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ABSTRACT

The problem studied in this thesis is the unsymmetrically-fed
prolate spheroidsl trensmitting amtenna. The prolate spheroidel
functions are exproessed in the form of power series and Laurent series,
Radiation patterns have been obtained for antennas of three different
lengths up to sbout one wave length long, for length/thickness ratios
of sbout 5/1, 10/1, 22/1, and 316/1, and for nine unsymmetrical gap
locations as well as for the symmetrically~-fed cases. Two methods
have been developed for computing antemna impedances that take into

consideration the width of the gap and the geometry of the transmission
| line feeding the antenna. One method is based on the usual assumption
that the current is driven by the field in the gap. The other method
is based on the assumption that the current in the antenna elements

is driven by the component of the electric field of the transmission
line that is tangential to the elements. Further refinements in the
impedance theory will probably have to depend upon experimental

evidence.
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I
INTRODUCTION

The problem of the radiating antenna when studied mathematically
becomes an exterior boundary value problem., By this the following is
meant: Given a region R with finite or infinite boundary S, a solu-
tion of a differential equation or, as in the case of the antenna, a
system of differential equations is sought which 1) takes on given
values on the boundary S, 2) is regular everywhere exterior to 8 , and
3) satisfies some special ro:gular:lty condition at infinity. In the
case of the antenna, the system of differential equations is Maxwell's
electramagnetic equations, the solution of which will give the electric
field B and/or the magnetic field H, The boundary conditions that
must be satisfied on S are well known® and will be discussed for the
particulsr problem later. The regularity of the solution at infinity
is usually described for radiation problems as the radiation condition,
In contrast to potential problems, vanishing at infinity is not
sufficient for solutions of radiation problems, whether electrodynamic
or acoustic in origin.z

1 J. A, Stretton, Electromagnetic Theory, McOraw-Hill, New York,
pp. 3L4=37, 1941.

3 A.J. W, Sommerfeld, Partial Differential Eﬁations in Physics,
Tr. by E, G, Straus, Academic ss, New York, p. R .
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For those cases when Maxwell's equations can be reduced to find-

ing the solution of the scalar equation
v s+ x'g =0,

R A

the radiation condition for time variation of the form & is

lim r( 2§ - 1kf) =0,

r—»o Or
This condition can also be stated more gensrally for the E and H fields
themselves as has been shown by Synge .‘

For an arbitrary finite surface S the exterior, or for that matter
the corraabonding interior, boundary value problem presents great dif-
ficulties. In fact, for a simple finite cylinder with ends, so that
S is composed of the lateral surface plus the ends, no solution has so
far been found for the exterior problem except by nmumerical approxi-
mations. The mumber of choices that can be iade for 8 for which
explicit solutions can be found is extremely limited. Conditions can
be stated that will determine surfaces 3 for which solutions can be
found, For exsmple, let u,(x,y,s) = ¢, ua(x,y,8) = ¢z, us(x,y,2) =cg
be triply orthogonal families of surfaces. Then 1) if the scaler
wave equation V3¢ + k3 = O when written in the coordinate system u,,
Uz, uy has a separable solution P = f£(u,)g(uz)h(ug) and 2) if the

3 J. L. Synge and G, E, Albert, The General Problem of Antenna
Rediation and the Fundamental Integral Equation, with Application to
an Antenna of Revolution Part I, Quarterly of Applied Math, wol, VI,
no, 2, p. 119, (1948).




surface S is one of the three surfaces u; = ¢3, uz =ca, or uy , Cy,
then the exterior boundary value problem can be solved. For regions
with finite boundaries this restricts the possibilities to such simple
surfaces as spheres and npheroidn.‘ Of these a thin prolate spheroid,
which in the limiting case becomes a rod, or a segment of a straight
line, offers an excellent approximation to the circular cylindrical
antenna.

Problems related to the free oscillations of prolate spheroids
have been discussed frequently in the literature .8 The problem of the
forced oscﬂlaﬁon_l of a prolate spheroid was first considered by Page
and Adams.® They treated the case of the thin spheroid driven by a
plane wave whose electric field was parallel to the major axis, This
would correspond to the case of the receiving antenna with its gap or
feed point shorted out. Some of the ideas used here in constructing

radial spheroidal functions were first presented by Page and Adams.

4 Exterior problems for other finite surfaces have been solved for
Laplace's equation; see, e.g., S. N. Karp, Separation of Varisbles and
Uiener-ﬂog Techniques, Ressarch Report No, ﬁ-!;, New York Univ,, New

ork, .

® See, e.g., M. Abraham, Die electrischen Schwingungen um einen
stabformigen Leiter behnndult nach der Maxwell'schen Theorie, Ann, der
Physik 66, pp. h35-£12 1898, J, Meixner has recently publilhea many
papers on spheroidal !nnctionl See Math, Nachrichten, Band 3, Heft h
April (1950), Band 5, Heft 1, March ( , & Band 5, Heft 6, Augult
(1951); Archiv der Math., Band 1, Heft 3,.(1948/L9) & Band 1 Heft 6
(1948/L97; Ann, der Physik, Band ’6, (19&9) & Band 7, Heft 3-1, (19507
Zeitschrift fur an wtnd,e Pr}ysik Band 1, Heft 12, Dec (19149) & Band 3,

1t

Heft 5 (1951); Zeitschri ur_an, ewandte Hathemat.ik und Mechanik , Band
28 Haﬂ‘. 10, October 1958,

s 8 Page and N, I, Adams, The Electrical Oscillations of a Prolate
Spheroid, I, Phys, Rev., 53, pp. 819-831, (May 15, 1938).
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Chu and Stratton’ attacked the case of the center-fed prolate
spheroidal transmitting antenna by quite different methods and ob-
tained curves from which the impedance at the gsp could be estimated.
The basic electromagnetic theory used in this thesis follows the
analysis of Chu and Stratton as elsborated by Schellkunoff.®

R, M, Byder® extended the work of Page and Adams by investigating
the behavior of the harmonics due to forced oscillations by perturb-
ation methods. In a second and third paper l’agsu treated the more
general vector wave equation and extended his previous results for
the thin receiving antemna.

The problem of determining the current distribution and impedance
of an unsymmetrically driven cylindrical antenna was formulated by
Ronold King.1! He mede use of an integral equation which he solved
by the method of successive spproximations to obtain gemeral expressions
for the current and the impedance. He was sble to find a simple spproxi-
nate expression for the impedance of the unsymmetrically driven antemna

7L.,J.Chu and J, A, 8tratton, Porced Oscillations of a Prolate
Spheroid, Jour. Appl. Phys., 12, pp. 241-2L48, March (1941).

® 5. A. Schelkunoff, Advanced Antenna Theory, John Wiley & Sons,
New York, pp. 111-125, (1952), |

° R. M, Ryder, The Electrical Oscillations of a Perfectly Conduct-
ing Prolate Spheroid, Jour, Appl, Phys., 13, pp. 327-343, May (1942).

19 L. Page, The Electrical Oscillations of a Prolate Spheroid, il
and IIl, Phys, Rev., 65, pp. 98-117, February 1 and 15, (194k),

! Ronold King, Asymmetrically Driven Antennas snd the Sleeve
Dipole, unclassified to:mcﬁ report no, 93 for Olfice of Naval

search, Cruft Lab., Harvard, 1949.
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involving a series combination of the known impedances of symmetric-
ally driven antennas. The impedance and current distribution for a
cylindrical antemna of length 3 A/l driven 2A/L fram one end were
evaluated and the broad-band properties were discussed.

The theory and tables of prolate spheroidal functions was first
pnbliihed by Stratton, Morse, Chu, and ktntner,u hereafter referred
to as Stratton et al. The equations they solved were more general
than the Maxwell equations in spheroidal coordinates in that they
include the latter as a special case. This work was extended by
Spencel? and most recemtly by Hatcher.* Many of the values for the
norms and the radial functions used in this thesis were taken from the
tables that had been worked out by Spence and Hatcher,

The particular problem studied in this thesis is the unsymmetric-
ally-fed prolate spheroidal transmitting antenna. Radiation patterns
have been obtained for antennas of three different lengths up to sbout
ons wave length long, for length/thickness ratios of about 5/1, 10/1,
22/1, and 316/1, and for nine unsymmetrical gap locations as well as
for the symmetrically-fed cases. Two methods have been developed for

12 J. A, Stratton, P, M, Morse, L, J, Chu, and R, A, Hutner,

;I]‘__ligtic CEIinder snd Spheroidal Wave Functions, John Wiley and Sons,
New York, .

3 R, D, Spence, The Scattering of Sound From Prolate Spheroids,
Final Report, Office of Na search, N ’ .

4 E. C. Hatcher s 9r., Radiation of a Point Dipole Located at
the ‘l'igl of a Prolate Spheroid, M, S. thesis, Michigan S8tate Collegs,

. s thesis has recently been published in the August 195}
issue of the Journal of Applied Physics.



computing antenna impedances which take into consideration the width
of the gap and the geometry of the transmission line feeding the
antenna, Further refinements in the impedance theory will probably
have to depend upon experimental evidence.

The reason for the choice of this thesis topic was a very practi-
cal one. It wes desired to design and construct a TV amtenna which
would rocc:lve'netroit on chamnels two and four and Kelsmazoo on channel
three without having to rotate the antenna. From radiation pattern
measurements of various unsymsetrically-fed cylindrical antemnas it was
found that an antenna very similar to the one analyzed by King had a
radiation pattern consisting of two lobes whose directions of maximum
radiation were about 130 degrees apart. This was the pattern that was
desired. The integral equation which King used in this problem is
extremely complicated and a large smount of eamputing is required to
find even a first spproximation to the solution. From a purely mathe-
natical point of view it has not even been proved that successive
approximations will converge to & solution of the integral equation,
Substituting a prolate spheroid for the circular cylinder permits one
to proceed directly from Maxwell's equations and use the exact spher-
oidal functions, Moreover the lppro:dnation involved in replacing the
cylinder by the spheroid is probably much better than the approximation
one must use in solving the integral equation.® }In addition, prolate
lphe:oids are good approximations to the bodies of'nisailes and so

18 For a discussion of this see Ryder, op, cit., p. 327.
# From Lansing
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have a physical counterpart in their own right. The problem of erd
effects which enters in the cylindrical antenma and is of considerable
importance is eliminated by going to the prolate spheroid. Also,
eliminating these end effects permitted more attention to be givemn to
the unsymmetrical effects and the spheroidal functions themselves.
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Figure 1. The Prolate Spheroidal Coordinate System
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II
PROLATE SPHEROIDAL FUNCTIONS

The prolate spheroidal coordinate system is shown in Figure 1.
The radial and angular varisbles are taken as u, v, and ¢, after
Schelkunoff .1® Ths relations between the spheroidal variables amd the

cartesian variavles x, y, and 3 are
1 1 1 1
x = Luv, y = L(u®-1)%(1-v®)%cosd, 2 = L(u3-1)%(1-v3)3sing,
L is the semifocal distance. The metric coefficients are
a 1 2 1 2 3 1
e, = L(u?-v3)3(u3-1) "3, e, = Liu3-va)%(1-v3)"3, e, = L(u?-1)%(1-v3)3,

For a homogeneous medium Maxwell's equations are

curl&:--/u%-{, curl’)?-ei . (1)

<

€ and ¥ are the electric and magnetic field vectors; u and ¢ are the
permeability and dielectric constant of the medium, For sources and
fields whose time variation is harmonic, it is possible and convenient

to eliminate the time variable by the use of complex vectors." Then
iwt

3 -Re(Eei"’t'), and a_% = Re(1wE « ). w=27Y ¢, where £ is the
-

%)
oscillation frequency of the source., The factors Re and ei t are

16 3. A, Schelkunoff, op, cit., p. 111,

17 J, Aharoni, Antennae, Clarendon Press, Oxford, Englend, pp. 12
& 13, 1946,
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then dropped by convention, because they appear in each term of the

equation, Thus equations (1) become
curlg--iw/lﬁ, curl R =31 0w e E, (2)

Rotational symmetry is assumed, The basis of this assumption is that
for thin antennas the diameter is small compared with one wave length,
and in this case the potential of any point on a given circumference
is essentially the same as that of any other because the antenne ele-
ments are good conductors. Imn other words, the assumption is that

the current that flows around the elements i1s negligible in comparison
to the current that flows along the elements, and that the latter cur-
rent is distributed uniformly around the surface of the elements.

This is a good approximation for the antennas treated in this thesis,
and the thimmer the antenna, the better the approximation will be.
With the assumption of rotational symmetry the equations snd their
solutions are independent of the g coordinate, and ¢ can be taken as
any convenient value; § is taken equal to sero here, after Schelkunoff.

In prolate spheroidal coordinates equations (2) become

- 1__ olyilg), - 1 8_@),
o2k Toey ov. ey = - Tocy ou )
(3

2(efy) - 2(e3Ey) = - 1w peye iy,
gu . ov

The field intensities may thus be expressed in terms of the suxiliary
vave function, A = yﬂ,g. Thus
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E, =~ 176%’ [(u2-1) (u2-v3)]~ %_Q_A_,

: v

- (1-v3) (ua-va)]” ¥ D4, L
E, _"ﬂz [(1-v3)(u3-v2)] 24 (L)
B = 1 1D 24, v = g

where ﬂ =27 /A ; A is the wave length corresponding to the fre-
quency of the source, and where A satisfies the following differential
equation,

(u-1) 2% + (1-v®) 9% + g A*uw3-v3)a =0, (5)

. ou? . ov3 .
It is convenient to make the substitution AL =c,
Ampere's circuital law,® equation (6), states that the line

integral of magnetic intensity around a closed path is equal to the

current enclosed by the path.

$RAT -1, (6)

or
2
jon 7 af = I, (7)
Hence the current in the amtenna is

I(v) =2 W Ayy,v). (8)
The substitution ' B |
A = U(W)V(v) ' 9)

1% 4. B. Bronwell , & R, E, Beam, The and Application of Micro-
waves , McOraw-Hill, New York, p. 248, .
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separates the variables in equation (5), and the differential equa-
tions for U and V are

(u3-1)d™ - + (c?u2-k)U =0, (10)
“Ju3

(1-v#)daV + (k-c?¥2)V = O, (11)
dv®

Both U and V satisfy the same equation. There are three singularities:
ue=21andu =00, The singularity at infinity is irregular, but the
ones at I 1 are pegular.l® Therefore there exists one solution which is
regular everywhere and one which is not,.3® Substituting U(u) = (u3-1)
T(u), V(v) = (1-v3)V(v), gives

(ulal) g_‘_ﬁ +bu d@ + (c2u?-x+2)T =0, (12)

. T dud du
(1-v3) da¥ - Lv dV + (k-2-c3v3)V = 0. (13)
“dva dv . :

This form of the equation for spheroidal wave functions was used by
Stratton et ;l_A. Page and Adams and Ryder used the form (11),

At the ends (v = 21) of the spheroid the current vanishes; hence,
V(1) -o. (1)

This condition also follows from the fact that at the ends the

field components wust be finite, For most values of k, equation (11)

1% E. L. Ince, Ordinary Differentisl Equations, Dover Publications,
New York, p. 160, 19LL.

30 Ibid,, pp. L00-4O2.
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has no solutions satisfying the above condition; thus, equation (11)
defines the proper or eigenvalues of k, The corresponding set of
elgenfunctions are designated by V) and Up. At large distances from
the spheroid u is large, and equation (10) becomes

d%W + c%® =0, (15)
“dus .
At these distances also
P}
r = (z*+y2)% e lu. (16)

Because the time variation is of the form el “’Y and a diverging wave
solution is desired, at such distances the field must be proportional
toe-iPrT . o -icu Hence, the proper U, (u) functions are those

solutions of equation (10) that satisfy the toilowing condition:
Up(u) o» eI o5y o0, (17)

Tims, the general solution satisfying the requirements at the ends of
the spheroid and at infinity is

A= zk aUp(u) V. (v). (18)

The solution of the angular equation (11) wss obtained in the
Lform of a power series about the origin, |

Vi) = X tep ¥ (19)

n=0,1

The prime on the sumation sign indicates that the sumation is taken

OVver even powers of v if k's with even subscripts are used, snd over



044 power

(19) into

Tnis ply
equatior

of k) i

The
the

Ly




1y

odd powers of v if k's with odd subscripts are used. Substitution of

(19) into (11) leads to the recursion formula

- (n+2) (n’l)cnﬂ + [o(n-1) - kle, + c'cn_. =0 (20)

This plus the boundary condition (1i) then leads to a transcendental

equation (i.,e., an equation with an infinite nmumber of positive powers

of k) in k, the roots of which are the eigenvalues k g - Thus
co +Ca *+ ... +c‘n "‘cm.'.z + oo =0 ‘21)
for k = kg, ko, k¢, etc.
and
Cy +C3 + ... +Cansy +Capsa + +0o =0 (22)

for k = k,, ky, kg, etc,

The reason for this particular choice of subscripts for the k's is
that the roots of equations (21) and (22) are all positive,?® and the
mumerical value of k; lies betvéen the values of ko and kg, k3 between
ks and kg, etc, - 1.e., the sequence {k,} is monotonically increas-
ing with v , Now it happens that by taking the first seven terms of
(21) or (22) one obtains values for the k's which are accurate to from
six to nine places, the higher sccuracy obtalming for the k's with
1ower subscripts. This is to ssy that if one were to take éight terms
Of (21) as the approximation, the k; so obtained would be the same as

the k3 obtained with seven terms to eight place accuracy - at least

21 R, Courant and D, Hilbert, Methods of Mathematical ics,
Inter-Science Publishers, New York, v. I, p. 20k, 1953.
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for the case ¢ = 1, for this was the case that was computed in detail
during the periocd of preliminary investigstion, Thus for the proper
values of k, the céntribution of c;4 8nd higher terms to the value of
> te,v' is very small indeed, and so the physical boundary condition
?iﬁ) leads to the mathematical condition that the c, epproach zero very
rapidly for the proper values of k.
Actually, since Vi(u) is & solution of the radial equation for
u > 1 (see below), equation (1%) converges for all v, and this implies
that limeT;I = 6. Otherwise stated , glven £ 20, |<:n|<£:n for n > N_.
n-»

By summing the equations (20) for n =0, 2, ..., 2n-2, assuming c., = O,

and defining €,y by
00 -1
OguCam = 2_ Car = -2 Car (23)
r=m r=0
one finds
ccap-a + [Mm(2m-1) = Ogp(k =c3)] cgqy =0,  (2L)
If, as it sppears for k = k,and forr 2 m > R, the coefficients cgp

decrease in absolute valus end alternate in sign, then @5, in (2L) is

less than unity and
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-c?3 m
C " Can-2 -cgcm_a . K(_ca) . (,.q)

. &)

Cam * (2m)(2nm-1) - Ozn(k, -c2) = (n-1) (2n)7

This result is consistent with the assumed monotone cecreasing char-
scter of (-l)mcm for r 2 m. A similar argument holds for the c's with
odd subscripts.

" When ¢ is zero the values of k 0 s WT° exsctly £( £ -1), snd when

¢ is small they are found to be

kaw 204D + @13 - Emy | ¢ %Y, (20
for =2, 3, ...

However, small inaccuracies in the values of k J completely upset the
assumed rapic convergence of c,. The vslues of the seperation constants
k 2 used in this thesis were taken from the eleven plsce tables recently
camputed by the Bureau of Standards.

The power series representation (19) of the angular function Vy(v)
was chosen for three reasons. First, it led to the relatively simple
recursion formula (20). Second, the Vi (v) can be easily evaluated for
sny particular value v,, whereas tables of issocisted Legendre Poly-

nomials, as used by Stratton et al., are published only for a limited
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mmber of values of the argument. Finally, the power series can be
easily multiplied by an expression for the applied electric field
intensity and integrated by elementary methods to yield a value for
the coefficient N in (18). This representation has the disadvantage
that values for the noz;naiizations can be more easily computed by
other methods, (See Section III),

The solution of the radial.eAquation (10) subject to the condition

at infinity (17) can be expressed as

U(a) = €10 £ g (1), o =1, (27)
n<0

The argument in the power series was taken as (iu) so that the a, would
all be real., Substitution of this expression in (10) leads to the
recursion formula for the a,s

2¢(nel)a,,, + (nel) nw‘-k]a;!-!-Zc(n-l) aﬁ_v(n-l) (n-2)a_,=0. (28)

McCrea and Newing?? have proven the existence of series solutions
satisfying the boundary conditions for the generalized spheroidal wave
equation, and therefore the expression (27) can converge and represent
H(u) for Ju| %1, Computations indicated that the series did in
fact converge in every case for k = k Ik _

For thin antennas it is necessary to evaluate the radial functions
U(u) for values of u, in the neighborhood of ome - 1.e., u, = 1.020,

33 W, H, McCrea and R, A, Newing, "Boundsry Conditions for the
Waveﬁquation" » Proc., London Math. Soc., v. 37, London, pp. 520-534,
(193k) .
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1,005, 1,001, and 1,00001 - and this is just the region for which
the convergence of (27) is very slow, The antennas are shown in
Figure 2. One solution of the ratial equation (10) can be obtained
in the form |

(1) o :
U () = > by (a?-1)"",  for ko, ka, ke, ... (29)
n R

The solution of the second kind can then be written as3®

(2) (1) 00 n
U (u) =U (u) 1n(u?-1) + %o dp(u?-1) -, (30)
, . . n

The general solution is then

() (2
Uu) =C, U (u) +C5 U (u), (31)

and the C, and C5 must be determined so that the condition at infinity
is satisfied., This was accomplished by expressing both (27) and (31)
a8 Laurent series expansions in powers of u and then comparing co-
efficients. '

The expansion of (27) was perfectly straightforward. One merely

-icu

multii)liea the power series expansion for € by the series
e -n

5 &,(iu)™" to obtain

n«0 =

Uu) = ... = 1u"ay - 3, - ¢3 Say -
(u} u Q; cay +§.!.§3 93_...24 *ﬁ.!.-,o eed) (32)
+ (ag -'cal + c;a, - csa, +cta, - .,.)

27 3 It

3 £. L. Ince, op, eit., p. 14,
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+ iu (- cay +c'a;-c'a.¢c4a,-c'a‘+ ved)
2! 3. Lt

- “' (c%-c‘a;*c‘&; °C°la + ...) + eeoe °

5?3.14"."5’:

Thus, although the a, themselves do not converge rapidly, the %;
factors do, and so each term can be computed readily. However, the co-
efficients of the u's with negative exponents converge very slowly, and
80 the computation of U(u) can mot be carried out directly using (32).

For the purposes of expand:l.ng U((‘l)l) (eq. 29) in powers of u it is
important to note the following fact. U( (31) is the only solution of
(10) that is regular in the neighborhood of the singular point u =1,
Similarly, Vi (v) is the only solution of (11) that is regular in the
neighborhood of the singulu('lfoint v =1, But (10) and (11) are the
same equation. Therefore U (u) and V) (v) represent the same function,
and by the identity theorem3* for power series the series representations
of U(%u) and V) (v) must be the same (for the same k, of course). When
the (u%-1)"* terns are expanded and multiplied by the b, to obtain a
series in powers of u for U(t)x) it 1s found that the resulting co-
efficients are exactly prOportional to the ¢, for the corresponding
Vi lv).

Still another way of obtaining an expression for the radisl function
is to write it in the form of a Laurent series:

34 X. Knopp, Theory of Functions, Tr. by F. Bagemihl, part I,
Dover Publications, p. 81, New York, 195 .



\
|

|

\

Sibstitution of);
tormula (23)
convargs very t
emonents is iu
efficients of
Tis 18 the re
(31), since ti
@ expression
teras with pe
wy,

Conside
ﬁ{ Place

U (‘d) lnkuz

b‘:)r‘.\')g.:



21

+00

Uu) = Zeu. (33)
n=-=00

Substitution of this expression in (10) leads again to the recursion
formula (23). The coefficients of'the'tema with positive exponents
convsrge vex;y rapidly - in fact the series of terms with positive even
exponents is just a multiple of vku) for ko, ka, ... = but the co-
efficients of the terms with negative exponents converge very slowly,
This is the result that was obtained also for the expressions (27) and
(31), since they represent the same function, The problem was to find
an expression of U(u) that would not involvs the coefficients of the
terms with méative exponents directly. This was done in the following
way .

Considering U(u) as written in the form (31), we notice that the
o pPlace powers of | u with negative exponents cSn sppear is in the

(1
U (u) 1n(u2-1) term. Now

1n(u2-1) = 1n (u-l) + 2 1n(u+l) (3k)
and U+
1n(u+l) = 1n(2+-1) =1n 2 + In(l+ u-1),
2
or

1n (usl) = 1n(2) + (u-1) - 1 (u=1)® + 1 (u-2)* -... (39)
3

for <1< u & 3.

Therefore, 1n(usl) can be expanded in positive powers of u in a neigh-
borhood of u =1, Also,
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1n E':Tl = - 2(1/u +1/3u® + 1/5u8 + 1/7u” +...) (36)

foru > 1.

Therefore, the part of 1n(u®-1) that contains the terms with negative

o . (1) oo
exponents is the ln:-:-;-;': term, Remembering thet U (u) =V (u) = X tcpu®,
n=0

we see that the part of U(u) containing terms with negative exponents
is given by g‘;cnnn.hﬁi%. This expression can be readily computed
because the c, converge very rapidly and the value of the logaritim can
be obtained from tables.

The series that results as the product of E '¢:nun and the series
(36) contains both positive and negative powers :1.’0 u and, as was to be
expected, the coefficients of the terms with negative exponents con-
verge very slowly., However, the part of the product containing the
positive powers of u is given by

(Zrequ™2ad)” ' )
n-ocn °1'T$I --2[\!(03*%4*%.*%0*00*--.

+u(c, +Cg +Cq +C30 * +0.)

7

*“.(2,0 +Cqg +Cy0 + o) 4.,
3
*“u‘ﬂu +Ciq *C1e * el + L)
3 3 »

I
==-21'Du; (37)
n=1. .
and these terms converge rapidly because the h do. Therefore, the
part of U(u) containing terms with negative exponents can be evaluated

. o0
by subtracting the above expression from X‘cnu“ln:%%.
n=0
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fU(u)]”™ = Z'c unlnt—l:I + 2:::;1) u? (38)

The minus and plus signs in the superscripts indicate that only the
part of the series containing. the terms with negative or non-negative
exponents is meant, |

Thus U(u) for k = kg, k3, k¢, ... can be evaluated in the neighbor-
hood of u = 1 in the following way: From (33) the terms with positive
even exponents can be expressed as a multiple of V, - i.e., as AZ_;;cnu .
The constant A can be evaluated and checked by comparing the coegficie!rb
Ac,, with the coefficient of the corresponding positive even power of u
in (32). Thus, since ¢, was taken as unity for convenience,

Aco-A-(ao-ca1+§_'_a3-%:_a. +ﬁ1‘ -gl.+...) (39)

L] L] L]

and a check is 28

Acg = (c®a; - cda; + c%ay = c®ay +c%a - ...).  (LO)
FL N | S L S -1
It is almost a necessity to have a simple and accurate check at every
step in numerical computations., Again from (33) the coefficients of
the terms with positive odd exponents can be obia:lned by evaluating

three corresponding coefficients in (32) and checking that they satisfy

28 In some cases, for k's with higher subscripts - e.g. kg - it
may be necessary to equate corresponding coefficients of higher powers
of u - u® and u8, say - in order to maintain the desired accuracy, but
the procedure is the same, Since, for ko, ka, etc. there are no negative
even exponents in (33), a check on the a; is to evaluate the coefficient
of u=3 in (32) to be sure that it is mero.
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the recursion formula (23). The remaining coefficients of terms with
positive odd exponents cui be evaluated by means of ths recursion
formula, Thus the complete expression for U(u) for kg, ki, k¢, ...
can be written as |
U(u) = Af':c u? . Z'c u? 4+ B(Z'c nln‘-l-'j + ZX'D un) (k1)
.o n0 ° ns=l n n=0 " nsl 2
The first two terms on the right represent the terms in U(u) with non-
negative exponents, and the last expression represents the terms with
negative exponents. The constant B can be evaluated and checked by
expanding (genunln%:jl)- and comparing the coefficients of 1/u® so
obtained u:;xo the corresponding coefficients from (32). Thus
Zre uPIn=1)” .- 28 [ 1 + +Ce + ...) L2)
ML) B G o g e gager ) W

+.]_.‘(c° "c' ’c‘ + 000) + ooo]
a

Bquating the coefficients of 1/ in (32) and (L2), ons expression for

B is
1(ay - cag + c®ay - cPa, + ...)
g o 2 2 2!% 5 + -
2o +Ca +Cq +Cq +Ca + ...) (L3)

and by equating the coefficients of 1/u® a check is

ilag - ca, + c’sg - c3aq +...)
B=__ 3 . (L)
=2(Co +C3 +Cq +C¢ *+ ...)
3
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To obtain the derivative of the radial function U'(u), it is only

necessary to differentiate each term in (hl) . Thus

m m -
n-1 n=1 ,_u-1
U'(u) = AZ"‘AO w2 4+ Trtac.a + ZBZ'nD w s B 'ne u -ln—I
. n=0 n=1 n n=1l n«0 n u+
+ BZ'c U n.2/(u3-1) (45)
n-O

In this expression all the constants have already been determined, and
80 only the series need to be summed again beceuse of the factor of n
that was introduced by the differentiation.

The radial functions for the k's with odd subscripts are camputed
in exactly the same way, the only difference being that the summations
over the odd powers in the previous case are now taken over the even

powers, and vice-versa, Thus, for k,, ks, kg, etc.,

U(u) = Af.'cnu + Z'c u? + B(Z'c u lrn + 2Z'D un) (L6)

n=l
where
A o A =] 2 -c? 4  eee
cy (~cay + c.al %!_a, + %':a, ), (L7)
and a check is
Acy = i(c3ay - ca, + _E:_a, - c%y +...). (L8)

ag = Cay + C3a,/2! - clag/3% + cfag/Ut -~ ... (L9)
ca/3 +c3]5 + cg/T +¢7/9 + ...)

B s

and a check is

B a8 -cog ¢ c'8d2' - 03&1/3' + c‘l./h' = (50)
2 rf +caﬁic.7ﬁm eedd
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In this case
Do = (cy + ca/3 +cg/5 +cqe/T + ...), (51)

D' - (03 + c8/3 + 01/5 + 09/7 + ooo)’ (52)
Dy = (cg +cq/3 +co/5 +¢c1/T + ...), etc. (53)

The derivative of the radial function Ui(u) for this case is then

(-] o0 oo
U'(u) = AT 'nc u™?t & Z'nc,:lun'1 + 2B3 'nD ™"t
n=l P n<0 n<Q

(S4)

iy n-1 . u-l 20 :
+ BZincnu Ingg + BZicnun.2/(u'-1)
ne n=

for k -kx, ka, k., see

Finally, if sufficient eccuracy has been maintained in the compu-
tation of the radial function and its derivative, a good check on the
sccuracy of U(u) and U'(u) cen be obtained by the use of the Wronskisn,

If one writes
U(“) - g; + Ua (55)

vhere U, is the real part and U; is the imaginary part, including the

i, substitution of U, and U, into (10), multiplying the first equatién by
U3 and the second by U,, and subtrictj..ng the two resulting equations
leads to Uty - Ua =0, (56)

or,

Uila - Uyl = C, (s7)
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vhere C is a constant that can be determined from the behavior of the

radial function at infinity. Thus, as u approaches infinity
Uy > cos(cu), Uz« - 1 sin(cu)<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>