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ABSTRACT
ON THE EXISTENCE AND NONEXISTENCE OF PERIODIC

ORBITS IN A NEIGHBOURHOOD OF HOMOCLINIC
AND HETEROCLINIC ORBITS

By

Mohammad Riazi-Kermani

We show that the eigenvalues of the linearized
system determines the existence or nonexistence of
periodic orbits in a neighbourhood of a homecclinic

or heteroclinic orbit in IR2 and IR3

for autonomous
systems. We also show the existence of periodic orbits
in the modified logistic equation corresponding to the
central difference scheme by the method of averaging.

The existence of a heteroclinic orbit is also proved

in the modified logistic equation.
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INTRODUCTION

It is well known that the numerical approximation
of the solution of an initial value problem for an
ordinary differential equation requires many precautions
to be successful. One way of investigating the adequacy
of numerical schemes is the introduction of the concept
of modified equation. The logistic equation

X =ya-y) ¥y =y, (1)

has been studied by M. Yamaguti and S. Ushiki. 1In
particular, these authors studied the central difference

scheme

=u_ (1 -u) n=1,2,..
n n
(2)

with uj =y, and u, = yO-Phyo(l -Ye)

The results exhibit the phenomenon of the so called
"ghost" solution.

The iterative scheme (2) may be recreated again

in continuous form by inserting the taylor expansion



2
u oy = u((n £1)h) = u(nh) ihu'(nh)%—%T u” (nh)
. 4
+ 3T u“(nh) +0(h ")

If we put again u(i)(nh) = u(i)(t), the equation (2)

2
becomes %; ua”(t) +u’(t) = u(l -u)-FO(h3) with
u(0) = yg. u’(c) = Yo(l =yg) . u’(0) = (1 -2y5) (1 -y4)yg-
We call
e2u”(t) +u’'(t) = u(l -u) (3)

the modified logistic equation.

The first two chapters of this manuscript are devoted
to the existence or nonexistence theorems in neighbourhoods

of homoclinic and heteroclinic orbits in IR2 and R3 .

The existence of periodic orbits in (3) is shown in
Chapter 3 and Chapter 4 is devoted to the existence of

a heteroclinic orbit in (3).

Some graphs made by computer are also included.



CHAPTER 1
The existence and nonexistence of periodic orbits in
a small neighbourhood of homoclinic and

heteroclinic orbits in R?

Flows on R2

1.1. Neighbourhoods of homoclinic orbits in R2

Consider a system of two differential equations

}.( = f(x) (1)

where f is c2 and f(0) = O. Assume that the

eigenvalues of the matrix A = f'f0) are -\ and a where

a>0, x>0 and a -\ # O.

Suppose there exists a homoclinic orbit issuing from

O and returning to it as shown in Figure 1.



By the Stable Manifold Theorem, in a sufficiently small
neighbourhood of O there exists a stable manifold and
an unstable manifold corresponding to the negative and

positive eigenvalue of A respectively.

Since periodic orbits are topological invariants of the
space, following the ideas of the Grobman-Hartman theorem we
may assume that the system (1) is linear in a neighbourhood
V of the hyperbolic point and also we may assume the
stable and unstable manifolds are coordinate axes in that
neighbourhood.

The linearized system then has the form:

X = -AX
A >0, a>o a-\A ¥ 0 . r2)
y = ay

Without loss of generality we can assume that the
points (0,1) and (1,0) are in V. The lines x = 1 and
y = 1 are transversal to the solution curves of (2)

passing nearby (1,0) and (0,l1). (See Figure 2)

Figure 2



Let us define: S, = {(l,y) :0< y 1} and

S, = {fx,1) :0 < x 1}, Starting at t = O, from

(l,yo) € SO and following the trajectory, we get:

x(t) = e Mt
(3)
yit) = yoedt
Therefore at t = %% in (yo) the trajectory hits S,
-x(—';l):.n(yo) %
at the point x = e =Yg = yg, where

y = 3 # 1. We define the map T, :S, = S by
a N 0] 0 1

_ a
A
Since vy > O, yoa tends to O as Yo tends to O .

Therefore if we define To(l,o) = (0,1), then T0 is

continuous on SO' Since the point B(0,l) 1is mapped by
the homoclinic orbit on the point A(1,0), from theorems
on the continuous dependence of solutions on initial value

and from the transversality of Sl' the correspondence map,

T1 is defined and is as smooth as f in some neighbourhood
T
Sll =8, N {(x,y) : x2 + (y-1)2 < ri} onto
r
2 2 2 2
So” =S4 N M(x,y) : (x=-1)"+y grz}.
Consider the composite function T,T : st + 8% and
170 0 o
let T = TlTO‘ Then T(0O) = O.
Suppose Tl(x) = le4-32x24-h.o.t. Then T(y) =
- 2 — Y 2y
TlTo(y) = BlTO(y) +62(T0(y)) +h.o.t. = B,y +B8,y" +h.o.t.
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4 - y-1 2y-1 .
dY(T(y)) = ByvYy + 2y82y +h.o.t. By 1is the

derivative of the correspondence function. Therefore Bl # 0.
Since v # 1, T’(y) tends to zero in case
vy > 1 and goes to infinity in case vy < 1. Therefore

T cannot have any fixed point near zerc and different

from zero. (See Figure 3) <(y)

X

//1 Y

Figure 3-a: (0 < vy < 1)
X

TW)

'}
<

Figure 3-b: (y > 1)

The following theorem is the direct result of the above

discussions.

Theorem 1.1. If the sum of the eigenvalues of the

linearized system at the hyperbolic point is different
from zero, then there exists a neighbourhood of the

homoclinic orbit without any periodic orbit.



1.2. Neighbourhoods of heteroclinic orbite in ]R2

Systems of differential equation in ZRZ with hetero-

clinic orbits joining two critical points appear naturally

in science. For example the pendulum equation
X+sin x = 0
has its solutions on the level curves of

G(x,y) = %-yz'-cos x =K

where y = x. Therefore in the (x,y) plane for k = 1 the

trajectories are hetroclinic orbits joining the critical
points (-7,0) and (7,0). In the above example the
eigenvalues of the linearized system at pl(-v,o) and
pz(v,o) are 1, and every trajectory starting at a
point inside the region bounded by the hetroclinic orbit

is a periodic orbit. The existence of periodic orbits in
a neighbourhood of the hetroclinic orbit depends on the
ratio of the products of positive and negative eigenvalues,

namely:

Theorem 1.2. Let

x = f(x) (1)

be a 2-dimensional ordinary differential equation with
P1 and P, hyperbolic critical points, and let A < o,

Py > O be the eigenvalues of the linearized system at. Pi‘



PPN
If v = 0192 # 1, then there exists a neighbourhood
172

of the heteroclinic orbit without any periodic orbits.

Proof: We use the method of point transformation,

assuming that the system is linear in a small neighbourhood

of Pl'
- ‘\'1:‘ w
%)
T\
L
Sy
Sy
__JTQ‘/’
Figure 4
Without loss of generality we assume that Pl = 0 and

the stable and unstable manifolds are the coordinate axes.

Let §, = fr-l,y) : 0y < 1},

S, = {(x,1) : -1 { x ¢ 0} and T,:5, +85, be defined

as follows.

Since Sl and 82 are transversal to the trajectories

of (1), starting at (—l,yo) the trajeftory will hit
1

S, at a point fx where x Pl . Dpefine

2 or1)s o~ Yo
M

T].(_l'Y) = (x,1) = (Y



Sa

As

S

\

Figure 5

Similarly we define the map T3 :83 - S4 in a neighbour-

hood of P,. A

Figure 6

Applying the Hartaman-Grobman theorem in a neighbourhood
of Pz and parametrizing the stable and unstable manifold
such that P2 = (0,0), and the stable manifold is

yl-axis and the unstable manifold the xl-axis, in that

neighbourhood of P2.

1f S, = {(xy,1) :0 < x; ¢ 1], and if

Sy = {(l,yl) :0 < ¥ < 1}, then the map T5:S; >~ S, is
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defined and a similar computation shows that

2
P2
Tq(xl,l) = (l,xl ).
Since the branch of heteroclinic orbit joining Pl
to P2 takes the O of 82 on the zero point on S3,

82 and 83 are transversal to the trajectories, the

correspondence map

is defined for a small neighbourhood of O, and it is

analytic. Therefore we can assume

2
T2(x) = o X+a,X +h.o.t. (a1 # 0)

S, » S to be the

Similarly we define the map T4 :S, 1

correspondence map and assume

2
T4(yl) = Blyl+-82y24-h.o.t. . (8, # 0)

The map T = T4 oT3 o T, oT1 :S1 - S1 is defined and
continuous on a small neighbourhood of O on that side
of Sl which is the interior of the region bounded by
the hetroclinic orbits.

We are interested in the right-hand derivative of

T at O. Applying the chain rule, we get

' _ r.mpt ! !
T~--T4 T3 T2 Tl.
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Yiva~l M
Therefore near zero, T’'(y) = ay where vy, = o
1
2 .
and vy, = 5, Since we assume v = y,v, ¥ 1, we get

T (y) = as y = O .
= if vy ¢1

In either case there is no fixed point of T’y) near y = O,
there is no periodic orbit in a neighbourhood of the hetro-

clinic orbit.

In case vy > 1, the hetroclinic orbit is attractive
from inside. Therefore starting at a point near the hetro-
clinic orbit the trajectory will intersect a transversal
to the hetroclinic orbit infinitely many times making a

sequence which is convergent to the point of intersection.

When the distance between two consecutive terms of the
above Cauchy-sequence is less than the round off error of
the computer, then solving the differential equation by
computational methods results in the so-called ghost
solutions. The one dimensional picture looks like the

following:

" \ [ A\
\ / (.

Figure 7
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The flat parts of the graph in Figure 7 corresponds to
the long time which the trajectory remains in the small
neighbourhoods of the critical points and the steep parts
correspond to the short time which the trajectory takes to

pass nearby the remainder of the heteroclinic orbits.



CHAPTER 2
The existence and nonexistence of periodic orbits in
a small neighbourhood of homoclinic and

hetroclinic orbits in P?

Flows on R?

In the case of three-dimensional systems of
autonomous differential equations it has been shown by
P.L. Silnikov that if the eigenvalues of the linearized
system at the hyperbolic point satisfy vy > =-A > O where
eigenvalues are: v > O and A *iw, the existence of
a homoclinic orbit issuing from O and returning to it
results in the existence of a denumerable set of periodic

orbits in any neighbourhood of the homoclinic orbit.

We use the Hartman-Grobman theorem to give a more
geometrical proof of Silnikov's theorem, showing also the
existence of a neighbourhood of the homoclinic orbit
without any periodic orbit under the condition O < vy < =X
where the eigenvalues of the linearized system are Yy and

A+ iw.

We suppose the system is linear in a small neighbour-
hood of the hyperbolic point O, and assume the box

[-1,1]3 is contained in that neighbourhood.
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The motion is governed by the system:

X = AX - wy

Yy = wX+y (1)
z = vz
Starting at a point /x.,yY.,2Z.) on the cylinder x2+y2=1
7o’'f0’"0 ) 0

the solution curve would be according to (1)

X(t) = e)‘t(x cos gyt =y singt)
(0] (0]
At .
yit) = e (x031nwt+ Y cos wt) (2)
~rt
( = e .
zlt) e zO

The point of intersection of this trajectory with the

plane 2z = 1 1is found easily from (2) as follows:

z{t) =1
t = —1- in (zi)
f o)
- A 1 A -\
=4n () = =
eXt = e zo' _ (_L4Y - ZOY
20
-\ |
r v 1 1 . 1 —
— H N G — - l— /
X = 24 (xgcosu(y zn(zo)) YoSinu(T4n zy)) )
-\ '
= 5 Y : 1 1 1 -
{y = zO (XoSlnw(Y zn(zo))+yocosw(y zn(zo)))
z =1
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-2
This point is on a circle of radius zOY: therefore
circles on the cylinder x2+y2 =1, 0< 2z 1l will be

mapped onto circles on the punctured disc 2z =1,

0 < x24-y2 £ 1. We will call this map T,.

Figure 8

Under To each point of the cylinder will trace a funnel

which is invariant for the system (2) in the time interval
necessary to reach the plane z = 1.

Since zj = e-yt, Yy > 0 where t 1is the time

necessary for X, =:(xo.yo,zo) 0

gets closer to the stable manifold, To(xo,yo,zo) gets

to hit z =1, as X

closer to the unstable manifold in longer time. This

correspondence is illustrated in Figure 9.
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ofN
14

Figure 9

Without loss of generality we may assume that the
homoclinic orbit passes through points (1,0,0) and
(0,0,1). Therefore the point (0,0,1) maps to (1,0,0)

in a finite time t.

By the continucus dependence of solutions on the
initial value, there is a neighbourhood of (0,0,1) which
will be mapped onto a neighbourhood of (1,0,0) by the
trajectories of the system x = £(x).

Since the cylinder x2+y2 =1, |z|] 1 is transversal

to the solution curves of ‘2), we can define the correspond-

ence map from the points on = 1, nearby (0,0,1)

z
. . 2 2

and the points of cylinder x“+y~ =1 nearby (1,0,0).
We call this map Ty and by the Implicit Function

Theorem Tl is as smocth as the function £f.

We define a new coordinate system on the cylinder

as follows:

For any point (x,y,2z) near (1,0,0), we define



s = sin~t y
u=z
Then s = cos™'x because x24-y2 =1,

We define T1 to be the correspondence map from

points on z =1, near (0,0,1), and define a new
coordinate system by Ax = X, Ay = y. The correspondence

map T can be expressed as: T, = (fl,fz), where

1 1

fl(Ax,Ay) alax4-a2Ay+-a3Axay4-h.o.t.

fz(AX.Ay) Ble+ B LY + B3AxAy+ h.o.t.

The composite map T = TlTO is defined on a small
neighbourhood of O, and maps the point ’s,z) to the

point (fl(AxtAY) ) fz(Ax rAY) ) where;

(ax = Trl(TO(cos s, sins, z))
=i
=z ' (cosscos $ Ln(—z];) —sinssin% zn(%))
ﬁ Ay = rrz(To(cos s,sins, z2))
=X
L =z ¥ (cos ssin%{’- zn(%) + sin s cos —:’(1 zn(—;—))

Therefore,
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fl(AonY)
-\
= A X 1 g in X Y
= a,z (cos s cos y in(7) -sinssin v inf>))
-\
Y J tu_ ..l_ 1 ﬁ /i
+ a,z (cos s sin v zn'z) +sin s cos Y in z))
=2\
+ z ! hlls,z)
4
f2 AX,4Y)
-\
= Yo 2 /l - si in ¥ (l
Blz cos s cos Y in z) sin s sin Y in z))
=2
Y i (N L ; M L
+ B,y2 (cos s sin y 4n‘=>)) + sin s cos y 4n’'>)))
-2\
+ 2z n Is,z)
2

where hl(s,z) and hz(s,z) are bounded functions

near (0,0).

We are looking for the fixed points of the map T

near '0O,0) that is the solutions of the system



vir

r

>

{ -

A
2 Y

or simply:

Let

gl(s,z)

near z =

Let

-n

Y ~ 1
z [(alcoss-+a251ns)cos( v zn(z))

i in(L gnt Y
+ (c:(2 cos s - oy sins) 51n(y l,n(z))]+z hl(s,z)

. W
- (
[(Blcoss-l-13251ns)cos(Y in

: ) 1 Y
L -+(Bzcoss-Blslns) s:Ln(Y zn(z»]+z hz(x,z)

138

@
=2\

1
=))
z _2)\

£ =
l(s,z) = s
%*
fz(s,z) =z .
gl(s,z) = fI(s,z)-s; we show that the eguation

O could be solved for s as a function of =z

O, for positive values of z.

€ > O be small enough that the function

is defined for (s,z) &€ [-7,7] x [0,¢€].

Pl B
|+

Figure 10
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Since TlTO([-v,v] x 1z)) 1is homeomorphic to
TO([-v,v] x {z)) which is a circle, identifying (-=,z)

and (7,z) we get

T(-7,z) = T(—,2z)
* *
which implies fl(—v,z) = fl(r,z).
[ * ‘
If fl(—v,z) = -T oOr fl(v,z) = 17, then we define
s(z) = -1 or s(z) = +m, respectively. Otherwise gl(—v,z)

and gllv,z) have different signs. In this case by the
intermediate value theorem glls,z) = O for some

s € (=m,m).

Now we show the uniqueness of s. Suppose f*/s ,2) =

171

*
s, and fl(sz,z) = 52. Then gl(sl,z) = O and
gl(sz,z) = O, Therefore by the mean value theorem
3g9,(s.2) B
—3s = O for some S < s <K S5- ut

* -\

3f.(s,z) -

3gq(s,z) _ °71 -, Y _ -
>s = Y -1=2z [B(s,z)] -1 where B(s,z) 1is

bounded in s and z. Therefore for 2z small enough,
-\

|z Y [B(s,2)]]| < %. Hence s = s(z) for some

|z| < v. Then substituting in f;(s,z) = 2z, we get

-\
Y i @, L
z [(Blcoss+6251ns)cos(Y zn{z))
i in Loyt
+ (32COSS-6151nS) sin Y(zn(z))]
=2\
+z ¥ hz(s,z) =z . (4)
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Substituting =z = e Yt in (4) we get
At .
e [(Blcoss-+stlns)cos yt
+ HB2 cos s -Blsins)sin wt] +e2)‘t h2(s,t) = e"Yt.

We also need the continuity of the function s = sfz) 1in
t. Since 2z = e"')‘t is continuous in t, it suffices to

show that s(z) is continuous in =z. !

Let z_ = z. We show that s(zn) %+ s(z) by proving

that the only limit point of s(zn) is s(z).

Suppose s(z_ ) =s % a. Since by definition of
n n
k k
s , f(s_ ,z_ ) =s_ ,and since f 1is continuous,
Py e Pk P
z »z, 8, =2a-= fis 'z ) = fla,z) .
My 13 D Bk
Therefore ffa,z) = a. Definition and uniqueness of s(z)

imply a = s(z).

Since s(zn) € [-7,7m], it has at least one limit
point by Boltzano-Weirestrass theorem. The above argument

shows

lim s(zn) = lim s(z ) = s(z) .

At

Let f(t) = e [(Blcoss-fﬁzsins)cos wt +

(32 cos s - Bl sins)sin gt + ekt

ekt

hz(s,t)]. Since )\ < O,
hz(s,t) % O exponentially as t = ». Therefore f£f(t)

is an oscillating function, and
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k. eMt At

2 < lfe) ] < ke

for kl and k2 positive numbers.

In case y > -\ the curves f(t) and e M nave

e

infinitely many intersection points as t 4 «», and in

case vy < -\, the function e‘(t dominates the functions

At At

k,e eventually and there will be no

1
*
intersection points for t > t .

/@/VVV\

Case 1. Infinitely many intersections

and k2e

(v > =)

Figure ll-a

Case 2. No intersection (y < =2\)

Figure 1l1l-b




23

The geometry of the transformations TO and Tl

and T = TlTo is illustrated in Figure 12.

&~

Figure 12

In case 1, eventually the circles will be mapped so
that they hit the appropriate levels to create periodic orbits,
and in case 2, all circles are eventually mapped lower
than the appropriate level and therefore there is no
reriodic orbit in a small neighbourhood of homoclinic
orbit. We can summarize the above results in the fol;owing

theorem.

Theorem 2.1. Under the above assumptions there are

infinitely many periodic solutions in any neighbourhood of
the homoclinic orbit in case vy > -\A and there is a
neighbourhood of the homoclinic orbit with no periodic

orbit in case v < =\.

~



24

The next section will be devoted to the neighbourhoods

cf hetroclinic orbits in IR3 .

2.2. On the existence of a neighbourhood of a

cycle consisting of two hetroclinic orbits without any
3

periodic orbit in R

Consider a system of 3 differential equations
x = f£(x) (1)

and assume that (1) has two hyperbolic critical points,

P and P, with eigenvalues of the linearized system

Xii;ni and Vi respectively where Y1Y2 < 0 and

xlxz < 0 and also Xl < 0, Yiki <0 for i=1,2.

In this case the well-known theorem on the stable and

unstable manifolds indicates the existence of a two dimensional
stable ménifold, and a one-dimensional unstable manifold at

one point and a 2-dimensional unstable manifold along

with a one-dimensional stable manifold at the other point.

We also assume there exists a hetroclinic orbit
joining the two critical points from Py to Py and

another one joining p, to p; making a cycle.

The fcocllowing illustration shows the complete

situation.



Figure 13

We claim the following:

Theorem 2.2. If Yl)‘z o4 vle, then there exists a

neighbourhood of the cycle without any periodic orbit.

Proof: We use the method of point transformatiocn,
assuming the system to be linear in a small neighbourhood
of each critical point, pefine the maps Tl' TZ’ TB' T4,
consider the composite map T4y o T3°TyeT; and look

for its fixed points in a small neighbourhood of the cycle.

a) Construction of the map Tl:

Assume the system to be linear in a small neighbourhood
of Py and also assume that the motion is governed by

the following system in some neighbourhood N of Py = 0:
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X = Xlx-'JJIY

—"
.
[

= wlx+kly (2)

L2 = v;Z.

We also suppose that the cube [-1,1]3 is contained in N.

. . . 2 2 _
Starting at a point (xo,yo,zo) on the circle Xg+ Yy = 1

the solution curve would be,according to (2)

r Xlt
X(t) = e (xocos wlt-yosulmlt)
Xlt
< y(t) = e (xosz.nwlt+ Yq cos wlt) (3)
v it
Lz(t) = e 1 z, -

The point of intersection of this trajectory with the plane

z = 1 1is found easily from (2) as follows:
z(t) =1=
Y1 20
Mo MM
e % v
e = e = (=) =z,
20
™
v - o "1 1 1 . 1
X = z4 (x4 cos .n(y—l An (Z—O)) -yOSJ.nw(-q zn/zo)))
gt
(v = 2.1 (x_sina(t 4n (2))+y cosw(L an(z))) (4)
Y =% " (xpsinwly zo ' T Y0 TP WNT 0
z =1




27

gt
Y1
This point is on the circle of radius 2y " Therefore
circles on the cylinder x2+y2 =1, 0z 1 will be

mapped onto circles on the punctured disc z =1,
(0 IPY x2+y2 < 1. This transformation is illustrated in

Figure 14 and we call it T

1
r4
S S <,
\_ -
—
Y
Figure 14

b) Construction of the map T3:

We assume that the system is linear in a small
neighbourhood of P, and since we have a one dimensional
stable manifold along with a two dimensional unstable

manifold, every trajectory starting at a point on the disk

1 i4-y§ < 1 will oscillate and hit the
cylinder xi*—yi =1, z 1 in a point (x

z, =1, 0« x

10°¥10°210’
where the following relation could be easily verified



x1=z
Yl‘z
.
Therefore

or

Solving the above system for

E

10

*10

or

28

. 1 \
- Yo sin wz(-Y-; Ln(zlo) ))

1
10

)

sin w(A an(
\{2 z

10 %10

+ leCOSwz(jg'zn(zlo)n

X1vY) = 219

Y2

%

2 2.2
z210 = (xp+yy) T

(X101¥10)

1 1 . 1
cos w(— in(——)) - Yy sin UJ(_
Y2 U Z10 10 Y2

. 1 1 1
singw(— fn(—/—)) + y, . cos w(—

-y

N

>

_ 2 2
= ¥1%10

we get

()

10

1
in(—))
210

(5)

(6)



1 1
10 10 (xl cos m(z zn(;-o-))

+ Ylsin“’(le_ .cn(;]l‘—o)))
-_Y_z- (7)
A
2 1 1
(y1 cos w(Y—z zn(z—o))

z

Y10 10

" - xl

sinf,u(-:]; zn(;l—)))

v2 10
Therefore in fact the map T, : (xl,yl) - (xlo,ylo,zlo)
with the following formula maps the punctured disk

z,. =1 O<x§+yigl to the cylinder 0O < z < 1,

1 10 =~
2 2 _ . .
X0t Y0 = 1. The map T3 is not well-defined at

the point (0,0) but we define T3(O.O) = M2 where M2
is the point of intersection of the hetroclinic orbit with

the cylinder 2.

-1,
( Z1o = (x‘]?.+yi)2)\2
2
X10 = zlo)\2 (x, cos wz(i zn(;%a))
< * ylsimvz(-Yl—2 zn(z—io 1))
-v, (8)
Y10 = zlok2 (Y1C05w2‘?i"n(;%g))
\ - x sinu, (== ez .

Y2 210
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The map T

is illustrated in Figure 15.

cylindcr 2

Figure 15
c) Construction of T, and T4:
The map T, is defined along the hetroclinic orbit
from the disc z =1 to z, = 1. It is defined by point

transformation by following the trajectory and since both
disecs z =1, 0K x24-y2 < 1 and z, = 1, 0K xi4-yi <1
are transversal to the trajectories of the system, the map

T, could be expressed as

]
I

1 a11x4-a12y4-h.o.t.

(9)

Yy a x+a22y+h.o.t.

21

and the map T is defined similarly but from a

4

neighbourhood of M on cylinder (2) to a neighbourhood

1

of M2 on cylinder (1)
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where X, and Yy, are new local coordinates of points
in a neighbourhood of M2 on cylinder (1) with

= R
M2 0,0)

To have a periodic orbit, we need a fixed point of
the composite map T = T4T3T2Tl, which means starting at
a point on a level =z = zy on cylinder 1, we have to come
back to the same level and the same point. We show that if
the product lez is greater than yle, then we can

never return to the starting level 2z = 2z which means

ol
no periodic orbit could exist in a small neighbourhood

of the cycle.

From {(4) it is clear that starting at the level

z =2, we end up at a point on a circle of radius
™ !
Y Y
zO 1 via Tl; that is, x2-+y2 = z 1 From (9) in

the definition of T2, assuming the transversality of the

hetroclinic in the sense that the matrix

is invertible, we get

2,.2 2 2 2 2,.2 2
Kl(x +vy°) gxl+ylSK2(x +vy7)

where (x,y) and (xl,yl) are in small neighbourhoods

of (0,0).
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Therefore the composite map T transforms the

2T

points of level 2z = z to the points on the circle of

o]
radius Yy where
™ ™
Y Y
1 1 2 2
Kizg ~ < 1y < Kyzg , K] +K5 >0 .

T3 takes the points on the circle of radius r to the

—\(2
2,2%
points of level 210 = (™) . Therefore the composite
map T3T2T1 takes level =z = 2, to the level 210 = r2
where
Mo MY
(1M \ZR
12 142 2. .2
L,2q < Ty < Lyzg . LI+L5 >0
: P11 P12
Assuming that the matrix B = in the
Pa1 P2

definition of T is invertible,we get

4

2 2 2 2 2 2 2 2
Ml(xo+ yo) < x2+y2 < MZ(XO+ yo) R M1+M2

\/
(@]

Therefore T4T3T2Tl takes the level =z = zO to points

on circle with radius R, where

AYo AYo

YiXo Y12 2 .2
leo < R K N2ZO ’ N1+N2 > 0,




A Y
Since by our assumption lez > 1 and the equation
12
MYo
Y1r2
NzO = zO

does not have any nonzero solution in a small neighbourhood
of zero, the system cannot have any periodic orbit in

a small neighbourhood of the cycle.



CHAPTER 3
A singular perturbation problem on the
existence of periodic orbits for

32'1.’1’+1'1 = u(l -u)

3.1. The differential equation:

e+ u = u(l -u) (1)

appears naturally as a modified equation for the logistic

equation u = u(l -u) solved by some numerical methods.

We show that even if the logistic equation does not
have any nontrivial,periodic solutions, the modified
equation (1) has nontrivial periodic orbits for ¢

sufficiently small.

The third order differential equation (1) is

equivalent to the 3-dimensional system:

a=v
v =w (2)

3&=-N+uu-u)

Due to the rapid growth of w and v relative to u,
it is appropriate to change the variables and look for
the periodic solutions of the new system. The proper

change of variable would be

34



U=u

V = ¢v
< W = ezw

T=2t¢

.

which changes the system (3) into

U=v
V=W
W= <V+cU(l =0U)

U (0]
or X = AX+ ¢f(X) where X = <V> , fxX) = ( 0 >
U

W (1-0)
o] 1 0
and A =]0 1
o -1 o

The eigenvalues of A are O, #i, with eigenvectors

1 1 1
o) ' i -1 respectively.
(0] 1 -1
1 1 (o
Since w =i = u+ iv, where u=({0}, v=1011],
1 1 \o

1 1 o]
the matrix P =[O0 o 1 has the property that,
0 =1
(0] (0] (0]
B=rplap=]|o0 0 1 is the Jordan Canonical form of
0O =1 (0]

A and the transformation y = P‘lx changes the linear

system X = AX into y = By.
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X
Let y = (y) . The transformation
z

has the form:

Xx =U+W
y = -W
z =V

and the system (3) becomes:

e(x+y)(l-x-y)

e
i

y=2-c(x+y)(l=-x-y)

é=-y.

To show the existence of a periodic solution in (5) we use

another change of variable;

y = y sin 8§

2 =1y cos 9§

b
I

P

<.

-c sing(p+ysing)(l-p-ysing)

tan § = £ = §(1+ tan?3) = 5(yz -y2)
Z
. yz-yz - _Yz-y:_ _ yz-yz
* T Pleanle) 2 2 2ty
z 8 z (1+L2) Y
2
_ zz-ez(x+y)+ez(x+Y)2+Y2 =1-

y2+22

=

(4)

(5)

(6)

= —i—(y{z+ zz) = -¢ sin g(p+ysing) +esingl(p+ y sin 8)2

. 2{x+y) (l-x-y)

y2+z

2
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Therefore

5 = 1-¢ SOS 9(p+Ysin$)(1-p-Ysine)

and

(5 =% = e(x+y) -e(x+y)2

elp+ysing)(l-p-vy sin g)

The new system in (y,p,9) is

(
e(p+ysing)(l-p-ysinag)

O
I

N
< e
I

-¢sins5(p+vysing)(l-p-ysing) (7)

8 =1-¢ -%cos 9(p+ysing) (1-p-ysing).

The existence of a periodic solution for (7) is equivalent

to the existence of a 27 periodic solution of

dp _ _ey(p+ysing)(l-p-ysing)
de Yy-ccos f(p+ysing)(l-p-ysing)

g o

dy _ _.ysing(p+ysing)(l-p-ysing)
de Yy-ccos 8(p+ysing)(l-p-ysing)

for vy 1in a compact set.

Consider the 27-periodic change of variable
2
Y()

Y YO Y(l)(YO.pO:G) 2 (Yolpote)
= el () el (2) toe
(9)

Y Y

taking into 0 and try to determine Yl(y 1PAe D)

0 0 o’"o
o

Y(z)(yo.po.e),...,pl(yo.pooe). p(z)(yo.po,e) and functions
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1 so that the differential

2
R (Yo:po): R( )(Yolpo)l...

y
equation for <po> is autonomous and given by
(o)
d (Yo\ _ 1 2 _(2)
'33 <p;> = ¢ R (Yolp0)+'e R (Yolpo)+' . (10)

If such a transformation can be found, then the 27

periodic solutions of (8) coincide with the equilibrium

points of (10).

We can find functions Rl(yo,po), R(z)(yo.po).--.

2 1
( )(YO.PO'Q):---:P( )(YorPO'G);

inductively by the Method of Averaging,

Y(l)
12)

(YO'POoe) v Y

p {Yolpole)'o-.

using the requirement of 2w-periodicity of y(l)(yo,po.e)

and P(l)(yo.Po.e), i=1,2,... Since
(1)

Y

a Y\ _ a (Yo d YorPg+8) o
36 <p> = 49 (Po> * ¢ 3g <P(l)(Yo'po'3) + we get

g (Y'P.S)
€ < L ) = ¢ Rl(YO,pO)4-e2 R2(Y0,90)+ oo 4

gz(Y:P:G)
(11)

Y(2)

a (Y(l)(yo.90.6)> 2 4 ( (YO:PO:6)>
e = -+ [ — 4 s e
de (1) ds (2)

where

-y(p+ysing)(l-p-ysing)sin g
y-ccos g(p+ysing)(l-p-ysinag)

gl(Y,P.e)

y(p+ysing)(l-p-ysing)
r-ccos g(p+vysingfl-p=-ysing) .,

gz(Y.p.e)
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From (11l) we see that the following equation must be

satisfied:
1
1 _ gl(YO,PO,O) d Y (Yoopooe)
R (Yolpo) = + '(ﬁ 1
gz(YooPOlo) [o] (Yo.po.e)
or
4d Yl(YovPola) 1 gl(YO:PO,O)
35\ 1 = R7(Yq:Pg) - . (12)

(12) is equivalent to

27 (G (Y AsPAeO)
Rliy ,p) =7 1 '0""0 ds (12.1)
o’"o 2T J ( 0)
92 Yo P

0]
y (1) (yo.po.e)>
( P(l)(YO'pole)

g, (yqsPn»0) \)
= T (R ygpg) - [ 190 )jae . (12.2)
oo ( 0)
gz Yolpo'

1 2T 1 2T ) '
27 ‘Yo 91 (¥g?Pgr0)dE = 5= jo -sin 8(p + yysinB)

. _ 1
(1-po—yos-1n 3)ds = 3 Yo(2 po-l)

1 2T P2'n'
37 0 9ylvgepyr0)de = 5= [, (Po*vosin8)(1-og-vysin6)ds

2 1 2
= Po~Po~32 Yo

1
T Yol2 pg-1)
Therefore Rl(vo'Po) =< 270 2 (]? 2

Po~Po~7Z Yo
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Y(l)(yo.po.a) = j' % Yo(z po-l)+sin 8(Py+ Yo Sin 9)

(l-pgy=-vosind)as = -(po-pcz))cos 9+% Yo(2 Pg-1)sin 28 -

yg(%— cos3e -cos g)

(1 2 1 2 .
P )(Volpole) = “r po-po—_z- YO_ (pO+Y051n 9)

. 1 2 .
(l-po—y051n J)de =yo(1-2 po)cos 8-7 Yo Sin 28 . T herefore
Y Z v (2 Po-1)
d o) _ 2 "o o~ 2 2
—d—e( > _€< z_l 2> + ¢ R(Yoopo)"'"'
Po Po=Po~32 Yo
1
= ya(2 p=-1)
= ¢ (2 ° 9 L )+e R yip) o] (13)
Po~Po~72 Yo
= € G(Yo,pol€) .
Since

1
_[3 Yol2 Pg-1)

G(Voipolo) _< 2—1: 2 ,
Po~Po~32 Yo

the equation G(YO,pO,O) = O has solutions
- o2 1
(YO:PO) = ( p) :2): (0,0), (O:l)

We are not interested in the trivial periodic solutions
(0,0) and (0,1). Therefore we use The Implicit
Function Theorem at (Yo,po) = (3% ,-%—) to show the

existence of an equilibrium point near MC% ,l) .
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1
= (2 p.=-1) Y
aG(YO,pO,o) _ 2 0 o)
O (YarPA)
(o o)
Yo 1 -2 Po
Therefore
det| —=7y ) =570
o0'Po

A
which gives (v (e).py(€) , G(yy(e).py(e),€))= O for

small enough ¢ and a 2r7-periodic solution for (8).

We have proved

Theorem 3.1. The modified equation

e +u = u(l -u)

has a periodic solution for sufficiently small ¢ > O.

3.2. The Averaged System

The averaged system

(
dr _ 1
d—.g_r(p_i)

( (14)

1

is conservative with the energy function
H(r,p) = r2(4p -4p2 -rz) .

because
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B _2v(ap -4p2 =¥ -2v3 = 8v(p -p? -2 vD)
3y 2
3H 2 1
35'= Y" (4 -8p) = -8y(yp -5 Y).
3H . 3H . _ . .
Therefore, 3y Y' o+ 30 p° = O, which shows the solution

curves of the averaged system (14) are on the level curves

of H(y,p) = c.

For c = O, the level curves correspond to Yy = O
and v = 2J/p(1L -p) which are the heteroclinic orbits
whose existence was shown in previous chapters by
studying the gqualitative behavior of the averaged

system.

For c # O, H(v,p) = ¢ implies 4p -4p2 -Y2 = i%. (y#0).
Y

The positive values of ¢ correspond to the periodic

orbits inside the heteroclinic. The maximum value of
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H |is % and it is attained at vy = ig r P = %

which is a critical point of the averaged system
corresponding to the periodic orbit of the original
3-dimesnional system. For negative values of ¢,

the level curves are unbounded as shown in the graph.
We are only interested in the positive values of ¢,
corresponding to the periodic orbits and we would like
to investigate the existence of periodic solutions of (8).
Since it takes infinite time to trace the heteroclinic

orbit,the period map goes to infinity as ¢ tends to

ot.
Tic)

L=
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5.2 The existence of periodic orbits in (8)

Since (2) remains unchanged under the transformation

Y+ v
p*1l-p (15)
e nd “e ’

starting at 9§ = 0, p(0) = %-. 0 < v(0) < ig . the
trajectory F+ corresponding to the positive values
of 8 traces a curve in (v,p) plane symmetric to
the trace of the trajectory T corresponding to the

negative values of 8, with respect to the line p = %.

Since the solutions to the system (8) remains
close to the solutions of the averaged system for finite
time, and due to the 27 periodicity of (8), the stable
and unstable manifolds at the hyperbolic points are

2T periodic, and as a point approaches the stable
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manifold on the line p = Po’ the solution curve
passing through that point hits the line Yy = Yo at
a point approaching the unstable manifold, and from
the line Y = Y, it takes finite time to hit p = >,
at a point close to (1,%). We conclude that starting
at 6 = 0, p(0) = %, y(0) > O small, 't would hit

p = % at some Y(@l) near 1. For 91 = nTm we get

n distinct periodic solutions of period 2nm in (8)

because (8) is 27 periodic and

Y(-el) v(el)

p(-el) p(el)

We have proved

Theorem 3.2. For every € > O there is

N = N(¢) > O such that for every n, O n< N,
there are n distinct periodic orbits with period

&~ 2nT in (8). Furthermore N(e) - ® as € = 0.



CHAPTER 4

On the Existence of a heteroclinic orbit

4.1. The differential equation
2. -
e“u+u = u(l -u) 1)
has been studied in the previous chapter and the existence
of periodic orbits for small ¢ was proved.

The existence of a heteroclinic orbit from (1,0,0)
to (0,0,0) has been observed in computer experiments

us ing the Shampine-Gordon Method to solve the associated

system
u = v
V= w (2)
¥Q=-N+uu-u),

We prove the existence of a spiral heteroclinic orbit
using a proper change of variable and the variation of

constant formula.
The change of variable which suits our purpose would be:

U=u, V=c¢cv, W=¢w, T=

2 1
Et (3)

which changes the system into

4€
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U=v
V=W (4)

W=-V+ ¢ U(l-0)

System (4) could be written in the form X = AX + F(¢,X)

where:
—
(o] 1 O o]
A =1|0 1, F(z,X) = € (0]
o -1 o u(l -u)

A simple computation will show that e2VA=I, and the

solution to X = AX 1is;

uz(t) u. +v si_nt+w0(l-cost)

(0] 0]
vy (£) = vgcost+w,sint (5)
w, (t) = -Vosint +wycos t »

These solutions are 2r-periodic, and satisfy

v2(£) + w2 (t) = v2(0) +w2(0)
t €R (6)
u(t) +w(t) = u(0) +w(0) ,

Solutions to the purturbed system (3) satisfy the variation
of constant formula:

t
X(t) = eAth"'j. eA(t-s)F(x(s),e)ds .
(0]



48

For t

2T,

c(l-=cosslu(s) (1L -u(s))

™

X(O)+T -¢ (sin s)u(s) (1 -u(s))| ds
0]

X (2T)

gcoss u(s) (l-u(s))
L

(7)

Since the solutions of X = AX+F(¢,X) depend smoothly

]

on ¢, and for e O, the solutions satisfy (5),

get

u(t) = uz(t) + ¢h
where h 1s bounded and uz(t) = uo+ Yo sin t +
) (lL-cost). Therefore,

u(t) (L -u(t)) = u&(t) (l-uz(t)) +eB |,

Substituting the above expression for u(s) (1-u(s))
(7) we get

2T
Au = eJ (1 -cos s)u(s) (L -u(s)) ds
0

2T

c Jf (1-cos s) (u,(s)) (L-u,(s)) + ezBlds.
(0]

Computing the integral part in Au, we get

_ L2 _ el _ G2 _ 2
Au—*r(2u0~!-3wO 2uo Sw v 6u.w.)e + e¢~R

0] 0] (ONe} 1-

we

in
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Similarly:
Av = =7z (v.-2u.v -2V\~‘)+=2B
TP 0 0°0 00 v T2
AW = T (=-W_ + 2u w +-2w2)4-62B
oE (o] 00 0 3°

For small ¢

( u=~ 7(2 + 3 2 2 5w2 v2 6u w.)
& Tl2ug + 3wy = 2ug = SWg = Vg = BugW,
< AV = —v(vo-Zuovo-2vowo)
2
AW = Tr(-wo+ 2uowo+ 2wo) .

Since w = O 1is transversal to the trajectories for

Yo # euoll-uo), the Poincare's map is defined on w = O,

a compact set disjoint from a neighbourhood of

Vo = euoll-uo). Therefore for 1 = rv/¢) =~ 27
au = 7r(2uo- 2u(2) - Vg) +¢eBy g
o,V = -Tr(vo--ZuOvO)-i-eBz1
Aw =0 .

We divide the (uo,vo) plane into 4 regions, namely

Alu > 0 Alu > 0
R1 : ' R2 :

Alv > 0 Alv < O

Alu < O Alu < 0
R3 : ’ R4 :

Alv > 0 Alv < O .
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R
Re N
Yo

p-

For ¢ = 0, starting at

a point (uo,vo), Wy = 0, the

trajectory will be periodic in the (u,v) plane. It will

trace the circle

(u--uo)2+v2 =

returning to (uo,vo) at

2 _
RO RO = v

t=2r. For ¢ >0, t=+1(zg)

the trajectory will be nearby (uo,vb) and according to

the position of (uo,vo)
to the left of (uo,vo).
in the (uo,vo) plane in

point (ug +4u, vy +Av)

above, below, to the right or
For instance,starting near (1,0)
R3, the traiectory will reach a

which is located to the left and

above (u.,v.). (See Figure 23)

o0

(We

0)
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)
otk Nt
Vo \\k‘

4. \“.\lo)
)
\“o;[') *s

0 é i —~ Vv

Figure 23

While starting at a point in R the trajectory will reach

2'
a point to the right and below (uo,vo). Therefore starting
in Ry, the trajectory starts to oscillate and move to the

left and the radius of oscillation will grow until it reaches

uy = 1/2.

After entering R, the trajectory starts to trace
smaller and smaller rings until it tends to zero, or escapes

to the region u < O. (See Figure 24.)



WM,

- — -
e

Vo

Figure 24

We are looking for a point (uo,vb) such that the trajectory
starting at (uo,Vb) moves to the left and tends to (0,0)

in positive time and tends to (1,0) in negative time.

Since the 2-dimensional unstable manifold at the critical
point (1,0,0) 1is almost perpendicular to the u-axis, the
intersectionof that manifold with the plane w =0 is a
curve passing through (1,0) almost perpendicular to the

u-axis at u = 1. (Figure 25)
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. 13,V 3
The intersechon 0‘\ s ot

J/ ansiable manite
_\)) 1Y w = 0
200 (\,0,0) W

V3 //

\ v

Figure 25

We pick a point (uo.vo) on the intersection of w =0
and the unstable manifold in R3. following the trajectory
we get another point of the intersection forward in time,
(t» 27) say (ul.vl) GR-3. Since (ul. vl) €R3. starting
at (ul, vl) the trajectory will reach a point (uz,vz) €R3

forward in time after At = 27, and in this way we define
PO = (uolvo)v Pl = (ulo Vl)p P2 = (uzlvz)l oo

If for some Kk, Pk enters R from the positivity of

1I
Au  in Ry» the trajectory will reenter Ry .
Therefore, let us assume the trajectory enters R4 for

some P, where P,_; €R,. This simply means wu_; > 1/2

and uw_ < 1/2.

Let Aun = u_-u Then we have

n n-1-°
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k k-1
- <

uy+ = du < 1/2 and uy + t/Aun > 1/2.
n=1 n=1

Since solutions to O DEs are continuously dependent on
the initial wvalues (uo,vo), a, is a continuous function
of (uo,vo).

Let the unstable manifold on w = O be parametrized
by =g(s), v = 4%(s), -Sq < s s Sg- Then as s =0,

k =+,

Therefore, k depends on s and U is a continuous
function of s. We define a step function k = k(s) as

follows:

For 0 < s < s let k(s) be the number of oscilla-

OI
tions required to reach Y () 2 1/2 and Y (g)+1 < 1/2.

Then clearly as s=20:k 4=, (See Figure 26.)

K |
| |
l
l —
l
LT
l | l (— 1
[ | | | }.__‘ wr(S)
| 1 | | A {

Figure 26

From the definition of k(s), it is clear that for

the jumping points, A PYRRRY uk(sr) = 1/2) that is,
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there are infinitely many points on the unstable manifolds
such that the trajectory starting at those points hits the

plane u = 1/2 after an integral number of oscillations.

Let s € (O,sO] be such a value; therefore,

1/2. We claim that starting at u, = u (s),

Yyrs) = o k

Wo = o, v= Vg the trajectory will be an oscillating

heteroclinic orbit.

Since the system remains unchanged under the change

of variable

U= 1l-u
V=yv
W = -w
T = -T ,
the trajectories are symmetric with respect to u = % .
i i = ( = =
The trajectory starting at u, u, s), w5 o, v Vo

would merge to (0,0,0) as t =+ =,

The graphs on the next 3 pages were made by the
computer, showing the oscillating heteroclinic orbit

with different scalings in (uo,vo) plane.

We have proved

Theorem 4.1. There is a heteroclinic orbit in the

modified logistic equation

ezﬁ'+ u=u(l-u)

for € > O sufficiently small.
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(=X

(=24

The oscillating heteroclinic orbit connecting two

critical points of eu+u = u(l-u).



BIBLIOGRAPHY



(1]

(2]

(3]

(4]

(5]

(6]

(7]
(8]

(9]

BIBLIOGRAPHY

Andronov, Leontovich, Gordon and Maier, Theory
of Bifurcations of dynamic systems on a plane,
Translated from Russian (286-321).

Shui-Nee Chow, Jack K. Hale, Methods of Bifurcation
Theory, Springer-Verlag, New York Heidelberg
Berlin (350-367).

L.P. Silnikov, A case of the existence of a denumerable
set of periodic motions, Dokl. Akad. Nauk SSSR
160 (1965), 558-561 = Soviet Math. Dokl. 6 (1965)
163-166. MR 30 #3262.

L.P. Silnikov, Existence of a countable set of periodic
motions in a four dimensional space in an extended
neighbourhood of a saddle-locus, Dokl. Akad.

Nauk SSSR 172 (1967), 54-57 = Soviet Math. Dokl.
8 (1967), 54-58. MR 35 #1872,

L.P. Silnikov, On the generation of a periodic motion
from trajectories doubly asymptotic to an
equilibrium state of saddle type, Mat. Sb. 77
(119) (1969), 461-472 = Math. USSR Sb. 6 (1968)
427-438.

Hartman, P., Ordinary differential equations,
New York, Wiley, 1964.

Grobman, D., Dokl. Akad. Nauk. USSR 128, 880 (1965).

A. Arneodo, P. Coullet, and C. Tresser, Possible
new strange altractors with spiral structure,
Commun. Math. Phys. 79, 573-579 (1981).

S.N. Chow and E.M. deJager, On the discretisation
of the Logistic Equation.



