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ABSTRACT

PL INVOLUTIONS OF SOME 3-MANIFOLDS

By

Myung Mi Myung

Let hl and h2 be PL involutions of connected,

oriented, closed 3-manifolds M and My, respectively.

1

Let a and a, be fixed points of hl and h2,

spectively, such that near a; the fixed point sets of

re-

hi are of the same dimension. Taking the connected sum
of Ml and M2 along neighborhoods of a;, one can de-

fine a PL involution hl # h2 2

Let Ml and M2 now be irreducible in addition. The

question that under what condition a PL involution h on

of M1 # M induced by hi.

M # M, is of the form h1 # h2 and related questions

are studied when Ml and M2

sarily having the natural orientations). Henceforth assume

are lens spaces (not neces-

that Ml and M2 are lens spaces. Then the main results

are the following:

Theorem 1l: Let h be a PL involution of Ml # M2.

If the fixed point set F contains an orientable surface,

than F 1is a 2-sphere and M, =-M,, h being the obvious

involution in this case.
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Theorem 2: Let h be a PL involution of M, # MZ'
If the fixed point set F contains a projective plane,

then M, = M

1 is a projective 3-space.

2
The case Ml = M2 is a projective 3-space P3 is

separately studied.

Theorem 3: Let h be a PL involution of P3 # P3
with 2-dimensional fixed point set F. Then F is a 2-
sphere, the disjoint union of two projective planes, or the

disjoint union of a Klein bottle and two points.

Theorem 4: In Theorem 3, if F is the disjoint
union of two projective planes, then h is unique and
h = hl # h2 where hi is the unique involution on Mi
with a projective plane and a point a; as the fixed point

set.
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INTRODUCTION

Let M be a closed, orientable 3-manifold which
is the connected sum Mi # M2 of two irreducible 3-
1 and M, and let h be a PL involution of
M with a fixed point set F containing a non-orientable

manifolds M

surface Fo. Since FO is one-sided, it would seem that
h cannot interchange Ml-part and Mz-part and h must

be obtained from involutions h and h of M and M

1 2 1 2’
respectively, by attaching two involutions along invariant

neighborhoods of fixed points a; and a, of h and h

1
respectively, where near a; the fixed point sets of hi

2'

are of the same dimension.

Fremon [2] completely determined all possible fixed

point sets of a PL involution of S1 X 82

volutions of Sl X SZ. Kwun [4] proved that no lens space

and all PL in-

except the real projective 3-space P3 admits orientation
reversing PL involutions and in case of P3 there exists

a unique PL involution up to PL equivalences.

1 2

Motivated by the fact that S~ x S covers

P3 # P3, in this thesis, we consider the possibility of
the above question, when Ml and M2 are isomorphic to
lens spaces.



CHAPTER I
CODIMENSION ONE EMBEDDING OF MANIFOLDS

Let N be a connected n-manifold and M a con-
nected (n - 1l)-manifold. Corresponding to an embedding
M < N, we have a double covering p: Nl*N having the
properties that (1) each component of p-l(M) is two
sided and p-l(M) separates Nl’ (2) p-l(M) is connected
if and only if M is one-sided, (3) N, is connected if
and only if M does not separate N, and (4) if N - M
is connected, then Nl - p-l(M) has two components each
of which maps homeomorphically onto N - M under p.

Since we use the technique of "cutting along a submanifold"
to obtain N;, we will call p: N,>N the double covering
obtained from N by cutting along M.

In this chapter, we will show that no k + 1 non-
orientable, connected (n - 1l)-manifolds can be disjointly
embedded in an orientable, connected n-manifold N whose
homology group Hl(N; Zz) with coefficient Z2 is a
finitely generated group of rank k using the double
covering, and examples will follow the theorem.

An embedding will mean an embedding as a closed

subset. We frequently identify an embedding with its



image. Suppose that a connected (n - l)-manifold M is

embedded in a connected n-manifold N. We say that M is

one-sided if M does not separate any connected neighbor-
hood of M. Otherwise, M is two-sided. It can be shown
that every embedding is one-sided if M is non-orientable
and N 1is orientable, every embedding is two-sided if M

and N are orientable, and if M is one-sided, then

N - M is connected.

Theorem 1l.1l: Suppose that N is an orientable,

connected n-manifold such that its homology group
Hl(N; ZZ) is a finitely generated group of rank k. Then
no k + 1 non-orientable, connected (n - l)-manifolds

can be disjointly embedded in N.

Proof: Let Ai be a non-orientable, connected
(n - 1)-manifold, fi: Ai+N an embedding, and P;: Ni»N
the double covering obtained from N by cutting along
f.(A,). Since €£f,(A,) 1is non-orientable, £, (A.) is
i1 i i1
one-sided, and hence pi-l(fi(Ai» is connected. There-
fore fi cannot be lifted with respect to Py By the
lifting theorem fi nl(Ai) is not contained in P;

# #
Consequently, the composite

T (Ni).

f.
i g.
# i _
Ty (Ay) — 7, (N) —->1rl(N)/pi#1Tl(Ni) =2,

(wl(N) has different base point for different 1i's.)



is an epimorphism, where 95 is the projection to the

quotient group. Now g; can be factored as

rom) By H ) —iy g
1 (N — H(N) —= 2z,

where h is the Hurewicz homomorphism and gi' is an
epimorphism. Hence we have a commutative diagram:

a fis 9;
T (Ay) —s o 25 oz,

H, (A)) ——> H, (N) 93
| e

i*
Hl(Ai ; Zz)ﬁ Hl(N : 2

where gi" fi* is an epimorphism.
In order to complete the proof of the theorem, we

need the following lemma:

Lemma 1.2: Suppose that N is an orientable,
connected n-manifold such that its homology group
Hl(N; Zz) is a finitely generated group of rank k, and
suppose that fl(Al), fz(Az), cees ft(At) are mutually
disjoint, non-orientable, connected (n - l)-manifolds
embedded in N. Let Ki be the kernel of gi" where
g," : H, (N; 22)+22 is the epimorphism which makes the

i
following diagram commute:



£i4 9
Ty (Ay) —2y ™ (N) — 1z,
l £ix /4{//2
H) () —ir, H, (N)

{ £,

l(Ai; Z2) ————9 Hl(N, Zz)

H

Then K. nN K. n ... nK;
1 1 lg

s € k, and ip # iq for p # q, is of rank k - s.

’l<il’ i2’ n-.,i ‘t’

s

Proof: We use induction on s. Suppose s = 1.
Let L, be the image of fi* and K, the kernel of

” ] ) "
g;"e Then Li & Ki and Li # 0, for all i, since g5 fi*

is an epimorphism. On the other hand, since N - fi(Ai)
is connected, Ni - pi-l(fi(Ai)) has two components each
of which maps homeomorphically onto N - fi(Ai). Hence

all fj' j # i, can be lifted with respect to pP;» as

fj(Aj) SN - fi(Ai). By the lifting theorenm, Lj c Ki

and K, # Kj for all 3j # i. Since the exact sequence

O-+ker gi"+Hi(N; zz)»zz+o

splits, Hy (N; Zz) = ker gi" ) Z, = K; @ Z,. Hence the
rank of Ki is k -1 for all 1i.

Suppose that Kil n Ki2 N oo nKir, 1< i,0 1,

ceep i_€ t, r € k, and ip # iq for p # gq, is of rank

r
k - r. Consider the isomorphism



K. *(K. n K.n ... nk. ) K. N K. N ... NK.
r+1 i, i, i N i, i, i
K. = K. K.
1

n L BN BN ) nKi
r+l

where K, *(K. N K. N ... NK., ) 1is the smallest sub-
1r41 1 o) 1,

group of H, (N; Z2,) containing K, and

1 2 i

K. n K,n ... NK., . Since L, # K, but

J'l 1 1r 1r41 1r41

L, < K. nK.n ...NnK, , K., nkK, n...nk, & K, .
i i, i, i, i, i i41

Hence Ki *(K. n XK. N... NK. ) must be of rank k.

r+¢1 41 ) 1r

Since the rank of Ki is k - 1, the quotient group
r+l

Ka .(Ki n Ki n LI ) nKi )

is of rank 1. Therefore the above isomorphism and the
fact that the rank of K, N K., N ... NK; is k -r
1 12 ‘r
n K, n ... nk, is of rank k - (r + 1).
1 12 lrel
This proves the lemma.

imply that Ki

We now return to the proof of the theorem.

Case I: k = 1. Since f is non-trivial, H, (N; 2Z,)
1, 1 2

= Ll and gl" is an isomorphism. Hence if there were

another f2(A2) in N disjoint from fl(Al), then

L2 =¢K1 = 0, which contradicts L2 # 0. Therefore no

two non-orientable, connected (n - l)-manifolds can be

disjointly embedded in N,



Case II: k 3 2. Suppose that there are k + 1 mutually
disjoint, non-orientable, connected (n - 1l)-manifolds

fl(Al), fz(Az), cee, £ in N. Since

k+1 Py+1)
Li = Kl n K2n ~ee DKy 4N Ki+ln <o NKp and the rank of

Kl n Kzn oo nKi-l n Ki+1n oo nKk is 1, we have

-1 lﬂ cee nKk for all i

for all i # j. The fact that Ll and

the rank of

and L, nL. =20
1 ]

n Ki+

L2 are contained in K3 n K4n o nKk,

K3 Nooo nKk is 2, and Ll n L2 = 0 imply K3 n K4ﬂ oo nxk
= Ll<$ Lz. Repeating this process, we obtain

K =1L ) L, ® ... @ L._y- Since L, & Ky and the rank

of L, is 1, L. n K = 0, which gives Hl(N; Zz)

= Kk @D Z2 = Kk<$ Lk' since K is of rank k - 1. There-

k
fore Hl(N; Zz) = Ly @L2 ®... @Lk_l @Lk, and so
Lk+l = 0, which contradicts the fact that the rank of

Lk+l is 1. This completes the proof.

Neuwirth [11] proved a stronger version in case
embeddings are nice, namely, if the disjoint union of k
closed, non-orientable (n - l1l)-manifolds M?  can be
semilinearly embedded in a closed, orientable n-manifold,
then there exists a homomorphism of wl(Mn) onto the free

product of k copies of Zz.

Example 1l: No two disjoint copies of P, can be

embedded in P3. This will be used later.



Example 2: If Hl(N; Zz) = 0, then no non-
orientable codimension one manifold can be embedded in

N, since Hl(N; Zz) = 0 implies that N is orientable.

Example 3: No three disjoint copies of P2 can

be embedded in P3 # P3.



CHAPTER II
PL INVOLUTIONS OF SOME 3-MANIFOLDS

Let hl and h2 be piecewise linear (PL) involu-
tions of connected, oriented, closed 3-manifolds Ml and
Mz, respectively. Let a; and a, be fixed points of
h1 and h2, respectively, such that near a; the fixed
point sets of hi are of the same dimension. Taking con-
nected sum of Ml and M, along invariant neighborhoods

of a;, one can define a PL involution hl # h of

2
M, # M, induced by hi' Let h be a PL involution of
a manifold M, where M 1is isomorphic to the connected
sum Ml # M2 of two connected, oriented, closed, irreduc-
ible 3-manifolds, with a fixed point set F containing a
non-orientable surface Fo' Since Fo is one-sided, it
would seem that h cannot interchange Ml-part and Mz-

part and that h must be of the form h1 # h Therefore,

2°
in this chapter, we will study.under what conditions a PL
involution h on M = My # M, is of the form h, # h,
and related questions when Ml and M2 are isomorphic to
lens spaces (not necessarily having the natural orientation).
This work was suggested by Kwun [6], who considered
orientation reversing PL involutions of lens spaces, and
proved that no lens space except the projective 3-space P

3
9
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admits an orientation reversing PL involution and there
exists exactly one orientation reversing PL involution on
P3 up to PL equivalences. In this case, the fixed point

set is a projective plane P2 plus a point.

Definition 2.1l: The connected sum M1 # M2 of two

oriented 3-manifolds is obtained by removing the interior

of a nice 3-cell from each, and then matching the result-

ing boundaries using an orientation reversing homeomorphism.

Definition 2.2: A manifold M is isomorphic to a

Manifold M' if there is a piecewise linear, orientation

preserving homeomorphism between them.

Definition 2.3: A manifold M 1is non-trivial if

M is not isomorphic to a 3-sphere S3.

Definition 2.4: A non-trivial manifold P is

prime if there is no decomposition P = M, # M, where
Ml and M2 are non-trivial.

Milnor [10] has shown that every connected,
oriented, non-trivial, compact 3-manifold M 1is isomor-
phic to a sum Py # P, # ... # P, of prime manifolds and
the summands Pi are uniquely determined up to order and

isomorphism.

Definition 2.5: A 3-manifold M is irreducible

if every nice 2-sphere in M bounds a 3-cell.
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Milnor [10] also proved that with the exception of

manifolds isomorphic to Sl X 82 a manifold is prime if

and only if it is irreducible and S1 x 52 is prime, but
it is not irreducible.

From now on, we assume that Ml and M2 are lens
spaces and h is a PL involution on Ml # M2 with a
2-dimensional fixed point set.

Remark: Since the fixed point set F is two-
dimensional, any PL involution h on M has the property
that near each point of F it maps one side of F to the
other side of F. For, if this were not true, one. could
find a small invariant 2-sphere S near F such that
h S has a 2-cell as fixed point set. But this is im-
possible. Hence near each point of F, h reverses the

orientation, and therefore h reverses the orientation

globally.

Theorem 2.1: Let h be a PL involution of M

= Ml # MZ' If the fixed point set F contains an orien-
table surface, then F 1is a 2-sphere and M2 = -Ml, h
being the obvious involution in this case.

Proof: We first show that if F contains an
orientable surface, then F 1is a 2-sphere. Let S be
an orientable surface contained in F. Then by the

Alexander duality theorem [12], over the rationals Q

0
HZ(Ml # M2 - F; Q) = H (F; Q) .
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Hence F separates Ml # M2

Since h has to interchange those two parts, Ml # M2 = 20

into two parts U and V.

and we have
ﬁ%ml#mz—-r—;oﬁ

such that ri is the identity, where i 1is the inclusion

and r 1is a retraction defined as follows:

-1

pre if xe T
h " (x) 1if x € h(U).

Therefore we obtain the exact sequence
— i, T —
H;(U; Q) —> H, (M, # M,; Q) —> H,(U; Q)
such that r,i, is the identity. Since Hi(Ml # M2) =0
for i=1, 2, Hi(ﬁ; Q) =0 for i =1, 2. Therefore F
must be a 2-sphere.

We now prove that M2==-Ml. Since F 1is a 2-
sphere, F separates M. Let U and V be the two com-
plementary domains of M - F, Attaching a 3-cell to each
of U and V to eliminate the boundaries, we obtain two
connected, orientable manifolds U' and V', and M
= U' # V'. By the unique decomposition theorem for 3-
manifolds [10], either U' is isomorphic to a 3-sphere
or U' is isomorphic to one of Ml and M2. But U' cannot

be a 3-sphere. If it were, U would be a 3-sphere minus

a 3-cell and V would be M. # M2 minus a 3-cell, and

1
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hence h would not be able to interchange U and V.

Hence U' 1is isomorphic to M, or Mz. We may assume

that U' 1is isomorphic to M Similarly, it follows

l.

that V' is isomorphic to M Since U and V must

2.
be interchanged by h, V' = -U'., Therefore, M2 = =M,

and h is the obvious involution. This completes the

proof.

Theorem 2.2: Let M be a connected sum M, # M

1 2’

where Ml and M2 are isomorphic to lens spaces and h

is a PL involution on M. If a real projective plane P2

is contained in the fixed point set F of h, then

Proof: Suppose that h fixes a real projective
plane A and assume that M has been triangulated so
that h is simplicial and the simplicial neighborhood U
of A is an invariant regular neighborhood of A. More-

over, we may assume that h is fixed point free.

U-A
Since A is 2-dimensional, near each point of A h

maps one side of A to the other side. Hence h re-

U
verses orientation. Since U is orientable, but A is

not, A 1is one-sided in U. Consider the double covering

P: M1+M obtained from M by cutting along A. Then

p-l(A) is connected. Therefore, p-l(A) is isomorphic to

1

a 2-sphere. p-l(A) separates M, and M, - p ~(A) has

two components each of which maps homeomorphically onto
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M - A, Therefore, p " (U) 1is a two-side collar neighbor-
hood of p"l(A), and each component of its boundary, which
is isomorphic to p-l(A) = Sz, maps homeomorphically

onto the boundary of U. Hence (U, A) is homeomorphic to
(N, A) where N 1is the mapping cylinder of a double
covering SZ*A.

Let U' and (N - U)' be the connected manifolds
obtained from U and N - U by attaching a 3-cell to
each., Then M =U' # (N - U)'. By the unique decomposi-
tion theorem for 3-manifolds [10], U' is isomorphic to
S3, Ml, or Mz. But U' cannot be isomorphic to a
3-sphere, since the fundamental group nl(U') of U' |is
Z2, but wl(s3) is trivial. Therefore we may assume
that U' 1is isomorphic to M;. Now h,U can be extended
to an orientation reversing PL involution h' of U' % Ml’
since U' - U is a 3-cell and qud(U) : BA(U)+BA(U) is

fixed point free, and hence h'IU. can be defined by

- U
the cone over h Bd (U) * Since no lens space except the

projective 3-space Py admits an orientation reversing

PL involution, U' = Ml must be P3.

From U' = Ml and the unique decomposition theorem,

we get (N - U)' M2. Since (N - U)' - (N - U) is a

3-cell and h Bd(N - u) 18 fixed point free, letting

h"I(N - U)' - (N - y) De the cone over h

Bd(N - U)'
hIN - y ¢can be extended to a PL involution h" of (N -1U)',

and moreover h" is orientation reversing, since
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h U) reverses orientation. Therefore (N - U)'

BA(N -
= M2 must be P3. Hence Ml = M2 = a real projective
3-space P3. This proves the theorem.

Henceforth assume that Mi , 1 =1, 2, 1is a
manifold isomorphic to a projective 3-space Py and h
# P, with a 2-dimensional fixed

is a PL involution on P3 3
point set. Since the case where a 2-dimensional component
is an orientable surface has been taken care of, we have

only to consider the case where each 2-dimensional com-

ponent is non-orientable.

Lemma 2.3: Let h be a PL involution of P3 # P3.

Then there exists a PL involution h': S1 X SZ+Sl X S2

such that the following diagram commutes

1

Sl X 82 h Sl X S2

pl pl

h

P3 # P3 P3 # P3

where p': Sl X SZ+P $# P is a 4-to-1 covering projection.
3 3
Proof: Consider the covering space Sl X 52 of

P3 # P3 and the usual 2-to-l1l covering map p: Sl X 52

+P3 P Let H = (Sl X Sz) and G = ‘nl(P3 # P3).

3° Py
Then the index [G: H] of G modulo H 1is 2, since p
is 2-to-1l. Suppose h#H # H, Since [G: H] = [G: h#H]

= 2, neither h#H contains H nor H contains h#H, and
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moreover H and h#H are normal subgroup of G. Let
L=HN h#H. Then L is a normal subgroup of G, since
L is the intersection of two normal subgroups, and

[G: L] = [G: H][H: L]. We now show that [G: L] 4, Let

H' = h#H. Clearly HH' = G and H/L = H/H N H' = HH'/H'

= G/H' = ZZ' which shows [H: L] = 2. Consequently [G: L]
= 4, Furthermore, h#L = h#(H  H') = H' N H = L. Hence

by the lifting theorem, there is a PL involution h' on

Sl X 82 such that p'h' = hp', where p': Sl X SZ+P3 # P,

is a 4-to-1 covering projection. This proves the lemma.

We now show that the possible 2-dimensional non-
orientable surfaces which can be fixed under a PL involu-

tion of P3 # P3 are a projective plane and a Klein bottle.

n-1

Consider S" as a suspension of S and let kn be the

Sn-l

simplicial involution of S" that leaves pointwise

fixed and interchanges the suspension vertices, and define
1 2

two involutions h1 and h2 of 8" x S by

hl(xl Y) = (kl(x)' Y), hz(x' Y) = (X, kz(Y)) .

1 2

Kwun [5] considered PL involutions of S~ x S and proved

the following two theorems:

Theorem: Let h be a PL involution of S1 X S2

with homogeneously two dimensional fixed point set F. If

F 1is not connected, then h 1is PL equivalent to hl.
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Theorem: Let h be a PL involution of S1 X 82

with 2-dimensional connected fixed point set F and

orientable orbit space. Then h is PL equivalent to hz.

Fremon [2] completed the work and proved that all

possible fixed point sets of a PL involution of S1 X 82

are 82 u Sz, S1 X Sl, S2 plus two points, and a Klein

bottle. Hence by the Lemma 2.3 we obtain:

Lemma 2.4: Let N be the connected sum P3 # P3

and h a PL involution of P, # P3. Then all possible
2-dimensional, non-orientable components of a fixed point
set F of h are a Projective plane and a Klein bottle.
We shall first consider the case that a projective
plane is fixed and show that, in this case, the fixed

point set F 1is a disjoint union of two projective planes

and h is uniquely determined.

Theorem 2.5: Let N be the connected sum Py # P,
and h a PL involution of N. If a projective plane is
contained in the fixed point set F, then F is the dis-

joint union of two projective planes.

Proof: Suppose that a projective plane A is con-
tained in F and assume that the simplicial triangulation
of N 1is such that h is simplicial, the simplicial
neighborhood U of h is an invariant regular neighbor-

hood of A, and h U is fixed point free. Then we

- A
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have seen that U is homeomorphic to P3 minus a 3=-cell
and N - U is homeomorphic to P3 minus the interior of
a 3-cell in Theorem 2.2. Moreover, we have seen that
hiy - y can be extended to an orientation reversing PL
involution h' of P

3 obtained from N - U by attaching
a 3-cell. Let F' be the fixed point set of h'. Then
by the parity theorem and the Lefschetz fixed point for-
mula, the dimension of F' 1is either 0 or 2. But by
work of Kwun [6], the dimension of F' cannot be 0, and
F' 1is the disjoint union of a projective plane and a point
p. By the way we extended h to h', the cone vertex must
be an isolated fixed point. Hence p is the cone vertex,
and p 1lies in the 3-cell attached to N - U to obtain

a P3. Therefore h N -U has a projective plane as the
fixed point set. Using the same argument for h u @s

above, we obtain that F is the disjoint union of two

projective planes. This completes the proof.

Theorem 2.6: Let N be the connected sum P3 # P3

and h a PL involution of N. If the fixed point set F
of h contains a projective plane, then h is unique and
h is of the form hl # h2' where hi is the unique PL
involution on P3 with a projective plane and a point as

the fixed point set.

Proof: By Theorem 2.5, F 1is the disjoint union

of two projective planes. Let A and A' be two projective
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planes whose union is F. We may assume that h is simpli-
cial and simplicial neighborhood U and U' are invariant
regular neighborhoods of A and A', respectively. Fur-
thermore, assume that U is disjoint from U'. Then U

and U' are isomorphic to P minus a 3-cell, and by

3
the unique decomposition theorem for 3-manifolds,

N - (UU U') is isomorphic to S3 - two open 3-cells

= S2 x [0, 1] such that h(S2 x i) = 52 x i for

i=0,1,h N - is fixed point free, and

(u U u"
h(N- (UUU'")) =N- (UUU'). Work of Livesay [7] shows

that if £f 1is any fixed point free involution on

s x [0, 1] satisfying £(s2 x i) =s® xi for i =0, 1,
then there exists a homeomorphism t: 82 x [0, 1]->S2 x [0, 1]
such that tft T = g, where g is the involution on

2 2

S x [0, 1] defined by g(x, t) = (-x, t) for x € S7,

t € [0, 1] and -x denotes the antipode of x. That is,

there is a unique involution g on 52 x [0, 1] wup to PL

equivalences. Hence it suffices to analyse h U and h ure
We now analyse h y as in Kwun [6]. Let O be

the orbit space and let f: U-O be the orbit map. Then

O is a compact 3-manifold and the boundary components

are f£(Bd(U)) and f(A). Let V be a regular neighbor-

hood of f£(A) in O disjoint from f£f(Bd(U)). Let W be

f-l

(V). Then W is a neighborhood of A in U and f
is 2-to-1] except on f(A), since h 1is fixed point free

on U - A. We triangulate W in such a way that for each
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simplex s in V, there corresponds two copies of s in
W. By collapsing two corresponding simplices as we collapse
s, we can collapse W to A. Hence W 1is a regular

neighborhood of A in U, which is disjoint from Bd(U).

Therefore Cl(U - W) is homeomorphic to S2 x [0, 1] on

which h is fixed point free. By Livesay [8], the orbit

space of h is homeomorphic to P2 x [0, 1] with

Cl(U - W)

P2 x1 as f(BA(U)). Since V 1is a collar of f(A) =P

V is homeomorphic to P, x [0, 1]. Therefore O is

2'

homeomorphic to P2 x [0, 1] such that P2 x 0 and

P2 x 1 correspond to f£(A) and £(Bd(U)), respectively.

We will construct a PL involution on U and show that for

any two PL involutions h1 and h2 on U, there exists
a PL homeomorphism t: U+U such that h1 = t_lhzt. Con-
sider a PL double covering j: Bd(U) = SZ+A. Then there
exists only one non-trivial covering transformation g of

j. Let h be the covering transformation g. Then

Bd (U)

U 1is a mapping cylinder of j. Hence g can induce a PL
involution on this mapping cylinder in the obvious way.

Let hl and h2 be any two such PL involutions on U and

let 9, and g, be orbit maps: U~+P, x [0, 1] correspond-

ing to hl and h respectively, with P2 x 0 corres-

2'

ponding to the fixed point set A. Since 9|y - a is a

universal covering, there exists a PL homeomorphism t

from U - A to U - A such that gy = gzt. Then t can

be uniquely extended to a PL homeomorphism t: U+U such
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that g; = g,t. But th1 = h2t as t respects covering
translation. This is true on U - A and by continuity
this is also true on U. Hence h; = t-lhzt and there-
fore there exists a unique PL involution of U up to PL
equivalences.

The same argument applied to h shows that

U
there exists exactly one PL involution on U' wup to PL
equivalences and hlU' is exactly the same type of in-
volution as hIU. Therefore there exists a unique PL
involution on N with a projective plane in the fixed
point set.

Now h = hl # h2' where hi is the unique in-
volution on P3 with a projective plane and a point as
the fixed point set, since hlIU = hIU' hZIU' = hIU" and
h1|P3 -y (hy P, - y') 1is the cone over hlIBd(U)
(hled(U'))‘ This completes the proof.

From now on we shall consider the case that F
contains a Klein bottle and shall show that F is the
disjoint union of a Klein bottle and two points. To prove

this we need following lemmas:

Lemma 2.7: Let N be the connected sum P3 # P3

and let K be a Klein bottle contained in N and U a

regular neighborhood of K in N. Then wl(N - U) = 2.
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Proof: Suppose that U is a regular neighborhood
of K in P3 # P3. Consider the double covering Py NI+N
obtained from N by cutting along K. Then pl-l(K) is

connected and separates Ny into two components. Since

1

N, is orientable, pl- (K) is also orientable, otherwise

- -1 .
Py (K) cannot separate Nl. Py pl-l(K)' P, (K)+K is
1

2-to-1. Hence pl-l(K) must be homeomorphic to S1 x S™.

Now consider pl-l(U). pl-l(U) is a regular neighborhood

of p -l(K), since each component of N, - p -l(K) maps
1 1 1

1

homeomorphically onto N - K, and hence pl- (U) 1is a

collar of pl'1

1

(K). Hence each component of the boundary

1 1

of pl- (U) is homeomorphic to S x S and P, maps

Sl X Sl homeomorphically onto the boundary of U. There-
fore Bd(U) is homeomorphic to Sl X Sl. By the Meyer-

Vietoris sequence
1 1, £ = _ g
Hz(N) > Hl(S x S7) Hl(U) @Hl(N U) Hl(N) + 0
we obtain

0+z2@z5% zrzy @ w-w Iz, 42,40

where f 1is one-to-one and the kernel of g is f(z @ Z).
Therefore Hl(N - U) 1is a group of rank 1.

nl(N - U) is abelian. For, since Sl X 82 covers
N in 2-to-1 fashion, S1 x 82 - a Klein bottle, which is
homeomorphic to R2 X Sl, covers N - U 2-to-l. Hence we

obtain an exact sequence
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0+ 2 5 ﬂl(N - U) 3 Z2 - 0

Hence if we choose a ¢ nl(N - U) such that g(a) # 0 and

a generator b in Z, then ﬂl(N - U) 1is generated by a

and b. Suppose aba T = b™!. We abelianize it. Then

1 = aba b1 = (aba-l)b-l =p 1l = (b-l)z. Hence

b2 = 1. And a is not of infinite order either, since
g(az) = g(a)g(a) = 1 implies that a2 € Z, and therefore
a2 =1 or a4 =1 in Hl(N - U). Therefore Hl(N - U)

is finite. This contradicts the fact that the rank of
Hl(N - U) is 1. Hence ﬂl(N - U) 1is abelian, which

implies

nl(N - U) = Z + Torsion part.

Consider the covering space Sl X S2 of N. Since

Sl X 82 minus a Klein bottle is homeomorphic to R2 X Sl,

we have a universal covering

R2 X Rl > R2 X Sl - N - U.

But no non-trivial finite group can act freely on a finite
dimensional, contractible space. Hence nl(N -U) =2,

This proves the lemma.

Lemma 2.8: Let N, K, and U be the same as in

the Lemma 2.7. Then N - U is irreducible and is homeo-

morphic to D2 X Sl.
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Proof: Suppose N - U is not irreducible. Then
there exists a nice 2-sphere which does not bound a 3-
cell. But every nice 2-sphere in N - U is a bounding
2-sphere, and actually every bounding 2-sphere bounds a
3-cell. Let S be any nice 2-sphere in N - U, and

consider the following diagram:

R2 b 4 Sl (= R3 = S3

A

7 i
S —— N-1UT

Since ﬂl(S) = 0, by the lifting theorem there exists

1: S-*R2 X Sl such that i = pI. S separates N - U

into two parts W and V, and

(W) =* wl(V) nl(W) * ﬂl(V)
T W V) = m (S)

™

nl(w Uuv) = = nl(W) * 1(V).
But by Lemma 2.7, nl(w uv) = nl(N - U) = Z. Hence nl(W)
= 0, which implies that 7I(S) consists of disjoint copies
of S in R2 X Sl. Then it can be embedded in S3. By
the theorem of Alexander [l1], it bounds a 3-cell and
therefore S bounds a 3-cell. Hence N - U is
irreducible.

Since N - U is an orientable, irreducible, com-
pact 3-manifold with the fundamental group isomorphic to

Z and the boundary is homeomorphic to S1 X Sl, N -U is

homeomorphic to D2 X Sl. This completes the proof.
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Lemma 2.9: Consider S1 X Sl as the boundary of

2 1 1 1. .1 1

D" x S, Let f: S x 8§ +S” x S be a homeomorphism

1

such that f,: nl(S1 X Sl)->Trl(Sl X S7) 1is presented by

1 a

0 1

using canonical generators for Trl(Sl X Sl). Then £ may

be extended to a homeomorphism f: D2 X Sl+D2 X Sl.

Proof: By [9], isotopy classes of homeomorphisms

of Sl X S1 are precisely isomorphism classes of

1

Trl(S1 x S7,*) (We disregard base points as nl(Sl X Sl)

is abelian.). Since extendability is an isotopy invariant,

we may suppose that f(eznlt, eZ“ls) = (eZﬂl(t + qs)'

e2ﬂls). Define f(e2ﬂ1t' pe21rls) — (e2n1(t + qs)’ peZﬂlS).

This proves the lemma.

Theorem 2.10: Let N be the connected sum P3 # P3

and let h be a PL involution of N. If a Klein bottle

K 1is contained in the fixed point set F of h, then F

is the disjoint union of a Klein bottle and two points.

Proof: Let U be an invariant regular neighbor-

hood of K in N. Then by Lemma 2.8, N - U is homeo-

morphic to D2 X Sl. Denote h D2 % S1 = h'. Then either

the fixed point set Fh' of h' 1is of dimension 0 or 2,

or h' is fixed point free.
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We shall show that, in the case that dimension of
ht is 0, the number of fixed points is 2 and shall
rule out the case the dimension of Fh' is 2 and the

case h' is fixed point free.

Case I): dim F = 0. Suppose that h' fixes

hl
1 ¢ Xg 1 eees X in D2 X S1 and no other point. We

X
may assume that h' is simplicial with x; as vertices
and that closed stars of x, are mutually disjoint. Let

M be obtained from D2 X Sl

by removing open stars of
X . Then h" = h M is a free involution on M reversing
orientation of each boundary component of M. Then the

Lefschetz number of h" is 1 + 1 -k + 0 = 0, Hence

k =2,
Case II): dim Fh' = 2, Consider the double covering

1 2 . 1 2 .
p: ST x S +P3 # P3. Since Fh' n Bd(s™ x p%) = ¢4, Fh' is

contained in the interior of S' x D2, and hence P—l(Fh,)

is disjoint union of two 2-dimensional components and
p-l(Fh.) must be a fixed point set of a PL involution of
st x s2. By Fremon [2] p-l(Fh.) is the disjoint union
of two 2-spheres, which implies that Fh' is a 2-sphere.

Since S1 X D2

is irreducible by Lemma 2.9, Fh' bounds
a 3-cell. But the other side of Fh' cannot be a 3-cell,
and therefore h' will not be able to interchange those

two parts. Hence the dimension of Fh' cannot be 2,
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Now in order to rule out the case Fh’ is fixed

point free, we need to see how the boundary S1 X Sl of

U is attached to the boundary Sl X S1 of Sl xD2 =N - U,

1 1 .1 1

Hence let f: S x S7»S™ x S be the attaching map and let

a and b be the canonical generators of 1r1(sl p 14 Sl)

of Sl X S1 covering K and a and B the canonical
generators of 'rrl(Sl b'd Sl) of Sl X S1 contained in
Sl X D2. Let p: S1 X Sl+K be the covering projection

and 1i: Sl X Sl->Sl X D2 the inclusion. Suppose f#(a)

= po + qB and f#(b) roa + sB. We may assume that the

determinant

Ul
[
L]

Since the covering projection p takes a to a

and b to b2 with relation bab la = 1, and the inclu-

sion i takes o to ¢ and B to 1, we have

-1
Z *Zz=ﬂl(P3#P3)={a,b,C|bab a=1, a=cP,

b2 = ¢}

with generators a, b, ¢ and relations bab—la =1, a = cp,

and b2 = cr. Since bcpb-lcp =1 and b2p = crp' crp

= b(bzp)b-l = b(cp)rb-l = (bcpb-l)r = (¢ P)T = ¢"FP, Hence
chp =1
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Case (i): The order of ¢ 1is finite. Since a = cp, the
order of a 1is also finite. But actually the order of a

is infinite. For, consider the subgroup {al generated

1l -1 P

by a. Since bab ~ = a and a = ¢ commutes with ¢,

{al is a normal subgroup of 22 * ZZ’ Therefore we obtain

0o>f{a} § 2. .2, 9 3

2 2 * Zz/{a} - 0

2

which is exact. Hence Z, * Zz/{a} is presented by

{a, b, c | bab la = 1, a = cP, b2 = cF , a=1}

{b, c|bb™t = 1, P = 1, b2 = &%}

{b, c¢|cP =1, b° = c*} .

Since ps - rq = 1, cP5c¢™*¥ = ¢. oOn the other hand,
cPSc™TT = (P)ScTT - 7T o (5)7T = (b?)"T = b9,
Hence b-2q = c. Therefore Z2 * Zz/{a} is generated by
c, where Cc is the image of c¢ under the projection.

Since Z, * I, g ¢ = Z, * ZZ/{a} can be factored

through 2, + Zyy we obtain

2
* 22 ——2——e
N, A
zZ, + 1z,

where g' is onto. Hence {c} =0 or z,. But {c}

z, z, * 2,/{a} = {3}

cannot be trivial, since Z, * Z, # {a}, which implies

{c} = Z, is finite. Consequently, {a} must be infinite,
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which shows that the order of a is infinite. Therefore

¢ cannot be of finite order.

Case (ii): The order of ¢ is infinite. Since c2rp =1,
rp = 0, which implies either r =0 or p = 0. But p

cannot be 0. For, if p = 0, then we would have

Hence we could define a homomorphism 1y: 22 * Zz+Z as

follows:
Yy(b) = r and vy(c) = 2,

which is impossible. Therefore r = 0, and consequently
we obtain that p = s = *1, We may further assume that

p =8 =1, and have that f# is presented by

1 q

0 1

Considering Sl X S1

as the double covering space
of K and t as the non-trivial covering transformation
of the covering projection, t#: nl(sl X Sl)+1r1(S1 X Sl)

is presented by
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and we have the following commutative diagram

-1 0

0 1
ﬂl(Sl X Sl) — nl(Sl X Sl)

1 q 1 q
0 1 0 1
(st x ) —— 7 (s! x s
1 h' 1
where h': S1 X Sl+s1 X Sl is a PL involution of S1 X Sl
considered as the boundary of S1 X Dz. Consequently, h'#

is presented by

and by Lemma 2.9, h' can be extended to a PL involution

h' on S1 X D2, and h'#: ﬂl(Sl X D2)+1r1(s1 X D2) sends
1l to -1, which implies that the Lefschetz number is not
0. Therefore h' cannot be fixed point free.

Hence F 1is the disjoint union of a Klein bottle

and two points. This proves the theorem.

Remark: The uniqueness question for h in case F
is the disjoint union of a Klein bottle and two points is

not settled. If h is unique, then h = hl # h2.
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For, let Fh be the disjoint union of a projective plane
i

Ai and a point P; which is the fixed point set of hi.
Taking the connected sum P,y # P3 along invariant neighbor-
hood of a; where ai € Ai' we obtain a PL involution

hl # h2 whose fixed point set F is the disjoint

hl # h2
union of a Klein bottle and two points (A; # A, U {pl, 92})‘
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