ensionless normal coordinates defined as
455 = Ps/n2) 1 4qge (2.13a)

where 7\,5 is related to the normal frequency@g associated with qgu

by



Ny = (2Meay)? (2.13b)

Carrying through the procedure and collecting terms expected to be of
the same order of magnitude, we obtain a Hamiltonian in the form:

H=Hy+H +Hy +Hy+ H (2.14)
where Ho, Hj, Hp, H3 and H, are the zeroth, first, second, third

and fourth order portions of the vibration-rotation Hamiltonian, res-

pectively. They are found to be of the form:

Ho =§§_{<°</5*—*—)1;Pﬁ + Al/2/amypgd ) + /I AL22
By =5 S {epr-*sr)aseBi By + (tktTHss) (/2 {a55 P B}
+ ZECHZkrsth{)qSu-qtr
Hy =°(ZPZ{(><(A*-*sct'r)qsc.qt.{P,,Pp + (X*tTHIpse) (1/2){qrr,qs,,,pm}gx
+ (HegtrRpurp) (L/2) apyrp sPesPrr) ~ (17/4) Gockxo) ) +
ZIcﬂkars:qpr.qrpqsdqw
by -3, 5 gty
reorpnipse) (1 2] aprdrpdassPe) B +
(~*sotTkowprrp) (1/2){ qwqpmqrfmscpﬂ} =
- (02/4) etk 4o |+ 2MenS Koprstdontprizy ssder
B, =%Z{@@*—*mrfsstr)qpmqrquﬂ_qcf%d’p +
@xtrronprrpse) (1/2)f douprdep desPrr) Bt *
(~*sgtr*nyowprrp) (1/2){ nffonpydzp ,ps,ptr} -
(h2/4) (ot *=*sotT) qgpty +

ZWC“anoprs tn¥d00prdry desdt e (2.15)

where all summations are over all indices in the corresponding terms,

Pss is the momentum conjugate to the dimensionless normal coordinate




Agers i.e.,

Psy = -ihd/2qg (2.16)

and the last term in each Hamiltonian represents the part of that
Hamiltonian that comes from the potential energy V, also expanded as
a McLaurin series in the dimensionless coordinates. The expansion of
ﬂwand}kdp is outlined in Appendix II, and the derivation of (2.15),
along with the definitions of the coefficients appearing therein,
are given in Appendix III.

Except in cases of accidental resonance 1nteraction,l3 Hp in
(2.15) has nonvanishing diagonal matrix elements arising only in
the second term, which themselves vanish except for degenerate normal
modes of vibration. Hence the second term is the only one in H; which
can actually contribute to the first order energy. Therefore, one may
partially diagonalize H by subjecting it to a contact transformation
114 to get a transformed Hamiltonian H' of the form:

H' = THT™L = Ho' + Hy' + Hp' + H3' + H' (2.17)

where T is so chosen that
Hy' ;Zs;@*sa*w)<1/2>{qs,.ps¢}1@ (2.18)

Here (2.18) is the same as the second term in Hj with t<¢ =s¢, i.e.,
it applies only to degenerate normal modes of vibration.

Choosing T to be of the exponential form:

T = exp(iAS) (2.19)

where T is a unitary operator which requires S to be a Hermitian






operator, and1is a smallness parameter, we have

H' = exp(i)S)Hexp (-iAS)
= (1+1As -A2s%/2 - ... )(Hy +AH] +A%H, + ... ) X

(1-4das -A2s2/2 + ... )
Equating terms of the same order of magnitude we get

Hy' = Hy

Hy' = Hy + i[S,Hy]

Hy' = H, + (1/2)[4S,(H; + Hy")]

Hy' = Hy + i[S,Hy) = (1/3)[S,[S, (8 + (1/2)H")]]

Hy' = H, + i[S,H3] - (1/4)[S,[S,(Hy + Hy")1] + (1/12) X

[is,[s,[s,H;"]]] (2.20)

The proper Hermitian transformation function S has been found by
Herman and Shafferl> and the treatment has been extended by
Goldsmith, Amat, and Nielsenl6 to apply to energy calculations
through the fourth order of approximation. If we perform the contact
transformation, however, a part of the Hamiltonian formally belonging
to Hp' becomes‘of the order of magnitude of Hy}; . Hence after con-
tact transforming the Hamiltonian we need to regroup the terms in true
orders of magnitude. This transformed and regrouped Hamiltonian is

H' = ho' + hy' + hy' + h3' + hy' (2.21)
where

M = H_ o+ (1/m) [18,h, D + (1/m) 48,0801, (2.22)
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and [48,H]y = (1/2) [iSy,Hyl{sp, e}

[48,H]g = (1/2){Sy,Hy}[1Sp,Hp] (2.23)

The subscripts V and R denote the vibrational and rotational part,
respectively, of the corresponding operators. To be able to calculate
vibration-rotation energies to the fourth order, we need to subject
H' to a second contact transformation T such that hO" h;', and hp'
will be diagonal in the vibrational quantum numbers in the represent-
ation in which ho' is diagonal in the vibrational quantum numbers.
This contact transformation, too, will necessitate regrouping of terms
in true orders of magnitude. Thus H' is once again transformed and

once again regrouped to

HE =TH'C'= exp(io)R'exp(-iz) = hy® + hy@ + h,@ + 0yl

+ hb@ (2.24)

where now ho@, hl@, and h2@ are diagonal in the vibrational quantum
numbers in the representation in which ho' is diagonal.The proper
Hermitian transformation function O has been found by Goldsmith,
Amat and Nielsen.l?

For the asymmetric-rotator case, and for given quantum number J,
it has been found that through the fourth order of approximation the
Hamiltonian in matrix form in a symmetric-top basis can be cast into
the Wang form!8519 as shown in Figure 2.1.For the orthorhombic point
group symmetry to which HyO-type molecules belong, all matrix

elements outside the four diagonal blocks E*, E-, 0%,and 0~ along




11

the main diagonal vanish.zo Thus when we specialize our Hamiltonian
we need not retain terms that do not have matrix elements falling
inside the blocks E+, ET, 0% and 0", i.e., we shall take into account
only those terms that are of even power in the rotational angular
momentum components E,. We shall,moreover, not explicitly consider
pure vibrational terms as our interest lies in.the detailed rotat-
ional structure for given vibrational state. The third and fourth-
order terms nondiagonal in any of the vibrational quantum numbers can
be discarded as it is possible to show that these do not contribute

to the vibration-rotation energy up to the fourth order.21

EX I, 11, II;
I, E” 11, II,
II, I, ot I,
1T, 11, I, 0~

Figure 2.1



III. THE VIBRATION-ROTATION HAMILTONIAN OF Hy0 -TYPE MOLECULES

Since any triatomic molecule is necessarily planar, we choose our
molecular frame so that the x-y plane is also the plane of the molecule
and the origin is at the instantaneous center of mass . We also hold
this frame fixed with respect to the equilibrium configuration of the

molecule. Thus we have:

z)' =2, =2z3' =0 (3.1a)
MA L BN
B mxg'+xg") + dxp' = 0
= x . (3.1b)
rQ cim ) m(yp'+ys') + My;' =0
m m
3 2 mrosimdb(yz'—y3') =
Figure 3.1 (1/2) rocos%(le'-xz'-x:,') (3.1c)

Equilibrium Configuration
of the Hy0-type
Molecule where g, oy, m and M are shown in

Figure 3.1, and /Mis the reduced mass
M= 2/ (2m + 1) (3.2)

Equation (3.la) is the condition of planarity, and equations (3.1b)
and (3.1c) are the Eckart conditions ( see Appendix I ).
From the geometry as shown in Figure 3.1 and equations (3.1b) we
have
xlo = —xzo = rpsimy
¥10 = y20 = - rpcosofy/2m

x50 = 0 y30 = rgcosofp/M (3.3)

12
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The transformation from the mass-adjusted coordinates mil/zo(i'

(m =my=m mg=M; A= x,y,z ) to normal coordinates Qq

(n=1,2,3) is given in Appendix I. The coefficients l°i(n of this

transformation are listed in Table I.

Table I. The coefficients 13,
of the transformation to normal coordinates

K
111
X
11

X
In
x
112
X
122
X
132
X
113
X
123
X

133

z
Lin

[

0

cosf/21/2
—cosy/21/2

0

-singy/21/2
sing/21/2

D ajly)1/2

- U/ 2m) (/i) /2
- (W 2m) (mwa)llz

y
I

Y
T
y
131

y
132
y
122
y
132

y
113

Y
123

Y
I33

0 w305 n= 1,08

(}A/M)l/ 2sinyf
-1/2(/m) 1/ 2510y
-1/2(/m) 1/ 25 inry
(UmL/2cosyf
-1/2Q0/m) 1/ 2cosy
-1/2(Nm)t/ 208

0

GA/m) (m//A3)1/2<:ou>(o
= Q/m) (m/flg) 1/ 2c0ttg

In Table I,},(3 and’g are constants defined in the following equationg:

Ma
sin/Z
cos’é

=JALL + (}J/Z)cot:?o(,]

(3.4)

+(1 - {8/ [@R)2 + 43112 1/2/51/2

+(1 - sin2)1/2 Ak = kyp - Ky (3.5)
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The Coriolis coupling coefficients f;: defined in Appendix I can now
be constructed from the coefficients loi"na Those that are nonzero are
listed in Table II. Since the only nonzero Coriolis coupling coef-
ficients are those with superscript z, this superscript is superfluous

and omitted henceforth.

o
Table II. Coriolis coupling coefficients §;n

$13 = -031 = (/1)  2e0sq ~ (1/1)1 2siny
$a3 = =$32 = (L/1) M 2sinf = (1,/1,)1/ 2c0s

o« [
$m=-%m=0, x=x,y;m&n=1,2,3

5’13 and Q3 are related by

§32+ 532 =1 (3.6)
The equilibrium moments of inertia in Table II are:

Ix =}.\r02coszo(0
I, = 2mr0251n2o(0

I, =Iy+ Iy (3.7)
With l‘;(n from Table I and 0(10, [&io, ’jio from (3.2). the nonzero coef-
ficients of expansion of the instantaneous moments and products of
inertia &%, 3P, 5, A‘;‘g’, 15" and A}5P are found to be as listed
in Tables III and IV.

The HyO-type molecular configuration belongs to the symmetry

point group Cjp,. With equilibrium geometry as in Figure 3.1,
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the components of the rotational angular momentum P, Py and P,, and
the components of the internal angular momentum py, Py and pz belong to
irreducible representations of species By, Ay and By, respectively, as
given in Table V. Of the three components of the internal angular
momentum we need to consider only one, namely p,, since the vanishing
of fn:x (X = x,y ) means that py = Py = 0. The transformation (AI.6)
with the coefficients of transformation as listed in Table I, moreover,
is such that the normal coordinates qj, qp and a3 belong to species
A1,A] and Bp, respectively. Table V gives the character table of point
group Cpy. We include the operators q,, P, and p, in that table show-

ing to which species each of them belongs.

Table III. First-order coefficients a';:fl‘, a??

af* = lel/zsin’a a¥¥ = Zle/zcos’z{
ayy = ZIyllzcos’d a¥y = —ZIyl/zsin’K
ag? = af* + afy = -21,1/2%,, a3? = a¥* + a¥Y = 21,1/27,

ay = _Z(ley/Iz)l/z = af*

Since the Hamiltonian must be invariant under all symmetry operations
of Cyy, terms in the Hamiltonian that do not satisfy this condition
must vanish identically, i.e., their corresponding coefficients are
zero. Thus, for instance, all operator terms in which q3 appears in

odd power have -a priori- zero coefficients if By and/or p, appear in
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Table IV. Second-order coefficients A;?, Au;_g, A'i;“, Ai':’l'&

Aff = sinzlx AYY = cosz'5 Aff =1

A% = cos/y A¥¥ = sinq Agg =1

AR = I/1, A = 1,/1, Ag% =1
A¥Y = AYY = - (1,/1,)1/2c0s A% = AYE = - (1,/1,)Y/ 2sinyf
A = A% = -(1y/1)Y 2sing A%y = AYE = -(1y/1,)1/ 2cosy

MF7 = 53 4357 = 513 A5F =0

457 = 4587 = 113555

AT =S X=xy 1=1,2,3

Afj‘r‘ = A"‘i‘; §oo=xy Pp=xy ij = 13,23,31,32

TableV. Character table of point group C,, and symmetry species of
the operators appearing in the Hamiltonian

Group elements
Operators Species
E Cy(y) O(xy) O(yz)
q1, 92 1 1 1 1 Ay
43, Pz, Pz 1 =1 i -1 By
Py 1 -1 -1 il B]
Py 1 1 -1 -1 Ay
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those terms in even power. Using this symmetry consideration, we can
avoid evaluation of coefficients of expansion of /"‘“‘P which ultimate-
ly would be found to vanish. One notes also, that in the potential
energy part of the Hamiltonian, q; and qp appear symmetrically, but
not q3. This is due to the fact that q; and q) both belong to the
totally symmetric species Ay, while q3 belongs to species Bj. Exp-
anding }A«P in (AIL.2) and using I, and I’“P from (AI.13), the coeff-

icients of the expansion can be shown to be as follows

zeroth order: [p*] = S"‘P/Iup

first order : [p*a] = ‘3?/19(%

second order: [p*ab] = [%(a:‘abﬂ: 2 ;;)Xag:)/ls SR
24,1600 + &)

e oxier  prve) =115 Sl gy ¢ LD

15}/65,15) (3.8)

In the expression for [«ﬂ*abc] % denotes summation over all distinct
permutations of a, b, and c.

Goldsmith et al, : and Watson’ have obtained general expressions for
the coefficients of expansion °f//(up' Equations (3.8) above have been
obtained from the general coefficients of expansion of),{o(’g of Goldsmith
et al. The fourth-order coefficients [D(fb*abcd] which appear only in

the fourth-order Hamiltonian are not needed since they appear in the
final form of the Hamiltonian as corrections to the rotational constants
of the rigid rotator. Since the latter are of order zero, these fourth-

order corrections are negligible and hence discarded. The same
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argument also applies to other terms which originally stand in Hye
Therefore, although their detailed expressions have been obtained, we
shall merely list them in a simplified version of the notation used
in (2.15). The coefficients in (3.8) are not tabulated since what is
really needed are not these coefficients, but the coefficients of the
terms in the Hamiltonian (2.15). Of the latter, those that symmetry

allows to be nonvanishing are included below:

=
1

) = WD @I, + 221 + R 21 + (212 + py2 012 +
p A2 M) 4 AM2q 2 +R,1 22 s AN 22y m (3.90)

o
1

1 = [Goo-*1)q) + Gao-%2)qy]R, 2 + [(yy*=*1)ay + (yy*-*2)q,]2,2 +

[(zz%-*1)qy + (22%-%2)qy]P, + (xy*-*3)q3(BePy + PyPy) +
hic(ky119)3 + kyypa1%ay + kyppa1a,? + ky33a1a,% + kpppap® +

2
ky33d245°) (3.9b)

Hy = [Guek-*11)q 2 + (uxk-%12)q q, + (xxx-%22)qy? + (xx#-%33)q32]p, 2+
[(yy*-*ll)ql2 + (yy*-*12)qq, + (yy*-*22)q22 + (yy*-*33)q32!1’y2+
[(zz*-*ll)ql2 + (zz%-*12)qqq, + (::z*-*22)qz2 + (zz*-*33)q32]P22+
[ (xy*-*13)q1q3 + (xy*-*23)q,q3] (PXPy + Pny) +

[(z%3%11) (q;2p3 + P3a;2) + (2%3%12) (q1q,P3 + P3a1ay) +

(2%3%22) (ap%p3 + p3ap?) + (2%1%13) (qyaqp; + P1ad3) +

(2*1*23) (qpq3p1 + P1d243) + (2%2%13)(q1a3pp + Pa143) +

(2%2%23) (q2q3pp + P29243) 1P, +

-(2/8) (1/T, + 1/T, + 1/1,) + mC(knnql“ + k1159130, +

k199012022 + k1133912432 + k1222193 + k12330195032 + .eeen
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cew F kppppag® + kp2330p%a3% + ky333a5%) +

(-*33%11) (41 2p32+p32q)2) + (-*33%12) (a1ayp32+p32a;a,) +
(-*33%22) (q22p32+P32q22) + (-*13%13) (q1q3p1P3*+P1P3d1d3) +
(-*23*13) (q193P2P3+PoP3d1d3) + (-*13%23) (42a3P1P3+P1P3d2d3) +
(~*23%23) (42q3P2P3+PoP3d2d3) + (-*11%33) (a32p124p1%q32) +

(-*12%33) (a32p1po+p1p2a32) + (-*22%33) (a32py2+py2a52) (3.9¢)

[Goee-*111)qp3 + (rx*-#222)qp3 + (rack-*112)q1%qp + (xac*-*122)q1qp2
+ (ok-$133)q1q32 + (oek-%233)qpq5212,2 + [(yy*-*111)q;3 +
(yy*-*222)q,3 + (yy*-*112)q;2q, + (yy*-*122)qyq,2 +
(yy*-*133)q1q5% + (yy*-*233)q2q32]Py2 + [(z2%-*111)q;3 +
(22%-%222)qy3 + (zz*-*llZ)qlzqz + (z2%-%122)q1q,2 +
(zz*—*133)qlq32 + (zz*—*233)q2q32]P22 + [(xy‘k-*llél)qlzq3 +
(xy*-*123)a14p03 + (xy*-*223)a5%q3 + (xy*-*333)a53] (Bby + ByPy) +
(-12/4) [((xx*=*1) + (yy*-*1) + (zz%-%1))q +

((xx*=%2) + (yy*-*2) + (zz*-*2))qy] +

[(z#3%111) (ay %pg#p3a; ) + (2%3%112) (a3 2a9p 3+pga; 2ap) + (2%3%122)X
(a10,%p5#P3a1957) + (2%3%222) (1, p4#p3a,3) + (2#3%133) (a30,%p5+
P3a1a32) + (2%3%233) (4,05%p5+p3a5a32) + (2%1#113) (q1243p1+p; a1 2a3)
+ (2%1%123) (414,d3P1+P1d19243) + (z*1k223)(q22q3p1+p1q22q3) +
(2*1*333)(q33p1+p1q33) + (2%2%113) (qlzquzﬂquzq;g) + (z*2%123)X
(419243P2+P2414243) + (2*2*223)(qzzq3pz+P2q22q3) + (2*2%333)X
(a3%p2+p2a3%) 1P, + 2Rehilky)1110154k029990554k1 111291 4a+K1 22000147
+k13333'l1q3"+k23333<12434+k11122q13q22+k11222‘112%3*“11133‘413‘132*

k2223302%a3%+k112331 24243%+k1 22330142 2452] + R
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oo+ [(-*33%111) (a; %p?4p32q;3) + (-%33%112) (ay2,p52+p520;2a,) +
(-*33%122) (4;022p524p3%a70,2) + (-*33%222) (a,3p32p5a,3) +
(-*11%133) (qya3%p1%4p1a1a32) + (-*11%233) (q2a52p12+p1200a32) +
(-*12%133) (9105%P1p,+P1P2a1432) + (-%12%233) (42452 1P2+P1P24543)
+ (-*22%133) (a103%py %+, %q)a3%) + (-%22%233) (450329 2+p22493,2)
+ (-*13#113) () %4401 p3+p1p3a; 2a3) + (-*13%223) (ada3p1p3+p1p3a3a3)
+ (-¥13%123) (4144 ,P1P 3+P1P3d1d203)+(-*23*113) (afa3psp 5+pop3afas)

+(-*23%123) (a1 9203P2P 3+P 2P 3419793)+(~*23%223) (a3a3p P 3+P,P3d543) ]

(3.94)
Hy'= gﬁa%\(cgd Epr-*abed) 40,0048 Pt
2, Fvgeal *e*abed) (0,850,947t Pedatpieda) +
esf;g(KC(d(_*ef*ade) (429b9c9dPePf + PePfdadbdcdd) +
(0243 Z,  Eothkablaqy +
(3.9e)

Meh >
Do Fabedefdatbcdadeds
gf\e(?\

<eg

The detailed expressions of the coefficients in (3.9b) to (3.9d) are
listed in Tables VI to X. Table XI lists the nonzero coefficients in
the fourth-order Hamiltonian (3.9e)

Each of the coefficients in Tables VII to XI is equal to coefficient
or coefficients of the same type, that could be obtained by permuting

the indices of vibrational operators in the original one.
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Table VI. Coefficients (D(fs*-*a) and (z*b*a) in the first-order
Hamiltonian Hy

(xx*-*1) =
(yy*-*1) =
(zz%-%1) =

(xy*-%3) =

~@2aY 4 21 Gaeexa) = - 62/ 1 %0, 3% 01,2
—<f.2/A1>1/4aIYY/zzy2 (y*-#2) = =(02/}y)1/4a,¥ /21,2
-m2A) /40 22/01,2  (zzx-%2) = -(n2/Ag) 1/ 4ay72/21,2

-2/ A a2, Ty (yxkok3) = -2/ hag®y 21,1y

(z#3*1)

(2%3%2)

= -Oypta Ty, (241%3) = +Qq Py /43151,
= -ApYAGa0t, (2%2%3) = +OyMPL/4E T,

Table VII. Coefficients (4{5*—*ab) in the second-order Hamiltonian H,

(xx*-%11)
(xx*-%12)
(yy*-*12)
(xx*-*22)
(xx*-%33)
(zz*-%12)
(xy*-*13)
(xy*-*23)

(yx*-+%13)

= 3nsin2'6/21x2x11/2 (yy*-*11) = 3ﬁc052,‘/21y29\11/2
=A‘hsin’6¢os’(/1§(9\17\2)1/l' (z2%-#11) = 3n%,2/21 20 1/2
= /4 - 2 1/2
_—Ahsin'(cos"/lg(%le} (zz%-%22) = ﬁ‘T3 /212%2 /
= 311:052/2(/21)(27)21/2 (yy*-*22) = ﬁsin%{/nyzy\zl/z
= an/21,1,4,1/2 (ry*=%33) = 3n/21,1231/2

=3T3 54/1,2 AN 4 (zak-k33) = 0
=301/ T Y Zeosir (1, /1)1 Zsingl /21, T AL/
= B[S, /1,) Y 2sinf-3(1,/1,) Y 2eosy) /21,1, (A3 L/ 4

= (xy*-*13) (yx#-%23) = (xy*-*23)




22

Table VIII. Coefficients *c*ab) in the second-order Hamiltonian Hp

(z%3%11) = BL/20 140,22 & /o0 1/21 2
(r3w22) = W24 222 o 1121 2

(2#3%12) = 2/ 21/4(a 22 B0+ 0,228, ) 2 A H 12
(#1413 =n1/20 22§ /01 /41 2
(z%1%23) =_.ﬂ1/z,lll/1oazzzrl3/2(9\2)3)1/1.15
(z#%2%13) =-ﬁ1/27121/l‘a1” 23/2(AA5) /412

(z#2%23) =-n1/2a,228 /141 2

Table IX. Coefficients (-*cd*ab) in the second-order Hamiltonian Hy

(-*33%11)=A3/A /28 2 41, (-*11%33)= (4 Ay) /28 2 /41,
%3312 = A2 M) Y4, 555 /21, (312533 = A, M Y48, 18 /01,
(-*33%22) = Ay M) L2 5 2 01, (-#22433)= Ay A 112852 a1,
(-*23:13)=- A /A A0 3 Ba/21,  (x13823)=- R A AE T 01,
(-*23%23)=-§32 /21, (-13%13)=- § ,2/21,

Table X. Coefficients (*P*—*abc) in the third-order Hamiltonian H3

Guok-x111) = 13/ 2sindy/1,5/2,3/%

(xx*-%222) = —1'13/2c0531/1x5/27123/42
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Table X (cont'd)

(xx*-*112)
(xx*-*122)
(xx*-*133)
(xx*=%233)
(yy*-*111)
(yy*-*222)
(yy*-*112)
(yy*-*122)
(yy*-*133)
(yy*-*233)
(zz*-*111)
(z2%-%222)
(zz*-%112)
(zz%-%122)

(xy*-%113)

(xy*-*123)

(xy*-%223)

(xy*-%333)
(yx*=%113)

(yx*=%123)

-1103/2sindycosy/61,5/ 20, 1/ 2,1 /4
-11113/2sin’Xcoszfa//6Ix5/29\11/1'7\21/2

—'h3/2[251n/x+ (Ix/Iy)1/2cos/3/]/2121x3/27\11/47«31/2
_1.‘3/2[2c057‘+ (Lx/1y) M 251ng) 121,13/ 2051/ 45112
-?‘13/2cos3/,{/21y5/2ﬂ13/“

_5113/251,,3,6/613,5/2223/4
+1103/2sineos2y/61,5/2, 1/ 2))1/4
-11h3/Zsinzzcos?(/uf/zﬁll/“zl/2

-03/2[2c0s f+ (1,/1,)1/2sin9f) /21,3/21,},1/4)31/2
n3/2[(8/3)sing - (Ly/1) Y 2c0s]/21,3/ 21091/ 4051 /12
+13/2 §33/21,5/2 3/4

-n3/2§743/21,5/27,3/4
_3ﬁ3/2$13532/2125/2211/2221/4
+3~,,3/2{23532/2125/2211/47\21/2

+13/2[sinncos 4 + (Ix/Iy)1/2c0s2% + (Iy/Ix)1/2sin2y]/
ZInyIsz;‘lf‘/z%ﬁa v Y+ Ay/ix !

+13/2[3cos 2f+7 (1y /1) 1/ 2sin7cosy-8(Ix/Iy) 1/ 2sinykosry -
losinza]/Gzlylzi/z)((?\l’)\z%:;)?/‘l dEk Yeosy

+3/2(s1 + (Iy/Ty) M 2cos 2 + (1y/1301/2sin2y1/
Gl ol L Rl

+h3/2/2<1x1y123)1/2%33/z.
(xy*=*113), (yx*-*223) = (xy*-*223)

(xy*-*123), (yx*-*333) = (xy*-*333)
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Table XI. Coefficients @*d*abc) in the third-order Hamiltonian Hy

(2*3*%111), (z*3*112), (2z*3%122), (2*3*%222), (z2*3*133), (z*3%233),
(2*1%113), (z*1*123), (2*1*223), (2*1*333), (z*2*113), (z*2*123),
(z%2%223), (2%2%*333)

The detailed forms of these coefficients are not required for our

calculation.

Table XII. Nonvanishing coefficients in the fourth-order Hamiltonian
H
4

(1) &P *~*abcd) :

AR abed
xx ]
vy ] 1111, 1112, 1122, 1133, 1222, 2222, 2233, 3333

zz ]
Xy = yx 1113, 2993, 1123, 1223, 1333, 2333

) (A*e*abed) ¢

oA e

L
= 2 11113, 2223, 1123, 1223, 1333, 2333

3 1111, 1112, 1222, 2222, 1122, 1133, 1233, 2233
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Table XII(cont'd)

3) (-*ef*abcd):

ef abcd
11, ]
12 = 21 |] 1133, 1233, 2233, 3333
22 ]
13 =31 |]
23 = 32 ] 1113, 1123, 1223, 2223, 1333, 2333
33 1111, 1112, 1122, 1222, 2222, 1133, 1233, 2233

(4) @A*=*ab):

These coefficients have been listed in Table VII.

(5)  kapcdef?

abcdef = 111111, 222222, 333333, 111112, 122222, 111122, 112222,
111133, 113333, 222233, 223333, 111222, 111233, 122233,

The detailed forms of all these coefficients are not required for our

calculation.




4. ONCE-TRANSFORMED HAMILTONIAN

The terms in Hj that truly contribute to the first-order energy
are absent in the case of asymmetric rotators. This is because there
are no degenerate modes of vibration. The S function of Herman and

Shaffer may expressed asl6

s =O‘Zﬁ{ %[S;d{s;a;-]pal; P(5+aZb ([S32¢;-3ablqaqp + [Sb(;ab;']Pan)Pp(}
+ aclSimabes-lpapppe + C;Z‘,ig,[s;-c;ab](qaqbpc+ Pcdadb)/2
(4.1)
the coefficients [S;u(@;a;—], [S;x;-3ab], etc. being given in Tables

XIII to XVI.We obtained H' of (2.21) from (2.20),(2.22),(2.23a) and

(2.23b) with the aid of the commutation relations
laaspp] = 08y 3 [By,By] = -ifiBy, cyelic

Throughout the calculations the vibrational operators were written in
symmetric form as (1/2)(quqp-.-+PpPp- - ++PnPme+ -dadb-+-)» but the rot-
ational operators are not symmetrized. They will be symmetrized in the
final stage of the calculations, and the symmetrized final results
will be Hermitian. Since in (2.23a) the anti-commutator {SR»HR} yields
rotational operators in symmetric form, we ''desymmetrized" them by
subjecting the second terms to proper permutations of the indices.
This procedure leads to terms having coefficients that consist of two
parts, the second being a certain permutation of the first. Thus, for

instance, a symmetric form

26
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[¥5xy311512](1/2) (a192p12 + P1%414p) (BPy + ByPy)
would be desymmetrized to

([¥5%y311512] + [¥3yx311;12]) (1/2) (a192p1% + p12a1a2) PPy

Table XIII. Coefficients [S;o/(!;a;—] in the first contact transformation

[S;xx;15-] = af* /21x2h3/2ﬂl3/“ [S;yy;l;-1 = alyy/21y2h3/23.13/4
[85xx;2;-] = a™*/21,203/22,3/4 [S5yy325-1 = a,¥¥/21 23/22,3/4
[S;22515-] = a;22/21,2n3/2},3/4 [85xy333-] = ag®¥/21,1.n3/2A;3/4
[S322;2;-] = a,22/21,213/22,3/4 [S3yx;35-] = a3xy/2L,1,n3/2%3/4

Table XIV. Coefficients [S;x;-;ab] and [S;o;abj;-] in the first con-
tact transformation

3@yt [ Py-Py) 1, L4214
53 at79) [ Pa=29) 1,251/ 42114

[8523-313] = [S;2;-331]

[S;23-323]

n

[S;23-332]

[852513;-1 = [5523315-]) = 254 Y451/ 4/ (A0 1,02
[S;2323;-] = [S;2332;-] = 25’239\21/47\31/4/(9\2—7\3)12‘52

The once-transformed Hamiltonians, regrouped in true orders of

magnitude with the aid of (2.22), are found to be as in (2.21), where
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Table XV. Coefficients [S;-jabc;-] in the first contact transformation

[55-31105-] = —bmekyq /3002 [55-52225-] = -dwckyyy/mA,1/2

[85-3112;-] = ~dyrckqq Ay /3% 2(4A0-2y) = [85-31215-] = [53-32115-]

[S;-3122;-] = —47[ck122’)«2/h37\11/2(4ﬂ2—?\1) = [S;-3;212;-] = [S;-;221;-]

[83-3133;-] = -4lick 33A3/M3M 1/ 2(4A3-Ng) = [835-3313;-] = [S3-33313-)

1

[83-32335-] = -4Tcky33A3/m 1 2(40g-Ng) = [83-3323;5-] = [S3-3332;-]

Table XVI. Coefficients [S;-j;c;ab] in the first contact transformation

[83-31311] = -2rcky,,/m%,1/2 [S3-32;22] = -2%ckyy, /iA,L/2
[85-32;11] = -27cky1, (241 7p) MMAY 24 2y)

[S3-31512] = -4Tckyq 2,1/ 2/8 (42, -7) = [83-31;21)
[S3-32;12] = -4Tckyp My L/ 2/5 (47p-21) = [s;-52;21]
[83-33;13] = -4mcky 37A3L/ 2/R (A 5A1) = [83-33;31)
[83-31522] = -2cky 9 (Pp-Ap) ML/ 2(40-27)

[83-33;23] = —4Tcky 33231/ 2/ (4A5-2) = [83-33;32]

[85-31333] = -2Tcky33(2A3-A1) /A L/ 2 (4%5-0)
[83-52333] = -2ucky33(2A3-Ag) /A 1/ 2 (4231y)
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hy' = H (4.2)
Hy is given in (3.9a)

hy' = Hy + [iS,Hgly = 0 (4.3)
hp' = Hy + [iS,H;/2]y + [iS,Hplg =
d%s(Z;"(WS;"')P“PPP’JPf +D((‘)Z1Za(2;°(ﬁj;a;-)pag(l’?)l’a, +
‘%az‘b[(Zﬂ(a;ab;—)papb + (25ps-;ab)aaap IR +
Kagpge (2;03abe;-)pPpPeBy +
?C%@ (250¢3¢3ab) (1/2) (q,aP. + Ped,9p) B0 +
ib;cz@(z;-;cd;ab)(l/z) (449pPcPg + PcPadadp) +

a\<b§c\<d(2;',—;abcd)qaqchqd (4.4)

Coefficients in the first sum are listed in Table XVII, and the rest

of the coefficients are listed in Appendixes IV to X.

hy' = Hy + [4S,(Hy + (2/3)[iS,H1/2)y + (1/2)[4S,Hglp) ]y +
[1S,H;/2] =
"(,‘%"5; (S;wp'xf;-;a)qag(f’ﬁ EJP{ +
> 2 (330p73b5a) (1/2) (aqpp + Ppaa) i Ba By +

e(p?a
d%a%‘c(B;e(p;bC;a) (1/2) (4PpPe + PLPcda) BB +
agb<c<35“ﬁ5';ab°)qaqch& P@ + hg* (4.5)

The coefficients appearing in (4.5) above are listed in Appendixes XI
to XIV. h3* is the portion of h3' that is discarded henceforth; it
consists of terms of the types {qa’Pbpcpd}g(’ {qaqch,pd}g( and pure
vibrational terms which do not contribute to the energy through the

fourth order of approximation.
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h,' = H, + [iS,(Hy + [iS/2, (H, + [1S,H;/4]y + [iS,Hy/3]1R]yp) 1y +
[iS,H1/31R) 1y + [iS,(Hy + [iS,H;/3]y + [iS,Hp/2]R) Ix
g T TO{RBRED * HELRRA} ¢
dfzzii %b{(é;nfp'xr;—;ab)qaqb + (A;NWf;ab;-)papb}&Pg%Px

+ hy* (4.6)

The coefficients appearing in (4.6) are listed in Appendixes XV to XVII.
h4* is the portion of h4' that is discarded henceforth; it consists of
pure vibrational terms, terms whose matrix elements in a symmetric-top
basis fall outside the diagonal blocks E+, E, 0+, 07, and terms
quadratic in the components of rotational angular momentum By. These
terms either do not contribute to the energy through the fourth order
of approximation, or represent negligible corrections to the terms re-
tained in the final form of the Hamiltonian.

The first sum in (4.6) is not desymmetrized in the components of rot-—
ational angular momentum since h,.' is already in the form in which it
will enter the final form of the Hamiltonian.One could also symmetrize
the second sum at this point,but instead of doing so now, we shall
symmetrize this sum later (Appendix XVI). We expect that identical co-
efficients in that appendix will automatically symmetrize the cor-

responding terms in this sum, and this is, in fact, the case.
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Table XVII. Coefficients (2;0(()'{)’;—;—) in the second-order
Hamiltonian h,'

(2;xxyy3-3-)
(2;yyzz35-3-)
(2;5z2xx3-3-)
(25xyxy;—3-)
(25xxxx3-3-)
(23yyyys=3-)

(252z225-3-)

(25yyxx;-3-)
(232zyy5-5-)
(23xxz23-3-)

(25xyyx;-3-) =

~[(a¥X afY )/Aq + (a¥% ayy )/’)\2]/81x21y2
-[(a1¥a)22) g + (ay¥Y2,%%) /251/81,21,2
S[(a,%2a ™) Ay + (a,%2a,%%) /2,1/81,71. 2
-(ay¥y)2/812 1§ 2

-[(a1¥) 2/ + (a¥* )2/2,]/814
—[(aY)2/7; + (a99)2/251/81¢
-[(a122)2/n) + (a,2%)2/2y1/81%
(25xxyy;-3-)

(25yyzz3-3-)

(25zzxx3-35-)

(25yxxy;-3-) = (2;yxyx3-3-) = (23%xyxy;-3-)




5. TWICE-TRANSFORMED HAMILTONIAN

The second contact transformation that diagonalizes H in the vi-
brational quantum numbers through the second order of approximation

ge from the basic Herman-

has been constructed by Amat and Nielsen
Shaffer functions. The portion of this function that is needed in

our case can be written as follows:

o =°%?(§ (osps=5219, 8 By By +%a§ [o5oB352] (1/2) (a2Pp+Pp92) % B8
+2 C;Z;@[c;o(;ab;c](lﬂ) (qePaPp + PoPpac B

a&é[“’;d;-;abdqaqchl& (5.1)

The coefficients [o’;e(ﬁ’(;—;a], [U;u(A;b;a], etc., are given in Tables
XVIII to XXI, with the constants Aabc and Babe appearing in [0';x;c3abl
and [oj¢;-j;abc] as listed in Table XXII.

Expanding T = exp. (iA%¢) and 771l = exp.(—i’)\.zc) in power series in
o and collecting terms of the same order of magnitude in H@ =T H"I:—1
we obtain:
ho

1

1
' '
hy + i[5,hg )

h

H,0= h,' + ilonhy )
37® by + ilovhy
' ' '
1,8 b, + iloyhy ] -(1/2) [0, [0,hy ' 1] (5.2)
In (5.2) hé 5 h'i ’ h’z , etc., are the zeroth, first, second-order
portion, etc., of the once-transformed Hamiltonian regrouped to true

oreders of magnitude which we have obtained in Chapter 4 from the

original once-transformed Hamiltonian with the aid of (2.22).

32



33

Table XVIII. Coefficients [c’;o((;l;—;a] in the second contact trans-—
formation.

[6;222;-33] = (2;zzz;3;—)/7\31/2

[0;xxz;-33] = (Z;XXZ;3;-)ﬂL31/2 [652xx;-33] = (Z;ZXX;3;—)/7\31/2
[Oyyz3-33] = (23yyz33;-) MA5t/2 [o52yy3-33] = (252yy33;-) A41/2
[0;xzx;-33] = (Z;XZX;3;-)ﬁ‘3l/2 [o3yzy;-33] = (Z;yzy;3;-)/}\31/2

[o3xyz;-33] = [5zyx;-33] = (2;xyz;j;-)/2j1/2
[T5xzy;-33] = [O5yzx;-33] = (2;xzy;j;—)/?»j1/2
[osyxz;-53]1 = [052xy;5-33] = (Z;yxzu';-)/)*jll2

j=12

Table XIX. Coefficients [O'b(p;b;a] in the second contact transform-
ation.

[0500353] = [2333357) = (23os=331) 21/ 205/ 5 o= x,y,2
(o5 251 = [(230412;0A1 /2 + (23005-31202,1 221/ 4 -
(o503 132] = (23081250212 + (25006-312)2, 2/ 2/m21/ A,y = )
(O3373353] = [@3xy33350A12 + @ays-339231/2m21/ Oy - Py
[95xy3333] = [(2;xy;j3;-)7\31/2 + (2;xy;—;:13)3‘3.1/2/'1’!2]/(7\3 —71j)

[03yx;3;3] = [05%xy;3;3] i=1,2 [03yx;333] = [O5xy;3;3]
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Table XX. Coefficients [0'jx;c;ab] in the second contact transform-
ation.

(03253333 = -=(25233;33)A5,3/M2 + (2;32;3333)B54 /02
- (232333330833 542859 5 3 = 13,3

[05251253] = =(25233;12)A1,3/M2 + (2;2;1;23)By 5 /A2
+(2;z;2;l3)Bz3’l /2= (2;z;123;—}Bi2’3

1032313511 = -(23231313)A113/02 + (25231313)By 3/n?
+2(2;233;11)By3 1 /82 - 2(25231133-3B5

[052323;2] = -(2;252;23)A9p3/02 + (2;5252;23)Byp 3/n2
+2(2;5233;22) B3, /02 - 2(23252235-3B23 2

[052;13;2] = -(2;2;2;13)A193/82 + (25231;23)By, 3/n2
+(23233;12)B33,1/0% - (2323123;-)B13,2

[032;23;1] = —(2;z;l;23)A123/‘ﬁ2 + (2;2;2;13)}3%2,3/152
B
2

+(2;z;3;12)Bl3’2/‘h - (2523123;- 3,1
[052;2133] = [032;12;3] [032531;3] = [o32;13;3]
[032532;3] = [032;23;3] §o= 152

Table XXI. Coefficients [¢p¢;-j;abc] in the second contact transform-
ation.

[052;-3113] = —(2;2;1;13)813,1 - (Z;z;3;11)B11’3 -'hz(Z;z;113;-)Au3
[0;25-3223] = —(2;z;2;23)B23,2 e (2;:;3;22)522’3 —112(2;2;223;-)A223

[0%25-3123] = -(2;231;23)By3 1 - (252;2;13)By3 o - (2;2;3;12)512,3—
12(2;52;123;5)47,3 :

lo323-3333] = -(25233;33)B33, 3 - 12(2;25333;-)A333
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Here, too, it is advantageous to regroup H® in true orders of magni-
tude. Upon subjecting H@ to .regrouping of ‘terms according to true

orders of magnitude we have:
@ _ph@-p@ d @ e @
H h h0 +hl +h2 +h3 +h/¢
where ho@ = Hy
né=o0

hy® = hy' + ifo,Hgly

hy® = hy' + 1[0,Hy ]

h8 = by 4 ilo,hy' 1y - (1/2) [0, (05 yly

The last two terms in hz.' can be written as follows:

iloyhy'ly - /26,10,y )y = il (hy' + (1/2) [65hy" Iy Iy
=.i[o, (hy'/2 + (1/2) (hy' + i[o,hg'1y)) 1y

= 1[0, (1/2) (hy' + hy®1y = (/) [0, (hy' + hyD]y

Moreover, it can be shown that i[c‘,hz@]v does not contribute to the
energy through the fourth order of approximation except in cases of
accidental near—degeneracy.22 The same is true of h3@. Thus for the
calculation of energies through the fourth order of approximation we
only need to consider:

ho® = Hg

hyO = hy' + 1[0, Hgly

h® = hy,' + dloyhy'ly

h® = ny® + 1@ + 0@ (5.4)
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Table XXII. The constants Aabc and Bab,c

Apaa = -22,1%/3; a = 1,2,3
Aj1p =~ M2 - Ay) Apgy = ~2Ap/M L2, - A))
A1z = - A2 - Ay Apg3 = -2/ 20 -2
Agp3 = gt/ 2y - Ag) fg33 = =2/ 26y -2 y)
A1g3 = 22731/ 2155 ( and all permutations of indices. )
Baaa = ~(WAM2 5 a=1,2,3 By, 5= A20 -0 -ApDy,
Bgp = AH20, -y -APDiy3  Bayp = AL2@g =R ~AgDyps

B1p,1 = -2/ - Ny Bi2,2 = M3/ Wy A

Byg,3 = A2y - A B3,3 = -2/ -7y

By3,1 = M2/ - 2y By3,2 = ~ M2/ - Ay
B11,2 = Qg - ) PM2WA D) By g = g - A /A 2@y )

Bi1,3 = Qg - DA 20 Ay B3z q = Op - 2292003 A

= @3 - A% A B335 = Ay - A AHEA 2y

Bp2,3 =

w
1

In A123 5 B12,3 and the corresponding constants obtained through

permutations of indices,

D3 = [ @11/24-7.21/24-?\31/2) (211/2_’/\21/2_231/2) (211/2_221/7-4-7\31/3)

XA 1/247,1/2_2 1/2)]'l ;5 ( all permutations of indices )
1 3
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Of the terms in Hy in (3.9a) only the first three will be kept in ho@
since the remaining terms are purely vibrational and of no interest
here. However, in the second term of hz@ in (5.4) the pure-vibration-
al operator-terms in Hy must be included in the commutator [0%,Hply
for it is precisely these terms that .contribute to hz@, since for the

pure-rotational operator-terms in Hy (2-23b) yields

i[0,H, )y = 107, Hyy] (1/2) (OgHop + HylR)

= 1[0y,11(1/2) (OgHgg + HogR) = 0
Thus we have
hy® = hy' + 1[0, Hyyl (1/2) Og.1 + 1.F) = hy' + i[0y,Hyyl0x

and with 0 from (5.1) and the last six terms in (3.9a) for Hyy, one

can show that

n,C =d%: @by RBp Y +
d%é; (6% (23e0p58a5-) + (Zioffs=3aa) 1 (a7 + pa2MDRB + by
(5.5)
i.e., except for hz*, h2@ is diagonal in all vibrational quantum
numbers; hz* consists of pure-vibrational operator-terms originating

from hy'.Even though this portion of hz@

is not diagonal in the
vibrational quantum numbers, it can be disregarded as it can be shown
that the pure-vibrational operator-terms in hz@ would be diagonal if

the complete transformation function of Goldsmith et al had been used.

Substituting (4.6) for h,", (4.4) for hy' and (5.1) for G into the
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last equation in (5.4), we obtain

@z s
hy _o(p%fap (Iv,«xpﬁrep, H )};,1?52,6?;?51}, +
.x%s a<b [(IV;ofyds-sab)q qy + (IV;HﬁXX;ab;-)papb]%,P@%P;
+ hl»* (5.6)

where hA* includes terms of the type r%p2 and rkPﬁ‘k, k =1,3,5.
Following the notation introduced by Amat and Nialsen,22 r® and P™ are
used to denote products of any n vibrational and any m rotational op-
erators, respectively; h: is discarded henceforth since herein terms
of the first type represent fourth-order corrections to zeroth-order
rotational constants of rigid rotator, while terms of the second type
would contribute only to the energy in an order higher than the

fourth.21 The coefficients in hl.@ can be shown to be the following:

QVspleps=s-) = (bsapfieps=3-) + (4upgsbep!-1-)

(IVsofpyfis=3ab) = (hsopySs-3ab) + (4lafg,5!-tab) +
(41op,xSt-tab) + (4lot,pofd!-tab)

(Iv;aﬂga’;ab;—) = (4sopySiabs-) + (blofpy,§tabl-) +

(4l gfstabl-) + (4la,Bpftab!-) (5.7)

(A;ﬁ,g{&p;—;—), (4;0((53}';-;ab) and (A;Mﬂﬂ;ab;—) are the coefficients
in hh'- the underlining on the groups of indices indicating how they
can be constructed from the original coefficients to accomplish the

desymmetrization of the corresponding rotational operators. Thus, for

instance,

Gtpoffepi=i) = (/D LCspuffiepi=i) + (45ePsofgbi=3-)]
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since the corresponding rotational operator-term
(1/2) (&Ppl%?;% PP + P’(% %ﬁ 'I:‘PP ) is desymmetrized to
%‘PprPsPi PP .
The rest of the coefficients in (5.7), i.e., (A!M,M!—!-), etc.,
belong to the terms in i[0%,h;"]y. Again, the underlines are used here
to show how they can be constructed from the original coefficients.
These original coefficients are given in Appendixes XVIII to XXIV.
The desymmetrization procedure mentioned above was used merely to

facilitate writing the coefficients of h4@

in (5.6) in general form.
In our actual calculation all terms were left in their original sym-
metric-form since they are already in the correct form in which they

enter the final form of the Hamiltonian.

We now summarize the final result., From (5.4) we have
h€ = 1@ + ny@ + 1,8 .8)

Excluding the pure vibrational terms in Hj, we have, from (5.4) and
(3.9a),

nol = (1/2)[ 22/1, + R 2/1, + 2,21, ] (5.9)

No further rearrangement is required in (5.9) since it is already in
the desired final form. One identifies the coefficients therein as

being proportional to the equilibrium rotational constants A;, B, and
Cy. The coefficients (2;0(&3'{;-;—) in the first sum of (5.5) have been
listed in Table XVII. Following the notation of Chung and Parke123 we

write

@i = /6 Tepyd
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and in terms of the coefficients "];pgf, the first sum of (5.5) and

Table XVII yield

A/ T + TyyyyPy® + TazazPz® + Ty Bx?By? + By20,2) +

Tyyzz(py2p22 + p22py2) + T

ZZXX(PZZPXZ & PXZPZZ) *

2] 2
Txyxy(PxPnyPy + PnyPny & PXPy Py + Pny Py) ]

With the aid of the commutation relations [%(»P@] = -th@/, cyclic,

the last term can be written as
(1/4)[ 2(Py2Py2 + Py2py2) + 302P,2 - 2R2Py2 - 262Py2 ]f,w
Thus we have, from the first sum in (5.5),

/A [T R + ToRyh + Typ,h + Tu(2, 2,2 + 2,22 2) +

'I:’S(PZZPX2 + PxZPz2> + T6*(PX2Py2 + Pszxz) +

Ton?er,? - 22,2 - 22.%) ]
The last term is of the second order but will now be grouped with hO@’
and the coefficients of sz, Py2 and Pzz therein represent centrifugal
distortion corrections to the rotational constants Ag, Bg and Cp,
respectively. The coefficients Txxxx' Tyyyy’ etc., or their numerical-
subscript forms Ty, Tp, etc., are listed in Table XXIII.
The coefficients (Z;d‘B;aa;—) and (Z;O(ﬂ;—;aa) in the second sum of
(5.5) are given in Appendixes V and VI, respectively, along with the
coefficients of the off-diagonal terms in hy'. We note that for a = b
(2;p3abs-) and (Z;dp;—ab) vanish if O(#P . Hence the second sum of

(5.5) can be written as follows:
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s 2 (w20, Gip oo B 5D
S 2L DT @eeaasn) + (2pe-saa) 10 q" + py" /% Ry

Table XXIII. The coefficients T«W'

Toxxx = T2 = ~[(@®)2A + (@F)2/7,1/21,4

Tyyyy = T2 = ~[@ 2/ + @P)/A1/21.%

Tyazz = T3 = ~1(@?D2 + (a59)2/,1/214
Tyyzz = Taayy = T4 = ~[(@1Va122/My) + (V27%/2)1/21,%1,2
Togxx = Taxzz = Ts = ~[(a1%%a)™/2) + (a§%ay**/A;)1/21,°1, 2
Trxyy = Tyyxx = T6 = -[(@1¥apy¥/A) + (a¥¥ag¥¥/A2)1/21,21,2
Tayxy = Tyxyx = Tyyx =Tymgy = To = -(a3 ¥/ @LI1,%3)

Te* =Tg + 2T

If for a given vibrational state the eigenvalues of paz and qa2 are
written as
(pa2) = (v, +1/20m%, (2> = (v, +1/2)
a=1,2,3
respectively, where v, is the harmonic oscillator quantum number cor-
responding to normal mode a, we can write the above double sum as
HiPx? + Hopy? +Agp,?

where ﬁ
1= &1 (vu + 1/2) [h2(25xx5aa3-) + (2;xx;3-3aa)]
3
Wy = Zl (v, + 1/2) [82(2;yy;aa3-) + (23yy3-3aa)]

a=

¥y = Z, (va t 1/2) [62(2;2zz3aa3-) + (2;2zz;-3aa)]  (5.10)
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Since )(j 5 3 =1,2,3 are the coefficients of terms quadratic in the
components of angular momentum, these terms, although of the second
order, are now also grouped into ho@. Therefore, they will be added
to ho@ along with the centrifugal distortion terms from the first sum
of (5.5). The}(,j's represent the vibration-rotation coupling correct-

ions to the equilibrium rotational constants Ao, BO, CO .

The first sum in (5.6) contains terms sextic in the components
of rotational angular momentum, the coefficients of which are given

@ @

in (5.7). Since there are no sextic terms in hgp~ or hy~, no ambi-
guities will be introduced if the "IV" and "4'" are omitted from the
coefficients. Thus we simplify the notation and write (N@a’&f),
CPffep) and Epg*SEP) for AVsepolizps=3-), (43eBffef) and

(A!o(ga’,{éf!—!—), respectively. Comma and asterisk are used in the

second and third coefficients, respectively, to show which group of
indices originates from the transformation function, and which one
from the Hamiltonian. In our notation the group of indices preceding
the separating comma or asterisk is the one coming from the trans-—
formation function. We use the comma when the function is S, and the
asterisk when the function isG. The detailed expressions of the co-
efficients (D(ﬂ,’(f&(’) are given in Appendix XV. These are the coeffi-
cients of the sextic terms % in h4'. The coefficients P(ﬁa’*géf) are
given in Appendix XVIII. One can see in these appendixes that the

operators Py, P, and P, always appear in even power in all the sextic

y

pure-rotational terms. To have the sextic terms in the form arrived

at by Yallabandi and Parker,lo the original form
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B PP P,,(Pﬁladl’;%% + %(%'P&k},g(pp )+

(u(%*&z]))( R P(PsP&Pr, + PSP&PF };(% P,If )
was subjected to rearrangement based on the angular momentum commut-—
ation relations. In carrying out this rearrangement, Table II of
Kneizys, Freedman and Cloughll was very useful. Entries 58 through 105
in this table were subjected to permutations of indices to obtain op-
erators with P, symmetrically placed with respect to Py and Py. As a
result of extensive rearrangement we obtain sixteen new coefficients,
of which ten belong to Pb-terms and the other six belong to P4-terms.
Three of the former stay in their original form; they are the coeff-
icients of .5, Py6 and P,5. The rest of the coefficients are found
to be certain linear combinations of the original coefficients. Act-
ually we also obtained terms quadratic in the components of angular
momentum, but these were discarded since they are negligible relative
to the coefficients Ag» Bg and Cp in the P«z-terms. Following Yalla-
bandi and Parker,lo these sixteen coefficients are called(bl to¢) 16°
They are listed in Table XXIV. Where these coefficients stand in the
final form of the Hamiltonian will be shown later.

The coefficients of the r2P-terms in (5.6) comprise eight diff-
erent coefficients, two coming from hA' and six from i[G’,hz']v. The
notation in (5.7) will now be simplified as follows:

(43opyff3-3ab) —=» epyfab)  (4sopyfiabs-) -=> (abofpy)

(4llfis§ 1=1ab) -5 @pY*Eab)  (4lofysGlabl-) —> (aboify*d)

(41ofpfsi-tab) > Gp*{ffab)  (4lotpgfFlabl=) > (abotp M5

(Aza,r,qm-!am -> @xpYsab) (4l pgStabt-) - (abotPyd)
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Table XXIV. Coefficients d;

o,
¢,
03
by

bs
¢

Ps

10

(XX, XXXX)

y,yyyy)

(22,2222) + (zzz¥z22)

(yy,yyxx) + 2(yy,xyxy) + 4(xy,xyyy) + (1/2) (xx,yyyy)

(xx,xxyy) + 2(xx,xyxy) + 4(xy,xyxx) + (1/2) (yy,xxxx)

(zz,zzyy) + (zz,zyzy) + (1/2)(yy,zzzz) + 2(zzz*yyz) + (zzz*yzy)

(yy,yyzz) + (yy,zyzy) + (1/2)(zz,yyyy) + 2(yyz*yyz) +
2(yyz*yzy) + (1/2) (yzy*yzy)

(xx-xxz2) + (xx,2%2%) + (1/2) (22,%00%) + 2(xxz*3xz) +
2(xxz*xzx) + (1/2) (xzx*xzx)

(zz,2zxx) + (zz,zxzx) + (1/2) (xx,2z2zzz) + 2(zzz*xxz) + (zzz%*x2zX)

2(zz,xxyy) + (xx,yyzz) + (yy,zzxx) + 2(zz,xyxy) + 4(xy,xyzz) +
(yy,zxzx) + (xx,zyzy) + 4(xy,zxzy) + 4(xxz*yyz) + 2(xxz*yzy) +
2(yyz*xzx) + (xzx*yzy) + 2(xzy*xzy) + 2(zxy*zxy) +4(xyz*xzy) +
4(xyzrzxy) + 4(xzy*zxy)

-2(xx,xyxy) - 8(xy,xyxx) + 4(xy,xyzz) - (xx,zxzx) + (xx,zyzy) +
4(xy,zxzy) - b4(xxz*xxz) + 4(xxz*yyz) - 4( x) + 2(xxz*yzy) +
2(yyz¥*xzx) + (x y) - (xzx*xzx) + 3(x ) + 3( yz) +
3(zxy*zxy) + 6(xyz*xzy) + 6(xyz*zxy) + 6(xzy*zxy)

-2(yy,xyxy) - 8(xy,xyyy) + 4(xy,xyzz) + (yy,zxzx) - (yy,zyzy) +
4(xy,zxzy) + 4( yyz) - 4(yy yz) = 4( ) + 2(xxz*yzy) +
2(yyz*xzx) + (xzx*yzy) - (yzy*yzy) + 3(xzy ) + 3(xyz*xyz) +
3(zxy*zxy) + 6(xyz*xzy) + 6(xyz*zxy) + 6(xzy*zxy)

(5/2) (zz,xyxy) + 6(xy,xyzz) - (zz,zxzx) - (zz,2y2y) +
6(xy,zxzy) - (zzz*xzx) - (zzz*yzy) + 3(xzy*xzy) + 3(xyz*xyz) +
3(zxy*zxy) + 6(xyz¥xzy) + 6(xyzzxy) + 6(xzy*zxy)
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Table XXIV (cont'd)

¢14 = 2(yy,-yxx) + 2(zz,zzxx) = 2(yy,yyzz) - 2(zz,zzyy) - 4(zz,xxyy)
=2(y-,zzxx) + (11/2) (yy,xyxy) - 5(zz,xyxy) + 15(xy,xyyy) -
l4(xy,xyzz) - (5/2) (yyszxzx) + (5/2) (zz,zxzx) - (5/2) (yy,zyzy)
=(5/2)(zz,2zyzy) = l4(xy,zxzy) + 3(zzz*xxz) - 3(zzz*yyz) -
(3/2) (zzz*xzx) + (3/2) (zzz*yzy) - 4(xxz*yyz) - 4(yyz*yyz) -
-3(yyz*xzx) - 5(yyz¥yzy) - (3/2) (xzx*yzy) - (3/2) (yzy*yzy) -
7(xzy*xzy) - 7(xyz*xyz) - 7(zxy*zxy) - l4(xyz*xzy) -
14(xyz*zxy) - 1l4(xzy*zxy)

¢15 = 2(xx,xxyy) - 2(xx,xxzz) - 2(zz,zzxx) + 2(zz,22yy) - 4(zz,xxyy)
—2(xx,yyzz) + (11/2) (xx,xyxy) — 5(zz;xyxy) + 15 (xy,xyxx) -
L4 (xy,xyzz) -(5/2) (xx,zxzx) - (5/2)(zz,zxzx) - (5/2) (xx,zyzy)
+ (5/2) (zz,zyzy) - l4(xy,zxzy) -3(zzz*xxz) + 3(zzz*yyz) -
(3/2) (zzz*xzx) + (3/2) (zzz*yzy) - 4(xxz*xxz) - 4(xxz*yyz) -
5(xxz*xzx) - 3(xxz*yzy) - 2(yyz¥*xzx) - (3/2) (xzx*yzy) -
(3/2) (xzx*xzx) - 7(xzy*xzy) - 7(xyz*xyz) - 7(zxy*zxy) -
l4(xyz*xzy) - l4(xyz*zxy) - l4(xzy*zxy)

4;16 = -2(xx,xxyy) - 2(yy,yyxx) - 2(xx,xxzz) + 2(yy,yyzz) + 8(zz,xxyy)
+2(xx,yyzz) + 2(yy,zzxx) - 5(xx,xyxy) - 5(yy,xyxy) + 8(zz,xyxy)
-8(xy,xyxx) - 8(xy,xyyy) + 12(xy,xyzz) + (5/2) (xx,zxzx) +
(3/2) (yy,zxzx) + (3/2) (xx,zyzy) + (5/2) (yy,zyzy) + 8(xy,zxzy) +
2(xxz*xxz) + 8(xxz*xzx) + 8(yyz*yyz) + 8(yyz*yzy) + 2(xzx*xzx)
+2( yzy) + (xzy*xzy) + ( yz) + (zxy*zxy) + 2(xyz*xzy) +
2(xyz*zxy) = 2(xzy*zxy)

Herein «xﬁ,’(isp) and @p'{*yéf) are as given in Appendixes XV and
XVIII, respéectively.

In the simplified notation above, rotational operators' indices,
o((}g/[, either precede the indices of vibrational normal coordinates,
or follow those of the momenta conjugate to the normal coordinates.
Again, an asterisk is used to separate rotational operators' indices
coming from © and from H. The two contact transformations, S and G,
diagonalize H in the vibrational quantum numbers through second order

only. Thus we have both diagonal and off-diagonal elements in the
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matrix representation of hh@a It can be shown,21 however, that the

terms that are off-diagonal in the vibrational quantum numbers v, do
not contribute to the energy through the fourth order of approximat-—
ion unless the vibrational states are spaced so closely that an accid-
ental near-degeneracy results. For this reason we have not included
in Appendixes XVIII through XXIV the coefficients of terms off-diagon-
al in va. The regrouping of the rZPZ‘-—terms into the final form of the
Hamiltonian can be accomplished either through commutator algebra
with the aid of the commutation relatioms [B, ’PP] = -i‘ﬁPﬁ, cyelic,

or by using the relations among the angular momentum operators of
Olson and Allen.2* This rearrangement has been done by Yallabandi and
Parker,lo and their results were used. Following their notation, we

have, from the coefficients in Appendixes XVIII to XXIV,

P1 = Prooex = S vy + 1/2)[ (oxxxaa) + (asxxxn)h? + (xackxxaa) +
(aaxx*xx)ﬂ2 ]

P2 = Pygyy = == (va + /DL (yyyyaa) + (aayyyy)h2 + (yyhyyaa) +
(aayy*yy)hZ ]

PB o Pzzzz = % (va + 1/2)[ (zzzzaa) + (aazzzz)h? + (zzz*zaa) +
(aazzz*z)ﬁ2 + (zz*zzaa) + (aazz*zz)‘hz +
(z*zzzaa) + (aaz*zzz)h? ]

Pi = Pyyzz = & (va + 1D Gyzzas) + (aayyza)h? + (yyztzas) +
(aayyz*z)h2 + (yy*zzaa) + (aayy*zz)h2 +

(zz*yyaa) + (aazz*yy)h2 + (z*yyzaa) + (aaz*yyz)h2]

=Pzzyy
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fs = (azx = Z (va + 1/2)[ (xxzzaa) + (aaxxzz)f? + (xxz*zaa) +
(aaxxz*z)hi2 + (xx*zzaa) + (aaxx*zz)h2 +
(zz*xxaa) + (aazz*xx)h2 + (z*xxzaa) +(aaz*xxz)h2]
N (’xxzz
Ps = Poxyy = S (va + 12 (Goxyyaa) + (amxyy)t? + (xcryyaa) +
(aaxx*yy)h2 + (yy*xxaa) + (aayy*xx)iZ ]
= Lyyxx
Pr = Py = S (va + 1/2)[ (zyayaa) + (aazyzy)h? + (yzy*zaa) +
(aayzy*z)h? + (z*yzyaa) + (aaz*yzy)h2 ]
=i fzyzy
P8 = Paxax = S (va+ 1/2)[ (zxzxaa) + (aazxzx)W2 + (xzx¥zaa) +
(aaxzx*z)h2 + (z*xzxaa) + (aaz*xzx)h2 ]
= Praxz
f’g = (’xyxy = Z. (va + 1/2)[ (xyxyaa) + (aaxyxy)hZ + (xy*xyaa) +
(aaxy*xy)‘h2 1
=Pyxyx
[’10= r)zyyz = % (v, + 1/2)[ (zyyzaa) + (aazyyz)h? + (zyy*zaa) +
(aazyy*z)h2 + (z*yyzaa) + (aaztyyz)n? ]
Piim Pyazy = 2 (a + 12 (asyzzy)n? ]
P17 Pacz = & (a + /D (axxzaa) + (aazwxa)h? + (zcizaa) +
(aazxx*z)n2 + (zXxxzaa) + (aaz*xxz)h2 ]
Prs= Przzx = 95 (a + 12 (aaxzzaon? )
fra= fxyyx = 3 (va+ /D (oyyxaa) + (aaxyyoh? + (xy*yxaa) +
(aaxy*yx)h? ]

(15 Pyxxy - Flé (5.11)
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After all these rearrangements, the Hamiltonian h® in (5.4) can
be written as
s h€ = hy + by + hg (5.12)
hy = (a9 = Tn2/2 +XPR2 + (By - T2/2 + )r,2 +
(Co + 3Tgh2/2 + Ny)p, 2 (5.13)
By = LT+ PO /6 + 02y 1R 8 4 10T + pp) /4 + 1%Dy,1Ry% +
[(Ty + Pa)/4 + 12y g1e, % + [(Tyt P /4 40%p,1 02242202
[(Ts +f§>/4 +1124)15](p22px2 + P 2,2) +
[CTg + T8 /4 + 121 (2 2Py 2 + y28,2) (5.14)
hg = d)lpxﬁ +¢2Py6 + ¢3Pz6 +¢4(szpy4 +yfn2) +

(PS(PYZPX" + Ppyg?) + ¢6(Py21>z" + PZiPy2) +

437(?22?},4 +2,42,2) + g, 22, + P 4P,2) +
Gg (22,4 + p,lp,2) +¢m(px2P22py2 + P 28,2, 2)  (5.15)
In (5.14)
Pi =P+ L7+ W10 + W/l
s = Ps+ g + WP, + WIDP,
fé* = f’e + Pyt /2Py, + (1/2){>15 (5.16)

h@ is a complete fourth-order vibration-rotation Hamiltonian for
HpO-type molecules. The detailed expressions for the coefficients
therein have been obtained and are given in the tables and appendixes
referred to in this chapter. The expressions for all coefficients pj
and the expressions for¢11 throughq)lﬁ are original with this in-
vestigation.

The fact that two Hamiltonians H and H have identical eigenvalues
if they are related by any arbitrary unitary transformation U has been

utilized by WEtson9 along with an order-of-magnitude argument, to
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deduce the form of a rotational Hamiltonian devoid of experimentally
indeterminable coefficients. This theory has been extended by
Yallabandi and Parker,lo who, in their order-of-magnitude argument,

included second-order corrections of the P2

-type and fourth-order
corrections of the PA—type in the zeroth and second-order terms, re-
spectively, of the transformed Hamiltonian. In this way it was shown
that one can impose one constraint and thereby reduce the number of
independent coefficients of the quartic terms to five, and three further
constraints to reduce the number of independent coefficients of the
sextic terms to seven. Subject to certain restrictions?> one can choose
these constraints in several ways. For further information, the orig-
inal papersg’m’25 should be consulted.

In this thesis, a complete Hamiltonian was developed through the
fourth order of approximation for the vibrating and rotating HjO-type
molecular configuration. Explicit expressions were calculated for all
coefficients occurring in the Hamiltonian in terms of fundamental mol-
ecular constants, viz., the equilibrium principal moments of inertia
(which are related to the equilibrium geometry of the molecule), the
normal frequencies of vibration, and the qubic and quartic potential
constants of the molecule. Since vibrational and vibration-rotational
accidental resonances have not been considered, the theory at the pre-

sent stage is applicable to the ground state, and to bands not

subject to such resonances.
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APPENDIX I

=R
Coefficients a‘és, Alecsty and Coriolis Coupling Coefficients S;:

zZ
To show how the constants ;g-,
olet =1
mj ;(s%" Agrs's' and A!wf?s'd' relate
P
z Pi to the Hamiltonian (2.1) it
> i
Ri suffices to consider the class-
-
N
i
/e ical Hamiltonian of a rotating
R Y
(°4 and vibrating polyatomic molec-
X
ul pecifically the part of
0
X the Hamiltonian coming from the
Figure AI-1

kinetic energy.
If the ith nucleus, whose mass is mj, is denoted by the radius vectors
Ei(X,Y,Z) and ?i(x,y,z) in the inertial or space-fixed and moving or
molecule-fixed frames, respectively, and if :f;i is its displacement

relative to its equilibrium position 31 in the latter frame, we have
R =R+ 7 (AL.1)
ﬁi - -2 (AL.2)

where R is the radius vector of the moving frame's otigingin the

inertial frame. In the moving frame 31 is a constant vector. If T is

the kinetic energy of the molecular framework,

- -
2T = SmgR. Ry =S miVi Vs =2 mg(V + vy + @X v1? (AL.3)
3 i 4

25
where V; is the velocity of the ith nucleus in the inertial frame,
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-‘;i is the velocity of the ith nucleus .in the moving frame, V is the
velocity of the moving frame relative to the inertial frame and @ is
the angular velocity of -the moving frame relative to the inertial
frame. Use has been made of the operator relation
>
da/dt L = d/dt +@X
inertial Imoving
(AI.3) can be written as
N
27 = VM +Z mi@X 25). @X 25) +3 myvi? + 25 mg (V.5) +
i T T
- 2
23 mi (@WX F1.V) + 23 my (Vi DX 35),
T T
where M is the mass of the molecule. The rules of vector algebra
allow rearrangement to
2T = Mv2 + S my[F52.07 - (F1®)2] + Smyvy? + 20.S myvy +
7 i T
&
W XD . TmgPy + 20T myTy X vy
7 i
Choosing the origin of the moving frame to be at the center of mass
of the molecule makes the fourth and fifth terms vanish identically.
Thus
2 mirg =0 (AL.4)
and : ) s
-
T = (/M2 + (1/2)) mg (2322 - (F1.00)2] + (1/2)Tmyvy? +
i |
Z).Zmi?i X 31
T
The first term in the above is the kinetic energy of the overall
translation which we shall discard as it leads only to an additive
constant in the total energy, the second term represents the rotat-
ional kinetic energy Ty,¢, the third term represents the vibrational
kinetic energy Tyip and the last term represents the Coriolis energy,
the energy of rotation-vibration interaction, T.. Equation (AIL.4)
is called the first Eckart condition.

The rotational kinetic energy can be written
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(1/2)2 w3227 - G2 = /22 Lowm, (L)
where i
Lo = Smil(ps® 412 + 0 + 9602
= mg (102 + %0 + 2§;m1<{5io(61' + %% +
TR+ D
& 1,96( g Zé;mﬂf%ioﬁi' +’X}_0’Ji') ot ;mi(ﬁi'z +%’1'2), cyclic
T = ';z“‘idifai + 5;"\1(%0(31' +B;%4") - Zmgety By
= —12{5 + Zimi(o(ioﬁi' + B0t ") - Zimidi'ﬁi' , cyclic
I e and Ih(& are the instantaneous moments and products of inertia,
respectively, and 18«,( and Ig(p the corresponding equilibrium values;
o(i',Pi' and ’b’i' are the components of Pi and °(io’ '510 and ’o’io the
components of Zi'

If normal coordinates Qg are introduced by the following:
mil/z‘xi' = fi‘so-Qsc" (AL.6)
where o{;' are the x, y or z-component of Fi (i=1,2,.0....N) and
lfso-are the elements of the matrix of transformation to normal
coordinates, then I and I°‘P can be written as
ok = Ig«x +§ Qs+ zsc%'o" A:‘:sb— Q605!

Io((; U sz'a-as Qsot %o—sgo-' Aso's!r Qs ! (ar.7

where

I

a::. = ZZE“‘il/z(Piolgs i giol’fs )

[ o
a8 = TmiM 2015, + ﬁiolis ) s °‘?‘f5

Lot 4

Agrs's! = ZCI'isrrlis et 1150*113 s

=P Bt

Asss's! = 'zlmcﬂlis ‘o' = Agiglsg s X EP

ols f},fzfcychc (AI.8)

o X ool |
This defines the constants ageg, asg, Agrs's! and Aso(?s'g-

",
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Using the second Eckart condition
Omy@; XV =0 (AL.9)
T
the kinetic energy of Coriolis interaction can be simplified to
T = B.Zmiﬁi X Vi
i
Again, using the transformation to normal coordinates (AIL.6) to ex-
>
press Fi and Vi in terms of normal coordinates, the X-component of
the sum in T, can be written as
>
Z(mifi X 711)°< Zmi((&iﬁi = 71@1)
i
K4
;xsa- U (1150‘1?5 of'QstrQs o' = lig s-"liso-Qs o—'Qso')
Interchanging sc and s'c’ in the second term, we have
2y =, @b b .
By x3), = S Whilos - 1o Ge 0l
els s
= 555" Vsos'c' Ysols !
and the Coriolis interaction energy becomes
=4 .
T, =%Q%(S.v56—'QchS'o" (AI.10)
The coefficients
o 3
St Zanaf - 1ii.°_.1/gsr) , cyclic  (AL.11)
are called Coriolis coupling coefficients since the Coriolis term T,
in the kinetic energy, and hence in the Hamiltonian, couples the
vibrational and rotational motions.
Now, if we define
Toot= Toter = S:ds o' se"s" Q. o 19y o
Iﬁ(@ L - ZS‘Z_S i Cﬁ.knq 15 Qg (AI.12)
we then have, using (A1.7),
O
o™ In(o( +z asuqss + gaﬂAs:r's'o"Qso'Qsé"
Ivdro-za Q.. ZZ,A Qs (A1.13)

§o'Ases o' Gl '

where



« o<
Y il s - Su gﬁ
sos'e? ~ “ses's' T 8o Jsos'oMVs'e's's!
ol 4
! = o
Ases's! = Agrs's! bt sfS"c—"z'c!S"o" (AL.14)

oo
2 o R 1 B
This defines the coefficients Aggsg'' and Asss'c-"




APPENDIX II

The Expansion of o> }1“(3

The determinant in (2.5) can be expanded into

-1l = 2
e [lyylsz = Ixly2 = IyyTxd - 1;21;(3 - 20T T0,]
Thus 2 2 2 1
R [I:'czI;"yI:'.z - I:‘le}'rz & I}'ryl;(z = Iézl;cy = 21,'(},1}’,21,'{2]'
(AII.1)
Substituting (AII.1) into (2.3) and (2.4) we get

oz T 112 VTt Tt ot p12 v 12 _ pr o112
Joex = (ThpLipy= BB (Ll Tis - Tpdyd - 1 112 - 13,12
- Zl;cyl;'zl;cz ) 5 % ByY =%, 9, z cyclic

1!

Sylid - LhTid

Pap = Lyl - 10('51,3’5 ) L Tyylyz = Ixx1y3 -
- 2L I3, T, ) 5 o p,Y = %, ¥, z cyclic (AIL.2)
It has been shown in Appendix I that I}, and I'D(P (v, p =%, 9, 2z)
are functions of the normal coordinates Qgy. Hence uyy and “«xp are
also functions of Qgy. Since the nuclei are assumed to move about
their equilibrium positions with small displacements }’i, the Qso-'s
are small relative to internuclear distances. Therefore, we may expand
Mgk and uqﬁ into McLaurin series in Qgg,
Peip™ Wepdo + 2 P 000 55+ (LD Tt P48 10052 Q1513
X QgeQs'e! + (1/6)37%'-'0v ()3%(# /?QS;)Qs'o_v?anc.u)oncggq'ﬁs"aﬂ
; o(={3;sa:d B (AIL.3)

or, in terms of dimensionless normal coordinates

gy = a2 4, (AI1.4)
)’**9: [op*] +§gﬁ>(ﬁ*sciqs«+§¢:4:¢v [o(ﬂ*ss‘s'ﬂJ]qsoqsch + . ((ALL.5):

55
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where p*] = (u"’P)O

[(prss] = 61/2/11) Fung Foge) AL

Ioetass '] =2 (0/21) P 20, P01, o/ PPs 1)

[oprses's's" o] =§(‘F\3/2/3!)(?3\4,(?/?QSQQSvG.v’aQSnc_n)O/

s AgmyL/h,

etc., (AIL.6)
In (AIL.6) % = sum over all distinct permutations of s, s', s", etc.,
and in (AIIL.5) all summations are restricted, i.e., subject to

s¢ss" ... etc.







APPENDIX III

The Untransformed Hamiltonian

It will be understood that throughout this appendix there is a
degeneracy index associated with each normal mode. The Watson-simpli-
fied Darling-Dennison Hamiltonian in (2.12) has the following terms:

(65} (1/2)5 PupBe B We shall call this "term-1"; this

¢ term contributes to Hp through Hy.

(2) -<1/2)°(Z [nghy * PpubalBy Ve shall call this "tern-2"; this

p

term contributes to H] through Hy.

(3) (1/2)2 PuPap Py We shall call this "term-3"; this
«p

term contributes to Hp, H3 and Hy.

(4) (1/2)2s p;z We shall call this "term-4"; this
term contributes to Hy.

(5) ‘<f‘2/5)§)‘»u We shall call this "term-5"; this
term contributes to Hp, H3 and Hy.

6) v We shall call this "term-6"; this
potential-energy term contributes
to Hy through Hy.

In general we shall use the notation H.m(n), w25 ey 63

m=1, 2, 3, 4, to denote the m&order Hamiltonian coming from
term-n, Thus we have:

Hy = Ho(l) + HO(A) + HO(6)

R S

Hy = Hm(l) + Hm(Z) + Hm(3) 4 Hm(5) i Hm(ﬁ), m=2, 3, 4

(AIIL.1)
57




Using the expansion of Pop (see Appendix II, equation (AII.5)), one

has B
HO( ) =

RO
5, () -
0@ -
o)
Hy (6) -
1, (1)

1, -

H2(3) =
Hz(i) =

1y (6) =

1, (D
()
e
1y (5) =
1,6 =
1, (L) =
1, (@) =
MO
1, ) =

HA(6) -
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/22 Ep*InE
(1/21) 50\81/2%2
Vo = (h/z)zaqauzqaz

(V) % BB*alaz By

E O;ab ©Ckb*a) (1/2){qa,1>b} P

rhe e kabedadbde

(1/2)#%5 Bep *ablagaphy By
_o(a%c &*c*ab>(1/2){qaquc}%(
aéd (-*cd*ab) (1/2){qaqb,PcPd}
-(52/8); k]

2ehe Fed Kabedladbledd
(1/2).(%& b *abelaadpdcR, B

= &bed E*d*abe) (1/2){qaqch;l’d}%(

= abcde (-*de*abe) (1/2){qaqch-PdPe}

-(02/8) & plettalq,

zrhcagEde kapcdedadbdcddde

(1/2)57Fca bB*abedldaapacaatly
“abcde t*exabed) (1/2){daapacedds pe B,

ab%ef (-*ef*abed) (1/2){aadpdcd4-PePs }

-(n2/8) 2 beckablagay

Z‘flca%def kabedefdadhdcdadeds

(AIIL.2)

(AIIIL.3)

(AIII.4)

(AIIL.5)

(AIIL.6)

In equations (AIII.2) through (AIII.6) the "bracket coefficients" are

those directly arising from the expansion of }.Ia(ﬁ, with the factor of

conversion from normal coordinates and momenta Qg, pg* to dimension-

less coordinates and momenta qg, pg absorbed into them. They are
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defined in Appendix II.

The "parentheses coefficients" are related to the corresponding "brac-
ket coefficients" by a normal-mode depending factor that arises from
expressing the components of the internal vibrational momentum Ry in
terms of normal coordinates and momenta.

Substituting (AIII.2) into the first equation in (AIIIL.1) we
obtain the Hy in (2.15). Similarly, we obtain the Hp, Hyp, H3 and Hy
in (2.15) by substituting (AIII.3), (AIII.4), (AIII.5) and (AIII.6)
into the second, third, fourth and fifth equation in (AIII.1l),

respectively.




APPENDIX IV

Coefficients (Z;a(lﬁ’x;a;—) in hi

Herein are given the coefficients (ZNW;E;_) in the second sum of

(4.4). Throughout this appendix the condensed notation (o((}’ga) will be

used to denote (Z;o((gg;a;-), and j =1, 2.

(zz23)

(xx23)

(zxx3)

(yyz3)

(zyy3)
(xzx3)
(yzy3)

(xyz3)

(zyx3)
(xzy3)
(yzx3)

(zxy3)

-~ Qg1 3012 (2228, + 2220 01O + R, =22/
Py =R (Pp= Ay - Ay 2y /D)

-y M4/81 21 RL/2) RS 5y + aF5 Gy +

&1, - LML LAY w2 - QA 2t x
/Oy A + 55550/ Gy -2 )

(xx23)

-(7\31/"/31),2121\1/2)(a{yfm/?\l + aP$o3y) +

1y - 1) /41,101, %2

- OgMh/ar 2 a2 x
[a)” 13/(11 _QS) + G0y A

(yyz3)

A (1, - 1,)/21,21,1,253/43/2

&Y (1, - 1,)/21,1,21, 053/ 4312
OMeap ST 1D O - D /2dsQy -] +
(a5 (Ly - 1,)/Ty + a}*(Ix = Ty)/Ip)/4Tly103/ 40372
(xyzj)

[aﬁix(ly =TI + %.’Y(IZ - Ix)/Iy]/unyIija/Aﬁa/z
(xzy3)

Rl ()ﬁl/Aagy‘sz/AInyIzﬁllz)[(Qj - DA Ay -4l +

[a¥Y (1, - L /T, + af?(1y - 1,)/1,1/41,1, 1,43/ 453/2
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APPENDIX V

Coefficients (Z;qﬁ;ab;-) in hé

Herein are given the coefficients (2;«F;ab;-) of the first term in

the third sum of (4.4). Throughout this appendix the condensed

notation prab) will be used to denote (Z;QP;ab;—), and &= x, y.

©x11)

exX12)

e(22)

«433)

(zz1l)

(z212)

(2222)

(2233)

(xy13)

(xy23)

(xy31)

= /1,32 (8590114134 + Mastia10Ma¥ 4wy - P
= w2l) = (2e/T, 232 My3/485 kg 0p M 240y - Ay +
A48 102 - )
= e/ To20312) (85 kypp /P34 + Agdt k199 /4134 (4% A1)
= (A T2 ) 8k 53/ 44y =AY + By ky3a/ng ¥4 AN
= (re/1,203/2) [a7kq 11 M4 + PraBPiyy, o34 -2 )] -
ML2851,mQ - Ay
= (z221) = (2Mc/1,203/2) (A 3/ 4ag2k11,/2, 112062 - Ay +
Np3/hagei 0 M2 (4% - AP -
OP)LAGA +7 - 2?3)q3$;3/122ﬂ(/\1-?\3)02-7\3)
= (Te/1,203/2) [a5Pig0p A3 + Rgaftiaga M3 4y <) -
ALI253/1, 2Py -2y
= @e/1,203/2) [af2k1 334134 (423 - Ap) +aZ%k33/723/ 4 (4A3-p) 1
Q211103 Oy - Py + 53y - A9)
= 2tAg3/baRi 43/ 1w 2 M2y - Ay +
QAA8Ea, - 19 /121,201 -Ay)
= Z"KC//‘33/"aﬁyk233/1x1y‘h3/2221/2(49\3 - +
(22?3)1/%2@3(% ; Ix)/Ileyz(,)z -2y

= (yx13) = (yx31) = (xy13) ; (xy32) = (yx23) (yx32) = (xy23)
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APPENDIX VI

Coefficients (Z;a?;-;ab) in h)

Herein are given the coefficients (2;%&;—;ab) of the second term in

the third sum of (4.4). Throughout this appendix (2;«@;—;ab) will be

written in the condensed form GﬂBab).

(xx11)

(xx22)

(xx33)

(xx12)

(yyll)

(yy22)

(yy33)

(yyl2)

(zz11)

Shsindy/21, 24 1/2 +
(uent/2/1,2) [2aF%k, 1, /2,34
35c0323721x2211/2 +
Cﬁdﬁl/z/lxz)[Zaﬁxkzzz/a23/4 + aixklzz(BQZJﬂl)ﬁKl3/4(dk2:Al)]

3n/21x12951/2 + (“dﬁllz/lxz)[aka133(37b‘91)/A13/4(4%3‘71> +

+ a§Xk112(321-22)/ﬂ23/4(4%1-%2)]

2§ k33 (M3-22) 13/ 4 (4705 29)

(xx21) = Shsinyeosy/2L,2APy)1/4 + (wenl/2/1,2) x

[y 1 (S 29) /3374 (WA R, ykaiky o, (571D 23/ 4 (405D ]
3ficosZy/21,2A1/2 +

(renl/2/1,2) (25011 /23 + aFiy1, (3200 A, @A)
stisin%y/21,2A,1/2 +

(mehl/2/1,2) (288002 /M0% + af¥k1p2 (3Ao-P) A1 4 (gA)1]
30/21,1,251/2 + (nenl/2/1,2) [ak133 (3P AL 4 (W3 ) +
a¥kp33(3%-25) /25374 (423 2p) ]

(yy21) = -3hsingeosy/21,2 (A2 1/4 + (uenl/2/142) X

[aYk119 (SAy=29) /A1 374 (4D 1-D9)+a3Vk1 55 (5Rp-D1) /A5 3/ (429 D) ]
/21,221/2) 13553 + §15Q 409 /A2 ] +

(enl/2/1,2) [2a%%kg11/A137% + aBPkq1,(301-29) /2,374 (40 -Ny) ]
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(z222)

(zz33)

(z212)

(xyl3)

(xy23)
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B/2120,2 ) (355 + 530¥3)/ Ay ] +
(enl/2/1,2) [2a8%k)p2/453/% + aF2k192 (A1) /243 4 @Ao-7y) ]
/21,2231 2) [ 5131423y 1 P1-%3) + 325A2%3)/ A3y +
(Tenl/2/1,2) [a%%k; 33 (305-20) /M 3 4 (4032 +

85733 (33-%2) 12,3 4 (493-29) ]
(2221) = (8 §5553/21, 20, /40,174y [-3 + 2(A1479) A +45-203) /
A123) P21 + (ren/2/1,2) [a3%k75 (M A9) P93 4 (4h )

+ a8%ky 99 (5A,A1) A3/ 4 (42,9 ) ]
(yx13) = (xy3l) = (yx31) =Tch1/2k133(5ﬂ3—?11)/Iny’Ag/ "(47\3-zl)
- /61,21 2 40514y [3(1,/1,) 1 2cos Y + 3(1y/1,)Y 2stnyf -
- 2831, A1)/ Oy D) ]

(yx23) = (xy32) = (yx32)=men®/ 2y 33 (5A3-29) /1, I A33/4 (4D3-0)
+ (/61 2Ty 20,1 401/ 8) [5(14/15) 1 2sinff = (Ty/15)1/ 2cos] +

+2853(1-1,) Aptd3) / Mp=23) ]



APPENDIX VII

Coefficients (2;0;abc;-) in h) and All Possible Permutations

The following is the list of the coefficients (2; ;abc;-), written in

the condensed. form (olabc), appearing in the fourth sum of (4.4) :

(2113) = At/ 41,02 [ 13k111/40374 - 28 k133052 22 114 (4259 ))
+ Gakr1aM A3 0]
(2223) = UAL/4/T,02) (S ey M35 = 28 5kg 3 At/ 2 /0,14 (WA
+ Sakiah/A13/4 @A) )
(2123) = el A st 41 2y hy o 2021 WAy - yast 2
@AgAD1 + TG AL 412001 %) g1 21 M2 (8N
- 1337521 (4A53-2)1
(2333) = RS /107 3 gk13a/ A > (g2 + Saka332> (@3 )
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APPENDIX VIII

Coefficients (2;X;c;ab) in hi

Listed herein are the coefficients (2;;c;ab), written in the condensed

form (xcab), appearing in the fifth sum of (4.4) :

@311) = w24 g 0 22 4 et A1) g1y S35/
MR + kg1, 3R A4 Dy 2014 gy
- 232 G 33A0 M 4 (400

(2322) = 120511422 0 120 2 o Q1A 1y 100353 Ca-TA0) 1
N340 529) + k12 3 (@ 2D A4 W) -2 41 AgAp)
- A2 Giy3Ma 4 (4P

(2312) = (z321) = R 2AMA@E 5 4 a2 0 YA, 4 2 4
@R 11, 190+ 200 48Tk 10/ (4 D) gy +
Q-2 G100 (g2 P3Ng) -

W32 G 33N 4@y - A 25033 4 (09

(2333) = QA1) 157 3k1 33 @0 22D A MY
S3ka33(@rg242Ag2=T) 1314 Udy ) ()]

(2113) = (2131) = 011222 A4 2 (ame/1,) 1234 (D09 5 X
K133/ (32D AgAA Y4 - Q201 4Gaiq1 051 4 (10) -
Sakinn/ A4

(2223) = (2232) = ~nL/2a32 Simat 4,2 - (ae/1,) 1295°7 4 (2%409) S35 X
Kp3a/ WAy h) g™ = P (1 gkinams™ g -
S22l Aa?) M%)

@32 A32)) +

65



(z123)

(2z213)

(z132)

(z231)
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/2222 V42 041 2 - merty 1AM x
$iak233Pr2%-9%3) / (40399) Ou-Pg) + Mgl 473k, 4 x
@A)/ Q2L 4Dy = Dy Sk 55 (220D
QA4 y) = N34 Gk 10 AL/ (WD)
/22220, 4 0 A0 R - erert) 1P Y 4
Soki33Aorth=903) 1 (W30 1) Pp03) + gL/ G skpss
@592) 1 22D V4 @3N M4 1 31220 N2/
A20) M4 W Ng) - A3 et 0 /A51 4 (0P



APPENDIX IX

Coefficients (2;-jcd;ab) in hé

Herein are given the coefficients (2;-;cd;ab) appearing in the sixth

sum of (4.4). Throughout this appendix (2;-;cdjab) will be written in

the condensed form (cdab).

(1111)
(1112)
(1122)

(1133)

(1211)

(1212)

(1222)

(1233)

(2211)

(2212)

(2222)

(2233)

= e (3 fy M2 + Ay 3 /312 (4090 )

= (121) = (-8n2ckyipMm) [k111/A11/2 + kafh1 At/ 2(601-22)]

= (-4n2e2/m) [FAgk111k120A1 1/ 2 (409D1) + Kp12k222/%21/2]

= (-4m2e2/n) (k111K 33/A11/2 + kpngkoafi A2 2(Wh-20) ] +
At gy,

= (2111) = (-8M2c2ky; /M) [3kqq 21/, 1/ 240, -Ap) +
k129%2/M 12 (435-71) ]

= (1221) = (2112) = (2121) = (-1612c2/B) [A1k; 3, /A, /2 (4% y)
+ AgirBa M2 (WA 2]

= (2122) = (=8n2cZiy 5 M) [eq 1 4 /A, M 2 (40 D) +
305 M MM 2 (429-21)]

= (2133) = (-8n2c?/m) [Ayky1 ok 33/% 2040 A +
Pgk129k233/A1H 2 WA + A Mg 4 S15853/T,

= (-4nPe? ) (351 1k 20/ M 2 (40N + kpagkana Mot/ 2]

= (2221) = (-812c2kypp /) (k11970 /AL L/ 2 (4R N1) + K2/ %t/2)

= 422 ki 35/ T P WAy + 3kg55/00M %)

= (42 ) [gkg 20k133/A0 /2 (W D)) + Kagakaaa/ /2] +
Oy,
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(3311) = (-6n’e?/m) [3hgky11k133/40 1/ 2 (4% D) +Agkr1okass/
N12W050)1 + I255 01,

(3312) = (3321) = (-812c2AM) [Mgk112k133/M Y/ 2450 + Msaakaszs/
M2 N1 + AP 35301,

(3322) = (4722 /1) [Agky ook 33/A Y 2(403A)) + 30gkp00kp33/
M26A M1 + QaAY/2853 01,

(~4m2c2/5) Mgy 33/20 1/ 2(WDgA1) + Agkp33/ /2 @3]

(3333)

(1313)

(1323)

(2313)

(2323)

n

(1331) = (3113) = (3131)
-G

(1332) = (3123) = (3132)
O T3530,)
(2331) = (3213) = (3231)
- PP 83550151
(2332) = (3223) = (3232)

i g%/lz

- 116w ePgky 33k 3300 2 (45
= [-167c M3k 33ko 330 2 (A3 )
= [-162c2sky 33k033/0% 1 2 (4h3Dg)

= [-l6m2e Xy gyt 2 4y )



APPENDIX X

Coefficients (2;-;-j;abed) and All Possible Permutations

Listed herein are the coefficients (2;-;-j;abcd) in the seventh sum of
(4.4). Throughout this appendix (2;-;-;abcd) will be written in the

condensed form (abecd).

11) = 2enekyyyy - 202203051 /A Y2 + K, @GP M 260
(2222) = 2Mhckyyp, - 212¢2R[3ky3M0 2 + 135 (A-2) 21/ 2(42A1)]
(3333) = 2¥fickygsy - 2M2e2nlig332N5-A) /A 2 (4dg ) +

k33 (2A57p) M91/2 (42529 ]

(1122) = 2xhickyypp - 42eMilkyyokyny (N 7) At/ 2(6Ny) +
K111k122 A A A M 2@ D) + 23021 ey +
2k13,291/2/ (Dg-2)1

(1133) = 2Tfickyq33 - 2m2c2ﬁ[k111k133(523-2’>\1)/?\11/2(4?\3-?\1) +
K112kp33 (@A A0 120,112 D) + (2A5-29) 122,112 (i3 P9))
+ 2342 @]

(2233) = 2mMickyysy - 2mc? hlkgpokas3(523-249) /212 (6PN +
(kyppky 33/ YD) (@2 1 (WD) + @A @A) +
2325121 ($A5 D))

(1112) = 2rtrekyqy - 22e2hlkyg 1k OAA0) A2 D) +
k1 9k100 (130,20 2-5%,2) 10,1/ 2 (44 ) (6292 ]

(1222) = 2xTickyppp - 2m2e2Rlkygokggy (Thg-Ap) AL/ 2(N A1) +
k112k122 (1324 9=222-50 2) /24 /2 (42 D) (D2 ]

(1233) = 2nfickypyy = 412e2Mlky5oky 53 ((Ag-Rg) /AL/2(605-Dp) + Ay1/2/
D) + Kypky 53 (@A AD A 2@y A A2/ 40y 09))
+2ky 33kp33%% 2 (g-M1=D) / (4Ag2) (4A32) ]
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APPENDIX XI

Coefficients (3;0([5%;—;3) in hé

Listed herein are the coefficients (3;«'9'()?—;3) appearing in the first
sum of (4.5). They are expressed in terms of the auxiliary coefficients
(T;o(,pa’g;-;a) and (U;x{s,’fa';—;a) as follows:

Giapysi-32) = (Tihypgdi=3a) + (Uselp,gli-3a) (A XL.1)
The detailed expressions for (T;o(,p’(f;—;a) and (U;o(‘B,?/f;—;a) are given
in this appendix following the list of (3;«&3/[;-;3). Throughout this
appendix the condensed notations e(fya’(a), (o(,{baffa) and (V(P,’Jfa) are
used to represent (3;0{/9’0’[;—;3), (T;d,(&a*f;-—;a) and (U;o(ﬂ,a’X;-;a),

respectively.

(1) Coefficients (f)da):

(xxxx1) = (xx,xx1l) (xxxx2) = (xx,xx2)
(yyyyl) = (yy,yyl) (yyyy2) = (yy,yy2)
(zzzzl) = (z,zzzl) + (zz,zzl) (z2222) = (z,2222) = (zz,222)

(xxyyl) = (yyxxl) = [(xx,yyl) + (yy,xx1)]/2

(xxyy2) = (yyxx2) = [(xx,yy2) + (yy,xx2)1/2

(yyzzl) = (zzyyl) = [(z,yyzl) + (yy,zzl) + (zz,yy1)]/2
(yyzz2) = (zzyy2) = [(z,yyz2) + (yy,z22) + (zz,yy2)]/2
(zzxxl) = (xxzzl) = [(z,xxzl) + (xx,zzl) + (zz,xx1)]/2
(zzxx2) = (xxzz2) = [(z,xx22) + (xx,222) + (zz,xx2)]/2
(zxzxl) = (xzxzl) = (z,x2zx1)/2

(zxzx2) = (xzxz2) = (z,x2zx2)/2
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(zyz-1) = (yzyzl) = (z,yzyl)/2

(zyzy2) = (yzyz2) = (z,yzy2)/2

(xyxyl) = (xyyxl) = (yxxyl) = (yxyxl) = (xy,xyl)

(xyxy2) = (xyyx2) = (yxxy2) = (yxyx2) = (xy,xy2)

(xxxy3) = (xxyx3) = (xyxx3) = (yxxx3) = [(xx,xy3) + (xy,xx3)]/2
(yyxy3) = (yyyx3) = (xyyy3) = (yxyy3) = [(yy,xy3) + (xy,yy3)1/2

(zzxy3) = (zzyx3) [(z,zxy3) + (zz,xy3) + (xy,zz3)]/2

(xyzz3) = (yxzz3) = [(z,xyz3) + (xy,zz3) + (2z,xy3)]/2

(zxzy3) = (xzyz3) zyzx3) = (yzxz3) = (z,xzy3)/2

(zyyz3) = (z,yyz3)/2 (zxxz3) = (z,xx23)/2

(2) Auxiliary coefficients (,pjSa) :

/267 Op+) 13092 M4, 1156 + 23755) X
[A1+29=2) / A1-%) Ap-%3) - A1+%)/24; %]

(/253 (A+7) 13 g-A) % 41,41 (aF %13 + 237533 X
LA =223 7 (D-70) MAg) - Ayfy)/22,% ]

(z,2xx1) =[01/23 3 A1+23) /12 (A -Ag)A 1/ 41, 21,2]
(3 G33N-D9) AL Ou-p) + a3 (08) o Co-Ky))
—a¥Y (13 1#2%3) /8 Og-A3) X L/ 4031, 21,202/ 2

(z,zxx2) =[L/2 8 Q) 11200,-20, /41,21, 2] x
-a¥Y 3 Og+hs) 18 (y-Aghp L/ 4051, 21, 211 /2

(z,2yyl) =[8L/2 83 +05) /12 (A AN L/b121,2) x
+a§ G5 Aprdg) 18 ANy g1 21 2t 2

(z,2yy2) =[11/ 2055 (ytig) 112 Ay 22, /41, 21,2] x
12§y 53 0gt2) 18 g-23)0 1/ 4031, 21, 20l /2

(z,z221)

(z,2222)

(z,xxzl)

(z,%xx22)

(z,yyzl)

(z,yyz2)



(z,xzx1)
(z,x2x2)
(z,yzyl)
(z,yzy2)

(z,xy23)

(z,xzy3)

(z,2xy3)
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e (3 ) 161, 21,2 A M At /2

-a¥Y (a4 /41,21 2, ) )0, 1/ 4 L/ 2

+a¥y (3 (A7 )/41,21,2 gy /401 /2
+a’3(yv(;3(22+7‘3)/“y 200 A gnl 12

(z,2y%3) = [-01/ 2295 A1) 16 -t/ 11,2 x
[A1-3) /20300231 + [0/ 2257852 Ay 16 (N D13) X
’Asl/‘*InyIzZ][(’/12—3')\3)/29\3(9\2-%3)] + (& -alY (1,-1)/
1115309 /8L, 1,1, A AL/ 4 Oy Aywt/2) + [a*-a]x
(Ix—1y>/lz] [f 3 Agt) 18151y 1,205051/ 4 (Dp-03)81/2)
(z,y2x3) = @ -8 3R ) /8 | JL/4AA)T,1, 1202
(z,yxz3) = -r|1/2a’3‘y/12)35/’°1x1y 21550 x
M-I 1 Ay + 55309 Ap-309)/ Op2)] - [aYY +
B2 (1, 1) /1,1 13 y#da) EM AL 4 Oy D) 1,1, 1, 20172
[a¥y + a%z(lx-ly)/lz]fﬁ(/\2+')\3)/8?2’>\%/41x1y1§(7\2—’)\3)-51/2

(3) Auxiliary coefficients (g(&,ﬁfa) 2

= (3‘h1/2/2lx49\11/4)[a}fxsinzf/ﬁl + a}z{xsin'o/cos'MZ%] +

(xx,xx1)

(Zrea¥/ 31,9, 3% 126511 /% 34 + a1, DD/
N3N DT + tread/an, 0> 4 (a5 (A1) /
N3Ny + a5y (A2 M, 4 (A ]

(xx,%x2) = (3ﬁl/2/21x“9t21/4)[a’z‘xcoszb//ﬂz + a}z(xsinﬁoyd’/ﬁ\l] +

(2rea¥® /31,0537 1288890 /534 + a¥¥iy 90 (A1) /
A AEAADT + (eal® /31,4934 a5, 1, (N A/
2374 Ng) + a¥ikq 0 (A /A3 4 (6000 ]
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Gexyyyl) = (301272121 20 M%) [a¥¥eosty 1y - af¥simpeosyl2),] +
(2Meal/s121200 %) 2k Ay + By (000
234 WNADT + (real /31,21, 234 [a]Vk 15 (5914 9) /
?‘13/4(4?‘1 )t aiykm“%‘“ﬁ/%3/4“7&'“1’]
Gex,yy2) = (012721, 21 2, %) e cos By /Y, - af¥singrosyl2t] +
(2mea¥* /31,21, 21 %) 22k, ., /A, + aVky,,(30,72)/
234D + (meal 31,21, %0 34 [y, (M) /
3740 + ek, (A /2,3 4,2
(/222781 21} 1/ %) [af¥aF2 /0 + af¥a?/20,] +
282 A0 3L 21,2, 4 QDS oAy + 265 X
Ap+-223) /A, QD31 + (21ea¥®/31, 21,203/ %) [2a32 x

ky30/Ap /% + aB2ky15 (30 00) /314 (WA D) ] + (ead®/

(xx,22z1)

3T,21,2,3/%) [aF%kq 19 (531-A9) 21374 (1D1-2y) + a8%kqy) X
(2,27 o374 (2gA7) ]

(3222781 213,14 (a3%a22 0, + a¥¥a%/2)] +
285,y 131,71, 2,0 A 1S53, + 257X
(7\1+'/\2—223)/kl(7!1-’)\3)] + (2mca’2‘x/31x21275\23/4)[2a§z X

(xx,zz2)

k222/223/4 + afzklzz(322'7‘1)”\13/4(47‘2'7\1” + Geeay/
3Ix21z27\13/4)[afzkllz(5"\1'7‘2>/"13/4(47\1"’\2) + af%kypy X
(522-21)/X23/4(4’/12-’/\1)]
_ = _wl/2 _xx 1/4: 4. 2 1/2
(xx,xy3) = (xx,yx3) = (-3h a; /8ﬂ£l3 Ix Iy )[(Ix/Iz) cosa’+
(1y/1)  2s10q) + it/ 2a8% /)21 41 41 2y [5(1, /1) 2%
siny - (Iy/1;)1/2cosy] + re/3131y433/4) [al*k133 X
(523720 M3 4 (WD) + a5%g33(AgAp) Mg/ (4A3-%) ]
nt/2(1, -1,/ 8L 413 41 [aX* (T3 Ay ) /Py (D) +

a%* O+ 12, Ay-23) 1
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() = Gnt/2/21 21 29, 14 (e sindyry + af¥sinqgosyi2dy] +
(2read? /30,21, 23 3/%) 12289111 A0 34 + aK112 (D) /
N34 UMDNT + (read? /31,21, 203/ 4) [y 15 (5300 /
A W) + a5 0 (A 12 4 gD ]

Gy = (2721, 21 29,14 (2 cosPyix, + alYsimpeosy/2N ] +
(meal? /31,21 253/ 4) (200 >/ + ey 50 (DA /
2@ + (ead? 131,21, 2, ¥4y 13y 15 (N D)/
AN + a5 () M 4 @A

Gyl = BnH2721 8,14 (el cosBy - afsineosy/ ;) +
(rreal? /31,9, 34 (211114034 + a¥¥12(PD2)/
A4 AT + (eaf? 13,0, ) (a1, 5Ny D) /
AN + 8y (X)X 4P )

(yy,yy2) = <3n1/2/21y"221/">[agysiﬁ@//az - alsingeosy/2N ] +
(2meayy /31,4 23/4)[2a§m222/a23/4 + a]Vky,, (3%,-2))/
N3 4] + eal? 131,99 3 4 gy, (DA /
?‘13/4("21'7‘2) * azyklzz(ﬁz‘qﬁ/')‘zyb(ﬂzaﬁ]

(yy,zzl) = ml/Zafz/azyZI;All/‘*)[a{vafzml + a¥¥a3%/2,] +
/2 2 #0131, 21,2 4 O D) 1Y a2y + 2087 X
Gy hg=2A) 12 Ay=2)1 + (2meay¥ /31 21,2, 3/4) (2082
k111134 + a8%k19 (F1-09) 13/ 4 (40 D] + (rea¥y/
31,21, 2374 [af 2112 (Sh-A0) M 34 Gh-D) + aBPkygy X
(hAD 7 3 A

(zyx1) = (2120, 21,20, 1% (a6t D) + asingeosy/2y) +
(2meazz /31 21, 29 3% 20y ) 1y ¥4+ %y, (D D)/
A3 ENANT + (ead?/31,21,20,3/%) (aFky15 (K D) /
AN + @iy, (52920 3 4 @y0) ]
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(yy,222) = (3‘hllza;z/81y2I23ﬂ21/l’)[azyagz/ﬂz + al¥a}?/ 0] +
[171/253/3%21:2321“02'%)][a}z’y 23t A, +
2aY 73O yfhg-223) /A1 A D] + (2ea}? /31,71, %%
2314 1287555/ 234 + aF%k190 (Pp=00) A 4 (Whg0p) 1+
(real? /31, 21,21 374) (32115 (S -Dg) /2 314 (1 7) +
a3%155 (5%-A1) /434 (4220 ]
1/4)[agzc0522422 + afzsinzfcosa’/ﬂl] +

(2mcag?/31, 21,253/ 4) [2a8%000 P03/ % + a¥i122 (Do) /

(zz,xx2) = (3‘51/2/21:(212222

AW ADT + (read?/31, 21,2, 3/ 4) [a¥¥k 12 (PN p) /
AWy + a0 X Y 4 (WD)

(yy,xy3) = (yy,yx3) = (-ﬁll/za{y/zalley‘hl%l/“)[(Ix/12)1/2c051+
(1y/1) M 2siny] + @1/ 2239 /81,21, 40051/ %) [5 (1,1/1,) /2
X stnqf- (Iy/Iz)l/zcosg] + (Wc/SInyaﬁaa/A)[a{yklazi X
(g2 13 4@ + aPes3 SRy N34 Whs D]
(0 2(1,-1, /81,21, % 31 4111 673 O103) /Ay Py-Dg) +
a3? 3 Og+ ) 1 (=P

(zz,yy1) = (01272121224 (af%cos /A - afPsinfeostf/2),] +
(2mead?/31, 2120134 (200111 /M 4 + aPq12(D 1A/
MA@ D)1 + (Mead? /31,21, 2,3 ) [a] k112 (SAyDp) /
MNP + iy (A A @A)

(z2,y72) = (012721 21, 20 1/%) (a5%sindy/hy - af%sinosgf/2A] +
(21eag?/31,21 2,3/ (281000 /00> + Y120 (Do)
AW, AT + aeat?/an, 1 4 1l (N D)/
AW + 8P (R AD A, @Dy D)



76

1/2 zz/ 1/4

(zz,22z1) = (3h 21,° Y [(@ED) 2/ + (2552720, + /2 x
300+ /31 311/4(21—?\3)][3525:3/9(1 + 2257055 X
(?‘1’“%2'223)/9‘2(9‘2'7\3)] + (2Meaf?/31, 34 ) [2a1 K111/
A3/ 4 a8%15 (MR MA@ AND] + (mead?/3T, X
223/ Lg%y 1, GHA My 34 A D) + a8%ky 9 (52,0
N34 WA,

(z2,222) = (38L/2a52/21,32,1/%) (3% 2/, + (a3%)2/2);] + (172 x
G331, 4014 QD) 11252 S53/%p + 2232875 X
Apd=229) A Oy-09)1 + (2mead?/a1, “2,3/%) (2a3%k,,,/
2,314 4 2%k L, (AN AE WD) ] + €reaZ?/3r? x
A4 1822 15, 5N 20 /2,34 (WA, -0y) + aZ%ky 5, (52D /
2,34 A, A )1

(22,073) = (2z,yx3) = (30612222781, 21 21 AR/ ) [(1,/1,)Y 2cos o
+ (1y/1,)  2sing] + (wl/2a 52/81x21y212222’/\31/4) X
[5(I/T) 2sinf - (1,/1,)Y 2costfl + [WL/2(15-1,)/
81,21, 21,223 411232 T3 Ay #2) /2 (WD) + aB2 G5 X
82433%2(22—93)1 + (Te/3T,L,1,%A43/4) [a8%) 33 X
(A3 A3 4 @A) + aBKa33(A302) A3 4 (WA ]

(ry,xyD) = Goy,yxD) = (yx,xyD) = (yx,yxl) = (-3n1/2a%9/81.31 35 x
N 1Y 2eosy + (1,710 2singl + [mea¥iey 55 X
(SA3-A) /30,21,2 332301 + Bt/ 287 5(1,-1,) X
a% (A1423) /81,31, 2% /4 4y D) )

(xy,%y2) = (xy,yx2) = (yx,xy2) = (yx,yx2) = (5l/2a§Y/81,31,30; x
/}\21/4)[5(Ix/Iz)llzsin’X-(Iy/Iz)l/zcos’J'] + (a3 ko33 X
(53-A) /31,21y 233/ 263 A ] + [L/2$55(1,-1,) X
afy Ay#q) /8Ix31y3?3 9\35/‘* P31
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(ry,xx3) = (yx,ux3) = (3n/2a¥9/21, 1,1 22574 + (ea¥ /31,1, X
293 1833 AP /A1 4 (425 Ap) + a5¥p33 (P30 /
’)\23/4(47\3_7‘2)]

(xy,y¥3) = (yx,yy3) = A/ 2a¥9/21,1,1.2235/%) + (rea¥y /31,1, x
2534 [y 33 (A A ¥4 62y + aPka33(3%-20)/
2 @agmy)

(xy,zz3) = (yx,223) = (ﬁl/za§>’/41x1y122:\35/4)[ $T32l (Ag=23)+ $32/
A=) ] + orca:3<>'/1x1y122233/4) [a§2k;43(3%5-A1) /A 3/4x
(42321) + a3Zky33(IA3-2) /2y3/4(6D5-Ap)]



APPENDIX XII

Coefficients (3;0({}'X;b;a) in hé

Expressed in terms of the auxiliary .coefficients (T ;o(pg;b;a),
(U;o(,fyx;b;a), (N;o(,P?{;b;a), (X;%p,7ysbsa) and (G;o(P’b’;b;a), the co-
efficients (3;4M;b;.a) appearing in.the second sum of (4.5) are listed
in this appendix. The detailed expressions for the auxiliary coeff-
icients (T;o(ﬁ’(;b;a), (U;o(,m’;b;a), etc., are given successively there-
after. For simplicity, the symbol "3" and all separating semicolons
will be omitted , and the symbols "T", "U", etc., in the auxiliary

coefficients will be kept only in the list of (3;(/6?{;b;a).

(1) Coefficients (3;0(7[}/)@%'@) (o((’;’(ﬂ)a) = (TdP(ba) + (Ugg,_éxba) +
(Ng(,%ba) + (Xep,gba) + (Gupba)

In the following first ten entries j= 1, 2 :

(zz23j) = (Tzzz3j) + (Uz,zz3j) + (Nz,zz3j) + (Xzz,23j)

(zzzj3) = (Tzzzj3) + (Uz,zzj3) + (Nz,zzj3) + (Xzz,zj3)

(zxx3j) = (xxz3j) = (Tzxx3j) + [(Uz,xx3j) + (Nz,xx3j) +
(Xxx,233)1/2 + (Gzxx3j)

(zxxj3) = (xx23j3) = (Tzxxj3) + [(Uz,xxj3) + (Nz,xxj3) +
(Xxx,23j3)]/2 + (Gzxxj3)

(zyy33) = (yyz3j) = (Tzyy3j) + [(Uz,yy3j) + (Nz,yy3j) +
(Xyy,233)1/2 + (Gzyy3j)

(zyy3i3) = (yyz33) = (Tzyyj3) + [(Uz,yyj3) + (Nz,yyj3) +

(Xyy-233)1/2 + (Gzyyji3)
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(x2zx3j)

(yzy3j)
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(Txzx3j) + (Gxzx3j) (xzxj3) (Txzxj3) + (Gxzxj3)

(Tyzy3j) + (Gyzy3j) (yzy3i3) = (Tyzyj3) + (Gyzyj3)

In the following three entries i =1,.2 ; j =1, 2 :

(xyzij)

(zxyij)

(xzyij)

(zyxij) = (Txyzij) + [(Uz,xyij) + (Nz,xyij) +
(Xxy,z1j)]/2 + (Gxyzij)
(yxzij) = (Tzxyij) + [(Uz,xyij) + (Nz,xyij) +
(Xxy,21j)1/2 + (Gzxyij)

(yzxij) = (Txzyij) + (Gxzyij)

These last three entries are for a =b = 3 :

(xyz33)

(zxy33)

(xzy33)

]

(2) Auxiliary

(zyx33) = (Txyz33) + [(Uz,xy33) + (Nz,xy33) +
(Xxy,2z33)]/2 + (Gxyz33)
(yxz33) = (Tzxy33) + [(Uz,xy33) + (Nz,xy33) +
(Xxy,z33)]/2 + (Gzxy33)

(yzx33) = (Txzy33)

coefficients (T;qp!;b;a) = @@@ba):

j=1, 2

(zzz3j)

(2zz233)

(xxz33)

[~tmekes 33753 4/31, 301/ 2(1D3-X) 1 (21787 5 + a37855] X

[ y#dg-203) 1 A1-23) AaA3) = Apay) 12242

(-4Tek 3L 4 (A3 ) /31,38 A 2@y ) 11835675 +
a8? 5311 A -209) 1 R 1-75) PpDy) = Ag¥) 1221%]
(zxx33) = [- ckyyy 33/4/30,21,01/2(4 3= p1laF* 13 X
(FA-Ag) [ A=D1 + a¥%$73(PpAg)/ P Ay] +
Teky332%Y /21,21, (423-Ay)A41/ 4153/2



(xxz33)

(yyz33)

(yyz33)

(x2x33)
(xzx3j3)
(yzy33)
(yzy33)

(xyz1l)

(xyz22)

(xyz21)
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(zxxi3) = [-Teky33(PAg-MIAgL/4/31, 21,41/ 2(6-%y)mt/2)

X [a3¥ 333N/ ANy + 857553 (3%-2A5)/ Ay-D9), ]

+ TLeky 3388 @A) 121, ZL AL 2 (40083 42

(2y933) = [-Tekysy 3%/4/31, 21,0/ 2 (WA 11adT5 X
(NP9 1 AAphy + a¥ G3(pA3)/ Gp-P)P] -

Tek ;33887 /21,21, (405-A )AL/ 403/ 2

= (2yy33) = [-Teky33(20 AP 4731, 21241 2 g2t /2]
X [ 53N 09/ Ay-A9A; + a7 533 (Ry-29)/ Pp-Pg), ]
~Teeky33a%Y (AgA) /21, 21,0 12 (g2 A3/ 432

=-xckj33a§y/1x215231/4(4?5-%j)n3/2

11.ckj336‘:?(29\3_9‘3.)/Ilez%1/2.?\_33/4(4‘)\3_%])113/2

= -Teky332¥ /1, 125Y/ 45232

= 'Wij333§y(2?5'ﬁj)/Iy21z751/2933/4(495'9§)h3/2

= (zyxll) =7Lckllla§Y§I3(ﬂl-323)/31x1y15211/4(91-7g)n1/2 +
(Teky11/2T,1,1,215/463/2) [af? (1,-1) /1, - aT"] + Eekypp X
N L2008y 83 0p- ) 131,251, g-Ag) (WA -Pp A0 2 +
(neky 1M 12721, 3,1 00%/4 A -P9)m3/2) (052 (I Ty) /157237

= (zyx22) = Tlckypa¥ &3 (hy=30g) /3L, T I X1/ 4 Ay Rpil/2 +
(Tekygp /21, T T, A5/ 463/2) (a8 (1,-1y) /T, - 5] +TLckypp X

7\21/%“11/4a§y5336*1'3“3>/3Ix1y1z¢*1‘23>(4”2'7173551/2 *
ety Apt 212,351, ¥4 AP D) (8] (1,1 /1m0

= (zyx21) = chllza}éyg:{)\ll/a(z?\l-’}\z) (21-323) /3InyIz X

NL12A Ny A -AgyEL/2 + (k12 (A1A2) /21, I, T AL/ 2X
A3/4 A -M)R32) [aB2 (1, 1) 11, - &1 + ek M4 X
A28 B B30y 131,11 Qg Py Dg) (62X B2 (e X

K120/ 2L Iy T AR 4 (-2 13/ 2) [a5% (1-1,) /1, - &3]
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(y212) = (2yx12) = Tekypy @AM 4 Ay D) a¥ Ga/31,1,1, X
MY D30003) (@o-20m/2 + (reky 20 (Do) /21,1y, X
AL 2,3/4 (WD A)T/2) (232 (1, 1) /1, - aF¥] +uckyyy X
Ay {3'(21'3)3)/31x1y127\3(32-73)(Ml—')@)ﬁl/z + (e X
ky19/2T, 1y T, 11/1'("7‘1‘%2)‘53/2)[afz(Ix—Iy)/Iz - a¥¥)

(zy11) = (yxall) = Tekyp1a¥¥73(4-309) /3L, 10 Y Q3 Ar-yymt/2
+ (reky1/ 20,1205 403/ 2) [ (1,-1) /1, + alY] + e X
k1120 2o a8 003 13,1, % Gg-Ag) (@ -Kpymt /2
+ (reky1oM L2/ 20,1y 1 29374 (40 -Pg)n3/2) [a32 (1y-1y) /1,

+ a¥¥]

(2xy22) = (yx222) = wekpad §3(y-30g) 13ILI 10,142, 0,01/ 2
+ (Tekypp/ 2T, g1, 755/ 4H3/2) [a52(1,-1y) /1, + a¥] +me X
kot 21 a8 Ga (=) /3L, 11,25 (=) @yt
+ @rekp kgt 2120, 1 100 34 (6002 03/ 2) [aFE (1,1 /1,

+ ayY]

(zxy21) = (yx221) = Tekyy /4@ Ng) O1-Fy)aF $T5/3L, 11,05 X
N2 On0g) @ -HR 2 & (retey 5 (D ) /21,1, 1AM 2%
W4 WA D [ (1, 1) /1, + &1 + ek M x
212239 GGy Gg=30p) 1311, 105 O Ag) (@ M2 + (e x
100/ 2L, T T AL 4 (WA= 2 y03/2) (052 (1, 1) /1, + 2YY)

(2xy12) = (yxz12) =Tiekyp0a¥y G324 (y-3%) /30,1, 1001/ 25 x
Apg) (W02 4 (rekynn (Fphp) /21,110 Y 5,3 4
(@2 AT/2) (52 (1,-1,) /1, + @Y ] + kg by 3 4a¥y Gpx
Oy-309) 131,y 1,05 (g Ag) (Dg-%7L/2 + (rekyn12/2/

2L, 1,003 4 (1283 2 [aFE (1,-1,) /1, + o]
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(xayll) = (yaxll) = Tekyy @YY - &) /41,1, 10,5/ n%/2 +
Treky 1M 2(a§ - &%) /21,1,1,0534 (@) m3/2
(xzy22) = (y2x22) = ckypy(ayy - a¥¥) /4T, I 1,5/ 3/2 +
TekyppMgl/2(aYY - af*) /21,1, 1,034 (42,2 m3/2
(xay21) = (yzx21) = Tek11(2h-%) (&Y - ¥/, 1,10,/ 2034 x
W22 + ek @FY - a3 /28,1, 1.0, 4 42y m3/2
(xayl2) = (yax12) = Tekyop(Do-A) @Y - &) /411,102,374 x
A2 4 Tk p Y - ) /21,110 14 )y -A w3/ 2
(y233) = (2yx33) = [weky 3l 2mY/ 20,11, (5D 1P 14 x
O30 130D + (L1 /1, - &%) /28034 +
[Teky3Asl/ 2/ 20, 1,1, (WA 115 S5 A0 4 Ap-3) /
MyOg-A) + (L1 /1, - a¥)/2m)y3/4
(yx233) = [Welgaghs®/ 2/l 2,11, WA3-P) 1 [aF573H 1/% x
Q1-309) /305 Qq-K) + @FA(L-L) /1, + &) /zmh 240 +
(reiey s gt 2 A 21,1 r, (30 11 G0 4 - D)/

M Apdg) + (@B (L1 /1, + af¥) /20> %)

(zyx33)

(x2y33) = (yax33) = MMt/ 22,1, 103/2) (@YY - a¥)ky3300> 4 x

(Wa=d)) + (@Y - af¥kys5/23 (652

(3) Auxiliary coefficients (U;(,py3bja) = (o(,gjﬁ)_:

In the following, ¥=x, y ; j = 1, 2

(@ 13) = omeagt 431 2L D LM A A 8 ml
+ kg M P WADT + (G3d 14 g (¥ x
ki 934/ 120 o= D)+ &y a1p 134/ 226 - D)

(2, 23) = 81N 47312005/ 2) [ ,1 /47 Ag-Dg)) 185 kg0 1903
+ af k00PN + (A4 QA 185 x

ko MR + 30 R A )
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(-81e AL/ 4/31,305/2) [ (524 1/47 (A -2g)) [aF2kq g1 /2374

+ a5k MY AT + (B33%M 4 Byhg) 1a5® X

k1202 A2 A + aftie 0 ¥ 42 R A )

+ @AM L431 3D 1282/ g2 + A2 x

G5 Ar+Ay=223)/ @A1-23) Ap-Ap)?)

(2,2223) = (-8Ted,M 4730 W0/ [ A 41 0y-A)) a3 7k, /A,

+ a0 M3 WD T + G104 G0 1af x

kya oM > 4 M2 AN + @Bty 2 4T A 1)

+ MM N s Iy 0,1 1282/ D, 0% + A2

520,+2,-22) 7 4,05 O -2,)2)

(-87e A 1/ 4p3/4/31,21, (y-A3md/2) (41K 33/4,3/4 x

(423—9‘1) + %"(k233/7023/4(4')&3_’/\2)]

(z,2233) = (-sTc;3’33\_,'1/4231/4/3123(Aj-')3)ﬁ5/2)[afzkl33/(4)3-’/\l) X
2374 + aB2k,y55/ (W32 341 + (83554 A1/ 47313 x
AR 15,3/Ay Ay + 5537325

(2,x913) = (z,yx1f) = [-8Meaky 53T 40y Y A a/31,1,1,0%/ 2, /2 x

A2 6N + $ T AN Y4 -1 ) /21, 21 21 %

QA A1, 1=1,253=1,2

(z,xy33) = (z,yx33) = (z,xyll) + (z,xy22)

(z,2213)

3/4

(z 0 33)

(4) Auxiliary coefficients (N;X,pY3;bz;a) = (o,p7ba) :

In the following, ¥=x,y ; j =1, 2

(z,o(o(j3) = 6 ;;3'le/4/(Qj—%g’)q.gl/"’lzzlx + [4'[{:]‘32:'1/4231/4/310(212 X
n/2(- 1185k 33350 /A 34 @A) + a3 kp33 X
(3%3-2,) /2,314 (423=2) ]



84

(22233) = (8T 53y M 4A51 /31,2 Oy 2) [Py 55 (5D /

(z,xx31)

(z,%xx32)

(z,yy31)

(z,yy32)

(z,xyll1)

A E@AY + 35532 A W + s x
WM OFAPA AL 5 Ay + 553 G091

6 St bsindy oA AL 2, + came oLy
3(O-A) LT, 2) 288k 11 /00 34 + afiq10 (N-2p)/
Gh-MINII4Y 4 (e G, 140,1 41300 1, 21 11 2)x
AN ey 1o/ WA-ApM Y4 + (D) k0012, x
@WA-AD ] + 38305  singeosyy Al 4,21,

” zsqal/l‘msza’/(22'“3)%1/41::2% & (Wc§‘2‘3’,\21/49‘31/4/
3D TEIAND) (20505, 3,%4 + &y Ry
@ADA4] 4 @meS AN 43 (g 1,21 m 2)x
LA A a5y 5/ W20, 4 (5D D)l iey /A, ¥ %
M2A1 + 3(237\31/‘*51::7@%/(9\2-%)%11/"1,‘212

6 13;\31/%0522(/(9‘1_7‘3))11/4%212 ¥ (87rc§1‘3'>«11/“7\31/“/
30 AP 12100 2) [2afhy N Y4 4 oYy, B/
@A -M0,3741 + (e 0,/ 4011432y Dg) T, 21 L/ 2)x
LMk 12/ @AM 34 + (DA a¥ 100/ A
W] = 35 M singeosl (y-PpP 41,2,
653“31”51“26/‘}2'“3)“2”"%2% + (8,&;;3221/4;\31/:./
3T 2L 2) [2afkg00/ %34 + af¥iey 55 (Dg A/
(,‘;2_7\1)}13/4] " (41[53;3211/49‘31/4/3(ql_qa)lyzlzﬁllz)x
[A-AD kg pp/ (Whg-A 3% + (521D a0/ % i
@191 - 35 MM ainggosy) Ay Igih M 41,21,
(2,yx11) = [-35]3/200A1,21,21,3/2) [1L/2 cosyf'+

1Y 26101+ bre 5 A (DA kg 33/ 3O AR 2 x

WAL T2 - G500 (1,10 /20009 21,2121,




(z,xy22) =

(z,xy12) =

(z,xy21) =

(z,2231) =

(z,2232) =

(z,xy33) =
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(2,y%22) = [§3/2Pp-N) 1,21, 21,3/2] 51,1/ Zsinyy -

1,1 2cos9) + 4me$y it/ 4 (A5 A kyp33/3(p-23)A51/2 x
(423-9\2)1,:1),121‘1/2_ $30,0) (11,0 /200N 2L, 21 21,
(z,yx12) = [q:szll/"/"zl/l‘(21-7\3)1,(21;,21;3/21[51x1/2 X
siny/- Iyl/2°°sm + "U§39‘11/4(5ﬂ3‘7”z)k233/3(21'33) X
(47«3_?\2)?\31/21x1y12ﬁ1/2 - S35 /4 Oging) 1y /

20 A AP N1/ 41 21 21,

(z,yx21) = [-3G P01/ 41D 122y Ny 1,21, 21,3/2) 1}/ %%
cosy+ LY 2s1nf] + 4me G P14 (3N ke 33/300h9) X
(1,23_21)%1/21)(%12“1/2 e 51353“21/“0143)(1,(-1,,)/
20424 A2 i1 21,

87e TPy M 4AgL 413 (A 1,301 2) 12037011/ ¥ +
a3%115 (N D90/ (A0 34) 4 4l 304 ) 131, %%
A AD2 + e G 4 413 g2 1,31 /2) x
LA afoky 0/ (PN Y + (Xp-hp)afkian/Np> “x
@M1 + 45055321 4 Ady) Aridy-20) 13y 292 x
M AALAPTS + 3T AL 4 a2 220 A Her 4 4

35t 4af%ag? /4 A A Mo,

187 5325 1/ 4951/ 13 Ay 1,301/ 2] (2a82k 00 /A5 34 +
aF2ky 5 (3N A /(WA /4] + 45301/ 4 Ak y) /31,5
ALER,-002 + “Hc_gzazll/z.%al/a/a(zl_%)Izaﬁuz] X
[(5A =21 )a8%ky 55/ (WAg-ApA3/ 4 + (5A1-Dp)aFzicy 15/ 3/4x
GHANT + 6853 83M 4 Q) Apdg-209) /3R D)2 X
MMAOA1,3 + 35 A4 @ED 2222 41
3G A3 hagrage /6 A Dby o

(z,yx33) = (z,xyll) + (z,xy22)
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(5) Auxiliary coefficients (X;«8,(;bja) = (¢B,fba) :

In the following, o= X, y, z

(oty231) = SFaFALIA( /1 21 2,504 4 T2 + (TN
210(21227\11/57\2 3 (27rca1 ;\31/4/310(212')\13/1«“1/2) (k11 X
S50 A3 05 + 1115 Ga (@A 16 Dy) X
2304 = DA A3N) - 233 A2 @A M4
+ (2meag®gt/ /32 23 L2 ey, 8 g 14 Qg+
2090 1 GMD) Ag=) + kqpp o a4 g 9Nt2y) / (420
) P3P - k335N 21 AW - kpas1st /2
PRIIVIERS

(o4,232) = a¥a32dgl/h Ga/m 21,202,504 + ay (a2 (s + a2 §Ast/4/
AL, + Gred oM 41321 32 iy, X
G312 12, 3/"(9\3-%2) + K9 513 (@A) [ (g X
N4 - DAY - 233 G2 @A
+ (meaiagt 43I ¥ ) [y 2539 ¢ g9
24/ @A) Py + kg1 G 0g M4 g9 422/ (-
) O3A) = ka3 ST 2 (@) - kgasa et/
A4 A

Cety213) = (-aq2n At 203y w2232 501,20 + /3%
[2235”(721“7‘35‘13“133/(4}3'%1)(7‘3‘7‘1)7‘13/4 -N2 x
R N I L Y L A
(_;2"‘/210(2“1/2223/4) (rL/2ag2 0 0 1/4 /1, 20,147 114 +
@re/31, ) P 43114 Apaodg- (] ska 33/ (D3 A2) Oy
) 4 MDA Sy 3/ (@3 APA /M4 AL x
(23241)!;31%22/ (@AM L2114 - 23/ sk12
(U -2)AgL 4
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(4,223) = (_ael(u(/ndzhllzﬁlyl;) [ﬁl/Zafz{{39\21/6/122211/67\31/4 +
e /31,) g 42,14 Q2D -903) Gy 33/ W32 P
20 + MM ARy Gy gL DM 4 -2, My
(221‘;\2)5;3“112/<")1'22)7‘3,1/4;\21/2 i ’?\23/[‘£3k122/(522_
7\1)/)\31/4” " (_;2(0(/21‘7(251/29\23/4) [ﬁl/Zagz@/IZZA31/4+
@Te/31,) 122>/ @) Gzl WD) g2 -
= ?11/“221/2_(;31(122/ ("7‘2‘%)’)‘31“'531‘222/321/4)‘31/"]]

Gry,210) = (yx,211) = -a¥af* (320, 1,1,2 - (2rea}y/3n,1,1, X
A3 412y 2k 53 P 4 @) 1 (g2 ) g0, 3
k112823 AP A @1y - kg a4t

(xy,222) = (yx,222) = -a’3‘ya§z\§;3/21x1y12223 - (z7cz:a’3‘y/31x1y1z X
23412 [y 33 G D3 22250 1 Py D) P g,
k122503 A IR DD = kg0 B 4ngH 4

(7,212) = (yx,212) = -a¥a32 M4/ 2n, 1,1, 290,14 - o/
3Ty 1,03/ 4012) [y ST 1401/ Ay o) /(g
A (g-g) + klaaga%l/l'(zqra‘l) N2 -
112252 4G AN - 11555
)13/4/;‘31/4“)1_)2)]

(xy,221) = (yx,z21) = -agyaizJ;';’Azl/‘*/zrxlylzz%’)\ll/“ - (2mca¥y/
3L T 00% 42y [y 33 G0 A4 DDy =93 / (40
2 Oy-2g) + kg S 4 @M A Ay ) -
k112§3q11/4<2)1'7\2)f/\zl/z%lﬂ'(‘?r?‘z) - k122§‘l3 X
9\23/4/7\31/4(,‘22_7‘1)]
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(6) Auxiliary coefficients (G;o{f;bja) = (X@ba) :

In the following, {=x,y ;i=1,2 ; j=1,2

(&z33)
(xz33)
(Xze(j3)
((zeB33)

(xyzij)

(xyz33)

(zxyij)

(zxy33)

(xzyij)

(zo6d®) = [ /1,123 40141 (3 11,2007 /1,2)
(231 = [(—>5°<Ya§Y/sxx1yﬁj1/4a33/"][a;.‘"/zj- a%?/1,2)
(—)S"‘xa?“a?/t.lb(zlxlyﬁj 344114
[(_)5"‘)’335}’/51)(1),951/49‘33/4][a’z_‘“/le(Z _ aJ;z/Izz]

(ayxiy) = (aF2/81, 243 AL [a39 /1,2 - ST +
(@781, 2, L4 (a37/1,2 - oY /1,2

(2yx33) = (a§")2/81, 71,2,

(yxzif) = (@§Y/81, 2,340, 4 128 L,2 - o221, +
(@37/81, 24,301/ [aY9 /1,2 /1,2

(yx233) = - (xyz33)

(yzxi3) = (/81,234 4 1a8%/1,2 - Y1t +

(aXy/SIyzﬁiy“)jl/")[aﬁcX/IxZ o 3§Z/1z2]



APPENDIX XIII

Coefficients (3;dp;bcza) in hj

The coefficients (3;o<|b;bc;a) appearing in the third sum of (4.5) have
the general form

(33psbesa) = (Usapsbesa) + (X;(i,g;bc;a) + (P;Pibeza) +

(T3apsb,c3a) + (N3,psb,c3a) + (GBsbesa)

where (U;u(f;;bc;a), (X;d,ppsbesa), etc., are auxiliary coefficients to
be listed in details later in this appendix. The underlining of the
alphabetical indices means that the corresponding coefficients must
be constructed from the original ones as a consequence of the desym-
metrization of the rotational operators in the terms to which those
coefficients belong. The significance of the underlining of the nu-
merical indices is best illustrated in the example below:

(Tpsb,csa) = [(Tupsb,cza) + (Tsapse,bsa)]/ (1 +%bc)
List (1) of this appendix shows specifically which ones of the above
auxiliary coefficients actually contribute to the nonzero (B;dp;bc;a)-
coefficients. In this list the symbol "3" and all separating semi-
colons are omitted from the coefficients, with the understanding that
the alphabetical and numerical indices therein appear in their orig-
inal orders. The auxiliary coefficients (U;Q(P;bc;a), (X;«x,fy;bc;a),
etc., are listed separately in lists (2) to (7). In these lists the
symbols "U", "X", etc., are omitted since it is only when the coeffi-
cients appear together that one really needs to keep these distin-

guishing symbols. Again, all separating semicolons are omitted,

89
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(1) Coefficients (3;opsboya) = (yBbca) :
t

In the following,*=x,y ;i=1,2 ; j=1, 2

(xiij) = (Ueiij) + (Poriij) + (To#(i,ij)

(@x123) = @e213) = (Uol23) + (Pex12§) + (Tot(1,23) + (Tor2,13)

E=33j) = (Ux«333) + (Po333)

6(333) = (Uotxj33) + (Pxexj33) + (Goi33)

€ 333) = (Uoti33) + (Pee(j33) - (Getxj33)

(zziij) = (Uzziij) + (Xz,ziij) + (Pzziij) + (Tzzi,ij) + (Nzzi,ij)

(2212j) = (Uzz12j) + (Xz,212j) + (Pzzl2j) +
(Tzzl,2j) + (Tzz2,1j) + (Nzzl,2j) + (Nzz2,13)

(z2213) = (zz12j)

(22333) = (Uzz33j) + (Pzz333j) + (Tz23,3j)

(223j33) = (Uzz3j33) + (Xz,2z3j33) + (Pzzj33) + (Tzzj,33) + (Tzz3,33)
(Nzzj,33) + (Nzz3,33)

(2z2333) = (22333)

(xyi3j) = (Uxyi3j) + (Pxyi3j) + (Txyi,3j) + (Txy3,1i3j) + (Gxyi3j)

(yx13j) = (xyi3j)

(xy3ij) = (Uxyi3j) + (Pxyi3j) + (Txyi,3j) + (Txy3,ij) -(Gxyi3j)

(yx31j) = (xy3ij)

(xy123) = (xy213) = (yx123) = (yx213) = (Uxyl23) + (Pxyl23) +
[(xx,y123) + (xy,x123)1/2

(xyjj3) = (Uxyjj3) + (Pxyjj3)

(yx333) = (xy3ji3)

(xy333) = (yx333) = (Uxy333) + (Pxy333)



(2) Auxilia
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coefficients (Uj«B;bcja) = ((pbeca) :

In the following, &= x, y, z

e&111) =

(e#21) =

(ex221) =

(-812c2k; P /31,203 22,1/ 2 (4p Ay ey kq 10 (5 -Ap)
2341 0g) + 85 k150 (P2 A3 4 (42D ] - (aenex
2 /PR 2N ) 28T kg 13 4 ey (N
7‘23/4(421—7\2)] = (12’rck111/'51°(2)\1)[desinzlx+ decos%]
- (1-8) (bmek12A 3/ 4R 4 (420-20)) 1 () 1 a1
cosq] + i(z[—lhrcklll(aiz) /'h12321 = hckllzaizagzj\laﬂ'/
21, %2,34 (A= BTcky ;1 G /31,200 Oy Ay -
ek 00> 15053 Ary) Orthy-23) 31,2004 Oy ) x
(;\2"?\3) (4>‘1"7\2) ]

@or1l) = (-3212c2k1 521 /31,203 2,1/ 2 (40 -29)) 1288, 1,/
A3+ 71 (A=) 1A - (eeliy g/
30324 V2 A2 Ly (S M) A 34 A +
85%K122 (52921) 1434 (WM ] - (bmekq 20/ 2/mL2 X
221/2(14?\1-7\2))[5“51#1+ Qo(ycos%g] - (1-8p) (12Tck) 25X
A4 2,30 ) L I Sxstmpeosyf] - 6 l6me x
k12 EDOA M2 1,32 D) + STeky 55a87a820 /4
71, 4 @y + 16mek1 25003 453803 ahs) Ayt
229) /31,200,374 A-A3) Ap-A3) (42,X)) + 167ekyy g L/ 2K
339 131,250, 2 A1-09) (40201

(-812c 2k 5/31,203/ 2 1/ 2) [40% 15 (5 -D9) 1A 34 (@ -2p)
+ 8% 52 (A=A /A3 4 (WA ] - (1612ePky99N9/31,¢ X
0322 A (2817 A+ a1, N D)/
X34 GAM) T = (Q2meky 9y Ao T2 (4R9=2p) [Bigsin2yy +
Suycosy] = (15 (brekana ML 2A3 4N /) | ()1 Sexx. ..



(A221), cont

(o#112) =

(0:4222) =

0(122) =

92

S

singeosy] - 6, [3Teky 1, (aZ Y, /I 30, (4%, D)) + ITe X
Kp02a37a52/ 01,2, 40, M4 + 8ok, 8363 At Ay
-2 /31,221 N3 4 =Dy G2y - By p20515 0+
A3) 131, 2 (A-29) (4A)-A1)1

(-8mcPiey /31,203 2 12y [y 5 (A -29) 2y 374 4y -
2+ a%ky20 (5A0-20) /4374 (WA ] - (A6m2ekygoh/
31,203/2251/2(420-22)) 1265 k22/793/4 + a5 97 (3%-A1) /
234 @1 - Q20K /812 (421-29)) [ cosyy +
§ysiny) - -8, ) (breleg 1 AT, 2A 3/ 401 oy [ (18 x
sinjosyfl - &y, [3meky 12 (259 %A I, (4N%) + 3Tcki11X
af%a3?/an1, 2y M2, - sneky11 813553 Patdy) utg-
223) /31,2053 42,14 0 -2g) (Ap-2g) = Brek11,% 853 Pothg) /
31,2, (Ay-43) (4441

(-16M2c2k 9 /31, 203/ 201/ 2) (28541595 /23 4 + 195 X
(A2 A 318(4hy M) ] - (8TRc2ky g /3T, 203/ 20112 x
(0gAD) Laifey 9 (529 2) 123 4 (4PyAp) + iy 15 (2
A M35 A A 1= 127k BTGP A) [yeos? + By X
sin¥y] - (1-&@)<mk122%23/"m1°3213/“(422-?1»[(—}'§°"‘
singeosy] - oy [3Mekpny (352 /I,y + 3mckyafZad? X
2314122034 (W A) + Breky2n 53 Pt lg) 131,200 Qg
Ay + Brek1pnh 4 Porg) Ap+a-27) $33513/31,20% 3% x
(Mg=23) Aq-A3) (429-21) 1

60212) = (-3212c2ky 505 /31, 203/ 22 1/ 2 (42520 )) 1285 x
kp22/7237% + Uy 55 (3%-21) /234 (@A - (aere? x
k11971731, 203/ 225112 (404 -2) ) (651 10 (521-22) 12134 x...
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(o#122), cont'd.

(WD) + 8305 (5Ag=A) A3/ 4 (gD ] = (2tmeky X
R 2T 2A M2 (W2g-2)) Ugeos By + Ggsindy ] -(1-&)x
(12meky 1413/ 4 1, 2203 4 a2 [ (-)1'&x51ngcosgl =
Sa[6Teky 07 (239 2,/ 21,30 /2 (4 Ng) + Sekyngaf® X
552,374 1, 2,1 2 Ay ng) + 16Tk M 25 )
31,2 Mg-A3) (WAg-ADA M2 - L6meky 1, (A +2p) Ar+Pp-223) X
W34 (s 53131, 20> D) Gp-2g) (42-2p))

(633D) = (-1602¢2ky 3303/ 31 203 22 1 2 (109 D)) 2y 11 /P 314 +
Fieq 1 (30-20) A4 (WA= 1 - (812l 33%a/3T 2 2
ML/ 252 1850115 (5 -A9) 12y 3 (43 2g) + afticy 0k
(529-4) 12534 (Wp-2D) ] - (2mek133Aa ML A (4A3A1))X
1§ ysinZy + §yycosy 1 - (1-80p) (6Tckp 3303 ML & X
Ay "(A’A3-9\2>>[(-)1'&0‘51%605?{] - & 3102 AL, X
M4 [T 55> kg + a3%cy35/2, % (WA ]

©332) = (-812c2k) 53 3/3L,203 22012 (4A3-A0)) (88112 (5A1-22) /
N34 + a5y (A A, WA ADT - (erPX
eZieg39h3/31,203 Y4 (4D32)) 12a5%75/7,3/ + Ky 99X
(32 A AN T - 127k 30T, g (4A3-02))X
Buxcosy + buysinZf] - (-bep) (61ekr3 a4 X
A4 @y A () Sm s tafeostf] - oy [Mekp333 322/
1,3y Wy y) + 3Teky 33hgaf?ag?/ 21, 22 014 (A ]

©OK133) = G6313) = (~16n2cky 33/ 3,203/ 24 /2 (403-A1)) [ kg 33X
(S A AP35 + &35 (3R 1534 (@309
- el 3 P 2 I A L2 (WD) (-8 0)- §el16Te X
K13Aat 2731200 12 (20 11013/ Qa-%a) + $237 Go-20))
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Ee233) = 6(323) = (-16T2c%ky330/3L,203/ 2051/ 2(4D305)) €8k 35%
@A) A 4 Aghy) + 8 kg33 (3% 2234 W2 ]
- (2Umeky ks LI 00 2 (403-29)) (L - $up)-Bexp [1675 X
ko33 2731, 200, M 2 (a2 11532 Ay + 553/ Pp2p)]

(xy113) = (yx113) = (—818:2(523—7\1)/31x1yﬁ3/2;\33/4)[klllkl33/(AA3-
A2+ kypgka3sh M2 A0 (WA - (1T, /
1,71, 2mgt % 11 Q3O+ A4 A + gy Gdax
Qg 1234 Ap-2)1 + (Brekya ML 2T 2AD) [(L/1) Y 2%
cosyf + (Iyllz)l/zsinj] - (uk11221m1x21y2223/’*231/“ X
W2 151/ 1)  2siny - (15/1,)  2eosy]

(y223) = (yx223) = (8722 (SAg=Np) /3L, 1 1%/ 2253/ %) (k59K 33/ (45
}“z)le/2 * k1221‘133)21/2/(“32-911) (4A3-A)] = (Te(Iy-T)/
1x21y25231/")[kzzz3;3()2+}3)/223/"(22_’A3) + k122513%0%
A M4 Op-29)] + Gkl /n 1Y 2gt ¢ x
WA LA/ 2cosy+ (1, /1)  2siaf] = (meieyy/

N 21, 2,3 WAL/ 4) 15 (1, /1,0 2stn = (1y/1,)M 2cosq]

(xy123) = (yx123) = (xy213) = (yx213) = (—161[2c2/31x1yﬂ33/‘*)[klzzx
kg33%0 (SA3=Ag) /M 112 (DA (WAg D) + Kygkyaahy (5=
A0 A2 WD) (W3 M) - (2T (LmTy) /L 2Ly WA 4%
[k122§;3>\23/“(22+23>/9111/2<?\2-23) + 12815k ¥4 g/
azl/zal_;‘a)l 3 (67&1‘112)13/4/,11)‘21),2,\21/2%1/4(47\1_

A L1 2eostf + (1,11,  Pstnf) = (ckey 00 i x
1,212,340 4 (A1 D90 51y /1) Y 2sin = (1y/1,)Y/ 2%
couf)

(xy131) = (yx131) = (xy311) = (yx311) = -8e2e?ky§3ht/4/31,05m3/ %
W22 (g 22 = meky 3355063 4 Apdg) (1,107 .
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(xy131), cont'd.
121,223 Oy 0g) (D3R + (6meky 3325 4, 21, 2 4l
N3 11 2cos it (1,119  2sing)

(xy232) = (yx232) = (xy322) = (yx322) = -aﬁczkzaa%l/"/3xx1y~n3/2x
A2 (5Dg-A0) (452 % - 7tck233§;37t33/4(32+/\3)<1y- o/
121,234 g-09) (425-0y) - (Mekpands® 4 n, 2 2 (65
WAV D151, /1)  stnrg- (1,1  2cost

(xy333) = (yx333) = (xy13D) + (xy232)

(xy132) = (yx132) = (xy312) = (yx312) = -812c?ky3k35L/4/31,%
13/ g 12 (X300 WAy A (g~ ek133f3dsd 4Ot
A (11, 11,2120 2 4 0g-) (N3-Ap) - Zmekyss X
9‘33/4/,51}(21},2211/2}\21/2(49‘3_7\1)) (5 L/ 1) 2stary -
@y/1) M 2eosf)

(xy231) = (yx231) = (xy321) = (yx321) = -8152c2k133k233231/1‘/31x X
1,13/ 2,112 (524-0,) L (WD) (WAg2y) = ekpas (3 Gyt
M3 4 (1 -1 11,21 2,1 B VA g 0g) (429 2g) + (ere X
Koaghs® AL B B A a2 (T 1) Peosty +

(1,71 2510y

(3) Auxiliary coefficients (X;g(,le;bc;a) = (f,@bca) :

In the following, i =1, 2 ; j=1,2 ; k= [j+(-)(j+1)3ij]

(2,2419) = (=47 3O+ /31, 200, 1 4 (0= 29) 1153 (g 14/ 374 -
2k133}31/2m11/4(1¢7\3—7\1)) + j;:;kiiE}\i/)ka/A(l&i'qk)]

(2,2123) = (z,2213) = [-81&;5;3(/\j+')<3)/312211(23.-13)3(31/"231/4] X
3L Ger 02 My 12 (WD A1) - R M 4453/ 4S5k 331
L1200 5D+ 0 3095114 Tty 10 A, 1 2 ) - A 1% x
25348 3033/ 2 (425 D))
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(2,2333) = (2,2333) = 2(z,233)) + (z,z3kk)

(4) Auxiliary coefficients (Pifbe;a) = (fBbea) :

In the following, &= x, y, z, and in general (O({Sbca) = (fxcba).

6K111) = (-812c2at¥/315203/ 20 3/%) (31, 2 A1 Y2 + Ay 3012 x
@A=2)) - (8re2af/31, 203/ 2003/ [y 11y 1, /2,12 +
Mky1gkypp/AM 2 (A2

@6112) = (-82c2aP /31,203 20,3/ %) [3)5k111k100/ 0 M 2 (WD) +
K112K022/2521 = (812287 /31,20% A 3% (g 11k 10/
M2 42k 19k1 20/, 240D )

@6122) = (-1612c2a3%/31, 203/ 2,374y (A1 19k120 /A 2 (40 Ap) +
Mgk gokaa M 2@y ADT - (ere?af¥/ a1, 22,3 4k
Dikada 2 @2y +Agkada /i 2 @A)

e4121) = (-1672¢2a8%/ 31,2/ 20, /%) 130\ kg 1 11eg 1, A 2 (DD +
Akyigkaza/MM 2@y - aerdelaantnd 20,34 x
B iki12/AaM 2@ Ag) + Agkaga P2 @A)

e221) = (81224 /31, 23/2 3/4) Dok 1Ky 20/ M /2 (4Hy) +
kq12ka00 MM - (8223203 20034 gty gk 00/
M2 @A) + kppplann/Agt/ )

©4222) = (-8T2c2a5%/31,A5/ 253/%) [3k932 /0012 + AgirB2/M M % x
(UM ] - (812c2aF%Y31, 203/ 1 3/%) [kppoky 92/ A2 +
Dokyaak112/M M 2 (WA

(4@B31) = (-8M2c2af™/ 3L, 263/2)3/4) [3)gkq11k133/M1 1/ 2(423-A1)+ Azx
K112K233/2 26331 - (sr2eZastyannd/ 2,3/4) Ay x
k112813341 23R + DgkiggkazsiAeM 2@y +
WM 28Ty2n, 21t 2 L ey ety + $3385¥ )






97

6332) = (-812c2a3 /31,2037 24,3/%) [Agk10ok1 33/, L 2 (4%50p) +
3Agkg90ka33/M2 2 (4A5-2Ap) 1 - (812c2ag™/31,Pn3/ 2,3/ 4y x
[Agk112k133/211/ 2 (423-21) + Agk122k233/221/ 2 (D 3-D9) 1 +
A3t2G5s0 21«21551/2%21/4) 823857y + S13882)

0U133) = (-1672c2X /a1, 213124374 (g1 3320 2 (423-Ap) T -
(1612c2a3%/ 31,203/ 22,3/ 4) [Dgk; 33k 33/ 1/ 2 (4A3-21) 1 -

GRa21 2 /2374 - D 1/4 ST %01 21 /2,

(06233) = (~16T2c2a3%/31,213/2),3/4) [Agky 33,1/ 23] -
(16m2c2a]>/31,203/221 3/4) [A3k33k133/221/2 (403-A) ] _
D3 I2n Pt 20,304 - QoA ST s an Pt 2y

(xy113) = (—8m2c2a’3‘>’/31x1yn3/ 20334 ey 1k 53/ M2 + kpgokas X

N 2A-2) 1 + 311/2‘533’?’/21,{1},1:1/2235/4

(xy223) = (-81c2c2a§>'/31x1y-n3/2233/4) [Ky0okyg3/Ant/2 + kypokqqq X
MMM 2 @A) T + Nt 285%a8y fa1 1 b 23

(xy123) = (-8nPc2a¥Y/31, 1,03/ 2053/%) (kg ok; 33/Ap 1 2 (4 -2y) +
Ajk129k33/ M 2 (A=D1 + A QAT 80 2I,1, X
Izhl/2235/4

(xy333) = (-8M2c2a¥Y/31,1.03/20,3/4) (Agk; 33k 33/4, 1/ 24054 p) +
Mz a3k033/20 2 (4d5-29) ]

(xy133) = (-161@c2a¥y /31, 103/ 2233/ %) (Agky 35k 433/0 L/ 2 (4A5-2p)] -
AR TR P P B T R NE I

(5) Auxiliary coefficients (T;o(‘B;b,c;a) = 6{'/3b,ca) :
In the following, o= X,y, s i=1,2 ; j=1, 2
(xy3,13) = (y%3,13) = 1612c?k; 33k 33aPA55/4/31,1.03/2),1/2 (4)5-
A9) @A p) + ZIij33“11/4233/43:3(1y'1x)/Ix21y2(433'

25 A;-23)
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(xyi,33) = (yxi,3j3) = l6t?c2ki33kj33a§yﬁ33/4(223-21)/3Ix1§n3/2 X
A/ DL225-Ry) (3D + 2xcki333§3(1y-1x)(223-
%1)9\31/4%1/4 /Ix21y2Ai1/2 WA3-2) ( zj_%)

(xyi,33) = (yxi,3j) = 16n?c2kijjkj33a§Yq33/4(255-21)/31x1§n3/2 X
N2 2250 (42549 + 1612c2kjjiki33a§%q33/4/
3L, 2004-00) (W3-Ap) + 2meky 3 Gast Ay 4 (s
A (110 /1,21, 2212 -0 ) A 4-A3) + 2mekyyg §a Ty
LA A3 41,21 262 Ay Rg) L 3 # 4

(y1,31) = (yx1,31) = 16mPe2ky) kg 33a¥ 3/ 4/30, 183/ 20) (652 +
16tPe2icy ) plep33a3Y Ay > A1/ 2131, 1002 (4% D) 4y X
;\21/2 + 2750k111§3q31/4(1y'1x) /Ix21y2211/4(7l1-713) +
2Meky 12823 L 2L ML 4 (15-1,) /152142 (4A1-A2) P2-D3)

(x92,32) = (yx2,32) = 167Cc?kyp kp33a% 053/ 4/30, 103/ 29 (42g2) +
1612 c2ky 9k 338823/ 40,1/ 2 /31, 183/ 2 (425-Dy ) (@A 5-A )X
M2 4 amekyr) G 4 (1T /12T M 4 Ag-Rg) +

, 27k 9287 301 g /405 4(Iy-Ix)/ 21,2 (A1) (M-23)

O®1,11) = (16WPc?ky;/3L203/ 20 /2y (8% 11721374 + 1,0/
2374 A1) 1 + (1678c2iey A 1 21316203 2 (6D A MR x
k128> H AL 2 Whp-D) + aPi115%0% 4012 (-2

(ob2,11) = (16T2c2kyq, (201-Ay) /31620372 (4A1-A) A5/ 2) [ £y 11/
N13/4 + 511900 /203/4 (WD) ] + (L6Re2kypah 12/
31, 203/2 (41 -M9)) [k 294237 4/21 1/2(6P9-D) + aT¥ky10X
23/ 4 12,12 (6% )

O61,12) = (1672c2ky 5, (20)=21) /31,2037 2,1/ 2(42-D0)) [k, 5, X
7‘23/4/q11/2(4)2_7\1) + ;idkllqua/z»/;\zl/z(421_;\2)] +

(16‘(2021(112?\11/2/3]'0(2‘1’13/2(47\1—7\2)) [ao:l(?(kl]_l/;\l'g/4 + ...
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©&(1,12), cont'd.
+ &k M A3 (P9
002,12 = (L672c2kp0p/31,203/ 201/ 2) (455K 99023/4/2 112 (409-01)
+ 8% 1,034 M2 A1 + (6e ey 0,1 2731, 2
12 18 111 A3 + &k /2% (A
6 1,21) = (1672c2ky 101/ 2/31, 203/ 2(4A -0p)) [5¥kp02/05374 + £8x
k122%/A %4 (-1 + (6 ety /32 2 L2 185¢x
k12923 M 220 + k1M 4261
®o2,21) = (1672c2ky o0 p1/2/31,23/2 (409-)1)) [k M3/ 4 + &%
k12294374 )1 + erdePiy g (A p) 131632 X
AM 2 D) 15k 5N 4 M2 (Wg D) + iy X
N34G20 D)) )
©1,22) = (167c2ky 5, (20p-2) /31, 203/23, /2 (42521 ) 855K,/
3%+ %2034 @A) ] + (Q6mRelyoh M2/
3T 2 (401 -2)) 8500y 5293 A 12 kD) + iy
A,3/4/0112 42101
06(2,22) = (162 / 3P 200112 (8 kg P34 + af¥iypghy/
A 342-D) ] + (Q612e2ky 5y 1/ 2/31,203/2 (1)) x
18 k12203 4 L2 gDy + 8y 1o 34N 2 g
A
6%3,39) = (1602c243/2/31,263/2 (4 D3 ) (8551 33/ 3/4 (Wha-h) +
5 kp33/%3/ 4 (4hg7hp) )
6643,33) = (16T2c2ky33(2hg-24) /31,203/2041/2 (425-Ap)) [ %1 33/
X362 + 85 kp33/ %34 (g ]
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In the following, (b,ca) will be used to denote the expression

obtained

(zz1,11)

(z22,11)

(221,12)

(z22,12)

(zz1,21)

(z22,21)

(z22,22)

(zz3,31)

(z23,32)

(zz1,33)

(z22,33)

when z is substituted for & in @«b,ca) :

- (L1 - (Bred3/30,2m 21153/ i-Qp) + k112l X
G3h 4 Ardp-229) A 4 (1) Qg g oD}

= (2,11) - (8P 431, 20 Ag)) [2k110 G AR Sy L4/
2200 + k1227\23/4~(2¢3(’\1+9‘2-29‘3)/(4>\2-7‘1> (A2x3)]

= (1,12) - (8red3/3,28(A-09)) [k 5, 2A-A)A, /4555 A+,
2200 A4 W) PgAg) + 2141873/ WA ]

= 2,12) - @S 430, M -0 G Apy-20y)ky 0/ (y
DDA+ 2 A1 204 ST (4202

= @,20) - (8reh M 255/31,28 (0 p-2)) [2k11 24 T 2555/ (421N
k11 3 Grtha-29p /A D B,14)

= (2,20) - (81e$p3/31,28 (ApAg)) [2k120M2805/ (pA1) + ky1pX
(A M A3 Ardp-23) 12,14 @1A0) Ar-A9)]

= (2,22) - (81dp3/31, 28 h-0)) [2kn20a3 + k1a2Aa M/ 425374 x
T30 -225) 1 @A) X A1

= (3,31) - (16Teky 332/31, 20 (6A-A)) 1513/ A-A9) + 553/ Qo-
21

= (3,32) - (16Tcky3ly/31,2M(405-1)) 1613/ A1-03)+533/ (pA) ]

= (1,33) - (L6rcky55(A5-AAL/2/31, 204050 D) 1873/ A -2y)
+ 853/ Q2]

= (2,33) - (16Tekyy3(2s-2)251/2/31,20(403-29)) 1373/ y-X)
+ 5/ WA



(6) Auxiliary coefficients (N;{{#;b,c;a),
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: Qz4bb.ca) :

j+1

In the following, i =1, 2 ; j=1,2 ;m=1,2 ;s = (-1§ +j

(z,2zi,33) =

(z,zm,1j) =

(z,23,33) =

(z,23,33)

'23;34;3211/4a§z/lz351/2(ﬁi-ﬂs) - lslc§:3g11/4231/4/
30,200 5-A3) 112k 335 3%5% 4 (2A,+23) 1 (623-Ap) A5-2y) X
A = ag gy e ALY = ky5585a/
231/42j1/4]

20,32 %/4a32/1,%01 2 - 0g) - [81eGalyt A3t 4731, %%
B0y 11 Y 4001 4 Gk g 33 A+ 2X4-903) 1 WA 320 5) Ay -
A + A1 48 ey 53 2A30) A 4 6y - g x
jzgkijj(Zgj‘>i>/311/4231/4(43j‘%1) - A3/ gk 5/

A AT, i

tame AL AR5 2131, P (y=Ag) 1 1y 331 5 (2 24207
MM129) 1234 W30 QgD + Koz G322

203 12,374 (4352 5) A5-25)1
ORI RTLY LN PR Tt T N o ]
a2 (73)/ Ag-A9) ] + [81e §3ky M/ 4A31/ 2731, 20 (A3-23) 1 X
[yy5 G3a AN A3 4 gD + 53553 0@A5-Ag) / 6y
AA3/4 = AL A3N)) - 2key33f3 Mg 2/ 4 (g
A1+ [8mede sk M AL 231 R (Ag-D3) 1My 35 T332 x
Ag+22 =920 1 (WA-2g) Ag-Dp) + kyge853Ast 4 (Agrady-
N/ (W g-Ag) AzNg) - kya35a st/ /AL 4 (adgy) -
k33531 27451 4 (432 0)]

(z,23,33) = (z,21,j1) + (z,22,j2)
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(7) Auxiliary coefficients (6;«8;bc;a) = &fFbca) :

In the following, i =1, 2 ; j=1,2 ; (=x,7y :
ew333) = (b(333) = <->£Yz3§371_-,1/“a’3‘y/1x1y122ﬁ1/2<21-z3>

Gorids) = (xa3)) = —Gy3td) = [N Y AL At 24 090

X [a\?i'y/ly2 - af‘/lxz]



APPENDIX XIV

Coefficients (3;%@;-;abc) in hé

The coefficients (BQXP;—;abc) appearing in the fourth sum of (4.5)

can be written in general as

(Sb(@;—;abc:) = (o(g*—*abc) + (N3 ;-3abe) +

*> [(T3s=37s, £)+(Usets 33— 57,5E)+(G3x B3 4r,5t) ]
(rst=abc)

where GXQ*—*abc) are the coefficients in H3 as listed in Table X,

(N;«@;-;abc), (T;dﬁ;-;ab,c), (U;a%&;a,bc) and (G;xﬁ;-;a,bc) are auxi-

liary coefficients to be listed in Lists (2), (3), (4) and (5) of

this appendix, and *éi denotes the summation over all permut-
(rst=abc)

ations of the indices r, s and t, subject to the restriction that the

left of the two indices placed on the same side of the separating

comma. is less than, or equal to, the right index.

The nonzero (3;d@;-;abc)—coefficients are listed in List (1), in

which the separating asterisks and commas are omitted from the coeff-

icients.

(1) Coefficients (3;«?;-;abc) = (3xgabe):

(30X111) = ((111) + (New@1l) + (Tet11,1)

(30k222) = (oh{222) + (Nok(222) + (To&22,2)

(3(112) = (300{121) = (3e611l) = (p12) + (Noll2) +
(Te11,2) + (Tole(12,1)

(3k122) = (3xe212) = (30fx221) = ((x122) + (Newll22) +

(B 12,2) + (Todo(22,1)
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(364133)

(3(A233)

104

(300313) = (30(cB31)
+ (Go(3,13)

(3¢t323) = (3x332)

+ (Got¢3,23)

In the aboveX= x, y

(3z2z111)

(32z222)

(32z112)

(3zz122)

(3zz133)

(32z233)

(3xy113)

(3xy223)

(3xyl123)

(3xy333)

I

]

(o133) + (ToX13,3) + (Tow33,1)

(X233) + (Tox23,3) + (T933,1)

(zz111) + (Nzzl1ll) + (Tzzll,l) + (Uz,z1l,11)

(22222) + (N2z222) + (Tz222,2) + (Uz,z2,22)

(zz112) + (Nzz112) + (Tzzll,2) + (Tzzl2,1) +

(Uz,21,12) + (Uz,z2,11)

(32z121) = (3zz211)

(zz122) + (Nzzl22) + (Tzzl2,2) + (Tzz22,1) +

(Uz,21,22) + (Uz,z2,12)

(Tzz13,3) + (Tzz33,1) + (Uz,z1,33) + (Uz,z3,13)

(322313) = (32z331)

(Tzz23,3) + (Tzz33,2) + (Uz,z2,33) + (Uz,z3,23)

(322323) + (32z332)

(xyll3) + (Nxyll3) + (Txyll,3)
(3xy131l) = (3xy31l) = (3yxll3)
(xy223) + (Nxy223) + (Txy22,3)
(3xy232) = (3xy322) = (3yx223)
(xy123) + (Nxyl23) + (Txyl2,3)
(Gxyl,23) + (Gxy2,13)

(3xy132) = (3xy213) = (3xy23l1)
(3yx123) = etc, ...

(xy333) + (Nxy333) + (Txy33,3)

+

+

(Txyl3,1) + (Gxyl,13)
(3yx131) = (3yx311)
(Txy23,2) + (Gxy2,23)
(3yx232) = (3yx322)

(Txyl3,2) +

(3xy312) = (3xy321)
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(2) Auxiliary coefficients (Nj«B;abc) = (dpabc) and all permutation:

In the following, o= X, y, 2

(ba11) = 4rent/2a

¥y, 2, - el Zayar 2 13 x
k12112 + g3, (D120 14,124,201 + Tent/2ag x
K1112/%3 > - et a5 a0 ) Ty a1k 10 (-
2 A1 2 (A 1-D9) + ky1gkep0 (130 Np-221 2-5052) MA,1/2 x
(WA1=0y) (421

o8112) = 2l 2851150 /1. 20304 - (8 2eRLI28% /31,2030 %) x
[k112k22 (3N A2) AL/ 2 (WA 1-D9) + kyp1kagg (3p-Ar)/
W2 @) + 2ad MM ) + 2k03ph 2 (g
AT + renl/ 281 1,/1,203/4 - (erde?nt/2a3%1,2 x
M) ki1, PP A 2 @09 + kypoleypp (3% X
Ap-2212-50,2) 14,11 2421 -) (Bdg-A1)]

X122) = 3reh 2% 00/ 12,34 - (areil 2850 11,20,3/%) x
[125kp00 (Mp-dp) AL/ 2 (Whg=h) + Kypgky 9y 133 25-205%-
sh 2N 2N %) 621 + 2nert/ 265 1 ,/1.2 X
A3 - (8R2e2R 2037731, 2003 %) [y gl (N D) / (8-
A2yt 2 111 (DA ka22M Y2 WA + 2k dH 2
@y + zklgzzzl/z/(z.ﬂ A1

06222) = 41t 2y 00 1203 = (8 AR 2513120, (5 x
1232/2512 + k135 (Dg-A) A M2 (6Dg-D) ] + menl/ 283X x
k1220124 - (@Rl 26831, 2013/ 4) kgpok1 90 (1A,
ADPA2GAD) + 1911, A D225 %) 4 M2 x
(UAy-Ap) (421-29) 1

(y113) = (yx113) = 2meh/2a¥Yky)50/1,1) - (At 2%V )3 x

leyqsa/[’)“‘111“133(5%‘2)1)”‘11/2("%'%1) + kyjgkyay Xeo
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(xy113), cont'd.

(@A) 1202 (401-0y) + (D3-Ag) 122,/ 2(404 ) +
2350521 @A)

(y123) = (yx123) = 2wt 2a kg p50/1,1,25% ¢ - (8 %aY /3 x
Ly 23%/%) [k12oko33((203-29) A1/ 2 (423-20) +251/2 /(42p-
200 + ky19k133(@2%AD A 230 + 41127 (D))
+ 2ky 3393385 2 (8A3A1-N9) / (4A3A1) (43X )]

(y223) = (yx223) = 2en/ ey 00/ T 1 234 - (ardePnt/2aY /3 x
LIya®/4) [ko22ka33 (5A3-222) M2/ 2(4A3-%0) + (kazki3s/
N2 (@A) 1 (WD) + (2A3A 1 (4AsA)) + 2ko83 X
A2/ 425201

(y333) = (yx333) = 4menl/2a¥Viy555/T,1 0034 - (82cPnt/ 2 /3 x
11,2534 13350 M2 D) + ko33 205-2p) /
A,12425-2)1

(3) Auxiliary coefficients (T;of;ab,c) = ((fBab,c) :

In the following, %= x, y, z

@a1,1) = Gren/L A (2K 1) Gegeosdy - Epsind) A +
(-)g"‘x(l—éo(z)kllz(Zgl—qz)sin@’cos’x/qzam(49\1-—22)] .
By (ametiaZ? /41,1 1 4) (20010520374 + k15082 (2
A A3 DT - (erent/ By /31,0 M B 125 11/
D374 4 BRie 15 (=) 12,314 WD) T = Lamett Zieg g px
29 13,2912 (- ) 11411 (5% -D) 124 ¥4 (40 -
2y + a0 (A A MY W)

@022,2) = Gt/ LEAM ) 125, Bsindyf - Byye0s%) /2,34 +
<—>g°«x<1-%dz>k122(zQz-ql)singcosg/zlm(z.qz-21>] s
Bz (3Meha3? /41,%,1/4) (2155 0a57/0,3/4 + k190282 X ...



(c#422,2), cont

(6L12,1) =

©22,1) =

(433,1) =

107

'd.

@2 /2374 x) T - Brent 2y, /131,29, 1288 x
k222/%937% + %1192 (30N /21374 (6A-A) ] - [arent/ 2k
k120 DA /30,20 M 2 (-2 1 (85 Ky 0 (SRp-A) /5374
@A) + &1 (A A3 4 (@l -Dp) )
(6Te0/ 1) [2ky 1 (B cosBp-B,sindy) [ (A1) + (oS
(1-8 1p)k1ppsingeosyll (hy-Ap) ] - &, (3rchaf?/21,3) (252K
Ky12/ (40-Xp) + a§%kypn/ (WAp-21)] - [16meil/Zkpq,0, 12/
3L APV (28011 /34 + 8y (A D0) 12374 x
Y 00 13T WA 118y 15y
A M3 AN + 85500 (SR 12,314 DA ]
(TER/ T 2N 1/ %) [2k1 22 By cos Y ~Sysindy) Dy / (WD
a4+ (—)S'(x(l-g,(z)kzzzsin'(cos'(/'lz:’“] - &, 03nex
7?2/, 1M ) 126122822 (2D ) 10> 4 (D) + Ky
Y 2921316802 %) a1 kg1 (A1) /
A34 @) + &k (A=) 10,34 Wdy-Ap T - [8mex
1215 (DA 131,200 M2 (R0 1 12851 g ¥4 +

a3 k112 (A 29) MY 4 (41X )

(31eh /1,20 %) (21 33 (&(ycosza’-i(xsin%) (A3 / (6A5-
AN 34 4 () MEA-E, kg gsinteosy(Fhy-hy) / (A3 Ap)X
N34 R, (awena??/n, g M%) (2 55Dy A a2/, 34 x
@y + ky33(23Apa3/%% 4 Wy M) - (emert/? x

k1333 AD /3020 M 2@ 1128 kg1 /A + 85 x

(4A;-2p)] - [8Tch

a3%/%,3%) - (umen

K112 (31-29) /12374 (4A1-2) ] = Lémetit/ 2y 33 (2N 3-25) /3 X

12,2 AN 1% 1, (A 3 4w Ay + 85x

k120500 1™ A




(411,2) =

(12,2) =

(o$(33,2) =

0K33,3) =
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(3Teh /1% M %) [2kq 15 (g,,(ysin?y-%“xcos%,) (211-29)/ 4k -
A2,3/4 + klllsina’cos’o/(—)g’(x(l-gb(z)/ﬁla/l’] - 8, l37ex
122/41, 30,1 411261, (2010052 4 (D) + teqq X
a4 - e 215 (DM 1315, 2@y A1 x
[2a5k000/M2%* + %120 (oA M3 4 @2 - L
reh®/ 211 1312 M 2 1% 10 () g 34 (4 Dy) +
5155 (M2 1034 (64 D))
(6meRT14%) [ 2y 5 (Ryysiny- Rugeos¥d / (WhaDp) + (—Sﬁxx
(1'3%“)k112211/65in?fc057(/221/2(4%—?2)] - &z(s-ncnafz/
21,3) [2ky 5252/ (40 ,=h) + kg q,8320, /4,14 (40D
/2 123,210 11a112 (SN0 / (8

- [8Tet™ Ty

A3+ Bk (DA 14314 D) T - [n6re X
120921388 W M 1128850012 + &5%%122 (D
A A @A

(b /T4, 1 4) [2ky 5 Bysinef - 083 (Ag-2p)/ (g
A, 4 (%A} k) ysinghosy2dy-A A 4 x
@521 - %b(z(sucnagz/uz%zl/‘*)[2a§Zk233(29s3-ﬁ2)/
2,374, + a8y 33 AD M3 DDT - Larex
1L/ 21 5320531 /3120 12 (403-A0) 1 18T¥k 115 (SMAg) /
A3 4 @A) + Bk Ay M3 4 @)A1 - [8rex
1233 A 138,70, () 11285500, + S
105 (g A) 2034 (2,0 ]

- (1-buty) [12ehik g 33/ 1ok, (A5 - %dz[smzhkj”/ﬁzz X
AT/ A1 hg) + (af AyAg)] = [L6weit/ Ky
A5H2 1317 () 118 33 A AP A +
a533N5 A M gAY 5 g = 1, 2



(xyl11,3) =

(xy12,3) =

(xy22,3) =

(xy33,3) =
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(7x11,3) = (3wetkyyy/21, 21, 21,120,374 14 (1,  2c0sy
1, 2eing) - w2t gy k) 55 (A3Ap) /30,10, 453 4
3=y + e 11503 i) (Tu-Ty) /2121y 21 3/ 4051 oy
A-Dp) - ety g, 201y /21,21 21, M 9,3 49,1 4 -
AP1s1, 2 2siny - 1,  2cosql - et/ 2y gkya3 (2
A (M52 131, 1,051 2053 4 (i D ) (Whg D) + iy x
k319 (1-0) Qg+l (1) /21,21, %0,% 4 4y D) 0y D)
gL/4

(yx12,3) = [3tehkyy 2y Y/ /0,21 20, 2251 4 g9 1 x
(1 2cos f+ 1,1 2aing) - 2vfcnt/ 2y oy 3 V2 (D5
A /31,1, (WA A 53 4 (WAs D) + Tetier 12503 Ar#A3) (T
Iy)ﬁll/b/lle},z;31/401_9\3) 4N - [‘(Cﬁk122>121/4/
1,21.21,1/2) 3174 (62, A D 1T, 2simffe 1,1/ 2cosqf - [2x
el 2y Pt 213, Ty (4020 1 kg3 (SAg-P) A5 x
(W59 1 + Tefiky gy Hady L4 AtDg) (1,-10) /1,21 2051/ 4%
(4A9-hy) Ap=23)

(yx22,3) = [3ehky 5y (229 A1) /21, 21,21, 205140134 4y
A1 2o+ 1, sing) - it Ay gk 5520y
) A5 31,1253/ 4Q 12 @520 (WD) + meiky 55X
T3 @Ay-2p) (1,1,) 721,21, 2,3 gt 4 () @y
-A3) ‘_. (Icﬁkzzz/nleyzlzl/z223/4%1/4) [Sle/zsin{_ -
1, 2cosq) - 1P Pegyky 33 (5P5hp) /3L, I s>
Wy gy ¥ Tebkynp 5305403 (Iy-Ty) /21x21y27\23/l'9‘3l/4X
Ayig)

(yx33,3) = [3xchk133(2ﬂ3-%1)/21x21y2121/2231/“213/4 X

@AM LY 2eos i+ 11 2sing) - q2e2l/ 2y gk g%, s
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(xy33,3), cont'd.

@Ag~ M) (5750 /31,1, 4 /24534 (4g-D0) (423-Dy) + Tex
ik 33 03 (#g) (PAg-Ap) (L1, /2L, 21 2 3/ A1/ 4 4y
2D Pr=09) - [ty 33 (252) /21, 1,21, 203 4514 x
W3 A 1051 2singy - 1, %cosph - Bt Ppds(20s-
) (57\3-?«2>/31x1y'x21/29\33/”(47\3-9\2)2 + ety 33853 Aot
23) (2Ag=h) (1,-1,) 121,21, 293 492514 (40g-2) Op-y)

(xy33,1) = (yx§3,1) = [31dﬁkj33'h3l/“/1x21y2121/2(1.9\3_7\3.)(211/4] X

(5, 2cos 1+ 1, %stng) - 8ePnY Py g5ky33 5% A/
A4 @g A W3y + etk 33 53051 4 Ap#g) (11,0 /
LT 2 A wa-29) A-%3) ;5 =1, 2

(333,2) = (7%33,2) = [-7etky 33053/ 4/, 21,20, 1/22) 174 ()5-29) 1 x

(5T, 2sin - 1,1 2cos) - 82t/ 2kp33ky33 (N3~ /

25374 WhgRy) + ety 33 5t/ 4 Ayts) (1,1 /1,212 X
A4 g ) Ay2g)

(4) Auxiliary coefficients (U;ol,@;-3a,bc) = @@a,bc) :

In the following, i =1, 2 ; j=1, 2

(z,21,33)

(z,23,12)

-‘53/233?2513 j30#9‘3)/123%1/4%1/2(,\1_23) iR
§3(21+?\3)/3211/“(31-A3)][kjjjS3(9\3—7Rj)/9\j3/"(7\3-2j)
+ kg5 53C@A-AD AP @G - DAy -
5120 33/ S @A)

(23,20 = 13285049 (03255 + 082 (13 /1,° (-
A2, 0,4 - e &3 () 13314 (05090 ) x
[ 3+22-ADA /AT, sy 15/ (WA (AgAp) + Agrddy-
DA 4T k100l (W92 AgDg) = At/ 2 ket 337 (6
ADALE - AGL128 s 33/% 14 (403-Ap) ]




(z,23,33)

(z,23,13)

(z,23,23) =

111

1-2me &3 Qg #Ag) 130 M 4 QD) 1S gk 5522 + 2457 -
DDA G2 A3 + Sakpss 2,2 + 2252 -
A9 > 4 @wd0) Ay

(2,23,30) = 532282 C2 0¥, 11,01/ 14 Ay +
Laeh &3 g #hg) /31,20, /4041 4 gD ) 11225374 (2 1 #9)%
Sskras/ WD Qg Aphy /4 - A kg1 (6 -
VI ;:3k111/}1l/l'231/l'] +13/2252 53 oty /
1,%520,00) + Linen Gy Op#23) 131,22, 4N,/ 4 2,
AP 1AL 4231 405 3k1 33 Pyt2h=90) / (4735-A1) (Rp-Ag) +
A4 A D) S gea3a MM M2 @) - AMAGT x
k212 (BAyA) AL 20114 Dg) = 293048 gy 5191 o
“Ay-Ap1

(2,23,32) = 13/2a3% G2 a1, 5 2,14 0y 2g) +
[4ret 3 (A1#A3) /31,22, /405174 O 0g) 1 A 1/ 4agL/4T7 5x
k33 A+2hg-9hg) / (4250 Op-Dg) + 2514 @AgAp) (7 x
ky33/A1 Y 4 gy - A4 k100 (PDg-Ry) A0 2x
A4 WA - B4 Gk 15t 4 @A) + 13/ a5
53 11,301/ 49,1/2 Ry ha) + [t T330p#0g) /3 X
1,25 Q514 QD) 1TSS 4 2 3kp33 2A0¥) / (W32 X
A32293% = MM 01 20 k00 514 (WD) - S x

1/4 1/A
kp2a/By™ 3

(5) Auxiliary coefficients (G;«B;-3a,bc) = (xga,bc) :

(xyi,33)

(xx3,33)

xt,33) = 131283540y 121 2051 4 4 Ay-09) 1 1YY/
e N AR s PV b (I W ST R
- (yy3,33) = [—ﬁ3/2§3(7\j+'h3)a§y/1x1y12’)\j1/423l/2(;\j

-A s 3=1,2




APPENDIX XV

Coefficients (458 yfefs-3-)

The coefficients (A;dp,’(fz[*;—;—) appearing in the first sum of (4.6)
can be written in the general form

Chtpfies=s) = <2ﬁ/3>Z[s;o</&;m;-1(3;1»2f;—;m)
where [S;u(ﬁ;m;-] are the coeffi:ients of the first contact transform-
ation S, and (3;?{{&();—;m) are the coefficients in hé; they have been
listed in Table XIII and Appendix XI, respectively. Written in the
condensed form (u({b,’afféf)), the coefficients (4;0(@,’(52[0;—;—) are listed

in List A and List B below.

A. For X =p = x, y, or z,
ot f5ep) = (2ﬁ/3)([5;06(;1;-](3;3’52(;—;1) * [S;«X;Z;—](S;?rd’éf;—;Z))
The nonzero ones are:
Ga,xxxx), (yy,yyyy), (zz,zzz2), (xx,yyyy), (xx,zz22), (yy,zzzz),
(yy,xxxx), (zz,xxxx), (2z,yyyy), (xx,xxyy)=(xx,yyxx),
(xx,xx22)=(xx,22xx) , (yy,yyxx)=(yy,xxyy), (yy,yyzz)=(yy,zzyy)
(22,22xx)= (22 ,xx22) , (22,22yy)=(22,yyzz), (Xx,yyzz)=(xxX,22yy)
(yy,zzxx)=(yy,xxzz), (zz,xxyy)=(zz,yyxx), (xx,xzxz)=(xx,zxzX)
(yy,xzxz)=(yy,zxzx), (zz,xzx2)=(22,2x2x), (xX,yzyz)=(xX,zyzy)
(yy,yzyz)=(yy,zyzy), (zz,yzyz)=(zz,zyzy),
(xx, xyxy) = (xx,%Xyyx) = (xx, yxxy) = (xX, yXyX)
(yy 5 xyxy)=(yy ,xyyx)=(yy, yxxy) = (yy, yxyx)
(zz,xyxy)=(zz,xyyx)=(zz,yxxy)= (22, yxyx)

B. For z#d?‘ﬁ# z,
pysep = (20/3) [S 3003 35-1 (3s7f5EP3-33)

The nonzero ones are:
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List B, cont'd.
(xy,xxxy) = (yx,xxxy) = (xy,xxyx) = (yx,xxyx) = (xy,xyxx)
(yx,xyxx) = (xy,yxxx) = (yx,yxxx)
(xy,yyxy) = (yx,yyxy) = (xy,yyyx) = (yx,yyyx) = (xy,xyyy)
(yx,xyyy) = (xy,yxyy) = (yx,yxyy)
(xy,zxzy) = (yx,zxzy) = (xy,xzyz) = (yx,xzyz) = (Xy,zyzx)
(yx,zyzx) = (xy,yzxz) = (yx,yzxz)
(xy,zzxy) = (yx,zzxy) = (xy,zzyx) = (yx,22zyX)
(xy,xyzz) = (yx,xyzz) = (xy,zzyx) = (yx,zzyx)
(xy,zxxz) = (yx,zxxz)

(xy,zyyz) = (yx,zyyz)




APPENDIX XVI

Coefficients (A;e(pg’{;- ;ab)

The coefficients (A;u(p'({;-;ab) appearing in the second sum of (4.6)

can be written in general form
(45BYSi-3ab) = (Osepyyfs-sab) + (Rsgt, pgf3=5a,0) + (Ssalpglgs=3ab)
where (O;w{p‘{{;—;ab), (R;i,ﬁzz;—;ab) and (S;gﬁ_,zﬂ_{;-;ab) are auxiliary

coefficients to be listed in Lists (2) to (4) of this appendix. In

the condensed form (d@gfab), the coefficients (A;dﬁg’f;-;ab) are listed

in List (1).Only those with a = b actually contribute to hy.

(1) Coefficients 14,‘9{%{;—;&:) = So(ézéab) 3

In the following, &= X, y, z ; p=x, vy, 2z ;d#f) ;1&3=1, 2

(zoxzd1) = [(1-64,) /21495 ) 11 (Rz, 21, §)+(Ra, 2§ , 1) ]

(zd«zij) =

(ol ij) = EoAdji) = (Oobdoij) + (SeX,Hkij) +ﬁxz[(Rz,zzzi,j) +
(Rz,2223,1) 1/ (14813)

@ollol33) = (0letoBD) + Dy (Rz,22223,3)

(.Jo(pfsij) = (ol ppii) = (Pﬂnb(ij) = (PPoii) = (0uppij) + (1/2) X
[(Sobuppis) + (S Ppatin)] + [842/2(14515)1( (Re,ppai, i)
+ (Rz,ppzd,i)]

@oAPP33) = (pf&d»&) = (Ox/¢p33) + (&(z/z)(kz,z@p,a)

(2) Auxiliary coefficients (0;upyfi=;ab) = (Xpgrdab) :

In general,

(©OsupyTi-3ab) = (2N/3) [S3-3m;ab] (35prS-3m)

where [S;-;m;ab] are the coefficients of the first contact trans-

formation S, listed in Table XVI, and (3;0(@’3'&-;m) are the
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coefficients in hj, listed in Appendix XI.
A, Fora=b=1,2o0r 3, and for 3 # a # b # 3,
©sdpgfs-sab) = (20/3)[[S5-513ab] (Bspyls-31) +
[85-352;ab] (3;pY83-32)]
and the nonzero ones are:
(Aotclkaa) , (@HAR12) = Woel21), GEppaa), GpPL2) = (wXpp2l),
(xyxyaa) = (xyyxaa) = (yxxyaa) = (yxyxaa)
(xyxyl2) = (xyxy2l) = (xyyx12) = (xyyx2l) =

(yxxyl2) = (yxxy2l) = (yxyxl2) = (yxyx2l)

w

For (ab) = (13), (31), (23) Or (32),

©sapyfi-sab) = (20/3)[S5-333ab] (3slpyds-33)

There are a total of forty eight nonzero coefficients of this
type, seven of which are independent. They do not contribute

to the final Hamiltonian, and therefore are not listed here.

(3) Auxiliary coefficients (Rjof,87%(53-3a,b) = (o(,@")](:a,b) :
The form in which these auxiliary coefficients relate to the co-
efficients (4;“}’({;—;31)) is (R;g,mé;i,g), with the underlining
having the significance as explained in Appendix XIII.
In general,

R pT3-3a,b) = (-20/3) 2 [S3el5-5am] (3547 msb)

where [S;X;-;am] are the coefficients of the first contact trans-
formation S, as listed in Table XIV, and (3;?3’0(;m;b) are the co-
efficients in hj, already given in Appendix XII.
The nonzero (R;o(,ﬁg{;—;a,b) that contribute to the final Hamilt-
onian are:

(z,2001,3) = (z,0zi,j) = (=201/3)[S;523-313] (3;203333)




(%)

116

(z,kzki, 3) == (21/3) [S;23-313] (335%2¢3333)
(z,2003,3) =-(211/3) [[S;25-313] (320X 133) + [S;525-523](352¢¢3233) ]

(z,%2¢3,3) ==(211/3) [[S;25-313] (33023 133) + [S;e(ze(323] (350¢2¢5233) ]

In the expressions for the (o(,{‘/ﬂ’{a,b)'s above, &= x, y, z

i=1,2 andj=1, 2

Auxiliary coefficients (S;d&ﬁ&—;ab) = (e(ﬂ,a/trab) s

In general,

(SspaS-3ab) = (20/3) 3 (53 fbsms=] (3308 -5abm) (1+8,itbym)
where [S;c(p;m;—] are the coefficients of the first contact trans-
formation S, as listed in Table XIII, and (B;ﬁ;-;abm) are the
coefficients in h} , as given in Appendix XIV.

In the following, & = x, y, z ; ﬁ= X, ¥, 2 3o =(5 and o(#@

(ot pp11) = (211/3)[3[5:0(9(;1;-](3;?(5;-;111)"'[5;“"(;2;"](3;Fﬁ;';112)]
O, pR12) = (41/3) [[85o4515-1(33Pf3-3121)+[85%523-1 (33pp5-3122)]
o, pp21) = (4, pf12)

(k> p22) = [[85000315-1 (35BB5-5221)+[5;06323-1(3; B3 -3222) 1 (20/3)

In addition to the above, there are:
(xy,xy3i) = (xy,yxjj) = (yx,xyij) = (yx,yxjj) =
(211/3) [S5xy33;-1(35xy3-3333)

(xy,xyl2) = (xy,xy2l) = (xy,yx12) = (xy,yx21) = (yx,xyl2) =

(yx,xy21) = (yx,yx12) = (yx,yx2l)
(2n/3) [S5xy;3;-1(35%xy;-3123)

where j =1, 2, 3



APPENDIX XVII

Coefficients (4;opyS;ab;-)

The coefficients (lo;o(p’(ﬁ;ab;—) appearing in the third sum of (4.6)
have the general form
(hsotpy3abs=) = (O3pY¥3abs-) + (Rsx,Bx03a,b5-) +
(S39p,g8sabs-) + (UspySsa,bs-)

where (O;o(rf(g;ab;-), (R;o(,()’a’f;a,b;-), etc., are auxiliary coefficients
whose detailed expressions will be given later in this appendix. In
condensed notations, the nonvanishing (A;o{]b'(f;ab;-)'s that contribute
to the final Hamiltonian are listed in List (1), while Lists (2) to

(5) give the auxiliary coefficients appearing therein.

(1) Coefficients (4;«\?7')(5;ab;—) = (abupy$) :

In the following, %= x,y, z; P=x,y ;i=3=1,2

(Ljooioled) = (Jiotohodol) = (Okkeoki) + (Soik,uioi) + [de/(n%ij)] > 4
[(Rz,zzzi,j) + (Rz,zz2j,1i)]

(3Fso) = (0keteiB3) + (B + By) (Uottow3,3) + O, (Rz,22223,3)

(ijxxyy) = (Liyyxx) = (Jixxyy) = (Jiyyxx) = (Oxxyyij) + (1/2) X
[(sxx,yyij) + (Syy,xxij)] + [(Uxxyyi,j) + (Uxxyyj,i)]/
(1+543)

(33xxyy) = (33yyxx) = (Oxxyy33) + (Uxxyy3,3)

(13ppz2) = (Jippaz) = (OPpzail) + [1/2(14%;;)11(Rz,2ppi,5) +
(Rz,zpp3,1)] + (1/2) [(SPp,zzi]) + (Szz,ppil)] +
[(Uppzzi,3) + (Uppzzd,1)1/(14%43)

(33ppzz) = (0Ppzz33) + (1/2) (Rz,zpp3,3) + (Uppzz3,3)

(33z2pp) = (0zzpp33) + (1/2) (Rz,zpp3,3) + (Uzzpp3,3)
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(ijzz%)

(1jxyxy)

(33xyxy)

(ij z@zp)

(33szP)
(ijz(?apz)

(334 2)
(1ipzzp)
(33922?)
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(1122pp) = (0zzppii) + [1/2(14519)1[(Re,zppi,5) +
(Rz,2pp3,1)] + (1/2)[(Szz,'epij) + (5Pp,zzij)] +
[(Uzzppi,3) + (Uzzppi, )]/ (1+dgg)

3xyyx) = (ijyxxy) = (iyxyx) = (Jixyxy) = (jixyyx) =
(iyxxy) = (Jiyxyx) = (Oxyxyij) + (Sxy,xyij) +
[y, §) + (Uayay3, 1)1/ (14959

(33xyyx) = (33yxxy) = (33yxyx) = (Oxyxy33) + (Sxy,xy33)
+ (Uxyxy3,3)

(312p2p) = (ozpzpil) + [1/2(1+614) 1[(Re,p2pi,]) +
(Re,B2p3, )] + [(Uzpapi,3) + (Ugpzps, 1)1/ (14dyy)
(02p2p33) + (1/2)(Rz, z 3,3) + (Uz 2 3,3)

(izpp) = (1/2(14555) 11 (Re,2pp1,9) + (Rz,zppd, D] +
[(Uzppzi, i) + (Uzppzd 1)1/ (1+d14)

(1/2) (Rz,2fi3,3) + (Uzfpz3,3)

(ipzzp) = [(Upzzpi, ) + (UpzePs,i)1/(14%s5)
(Upz2p3,3)

Auxiliary coefficients (O;o(ﬁzfl'abj—) = (D‘Mrabz B

In general,

(O;D((}'(f;ab;—) = (2n/3) % [S;—;abm;—](3;4Pa{;-;m)(1+sam+3bm)

where [S;-j;abm;-] are the coefficients of the first contact trans-

formation S, listed in Table XV, and (3;¥P?§;—;m) the coefficients

in h}, listed in Appendix XI.

Listed herein are only those (0;«9?(;;31);—)'5 that contribute to

the final Hamiltonian. They can be obtained from the general form-

ula above, with m running from 1 to 2 only.

In the following list, o{& @ = x,y,z o #f; Y= %y s i85 = 1,2



3)

(4)
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(o ij) = (i 3i), (Wd33), (zqzyil) = (zfzofii), (2%2933),
Ceppij) = Oxppii) = (Boii) = (PfKGi), (ppik33) = (Bpex33),
(xyxyij) = (xyyxij) = (yxxyij) = (yxyxij) = (xyxyji) = (xyyxji) =

(yxxyji) = (yxyxji), (xyxy33) = (xyyx33) = (yxxy33) = (yxyx33)

Auxiliary coefficients (R, fyd;a,b;-) = (X,pyfa,b) :
A

In general,
RsotspyS3a,b3-) = (20/3) 2 [Siosams-1(35p353b5m)
where [S;«;am;-] are the coefficients of the first contact trans-
formation S, listed in Table XV, and (3;0(@35;1:;111) the coefficients
in h3, listed in Appendix XII. Of the possible combinations of the
vibrational operators' indices, a and b, only the following ones
yield contributing auxiliary coefficients («,#a’fa,b):
A.b=j=1,2 ;a=1i=1, 2, for which the general formula
above reduces to
@sotof$it,53) = (20/3) [839:435-1 (330153153)
B. a = b = 3, for which the above formula reduces to
R,y 533,35-) = (21/3) 118503135-1 (35 833510+ [83¢3235-1 X
D)
For these two cases, Table XIV and Appendix XII yield:
(z,2z006i,j) = (z,axzi,j), (z,z0#(3,3) = (z,6x23,3),
(z,92z¢1,3), (z,42X3,3),
where (= x, y, z ;1&j=1,2

Auxiliary coefficients (S;#8,(§;ab;-) = («8Sab)

In general,
(3500, 53ab3-) = (20/3) 3 [S5elpsms=] (35783 ab3m)

where [S;o(#;m;-] are the coefficients of the first contact







(5)
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transformation, listed in Table XIII, and (3;/K$;ab;m) the coeffi-
cients in h:‘i’ listed in Appendix XIII. Of the nonvanishing
(S;.,/?,fﬁs;ab;—)'s, only the following ones contribute to the final
Hamiltonian:
Ac (S5l spP31337) = (SsoepB3343-) = (20/3) [[S3et 515-1(3;pB31531)
+ [8506(32;5-1(3;pp31352) ]
(S50t pp3335-) = (20/3) [[S3ebl315-1(3;£P3351) + [Sioet325-1 X
(3;2p:3352)) s ol&p = x,y,2z ; 183 = 1,2
B. (S;xy,xy;i;-)=(S;xy,yx;13;-)=(S;yx,xy;13;-)=(S;yx,yx;1j;-) =
(S3xy,xy;33i5-)=(S;xy,yx;31;-)=(S;yx,xy;3i5-) =
(S3yx,yx33i3-)= (21/3) [S3xy;3;-1(3;3xy;1533)
(S3xy,xy;33;-)=(S;xy,yx;33;-)=(S;yx,xy;33;-)=(S;yx;yx;33;-) =

(20/3) [S5xy33;-1(35xy333;3) 5 1&§ = 1,2

Auxiliary coefficients (Uspy($;a,b;-) = pyba,b)

In terms of the coefficients [S;u(ﬁ;a;-] in Table XIII and the co-
efficients (2';0({5’6;17;—) to be given at the end of this appendix,
the nonzero contributing (U;dp’xx;a,b;—)'s are listed below. In
this list symbols and separating semicolons are omitted from the
corresponding coefficients, i. e., [S;dp;a;-] and (2';«pYsb;-) are

written in the condensed notations (;({éa) and (o(f;"b), respectively.

(xxxx3,3) = 2fi(xy3) [2(zxx3) + (x2x3)]
(yyyy3,3) = -2h(xy3) [2(zyy3) + (yzy3)]
(xxyy3,3) = (yyxx3,3) = -fi(xy3)[(xxz3) - (yyz3)]
(xxyyi,j) = (yyxxi,j) = ti(yyi) [(zxy)) + (xzyi)] -

A(xxi) [(xyz3) + (xzyd)]
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(xx223,3) = (2zxx3,3) = h(xy3)[(xzx3) + (zxx3) - (2223)]
(xxzzi,j) = (zzxxi,j) = h(xxi)[(xzyj) + (xyz3)] -
N(zzi) [(yxz3) + (xyzi)]
(yyz23,3) = (22yy3,3) = h(xy3)[(yyz3) + (yzy3) - (z223)]
(yyzzi,j) = (zzyyi,j) = h(zzi)[(xyzj) + (yxzj)] -
h(yyi) [(yxz3) + (yzxj)]
(xyxy3,3) = (yxyx3,3) = N(xy3)[(yzy3) - (xzx3)]
(yxyi,j) = (yxyxi,j) = 28[(yyl) (xyzj) - (xxi) (zxyj)]
(zxzx3,3) = (xzx2z3,3) = h(xy3)[(z2z23) - 2(zxx3)]
(zxzxi,j) = (xzxzi,j) = 20[(xxi) (zxyj) - (zzi) (xzyj)]
(zyzy3,3) = (yzyz3,3) = h(xy3)[2(zyy3) - (z223)]
(zyzyi,j) = (yzyzi,j) = 2h[(zzi) (xzyj) - (yyi) (xyzj)]
(yxxy3,3) = -2fi(xy3) (zxx3)
(yxxyi,j) = 2h(yyi) [(xzyj) + (zxyj)]
(xyyx3,3) = 2fi(xy3) (zyy3)
(xyyxi,j) = -h(xxi) [(xzyj) + (xyzj)]
(xz2x3,3) = 2(xxzz3,3)
(xzzxi,j) = 2h(xxi) [(xyzj) + (zyxj)]
(yzzy3,3) = 20(xy3)[(zyy3) + (yzy3) - (zz23)]
(yzzyi,j) = 2(yyzz3,3)
(zxxzi,j) = -2h(zzi) [(xyzj) + (zxyj)]
(z-yzi,j) = 2h(zzi) [(xyz]) + (zxy])]
In the above list i & j = 1, 2 ; not every one of the coefficients
is independent of the others.
The coefficients (2';4gyib;~) appearing in the preceding list are

closely related to the coefficients (Z;KP’;b;-) in Appendix IV. They




are as follows:

(2'3522233;-)
(2" 52xx33;-)
(2';2yy33;-)
(2" 5xzx335-)
(2" 3y2y33;5-)

(2"5xzy333-)

(2'5xyz3335-)

(2"5yxz335-)
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(2/3) (2322233;3-)
(2" 3xxz33;-) = (2/3)(2;2xx;3;5-)

(2'3yy233;-) = (2/3) (252yy33;-)

(1/2) (2;x2x;33-)
(1/2) (25y2y33;-)

(2'3yzx333-) = (1/2)(23xzy333-)5 § =1, 2

(2'32yx333-) = (2/3) (25%92333-) - [af?(Ix-Ty) -
a1/ 26,1, 1, A 432 g =,
(2"5zxy3357) = (2/3) (23yx2333°) = [a](LTy) +

24 3/4.3/2 g
agfylz]/zuxrylz A4 1453/ s 3=1,2




APPENDIX XVIII

e
Coefficients (MQW,&f!—!—) in h,

The coefficients (4!0(9’(,5&{7!—!—) in the second term of the first
equation in (5.7) can be written in general as
g b pi=to) = (0/2) 3 [ospy s-im] (23 8ep smi-)

where [o‘;o((yo’;-;m] are the coefficients of the second contact trans-—
formation ¢, listed in Table XVIII, and (2;&]);11\;—) the coefficients
in hj), listed in Appendix IV. The nonzero (awm,igjol-z-)'s all con-
tribute to the final Hamiltonian; they are listed below in the con-
densed notation (u(f}’b’*gaf) adopted in Chapter 5. Use has been made of

Table XVIII to express [o';mg(;—;m] in terms of (Z;D((B’J;m;-).

A. In the following, X &f =x,y 3 o(#ﬁ
(zzz%z22) = (—‘l’T/ZA;I'/Z)(2;zzz;3;—)2
(zzz*o(z) = (zzz%2dX) = KXz*z2Z) = (Zdol*22Z) =

(w2242

) (252225335-) (252043 35-)
(zzz%dzd) = Xzot*z22) = (-ﬂ/2231/z)(2;222;3;—)(2;e(z'><;3;-)
(ol z¥o(oz) = (KAz*zoX) = (zodk*0Wz) = (z0k¥zold) =
(1/205%2) (2520003 33-) 2
CAz*ppz) = GAz*zpp) = (aobiphz) = (zot*zpf) = (pharokz) =
(Bharzoc) = (zpproctz) = (zBprzoe) =
(1720512 (25 2066,33) (25283337
(ol z¥okzd) = (zol*dzl) = (Azok*Kedz) = (Azothzokod) =
(a11/ 28512y (25205 35-) (2303 33-)

Gt 2¥pzp) = (2*pzp) = (pzroblz) = (BzB¥zop)
1/2>

(<0/2037 ) (2320 35-) (23285 33-)
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(Xzo*o(zod)
(o{zv(*p 2 )

. (xyz*xyz)

(xzy*xzy)
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(—11/29(31/2) (25020335-)

(pzprotz) = (-11/2231/2) (23%2335-) (23B2p3535-)

(xyz*zyx) = (zyx*xyz) = (zyx*zyx) =(-h/2) X
[(2;xy2;1;-)2/?\11/2 + @sxyz3239) 2,02
(xzy*yzx) = (yzx*xzy) = (yzx*yzx) =(=11/2) X

[@sxzys13-)2/4 Y2 + @sxey;25-) 20,12

(zxy*yxz) = (yxz*zxy) = (yxz*yxz) = (-1/2)X

[@32xy313-) /A2 + 25axy525-) 272,12

(xyz*zxy) =

(xzy*zxy) =

(xyz*yzx) = (zyx*xzy) = (zyx*yzx) = (xzy*xyz)
(xzy*zyx) = (yzx*xyz) = (yzx*zyx) = (-1/2) X
[(Z;XyZ;l;-)(2;xzy;l;-)/9\ll/2 + (25xy2323-) X
(2;xzy;2;—)/9\21/2]

(xyz*yxz) = (zyx¥*zxy) = (zyx*yxz) = (zxy*xyz) =
(zxy*zyx) = (yxz*xyz) = (yxz*zyx) = (-1/2) X
[(Z;xyZ;l;-)(2;zxy;1;-)ﬁ‘11/2 + (25xyz325-) X
(252xy;325-) /)\21/2]

(xzy*yxz) = (yzx*zxy) = (yzx*yxz) = (zxy*xzy) =

(zxy*yzx) = (yxz¥*xzy) = (y ) = (-n/2) X

1/2

[(25x2y313-) (232xy313-) /A © + (25x2y325-) X

@32xy323-) /A1)




APPENDIX XIX

Coefficients (4!«py,§1-1ab) in h,°

The coefficients (4!9(93’,?!—!31:) appearing in the second term of the
second equation in (5.7) are of the following general form:
(Wlepy§i-tab) = (-6/2) [S34pgh-3m] (2355msab)
where [6;0(”;—;\:1] are the coefficients of the second contact trans-
formation, and (2;{;m;ab) the coefficients in h): they are listed in
Table XVIII and Appendix VIII, respectively. It was mentioned in
Appendix XVI, that , of the coefficients listed therein, only those
with equal indices of vibrational operator, a = b, actually contribute
to the final Hamiltonian. This holds true also of the coefficients
listed in Appendix XVII, which is why the condition i = j was imposed
in the beginning of the listing. As a matter of fact, this condition
of vibrational diagonality covers all quartic coefficients in the

4

fourth-order, twice transformed Hamiltonian h,-. Therefore, the coeff-
icients with a # b will not be included in the list below. Again, the

condensed notation adopted in Chapter 5 will be used here.

(zzz*z3j) = (-0/2)[0c5222;-53](252;53;535)
(zo*233) = (ofAz*2z33) = (-17/2) [T3zo6;~53](2;253;333)

Kzx*zjj) = (-1/2) [O5za;-353]1(25253333)

In all the coefficients listed above, j = 1, 2 and &= x, y
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APPENDIX XX

Coefficients (4!e(p,yS!-1ab) in h,°

The coefficients (A!ulp,zjf!—!ab) appearing in the third term of the
second equation in (5.7) has the following general form:

(4P ,]’f!-!ab) = (H/Z)Zm [G';o(p;m;a](Z;’({;mb;-) (8 +$bm)
where [c‘;o(@;a;m] are the coefficients of the second contact trans-
formation, and (Z;Xf;mb;—) the coefficients in h); they are given in
Table XIX and Appendix V, respectively. Of the nonvanishing coeff-
icients (lo!o(#,’{‘l—lab), only those that really contribute to the

final Hamiltonian are given in the following list:

e BELL) = (1/2) [2[0%tet; 1311 (2;pp35-311)
+ (650452511 (25 pB;-312) ]
(Expp22) = (11/2) [[T3oi31521 (23pB3-312) +
+ 2[03932;2] (2;pB5-522) ]
(% B33) = H[0750¢5353] (23 3-3533)
(xy*xyjj) = (xy*yxjj) = (yx*xyjj) = (yx*yxjj)
= (11/2) [o5%y ;33531 (25%y3-333)
(xy*xy33) = (xy*yx33) = (yx*xy33) = (yx*yx33)
= (0/2)[[05xy;153](2;5xy;3-513) +

[6%xy 323531 (2;xy3-3523)]
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APPENDIX XXI

Coefficients (Md,p’x{!-lab) in hl»@

The coefficients (é!d,@’(fl—lab) in the fourth term of the second eq-
uation in (5.7) can be expressed in general as:

(4100, Pyfi-tab) = (-1/2)*E [67set3-3mab] (25 frSims=) (L + B + Op)
where [65(;-;mab] are the coefficients of the second contact trans-—
formation, and (Z;ﬁaff;m;-) the coefficients in hé; they are listed in
Table XXI and Appendix IV, respectively. The symbol *§ denotes the
summation over m and over all permutations of (mab), subject to the
restriction: left index ( middle index  right index.

Listed below are the coefficients (4!“,&(:!—!3})), written in the con-
densed notation («*pyfab) introduced in Chapter 5, that actually con-

tribute to the final Hamiltonian.

(z%22233) = (-1/2) [0325-3333) (252223 33-) (14285 3)

(z%ckzjj) = (2%zoxi})

(1/2) [05253.333] (23023 35-) (1428 § 3)

(Ftetd) = (D/2)[0523-3333) (23ezet; 35-) (1428 ;)

In the coefficients listed above, ol = X,y and j =1, 2
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APPENDIX XXIII

Coefficients (lolb(@,’(g!ab!—) in hb@

The coefficients (4!op ,’nglab!—) appearing in the third term of the

third equation in (5.7) are of the following general form:

(41apyySiabto) = (/22 [Oo(psasn] 2370 5mb3) (14dyg)

where [G';o(@;a;m] are the coefficients of the second contact transform-

ation, and (Z;Zs;mb;—) the coefficients in hé; they are given in

Table XIX and Appendix V, respectively. Of the nonzero (4!9(# ;Ja/!ab!-)

coefficients, only those that actually contribute to the final Ham-

iltonian are

(abop*yf) of

(L1etkpp) =
(220 %) =
(3304BB) =

Gixy*xy) =

included in the following list. The condensed notation

Chapter 5 is used here.

(-1/2) [2[075003 1511 (25 B3 115-) + [030063152] (25 pB3125-) ]
(1/2) 11073032511 (25 p3125-) + 2[T30¢32;52] (25 B;225-) ]
“h[G30;33;3] (2;885335-)

Gixy*yx) = (Giyx*xy) = (Fiyxryx)

(-1/2) [[3xy;3;11 (2;xy3135-) + [O3xy;3;2](25%y;23;5-)]

In the coefficients listed above, X&f3 =x,y,z , j=1,2
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APPENDIX XXIV

Coefficients (41of,pyftab=-) in h;C

The coefficients (4!, ﬁ’a’glab!—) in the fourth term of the third eq-

uation in (5.7) can be written in general as follows:
(4o, pyBtabl-) = (<R/2)Z [Tiabim] (23 pfdsms-)

where [(o;ab;m] are the coefficients of the second contact trans-
formation, and (2;&7{5;\!1;-) the coefficients in hé; they are listed in
Table XX and Appendix IV, respectively. Here are the nonzero, contrib-
uting (4!d,p8’g!ab!—)'s, written in the condensed notation (abb(*ﬁwg)

adopted in Chapter 5:

(3jz*zzz) = (-8/2)[ ;2333;31(2;222;3;5-)
(Giz*xze) = (<8/2)[ 3233333](250(233;5-)

(Jiz*dkz) = (jiz*zax) = (-1/2)[0732;35353](250z335-)

In the coefficients listed above, %= x, y and j = 1, 2, 3
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